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Abstract

In this thesis we present an analysis of stochastic Fractals and their applications
to Signal Processing. Specifically, we focus on a class of stochastic Fractals, namely
1/f processes. After presenting their theoretical properties, we survey the algorithms
available in the literature for synthesis and estimation of such processes. The original
contribution of this work is the proposition of a nonlinear model based on 1/f processes
for turbulent speech sounds. We analyze the proposed model and establish its validity,
both theoretically and experimentally.

Keywords

Signal Processing, Stochastic Fractals, 1/f Stochastic Processes, Statistical Self-
similarity, Nonlinear Speech modeling, Turbulent sounds.
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 ��� "!2*��� 8*)! %�/ %!��/' ",�� " �)�+ %��&�*+ )!8 )!� "�*+ �/'���;�+ 	 ���
 %��'2!�! � "

Borgnat, Flandrin Amblard
'/�*��'!�'� � ���!' ;! ��/+ �9=� � � � "!��"�� !/���)� "�� �! )� �/���'�,' ")�+

Cyclostationary!��� ;��"+ 	
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Fractals

��� �� � ����� ���� �� ������ ��� ���������� ���� ����
(� 3�=4  

Emmy Amalie Noether
!%*��"�� �� !����/8� 8�#� )! &� � "! �,8� '/����'/))���;! '��/+ ��)�/+ � + 2
' + !�� "'�� "��; *�!+ ��)�+ � "!��� ' + �	 �/���� '/)&)���;! � "! ��/+ ��)�/+ � + 2
' + ' )!;�� " %�+ � " ��)� " � + 2
' + ��� !��,��/� �,��2!�)�'��; *�!+ �*�� "�+ )��!'� )!� "')�+ '�� 2/' "�� '
'� )! 	 �% 	� 	 (� ��" � " ��)�"� + 2
' + �;�! " ;� "� " '� � �� �!" '��� �!�!� ;! � + 7����)*�!+ !�� "'�� "��; '� '/))���;!���"��+ )��!� ;� ' +� 	7/�� �� ��; '� "+ !����/8�+ ��%� �� "�*+ !�� "'�� "� ;�+ &

3 	 � '/))���;! � + ���"��+ )��!� ;� ' + �Space translation
� �� ��; '� � !��� � "&!��� ' + � + � �)�+ 	

< 	 � '/))���;! � + ���"��+ %��"'���2�+ �Space rotation
� �� ��; '� � !�� � "&!��� ' + � + ����2��)�+

6 	 � '/))���;! � + ����"��+ )��!� ;� ' + �Time homogeneity
� �� ��; '� � !���

� "!��� ' + � + .�*���"!+
9 	 � '/))���;! � + �� "��+ !��!��+ 2,' + '� � ��!���) �!�"��+ �Global phase shift

��� ��; '� � !��� � "!��� ' + ��/ ������"��
 2��� ;�/ 	
�� � 2
' /%,���" �% ;' +  '/))���;! � + !��!��+ �� ;)!�!+ 	 7/�� )� !%�, ��� "!' )! ;��" %�+ �" ��)�" � + 2
' + %!�!)*��/� ;� "� " �,�� !%� !��!�*+ �� ;)!�!+ � �!��!��!�*+ � ����$� � �� ���%	 � "! %!�,�� "�)! - �! !%����*')!�! �,���� %�"�!)!� "'�#�%�/ �� ' ")�%�"�
� )*��! �! " � "�, ��� )%���; �! � "!2*��/� !%� �! !%����*')!�! �7�&���� '/�!�*�2�� %�/ �% ")*��/� �! �� ' ")�%�"�
� ;��'�+ �! "

pounds
	 � "! !/�� � �%��;%��' �� 8�#� )! � +

Noether
�� ��; '� � � ������� ��� ���	 � �!8 ", !/��'�*' !�,)�'! '� � � "!'�!� "�� !�,�/' �!" � � !/���)� "�� �! *��" �� ' ")�%�" 8 �;�� !%� �� 3�9 3 !%� ��� ���/2!;� )!8 )!� "��

A.N. Kolmogorov
�!" *��" �� ��'�" '�*�! 8�)�� "!�� %�'�� "�� !%��*��')! � "! � � (/��# � 0�� %�/ �;�!" ���'�� �!" '!�

��)�+ ��/
Kolmogorov

�<3� &
E(k, r) ∝ r2/3k−5/3 �3 	��

��%�/
k = 2π/λ

� ;�! " � �/)!�!�"8)�+ '� ) "! %�%��!')*� %��"��� -
r

� ;�! "  *��/' ��*���"!+ �! "
E(k, r)

�;�! " �� 2,')! �/)!�!� "8)�
 �velocity wavenumber spectrum
�

� �!�� � )��!'� )!�"')�+
Fourier

��� ���"�#� '/'��� ;'��� 	 � ��)�+ ��/
Kolmogorov�;�!" *�!

Power Law
� "! � � �/��# � ��� /%,���" '/��%#+ �,%�"! '�*' !�,)�'! '� �

�'�!� "'� "��� !/���)�"�� �! �! " � � �
�� %�/ !��) �!" '�)��! ��� *��" ���!8!�"'��; 	
�

Mandelbrot
�6� �!" ,��� " *��/� � "!�/%#'�" �"�!' ;�+ � "! �� �� " %���, ���)���"�,



���
Power laws

� �� � ����� � ������ <6
�!�!�� �"'� "�, � + �/��# ��/+ ���+ �;�! "

fractals
	 � " � "�!' ;�+ �)�+ !/�*+ %!�!)*��/����;+ %�"�!)!� "�� �% "� ��! ;�' �!" � "! !/�� %���*+ 2��*+ !�!2*���! " %�+  �/��# � +��� !%�����; �� ����/�! ;� !�� "��� %���� )! � + ��!'' "��+ 2/' "��+ 	 7/�*+ � " "�*�+ � +'
���' + � + �
�� + )� �!

Fractals
!%�����
� �� �!' "�� � ;� ��� � "! �� )���*�� %�/%����;���!" '� !/�� � � ���!' ;! � "! ��/+ �/��# ��"+ ���/+ 	





� OH FP B D@ �

� NOP R�ODU
1/f

��%�+ !�!2*�8 ��  � "���*��"! ���
1/f

'���!'� "�#� !��� ;���� �;�! "  ' )!�&� "����� ��,' '�!� "'� "�, !/���)�"�� !��� ;���� 	 (� ��"�� ��/+ �!�!�� � "'� "�� �;�! "%�+ *��/� ����"��/)*��� 2,')! "'�
�+ %�/ !����/8�;
power law

Sx(ω) ∝ σx
2

|ω|γ �< 	3�
� "! �,%�"� ��8*� 

γ
	� "! %�!�)!� "�, ���,'� "! � "���*��"! !%� 2/' "�, 2!"��)��! �)2!�;��/� !/�� � �

1/f2!')!� "�� '/)%��"2��, � "! )��,�� �
��+ '/�������� 	 ���"�, %!�!��;�)!�! �35 - <9 - 3'��;�!"
• �������)!�� � "�*+ � "!�/),�'�"+ �%�+ � "! %!�,��"�)!  )��!���*+ '� � !�� "&����� ;! �!�!� "# � - *��!' 2���"�#� % �#� �!" )��!���� ���+ '� /%��!����
+ 	
• ���/�� " '�  ������� "�*+ '/'��/*+ �%�+

transistors
- �/�� ;�+ �! " � "���/+

• � "!�/),�'�"+ '� '/���� �! '� �!�!����*+ �%�+ �" ��
'�!���"
quartz

�!" �! !��)&"�, ����� "!
• �! "��)��! %�/ �2�;����!" '� !�8�#% "� ��!'� �"�� �! �%�+ )��!���*+ '� � � ;� ' !/��� "����� �!" � "��
�� - )��!���*+ '/���� �!+ '� � )�/' "�� 	
• (��%�+ � "!�
)!�' + � + /2�+ '� '
��2! - �"����+ ��,2�/+ �! " !��*+ 	
. ;�! " '/��%#+ %��
 ��� "!2*��� �! ���; �!��;+ '���!'� "�, )���*�! %�/ �! � )"�/�&��
� �*�� "�/ �;��/+ !��� ;��"+ #'�� �! � "+ )�����'�" 	
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<� � ���� ��� � � � ��� ��� ��
1/f


 �� � ����
Brown

� !%��
'��� '���!'� "�� !�*� "� 
1/f

� ;�! " � ��/�!;�+ %�� ;%!��+ � � � ;� ' 
Brown

	 ����)!' ;! %��*����! " !%� ��� ���!������
Brown

%�/ �� 3'<' %!�!��� '� � � !�!��� "'� � ;� ' ������ �
� + %,�� '� � �% "2,��"! ��/ ����
 	 � 2/' "�� )������%�; ' *� "��!%� ���
A. Einstein

�� 3�=4 %�/ %����"�� %�+ �,8� �����+ �
� + '/����
��! " '/���#+)� �! )��"! ��/ ����
 � )"�/�����!+ *�! )!���'��% "�� 2!"��)��� 	 7������! �
Perrin�% "� ��! ;�'� %�"�!)!� "�, � "+ %����*�� "+ ��/

Einstein
�!" �� ' ")�%�; '� �� )���*�� � "!�! %��'� "�� ;'�" %�"�!)!� "�, ��� !�"8)� ��� )��;�� '� 2/' "�, �� ;�)!�! 	� %�#� !��"��+ )!8 )!� "�� 8 �)�� ;�' � + � ;� ' +

Brown
��8 �� !%� ��� ���/&2! ;� )!8 )!� "��

Norbert Wiener
	 �/����� ")*�! - �

Wiener
��"'� !�� "�, *�!� � "!��"��

��/�!;� %��;%!�� � )� ��� ���+ ���%� & �.'��
n

!���,�� ��+ �/�!;�+ )��!�� �*+
Xi

%�/)%���
� �! %,��/� � "+ � ")*+
+s

� −s
)� % "8!��� �!

