Ejnikì Metsìbio PoluteqneÐo Sqolă Hlektrolìgwn Mhqanikÿn kai Mhqanikÿn Upologistÿn Tomèac TeqnologÐac Plhroforikăc kai Upologistÿn

Diplwmatikă ergasÐa:

Ubridikă Logikă

EuĹggeloc Tzanăc

Trimelăc epitropă Kajhghtÿn:

Epiblèpwn: StĹjhc ZĹqoc Mèlh: TÐmoc Sellăc

Andrèac Geÿrgioc StafulopĹthc

Ajăna, 2003

EJNIKO METSOBIO POLUTEQNEIO Sqolă Hlektrolìgwn Mhqanikÿn kai Mhqanikÿn Upologistÿn Tmăma Plhroforikăc

DIPLWMATIKH ERGASIA

Ubridikă Logikă

FOITHTHS

EuĹggeloc A. Tzanăc

EPIBLEPWN

EustĹjioc ZĹqoc, Kajhghtăc EMP

EgkrÐjhke apì thn trimelă exetastikă epitropă thn 16^h IoulÐou 2003

EustĹjioc ZĹqoc Kajhghtăc EMP

Andrèac Geÿrgioc StafulopĹthc Kajhghtăc EMP

TÐmoc Sellăc Kajhghtăc EMP

Ajăna, IoÔnioc 2003

Tzanăc EuĹggeloc DiplwmatoÔqoc Hlektrolìgoc Mhqanikìc kai Mhqanikìc Upologistÿn EMP © 2003 - All rights reserved

PerÐlhyh. O purănac thc tropikăc logikăc eÐnai elkustikĹ aplìc: perièqei thn protasiakă logikă kai ènan nèo sÔndesmo me sunèpeia na apoteleÐ èna eparkÿc orismèno kommĹti thc prwtobĹjmiac logikăc(Melvin Fitting).

H ubridikă logikă eÐnai eÐdoc tropikăc logikăc me ton epiplèon mhqanismì anaforĹc stouc kìsmouc enìc Kripke montèlou. Gia parĹdeigma , sthn protasiakă ubridikă logikă prosjètoume èna deÔtero eÐdoc atomikÿn tÔpwn. Ta onìmata. H idèa: kĹje ìnoma eÐnai alhjèc mìno se èna kìsmo enìc montèlou. EpekteÐnoume th basikă ubridikă logikă me to sÔmbolo gia thn ikanopoihsimìthta @ (at). Ta prohgoÔmena eÐnai jèmata tou èktou kefalaÐou. Sto èbdomo kefĹlaio perilambĹnontai proqwrhmèna jèmata ubridikăc logikăc: Poluplokìthta, Beth’s Definability, Craig’s Interpolation kai AmfiprosomoÐwsh (bisimulation).

Prokeimènou na katanoăsoume tic teqnikèc kai tic mejodologÐec pou qrhsimopoioÔntai sthn ubridikă logikă meletĹme ta exăc jèmata:

• KefĹlaio 1o : PrwtobĹjmia Glÿssa. H ergasÐa tou Fitting sto prìblhma thc epÐlushc (resolution ).

• KefĹlaio 2 kai 3: PaiqnÐdia, mia sÔntomh eisagwgă prokeimènou:

– na orÐsoume thn tropikă kai thn ubridikă.

– na prosdiorÐsoume thn klĹsh poluplokìthtac tou problămatoc thc ikanopoihsimìthtac.

• KefĹlaio 4: Basikă tropikă Logikă. AmfiprosomoÐwsh. p-morphism. Poluplokìthta. H ergasÐa tou Fitting sqetikĹ me ta tamplì thc tropikăc logikăc.

• KefĹlaio 5: Efarmosmènec tropikèc logikèc kai h sqèsh touc me thn ubridikă logikă. Perigrafikă Logikă. Qronikă Logikă.

Abstract. The core of modal logic is elegantly simple: classical propositional logic with one extra operator, corresponding to a well-defined fragment of quantified classical logic. But over the years a number of addons have been proposed, all for good reasons. Melvin Fitting

For instance, taking an ordinary propositional modal logic and adding a second sort of atomic formula we construct a hybrid language. These new atoms are called nominals. Key idea: insist that each nominal be true at exactly one world in any model. Furthermore adding the symbol @ (at) for the satisfiability we expand the basic hybrid logic. These are the subjects of chapter six. In chapter seven several advanced themes are studied: Complexity, Craig’s Interpolation, Beth’s Definability and Hybrid Bisimulation.

In order to have an adequate background related to techniques and methods of hybrid’s logic literature we studied the following themes:

• Chapter 1: First Order Logic. Fitting’s work in the Resolution Problem.

• Chapter 2 and 3: Games. A short introduction in order:

– to define modal and hybrid bisimulation using games terminology. – to determine the complexity class of satisfiability problem.

• Chapter 4: Basic Modal Logic. Bisimulation. P-morphism. Complexity.

Fitting’s destructive method.

• Chapter 5: Applied Modal Logic and their connection with Hybrid Logic.

Descriptive Logic. Temporal Logic.

.

Perieqìmena

1 PrwtobĹjmia Logikă 11 1.1 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 1.2 PrwtobĹjmia Logikă . . . . . . . . . . . . . . . . . . . . . . . . . . 12 1.3 Domèc prwtobĹjmiac logikăc . . . . . . . . . . . . . . . . . . . . . . 17 1.4 EpÐlush Resolution . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2 Ehrenfeucht-Fraïssé Games 23 2.1 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 2.2 Efarmogèc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3 PrwtobĹjmiec Logikèc me k-metablhtèc. 29 3.1 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 3.2 Logikèc me peperasmèno arijmì metablhtÿn kai ìqi mìno . . . . . . . 31 3.3 Pebble Games . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4 Tropikèc Logikèc 39 4.1 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 4.2 Periorismìc Metablhtÿn . . . . . . . . . . . . . . . . . . . . . . . . 41 4.3 IsodunamÐec Montèlwn . . . . . . . . . . . . . . . . . . . . . . . . . 42 4.4 TupikoÐ OrismoÐ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 4.5 ParadeÐgmata-OrismoÐ . . . . . . . . . . . . . . . . . . . . . . . . . 48 4.6 EpÐlush . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

5 Efarmosmènec Tropikèc Logikèc 53 5.1 Qronikă Logikă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 5.1.1 Protasiakă Qronikă Logikă PTL . . . . . . . . . . . . . . . 55 5.2 Qronikÿn Logikÿn Sunèqeia . . . . . . . . . . . . . . . . . . . . . . 56 5.3 Logikă thc Perigrafăc . . . . . . . . . . . . . . . . . . . . . . . . . 58

10 PERIEQ§OMENA

6 Ubridikă Logikă 63 6.1 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 6.2 TupikoÐ OrismoÐ thc H(@) . . . . . . . . . . . . . . . . . . . . . . . 64 6.3 UbrÐdia . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67 6.4 Logikă H(@, ↓) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 6.5 PlaÐsia kai H(@) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 6.6 UbridikĹ Tamplì Tableau . . . . . . . . . . . . . . . . . . . . . . . 73 6.7 Ubridikă Taxinìmhsh . . . . . . . . . . . . . . . . . . . . . . . . . . 78 6.8 AxiwmatikopoÐhsh . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

7 Ubridikă Suzăthsh 83 7.1 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 7.2 Ubridikă ProsomoÐwsh . . . . . . . . . . . . . . . . . . . . . . . . . 83 7.3 Craig Parembolă kai Beth (prosdi)orisimìthta . . . . . . . . . . . . 88 7.4 UbridikĹ Montèla . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100 7.5 Ubridikì tamplì . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 7.6 Ubridikăc poluplokìthtac sunèqeia . . . . . . . . . . . . . . . . . . 106

KefĹlaio 1

PrwtobĹjmia Logikă

1.1 Eisagwgă

H Logikă pou qrhsimopoieÐtai apì touc majhmatikoÔc gia apìdeixh jewrhmĹtwn apoteleÐ klĹdo twn Majhmatikÿn, ìpwc h sunarthsiakă anĹlush, h Ĺlgebra kai h gewmetrÐa eÐnai klĹdoi thc Majhmatikăc epistămhc.

Gia arketĹ qrìnia Logikă sămaine Klassikă Logikă, dhladă prwtobĹjmia logikă (first order logic) kai upĹrqoun lìgoi gia autì. H prwtobĹjmia logikă parèqei aplìthta, kajarì trìpo kataskeuăc montèlwn, isqură ekfrastikìthta, suntaktikă kai shmasiologikă austhrìthta.

Autìc ătan ènac trìpoc na poÔme ìti h prwtobĹjmia logikă... eÐnai wraÐa. EÐnai wraÐa efìson eÐnai qrăsimh gia pollèc efarmogèc. AllĹ den eÐnai h katallhlìterh gia efarmogèc pou apaitoÔn apotelesmatikĹ sumperasmatikĹ sustămata. Me lÐga lìgia, to gegonìc ìti gia thn prwtobĹjmia logikă to prìblhma ikanopoihsimìthtac eÐnai mh apokrÐsimo, apoteleÐ shmantikì meionèkthma thc sugkekrimènhc jewrÐac.

EpÐshc, plăjoc efarmogÿn stouc tomeÐc thc Teqnhtăc NohmosÔnhc, thc AnĹptuxhc LogismikoÔ kai stic BĹseic Dedomènwn èjesan ta ìria gia apotelesmatikoÔc sumperasmatikoÔc kanìnec. H prwtobĹjmia logikă den plhroÔse tic prohgoÔmenec epitagèc. H anĹgkh gia nèouc sumperasmatikoÔc kanìnec ă gia nèec logikèc ătan adăritoc. ’Omwc h upologistikă dÔnamh thc prwtobĹjmiac logikăc ătan dedomènh. ’Ara èprepe na allĹxei h domă thc prwtobĹjmiac logikăc. Nèec efarmogèc, loipìn, odăghsan se nèouc formalismoÔc kai epomènwc se nèouc mhqanismoÔc apìdeixhc.

Stic epìmenec paragrĹfouc ja orÐsoume tic prwtobĹjmiec glÿssec. Sto epìmeno kefĹlaio ja dÿsoume ton tupikì orismì twn tropikÿn logikÿn kajÿc kai ja parousiĹsoume kĹpoiec idiìthtèc touc. Oi idiìthtec autèc ja èqoun dittì qaraktăra. Afenìc apì majhmatikă pleurĹ na anadeÐxoun th domă twn tropikÿn logikÿn afetèrou na apodeÐxoun ìti oi tropikèc logikèc èqoun ìla ta qarakthristikĹ eparkoÔc orismènhc jewrÐac gia efarmogèc plhroforikăc.

1.2 PrwtobĹjmia Logikă

Orismìc 1.2.1 H prwtobĹjmia glÿssa L apoteleÐtai apì ta exăc sÔmbola :

BasikĹ sÔmbola

• Parenjèseic : (, ).

• SÔndesmoi : → , ¬. • Metablhtèc : v_1, v_2, ..., v_n, .... • PosodeÐkthc : ∀ .

ProairetikĹ SÔmbola

• SÔmbolo isìthtac : =.

• SÔmbola Kathgorămatoc: Gia kĹje fusikì arijmì n > 0, upĹrqei sÔnolo apì n-melă sÔmbola kathgorămatoc.

• SÔmbola stajerÿn : ’Ena sÔnolo apì sÔmbola.

• SÔmbola sunartăsewn : Gia kĹje fusikì arijmì n > 0, upĹrqei sÔnolo nmelÿn sumbìlwn sunartăsewn.

ShmeÐwsh 1.2.1 ’Ena sunarthsiakì sÔmbolo n-jèsewn sumbolÐzei sunĹrthsh me n metablhtèc. Gia parĹdeigma, an f eÐnai sunĹrthsh triÿn jèsewn, dhladă f(v_1, v_2, v_3), tìte to prohgoÔmeno sÔmbolo anaparistĹ timă pou prokÔptei èpeita apì prĹxh metaxÔ twn metablhtÿn v_1, v_2, v_3. ’Ena n-jèsewn kathgorhmatikì sÔmbolo anaparistĹ idiìthta ă sqèsh n metablhtÿn; gia parĹdeigma, an P sÔmbolo 4-jèsewn sÔmbolo kathgorămatoc, tìte P (v_1, v_2, v_3, v_4) bebaiÿnei sugkekrimènh idiìthta ă sqèsh metaxÔ twn antikeimènwn v_1, v_2, v_3, v_4. Ta kathgorhmatikĹ sÔmbola wstìso onomĹzontai kai sqesiakĹ sÔmbola (relation symbols).

ParĹdeigma 1.2.1 Sunartăseic:

• Grammikăc Ĺlgebrac:

f(t_1, t_2, t_3) = A · t_1 t_2 t_3 • AnĹlushc : g(x, y) = sin(x · y) + 2, f(x, y, z) = 3 · x + 4 · y + z KathgorhmatikĹ SÔmbola:

• JewrÐac arijmÿn ≡: a ≡ b(mod n) an kai mìno an o arijmìc n diaireÐ tèleia ton arijmì (a − b) ìpou oi arijmoÐ a, b, n eÐnai fusikoÐ arijmoÐ.

• Grammikăc Ĺlgebrac :

P (x_1, x_2, x_3, x_4)

an kai mìno an ta dianÔsmata x_1, x_2, x_3, x_4 eÐnai grammikĹ anexĹrthta, ìpou x_1, x_2, x_3, x_4 ∈ R^4.

ShmeÐwsh 1.2.2 Ston prohgoÔmeno orismì thc prwtobĹjmiac logikăc qrhsimopoiăsame to sÔnolo (¬,→), to opoÐo eÐnai plărec sÔnolo sumbìlwn. Sthn apìdeixh epĹrkeiac tou prohgoÔmenou sunìlou mac bohjĹ o parakĹtw pÐnakac:

Arqikìc tÔpoc SuntomografÐa p ∨ q ¬p → q p ∧ q ¬(p → ¬q) p ↔ q (p → q) ∧ (q → p) ∃uP ¬∀u¬p ParĹdeigma 1.2.2 Ac doÔme merikĹ paradeÐgmata prwtobĹjmiwn glwssÿn:

• EukleÐdeia GewmetrÐa : L = {P, L, O, A, C, B, R, =}. Kai perièqei ta parakĹtw kathgorămata:

1. P (x) an kai mìno an to x eÐnai shmeÐo. 2. L(x) an kai mìno an x eÐnai grammă. 3. O(x, y) an kai mìno an x eÐnai shmeÐo sto y. 4. A(x) an kai mìno an x eÐnai mia gwnÐa. 5. C(x) an kai mìno an x eÐnai ènac kÔkloc.

6. B(x, y, z) an kai mìno an to shmeÐo x eÐnai metaxÔ twn shmeÐwn y kai z. 7. R(x, y) an kai mìno an x kai y sugklÐnoun.

O posodeÐkthc ∀ shmaÐnei: gia ìla ta antikeÐmena pou anăkoun sto Ðdio epÐpedo. ’Ara h prìtash :

∀v_1∀v_2((P (v_1) ∧ P (v_2)) → ∃v_3(L(v_3) ∧ (O(v_1, v_3) ∧ O(v_2, v_3)))

dhlÿnei ìti gia kĹje duo shmeÐa upĹrqei mia grammă pou ta enÿnei. • JewrÐa Sunìlwn: L = {∈, =} ìpou to ∈ eÐnai kathgorhmatikì sÔmbolo duo jèsewn. GrĹfoume ∈ (x, y) antÐ gia x ∈ y. O O kajolikìc posodeÐkthc ja shmaÐnei gia ìla ta sÔnola. Sth glÿssa L mporeÐ kaneÐc na ekfrĹsei ta exăc:

1. ∀v_1∃v_2(v_1 ∈ v_2): KĹje sÔnolo eÐnai mèloc enìc Ĺllou sunìlou. 2. ∀v_3(v_3 ∈ v_1 → v_3 ∈ v_2): KĹje stoiqeÐo tou v_1 eÐnai kai stoiqeÐo tou v_2 3. ∀v_2∀v_3((v_3 ∈ v_1 ∧ v_2 ∈ v_1) → v_2 = v_3): To v_1 èqei toulĹqiston èna stoiqeÐo 4. ∃v_1(∃v_2(v_2 ∈ v_1) ∧ ∀v_2(v_2 ∈ v_1 → ∃v_3(v_3 ∈ v_1 ∧ v_2 ∈ v_3))): UpĹrqei stoiqeÐo me Ĺpeira stoiqeÐa.

• JewrÐa Arijmÿn: L = {<, 0, S, +, ·, E} ìpou :

– to < eÐnai duo jèsewn- sqesiakì sÔmbolo pou shmaÐnei mikrìtero apì. – to 0 eÐnai stajerì sÔmbolo.

– to S eÐnai sunarthsiakì sÔmbolo miac jèshc. ’Opou S(n) = n + 1 – oi prĹxeic eÐnai sunarthsiakĹ sÔmbola dÔo jèsewn +, ·

– to E eÐnai sunarthsiakì sÔmbolo duo jèsewn gia dunĹmeic arijmÿn E(x, y) = x^y. Sunepÿc h prìtash :

∀v_1((v_1 > S(S(S(0)))∨v_1 = S(S(S(0)))) → ∀v_2∀v_3∀v_4+(E(v_2, v_1), E(v_3, v_1)) ≠ E(v_4, v_1)) dhlÿnei to gnwstì jeÿrhma Fermat: Gia ìlouc touc arijmoÔc v_1 megalÔterouc ă Ðsouc me to 3, h exÐswsh v^{v1}_2 + v^{v1}_3 = v^{v1}_4 den èqei lÔseic.

An èkfrash eÐnai mia akoloujÐa twn sumbìlwn prwtobĹjmiac logikăc, tìte ja prèpei anagwgikĹ na orÐsoume tic grammatikĹ (wff) kaloftiagmènec protĹseic thc glÿssac L.

Orismìc 1.2.2 ’Oroc glÿssac L eÐnai mia èkfrash t ìpou:

• eÐte eÐnai metablhtă ă • eÐte eÐnai mia stajerĹ ă • èna sunarthsiakì sÔmbolo n-jèsewn: f(t_1, t_2, ..., t_n) ìpou kĹje t_i eÐnai ìroc.

ShmeÐwsh 1.2.3 An h glÿssa den èqei sunarthsiakĹ sÔmbola tìte ìroc eÐnai oi metablhtèc kai oi stajerèc.

ParĹdeigma 1.2.3 Gia th jewrÐa arijmÿn èqoume touc exăc ìrouc : • S(S(S(0))) • E(S(0), v_3) Orismìc 1.2.3 ’Estw L prwtobĹjmia glÿssa. H atomikă èkfrash thc L eÐnai mia èkfrash A tètoia ÿste na diathreÐ tic exăc idiìthtec:

• H A èqei thn morfă t_1 = t_2 ìpou t_1 kai t_2 eÐnai ìroi thc L. • H A èqei thn morfă P (t_1, t_2, ..., t_n) ìpou P eÐnai èna n-jèsewn kathgorhmatikì sÔmbolo L kai t_i eÐnai ìroi thc L.

Orismìc 1.2.4 ’Estw L prwtobĹjmia glÿssa. Oi kaloftiagmènec ekfrĹseic (tÔpoi ă fìrmoulec) (wff) thc L orÐzontai anadromikĹ wc exăc :

• H φ eÐnai kaloftiagmènh prìtash an kai mìno an φ eÐnai mia atomikă prìtash

• H (¬α) eÐnai kaloftiagmènh prìtash an kai mìno an α eÐnai epÐshc kaloftiagmènh.

• H ( α → β) eÐnai kaloftiagmènh prìtash an kai mìno an α kai β eÐnai epÐshc kaloftiagmènec.

• H ∀v_iα eÐnai kaloftiagmènh prìtash an kai mìno an α eÐnai epÐshc kaloftiagmènh kai v_i eÐnai metablhtă.

Oi kaloftiagmènec protĹseic eÐnai oi suntaktikĹ orjèc protĹseic thc prwtobĹjmiac glÿssac. EÔkola blepoume ìti o prohgoÔmenoc orismìc ikanopoieÐ kai thn monadikă anagnwsimìthta.

Orismìc 1.2.5 ’Estw L prwtobĹjmia glÿssa kai mia v metablhtă autăc. H eleÔjerh metablhtă se mia kaloftiagmènh prìtash thc glÿssac L orÐzetai anadromikĹ wc exăc:

• H v eÐnai eleÔjerh sthn prìtash φ an kai mìno an φ eÐnai atomikă prìtash kai h v emfanÐzetai wc sÔmbolo se autăn.

• H v eÐnai eleÔjerh sthn prìtash (¬α) an kai mìno an h v eÐnai eleÔjerh sthn prìtash α.

• H v eÐnai eleÔjerh sthn prìtash (α → β) an kai mìno an h v eÐnai eleÔjerh sthn prìtash α ă an h v eÐnai eleÔjerh sthn prìtash β.

• H v eÐnai eleÔjerh sthn prìtash ∀v_iα an kai mìno an h v eÐnai eleÔjerh sthn prìtash α kai v ≠ v_i.

ParĹdeigma 1.2.4 Ac analogistoÔme tic parakĹtw protĹseic thc prwtobĹjmiac glÿssac thc arijmhtikăc :

• ∀v_1(v_1 = S(v_2) → v_2 < v_1) h v_2 eÐnai eleÔjerh.

• ∀v_1∀v_2(v_1 = S(v_2) → v_2 < v_1) ìlec desmeumènec.

• ∀v_1∀v_2(v_1 = S(v_2) → v_2 < v_1) → v_1 = v_1) h metablhtă v_1 eÐnai eleÔjerh.

An φ eÐnai swstĹ suntaktikĹ prìtash, τ eÐnai ìroc kai x eÐnai mia metablhtă tìte to sÔmbolo φ{τ/x} dhlÿnei thn antikatĹstash thc metablhtăc x se ìlec tic eleÔjerec emfanÐseic thc apì ton ìro τ.

1.3 Domèc prwtobĹjmiac logikăc

Orismìc 1.3.1 ’Estw L = {P_1, P_2, ..., c_1, c_2, ..., f_1, f_2, ..., =} . Mia domă U (ă ermhneÐa) gia kĹje L eÐnai sÔnolo thc morfăc

U = (A, P^U_1 , P^U_2 , ..., c^U_1 , c^U_2 , ..., f^U_1 , f^U_2 , ...)

tètoio ÿste:

• to sÔnolo A eÐnai diĹforo tou kenoÔ kai apoteleÐ to kìsmo ă to arqikì sÔnolo thc domăc

• h domă U antistoiqeÐ se kĹje kathgorhmatikì sÔmbolo n-jèsewn èna kathgorhmatikì sÔmbolo n-jèsewn P ìpou P^U ⊆ A^U

• h domă U antistoiqeÐ se kĹje sÔmbolo c stajerĹc èna sÔmbolo (stoiqeÐo) stajerĹc c^U sto kìsmo A.

• h domă U antistoiqeÐ se kĹje sÔmbolo f sunĹrthshc n-jèsewn, sÔmbolo njèsewn sunĹrthshc f^U sto kìsmo A, tètoio ÿste f^U : A^n → A

ParĹdeigma 1.3.1 Gia th jewrÐa sunìlwn orÐzoume thn domă: U = (N , ∈^U ) ìpou N = {0, 1, 2, ...} eÐnai to sÔnolo twn fusikÿn arijmÿn, kai ∈^U eÐnai to sÔnolo zeugÿn gia ta opoÐa < m, n > tètoia ÿste m < n. ’Ara, ∈^U = {(m, n) : m < n kai m, n ∈ U} . H domă aută ikanopoieÐ thn idiìthta 1 pou orÐsame prohgoumènwc, sunepÿc:

U |= ∀v_1∃v_2(v_1 ∈ v_2)

Aponomă alăjeiac sth domă U eÐnai h sunĹrthsh α me arqikì sÔnolo metablhtÿn to A^U . H timă tou α(τ) tou ìrou τ sthn domă U upì thn aponomă α eÐnai α(x) an o ìroc τ eÐnai h metablhtă x kai c^U an τ eÐnai stajerĹ c.

H sqèsh alhjeÐac U |=^α φ ( me lìgia: h φ eÐnai alhjeÐc sthn domă U upì thn aponomă α) orÐzetai epagwgikĹ sthn kataskeuă thc prìtashc φ me ton akìloujo trìpo:

• U |=^α P_i(τ_1, ..., τ_n) an kai mìno an < α(τ_1), ..., α(τ_n) >∈ P^U_i

• U |=^α ⊤ kai den isqÔei asfalÿc to antÐjeto U |=^α ⊥.

• U |=^α φ ∧ ψ an kai mìno an U |=^α φ kai U |=^α ψ • U |=^α φ ∨ ψ an kai mìno an U |=^α φ ă U |=^α ψ • U |=^α φ → ψ an kai mìno an U |=^α ψ ìtan U |=^α φ • U |=^α ¬φ an kai mìno an den isqÔei U |=^α φ • U |=^α ∀xφ an kai mìno an U |=^b φ gia kĹje apotÐmhsh b sth domă U ÿste α(x) = b(y) gia ìlec tic metablhtèc diaforetikèc tou x • U |=^α ∃xφ an kai mìno an U |=^b φ gia kĹpoia apotÐmhsh b sth domă U ÿste α(x) = b(y) gia ìlec tic metablhtèc diaforetikèc tou x • sthn perÐptwsh isìthtac èpetai: U |=^α τ_1 = τ_2 an kai mìno an α(τ_1) = α(τ_2). Ja prèpei na èqei gÐnei safèc ìti h alhjotimă miac prìtashc φ(x_1, ..., x_n) sth domă U exartĹtai apì tic alhjotimèc twn metablhtÿn thc kai mìno. Gia autì mporoÔme na grĹyoume: AntÐ U |=^α φ grĹfoume U |= φ(α(x_1), ..., α(x_n)).

An U |=^α φ gia ìlec tic apotimăseic sth domă U, tìte lème ìti h φ ikanopoieÐtai sthn domă U kai grĹfoume U |= φ. H prìtash φ onomĹzetai kai tautologÐa.

To sÔnolo protĹsewn èstw Γ eÐnai alhjèc sth domă U an kĹje prìtash tou sunìlou Γ ikanopoieÐtai sth domă U. To sÔnolo Γ eÐnai alhjèc se klĹsh domÿn prwtobĹjmiwn domÿn (dhl. C |= Γ) an U |= Γ gia kĹje U ∈ C. H jewrÐa thc klĹshc C eÐnai èna sÔnolo apì protĹseic oi opoÐec eÐnai alhjèc sto C. Sunepÿc h klassikă prwtobĹjmia logikă orÐzetai wc to sÔnolo twn protĹsewn pou ikanopoioÔntai se ìlec tic prwtobĹjmiec domèc. Gia lìgouc suntaktikăc plhrìthtac parajètoume to akìloujo sqăma axiwmĹtwn kai kanìnwn apagwgăc.

Sqăma axiwmĹtwn:

1. φ → (φ → ψ) 2. (φ → (ψ → x)) → ((φ → ψ) → (φ → x)) 3. φ ∧ ψ → φ 4. φ ∧ ψ → ψ

5. φ → (φ → φ ∧ ψ) 6. φ ∨ ψ → φ 7. φ ∨ ψ → ψ 8. φ ∨ ψ → ψ 9. (φ → ψ) → ((x → ψ) → (φ ∨ x → ψ)) 10. ⊥ → φ 11. φ ∨ (φ → ⊥)

Kanìnec Apagwgăc

1.^{φ→ψ,φ}_ψ (Modus Ponens(MP))

2. An ψ → φ tìte ψ → ∀xϕ ìtan to x den eÐnai eleÔjero sthn ψ

3. An φ → ψ tìte ∃xϕ → ψ ìtan to x den eÐnai eleÔjero sthn ψ

Mia prìtash φ eÐnai apodeÐximh sto sÔnolo Γ an upĹrqei akoloujÐa protĹsewn oi opoÐec termatÐzoun me thn prìtash φ kai kĹje mèloc thc akoloujÐac eÐnai eÐte tautologÐa, dhladă mèloc tou sunìlou Γ, eÐte eÐnai efarmogă prohgoÔmenwn axiwmĹtwn, ă proèkuye apì prohgoÔmena mèlh thc akoloujÐac me kanìnec apagwgăc. SÔmfwna me to jeÿrhma plhrìthtac tou Gödel gia kĹje sÔnolo protĹsewn Γ kai kĹje prìtash φ èqoume Γ |= φ an kai mìno an upĹrqei apìdeixh thc φ apì to sÔnolo Γ ă grĹfoume: Γ ⊢ φ.

