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Anayopebeton 1 avtiypapy|, anodixevon xal dlavour Tng mapovoas epyaoiag, €€
ohoxhipou 1} TUAUITOS aUTAS, Yo ETopixd oxond. Emtpéneton ) avatinwon, anodr-
XEVLOT) XL DLAVOUT| YLoL OXOTO U1 XEPDOGXOTINOG, EXTAUDEVTIXAC 1 EpELVNTIXNS PUOTC,
und TNV mpobnddeon va avapépETal 1) TYT TPOEAEUOTC Xol VAL DLATNPE(TIL TO TAUPOVY
ufvope. Epothpata mou agopolv T ¥phon TNg epYasiag Yiol XEpO00X0OTIXG OXOTO
TEENEL VoL AmEVVVYOVTOL TTPOC TO GLYYPUPEA.

Or anddeic xou Ta CLUTERIOUATA IOV TEPIEYOVTAL OE AUTO TO €YYPAPO EXPEALOUY
T0 oLYYpapEa xou dev mpénel va epunvevdel 6Tl avTimpocwrebouy TI¢ enionueg Véoelg
Tou Edvixol MetadBiou [loAuteyveiou.

vewdauoio(n): xAEdoc TV EQUPUOCUEVODY UaUNUATIXWY TOU ooy OAElTow UE 1) Yé-
Tenon Tou euBadol xdl TOU OYHUATOS UEYOAWY EXTACEWY WIAS YWEAS, TOV axplfn
TPOGDIOPIOUS TV YEDYPAPIXWY CUVTETAYUEVODY Xol THY XAUTUAOTNTA, TO OY AL X
TIC Bl TAOELS TNS YRIVIG opaipas.

vewdaltng (0), YE®dUTIXOG, -1, 6, YEWBUTIXGS enippnua.

[ETYM. apyaia MEn < yew- (yn) + -dawofa < dafopar “dropotpdle, ywpilen”. Tlupd-
Boke ouvdoutnuévac, navdaoio.]

(An6 to Ae€ixd e Néoag EXinvicic tou I'. Mraymviot)



ITepiindm

Y70 eTIXEVTRO AUTAC TN DIMAWUATIXTC EpYaoiag elvar 1) Toryelal ETTAUCT) UEPLXDY
dtapopixv e€lomoewy Tou Bploxouv egapuoyt otnv ‘Opacrn TrohoyioTdy, Ue
éugaon otny eiowor eZEMENS TOV YEWOUTIXWY EVERYWY TEQLYPAUUUITODVY Xal
oty e&lowaorn avicotpomixic didyuone Vepudotntac. Metd and wa cOvtoun a-
VAOXOTNOT TWY UOVTEAWY TWY YEWOUTIXWY EVERYWY TEQLYQUUUATOY XUl YOEWY
xh{poncag amd avicotpomixy| didyuon Yepudtnrag, eCetdlouye Baoixéc Yedddoug
apriunTIXg avdhuong Yo UEPIXES DlapopIxéc EEIOMOELS, UE EUPAOT) OTNY ovd-
Auor evotdielag pe T pédodo tou mivaxa xor oTo cELiUNTIXNG Oy AUATI TOU
YENOWOTOLOUYTHL EVPEWS Yo TNV eZEAEN emnedoouvOlwy. To mpoxaTupTind
UEROS TNS EQYACIAUC CUUTATPOVETOL UE TNV Topousiact TN ueddd0ou TOAATAGY
TAEYUAT®Y Yo TNV AmodoTIXY| EXIAUGT] APOUWY YRUUUIX®DY GLOTAUATWY. O 15€-
£¢ aUTES Wog 0dNYolV o€ véoug Tayeic alyoplduoug yio Ty eiowor e€éhing
TWV YEWOAUTIXWY EVERY®YV TEPLYpouudTtwy. Ot akyopriuol autol mpoxidnTouy
ue ypnon implicit apriuntixodv oynudtwy, eivar evotadelc diyws Teploplouoie
o710 Ypovixd Bua xat éyouy mpaxtixd O(N) nohumhoxdtnta, Yden otn yeron
UEVOBWY TOAATADY TAEYUATOY Yo TNV EXIAUGT], TV YROUUIX®OY CUCTNUATWY
Tou wpoxVTTouy. H Yewpntn| avdiuon twy npoTetvouevmy akyopiiuwy odnyel
oTNY avoxdhudn Uag oNUAvTIXAS CUOYETIONG TOU HOVTEAOU TV YEWOUTIXWY
EVEQYWV TEPLYPUUMATWY UE MEVAOOUE TOUNS YPAP®Y TOU YENGILOTOOOVTAL To
tehevtala ypovia oty ‘Opacn TTOAOYIGTMY YL XATATUNCT| EXOVOV.

A€Ceic—xAeldd

6paoT UTONOYIOTWY, ENECEPYio EXOVAS, YEWOUTIXG EVEQPYH TEQLYPAUUOTA,
uEYodol TOANATAWY TAEYUATOY, AVICOTOOTIXY DL UCT], TOUES YRAPwWY, YWEOL
ah{poag, emmedoolvola, UEPXES Blapopxés eELOMOELS, avdhuor euoTdleLlog,
Yoouuixd cuoTAUATY, Tayels ahyopriuol



Abstract

This diploma thesis deals with the fast solution of partial differential equa-
tions often encountered in computer vision. Emphasis is put on the equation
of geodesic active contours evolution and on the anisotropic diffusion equa-
tion. After a brief review of the computer vision models connected with these
equations, namely the geodesic active contours and the diffusion scale-space
models, we present some basic tools from the numerical analysis of partial dif-
ferential equations, with emphasis on matrix stability analysis and numerical
schemes for the evolution of level sets. The description of multigrid methods
for the effective solution of sparse systems of algebraic equations concludes
the preliminary part of the document. These ideas lead to new fast algorithms
for the solution of the geodesic active contours evolution equation. These al-
gorithms employ time—implicit numerical schemes, are unconditionally stable
as far as the timestep is concerned and their complexity is practically O(N)
with respect to the number of pixels of the image, thanks to the application
of multigrid methods for the solution of the occurring linear systems. The
theoretical analysis of the proposed algorithms leads to the discovery of an
important interconnection between the geodesic active contour model and
graph cut methods recently introduced in computer vision with application
to the problem of image segmentation.

Keywords

computer vision, image processing, geodesic active contours, multigrid, anisotropic
diffusion, graph cuts, scale spaces, level sets, partial differential equations,
stability analysis, linear systems, fast algorithms



ITpoNoYOC

Alyoa Aoy v tnv ‘Opaon Yroloyliotwy

H ‘Opaorn Troloylotov aoyoleltar ue Ty eoywy | Yooy TAneoQopLoy
amO ELXOVES 1) axOhOLDHES EOVWY. ATOTEPOS GTOHY0C UTWY TOoU EPYALovTo
oTnV TEPoY Y| EIVOL 1) XATAOXELT) CLUCTNUATWY TaL omofa Yo avTihauSdvovtal Tov
0paTO %600 Ue avipmrivy euguio. Av xou 1) épeuva oty ‘Opacy TroloyloTdy
€yl xdveL To TEAEUTALO YPOVIAL ONUAVTIXT TEO0DB0, UTEYOUUE AXOUNL TEEI TOAD
ATO TNV EXTAAPWGT AUTOL TOU 0PJUATOG.

H ‘Opaon Trohoyotwy (Sec m.y. [51] xou [26]) éxave to mpwta Tne Briporta
1) Sexoetia Tou 60, wg Eva tapohddtl Tng Teyvntric Nonuootyne. Mo and tig
TEWTES EQPAPUOYES TNG ATAY 1) AVAALGT) DLADIXGY EXOVWY UE T1) Borjdeta amhwy
UEVOOWY avary VOPLOTS TEOTOTWY Xl £Y0VTIC WS GTOYO TNV OTTIXT VLY VWELOT)
yopoxthowy. [prfiyopa mdvtwe €yve avtiinmto 6Tt 1 eCaywyr) yeNoywy Gu-
UTEQUOUATWY OO GUOTAUATO UMy ovixiS Opaong elval Utol eEALEETIXG DUOXOAT
unoveon, eCartiog TNE TOAD YEYIANC TOAUTAOXOTNTOC TOU EUPavilouy oL exo-
VEC TOU QUGIXOU xOGovL. Aey elval TuY o OTL UEPLXS OTO TA O ETUTUY NUEVA
CLOTAHUATA Wy ovixic 6paong enelepydlovToL EIXOVES TOU TPOERYOVTOL ATO TO-
MO CUYXEXPLUEVA TIEDIA EQUQUOY®Y, UEWWVOVTIS TNY TOAUTAOXOTNTA UE TO Vi
TepLopiCouy TIC XAAGELS TWY EXOVKY Tou OEYETAL TO 0)OTNUN GTNY EIGOBS ToU.

[Tpoxewévou vor avTIHETOTIGTEL UE emTUY A TO TEAXO TEOBANUL TNE e€ayw-
Y| CUUTEQUGUATWY ATO ELXOVES Ol EQELYNTES YR YORd XATAAABay OTL ETPETE VoL
xvnUody cUCTUATIXY, DLICTIOVTAUS TO GUVOAXG TREOBANUA GE LTOTEOBARUATA
vnhol emmédou. AuTd Ue TN OElEd TOUS ATOCUVTEUTXAY GE UTOTEOPBARUO-
To Yecadov emEdOL To omtola, TEAOG, DLACTACTNXAY GE TEOBANUATA YoUNnhoy
emmédou'. "Evoc oUVTOpOS xuTdhoYoS empépous TEoPAnudTwny e ‘Opaong
Troloylotey, and To To udnhol oTa To Yauniol emnédou, eivar o e€rg:

e MovtelonolnoT QUOIXKDY XL TEYVNTOV Y NUATOV.

'H Suopépion mpofhnudtwy oe unompofBiiuata eivor 1 o yevixh| uédodoc yio TNV avTiue-
TOTON TNC TOAUTAOXOTNTAC OTO OYEBLACUS CLUOTNUATWY. Mot dAAN TEPLOY Y| EQUPUOY NS TNS
glvon .y, 1 avdmnTudn Aoyiouixou.



o AvayvpLon/xotnyoplonoinoy avTIXELUEV®Y.

o Kotdtunon emdvwy oe opoyeveic neptoyéc.

e Extiunon tprodidotatou oyfuatog and tny xivion f/xon tn oxiaon.

e Evtomoudc (tracking) xou extiunomn toaydTntog XVOOUEVWY OV TIXELUEVODV.
o Ytepéodn.

e Avdluon o oOvieor LS.

e Aviyveuorn axuov.

e Ouohomoinom exévwy xat avdhuor o€ TOMATAES XA{UoKES.

e Movtelornolnon xat avdAuoy YpOUATOS.

® LYNUATIOUOS EXOVOY OO TOV dvIpmTo xat T1) Unyav.

Or egapuoyéc tne ‘Opaone Trohoylotwy elvor TOMES X0l EVIUTWOLAXES,
ool 1 EXOVY TEPLEYEL UEYAAA TOGE TATPOPORINS TOU UTOEOLY Vo o&loTOLN
Yoy mowahoteona and Tig unyavés. Médodol unyoavixig dpacng Beloxouy yia
TORADELY Lol EQUOUOYY| OE GUGTHTA LTS ametxoviong: Me tn Bordela hoyt-
oxoU Unogel xavelg vor BEATIOOEL TNY TOLOTNTOL LUTELXWY EIXOVWY, VoL BLoLY VWGCEL
wtar aoVEVELDL ot Vor UETPNOEL XATOLAL YARAXTNEIOTIXG NS xat vo Bondroet to
YLoTeo v BydAel T Yvwudteuon mo eUxoho xat 6woTd. Mo dAAY epopuoy
elvol GTNY aUTOPATY ETLTARNON YWEWY Yid AOYOUS ACPAAELNG i EAEY YO TNG Xivn-
orng ot avtoxivnTodpouous. Teyvixée Opaong Troloyiotdv yenoyloroodvTo
XL 6TNY ETELERYATIN DOPUPORIXAY EXOVMY, YA CTEATIWTIXOUE Xl TOMTIX0US
oxorolc. Eriong €youue eqopuoyéc otny meployn tng xadodrynone pounot
X0l OTO YWpeo NS dlooxédaonc (computer games, special effects). Loyypo-
VEC EQUOUOYES Elval axdua 1) BIELXOALYVOTY) TNG ETxoVWViag avipdTou-unyavig
(aneudeioc AVAY VOPLOT) TWV XWVACEWY TOU YEHOTN ahhd xar YphoT TNg TANeOo-
poplag amd TNV EXOVAL YA EUXONOTERY) AVAYVWQLOT TNG cpww’]g), xodog xa n
T VOUNCT XU ATOVAXEVOT) TwV EXOVKY Ot BIBMoVxec Tou Va emttpémouy €0-
xoh1 avalATron, 6mws yiveton orfjuepa Ue Ta xelueva. ‘Oleg aUTEC OL EQUPUOYES
(%ou moAES dhhec) Yivovtar ofjuepa oryd-otyd equetéc, xode 1 M dneolaxic
ewovag xau Bivieo yivetar Tpootth 6tov xadéva, 1 utohoyloTixy 1oy 0g audvel
UE YEWUETPX00S puiuols, axolouvdmvtag To vouo tou Moore, xou 1 €pguva
OTNV TEQLOY T TEOOBEVEL GUVEYWC.

E€aitiog tne mOAUTAOXOTNTOC TOU AVTIXEWEVOU TNE XL TOU YEYOVOTOS OTL
elvon par évtova avartuocouevn teployn, 1 ‘Opacn Trokoyiotwy yenouonotel
war Thndwpo LeVOOWY xat 0YAAEIWY, DAVELOUEVKDY aTd TOAAES XAl DLUPOPETIXES



ueTah Toug emoTNUOVIXES Teployéc. Etol 1 €peuva 0To Yo NG Unyavixrg
bpaomg €yel deyTEL ETMPPOES amd (AABOUS OTWC:

o Yuyoguowodoyia. Edw 1 éugpacr Beloxetar oTny xatovdneT TV Py ovi-
oudv dnovpyiog ontxdy gpedicudtwy otov avipodrvo eyxégalo [43).
M and tic megtoyéc e Wuyohoylac ue tn YeyolUTeRT EMppon elvon 1)
Yy ol tou Gestalt [47], tou tpoomadel vor avaxahOper YEVIXOUS XAVOVES
oL BEToLY THY avTiAndn Tou AVIEWTIVOU GUGTAUAUTOS ORUGTC.

o Yranionikn). YtatioTinég Yévodol, T6GO YL TNV AvAAUGT), G0 XL Yo
1 oOvileon emdvwy €youy eoaydel To TedeuTaio ypovia oty ‘Opoon
Troloylotwy [34]. Xenowonowwvtac Bayesian pedddoug eivon duvatdy
var eTITOYEL XAVEIC TNY eXUAUNOT HOVTEAWY EXOVOC UE PEATIOTO TPOTO
35]. H unohoytotixt| enfhuon v Hovtélwy autdv yivetou ye puedddoug
otoyaotuxhc BertioTonoinomg, Oavelouéveg and T Lrtauotixy Puoixn
[28].

o MaOnuauixry Mopgoroyla. H podnuatixd popgoloyia [65] eivon yror ur-
Yoouuixy| YEWUETEXT ueYod0ohoY{d TOU Y eNCILOTOLEITAL OTNHY AVAAUCT) EL-
AOVWV %ol OTNY 6pact) utoloylotoy. Boaoileta otn VYewpla cuvorwy,
oty dhyePpo mheypdtwy (lattice algebra), otny xupth avdhuor (convex
analysis), otn otoyaoTxh xat ohoxhnewtixy yewuetpio. Ot Bacixol uop-
pohoyxol tehectéc elvon un-ypauuxd @ihtpa tormou sup/inf/rank. H
wordnuotiny| woppohoyia €yel enlong oyupolc deouolc ye pedodoug e-
TIMEDOGUVOLMY XAl YEWUETPIXWY UEPIXWY DLapopix®y eClowoewy. Eivou
1oaitepar XATEAANAY VLol EQUOUOYES OTWS O EVTOTUIOUOS YEWUETOLXWY YO
CAXTNELOTIXWY GE TOAMAUTAES XA{UoxeS, avdAucT UueyEDoug xou oy fuaToc,
YEWUETOLXO, UN-YRUUUIXO QIATEAPLOUA XAl UTOXAUTAOTACY), XwdlxoTolno
0€ TOMMATAES XAPOXES, XATATUNOT] EXOVOV XL OVOLY VWELOT AVTIXELE-
VOV,

o Ocwpla I'pdpwr. MEJodOL TV DLOXEITOY LOUMUATIXGY XoL xLpltS TNg
Vewplog yedpwy €youy Beet To TEAEUTAlA YEOVIA EQUEUOYY| GE TEOBAAUATO
¢ ‘Opaorne TToloyloTay, OTeS T.Y. 1) XUTATUNOT) EIXOVKY OF OUOYEVELC
Teptoyéc [68].

o MaOnuatikny vokn. Epyohelo tng padnuatixric guoixrc, 6twg ot Me-
owéc Awgopixéc EZiowoec (PDEs), n Yuvoptnotoxhy Avdluon xou o
Aoyioudc twv MetoBododv €youv pia uaxed Tapddooy, TNy ETITUYT Ho-
vtehomoinon guoxay gouvouévwy. Ta (o epyaieia Bpioxouy eupeio e-
papuoyn oe tpoAfuata g Opacng TroloyioT@y, OTwS 1 AvIAUGT EL-
x6vwv o€ molhanhéc xhigaxes [13], n povtehonoinorn oynudtwy [54], ot
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evepY€Ec xaunOhes [44] xar to yewdautixd evepyd neptypduuata [14], 6nwe
xou 1) Stapoptxy) woppoloyia [49)].