1/2
	 (���

E[Xi] = 0, E[Xi
2] = s2. �< 	<�

� �/�!;�+ %��;%!��+
X(t)

��;���!" '!� �� '/''���/�"�� ,8��"')! ���
Xi

&

X(nT ) =
i=n
∑

i=1

Xi �< 	6�
:'�
�" %��2!�# + &

E[X(nt)] = 0, E[X(nt)2] = ns2 �< 	9�� % "8!��� �! � %��;%!��+ �! ���8 �; %��,'�" !%� �� ' )�;�
(nT,m)

�;�! "

P (X(nT ) = m) =

(

n
1
2
(m + n)

)

(
1

2
)
n

. �< 	4�
��!� � !�"8)�+ ��� � ),���

n
�;�! " %��
 )*�,��+  � "� �/) "�� �!�!��)� %� ' ",�� " '� �

Gaussian
&

P (X(nT ) = m)
n→∞

=
1

√

nπ/2
e

m
2

2n �< 	��
� '���!'� "�� !�*� "� 

Wiener
��;���! " '!� �� ��"� ��/ � "!��"��
 �/�,"�/ %��"%,��/��!�

T → 0, n → ∞ 	 �.��/)� ��;��" �)�+ %�+

E[Q(t)2] = ns2 =
ts2

T
, t = nT. �< 	5�



� �� � ���� � Brown
<5

�/��%#+ � "! �! *��" �� )! �� ��"� 8! %�*%�" ��
variance E[Q(t)2]

�! %!�!)*��" %�%��!'&)*�� '/��%# + %�*%�" ��
s

�! ��;��" '�� ) �*� '!� √

(T )
&

s2 = αT �< 	'�
(��� �� ��"� /%,���" �! " � ;�! " ) "! '���!'� "�� !�*� "� '/����
+ �����/

B(t) = lim
T→0

X(t) �< 	��
%�/ ���),���! " !�*� "� 

Wiener
	� %/���� �! % "8!��� �!+ � +

B(t)
�;�! "

Gaussian
)� ) ���"�� )*' � ")� �! " �/% "��!%��� "' 

at
	 7/�� %���
%��" !� !�� "�!�!'��'�/)� '� � '�*' �< 	�� w = ms

-
t = nT

&

Prob(w ≤ B(t) ≤ w + dw) =
1√

2παt
e−w2/2αt. �< 	3=�

.%;' + )%���
)� �! /%���� ;'�/)� � � !/��'/'�*� "' � +
B(t)

& 7�
t1 < t2

 � "!2��,
B(t2) − B(t1)

�;�! " !���,�� � !%� ��
B(t1)

�!" '/��%#+
RB(t1, t2) = E[B(t1)B(t2)] = E[(B(t2) − B(t1))B(t1) + B(t1)

2]

= E[(B(t2) − B(t1)]E[(w1)] − E[B(t1)
2], �< 	33�

�)�+
E[(w1)] = 0

,�!  '�*' �< 	33� � ;���!"

RB(t1, t2) = E[B(t1)
2] =

t1s
2

T
= αt1 �< 	3<�

�/��%#+ ���"�����! � "! �%�"!��%���
t1, t2

"'�
�"
RB(t1, t2) = α min(t1, t2). �< 	36�

� " '���!'� "�*+ !��� ;�� "+ %�/ 8! )�����'�/)� ��;����! " '!� '���!'� "�, ����� �#&)!�! � + � ;� ' +
Brown

	 � '���!'� "�� ��������' �!"  ���"����� 8���;! ��� '��&�!'� "�#� � "!2��"�#� �� "'#'��� !%�����; *�!� !�!%�/''�)��� ��,�� ��� )!8 )!� "�#� 	�� � %!��
'! ���!' ;! �!" � "! ���/+ ��/+ %�!�� "��
+ ����/+ *�! '���!'� "�� ��������&)! 8����;�! " '!� �� ��"� ���+ !8�� ;')!��+ %�/ ��"��/���; %,�� '� *�!� � "!��"��%�" )*����/�� 8��/�� 	
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1/f


 �

Fractional Brownian Motion

(� � )�2 "�*'���� )������ � "! '���!'� "�*+ !��� ;�� "+
1/f

%���,8 �� !%� ���
B.Mandelbrot'� � 8�)�� "# � ���!' ;! ��/ �34� 	 � "�*! �!' ;���! " '� � ���;��/' � + � ;� ' +
Brown

	� � ;� ' 
Brown

)%���; �! )������%�" 8�; '!� *�! '���!'� "�� ��������)!

B(t) =

∫ t

0

dB(s) =

∫ t

0

w(τ)dτ �< 	39 �
��%�/

w(t)
�;�! " � ��/��+

gaussian
8��/��+ 	 � %�#� ��!2� �'���!'� "�� ��������' )� �,' � � !�*� "� 

Wiener
�;�! " %��'2 "��+ '� � )!8 )!� "�� � "�� "���!2 ;! ��#  ��
��� �;�!" %� "� ����, '� "+ ���� "�*+ ��� ������������ ) �!�"�#� �!" )%���; �! �� 8�; '!�*�! ��!))"�� 2 ;���� %�/ �� ��;�! " !%� ��/�� 8��/�� 	 �/��%#+ - )� �,' �� ��/�,�"���"��/)*��� )��!'� )!� "')#�

Fourier
�35� &

|τ |γ−1

2Γ(γ)cos(γπ/2)

F←→ 1

|ω|γ , �< 	34�
!� 8*��/)� �! *��/)� 2,')! � + )��2�+

1/ωγ - 8! %�*%�" �! �% "�*��/)� 2 ;���� )����/'� "�� !%���"' &
h(t) =

1

Γ(H + 1/2)
tH−1/2u(t) �< 	3��

�%�/
u(t)

�;�!"  � )!� "�� '/�,�� ' �!"
γ = 2H + 1

	 �� !/�� � � %��;%��'  ���/'� "�� !%���"' *��" )��!'� )!� "')�
Laplace

�35� &

H(s) =
1

s2H+1
�< 	35�

(� %���� )! �;�! " %�+ !/�� �� '
'� )! �;�! " !'�!8*+ �!8#+  '/�*� "� 

BL(t) = h(t) ∗ w(t) =
1

Γ(H + 1/2)

∫ t

−∞

(t − τ)(H−1/2)w(τ)dτ �< 	3'�
��� '/���;��" 	

� ,�� !%� !/�� �� %�! ;' "� � ;���! " %�*�� 2!���� � "! %� "�� ���� �
Paul Lévy

�<<���"'� �� !����/8� ��!')!� "�� ��������)! &

LH(t) =
1

Γ(H + 1/2)

∫ t

0

(t − τ)H−1/2w(τ)dτ, �< 	3��



� ��
Fractional Brownian Motion

<�
��� "�#��!+ � � ��������' !%� �� ) �*� 	 � !�*� "� !/�� !%�����; �� %�#�� ��!')!� "����������)! %�/ � ;�� " '�!� "'� "�, !/���)�"! '���!'� "�� !�*� "� - *��" �)�+ �� %��

�!' "�� )�"��*�� )! �� " ��� �;�! " *��" �!�*�! '�,' ")� �!�!�� � "'� "�� 	 7/�� �2�;���! "'�� �� " �� ' )�;� ) �*� !%���, )��,� ' )!' ;! �! " ��"��/���; '!� �' )�;� !�!2��,+
� %�/ �!�!'��*2�" �� !�!���;��� �,�� !%� )��!2��, %�/ !%! "��;�! " � "! �! /%,���/�'�,' ")! �!�!�� �"'� "�, 	(� 3��' �"

Benoit Mandelbrot
�!"

John Van Ness
� )�' ;�/'!� � � 8�)�� "# � ��&�!' ;! �34� %�/ ��;��" � � ��!')!� "�� � ;� ' 

Brown �fractional Brownian Motion, fBm
� &

�.'�� %!�,)����+
H

)�
0 < H < 1

	 (��� ��;��/)�
BH(0) = 0,

BH(t) =
1

Γ(H + 1/2)
(

∫ 0

−∞

(t − τ)H−1/2 − (−τ)H−1/2w(τ)dτ

+

∫ t

0

(t − τ)H−1/2w(τ)dτ) �< 	<=�
�%���; �! ��8�; ) "! % "� '/))���"�� )��2� '��� %!�!%,�� ��"')� !� � � ��,��/)�'!� � � '/���;��/'! � "!2��, �
� ����� ��),��� %�/ !%�� ;��/� )�)���)*�! &

BH(t2) − BH(t1) =
1

Γ(H + 1/2)
(

∫ t2

−∞

(t2 − τ)H−1/2w(τ)dτ −
∫ t1

−∞

(t1 − τ)H−1/2w(τ)dτ) �< 	<3�
(� �!' "�� �!�!�� �"'� "�� %�/ �!8 "'�, � � !�*� "� 

fBm
���' ") � "! )������%� ; ' �;�!" �� " � " )��!���*+ � + �;�! " ������� ��������% �!" �����%	 :'�
�" � �!��

BH(t + τ) − BH(t)
P
= a−H(BH(t + ar) − Bh(t)). �< 	<<�

.%;' + "'�
� " � !����/8�+ ��)�+ � "! ��
variance

%�/ ��� "��
�" ��� !�� ;'�� "�� ��)� � +� ;� ' +
Wiener

&

var[BH(t2) − BH(t1)] = E[(BH(t2)) − B(t1))
2] = (t2 − t1)

2HVH �< 	<6�
��%�/

VH = Γ(H + 1/2)−2(

∫ 0

−∞

(1 − sH−1/2 − (−s)H−1/2)2ds +
1

2H
). �< 	<9 �



6= � ���� ��� � � � ��� ��� ��
1/f

�� ���' !/��
 ��/ !%����*')!��+ )%���; �! /%���� "'��;  !/��'/'�*� "' � +!�*� "� +
fBm

&

RBH
(t, s) = E[BH(t)BH(s)] =

σ2
H

2
(|s|2H + |t|2H − |t − s|2H), �< 	<4�

�%�/  '�!8��, �;�!" &
σ2

H = var(x(1)) = Γ(1 − 2H)
cos(πH)

πH
. �< 	<��

� !�*� "� 
fBm

�;�! " '/����+ �'����� %!���
� !��, ��� �;�!" � "!2�� ;' ") )� � �
mean

square
*��� "! � �!��

lim
t→t0

sup |BH(t) − BH(t0)

t − t0
| = ∞ �< 	<5�

)� % "8!��� �! 3 	 .%;' + - ���" !%���"�8�; %�+ �" /��%�"�'�"+ � + !�*� "� + �;�! "
Fractals)� ��!')!� "�� � ",'�!' 

Hausdorff-Besicovitch
%�/ � ;���! " !%� � � !%�� '�*' 

D = 2 − H �< 	<'�(� %���� )! � + ) %!�!��� "' ")�� �!+ �;�!" ' )!�� "�� � "!� ; *�' " �,���!" �� �!' "��%����*�� )! ��� '�,' ")�� )��!���#� 	 �
Mandelbrot

'�� �34� �"',��" � � !�*� "� )��!���#� )� ��� !����/8� ���%� & . "',��" *�!� !%�� %/���! ���),�/�' + � + )��2�+

φδ(t) =

{

1
δ

t ∈ [0, δ]
0 t /∈ [0, δ].