ParĹdeigma 1.3.2 ’Estw ìti jèloume na apodeÐxoume ìti: ¬P → (P → Q). H apìdeixh eÐnai:

Băma Prìtash Apìdeixh 1 ¬P → (¬P → (P → Q)) → ((¬P → ¬P ) → (¬P → (P → Q)) A2 2 ¬P → (¬P → (P → Q)) A1 3 (¬P → ¬P ) → (¬P → (P → Q)) MP 1 kai 2 4 ¬P → ¬P A1 5 ¬P → (P → Q) MP 3 kai 4

1.4 EpÐlush Resolution

Ja perioristoÔme sth mèjodo epÐlushc protasiakăc logikăc sÔmfwna me to [1]. Oi protĹseic thc protasiakăc metablhtăc qwrÐzontai se duo kathgorÐec:

• SuzeÔxeic, ac tic onomĹsoume α. ’Opou α_1 kai α_2 ta stoiqeÐa twn α-protĹsewn. • DiazeÔxeic, ac tic onomĹsoume β. ’Opou β_1 kai β_2 ta stoiqeÐa twn β-protĹsewn. α α_1 α_2 (X ∧ Y ) X Y ¬(X ∨ Y ) ¬X ¬Y ¬(X → Y ) X ¬Y β β_1 β_2 ¬(X ∧ Y ) ¬X ¬Y (X ∨ Y ) X Y (X → Y ) ¬X Y DiaisjhtikĹ h prìtash tÔpou α eÐnai alhjăc an kai mìno an ta α_1 kai α_2 eÐnai alhjă. Gia thn prìtash tÔpou β èqoume ìti eÐnai alhjăc an kai mìno an èna apì ta β_1 ă β_2 eÐnai alhjă.

Ta basikĹ domikĹ stoiqeÐa thc mejìdou pou èpetai eÐnai: • [X_1, ..., X_n] sunÿnumo tou X_1 ∨ ... ∨ X_n • < X_1, ..., X_n > sunÿnumo tou X_1 ∧ ... ∧ X_n • to [] eÐnai anagnwristikì tou false kai to <> eÐnai tou true. • An X_1, ..., X_n eÐnai protĹseic tìte to [X_1, ..., X_n] lègetai prìtash. • Gia kĹje prìtash C_i to < C_1, ..., C_n > lègetai lÐsta protĹsewn. • An L_i eÐnai lÐsta protĹsewn tìte to [X_1, ..., X_n] lègetai mplok.

Ta mplok de qreiĹzontai sthn epÐlush fìrmoulac protasiakăc logikăc.

KĹje lÐsta protĹsewn h opoÐa perièqei thn kenă prìtash ja lègetai kleistă. EpÐshc kleistì lègetai kai to mplok to opoÐo perièqei kleistă lÐsta protĹsewn. To

1.4. EpÐlush Resolution 21

kleistì mplok prokÔptei qrhsimopoiÿntac touc kanìnec pou akoloujoÔn. ’Opwc se kĹje sÔsthma epÐlushc ètsi kai se autì prokeimènou na apodeÐxoume ìti h prìtash X eÐnai jeÿrhma ja apodeÐxoume ìti to mplok [< ¬X >] eÐnai kleistì. Oi kanìnec pou akoloujoÔn eÐnai duo tÔpwn. O prÿtoc aforĹ antikatĹstash kai o deÔteroc tÔpoc prosjăkh nèwn protĹsewn.

Oi kanìnec eÐnai oi exăc:

• Diplă ’Arnhsh: H prìtash ¬¬Z antikajÐstatai apì thn Z. SqhmatikĹ: ¬¬Z Z • SÔzeuxh : An α-prìtash prokÔptei se prìtash C, tìte h prìtash C mporeÐ na antikatastajeÐ apì duo protĹseic C_1 kai C_2, ìpou kai oi duo protĹseic perièqoun ìti h C kai epiprosjètwc ta stoiqeÐa α_1 kai α_2 antistoÐqwc. SqhmatikĹ: [A_1, ..., A_n, α] [A_1, ..., A_n, α_1], [A_1, ..., A_n, α_2] • DiĹzeuxh: β-prìtash antikajÐstatai apì duo protĹseic β_1 kai β_2. SqhmatikĹ: β β_1, β_2

• Kanìnac EpÐlushc: ’Estw duo protĹseic C_1, C_2, h C_1 perièqei to Z, kai h C_2 perièqei to ¬Z. Tìte prostÐjetai prìtash C perièqontac ta mèlh twn protĹsewn C_1, C_2 qwrÐc tic emfanÐseic twn Z kai ¬Z. SqhmatikĹ : [Z, X_1, ..., X_k], [¬Z, Y_1, ..., Y_m] [X_1, ..., X_k, Y_1, ..., Y_m], [Z, X_1, ..., X_k], [¬Z, Y_1, ..., Y_m] ParĹdeigma 1.4.1 ApodeÐxte thn prìtash : (P ∧ Q) → ¬(¬P ∨ ¬Q) 1. [< [¬(P ∧ Q) → ¬(¬P ∨ ¬Q)] >] 2. [< [P ∧ Q], [¬¬(¬P ∨ ¬Q)] >] 3. [< [P ∧ Q], [¬P ∨ ¬Q] >] 4. [< [P ], [Q], [¬P ∨ ¬Q] >]

5. [< [P ], [Q], [¬P, ¬Q] >] 6. [< [¬Q], [P ], [Q], [¬P, ¬Q] >] 7. [< [], [¬Q], [P ], [Q], [¬P, ¬Q] >] To parapĹnw sÔsthma eÐnai orjì, plărec kai mh aitiokratikì. Perissìtera sto [1].

Orismìc 1.4.1 Lème ìti duo protĹseic C_1, C_2 eÐnai diamèrish thc prìtashc C an C_1 kai C_2 eÐnai diaforetikĹ kai ta mèlh twn C_1, C_2 apoteloÔn akribÿc ta mèlh thc C. • (Kanìnac Eidikăc PerÐptwshc): An lÐsta protĹsewn L perièqei thn prìtash T kai T_1, T_2 eÐnai diamèrish thc T , tìte h lÐsta L mporeÐ na antikatastajeÐ apì duo lÐstec protĹsewn L_1 kai L_2, ìpou h L_1 eÐnai ìmoia me thn L ektìc ìti sth jèsh thc T èqei thn T_1, omoÐwc gia thn L_2 ìpou sth jèsh thc T èqei thn T_2.SqhmatikĹ: < [X_1, ..., X_n, Y_1, ..., Y_k], C_1, ..., C_m] > < [X_1, ..., X_n], C_1, ..., C_m >, < [Y_1, ..., Y_k], C_1, ..., C_m >

KefĹlaio 2

Ehrenfeucht-Fraïssé Games

2.1 Eisagwgă

Ta paiqnÐdia twn Ehrenfeucht-Fraïssé eÐnai apì tic lÐgec teqnikèc me tic opoÐec apodeiknÔetai ìti idiìthtec ìpwc h sunektikìthta enìc grĹfou den mporoÔn na ekfrastoÔn sthn prwtobĹjmia logikă. H melèth thc teqnikăc autăc jewreÐtai anagkaÐa kai gia ton epiplèon lìgo ìti qrhsimopoieÐtai kai gia ton prosdiorismì thc poluplokìthtac diafìrwn thc ubridikăc logikăc pou ja doÔme sth sunèqeia. Gia suntomÐa ta paiqnÐdia twn Ehrenfeucht-Fraïssé ja ta sumbolÐzoume wc E.F..

To epìmeno parĹdeigma ja anadeÐxei th sqèsh pou upĹrqei metaxÔ twn E.F. paiqnidiÿn kai thc prwtobĹjmiac logikăc. ’Estw loipìn h prìtash :

∀x_1∃x_2∀x_3 φ(x_1, x_2, x_3)

’Estw duo paÐktec. O S kai o D. XekinĹ to paiqnÐdi o paÐkthc S, kai enallĹssontac kinăseic oi duo antÐpaloi epilègoun timèc gia tic metablhtèc x_1, x_2, x_3. UpĹrqei taktikă kinăsewn tou D ÿste oi epilogèc timÿn pou kĹnei na ikanopoioÔn thn prìtash φ; Dhladă pÿc mporeÐ o D na dialèxei timă gia th metablhtă x_2 ÿste ìpoiec timèc kai an dialèxei o paÐkthc S gia tic metablhtèc x_1, x_3, ekeÐnoc na nikĹ;

BebaÐwc, to paiqnÐdi twn E.F. den qrhsimopoieÐ metablhtèc allĹ domèc. Oi duo paÐktec paÐzoun qrhsimopoiÿntac duo domèc, èstw I kai J. Oi duo domèc èqoun diakritĹ mèlh. ’Estw r ènac fusikìc arijmìc. PaiqnÐdi E.F., măkouc r, me domèc tic I kai J, eÐnai to paiqnÐdi pou paÐzetai apì duo paÐktec touc S kai D kai oloklhrÿnetai se r to polÔ gÔrouc. Gia thn akrÐbeia o paÐkthc S xekinĹ epilègontac mia domă. ’Epeita epilègei èna stoiqeÐo thc sugkekrimènhc domăc. O paÐkthc D sthn epìmenh kÐnhsh dialègei èna stoiqeÐo thc domăc pou den diĹlexe o S. ’Etsi oloklhrÿnetai ènac gÔroc. SuneqÐzoume ìmoia.

’Estw α_i kai β_i eÐnai oi antÐstoiqec kinăseic twn paiktÿn S kai D ston gÔro i. Tìte h parakĹtw akoloujÐa zeugÿn eÐnai mia oloklhrwmènh partÐda tou paiqnidioÔ: (α_1, β_1), ..., (α_r, β_r) ’Estw ìti to uposÔnolo (α_1, ..., α_r) thc domăc I sumbolÐzetai wc I_1 = I/ (α_1, ..., α_r).

OmoÐwc gia th domă J, J_1 = J/ (β_1, ..., β_r).

Ja lème ìti o paÐkthc D nikĹ ston gÔro k an kai mìno an eÐnai isomorfismìc h antistoÐqhsh α_i → β_i gia tic domèc I_1 kai J_1. Dhladă anexartătwc twn kinăsewn tou S o paÐkthc D nikĹ. O sumbolismìc gia ton isomorfismì twn domÿn I kai J eÐnai I ≡_r J. DiaisjhtikĹ to sÔmbolo ≡_r dhlÿnei ìti oi duo domèc I kai J den diakrÐnontai apì thn epilogă r stoiqeÐwn touc.

Orismìc 2.1.1 Bajmìc posodeÐkth miac prìtash φ eÐnai o mègistoc arijmìc posodeiktÿn pou upĹrqoun se monopĹti dèntrou apì thn korufă wc ta fÔlla. H prìtash φ èqei anaparastajeÐ se morfă dèntrou.

Suntaktikì Dèntro thc prìtashc: ∀x (∃y R(x, y) ∧ ∃z P (x, z))

∧ ∀x

∃z ∃y

P (x, z) R(x, y)

O bajmìc posodeÐkth thc parapĹnw prìtashc eÐnai 2.

Jeÿrhma 2.1.1 ’Estw I kai J duo diakritèc domèc orismènec se èna lexikì R. An I ≡_r J tìte gia kĹje prìtash φ prwtobĹjmiac glÿssac me posodeÐkth bĹjouc r, oi duo domèc eÐte ikanopoioÔn (kai oi duo) thn prìtash φ eÐte ìqi.

2.1. Eisagwgă 25

Apìdeixh: Epeidă h apìdeixh tou jewrămatoc eÐnai polÔ teqnikă ja parousiĹsoume èna sqèdio thc apìdeixhc. ’Estw h prìtash: ∀x (∃y R(x, y) ∧ ∃z P (x, z)), ìpou h φ den èqei Ĺllouc posodeÐktec. EpÐshc èstw oi domèc I kai J tètoiec ÿste : I |= φ kai gia th domă J isqÔei J |̸= φ . Tìte:

I |= ∀x_1∃x_2∀x_3 φ(x_1, x_2, x_3)

J |= ∃x_1∀x_2∃x_3 ¬φ(x_1, x_2, x_3) Kinăseic paiqnidioÔ:

• O paÐkthc S xekinĹ epilègontac stajerĹ b_1 apì th domă J ÿste: J |= ∀x_2∃x_3 ¬φ(b_1, x_2, x_3) • O paÐkthc D apantĹ me thn epilogă stajerĹc α_1 apì thn I: I |= ∃x_2∀x_3 φ(α_1, x_2, x_3) • O S epilègei th domă I kai thn timă α_2 autăc. I |= ∀x_3 φ(α_1, α_2, x_3) • O paÐkthc D epilègei thn timă b_2 sth domă J. J |= ∃x_3 ¬φ(b_1, b_2, x_3) • ’Ena băma prin to tèloc o paÐkthc S dialègei thn timă b_3 ÿste : J |= ¬φ(b_1, b_2, b_3) • TelikĹ o paÐkthc D epilègei thn timă α_3 ÿste: I |= φ(α_1, α_2, α_3) PaÐkthc Domă Prìtash S J J |= ∀x_2∃x_3 ¬φ(b_1, x_2, x_3) D I I |= ∃x_2∀x_3 φ(α_1, x_2, x_3) S I I |= ∀x_3 φ(α_1, α_2, x_3) D J J |= ∃x_3 ¬φ(b_1, b_2, x_3) S J J |= ¬φ(b_1, b_2, b_3) D I I |= φ(α_1, α_2, α_3) ’Ara, de sumpernaÐnoume an h prìtash φ ikanopoieÐtai ă ìqi. H strathgikă nÐkhc tou paÐkth D eÐnai h epilogă ekeÐnwn twn metablhtÿn pou anăkoun sthn embèleia kajolikoÔ posodeÐkth. Plărh apìdeixh tou jewrămatoc apaiteÐ melèth ìlwn twn pijanÿn kinăsewn twn duo paiktÿn.

2.2 Efarmogèc

Me to jeÿrhma thc prohgoÔmenhc paragrĹfou èqei gÐnei safèc to exăc:

Prokeimènou na apodeÐxoume ìti h idiìthta miac diakrităc domăc den mporeÐ na oristeÐ apì mia prwtobĹjmia glÿssa prèpei na orÐsoume gia kĹje gÔro tou paiqnidioÔ ìti h domă I diathreÐ thn idiìthta kai h domă J den th diathreÐ, enÿ o paÐkthc D èqei strathgikă nÐkhc.

H epilogă domÿn me tètoia qarakthristikĹ den eÐnai pĹnta kĹti tetrimmèno. KataskeuastikĹ h prohgoÔmenh apìdeixh parèqei th dunatìthta na epilègoume domèc oi opoÐec diafèroun wc proc thn exetazìmenh idiìthta, allĹ se topikì epÐpedo thn ikanopoioÔn.Autì ofeÐletai ston merikì isomorfismì metaxÔ domÿn, exaitÐac tou posodeÐkth bĹjouc r. Ac doÔme tÿra mia efarmogă twn F.E. paiqnidiÿn.

Ja apodeÐxoume ìti h sunektikìthta enìc grĹfou den mporeÐ na ekfrasteÐ me prwtobĹjmia logikă. Epeidă kai aută h apìdeixh eÐnai polÔ teqnikă ja deÐxoume kommĹtia thc apìdeixhc.

’Estw duo domèc. H domă I_r eÐnai sunektikìc grĹfoc. H domă J_r eÐnai ènac mh sunektikìc grĹfoc. To r eÐnai oi gÔroi tou paiqnidioÔ. Se autăn thn perÐptwsh ătan eÔkolh epilogă twn domÿn.

Gia arketĹ megĹlo n to opoÐo exartĹtai apokleistikĹ apì to r o grĹfoc I_r apoteleÐtai apì ènan kÔklo èstw ton B me 2n kìmbouc. Enÿ o grĹfoc J_r apoteleÐtai apì duo xeqwristoÔc kÔklouc, ton kÔklo B_1 kai B_2.

H strathgikă nÐkhc tou paÐkth D basÐzetai sto exăc: duo shmeÐa tou sunektikoÔ grĹfou èstw ta α, α^′ ìtan eÐnai apomakrusmèna sumperifèrontai san stoiqeÐa tou mh sunektikoÔ kÔklou ta opoÐa brÐskontai se duo xeqwristoÔc kÔklouc. Duo domèc mporeÐ na eÐnai diaforetikèc allĹ den eÐnai eÔkolo na to diapistÿsoume se peperasmèno plăjoc bhmĹtwn. O periorismìc gia r kinăseic empodÐzei, sunepÿc, ton paÐkth S sthn kataskeuă monopatioÔ pou enÿnei ta duo shmeÐa tou sunektikoÔ grĹfou α, α^′ .

Ac ta doÔme tÿra ìla mazÐ. ’Estw ìti o paÐkthc S epilègei to stoiqeÐo α_1 sto I_r. O paÐkthc D tìte apantĹ me aujaÐreto stoiqeÐo b_1 tou kÔklou B_1. An o prÿtoc paÐkthc epilèxei stoiqeÐo b_2 tou kÔklou B_2 tìte o deÔteroc paÐkthc epilègei stoiqeÐo tou sunektikoÔ grĹfou α_2 tètoio ÿste na eÐnai makriĹ tou stoiqeÐou a_1. O

2.2. Efarmogèc 27

prÿtoc paÐkthc epilègei to stoiqeÐo b_3 kontĹ sto stoiqeÐo b_1. O paÐkthc D apantĹ epilègontac to stoiqeÐo a_3 kontĹ sto stoiqeÐo α_1.

’Ara strathgikă tou paÐkth D eÐnai na apotrèyei ston prÿto paÐkth na apodeÐxei thn idiìthta ìti kĹpoioc apì touc duo grĹfouc eÐnai sunektikìc ă ìqi, ekmetalleuìmenoc to gegonìc ìti èqoun mìlic r kinăseic. Den èqei shmasÐa poioc nikĹ, allĹ arkeÐ na nikĹ anexĹrthta apì autì pou paÐzei o Ĺlloc.

Sunektikìc grĹfoc . . . . . .

. . . . . .

α_1 α_3

α_2 B Mh Sunektikìc grĹfoc . . . . . .

B_1 b_3 b_1

. . . . . . b_2

B_2

.

KefĹlaio 3 PrwtobĹjmiec Logikèc me k-metablhtèc.

3.1 Eisagwgă

Oi protĹseic thc prwtobĹjmiac logikăc mporoÔn na melethjoÔn se sqèsh me:

• to măkoc • thn embèleia tou posodeÐkth • ton arijmì twn metablhtÿn pou qrhsimopoioÔn.

Sto kefĹlaio autì epikentrwnìmaste sto teleutaÐo kritărio. Skopìc mac eÐnai na exetĹsoume thn ekfrastikă dunatìthta prwtobĹjmiwn glwssÿn me kmetablhtèc. Me gnÿmona thn programmatistikă epitagă kataskeuăc programmĹtwn me elĹqisth qrăsh upologistikăc mnămhc, eÐnai eÔkolo na doÔme giatÐ oi sugkekrimènec glÿssec eÐnai polÔ shmantikèc.

ParĹdeigma 3.1.1 ’Estw to sÔnolo twn fusikÿn arijmÿn, to opoÐo mporeÐ na jewrhjeÐ wc montèlo me thn idiìthta thc olikăc diĹtaxhc. Qrhsimopoiÿntac mìlic treic metablhtèc apodeiknÔetai ìti ènac arijmìc èstw o x èqei i arijmoÔc megalÔterouc apì ekeÐnon:

• φ^i(x_1) ≡ ∀x_2(x_1 < x_2 ∨ x_1 = x_2) • φ^{i+1}(x_1) ≡ ∃x_2(x_2 < x_1 ∧ ∀x_3(x_2 < x_3 ∨ x_1 = x_3)) ∧ ∃x_1(x_1 = x_2 ∧ φ^i(x_1))) Parìmoio prìblhma eÐnai kai o apodotikìc upologismìc miac arijmhtikăc parĹstashc:

− / + k + ∗ 7

z y y x

Duadikì dèntro thc parĹstashc: 7 + (x · y) −^{(y+z)}_k .

O ìroc apodotikìc upologismìc arijmhtikăc parĹstashc dhlÿnei thn apaÐthsh qrăshc elĹqistou dunatoÔ arijmoÔ kataqwrhtÿn se elĹqisto dunatì upologistikì qrìno.

Kataqwrhtăc r_1 = x r_2 = y r_3 = x ∗ y r_1 = 7 r_2 = 7 + x ∗ y r_1 = y r_3 = z r_4 = y + z r_1 = k r_3 = y ∗ z + k r_2 = (7 + x · y) − ((y + z)/k)

To prohgoÔmeno prìblhma anĹgetai sto paiqnÐdi me ta bìtsala (pebble game). Ta fÔlla duadikoÔ dèntrou jewroÔntai dedomèna, oi endiĹmesoi kìmboi wc kìmboi upologismoÔ kai oi korufèc wc korufèc exìdou. Skopìc tou paiqnidioÔ eÐnai h topojèthsh ìso to dunatìn ligìterou arijmoÔ apì ta diajèsima bìtsala, me skopì ìla ta monopĹtia na èqoun apì èna kai mìno bìtsalo.

Kanìnec kai ermhneÐa paiqnidioÔ :

3.2. Logikèc me peperasmèno arijmì metablhtÿn kai ìqi mìno 31

• Se kĹje kìmbo dedomènwn mporoÔme na topojetăsoume bìtsalo opoiadăpote stigmă. (load)

• Opoiadăpote stigmă mporoÔme na afairèsoume èna bìtsalo. (free)

• MporoÔme na topojetăsoume bìtsalo se opoiodăpote kìmbo oi apìgonoi tou opoÐou èqoun ădh èqoun bìtsala. (compute)

• Se kĹje kìmbo exìdou na èqei topojethjeÐ toulĹqiston mia forĹ èna bìtsalo.

(results)

• Qrăsh elaqÐstou arijmoÔ botsĹlwn. (registers)

• Qrăsh elĹqÐstou arijmoÔ kinăsewn. (time)

Sthn teleutaÐa perÐptwsh exupakoÔetai ìti ja afairèsoume ta bìtsala apì touc apogìnouc efìson to bìtsalo sto kìmbo-gonèa anăkei kai sta duo epìmena monopĹtia.

EÐnai prìdhlo ìti h qrăsh elaqÐstou arijmoÔ qalikiÿn se grĹfo isodunameÐ me to prìblhma elĹqisthc qrăshc qÿrou (kataqwrhtÿn) kai qrìnou (kinăsewn) se èna upologistikì dèntro. O periorismìc sta bìtsala eÐnai periorismìc se metablhtèc.

ParĹdeigma 3.1.2 Topojetÿntac bìtsala se plărec duadikì dèntro Ôyouc h = 5 apaitoÔntai pènte bìtsala.

3.2 Logikèc me peperasmèno arijmì metablhtÿn kai ìqi mìno

H prwtobĹjmia logikă me duo mìno metablhtèc eÐnai kommĹti thc prwtobĹjmiac logikăc (me isìthta) kai sumbolÐzetai: FO^2. Oi protĹseic thc FO^2 qrhsimopoioÔn mìno duo metablhtèc x, y.

H logikă L^2_{∞ω}, qrhsimopoieÐ duo metablhtèc kai eÐnai kleistă wc proc th diĹzeuxh ă th sÔzeuxh se sÔnola protĹsewn. Enÿ h logikă me tic parapĹnw idiìthtec qwrÐc periorismì metablhtÿn sumbolÐzetai: L_{∞ω}.

Orismìc 3.2.1 ’Estw k jetikìc akèraioc.

• Tìte h logikă L^k_{∞ω} apoteleÐtai apì ìlec tic protĹseic thc L_{∞ω} me k diakritèc metablhtèc.

• H logikă L^ω_{∞ω} apoteleÐtai apì tic protĹseic thc L_{∞ω} me diakritì arijmì metablhtÿn, dhladă: L^ω_{∞ω} = ⋃ k<ω L^k_{∞ω} • ’Estw L^k_{ωω} to sÔnolo ìlwn twn prwtobĹjmiwn protĹsewn me to polÔ k metablhtèc.

Oi parakĹtw orismoÐ Ĺllou eÐdouc logikÿn anadeiknÔoun ekeÐna ta domikĹ stoiqeÐa thc prwtobĹjmiac logikăc pou tropopoioÔntai ÿste h majhmatikă glÿssa na gÐnei pio ekfrastikă kai eusÔnopth.

H prwtobĹjmia logikă me metrhtă sumbolÐzetai wc C^2, apoteleÐ epèktash thc prwtobĹjmiac logikăc qrhsimopoiÿntac posodeÐktec thc morfăc ∃^{≤ m}, ∃^{≥ m}, ∃^{= m} gia kĹje m ≥ 1. Oi prohgoÔmenoi posodeÐktec eÐnai prwtobĹjmia orismènoi allĹ den orÐzontai se perÐptwsh periorismoÔ metablhtÿn.

FO^2 ⊆ C^2 ⊆ FO

To sÔmbolo C^2_{∞ω} dhlÿnei diĹzeuxh kai sÔzeuxh se sÔnola protĹsewn thc C^2. Safÿc h C^2_{∞ω} eÐnai epèktash twn L^2_ω kai C^2.

Ta parakĹtw paradeÐgmata anadeiknÔoun thn ekfrastikă ikanìthta twn logikÿn pou orÐsame. OusiastikĹ prìkeitai gia problămata pou exetĹzoun thn ikanopoihsimìthta miac idiìthtac (prìtashc) se dedomènh domă. ’Estw to A sÿma twn prosanatolismènwn grĹfwn me duo kathgorhmatikĹ sÔmbola pleurĹc E_1 kai E_2 kai duo protasiakĹ sÔmbola miac metablhtăc P_1 kai P_2. ’Estw h domă U = (A, E_1, E_2, P_1, P_2). ’Otan qreiazìmaste apì tic duo klĹseic kathgorhmĹtwn to èna apì ta duo kathgorămata, diÿqnoume to èna apì ta duo kai :

• U = (A, E, P_1, P_2)

• U = (A, E, P)

ParĹdeigma 3.2.1 EÐnai to kathgìrhma E nteterministikì;

• Sth logikă C^2 : ∀ x ∃^{≤1}yExy

• Sth prwtobĹjmia logikă qreiazìmaste treic metablhtèc : ∀ x∀ y∀ z(Exy ∧ Exz → y = z) ParĹdeigma 3.2.2 EÐnai h domă U duadikì dèntro me dexioÔc kai aristeroÔc apogìnouc thc morfăc E_1 kai E_2 antÐstoiqa;

Sth logikă C^2_{∞ω} h parapĹnw prìtash eÐnai sÔzeuxh protĹsewn thc C^2: • ∃^{=1}x∀y¬(E_1yx ∨ E_2yx) • ∀x∀y¬(E_1yx ∧ E_2yx) • ⋀ i=1,2 ∀x∃ =1yE_ixy • ∀x∃^{≤1}y(E_1yx ∨ E_2yx) • ∀x ⋁ n∈N φ_n(x) ìpou h prìtash φ_n(x) eÐnai prìtash thc FO^2 dhlÿnontac: den upĹrqei (E_1∪ E_2) -monopĹti măkouc n sto x.

3.3 Pebble Games

’Estw duo paÐktec. O paÐkthc S kai o paÐkthc D. ’Opwc kai sta Ehrenfeucht-Fraïssé ètsi kai edÿ o S prospajeÐ na deÐxei ìti duo domèc eÐnai diaforetikèc kai o D to antÐjeto, ìti eÐnai Ðdiec.

Orismìc 3.3.1 To paiqnÐdi me ta petradĹkia eÐnai wc exăc:

• UpĹrqoun 2k petradĹkia (bìtsala), duo tou kĹje qrÿmatoc, kĹje arijmoÔ (anĹloga me thn ekdoqă tou paiqnidioÔ) 1...k.

• EpÐshc upĹrqoun duo diakritèc domèc.

• Sthn arqă tou paiqnidioÔ Ðswc ădh èqoun paiqteÐ bìtsala se opoiadăpote domă.

• Se kĹje gÔro o paÐkthc S epilègei domă kai topojeteÐ to bìtsalo pou èqei dialèxei se shmeÐo -stoiqeÐo autăc. O paÐkthc D apantĹ me thn topojèthsh se shmeÐo thc domăc pou den epilèqjhke apì ton S, to bìtsalo pou anăkei sthn Ðdia kathgorÐa me to bìtsalo tou paÐkth S.

An ta petradĹkia eÐnai ădh topojethmèna, se diĹforec jèseic twn duo domÿn, tìte o paÐkthc S pou xekinĹ to paiqnÐdi mporeÐ na paÐxei, metakinÿntac èna petradĹki opoiasdăpote domăc, topojetÿntac to eÐte se Ĺllo shmeÐo thc Ðdiac ă se shmeÐo thc Ĺllhc domăc.

To sÔnolo twn stoiqeÐwn thc domăc M pou eÐnai qrwmatismèna ă arijmhmèna to sumbolÐzoume wc α. AntÐstoiqa gia th domă N èqoume : β.

O paÐkthc S nikĹ ìtan prìkeitai ta sÔnola metablhtÿn α kai β na ikanopoioÔn diaforetikă prìtash, idiìthta twn domÿn.