To mepieyouevo tne nopodoog epyaciog

H ouyxexpwévn dimhwuatiny epyaoia exivioe we pia mpoondieia Yo Ty
XATAOAEVT] EVOC GUOTAUATOS UMyovixng Gpaong yia To tracking evég avdpom-
Vou YepLoU Ue UEVAOOUC YEWOUTIXWY EVEQY®MY TEQLY QUUUATDY. 2LX0TOC AUTOU
TOL CUOTAUATOS VoL KT 1) OB YNOT) EVOS POUTOT UE AVALY VWPELOT) TWV YELQO-
youlwy Tou yeleloTr tou. Tpfyopa ouwe €yive avTiAnmtod OTL, TPOXEWEVOU TO
cUoTNUA Vo AetTovpyel Yeryopa, 0ev apx00GE 1) Ypon ATAGY aptiunTixwmy oy n-
WAtV Yior TNV eEEMET TWV TEQLY PoUPATWY, ahhd Vo €mpene va yenoworomdoiy
xdmota o cuVieTa apriunTixd oy fuata Yo Ty exthuorn PDEs nou etyav eca-
yOel uohic Ta Teheutaia ypovia oty Opaor Troloylotwy, xadme xot xdnold
oUyypova epyahela and 1o yweo tng Apruntixrc Avakuong, axoud oyeTIxd
Gy VWOTA GTNY XOVOTNTA TNG Uy ovixs opacne. ‘Etol 1o exixevipo tng dimiw-
HoTiXG EpYsiag HETATOTIGTNXE AT TO GUYXEXQIUEVO POUTOTIXO GUCTAUA OT)
VewpnTinr] avdALGeT) ol EPAPUOYT| ATOBOTIXWY APLIUNTIXWY CYNUATWY YL TNV
enilvon PDEs mou Beloxouv egpapuoyr) otnv Opacn Trohoylotwy, Ue EugooT
0TO JOVTEAD TWV YEWOUTIXWY EVEQYWV TEQLYPUUUITWY XUl OTO UOVTENO OLd-
Yuong YepudTnTaC ToU, OTWe Yo BolUE, GUVBEOYTAL 6TEVE PETAED Toug. Onwg
e0xoha unopel va suumepdivel xavele, ueydho Lépog Tng doLAeld xatélaSe xou 1
TEOXTIXY| UAOTOINGT, GTOV UTOAOYIGTY| TwY dAY0RIU®Y Tou Yo TapoLCLUGTOY.

To xelyevo elvon opyavwuévo oe €41 xepdiona. ‘Eyel yiver onuovtixy meo-
ondela OOTE 1) TopovaiacT) Vo lval GYETIXE auTdVoUT, 660 BEBato auTod UmopEl
va emiteuy Vel ota mAalota utog Simdwpatixig epyactioc. To tpla Tpwta TEOETOL-
Lalouy ToV AVAYVWOTY Yol To XUpiwg PEpog AUTAS TN Epyaciag, mou elvor Ta
Kegdhoua 4 xou 5.

Y10 Kegdhauwo 1 napoucidlovton ta 600 povtéda tne Opaone Troloyt-
OTWY oL Yo Yo ATACYOAAGOLY OE AUTH TNV EQYAGIA: 1) AVIAUGT| EIXOVWY GE
YWEoug XAfuaxag Ye TNV e€owon avicoTpoTiXAG BIdYUONG Kol To YEWOMTIXG
EVEQYU TEQLYQAUUATO UE YRHOT) TEYVIXWY ETTEOOCLUVOLWY. Kot tar 800 autd po-
vtéha Paotlovtar o pedodouc Mepixwyv Awagopixwy Eliohoewy. Exondg pog
OE AUTO TO XEQAAULO EIVAL VO XATADELY TEL 1) YENOOTNTA AUTWY TWY UOVTEAWY
oty ETiAUGT TPOBANUATWY UNYAVIXTC ORUOTS XAl VA ELOXEIWVEL O VALY VOOTNG
UE TIC BACIXES TOUC WOLOTNTES, WOTE VoL EIVAL TOOETOWACUEVOS YIAL TH UEAETT) TV
aprunTiX®y YeVHdwY Yoo TNy ETEALGT TOug ToL Vo TUPOUGIAGTOLY GTT| CUVE-
YELQL.

To Kegpdhoto 2 ciodyel tov avayvootn otny apriuntixy exiluor PDEs.
Karapyhv mapouctdlovtar xdnoteg Bacixéc évvoleg and thy oprdunTixt| aviiu-
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on PDEs. Idiwitepn éugaon divetow o pedodoug yio tn UEAETH eucTdieiog
apriunTix®y oynudtwy yio PDEs. Katémy mapoucidalovtar xdmoleg Baoixég
apriunTixéc uédodot yia Ty eZENEN XOUTUAGDY UE ETITEOOGUVOAIL XL TEQLYPY-
(POVTOL OL UDLYAULES TOUG.

Y10 Kepdhowo 3 yiveton avagopd oc uedodouc mou ypnotuoToodvToL yio
TNV anodotixy| exiAuoT Wlitepd UEYSAWY OAYERRIXWY CUCTNUATWY EEIGHOEWY,
Toe ool TpoxUTTouY xatd TNV apiuntixd enthuon PDEs. Idwdtepn upoon
divetan 0N Yphon peVddwy molamAdy mAeyudtwy (multigrid methods), mou
Beloxovtar oTov TUEHVA TWV YR Y0pwY ahYopluwy TwV ETOUEVWY XEQIAULWY.

H perétn tayéwy akyopiduwy yio Ty e€iowon avicotpomxg Sidyuong etva
T0 Véua Tou Kegalaiov 4. Avarbovton Sie€odixd Uepixd aprduntixd oyfuoata
ToL UToEolY Vo yenoworotndoly yio Ty eniiuoy| tng. Enlong napoucidlovto
TORUDELYUOTA GUYXPITIXNC EQUPUOYTC TWY DIAQopwy UEVHB®Y 0TO TEOBANUA TS
AYAAUOTG EXOVOY O TOAATAES XAUUXES UE ONUIOURYIO AVIGOTROTUXWY YWOEWY
xMpaxac (scale-spaces).

To Kegdhawo 5 meprypdger éva yoriyopo akydprduo yia tnyv eZEMEN TV
Yewdoutix®dv evepywy neptypoppdtwy (GACSs) xou anotelel Tov nuphva T mo-
covoag epyaotag. Katapyhy cuoyetilet Yewpntixnd to npdBinua twv GACs ue
10 (amholoTERO) TEOBANUA TS AVICOTPOTIXNS BLdyUOTS, ETITREROVTOS ETOL ULdL
OLapopeTIXT| avdyvwoT 6To wovtéro Twv GACs. Tolto emitpénel tny emtvonom
ueVdowv mou e€ehicoouy Tic xaumiiec Twv GACs uéypet tnv tehxr| Toug Yéor
oe éva nua. Autéc or uévodol “mavtpelovion” dUECA UE TEYVIXES AVAAUOTS
o€ moAATAéS hipoxes xa teyvixéc oteviic Ldvne (narrowband), mou yenot-
UOTOLO0VTOL EVEUTATA YLl ETITAYLUVOT TV xAacix®y ahyoplduwy yia eZ€MEN
v GACs. Y11 ouvéyeto Tou xepahaiou TopouctdlovUe Lo GUGYETION UETAED
TV YeVodwy Twv GACs mou avanticoovtu oTny Tapolca EpYacia UE Yo GEL-
ed GUYYPOVWY UEVHOWY xaTdTuNnoTg Bactouévwy ot Yewptd Twv Ypdopwy. To
AEQPSAAO ONOUANPWOVETOL UE TNV TUPOLGINCT] TEIQUUATIXWY ATOTEAEGUATWY TOU
ToEnYINoay UE TO GUYXEXPWEVO OAYORIIUO.

To KegdAowo 6 cuvodilel xar oyoldlel To anoTEAEGUATA TNG ERYAGIAC.

Téhog, oto ITapdetnua A’ meplypdpoute cUVOTTIXY TN GUALOYY| AoYLoUL-
%0l PETSc© (Portable, Extensible Toolkit for Scientific Computation) mou
YPNOWOTOGAUUE Yo TNV LAOTOINGT TV alyoplduwy.

Evyopiotieg

H evaoydhnor| uou ue tnyv Opaon Troloylotay dpytoe tnyv dvorln tou 2002
oToL TAXUGLAL TOU OUWYUUOU Lo AUaToS Tou OLddoxeL Ue 1dlaitepo eviouctaoud
o Kadnyntic Ilétpoc Mapayxoc oto E.M.IL. Auth n oeipd drahélewy énale
x000ploTIXG POAO GTNY ETLAOYT UOU VO EQYACT® GTY| GUYXEXQUIEVT EPELVTIXY)
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meploy ). 'V auty| Tou 0 cuuBoly|, xadme xou yia T onuavTixy Tou Bordeto xou
TOV TOAD YOVO TOU APLEPWGE YLAL TNV EXTOVNOT AUTHS TS epyaoiauc Yo Hlela
VoL TOV EVYAPLOTACW VEQUA.

Oa Hela eniong va avayvwpiow ) cuuBoly Tou Aéxtopa Kohota TCopé-
0T, TO60 oTNV EMAOYY| Tou VEuatog TNg epyaciog (BLXY’] TOL HTAV 1) LOEX VL
aoyohnde ue hand tracking yia tny xadodhynon poundt), 660 xou yio pio oet-
ed BLUPWTIOTIXWY CUINTACEWY XATA T1) SLIPXELN EXTOVNOTNC TNG DITAWUATIXAC.

Amoé v meplodo mou gpyalduouvy oto “Anuoxpito” Va ko wiaitepo va
avapepde oTic ToAbwpeg culnThoelc Ye To Xépyto [letpidn.

Téhog, Yo Hleda var apLlepmow auTAY TNV epyacio 6TV oxoyEVeELd Loy, Tou
1600 xadoploTixd Eyel GUUBAAEL TN DALOEPWOT TNG OXEPNS LoLU OAL AUTS ToL
YEOVIAL.
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Kegpdhawo 1

AVo MovteAa Mepixwv
Awopopixwyv Egiowocewy otny
‘Opaon TroloyioTwy

1.1 Ewoaywywd tpipa !

Or pepixés dugopikés ebiodoes (Partial Differential Equations — PDEs)
xat€youy wa Eeyweloth Véor ota yadnuatixd. ‘Apyicav vo avaxdTTouy 1o
omo o 18° atchvar yiar var xahOhouy TNy avemdpxeld Twv cUVATKY BLAQOPLXDY
eZIOMOEWY VoL TEPLYPAPOUY XATOLAL YAUVOUEVO TOU PuUGLXOU xOGuou. Meydha o-
VOUOTA TWV LONUATIXGY TEWTOOTATNoAY oTNy avdntulrn Tou tediou: Ou Euler
xou Lagrange uehétnoav xOuata oe yopoég, ot Bernoulli xou Euler acyohrdn-
xav ye TN Yewpla duvouxod, oty onola cuvelcégepay apyodTepa ot Legendre
xou Laplace, eve o Fourier epydotnxe otny avdntulr cUVIQTACEWY GE OELRES
ue Bdomn tig wiocuvapTthoel e ellowong Yepudtnrac. TToAld and ta mo on-
HovTixd emtedypota TG oUyyeovng emtothune Baoiloviar eniong oe yovtéla
PDEs. Evoewtind avagépouye Ti¢ e€lowoeig Tou Maxwell otov niextpouayvr-
Tioud, Vv e€iowon tou Schrondiger oty xPBavtounyavixy xou TiI¢ IGOOELG
Navier-Stokes otn peuotoduvauixy.

H yerion PDEs xou Yevix6tepa cUVEYGY HOVTEAWY OTNy ETEEEQYATIN ELXOVOC
X0 TNV 6pACT) UTOMOYIGTWY Elvall Uil oY ETIXE xouvoleyia Tdor. O emoTnuovl-
%€ AUTEC MEQIOYES, EMMPEACUEVES AT GUYYEVELC XAABOUC, OTWE 1) eneepyasia
PWVAS XAl Ol TNAETXOWMVIES, YENOWOTO0CAY GYEDOY ATOXAEIGTIXG OLUX QLT
epyahela tng Ynpraxric eneepyacioc oruatoc. Ot Tp®TeES TETUYNUEVES OTOTEL-
PEC YPNONGC CLUVEYWY EPYUAEIY OTNV 6RACT UTOAOYLOT®OY HTay Ol eEHC:

e H uédodog tou Horn yia extipnon tou oyfuatog and ) oxlacy shape-

LAuth n evotnta éyel Baototel ot peydhro Bodud ota [50] xon [15]
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from-shading (1970, dec m.y. to [39]).

e To povtého unohoylouol oTTIXAC PO UE UEVOBOUC AOYLOUOU TWV UETO-
Bohav an6 touc Horn xou Schunck [40] to 1981.

e H cuoyétion g avdiuong oe tohhamhéc xAuaxeg pe v e&lowaor did-
yuone Vepudtntac ond tov Koenderink to 1984 [46].

H Bootxy| dragpopd petalt dtaxplthc xon cuvey i uedodoloyiog Eyxeitoal oTov
TEOTO YovTEAOTOINONS TwV TEOBANUATWY: O Blaxpltés QopUallouds ETBIAEL
VoL UEAETOVUE Tor oot ol TeaTaL To €xoupe Ynglonoioet (Ynponoinon =
dSevypartohndion + xBoavtiouss). Iopoadelyuoto Swuxprtedy epyaheiwy oty ene-
yepyaoio emxovag eivon o dloxpitdg yetaoynuatiouos Fourier xou 1 ouvéhin
OLOXELTOY ONUATOY. AVTIVETA 0 CUVEYTIC POPUUMOUOS ETITACCEL 1) LOVTEAOTOL-
NOT TWV ONUATWY Vo YIVETUL OF GUVEYEC YWeouc. e auTthy TNV TEpitTwon 1
OLoxpltomolnoy emépyetal UOVO xotd TNV aptiunTixy| avanapdoTacy) xat enthu-
o1 TWY VEWENTIXOY UOVTEAWY GTOV LTOAOYLOTH, dTaV auTH elvar amapaitnTo.
Baoixd epyaleia yio T cuveYY| povielonolnon tpolAnudtwy Tng Gpacng uTo-
Aoylotay eivon ot PDEs xat 0 hoyioudc twv ueToBohy.

Y& autd TO ONUEio TEETEL VAL ONUELDOCOLUE OTL O DloyWEIOUOS UETALY BLa-
APLTWV XAl GLVEYWV TEOCEYYIoEWY Bev elvon ot xoud mepinTtwon GTeEYAVOS.
Médodol mou avixouy otn ula xatnyopiot ToAES @opéc oyetilovtar f/xon ou-
UTATROVOLY PeVddoUC TN dAANG xotnyoploc. XapaxTneloTixd TopddeLyUoL Ei-
vou 1 Arapopxry Mopgodoyio [49], 1 onofa yehetder PDEs mou avtiotoyolv
O€ HopQoloYIXd GihTEA X EYEL 0ONYHOEL OE TO AmodoTIX0US ahyoplduoug yia
TNV LVAOTOINGY) 0PIGUEVLY JOPGPOAOYIXWY QIATPWY TOU TUALOTEPA LAOTOLOVYTAY
UE U1 YEUUWXES DloxplTés ouVERLELS.

