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0.1 Eisagwg 
AntikeÐmeno thc diplwmatik c aut c ergasÐac eÐnai h diadikasÐa thc epana-
kanonikopoÐhshc mÐac kbantik c jewrÐac. EÐnai koin� apodektì sth montèrna
fusik  ìti k�je kbantik  jewrÐa prèpei na eÐnai epanakanonikopoi simh. Sthn
ergasÐa aut  exet�zetai h epanakanonikopoÐhsh mÐac mh realistik c jewrÐac,
enìc aplopoihmènou dhlad  montèlou pou den isqÔei sth FÔsh. Skopìc eÐnai
h exoikeÐwsh me tic mejìdouc kai tic majhmatikèc teqnikèc aut c thc diadika-
sÐac pou efarmìzetai se ìlec tic sÔgqronec jewrÐec.
Sta plaÐsia thc ergasÐac, arqik� parousi�zontai k�poia jemeli¸dh apote-
lèsmata thc mh sqetikistik c kbantomhqanik c (Kef�laio 1) pou qrhsimo-
poioÔntai kai genikeÔontai sta epìmena kef�laia. Sth sunèqeia (Kef�laio 2)
anaptÔssetai h sqetikistik  jewrÐa swmatidÐwn pou den èqoun spin kai pou
eÐnai aparaÐthth gia th melèth tou jewrhtikoÔ montèlou sto opoÐo ja efar-
mìsoume thn epanakanonikopoÐhsh. Gia lìgouc plhrìthtac, sto Ðdio kef�laio
parousi�zetai kai h pl rhc sqetikistik  jewrÐa pou perigr�fei swmatÐdia me
spin an kai aut  den eÐnai anagkaÐa gia thn perÐptwsh tou montèlou pou ja
exet�soume. Sth sunèqeia thc ergasÐac (Kef�laio 3) gÐnetai mÐa eisagwg 
sthn ènnoia thc epanakanonikopoÐhshc kai parousi�zetai analutik� h efar-
mog  thc sth jewrÐa φ4.

H ergasÐa ekpon jhke sto megalÔterì thc mèroc kat� to earinì ex�mhno
tou akadhmaðkoÔ ètouc 2002-2003 me epiblèponta ton anaplhrwt  kajhght 
k. NÐko Tr�ka. Ja  jela apì ed¸ na ton euqarist sw jerm� gia thn ka-
jod ghsh kai tic parathr seic tou kat� th di�rkeia thc enasqìlhshc mou me
autì to �gnwsto gia mèna jèma. EpÐshc gia thn projumÐa tou na bohj sei
se k�je eÐdouc prìblhma pou proèkupte sthn poreÐa kai gia tic suzht seic
mac gia ìla ta jèmata, akìmh kai ektìc tou antikeimènou thc ergasÐac. Tou
eÐmai eugn¸mwn gia th bo jei� tou kaj� ìlh th di�rkeia twn spoud¸n mou kai
pisteÔw pwc tim�ei to rìlo tou did�skonta.

H ergasÐa aut  afier¸netai se ìlouc autoÔc pou prospajoÔn na katakt -
soun thn eleujerÐa. Stouc epist monec kai touc mousikoÔc pou eÐnai gia mèna
phg  èmpneushc.

Gi¸rgoc Sofian�toc
IoÔlioc 2003

“no money in our jackets and our jeans are torn,
your hands are cold but your lips are warm” - Dire Straits
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0.2 Abstract

The diploma thesis deals with the procedure of the renormalization of a qu-
antum theory. It is widely accepted in modern physics that every quantum
theory has to be renormalizable. We consider the renormalization of an unre-
alistic theory, a simplified model which does not correspond to Nature. Our
aim is to use and understand the methods and the mathematical techinques
of this procedure which is applied to all modern theories.

In the beginning some of the fundamental results of non-relativistic qua-
ntum mechanics are presented (Chapter 1) and are used and generalized in
the next chapters. In Chapter 2 the relativistic theory of spinless particles is
developed as it is necessary for the study of the theoretical model which we
will renormalize. For completeness reasons we present in the same chapter
the full relativistic theory which describes particles with spin, although it
will not be needed for the case of the model we will examine. Finally (Cha-
pter 3), we make an introduction to the concept of renormalization avoiding
the mathematical details and then we present the detailed calculations of its
application to the φ4 theory.
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Kef�laio 1

Mh sqetikistik 
kbantomhqanik 

Sto kef�laio autì exet�zontai merik� basik� stoiqeÐa thc mh sqetikistik c
kbantomhqanik c. Melet�me dhlad  swmatÐdia me taqÔthta υ ¿ c (c h ta-
qÔthta tou fwtìc sto kenì) kai qwrÐc spin. Fusik�, k�poia fainìmena tou
spin mporoÔn na eisaqjoÔn sto pl�isio thc mh sqetikistik c kbantomhqanik c,
all� gia thn pl rh melèth touc apaiteÐtai mÐa sqetikistik  jewrÐa. Ta apote-
lèsmata autoÔ tou kefalaÐou apoteloÔn th b�sh p�nw sthn opoÐa sthrÐzontai
ta epìmena kef�laia, ta opoÐa anafèrontai sthn sqetikistik  perÐptwsh.

1.1 H exÐswsh Schrödinger

H jemeli¸dhc exÐswsh thc mh sqetikistik c kbantomhqanik c eÐnai h exÐswsh
tou Schrödinger, h opoÐa gia èna eleÔjero swmatÐdio gr�fetai

− 1

2m
∇2Ψ (x, t) = i

∂Ψ

∂t
(x, t) (1.1)

ìpou èqoume jèsei ~ ≡ 1.
H exÐswsh (1.1) prokÔptei apì th mh sqetikistik  sqèsh orm c-enèrgeiac
thc klasik c fusik c gia eleÔjera swmatÐdia, E = p2/2m, k�nontac tic
antikatast�seic

E → i
∂

∂t
, p → −i∇ (1.2)

Stic antikatast�seic (1.2) th jèsh twn fusik¸n megej¸n E kai p paÐrnoun oi
antÐstoiqoi ermitianoÐ telestèc oi opoÐoi droun sthn kumatosun�rthsh Ψ (x, t)
tou swmatidÐou.
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Gia èna swmatÐdio pou h dunamik  tou enèrgeia dÐnetai apì th sun�rthsh
V (x, t) h exÐswsh tou Schrödinger gr�fetai

[
− 1

2m
∇2 + V (x, t)

]
Ψ (x, t) = i

∂Ψ

∂t
(x, t) (1.3)

Sthn perÐptwsh pou V (x, t) = 0 (eleÔjero swmatÐdio)   V (x, t) = V (x) (h
dunamik  enèrgeia anex�rthth apì to qrìno) h exÐswsh (1.3) èqei lÔseic thc
morf c

Ψ (x, t) = ψ (x) e−iEt (1.4)
ìpou E h enèrgeia tou swmatidÐou.
Oi lÔseic (1.4) eÐnai idiokatast�seic tou telest  thc enèrgeiac, perigr�fou-
n dhlad  katast�seic me kajorismènh enèrgeia (st�simec katast�seic). H
sun�rthsh ψ (x) ikanopoieÐ thn qronoanex�rthth exÐswsh

[
− 1

2m
∇2 + V (x)

]
ψ (x) = Eψ (x) (1.5)

  se pio sunoptik  morf 
Hψ = Eψ (1.6)

ìpou H o telest c thc Qamiltonian c tou sust matoc.
H sun�rthsh puknìthtac pijanìthtac gia to swmatÐdio orÐzetai wc ρ (x, t) ≡
Ψ (x, t) Ψ∗ (x, t) = |Ψ (x, t)|2 kai h puknìthta tou reÔmatoc pijanìthtac eÐnai

j = − 1

2im
(Ψ∗∇Ψ−Ψ∇Ψ∗)

Ta dÔo aut� megèjh sundèontai metaxÔ touc mèsw thc exÐswshc sunèqeiac

∂ρ

∂t
+ ∇ · j = 0 (1.7)

1.2 H mèjodoc twn diataraq¸n sthn exÐswsh
Schrödinger

JewroÔme thn exÐswsh (1.6) me H = H0 th Qamiltonian  tou elèujerou
swmatidÐou

H0ψ = Eψ (1.8)
H exÐswsh eÐnai ousiastik� èna prìblhma idiotim¸n kai èstw ìti {φn (x)}
eÐnai to pl rec sÔnolo twn kanonikopoihmènwn idiosunart sewn me antÐstoiqec
idiotimèc En. Ja eÐnai dhlad 

H0φn = Enφn (1.9)

8



me ∫

V

φ∗nφmd3x = δnm (1.10)

Sth sqèsh (1.10) èqoume jewr sei kanonikopoÐhsh se ènan ìgko V kai thn
kumatosun�rthsh periodik  ston upìloipo q¸ro. Autìc eÐnai kai o lìgoc pou
sto deÔtero mèloc antÐ gia mÐa d-sun�rthsh emfanÐzetai èna d tou Kronecker.
'Estw t¸ra ìti to swmatÐdio den eÐnai eleÔjero all� èqei dunamik  enèrgeia
V (x, t). Tìte kat� ta gnwst� ja prèpei na lÔsoume thn exÐswsh

[H0 + V (x, t)] Ψ (x, t) = i
∂Ψ

∂t
(x, t) (1.11)

h opoÐa ousiastik� tautÐzetai me thn (1.3).
'Eqoume dei ìti to sÔnolo {φn (x)} twn idiosunart sewn thc (1.8) eÐnai pl rec.
Epomènwc k�je sun�rthsh, �ra kai oi lÔseic Ψ (x, t) thc (1.11), mporoÔn na
graftoÔn sth morf 

Ψ (x, t) =
∑

n

Anφn (x) (1.12)

Oi suntelestèc An dÐnontai apì th sqèsh

An =

∫

V

φ∗n (x) Ψ (x, t) d3x (1.13)

kai profan¸c eÐnai sunart seic tou qrìnou, dhlad 

An = An (t) ≡ an (t) e−iEnt (1.14)

Qrhsimopoi¸ntac th sqèsh (1.14) h exÐswsh (1.12) gr�fetai

Ψ (x, t) =
∑

n

an (t) φn (x) e−iEnt (1.15)

Antikajist¸ntac sthn exÐswsh (1.11) to Ψ (x, t) me to deÔtero mèloc thc
(1.15) kai qrhsimopoi¸ntac th sqèsh (1.9) èqoume

∑
n

an (t) e−iEntEnφn (x) +
∑

n

V (x, t) an (t) φn (x) e−iEnt =

= i
∑

n

dan

dt
(t) φn (x) e−iEnt +

∑
n

an (t) φn (x) Ene
−iEnt ⇔

⇔ i
∑

n

dan

dt
(t) φn (x) e−iEnt =

∑
n

V (x, t) an (t) φn (x) e−iEnt (1.16)

9



Pollaplasi�zontac kai ta dÔo mèlh thc (1.16) me φ∗f (x), oloklhr¸nontac
ston ìgko V kai qrhsimopoi¸ntac th sqèsh orjogwniìthtac (1.10) paÐrnoume
tic parak�tw suzeugmènec diaforikèc exis¸seic gia touc suntelestèc

daf

dt
(t) = −i

∑
n

an (t)

∫

V

φ∗f (x) V (x, t) φn (x) ei(Ef−En)td3x (1.17)

Upojètoume t¸ra ìti to dunamikì dra gia −T/2 6 t 6 T/2, dhlad  V (x, t) =
0 gia |t| > T/2. Akìmh, exet�zoume thn perÐptwsh pou to swmatÐdio prin thn
epÐdrash tou dunamikoÔ brÐsketai se mÐa idiokat�stash, èstw i, thc eleÔjerhc
Qamiltonian c H0. Tìte ja èqoume

ai (−T/2) = 1 , an (−T/2) = 0 , n 6= i (1.18)

Epomènwc gia t = −T/2 h sqèsh (1.17) paÐrnei t¸ra thn aploÔsterh morf 

daf

dt
(−T/2) = −i

∫

V

φ∗f (x) V (x,−T/2) φi (x) ei(Ef−Ei)td3x (1.19)