�< 	<��
� !" � )"�/���; � � ���)!�/)*� !�*� "� 

Bδ
H(t) = BH(t) ? φδ(t) �< 	6=��

Bδ
H

� ;�! " %!�!��� ;' ") �! " ��!� ��
δ
� ;�! " %��
 )"��� ��;��" '� �

BH

	 �
k

%!�,�&���+ � +
Bδ

H

� ;�! "
(Bδ

H(t))
(k)

= (−1)k

∫

∞

−∞

BH(s)φ(k)(t − s)ds �< 	6 3�
(*��+ - *�! %��
 ' )!�� "�� 8�#� )! %�/ !%���"��
� " �

Mandelbrot
� ;�! " %�+ �,&8� �) '�!8����

Gaussian
!�*� "� %�/ *��" � � "� "�� �! � + !/���)�"�� �!+ �!" ���'�,' ")�� )��!���#� �;�! "

fBm
	 7/�� ' )!;�� " %�+ �,� 8*��/)� �! %!�!)*��/)� '�!!%��
'���! �/�!�, '���!'� "�,
fractals

8! %�*%�" !�!��!'� "�, �! �� ' ")�%�"�'�/)� ��)���*��
fBm
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� �� �� ����� ������ ���

fBm

� �� %�*%�" 2/' "�, �! ����,)� %�+ ��� �� )���*��
fBm

� )"�/���;�! " � "! �! )��&����%�"�'�" '���!'� "�*+ !��� ;��"+ %�/ *��/� 2,')!
1/f

	 �� %���, � "�� ;! �� 2,')!"'�
�+ ) "!+ !�*� "� +
x(n) �)� N

��;�)!�!� ��;���! " '!� � )��!'� )!� "')�+
Fourier

� +'/�,�� ' + !/��'/'�*� "' + 	(� %���� )! ��# �;�! " %�+ �" !��� ;�� "+
fBm

��� �;�! " '�,' ")�+ �!" '/��%# + ���*��/� 2,')! "'�
�+ )� !/�� � � *��� "! �!8#+  '/�,�� ' !/��'/'�*� "' + �;�! " �
�)��!�� �#� 	
�.�!+ �!�
����+ ��"')�+ ��/ 2,')!��+ "'�
�+ �;�! " � !����/8�+

Px(ω) = E[
1

N
|

n=N−1
∑

n=0

x(n) exp(−jωn)|2] �< 	6<�
(� �%�;� ' )! ;�� " %�+ �!)�,��/)� �� )*��� ��/

Fourier
)��!'� )!� "')�
 ��� �%�;� �;�!"*�! '
���� !%� �/�!;�+ )��!�� �*+� �!" '� � '/�*��"! /%���� ;��/)� � � )*' � ")� � "!�,8� '/���� �! 	 (� 8�#� )!

Wiener-Khinchin
)!+ ��!'2!�;�� " %�+ �,�  !�*� "� %�/)����,)� �;�! " '�,' ") ��!"  !/��'/�*� "' � + 28 ;��" !����, ������!� ���� � ��
����+!/��+ �� "')�+ �;�! " "'��
�!)�+ )� ��� )��!'� )!� "')�

Fourier
� + !/��'/'�*� "' + 	

�
P. Flandrin

'� � �!' "�� ��/ ���!' ;! �63� *��"�� �� ' ")�%�"#��!+ )��!'� )!&� "')�
+
Time-Frequency

�%�+ � )��!'� )!� "')�+
Wigner-Ville

�!" � )��!'� )!� "')�+
Wavelet

- �� " �� ���"��/)*�� 2,')! "'�
�+ !����/8�;
power law 1/fγ �!" "'�
� "  '�*' 

γ = 2H + 1 �< 	66�
� �!�� � ��8*� +

γ
'/��*��! " )� !%�� ���%� )� � � %!�,)����

H
� + !�*� "� +

fBm
�!"!%� ��# �!" '�� ���+ 8! !�!2���)!'�� %,����� '� � %!�,)����

γ
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7/�� %�/ �% "8/)�
)� �! �,��/)� '� � %�,� �;�! " �! �� ' ")�%� "�'�/)� �� 8��� � "��)���*��
fBm

� "! � � )������%�; ' ' ),��� %�/ �!)�,��/)� !%� 2/' "�, '/'��)!�! 	7/�� �"',��" *�!� !�"8)� !%� �*! %�����)!�! %�/ %�*%�" �! �/8�
� 	 �/�����")*�!���"!��)!'�� � 2 "!��
+ !����;8)�/+ � "! � � '
�8 �' /��%�"�'���
fBm

�!8#+ �!"!����;8)�/+ %�/ �! )%���
� �! ��� ")�'�/� � "+ %!�!)*���/+ ��/ )���*��/ )!+ !%�
� "!��"�, ��;�)!�! ���+ '�)!��+ �� �%�;� ),� "'�! - '� "+ %��"''�����+ %��"%�#'�"+ %��"*��"�! " 8��/�� 	

� ���)*��/ ��/ �� " 8 ��� � "�, �!
fractals

%��"*��/� ,%�"� ��%��)*��"! �) %�%��!'&)*�� '/���� "�� %��"���)���� �;�!" 8��� � "�, !�
�!��� �! � 2 "�%� " 8�
� �!8#+ )� �,' �� 8�#� )! ��/
Shannon

8! ���"!��)!'�� !%�;��+ )��,� '/���� �! ��"�)!��� � ;!+ 	�/��%#+ �� )��� %�/ )%���
)� �! �,��/)� �;�! " �! � 2 "�%� "�'�/)� *�!
low pass fil-

tered fractal
%�/ %�!�� "�, ' )!;�� " �� " )����,)� %��'��� ;'�"+ )*��" ) "! %�%��!')*� �� ;)!�! 	 (� �% ;%��� !�,�/' + '�� �%�;� 8! 2�,'�/)� ��!��,�! " !%� ��/+ 2/' "��
+ �! "/%���� "'� "��
+ %��"��"')�
+ %�/ � "!8*��/)� 	 � "! 8��� � "�� !�,�/' ��� "� "������%�/ � "!� ��
��! " ��!� !%� *�!

fractal
%���,)� '� �

low pass
%��'*�� "' ��/ �;�! " *�!%��
 ��� "!2*��� 8*)! %�/ %!�!)*��" '� )��,�� �!8)� !��"��� 	

� �� �� �	� ���� ��� ����
(� �!' "�� %���� )! )� � � '
�8�' 

fBm
�;�! " � " !�� ��% "��,'�"+ )��,��/ �����/

�Long Range Dependence, LRD
� %�/ �"',��"  %��/��/)"�� %�#' � + !/��'/'�*� "' + 	7/�� %�!�� "�, '/)!;�� " %�+ *�! ��;�)! ��!��,�! " '� %��
 )��,�� �!8)� !%� �� %��
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69 � ���� ��� � � � ����� � � �� �� ��� �� � 1/f
� ��� ���	 �

)!��"�� %!���8�� ��/ 	 (!
ARMA

)���*�! %�/ )������%�"�
��! " )� !%�*+ �� "'#'�"+
� "!2��#� *��/� ��8�� "�� )�;�' � + !/��'/'�*� "' + �! " '/��%#+ ��� �;�! " �!�,�� �!� "! � � '
�8�' '���!'� "�#�

fractals
	 �.��/� %���!8�; )���*�! %�/ �)2!�;��/�

LRD�!" �!' ;����! " '� �%���,'�"+ ��/ ��!'' "��

ARMA

)���*��/
(Fractionally Integrated

Auto-Regressive Moving Average, FARIMA [23])
!��,  ���' ��/+ ��� *��" �!8 "���8�;!��) �!" ��� 8! )!+ !%!'����'�/� '� !/�� � � ���!' ;! 	�� ���"�*+ ��!))*+ � " !����"8)�" '
�8�' + )%���
� �! ���"'��
+ '� "+ !����/8�+�!� ��� ;�+ !�,���! )� ��� ���%� )� ��� �%�;� ��"��/���
� '� � "!2���� "�*+ !�!�
'�"+ &

• 7�!���)"�� ; !����"8)�" & . "',���!" ) "! %��'*�� "' 
fractal

'� )"! ��!) ��� !�,�/' �!" � !����"8)�+ � ;��" � � %��'*�� "' '� /� ����� !�,�/' 	 � !�!��;�)!�! �*&�� "�� !����;8)�� �;�! " � !���� "8)�+ )��!� ;� ' + )*'�/ �Midpoint Displacement
�

�<9� �!8#+ �!"  '
�8�' )�
wavelets

�35� 	 �!' "�� %����*�� )! !/�#� ��� )�8��&�� �;�! "  )��,� �!�
� �! ��# )�"��*�� )! �;�! "  !�/�!) ;! �! ��*���" �!��;+�� !�� "� *+ )*��8�+ ��/ /%� '
�8�' 
fractal

�!8#+ �!"  �� " !��"��+ 8 ��� � "��'�*' ��/+ )� �� )���*��
fBm

	

• 7����"8)�" ���+ ��)!��+ & �� !/��
+ ��/+ !����;8)�/+ ��
fractal

'�)! '/�� ;8�&�! " �!�*/8�;!+ '� � �% "8/) �� !�,�/' 	 7����"8)�" %�/ !�� ;��/� '� !/�� � ��!�����;! � ;�! " � !����"8)�+ '
�8�' + )�
Cholesky

� ",'%!' ��/ % ;�!�! '/�� "&!�
)!�' + �3�� �!8#+ �!"  '
�8�' )� 2 "���,�"')! �Fourier Filtering
� �<9� 	

�� !/�� � � ���!' ;! /��%�"�'!)� � "+ )�8���/+ %�/ 8����
��! " �*�� "'�*+ '� � � "� &� "���!2 ;! '/�����")*�! � � )*8��� )� 2 "���,�"')!
Fourier

%�/ � ;��" �� �!�
���� 2!'&)!� "�� %��"���)��� - � � )*8��� )� %!�!�����%�; ' 
Cholesky

%�/ �;�! " % "� 8��� � "�,8�)�� "�)*� �! " � � )*8��� )�
wavelets

%�/ �;�! " �!�
�!� �! " �/*� "�� 	
� �
 ��� ��� ��

Fourier
� )*8���+ )� '
�8 �' 

Fourier
!�!�
��!" '�� �<9 � 	 .,� /%�8*'�/)� �� " � "!��"&��%� "�
)� �� '�)!