[Theovexthuata Tou cuveyols Qopuakiopol eivar, petalld dhhwy, To e€nc:

7/ / 2. /4 /’ N 2.
o AmAOTNTO X0 I0OTEOTUXOTNTA, XAHDS T GUVEYT| LOVTERX BEV EE0OTAOVTAL
AmO TO OLoXELTO TAEYUN TV 0To ontolo oplleTol 1) ELXOVAL.

e Expetdihevon tne guoxfc daiodnone otny mpoonddeia povielonolin-
ong meoPAnudTey.  Xpenowomolmviag avahoyieg UE QUOLXE QovOUEVA,
©x00G %o PUOKES EVVOLES, OTIWG 1) EVERYELDL %ot 1) DUVOUY), UTOPOVUE Vol
AATAOXEVACOVUE VEX xouhd LovTéra ylow yerion o€ TeoBAYuaTa 6paong
UTTOAOYIOTOY.

o Xpnomn érotpwy Vewpntixdy anotelecudtony (m.y. Unapdn xou uovadixo-
T Mong) ToU elvol ATOTEAEGUO TNG HAXPOYQPOVNG EVUGYOANONS TWV
ETOTNROVLY Ue avTioTorya TeofAfuato Tng wordnuatixis QUoIXTC.
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e H cuotnuatixy Sloxpltonoinoyn twv cUVEYWY UOVTEAWY UE VEUENOUEVES
uedodoug e Apriunuinhic Avdkuong odnyel o axplBelc xar euoToelg
olaxpLtolg alyoplduoug yioa Ty enfAUoT TWV GUVEYGOY UOVTIEAWY OTOV
uroloyloty| mou Vo @dvtalav ad hoc xar Yo ¥itay ToA) BOoX0AO VoL avo-
xohLEYOOV UE TNV ATOXAEGTIXT| YPVOY) OLUXPLTWOV EQYUAElWY.

Y11 ouvéyela auTol Tou xeQahaiou Yo TAPOUGLAGOLUE 00 GUVEY Y LOVTERY
Tou €youv anoderytel netuynuéva otny ‘Opacr Trokoyiotwyv. O avayvooTng
xahetton var dwaoet wiaitepn PopvtnTa 0TI evoTNTES 1.2 2o 1.3 dmou toapouctd-
CovTon ToL JOVTEADL TV YWEMY XAUOXAC XL TWY YEWOMUTIXWY EVEQYWY TEQLY Q-
wdtwy, e v aprduntixy extluon twv omolwv Ya acyokndolue ota Kepdhoo
4 xau 5, avtioTolya.

1.2 Xopotl xhipaxag xou e€lowomn diayvong

1.2.1 AvdAvorn oc TOANATAES XAILOXES

Ot exdveg mou ameoviCouy avTixelUeva TOL YUOIXOY XOOUOL CUVADWLS TE-
ey ouy TAnpogopleg oe toAhamhég xhfuaxec. ‘Eva tétolo mapdderypo gaiveTto
oto oyfua 1.1. ‘Otav ¥élovye vo e€dyOUUE XATOLL YUPAXTNPIOTIXG ATd UidL
eovoL (). oxpéc, ouoyevr Tufuata xox) meénet va xoopilovue TNy xhiua-
%o oL Yo evOlapépel. Evd o xadoploude xiuaxag yivetar TIC TEPLOGOTERES
POEEC LTOGLVEDBN T Ao TOLC AVIPOTOUS, AVAAOY UE TO UEYEVOC TWVY AVTIXEL-
UEVGDY TOU TOUG EVOLUGEROLY XATA TERIMTWOT, 1) eVOLlapEpouaa XAiuaxa TEETeL
VoL ONADVETAL ONTA GE £VOL GUGTIUOL UNY VXS ORUCTS TPOXEWEVOL VO TapdyeL
IXAVOTOUTIXY. ATOTEAEGUATAL.

[TpofBhuaTa TN 6pUoNC UTOMOYIGTWY OTOL OTOL0L 1) AVIAUCT) GE TOMNATAEC
ahlponeeg etvar yerotun etvar, UETaE) dhhwy:

o Kodapioude tng emxdvog and to vopufo.

o AViyVEUOT] YUPAXTNPIOTIXWY TNS ELXOVIS (m.y. axuée xou OHOYEVY| TUh-
Uatar) o€ UEYIAN Ao, 6Tou o evIOTIoUOS TOoug Elvar To €0x0lOC,
xou xaToTY oxeBc xaoploude Tne VEomg Toug oe wixer| xhipoxa, 6Tou
TEPLOGOTEREC AemTopEpEleg efvar dladéotyec.

e ILio ebpwotn extiunoT Tng ®vyNomg AVTIXEWEVDY UE TAUPLAGUOL YoUQUXTT
PLOTIXWY OE TOAATAES A iUaXES.

o Kotdtunon edvog oe avtixelueva tng xAfuaxag mou pog evolapépet xdie
popd.
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Yo 1.1 "Evog x6ouog oe mohhanmhég xhigoxes ... O pwtoypapiec €youy
Angpiel oe Eva Tdpx0 TEOYWEMVTAUS PTPOCTd xat AauPdvovtag xdlde véo TAdvo
amd TON) UIXPOTERT ATOGTAUCT) OE OYE0T UE To Tponyoluevo. To opoywwvio oe
x40 €OV amelxoviCel TO TUAUL TOU AVTIXEWEVOU GTO OTIO{0 EMIXEVTRWVOUIGTE
070 enopEvo mAdvo. Koadoe 1 andotaot and ta avtixeluevo wxpolvet, 1 odn
Toug ahhdlel xou véec douéc epgpavilovtat...” Ano 1o [36].
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Enionc n avéluon oe todamhéc xhipoxes umopel ToMEC Qopéc var emttaryOveL
TNV eXTEAEOT) TOAGDY alyopiluwy enelepyaciog exovas, Onwe Yo BoLUE xou
TNV eVOTNTA 5.4 Yiot TNV TEPITTWOT TV ahyoplduwy Tou TepLypdgEL 1) Tapolco
epyaota.

1.2.2  Xopot XAQAXOE OO YR KO UN-YLoULUX
OLdyvom

H onuacta tne avdhuong oc moAamhég xhdoxes elye avory vwploTel fdn amod
oL TpddTaL Bripota Te dpaons utoroytotodv [71]. H Yewpio twv ydpwr kAipakag
(scale-spaces), mou mpotdinxe and tov Witkin to 1983 [77], é0eoe ta Yepéhia
YLow Wiot LodnUaTiNy) AVTIIETWTLOY VTGV TV YEUdTWY.

H Baowr| 0éa Tou Witkin eivon oyetind amhr: Anuoupyolue wa Guveyn
oxoyévela Yxpilwy exdvwy I(z,y, s) cuvehiooovtag Ty apyxh exdva Io(z, y)
ue évay Gaussian mupriva G(z,y) droxduoavong s:

I(z,y,s) = Ip(z,y) * Gs(z,y)  pes>0, (1.1)
6mou Gy(z,y) = Q—Lexp(—%). MeyoahOTepn Tiun TG TAPUUETPOL S UVTI-
oTowyel o exoveg TpayUTeENS xAipaxac. H tiun s = 0 avtiotoryel otny apyixh
exova. Me auTtév TOV TPOTO TPOXUTTEL ULol OELRY and ELXOVES Tou Elvor VoAw-
uévee (blurred) exdoyéc NG APYXAS EIXOVAC, UE TO VOAWHA VoL auEdvEL xadadg
7 TUPAUETPOS S UEYAUAWVEL.

O Koenderink tpdtoc napathpnoe [46] 61t ot €1xGVES TOU TEOXVUTTOLY UE
Gaussian @uATedpiouo utopoly teodivaua va tpoxhouy Abvovtag Ty e€lowon
ouoLOUoPYPNS dLdyuonc VepUOTNHTOS

ol oI 0?1

—(z,y,t) = V[ = — +

o oz Yoy (1.2)

e opyxry ouvdiun I(x,y,0) = Io(x,y). Lo v éyouye To B0 anotéleoua ue
™ uédodo tng cuvéhing ue muprva Gauss dtoaxduaveng s, apxel vo AOGouUE
v PDE (1.2) uéyet ypdvo t = s/2.

To peydho peovéxtnuo twv Gaussian ywewy xhipoxag elvar 6tt, mépa amod
TO Vo UELOYOLY To Y6puBo xat vor eEAEIPOUY Yoo TNEIOTING Uixprc xhipoxag,
VOADVOLY xalt UETUXVOOY YWELXE XEATOLL CIUAVTIXG YUQUXTNEIOTIXE TNG ELXO-
vog (my. axuée) oty xhipoxa mou pog evdtapépet (dec to oyfua 1.2). Tolto
OQEINETAL GTNY IGOTROTUXOTNTA XL YRUUMXOTNTO TOU HOVTENOU, TTOU BEV EMITEE-
TEL 0N Btodxacio Vo TpocupUOlETAL 0T TOTULXSL YUQUXTNELOTIXG TNG EOVIC UE
Tov emYuunTo TEOTO.

[ vae avtietwricovy ta uetovexthpata tou Gaussian ywpou xhipoxag ot
Perona xat Malik npdtewvay to 1990 [59] ) yerion tne e€ioworg avivotpomikig
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ordyvons Ueppdtntag yiow T dnuiovpyion Twv YOewvY xAfuaxog, Tou YEVIXEVEL
v eZlowor (1.2):
ol

ue apyweh ouvdrn I(x,y,0) = Iy(z, y). Hootpomxn e€lowon (1.2) npoxintel
w¢ e tepintwon yw g = 1. H ouvdpmon g = g(z,y, 1, ||VI|]) eaptdra
and v exoéva, molpver Twés oto (0, 1] xou elvon t0 avdAoYo TOU CUVTEAESTH
VepuInhc AYOYWOTNTAS. LX0THS AUTHS TNG CUVIETNOTNS Efval Vo ELVOYGEL TO
VoAU eVTOE ouoyeveV Teptoywy (intraregion smoothing), enBdihovtac u-
UNA6 GUVTEAESTY| AYWYWOTNTAC GTO OUOYEVT| TUAUATO, X0 Vo AmOTREDEL TNV
avduelln UETaEl BUO YELTOVIXWY ETEROYEVHOV TEPLOY®Y (interregion smooth-
ing), emBahhovtoc younhd ouvteheoth aywyuoTnToS UETOE) BUO ETEQOYEVMY
TUNUATOY xar eunodiloviag €tol T UeTall Toug alinienidpacy. Mia Tétol
UN-Yeoupx | ETLAOYT yia To g efvau:

VI[P

o

9= g(IV L) = exp ( ) (1.4)
6mou 1o o eivon pa otadepd avtideone, eaptuevn and to TEoAnua. Xenot-
uorotolue to I,y = I x Gy, avti Tou I yia Tov unoloyloud tou gradient emeldy
auTéd 0dnyel oc hOoon mou eLupTdTon OUdAd amb TIC APy iXéS oLVITXES, OTWS
anédeiZay ot Catte x.4. [16] xou ot Alvarez x.d. [4], xahotdviag 10 TEOBAN-
ua kaAd opioérvo (0 0plods ToU Xahd OPIGUEVOU meoPhAuatog Ya dovel oTo
Kepdhao 2).

Y10 oyfua 1.2 Brénoupe ouyxpltixd to Gaussian ywpeo xAluaxac xai Tov
avticToyo avicotpomxd. O ypovog eCéNEnG t;, Tng wotpomixic PDE yio xhi-
UaxaL § TpoXVOTTEL and T oyéon tis = s/2. Tio Ty avicoTponixt| TepinTwoT oxo-
AoVIooUE TOV EVPLOTING XUVOVA Lapnis = 10t;s = 55, ONAADT| THEAUUE BEXATAATLO
yeovixd Brua oe xdlde xhlyaxo o oyéon ue Ty avticTolyn LooTpoTIXY TERI-
TTWOT Yiot VoL 00Ny NUoUUE OE amOTEAECUATA TOU OTTIXG UYTIOTOLYOLY TNV (BLa
xh{poxa. Tolto ogelheton 6T0 YEYOVOC OTL Ganis = €XP (—M) < 1 = gs.
[opatneolue OTL 0 AVICOTEOTIXOS YWEOS Bdyuone €yel Ty TOAD emduunTy
OLOTNTA VoL BLATNEEL OYEDOY axEponaL ToL AVTIXEIUEVAL TG XALUAXOC TOL aG EVOLAL-
@épet, evw o Gaussian ypog xAipoxag YoADVEL Gho AVECUPETOS ToL AVTIXEIUEVA
OTULOVRYWVTAS ACAPELES.

1.2.3 Idwotnreg tne e€lowong didyvong xou apy " weyiotou-
elayloTou

Or Buo apyéc mou xavorotel o Gaussian yweog xAuaxag, 6Tws Tig CEQPpAoe
o Koenderink, eivor o1 e€¥c [46]:
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Exﬁpa 1.2: Xdpot xhpaxac and didyvon yia tyyv etxévo “Cameraman.” (256 x 256
pixels, 256 otdduec yxpilou), nou tapdydnxav o€ do enavakielc pe toug ahyopld-
noug tou xegpahaiov 4. Khipoxee (and apiotepd npoc ta deid) 4, 8, 16, 32, 64. Idvw:
Gaussian y®pog xhpaxac. Kdtw: avicotpomixds yopog xhpaxac (tapduetpos o g
elowong (1.4) ion pe 0.01).

1. Awmdtnra (causality): Kdde yopoxtnpiotind tTne emxovag o€ mo Tpayetd.
whipoar (outiatd) Vo mpéner vo tpoépyeton omd €V TOLAAYIOTOY YApoUX TN
PLOTIXO TNG EXOVIS GE THO AETTOUERY| xAluaxa (adTt0), ywplc AmoEd TN T
va toyVel To avtiotpogo. Me dhha byl TO TEPLEYOUEVO TANROQOpEloC
NG EXOVaS Yol TEETEL VoL EAATTWOVETO XAUOC TEOYWEAUE OE THO TEAYELES
ahipoxec.

2. IootpomikdTnra (homogeneity, isotropy): To giktpdpiopa (VoAwua) e
eovog Yo mpénel va yiveton tootpomixd. Kowd xatedduvorn oto yweo
0ev elvol TEOTIUOTERY ATO TIC GAAEC.

Autd o 500 xpitrptar 081 YOLY UE YUOXS TPOTO OTNY EEOWOT LoOTPOTIXTS OLd-
yvong Yepudtnrag (1.2) nou eivar iowe 1 amhoVoTERT) EEIOWOT) TOU To IXAVOTOLEL
%ol T 0Vo.

Egetdlovtag ye mo UeydAn mpocoyy| ta xptthptae Tou Koenderink uroget
XAVELS VoL TORUTNENOEL OTL TO XPITHPLO TNE LGOTPOTUXATNTIG DEV TPOXUTTEL ATO
xdmotor YeUEALOT apyH) TOL TPETEL VAL IXAVOTOLEL 0 YWPOS xA{onag, Tapd Tpo-
otédnxe ylotl avTioTolyel oe amhr| xou amodoTixy| vhomoinom. AuT axpiBeg 1|
amodTNoT Yol LOOTEOTIXOTNTA Elvol TOU TEOXAAEL ToL TEOBAYUUTA TOU TEOAUVA-
péoUnxay oto Gaussian ywpo xhipoxas.

o owtd 0 Moyo ot Perona xow Malik, eve Satnpoly tny araitnorn yio at-
TLOTNTA, AV TIXUIGTOOY TNHY ARafTNo YIo LGOTEOTUXATNTA UE GAAES 000 emtiuun-
TEC WOLOTNTES TOU YWEOL D&y UGN TEOXEWEVOL VoL 001y NU00Y GTO UN-YoouUiX0
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uovtélo mou mpoteivouv pe tny egiowon (1.3). Avutéc ot 800 WBLdTNTES Elvon
[59]:

1. Evvomouds (localization): Ov axyéc Twv aVTIXEWEVWY TOU GNUICLONOYL-
%3 AV XOUY OE AATOLOL XA TUPAUEVOUY EVTOVES X0 OE UETAXIVOUYTOL
OE GYEGT| UE TNV UPYIXT| EIXOVA WGOTOU PTAGOLUE GTNY xAlUAXL AUTH.