JewroÔme t¸ra ìti to dunamikì pou dra sto swmatÐdio gia −T/2 6 t 6
T/2 eÐnai mÐa diataraq , eÐnai dhlad  arket� mikrì ètsi ¸ste na mhn all�zei
shmantik� tic timèc twn suntelest¸n an se sqèsh me tic arqikèc timèc touc
sth qronik  stigm  t = −T/2 ìpwc autèc dinìntai apì tic exis¸seic (1.18).
Autì shmaÐnei ìti kai h sqèsh (1.19) isqÔei me kal  prosèggish gia k�je
t, epomènwc mporoÔme na thn oloklhr¸soume kai na p�roume thn parak�tw
èkfrash

af (t) = −i

∫ t

−T/2

dt′
∫

V

d3xφ∗f (x) V (x, t) φi (x) ei(Ef−Ei)t′ (1.20)

Epeid  endiaferìmaste gia tic timèc twn suntelest¸n met� to pèrac thc epÐ-
drashc tou dunamikoÔ, jètoume t = T/2 sthn exÐswsh (1.20) kai brÐskoume
ìti

af (T/2) ≡ Tfi = −i

∫ T/2

−T/2

dt

∫

V

d3xφ∗f (x) V (x, t) φi (x) ei(Ef−Ei)t (1.21)

H èkfrash (1.21) apoteleÐ thn prosèggish se pr¸th t�xh thc jewrÐac diata-
raq¸n gia touc suntelestèc af .
H exÐswsh (1.21) mporeÐ na grafeÐ kai wc

Tfi = −i

∫ T/2

−T/2

dt

∫

V

d3x
[
φf (x) e−iEf t

]∗
V (x, t)

[
φi (x) e−iEit

]

10



kai qrhsimopoi¸ntac tic kumatosunart seic Φn (x, t) twn stasÐmwn katast�-
sewn, ìpou wc gnwstìn Φn (x, t) = φn (x) e−iEnt, èqoume ìti

Tfi = −i

∫

T

dt

∫

V

d3xΦ∗
f (x, t) V (x, t) Φi (x, t) (1.22)

An to sÔsthm� mac eÐqe diakritì f�sma (dhlad  dèsmiec katast�seic), tìte
h posìthta |Tfi|2 ja  tan Ðsh me thn pijanìthta met�bashc tou sust matoc
apì thn arqik  idiokat�stash i se mÐa opoiad pote telik  idiokat�stash f ,
lìgw tou dunamikoÔ thc diataraq c.
To eleÔjero swmatÐdio ìmwc pou melet�me èqei suneqèc f�sma (afoÔ profa-
n¸c den mporeÐ na eÐnai dèsmio) kai sunep¸c den èqei nìhma h pijanìthta autì
na brÐsketai se mÐa sugkekrimènh kat�stash (eÐnai p�nta mhdèn). Fusik� emeÐc
me thn kanonikopoÐhsh pou èqoume k�nei se ènan peperasmèno ìgko V èqoume
diakritopoi sei kat� k�poio trìpo to f�sma all� autì eÐnai èna majhmatikì
tèqnasma kai h posìthta |Tfi|2 exakoloujeÐ na mhn èqei fusikì nìhma, lìgw
thc aujairesÐac sthn eklog  tou ìgkou V .
To antÐstoiqo mègejoc sthn perÐptwsh mac prèpei na anafèretai se mÐa pe-
rioq  telik¸n katast�sewn (lìgw tou suneqoÔc qarakt ra tou f�smatoc)
kai ìqi se mÐa memonwmènh telik  kat�stash. Ja perimèname loipìn ìti h
posìthta ∫ n2

n1

|Tfi|2 dn

ìpou n eÐnai ènac (suneq c) deÐkthc twn katast�sewn, mac dÐnei dÐnei thn pija-
nìthta met�bashc tou swmatidÐou apì thn arqik  kat�stash i sthn perioq 
telik¸n katast�sewn metaxu n1 kai n2. Aut  h posìthta mporeÐ na grafteÐ
kai wc ∫ E2

E1

|Tfi|2 ρ (Ef ) dEf

ìpou ρ (Ef ) eÐnai h puknìthta twn telik¸n katast�sewn, dhlad 

ρ (Ef ) =
dN

dEf

me N ton sunolikì arijmì katast�sewn.
Sthn pragmatikìthta ìmwc oÔte kai autì to mègejoc eÐnai kat�llhlo giatÐ
ìpwc apodeiknÔetai sth bibliografÐa (dec [1]   [3]), eÐnai an�logo tou qrìnou.
Sunep¸c autì pou prèpei na oloklhr¸soume wc proc èna sÔnolo telik¸n
katast�sewn eÐnai h posìthta

W = lim
T→∞

|Tfi|2
T

(1.23)
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kai ètsi brÐskoume to rujmì met�bashc Wfi, o opoÐoc dÐnetai apì th sqèsh

Wfi =

∫

Ef

Wρ (Ef ) dEf (1.24)

Xanagurn�me t¸ra sthn exÐswsh (1.21) kai jewroÔme ìti T →∞ kaj¸c kai
ìti h sun�rthsh thc dunamik c enèrgeiac V (x, t) den exart�tai apì to qrìno,
eÐnai dhlad  V (x, t) = V (x). 'Eqoume loipìn ìti

Tfi = −i

∫ ∞

−∞
ei(Ef−Ei)tdt

∫

V

φ∗f (x) V (x) φi (x) d3x

kai jètontac Vfi ≡
∫

V
φ∗f (x) V (x) φi (x) d3x paÐrnoume ìti

Tfi = −2πiVfiδ (Ef − Ei) (1.25)

H d-sun�rthsh ed¸ ousiastik� ekfr�zei th diat rhsh thc enèrgeiac metaxÔ
thc arqik c kai thc telik c kat�stashc. Autì eÐnai k�ti pou to perimèname
afoÔ h diataraq  eÐnai t¸ra stajer  sto qrìno, dhlad  me mhdenik  suqnì-
thta, �ra kai ta kb�nta enèrgeiac pou mporeÐ na antall�xei me to sÔsthma
ja èqoun mhdenik  enèrgeia.
Antikajist¸ntac to Tfi apì thn exÐswsh (1.25) sthn (1.23) èqoume ìti

W = lim
T→∞

2π
|Vfi|2

T
δ2 (Ef − Ei) =

= lim
T→∞

2π
|Vfi|2

T
δ (Ef − Ei)

∫ T/2

−T/2

ei(Ef−Ei)tdt =

= lim
T→∞

2π
|Vfi|2

T
δ (Ef − Ei)

∫ T/2

−T/2

dt ⇔

⇔ W = 2π |Vfi|2 δ (Ef − Ei) (1.26)

en¸ gia to rujmì met�bashc Wfi brÐskoume apì thn (1.24) ìti

Wfi = 2π

∫

Ef

ρ (Ef ) |Vfi|2 δ (Ef − Ei) dEf ⇔

⇔ Wfi = 2π |Vfi|2 ρ (Ei) (1.27)

H sqèsh (1.27) eÐnai gnwst  kai wc kanìnac tou Fermi.
'Opwc eÐpame h sqèsh (1.25) mac dÐnei thn prosèggish tou Tfi se pr¸th t�xh
thc jewrÐac diataraq¸n gia thn eidik  perÐptwsh pou T →∞ kai V (x, t) =
V (x). Gia na upologÐsoume t¸ra to Tfi se prosèggish deÔterhc t�xhc gia

12



thn Ðdia perÐptwsh, antikajistoÔme ta an (t) apì th sqèsh (1.20) sto deÔtero
mèloc thc exÐswshc (1.17) kai ètsi paÐrnoume mÐa nèa (beltiwmènh) exÐswsh
sth jèsh thc (1.17). Apì th sqèsh aut  brÐskoume (dec [3]) ìti h prosèggish
se deÔterh t�xh thc jewrÐac diataraq¸n gia to Tfi isoÔtai me

Tfi = −2πiVfiδ (Ef − Ei)− 2πi
∑

n6=i

VfnVni

Ei − En

δ (Ef − Ei) (1.28)

O kanìnac tou Fermi se prosèggish deÔterhc t�xhc paramènei o Ðdioc mìno
pou t¸ra sth jèsh tou Vfi prèpei na b�loume thn posìthta

Vfi +
∑

n 6=i

Vfn
1

Ei − En

Vni (1.29)

O Ðdioc tÔpoc se prosèggish trÐthc t�xhc prokÔptei an sth jèsh tou Vfi

b�loume thn posìthta

Vfi +
∑

n6=i

Vfn
1

Ei − En

Vni +
∑

n6=i,m6=n

Vfn
1

Em − En

Vnm
1

Ei − Em

Vmi (1.30)

Oi parap�nw sqèseic faÐnontai pio parastatik� me th bo jeia twn diagram-
m�twn Feynman tou sq matoc (1.1).
ParathroÔme loipìn ìti o pr¸toc ìroc stic sqèseic (1.29) kai (1.30), dhlad 
h prosèggish pr¸thc t�xhc thc jewrÐac diataraq¸n, antistoiqeÐ sth skèdash
apì thn kat�stash i sthn kat�stash f , kai se aut  antistoiqeÐ o par�go-
ntac Vfi. O deÔteroc ìroc twn sqèsewn (1.29) kai (1.30) antistoiqeÐ sth
skèdash apì thn kat�stash i sthn kat�stash f mèsw ìlwn twn dunat¸n ka-
tast�sewn n. Se k�je kìmbo antistoiqoÔn kai ed¸ oi antÐstoiqoi par�gontec

Sq ma 1.1: Diagr�mmata Feynman gia th skèdash swmatidÐou apì dunamikì
se pr¸th kai se deÔterh t�xh thc jewrÐac diataraq¸n
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Vfn, Vni all� kai metaxÔ twn kìmbwn antistoiqeÐ o par�gontac 1/ (Ei − En)
pou onom�zetai diadìthc. EÐnai eÔkolo na fantastoÔme ìti o trÐtoc ìroc thc
sqèshc (1.30) ja antistoiqeÐ se èna di�gramma Feynman me treic endi�mesou-
c kìmbouc (kai antÐstoiqouc par�gontec Vfn, Vnm kai Vmi) kai dÔo diadìtec
pou sundèoun touc kìmbouc, me antÐstoiqouc par�gontec 1/ (Em − En) kai
1/ (Ei − Em).

14



Kef�laio 2

Sqetikistik  kbantomhqanik 

Sto kef�laio autì parousi�zontai k�poia basik� stoiqeÐa thc sqetikistik c
kbantomhqanik c. Arqik� melet�me swmatÐdia qwrÐc spin, swmatÐdia dhlad 
pou ikanopoioÔn thn exÐswsh Klein-Gordon. 'Etsi brÐskoume ta antÐstoiqa
apotelèsmata thc jewrÐac diataraq¸n tou pr¸tou kefalaÐou gia thn sqeti-
kistik  aut  perÐptwsh. Fusik� swmatÐdia qwrÐc spin den apant¸ntai sth
FÔsh, all� h melèth mac aut  eÐnai qr simh gia to jewrhtikì kataskeÔa-
sma pou ja exet�soume sto Kef�laio 3 (to opoÐo epÐshc den apant�tai sth
fÔsh). Akìmh, èqei ton paidagwgikì qarakt ra na mac eis�gei sthn pl rh
sqetikistik  perigraf  thc exÐswshc Dirac. Sth sunèqeia exet�zoume thn
exÐswsh Dirac pou perigr�fei swmatÐdia me spin kai ta apotelèsmata thc je-
wrÐac diataraq¸n genikeÔontai t¸ra wste na sumperil�boun kai ta fainìmena
tou spin.

2.1 SwmatÐdia qwrÐc spin

Sthn enìthta aut  melet�me kurÐwc thn exÐswsh Klein-Gordon san mÐa ge-
nÐkeush thc exÐswshc Schrödinger tou pr¸tou kefalaÐou gia sqetikistik�
swmatÐdia. Sqoli�zoume k�poia apì ta probl mata pou emfanÐzontai all�
kai ta nèa stoiqeÐa pou anadÔontai apì thn ermhneÐa aut¸n twn problhm�twn.
Akìmh, efarmìzoume ta apotelèsmata thc jewrÐac diataraq¸n tou pr¸tou ke-
falaÐou jewr¸ntac ìti to dunamikì thc diataraq c proèrqetai apì thn kÐnhsh
enìc �llou swmatidÐou, melet�me dhlad  th skèdash dÔo swmatidÐwn.