Me Ĺlla lìgia. Prin gÐnei opoiadăpote kÐnhsh, ta petradĹkia me qrÿma 3,4 kai 6 èqoun ădh topojethjeÐ se stoiqeÐa twn duo domÿn. ’Estw ta shmeÐa α_3, α_4, α_6 ∈ M kai β_3, β_4, β_6 ∈ N . O paÐkthc S nikĹ to paiqnÐdi exarqăc (ènac gÔroc) efìson upĹrqei prìtash triÿn metablhtÿn φ(x, y, z) tètoia ÿste h prìtash M |= φ(α_1, α_2, α_3) ⇔ N |= φ(β_3, β_4, β_6) den eÐnai alhjăc. Dhladă o paÐkthc S katĹfere kai anèdeixe diaforĹ metaxÔ twn duo domÿn.

To paiqnÐdi pou perigrĹyame eÐnai kleistì. O paÐkthc D nikĹ ìtan de qĹnei potè se kĹje (peperasmèno) gÔro tou paiqnidioÔ. ’Ara kĹje forĹ nikĹ eÐte o S eÐte o D .

O paÐkthc D èqei strathgikă nÐkhc an kai mìno an oi duo domèc sumfwnoÔn se ìlec tic protĹseic thc L^ω_{∞ω}, kai to sumbolÐzoume : M ≡^k_n N . H strathgikă nÐkhc tou paÐkth D sumbolÐzetai: M ∼^k_n N . O deÐkthc m sumbolÐzei ton arijmì kinăsewn tou paiqnidioÔ.

Jeÿrhma 3.3.1 ’Estw to paiqnÐdi me ta k bìtsala ìpou ădh èqoun paiqjeÐ kĹpoia bìtsala èstw α kai β ta shmeÐa touc stic domèc, an o paÐkthc D èqei strathgikă nÐkhc tìte oi duo domèc sumfwnoÔn se ìlec tic protĹseic thc L^k_{∞ω}. EusÔnopta: M ∼^k_n N ⇔ M ≡^k_n N Apìdeixh:

(EujÔ): ’Estw ìti o paÐkthc D èqei strathgikă nÐkhc. Profanÿc, M |= φ(α) an kai mìno an N |= φ(β). DiaforetikĹ o paÐkthc S èqei strathgikă nÐkhc qwrÐc na prohghjoÔn kinăseic. An h prìtash eÐnai arnhtikă ă apoteleÐ sÔzeuxh ă diĹzeuxh protĹsewn eÐnai ìmoiec me thn prohgoÔmenh perÐptwsh. Ac upojèsoume ìti M |= ∃x_iφ(x_1, ..., x_k), tìte M |= φ(α_1, ..., α_k) gia kĹpoio shmeÐo α^′ tou M. An o paÐkthc S epilèxei to qrÿma i sto stoiqeÐo α^′ ∈ M , tìte o paÐkthc D efìson èqei strathgikă nÐkhc, mporeÐ na apantăsei, topojetÿntac to antÐstoiqo bìtsalo sto stoiqeÐo β^′ ∈ N . ’Ara exaitÐac thc strathgikăc nÐkhc tou D, gia kĹje kÐnhsh tou paÐkth S upĹrqei kÐnhsh tou D ÿste na ikanopoieÐtai h prìtash ∃x_iφ(x_1, x_2, ..., x_n).

(AntÐstrofo): DiaisjhtikĹ efìson gia tic duo domèc ikanopoioÔntai ìlec oi protĹseic thc L^k_{∞ω}, tìte gia kĹje kÐnhsh tou paÐkth S upĹrqei sÔnolo protĹsewn pou ikanopoioÔntai kai stic duo domèc. ’Ara upĹrqei kÐnhsh apĹnthsh tou paÐkth D, tètoia ÿste na ikanopoihjeÐ h Ðdia idiìthta ă to sÔnolo protĹsewn pou ikanopoioÔntai sth domă epilogăc tou paÐkth S. Autì shmaÐnei ìti o paÐkthc D de qĹnei potè. ’Ara èqei strathgikă nÐkhc. TeqnikĹ h apìdeixh periorÐzetai sto exăc sÔnolo protĹsewn :

F_{a+1} = F_a ⋃ {∃x_i( ⋀ Φ ∧ ¬ ⋁ (F_a\Φ)) : Φ ⊆ F_a, i < k} ìpou:

• Φ to sÔnolo twn protĹsewn pou ikanopoioÔntai èpeita apì mia kÐnhsh tou paÐkth S

• (F_a\Φ) to sÔnolo twn protĹsewn pou eÐnai sto F_a allĹ den eÐnai sto Φ.

To sÔnolo twn protĹsewn F_{a+1} dhlÿnei ìti o arijmìc twn protĹsewn pou eÐnai logikĹ diaqwrÐsimec sthn L^k_{∞ω} eÐnai peperasmènoc.

Sumpèrasma: H mejodologÐa den allĹzei. An prìkeitai na apodeÐxoume ìti mia idiìthta den eÐnai dunatìn na ekfrasteÐ me kĹpoio eÐdoc prwtobĹjmiac logikăc qrhsimopoioÔme eÐte ta paiqnÐdia twn Ehrenfeucht-Fraïssé (gia prwtobĹjmia logikă) eÐte to paiqnÐdi me ta bìtsala (gia prwtobĹjmia logikă me diakritì arijmì metablhtÿn).

ParĹdeigma 3.3.1 To paiqnÐdi me ta duo bìtsala (two pebble game)

’Estw duo zeÔgh qalikiÿn ìpou to prÿto zeÔgoc eÐnai me etikèta ton arijmì 1 kai to Ĺllo me ton arijmì 2. ’Estw, epÐshc, oi duo grĹfoi G kai H, o G apoteleÐtai apì duo trÐgwna kai o H apì èna tetrĹgwno. Oi duo grĹfoi èqoun qrwmatismènec korufèc ìpwc faÐnetai parakĹtw.

’Estw ìti o paÐkthc S epilègei mia kìkkinh korufă tou grĹfou G. Tìte o paÐkthc D mporeÐ na apantăsei, efìson upĹrqei sto grĹfo H kìkkinh korufă. ’Epeita o paÐkthc S epilègei thn kÐtrinh korufă tou grĹfou H h opoÐa eÐnai geitonikă thc kìkkinhc korufăc pou epèlexe o D. O paÐkthc D mporeÐ na apantăsei epilègontac thn kÐtrinh korufă sto trÐgwno tou opoÐou èqei epilegeÐ h kìkkinh korufă. Tÿra ìla ta zeÔgh qalikiÿn èqoun epilegeÐ. Sth sunèqeia oi paÐktec mporoÔn na metakinoÔn ta bìtsala apì tic jèseic touc allĹ akoloujÿntac touc Ðdiouc kanìnec. An dhladă o paÐkthc S metakinăsei bìtsalo apì th mia domă sthn Ĺllh, tìte o paÐkthc D prèpei na pĹrei to antÐstoiqo bìtsalo kai na to topojetăsei se shmeÐo thc domăc pou den epèlexe o S. Skopìc tou paÐkth S eÐnai na anadeÐxei diaforĹ metaxÔ twn duo grĹfwn. Skopìc tou paÐkth S eÐnai na thn akurÿsei. Efìson h diaforĹ metaxÔ twn duo grĹfwn eÐnai h Ôparxh trigÿnou kai h trigwnikă idiìthta den ekfrĹzetai se FO^2, èpetai ìti o paÐkthc D nikĹ gia opoiadăpote kÐnhsh tou S.

Qrhsimopoiÿntac trÐa zeÔgh qalikiÿn o paÐkthc S èqei strathgikă nÐkhc: mporeÐ na apodeÐxei Ôparxh trigÿnou epilègontac se diadoqikèc kinăseic treic korufèc trigÿnou sto grĹfo G. Me treic metablhtèc èqoume:

• G |= Δ, H |= ¬Δ

Δ ≡ (∃x_1)(∃x_2)(∃x_3)(E(x_1, x_2) ∧ E(x_2, x_3) ∧ E(x_3, x_1))

Ta sÔmbola r, y kai b sumbolÐzoun ta qrÿmata kìkkino, kÐtrino kai mple enÿ oi deÐktec S kai D sumbolÐzoun to bìtsalo pou èpaixe o antÐstoiqoc paÐkthc.

• To 1_S dhlÿnei: o paÐkthc S diĹlexe kai èpaixe me bìtsalo pou èqei etikèta me arijmì 1.

• To 1_D dhlÿnei: o paÐkthc D diĹlexe kai èpaixe me bìtsalo pou èqei etikèta me arijmì 1.

TetrĹgwno r y b

b y r

1_D 2_S H TrÐgwna r y b

b y r

G

1_S

2_D

.

KefĹlaio 4 Tropikèc Logikèc

4.1 Eisagwgă

’Estw h domă U = {A, E_1, ..., P_1, ..., }, h opoÐa onomĹzetai domă Kripke. Ta stoiqeÐa thc domăc U eÐnai:

• A: sÔnolo pijanÿn kìsmwn. • E_i : sqèsh prosbasimìthta. • P_i : basikĹ protasiakĹ sÔmbola.

To sÔmbolo (U, α) |= φ dhlÿnei: ston kìsmo α alhjeÔei h prìtash φ. Milÿntac me ìrouc susthmĹtwn metĹbashc tìte oi kìsmoi lègontai katastĹseic, oi sqèseic E_i jewroÔntai basikèc metabĹseic ă kinăseic ă progrĹmmata anĹloga me thn efarmogă kai oi protĹseic φ jewroÔntai protĹseic katastĹsewn. Milÿntac grafojewrhtikĹ, oi kìsmoi eÐnai oi korufèc, oi sqèseic E_i eÐnai oi akmèc enìc kateujunìmenou grĹfou.

Suntaktikì Tropikăc Logikăc ML_n Orismìc 4.1.1 ’Estw ML prwtobĹjmia glÿssa. Oi kaloftiagmènec ekfrĹseic (wff) thc ML orÐzontai anadromikĹ wc exăc :

• H φ eÐnai kaloftiagmènh prìtash an kai mìno an φ eÐnai atomikă prìtash. • H (¬φ) eÐnai kaloftiagmènh prìtash an kai mìno an φ eÐnai epÐshc kaloftiagmènh.

• H ( φ → ψ) eÐnai kaloftiagmènh prìtash an kai mìno an φ kai ψ eÐnai epÐshc kaloftiagmènec.

• H □_iφ eÐnai kaloftiagmènh prìtash an kai mìno an φ eÐnai epÐshc kaloftiagmènh.

To sÔmbolo □ onomĹzetai koutÐ kai to sÔmbolo ⋄ onomĹzetai diamĹnti. QrhsimopoioÔme to eparkèc sÔnolo sumbìlwn (¬, →, □_i) efìson ⋄_i : ¬□_i¬ ShmasiologÐa Tropikăc Logikăc ML_n • An φ = P_i atomikă fìrmoula tìte : (U, α) |= φ an h prìtash φ ikanopoieÐtai ston kìsmo α.

• ⊥, ⊤ eÐnai h stajerĹ yeÔdouc kai h stajerĹ alăjeiac • Gia touc Boolean sundèsmouc isqÔoun ekeÐna pou diatupÿjhkan kai gia thn prwtobĹjmia logikă.

• ’Estw α ∈ A, to E_i[α] dhlÿnei to sÔnolo twn Ĺmesa E_i prosbĹsimwn kìsmwn apì ton kìsmo α thc domăc U: E_i[α] := {α^′ ∈ A : (α, α^′ ) ∈ E_i} • ’Estw (U, α) |= □_iφ an (U, α^′ ) |= φ gia ìla ta α^′ ∈ E_i[α]. • ’Estw (U, α) |= ⋄_iφ an upĹrqei kĹpoio α^′ ∈ E_i[α] ÿste (U, α^′ ) |= φ.

ParĹdeigma 4.1.1 Wc epèktash twn paradeigmĹtwn 3.2.1 kai 3.2.2 pÿc mporoÔme na ekfrĹsoume tic epìmenec protĹseic (sto sÿma twn kateujunìmenwn grĹfwn) me qrăsh thc tropikăc logikăc ML_n:

1. H korufă α èqei E_1-akmă pou proseggÐzei korufă sthn opoÐa alhjeÔei h prìtash P ;

2. Gia tic akmèc pou proseggÐzontai apì thn korufă α diamèsou E_2-akmăc isqÔei h idiìthta tou erwtămatoc (1) ;

3. UpĹrqei E-monopĹti măkouc 17 apì thn korufă α, to opoÐo katalăgei se korufă pou ikanopoieÐ thn prìtash P ;

• ⋄_1P ekfrĹzei to prÿto erÿthma. • □_2 ⋄_1 P gia to deÔtero erÿthma.

• (⋄)^{17}P ìpou ⋄^{17} dhlÿnei 17 forèc th qrăsh tou diamantioÔ.

4.2. Periorismìc Metablhtÿn 41

4.2 Periorismìc Metablhtÿn

’Estw x metablhtă prwtobĹjmiac logikăc. H metĹfrash protĹsewn thc tropikăc logikăc se protĹseic prwtobĹjmiac logikăc L^= (me isìthta) eÐnai h akìloujh:

• ST_x(p) =P x • ST_x(⊥)= x ≠ x • ST_x(¬φ)= ¬ ST_x(φ) • ST_x(φ → ψ)= ST_x(φ) → ST_x(ψ) • ST_x(□φ)= ∀y (R_{xy} → ST_y(φ)) Enÿ gia to diamĹnti : ST_x(⋄φ)= ∃y (R_{xy} ∧ ST_y(φ)) ’Estw h metĹfrash thc prìtashc ⋄(□p → q):

1. ST_x(⋄(□p → q)) 2. ST_x(⋄(□p → q)) = ∃y_1(R_{xy1} ∧ ST_{y1} (□p → q)) 3. ST_x(⋄(□p → q)) = ∃y_1(R_{xy1} ∧ (ST_{y1} (□p) → ST_{y1} (q))) 4. ST_x(⋄(□p → q)) = ∃y_1(R_{xy1} ∧ (∀y_2 (R_{y1y2} → P y_2) → (Qy_1))) Me anaforĹ to prohgoÔmeno kefĹlaio, h epanaqrhsimopoÐhsh metablhtÿn x, y mac anĹgoun sth glÿssa FO^2. H prohgoÔmenh prìtash metafrĹzetai wc exăc (qrăsh duo metablhtÿn):

1. ST_x(⋄(□p → q)) 2. ST_x(⋄(□p → q)) = ∃y(R_{xy} ∧ ST_y (□p → q)) 3. ST_x(⋄(□p → q)) = ∃y(R_{xy} ∧ (ST_y (□p) → ST_y(q))) 4. ST_x(⋄(□p → q)) = ∃y(R_{xy} ∧ (∀x (R_{yx} → P x) → (Qy)))

Apì thn prohgoÔmenh metĹfrash ègine safèc to exăc: ’Oti prokeimènou na metafrĹsoume mia tropikă prìtash se prìtash prwtobĹjmiac glÿssac arkeÐ h qrăsh duo metablhtÿn. Autì ofeÐletai sth qrăsh posodeiktÿn ston orismì twn tropikÿn sumbìlwn. Gia thn akrÐbeia oi posodeÐktec èqoun periorismèno bĹjoc, embèleia mìno (anĹloga thn efarmogă) stouc apogìnouc thc metabatikăc sqèshc.

Oi kìsmoi thc tropikăc logikăc èqoun ìnoma allĹ potè de to qrhsimopoioÔme. Me ton ìro epìmenoc kìsmoc, ă kìmboc gia th dikă mac efarmogă, den eÐnai anagkaÐa h qrăsh twn onomĹtwn kĹje epìmenou kìsmou. KĹje forĹ qrhsimopoieÐtai h akoloujÐa : dedomènoc kìsmoc kai epìmenoc kìsmoc, ìpou o epìmenoc kìsmoc mporeÐ na gÐnei dedomènoc kìsmoc kai omoÐwc suneqÐzoume.

Sumpèrasma: H glÿssa ML den eÐnai epèktash thc prwtobĹjmiac logikăc, allĹ enjulakwmènh sthn FO^2.

4.3 IsodunamÐec Montèlwn

Sthn prohgoÔmenh parĹgrafo diapistÿsame ìti kĹje prìtash tropikăc logikăc eÐnai dunatìn na metafrasteÐ se prìtash prwtobĹjmiac logikăc me isìthta. ’Omwc kĹje prìtash prwtobĹjmiac logikăc den eÐnai isodÔnamh me prìtash tropikăc logikăc. Autìc eÐnai o lìgoc pou oi tropikèc logikèc èqoun tic parakĹtw idiìthtec:

• Kritărio isodunamÐac domÿn Kripke (bisimulation). AmfiprosomoÐwsh.

• Idiìthta dendrikoÔ montèlou

• Idiìthta peperasmènou montèlou

Orismìc 4.3.1 Montèlo tropikăc logikăc eÐnai domă thc morfăc thc morfăc M = (S, R, V ), to (S, R) lègetai plaÐsio kai to V eÐnai h aponomă alăjeiac pou kajorÐzei thn alhjotimă atomikÿn protĹsewn se kĹje kìsmo tou plaisÐou.

Orismìc 4.3.2 ’Estw duo diakritèc domèc Kripke K, K^′ kai duo diakritĹ shmeÐa twn prohgoÔmenwn domÿn υ kai υ^′ . Tic domèc kai ta antÐstoiqa shmeÐa ja ta sumbolÐzoume wc (K,υ) kai (K,υ^′ ). DiaisjhtikĹ ta zeÔgh (K,υ) kai (K^′ ,υ^′ ) eÐnai ìmoia, efìson opoiodăpote monopĹti (diadikasÐa) sth domă K xekinÿntac apì thn korufă υ antistoiqeÐ me monopĹti thc domăc K^′ xekinÿntac apì to shmeÐo υ^′ . TupikĹ o orismìc eÐnai:

’Estw Z sqèsh amfiprosomoÐwshc (isodunamÐac) metaxÔ shmeÐwn twn domÿn K kai K^′ tètoia ÿste υZυ^′ ìtan uZu^′ . Duo domèc (K,υ) kai (K^′ ,υ^′ ) eÐnai isodÔnamec ìtan ikanopoioÔntai oi parakĹtw sunjăkec:

1. u kai u^′ den diakrÐnontai apì tic atomikèc protĹseic pou ikanopoioÔn.

2. (tou mprostĹ) Gia kĹje α ∈ A kai uE_aw akmă thc K upĹrqei akmă thc domăc K^′ u^′ E_aw^′ tètoia ÿste wZw^′ .

3. (tou pÐsw) ’Omoia gia kĹje akmă u^′ E_aw^′ sth K^′ .

EÐnai eÔkolo na dei kaneÐc ìti o parapĹnw orismìc eÐnai prosarmosmènoc sth morfă twn paiqnidiÿn twn Ehrenfeucht kai Fraïssé pou meletăsame sto 2^o kefĹlaio. Apì thn isodunamÐa domÿn Kripke prokÔptei ìti oi duo domèc den diakrÐnontai apì opoiadăpote prìtash tropikăc logikăc. ’Osec protĹseic ikanopoioÔntai sthn prÿth domă ikanopoioÔntai kai sth deÔterh, me arqă ta shmeÐa v kai v^′ .

Sumpèrasma: (Van Benthem): Oi idiìthtec pou orÐzontai sthn tropikă logikă ML eÐnai orismènec se prwtobĹjmia glÿssa kai diathroÔntai upì to kritărio isodunamÐac domÿn Kripke.

Idiìthta DendrikoÔ Montèlou

’Estw duo plaÐsia, bajmoÔ n. F = (W, R_1, ..., R_n) B = (V, S_1, ..., S_n) Orismìc 4.3.3 h antistoÐqhsh f apì ton kìsmo W ston kìsmo V onomĹzetai π - morfismìc (p − morphism) apì to plaÐsio F sto B an ikanopoieÐ tic parakĹtw idiìthtec: • an xR_iy tìte f(x)S_if(y)

• an f(x)S_iz tìte upĹrqei y ∈ W tètoio ÿste xR_iy kai f(y) = z

EnallaktikĹ:

Orismìc 4.3.4 Ja lème ìti f eÐnai π - morfismìc (p − morphism) apì to montèlo M = (F, h) sto montèlo M^′ = (F^′ , h^′ ) an:

• f eÐnai π - morfismìc (p − morphism) apì to plaÐsio F sto F^′

• An t ∈ W kai p eÐnai atomikă prìtash tìte: M, t |= p an kai mìno an M^′ , f(t) |= p H sunĹrthsh f ikanopoiÿntac mìno thn prÿth sunjăkh tou prÿtou orismoÔ lègetai omo-morfismìc apì to F sto B. An upĹrqei π - morfismìc metaxÔ twn duo domÿn tìte lème ìti to B eÐnai π - morfikă eikìna tou F. OmoÐwc o π - morfismìc f apì to plaÐsio F sto B lègetai π - morfismìc apì to montèlo M = (F, L) sto montèlo N = (B, U), efìson gia kĹje protasiakă metablhtă p kai kĹje shmeÐo x ∈ W , èqoume x ∈ L(p) an kai mìno an f(x) ∈ U(p).

EÐnai eÔkolo na doÔme me epagwgă ìti gia ìlec tic ML_n protĹseic φ kai gia ìla ta x ∈ W , èpetai:

(M, x) |= φ an kai mìno an (N , f(x)) |= φ

ShmeÐwsh 4.3.1 H diaforĹ metaxÔ tou krithrÐou isodunamÐac domÿn Kripke kai tou π - morfismoÔ eÐnai h exăc : O π-morfismìc qrhsimopoieÐ sunartăseic enÿ to kritărio isodunamÐac domÿn Kripke douleÔei me sqèseic, oi opoÐec eÐnai pio genikì majhmatikì ergaleÐo.

PlaÐsio F = (W, R_1, ..., R_n) bajmoÔ n lègetai plaÐsio me rÐza an upĹrqei shmeÐo w_o ∈ W tètoio ÿste W = (w ∈ W |w_oR^∗w) ìpou: R = ⋃ 1≤i≤n R_i To shmeÐo w_o lègetai rÐza tou plaisÐou F. An to F eÐnai plaÐsio me rÐza w_o tìte mporoÔme na kataskeuĹsoume plaÐsio B = (V, S_1, ..., S_n) wc exăc :

• to V eÐnai sÔnolo pou perilambĹnei ton kìsmo w_o kai ìlec tic pleiĹdec (w_o, R_{i1} , ..., R_{ik} , w_k) gia k > 0 twn kìsmwn tou W . ’Opou R_{ij} ∈ (R_1, ..., R_n) tètoio ÿste w_jR_{ij+1} w_{j+1} gia j < k.

• oi sqèseic S_i kataskeuĹzontai wc exăc: èstw duo shmeÐa tou kìsmou V ta (w_o, ..., w_k) kai x, èpetai: (w_o, ..., w_k)S_jx an kai mìno an ∃w ∈ W x = (w_o, ..., R_j , w_k). Dhladă an to x eÐnai epèktash tou (w_o, ..., w_k) tìte orÐzetai kai h sqèsh S_j .

To plaÐsio B pou proèkuye lègetai dimelèc ă anoigmèno tou plaisÐou F. Gia thn kataskeuă tou plaisÐou B prèpei na ikanopoioÔntai epiplèon duo sunjăkec:

1. (w_o, ..., w_k) → w_k eÐnai π - morfismìc (p − morphism) apì to plaÐsio B sto F 2. kai ìti to plaÐsio B eÐnai mh metabatikì dèntro. Gia th sunjăkh (1) èpetai: • w_oS_i(w_ow_1) an w_oR_iw_1 • w_oR_iw_1 tìte upĹrqei y tètoio ÿste w_oS_iy ìpou y = (w_ow_1) Gia th genikă morfă : • (w_o, ...w_k)S_j(w_o, ..., w) an w_kR_iw • w_kR_iw tìte upĹrqei y tètoio ÿste (w_o, ...w_k)S_iy ìpou y = (w_o, ..., w) ’Ena plaÐsio F = (W, R_1, ..., R_n) eÐnai mh metabatikì ìtan : • oi sqèseic R_i eÐnai anĹ duo diaforetikèc. • to F eÐnai plaÐsio me rÐza.

• gia kĹje sqèsh R_i, R_j (1 ≤ i, j ≤ n) èqoume : ∀x, y, z ∈ W (xR_iy ∧ yR_jz → ¬xR_i ∧ ¬xR_j z)

KĹje plaÐsio n-bajmoÔ me rÐza eÐnai π-morfikă eikìna kĹpoiou mh metabatikoÔ dèntrou.

An mia prìtash φ thc ML_n eÐnai ikanopoiăsimh se èna plaÐsio tìte eÐnai epÐshc ikanopoiăsimh se peperasmèno mh metabatikì dèntro bĹjouc mikrìtero ă Ðso me to bajmì thc prìtashc φ.

Idiìthta Peperasmènou Montèlou

Gia kĹje tropikă logikă L tÐjetai to erÿthma apokrisimìthtac: UpĹrqei algìrijmoc ìpou gia dedomènh prìtash φ thc ML_n apofasÐzei an h φ eÐnai jeÿrhma thc L ;

Sunepÿc to prohgoÔmeno prìblhma eÐnai to prìblhma egkurìthtac thc L ă to prìblhma apokrisimìthtac thc L. H prìtash φ gia thn opoÐa o algìrijmoc apofasÐzei an eÐnai jeÿrhma thc L lègetai ègkurh sth glÿssa L. Enÿ to sÔsthma pou diajètei algìrijmo apokrisimìthtac lègetai apokrÐsimo.

’Omoio kai to prìblhma ikanopoihsimìthtac: ’Estw prìtash φ thc ML_n, upĹrqei plaÐsio thc L ÿste na ikanopoieÐ thn φ;

EÐnai safèc ìti gia plărec Kripke montèlo mia apì tic duo protĹseic φ kai ¬φ ikanopoieÐtai. Profanÿc to prìblhma ikanopoihsimìthtac kai to prìblhma apokrisimìthtac eÐnai sumplhrwmatikĹ.

An mia tropikă glÿssa L eÐnai anadromikĹ axiwmatikopoihmènh tìte mporoÔme na aparijmăsoume ìlec tic protĹseic pou parĹgontai apì tou kanìnec apagwgăc. Dhladă eÐnai dunatìn na xèroume katĹ pìson mia prìtash φ anăkei sth glÿssa L ă ìqi.

Orismìc 4.3.5 Idiìthta peperasmènou montèlou: An prìtash φ thc ML_n ikanopoieÐtai se montèlo aujaÐretou bajmoÔ, tìte ikanopoieÐtai kai se peperasmèno montèlo.

H parapĹnw idiìthta montèlou gia tic tropikèc logikèc prokÔptei apì thn idiìthta peperasmènou dendrikoÔ montèlou, pou eÐdame prohgoumènwc. EÐnai safèc ìti:

H idiìthta peperasmènou montèlou exasfalÐzei sqedìn pĹnta apokrisimìthta. ’Omwc, ìqi pĹnta. Autì exasfalÐzetai apì thn idiìthta dendrikoÔ montèlou.

4.4. TupikoÐ OrismoÐ 47

4.4 TupikoÐ OrismoÐ

Orismìc 4.4.1 Tropikă logikă K lègetai to sÔnolo twn ML-protĹsewn pou perièqei ta axiÿmata A1 − A10 thc prwtobĹjmiac logikăc kai to tropikì axÐwma:

K □(p_0 → p_1) → (□p_0 → □p_1)

Kai diajètei touc parakĹtw kanìnec apagwgăc:

•^{φ→ψ,φ}_ψ (Modus Ponens)

• ’Estw h prìtash φ(p_1, ..., p_n). Tìte h prìtash φ(ψ_1/p_1, ..., ψ_n/p_n) prokÔptei apì thn antikatĹstash twn metablhtÿn p_1, ..., p_n apì tic protĹseic ψ_1, ..., ψ_n. (Substitution)

• An isqÔei φ tìte □φ (RN)

H tropikă logikă K eÐnai to mikrìtero kanonikì sÔsthma tropikăc logikăc. KĹje tropikă logikă L kataskeuĹzetai epekteÐnontac to sÔsthma K me èna (sunăjwc peperasmèno) sÔnolo axiwmĹtwn. Gia autì kai o sumbolismìc: L = K ⊕ Σ An to sÔnolo Σ eÐnai peperasmèno tìte h glÿssa L lègetai peperasmèna axiwmatikopoiăsimh. O parakĹtw pÐnakac parousiĹzei logikĹ sqămata epektĹseic tou sqămatoc K.