2. Opalormoinon opoyevdy mepoydv (piecewise smoothing): e Oheg Tic
xhpoxeg 1) ogohoTolneT EVIOS UAG OUOYEVOUC TEPLOY TG EUVOE(TUL GE O é-
O1) UE TNV OPaAOTOINGT) UETAEY BUO YELTOVIXMY TEPLOY WY, ETEQOYEVAY UE-
TaEY TOUC.

Oa oyoldcovue Topa 0 TpwTo xeitheo tou Koenderink mou avtistol-
YEL OTN UN-AVTIOTEENTOTNTO TN DLAOXAGIAS UVIAUOTS OE TOAATAES HAIUAXES
xou fvar ouoLOOES. LT QuUOXY| TETOLEC dladixaoiec BiémovTton and To delTe-
00 VEpUOOLVAULXS VOUO YLOL UN-OVTIOTEETTEG UETUPBOAES Xot TEPLYRdpOVTAL ATtd
uepxé dlapopnéc eClomaoelg TapaSoiixol TOTo, BACIXOC EXTPOCKTOS TWV O-
Tolwv eivor 1) e€lowon Sidyvone Vepudtntag, t6oo 1) wwotpomxy (1.2), 660 xou
n avtootpomxy| (1.3).

‘Orwe tpotog tapathence o Hummel to 1986 [41], 7 WOLOTNTA UTLHTNTAS TOU
IXAVOTIOLOVY Ol YWEOL BL&YUOTIC GUVOEETAL OTEVE UE ULol TOAD GNUaVTIXY| IBLOTY-
0 TwY Aoewy e (aviootpomxic) elowong didyuone Vepudtntag, Tnv Apxn)
Meyiorov-EXayiotov (min-maz principle), mou neplypdpetal 610 Topaxdtw Je-
OENUAL, THY ATOBEILT TOU OTOIOL 0 AVIYVOOTNS UTOREL Vo Bpel oE 0TolodToTE
BiBAio yio PDEs (bec m.y. to [42]):

Oceopnua 1.1 (Apy¥ Meyioctov-Ehayiotov). Eotw A éva avoryts kai
ppayuévo vroovvodo tov R", otnr mepintwon uag to eminedo Tng €ikovag
(0,L;) x (0,L,). Av n owdptnon I : A x [0,T] — R evai ouveyris oo
A x [0,T] ka1 icavoroel tny eklowon deppdtnrag (1.3) oo A x (0,T), téte
raijpver T péyioTn kar Ty eldywortn tur s oo advolo B = {A x {0}} U
{0A x [0, T}, 6nkadn ta akpdrata eite BpiokovTar oTnr apxikr eikéva elte ota
dpia Tng eikovas o€ kdrowa kAipaka t > 0.

Av emmAéor éxouue adiaPatikn opraxry ovvdnikn ota dpa tns eixovas (VI =
0 oto 0A x [0,T]), tére ta axpdrata Oa PpiokovTar oTnr apyikn €ikiva.

1.2.4 Kdnoieg teAevtaieg napatnenoets

Kdt mou o&ilet va onuewwdel eivoar 611 0 Gaussian yweoc xhipoxag uno-
cel var mapayVel ToAD elxoha pe dradoyixéc cuveliZelc ue Gaussian mapdiupa,
Aol avTIoTOLYEl OE Ypouuixod, Ypovixd auetdBinto giltpo. Avtideta 1) On-
wovpyia Tou AVIGoTEOTIXOY YWEoL XAlaxag arutel TNV apriunTxy eniivon
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e eZlowone (1.3), wa oyetnd mokimhoxn xou opyh dtadixacio. [a autd to
AOYO Ol TEQIGOOTERES EPUPUOYES TRAUYUATINOU YpOvou yerotuonotody to Gaus-
sian y@po xhipaxac (e m.y. o [48]). Enuavtix épeuva buwe yiveton yla thy
avaxdAudn ahyopiluwy mou Yo emTay VoLV TNV XATACKELT| TOU AVIGOTRPOTIXO)
Yweou xhiyaxag. To Kegpdhoto 4 eivar agplepwuévo o autd to Yéua.

[a Aoyoug TANEOTNTOC TRETEL TEAOS VAL AVUPEPOLUE OTL UTAOY OLY Xt dAAES
Tdoeig otny mpoomdiela Yoo avdAuor o TohhamAES xAfuaxec. Mo SagopeT-
xfy PDE npoteivetar oo [4], nou emitpénet tn Sidyvon uévo xdveto oto VI.
Y10 ywpeo TNg Uoppoloyiuc €youue yerion oYETXd cOVIETWY UOPPOLOYIXGDY
pilTpwv ot dnuiovpyic woppoloyixwy Tupauidwy (BAére [50], [52] xar [70]).
O petaoynuatiopog wavelet yonowonoteitoan eniong yia tov Bo oxond. Mia
Vewpla Tou mpooTadel va teprypdiet Tic BacxES IBIOTNTES TNG TUPAULDLXNC ovd-
Avong avortbooeton oo [32] xou [38]. H pyerétn autdv twv Yeudtwy Eegedyet
amo TOUS O%0TOUS TNE TUPOVGIS EQYATIUC Xol TUQUAEITETOL.

1.3 Tewdoutixd evepyd MEQLYPUUUATA KO ETTL-
nedoch VoA

1.3.1 Evepyéc xaundAeg

‘Eva amd ta mo olyypova epyakeio 0Ty 6pacy UTOAOYIGT®Y Elval oL -
vepyés kaumides (active contours) 1 “pidwa” (snakes), mou ewofyinoov and
touc Kass, Witkin xat Terzopoulos to 1987 [44] yio Vv ebpeon tov opiwv
EVOC AVTIXEWEVOU TNE EIXOVASC. LOUQWVOL UE AUTH T UEV0BO 0oy IXOTOLOVUE Lol
XOUTUAT, 0TO ETUTEDO TNE EIXOVAC Xl UGTEQU TNV TUPAUOPPWVOLUE UE TETOLO
TPOTO, WOTE VO TEOGEYYIGEL T0 GOVOPO TOU AVTIXELUEVOU TOU UAS EVOLAPEQEL.
Autd emTUYYAVETL UE TNV EAUYLOTOTOINGT EVOC EVERYELAXOU GUVAPTYOLIXOU
NG XUUTOANG, GYEOLUGUEVOU XATIAANAAL TPOXEWEVOL 1) XOUTOAY TOU AVTIOTOL-
Yel oe (tomxd) eNdyoTO VoL GUUTITTEL YE TaL HPLOL TOU UVTIXELUEVOL TOU UOC
evotapépet. To evepyetoaxnd cuvaptnotlaxd tepiéyel Baotxd 600 Opoug, Evay Tou
ENXEL TNV XUUTUAT XOVTA OTIC OXUES TNG EXOVOC XAl VALY TOU TPOEQPYETIL O
16 v Apyh EXdyotou Mixoue Heprypagric (MDL principle) [45] xou euvoet
™V opakoTnTa NG xaumOANG. H uédodog twv @uotwy elvar éva mapdderypa Tng
eLPLTEENC TEYVIXNG CUUPWVA UE TNV oTtold ToupLdlOUUE EVA TUPAULOPPWCULO LO-
vtélo (deformable template) ota dedouéva g etxdvac péow eayloTonoinong
xotdhAnhor optopévne evépyetac [9)].

ITio cuyxexpuuéva, To xAUCIXO UOVTEAO TWY EVEQYWY XUUTUAGY €YEL WC
efic: 'Eotw C(q) = (2(¢),y(q)) : [0,1] = R? wo xaundAn tou emnédou ue
napduetpo ¢ xar I @ [0,a] x [0,0] = R* n exéva oty onolo mpoomodolue
va Bpolue ta plor Twv avTiixewévey. To cuvaptnolaxd tng xaumvANG Tou
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npoonadolue va eNoyloTonoioouuEe divetat amd Ty axdhoudrn oyéon (Sec [44]):

E(C(p))za/0 ||C'(Q)||2dQ+5/O ||C"(Q)||2dq—A/0 IVI(C(q))lldg (1.5)

€0WTEPIXT EVEQPYELXL eCwTEPIXY EVERYELL

ue ta o, [ xar A Yetixéc mapauéteous. O Buo TEwToL 6poL EUYOOUY TNHY OUUNO-
T TS XUUTOANC (E0WTEPLXT EVERYELXL), EVG O TpiTOC HPOC TNV OdNYEL XOVTd
OTIC OXUES TOU AVTIXEIUEVOL (EOWTEPLXT EVEQRYELD).

Auté to govtého €yel ypnowonoiel ye emtuyio o€ TOMES EQUpUOYES Xou
eivon opxetd ypryopo [8]. Tlapdha awtd éyer xdmoteg eyyeveic aduvopiec. Ilo
CLYXEXQIIEVA, TO LOVTEND AUTO ECURTATOL ATO TNV TUPAUETEOTOMOT) TNS XoUT)-
Anc (Bev eivon dnhadt| yewuetpxd). Ernione dev unopel va yetptotel ue puoixd
TPOTO ahhayéc oTnV Tomohoyio TG xouTOANG xadwg autr elellooeton. Autd
elvor €va 6oPapd TEOBANUA 6Tay 0 dpllUOC TOV AVTIXEWEVWY ToU VEAOLUE vV
aviyvevdoly elvar dyvwotog a priori. ‘Eyouv Béoa npotadel xdnoteg yédodor
v vor avtyveveton oy ooy oty tonohoyio (Sec my. [53]), ahhd eivan
EVPIOTIXES X0l TOADTAOXES.

1.3.2 Tewdoutixd evepYd TEQLYPUULULOAT

To yovtého v yewdatikdy evepydy teptypaupdtwr (geodesic active co-
ntours ewofydnxe and touc Caselles, Kimmel xou Sapiro to 1995 [14] otny
TEOGTAVELN VO AVTIUETWTIGTOLY Ol ABUVIUIES TWV EVEQRYWY XUUTUADY.

To povtého autd Pacileton 0T0 GUVAPTNOLIXG EVERYELIS

1 1
ECW) =a [ 1C@P+A [ POVIC@IDds (1)
0 0
ue ™ ¢ : [0,4+00) — RT va elvan prar pdivouoo ouvdptnon tétota, wote g(r) —
0 xadoe o 1 — +00, 6nwe Yo nopddetypo 1 (1.4). Eueic oto netpdyatd pog
Vol YeNOWOTOLAGOLUE YId TO GXOTO AUTH TN GUVARTNOT:

g = g(IVI) = exp — ¥l (L.7)

o

Yuyxpivovtog tic e€lomoeig (1.5) xou (1.6) mapatnpolue 6Tt 10 OVTEND TwV
YEOOAUTIXWDY EVERYWY TEQLYPUUUITWY GTERELTAL TOU BEOTEPOL HEOU OUUAOTNTAS
TOU LOVTEAOU TWY EVEQYWY XAUTUAGY. AuTtd duwe dev elivar 1BtaTtepa TEQLOPLOTL-
%0, xS 0 TEWMTOC 6ROC aEXEl Yo VoL XAvel TNy xourOAT opohy. Toutdypova
0 —||VI(C(q))|| otov tpito bpo tne eliowone (1.5) avuxadiotata ond to

g(IVI(C(a)ID)-
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Kdvovtag autég Tic ahhayég, 00NnYOUUIoTE OE €Val YEWUETELXO LOVTEND TOU
dev eZoptdton and TV mopaueTponoinor, xadott, dnwe anodetxvieTon oto [14],
1 ehaytotonoinon Tou cuvaptnotoxol (1.6) 1oduvayel Ye To Un TUpUUETEIXO
YEOOUTIXO TEOBANUA TNG EAAYLOTOTOMOTS TOU GLUVARTNGLAXOU

L(C) 1
LR:E(C):/O g(IIW(C(S))II)dSZ/0 g(IVI(C(a)I) IC"(a)| da

ENEN oc;g oaxpéc  opohdTnTa

(1.8)
6mou C(s) eivon 1 QUOLXT TUPAUETPOTOMOY TS XAUTOANG PE TNV TOPIUETEO
unxoug T6ou s, L(C) givoe 1o euxheldeto uhxog g xaumOAng C xou L elvar to
Yewdoutixd ufxoc tne xounving (n uetpwi g(||VI||) e€aptdron and v etxdva
xou Y EmMAOYH TS Uopyhc TS ouvdpTnong g). Lnuetwtéov otL yio g = 1
TO YEWOAUTIXO Uf0¢ EXPUAILETAUL 0TO EUXAEIDEID UHXOS ot TO XpLThRlo Efval 1
ENOYIGTOTOINGT TOU UAXOUS TNS XOUTOATS.

[IEpa amd 1o va amogedyer v €£dpTnor and TNV TUPAUUETPOTOINCY, TO
LOVTELD TWV YEMDAUTIXGY EVEQYWY TEQLYPUUUATWY UTOREL , OTwe BAEROVUE oTN
OLVEYELY, VoL UTERPEL ol Tal TOTOAOYIXS TEOBAAUATA TOU UOVTEAOU TWY EVEQYWY
XOUTUAWY Tou oulnThooue, dpxel va vhomondel ye yeron tne uedodov twy
EMUTEOOCLUVOL®Y, TOU TEQLYPAPOLUE TNV LToEVOTNTA 1.3.3.

IIio cuyxexpéva, 1 eiowor Euler-Lagrange yio v ehayiotonoinon tou
ouvoptnotaxol (1.8) ue tn uédodo gradient descent eivon n eZhc [14]:

f’g_g’f) — guN — (Vg- N)N (1.9)

omou K ebvon 1 xaumurothTa e C xou N ebvar To povadiaio xddeto ddvuouo
ue xotevduvon tpog To wéoa. Ntny telx xatdotaon (yioa t — 400) €you-
aC(1)

UE UNDEVIOUS TOU aploTEPOL UEpoug TNg e&iowong (T)’ doa xat Tou Oe€lov.

O undevioude tou dedlol yépoug e edlowong onuaivel 6Tt 1 peToPolxr| To-
edyWwYOoC alg(c()) NG EVEPYELIC (1.8) wc mpoc ™V xourOhn C undeviletor, mou
elvou avoryxodor suVIxn yior v Umtapén (tomxo) ehayiotou. H eZiowon (1.9)
wog delyvel mog xwveltan xde onuelo tne xoumding C uéypel va @TdoeL oTny
xatdotoot toopponiac. Ilapatneodue 6Tt yio ¢ = 1 n xivnon expulileton o
GUOTOAY) TNG XOUTOANG UE Ty UTNTA AVAAOYY) TNG XOUTUAOTNTAUS oL ETGL 1) Xa-
UTOAY cupEVMVETHL TEMXE oE onpeio, clupwva ue 1o Yewpnua tou Grayson
[33].

H enfhuon 1wV Tomohoyix®y TpoBAnUudtwy ERLTUYYAVETOL UE TNY XivNnon Tng
XOUTUANS 6TO ETINEDO UE TN YEVOBO TwV EMTECOCLUVOLWY, TOU ToPOLCLALETOL
otnyv unoevotnta 1.3.3. Iho cuyxexpyéva, av Yewpricouue 6Tt 1 xoumOAn oi-
VETAL EUUECU WS 1) LoOBLVOULXT] xaUTOAY 6Toep00 BUVIULXO) ULAG GUVEETNONS
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u(x,y,t) mou opiletaw o€ Gho To ENiNEdO TNC EXOVOC, TOTE UTOPOVUE VoL TE-
TOyouUe TNV xivnon TS xoUTOANG GUUPYA UE TO UOVTEAD TWV YEWOUTIXWY
EVEQYOV TEQLYpauUdTwy e€ehiocovtag, avti tng edloworng (1.9), ™V e&iowon
du(z,y,1)
ot

Vu
= ||Vul|di
IVulldiv(97m)

= g[|[Vullk + Vg - Vu

To ned¢ mpoximtel auth| 1 eioworn Yo yivel xatavontéd otny unoevotnta 1.3.3. H
e&iowon (1.10) emhbeton pe apriuntixéc uedddous, 1 UERETH TwY OTolwY Eivat TO
Baowd Yéua authc e epyaociog xor Yo xahugiel extevag oto Kegpdhona 2 xar
5. H ahhory?) Tomoloyiog tng xaumOAng mou opileton and To emREB0GVOVOLO TNG
u(x,y,t) yiveton autouota, 6nwe gaivetar 6to oyfua 1.3, 61ou xatapépvouye
VoL TEPIXUXAWGOUUE BUO AVTIXEUEV TUPORO TOU CEXIVAUE UE Ulol XAUTOAT).