2.1.1 H exÐswsh Klein-Gordon

'Opwc eÐpame sto pr¸to kef�laio h exÐswsh tou Schrödinger prokÔptei anti-
kajist¸ntac sth mh sqetikistik  sqèsh orm c-enèrgeiac tou eleÔjerou sw-
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matidÐou E = p2/2m ta fusik� megèjh me touc antÐstoiqouc ermitianoÔc tele-
stèc. Akolouj¸ntac thn Ðdia logik , gia na broÔme mÐa sqetikistik  exÐswsh
thc kbantik c mhqanik c anazhtoÔme mÐa sqetikistik  exÐswsh thc klasik c
mhqanik c sthn opoÐa na antikatast soume ta fusik� megèjh me touc antÐ-
stoiqouc telestèc. Wc gnwstìn, h sqetikistik  sqèsh orm c-enèrgeiac gia to
eleÔjero swmatÐdio eÐnai

E2 = p2 + m2 (2.1)

ìpou gia thn taqÔthta tou fwtìc sto kenì c, èqoume jèsei ìti c ≡ 1. K�no-
ntac kai sthn exÐswsh aut  tic antikatast�seic (1.2) paÐrnoume thn exÐswsh

−∂2φ

∂t2
(x, t) = −∇2φ (x, t) + m2φ (x, t) (2.2)

ìpou φ (x, t) h kumatosun�rthsh tou swmatidÐou.
H exÐswsh (2.2) eÐnai gnwst  wc exÐswsh Klein-Gordon. Anazht¸ntac mÐa
exÐswsh sunèqeiac pou na prokÔptei t¸ra apì thn (2.2), brÐskoume ìti oi
antÐstoiqec ekfr�seic gia thn puknìthta pijanìthtac kai gia thn puknìthta
reÔmatoc pijanìthtac prèpei na oristoÔn wc ex c

ρ = i

(
φ∗

∂φ

∂t
− φ

∂φ∗

∂t

)
(2.3)

j = −i (φ∗∇φ− φ∇φ∗) (2.4)

kai fusik� sudèontai metaxÔ touc me th sqèsh (1.7).
'Hdh mporoÔme na doÔme ta probl mata pou èqei o orismìc (2.3), afoÔ h
puknìthta pijanìthtac ρ den eÐnai t¸ra jetik� orismènh, dhlad  den isqÔei en
gènei ìti ρ > 0, kai sunep¸c h posìthta aut  den mporeÐ na antiproswpeÔei
mÐa puknìthta pijanìthtac.
MÐa lÔsh se autì to prìblhma eÐnai na pollaplasi�soume ta deÔtera mèlh
twn sqèsewn (2.3) kai (2.4) me −e, ìpou e to stoiqei¸dec fortÐo, kai na
jewr soume t¸ra ta megèjh ρ kai j san puknìthta fortÐou kai puknìthta
(hlektrikoÔ) reÔmatoc antÐstoiqa.
'Ena �llo prìblhma thc exÐswshc Klein-Gordon eÐnai h Ôparxh arnhtik¸n
energei¸n, h opoÐa prokÔptei kat' eujeÐan apì th sqetikistik  sqèsh (2.1).
Pr�gmati, lÔnontac sth sqèsh aut  wc proc E brÐskoume ìti

E = ±
√

p2 + m2 (2.5)

Oi arnhtikèc autèc lÔseic mporoÔn na aporrifjoÔn sthn klasik  mhqanik 
all� ìqi kai sthn kbantomhqanik  ìpou epitrèpontai �lmata metaxÔ twn ener-
geiak¸n stajm¸n. Epiplèon qreiazìmaste èna pl rec sÔnolo idiosunart se-
wn gia thn perigraf  tou fusikoÔ sust matoc, k�ti pou epitugq�netai mìno an
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l�boume up�oyh ìlec tic lÔseic thc exÐswshc Klein-Gordon, sumperilambano-
mènwn kai aut¸n me arnhtik  enèrgeia. H ermhneÐa twn kumatosunart sewn
me arnhtik  enèrgeia eÐnai ìti autèc antistoiqoÔn se antiswmatÐdia (dhlad 
swmatÐdia me antÐjeto fortÐo) me jetik  enèrgeia   alli¸c se swmatÐdia me
arnhtik  enèrgeia pou ìmwc kinoÔntai an�poda sto qrìno. Autì faÐnetai kai
apì th qronik  ex�rthsh thc kumatosun�rthshc gia thn opoÐa isqÔei ìti

e−iEt = e−i(−E)(−t)

pou shmaÐnei ìti h perigraf  enìc antiswmatidÐou me E > 0 eÐnai isodÔnamh
me thn perigraf  enìc swmatidÐou me E < 0 pou kineÐtai antÐjeta sto qrìno
kai to antÐstrofo. Sunep¸c mporoÔme na asqoloÔmaste mìno me tic kuma-
tosunart seic twn swmatidÐwn ta opoÐa ìmwc èqoun t¸ra th dunatìthta na
kinoÔntai antÐjeta sto qrìno ¸ste na sumperilamb�noun kai ta antiswmatÐdia.

Se autì to shmeÐo eÐnai qr simo na eis�goume thn ènnoia twn tetradianu-
sm�twn kai na doÔme pwc aplopoieÐtai h graf  twn sqetikistik¸n exis¸sewn.
'Ena tetradi�nusma orÐzetai wc èna di�nusma me tèsseric sunist¸sec, èstw

aµ ≡ (
a0, a1, a2, a3

) ≡ (
a0, a

)
(2.6)

me thn idiìthta oi sunist¸sec tou a0, a1, a2 kai a4 na upakoÔoun stouc meta-
sqhmatismoÔc Lorentz ìpwc ta t, x, y kai z antÐstoiqa. ParadeÐgmata tetra-
dianusm�twn eÐnai ta

xµ ≡ (
x0, x1, x2, x3

) ≡ (t, x)

pµ ≡ (
p0, p1, p2, p3

) ≡ (E, p)

jµ ≡ (
j0, j1, j2, j3

) ≡ (ρ, j)

Aµ ≡ (
A0, A1, A2, A3

) ≡ (φ, A)

∂µ ≡ (
∂0, ∂1, ∂2, ∂3

) ≡ (∂/∂t,−∇)

ìpou t o qrìnoc, x to di�nusma thc jèshc, E h enèrgeia, p to di�nusma thc
orm c, ρ h puknìthta fortÐou, j h puknìthta tou reÔmatoc, φ to bajmwtì
dunamikì kai A to dianusmatikì dunamikì.
OrÐzoume t¸ra to eswterikì ginìmeno dÔo tetradianusm�twn a kai b wc ex c

a · b ≡ a0b0 − a · b (2.7)

An orÐsoume to tetradi�nusma aµ wc ex c

aµ ≡
(
a0,−a1,−a2,−a3

) ≡ (
a0,−a

)
(2.8)
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tìte to eswterikì ginìmeno twn tetradianusm�twn a kai b gr�fetai pio suno-
ptik� wc

a · b = aµbµ = aµb
µ = gµνa

µbν = gµνaµbν (2.9)

ìpou gia to gµν = gµν isqÔei ìti

g00 = 1 , g11 = g22 = g33 = −1 , gµν = 0 , µ 6= ν

MÐa shmantik  idiìthta tou eswterikoÔ ginomènou tetradianusm�twn eÐnai ìti
paramènei analloÐwto k�tw apì metasqhmatismoÔc Lorentz, ìti h tim  tou dh-
lad  eÐnai h Ðdia se ìla ta sust mata anafor�c. Aut  h idiìthta mac k�nei na
epidi¸koume na gr�foume p�nta touc fusikoÔc nìmouc se morf  eswterikoÔ
ginomènou tetradianusm�twn   isodÔnama oi p�nw deÐktec na exisorropoÔntai
me touc k�tw se k�je mèloc thc exÐswshc. An k�poioc deÐkthc (p�nw   k�tw)
den exisorropeÐtai me ton Ðdio deÐkth (k�tw h p�nw) sto Ðdio mèloc thc exÐsw-
shc, tìte o deÐkthc autìc ja prèpei na emfanÐzetai sthn Ðdia jèsh (p�nw  
k�tw) sto �llo mèloc thc exÐswshc.
Me th bo jeia tou sumbolismoÔ twn tetradianusm�twn h exÐswsh (2.2) (Klein-
Gordon) gr�fetai (

∂µ∂
µ + m2

)
φ = 0 (2.10)

en¸ oi sqèseic (2.3) kai (2.4) enopoioÔntai sthn

jµ = (ρ, j) = i (φ∗∂µφ− φ∂µφ∗) (2.11)

H exÐswsh sunèqeiac (1.7) gr�fetai pio sunoptik� wc

∂µj
µ = 0 (2.12)

2.1.2 H mèjodoc twn diataraq¸n sthn exÐswsh Klein-
Gordon

'Opwc eÐpame sthn prohgoÔmenh enìthta èna eleÔjero swmatÐdio, èstw èna
hlektrìnio, qwrÐc spin ja ikanopoieÐ thn exÐswsh (2.10). Gia na broÔme thn
exÐswsh kÐnhshc ìtan èna hlektrìnio brÐsketai upì thn epÐdrash enìc hlektro-
magnhtikoÔ dunamikoÔ Aµ = (A0,A) prèpei sthn klasik  hlektrodunamik  na
k�noume thn antikat�stash

pµ → pµ + eAµ

ìpou e to stoiqei¸dec fortÐo. H antÐstoiqh antikat�stash sthn kbantomh-
qanik  eÐnai profan¸c

i∂µ → i∂µ + eAµ
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opìte h exÐswsh (2.10) gr�fetai
(
∂µ∂

µ + m2
)
φ = −V φ (2.13)

ìpou V eÐnai h (hlektromagnhtik ) diataraq  kai isoÔtai me

V = −ie (∂µA
µ + Aµ∂µ)− e2A2 (2.14)

Sthn sqèsh (2.14) mporoÔme na paraleÐyoume ton ìro me suntelest  to e2

kai na ergastoÔme mìno me touc dÔo pr¸touc ìrouc, dhlad  se prosèggish
pr¸thc t�xhc wc proc e. Aut  h prosèggish eÐnai dikaiologhmènh lìgw thc
mikr c tim c (wc proc th mon�da) thc stajer�c lept c uf c α pou mac dÐnei
èna mètro thc isqÔoc thc hlektromagnhtik c allhlepÐdrashc. Pr�gmati, se
fusikèc mon�dec eÐnai

α =
e2

4π
' 1

137
¿ 1

UpenjumÐzoume th sqèsh (1.22) tou pr¸tou kefalaÐou pou mac dÐnei t¸ra
to pl�toc thc skèdashc tou hlektronÐou apì thn arqik  kat�stash φi sthn
telik  kat�stash φf , lìgw tou hlektromagnhtikoÔ dunamikoÔ Aµ, se prosèg-
gish pr¸thc t�xhc thc jewrÐac diataraq¸n. Aut  gr�fetai wc

Tfi = −i

∫
φ∗f (x) V (x) φi (x) d4x (2.15)

ìpou x ≡ (t, x).
Antikajist¸ntac to dunamikì thc diataraq c apì th sqèsh (2.14), èqontac
paraleÐyei ton teleutaÐo ìro, paÐrnoume ìti

Tfi = −i

∫
φ∗f (−ie) (Aµ∂µ + ∂µA

µ) φid
4x =

= −e

∫
φ∗fA

µ∂µφid
4x− e

∫
φ∗f∂µ (Aµφi) d4x =

= −e

∫
φ∗fA

µ∂µφid
4x− e

∮
φ∗fA

µφidxµ + e

∫ (
∂µφ

∗
f

)
Aµφid

4x

Sthn teleutaÐa èkfrash to epifaneiakì olokl rwma tou deÔterou ìrou i-
soÔtai me mhdèn giatÐ jewroÔme ìti gia |t| , |x| → ∞ to hlektromagnhtikì
dunamikì Aµ → 0.
'Etsi loipìn èqoume ìti

Tfi = −e

∫
φ∗fA

µ∂µφid
4x + e

∫ (
∂µφ

∗
f

)
Aµφid

4x =

= −i

∫
(−ie)