BH(t)
'� %�%��!')*�� �����

t ∈ [0, tmax]
�!" �,��/)� �� � "!��"�� -%�%��!')*�� '�)!

BH [n], n ∈ [0, N−1]
���� �,� ��
)� ��/+ '/�����'�*+ ��/ � "!��"��
)��!'� )!� "')�


Fourier
��/ &

BH [n] =
1

N

N−1
∑

k=0

BH [k]ej(2π/N)kn �6 	3�
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���� � "! �� )*��� !/�#� ��� � 	) 	 |BH [k]| 8! %�*%�" �! "'�
�"
E[|BH [k]|] ∝ 1

kγ
�6 	<�

7/��  '�*' 8! "'�
�" ��!�
0 < k < N/2

��# 8! %�*%�" �! "'�
�"  !����/8 '�*' � "! ��/+ '/�/��;+ ) "�!� "��
+ '/�����'�*+
BH [k] = BH [N − k]∗ �6 	6�#'�� �! *��/)� %�!�)!� "�� '�)! 	 �/��%#+ %�*%�" �� )*��� |BH [k]| �! �;�! " �!���"�*+� 	) 	 )� )*' � ")� %�/ 28 ;�� " '!�

power law
��#  2,' )%���; �! �;�! " �)� "�)��2�'��

[0, 2π]
	 72�
 � )"�/�� 8�
� � " '/�����'�*+

BH [k]
�� '�)!

BH [n]
�!)�,���! " )�!�� ;'���2� � "!�� "�� )��!'� )!� "')�

Fourier
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Fourier filtering

� "! � "!2���� "��
+ ��8*��+
γ

��%�+ 8! 2!��; �! " '� � '
���"' )� � "+ ,���+ )�8���/+ '
�8 �' + -  )*8���+2 "���!�;')!��+
Fourier

�;�! " %��
 !%�����')!� "�� �! " � ;�! " !/�� %�/ �� ' ")�%�"�8 ��%��"''����� '� � ���!' ;! !/�� 	
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� ��� ���	 �

� �� ��� ��� ��
Wavelets

� )��!'� )!� "')�+
Wavelet

�;�! "  %������ ���+ '�)!��+
x(t)

%,�� '� )"! '/�!�� &' "!�� �,' %�/ %���
%��" !%� )��!� "��'�"+ �! " ����"�*+ '/)% "*'�"+ ) "!+ �!' "��+ '/�,�� ' &+ %�/ ���),���! " '/�,�� ' 
ψ(t) �mother wavelet

� 	 � �#��+ %������+ �;�! " �� '
������� '/�!���'���
ψm

n (t) = 2m/2ψ(2mt − n) �6 	9�
��%�/ �!

m
�!"

n
���),����! " %!�,)���� " �� ;)!�!+ �! " )��!� ;� ' + !�� ;'�� "�! 	 ���;+�! )%�
)� '� "+ ��%��)*��"�+ � + )!8 )!� "��+ 8���;!+ ���

Wavelet
)%���
)� �! %�
)�%�+ �� '
���� ��� '/�!���'���

psimn (t)
!%�����; �,' � "! ��� �#�� ��!�  �!' "��'/�,�� ' 

ψ(t)
"�!��%�"�; �,%� "�+ %��/%�8*'�"+ �4� 	 � " "� "�� ��+ � + �,' +

Wavelet
�!&8��;����! " %��2!�# + !%� � � )��2� !/��+ � + �!' "��+ '/�,�� ' + 	 � "! %��
 � )�2 "��+�% "���� �;�! "  � "���*��"! !%�

Wavelets
%�/ �"'��!��  

Daubechies
�4� 	 � "! !/�, ���/%,���" ���"'��+ �
%�+ %�/ �! � ;��" � � )��2� � + '/�,�� ' +

ψ
	 � !���! !/�, /%,���"!����"8)�+ �Discrete Wavelet Transform, DWT

� � "! � "!�� "�, ����)*�! %�/ )%���; �!/%���� ;'�" �!�
�!�! ��/+ '/�����'�*+ %������+ 	 .%;' + �!
Wavelets

� +
Daubechies� )"�/���
� ��8��!���"� �,' �!" *��/� )*� "'��+ ) ���"��)���+ ��%*+ � "! ����)*���*��+ �� "! ����)*�� � �!�� )���+ ��/ !�� ;'�� "��/ 2 ;����/� %�/ �! �!8 "'�, �!�,�� �!� "! � � '
�8�' '���!'� "�#�

fractals
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� %������ ���+ '�)!��+
x(t)

8! � ;���! " )� ��������' &

x(t) =
∞

∑

m=−∞

∞
∑

n=−∞

xm
n ψm

n (t) �6 	4�

xm
n =

∫

∞

−∞

x(t)ψm
n (t)dt. �6 	��

� �� ��
Multiresolution

�������
�.�! )��,�� %����*�� )! %�/ *��/� �" �,'�"+

Wavelet
�;�!" �� " ��;��/� )� 2/' "�����%� )"! !�,�/' '� %���!%�*+ �� ;)!��+ 	 � "! !�,�/' '� %���!%�*+ �� ;)!��+ �;�! "�/% "�, *�! '
���� !%� � "!�/')!� "��
+ �#��/+ �' ),����

Vm

%�/ *��/� � "+ "� "�� ��+
Vm ⊂ Vm+1 �6 	5�

m=∞
⋃

m=−∞

Vm = V �6 	'�
m=∞
⋂

m=−∞

Vm = ∅ �6 	��
� �#��+

Vm
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Om

	 �� !/�� � � %��;%��' "'�
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Om⊥Vm �6 	3=�

Om ⊕ Vm = Vm+1 �6 	33�
V =

m=∞
⊕

m=−∞

Om. �6 	3<�
��%�/ )� ⊕ '/)���;��/)� �� �/8
 ,8�� "')! �
� � "!�/')!� "�#� �#��� 	 � " /%�����"

Vm

���),����! " �#�� " %��'*�� "' + ��# �"
Om

�#��" ��%��)*��"!+ 	 � "!'8 � "�, �!�!�&!�! ;��" �!��;+ %�+ � �#��+
Om

%�� "*��" � � ��%��)*��"! %�/ ��;%� " !%� ��� �#��
Vm

� "!�! �!�*�� " � '��� ��%��)��*'���� �#�� %��'*�� "' +
Vm+1

	 �%���; �! !%���"�8 �; %�+*�!
Mother wavelet ψ

��;�� " ) "!
Multiresolution

!�,�/' 	 �/�����")*�! � " '/�!���&'�"+ �,' +
ψm

n

� "! '/�����")*� �� ;)!�!
m

��;��/� *�!� �#�� ��%��)*��"!+
Om

	 � "!�� ;'�� "�� " �#��" %��'*�� "' +
Vm

��;����! " !%� '/�!���'�"+ �,' + %�/ ���),����! "
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Father wavelets φm
n

�!" %���
%��/� '!� ��!))"��+ '/�� "!')�+ ���
Mother wavelets

	 � "'/�!���'�"+
φm

n

��;����! " )� ��� ;� "� ���%� '!� )��!� "��'�"+ �! " '/)% "*'�"+ ) "!+ �!' "��+'/�,�� ' + &
φm

n (t) = 2m/2φ(2mt − n). �6 	36�(� ��� "!2*��� �;�! " %� + /%,���" *�!+ %��
 !%��+ �!�!����"')�+ %�/ �!8��;��" � �'/)%��"2��, %�/ *��/� �" '/�����'�*+ ��%��)*��"!+
xm

n

� "! !��� ;�� "+
1/f
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Wavelets
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Wavelets
�!"

1/f
'���!'� "�#� !��� ;���� !%�����; '�)��! ������ �#��*��/�!+ 	 ���! �! !%����*')!�! %�/ !�!2*����! " %��*�/�!� � � ����/�! ;! ���!�� ;! 	� "! %��
 �!�� !�!2��, %�/ !�!�
�" �! !%����*')!�! %�/ �� ' ")�%�"�
)� �;�! " �35� 	(� �!' "�� !%��*��')! �;�! " %�+ ) "! ��8��!��� "�� �,' 

wavelet
�;�! " %��
 ����, '� �

Karhunen-Loéve
�,' � + !�*� "� + 	 7/�� ' )!;�� " %�+ �" '/�����'�*+

wavelet xm
n�;�!" !'/'�*� "'��+ �/�!;�+ )��!�� �*+ 	 �� � %�!�)!� "��� �! !/�� �� !%��*��')! �;�! "%��'��� "'� "�� � �!�� !/�� %�/ *��" !%���;��" �

Wornell
�;�! " %�+  '/'�*� "' ���'/�����'�#�

wavelet
28 ;��" ��8�� "�, ������! )� � � !%�'�!' ��/+ '� � �� ;)!�! �! "'��� ����� 	 .,� �����
)� %�+ �" '/�����'�*+ �;�!" %�!�)!� "�, !'/'�*� "'��+ � 	) 	 ����  !�,%�/� '� �,'�"+

wavelet
� )"�/���; ) "! �*! � "���*��"! !%� !����"8)�/+ %�/ )%���
��! �� ' ")�%�" 8�
� ��'� � "! '
�8�' �'� �!" � "! ��� ;) ' 

1/f
'���!'� "�#� !��� ;���� 	

��'�� !2��, � � '
���' - �
Wornell

!%���"��
�" %�+ �,�  
Wavelet

�,' %�/ �� ' "&)�%�"�;�! " *��" !����*+ ) ���"��)���+ ��%*+ ����  !�*� "� %�/ %���
%��" !� �% "�*��/)�'!� '/�����'�*+ �!���"�*+ !���,�� ��+ �/�!;�+ )��!�� �*+ )� ) ���"�� )*' � ")� �! "
variance