[Tpoxewévou va emitoyuvdet 1 xivnon tne xoumding xot va uetwvel 1 mdovo-
T Ty ideusc TG and Tomxd eAdytoTa, €yl tpotael 1 Tpos XN EVHS Gpou
(balloon force) otaepric ToybTnTog cusTohfc (SlaoToMC) TOU AVTIGTOLYEL OTO
woppohoyxd erosion (dilation) xou euvoel tnv eloyiotonoinon (UeyoTonoin-
on) TN EnLPAvVElC Tou TEpXAEiETaL and Y xoumlAn. Autdc o bpog el T
wopgt cg([|VI[)N ity eZiowon (1.9) xau m wopet) cq([|VI|)[|Vul| yio tny
exdoy 1) tou level set gopuakiopot (1.10). Etol 10 govtélo twv yemdoutixdy
EVEQY WY TEQLYPUUUATOY UE AUTOV TOV 6P0 YEAPETOL:

ou(zx,y,t)
ot
AZiCer Téhog VoL avapEépoulE OTL TO UOVTEAD TV YEWOUTIXWY EVERYWY TEQL-
YoUUUATLY Unopel, Tépa and TO TEOBANUIL TNG EVPECTC TWY UXUWY EVOC AVTIXEL-
UEVOL, VoL YELRLOTEL X0 Uia OELRY GAAWY TEOBANUATWY TNG 6PACTS LTOAOYIOTGY
anhd emiéyovtog pa ouvdeTnon g mou va unv elaptdton and to ||VI|| ohhd
amd xdmoo GO yapaxtneloTixd Tng exdvag. [o o evotagpépovoa tétota €-
PapUOYT TOL povTENOU oTo TEOBANUa Tou tracking dec to [57]. Auth axpiBne
1 eveM&ia xaIoTd Tl YEWOUTING EVEQYA TEQLY QUUUATA LOLIUTEQO DNUOPLAT.

(1.10)

= (k+)g||Vu|| + Vg - Vu (1.11)

1.3.3 EZEMEN xoUNULAWY O0TO ENINEDO XU ETUNESOCVVOAX

LNy TeEpLypapr) TOU UOVTEAOU TWV YEWOUTIXWY EVERY®Y TEQLYPUUUITWY 0-
vagepOixape otn uédodo twv emmedoovvddwy (level sets), mou tpotddnxe ToO
1988 an6 toug Osher xou Sethian [55]. H uédodoc twv entnedoouvoiwy npotei-
vet évav Eulerian gopuoliouo 2 vy v eZEMEN xoUTUAGY 6TOo eninedo (yevi-
x6TEPA YETOTWY ditdoTaone n — 1 ae éva ypo n SLIoTAGEMY) XL TPOGPEpETL

ZH opohoyia mpoépyeton and tn Mnyavixh, émou 1 Eulerian meptypagh e xivnong twv
avTEEVY Yivetar oe oyéon ue éva otadepd GTO YWpo cGTHUN avapopds, eved 1 La-
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Yo 1.3: EZEMEN yewdautixol evepyol meprypdpuatog v Ty exéva “Nowopa
xou Tuakid” (320%240 pixels, 256 otdduec yxpilov). Ta anotehéoparta mapdydnxay
oe ulo emavahndn ye dapopeTind ypovixd Briua T To xaéva pe toug akyopituoug
Tou xegohafon 5. Xenowonofdnxe 1 g = exp (— ML ue mapdyuetpo avtideong
o = 0.001 xou nopduetpo xavovixonoinong sp = 1.0.
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Wiaitepa yior THY aprduntixd entAvon TETolwY UOVTEAWY, YEIPWLOUEVT UE YUOLXO
TpOTO ahhaYES 6TV ToToAOY(d TNG XoUTUANG (YEVIXOTERA TOU UETAOTOL).

[Iio ouyxexpwéva, éotw I'(t) = {C(q,t) : ¢ € [0,1]}, 6mov C(g,t) =
(z(q,t),y(g,t)) : [0,1] x [0,+00) = R?, ot 01x0YEVELL XAELGTOV XKAUTUADY
oTo eninedo mou mopdyetar and pror apyw| xaunidn I'(0) = {Co(q) : ¢ € [0,1]}

UE TO VOUO

ac Y

or (1) = PN (1.12)
C(q,0) = Co(q)

6mou N eivor 0 wovoodtafo xddeto didvuoua Ye xatebuvoTn TPOS TO ECWTEPLXO
ToU Ywelou Tou mEpLheieTon amd TNV xouTOAN xou F' ) tayOTnTa xivnong xdde
omnuelou tng xaumOAng. Autog etvor o Lagrangian gopuaiouog tng xivnong tng
xoumOANG xar Vo umopoloe vo vAomonel apriuntind talpvovtag oty apyixy
xourohn T'(0) T onueta {Z; = Co(%), 7 = 0,..., N — 1}, 700 TpoxXOTTOLY
SeryatohnmTdvTaS opotéuoppa 1o [0,1) v TapdUeETEo ¢, xou 6TN GUVEYEL
elehlocovtag xadéva and to T aveldotnta. Auth 1 u€dodog OUmS TaLoLGLd-
Cet mohhég Buoxohiec: O UTOROYIOUOS YARAXTNEIOTIXWY UEYEDDY TS XUUTOANS
(my. &, ]\7) elvon d0oxohog, o onueiol TElVOUY VoL CUCOWEEDOVTAL OE €Vl TUH-
Uo TNG XUUTOANG UE AMOTEAEGUA VAL ATAUTELTOL GLY VY ETAVATAQUUETEOTOINGT
AL, TO XUPLOTEPO, Ol ahAaYES oTnyV Tomohoyia TNG XauTUANG elvon BUGKOAO Vo
Tpayyatonotnioy.

[oe autolc toug Aéyoug ot Osher xou Sethian [55] mpdtevay va avtiue-
twrotel 1 xivnon tng xaumiine oe éva Eulerian mhaicio. Xlugwvo ye
uEYodo TV EMTEOOCUVOLWY 1) xaUTOAY, avti va oplotel pe 1N Pordela tng
OLVUGUATIXAS GUVIRTNOTS C(q,t), xoadopiletar ue ™ PoRdea g Podumtrig
ouvdptnone u(z,y,t) : R? x [0,+00) = R, 1 onola opiletar o€ 0hbxhnpo to
em{mEdO TNS EMOVAC ot OYL WOVO Tdvw oTny xaunOAn. Me 10 véo popuahioud
1 xoumOAY oplleTon €uuEcd, w¢ 1 tlooduyaUxY| xoumOAn Ttuic 0 Tng u, onAadY
I'(t) = {(z,y) : u(z,y,t) = 0}. H enéxtaon g ouvdptnonc u 6To LTGLOLTO
ywelo pmopet va yiver audalpeta, Lo TOV TEPLOPOUS N u var elvon Lipschitz
ouveyhic. Lnv epyacio auth oxohouvdolue T obuBaon 6t u(z,y,t) > 0 yio
o onuela (x, y) mou elvon extdS NS TEPloYc TOU TEPIXAELETAL OO THY XaUTY-
A oxon u(x,y,t) < 0y o cowteptxd onueio. Mio tétolor cuvdptnon eivae
T.Y. O TEOCTUACUEVOS UETAGY NUATIONOS ANOCTACTC antd Ty xounOAn. O t-
0éec autég amewxovilovtar oTto oyfua 1.4. Y10 (B0 oyfua Tapatnpolue 6Tt 1)
uEVodog TV EMTEDOGUVOLLY YELRIETOL UE YUOLXO TPOTO AANAYESC OTNY TOTO-
Aoyio g xoumdAng, 6mwe eldaue xor 6Ty uToevotnTa 1.3.2, 6mou 1 uédodog
yenoomotfunxe yior TV eCEAET YEWOUTIXWY EVERY®DY TEQLY QUUUATWY.

grangian meplypopy| yivetar e Bdon éva cOOTNUOL AVIPOPdS TPOCUPTNUEVO GTO XWOUUEVO
oML
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T rrrJrri

Yyfuor 1.4: EZEMEn xaundhng ue emnedooivola. To napdderypa npoépyetar and v
eQoppoY NG UEVOD0oL TwV EMTEDOCLYORWY Yia TNV €ZENEN YEMDUTIXWY EVEQYWY
neptypoppdtov. Ilpdtn otidn: H cuvdptnon u(z,y,t) oty onola evowpatdveta
N xoumOAn xou 1o eminedo z = 0. H xoundhn opiletor we n tour empdvelag xou
emnédov. Aevrepn otiAn: H xounidn I'(t) oo eninedo tne eixdvac. Hopatnpolye 61t
1 uédodog TV emnedocuVOrLY yetpiletar Ue QUOIXS TPOTO ahhayEg GTNY ToToAOY a
(dec xan o0 oyrua 1.3).
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‘Onwe mpoxnTel Ye UePOd0UC BLaPopIXC YEWUETEINS, YUQUXTNEIOTIXE TNG
XUTOANG, OTwe ta K, N urnoloyiCovtar xatevdeiov and v u. Ilo cuyxexpr-
UEVAL, LoYVOUY Ol EXPRACELS:

- Vu
N=—— 1.13
vl (1.13)
pidoix
. Vu Upp? — Uy Uy Ugy ~+ Uy U
g Vol (@ + ) (1.14)

[ var mopdyouye €va vopo ylor Ty xlvnor tng xaumOAng avtiotolyo g
ekiowone (1.12), napatnpolue 6t u(C(q,t),t) = 0. Mapoywyillovtac v te-
Aevtala GYEoT WS TEOG X XAVOVTAS YeNoT ToL xavova TN ahucidag malp-
voupe® uy + Cy - Vu = 0. Avuxadiotédvroe 10 Cp and v (1.12) mpoxintel
u; + FN - Vu = 0. ‘Ouwc ard v (1.13) éyoupe ot N -Vu = —||Vu|. Etor
XOTONAYOLUE OTN Baotxr ay€on (TeOBANUO APy IXMY XAl GUYOPLIXMY THIMY) TOU
TEETEL VAL IXAVOTIOLEL 1) U Yol VoL EEEMIGEL TNY XOUTUAT, UE TO GWOTO TEOTO:

{ut = F||Vu

u(z,y,0) =0y (z,y) € T'(0) (1.15)

Ané n oyéon auth unopéoaue, ue Bdon tny egiowaon (1.9), mou diver TV xivr-
O1) TV YEWOUTIXWY EVEPYWV TEPLYpoUdT®wy ue Tov Lagrangian @opuahioud,
va e€dryouue Ty e&iowon (1.10) mou TepLY pdpet TNV (Ot xivnon UE POpUUMGUO
emnedooLvolwy. Aliler va onuewdcoouue €86 6Tt 1 TaylTnTa TN ediow-
one (1.15) elvar 1 enéxtoon oe 0hOXANEO TO ENiNEdO TN TayUTNTAC BLddoaNC
Tou petodnov F e egiowong (1.12). O tpdmoc mou Yo yivel v enéxtoon, e-
v Yewpentixd dev emnpedlet T Aor, Umopel va exnpedoel Ty axpifela Tng
apriuntiic exthuong. H enéxtaon auty| elte npoxdntet offfacta and 1o Quoixd
TeoBANua, eite mpéner va yiver explicitly [31],[3],[17]. To {hmmuo autd de da
UOC OmOGYOMAOEL OTH GUVEYELNL TNE TopOoLCOS EQYAOIUC, EMEWDH O BixY| Uog
TERIMTWOT 1) EMEXTACT) TPOXVUTTEL GUECA ATH TO YUOLXO TEOBATUAL.

M radtepa evotagpépouoa ewinr| TepinTwon xivnong xauUmOANG TEOXUTTEL
6tav 1 ouvdptnon toydtntag F Satnpel tpbornuo (eivor dnhadi eite tdvto Ve-
TN elte mdvTa ocpw]uxv']) xou EMTAEOV ECORTATOL HOVO ATO TIC YWEIXESC OUVTE-
Toypévee, dnhadh F = F(Z). Kétw and autée tic mpobnodéoeic n xoumiin
emtoxéntetan xdde onueio povdya o popd (Seydpoote tny entropy satisfying
viscosity solution tng (1.15) — dec Kegpdhoto 2) xat 1o uétwno unopel vo xodo-
elotel and 1o chvolo Twv onueiny ota onola Beloxetar 1 xauUnOAN DoTERA ATO

3570 eZfc Ya ypnoonotolyue to cupBoliopd fi = %.
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yeovo t, omhadh I'(t) = {(z,y) : T(x,y) = t}. H PDE nou npénet va ixavornotel
n ouvdptnon T npoxintel Ye mapaydylon ws npoc t e oyéonc T(C(z,y)) = t,
mou diver tehixd, AauBdvovtoc unodn tic e€odoeis (1.12), (1.13) xar (1.14),

{HVTIIF(x,y) =1 (116)

T(x,y) =0 yw (z,y) € T'(0)

Auto eivan €va TpOBANua xodopd CUYORLIXGY TWKY, YVWOTO oTr HoduoTixy
puotxr ¢ eikonal PDE [21], ue egapuoyéc otnv ontixd| [10], 6tov unohoyioud
Tou (yxpilou) uetaoynuatiopol andotacnc [67] xou odhov. Lo v enfhuon
Tou tpofMiuatog (1.16) éyouy avaxalugiel Tohd yeryopor akybpriyor, tou Va
Togouctaotoly 6to Kegpdhoto 2.



Kegpdhowo 2

Boaowec Aprduntixeg Metoool
v TNV E&eNién

Entimteoocuvoimy

2.1 Boaoweg €vvoleg aptiunTixwy Ledodwy Yl
LEQPLXEC OLaOpPIXEC EELOWOELS

H ouvtpmtinr) mhetodhmnpio twv YOVTEAWY UEQIXWY BLUPOpIX®Y EELOWOEWY
mou éyouv mpotadel oty ‘Opacr Troloylotedv odnyel oe podnuatind meoBin-
wotar Tou Oev elvor emthbouo ovadutixd. H enilvorn ye apriuntinéc yedddoug
elvar 1 WOvn 01E€000¢ O QUTEC TIC TEPITTWOEIS. Y€ aUTAY TNV evotnta Yo
avagepolue ot PepnEg Evvoleg and Ty aprluntixy avdivorn PDEs, ywelc Bé-
Bowar var prhodololue vo xolbouue oe Badog TNV TEPAGTIO AUTY| ETLOTNUOVLXT

TEQLOY ).

2.1.1 Koatnyoptonoinon LeEpiX®Y Slapopixwy eELCWOEWY

M onuavtind| €vvota and v aprduntixy| avdhuo eivon 1 xatnyoplotoinon
Twv PDEs og tpeic owoyévelec: vnepfolikes, napafolikés xar eAdartiég. H
xatnyoploroinom yivetaw ue Bdom Tig xaumOAES OLdd0oTS TNE TANPOYoplag (xa-
PAKTNPIOTIKES KAUTUAES) TOL avTLoTOL0UY 6Ty e&iowan. Avti va avapépoupe
T0 axpIBEC xpIThPLo Yiol TNV XaTnyoplotoinor Ty ellothoewy (dec m.y. [5]), da
OWGCOULUE TOUC TO ATAOUS EXTROCOTOUS XAVE XaTryoplas oTNy TEQINTWoY TwY
nuyeapuxwy PDEs §" Baduoo.

H st eglowon

*u  ,0%



36 Baowéc Aprduntixéc Médodot yia tny EEEMEy Emnedoocuvolwy

elvol YapaxTneloTIXOS EXTPOOWTOS Twv UTERBoAxwY edlowoewy. H ellowon
(2.1) xou yevixdtepa ot UTEPBONXES EEIOWOELS TEQLYPAPOLY PUGLXTL (PUVOUEVL
Tou yapaxtneiCovtar and ypovixy eZ€AEN AvVTIOTEENTH 0T0 Ypeovo. And xdie
ornuelo Tou Yepehmdoug mediou dLépyovTal 000 YULAXTNEIOTIXES XAUTVAES, uio
ue xoatedvuvon to Tapehdov xar uio ye xatebduvor To YEAov.

‘Onwe eldaye xow otny evotnta 1.2, Pacinde exnedonnoc Tng TapaBohixnig
owoyévelag etvar 1 e&lowon dLdyuong

u u
= 0 (2" (22)
Exel tovicaue eniong 1o YeEYOVOS OTL TEQLYPAQEL UN-OVTIOTRETTY (PUUVOUEVIL TOU
eZehlocovtar 6T0 ypévo. Autd mnydlel and To YEYOVOS OTL €YEL YOVO uio
Yo TNEIOTIXNY XUUTUAT U xatedYuveT Tpog To UEALOY.