(
φ∗f∂µφi −

(
∂µφ

∗
f

)
φi

)
Aµd4x ⇔

⇔ Tfi = −i

∫
jfi
µ Aµd4x (2.16)
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ìpou
jfi
µ = −ie

(
φ∗f∂µφi − φi∂µφ

∗
f

)
(2.17)

SugkrÐnontac th sqèsh (2.17) me th sqèsh (2.11), blèpoume ìti to jfi
µ mporeÐ

na jewrhjeÐ san to hlektromagnhtikì reÔma pou sundèetai me th met�bash
tou hlektronÐou apì thn kat�stash i sthn kat�stash f .
Oi kumatosunart seic φi kai φf eÐnai idiosunart seic thc Qamiltonian c tou
eleÔjerou hlektronÐou, epomènwc ja èqoun th morf 

φi (x) = Nie
−ipi·x , φf (x) = Nfe

−ipf ·x (2.18)

ìpou oi suntelestèc Ni kai Nf eÐnai stajerèc kanonikopoÐhshc kai ta pi kai
pf eÐnai h arqik  kai h telik  tetraorm  antÐstoiqa. Antikajist¸ntac tic
ekfr�seic (2.18) sthn exÐswsh (2.17), brÐskoume ìti

jfi
µ = −ie

[
Nfe

ipf ·x (−ipi) Nie
−ipi·x −Nie

−ipi·xNf ipfe
ipf ·x] ⇔

⇔ jfi
µ = −eNiNf (pi + pf )µ ei(pf−pi)·x (2.19)

H skèdash tou hlektronÐou apì thn kat�stash i sthn kat�stash f lìgw tou
hlektromagnhtikoÔ dunamikoÔ Aµ faÐnetai parastatik� sto di�gramma Feyn-
man tou sq matoc (2.1), ìpou èqei sqediasteÐ kai to reÔma jfi

µ .
Qrhsimopoi¸ntac to apotèlesma (2.16) gia to pl�toc skèdashc Tfi tou hle-
ktronÐou apì èna hlektromagnhtikì dunamikì Aµ mporoÔme na upologÐsoume
to pl�toc skèdashc gia th skèdash tou hlektronÐou apì èna �llo swmatÐdio,
èstw èna miìnio. Sthn perÐptwsh aut  to miìnio eÐnai h phg  tou hlektroma-
gnhtikoÔ dunamikoÔ Aµ. Ja isqÔei loipìn ìti

¤2Aµ = jµ
(2) (2.20)

ìpou ¤2 ≡ ∂µ∂µ eÐnai o telest c D’ Alembert kai o deÐkthc (2) sto jµ
(2)

anafèretai sto miìnio. Kat' analogÐa me thn perÐptwsh tou hlektronÐou pou

Sq ma 2.1: Di�gramma Feynman gia th skèdash hlektronÐou apì hlektroma-
gnhtikì dunamikì se pr¸th t�xh thc jewrÐac diataraq¸n
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exet�same prohgoumènwc (sqèsh (2.19) ), ja isqÔei ìti

jµ
(2) = −eN

(2)
i N

(2)
f

(
p

(2)
i + p

(2)
f

)µ

e
i
�
p
(2)
f −p

(2)
i

�
·x (2.21)

IsqÔei t¸ra ìti
¤2eip·x = −p2eip·x

�ra h lÔsh thc exÐswshc (2.20) eÐnai eÔkolo na doÔme ìti eÐnai h

Aµ = − 1(
p

(2)
f − p

(2)
i

)2 jµ
(2) (2.22)

Jètontac q ≡ p
(2)
f − p

(2)
i h exÐswsh (2.22) gr�fetai pio apl�

Aµ = − 1

q2
jµ
(2) (2.23)

Antikajist¸ntac to Aµ apì thn exÐswsh (2.23) sth (2.16) paÐrnoume thn
parak�tw sqèsh gia to pl�toc skèdashc hlektronÐou-mionÐou se prosèggish
pr¸thc t�xhc thc jewrÐac diataraq¸n

Tfi = −i

∫
j(1)
µ

(
− 1

q2

)
jµ
(2)d

4x =

= iN
(1)
i N

(2)
i N

(1)
f N

(2)
f e2 1

q2

(
p

(1)
i + p

(1)
f

)
µ

(
p

(2)
i + p

(2)
f

)µ

×

×
∫

e
i
�
p
(1)
f −p

(1)
i +p

(2)
f −p

(2)
i

�
·x
d4x ⇔

⇔ Tfi = iN
(1)
i N

(2)
i N

(1)
f N

(2)
f e2 1

q2

(
p

(1)
i + p

(1)
f

)
µ

(
p

(2)
i + p

(2)
f

)µ

×

× (2π)4 δ(4)
(
p

(2)
f + p

(1)
f − p

(2)
i − p

(1)
i

)
(2.24)

Jètontac NA ≡ N
(1)
i , NB ≡ N

(2)
i , NC ≡ N

(1)
f , ND ≡ N

(2)
f , pA ≡ p

(1)
i , pB ≡

p
(2)
i , pC ≡ p

(1)
f kai pD ≡ p

(2)
f , h sqèsh (2.24) gr�fetai

Tfi = −iNANBNCND (2π)4 δ(4) (pD + pC − pB − pA)M (2.25)

me

−iM = (ie (pA + pC)µ)

(
−i

gµν

q2

)
(ie (pB + pD)ν) (2.26)

H posìthta M onom�zetai analoÐwto pl�toc kai eÐnai to qarakthristikì mè-
gejoc tou probl matoc, dhlad  ìla ta metr sima fusik� megèjh ekfr�zontai
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Sq ma 2.2: Di�gramma Feynman gia th skèdash hlektronÐou-mionÐou se pr¸th
t�xh thc jewrÐac diataraq¸n

sunart sei tou M, to opoÐo perièqei ìlec tic plhroforÐec gia th fusik  thc
skèdashc pou exet�zoume. Sthn exÐswsh (2.25) h d-sun�rthsh ekfr�zei th
diat rhsh thc tetraorm c, dhlad  thc enèrgeiac kai thc orm c, prin kai met�
thn allhlepÐdrash twn swmatidÐwn.
Oi teleutaÐec sqèseic faÐnetai pio parastatik� sta diagr�mmata Feynman
sta sq mata (2.2) kai (2.3).

Sto pr¸to di�gramma shmei¸nontai oi ormèc tou hlektronÐou, tou mionÐou kai
tou fwtonÐou kaj¸c kai ta hlektromagnhtik� reÔmata j

(1)
µ kai j

(2)
µ twn dÔo

swmatidÐwn. Sto deÔtero di�gramma blèpoume touc par�gontec pou sundè-
ontai me k�je kìmbo   gramm . 'Etsi parathroÔme ìti ston kìmbo thc al-

Sq ma 2.3: Di�gramma Feynman gia th skèdash hlektronÐou-mionÐou se pr¸th
t�xh thc jewrÐac diataraq¸n
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lhlepÐdrashc hlektronÐou-fwtonÐou antistoiqeÐ o par�gontac ie (pA + pC)µ

en¸ ston kìmbo allhlepÐdrashc mionÐou-fwtonÐou antistoiqeÐ o par�gontac
ie (pB + pD)ν . Tèloc, sto fwtìnio antistoiqeÐ o diadìthc −igµν/q

2.

2.2 SwmatÐdia me spin

Sthn enìthta aut  ja exet�soume th sqetikistik  kbantomhqanik  sthn pl rh
thc perigraf , mesw dhlad  thc exÐswshc Dirac. Ja ex�goume ta apotelèsma-
ta thc jewrÐac diataraq¸n thc prohgoÔmenhc enìthtac sumperilambanontac
ìmwc ektìc apì thn hlektromagnhtik  allhlepÐdrash, kai ta fainìmena tou
spin. Gia pr¸th for� ja asqolhjoÔme dhlad  me mÐa realistik  skèdash sw-
matidÐou, afoÔ ìpwc èqoume  dh pei den up�rqoun sth FÔsh swmatÐdia qwrÐc
spin. Shmei¸noume tèloc ìti h enìthta aut  paratÐjetai gia q�rh thc plhrì-
thtac thc jewrÐac, afoÔ gia to montèlo pou ja exet�soume sto Kef�laio 3
eÐnai arket  h jewrÐa twn swmatidÐwn qwrÐc spin.

2.2.1 H exÐswsh Dirac

'Opwc eÐdame sthn pr¸th enìthta autoÔ tou kefalaÐou h exÐswsh Klein-
Gordon parousi�zei k�poia probl mata ìpwc arnhtik  puknìthta pijanì-
thtac kai lÔseic me arnhtik  enèrgeia, apì ta opoÐa gia na apallagoÔme
anagkast kame na ta ermhneÔsoume wc puknìthta fortÐou kai Ôparxh anti-
swmatidÐwn antÐstoiqa. H phg  twn parap�nw problhm�twn  tan to gegonìc
ìti h sqetikistik  sqèsh (2.1) eÐnai tetragwnik  wc proc thn enèrgeia kai
kat� sunèpeia ìtan antikatast soume ta fusik� megèjh me touc antÐstoiqouc
ermitianoÔc telestèc, aut  ja perièqei mÐa deÔterh par�gwgo wc proc to qrì-
no. 'Ena �llo meionèkthma thc exÐswshc Klein-Gordon eÐnai ìti den problèpei
kajìlou thn endogen  stroform , dhlad  to spin twn swmatidÐwn, pou èqei
parathrhjeÐ peiramatik�.
O Dirac anazht¸ntac mÐa enallaktik  sqetikistik  exÐswsh pou na eÐnai gram-
mik  wc proc thn enèrgeia (�ra kai wc proc thn orm  kai th m�za) ègraye th
Qamiltonian  tou eleÔjerou swmatidÐou wc ex c

H = α · p + βm (2.27)

ìpou ta α kai β eÐnai suntelestèc proc prosdiorismì. H antÐstoiqh kbantik 
exÐswsh kÐnhshc profan¸c gr�fetai

Hψ = (α · p + βm) ψ (2.28)

ìpou ψ eÐnai h kumatosun�rthsh tou swmatidÐou. Ja prèpei fusik� na isqÔei
ìti

H2 = p2 + m2 (2.29)
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gia na isqÔei h basik  exÐswsh (2.1). 'Eqoume loipìn ìti

H2 = p2 + m2 ⇔
(

3∑
i=1

αipi + βm

)(
3∑

i=1

αipi + βm

)
=

3∑
i=1

p2
i + m2 ⇔

⇔
[

3∑
i=1

α2
i p

2
i +

3∑
j=1

3∑
i=j+1

(αiαj + αjαi) pipj +
3∑

i=1

(αiβ + βαi) pim + β2m2

]
=

=
3∑

i=1

p2
i + m2 (2.30)

ìpou èqoume jewr sei th genik  perÐptwsh ìpou αiαj 6= αjαi me i 6= j kai
αiβ 6= βαi en gènei, dhlad  oi suntelestèc αi,i = 1, 2, 3 kai β den metatÐje-
ntai metaxÔ touc. Exis¸nontac touc suntelestèc twn grammik� anex�rthtwn
posot twn sta dÔo mèlh thc sqèshc (2.30) paÐrnoume ìti

α2
i = β2 = 1 , i = 1, 2, 3

αiαj + αjαi = 0 , i, j = 1, 2, 3 , i 6= j (2.31)
αiβ + βαi = 0 , i = 1, 2, 3

EÔkola mporoÔme na doÔme ìti oi exis¸seic (2.31) den mporoÔn na ikanopoioÔ-
ntai an ta αi kai β eÐnai arijmoÐ. 'Etsi anazhtoÔme lÔseic ìpou ta αi kai β
eÐnai n× n pÐnakec. Oi pÐnakec me th mikrìterh di�stash pou ikanopoioÔn tic
exis¸seic (2.31) eÐnai 4×4 kai up�rqoun �peirec lÔseic (α, β). MÐa apì autèc
eÐnai h parak�tw

α =

(
0 σ
σ 0

)
, β =

(
I 0
0 −I

)
(2.32)

ìpou σ eÐnai oi pÐnakec tou Pauli, dhlad 

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
(2.33)