Sqăma Epèktash PlaÐsio K − ìla ta plaÐsia K4 L = K ⊕ □p_o → □□p_0 metabatikì plaÐsio T L = K ⊕ □p_o → p_0 autopajèc plaÐsio D L = K ⊕ □p_o → ⋄p_0 seiriakì plaÐsio S4 L = K ⊕ □p_o → □□p_0 ⊕ □p_0 → p_0 autopajèc kai metabatikì plaÐsio

Metabatikì, autopajèc, seiriakì plaÐsio eÐnai ta plaÐsia pou diajètoun thn metabatikă, autopajă kai seiriakă sqèsh. Oi parapĹnw sqèseic ermhneÔontai akoloÔjwc:

• Autopajă (reflexive) sqèsh eÐnai h sqèsh pou sundèei kĹje kìsmo me ton eautì tou.

• Seiriakă (serial) sqèsh eÐnai h sqèsh pou sundèei kĹje kìsmo me ènan toulĹqiston kìsmo.

• Metabatikă (transitive) sqèsh. ’Estw treic kìsmoi me onìmata A, B kai G. O kìsmoi A kai B sundèontai metaxÔ touc. OmoÐwc kai oi kìsmoi B kai G. Apì thn metabatikă sqèsh èpetai h sÔndesh twn kìsmwn A kai G.

4.5 ParadeÐgmata-OrismoÐ

Stìqoc thc paragrĹfou eÐnai na anadeÐxei diamèsou paradeigmĹtwn shmantikèc ènnoiec thc tropikăc logikăc.

PaiqnÐdia kai Omoiìthtec Montèlwn

’Estw duo montèla Kripke: M = (W, R, h) kai M^′ = (W^′ , R^′ , h^′ ). EpÐshc èstw oi kìsmoi t, t^′ ìpou t ∈ W kai t ∈ W^′ . Duo paÐktec o ∀ kai o ∃ paÐzoun mh peperasmèno paiqnÐdi me ta montèla M, M^′ . To paiqnÐdi xekinĹ apì to shmeÐo (t, t^′ ). MetĹ apì kĹpoiouc gÔrouc to paiqnÐdi brÐsketai sto shmeÐo (u, u^′ ) ∈ (W, W^′ ). Tìte:

• An sto shmeÐo (u, u^′ ) èqoume M, u |= p kai M^′ , u^′ |= ¬p ìpou p protasiakă metablhtă tìte o paÐkthc ∃ qĹnei.

• DiaforetikĹ o ∀ epilègei montèlo. Efìson epilèxei montèlo, èstw to M, dialègei èstw ton kìsmo v ∈ W , o opoÐoc anăkei sto montèlo M kai eÐnai prosbĹsimoc apì ton kìsmo u. Dhladă upĹrqei sqèsh R(u, v). OmoÐwc, epilègontac to montèlo M^′ dialègei ton kìsmo v^′ ∈ W^′ , ÿste R(u^′ , v^′ ). An de mporeÐ na kĹnei tÐpota, tìte o ∃ nikĹ.

• O paÐkthc ∃ apantĹ me ton kìsmo v^′ an o ∀ èqei epilèxei to montèlo M ă me ton kìsmo v an o ∀ èqei paÐxei me to montèlo M^′ .

Na apodeiqjeÐ ìti ta duo montèla M kai M^′ eÐnai ìmoia (amfÐ) mìno kai mìno ìtan o paÐkthc ∃ èqei strathgikă nÐkhc.

DiakrÐnoume tic periptÿseic:

(EujÔ): O paÐkthc ∃ èqei taktikă nÐkhc.

• O paÐkthc ∃ èqei strathgikă nÐkhc apì thn arqă tou paiqnidioÔ Ĺra ta duo montèla eÐnai ìmoia mèqri to paiqnÐdi katalăxei sto gÔro u, u^′ .

4.5. ParadeÐgmata-OrismoÐ 49

• Sth jèsh u, u^′ o paÐkthc ∀ epilègei ènan apì touc duo kìsmouc. ’Omwc o paÐkthc ∃ apantĹ me ton kìsmo pou de diĹlexe o paÐkthc ∀.

• ’Estw t, t^′ h nèa katĹstash. Efìson eÐnai dedomèno ìti o paÐkthc ∃ èqei taktikă nÐkhc tìte ja apantĹ se kĹje kÐnhsh tou paÐkth ∀. ’Ara ta duo montèla eÐnai ìmoia.

(AntÐstrofo): Ta duo montèla eÐnai ìmoia.

Autì shmaÐnei ìti gia kĹje shmeÐo tou prÿtou montèlou upĹrqei shmeÐo tou deÔterou montèlou pou ikanopoieÐ tic Ðdiec sunjăkec ìpwc ekeÐno. Autì sth diadikasÐa tou paiqnidioÔ dhlÿnei ìti gia kĹje kÐnhsh tou paÐkth ∀ (xekinĹ prÿtoc) upĹrqei kÐnhsh apĹnthsh tou paÐkth ∃. ’Ara o paÐkthc ∃ èqei strathgikă nÐkhc. π-morfismoÐ ’Estw plaÐsio F = ({0, 1}, R) kai h sqèsh R eÐnai isqÔei gia kĹje x, y ∈ {0, 1}.

Tìte na apodeiqjeÐ ìti opoiadăpote tropikă prìtash eÐnai ègkurh sto (N, <) eÐnai ègkurh kai sto plaÐsio F .

’Estw sunĹrthsh f tètoia ÿste: f : N → {0, 1} kai • f(n) = 0 an n Ĺrtioc • f(n) = 1 an n perittìc.

Profanÿc h f eÐnai π-morfismìc. Dhladă: (N, <) → F. 1 → 2 → 3 → 4 → . . .

1 ⇌ 0 Jeÿrhma 4.5.1 flEstw ta montèla M = (W, R, h) kai M^′ = (W^′, R^′, h^′) kai èstw f eÐnai π-morfismìc apì to M sto M^′. Tìte gia kĹje kìsmo t tou montèlou M kai gia kĹje tropikă prìtash φ èpetai :

M, t |= φ an kai mìno an M^′, f(t) |= φ Apì to parapĹnw jeÿrhma prokÔptei to zhtoÔmeno thc prohgoÔmenhc Ĺskhshc. H apìdeixh tou jewrămatoc eÐnai h exăc:

• An φ eÐnai atomikă prìtash tìte to jeÿrhma isqÔei ex^′orismoÔ.

• An φ prokÔptei me efarmogă twn logikÿn sundèsmwn se atomikèc protĹseic prokÔptei omoÐwc.

• Endiafèrousa h perÐptwsh φ = □ψ. Tìte an M, t |= □ψ. ’Epetai M, u |= ψ gia ∀u ∈ W me R(t, u). Apì ton π-morfismì èqoume M, f(u) |= ψ gia ∀u ∈ W me R(t, u). OmoÐwc M^′ , x |= ψ (f(u) = x) gia ∀x ∈ W^′ me R^′ (f(t), x). TelikĹ M^′ , f(t) |= □ψ. Bajmwtă Tropikă Logikă

H Bajmwtă Tropikă Logikă gradedML epitrèpei bajmwtoÔc tropikoÔc telestèc: ⋄^{≤m}_i , ⋄^{≥m}_i , ⋄^{=m}_i gia kĹje m ≥ 1. UpĹrqei metĹfrash thc gradedML sthn C^2.’Opou : ⋄^{≤m}_i (x) ≡ ∃^{≤m}y(E_ixy ∧ φ(y)) Poluplokìthta

To prìblhma ikanopoihsimìthtac gia thn tropikă logikă ML eÐnai PSPACE. To Ðdio prìblhma gia thn FO^2 eÐnai NEXPTIME-complete. H FO^2 èqei thn idiìthta tou peperasmènou montèlou, allĹ den ikanopoieÐ polÔ shmantikèc montelo-jewrhtikèc pou ikanopoioÔntai sthn ML. Gia parĹdeigma ekeÐnh tou dendrikoÔ montèlou.

4.6 EpÐlush

H mèjodoc epÐlushc pou ja parousiasteÐ basÐzetai sto Ĺrjro kai apoteleÐ sunèqeia thc mejìdou pou parousiĹsthke sto prÿto kefĹlaio. To sÔsthma apìdeixhc eÐnai gia thn tropikă logikă K kai den eÐnai katĹllhlo gia summetrikĹ plaÐsia kai montèla ìpwc to S5. Ac doÔme thn epÐlush analutikĹ:

Oi tropikèc protĹseic qwrÐzontai se duo kathgorÐec: tÔpou ν kai tÔpou π. KĹje kathgorÐa èqei èna stoiqeÐo ν_0 kai π_0.

ν ν_0 □X X ¬ ⋄ X ¬X

4.6. EpÐlush 51 π π_0 ¬□X ¬X ⋄X X Orismìc 4.6.1 Gia kĹje prìtash C orÐzoume duo protĹseic C^♯, C^♭ wc akoloÔjwc: H C^♯ perièqei tic protĹseic ν_0 tètoiec ÿste ν anăkei sthn C. Kai h C^♭ perièqei tic protĹseic π_0 tètoiec ÿste π eÐnai sthn C.

ParĹdeigma 4.6.1 An C = [□(X ∧ Y ), ¬□A, ⋄(B → C), ¬C] tìte C^♯ = [X, Y ] kai C^♭ = [¬A, B → C] Sto sÔsthma epÐlushc gia thn tropikă logikă K ja sumperilĹboume: ìti eÐqame sthn epÐlush thc protasiakăc logikăc, ton kanìna eidikăc perÐptwshc kai ja prosjèsoume ton K − π kanìna:

• K − π: ’Estw L eÐnai lÐsta protĹsewn h opoÐa perièqei thn prìtash C pou apoteleÐtai mìno apì tÔpou protĹseic π. Tìte h L antikajÐstatai apì thn L^∗, h opoÐa perièqei tic akìloujec protĹseic:

– Thn C^♭ ènanti thc C kai – gia kĹje prìtash S thc L h opoÐa perièqei mìno protĹseic tÔpou ν prosjètoume thn prìtash S^♯.

ParĹdeigma 4.6.2 ’Estw h lÐsta L =< [P ], [□Q, R], [□P, ¬⋄Q], [¬□R, ⋄S] > antikajÐstatai apì tic lÐstec: < [P, ¬Q] >, < [¬R, S] >.

ParĹdeigma 4.6.3 Sto sÔsthma K apodeÐxte thn prìtash: (□P ∧ □Q) → □(P ∧ Q) 1. [< [¬((□P ∧ □Q) → □(P ∧ Q))] >] 2. [< [□P ∧ □Q], [¬□(P ∧ Q)] >] 3. [< [□P ], [□Q], [¬□(P ∧ Q)] >] 4. [< [P ], [Q], [¬(P ∧ Q)] >] K − π Sto 3 5. [< [P ], [Q], [¬P, ¬Q)] >] 6. [< [¬Q], [P ], [Q], [(¬P, ¬Q)] >] 7. [< [], [¬Q], [P ], [Q], [(¬P, ¬Q)] >]

.

KefĹlaio 5

Efarmosmènec Tropikèc Logikèc

5.1 Qronikă Logikă

Oi tropikèc logikèc brÐskoun efarmogă se tomeÐc ìpwc h sqedÐash prwtokìllwn epikoinwnÐac kai h TeqnologÐa LogismikoÔ.

DomikĹ stoiqeÐa thc qronikăc logikăc:

– To plaÐsio F=(T,<), ìpou T sÔnolo qronikÿn shmeÐwn kai to sÔmbolo < èqei th sunhjismènh ermhneÐa.

– Atomikèc protĹseic p, q, r, ... oi opoÐec eÐnai qronikĹ exarthmènec ekfrĹseic thc morfăc : Tÿra brèqei. Aută th qronikă stigmă, èstw t_1, brèqei, dhladă isqÔei h prìtash p.

Qronikèc ProtĹseic

Oi parakĹtw qronikèc protĹseic èqoun thn akìloujh ermhneÐa:

– F p: eÐnai alhjèc th stigmă t an kai mìno an p eÐnai alhjèc se kĹpoio qronikì shmeÐo u ∈ T ìpou u > t. To sÔmbolo F p diabĹzete: sto mèllon, p. IsodÔnamoc sumbolismìc: ⋄_F p – t |= □_F ψ an kai mìno an (∀ t^′ > t) t |= ψ

– S(p, q): eÐnai th qronikă stigmă t an kai mìno an upĹrqei u ∈ T ÿste u < t kai to p eÐnai alhjèc th stigmă u enÿ epiplèon to q eÐnai alhjèc gia ìla ta shmeÐa sto diĹsthma (u, t).To sÔmbolo S(p, q) diabĹzete : efìson p, q – t |= □_P ψ an kai mìno an (∀ t^′ < t) t |= ψ

– □_F ⋄_F φ : h prìtash φ ja emfanisteÐ sto mèllon Ĺpeirec forèc. – □_F (φ → ⋄_P ψ) ∧ □_P (φ → ⋄_P ψ) ∧ (φ → ⋄_P ψ): h prìtash φ emfanÐzetai èpeita apì mia Ĺllh idiìthta ψ.

– □_∀φ : φ ∧ □_F φ ∧ □_P φ : kajolikìc tropikìc sÔndesmoc – ⋄_∃φ = φ ∨ ⋄_F φ ⋄_P φ : uparxiakìc tropikìc sÔndesmoc. – ∘φ : upĹrqei Ĺmesa epìmenh stigmă thc t, o t + 1, ÿste t + 1 |= φ – □_∀(φ → ∘ψ): Stic programmatistikèc teqnikèc h prohgoÔmenh prìtash dhlÿnei ìti se kĹje qronikă stigmă èna prìgramma metabaÐnei apì katĹstash sthn opoÐa isqÔei h prìtash φ se katĹstash sthn opoÐa isqÔei h ψ. Ja orÐsoume ton sÔndesmo èwc ìtou, U to sÔmbolì tou. Me ton sÔndesmo U kai ton S(p, q) (efìson) mporoÔme na ekfrĹsoume touc upìloipouc tropikoÔc sundèsmouc.

Efìson:

t_1 |= φUψ an kai mìno an t_2 > t_1 tètoio ÿste t_2 |= ψ kai t |= φ gia kĹje t ∈ (t_2, t_1)

t_1 |= φSψ an kai mìno an t_2 < t_1 tètoio ÿste t_2 |= ψ kai t |= φ gia kĹje t ∈ (t_2, t_1)

Tìte: – ⋄_F φ = ⊤Uφ – ⋄_P φ = ⊤Sφ – ∘φ = ⊥Uφ

5.1. Qronikă Logikă 55

Endiafèrousa prìtash: ’Estw dÐktuo epikoinwnÐac. To sÔsthma ja apantăsei se aÐthsh (p : respond) efìson prÿta th deqjeÐ (q : requset). ⋄_F p → (¬p)Uq ’Opwc h tropikă logikă omoÐwc kai h qronikă logikă ML_{U,S} metafrĹzetai se protĹseic prwtobĹjmiac logikăc wc akoloÔjwc:

– p^∗_i = P_i(t) – (φ → ψ)^∗ = φ^∗ → ψ^∗ – (¬φ)^∗ = ¬φ^∗ – (φUψ)^∗ = ∃l^′ > l (ψ^∗{l^′ /l}) ∧ ∀l^{′′} (l < l^{′′} < l^′ → (ψ^∗{l^{′′} /l})) – (φSψ)^∗ = ∃t^′ > t (ψ^∗{t^′ /t}) ∧ ∀t^{′′} (t^′ < t^{′′} < t → (ψ^∗{t^{′′} /t})) 5.1.1 Protasiakă Qronikă Logikă PTL

AntikeÐmeno tou kefalaÐou autoÔ h protasiakă qronikă logikă (Propositional Temporal Logic), h opoÐa brÐskei efarmogă sthn epalăjeush programmĹtwn. Ja doÔme to sÔsthma axiwmĹtwn thc kai thn poluplokìthta tou problămatoc ikanopoihsimìthtac thc glÿssac autăc.

Sqăma axiwmĹtwn:

1. □_F (p → q) → (□_F p → □_F q) 2. ∘(p → q) → (∘ → ∘q) 3. ∘¬p → ¬ ∘ q 4. □_F p ↔ ∘p ∧ ∘□_F p 5. □_F (p → ∘) → (p → □_F p) 6. pUq → ⋄_F q 7. pUq ↔ ∘q ∨ (p ∧ pUq)

PTL= Log_{SU} (N) ∩ ML_U (S − free)

Kanìnec Apagwgăc: –^{φ→ψ,φ}_ψ (Modus Ponens) – (Substitution) – An isqÔei φ tìte □_F φ (RN)

Jeÿrhma 5.1.1 To prìblhma ikanopoihsimìthtac gia thn PTL eÐnai PSP ACEcomplete.

Jeÿrhma 5.1.2 H logikă Log_{SU} (N) anĹgetai poluwnumikĹ sthn PTL.

Jeÿrhma 5.1.3 To prìblhma ikanopoihsimìthtac thc Log_{SU} (N) eÐnai PSP ACEcomplete.

5.2 Qronikÿn Logikÿn Sunèqeia

An antÐ gia qronikèc stigmèc qrhsimopoiăsoume qronikĹ diastămata tìte èqoume nèec logikèc tou qrìnou. ’Estw oi protĹseic:

– H jermokrasÐa tou sÿmatìc mou eÐnai 40 C^o. – O k. ZĹqoc episkèptetai suqnĹ th mhtèra tou. – O William Shakespeare eÐnai ènac hjopoiìc

H parapĹnw prìtash epalhjeÔetai se sugkekrimènh qronikă stigmă. H deÔterh prìtash eÐnai prìtash pou qrhsimopoieÐ thn ènnoia tou qronikoÔ diastămatoc. Kai h trÐth prìtash sunduĹzei kai thn ènnoia tou qronikoÔ diastămatoc ìso kai tou qronikoÔ shmeÐou.

O James Allen to 1983 diapÐstwse ìti prokeimènou na perigrĹyoume tic pijanèc sqèseic duo qronikÿn diasthmĹtwn apaitoÔntai 13 basikèc sqèseic diasthmĹtwn. OnomĹzontac th glÿssa aută ALL − 13 èqoume:

5.2. Qronikÿn Logikÿn Sunèqeia 57 – AlfĹbhto: 13 qronikĹ kathgorămata: before(i, j), before(i, j), meets(i, j),meets(i, j), overlaps(i, j),overlaps(i, j), during(i, j),during(i, j),starts(i, j),starts(i, j), finishes(i, j), finishes(i, j), equals(i, j) kai oi logikoÐ telestèc. – ProtĹseic: Afenìc sunduasmìc atomikÿn protĹsewn me logikoÔc sundèsmouc afetèrou sunduasmìc protĹsewn (kaloftiagmènwn) metaxÔ touc pĹli me logikoÔc sundèsmouc.

– PlaÐsio: F = (W, <). ’Opou W mporeÐ na eÐnai to sÔnolo rhtÿn kai ìqi mìno twn fusikÿn arijmÿn.

– Aponomă Alăjeiac: Gia kĹje qronikì diĹsthma α(i) èpetai: ∀x, y ∈ α(i)∀ ∈ W (x < z < y → z ∈ α(i)) – Sqèsh Alăjeiac: F |=^α φ.

SqhmatikĹ i j j j j j j j j j j j j j meets(i, j) overlaps(i, j) during(i, j) before(i, j) before(j, i) starts(i, j) equal(i, j) finishes(i, j) during(j, i) overlaps(j, i) meets(j, i) starts(j, i) finishes(j, i)

MetĹfrash thc ALL − 13 se Qronikă Logikă: – (equals(i, j))^∗ = □_∀(p_i ↔ p_j ) – (before(i, j))^∗ = □_∀(p_i → ¬p_j ∧ ⋄_F p_j ) ∧ ⋄_∃(¬p_i ∧ p_j ∧ ⋄_P p_i ∧ ⋄_F p_j) – (meets(i, j))^∗ = □_∀(p_i → ¬p_j ∧ ⋄_F p_j ) ∧ ¬ ⋄_∃ (¬p_i ∧ p_j ∧ ⋄_P p_i ∧ ⋄_F p_j ) – (overlaps(i, j))^∗ = ⋄_∃(p_i ∧ p_j ) ∧ ⋄_∃(p_j ∧ ¬p_j ∧ ⋄_P p_j) ∧ ⋄_∃(p_j ∧ ¬p_i ∧ ⋄_F p_i) – (starts(i, j))^∗ = □_∀(p_i → p_j ) ∧ ⋄_∃(p_j ∧ ¬p_i) ∧ □_∀(p_i ∧ p_j → □_P (p_j → p_i) – (during(i, j))^∗ = □_∀(p_i → p_j) ∧ ⋄_∃(p_j ∧ ¬p_i ∧ ⋄_P p_i) ∧ ⋄_∃(p_j ∧ ¬p_i ∧ ⋄_F p_i) – (starts(i, j))^∗ = □_∀(p_i → p_j ) ∧ ⋄_∃(p_j ∧ ¬p_i) ∧ □_∀(p_i ∧ p_j → □_F (p_j → p_i))

H ALL−13 eÐnai h bĹsh thc gia poluplokìterec glÿssec pou qrhsimopoioÔn kathgorămata ìpwc:

– HOLDS(P, i) : h idiìthta P ikanopoieÐtai ìso diarkeÐ to qronikì diĹsthma i.

H qrăsh tou kathgorămatoc HOLDS(P, i) eÐnai shmantikă gia to epìmeno kefĹlaio thc Ubridikăc Logikăc.

5.3 Logikă thc Perigrafăc

H perigrafikă logikă (description logic) den eÐnai tropikă logikă, qrhsimopoiăjhke sthn Teqnhtă NohmosÔnh wc ergaleÐo anaparĹstashc thc gnÿshc, parèqontac, apotelesmatikoÔc sumperasmatikoÔc kanìnec. Gnÿrise Ĺnjish th dekaetÐa tou ’80.Kai sth dekaetÐa tou ’90, exakribÿjhke ìti h perigrafikă logikă kai h tropikă logikă èqoun mia stenă sqèsh.

’Estw h glÿssa ALC. To alfĹbhtì thc eÐnai:

– Afhrhmèna onìmata (concept names): C_0, C_1, ...

– Onìmata rìlwn (role names): R, S, ... – Onìmata antikeimènwn object names: α_0, α_1, ... – LogikoÐ sÔndesmoi afhrhmènwn onomĹtwn: ⊓, ¬ – Uparxiakìc posodeÐkthc: ∃ – LogikoÐ SÔndesmoi ProtĹsewn: ∨, ∧ – Ta sÔmbola: . (teleÐa), : (Ĺnw kai kĹtw teleÐa) kai =.

Orismìc 5.3.1 ’Estw h glÿssa ALC . Oi kaloftiagmènec ekfrĹseic (wff) thc ALC orÐzontai anadromikĹ:

– H C ⊓ D, ¬C kai ∃R.C eÐnai afhrhmèna onìmata. – H α : C, αRb, C = D eÐnai atomikèc protĹseic.

– Sunduasmìc protĹsewn me logikoÔc sundèsmouc eÐnai epÐshc protĹseic.

ShmeÐwsh 5.3.1 H sqèsh C = D dhlÿnei ìti h klĹsh C kai h klĹsh D èqoun ta Ðdia stoiqeÐa. To sÔmbolo ⊓ dhlÿnei tomă metaxÔ klĹsewn.

ParĹdeigma 5.3.1

Homosapiens

Female Male is is

is is

is is

Mother Father

Eve loves child

parent has

Adam

Gia to parapĹnw parĹdeigma:

– Ta afhrhmèna onìmata eÐnai onìmata klĹsewn ìpwc:Mother, Male – Ta onìmata rìlwn eÐnai duadikèc sqèseic: has,love

– Onìmata antikeimènwn: Eve, Adam BĹsh gnÿshc gia th glÿssa ALC eÐnai èna peperasmèno sÔnolo protĹsewn thc ALC. ’Estw Σ bĹsh gnÿshc thc ALC. H bĹsh diajètei duo mèrh ă koutiĹ:

– To mèroc ă koutÐ thc orologÐac (TBOX): Perièqei protĹseic thc morfăc C = D. – To mèroc ă koutÐ twn bebaiÿsewn (ABOX): Perièqei protĹseic thc morfăc α : C kai αRb Sunepÿc gia to prohgoÔmeno parĹdeigma :

TBOX

– Female ⊔ Male ⊑ Homosapiens – Mother ⊑ Female – Father ⊑ Male – Child ⊑ ∃has.Mother ⊓ ∃has.F ather

ABOX

– Eve: Mother – Adam: Father – Eve loves Adam – Eve: ∃parent.Child – Adam: ∃parent.Child

TupikĹ h shmasiologÐa thc ALC eÐnai h exăc, èstw to montèlo I: I = (Δ, R^I_0, ..., C^I_0 , ..., α^I_0, ...) ìpou :

– Δ eÐnai to sÔnolo antikeimènwn.

– R^I_i : duadikèc sqèseic dhladă onìmata rìlwn. – C^I_i : onìmata klĹsewn. – α^I_i : ìnoma antikeimènwn.

EpÐshc èstw h timă C^I tou onìmatoc C sto I kai èstw h sqèsh alăjeiac: I |= φ. Sunepÿc:

– (C ⊓ D)^I = C^I ∩ D^I – (¬C)^I = Δ − C^I – (∃αR_i.C)^I = {x ∈ Δ|∃y ∈ C^I xR^I_i y} – I |= α : C an kai mìno an α^I ∈ C^I – I |= αR_ib an kai mìno an α^I R^I_i b^I – I |= C = D an kai mìno an C^I = D^I – I |= φ ∧ ψ an kai mìno an I |= φ kai I |= ψ. – I |= ¬φ an kai mìno an ìqi I |= φ Basikèc ergasÐec gia bĹsh gnÿsh Σ thc ALC:

– Ikanopoihsimìthta klĹshc: UpĹrqei montèlo I gia th bĹsh Σ ÿste C^I diĹforo tou kenoÔ;

– Sunèpeia: ’Uparxh montèlou gia to Σ.

– ’Elegqoc stigmiotÔpou: Σ |= α : C. Anăkei, dhladă, to α^I sto C^I gia kĹje montèlo I tou Σ;

– Prìblhma UpoklĹshc:Σ |= C ⊑ D.

– Ikanopoihsimìthta: Gia dedomènh prìtash thc ALC, èstw h φ, na kajoristeÐ katĹ pìso ikanopoieÐtai h φ sth dedomènh bĹsh gnÿshc.

MetĹfrash thc polu-tropikăc logikăc K_n sthn ALC , èstw ! to sÔmbolo thc metĹfrashc (upĹrqei kai h antÐstrofh metĹfrash):

– p^!_i = C_i – (φ ∧ ψ)^! = φ^! ⊓ ψ^! – (¬φ)^! = ¬φ^! – ⋄_iφ = ∃R_i.φ^!

Jeÿrhma 5.3.1 To prìblhma ikanopoihsimìthtac klĹshc kai to prìblhma upoklĹshc gia thn ALC, me kenă bĹsh gnÿshc, eÐnai PSPACE-complete.

To parapĹnw jeÿrhma prokÔptei apì metĹfrash thc ALC sthn K_n ă kai thn antÐstrofh.

Jeÿrhma 5.3.2 To prìblhma ikanopoihsimìthtac klĹshc gia thn ALC, sqetikĹ me to mèroc orologÐac thc bĹshc gnÿshc eÐnai EXPTIME-complete.

Jeÿrhma 5.3.3 To prìblhma ikanopoihsimìthtac protĹsewn thc ALC eÐnai EXPTIME-complete.

Parathrăseic:

– H glÿssa ALC eÐnai ekfrastikìterh thc K_n, afenìc anafèretai se antikeÐmena (kìsmouc) afetèrou diapistÿnei idiìthtec autÿn. Gia parĹdeigma : Σ |= Eve : F emale – To prìblhma ikanopoihsimìthtac tìso protĹsewn ìso kai klĹsewn thc ALC, men eÐnai EXPTIME-complete allĹ h pleionìthta twn algorÐjmwn trèqoun se diplì ekjetikì qrìno.

KefĹlaio 6

Ubridikă Logikă

6.1 Eisagwgă

H Ubridikă Logikă apoteleÐ diastaÔrwsh thc prwtobĹjmiac logikăc, tropikăc logikăc kai logikÿn ìpwc h perigrafikă logikă.

– Sth qronikă logikă h prìtash: O Kÿstac xèqase ta kleidiĹ tou eÐnai prìtash aorÐstou qrìnou, qwrÐc na dhlÿnei thn akribă stigmă tou gegonìtocsto pareljìn.Dhladă, ègine kĹti sto pareljìn, o Kÿstac kĹpote xèqase ta kleidiĹ tou allĹ den xèroume pìte. Me qronikă logikă èpetai: P O Kÿstac xèqase ta kleidiĹ tou, genikĹ ⋄_p φ . AnazhtoÔme, sunepÿc, sto pareljìn th stigmă thc epalăjeushc thc prìtashc φ. H ergasÐa, epiplèon, tou James Allen parèqei th dunatìthta na milĹme gia gegonìta sugkekrimènou diastămatoc. Autì gÐnetai safèc me to sÔndesmo: Hold(P, i) h idiìthta P ikanopoieÐtai gia to diĹsthma i.