%�/ !����/8�; ��� ��)�
var[xm

n ] = σ22−γm �6 	39 �
8! *��" 2,')! %�/ 8! �;�! " �

nearly 1/f � � �!�� 8! *��" 2,')! )� � � "� "�� �!
σ2

L

|ω|γ ≤ Sx(ω) ≤ σ2
U

|ω|γ �6 	34�
� "! �,%�"�+ '�!8��*+

σL

�!"
σU

	(� 8�#� )! !/�� �� �*" '��� !����/8� !����"8)� '
�8�' + � %�/ %��'8*��" ��%&��)*��"! �%!�!� %� "�, & 7��"�, �% "�*���! " *�! ����� "))*�� � )�� !�� "�� '�)! 	 �� �'/�*��"! /%���� ;����! " � " '/�����'�*+ ��%��)*��"!+
ψm

n

� "! ) "! �� ;)!�!
m

	 7/��; � ;�! "
��  �������! "��� �����"��#� �	��  ��� � 

wavelets
 $��" 
��# ��# ����$�� � ��#!�!�#�
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� ��� ���	 �

!���,�� ��+ �!���"�*+ �/�!;�+ )��!�� �*+ )�
variance

%�/ � ;���! " !%� � � �6 	39 � 	 ��!/��
+ ��/+ '/�����'�*+ �!�!'��/,���! " *�! �*� '�)! �)� � "%�,' "� !�"8)� ��"�),����%�/ %���
%��" !� �� ' ")�%�"�'�/)� '!� '/�����'�*+ %��'*�� "' +
φ
- �� !�� "�� '�)! �!"'!� '/�����'�*+ ��%��)*��"!+

ψ
� "+ �/�! ;�+ )��!�� �*+ 	 � )�8������ ;! !/�� �"���;���! "'�� ���)! 6 	6 	<
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 �
 �������
fractals

� �%!�!� %� "�� )*8���+ '
�8�' + )�
wavelets

)%���; �! ���"��/��; '� �
� � "!'�,&'�"+ 	 � ���%�+ ���;��/' + ��!��,�! " !%� �� �;��+ ��� � "� ",'�!���
wavelet

%�/ 8!�� ' ")�%�" 8�
� 	 �� � !%��
'��� %��;%��' � "� ",'�!���
wavelets

/%,���" ) "! �,' %��'*�� "' + ��%�+ �!" '� � )���� ",'�!� %��;%��' � !��, ���;+ �,'�"+ ��%��)*��"!+%�/ !�� "'�� "��
� '� ��"���� "! - �!�!���/2 �!" � "!�#�"! ��%��)*��"! 	 � ,�� !%� !/������ 2��)!� "')� - )%��
)� �! ���"��
'�/)� ��� ��)� ��/
variance �6 	39 � '� �
� � "&!'�,'�"+ 	 �� !/�� � � %��;%��' - !%� ��� '/�����'��

γ
%���,)� '� *�! � ",�/')!

Γ = [γh, γv, γd]
)� 6 '/� "'�#'�+ %�/ � ;��/� �� %�+ )��!�,���!" ��

variance
��� '/�&����'�#�

wavelet
� "! ��/+ '/�����'�*+ ��"���� "!+ - � "!�#�"!+ �!" �!�!���/2 + ��%&��)*��"!+ 	 7/��+ � 2��)!� "')�+ *��" %���! %��������)!�! '� � '
�8�' � "� ",'�!���'���!'� "�#�

fractal
	 �/�����")*�! )%���; �!��;+ �! �% "�*��" � "!2���� "��

γ
��8*� 

��!" '/��%#+ � "!2���� "��
fractal

� ",'�!' � � "! � "+ ��"���� "�+ - � "+ �!�!���/2�+ �!" � "+
� "!�#�"�+ )��!���*+ � "+ � "���!+ 	 �� � �"���! �6 	9 � �! '��)!�! !%�"��� ;��/� �!� � "� ",'&�!� 

1/f
�"���! )�

γh = γv = γd = 2 �� � γh = γv = 3, γd = 1.5
	 .%;' + � 2��)!� "')�+)%���; �! �%���!8�; � "! � � '
�8�' 

Multifractal
�"����� 	 �� ��� ���

Multifractal�����
)� %�+ �"
γ

��8*��+ ��� �;�! " '�!8��� ; !��, �;�! " ���"�*+ '/�!���'�"+
γ(x, y)

	 ��!/�� � � %�� ;%��' )%���; �! �� ' ")�%�" 8�; ) "! �"���!� ),'�! %�/ � ;��" � � ��% "��� ")� ��� ��8��#� 	 � " � "����+ �� � �!" ��� �;�! " �*�� "!
Multifractals

)� ��8*��+ %�/ '� �
�� � )�"#����!" )� ��� �!�!���/2� ,���!

Y
��# '� � ��� %��;%��' �;�! " *�! ) "! �"���!%��'#%�/ %�/ �!)����,�" 	

� �%*��!' ��� )���*���
1/f

�!"
Multifractals

'� �
� � "!'�,'�"+ �!8#+ �!" � "�2!)��*+ '� � �� �!' $%���� "'�#� �� "! %!�,��"�)! '� � )������%�; ' /2�+� �;�! "�*! %�� ;! *��/�!+ �!" %���, %!�!)*��/� �! � ;��/� '� !/��� ��� ��)*! 	 (� !'8��*'����' )�;� !/��� � � '� "�)� �;�! "  ��� ;) ' �%�/ !��) �!" '� � ) ;! � ",'�!' %!��/' ",��"' )!�� "�*+ �/'��� ;�+ 	
��!��  $��" # ���#	�! �#� #�"���� !#

Multifractal
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2d fractals
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Multifractals
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Wavelets
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wavelets

� ��)�+ ��/
variance �6 	39 � � "! ��/+ '/�����'�*+ ��%��)*��"!+ � + !�,�/' &+

Wavelet
)"!+

1/f
!�*� "� + %!�*��" ) "! !%�� )� %!�!)���"�� )*8��� ��� ;) ' + 	 �!����"8)�+ �;�! " � !����/8�+ &

3 	 7��"�, � ;���! "
Wavelet

!�,�/' ��/ '�)!��+ - /%���� ;����! " � " '/�����'�*+
xm

n

	
< 	 � "! �,8� �� ;)!�!

m
/%���� ;���!" ��

Sample variance
���

xm
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γ
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Wavelet variance

6 	 72�

var[xm

n ] ∝ 2−γm "'�
�"
log2(var[xm

n ]) = −γm �6 	3���/��%#+ ��
γ

)%���; ��� ") 8�; )� ��,� "'�! ����,���! '!� �� ;' �/8�;!+ '�
log2

&
Scale plot

��/
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'��� )*8��� %�/ �!' ;���!" '�

Wavelets
	

� "
Wornell

�!"
Oppenheim

'� � %��'%,8�"! �! � )"�/���'�/� ��� ") �*+ %�/ �;�! "% "� !%�����')!� "�� ; �"'��!�!� �<4� �� 3��< *�!� !���� "8)�
Expectation Maximization

(EM)
%�/ �;�! " /%���� "'� "�, �!�
�!��+ �! " 8��� � "�, *)� "!�� ���/'� "��+ 	 �

Brett
Ninness

�)�+ *�� "�� �<�� �� 3��' �� " ��!�
γ > 1

� !����"8)�+ '/��� ;��" '� �!�8!')*� ��� ;) ' )� % "8!��� �! 3 	 .%;' + '� � ���!' ;! ��/
Ninness

%!��/' ",����! " %�"�!)!� "�,!%����*')!�! %�/ ��;���/� %�+ �
EM

!����"8)�+ )%���; �! *��" ' )!�� "�*+ !%��� ;&'�"+ !%� � � %�!�)!� "�� � ")� �! " %�+ !/��  ��� ;) ' ��"������
�" �'� ��
γ

� ;���! ")��!�
���� 	�� � %!��
'! ���!' ;! �� ' ")�%�"�'!)� ��� !����"8)� ��� ;) ' + %�/ �!' ;���! " '��
Wavelet variance

�!8#+ �;�! " !%��+ - ��� �,��" �% "%�*�� /%�8*'�"+ �! " �;�! " �
���� �!�����8�; �� %��8�+ ��� �� "),��� %�/ '/))��*��/� '� � ��� ;) ' 	
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� ��� ���	 �

� �� �	� ����� ��
variance

� ��)�+ ��/
variance �< 	<6� )%���; �! �� ' ")�%�" 8�; � "! �! � ;��" ) "! ��� ;) ' ��/ ��8*� 

γ
'�� %�� ;� ��/ �����/ 	 �/�����")*�! � "

Leu
�!"

Papamarcou
�<5� �� ' "&)�%�"�
� ��

block-T Allan variance
�� �%�;� ��;���! " � "! *�! '�)!

y(t)

Vy(T ) =
1

2T 2
(E[y(t + T ) − y(t)]2 + E[y(t − T ) − y(t)]2); �6 	35��!" !%��� "��
�/� %�+ ��!� �� '�)! �;�! "

fBm
"'�
� " � "! !/�� *�!

power law
&

VBH
(T ) = cT γ−1 �6 	3'�

��%�/  %!�,)����+
T

*��" � � *��� "! �� ;)!�!+ '� � �%� ;! �!)�,����! " � " � "!2��*+ 	�/��%#+ !%� � � '�*' �6 	3'� )%���; �! ��� ") 8�; � ��8*� +
γ

)� ��,� "'�! ����,���!'��
log-log plot

��/
Allan variance

'� '�*' )� � � %!�,)���� �� ;)!�!+
T
	�� � %!��
'! ���!' ;! /��%�"�'!)� � � ��� ;) ' )�

variance
�!" � � !� "�����'!)�'� '�*' )� � "+ ,���+ )�8���/+ � "! � � )������%� ; ' 2���+ 	

� �� ��� ��� 	� � �	� ����� ��
Cholesky
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�� � ���!' ;! �3�� /%���� ;���! "  %/���� �! % "8!��� �!+ ��� � "!2��#� ��/ � "!��"&��%� " )*��/
fBm

�!" )� �,' !/�� � ;���! " *�!+ !����"8)�+ '
�8�' + �! " *�!+ !���� "&8)�+ ��� ;) ' + 	 (� �!' "�� %����*�� )! �;�! " %�+ ��  !�,�/' � ;���! " '� � "!��"������� �!" *�' " )%���; �!��;+ �! !�!2*���!" '� � � "!��"�� %!�,���� ��/
fBm

���;+ �!*��" �! %�����)!�! %�/ !�,��!'!� ���
Mandelbrot

�! ���)!�
��" � � � ;� ' � "! �!%!�!��� ;'�" 	 � !�,�/' ��� "�,�" !%� � � � "!��"��%� ; ' &
BH [n] = BH(nTs). �6 	3���� � '/�*��"! )%���; �!��;+ �! ��;'�" � "+ � "!2��*+ ���+ ��)!��+ %�/ ��"��/���
� '!�

� "!��"�� %!�,����+ &
X[n] = BH [n] − BH [n − 1] �6 	<=���%�/  � "!��"�� !�*� "� 

X[n]
���),���!"