AfoÔ oi suntelestèc α kai β eÐnai t¸ra 4 × 4 pÐnakec, to Ðdio ja eÐnai kai
h Qamiltonian  sthn exÐswsh (2.27). Epomènwc h kumatosun�rthsh ψ p�nw
sthn opoÐa dra o telest c thc Qamiltonian c sthn exÐswsh (2.28) ja eÐnai
t¸ra èna di�nusma-st lh tess�rwn stoiqeÐwn.
'Eqoume pei ìti h exÐswsh Dirac eÐnai mÐa sqetikistik  exÐswsh, epomènwc epi-
jumoÔme na th gr�youme sunart sei eswterik¸n ginomènwn tetradianusm�tw-
n, ìpwc akrib¸c k�name kai me tic sqetikistikèc exis¸seic thc prohgoÔmenhc
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enìthtac. Antikajist¸ntac sthn exÐswsh (2.28) sth jèsh thc enèrgeiac kai
thc orm c touc antÐstoiqouc ermitianoÔc telestèc (sqèseic (1.2)) èqoume ìti

i
∂ψ

∂t
= −iα ·∇ψ + mβψ (2.34)

Pollaplasi�zontac thn exÐswsh (2.34) me β apì arister� paÐrnoume ìti

iβ
∂ψ

∂t
= −iβα ·∇ψ + mβ2ψ ⇔

⇔ iβ
∂ψ

∂t
+ iβα ·∇ψ −mψ = 0 (2.35)

Jètontac γµ ≡ (β, βα) h exÐswsh (2.35) gr�fetai wc ex c

(iγµ∂µ −m) ψ = 0 (2.36)

Oi pÐnakec γµ onom�zontai pÐnakec g�mma tou Dirac. Ed¸ den èqoume fusik�
dikaiolog sei giatÐ oi pÐnakec-sunist¸sec γ0, γ1, γ2 kai γ3 èqoun tic idiìthtec
enìc tetradianÔsmatoc all� autì ja faneÐ lÐgo parak�tw. Me th bo jeia
twn pin�kwn tou Dirac oi sqèseic (2.31) sunoyÐzontai sthn

γµγν + γνγµ = 2gµν (2.37)

IsqÔei akìma ìti
(γµ)† = γ0γµγ0 (2.38)

ìpou me (γµ)† sumbolÐzoume ton ermitianì suzug  (  anastrofosuzug ) pÐna-
ka tou γµ.
AnazhtoÔme t¸ra èna tetradi�nusma jµ to opoÐo ja ermhneÔsoume wc puk-
nìthta hlektrikoÔ reÔmatoc kai gia to opoÐo na prokÔptei apì thn exÐswsh
Dirac ìti ikanopoieÐ thn exÐswsh sunèqeiac (2.12). MporoÔme na epibebai¸-
soume (dec [3]) ìti to tetradi�nusma

jµ = −eψγµψ (2.39)

ìpou ψ ≡ ψ†γ0, èqei tic parap�nw idiìthtec. Apì th sqèsh (2.39) mporoÔme
kat� eujeÐan na doÔme ìti to jµ eÐnai an�logo tou γµ, epomènwc to γµ mporeÐ
na jewrhjeÐ kai autì san tetradi�nusma.
EÐpame prohgoumènwc ìti h kumatosun�rthsh sthn exÐswsh tou Dirac eÐnai
èna di�nusma-st lh me tèsseric sunist¸sec. Apì autèc oi dÔo antistoiqoÔ-
n se kumatosunat seic me jetik  enèrgeia (pou perigr�foun swmatÐdia) kai
oi �llec dÔo se kumatosunart seic me arnhtik  enèrgeia (pou perigr�fou-
n antiswmatÐdia). Blèpoume loipìn ìti se k�je enèrgeia, jetik    arnhtik ,
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antistoiqoÔn dÔo idiosunart seic. Autì mac odhgeÐ sto sumpèrasma ìti up�r-
qei ènac akìmh bajmìc eleujerÐac pou mporeÐ na paÐrnei dÔo diakritèc timèc
kai pou prokaleÐ autìn ton diplì ekfulismì. O bajmìc autìc eleujerÐac
eÐnai h endogen c stroform    spin twn swmatidÐwn. Autì mporoÔme na to
doÔme kai apì to gegonìc ìti h Qamiltonian  tou Dirac (exÐswsh (2.27)) den
metatÐjetai me ton telest  L thc stroform c, dhlad  [H, L] 6= 0.
AntÐjeta metatÐjetai me ton telest 

J = L +
1

2
Σ , Σ ≡

(
σ 0
0 σ

)

dhlad  [H, J ] = 0. Sunep¸c to mègejoc pou eÐnai t¸ra diathr simo den eÐnai
h troqiak  stroform  tou swmatidÐou all� h olik  stroform , dhlad  to
dianusmatikì �jroisma thc troqiak c stroform c kai thc endogenoÔc stro-
form c   spin tou swmatidÐou.
Oi lÔseic thc exÐswshc tou Dirac gia èna eleÔjero swmatÐdio eÐnai thc morf c

ψ = u (p) e−ip·x (2.40)

Antikajist¸ntac sthn exÐswsh (2.36) to ψ me to deÔtero mèloc thc sqèshc
(2.40) brÐskoume ìti h u (p) ikanopoieÐ thn exÐswsh

(γµpµ −m) u (p) = 0 (2.41)

  isodÔnama
(α · p + βm) u = Eu (2.42)

Jètontac u ≡
(

uA

uB

)
h exÐswsh (2.42) gr�fetai

(
m σ · p

σ · p −m

)(
uA

uB

)
= E

(
uA

uB

)
⇔

⇔
{

(σ · p) uB = (E −m) uA

(σ · p) uA = (E + m) uB

}
(2.43)

MporoÔme eÔkola na epalhjeÔsoume ìti oi sunart seic

u
(s)
A = χ(s) , u

(s)
B =

σ · p
E + m

χ(s) (2.44)

ìpou s = 1, 2 kai χ(1) =

(
1
0

)
, χ(2) =

(
0
1

)
apoteloÔn lÔseic twn exis¸-

sewn (2.43) me E > 0.
Epomènwc ja eÐnai

u(s) = N

(
χ(s)

�·p
E+m

χ(s)

)
, E > 0 (2.45)
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ìpou N eÐnai mÐa stajer� kanonikopoÐhshc.
'Omoia, gia tic lÔseic me E < 0 brÐskoume ìti

u(s+2) = N

( −�·p
|E|+m

χ(s)

χ(s)

)
, E < 0 (2.46)

IsqÔei tèloc h sqèsh orjogwniìthtac
(
u(r)

)†
u(s) = 0 , r 6= s (2.47)

2.2.2 H mèjodoc twn diataraq¸n sthn exÐswsh Dirac

EÐmaste t¸ra ètoimoi na efarmìsoume ta apotelèsmata thc jewrÐac diata-
raq¸n sthn exÐswsh Dirac. JewroÔme arqik� èna eleÔjero swmatÐdio, èstw
èna hlektrìnio. H exÐswsh pou dièpei to sÔsthma eÐnai h exÐswsh Dirac tou
eleÔjerou swmatidÐou (sqèsh (2.36)). Jewr¸ntac kai p�li lÔseic epipèdwn
kum�twn thc morf c ψ = u (p) e−ip·x, èqoume dei ìti h sun�rthsh u (p) prèpei
na ikanopoieÐ thn exÐswsh (2.41)

(γµp
µ −m) u (p) = 0

Pollaplasi�zontac kai ta dÔo mèlh thc parap�nw exÐswshc me e−ip·x èqoume

(γµp
µ −m) ψ = 0 (2.48)

JewroÔme t¸ra ìti to hlektrìnio den eÐnai eleÔjero, all� kineÐtai upì thn
epÐdrash enìc hlektromagnhtikoÔ dunamikoÔ Aµ, to opoÐo apoteleÐ th diata-
raq . H nèa exÐswsh kÐnhshc prokÔptei e�n sthn exÐswsh (2.48) k�noume thn
antikat�stash

pµ → pµ + eAµ

ìpwc sthn prohgoÔmenh enìthta. PaÐrnoume ètsi thn exÐswsh

(γµp
µ −m) ψ = −eγµA

µψ (2.49)

Pollaplasi�zontac thn (2.49) me γ0 apì arister� èqoume
[(

γ0
)2

p0 + γ0γ1p1 + γ0γ2p2 + γ0γ3p3 −m
]
ψ = −eγ0γµA

µψ ⇔
⇔ [

E + γ0γ1px + γ0γ2py + γ0γ3pz −m
]
ψ = V ψ (2.50)

ìpou V = −eγ0γµA
µ kai qrhsimopoi same to gegonìc ìti (γ0)

2
= β2 = 1. O

skopìc tou pollaplasiasmoÔ thc exÐswshc (2.49) me γ0  tan na th fèroume
sth morf  (E + ...) ψ = V ψ (sqèsh (2.50)) ìpwc akrib¸c kai sthn exÐswsh
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Schrödinger (sqèsh (1.5)) kai na anadeÐxoume ètsi ton ìro thc dunamik c
enèrgeiac thc diataraq c.
Ja qrhsimopoi soume kai ed¸ to apotèlesma tou pr¸tou kefalaÐou gia to
pl�toc thc skèdashc tou hlektronÐou apì thn kat�stash ψi sthn kat�stash
ψf lìgw tou hlektromagnhtikoÔ dunamikoÔ Aµ se prosèggish pr¸thc t�xhc
thc jewrÐac diataraq¸n (sqèsh (2.15)). Fusik� t¸ra h kumatosun�rthsh tou
hlektronÐou eÐnai èna di�nusma-st lh opìte sth jèsh tou migadikoÔ suzugoÔc
ja b�loume to ermitianì suzugèc, dhlad 

Tfi = −i

∫
ψ†f (x) V (x) ψi (x) d4x (2.51)

Antikajist¸ntac th sun�rthsh V (x) sth sqèsh (2.51) èqoume ìti

Tfi = ie

∫
ψ†fγ

0γµA
µψid

4x = ie

∫
ψfγµA

µψid
4x ⇔

⇔ Tfi = −i

∫
jfi
µ Aµd4x (2.52)

ìpou
jfi
µ = −eψfγµψi = −eufγµuie

i(pf−pi)·x (2.53)

eÐnai kai p�li to hlektromagnhtikì reÔma pou sundèetai me th met�bash tou
hlektronÐou apì thn kat�stash i sthn kat�stash f . JumÐzoume ìti to antÐ-
stoiqo reÔma gia swmatÐdia qwrÐc spin eÐnai

jfi
µ = −e (pi + pf )µ ei(pf−pi)·x (2.54)

H sqèsh (2.54) prokÔptei apì th (2.19) jètontac Ni = Nf = 1.
SugkrÐnontac tic sqèseic (2.53) kai (2.54) kataskeu�zoume ta diagr�mmata
Feynman tou sq matoc (2.4) gia tic dÔo peript¸seic.

Sq ma 2.4: Di�grammata Feynman gia th skèdash apì hlektromagnhtikì
dunamikì se pr¸th t�xh thc jewrÐac diataraq¸n a) hlektronÐou qwrÐc spin
b) hlektronÐou me spin 1/2
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Apì to sq ma (2.4) blèpoume ìti gia thn perÐptwsh thc skèdashc hlektro-
nÐou qwrÐc spin, ston kìmbo antistoiqeÐ o par�gontac ie (pf + pi)

µ en¸ stic
grammèc h mon�da. Gia thn (realistik ) perÐptwsh thc skèdashc hlektronÐou
me spin 1/2, ston kìmbo antistoiqeÐ o par�gontac-pÐnakac ieγµ, sth gramm 
eisìdou sthn allhlepÐdrash antistoiqeÐ to di�nusma-st lh ui thc arqik c
kat�stashc i kai sth gramm  exìdou apì thn allhlepÐdrash antistoiqeÐ to
di�nusma-gramm  uf thc telik c kat�stashc f .
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Kef�laio 3

Efarmog  thc
epanakanonikopoÐhshc sth
jewrÐa φ4

Sto kef�laio autì exet�zoume th diadikasÐa thc epanakanonikopoÐhshc (re-
normalization) mÐac jewrÐac kai thn efarmog  thc se mÐa jewrÐa thc epilog c
mac, th jewrÐa φ4. Arqik� exhgoÔme thn anagkaiìthta thc diadikasÐac aut c
gia tic kbantikèc jewrÐec kai tic genikèc arqèc thc qwrÐc na mpaÐnoume se pol-
lèc majhmatikèc leptomèreiec. Sth sunèqeia epanakanonikopoioÔme analutik�
th jewrÐa φ4 qrhsimopoi¸ntac k�poia apì ta apotelèsmata thc sqetikisti-
k c kbantomhqanik c swmatidÐwn qwrÐc spin pou ex�game sto prohgoÔmeno
kef�laio.