Téhog, o oTaTNd Qouvoueva teptypdpovial ouVAULS Ue eELCWOELC EAAEL-
TTixoL tuTou. 'ETol, yio mapdderyud, To NAEXTEIXO DUVAUIXG GE YWEO Ywplg
mnyég diveton amd T Ao tng e€iowong Laplace:

0%u

D

~0 (2.3)

Ye auThy TNV TERiTTWOT), ETEWDY| axplBmS BV £Y0ouUE Ypovixt| eEEMEN TwY Qal-
YOUEV®Y, OEV UTAEYEL Xouiol Yopox TELOTIXT XOUTOA.

YNy mepinTwon Twv utepBolix®y xat Tapaohixwy EELOWOEWY TOU TEPL-
Ypdpouy pouvoueva eEEMGGOUEVA GTO YEOVO TRETEL amapaitnTa vor xoopilouue
XL TIC APYXES TWES TNG GLVAPTNONG (xou fowe T oUVOpPLAXES ouvirxeg, e-
dv 10 Ywplo elvon TENEPACUEVOD), €youue dNAUDY TEOBAAUATA AEYIXDY TGOV 1
TEOPAAUATO AEYIXWY XAl CLUVOPLIXGY TW®Y. Avtileta otny mepinTwon TwY
EMETTIXOV ECIOWOEWY €YOUUE TPOBAAUATA ATOXAELOTIXG GUVORLAXWY TIUWY.

Eivar onuavtixd va tovicouye 6Tt o aptduntixnd Gy uota Tou yenouLorool-
Ue yio TNV emihuvon Twv edlomoewy Vo TENEL Vo GEBovToL TO YEYOVOS OTL Ol
YA TNEIOTIXEC XUUTOAES Elvon TORdAANAES Tpo¢ TNy xatebduvorn Biddoong
NS TANEOQORIAS 0TO YUOIXOG TEOBANUA xou Vo ETIBAAAOLY avaloYT, BLddooT
NS TANPogopiag ot 6Ty dlaxpltonoinoT Tou Quotxol mpofBifuatoc. Tétola
aprdunTixd oyfuata ovoudlovtoar upwind oyfuata, tailouvv ueydro pdro o
otoxpttonoinoy uTepBolx®y e€loMoewy xat Yo UEAETNI00Y GTNY UTOEVOTNTA
oL axohoLVEL.

2.1.2 Ilenepacuéveg dlagpopec xou upwind oynuota

ITpoxewévou va emAbooupe aprduntixd Eva TpOBATUL UEQIX®Y DLUPOPLXGY
eZloWoewY Vo TPENEL TEWTA VAL TO BLaXELTOTOACOLUE. T dpyouv 800 Bactxég
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uédodot yia va emiteuydel xdtt €toto. H pédodoc twv memepaouévwr otoryei-
wv (finite elements) (dec m.y. o [5]) npoonadel vo exppdoet tn Aon we €va
YOUUUIXO GLUVOUAGHUOS XATIAANAWY CUVAPTAGEWY BACTC %o GTT GUVEYELX UTO-
MoyiCet To BEATIOTO GUVORO GUVTEAEGTOV UE YphHoN Wiag UETABoMXNS HopPHS
¢ dagopixrc e&iowone. Xtny mapoloa epyaocia O YENOLLOTOICAUUE AUTHY
T u€Yodo xat yt' autd o Yo emextordolue GTNY TEQLYPAPY| TS

H uédodoc v memepaouévor drapopdy (finite differences) [5] and tnv G-
A1 mhevpd Baoileton otn dlaxpltonoinoT Tou TEdiOL 0plLOUOL TNG CUYAETNOTNC.
Axolovdovtog avthy ) p€dodo Torodetolue 6To TEdIO OPIOUOY TNS CUVARTY-
onNg €VOl TETEPAUOUEVO TAEYUOL X0 OVATAPIOTOVUE TN u(X, Y, ) UE TIC TIWES ugs,y
€TOL WOTE Uz ™ u(ihg, jhy, nT), 670U T hy, by xou T elvan Tor Puota Broxpetto-
Toinone.

H uédodog twv tenepacuévey dLlapopmy THPE T0 GVoud TNE and To YEYOVHS
OTL oL TPy WYOoL ToL TapouatdlovTal 6TLS Blapopéc elonoELls TpooeyYilovta
UE XATIAANAES TETEPAUOUEVES DLopOPES. AUTEC TEOXOTTOUY UTO TOL VAT TOYUATOL
Taylor tne u(z,y,t). T nopdderypo and 10 avdmTuypa

u(z,y, t+7) = u(w,y,t) + wlz,y, t)7 + O(7%) (2.4)
TEOXUTTEL 1) GYEOT)

U(fL’,y,t + T) — U(.’Ii,y,t)
T

u(x,y,t) = + O(7) (2.5)

Oewp®VTog avTioToly o AVATTOYUATA UTOPOUUE VA TUREYOUUE TIC TACUPIKES (Si-
ded) mpooeyyioeic mpdTNg TEENE Yior T g

n+l . n

u, ~ DMy = 24— (eumpbotha Blapopd) (2.60)
T
ut — un._l
u~ D 'u= 21— (orniotha dopopd) (2.63")
T

xou TNV kevtpikrj (central) npocéyyion debtepnc TEENG Yior T g

un+1 _ unfl

w o~ D=9 (2.7)
27
Me 7ov (80 Tpom0 opilovTon ot avTioTolyES BLUPORES YIa TNV TPOCEYYIOT TWY
YWPIXDY TUQAY WY WV.
H emhoy Tng *xatdAAnAng SLlapopdc yior TNV TEOCEYYLOT LIS QLYY OU
Teénel, mépa and TNV emuunth oxpeifelo Tou oyuatog, vo AauPdver urtodn Tng
TIC IDIUTEPOTNTES TOU TPOBAAUATOC Xou EMNEEALEL XUTd TOAD TIS IBIOTNTES TOU
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aprduntixol oyfuatoc. T mapdderyua ag Yewprioovye tny eiowon xduatog
Tewtou Baduol oe uia didcTao:

U+ cuy, =0 (2.8)
Edv StadéEouye var SLOXQPITOTOIGOUYE TN Uy UE EUTPOG LA DLapopd xou dpar € 0U-
ue éva explicit oo ypdvo aprduntind oyfual, unopolue va emAéZouue avipesa
o€ Tpla SLUPOPETIXG. Gy AUATA TEWTNG TAENS, AVAAOYA UE T DLaXQELTOTOINGT) TG
YWEIXAS TORAYWYOUL:

u?“ =u? — eTDTP (eumpdbodio oyfua) (2.99)
ul ™ = Ul — er D™ (omicVo oyfua) (2.98")
ul ™ =l — er D"yl (xevtpind oyfua) (2.9v")

o vor emhéZoupe o xotdAAnho and to oy fuata Tne (2.9) Yo npéner oxepdolue
671 T0 uOLX TEOPBANUA TOL TEptypdpeT 6TNY (2.8) elvar Eva xua oL XiveiTta
ue toyvtnta e. ‘Etot, edv ¢ > 0 €youue xivnon mpog tar 0e€id xon Yo mpémel
va emtAéZouue ontioVio oyfua, Tou Bladidel TNV apiunTixy Thnpogopio TEog To
0e€td. Edv mdht ¢ < 0 éyouue xivnon mpog to dploTepd xot xatdhhnho eivon To
eunpoctho oyfua. H emhoyr| ue autd 1o xpithpio odnyel oo Aeyoueva upwind
oxnpatae (upwind schemes). Avtéc ot 1déec anexovilovton oto oyfua 2.1.
Yuvende 1o xotdhhnho upwind oyfua yio Ty (2.8) eivor to

u™ = u — 7(min(c,0)Dul + max(c, 0) D "u}) (2.10)

)

Tuydy dagopetixr emthoyt Yo odnyodoe o€ un-evotady| oyrfuata, Omwe Yo
OOUUE OTNV ETOUEVY] UTOEVOTNTAL.

2.1.3 Xvvénewa, oOYxAON xou evoTAVeEld AELIUNTIXDY
oYMNUATWY

Ou eZETAGOVYE WP XATOES BACIXES LOEEC TTOL Elval YPNOIIES YLOL TNV O-
Elohoynon apriuntixwy oynudtwy v PDEs. Koatapynv arocagnviCouue ot
EVOLUPEPOUAOTE YLol T ADom TpoPAnudtwy nov eivar kadd opouéva (well po-
sed). Tlpoxertan yior TpofBhiuota mou éyouv povadixh hbor, mou eZoptdton ue
GLVEYY TEOTO amd TIg apy i€/ ouvopLaxég cuvinxeg (\'mocpin, UOVIOLXOTNTAL,
GLVEY S sidprnon). 'E€w amd autd to mhaicto dev umopolue va eATi{ouue 6-
Tt Yo Bpodue éva .y, evoToég aprdunTixd oy, TN OTIYUr Tou To {Blo To
oLVEYES TEOBANUa efval un-evoTadéc.

'Ovopdletor explicit yiotl 1 Aon v t0 ypovixd Bhua n + 1 diveton xoteudeloy and
AOoom oo ypovind BAua n, oe avtdlacTohy ue To implicit, 6mou n Abor yia To ypovixd Briua
n + 1 eivon oe nemheypévn popprh xar anouteltar 1 enfluon evog ahyeBpixol GUGTAHUATOC YLo
va 1 Bpolue.
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Eyfuo 2.1: To upwind oyfua yio tny xvpotixt eZiowor. To névew oyfua (eunpé-
ovio) elvar evotadéc 6tav 1 petagopxr] TaybTNTa ¢ eivon apvntixh. To xdtw oyfua
(omiotio) eivon evotadéc dtav 1 uetagoptxt| Tayvnte ¢ eivor Yetixh. And to [60].

‘Evo aprduntixd oyfua eivor ouvenés (consistent) ye wa PDE dtav éyet
avéntuyua Taylor cuyfotéd pe autrh xaog eXAenTOVOUUE TO TAEYUA DloXpELTO-
Tolnorg.

To mo emduuntd yopoxTnEloTiNd evOC apriunTixol oy fuatog elvor 1 oU-
ykhion (convergence). Aéue 6t éva aprdunuixd oyfuo ouyxhiver oty axpt-
B Moo wog PDE, étav 1o o@dhua draxpitonoinong telver oto 0 xadog To
h,k — 0.

"Evoc oplopoc v tny evotddea (stability) evog apriunTLXoL oy uaTog efval
voL 0d1Yel og dloxprth Aoom uy; Tou va glvon gparyev, xadeg o ypbvog n — oo.

Or évvoleg T ouvETELaS, TS oOYXALOTS XU TN EVGTAVELNS CUVDEOVTOL UE-
1€ ToUC GOUPWVOL UE TO TPaxdTw Pacixd Yewoenua, TNy anddelly Tou omolou
0 avory Voo TG unopel vo Peet my. oto [61]:

Ocwpnua 2.1 (Oewdpnpa tooduvapiog tov Lax). Fotw éva kaAd opiojiévo
ypap ko TpoPAnNua apyikoy kar ovvopiakdy Tipoy. Mia ovverng npooéyyion
TOU JU€ TEMEPATUEVES 01aPopéS elvar ouykAivovoa av, kai pdvo av, efvar evota-

ong.
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Autd 10 Yedpnuo xatadetxvOeL Tov WLiTepo poAo mou Tallel 1 evoTdlela
oTNV AZlOAOYNOT| TV APLIUNTIXOY Y NUATOV.

Yy emduevn unoevotnTa Yo dovue 500 ueBddouE Tou Y ENGILOTOLUYTL
euplTATA Yl TOV €AEY Y0 Trg evotdielog aprduntinwy oynudtwy. Ilpdxeito
yioo TV avdhuon euctdidetag Von Neumann xou tnyv avdhuon euctdieiog e
VXA,

2.1.4 "EAeyyog evotdUelag apldunTinedy oYNUATOY
Avdlvon evotddeloc Von Neumann

Yty avddvon evotdlaas Von Neumann (Von Neumann stability analy-
$is), mOU UTOPEL VAL EQUPUOOTEl oE Yoauuixd meoBiAuata ue otadepols ou-
veheoTég, Vewpolue Ty eEEMEn xde Wiohlbong tng eioworg TETEPUACUEVLY
OLapopwy Eeywetotd. ‘Otav €youue uio ywelxr didcTact), ot WoALCES €YouV
™ pop@; -

op = gkt (2.11)
6mouv j = /—1 xu k = 21 /X o xupatapriude NG CUYXEXPLUEVNS LOLOAUOTG.

AvtixahotOvTag T Hop@t auTh Y To vt oty e&iowor Tou TEPLYEApEL
T0 apriunTixd oy Tou YERoUUE va alOAOYHOOUUE TAEVOLUE Ui OYECT) OLo-
omopdc mou cuvdéel T € xau k. To xpitrplo Von Neumann yia evotddeta eivo
t6te |€] < 1y Oha Tt k.

Ac egapudoouue auTég TIC LOEEC TPOXEWEVOU VoL 0ELOAOYHOOUUE YLOL TO-
pdderypo tor el oyfuata e oyéone (2.9) yia v eZiowon xduatoc (2.8),
vnod€tovtag otadepy| taydtnTa ¢ > 0. Me avtixatdotaon 6T oyEcElg (2.9)
Tolpvoule T axohouleg eEIGWOELC YL T &:

€ =14 20(1 + o) (1 — cos(khy)) (eumpbotio oyfua) (2.12a)
€ =1 —20(1 — 0)(1 — cos(khy)) (onioho oyhua) (2.12p")
IE)> = 1 4 o2 sin®(khy,) (xevtpxd oyfua) (2.12y)

ue 0 = cr/hy. And tny anoiton [£] < 1 npoxintel apéows 6t and ta tela
oyhuata uévo to ornioho (upwind oty tepintwon auth) eivar evotadéc, xou
wdhiota und TN cuvirxn o < 1, Tou YpdgeTaL LGOOUVAUY

el
<1 2.13
T < (2.13)
Auth n oyéon eivar yvwoth we ovvdrikn CFL (CFL condition) ané ta opyt-
%8 twv Courant-Friedrichs-Lewy mou tnv avaxdiudoy xar Baler €va oplo oTo
Yeovixd Briua yio tar explicit aprduntind oyfuata oty exilucT urepBolixwy
PDEs. Atoucdnuxd dnhdver 6Tt 10 p€twno tou xOuatog uropet vo diacyile
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AmOCTAOT) To TOAD {om UE TO ywexd Priua daxpltotoinong o xdlde ypovixd

Priuer.

Avdhvon evotdictog pe mivaxa

H uédodoc e avdAvong evotddaag pe nivaka (matriz stability analysis)
etvar e evalhoxtiny) uédodog yia Ty allohdynon tng euctdielag evog apt-
untixol oyfuatoc mou Baoileton ot QAoHATIX AVIAUCT EVOC Tivaxa. Auth
1 u€vodog elvon WBLETERO ONUAVTIXY YId TNV Topo0oo EpYAola ENELDT) YOS EL0d-
YeL o €vvoleg xat padnuatixd epyaleia mou Yo yeNolLOTOCOVUE GE OhaL To
ETOUEVAL XEPIAOLAL.

[Iio cuyxexpwéva, ag UTOVEGOLUE GTL TO GYY|Uo TENEQUGUEVMDY DLAPOLKY
mou YEhouPE Vo UEAETACOLUE YLt EVOL TEOBANUA QY IXWV-CGUVORIIX®Y THIWY
otver tnv e€€MEN e aprdunTixic Aoong 6Ty poppt

u"t = Gu™ + d" (2.14)

To u" elvor to didvuoua g Aong 6To Ypeovixd Briuc n xaL TEOXOTTEL UE Xo-
TAAANAT aplDUNoT TWVY YWEXOY CUVTETAYUEVWY, T.)Y. AVTICTOLYWVTAS TNV i
CLVICTOOA TOL U™ GTNY TN uj TN ovodidoTtaty tepinTtwor. O G eivon évag
N x N zivaxag mou e€aptdtor and Ty eTthoy? Tou apldunTtixo) oy RUATOC xou
T0 d" elvor €va SLdyuoua Tou e€apTdTon and TIC ouvoplaxés cuvirxes. Epopuo-
Lovtog avoadpouxd T oyéon (2.14) odnyoluacte otn oyéon

u' =G + G+ GV A (2.15)

[TpoxeWévou Vo ETIXEVTPWGOUUE TNV TEOCOYT UAS GTO aptdunTixd oy fua
xo OYL OTIC CLYOPLUXES GUVITXES, VEWPOUUE OTL GTO BLAYUCU ARYIXWY GUVUT-
xwv u’ ureloépyeton éva opdhua e, onbTe éyouue To dotapayuévo ddvuoua
apytedyy ouvinxay @0 = u® 4+ €°. To opdhpa e" = 4" — u" Sdideton TOHTE
oUWV UE TN OYEoT:

e = " — um P2 Gr(a0 — %) = Gne? (2.16)
BAénouye OmAadY| OTL 1) GUUTEPLPORE TOL GHIAIATOS GTT) GUVEYELX TWV UTOAO-
yiouwv eCaptdtar and Tic duVAUE Tou Tivaxa G.