Discrete Fractional Gaussian Noise, DFGN
	�� �;��/+ !����� "��
+ /%���� "')�
+ %���
%��" %�+ �!

second order statistics
��/

FGN�;�!"
E[X[n]] = 0 �6 	<3�

r[n] = E[X[m]X[m + n]] =
σ

2
[|n + 1|2H − 2|n|2H + |n − 1|2H ] �6 	<<�
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(� 2,')! )%���; �! /%���� "'��; !%� ��� )��!'� )!� "')�

Fourier
� + !/��'/'�*� "' +!��, !/��+ � /%���� "')�+ �;�!" %��
 �
'���� �! � ;��" !�!�
� "�, 	 ���! �! �� ;�)!�! ��/

DFGN
�;�!" !%� ��"��


Gaussian
�!" )� ���'�� % ;�!�! '/))��!�� ��� �!+ �! " '/��%#+ %/���� �! % "8!��� �!+ %���
%��" ,)�'! &

P (x; H) =
1

(2π)N/2|R|1/2
exp(−1

2
xT R−1x) �6 	<6�

�%�/
x = [X[0], X[1], . . . x[N − 1]]T

� " � ")*+ ��/ �/�!;�/ � "!�
')!��+ �! "
R

� % ;�!�!+'/))��!�� ��� �!+
R = E[xxT ] �6 	<9 �� �!�� )� '�� "��;!

Rij = r[|i − j|] 	�
R

�;�!" 8�� "�, ��"')*��+ �! " '/��%#+ )%���; �! �2!�)�'8�; '� !/���
Cholesky

Decomposition
&

R = LLT �6 	<4���%�/
L

�;�! " �,�� ��"���"��+ 	 � "�*! ��# �;�! " %�+ �,� �2!�)�'�/)� ��� )��!'� )!&� "')�
x = Ly �6 	<������

E[yyT ] = E[L−1xxT L−T ] = I �6 	<5��  �!�� � % ;�!�!+ '/))��!�� ��� �!+ ��/
y

� ;�! " )��!� "! ;�+ �! " '/��%#+ �! '��"��;! ��/�;�!" !'/'�*� "'�! 	 �� !/�� � � %!�!��� ' )%���; �! �!�!'��/!'��; *�!+ !���� "8)�+'
�8�' + %�/ �!' ;���! " '� � )*8���
Cholesky

& 7��"�, /%���� ;���! " *�! � ",�/')!
y!%� �/�!;�+ !���,�� ��+ �!��� "�*+ )��!�� �*+ 	 � "! �� ����)*��

γ
%�/ 8*��/)� �!'/�8*'�/)� - /%���� ;���! " � % ;�!�!+

R
�!" '� � '/�*��"! !%� !/��� )� � � )*8���

Cholesky
� % ;�!�!+

L
	 (��� �� � ��
)���

DFGN x
- � ;���!" !%� ��� )��!'� )!� "')�

�6 	<�� 	 (*��+ - �� � "!��"��
fBm

/%���� ;���! " )� '/''���/� "�� ,8��"')! ��/
x
&

BH [n] =
i=n
∑

i=0

X[i] �6 	<'�

� �� �� ��� ������ � �� ����� � �� ������� ���
� " ��� ") �*+ )*� "'� + % "8!��2,��"!+ �Maximum Likeligood estimators, MLE

� 8��&��
��! " 8��� � "�, �*�� "'�� " 	 �/�����")*�! )%���; �! !%���"�8 �; �� " � " ��� ") �*+
M-

LE
�;�! " !'/)%���"�,

Unbiased
�!"

efficient
��# !����/8�
� !'/)%���"�,

Gaussian�!�!��)� 	



9� � ���� ��� � � � ����� � � �� �� ��� �� � 1/f
� ��� ���	 �

.2�'�� *��" /%���� "'��; !�!�/� "�,  )��2� � + !%� ��"��
 %/���� �!+ % "8!��� �!+)%���; �! �!�!'��/,'��" �3�� *�!+
MLE

��� ") ��+ 	 �/����")*�! - �� %!�!� ��
)���
��;�)!

x
%�/ 8*��/)� �! ��� ")�'�/)� !�� "�!8 ;'�!�! " '� � '�*' �6 	<6� 	 (��� -  '�*' 

�6 	<6� � ;���!" ) "! '/�,�� ' )��� � + )��!�� ��+
H

�!" !���; �! ���8�;  � ")� %�/ � �)�� "'��%�"�; 	 (� %���� )! �;�! " %�+ '/��, ��%�+ �!" '� � %�� ;%��' ��/
fBm

� ��� �;�! "
�/�!��� �! �/8�; !�!�/� "�, �� %���� )! � + )�� "'��%�; ' + 	 �� !/�*+ � "+ %��"%�#'�"+!%!"��;�!"  ���' !�"8) � "�#� )�8���� � "! � � �
��' ��/ )*� "'��/ ��� �%� ;� ���*���! "�! ) � /%,���" � �! ) � �;�! " )��!� "��� 	

� "! � � %��;%��' )!+ - %!����� %�/ !/��+ � ��� ") ��+ �;�!" � 8��� � "�, ��8�����+
�� "� "�, '� � %!��/' ;! 8��
��/� /%,���/� %���, %�����)!�! %�/ ��� �!8 "'��
� !�!�,�� &�� � "! ���' '� � )������%�; ' 2���+ 	 � *�! !%� �� )��,�� /%���� "'� "�� ��/ �,��+�� �!' "�� ��/ %���� )! �;�! " �� " �;�!" ) "! %!�!)���"�� )*8���+ %�/ �!' ;���!" '���)���*��

fBm
	 �� � %�,� �)�+ - �%�+ 8! 2!��; �! " '� �%�)��� ��2,�! "� - �! '�)!�!%�/ ��,��/)� !%� � � 2��� �;�!"

low pass filtered 1/f
!��� ;��"+ � �!�� �!"� ",��/� )��� )���*��

fBm
� "! %��"��"')*��+ �� ;)!��+ �� '/���� ��+� 	 �/��%#+ - � "! �! *��/)�!%�����')!� "�� ��� ;) ' !%! "�� ;�! "  ���' ) %!�!)���"�#� )�8���� '�"+ �%�;�+ )&%���; �!��;+ �! �/8);'�" �� �
��+ ��� �� "),��� �� '/��������� %�/ '/))��*��/� '� ���� ;) ' 	

� �� ������ �	� �	� ����� �� ��  ����
�
GPH

� )*8���+ 2!')!� "��+ ��� ;) ' +
GPH

%���,8 �� !%� ��/+
Geweke

�!"
Porter-

Hudak
�<'� �!" �!' ;���! " '�� ������+ %�+ ��!� *��/)� *�! '�)!

x(t) 1/f
)� 2!')!� "��%��"���)���

S(ω) ∝ σx
2

|ω|γ �6 	<��
���� �,� ���!�"8)�'�/)� !/�� � � '�*' �!)�,��/)�

log S(ω) ' log C − γ log(ω) �6 	6=�� "! ) "! '�!8��,
C

	(� �!' "�� %���� )! )� ���+ � "+ )�8���/+ ��� ;) ' + %�/ �!8 "'�, � � )*8���
GPH%��
 !%�����')!� "�� �;�! " %�+  '�*' �6 	<�� ��� "'�
� " � "! ���+ � "+ '/���� ��+ �! "'/��8�+ �)2!�;���! " ) "! ��8�� "�� %�#' � "! '/���� ��+ )��!�
����+ !%� �,%�"� ��"� 	�/��%#+ '� � %�!�)!� "��� �!  '�*' �6 	6=� "'�
� " ��!�

ω 7→ 0+ �/��%#+ - �� �!' "��%����*�� )! �;�! " %�+  )*8���+
GPH

�;�! " ) "! ��% "�� 2!')!� "�� )*8���+ %�/ �!' ;���!")��� '�� ��)),� " ��/ 2,')!��+ ����, '� "+ �!) �*+ '/���� ��+ �! " )� !/�� ��� ���%�



� �� � � ������� � �� ��� ���	 � � ����� �� 95
��� �% "���,���! " !%� % "8!��

low pass
2 "���,�"')! %�/ ������)*��+ �)2!�;���! " � "!)��!�
����+ '/���� ��+ 	

� "! � � ��� ;) ' ��/ 2,')!��+ "'�
�+ �� ' ")�%�"�;�! " �� %��"�����!))! )� %!�,&8/�� 	

S(ω) = | 1
√

2π
∑n

t=1 |h2
t |

n
∑

t=1

htx(t)eitω|2 �6 	6 3�
�!" �� %!�,8/�� %�/ �� ' ")�%�"�;�! "

ht = (1 − exp(2πit/n))p �6 	6<�
%���,8 �� !%� ��/+

Hurvich
�!"

Chen
�<�� �!" �;�! " � "� "�, '��� "!')*�� � "! !/�� � ���� ;) ' 	72�
 � ;��"  ��� ;) ' ��/ 2,')!��+ "'�
�+ - � ��8*� +

γ
/%���� ;���! " )� � � )*8�����!�;'��� ����!�#��� !%� � � �� ;' ��/ 2,')!��+ '�

log-log
� ",��!))! �%�+ 2!;���! "'� � '�*' �6 	6=� 	(� %���� )! �;�! " �� "  '�*' �6 	6=� "'�
� " �%�+ !�!2*�8 �� )��� � "! %��"�������, '� � ) ��� "�� '/���� �! �!" '/��%#+ '� � ��� ;) ' �� ;' + ��� %�*%�" �! �� ' "&)�%�"�
��!" ���+ � " '/���� ��+ %!�! )��� *�! /%�'
���� !%� !/�*+ %�/ !�� ;��" '�*�! �
��+ '/���� ���

M
	 � �% "���� !/��
 ��/ �
��/+ �;�! " *�! �
'���� %���� )!%�/ %��"�!)�,��" *�!

tradeoff
& � "�������

M
�� ��; '� ��� ")�'�"+ %�/ *��/� )��,��

variance
!��, ' ;��/�! ��� �;�!"

biased
!%� �,%�"! ��8�� "�� %�#' ��/ 2,')!��+ '�)��!�
����+ '/���� ��+ 	 7��;8��! )��!�
����

M
�� ��; '� ��� ")�'�"+ )� ) "�������

variance �!2�
 /%,���/� %�� "''����! ' )�;! � "! �! �,��" �!��;+ %!��)����� !��, /%&,���" � � ;��/��+  ��� ;) ' �! �;�! " � "!2���� "�� !%� � � %�!�)!� "�� � ")� ���� !��!��+'� � '/)%��"2��, ��/ 2,')!��+ 	 7����*+ ����"�*+ *��/� %���!8�; #'�� �! ���8�;  
� *�� "'� � ")� ��/ �
��/+ '/��������

M
�6=� !��, �!' ;����! " '� �% "%�*�� /%�8*'�"+ 	� "! !%�� %��'*�� "' �;�! " �! � )"�/���'�" �!��;+ *�!