3.1 Eisagwg  sthn epanakanonikopoÐhsh
Sth mèqri t¸ra melèth mac twn kbantik¸n fainomènwn (skèdash swmatidÐou
apì hlektromagnhtikì dunamikì, skèdash dÔo swmatidÐwn) èqoume exet�sei ta
fusik� megèjh me th bo jeia thc jewrÐac diataraq¸n kai sthn parastatik 
apeikìnish aut¸n twn apotelesm�twn bo jhse shmantik� h ènnoia twn dia-
gramm�twn Feynman. H an�lus  mac periorÐsthke fusik� (stic sqetikistikèc
peript¸seic, ìpou ta diagr�mmata aut� èqoun pl rh ènnoia) sthn prosèggish
se pr¸th t�xh thc jewrÐac diataraq¸n kai ta antÐstoiqa diagr�mmata Feyn-
man eÐqan thn apl  morf  twn sqhm�twn (2.1) wc (2.4).
Ta apotelèsmata ìmwc aut� eÐnai ikanopoihtik c akrÐbeiac mìno se fainìmena
qamhl¸n energei¸n (skèdash Coulomb) ìpou oi upìloipoi ìroi thc jewrÐac
diataraq¸n mporoÔn na amelhjoÔn. E�n epijumoÔme na upologÐsoume ta Ðdia
fusik� megèjh me kalÔterh akrÐbeia   se probl mata uyhl¸n energei¸n ja
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Sq ma 3.1: Di�grammata Feynman gia th skèdash swmatidÐou apì hlektro-
magnhtikì dunamikì se deÔterh t�xh thc jewrÐac diataraq¸n

prèpei na sumperil�boume kai k�poiouc apì touc epìmenouc ìrouc thc jewrÐac
diataraq¸n kai sunep¸c ja prèpei na sunupologÐsoume kai k�poia epiplèon
diagr�mmata Feynman. Gia par�deigma, gia na melet soume th skèdash sw-
matidÐou apì hlektromagnhtikì dunamikì se prosèggish deÔterhc t�xhc thc
jewrÐac diataraq¸n ja prèpei ektìc apì to sq ma (2.1)   (2.4) na l�boume
up� ìyh mac kai ta diagr�mmata Feynman tou sq matoc (3.1). Aut� apeiko-
nÐzoun pijanèc fusikèc diadikasÐec pou h suneisfor� touc gÐnetai shmantik 
mìno stic meg�lec enèrgeiec kai parathroÔme ìti ìla perièqoun dÔo kìmbouc,
dhlad  èna brìqo (loop). Sunep¸c suneisfèroun sto telikì apotèlesma kat�
mÐa posìthta an�logh tou α2 (ìpou α h stajer� lept c uf c) se antÐjesh
me to di�gramma Feynman pr¸thc t�xhc pou èqei èna kìmbo kai kanèna brìqo
kai sunep¸c suneisfèrei kat� mÐa posìthta an�logh tou α.
'Eqoume dei ìti stouc kìmbouc twn diagramm�twn Feynman èqoume diat rhsh
thc tetraorm c, k�ti pou faÐnetai kai apì th d-sun�rthsh sth sqèsh (2.25).
Ac doÔme ti epipt¸seic èqei autì to gegonìc sto di�gramma (a) tou sq matoc
(3.1). 'Estw ìti p eÐnai h tetraorm  tou fwtonÐou prin autì diaspasteÐ se
èna hlektrìnio kai èna pozitrìnio se ènan apì touc dÔo kìmbouc. Met� th
di�spash to èna swmatÐdio ja èqei tetraorm  èstw k en¸ to �llo p−k, lìgw
diat rhshc thc tetraorm c ston kìmbo. Fusik� ston �llo kìmbo ìpou ta
dÔo swmatÐdia exaôl¸nontai kai dÐnoun xan� to fwtìnio oi tetraormèc touc
ja suntejoÔn kai ja xanad¸soun thn arqik  tetraorm  p gia to fwtìnio. A-
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n�logec parathr seic mporoÔme na k�noume kai gia ta upìloipa diagr�mmata
tou sq matoc (3.1). Blèpoume amèswc ìti den up�rqei kanènac periorismìc
gia thn tim  tou k, epomènwc ìlec oi timèc eÐnai pijanèc kai ìlec touc ja prèpei
na lhfjoÔn up� oyh. Sunep¸c ja prèpei na oloklhr¸soume ta apotelèsmat�
mac wc proc k, paÐrnontac oloklhr¸mata thc morf c

∫
f (k) d4k =

∫ ∞

−∞
f

(
k0, k1, k2, k3

)
dk0dk1dk2dk3 (3.1)

An ta diagr�mmata pou èprepe na upologÐsoume  tan megalÔterhc t�xhc, èstw
me dÔo brìqouc, tìte ja eÐqame oloklhr¸mata thc morf c

∫ ∫
f (k, `) d4kd4` (3.2)

To prìblhma pou anadÔetai ed¸ eÐnai ìti ta oloklhr¸mata twn sqèsewn (3.1)
kai (3.2) mporeÐ na d¸soun �peiro apotèlesma. 'Enac trìpoc gia na elègxoume
an èna olokl rwma ja mporoÔse na d¸sei �peiro eÐnai na sugkrÐnoume to
bajmì tou poluwnÔmou (wc proc th metablht  olokl rwshc) tou arijmht  sun
to bajmì tou diaforikoÔ, me to bajmì tou poluwnÔmou tou paronomast  thc
oloklhrwtèac sun�rthshc. An o bajmìc tou paronomast  eÐnai megalÔteroc
apì to bajmì tou arijmht  sun to bajmì tou diaforikoÔ tìte den èqoume
apeirÐa, an eÐnai Ðsoi èqoume logarijmik  apeirÐa, an eÐnai mikrìteroc tìte
èqoume grammik  apeirÐa, tetragwnik  apeirÐa, klp. Aut� faÐnontai kalÔtera
sta parak�tw paradeÐgmata oloklhrwm�twn ìpou shmei¸netai kai to eÐdoc
thc apeirÐac touc (an up�rqei).

∫
k2

(k2 + m2)3d4k → logarijmik  apeirÐa

∫
k2

(k2 + m2)4d4k → kamÐa apeirÐa

∫
k2 (k2 + M2)

(k2 + m2)3 d4k → tetragwnik  apeirÐa

Gia na apofÔgoume ta probl mata pou prokaloÔn autèc oi apeirÐec, prospa-
joÔme na tic krÔyoume se paramètrouc pou den eÐnai metr simec kai oi opoÐec
onom�zontai gumnèc par�metroi (bare parameters). To ìnoma autì dikaio-
logeÐtai apì to gegonìc ìti oi par�metroi autèc eÐnai gumnèc apì brìqouc,
dhlad  gia ton upologismì touc qrhsimopoioÔme mìno to di�gramma Feynman
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mhdenik c t�xhc. Gia par�deigma, èstw ìti jèloume me èna peÐrama na me-
tr soume to fortÐo −e tou hlektronÐou. EÐnai adÔnaton na metr soume to
gumnì fortÐo tou hlektronÐou afoÔ den mporoÔme na apokleÐsoume ìti mèsa
sth suskeu  mac sumbaÐnoun diadikasÐec san autèc tou sq matoc (3.1)   kai
�llec, megalÔterhc t�xhc kai me perissìterouc brìqouc. Epomènwc, afoÔ
potè den mporoÔme na metr soume to gumnì fortÐo tou hlektronÐou, mporoÔme
na upojèsoume pwc autì eÐnai �peiro. H allhlepÐdrash metaxÔ twn �peirwn
gumn¸n paramètrwn kai twn �peirwn oloklhrwm�twn me brìqouc diamorf¸-
noun to telikì apotèlesma peperasmèno. 'Etsi an kai to gumnì fortÐo tou
hlektronÐou eÐnai �peiro, ìtan sunupologÐsoume ìla ta diagr�mmata Feynman
pou kai aut� dÐnoun apeirÐec, paÐrnoume to gnwstì kai peperasmèno apotèle-
sma gia to fortÐo tou hlektronÐou pou metr�me se ìla ta peir�mata.
EpijumoÔme se k�je t�xh thc prosèggishc thc jewrÐac diataraq¸n, dhlad 
gia k�je arijmì brìqwn twn diagramm�twn Feynman, ìla ta metr sima me-
gèjh (p.q. fortÐo, m�za, klp) na eÐnai peperasmèna. Autì to petuqaÐnoume
prosjètontac sthn arqik  Lagkranzian  tou sust matìc mac nèouc (�peirou-
c) ìrouc, kat�llhla eklegmènouc ¸ste na exoudeter¸noun tic apeirÐec twn
oloklhrwm�twn lìgw twn brìqwn.
An gia k�je t�xh thc prosèggishc thc jewrÐac diataraq¸n, qreiazìmaste
peperasmèno pl joc nèwn �peirwn ìrwn gia na exoudeter¸soun tic apeirÐec
twn oloklhrwm�twn lìgw twn brìqwn, tìte h jewrÐa mac eÐnai epanakano-
nikopoi simh (renormalizable), alli¸c eÐnai mh-epanakanonikopoi simh (non-
renormalizable). To pr¸to b ma eÐnai na apomon¸soume to �peiro komm�ti
tou oloklhr¸matoc, dhlad  na qwrÐsoume to �peiro kai to peperasmèno mè-
roc tou. H diadikasÐa aut  onom�zetai omalopoÐhsh (regularization), en¸ h
diadikasÐa thc prosj khc twn nèwn �peirwn ìrwn sth Lagkranzian  tou su-
st matìc mac onom�zetai epanakanonikopoÐhsh (renormalization).
H kalÔterh mèjodoc gia na omalopoi soume èna olokl rwma eÐnai h mèjodoc
thc diastatik c omalopoÐhshc (dimensional regularization). H mèjodoc aut 
basÐzetai sto gegonìc ìti h Ôparxh apeirÐac se èna olokl rwma exart�tai
�mesa apì to bajmì tou diaforikoÔ, kai epomènwc apì ton arijmì twn dia-
st�sewn tou qwroqrìnou. Autì mporoÔme na to doÔme kai me to parak�tw
par�deigma:

an k =
(
k0, k1, k2, k3

)
tìte

∫
d4k

(k2 + m2)2 → logarijmik  apeirÐa

ìmwc an k =
(
k0, k1

)
tìte

∫
d2k

(k2 + m2)2 → kamÐa apeirÐa
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H basik  idèa eÐnai t¸ra na upologÐsoume to olokl rwma sthn perioq  tou a-
rijmoÔ n twn diast�sewn tou qwroqrìnou ìpou autì eÐnai peperasmèno (n < 4
gia to prohgoÔmeno par�deigma) kai sth sunèqeia k�nontac analutik  epèkta-
sh tou apotelèsmatoc na p�roume mÐa genik  èkfrash pou ja eÐnai mÐa sun�r-
thsh tou n. Oi apeirÐec ja emfanistoÔn ètsi me th morf  pìlwn gia n = 4 kai
ja diaqwristoÔn apì to upìloipo peperasmèno mèroc tou oloklhr¸matoc.