[ var mpoy wpricoupe 6Ny avdhuon uag, Yewpolue Tig IOTES A1, Ag, ..., Ay

Tou G ot Piivouoa xatd ardAUTY T OELRd, ONADY)

IAs| > [Asq1| yros=1,...,N—1 (2.17)

Optloupe w¢ paouatikn axtiva (spectral radius) p(G) tou mivoxo G 1o |\,
ONAAUOY:
p(G) = max|As| = | Ay (2.18)
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Mmnopolue va expedcouue Twpa To axohovdo Yewpnua, mou eivon Tohd Po-
olxd oTNY AVEAUGY ETOVIANTTXGY dptdunTix®y YeVddwy (ytor wio uopey Tou
Vewphuatog yio YEVXOTERY Lop®l| Tvdxwy dec to [61]):

Ocwpnua 2.2. Eotw éu o nivakas G éyet N ypaupukd avebdptnta petadd
Tous 101001arvoata (autd oy vel T.y. Yia Tpaypatikols CUUUETPIKoUS TIVAKES).
Ocwpotie Ty axolovdia G* k= 0,1,.... H akolovdia avtn:

(i) ovykdiver oto pundeviké mivaxa av, kar pévo av, p(G) < 1.

(it) mapapéver ppaypérn ws mpos pua guoikij vépua wivaka ||-||, av, ka1 pévo
av, p(G) < 1.

Arnéoaén. O mivaxag G diaywvoroteitar agol Eyel N yoouuxd aveldotnTa Ue-
1oV Toug Wodtaviouata. Oewpolye T Srywvonoinon G = XDX !, ue D =
diag(A1, Aa, ..., Ay). Tote GF = XDFX =1 ue D* = diag(A}, N5, ..., k).

Av p(GQ) < 1, éretn 61 || < p(G) < 1, ondte AF — 0. 'Etor DF — 0,
mou onuadver 6Tt xou GF = XDFX =1 — 0.

Av p(Q) <1, éretn 61t || < p(G) < 1, ondte |AF| < |4, Etou
ID*|, = min | D*v]l,
llollp=1
- Hﬁlr_lln()\’f, )‘1267 SRR )‘56\7) ) (Ulﬂ U2y .-+, UN)THP
s

Cauchy —Schwartz

T, A5, X)L
AP+ SIP - AR
DT P S Y
= [[(A1, A2y oo, AN) |l

<
<

Anhadh n vopua || DF||, etvar ppayuévn, ondte xau 1) [|GF]|, = [|[XDFX 1|, <
X | ¥ X €bvan gpargévn
AvticTtpoga, Jewpolue OTL TO v EIVAUL TO XOVOVIXOTONUEVO WS TEOS TN
vopua |||, tBLodidvuoua Tou avToToLyEl GTNV IBIOTIUT UEYIOTNG AmOAUTNG TS
A1. Tote éyovue
Gro, = )\’fvl,

ondre, nafpvovtac tn vopua ||-||, éyouue
Al =110l < 1G]l

Av G* — 0, t67€ ||G*||, — 0, onéte and tnv mponyoluevn oyéorn éneton
p(G) = |\ < 1. Av i to ||GF|| elvor pparypévo téte and v mponyolduevn
oyéon xau 1o |A|* etvan gpoypévo, ondte p(G) = |M\] < 1. O
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Mmrogolue twpa va yapaxtneloovue évo oyfua euoTadéc, 6Tay 10 QiU
e" e eZlowone (2.16) mopayéver PpayUévo YLoL n — 00 Xl Y10 OTOLOOHTOTE
el. Prdvoupe €tol oTo axohovdo ToOpLoUAL:

IMépiopa 2.3. FEoww du o nivakas G s (2.14) éyar N ypapjuxd avebdptnta
peta&d tous wiodavvouata. To apidunuixd oyniuae (2.14) eivar evotadés av,
kai uovo av, p(G) < 1.

Y1 ouvéyeto Yo pag ypetaoTel xow o axdhovlo AU, TNV AmOdELT TOU
omolou o avayvootne uropel va Beel .y, oto [24]:

Aqupa 2.4. FEotw €évas tetpaywrikds mivakas A kar A pua 1610ty tov mov
avtiotowel oto 10wddvvoua v. ‘Eotw eriong éu ta fi, fo €lvar toAvdruua.
Tére o nivaxag [f1(A)]7" fa( A) éyer botiun o fo(N)/ f1(N) kar avtioroo ibio-
Sudvvoua o v. To B 1wyve kar ya tov nivaxa fo(A)[f1(A)]

A¢ dewpricouvue Twpa TNV ootpomixt| e€lowor didyuone Yepudtntoc oc pla
OLdoTACT) UE ABLBATIXEG CUVOPLUXES GUVUTXES:
ou  0%u
— = — 2.19
ot 0x? (2.19)
UE %z()ytocszxou vy r = 1.
Oa diepeuvricouue ye 1N p€dodo Tou mivaxa Tnv evotddela Tou explicit
OYHUATOS TEMEPACUEVWY BLowpop®dy Yia Ty (2.19):

u?‘+1 = u:l —+ ’["(’LLZT-I;I — 2u:l + u:'l+1) (220)

ue r = 7/h?. H cuvoploct| suvdfxn diver emmhéov uf = uf xow uly = uly, .

Autéd 1o oyfua uropel vo Ypagel atn uoppt| egiowons mvixwy (2.14), ye
G=1+7rSxud=0,o6mou S elvar 0 TAPAAIATE TELOIALYDOVIOS TVIXIC:

S = (2.21)

Ou 0oTée o tar wiodtaviouata Tou wivaxa S mpoxiTTouy and T1 GYEo
(S = A)v = 0. Auth n oyéon odnyel oty oxdrovdn eioworn Slapoptv Tou
TEETEL VL IxavoTololy ot ouvioTwoes {v; 1 ¢ = 1,..., N} tou 1810dtoviopotog
v = (v1,02,...,un)" TOU avTioTOLYEL GTNV WOTIWA A:

Vici— 24+ Nvi+ v =0ywwi=1,...,N (2.22)
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€yovtog oploel v = vy, vy = vy. H enihuon tne egiowong Stapopdv (2.22)
Hoc Biver TEAXG TIC IBLOTIUEC:

Ay = —4sin2(%) yies=0,...,N—1 (2.23)
Yny ot Ag avTioTolyel To BLoBIAVUCUN U UE CUVICTWOEC:

sm(2i — 1)
V;)s = COS | ——=
. on (L2
And to Aupa (2.4), ot Wotpée I tou nivaxa G = I 4+ rS cuvdéovton e
TIC WOOTES A; TOL Tivoxa S ye ) oyéon Iy = 1 + 1A, EVE Ta 1OL0BLAVOCUATA
elvon ta {Oro. Luvenag €youue

)Ytocizl,...,N (2.24)

ls:1—4rsin2(;—;\r[) yos=0,...,N—1 (2.25)
H ouvdfun yio evotdideia p(G) < 1 ypdpeton toTE:
. o, ST
= — —)| < .
0r§r1832§\7|ls| Orgnsagvﬂ 4r sin (2N)| <1 (2.26)
Tou Ofvel .
r< — (2.27)
— . (N-1D)m
2512 (“55)

Koadde to Bua Saxprtonoinone h — 0, N — oo, éyouue (N — 1)7/(2N) —
/2, om6TE TPoXUTTEL TEAXE TO axdlovdo xprthplo eusTdletoc:

T < 1
Rz T2

[Mopatneolue and tn oyéon (2.28) 6Tt 0 meploplondS GTO YEovixd Briua
vt To explicit oyrua mou avtiotoyel otny ediowon didyvong araitel T ~ h?,
mou eivor axdua mo avotneos and tn ouviixn CFL (2.13) yua unepBohixéc
edlowoelg, 6mou T ~ h. Autdg o meplopiouds Vo apdel ue ta implicit oyuaTa
mou Yo yehetioouue oto Kepdhao 4.

r (2.28)

2.2 AptJunTixd oYNUATA YL ETUTEOOCVVOA

2.2.1 XEympota dSavelopueEva and LTEPBOAIX0VE VOROLS BLo-
™enone
Oewpolye Zavd tn Paowxt| eiowon xivnong yio emtnedoaivoha (1.15), u, =

F||Vul|, 6nou F eivan 1 taybtnto xddeta 6o pétono. Auth i eliowon uropel
va ypagel o popery Hamilton-Jacobi:

ug + H(ug,uy) =0 (2.29)
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ue Xaphtoviov H (ug, uy) = —FV u% +u§. Térolec e€lowoelc emdEyovTo
YeVIXeUUEVES NOOELS, TIC Aeyduevee AUoes 1Ewdovs (viscosity solutions) [22],
ToL €lval GUVIPTHGELG CUVEYELS, Ywplg duwWS va elvor TavTol Aeleg, xavoToloy
UL YEVIXELUUEYY), HORGT| TNG (2.29) xou eniong oEPovtar tn cuvirxn evtporiog
[67).

Ot Osher xat Sethian oto [55] npoteivouv wia oepd and aptduntixd oyr-
uatar Yo Ty e€iowaon (1.15), Baotouéva oty Yewpio twv aptduntixwy pedddwy
Y urepBolikols vipovs duatripnong (hyperbolic conservation laws), Touv Guy-
oéeton otevd e T e€lowoelc Hamilton-Jacobi. Ilio cuyxexpwéva, yio xupth
Xoghtoviavl) H = —FVu2 + “; (m.y. F otadept)), mpoteivouy to axdhoudo
explicit oyrua yio Ty e€€Mén ng Aoorg 6To Ypdvo:

uftt = ugl + T[max(Fy;,0) V' +min(F;, 0)V ], (2.30)

OmoL T elvol TO YEOVIXO Bro xou To V*, V™ eivan ot axdrouvdec Tpooeyyioelc
tou [|Vul|, mou oéBovtar tn cuvdixn eviponiog (yenotuonolobue €80 Ty TEo-
aéyyon twv Rouy-Tourin [62], nou eivar mo axpiBric and auvthv tou [55] xovtd
ot orneio Tou avartieoovtar shocks ot cuvdptnon):

vVt = {max’[D;;", D37, 0] + max’[D,¥, DY, 0]}/ (2.31)
V- = {max’[-D;", D", 0] + max’[-D,.¥, D}¥ 0]} '/* (2.318)

Ta Df;‘” xolL D#’ elvol TPOCEYYIOEIC TV Uy XA Uy, AVTIOTOLY A, UE TIC TAEUPIXES
Srapopéc e elowong (2.6).

Eivor onuovtind vo tovicouue 6T, TEOXEWEVOU 1) ETUVIANTTIXY Sladtxacta
(2.30) va eivon evotadfic, To ypovixd Brua Va mpénet va meptopileton and wio
ayéon avdhoyn e ouvdrxne CFL (2.13):

0.5
<
— (maxy; Fij)(1/Az +1/Ay)

Aurn 1 oxson yioo Az = Ay = 1 xar max;; Fj; = 1 pag 8lvel Tppe, = 0.25, mou
OTUOLVEL OTL UTOREL VAL YEELAGTOVY YIMAOES smcvoz)\f]npag N dtadLxaciag (2.30)
UEypL VO QTACOUUE GTNV TEMXT| Lop®T TNG XaUTOANE Tou eEEMGGOUUE. AUTOV
axXEIBWS TOV TEPLOPIOUO GTO Ypovixd Brjua mpootadolue vo amopUyouUE oTo
Kegdhona 4 xon 5, xdvovtag yeron implicit aprduntix®dy oynudtwy, to onola
OpWS amoutoly TNV TtAuoT VoS UEYdhou ahyeBpxo) cuoTRuATOC e xdle Briua
eZEMENC TNS XAUTUANC.

(2.32)

2.2.2 ’'Eva explicit oyfua yia yevixr popepn taydtnTag

Ac¢ Vewphioouye tdpa Pior YEVIXOTERY Wop®t| xivnong yior TNy xaumOAn (BA.
0 [67]). o ouyxexpiuéva, €0tw OTL 1) xoUnOAY, Tépa and To Vo SGTENNETOL
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1 ouoTéhhetar Ye Ty OTNTYL Flprop = Fo(2,y) (auth elvan 1 nepintwon mou uohic
avtpetwricaye), upiotatar eniong wa petagoptxt (advective) tayvTnta, ue ou-
VIOTOOoA XGVETN 0Ny xAUTONY Fogy = ~U(z,y,t)-N (UmopOUUE VoL PaVTAGTOV-
Ue OTL 1 xaunOAY emmhéer o€ €va LYPO ToU XIveiTon Ye Tory UTnTa —U(z,y,1)).
‘Eotw, téhog, 6Tt 1) xoaumOAn xwveiton xou U tayOtnta Foyry = €(2, y) K avdhoyn
NG xAUTLAGTNTAS TS o€ xde onueio.

To cuvohixd yovtého, ue cuviotouévn tayotnta F' = Fjop + Fogy + Frury
divel Ty e&iowon (avtixadiotolue tny F otov toino (1.15), hauPdvovtag unddn

6t N = —Vu/||Vul):

Auto to povtého elvar onuavTIXG Yo TO TREOBANUL uag Aol 1) e€ioworn eEEMENS
TWY YEWDUTIXWY EVERYWY TEPLYouudTwy He TV TpocOrixr tng balloon force
(1.11) ypdepeton o€ auth| tn wopen, e Fy = cg(z, y) (balloon force), U(z,y) =
Vg (yewdutixh éhZn mpoc tic axuée) xou e(x,y) = g(x,y) (ouppixvwon tne
XOUTOANG AT TNV XAUTUAOTNTA, UE EUPAUOT) OE TEQLOYES UoXELd oo axpéc). H
g %xaTd o YVWoTd tpoxintel ond T oyéon (1.7).

O mpwrog dpoc e eliowone (2.33) Vo mpooeyylotel ye yprion twv oyn-
Udtwy mou culnthooue oTnv TponyYoluevn urtoevotnta. O dedtepog 6po¢ a-
viototyel e xodopd petagopixt| xivnon. To oyfua mou Vo emheyel npénel
Vo GEBETAL TO QUOIXG YapUXTHRY TNG xivnong: Xt OlaxplTh TEOGEYYLoN TNS
e€l00oNC UE TETEPACUEVES BlapoRES 1) TAnpogopio Yo TEETEL VoL DLadidETOL OTNY
(ot xatedBuvor pe Ty TayLTNTA Tou QUOXO) TEoPBAAuATOC, av Ehouue va
€youpe evotddela. Ta autov 10 AéYo Vo TEoceEYYIOOUUE QUTOY TOV 6pO0 UE
upwind oyfua (8ec v unoevomta 2.1.2). Téhog yia tov Ttpito dpo Yo mpé-
TEL VO YETNOLULOTONCOVUE xeEVTPXES Olaopéc. Tolto ogelheTton 6T0 YEYOVOHS
OTL 0 TeiTog 6p0C TEOXUAE! opahoToMOT TNG XAUTOANG, EYEL DNAADY| YopaxTHo
(un-yveouuxtc) dtdyuonc. ®tdvouue hotndy oto mapaxdtw explicit oto ypdvo
aprduntixd oyfua o tny eZiowon (2.33):

un+1 = UJZ + T{[maX(FOij, 0)V+ + min(FOija O)Vi]

ij
+[max(uj;, 0) D;;* 4 min(ug;, 0) D
+ max(vj, O)Di;y + min(v7}, O)D;;y]

+le(, y) KA((DX)? + (D))},

(2.34)

omou U = (u,v). Tt TV LTOROYLOUS TNG KAUTUAOTN TS Ki"j mpoceyyilouye i
napaywyous e eZlowone (1.14) ue xevtpixée dagopéc. T Toug undrotmoug
6EOUS YPNOWOTOOVUE ToV (Blo cuuBolioud ue Ty uroevotnta 2.2.1. Evvoeitou
BéBoua 6T xan T TO ypovixd BHua T TeptopileTar and U oy€oT) avahoyn Tne
(2.32).
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2.3 Emtdyvvon pe teyvixeg otevic Lwvng

Yo 2.2: EZEMEN xouniing pe emnedoohvoha xon teyvixés otevic {advng vt v
exéva "Nowopo xar F'vokid”. Avtl va avavedvouye Ty T e ouvdptnone u(z, y, t)
oe 6Ao 1o eninedo NG exodvag ot xdde enavaindn, teplopilovye Toug LTOAOYIoPOUS
oe o otevh Lovn (ox00po ypoua) Yhpw and T EXAGTOTE VEGT TOL UETOTOL.