– Sthn perigrafikă logikă eÐdame ìti epitrèpetai erÿthsh thc morfăc: Σ |= Eve : F emale H glÿssa gÐnetai ekfrastikìterh efìson prosjèsoume to sÔmbolo O. H grafă O(EuĹggeloc, Murtÿ,..., Poseidÿnac) dhlÿnei thn epilogă onìmatoc apì ta onìmata (EuĹggeloc, Murtÿ,..., Poseidÿnac). OmoÐwc, O(EuĹggeloc) shmaÐnei thn epilogă tou EuĹggeloc. ’Ara: O(Eve, Adam) : F emale Ti petÔqame; AnaforĹ se stoiqeiÿdh antikeÐmena. H parapĹnw teqnikă anafèretai sto T BOX.

H idèa sunepÿc aplă: DiathroÔme th shmasiologÐa domÿn Kripke. Oi kìmboi ă kìsmoi èqoun ìnoma. Logikì autìmato anazhtĹ se grĹfo poÐec protĹseic isqÔoun kai poÔ. Gia thn akrÐbeia to autìmato den anazhtĹ plhroforÐa se dedomèno grĹfo ă domă. KataskeuĹzei to grĹfo kai tautìqrona anazhtĹ. ’Ara to autìmato eÐnai ekeÐno pou onomĹzei.

Sumpèrasma: H tropikă logikă agnoeÐ touc kìsmouc. Me epilogă sugkekrimènou plaisÐou anazhtoÔme ekeÐnec tic protĹseic pou ikanopoioÔntai sto sugkekrimèno plaÐsio pou Ðswc eÐnai metabatikì, autopajèc k.o.k.. An jèloume anaforĹ stouc kìsmouc tìte prèpei prÿta na touc onomĹsoume, èpeita na kajorÐsoume pÿc ja touc sundèoume kai telikĹ me poiìn trìpo ja diapistÿnoume poiec protĹseic ikanopoioÔntai ston kĹje ènan.

6.2 TupikoÐ OrismoÐ thc H(@)

H Ubridikă logikă, oi ubridikèc glÿssec dÐnoun lÔsh ston prohgoÔmeno problhmatismì, o opoÐoc periorÐzetai sthn parakĹtw allhlouqÐa sullogismÿn:

ZhtoÔmeno h anaforĹ stouc kìsmouc. DiathroÔme sÔntaxh kai shmasiologÐa thc tropikăc logikăc. Sthn tropikă logikă upĹrqoun mìno tÔpou (fìrmoulec). ’Ara gia na milăsoume gia onìmata kìsmwn, prèpei na qrhsimopoiăsoume tÔpouc. Gia autì kai prosjètoume nèo sÔnolo protĹsewn, ekeÐno twn onomĹtwn (nominals). SuntaktikĹ ta onìmata eÐnai atomikèc protĹseic. ShmasiologikĹ eÐnai alhjă mìno se ènan kìsmo. Kai poujenĹ alloÔ. Epomènwc

6.2. TupikoÐ OrismoÐ thc H(@) 65

apomènei o èlegqoc ikanopoihsimìthtac, pÿc dhladă ja elègqoume thn alăjeia kĹpoiac prìtashc φ se kìsmo me to ìnoma i.

Orismìc 6.2.1 Ubridikă Glÿssa: – ’Estw ta protasiakĹ sÔmbola P ROP = {p, q, r, ...}, NOM = {j, i, k, l, ...} ta opoÐa eÐnai metaxÔ touc diaforetikĹ. – WFF := i | p | ¬φ | φ → ψ | □φ | ⋄φ | @_iφ. To sÔmbolo @_iφ dhlÿnei to exăc: Păgaine ston kìsmo i, ìpou to i eÐnai alhjèc, kai mìno ekeÐ, kai dec an h prìtash φ ikanopoieÐtai.

Orismìc 6.2.2 ’Estw Ubridikì montèlo M = (W, R, V ) ìpou:

– W : sÔnolo katastĹsewn – R : duadikă sqèsh sto kìsmo twn katastĹsewn W .

– V : aponomă alăjeiac, antistoiqÿntac se kĹje atomikă prìtash sÔnolo katastĹsewn stic opoÐec ikanopoioÔntai.

EpÐshc:

– To zeÔgoc F = (W, R) kaleÐtai plaÐsio upì to montèlo M. – H aponomă alăjeiac V sto plaÐsio F me P ROP ∪ NOM → P ow(W ), ÿste gia kĹje i ∈ NOM na antistoiqeÐ to V (i) (sÔnolo enìc stoiqeÐou, kìsmou).

– H sunĹrthsh V kĹnei to kĹje ìnoma alhjèc mìno se mia katĹstash.

DÐnei dhladă ìnoma se kĹpoia katĹstash. SÔgkroush onomĹtwn den epitrèpetai.

M, w |= p an kai mìno an w ∈ V (p), ìpou p ∈ P ROP M, w |= ¬φ an kai mìno an M, w |̸= φ M, w |= φ → ψ an kai mìno an M, w |̸= φ ă M, w |= ψ M, w |= ⋄φ an kai mìno an ∃w^′(wRw^′ & M, w^′ |= φ) M, w |= □φ an kai mìno an ∀w^′(wRw^′ ⇒ M, w^′ |= φ). M, w |= i an kai mìno an w ∈ V (i), ìpou i ∈ NOM M, w |= @_iφ an kai mìno an M, w^′ |= φ, ìpou w^′ dhlÿnei to i.

An h φ ikanopoieÐtai se ìlec tic katastĹseic tou montèlou M tìte lème ìti h φ ikanopoieÐtai kajolikĹ sto M kai grĹfoume M |= φ

An M |= φ kai F plaÐsio tou M tìte lème ìti h φ eÐnai ègkurh sto F.

H ubridikă logikă, ac th sumbolÐzoume HL, eÐnai tropikă logikă diìti parèqei mhqanismoÔc oikeÐouc sthn tropikă logikă:

– Ta onìmata eÐnai atomikèc protĹseic – O ikanopoihtăc @ ikanopoieÐ th sunjăkh:

@_i(φ → ψ) → (@_iφ → @_iψ)

H tropikă logikă ìpwc eÐdame eÐnai kommĹti thc prwtobĹjmiac logikăc. H ubridikă logikă den apoteleÐ exaÐresh efìson upĹrqei metĹfrasă thc sthn prwtobĹjmia glÿssa:

ST_x(p) = P(x), p ∈ P ROP ST_x(¬φ) = ¬ST_x(φ) ST_x(φ ∧ ψ) = ST_x(φ) ∧ ST_x(ψ) ST_x(⋄φ) = ∃y(xRy ∧ ST_y(φ)) ST_x(□φ) = ∀y(xRy → ST_y(φ)). ST_x(i) = x = x_i, i ∈ NOM ST_x(@_iφ) = (ST_x(φ))[x_i/x]

H HL eÐnai prĹgmati ubridikă

Apì th metĹfrash pou prohgăjhke eÐnai emfanèc ìti kai h ubridikă logikă eÐnai kommĹti(fragment thc klassikăc logikăc, ìpwc kai h tropikă logikă. AllĹ proqwrĹ parapèra.

– H prìtash @_ij dhlÿnei ìti ta i kai j eÐnai tautìshma. – Me thn prìtash @_i ⋄j dhlÿnetai o sÔndesmoc (kai o trìpocsÔndeshc) twn kìsmwn i kai j, mporoÔme, dhladă, na milĹme gia to pÿc eÐnai h domă Kripke.

Plèon eÐnai safèc:

– H prìtash O Kÿstac xèqase ta kleidiĹ tou mporeÐ na grafeÐ wc exăc:

⋄_p (i∧O Kÿstac xèqase ta kleidiĹ tou). Plèon to gegonìc den eÐnai aìristo se pareljìnta qrìno. EÐnai orismèno th stigmă i.

– EÐnai safèc ìti anĹlogo tou Hold(P, i) eÐnai to @_i.

6.3 UbrÐdia

H idèa thc paragrĹfou: AntÐ gia onìmata prosjètoume atomikèc metablhtèc, to sÔnolo twn opoÐwn to onomĹzoume INDIV = {x, y, z, ...}. Atomikèc metablhtèc kai onìmata leitourgoÔn me ton Ðdio trìpo. EpÐshc, antÐ gia to sÔmbolo tou ikanopoihtă @_i eisĹgoume to sÔmbolo tou uparxiakoÔ desmeută (binder) ∃.

WFF := x | p | ¬φ | φ → ψ | □_iφ | ∃xφ. SuntaktikĹ, dhladă, upĹrqei sunduasmìc ideÿn thc prwtobĹjmiac kai tropikăc logikăc antÐstoiqa. H prìtash : ¬x ∧ (¬p → ∃x ⋄_i (x ∧ q)) eÐnai kaloftiagmènh prìtash.

To ∃x dhlÿnei:

– Epilègoume stoiqeÐo (Ĺtomo ă kìsmo anĹloga thn efarmogă) kai to onomĹzoume x.

– IsodÔnama, epilègoume èna stoiqeÐo kai to desmeÔoume sthn atomikă metablhtă x.

kajolikìc desmeutăc ∀xφ = ¬∃¬φ.

’Estw to montèlo M = (W, {R_i}_{i∈I} , V ) kai V aponomă alăjeiac sto M. An w ∈ W tìte:

M, w |= p an kai mìno an w ∈ V (p), ìpou p ∈ P ROP M, w |= ¬φ an kai mìno an M, w |̸= φ M, w |= φ → ψ an kai mìno an M, w |̸= φ ă M, w |= ψ M, w |= ⋄_iφ an kai mìno an ∃w^′(wR_iw^′ & M, w^′ |= φ) M, w |= □_iφ an kai mìno an ∀w^′(wR_iw^′ ⇒ M, w^′ |= φ). M, w |= x an kai mìno an w = V (x), ìpou x ∈ INDIV M, w |= ∃xφ an kai mìno an M, w |=^{V ′} φ, ìpou V^′ ∼^x V.

ìpou V^′ ∼^x V : duo aponomèc pou sumfwnoÔn se ìla ektìc apì thn anĹjesh thc V^′ sto x .

ParĹdeigma 6.3.1 ∃_{≥2}Rφ := ∃x∃y(⋄(x ∧ ¬y) ∧ ⋄(y ∧ ¬x)) H prìtash ∃_{≥2}R ikanopoieÐtai sto kìsmo w an kai mìno an h prìtash φ ikanopoieÐtai se duo toulĹqiston shmeÐa x kai y, se duo diaforetikoÔc apogìnouc tou w. Sunepÿc h prìtash diabĹzetai wc exăc: DesmeÔoume tic metablhtèc x kai y se duo apogìnouc R, katĹ tètoion trìpo ÿste to y na èqei ston kìsmo x thn alhjotimă false kai to x na èqei ston kìsmo y thn alhjotimă false.

ParĹdeigma 6.3.2 ∀x(x → ¬ ⋄ x) Opoiodăpote kìsmo kai an desmeÔoume, an x eÐnai to ìnoma tou trèqontoc kìsmou, tìte den mporeÐ o kìsmoc autìc na proseggÐsei ton eautì tou me R sqèsh. ParĹdeigma 6.3.3 ∃x(⋄(x ∧ F amous) ∧ □(⋄x → ¬F amous)) H parapĹnw prìtash lèei ìti mporoÔme na desmeÔsoume metablhtă x tètoia ÿste:

– To x eÐnai suggenăc kĹpoiou Ĺllou kai to Ðdio eÐnai diĹshmoc. – KĹje kìsmoc pou suggeneÔei me ton x den eÐnai diĹshmoc.

Ubridikă logikă HL(K_{(m)})

Sqăma axiwmĹtwn:

1. Q_1 ∀v(φ → ψ) → (φ → ∀vψ) ìpou to φ den èqei eleÔjerec emfanÐseic tou v 2. Q_2 ∀vφ → φ[w/v] ìpou to w eÐnai antikatastĹsimo apì to v sto φ 3. Barcan ∀v□_i → □_i∀vφ, ìpou i ∈ I 4. Name ∃vv 5. Nom ∀v[⋄_{(m)}(v ∧ φ) → □_{(n)}(v → φ)] ìpou ⋄_{(m)} = ⋄_{j1} , ..., ⋄_{jm} kai □_{(n)} = □_{k1} , ..., □_n

H sÔndesh twn axiwmĹtwn Q_1, Q_2 me thn prwtobĹjmia logikă eÐnai profană. H prìtash Barcan upĹrqei kai sthn prwtobĹjmia tropikă logikă kai edÿ den eÐnai epiplèon axÐwma ă jeÿrhma. Sthn ubridikă logikă orÐzetai gia ìlec tic klĹseic plaisÐwn. Ac dieukrinÐsoume ìmwc th shmasÐa twn duo epiplèon axiwmĹtwn Name kai Nom.

– To Name dhlÿnei ìti mporoÔme na desmeÔsoume kìsmo se metablhtă. – To Nom den eÐnai tìso profanèc. Akoloujÿntac monopĹti ⋄_m proseggÐzoume kìmbo ă stoiqeÐo x sto opoÐo ikanopoieÐtai h prìtash φ. ’Ara me opoiodăpote trìpo ă monopĹti katalăxoume ston kìsmo x eÐnai sÐgouro ìti ja isqÔei h prìtash φ.

Kanìnec Apagwgăc: –^{φ→ψ,φ}_ψ (Modus Ponens) – (Substitution) – An isqÔei φ tìte □_iφ (RN) – □_i(φ → ψ) → (□_iφ → □_iψ) Gia thn orjìthta kai thn plhrìthta thc HL(K_m) ja milăsoume se epìmenh parĹgrafo.

6.4 Logikă H(@, ↓)

Sthn ubridikă logikă H(@) prosjètoume aparijmăsima Ĺpeiro sÔnolo metablhtÿn katastĹsewn state variables, SV AR = {x, y, z, ...}. Diaforetikì apì ta sÔnola P ROP kai NOM. WFF := x | i | p | ¬φ | φ → ψ | □φ | ⋄φ | @_iφ | @_xφ |↓ xφ. H H(@, ↓) dajètei (Duo eÐdh etikètac (label): ta onìmata kai oi katastĹseic. Oi katastĹseic ìmwc eÐnai desmeumènec(desmeÔontai) kai ta onìmata eÐnai eleÔjera.

Sto montèlo thc ubridikăc logikăc prosjètoume ta exăc (èstw V h aponomă alăjeiac):

M, w |= x an kai mìno an w ∈ V (x), ìpou x ∈ SV AR M, w |= @_xφ an kai mìno an M, V (x) |= φ.

M, w |=^V ↓ xφ an kai mìno an M, w |=^{V ′} φ, ìpouV^′ ∼^x V kai V^′(x) = w.

Qrhsimopoiÿntac paradeÐgmata ja anadeÐxoume thn ekfrastikă dÔnamh tou sumbìlou ↓ pou onomĹzoume desmeută. MĹlista o desmeutăc diajètei th dikă tou ermhneÐa, Ĺra de sugkroÔetai me ta upìloipa sÔmbola thc ubridikăc logikăc kai kurÐwc ekeÐna tou kajolikoÔ kai uparxiakoÔ desmeută.

ParĹdeigma 6.4.1 OrÐzoume httopajă ekeÐnon pou den èqei autosebasmì.

– GrĹfontac : i ∧ ¬ < Respect > i lème ìti sto prìswpo i leÐpei h autosebasmì.

– H prìtash ∃x(x ∧ ¬ < Respect > x) ikanopoieÐtai se ekeÐna ta Ĺtoma ta opoÐa den èqoun autopepoÐjhsh. Dhladă, jèloume na orÐsoume ekeÐna ta Ĺtoma ă kìsmouc oi opoÐoi den eÐnai autopajeÐc upì thn tropikă sqèsh < Respect >. – Sthn prÿth prìtash ekfrĹsame ton httopajă se èna kai mìno Ĺtomo.

Sth sunèqeia jewrăsame ton httopajă wc sÔnolo ekeÐnwn twn atìmwn me

6.5. PlaÐsia kai H(@) 71

èlleiyh autosebasmoÔ. EmeÐc, ìmwc, jèloume kĹti epiplèon. Th dèsmeush, ton qarakthrismì, to markĹrisma sugkekrimènou atìmou, na tou bĹloume thn etikèta tou anexÐthla autopajă. Autì kĹnei o desmeutăc. ↓ x.¬ < Respect > x O ikanopoihtăc metablhtÿn @_xφ ìmoia lèei: păgaine ston kìsmome thn etikèta x kai dec an ikanopoieÐtai h prìtash φ.

ParĹdeigma 6.4.2 OrÐzoume kajhsuqastikì politikì ekeÐnon pou se ìpoion kai an milĹ, kanènac den ton empisteÔetai.

↓ x. (kajhsuqastikìc ∧∀y ( <MilĹ ston> y → ¬@_y <EmpistosÔnh> x).

ParĹdeigma 6.4.3 Orismìc tou sumbìlou U thc qronikăc metablhtăc.

Until(φ, ψ) =↓ x(⋄ ↓ y(φ ∧ @_x□(⋄y → ψ))) Dhladă: Onìmase thn paroÔsa jèsh, katĹstash x. Anazhtÿntac se epìmenec katastĹseic brÐskoume katĹstash me etikèta y sthn opoÐa isqÔei h prìtash φ, kai kĹje katĹstash anĹmesa sto x kai to y ikanopoieÐ to ψ. Prosoqă: H qrăsh tou @_x eÐnai gia na xekinăsoume apì ekeÐ pou arqÐsame.

’Ola mazÐ

WFF := x | i | p | ¬φ | φ → ψ | □φ | ⋄φ | @_iφ | @_xφ |↓ xφ | ∃xφ | ∀xφ. 6.5 PlaÐsia kai H(@)

Ta onìmata katastĹsewn i ∈ NOM parèqoun th dunatìthta na ekfrĹsoume eÐdh plaisÐwn. Gnăsioi tÔpoi ubridikăc logikăc eÐnai ekeÐnec oi protĹseic pou perièqoun apokleistikĹ onìmata katastĹsewn.

– AutopĹjeia: @_i⋄i (Reflexivity)

– SummetrÐa: @_i□ ⋄ i (Symmetry) – Metabatikìthta: ⋄ ⋄ i → ⋄i (transitivity) – AitiokratÐa: ⋄i → □i (Determinism) – Puknìthta: ⋄i → ⋄ ⋄ i (Density) AitiokratÐa shmaÐnei ìti kĹje katĹstash èqei to polÔ ènan apìgono. OrÐzontai wstìso kai klĹseic plaisÐwn oi opoÐec den ekfrĹzontai se tropikă logikă:

– Mh autopĹjeia:@_i¬ ⋄ i (Irreflexivity) – AsummetrÐa: @_i¬ ⋄ ⋄i (Asymmetry) – AntisummetrÐa: @_i□(⋄i → i) (Antisymmetry) – Kajolikìthta: ⋄i (Universality) – Mh metabatikìthta: ⋄ ⋄ i → ¬ ⋄ i (Intransitivity) – TriqotomÐa: @_i⋄i ∨ @_ji ∨ @_i⋄j (Trichotomy) – ≤ 2 KatastĹseic: @_i(¬j ∧ ¬k) → @_j k

Tic parapĹnw idiìthtec mporoÔme na tic orÐsoume kai me qronikoÔc sundèsmouc:

– F : se mellontikă stigmă.

– < P >: se stigmă tou pareljìntoc. – [F ] : gia kĹje mellontikă stigmă. – [P ] : gia kĹje stigmă tou pareljìntoc.

@_i¬⟨F⟩i ∀x¬(xR_F x) (Irreflexivity) @_i¬⟨F⟩⟨F⟩i ∀xy(xR_F y → ¬yR_F x) (Asymmetry) @_i[F](⟨F⟩i → i) ∀xy(xR_F y ∧ yR_F x → x = y) (Antisymmetry) ⟨F⟩⟨F⟩i → ⟨F⟩i ∀xyz(xR_F y ∧ yR_F z → xR_F z) (Transitivity) ⟨F⟩i → ⟨F⟩⟨F⟩i ∀xy(xR_F y → ∃z(xR_F z ∧ zR_F y) (Density) @_i⟨F⟩j ∨ @_ij ∨ @_j ⟨F⟩i ∀xy(xR_F y ∨ x = y ∨ yR_F z) (Trichotomy)

Stouc orismoÔc afăsame tic sqèseic R_F kai R_P aìristec. OrÐzoume thn R_F (se plaÐsio grammikăc diĹtaxhc), wc th mellontikă exètash protĹsewn kai thn R_P wc exètash tou pareljìntoc. Oi ènnoiec pareljìn kai mèllon èqoun ènnoia efìson milĹme gia grammikì qrìno.

6.6 UbridikĹ Tamplì Tableau

To parakĹtw sÔsthma tamplì ubridikăc logikăc eÐnai anĹlogo tou sustămatoc Gentzen.

@_s¬φ ¬@_sφ^{[¬]} ¬@_s¬φ @_sφ^{[¬¬]}

@_s(φ ∧ ψ) @_sφ^{[∧]} ¬@_s(φ ∧ ψ) ¬@_sφ | ¬@_sψ^{[¬∧]} @_sψ

@_s@_tφ @_tφ^{[@]}

¬@_s@_tφ ¬@_tφ^{[¬@]} @_s⋄φ @_s⋄a^{[⋄]} ¬@_s⋄φ @_s⋄t ¬@_tφ^{[¬⋄]} @_aφ @_s□φ @_s⋄t @_tφ^{[□]} ¬@_s□φ @_s⋄a^{[¬□]} ¬@_aφ

H kentrikă idèa twn apodeiktikÿn mhqanismÿn thc ubridikăc logikăc eÐnai h Ôparxh automĹtou to opoÐo exereuneÐ èna grĹfo pou to kataskeuĹzei to Ðdio. Dhladă h analogÐa metaxÔ kataskeuăc grĹfou apì to autìmato kai thc apìdeixhc protĹsewn se ubridikì montèlo eÐnai :

– H kataskeuă kìmbwn antistoiqeÐ sthn onomasÐa kìsmwn apì to sÔnolo NOM.

– H kataskeuă akmÿn antistoiqeÐ ston kajorismì sqèsewn metaxÔ twn kìsmwn apì to sÔnolo R.

Prosoqă :

– s, t dedomèna onìmata katastĹsewn.

– α ìnoma katĹstashc pou kataskeuĹzetai apì to autìmato. Oi prohgoÔmenoi kanìnec exasfalÐzoun ton trìpo sÔndeshc twn kìsmwn. EntoÔtoic prèpei na diaqeiristoÔme thn isìthta metaxÔ twn kìsmwn. ’Ara, èstw kai to deÔtero sÔnolo kanìnwn:

[s se kladÐ]

@_ss^{[Ref]}

@_ts @_st^{[Sym]}

@_st @_tφ @_sφ^{[Nom]}

@_s⋄t @_tt^′ @_s⋄t^{′ [Bridge]}

ApodeÐxeic me tamplì shmaÐnei:

– ApodeiknÔoume protĹseic, arqikĹ diayeÔdontac, qrhsimopoioÔme touc prohgoÔmenouc kanìnec me skopì thn anĹdeixh antÐfashc.

– ’Estw ìti jèloume na apodeÐxoume thn prìtash φ. Epilègoume ìnoma i tètoio ÿste na mhn eÐnai ìnoma katĹstashc pou prokÔptei sthn prìtash φ. – RÐza dèntrou ¬@_iφ

ParadeÐgmata thc HL(@)

ParĹdeigma 6.6.1 ApodeÐxte thn prìtash : ¬@_j (⟨hor⟩⟨vert⟩(i ∧ p) ∧ ⟨diag⟩i → ⟨diag⟩p) Sto parĹdeigma autì qrhsimopoioÔme treic tropikoÔc sundèsmouc pou èqoun kai thn antÐstoiqh gewmetrikă ermhneÐa wc proc ton kìsmo me to ìnoma i:

– ⟨hor⟩: orizìntia – ⟨vert⟩: kĹjeta – ⟨diag⟩: diagÿnia

6.6. UbridikĹ Tamplì Tableau 75

1 ¬@_j(⟨hor⟩⟨vert⟩(i ∧ p) ∧ ⟨diag⟩i → ⟨diag⟩p) 2 @_j(⟨hor⟩⟨vert⟩(i ∧ p) ∧ ⟨diag⟩i) 1, ¬→ 2^′ ¬@_j⟨diag⟩p Ditto 3 @_j⟨hor⟩⟨vert⟩(i ∧ p) 2, ∧ 3^′ @_j⟨diag⟩i Ditto 4 @_j⟨hor⟩k 3, ⟨hor⟩ 4^′ @_k⟨vert⟩(i ∧ p) Ditto 5 @_k⟨vert⟩l 4^′, ⟨vert⟩ 5^′ @_l(i ∧ p) Ditto 6 @_li 5^′, ∧ 6^′ @_lp Ditto 7 @_il 6, Sym 8 @_ip 6^′, 7, Nom 9 ¬@_ip 2^′, 3^′, ¬⟨diag⟩ † 8, 9 †

– Sthn arqă qrhsimopoiăsame to ìnoma kìsmou j antÐ gia to i. – To parĹdeigma autì èqei gewmetrikă ermhneÐa efìson mporoÔme na ekfrĹsoume thn apìdeixh thc prìtashc me autìmato pou kineÐtai sto qÿro ìpwc dhlÿnoun oi tropikoÐ sÔndesmoi. OmoÐwc kai h kataskeuă twn kìsmwn.

AkoloujeÐ èna tupikì parĹdeigma:

ParĹdeigma 6.6.2 ApodeÐxte thn prìtash :

@_ij → (@_jφ → @_iφ)

1 ¬@_k(@_ij → (@_jφ → @_iφ)) 2 @_k@_ij 1, ¬→ 2^′ ¬@_k(@_j φ → @_iφ) Ditto 3 @_ij 2, @ 4 @_k@_jφ 2^′, ¬→ 4^′ ¬@_k@_iφ Ditto 5 @_j φ 4, @ 6 ¬@_iφ 4^′, ¬@ 7 @_iφ 3,5 Nom † 6, 7 †

¬@_k(@_ij → (@_jφ → @_iφ))

¬@_k(@_jφ → @_iφ) @_k@_ij

@_k@_jφ ¬@_k@_iφ @_ij

@_jφ ¬@_iφ

ParadeÐgmata thc HL(@, ↓)

Gia to desmeută prosjètoume Ĺllouc duo kanìnec:

@_s↓ xφ @_sφ[s/x]^{[↓]} ¬@_s↓ xφ ¬@_sφ[s/x]^{[¬ ↓]} φ[s/x] : AntikatĹstash twn eleÔjerwn emfanÐsewn tou x apì to s sto φ. An s metablhtă, prin thn antikatĹstash, prèpei na allĹxoume tic desmeumènec emfanÐseic thc s sto φ gia apofugă sugkroÔsewn.

O desmeutăc eÐnai duadikìc, dhladă: ↓ xφ ↔ ¬ ↓ x¬φ To parapĹnw ja to apodeÐxoume me th boăjeia tou ubridikoÔ sustămatoc. Ja doulèyoume mìno me th mia kateÔjunsh, ìmoia apodeiknÔetai kai h Ĺllh. 1 ¬@_i↓ xφ ↔ ¬ ↓ x¬φ 2 @_i↓ xφ 1, ¬→ 2^′ ¬@_i¬ ↓ x¬φ Ditto 3 @_i↓ x¬φ 2^′, ¬¬ 4 @_i¬φ[i/x] 4, ↓ 5 @_i¬φ[i/x] 3, ↓ † 4, 5 †

ParĹdeigma 6.6.3 ApodeÐxte thn prìtash: ↓ xx

1 ¬@_i↓ xx 2 ¬@_ii 1, ↓ 3 ¬@_ii Ref † 2, 3 †

ParadeÐgmata, ìla mazÐ

Qrhsimopoiÿntac posodeÐktec prèpei na prosjèsoume epiplèon kanìnec:

@_s∃xφ @_sφ[α/x]^{[∃]} ¬@_s∃xφ ¬@_sφ[t/x]^{[¬∃]} @_s∀xφ @_sφ[t/x]^{[∀]} ¬@_s∀xφ ¬@_sφ[α/x]^{[¬∀]}

Oi parapĹnw kanìnec ja diasafhnistoÔn me ta parakĹtw paradeÐgmata:

ParĹdeigma 6.6.4 ApodeÐxte thn prìtash: ∀x(φ → ψ) → (φ → ∀xψ) ìtan h x den emfanÐzetai eleÔjerh sthn φ

78 KefĹlaio 6. Ubridikă Logikă

1 ¬@_i(∀x(φ → ψ) → (φ → ∀xψ)) 2 @_i∀x(φ → ψ) 1, ¬→ 2^′ ¬@_i(φ → ∀xψ) Ditto 3 @_iφ 2^′, ¬ → 3^′ ¬@_i∀xψ Ditto 4 ¬@_i¬ψ[j/x] 3^′, ¬∀ 5 (@_iφ → ψ)[j/x] 2, ∀ 6 ¬@_iφ[j/x] @_iψ[j/x] 6, → † 3, 6 † † 4, 6 †

ParĹdeigma 6.6.5 ApodeÐxte thn prìtash: ⋄∃xφ → ∃x ⋄ φ 1 ¬@_i(⋄∃xφ → ∃x ⋄ φ) 2 @_i⋄∃x 1, ¬→ 2^′ ¬@_i∃x ⋄ φ Ditto 3 @_i⋄j 2, ⋄, j 3^′ @_j∃xφ Ditto 4 @_jφ[j/x] 3^′, ∃, k 5 ¬@_j⋄φ[k/x] 2^′, ¬∃, k 6 ¬@_jφ[k/x] 3, 5, ¬⋄ † 4, 6 †

6.7 Ubridikă Taxinìmhsh

H ubridikă logikă eÐnai endiafèrousa gia touc epiplèon lìgouc:

– EÐnai prĹgmati ubridikă. Dhladă, apoteleÐ diastaÔrwsh afenìc twn prwtobĹjmiwn logikÿn afetèrou twn tropikÿn logikÿn. H onomasÐa twn kìsmwn apoteleÐ, Ðswc, idiorrujmÐa allĹ h epilogă dikaiÿnetai efìson prokÔptoun: elkustikă poluplokìthta, safèc apodeiktikì sÔsthma kai xekĹjarh kataskeuă montèlwn. Edÿ ac shmeiÿsoume ìti oi protĹseic pou apoteloÔntai mìno apì ton ikanopoihtă kai onìmata kìsmwn

6.7. Ubridikă Taxinìmhsh 79

lègontai gnăsiec ă aujentikèc protĹseic ubridikăc logikăc. Tìte, an oi gnăsiec protĹseic qrhsimopoihjoÔn wc axiÿmata orÐzoun eÐdh plaisÐwn ìpwc ekeÐna thc tropikăc logikăc.