3.2 EpanakanonikopoÐhsh thc jewrÐac φ4

Sthn enìthta aut  ja efarmìsoume th diadikasÐa thc epanakanonikopoÐhshc,
tic genikèc arqèc thc opoÐac perigr�yame sthn prohgoÔmenh enìthta, sth je-
wrÐa φ4. Lègontac jewrÐa φ4 ennooÔme th jewrÐa sthn opoÐa h Lagkranzian 
(akribèstera, h Lagkranzian  puknìthta) èqei th morf 

L =
1

2
(∂φ)2 − 1

2
m2

Bφ2 − gB
φ4

4!
(3.3)

ìpou o deÐkthc B ìpou emfanÐzetai, upodhl¸nei ìti anaferìmaste se gumnèc
(bare) paramètrouc.
AnagnwrÐzoume amèswc ìti oi dÔo pr¸toi ìroi sto deÔtero mèloc thc sqèshc
(3.3) apoteloÔn th Lagkranzian  puknìthta tou eleÔjerou swmatidÐou qwrÐc
spin. O trÐtoc ìroc eÐnai o ìroc tou dunamikoÔ, an�logoc thc tètarthc dÔ-
namhc tou pedÐou, pou qarakthrÐzei th jewrÐa mac. O ìroc autìc mporeÐ na
grafteÐ kai wc

−gB

4!
φφ∗φφ∗ (3.4)

Oi sqèseic (3.3) kai (3.4) perièqoun pollèc plhroforÐec gia ta diagr�mmata
Feynman pou eÐnai epitrept� sth sugkekrimènh jewrÐa. Arqik� blèpoume ìti
èqoume èna mìno pedÐo (to φ) sth Lagkranzian , �ra mìno èna eÐdoc swmatidÐ-
ou sth jewrÐa mac, to opoÐo ja prèpei eÐnai qwrÐc spin ìpwc faÐnetai kai p�li
apì thn exÐswsh (3.3) (giatÐ an efarmìsoume sth sugkekrimènh Lagkranzian 
tic exis¸seic Euler-Lagrange, ja p�roume gia exÐswsh kÐnhshc thn exÐswsh
Klein-Gordon). Sunep¸c ìlec oi allhlepidr�seic ja eÐnai metaxÔ Ðdiwn sw-
matidÐwn, kai diagr�mmata me allhlepidr�seic swmatidÐwn kai fwtonÐwn ìpwc
aut� pou èqoume dei mèqri t¸ra den eÐnai dunatìn na up�rqoun sth jewrÐa mac.
H sqèsh (3.4) pou eÐnai tètarthc t�xhc wc proc φ mac upodhl¸nei ìti se k�je
kìmbo twn diagramm�twn Feynman ja prèpei na katal goun tèsseric gram-
mèc   isodÔnama, tèssera swmatÐdia. Shmei¸noume ed¸ ìti h jewrÐa mac èqei
èna mìno eÐdoc swmatidÐou, pou ìmwc mporeÐ na kineÐtai kai pÐsw sto qrìno,
afoÔ prìkeitai gia mÐa sqetikistik  jewrÐa. 'Ara sta diagr�mmata Feynman
mporoÔn na summetèqoun to swmatÐdio kai to antiswmatÐdiì tou (pou antistoi-
qoÔn sta pedÐa φ kai φ∗ antÐstoiqa).
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Sq ma 3.2: Diagr�mmata Feynman gia èna swmatÐdio se pr¸th kai se deÔterh
t�xh thc jewrÐac diataraq¸n

SunoyÐzontac tic parap�nw parathr seic, kataskeu�zoume ta diagr�mmata
Feynman gia èna swmatÐdio se pr¸th kai se deÔterh t�xh thc jewrÐac diata-
raq¸n, dhlad  me èna kai me dÔo brìqouc antÐstoiqa, apì ta opoÐa upologÐ-
zoume thn idioenèrgeia (self-energy) tou swmatidÐou (Sq ma 3.2).
Akìmh, mporoÔme na kataskeu�soume ta diagr�mmata Feynman gia th su-
n�rthsh koruf c (vertex function) se pr¸th kai se deÔterh t�xh thc jewrÐac
diataraq¸n, dhlad  me kanèna kai me èna brìqo antÐstoiqa, ìpwc faÐnetai sto
sq ma (3.3). Shmei¸noume ed¸ ìti par� to gegonìc ìti ta diagr�mmata twn
sqhm�twn (3.2) kai (3.3) anafèrontai sthn Ðdia t�xh prosèggishc thc jewrÐ-
ac diataraq¸n (pr¸th kai deÔterh), entoÔtoic den perièqoun ton Ðdio arijmì
brìqwn. Autì sumb�inei giatÐ ta men diagr�mmata tou sq matoc (3.2) anafè-
rontai se èna swmatÐdio kai gi� autì èqoun dÔo �krec, ènw ta diagr�mmata tou
sq matoc (3.3) anafèrontai se dÔo swmatÐdia kai kat� sunèpeia èqoun tèsse-
ric �krec. Autì pou eÐnai koinì kai sta dÔo eÐdh diagramm�twn eÐnai o arijmìc
twn kìmbwn (ènac gia thn pr¸th kai dÔo gia kai th deÔterh t�xh thc jewrÐac
diataraq¸n), dhlad  o arijm¸n twn suzeÔxewn (couplings) twn pedÐwn. 'Etsi
mporoÔme na poÔme ìti kai ta diagr�mmata kai sta dÔo sq mata eÐnai t�xhc
g kai g2, ìpou g eÐnai h stajer� pou kajorÐzei thn isqÔ tou dunamikoÔ sth
sqèsh (3.3), dhlad  h stajer� sÔzeuxhc (coupling constant) thc dÔnamhc.

36



Sq ma 3.3: Diagr�mmata Feynman gia th sun�rthsh koruf c se pr¸th kai
se deÔterh t�xh thc jewrÐac diataraq¸n

MporoÔme na gr�youme ìti (gia perissìterec leptomèreiec, dec [6])

m2
B = m2

R +
∞∑

ν=1

m2
Rbν (gR)

(n− 4)ν (3.5)

gB = µ4−n

[
gR +

∞∑
ν=1

aν (gR)

(n− 4)ν

]
(3.6)

Z = 1 +
∞∑

ν=1

cν (gR)

(n− 4)ν (3.7)

ìpou me to deÐkth R upodhl¸noume tic epanakanonikopoihmènec (renormalized)
paramètrouc kai h par�metroc Z eÐnai ousiastik� h epanakanonikopoÐhsh tou
pedÐou. Sth sqèsh (3.6) o suntelest c µ4−n (ìpou to µ èqei diast�seic
m�zac) mpaÐnei ètsi ¸ste aporrof� tic diast�seic tou gR pou prokÔptoun apì
tic epiplèon diast�seic tou qwroqrìnou, ètsi ¸ste gia k�je n to gR na eÐnai
adi�stato kai to mR na èqei diast�seic m�zac. Fusik� gia n = 4 mporoÔme
amèswc na doÔme ìti o suntelest c autìc den paÐzei kanèna rìlo.
AnaptÔssontac tic sunart seic aν (gR) , bν (gR) kai cν (gR) se polu¸numa wc
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proc gR oi sqèseic (3.5) wc (3.7) mac dÐnoun

m2
B = m2

R +
∞∑

ν=1

∞∑
j=ν

m2
Rbνjg

j
R

(n− 4)ν (3.8)

gB = µ4−n

[
gR +

∞∑
ν=1

∞∑
j=ν

aνjg
j
R

(n− 4)ν

]
(3.9)

Z = 1 +
∞∑

ν=1

∞∑
j=ν

cνjg
j
R

(n− 4)ν (3.10)

ìpou parathroÔme ìti ta polu¸numa wc proc gR eÐnai p�nta bajmoÔ > ν,
dhlad  bajmoÔ megalÔterou   Ðsou thc t�xhc thc prosèggishc thc jewrÐac
diataraq¸n. Autì sumbaÐnei giatÐ ìpwc eÐdame prohgoumènwc up�rqei �me-
sh sqèsh metaxÔ thc t�xhc thc prosèggishc thc jewrÐac diataraq¸n kai tou
arijmoÔ twn kìmbwn, dhlad  twn suzeÔxewn, twn diagramm�twn Feynman.
'Etsi se prosèggish gia par�deigma tètarthc t�xhc thc jewrÐac diataraq¸n
den mporoÔme na èqoume diagr�mmata me ligìterouc apì tèsseric kìmbouc,
�ra den mporoÔme na èqoume kai ìrouc pou eÐnai ligìtero apì tètarthc t�xhc
wc proc gR.
Gia touc upologismoÔc mac jewroÔme ìti h Lagkranzian  tou eleÔjerou sw-
matidÐou eÐnai

L0 =
1

2
(∂φ)2 − 1

2
m2

Rφ2 (3.11)

ènw h Lagkranzian  thc allhlepÐdrashc eÐnai

LI = −1

2

(
m2

B −m2
R

)
φ2 − gB

φ4

4!
(3.12)

ètsi ¸ste
L0 + LI =

1

2
(∂φ)2 − 1

2
m2

Bφ2 − gB
φ4

4!
= L

Exet�zoume arqik� to di�gramma (a) tou sq matoc (3.2). H suneisfor� tou
sthn idioenèrgeia Σ tou swmatidÐou ja eÐnai

Σ =
1

2

iµ4−ngR

(2π)n

∫
dnk

1

k2 −m2
R

(3.13)

O suntelest c 1/2 proèrqetai apì tic dÔo dunatìthtec pou èqoume wc proc
tic �krec tou diagr�mmatoc pou mporoÔme na en¸soume ¸ste na sqhmatÐsou-
me to brìqo, en¸ h posìthta (2π)n ston paronomast  proèrqetai apì thn
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olokl rwsh se n diast�seic. ParathroÔme akìma ìti h suneisfor� eÐnai an�-
logh tou µ4−ngR giatÐ sto di�gramma èqoume èna kìmbo, dhlad  mÐa sÔzeuxh.
Tèloc, h sun�rthsh mèsa sto olokl rwma den eÐnai tÐpote �llo apì to dia-
dìth tou swmatidÐou tou brìqou, ìpou h tetraorm  tou k eÐnai aujaÐreth kai
gi� autì oloklhr¸noume se ìlec tic dunatèc timèc. JumÐzoume ìti antÐstoiqo
apotèlesma eÐqame brei kai sto Kef�laio 2 (sqèsh (2.26)   sq ma (2.3)) gia
to diadìth tou fwtonÐou, gia to opoÐo isqÔei fusik� ìti m = 0.
Gia na upologÐsoume to olokl rwma thc sqèshc (3.13) qrhsimopoioÔme ton
genikì tÔpo

∫
dnp

1

(m2 − 2p · k − p2)α =
iπn/2

(m2 + k2)α−n/2

Γ (α− n/2)

Γ (α)
(3.14)

ìpou me Γ (.) sumbolÐzoume th sun�rthsh g�mma. To olokl rwma sth sqèsh
(3.13) tautÐzetai me autì thc sqèshc (3.14) (me mÐa diafor� sto prìshmo)
k�nontac sto deÔtero tic antikatast�seic

p → k , k → 0 , m → mR , α → 1

Qrhsimopoi¸ntac ton tÔpo (3.14) èqoume loipìn ìti

Σ =
µ4−ngR

2 (4π)n/2

(
m2

R

)−1+n/2
Γ (1− n/2) (3.15)

IsqÔei ìti

Γ (1− n/2) =
Γ (2− n/2)

1− n/2
=

2

n− 4
+ γ − 1 +O (n− 4) (3.16)

ìpou γ ' 0.577216 eÐnai h stajer� tou Euler. AnaptÔssontac to deÔtero
mèloc thc exÐswshc (3.15) gÔrw apì to n = 4 èqoume ìti

Σ =
m2

RgR

16π2 (n− 4)
+ gR × peperasmèno +O (

g2
R

)
(3.17)

'Etsi o antÐstrofoc diadìthc ja eÐnai se pr¸th t�xh wc proc gR

p2 −m2
R

(
1 +

b11gR

n− 4

)
− m2

RgR

16π2 (n− 4)
+ gR × peperasmèno (3.18)

Sunep¸c se pr¸th t�xh wc proc gR ja èqoume

Z = 1 kai b11 = − 1

16π2
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To gegonìc ìti Z = 1 prokÔptei apì to ìti o par�gontac p2 ston antÐstrofo
diadìth den tropopoieÐtai kajìlou sth sqèsh (3.18). Antikajist¸ntac to b11

sthn exÐswsh (3.8) paÐrnoume

m2
B = m2

R

[
1− gB

16π2 (n− 4)

]
(3.19)

'Estw t¸ra ìti me GR sumbolÐzoume thn epanakanonikopoihmènh sun�rthsh
koruf c sth skèdash tou sq matoc (3.3). Tìte ja eÐnai