Dynamic GPH plot ��"���! 4 	3��! ��� ")�'�" � �!�� � � �� ;' � "! %���, � "!2���� "�,
M

�!" �! ��;�� " �� %�+ )��!�,���! " ��� ;) ' '!� '/�,�� ' ��/
M

	 � )*8���+ !/�� !%�����; ;'�+ � � �!�
��� )*8������ ;) ' + � "! ���"�, '�)!�!
1/f

�!" �;�! " !/�� %�/ '/)%��"2*�8 �� )� ��� �!�
�������%� '�! %�"�,)!�! 	
� �� � ���	����� �	������� ��� ����

� " )*8���" '
�8�' +
1/f

!��� ;���� %�/ /��%�"�8 �!� �! " !� "�����8 �!� '� !/��� � ���!' ;! �;�!" � " !����/8�+ &



9' � ���� ��� � � � ����� � � �� �� ��� �� � 1/f
� ��� ���	 �

• �
�8 �' )�
Fourier

& ���������)!�! & ���,� �!�
� �! - 8��� � "�, !��"��+ - 2!'&)!� "�� %��"���)��� %�/ !����/8�; !��"�#+ ��
1/f

��)� 	��"������)!�! & � )*8���+ *��" �� 8��� � "�� %���� )! %�+ �� '�)! %�/ '/�� ;8�&�! " � ;�! " %��"�� "�� 	 7/�� )%���; �! ��%��!'��; �,� '/�8*'�" �!��;+ *�! )��!�
����'�)! !%� !/�� %�/ ���",���! " �!" ��!��'�" *�! /%�'
���� ��/ 	

• �
�8 �' )�
Wavelets

& ���������)!�! & ���,� �!�
� �! - �%!�!� %� "�� '
�8�' 	� )*8���+ )%���; �! ���"��/��; �
���! '� �
� � "!'�,'�"+ �! " '�
Multifractal

'�&)!�! 	��"������)!�! & (� 2!')!� "�� %��"���)��� ��� !����/8�; !��"�#+
1/f

'/)%�� "&2��, 	 � �%!�!� %� "�� '
�8 �' ��� �% "��*%�" � � !��"�� �% "���� ��/ )���+ ��//%� '
�8�' '�)!��+ 	

• �
�8 �' )�
Cholesky

� ",'%!' ��/ % ;�!�! '/))��!�� ��� �!+ & ���������)!�! &8��� � "�, !��"��+ )*8���+ � "! �� )���*��
fBm

	 ��"������)!�! & ���,�� /%��&�� "'� "�� 2��� ;� �! " !%! "��'�"+ )��) + - (� 2!')!� "�� %��"���)��� ��� !����/8�;)� )��,� !��;� �"!
1/f

'/)%��"2��, 	

� "! �! � ;��" ) "! %�"�!)!� "�� !� "���� ' ��/ 2!')!� "��
 %��"���)*��/ ��� ' ),���%�/ '/�� ;8���!" )� � "+ !����/8�+ )�8���/+ *� "�� �� !����/8� %�;�!)! 	 �  )"�/���8 �!�3== ��;�)!�! )� � � �,8� )*8��� - /%���� ;'� �� �� 2,')! ��/+ )� � � )*8��� ��/%��"�����,))!��+ �! " )��, /%���� ;'� "�� � )*'�+ ���+ � "! �! 3== ��;�)!�! 	 ��%�+2!;���!" �! " '� � �"���! 6 	�  )*8���+
fourier

� ;��" �� �!�
���� 2!')!� "�� %��"���)��� -!/�� � �!�� %�/ !����/8�; �!�
���! � �
1/f

�!)%
� ��# �" )*8���"
wavelet

�!"
Cholesky

� )"�/���
� �,%�"�+ !%��� ;'�"+ � "! ) "��*+ '/���� ��+ 	

� ��� � ���	����� �	������� �	� ������

� "! � � !� "���� ' ��� !����;8)�� ��� ;) ' + *� "�� �� !����/8� %�;�!)! & � "! �,8�� ")� ��/ ��8*� 
γ

� )"�/���8 �!� 3== /��%�"�'�"+
1/f �)� '
�8�' 

fourier
� �!" '� �'/�*��"! ��� ")�8 �!� )� � "+ ���;+ )�8���/+

GPH
-
Wavelet variance

�!"
Time-domain

Variance
	 (! !%����*')!�! 2!;����! " '��� % ;�!�! 6 	3= 	
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fourier method 
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Desired Slope  

���)! 6 	5 & �,')! ���� �#� ' ),��� %�/ � )"�/���/��! " !%� !����"8)�/+ '
�8�' +

γ GPH Var(GPH) Wavelet Var(Wavelet) T − V ar Var(T-Var)3 	4 3 	4< = 	3< 3 	6' = 	= 3 3 	45 = 	=3< 3 	�' = 	36 3 	'< = 	=< 3 	�< = 	=3< 	9 < 	6� = 	3< < 	<4 = 	=< < 	<6 = 	=3< 	' < 	'5 = 	39 < 	5= = 	=6 < 	44 = 	= 3

7%� �! !%����*')!�! ��/ % ;�!�! 2!;���! " %�+  )*8���+ %�/ '/)%��"2*���! " �!�
���&! �;�! "  
GPH

	 � !����� %�/ �" )*8��� "
Wavelet

�!"
Time variance

*��/� ' )!�� "�,) "������ � "!�
)!�' - )� ",��/� �! �)2!�;��/� �,%�"�
bias

%�/ � ;���! " ���������� � "!)��!�
����+ � ")*+ ��/
γ
	� )*8���+ )*� "'� + % "8!��2,��"!+ ��� �� ' ")�%�"�8 �� � "! �
� ����/+ 	 �� ' )!�&� "������+ �;�! " �� "  )*8���+ /%�8*��" �� " *��/)� ��"�)!��� %� )*��+ /��%�"�'�"+

fBm
	



4= � ���� ��� � � � ����� � � �� �� ��� �� � 1/f
� ��� ���	 �

��%�+ �)�+ !�!2*�8 �� - ��!" !�!�
��! " %�� "''����� '� �%�)��� ��2,�! "�� '� � %�!�&)!� "��� �! �;�!)�
low pass filtered 1/f

!��� ;��"+ 	 �� !/�� � � %��;%��'  % "8!��2,��"!
��� ��!� ) "! '/�,�� ' )� )��!� "�� )*� "'�� ��%�+ 8! *%��%� �! " %�"�!)!� "�, %!�!� ��
�'�� �3��� !��, )"! !
��/'! '/�,�� ' ��/

γ
	 .%;' + - !��) �!" � "! ) "��, '�)!�! -  )*8���+ �;�! " ��! "��� "�, �% ;%�� /%���� "'� "�, 	

� " ,���+ )*8���" ��� �;�!� %���� )! )� ��
low pass filtered 1/f

'�)! � "!� ; )%���;�!��;+ �! �/8);'�" �� %��8�+ !%� �� ;)!��+ %�/ '/))��*��/� '� � ��� ;) ' 	 �� � )*8���
GPH

!/�� ' )!;�� " %�+ �/8);�� " �!��;+ �� 2!')!� "�� �
��+ � - '� � )*8���
Wavelet� � )*� "'� �! " � � ��,� "'� �� ;)!�! %�/ '/))��*��/� '� � %!��)���� �!" �*��+ '��

variance
� � )*� "'� �! " � � ��,�"'� � ")� � + !%�'�!' +

T
	



� OH FP B D@ �

@N? OP @Q @ RM C M H T NL U

� �� ����� �	� ����	� 	� � � ���	�
AM-FM

� " '/����"')�; '� *�! '�)! 2���+ �Speech Resonances
� � ;�! " � " '/���� "�*+ %�� "��*+�%�/ �)2!�;���! " "'�/�� 2!')!� "�� %��"���)��� 	 �  )"�/���
��! " ��!� *�! �)�)! ��/2�� � "��
 '����! � "���;���! " ����, '� �,%�"! "� "�'/���� �! ��/ �! " '/���� ;���! "	 7+' )�"�8�; �� " � 2�� � "��+ '����!+ *��" %��"%���� ���)���;! �!" � " "� "�'/���� ��+��/ )��!�,����!" �!�
�!�! �!�! � � � ",���"! %!�!����+ 2���+ �!8#+ � "�� ;�! " � "! �!