– EÐnai koinìc tìpoc. Ereunhtèc diaforetikÿn pedÐwn èqoun koinì tìpo thn ubridikă logikă. KalÔtera, ephreĹzoun thn telikă thc morfă. AllĹ kurÐwc ekeÐno pou enÿnei ta episthmonikĹ pedÐa ìpwc thc Teqnhtăc NohmosÔnhc, twn BĹsewn Dedomènwn, Majhmatikÿn, AlgorÐjmwn kai Poluplokìthtac eÐnai h qrăsh grĹfwn. GrĹfoi, diĹgramma katastĹsewn, autìmata, ubridikă logikă kai genikìtera tropikă logikă apoteloÔn qÿro miac koinwnikăc (social) episthmonikăc sunĹnthshc.

– Parèqei taxinìmhsh thc plhroforÐac. Sthn teqnhtă nohmosÔnh h gnÿsh ìti sugkekrimènh idiìthta, metablhtă, eÐnai mèroc ă sqetÐzetai me mia Ĺllh plhroforÐa, parèqei apotelesmatikìtera sustămata gnÿshc. ’Hdh sthn ubridikă logikă diapistÿsame mia stadiakă taxinìmhsh twn protasiakÿn sumbìlwn me to sÔnolo twn onomĹtwn. Enÿ to sÔmbolo tou ikanopoihtă @ parèqei plărec kai sunepèc sumperasmatikì sÔsthma. H ubridikă logikă anăkei sthn kathgorÐa twn sorted modal logics.

ParĹdeigma 6.7.1 O Patrick Blackburn parousiĹzei qronikă tropikă logikă me polu-taxinìmhsh twn qronikÿn diasthmĹtwn wc proc th diĹrkeiĹ touc (deuterìlepta, leptĹ, ÿrec, qrìnia,...).

⟨P⟩(3.05∧P.M.∧Friday∧26th∧March∧1999∧O GiĹnnhc trĹbhxe th skandĹlh )

Sunepÿc to gegonìc O GiĹnnhc trĹbhxe th skandĹlh eÐnai qronikĹ kajorismèno. H diaforĹ me ta prohgoÔmena eÐnai ìti edÿ to qronikì diĹsthma den eÐnai qronikă stigmă, p.q. èna i. AllĹ seirĹ stoiqeÐwn pou kajorÐzoun telikĹ th stigmă tou gegonìtoc. Parìmoia taxinìmhsh eÐnai kai h qrăsh ennoiÿn thc : tÿra, qtec, sămera kai aÔrio.

⟨P⟩(Yesterday ∧ Marvin’s-head-explode).

To gegonìc ìti taxinomoÔme ta protasiakĹ sÔmbola, Ĺra èqoume kathgorÐec protĹsewn, shmaÐnei thn exasfĹlish thc shmasiologikăc egkurìthtac thc glÿssac. Sto prohgoÔmeno parĹdeigma prèpei na exasfalisteÐ ìti: ⟨F⟩(yesterday∧ φ) eÐnai yeudèc se kĹje katĹstash tou montèlou, efìson to yesterday anăkei sto pareljìn kai mìno.

ParĹdeigma 6.7.2 Se efarmogèc pou èqoun parĹmetro thn ènnoia tou qrìnou eÐnai merikèc forèc qrăsimo na bebaiÿnoume ìti èna gegonìc ja sumbaÐnei se ìla ta mellontikĹ qronikĹ monopĹtia. Autì den mporeÐ na gÐnei me ta sÔmbola ⟨P⟩, ⟨F⟩ kai @. O R. Bull èluse to parapĹnw prìblhma me peraitèrw taxinìmhsh. ’Ejese thn exăc triplĹ taxinomhmènh glÿssa:

Ektìc apì ta protasiakĹ sÔmbola kai ta onìmata twn kìsmwn prostèjhkan onìmata monopatiÿn kai atomikèc protĹseic pou ikanopoioÔntai se sugkekrimèna shmeÐa enìc monopatioÔ dedomènou plaisÐou. Sunepÿc h prìtash upĹrqei mellontikă katĹstash ìpou h φ ikanopoieÐtai gia kĹje mèllon ekfrĹzetai me tropikă logikă:

⟨every-fut⟩φ := ∀ρ(ρ → ⟨F⟩∃x(x ∧ ρ ∧ φ)).

– To ρ eÐnai ìnoma monopatioÔ.

– To x eÐnai desmeumèno ìnoma katĹstashc.

Sunepÿc h prohgoÔmenh prìtash lèei: Se kĹje monopĹti ρ xekinÿntac apì thn trèqousa katĹstash, upĹrqei mellontikă katĹstash x ìpou h prìtash φ ikanopoieÐtai.

6.8 AxiwmatikopoÐhsh

’Estw φ kai ψ tÔpoi (fìrmoulec), v metablhtă katĹstashc, c ìnoma (nominal), kai èstw s, t sÔmbola katastĹsewn. H ubridikă glÿssa K[H_s(@, ↓)] eÐnai to mikrìtero sÔnolo protĹsewn thc H_s(@, ↓)] pou: perièqei ìlec tic protasiakèc tautologÐec, eÐnai kleistă stouc apodeiktikoÔc kanìnec kai èqei

6.8. AxiwmatikopoÐhsh 81

to parakĹtw axiwmatikì sÔsthma: MP ⊢ φ → ψ, ⊢ φ ⇒ ⊢ ψ K □(φ → ψ) → (□φ → □ψ) N ⊢ φ ⇒ ⊢ □φ Q_1 ↓ v.(φ → ψ) → (φ →↓ v.ψ) To φ den èqei eleÔjerec emfanÐseic tou v Q_2 ↓ v.φ → (s → φ[v/s]) To s eÐnai antikatastĹsimo apì to v sthnφ Q_3 ↓ v.(v → φ) → ↓ v.φ SelfDual_↓ ↓ v.φ ↔ ¬ ↓ v.¬φ N_↓ ⊢ φ ⇒⊢ ↓ v.φ K_@ @_s(φ → ψ) → (@_sφ → @_sψ) SelfDual_@ @_sφ ↔ ¬@_s¬φ Elim_@ (s ∧ @_sφ) → φ Label @_ss Scope @_t@_sφ → @_sφ N_@ ⊢ φ ⇒⊢ @_sφ M_@ @_sφ → □@_sφ Naming ⊢ φ → ¬c ⇒⊢ φ →⊥ c ∉ NOM(φ) P aste ⊢ φ → @_s□(ψ → ¬c) ⇒⊢ φ → @_s□(ψ →⊥) s ∉ NOM({φ, ψ, c})

Jeÿrhma 6.8.1 ’Estw S sÔnolo gnăsiwn protĹsewn thc H_S (@, ↓) kai èstw S epèktash thc K[H_s(@, ↓)] pou proèkuye jètontac to S wc axiÿmata. Tìte, kĹje sunepèc sÔnolo S protĹsewn thc H_s(@, ↓) eÐnai ikanopoiăsimo se aparijmăsimo ubridikì montèlo, sÔmfwna me to plaÐsio ekeÐno sto opoÐo kĹje tÔpoc thc S eÐnai ègkuroc.

.

KefĹlaio 7

Ubridikă Suzăthsh

7.1 Eisagwgă

H ubridikă logikă den paÔei na eÐnai tropikă logikă. ’Ara o orismìc thc amfiprosomoÐwshc prèpei na allĹxei. EpÐshc den paÔei na eÐnai kai prwtobĹjmia glÿssa efìson qrhsimopoieÐ metablhtèc. Sunepÿc o orismìc thc amfiprosomoÐwshc ja prèpei na qrhsimopoiăsei afenìc tic metablhtèc afetèrou kai thn epÐdrash twn nèwn sundèsmwn(p.q. desmeutăc) ston orismì.

H exètash sugkekrimènwn idiotătwn pou se Ĺllec logikèc den ikanopoioÔntai eÐnai epÐshc shmantikă. Duo idiìthtec pou ja exetĹsoume eÐnai ekeÐnh thc parembolăc (katĹ Craig) kai thc orisimìthtac katĹ Beth.

Tèloc ja exetĹsoume thn poluplokìthta thc ubridikă logikăc. SumperilambĹnontai epÐshc kai paradeÐgmata efarmogăc twn ubridikÿn logikÿn.

7.2 Ubridikă ProsomoÐwsh

XekinĹme me thn ubridikă logikă h opoÐa diajètei onìmata kai ìqi ton ikanopoihtă, kai ta prĹgmata eÐnai aplĹ. O orismìc thc amfiprosomoÐwshc tropopoieÐtai prokeimènou na qrhsimopoiăsei ta onìmata wc xeqwristì atomikì sÔnolo protĹsewn.

’Estw M= (M, R^M, V^M) kai N = (N, R^N , V^N ) duo ubridikĹ montèla. H mh kenă duadikă sqèsh ∼ lègetai amfiprosomoÐwsh metaxÔ twn duo montèlwn M kai N efìson ikanopoioÔntai oi parakĹtw protĹseic/sunjăkec:

1. (prop) An m ∼ n tìte m ∈ V^M(α) an kai mìno an n ∈ V^N (α), ìpou α ∈ P ROP ∪ NOM 2. (tou mprostĹ) An m ∼ n kai mR^Mm^′ tìte upĹrqei ∃n^′ tètoio ÿste nR^Mn^′ kai m^′ ∼ n^′ .

3. (tou pÐsw) H Ðdia prìtash apì to N sto M.

DiaisjhtikĹ qrhsimopoiÿntac ta paiqnÐdia twn Ehrenfeucht-Fraïssé parathroÔme ìti h amfiprosomoÐwsh eÐnai h diadikasÐa ìpou o ènac paÐkthc epilègei montèlo kai kìsmo kai o Ĺlloc paÐkthc epilègei kìsmo o opoÐoc ikanopoieÐ tic Ðdiec sunjăkec me ton kìsmo tou prÿtou paÐkth. BebaÐwc sthn ubridikă logikă èqoume kĹti epiprìsjeto: oi duo kìsmoi prèpei na èqoun to Ðdio ìnoma ă kalÔtera ìsa onìmata dhlÿnoun touc kìsmouc tou prÿtou paÐkth na qarakthrÐzoun kai touc kìsmouc tou Ĺllou paÐkth.

AmfiprosomoÐwsh thc HL(@)

DiaisjhtikĹ h Ôparxh tou ikanopoihtă, paÐzontac me Ehrenfeucht-Fraïssé paiqnÐdi, den allĹzei tÐpota. Kai autì diìti o ikanopoihtăc aplĹ mac metakineÐ apì trèqon kìsmo se Ĺllon kìsmo. An dhladă ta duo montèla eÐnai isodÔnama, èqoun dhladă thn idiìthta thc amfiprosomoÐwshc, tìte me to sÔndesmo @ ja eÐnai pĹli isodÔnama. Gia na eÐmaste tupikoÐ ìmwc prèpei na prosjèsoume ton kanìna @, o opoÐoc dhlÿnei ìti duo kìsmoi eÐnai ìmoioi efìson qÿria twn upoloÐpwn èqoun upì to @ to Ðdio akribÿc onìma.

H mh kenă duadikă sqèsh ∼ lègetai amfiprosomoÐwsh metaxÔ twn duo montèlwn M kai N efìson ikanopoioÔntai oi parakĹtw protĹseic/sunjăkec:

1. (prop) An m ∼ n tìte m ∈ V^M(α) an kai mìno an n ∈ V^N (α), ìpou α ∈ P ROP ∪ NOM 2. (tou mprostĹ) An m ∼ n kai mR^Mm^′ tìte upĹrqei ∃n^′ tètoio ÿste nR^N n^′ kai m^′ ∼ n^′ .

3. (tou pÐsw) H Ðdia prìtash apì to N sto M.

4. (@) An m ∼ n tìte gia kĹje ìnoma i èqoume V^M(i) = {m} kai V^N (i) = {n}. ’Iswc, gia ton prohgoÔmeno orismì, eÐnai kalÔtera na lème gia opoiodăpote ìnoma i antÐ gia kĹje ìnoma i , tonÐzontac to gegonìc ìti kĹje ìnoma gia ton kìsmo m prèpei na qarakthrÐzei kai ton kìsmo n. Den eÐnai anĹgkh ìla ta onìmata na anafèrontai se ènan mìno kìsmo. ’Iswc ton kanìna prèpei na to diabĹzoume: Efìson oi duo kìsmoi eÐnai isodÔnamoi, tìte gia kĹje ìnoma tou kìsmou w upĹrqei to Ðdio ìnoma kai gia ton kìsmo n. ArkeÐ dhladă ìsa onìmata anafèrontai ston kìsmo m na dhlÿnontai kai ston n. EpÐshc, de qrhsimopoioÔme thn antÐstrofh diatÔpwsh tou kanìna @ efìson o ikanopoihtăc eÐnai duadikìc. ParakĹtw dÐnetai sta agglikĹ h prìtash tou kanìna @ ÿste o anagnÿsthc na èqei kalÔterh eikìna:

(@) For all nominals i, if V^M(i) = {m} and V^N (i) = {n}, then m ∼ n

AmfiprosomoÐwsh thc HL(@, ↓)

H qrăsh desmeută sthn ubridikă glÿssa shmaÐnei kai thn tautìqronh qrăsh twn katastĹsewn wc metablhtÿn. Wc metablhtÿn dhladă pou orÐzoun to trèqon kìsmo ă katĹstash me mia epiplèon idiìthta. Oi metablhtèc wstìso sthn amfiprosomoÐwsh dhlÿnoun kĹti polÔ shmantikì: thn metakÐnhsă mac apì ta paiqnÐdia twn Ehrenfeucht-Fraïssé se ekeÐna twn Pebble Games.

’Estw ìti duo ubridikĹ montèla M kai N . Ac ta fantastoÔme wc grĹfouc. Stic korufèc kĹje grĹfou upĹrqoun eÐte atomikèc protĹseic eÐte sÔnjetec protĹseic ubridikăc logikăc. Sunepÿc, ìpwc sunhjÐzetai sthn ubridikă logikă an orÐsoume mia idiìthta me atomikèc protĹseic tìte eÔkola th diatupÿnoume kai gia tic sÔnjetec protĹseic.

KatĹ ton gnwstì orismì èqoume duo paÐktec kai peperasmèno sÔnolo apì zeÔgh metablhtÿn. Dhladă o prÿtoc paÐkthc epilègei grĹfo (montèlo dhladă) kai paÐzei th metablhtă se kìsmo tou grĹfou. O deÔteroc paÐkthc prospajeÐ na apantăsei epilègontac kìsmo tou Ĺllou grĹfou, me tic Ðdiec idiìthtec me ekeÐnec tou kìsmou tou prÿtou paÐkth. Edÿ bebaÐwc oi idiìthtec eÐnai atomikèc ă sÔnjetec protĹseic. Sunepÿc an to paiqnÐdi de stamatĹ tìte oi duo grĹfoi eÐnai isodÔnamoi kai perigrĹfontai me k metablhtèc. ’Omwc, efìson oi grĹfoi eÐnai ubridikĹ montèla eÐnai isodÔnama wc proc k metablhtèc.

’Ara petÔqame autì pou jèlame: Na dÿsoume sta ubridikĹ montèla, Ĺra kai sthn ubridikă logikă, prwtobĹjmia ekfrastikìthta. Tèloc ac shmeiwjeÐ ìti h topojèthsh metablhtăc se korufă isodunameÐ me th qrăsh tou desmeută. Autì ătan mia diaisjhtikă prosèggish.

DouleÔontac me amfiprosomoÐwsh prèpei na prosjèsoume stouc ădh orismoÔc eidikoÔc kanìnec gia tic metablhtèc, ton ikanopoihtă twn metablhtÿn kai to desmeută metablhtÿn. Oi orismoÐ qwrÐzontai se duo kathgorÐec. Se peperasmèno sÔnolo kai se Ĺpeira arijmăsimo metablhtÿn. ArqikĹ parajètoume touc orismoÔc kai èpeita sqoliĹzoume merikĹ shmeÐa.

Orismìc 7.2.1 AmfiprosomoÐwsh k kinăsewn: ’Estw M kai N ubridikĹ montèla. ’Estw^k∼ duadikă sqèsh metaxÔ (^kM, M) kai (^kN , N ). Tìte to^k∼ sqetÐzei thn akoloujÐa ((m_1, ..., m_k), m) me thn akoloujÐa ((n_1, ..., n_k), n). Ja grĹfoume tic akoloujÐec wc exăc: (m, m). To m jewreÐtai aponomă kìsmwn stic metablhtèc: (x_1, ..., x_k). Mh kenă sqèsh^k∼ kaleÐtai amfiprosomoÐwsh k kinăsewn an kai ikanopoieÐ tic akìloujec sunjăkec:

– (prop) An (m, m)^k∼ (n, n) tìte m ∈ V^M(α) an kai mìno an n ∈ V^N (α), ìpou α ∈ P ROP ∪ NOM – (tou mprostĹ) An (m, m)^k∼ (n, n) kai mR^Mm^′ tìte upĹrqei ∃n^′ tètoio ÿste nR^N n^′ kai m^′ ∼^k n^′ .

– (tou pÐsw) H Ðdia prìtash apì to N sto M.

– (@) An (m, m)^k∼ (n, n) tìte gia kĹje ìnoma i ∈ NOM, an m^′ ∈ V^M(i) kai n^′ ∈ V^N (i) tìte (m, m^′ )^k∼ (n, n^′ ) kai gia j ≤ k (m, m_j )^k∼ (n, n_j)

– (↓) An (m, m)^k∼ (n, n) tìte gia j ≤ k (m^{xj}m , m)^k∼ (n^{xj}n , n)

– (var) An (m, m)^k∼ (n, n) tìte (m, m)^k∼ (n, n) tìte gia j ≤ k m_j = m an kai mìno an n_j = n

An den èqoume periorismì metablhtÿn tìte upĹrqei amfiprosomoÐwsh ω kinăsewn.

Orismìc 7.2.2 AmfiprosomoÐwsh ω kinăsewn: ’Estw M kai N ubridikĹ montèla. H amfiprosomoÐwsh ω kinăsewn metaxÔ twn montèlwn M kai N eÐnai oikogèneia (sÔnolo) amfiprosomoiÿsewn k kinăsewn pou ikanopoioÔn th sunjăkh:

store: An (m, m)^k∼ (n, n) tìte (m ∗ m, m)^{k+1}∼ (n ∗ n, n)

To sÔmbolo (m ∗ m, m) dhlÿnei thn allhlouqÐa metaxÔ twn m kai m.

SqoliĹzontac touc parapĹnw orismoÔc shmeiÿnoume:

– O kanìnac var exasfalÐzei ìti duo kìsmoi eÐnai isodÔnamoi ìtan na èqoun tic Ðdiec anajèseic metablhtÿn. Dhladă, an sto kìsmo m dhlÿjhkan oi metablhtèc x_1, x_2, oi Ðdiec metablhtèc prèpei na èqei kai o kìsmoc n.

– O kanìnac ↓ exasfalÐzei ìti h metablhtă x_j markĹretai ston kìsmo m. – To sÔmbolo (m, m) dhlÿnei ìti xekinĹme ă xekinăsame to bebble game apì to kìsmo m kai oi metablhtèc x_1, ..., x_k dhlÿnoun antÐstoiqa (èqoun topojethjeÐ) touc kìsmouc m_1, ..., m_k. Qrhsimopoiÿntac loipìn to sÔmbolo @ metakinoÔmaste apì ènan kìsmo se Ĺllon, qwrÐc na mac endiafèrei Ôparxh metĹbashc metaxÔ twn duo kìsmwn. To mìno pou prèpei na exasfalisteÐ eÐnai ìti an metaboÔme ston kìsmo m^′ ∈ M tìte gia n^′ ∈ N prèpei oi duo kìsmoi na eÐnai isodÔnamoi. Epeidă to @qrhsimopoieÐtai afenìc gia onìmata katastĹsewn afetèrou gia metablhtèc katastĹsewn èpetai ìti kai o orismìc ja qwrÐzetai se duo mèrh. To èna gia ta onìmata to Ĺllo gia tic metablhtèc.

– O kanìnac store apoteleÐ kanìna epèktashc metablhtÿn. An èqoume k metablhtèc qrhsimopoioÔme k + 1 metablhtèc, topojetÿntac th nèa metablhtă sto trèqon kìsmo m ă se kĹpoion Ĺllo tou montèlou. H idèa eÐnai aplă. Efìson duo montèla eÐnai isodÔnama kai h shmasiologikă ermhneÐa thc metablhtăc eÐnai na markĹroume ènan kìsmo me mia idiìthta, tìte qrhsimopoiÿntac nèa metablhtă sÔmfwna me to parapĹnw skeptikì arkeÐ na exasfalÐsoume ìti desmeÔontac ton kìsmo m^′ ∈ M prèpei na desmeÔsoume isodÔnamo kìsmo n^′ ∈ N . O kìsmoc n^′ upĹrqei efìson èqei prohghjeÐ isodunamÐa metaxÔ twn k metablhtÿn. Ston orismì eÐdame ìti h nèa metablhtă dèsmeuse ton kìsmo m.

BebaÐwc, ìpwc kai stic tropikèc logikèc, h amfiprosomoÐwsh sqetÐzetai kai exhgeÐ apotelèsmata poluplokìthtac kai diatărhshc thc alăjeiac. H amfiprosomoÐwsh, sunepÿc, bohjĹ sthn kataskeuă montèlwn.

Ubridikă Alăjeia

– An M^k∼ N to^k∼ orÐzetai sto sÔnolo P ROP ∪NOM, tìte gia ìlec tic protĹseic φ ∈ H_S(@_,↓) thc upografăc < REL, P ROP, NOM, {x_1, ..., x_k} >, (m, m)^k∼ (n, n) sunepĹgetai: M, m, m |= φ ⇔ N , n, n |= φ – An (M, m)^ω∼ (N , n) to^ω∼ orÐzetai sto sÔnolo P ROP ∪ NOM, tìte gia ìlec tic protĹseic φ ∈ H_S (@, ↓) thc upografăc < REL, P ROP, NOM, SV AR >, (m, m)^ω∼ (n, n) sunepĹgetai: M, m |= φ ⇔ N , n |= φ Tèloc, kĹti tupografikì. To sÔmbolo H_S sumbolÐzei ubridikă glÿssa me x_1, ..., x_n ∈ SV AR. OmoÐwc to H_N dhlÿnei ubridikă glÿssa me onìmata tou sunìlou NOM.

7.3 Craig Parembolă kai Beth (prosdi)orisimìthta

Oi epidiÿxeic sou ìtan asqoleÐsai me logikă eÐnai safeÐc: ekfrastikìthta thc logikăc glÿssac, kală sumperiforĹ tou apodeiktikoÔ sustămatoc to legìmeno well behaved tou Fitting kai bebaÐwc h diatărhsh basikÿn idiotătwn ìpwc ekeÐno thc orisimìthtac katĹ Beth kai h parembolă katĹ Craig.

Nìmoc 0 − 1 (nìmoc tou mhdèn kai tou èna) logikÿn me qrăsh diakritoÔ plăjouc metablhtÿn, orismoÐ thc parembolăc katĹ Craig kai thc orisimìthtac katĹ Beth afenìc gia tic prohgoÔmenec logikèc afetèrou gia thn ubridikă logikă apoteloÔn th jematologÐa thc paragrĹfou.

Nìmoc tou 0 kai tou 1

Orismìc 7.3.1 ’Estw σ lexikì peperasmènwn kathgorhmatikÿn sumbìlwn, to kĹje sÔmbolo eÐnai dedomènou bajmoÔ. ’Estw C_n klĹsh ìlwn twn peperasmènwn domÿn orismènec sto σ ston kìsmo {1, 2, ..., n}.

To sÔmbolo μ_n orÐzetai sth klĹsh C_n kai eÐnai omoiìmorfa katanemhmèno. H qrăsh tou orÐzetai kalÔtera me parĹdeigma. Ac shmeiÿsoume ìmwc ìti μ_n(P ) ìpou P idiìthta orismènh tou lexikoÔ σ kai tou kìsmou {1, 2, ..., n} mètro ìlwn twn domÿn pou èqoun thn idiìthta P .

ParĹdeigma 7.3.1 ’Estw ìti to σ apoteleÐtai apì duadikì sqesiakì sÔmbolo E. ’Estw P h idiìthta: ∀x : ¬Exx. To P den ikanopoieÐtai sqedìn potè. Me Ĺlla lìgia, sqedìn kĹje tuqaÐoc grĹfoc ston opoÐo epitrèpontai kÔkloi èqei kÔklouc. TuqaÐoc grĹfoc eÐnai o grĹfoc oi korufèc tou opoÐou prokÔptoun me pijanìthta p. To sÔnolo grĹfwn me n korufèc kai pijanìthtac p sumbolÐzetai wc G(n, p). H pijanìthta na isqÔei to Eii eÐnai^1_2 . IsqÔei ă den isqÔei. Efìson loipìn èqoume n stoiqeÐa èpetai :^1_{2n} . ’Ara: n → ∞, μ_n(P ) = 1 2^n = 0 omoÐwc h idiìthta ìti èna montèlo (grĹfoc) èqei perittì arijmì kìmbwn, den ekfrĹzetai me prwtobĹjmia logikă.

H diaforĹ edÿ ènanti twn kefalaÐwn 2 kai 3 eÐnai ìti h adunamÐa èkfrashc den prokÔptei apì th mèjodo twn paiqnidiÿn allĹ apì èna mètro to μ. OusiastikĹ ìmwc o logismìc eÐnai o Ðdioc, se mia domă R èqoume R |= P kai R |= ¬P . Dhladă, to μ(P ) eÐnai eÐte mhdèn eÐte èna.

Jeÿrhma 7.3.1 O nìmoc 0 − 1 isqÔei gia tic logikèc L^ω_{∞ω} (Kolaitis-Vardi).

PrwtobĹjmiec suzhtăseic

H prìtash Z lègetai prìtash parembolăc thc X → Y ìtan afenìc ìla ta protasiakĹ sÔmbola kai oi parĹmetroi thc prìtashc Z emfanÐzontai kai sto X kai sto Y afetèrou eÐnai ègkurec oi protĹseic: X → Z kai Z → Y . Akribÿc autì diatupÿnei to jeÿrhma parembolăc tou Craig, dhlÿnei dhladă tic sunjăkec pou prèpei na ikanopoioÔntai gia thn Ôparxh thc parembolikăc prìtashc Z.

To protasiakì sÔmbolo p eÐnai parembolikă prìtash thc (p ∧ q) → (p ∨ q).

’Estw peperasmèno sÔnolo protĹsewn A qwrÐc paramètrouc. OnomĹzoume to sÔnolo autì prwtobĹjmia jewrÐa. Ta stoiqeÐa tou sunìlou A lègontai axiÿmata. GrĹfontac A ⊢ X dhlÿnoume ta parakĹtw:

– h prìtash X eÐnai alhjăc se ìlec tic ermhneÐec tou A. – upĹrqei kleistì tamplì gia to {A, ¬X}. – h seirĹ A → X eÐnai apodeÐximh.