GR = Z2
∑

(diagr�mmata tou sq matoc (3.3)) +O (
g3

R

)
=

=
∑

(diagr�mmata tou sq matoc (3.3)) +O (
g3

R

)
(3.20)

giatÐ Z = 1 ìpwc eÐpame parap�nw. Apì ta diagr�mmata tou sq matoc (3.3)
lamb�noume up� oyh ta (b), (c) kai (d) afoÔ mìno aut� perièqoun brìqo.
M�lista oi suneisforèc touc eÐnai Ðsec, opìte arkeÐ na upologÐsoume th su-
neisfor� mìno enìc, èstw tou (b). Ja èqoume

iµ8−2ng2
R

2 (2π)n

∫
dnk

1

(k2 −m2
R)

[
(p + k)2 −m2

R

] (3.21)

ìpou o suntelest c mprost� apì to olokl rwma ermhneÔetai me ton Ðdio trì-
po ìpwc sthn exÐswsh (3.13). Ed¸ h stajer� sÔzeuxhc eÐnai sto tetr�gwno
giatÐ sto di�gramma èqoume dÔo kìmbouc. Gia na gr�youme to olokl rwma
sto deÔtero mèloc thc (3.21) se aut  th morf , jewroÔme ìti h tetraorm 
tou enìc swmatidÐou eÐnai p en¸ ìlwn twn �llwn mhdenik , kai akìma ìti ta
swmatÐdia mèsa sto brìqo èqoun tetraormèc −k kai p + k. Gia na upologÐ-
soume autì to olokl rwma fèrnontac to sth morf  thc sqèshc (3.14), prèpei
na katafÔgoume sth mèjodo tou Feynman gia to sunduasmì twn diadot¸n.
Aut  sthrÐzetai sto ìti

1

(p2
1 −m2

1)
α

(p2
2 −m2

2)
β

=

=

∫ 1

0

dx
x1−α (1− x)1−β

[(p2
1 −m2

1) x + (p2
2 −m2

2) (1− x)]
α+β

Γ (α + β)

Γ (α) Γ (β)
(3.22)

To olokl rwma thc sqèshc (3.21) prokÔptei apì autì thc sqèshc (3.22)
k�nontac sto deÔtero tic antikatast�seic

p1 → p + k , p2 → k , m1,m2 → mR , α, β → 1
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Gia th suneisfor� tou diagr�mmatoc (b) tou sq matoc (3.3) èqoume loipìn
ìti

iµ8−2ng2
R

2 (2π)n

∫ 1

0

dx

∫
dnk

1[[
(p + k)2 −m2

R

]
x + (k2 −m2

R) (1− x)
]2 (3.23)

ìpou qrhsimopoi same to gegonìc ìti Γ (2) = Γ (1) = 1. UpologÐzoume xe-
qwrist� to olokl rwma wc proc dnk thc sqèshc (3.23) kai èqoume

∫
dnk

1[[
(p + k)2 −m2

R

]
x + (k2 −m2

R) (1− x)
]2 =

=

∫
dnk

1

[p2x + k2x + 2p · kx−m2
Rx + k2 − k2x−m2

R + m2
Rx]

2 =

=

∫
dnk

1

[p2x + 2p · kx + k2 −m2
R]

2 =

∫
dnk

1

[m2
R − p2x− 2k · px− k2]

2

MporoÔme na doÔme ìti to teleutaÐo olokl rwma eÐnai san autì thc sqèshc
(3.14) k�nontac sto deÔtero tic antikatast�seic

p → k , k → px , m2 → m2
R − p2x , α → 2

'Eqoume loipìn ìti
∫

dnk
1

[m2
R − p2x− 2k · px− k2]

2 =
iπn/2

(m2
R − p2x + p2x2)

2−n/2

Γ (2− n/2)

Γ (2)
=

=
iπn/2

[m2
R − p2x (1− x)]

2−n/2
Γ (2− n/2)

'Ara h sunolik  suneisfor� tou diagr�mmatoc eÐnai

−iµ8−2ng2
R

2 (4π)n/2
Γ (2− n/2)

∫ 1

0

dx
1

[m2
R − p2x (1− x)]

2−n/2
(3.24)

AnaptÔssontac thn èkfrash (3.24) gÔrw apì to n = 4 paÐrnoume

g2
R

16π2 (n− 4)
+ g2

R × peperasmèno (3.25)
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ìpou qrhsimopoi same to gegonìc ìti

Γ (2− n/2) = − 2

n− 4
+O (1)

Sunep¸c, sunupologÐzontac tic suneisforèc twn diagramm�twn (c) kai (d) tou
sq matoc (3.3) pou kajemi� touc eÐnai Ðsh me thn posìthta (3.25), èqoume ìti
se t�xh g2

R eÐnai

GR =
g2

R

n− 4

(
a12 +

3

16π2

)
+ peperasmèno (3.26)

'Ara a12 = −3/16π2. Epomènwc

gB = µ4−n

(
gR − 3g2

R

16π2 (n− 4)
+O (

g3
R

))
(3.27)

Sth sunèqeia ja upologÐsoume thn idioenèrgeia Σ se t�xh g2
R apì ta dia-

gr�mmata (b), (c) kai (d) tou sq matoc (3.2) pou ìpwc mporoÔme na doÔme
perièqoun ìla dÔo brìqouc. Pr¸ta ìmwc ja broÔme th suneisfor� tou dia-
gr�mmatoc (a) tou sq matoc (3.2) sumperilamb�nontac kai ton ìro thc sqèshc
(3.27) pou upologÐsame parap�nw. Antikajist¸ntac to µ4−ngR sth sqèsh
(3.15) me thn èkfrash sto deÔtero mèloc thc sqèshc (3.27) èqoume loipìn ìti
se t�xh g2

R h suneisfor� ja eÐnai

(m2
R)
−1+n/2

2 (4π)n/2
µ4−n

(
gR − 3g2

R

16π2 (n− 4)

)
Γ (1− n/2) (3.28)

AnaptÔssontac thn èkfrash (3.28) gÔrw apì to n = 4 kai me th bo jeia thc
sqèshc (3.16) paÐrnoume

m2
RgR

32π2

[(
m2

R

4πµ2

)n/2−2
2a12gR

(n− 4)2 +
2 + (γ − 1) a12gR

n− 4
+ peperasmèno

]
(3.29)

ìpou a12 = −3/16π2 ìpwc eÐdame parap�nw. H suneisfor� t¸ra tou diagr�m-
matoc (b) tou sq matoc (3.2) eÔkola mporoÔme na doÔme ìti eÐnai

−µ8−2ng2
R

4 (2π)2n

∫ ∫
dnkdn`

1

(k2 −m2
R)

2
(`2 −m2

R)
(3.30)

H posìthta (3.30) gr�fetai

−µ8−2ng2
R

4 (2π)2n

∫
dnk

1

(k2 −m2
R)

2

∫
dn`

1

(`2 −m2
R)

(3.31)
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To pr¸to olokl rwma sthn èkfrash (3.31) prokÔptei apì autì thc exÐswshc
(3.14) k�nontac sto deÔtero tic antikatast�seic

p → k , k → 0 , m → mR , α → 2

en¸ to deÔtero olokl rwma thc èkfrashc (3.31) (me mÐa diafor� sto prìshmo)
prokÔptei k�nontac tic antikatast�seic

p → ` , k → 0 , m → mR , α → 1

Gia thn posìthta (3.31) paÐrnoume loipìn ìti

−µ8−2ng2
R

4 (2π)2n

iπn/2

(m2
R)

2−n/2
Γ (2− n/2)

iπn/2

(m2
R)

1−n/2
Γ (1− n/2)

AnaptÔssontac kat� ta gnwst� gÔrw apì to n = 4 èqoume ìti

m2
Rg2

R

(16π2)2

(
m2

R

4πµ2

)n−4
1

(n− 4)2 +
(4γ − 2) m2

Rg2
R

(32π2)2 (n− 4)
+ g2

R × peperasmèno

'Omoia, h suneisfor� tou diagr�mmatoc (c) tou sq matoc (3.2) eÐnai

iµ4−ngR

2 (2π)n

b11gRm2
R

(n− 4)

∫
dnk

1

(k2 −m2
R)

2 (3.32)

pou lìgw thc exÐswshc (3.14) gr�fetai

iµ4−ngR

2 (2π)n

b11gRm2
R

(n− 4)

iπn/2

(m2
R)

2−n/2
Γ (2− n/2) (3.33)

ìpou b11 = −1/16π2. AnaptÔssontac kai p�li gÔrw apì to n = 4 paÐrnoume
thn èkfrash

g2
Rm2

Rb11

16π2

(
m2

R

4πµ2

)n/2−2
1

(n− 4)2 +
γb11g

2
Rm2

R

32π2 (n− 4)
+ g2

R × peperasmèno (3.34)

Apì to di�grama (d) tou sq matoc (3.2) èqoume thn parak�tw suneisfor�

−µ8−2ng2
R

6 (2π)2n

∫ ∫
dnkdn`

1

(k2 −m2
R) (`2 −m2

R)
[
(p + k + `)2 −m2

R

] (3.35)

Sthn èkfrash (3.35) ta oloklhr¸mata wc proc dnk kai wc proc dn` den eÐnai
dunatìn na upologistoÔn xeqwrist� kai qrei�zetai na qrhsimopoi soume xan�
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th mèjodo tou Feynman thc exÐswshc (3.22). Sthn perÐptwsh aut  ta pr�g-
mata eÐnai pio perÐploka kai telik� met� ton upologismì tou oloklhr¸matoc
(gia leptomèreiec dec [4]) h suneisfor� tou diagr�mmatoc prokÔptei

−µ8−2ng2
Rπn

6 (2π)2n Γ (3− n)GR (3.36)

ìpou

GR =
−6 (m2

R)
n−3

n− 4
− p2

2
+ 3m2

R +O (n− 4)

kai
Γ (3− n) =

Γ (4− n)

3− n
=

1

n− 4
+ γ − 1 +O (n− 4)

'Ara anaptÔssontac thn èkfrash (3.36) gÔrw apì to n = 4 paÐrnoume

m2
Rg2

R

(16π2)2

(
m2

R

4πµ2

)n/2−2
1

(n− 4)2 +

+
1

n− 4

g2
R

(16π2)2

[
p2

12
− m2

R

12
+ (γ − 1) m2

R

]
+

+ g2
R × peperasmèno (3.37)

ParathroÔme ed¸ ìti gia pr¸th for� èqoume ènan �peiro suntelest  mprost�
apì to p2, opìte t¸ra pou autì tropopoieÐtai se t�xh g2

R, ìpwc ja doÔme sth
sunèqeia ja tropopoihjeÐ kai to pedÐo Z.
Lamb�nontac up� oyh tic suneisforèc ìlwn twn diagramm�twn tou sq matoc
(3.2) se t�xh g2

R pou upologÐsame mèqri t¸ra brÐskoume to parak�tw apotè-
lesma gia ton antÐstrofo diadìth

p2

[
1− g2

R

12 (16π2)2

1

n− 4

]
−

−m2
R

[
1 +

g2
R

n− 4

(
b12 − 1

2 (16π2)2

)
+

g2
R

(n− 4)2

(
b22 − 2

(16π2)2

)]
(3.38)

ìpou qrhsimopoi same to gegonìc ìti
(

m2
R

4πµ2

)n−4

= 1 + (n− 4) ln

(
m2

R

4πµ2

)
+O (

(n− 4)2)
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Epomènwc

Z = 1 +
g2

R

12 (16π2)2 (n− 4)

kai
b12 =

5

12 (16π2)2 , b22 =
2

(16π2)2

gia na exoudeter¸nontai oi �peiroi ìroi.
SunoyÐzontac t¸ra ìla ta apotelèsmata pou ex�game sthn paroÔsa enìthta
èqoume gia tic gumnèc paramètrouc thc stajer�c sÔzeuxhc, thc m�zac kai tou
pedÐou se t�xh prosèggishc wc kai g2

R (2h t�xh thc jewrÐac diataraq¸n) ìti

gB = µ4−n

[
gR − 3g2

R

16π2

1

n− 4
+O (

g3
R

)]
(3.39)

m2
B = m2

R

[
1 +

1

n− 4

(
− gR

16π2
+

5g2
R

12 (16π2)2

)
+

2g2
R

(16π2)2

1

(n− 4)2 +O (
g3

R

)]

(3.40)

Z =
g2

R

12 (16π2)2 (n− 4)
+O (

g3
R

)
(3.41)
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