� )"�/���'�" ��/+ �% "8/) ��
+ ���/+ 	 � ����"�! " '/��%#+ � "! *�! ) ��!))"�� %���� )!���+ )� %��;%����+ �!" �/�!) "�, )��!�!��)���+ '/��� "!�*+ '/�8���+ 	 � "! �! )%��*'�"'/��%#+ �!��;+ �)� � "+ ' )��"�*+ ��#'�"+ �! " �������� ;�+� �! )������%�"�'�" !/�� ��2/' "�� '
'� )! �;�! " !%!�! ;� �� �! �,��" %���*+ !%��%�" � "�*+ %!�!���*+ 	(� !%��
'���� )���*�� %�/ �� ' ")�%� "�8 �� '�� %!���8�� )� ' )!�� "�� �% "�/� ;!�;�!" �� ��!))"�� )���*�� 	 7/�� �!' ;���! " '�� )���*�� % ��+ &2 ;����/ �source-filter
model

� '�� �%�;� �! )� ��!))"�, 2!"��)��! %�/ �)2!�;����!" '��� 2�� � "�� '����!%��'��� ;����! " )� ��!))"�� !��/'� "�� 	 7/��  %��'*�� "' �� ��; '�� %��
 ���'��)���*�� ��!))"��+ %������ + - '�� �%�;� �,8� '/����"')�+ 2���+ !�� "'�� "��; '� *�!�%��� )"!+ '/�,�� ' + )��!2��,+ 	(� ��!))"�� )���*�� *��" �2!�)�'��; '� � �� � "��%� ; ' - '
�8�' �!" !�!��#�"' 2���+ )� '��� "�� �% "�/� ;! 	 � "! �! �!�!'��/!'��
� % "� !%�����')!� "�*+ �2!�)��*+ -!%��� ;'�"+ !%� �� ��!))"�� )���*�� )������%�"�
��!" '/��, )� ���/+ '2,�)!��+ 	$%,���/� "'�/�, 8��� � "�, �!" %� "�!)!� "�, '��"��;! �6< - 66 - 69� � "! � � 
%!��& ' )!�� "�#� ) ��!))"�#� !����/�!) "�#� 2!"��)*��� �!�! � � � ",���"! %!�!����+2���+ %�/ ��� )%���
� �! )������%�" 8�
� )� �� ��!))"�� )���*�� 	 � "! %��'*�� "' '� !/�� �� %���� )! �;�! " �! ���%�%� "�'�" �!��;+ �� ��!))"�� )���*�� �%�/ )%���; �!
43



4< � ���� ��� � � � � ���� ��� ��� � �	 ���

8��� 8�; ) "! %��'*�� "' %�#� + �,� +� #'�� �! � 28�
� /%�� ) ��!))"�, 2!"��)&��! 	 � " ) ��!))"�*+ "� "�� ��+ � + 2���+ )%���
� �! ���/� 8�
� )� �/� � "!2���� "�*+%��'��� ;'�"+ &
• �

�� "�# ��!+ !%� � "+ �) ��!))"�*+� � "!2��"�*+ �� "'#'�"+
Navier-Stokes

�! ���8�;) "! �%��'��� "'� "��� �
' � "! � � ��� ��/ !*�! )*'! '��� 2�� � "�� '����! �%&�+ � "! %!�,�� "�)! � ;���! " '�� �64� 	 � %��'*�� "' !/�� !%�����; ) "! '/�8�� "��'��!��� "�� %�/ ��� "�,�" !%� ��/+ 2/' "��
+ ��)�/+ �! " %��'��� ;�� " �� '
'� )!%!�!����+ 2���+ 	
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Maragos, Kaiser
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x(t) = A(t)cos[φ(t)] = A(t)cos[2π

∫ t

0

F (τ)dτ ] �9 	3�
�!" �� '/��� "�� '�)! � ;���!" '!� ) "! /%*�8�' !%� �*�� "! '�)!�!

AM-FM
∑

k

Ak(t)cos[φk(t)], �9 	<�
*�! � "! �,8� '/����"')� 	 (�

A(t)
� ;�! " �� '� "�) "! ;� %�,��+ �! "

F (t)
�;�! "  '� "�) "! ;!�/�� "�� '/���� �! ��/ '/����"')�
 	.,� %,��/)� � � )*' � ")� � + '� "�) "! ;!+ '/���� �!+ � "! *�! ) "��� ����"�� %!�,&8/��

Fc = (1/T )

∫ T

0

F (t)dt, �9 	6�
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F (t)
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ESA
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Teager-Kaiser

	

Ψ[x(t)] = [ẋ(t)]2 − x(t)ẍ(t) �9 	9 �
��%�/

ẋ = dx/dt
	 �� � � ���' !/��/ ��/ ����'�� )%���; �!��;+ �! /%���� ;'�" �!'�)!�! '� "�) "! ;�/ %�,��/+ �! " '� "�) "! ;!+ '/���� �!+ )� ��� !����/8� ���%� &

√

Ψ[ẋ(t)]

Ψ[x(t)]
≈ 2πF (t) ,

Ψ[x(t)]
√

Ψ[ẋ(t)]
≈ |A(t)| �9 	4�
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A(t), F (t)
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ESA
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DESA
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Dimitriadis, Maragos
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Splines� "! ��� /%���� "')� %!�!�#��� )� %��"''���� �/��'�;! '� 8��/�� �Spline-ESA
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N
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ESA
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� � �� ��� ���������� ����� ��� �����  �� � ��� �� � !���� �� � "�� #���"$� %��#&��'(��� ����� � �� ����) %� �' ��#��� * + � #���"$� ���& ��� ��!��� ��, ��� !����#�� ����!���$"�#��� ",��� %�#�� ����� ��� -./ ��) � 0 �' ��� ��� ���$��� ��� �!&#���� ��(��$� �� ��0) � ��� !�����&���� !����#�� ��� ����,� � ��� �#�1���� � !��� %�#��  ���� -2/ *� �%"� � �� � �� #����$�!������ ���� � ��0 � ��������#& �' ���
R(t)

#� %��#&��' �� ������3�' �!� #�� ����� ��� ��,�&����
Fc 4

R(t) = Acos(2πFct + P (t)), 56 *.7

89 !��
P (t)

� �� � "�� ��#� %��#&��' ��� ����� 5Phase modulation
7 �� � � !����' ������ � �� � �� ��#� % ��#&��' ���

FM
* : �� �1&#��� � �� ��,��� !����#�� ��� ����,� � 5!��0 � !����� �����3� �� �!&#��� ��&����7 ��0) � ��� 0 �' ��� ��& �!&� �0 �� !�� ���%"��� �� ����&#���� ���,��� ��"� ���$  ;��� #� ��� ���� ) %� ��� < #����$�!� ��3#� �� ��#� %�(�#&��' ���

P (t)
��� #�� ���,��� ��� ��"$ �;�

1/f
* = ��' �!� ���&� ��� ���#�$ ��#& ������� � �� !����#�� ��& "$��,� ��� #���"$�� ��0 ) � ��� � ���  #��� �' � !���#"��' ���� � ��� �� !�) �� !���$�#��� !�� ��$�3#���� �� �! �$3���#� * > � ���& �� #���"$�%�� ��,�$�3#���� #� ��� #���� ��� ��#���� %��#&��' ��� !$�����

A(t)
!�� �� ���� ��� !�� �",�� !�$3 $ ��&���� ,��� �#� !$������ � ��� ���� !������' ���$��� 0 �' �� �� ����0 ��& 5A(t) = A

7 *
6?
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 �� � � ���� � ��� ���� ��� �� �� ���
� �� ��� ! " #�$�%&'$()& (%*+ %�( ,%& -.')' /�$�.0&$1
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2 �� �� #!��"���#� �� �$"�;��#� �� � �� ��� �#����#� �� !������&#��� #���"$� %�# ������0 ���� ��&$��0 �� �$�&��0 #�� !�� ,' � 1�� �� !�&�$�#� ��� ��&$��0 � �!�!��� $�#��� 4

.* 3!�#&�' �� ��� ��0 � ��������#�3 �!� �� �!&$��!� ��#� �' ��� * 2 �� �� �$�!��(�0 � ���&� � ���#�� ��&� ,' ���#&� ,��� �#�!���0 ��� "�� �  $���
Gabor

� �� %3�$&���� 4 �) ��� �� �  $���
Gabor

�#��� 1��� �$�,���� � ��&#��� % ���!���� ���!�% � ,�&���(��,�&����� �� � %"������ $&�' ��� ��##��� �� ���� %�� ���������! �!$"�� %��#&��' �� ��,�&����� ��� � �$���� ��#"�� ��#� *
2 * 5 ;��' �� �' � ��#��' �

AM
���

FM
* � �!�% ��#&��' �� ���� "� ��� #� ,���� ����$��� 0 #��

ESA
��� �� ��#��� !�� �;������ � �  �� � � �� ��# ��  � ��,�&����

F (t)��� �� �� ��# ��  � !$����
A(t)

*
6 * 9 �$�&��0 #��

ESA
�#��� 1� � �!� ����#"��� ���0 ���� ����0 ���� -.2/ !�� %�# ����(��3� "������ �����"� ��� ��#� �� ��# ��  �� ��,�&����� * 2 �� ��� !�������#& ���) ��' � �����#"�' � �� ��#�

F (t)
� �$������� � #� "�� #� ���##��&

median
�  $��� !��#��) ��� � �� #���$�� ��#"� *

7 * + � ��#� % ��#&��' ��� �����
P̂ (t)

�!�$��  1��� � #� �� ��",�� �$��$��' #� ����� ��# ��  �� ��,�&����� 4
P̂ (t) = 2π

∫ t

0

(F (τ) − Fc)dτ, 56 *27
&!��

Fc
� ��� � #"�� � �#� ���

F (t)
��� ��� �!���' !�3�� ��� �������� ��,�&������� ��������#�3 *

6 * + "$�� < � ��0 "���
γ

�!�$��  1��� � �!� �� ��#� %��#&��' ��� �����
P̂ (t)

+ � ��$����  � ���& � �#� < �  �� � �  ����� ��� �� ! �� !�� !$��� * + � !�&� $�#� ��� ����� ����� �!�$�� ��#& ��� ��0 "��
γ

�!� #�� 50 ����) %�7 �$�!�  ��� ���
P̂ (t)

�!&�� ����#&(1���� � &$�� � � #"0 �%�� ���  #���� !�� ���$3���� � ��� !�����3#��� ����$� �� * 4 ��� &#' ���,�$�0 �3#� #� ��� ���  #��� !���#"��' � 0 � �;������#� ��� �����&���� ��� #���"$�� *
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TIMIT
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P (T )
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1/f
0 � !�"!�� �� ",�� � ����&$��0 �� �% �&�����
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power law

%�$�%� 0 � !�"!���� � �� � ��0 � � ��
log-log

�;���� *
2 * + �

variance
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wavelet
�����$���) � $�!��#"����� 0 � !�"!�� �� ���$��0 � ����,"�� 56 *67 �!&�� ��

Variance-Scale plot
0 � !�"!�� �� � ��� ��0 � � �# �$���� �(0 # ���3� �;���� *

6 * > �� !�% � ��� ,�&��� 0 � !�"!�� �� ��,3�� � �,"�� 52 *267 �� � ����!) � ��
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P (t)
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1/f
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γ

",�� �  �� � #� ���  #���
GPH
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1/f
��#!������� �!�$�0 �3��� � �� � �� #���"$� #���1�� �� $�������� �!���$��#�� ��� *



�� � ���� ��� 	
 �� � � ���� � ��� ���� ��� �� �� ���
� �� � ,#+'&� )".�&� )
+&	+().	� %�( ,%& -.')'
2 �� �� �$"�;��#� ��� �!&%��� ��� �$��� 0 #�� �;��' ��� ��� ��#���� �����

P (t)%�# ��������#� ��,���� ��#��� ��������#�3 #�
1/f

%��#&��' �� ����� �� � �����  ��#��� ��, ��& ��#�
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