– Prosjètontac ta mèlh tou A wc axiÿmata sto prwtobĹjmio sÔsthma X tìte to X eÐnai apodeÐximo.

To X lègetai jeÿrhma thc jewrÐac A ìtan isqÔei èstw kai mia apì tic parapĹnw protĹseic.

’Estw P, P_1, ..., P_n kathgorhmatikĹ sÔmbola pou emfanÐzontai sto A. EpÐshc to P eÐnai prÿthc tĹxhc. To P lègetai ìti eÐnai orismèno me safăneia(explicity) apì to P_1, ..., P_n sth jewrÐa A an upĹrqei prìtash φ(x) me eleÔjerh metablhtă x kai orismènh upì ta kathgorămata P_1, ..., P_n ìtan: A |= (∀x)(P (x) ↔ φ(x)) H prìtash φ(x) lègetai safăc orismìc thc P sto sÔnolo P_1, ..., P_n.

Lème ìti ta axiÿmata tou A orÐzoun epagwgikĹ to P apì ta P_1, ..., P_n ă ìti to P orÐzetai epagwgikĹ apì ta P_1, ..., P_n ìtan isqÔei h sunjăkh: epilègoume protasiakì sÔmbolo miac jèshc P^′ to opoÐo den prokÔptei sto A kai èstw A^′ na eÐnai to apotèlesma thc antikatĹstashc tou P^′ gia kĹje emfĹnish tou P sto A. Tìte P lègetai epagwgikĹ (implicity) orÐsimo apì ta P_1, ..., P_n sto A ìtan: A ∪ A^′ ⊢ (∀x)[P (x) ↔ P^′ (x)] EÐnai profanèc ìti an to A orÐzei me safăneia to P apì ta P_1, ..., P_n tìte orÐzei kai epagwgikĹ to P apì ta P_1, ..., P_n. ’Estw to P eÐnai safèc apì ta P_1, ..., P_n sto A. Tìte:

– Apì thn safăneia èpetai A ⊢ (∀x)(P (x) ↔ φ(x))

– Nèo sÔmbolo P^′ , nèo sÔnolo A^′ , Ĺra A^′ ⊢ (∀x)(P^′ (x) ↔ φ(x)) – Tìte A ∪ A^′ ⊢ (∀x)(P (x) ↔ φ(x)) ∧ (∀x)(P^′ (x) ↔ φ(x)) – Sunepÿc A ∪ A^′ ⊢ (P (x) ↔ P^′ (x)) (GiatÐ;)

H orisimìthta katĹ Beth isqurÐzetai to antÐstrofo: An to A orÐzei epagwgikĹ to P apì ta P_1, ..., P_n tìte to A orÐzei to P kai me safăneia apì ta P_1, ..., P_n.

H apotuqÐa Craig kai Beth

FusikĹ oÔte o Craig oÔte o Beth apotÔqane. AplĹ, oi antÐstoiqec idiìthtec den isqÔoun gia logikèc peperasmènwn metablhtÿn. Ac ta doÔme analutikĹ.

Orismìc 7.3.2 – An < eÐnai duadikì sÔmbolo, èstw lin(<) prìtash thc L^3_{∞ω} h opoÐa dhlÿnei ìti < eÐnai mh autopajăc grammikă seirĹ.

– Gia kĹje n < ω èstw len_{≥n}(<) h akìloujh prìtash thc L^2_{∞ω}: ∃x∃y(x < y ∧ ∃x(y < x ∧ . . .)) · · · ) ’Ara len_{≥n} dhlÿnei thn alusÐda n stoiqeÐwn. – ’Estw len_n(<) = len_{≥n}(<) ∧ ¬len_{≥n+1}(<) Sunepÿc h prìtash : lin(<) ∧ ⋁ n∈S len_n(<) dhlÿnei ekeÐnec tic grammikèc diatĹxeic me măkoc sto sÔnolo S ⊆ ω.

’Estw duo protĹseic thc L^3_{∞ω}: A = lin(<) ∧ ⋁ n even len_n(<) B = lin(≺) ∧ ⋁ n even len_n(≺) ìpou <, ≺ eÐnai duadikĹ sqesiakĹ sÔmbola. Ac doÔme an h prìtash |= A → B èqei sÔmbolo parembolăc. ’Estw C to prohgoÔmeno sÔmbolo. To C eÐnai prìtash L^ω_{∞ω}. ’Opwc ja apodeÐxoume to C ja ekfrĹzei ekeÐnec tic domèc me perittì mègejoc. Dedomèna: |= A → C |= C → B

– ’Estw M |= C. ’Estw h grammikă seirĹ ≺ sto M. Ja èqoume (M, ≺ ) |= C, efìson C eÐnai anexĹrthto thc grammikăc seirĹc. |= C → B tìte (M, ≺) |= B. ’Ara (M, ≺) |= ⋁ n even lenn(<), dhladă to M eÐnai peperasmèno kai perittoÔ măkouc.

– Antistrìfwc, an M èqei perittì mègejoc tìte epilègontac th grammikă diĹtaxh < sto M èqoume: (M, <) |= A. Efìson |= A → C tìte (M, <) |= C. To C eÐnai anexĹrthto grammikăc seirĹc èqoume M |= C.

To C ekfrĹzei ekeÐna ta montèla, tic domèc me perittì măkoc. ’Ara h parembolikă prìtash upĹrqei (wc ènnoia): domèc perittoÔ măkouc, sÔmfwna ìmwc me ton nìmoc 0−1 h prohgoÔmenh prìtash den mporeÐ na ekfrasteÐ sthn L^ω_{∞ω}. EpÐshc, akoloujÿntac th mejodologÐa twn pebble games apodeiknÔetai ìti to perittì mègejoc enìc montèlou den eÐnai dunatì na ekfrasteÐ:

– KataskeuĹzoume duo grĹfouc. ’Enan perittoÔ măkouc kai ènan Ĺllo Ĺrtio măkouc. To plăjoc kìmbwn twn duo grĹfwn jewreÐtai ènac polÔ megĹloc arijmìc. To paiqnÐdi paÐzetai wc exăc: o paÐkthc S prospajeÐ na anadeÐxei diaforĹ metaxÔ twn grĹfwn. O deÔteroc D antijètwc prospajeÐ na anairèsei th diaforĹ.

– Efìson oi duo grĹfoi eÐnai megĹloi se plăjoc kìmbwn èpetai ìti o stìqoc tou S na anadeÐxei thn perittìthta kĹpoiou kìmbou ja apotÔqei. PĹnta ja upĹrqei kÐnhsh tou paÐkth D ÿste na exasfalÐzei thn artiìthta. H apìdeixh moiĹzei me ekeÐnh thc sunektikìthtac grĹfwn. Akribÿc se autì to shmeÐo sugkentrÿnetai h ènnoia tou logismoÔ-μ. ProtĹseic - idiìthtec pou den eÐnai dunatìn na tic apodeÐxoume se peperasmèno arijmì bhmĹtwn (metablhtÿn) ja èqoun mhdenikì mètro.

Prosoqă: Efìson to C den eÐnai ekfrĹsimo sthn L^ω_{∞ω} pÿc mporoÔn na ekfrasjoÔn ta A kai B; Oi protĹseic A kai B dhlÿnoun trìpo kataskeuăc domăc perittoÔ măkouc. Kai autìc o trìpoc eÐnai h grammikă domă. EÐnai Ĺllo na kataskeuĹzoume domèc perittoÔ măkouc kai Ĺllo na elègqoume an to mègejoc thc domăc eÐnai perittì ă Ĺrtio. Aută eÐnai h diaforĹ metaxÔ twn protĹsewn A kai B.

OmoÐwc apodeiknÔetai ìti h orisimìthta katĹ Beth den ikanopoieÐtai se logikèc me peperasmèno plăjoc metablhtÿn. H apìdeixh sthrÐzetai sthn Ðdia teqnikă ìpwc ekeÐnhc thc parembolăc Craig kai èna polÔ kalì Ĺrjro gia autì to jèma eÐnai to .

H idèa apìdeixhc ìti h mh orisimìthta katĹ Beth basÐzetai sto parakĹtw jeÿrhma:

Jeÿrhma 7.3.2 Gia ta k ≥ 3 upĹrqei jewrÐa T_k sto L^3_{∞ω} pou orÐzei epagwgikĹ mia grammikă seirĹ h opoÐa ìmwc den mporeÐ na oristeÐ me safăneia sto L^k_{∞ω}. Ubridikìc Craig kai Beth

’Estw oi sunepeÐc kai plăreic jewrÐec T_1 kai T_2 (èqoun dhladă montèlo) kai sumfwnoÔn epiplèon se koină glÿssa, tìte kai h glÿssa T_1 ∪T_2 èqei montèlo.

BasikoÐ orismoÐ:

– H prìtash φ eÐnai ikanopoiăsimh ìtan upĹrqei montèlo M, aponomă alăjeiac g kai kìsmoc m ∈ M ÿste M, g, m |= φ – Prìtash φ lègetai ègkurh an gia ìla ta montèla M |= φ. – Prìtash φ eÐnai topikĹ sunepagìmenh apì sÔnolo protĹsewn T an gia ìla ta montèla M, tic aponomèc g kai ta shmeÐa m ∈ M isqÔei: M, g, m |= T sunepĹgetai M, g, m |= φ – Prìtash φ eÐnai kajolikĹ sunepagìmenh apì sÔnolo protĹsewn T an gia ìla ta montèla M,

M |= T sunepĹgetai M |= φ

SumbolismoÐ:

– H kajolikă sunepagwgă sumbolÐzetai me : T |=^{glo} φ – H topikă omoÐwc: T |=^{loc} φ

Profanÿc h topikă sunepagwgă eÐnai austhrÿc pio isqură apì ekeÐnh thc kajolikăc.

Gia na prolĹboume tuqìn paranoăseic. An h glÿssa mac den èqei metablhtèc katastĹsewn tìte h diĹkrish se kajolikă kai topikă sunepagwgă den apaiteÐtai. ’Otan h glÿssa emploutÐzetai me metablhtèc katastĹsewn tìte mporoÔme na apodeiknÔoume diĹforec protĹseic, adiaforÿntac gia th genikă sumperiforĹ tou montèlou (metabatikì, k.o.k.), anaferìmenoi mìno sto sugkekrimèno kìsmo. Kai autì eÐnai elkustikì diìti o kĹje kìsmoc èqei ekfrastikă kai apodeiktikă anexarthsÐa.

Apì thn parapĹnw diĹkrish sthn ènnoia thc sunepagwgăc èpetai ìti ja diakrÐnoume kai duo eÐdh parembolăc. AllĹ aută h diĹkrish anafèretai sthn kajolikìthta kai thn topikìthta. ’Oqi sto eÐdoc thc parembolăc. ’Estw P(φ) to sÔnolo atomikÿn sumbìlwn pou emfanÐzontai sthn φ. Sunepÿc:

– H parembolă bèlouc (AIP) (Arrow Interpolation Property) isqÔei ìtan:

1. ’Otan |= φ → ψ upĹrqei tÔpoc θ ÿste |= φ → θ, |= θ → ψ 2. P(θ) ⊆ P(φ) ∩ P(ψ) – H peristrofikă parembolă (TIP) (Turnstile Interpolation Property) isqÔei ìtan:

1. ’Otan φ |= ψ upĹrqei tÔpoc θ tètoioc ÿste φ |= θ, θ |= ψ 2. P(θ) ⊆ P(φ) ∩ P(ψ) EpanalambĹnoume, h parapĹnw diĹkrish eÐnai tetrimmènh sthn perÐptwsh thc prwtobĹjmiac logikăc. EpÐshc, èqoume topikă kai kajolikă parembolă bèlouc, omoÐwc topikă kai kajolikă peristrofikăc parembolăc.

1. Gia thn topikă sunepagwgă to AIP kai to TIP eÐnai isodÔnama.

2. An |=^{loc} eÐnai sumpagèc, tìte apì to AIP sunepĹgetai to TIP.

’Ara to TIP orÐzetai qrhsimopoiÿntac thn kajolikă sunepagwgă. SuqnĹ ta duo eÐdh parembolăc lègontai antÐstoiqa h isqură AIP kai h adÔnamh TIP parembolikă idiìthta.

Prin apodeÐxoume thn idiìthta AIP gia th glÿssa H_S (@, ↓) ja sundèsoume thn parembolă me thn orishmìthta Beth.

PerilhptikĹ h orishmìthta tou Beth leei ìti an upĹrqei epagwgikìc orismìc miac prìtashc tìte upĹrqei kai safăc orismìc thc. AnalutikĹ, akoloujÿntac th diĹkrish thc topikăc kai kajolikăc sunepagwgăc:

– Logikă èqei topikă orishmìthta katĹ Beth efìson gia ìlouc touc tÔpouc φ(α, α) twn opoÐwn ta atomikĹ sÔmbola eÐnai metaxÔ twn α, α èpetai:

An |= φ(α, α/b_1) ∧ φ(α, α/b_2) → (b_1 ↔ b_2) tìte upĹrqei tÔpoc θ(α) tètoio ÿste |= φ(α, α) → (θ(α) ↔ a)

– Logikă èqei kajolikă orishmìthta katĹ Beth efìson gia ìlouc touc tÔpouc φ(α, α) twn opoÐwn ta atomikĹ sÔmbola eÐnai metaxÔ twn α, α èpetai:

An φ(α, α/b_1)∧φ(α, α/b_2) |=^{glo} (b_1 ↔ b_2) tìte upĹrqei tÔpoc θ(α) tètoio ÿste φ(α, α) |=^{glo} (θ(α) ↔ a) ’Estw L ubridikă glÿssa pou ikanopoieÐ thn idiìthta AIT. Tìte h L ikanopoieÐ afenìc thn topikă afetèrou thn kajolikă orishmìthta katĹ Beth.

ArkeÐ na deÐxoume to AIT. H apìdeixh èqei wc exăc:

OrismoÐ kai kanìnec

Orismìc 7.3.3 ’Estw T,U,L sÔnolo protĹsewn. Ja lème ìti to zeÔgoc (T,U) eÐnai diaqwrÐsimo upì to sÔnolo protĹsewn L, ìtan upĹrqei prìtash θ ∈ L tètoia ÿste T |= θ kai U |= ¬θ. Ta sÔnola (T,U) lègontai adiaqÿrista upì to sÔnolo L an den eÐnai diaqwrÐsima sto L.

Jewrămata kai idiìthtec: K_↓ ↓ v.(φ → ψ) → (↓ v.φ →↓ v.ψ).

Distr_@ @_s(φ ∧ ψ) ↔ (@_sφ ∧ @_sψ).

Intr_@ (s ∧ φ) → @_sφ.

Basikă Upìjesh

– Den upĹrqei parembolikă prìtash φ_0 → ψ_0. Ja prospajăsoume na apodeÐxoume ìti den upĹrqei montèlo gia thn φ_0 → ψ_0, dhl. |̸= φ_0 → ψ_0.

Prìsjetoi OrismoÐ

– ’Estw sÔnolo L protĹsewn thc H(@, ↓) sto sÔnolo (P ROP, NOM, SV AR) kai L^′ sÔnolo protĹsewn sto sÔnolo (P ROP, NOM ∪ N, SV AR) ìpou N = {n_o, ..., n_k, ...} eÐnai apeÐrwc arijmăsimo sÔnolo nèwn onomĹtwn.

– ’Estw h prìtash φ tìte L_φ = {ξ ∈ L|P(ξ) ⊆ P(φ)} – OmoÐwc L^′_φ = {ξ ∈ L^′ |P(ξ) ⊆ P(φ) ∪ N} – EpÐshc èstw : L^′_{φ0ψ0} = L^′_{φ0} ∩ L^′_{ψ0}

Bămata Apìdeixhc

– Kataskeuă duo montèlwn, ìpou kĹje kìsmoc èqei to dikì tou ìnoma. Ta duo montèla kataskeuĹzontai se sumfwnÐa twn L_φ kai L_ψ – Ta duo montèla eÐnai adiaqÿrista sth glÿssa L^′_{φ0ψ0} . – Efìson ta duo montèla eÐnai adiaqÿrista kai sumfwnoÔn se plaÐsio kai eÐnai orismèna se koină glÿssa tìte qrhsimopoiÿntac to jeÿrhma perÐ th sÔnjeshc duo montèlwn, anadeiknÔoume antÐjesh.

Apìdeixh:

Kataskeuă montèlwn.

’Estw φ_1, .., φ_k, ... (antÐstoiqa ψ_1, ..., ψ_k, ...) eÐnai aparÐjmhsh ìlwn twn protĹsewn thc L^′_{φ0} kai L^′_{ψ0} . OrÐzoume tic akoloujÐec:

– {n_0} ∪ {φ_0} = T_0 ⊆ T_1 ⊆ ... – {n_0} ∪ {¬ψ_0} = U_0 ⊆ U_1 ⊆ ...

’Opou:

An T_j ∪{φ} kai U_j eÐnai diaqwrÐsima sthn L^′_{φ0ψ0} tìte T_{j+1} = T_j , diaforetikĹ:

– An φ_j ≠ @_ss kai φ ≠ @_s⋄φ^′ gia s ∈ SSY M = SV AR ∪ NOM tìte T_{j+1} = T_j ∪ {φ_j} – An φ_j = @_ss tìte T_{j+1} = T_j ∪{φ_j}∪{@_s(n_k ∧s)|n_k ∈ N NOM(T_j ∪U_j )}

– An φ_j ≠ @_s⋄φ^′ tìte T_{j+1} = T_j ∪{φ_j}∪{@_s⋄(n_k ∧φ^′ )|n_k ∈ N NOM(T_j ∪ U_j ∪ {φ_j})} An T_{j+1} kai U_j ∪ {ψ_j} eÐnai diaqwrÐsima sthn L^′_{φ0ψ0} tìte T_{j+1} = T_j, diaforetikĹ:

– An ψ_j ≠ @_ss kai ψ ≠ @_s⋄ψ^′ gia s ∈ SSY M = SV AR ∪ NOM tìte U_{j+1} = U_j ∪ {ψ_j }

– An ψ_j = @_ss tìte U_{j+1} = U_j ∪ {ψ_j } ∪ {@_s(n_k ∧ s)|n_k ∈ N NOM(T_{j+1} ∪ U_j )} – An ψ_j ≠ @_s⋄si^′ tìte T_{j+1} = T_j ∪{si_j }∪{@_s⋄(n_k ∧φ^′ )|n_k ∈ N NOM(T_j ∪ U_j ∪ {ψ_j })} Ta nèa onìmata diadramatÐzoun to rìlo twn stajerÿn, mĹrturec Henkin sthn prwtobĹjmia jewrÐa. Mac bebaiÿnoun ìti kĹje kìsmoc èqei ìnoma kai ikanopoieÐ sugkekrimèno sÔnolo protĹsewn. OrÐzoume loipìn,

T_ω = ⋃ j∈ω T_j U_ω = ⋃ j∈ω U_j

Orismìc 7.3.4 Gia ìla ta j ∈ ω, (T_j , U_j ) eÐnai adiaqÿrista upì to L^′_{φ0ψ0} . Tìte kai (T_ω, U_ω) eÐnai epÐshc adiaqÿristo zeugĹri sthn L^′_{φ0ψ0} . θ ∈ L^′_{φ0ψ0} θ ∈ T_ω ⇔ θ ∈ U_ω H apìdeixh basÐzetai sthn epagwgă tou j. EmeÐc ja perioristoÔme sth basikă perÐptwsh. ’Estw (T_0, U_0) ikanĹ na diaqwristoÔn. Tìte upĹrqei tÔpoc θ ∈ L^′_{φ0ψ0} tètoio ÿste |= n_0 ∧ φ_0 → θ kai |= n_0 ∧ ¬ψ_0 → ¬θ. o tÔpoc θ Ðswc perièqei kĹpoia onìmata N, èstw ta {n_{i1} , ..., n_{ik} ), k ≥ 0. ’Estw x_0, x_{i1} , ..., x_{ik} ∈ SV AR pou den emfanÐzontai sta φ_0, ψ_0, θ. Ja grĹyoume thn prìtash θ(x_0, ..., x_{ik} ) thc fìrmoulac θ me antikatĹstash twn n_i me ta x_{ij} kai tou n_0 me to x_0. Tìte sÔmfwna me thn axiwmatikopoÐhsh thc ubridikăc logikăc èpetai:

– |= φ_0 → (n_0 → θ)

– |=↓ x_{ik} .(φ_0 → (n_0 → θ[x_{ik} ])) K_↓ – |= φ_0 → (n_0 →↓ x_{ik} .θ[x_{ik} ])) Q_1 – |= φ_0 → (n_0 →↓ x_{i1} ... ↓ x_{ik} .θ[x_{i1} , ..., x_{ik} ])) ’Omoia – |=↓ x_0.(φ_0 → (x_0 →↓ x_{i1} ... ↓ x_{ik} .θ[x_0x_{i1} , ..., x_{ik} ])) K_↓ – |= φ_0 →↓ x_0.(x_0 →↓ x_{i1} ... ↓ x_{ik} .θ[x_0x_{i1} , ..., x_{ik} ])) Q_1 – |= φ_0 →↓ x_0 ↓ x_{i1} ... ↓ x_{ik} .θ[x_0x_{i1} , ..., x_{ik} ] Q_3 OmoÐwc:

– |= ¬ψ_0 → (n_0 → ¬θ) – |= ¬ψ_0 →↓ x_0 ↓ x_{i1} ... ↓ x_{ik} .¬θ[x_0x_{i1} , ..., x_{ik} ] ’Opwc prin – |= ¬ψ_0 →↓ x_0 ↓ x_{i1} ... ↓ x_{ik} .θ[x_0x_{i1} , ..., x_{ik} ] Duadikìthta tou ↓ Sunepÿc o tÔpoc θ[x_0x_{i1} , ..., x_{ik} ] eÐnai tÔpoc thc L_{φ0} ∩ L_{ψ0} kai gia autì to lìgo ta {φ_0} kai {¬ψ_0} diaqwrÐzontai sthn L_{φ0} ∩ L_{ψ0} . Ta epìmena bămata :

– Upìjesh (T_j , U_j) eÐnai adiaqÿristo zeugĹri.

– ’Opwc kai prohgoumènwc apodeiknÔoume ton mh diaqwrismì tou zeÔgouc (T_{j+1}, U_{j+1}).

Orismìc 7.3.5 Mègisto sunepèc (maximal consistent) montèlo tÔpou MCS lègetai to montèlo ekeÐno pou eÐnai epikollhmèno (pasted) dhladă:

– an @_sφ ∈ Γ sunepĹgetai @_s(i ∧ φ) ∈ Γ gia kĹpoio i – an @_s⋄φ ∈ Γ sunepĹgetai @_s⋄(i ∧ φ) ∈ Γ gia kĹpoio i

’Ena montèlo tÔpou MCS to opoÐo diajètei thn idiìthta pasted lègetai epÿnumo ă montèlo me etikèta ston kìsmo i ìtan i ∈ Γ.

’Estw to prohgoÔmeno montèlo, tìte gia ìla ta sÔmbola katastĹsewn s ∈ Γ tìte Δ_s = {φ|@_sφ ∈ Γ}. Tìte to montèlo me etikèta (labeled model) pou prokÔptei apì to Γ eÐnai to M = (M, R, V ) ìpou:

– M = {Δ_s|s eÐnai sÔmbolo katĹstashc sto Γ} – R(Δ, Δ^′ ) an kai mìno an {φ|□φ ∈ Δ} ⊆ Δ^′

– Δ ∈ V (p) an kai mìno an p ∈ Δ, gia p protasiakì sÔmbolo ă ìnoma.

– OrÐzoume thn aponomă alăjeiac wc g : SV AR → M me g(x) = {m ∈ M|x ∈ m}. Apì thn kataskeuă twn T_ω kai U_ω parathroÔme ìti anăkoun sthn prohgoÔmenh klĹsh montèlwn. MĹlista ta duo montèla kataskeuĹsthkan me bĹsh thn katĹstash n_0 ∈ N. ’Estw M_{φ0} =< M_{φ0} , R_{φ0} , V_{φ0} > eÐnai montèlo etikètac pou proèkuye apì to T_ω kai omoÐwc M_{ψ0} =< M_{ψ0} , R_{ψ0} , V_{ψ0} > proèkuye apì to U_ω. Ta Δ^{φ0}_s , Δ^{ψ0}_s sumbolÐzoun ta stoiqeÐa twn M_{φ0} kai M_{ψ0} .

Oi parakĹtw protĹseic, h apìdeixh twn opoÐwn eÐnai profanăc, sumplhrÿnoun th sullogistikă mac

– Δ^{φ0}_{n0} = T_ω kai Δ^{ψ0}_{n0} = U_ω.

– Gia Δ^{φ0}_s ∈ M_{φ0} upĹrqei n ∈ N tètoio ÿste n ∈ Δ^{φ0}_s . OmoÐwc gia Δ^{ψ0}_s ∈ M_{ψ0}

– èstw sunĹrthsh h : M_{φ0} → M_{ψ0} orÐzetai wc h(Δ^{φ0}_n ) = Δ^{ψ0}_n gia n ∈ N.

Tìte upĹrqei omomorfismìc sth glÿssa L^′_{φ0ψ0} . Sugkekrimèna: g_{ψ0} = h ∘ g_{φ0} Sumplhrÿnoume ìti:

Orismìc 7.3.6 Omomorfismìc apì to M sto N lègetai h antistoÐqhsh h : M → N tètoio ÿste gia kĹje atomikă fìrmoula φ(x) kai α ∈ M M |= φ(x) ⇒ N |= φ(h(α)) Efìson ta duo montèla èqoun koinì plaÐsio se koină glÿssa kai mĹlista sundèontai me sqèsh omomorfismoÔ èpetai ìti mporoÔme na enÿsoume ta duo montèla T_ω, U_ω me apotèlesma:

M, g, Δ_{n0} |= φ_0 ∧ ¬ψ_0

TelikĹ, lambĹnontac upìyh ìti to jeÿrhma parembolăc katĹ Craig den isqÔei stic logikèc peperasmènwn metablhtÿn èpetai ìti h ubridikă logikă me peperasmènec metablhtèc isqÔei to Ðdio apotèlesma. SugkentrwtikĹ:

Glÿssa AIP TIP H_S (@, ↓) nai nai polu-tropikăH_S (@, ↓) nai nai H_S(@) ìqi nai peperasmènh-H_S(@, ↓) ìqi ìqi

7.4 UbridikĹ Montèla

UbridikĹ montèla kai èlegqoc montèlou. O èlegqoc montèlou eÐnai mia diadikasÐa sthn opoÐa èqoume èna dedomèno montèlo (Kripke) kai mia sugkekrimènh idiìthta kai prèpei na doÔme katĹ pìson to montèlo ikanopoieÐ th sugkekrimènh idiìthta.

Sunepÿc upĹrqoun duo antÐpaloi: h apìdeixh jewrhmĹtwn (theorem proving) kai o èlegqoc montèlou. Ta pleonektămata tou teleutaÐou eÐnai :

– EÐnai ădh automatopoihmèno.

– Parèqei paradeÐgmata pou enhmerÿnoun gia th lĹjoc sumperiforĹ tou montèlou.

Efarmogèc gia tic opoÐec o èlegqoc montèlou eÐnai aparaÐthtoc eÐnai ta parakĹtw:

Kinhtă ThlefwnÐa

Ta dÐktua kinhtăc thlefwnÐac apoteloÔn asÔgqrona sustămata katĹ ta opoÐa ìpou diĹforec diadikasÐec katamerÐzontai qwrikĹ kai mporoÔn na allĹzoun perioqèc diaqeÐrishc. ’Ena tètoio dÐktuo apaiteÐ to sunduasmì qronikÿn kai qwrikÿn gegonìtwn. ’Ara prèpei na upĹrqei mhqanismìc onomasÐac gegonìtwn eÐte qronikÿn eÐte qwrikÿn.

Gia parĹdeigma:

– H diadikasÐa pou ekteleÐtai sthn perioqă A brÐsketai se adièxodo.

@_A deadlock

– UpĹrqei diadikasÐa pou trèqei se kĹpoia topojesÐa kai eÐnai se adièxodo.

∃x @_xdeadlock – H diadikasÐa thc trèqousac jèshc mporeÐ kai epikoinwneÐ me diadikasÐa thc perioqăc A kai antÐstrofa. ↓ x.F (A ∧ F x)

Domèc Dedomènwn

H grafikă anaparĹstash tou diadiktÔou (Web) apoteleÐ efarmogă twn domÿn dedomènwn. AntikeÐmena onomĹzontai oi kìmboi tou grĹfou. Sth sugkekrimènh efarmogă antikeÐmena eÐnai oi istoselÐdec. EpÐshc oi akmèc autoÔ tou grĹfou èqoun ìnoma. To ìnoma ofeÐletai ston trìpo metĹbashc. ’Ara, oi sÔndesmoi miac selÐdac ta legìmena links eÐnai trìpoi metĹbashc se nèec selÐdec. ParadeÐgmata:

– H rÐza anăkei se kĹpoio kÔklo.

Root ∧ F Root – H trèqousa rÐza (selÐda) anăkei se kĹpoio kÔklo.

↓ x.x ∧ F x – UpĹrqei kĹpoioc kìmboc pou anăkei se kĹpoio kÔklo. ∃x.@_x(x ∧ F x) Ta erwtămata pou mac apasqoloÔn eÐnai ta exăc:

Ikanopoihsimìthta – Qrono-diakladÿseic: Gia dedomèno ubridikì tÔpo φ, upĹrqei ubridikă domă Kripke èstw M kai katĹstash s tou M tètoia ÿste M, s |= φ;

– Grammikìc qrìnoc: Gia dedomèno ubridikì tÔpo φ, upĹrqei ubridikă domă Kripke isomorfikă tou (N, ≤) pou ikanopoieÐ arqikĹ ton protasiakì tÔpo φ;

’Elegqoc Montèlou

– Qrono-diakladÿseic: Gia dedomènh ubridikă domă Kripke èstw M , katĹstash s tou M, kai ubridikì tÔpo φ, ikanopoieÐtai h M, s |= φ;

– Grammikìc qrìnoc: Gia dedomènh ubridikă domă Kripke èstw M , katĹstash s tou M, kai ubridikì tÔpo φ, upĹrqei ubridikì peperasmèno monopĹti tou M xekinÿntac apì to s ikanopoiÿntac to φ ex^′arqăc;

Poluplokìthta

Xekinÿntac me tic Qrono-diakladÿseic kai sÔmfwna me thn ergasÐa twn Carlos Areces, Patrick Blackburn kai Maarten Marx lambĹnoume ton parakĹtw pÐnaka poluplokìthtac gia to prìblhma thc ikanopoihsimìthtac:

Glÿssa Branch Time Satisfiabilty HL(@,F ) PSPACE-complete HL(@,F, P ) EXPTIME-complete HL(@,U) EXPTIME-complete HL(@,U, S, X, X^{−1}) EXPTIME-complete HL(↓, F ) Undecidable HL(↓, @,F ) Undecidable HL(∃, F ) Undecidable

Gia ubridikĹ montèla kai grammikì qrìno èpetai:

Glÿssa Model Checking Satisfiability HL(@,F ) [NP,PSPACE] [NP,PSPACE] HL(@,F, P ) [NP,PSPACE] [NP,PSPACE] HL(@,U) PSPACE-complete PSPACE-complete HL(@,U, S, X, X^{−1}) PSPACE-complete PSPACE-complete HL(↓, F ) NP-complete NP-complete HL(↓, @,F ) Nonelementary Nonelementary HL(∃, F ) Nonelementary Nonelementary

Me ton ìro mh stoiqeiÿdhc non-elementary poluplokìthta dhlÿnoume ìti o qrìnoc pou apaiteÐtai gia na apofasisteÐ an mia prìtash φ (arbitary) eÐnai apokrÐsimh den èqei frĹgma gia opoiadăpote peperasmènh ekjetikă purgikă morfă: 2^{2..} .|φ|

H ikanopoihsimìthta miac prìtashc sthn prwtobĹjmia logikă thc (N, <) eÐnai mh stoiqeiwdÿc apokrÐsimh. Gia touc parapĹnw pÐnakec ac shmeiÿsoume pÿc sumplhrÿnontai kĹpoiec stălec:

Jeÿrhma 7.4.1 To prìblhma ikanopoihsimìthtac gia grammikì qrìno kai th glÿssa HL(∃, F ) eÐnai mh stoiqeiwdÿc apokrÐsimo.

Apìdeixh

Metatropă thc prwtobĹjmiac logikăc (N, ≤) sthn HL(∃, F ): τ(x = y) = F (x ∧ y) τ(x ≤ y) = F (x ∧ F y) τ(P (x)) = F (x ∧ P ) τ(α ∧ β) = τ(α) ∧ τ(β) τ(¬α) = ¬τ(α) τ(∃x.α) = ∃x.τ(α) Jeÿrhma 7.4.2 To prìblhma ikanopoihsimìthtac gia grammikì qrìno kai th glÿssa HL(@, ↓, F ) eÐnai eÐnai mh stoiqeiwdÿc apokrÐsimo.

Apìdeixh

Metatropă thc prwtobĹjmiac logikăc tou (N, ≤) sthn HL(@, ↓, F ): τ(x = y) = F (x ∧ y) τ(x ≤ y) = F (x ∧ F y) τ(P (x)) = F (x ∧ P ) τ(α ∧ β) = τ(α) ∧ τ(β) τ(¬α) = ¬τ(α) τ(∃x.α) =↓ y.F ↓ x.@_yτ(α) Gia tic upìloipec ubridikèc logikèc h diadikasÐa eÐnai h Ðdia. MetasqhmatÐzontac thn ubridikă logikă HL se basikă qronikă logikă prosdiorÐzoume thn poluplokìthta thc HL, gia to prìblhma thc ikanopoihsimìthtac. Ac doÔme ènan tètoio metasqhmatismì:

Ac upojèsoume ìti qrhsimopoioÔme ubridikă glÿssa me onìmata, ton ikanopoihtă kai ton tropikì sÔndesmo X. Tìte:

nominal(i) = ¬iU(i ∧ XG¬i) @_iφ = F (i ∧ φ) ∨ P (i ∧ φ) ìpou oi telestèc H kai G eÐnai oi gnwstoÐ sÔndesmoi tou Arthur Prior me thn exăc ermhneÐa (genikĹ exartĹtai thc efarmogăc):

– G : alhjèc se kĹje mellontikă qronikă stigmă. Alhjèc pĹntote. – H : alhjèc se kĹje stigmă tou pareljìntoc. IstorikĹ alhjèc.

To X mprostĹ apì touc duo sundèsmouc sugkekrimenopoieÐ to eÐdoc thc metĹbashc. An to X eÐnai mellontikì kai to X^{−1} eÐnai to pareljìn, tìte: nominal(i) = F (i ∧ X^{−1}H¬i ∧ XG¬i). Efìson se aută th glÿssa H(@_,F ) perièqetai h protasiakă logikă h opoÐa eÐnai NP − hard kai h qronikă logikă T L(U, X, S, X^{−1}) h opoÐa anăkei se P SP ACE èpetai telikĹ: SAT_{H(@,F )} ∈ [NP, P SP ACE]

7.5. Ubridikì tamplì 105

7.5 Ubridikì tamplì

’Eqoume ădh shmeiÿsei th dunatìthta pou mac dÐnoun oi gnăsiec protĹseic thc ubridikăc logikăc. ’Omwc autì de shmaÐnei ìti mporoÔme ubridikĹ kai ekfrĹzontai ìlec oi kathgorÐec plaisÐwn. Gia thn akrÐbeia èqoume prìblhma na diaqeiristoÔme idiìthtec plaisÐwn pou taxinomoÔn touc kìsmouc. H metabatikìthta ă h autopĹjeia eÐnai duo idiìthtec pou aforoÔn ton kĹje kìsmo memonwmèna. Den emplèkontai Ĺlloi kìsmoi, kai an emplèkontai èqoun thn Ðdia sumperiforĹ. Ac doÔme ìmwc duo periptÿseic plaisÐwn pou de sumbaÐnei autì: ∀wvu∃t(wRv ∧ wRu → vRu ∧ uRt) Church-Rosser ∀vu∃t(vRt ∧ uRt) Right Directed H diaforĹ twn prohgoÔmenwn protĹsewn me tic protĹseic pou èqoume ădh diatupÿsei aforĹ th jèsh tou ∃ sthn prìtash. AllĹ an jèloume na to doÔme akìmh pio analutikĹ tìte :

∀xy∃x(@_x⋄ ∧ @_y⋄z) Right Directed

Aută h idiìthta den ekfrĹzetai se ubridikă logikă dÐqwc posodeÐktec. Epiplèon ìmwc kathgoriopoieÐ touc kìsmouc. H idiìthta aforĹ duo kìsmouc oi opoÐoi telikĹ èqoun koină anaforĹ.

O trìpoc antimetÿpishc gia thn kataskeuă tètoiwn plaisÐwn eÐnai o exăc: EisĹgoume kanìnec gia thn kataskeuă kìsmwn sÔmfwna me tic apaităseic tou plaisÐou. ’Ara gia thn kĹje perÐptwsh èpetai:

@_i⋄j@_j⋄k @_j⋄l^{[Church − Rosser]} @_k⋄l j, k occur on the branch @_j⋄i ∧ @_k⋄i^{[RightDirected]}

H apìdeixh protĹsewn sta ubridikĹ tamplì èqoun thn exăc strathgikă: ProspajoÔme kĹje prìtash na th spĹme se mikrĹ kommĹtia. AutĹ ta mikrĹ kommĹtia eÐnai duo eidÿn. Afenìc gnăsiec ubridikèc protĹseic afetèrou protĹseic pou lène poia prìtash ikanopoioÔntai poÔ. ’Ara me autìn ton trìpo gÐnetai h kataskeuă tou grĹfou. Autì eÐnai to prÿto stĹdio. To deÔtero stĹdio apoteleÐ th diadikasÐa sthn opoÐa axiopoioÔntai oi idiìthtec tou grĹfou.

7.6 Ubridikăc poluplokìthtac sunèqeia

Sto kefĹlaio twn ubridikÿn montèlwn (7.4) meletăsame afenìc thn poluplokìthta tou problămatoc thc ikanopoihsimìthtac gia grammikoÔc qrìnouc afetèrou thn poluplokìthta tou Ðdiou problămatoc gia diĹtaxh qrìnou me diakladÿseic. Sthn prÿth perÐptwsh, ekeÐnhc tou grammikoÔ qrìnou, eÐdame ìti h poluplokìthta prokÔptei metafrĹzontac th mia glÿssa se glÿssa me gnwstă poluplokìthta gia thn ikanopoihsimìthta. Sth deÔterh perÐptwsh aplĹ eÐdame ton pÐnaka apotelesmĹtwn. Se autì to kefĹlaio prospajăsame na anadeÐxoume thn teqnikă katĹ thn opoÐa ìtan o qrìnoc den eÐnai grammikìc pÿc diereunoÔme to prìblhma thc ikanopoihsimìthtac. H mèjodoc eÐnai ta paiqnÐdia, ta games, sunăjwc metaxÔ duo paiktÿn.

Sthn klassikă tropikă logikă prosjètontac to sÔnolo twn atomikÿn protĹsewn pou onomĹzoume onìmata, to prìblhma thc ikanopoihsimìthtac profanÿc eÐnai P SP ACE − complete. Prosjètontac to sÔndesmo @ (ton ikanopoihtă) to prìblhma paramènei sto P SP ACE − complete. GnwrÐzontac ìti: @_iφ ⇔ E(i ∧ φ) ìpou E o ubridikìc uparxiakìc posodeÐkthc tìte ja doulèyoume to prìblhma thc ikanopoihsimìthtac qrhsimopoiÿntac paiqnÐdi duo paiktÿn. DÐnontac arqikĹ qrăsimouc orismoÔc gia thn katanìhsh tou paiqnidioÔ katalăgoume stouc kanìnec kai thn ektèlesh tou paiqnidioÔ.

OrismoÐ

Orismìc 7.6.1 Hintikka (set) eÐnai to sÔnolo S me tic exăc idiìthtec:

– H_0 : An P eÐnai ènac tÔpoc me prìjema mia alhjotimă tìte: P ∈ θ → ¬P ∉ θ – H_1 : An α ∈ S tìte α_1 ∈ S kai α_2 ∈ S – H_2 : An β ∈ S tìte β_1 ∈ S ă β_2 ∈ S.

H ènnoia thc fìrmoulac me prìjema alhjotimă (signed formula) eÐnai oi tÔpoi pou prokÔptoun apì ta tamplì Hintikka eisĹgontac prin apì autoÔc tic alhjotimèc T kai F . EpÐshc o ìroc θ eÐnai ousiastikĹ to sÔnolo S, allĹ to diathrăsame prokeimènou o anagnÿsthc na katalĹbei ìti to sÔnolo Hintikka apoteleÐ èna monopĹti apì ta tamplì Hintikka.

Shmantikă epÐshc eÐnai kai h ènnoia twn upotÔpwn. Oi upotÔpoi eÐnai mèrh enìc tÔpou pou kai autoÐ me th seirĹ touc eÐnai tÔpoi. Oi upoprotĹseic prokÔptoun eÔkola apì to dèndro anagnwsimìthtac. Ac doÔme èna parĹdeigma: ¬φ → (φ → (π ∧ ψ)) φ → (π ∧ ψ) ¬φ

φ π ∧ ψ φ ψ π Sunepÿc to sÔnolo twn upoprotĹsewn thc ¬φ → (φ → (π ∧ ψ)) eÐnai: {φ, ¬φ, ψ, π, π ∧ ψ, φ → (π ∧ ψ)}. Prodiagrafèc ξ PaiqnidioÔ

– PaÐktec: Duo paÐktec, o uparxiakìc ∃ kai o kajolikìc ∀. – Skopìc: An o uparxiakìc paÐkthc ∃ èqei strathgikă nÐkhc tìte ikanopoieÐtai h prìtash ξ.

– Bămata: To paiqnÐdi paÐzetai se polÔ |SF (ξ)| ìpou SF (ξ) eÐnai to sÔnolo upoprotĹsewn thc ξ. KĹje forĹ to polÔ |SF (ξ)| Hintikka sÔnola brÐskontai sthn tsìqa!

Kanìnec ξ PaiqnidioÔ

’Estw h prìtash ξ. XekinĹ o ∃. ArqikĹ rÐqnei sthn tsìqa mia seirĹ apì Hintikka sÔnola X_0, ..., X_k thc prìtashc ξ. H kataskeuă twn sunìlwn periorÐzetai stouc treic parakĹtw kanìnec:

– To X_0 perièqei to ξ. To |X_0, ..., X_k| eÐnai mikrìtero tou |SF (ξ)|. – Kanèna ìnoma i den prokÔptei se duo diaforetikĹ Hintikka sÔnola. – Gia kĹje sÔnolo X_l, gia kĹje Eφ ∈ SF (ξ), φ ∈ X_l an kai mìno an φ ∈ X_k gia kĹpoio k.

An o uparxiakìc paÐkthc de brÐskei ta parapĹnw sÔnola, qĹnei amèswc. An mporeÐ to paiqnÐdi suneqÐzetai. Tìte o kajolikìc paÐkthc epilègei sÔnolo X_l kai thn ellatwmatikă prìtash ⋄φ. JewroÔme thn prìtash aută ellatwmatikă diìti den mporoÔme na tic dÿsoume mia alhjotimă. ’Ara o paÐkthc ∃ ja apokroÔsei thn prohgoÔmenh apĹnthsh kataskeuĹzontac sÔnolo Y pou ikanopoieÐ tic parakĹtw apaităseic:

– φ ∈ Y kai gia ìla ta ⋄ψ ∈ SF (ξ), an ⋄ψ ∈ X_l tìte ⋄ψ ∉ Y kai ψ ∉ Y . – gia ìla ta Eφ ∈ SF (ξ), an φ ∈ Y tìte Eφ ∈ Y kai Eφ ∈ Y an kai mìno an Eφ ∈ X_l.

– An i ∈ Y gia kĹpoio ìnoma i, tìte U eÐnai èna apì ta Hintikka sÔnola pou èpaixe o paÐkthc ∃ sthn arqă. Se autì to shmeÐo o uparxiakìc paÐkthc nikĹ kai to paiqnÐdi oloklhrÿnetai.

An o paÐkthc ∃ de mporeÐ na apantăsei tìte o paÐkthc ∃ nikĹ. KĹje kÐnhsh tou paÐkth ∃ katagrĹfetai se lÐsta kinăsewn. Se kĹje gÔro tou paiqnidioÔ o paÐkthc ∀ prèpei na epilèxei thn prìtash ⋄φ apì to trèqon Hintikka sÔnolo (to pio prìsfato sÔnolo). ’Opwc eÐdame kai apì to sÔnolo kanìnwn tou sunìlou Y o paÐkthc Y mporeÐ na apantăsei me to Ðdio sÔnolo pou apĹnthse arqikĹ, arkeÐ na mhn ikananopoieÐtai o kanìnac me ta onìmata.

To paiqnÐdi pou mìlic diatupÿsame èqei th gnwstă se mac domă twn Ehrenfeucht- Fraïssé Games. O paÐkthc ∃ prospajeÐ na apodeÐxei ìti h prìtash ξ ikanopoieÐtai kai o kajolikìc paÐkthc na afăsei to prìblhma anoiktì.

Ac apodeÐxoume ìmwc ìti an o paÐkthc ∃ èqei strathgikă nÐkhc tìte h prìtash ∀ ikanopoieÐtai.

⇒: Upojètoume ìti o paÐkthc ∃ èqei strathgikă nÐkhc. ’Ara ja apodeÐxoume ìti to montèlo pou kataskeuĹzetai apì tic kinăseic twn paiktÿn ikanopoieÐ thn prìtash ξ.

’Estw ìti to montèlo M kataskeuĹzetai wc exăc:

– To M_0 eÐnai to {X_0, ..., X_k}. – To M_j upojètoume ìti èqei oristeÐ.

– To M_{j+1} eÐnai to sÔnolo pou prokÔptei apì thn kataskeuă tou sunìlou Y wc apìkrish tou paÐkth ∃ ston paÐkth ∀.

To M apoteleÐ thn ènwsh twn sunìlwn M_j . EpÐshc h sÔndesh metaxÔ twn kìsmwn (pou eÐnai Hintikka sÔnola) kajorÐzetai eidikĹ gia na exasfalÐsei thn idiìthta metabatikìthtac tou montèlou. Gia ìla ta ⋄φ ∈ SF (ξ) orÐzoume th exăc sqèsh prìsbashc Rmm^′ : ⋄φ ∉ m ⇒ [⋄φ ∉ m^′ ∧ φ ∉ m^′ ] GenikĹ h idèa eÐnai h exăc: ’Opwc eÐdame kai sthn mèjodo tamplì tou Fitting prospajoÔme na spĹsoume thn arqikă prìtash se fìrmoulec gia na diapisÿsoume an telikĹ h prìtash alhjeÔei ă ìqi. Ston Fitting ă diadikasÐa moiĹzei me autăn tou paiqnidioÔ. Ta sÔnola protĹsewn pou kataskeuĹzontai eÐnai ousiastikĹ Hintikka sÔnola. Mh xeqnĹme ìti ta sÔnola tou Hintikka eÐnai pÐnakac alăjeiac gia kĹje prìtash. ’Ara h diadikasÐa tou paiqnidioÔ eÐnai antÐstrofh. AntÐ na katastrèfei thn prìtash stadiakĹ thn èqei diamelÐsei se upoprotĹseic apì thn arqă. Me th diaforĹ ìti èpeita prospajeÐ na apodeÐxei ìti telikĹ gia thn problhmatikă prìtash ⋄φ upĹrqei kìsmoc gia ton opoÐo isqÔei h prìtash φ.

O parapĹnw sullogismìc faÐnetai me thn epìmenh prìtash, oloklhrÿnontac thn apìdeixh autăc thc kateÔjunshc:

Gia ìlec tic protĹseic ψ ∈ SF (ξ) kai gia ìlouc touc kìsmouc m ∈ M èpetai ìti:

M, m |= ψ an kai mìno an ψ ∈ m

Profanÿc an o tÔpoc ψ eÐnai eÐte atomikă prìtash eÐte logikìc sÔndesmoc atomikÿn protĹsewn ă to uparxiakì sÔmbolo h apìdeixh thc prohgoÔmenhc prìtashc eÐnai eÔkolh. To mìno pou apomènei eÐnai o sÔndesmoc ⋄. ’Estw ìti ⋄ψ ∈ m. Tìte o ∀ epilègei sÔnolo pou perièqei ton tropikì sÔndesmo ⋄ kai o ∃ apokroÔei epilègontac sÔnolo Y pou ikanopoieÐ tic sunjăkec pou eÐdame prohgoumènwc. H Ôparxh tou sunìlou Y eÐnai dedomènh efìson o paÐkthc ∃ èqei strathgikă nÐkhc.

To antÐstrofo. ’Estw ⋄ψ ∉ m. Apì ton orismì thc sqèshc R sunepĹgetai ìti ψ ∉ m^′ , Ĺra M, m^′ |̸= ψ. Efìson jèloume na diathrăsoume th sqèsh metabatikìthtac kai to m^′ ătan tuqaÐo èpetai: M, m^′ |̸= ⋄ψ. Ac doÔme kai thn apìdeixh thc Ĺllhc kateÔjunshc.

⇐: ’Estw ìti h prìtash ξ ikanopoieÐtai. Tìte upĹrqei montèlo kai shmeÐo autoÔ gia to opoÐo isqÔei : M, m_0 |= ξ. Efìson h idiìthta thc metabatikìthtac ekfrĹzetai se tropikă logikă èpetai ìti upĹrqei fÐltro (π− morfismìc) tou montèlou M. H Ôparxh autoÔ tou montèlou shmaÐnei to exăc: Efìson h prìtash ξ ikanopoieÐtai tìte upĹrqoun kìsmoi tou montèlou M gia ton opoÐo ikanopoioÔntai upoprotĹseic thc ξ. ’Ara kurÐwc gia thn prìtash ⋄φ mporoÔme na broÔme sÔnolo (kìsmo) Hintikka gia ton opoÐo ja ikanopoioÔntai oi apaităseic tou paiqnidioÔ. Efìson upĹrqei autìc o kìsmoc Y apì thn Ôparxh tou π− morrfismoÔ èpetai ìti kai o paÐkthc ∃ èqei strathgikă nÐkhc.

Sumpèrasma: Me to prohgoÔmeno paiqnÐdi metaxÔ duo paiktÿn ègine h anagwgă tou problămatoc ikanopoihsimìthtac gia metabatikĹ montèla ubridikăc logikăc sto Ðdio prìblhma gia metabatikĹ plaÐsia tropikăc logikăc. H poluplokìthta gia to teleutaÐo eÐnai gnwstă: P SP ACE. ’Ara kai gia thn ubridikă logikă me sundèsmouc @ kai E h klĹsh poluplokìthtac thc ikanopoihsimìthtac paramènei sto P SP ACE.

BibliografÐa

[1] Mel Fitting. Destructive Modal Resolution, August 3 1989. [2] Ian Hodkinson. Finite Variable logics, Imperial College. [3] Erich Gradël. Why are modal logics so robustly decidable?, RWTH Aachen.

[4] Carlos Areces, Juan Heguiabehere. HyLoRes: A Hybrid Logic Prover Based on Direct Resolution, ILLC Amsterdam.

[5] Patric Blackburn. Representation, Reasoning and Relational Structures:

a Hybrid Logic Manifesto, INRIA Lorraine.

[6] Patric Blackburn, Maarten Marx. Tableaux for Quantified Hybrid Logic, ILLC and INRIA.

[7] Patric Blackburn, Balder ten Cate. Beyond Pure Axioms: Node Creating Rules in Hybrid Tableaux, Lorria France.

[8] Robin Hirsch and Ian Hodkinson. Relation Algebras by Games, Volume 147, Stuties in Logic and the Foundations of Mathematics, North Holland 2002.

[9] Patrick Blackburn, Maarten de Rijke and Yde Venema. Modal Logic, Cambridge University Press, 2001 [10] Raymond M. Smullyan. First-Order Logic, Dover Publications [11] Angelo Margaris. First Order Mathematical Logic, Dover Publications [12] Garry Chartrand. Introductory Graph Theory, Dover Publications [13] Evgeniy Kazakov. Realization of Multi-modal logic in Logic with Explicit Modalities, Moscow State University, Department of Mathematical Lo- gic [14] Patrick Blackburn and Miroslava Tzakova. Hybrid Concept Languages, Germany, Max-Plank-Institut für Informatik, Universät des Saarlandes

[15] Erich Grädel , Phokion G. Kolaitis and Moshe Y. Vardi. On the decision problem for two variable First Order Logic, Bulletin of Symbolic Logic, Volume 3, March 1997 [16] Martin Otto. Modal and Guarded characterisation Theorems over Finite Transition Systems, United Kindom, Computer Science Department, University of Wales Swansea [17] Lauri Hella. Lectures on Finite Model Theory, Finland, Department of Mathematics, University of Helsinki [18] Maarten Marx and Yde Venema Local variations on a loose theme: modal logic and decidability, The Netherlands, ILLC, University of Amsterdam [19] Erich Grädel, Martin Otto. On Logics with two Variables, Germany, RTWH Aachen [20] Carlos Eduardo Areces. Logic Engineering, The case of Description and Hybrid Logics, The Netherlands, ILLC, University of Amsterdam [21] Sergei N. Artemov. Explicit Provability and Constructive Semantics, Bulletin of Symbolic Logic, Volume 3, March 300 [22] Carlos Areces, Patrick Blackburn and Maarten Marx. Characterization, Interpolation and Complexity, The Netherlands, ILLC, University of Amsterdam [23] Carlos Areces and Patrick Blackburn. Bringing them all Together, ILLC and INRIA Lorraine [24] Carlos Areces, Patrick Blackburn and Maarten Marx. Hybrid Logics is the bounded fragment of first order logic, ILLC, University of Amsterdam, Universät des Saarlandes [25] Stephan Tobies. PSpace Reasoning for Graded Modal Logics, Oxford University, Theoretische Informatik, Aachen Germany [26] D.M. Gabbay, A. Kurucz, F. Wolter and M. Zakharyaschev. Many- Dimensional Modal Logics: Theory and Applications, Volume 148, Stuties in Logic and the Foundations of Mathematics, North Holland 2003.

[27] Valentin Goranko. Temporal Logic with Reference Pointers, Department of Mathematics, University of the North, QwaQwa Campus, South Africa [28] Anuj Dawar. Infinite and Finite Model Theory, Computer Laboratory, University of Cambridge

[29] S. Arora and R. Fagin. Ehrenfeucht-Fraïssé Games, Theoretical Computer Science (174) 1997 97-121 [30] Jeremy Seligman. Internalization: The case of Hybrid Logics., Department of Philosophy, the University of Aucland [31] D.M. Gabbay and G. Malod. Naming Worlds in Modal and Temporal logic, on line version May 2000 [32] Johan Van Benthem. Modal Foundations for Predicate Logic, The Netherlands, ILLC, University of Amsterdam [33] Johan Van Benthem. Logic and game theory, The Netherlands, ILLC, University of Amsterdam [34] Kousha Etessami. Moshe Y. Vardi and Thomas Wilke. First Order Logic with Two Variables and Unary Temporal Logic, Basic research in Computer Science, March 1997 [35] Andrew Ladd. Infinitary Logics and 0-1 Laws, Rice University [36] Melvin Fitting. Modal Logics Between Propositional and First Order, CUNY, Dept. Mathematics and Computer Science, July 2001 [37] Melvin Fitting. Modal Logics: A Summary of the Well-Behaved, CUNY, Dept. Mathematics and Computer Science. September 1989 [38] Hylo page. http://www.hylo.net/, Papers, Bibliography, Course Slides...

[39] Logic in Computer Science. http://www.tcs.hut.fi/Studies/T-79.

146/1998/, Laboratory for Theoretical Computer Science

[40] Valentin Goranko. http://general.rau.ac.za/maths/goranko/, Teaching and Research [41] Logic. http://www.logic.math.helsinki.fi/, The Helsinki Logic Group [42] Vu Binh Tran. http://goanna.cs.rmit.edu.au/~tvubinh/projects/

PhD.shtml, PhD Proposal Expectation Logic in Social Agent Coopera-

tion, School of Computer Science and IT RMIT University [43] John T. Baldwin. http://www2.math.uic.edu/~jbaldwin/talks.

html, Department of Mathematics, Statistics, and Computer Science

University of Illinois at Chicago [44] Johann (Janos) A. Makowsky. http://www.cs.technion.ac.il/

~janos/, Technion - Israel Institute of Technology

[45] Moshe Y. Vardi. http://www.cs.rice.edu/~vardi/, Department of Computer Science, Rice University [46] Patrick Blackburn http://www.loria.fr/~blackbur/, INRIA Lorrai- ne [47] Neil Immerman http://www.cs.umass.edu/~immerman/cs691/

cs691.html, Pebble Games Department of Computer Science, Univer-

sity of Massachusetts [48] Cristoph Kreitz http://www.cs.cornell.edu/Info/People/kreitz/, Teaching Department of Computer Science, Cornell University [49] Edited by Alban Ponse, Maarten de Rijke and Yde Venema. Modal Logic and Process Algebra, A bisimulation Perspective CSLI Publications [50] G.E. Hughes and M. J. Cresswell. A New Introduction to Modal Logic, Routledge London and New York [51] Brian F. Chellas. Modal Logic, an introduction, Cambridge 1980