‘Onwg €éyoupe \on culnthcet, 1 Pacixn WEa TG TEYVIXAS TOV EMRECOCU-
VOhwv elvon 1 eEEMEN UL ETLPAVELNS DIAOTAONS N VoL OiveTal EUUESO OO TNV
e€ENEN wog ouvdptnone u(Z,t) n+ 1 ywewxdy yetaBintody. Exaxdhovdo au-
ToU Ouwe efval 6Tl 1) JUECT, EQURUOYT| TWY JPIIUNTIXWY OYNUATOY TS EVOTY-
To¢ 2.2 elvor uTohoyloTIXd axpl3Y|, apol, Yiol TUEAOELY A, OE XAV emavaAndn
ToU aptdunTIXol oyfuatoc (2.34) amouteiton 1) AVAVEWMGT) TWV TUOY TS U TOU
avTIoToty 0LV G Gha o pixel Tng ewxxdvac. Emimhéoyv, 1o Y€yioTo EmTpENTO Ypo-
VI BAUL Timar o T oyéon (2.32) neptopileton and tn uéytotn nuh e Fjj
OE OMOXANPO TO ETUTEDO TN ELXOVOC.

H teyvixd| oterijs {dvng (narrowband), tou mpwrtoypenotpuonotdnxe and tov
Chopp o7o [19] xat avakbeta 6to [2] avtipetwnilel autd axplBne to TeoBh-
wote. H Baower 10€a, mou gafvetor 610 oyfua 2.2, elvar 6Tl XoTd THY EQUQUOYT
TWV OYNUATOY TNG EVOTNTUS 2.2 dpxel VoL AVUVEDVOUUE TIC TUES U;; UOVO OE
woe otev) {wvn YOpw amd TNy exdoToTe VEoT Tou UETWTOU. AUTO elvar EQIXTH
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enELd T0 UETwno eCehiooeTol UE OYaRG TEOTO.

ITio ouyxexpluéva, €yovTac OEBOUEVY) Wio dpy T XUUTOAY, AE)YIXOTOLOUUE
™ otevr) LOvn UE TO GUYORO TWV ONUEinY (evtdg xon exTOC ™me xoquu’))\ng)
TOL ATEYOLY Ad TNV XAUTOAY ArydTEPO amd wa andéotoct d. ‘Otav yiveto
yenon explicit oynudtov to d emiéyeton pe TeoOTO Tou 1) 6TEVH LWVT Vo €YEL
TAdtog & 5 pixels. X1n cUVEYELD AVAVEMVOUUE UOVO TO Ujj TOU AYTIOTOLYOLY
oe onuela (4, j) evide tne atevic Lovne. ‘Otav 1 xaundin @Tdoel xovtd ota
bpta TG oTEVH S LOVNG, TOTE ENAVARYIXOTOVUE TN oTEVY| {mdVT) ot 1) Sladixacio
emavolouPdvetar. AenTouépeleg Yoo GUVOELOXES GUVITIXES GTA GpLal TNG OTEVHS
avng, Yot To TOC UTOPOVUE VoL BIATIOTOVOLUE OTL TO YETWTO TANOLILEL oTa
bptor e oteviic Lodvne xTA pmopel va Beet o avayveotne ota [67] xat [58]. To
UEYLOTO EMUTPENOUEVO YPOVIXO BAUL Tinar A6 TN oyéon (2.32) neptopileton tdpa
omo T Wéytotn T e Fi; oty otev) Lovn ot Oyt 6e 0AOXANEo TO ENINEDO
NG ELXOVOC.

H Siadixaota e (emav)opyixonoinone nailer omoudaio pdbho 6Tov mopamdve
alyoerdyo. SuvAdwe eivon emtuuntoé 1 ouvdeTom u VoL (ETaY)dpyIXOTOLETOL OE
TEOCNUUOUEVO UETACYNUATIONS amdoTooNS and to uétwno, onote ||[Vul| = 1,
yioth auTd CUVETAYETUL TOAD XOAES IBLOTNTES Yol ToL oEtIUNTIXG UAS Oy AT
[ var emiteuydel autd dVo mpoceyyioelg €youy emxpatrioet ot BiBhoypapio:

e Kdle gopd mou anarteiton (emav)opyixonoinoy enthlouUE we TNV TEAXT
xatdoTac Ty axohovldn Bondntiny Hamilton-Jacobi PDE:

{dt + sign(d)(|Vd[| = 1) =0 (2.35)

d(.fU, Y, O) = U(l‘, Y, tO)

Bhénoupe 61t oty tehixt| xatdotact d; = 0, ondte xou ||Vd|| = 1, 6nwe
emuuotue.  Auth 1 uédodog ypnowonoteiton Wwitepa amd TNV oUdda
Tou Osher. Mia olOyypovn avoagopd yio TIC AETTOUEREIEC LAOTOINOTS TNS
uedodou (oprduntind oyfuata, xatdhhnhn emhoyd yioo Ty aprduntxy
TEOGEYYIOT NG oLVETNONE Teoahuou sign(d) xTh) eivor to [58].

e H enihuon tne eikonal PDE (1.16) yio to opoyevéc tootpomxd npdBinua
ue F(z,y) =1, mou divet v e€iowan ||VT|| = 1. 'Evoc mohd ypryopog
alyopriuog yioo Ty enihuon autol Tou TEOBANUATOS TaUPOLGLALETOL OTNY
evotnTa 2.4.

Y10 mhaioto g mapoloug epyaciag LVAOTOACAUUE xot TIC V0 auTéC UeVOdOUC.
OL evTUROOELS Pag TapouctdlovTol 6Ny evoTnTa 5.4.

AZiCer téhog va onuelwdel 6Tt 1 Sadixaoio emavagytxonolnong elvor Ye-
uehtouévn Vewpnuixd ota [18] xou [25]. Exel ot ouyypageic detyvouv ot
TOLAGYLoTOY Yioo TNV oxe3Y) AOon Tou mpofiAuatog, 1 xivnon g xaumiANg
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[(t) = {(z,y) : u(z,y,t) = 0} dev eaptdrar and 0 cUYXEXPWEVY EmhOYN
Y Ty apytx ouvixn u(x, v, 0), apxel 1o obvoro {(z,y) : u(x,y,0) = 0} va
oupnintet ge 1o ['(0). YTné auté to mpioya 1 (enav)apyxonoinon dev eivor Topd
1 avuxatdotaon e u(z, y,t) and wa Gy ouvdptnon u(z,y,t) Tou éyer To
{010 undevixd emnedocOVOLO AANY XANITEPES PLIUNTIXES LOLOTNTES OO TNV U.

2.4 O aAyopuipog taycsiog TEOEAAOTG

Yy vmoevotnta 1.3.3 eldaue 6Tt Yoo Ty edr TepinTwon xivnorng xaumi-
Anc mou 1 ouvdptnon tayvTtnTac F dtotneel npdonuo (eivar dnhadh eite mdvta
Vet efte mdvta apyntixd) xat emtmhéov eopTdTon Uovo amd TIC Ywexés oUVTE-
Toypévee, onhadh F' = F(Z), téte 10 pdPhnua eZéMEne e xaundng avdyeto
oTnv enthucT ToU TEOBAAUATOC GUVOPLUXWY TIUMY

{IIVTHF(x,y) =1
T(x,y) =0y (x,y) € ['(0)

YvwoTtol otn BiBhoypapio xou ye tov 6po eikonal PDE. T tnv apriuntixy
enihuon tne e&lowong (2.36) unopolye va tpoceyyicovpe 1o ||VT|| ue tic ex-
ppdoelc (2.31), mou emhéyouy Ty xatdAinhn Aoon I€dSoug xovtd ota shocks.
T mopddetypa, otay F > 0 emthéyoupe 10 VT xou odnyoluaote 6o dtoxpttd
o0oTNUA EEIOWOEWY:

2 —x +z 2 — + _ 2

(2.36)

[Hoapatnpodue 61t umopolue va utohoyicouye v Tiwr tou Tj; av E€pouue Tig
Twéc e T oto téocepa yertovixd pixels (n,w,e,s), Aovovtog ua SeutepoBdiuta
elowon we¢ mpog to Tj;.

[ vor Mooouue autés Tig eClOWOELS TaUTOYpova o duvatoTrTa Yo fTay
var EEXWAOOLUE PE Wia opyxr) TeOocEYYIon TS AUoNS xat Vo T BEATIOCOUUE
otadloxd, epapuélovtac emavolnmuxd tic ediowoee (2.37) [62]. Autéd duwe
elvor uTOAOYIOTIXG axEL36 Yot AmUUTOVVTOL TOAAES GUPWOELS TOL Ywpeiou uéypL
1 dtadacio yahdpwone va ouyxAivel otn hbo.

O deltepog TOTOC TPOGEYYIoNE TOU TEOPBARUATOC Elval 1) UéVodog Tayel-
ag mpoéhaons (fast marching), mou Tpotddnxe and tov Sethian to 1996 [66]°.
H pédodoc Baoileton otnv mopatrienon ot 1 mAnpogopio eviog g eiowong
(2.37) Brodideton pévo oe pio xatevYuver), and wixpés Tipée tou T' oe yeyoahi-
TepeC. AUTO UTMOPOUUE Vo TO EXUETOAAEUTOVUE TPOXEWUEVOU VO GUOWOCOUUE To
pixels ye cuotnuaTixd TedTO, ey ilovTac and auTd Tou Elvol XOVTE GTNV dEYIXY)
HOUTOAT X0 ATOUAXPUVOUEVOL GTOdLOXS, xuTaoxELAlovTaS ETol To owotd Tj;
0€ 6AO TO YWEO.

Mt LoodOvoun popph Tou ahyoplduou elye mpotadel To 1995 oto [72]
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& Active

- - En-{EJ—EI--EB-El--EI
-@- E:-—EB—-Eﬁ-ﬂa—Ei-ﬂa

E;E#E—E}{E-E}{B Erﬂi- O FarAway

Yyfua 2.3 O ahydprduog tayeiag npoéhaong Yo v eikonal PDE. Kabdg to
wétono elehiooeton pe xatedYuvorn mpog to uéoa, véa pixels evnuepwvovtar yio
(yxpila) andotacy toug and v apyixnh xaundhn. Ta Active pixels Ppioxovia oe
0LPA TPOTEPAULOTNTAS XAl TEPIUEVOLY TN OELPd TOUG YLl VO TEPAOEL antd TAVW TOUS 1)
xomOAY. A to [56].

ITio cuyxexpéva xou Ye avagopd to oyrfua 2.3, ta pixels ywpeilovtor o
TEEIC XUTNYOplES:

1. Alive: Autd yio To omolar yvwptlouue 1on tnv oploTixd Ty yioe o 7.

2. Active: Avutd To omola yerToveUouv e pixels g mpdTng xatnyoplag,
€Y0LV W TPOCWEWY T Yo To 1" xou elvar uTodrgia Vo TpoceYYLoTOOY
OmO TO YETWTO GTNY ETMOUEVT| ETAVIAN DT,

3. Far Away: Autd mou Bev avixouv axoua oe xauio and Ti¢ 500 TEoTNYoU-
UEVES XATTYORIES ot VEWPOLUE OTL ATEYOLY 00 ATd TNV APY LX) XOUUTUAN
— W€yl VEWTEQUC TOUALYLOTOV.

O alyopriuog yweiletar oe 800 @doELC:

1. Apyxixoroinon: To pixels tou yYeIToveELOUY UE TO UETWTO UPYIXOTOLODVTOL
ue Ty andotact toug and 1o I['(0) o evtdocovton oty xatrnyopia Alive.
To dueoa yertovixd toug pixels mafpvouv Tpocwplvég TWéS ue Bdon Ty
eliowon (2.37) xou unaivouv otny xatnyopla Active. To undhoina pixels
uratvouy oty xatnyopla Far Away.
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2. Ilpoédaon: To pixel py tng xatnyoplac Active mou €yel Ty wxpdTepn
meocwewvr T T Byaivel and tny xatnyopla Active xou evidooeTon oty
xatnyopla Alive. Ta yertovixd tou pixels, av avixouv oTtnyv xatnyopia
Far Away maipvouv mpoowpvés Tipéc ue Bdon v ediowon (2.37) xou
urtaivouy oty xatnyopio Active. Av fpn avixouv otny xatnyopla Active
eZetdloupe av undpyet duvatdtnTa enitevdng Twnc T wixpdtepnc and TNy
UTdEYoUoa XL, €AV ouTé elvar duvatd, YEtouue we véo T v To T T
WxpOTEQT).

O olyodprduoc otapatder 6tay Oha o pixels evtayoly otnv xatnyopla Alive.

Khewd! yio v Tayela uhonolnon tou akyopiduou elvor 1 yehor wac douhc
OEDOUEVWY TOU VoL ETITEETEL TN Y1 Y0pT) ECXYWYY| TOU EALYLOTOU GTOLYEOL EVOSG
cuvohou. Mia tétota apnenuévr dour| DEDOUEVLY Elval 1) 0LEE TEOTEPAUOTNTAS
Tou UloToteltan Ypryopa Pe T yprion owpou (heap) [20]. O cwpdc N otoryeiwy
vrootneilet e€aywyrh Tou wxpdtepou ototyeiou and olvoro e ypbvo O(1) xou
Tpoa VXN GTOLYEIOU UE amoxaTdoTaoT TnE LdTNTaC owpol ot ypévo O(log N).
‘Etol 1 toAdumhoxdtnta Tou alyopiduou tayelug tpoéhaong tpoxnTEL Vo efval
O(Plog P) otn yepdtepn nepintwon, 6mou P eivar o aprdude twy pixels tne
EIXOVIC.

[Tpénel, téhog, va onuewwoovue OTL xatd TNy aptdunuxy| exilvon tne ei-
owong (2.36) Bev éyouue xdmoto Teploplond avdhoyo tne oyéonc (2.32) npo-
AEWEVOL VoL TETOYOUPE evoTdlela. Auto ogelleTon 6TO YEYOVOC OTL TEOXEITA
Yo 6Tdotwo TEOBANUA xadapd CUVORLIXWY TIUWY, GTO 0TOl0 OEV £Y0UUE Xouia

ypovixr) eCENEN,.



Kegpdiouo 3

Aprduntixeg Meboool yia tnv
EniAvon Apouwyv AAyeBpixmy
VO TNUATWY

H eriluom apou®dv youuuxoy oAYEBRIXMY CUGTNUATWY TNS LOPPYIS
Ax =, (3.1)

6mou A = {a;;} évac N x N nivoxog, eivar ouyvd éva anapoitnto Bud xotd T
Oradixacior EXIALOTG UEPIXWDVY DLaPopix®Y EELOMOOEWY Ue apriunTixés pedddous.
o mapdderyua, 1 enthuon tng ediowong Poisson ue memepaouéves dLopopég
1) menepacuéva ototyela cuvidwe avdyeton oty enthucn VO TOAD UEYdAOUL
OUCTAUATOC ECLOWOEWY UE Alyo OUWS UN-undevixd otolyeio. Xtnv mopoloo
epyooia n enthuon ypauuxdy cuotnudtey dotdoewy N x N, énou N ~ 10°
elvar 0 aprlude TV pixels g exodvag mou enelepyaldUaoTe, eivon amapiTNTY
xatd T OLoxpltonoinoy tTwv poviédwy tou Kegalaiou 1 ye implicit oyAuata
TEMEQUOUEVLY OLAPop®Y, OTwS Vo dovue Ue Aemtouépeta oto Kegpdhona 4 xou
5. Avtixelyevo tou mapovtog Kegalalou elvon va elcaydyel Tov avayvaoTn oc
TEYVIXES TOU ETULTEETOUY TN YPYYOpT ETIAUCT) dpO®Y YROUUIX®Y CUOTAUATWY
xou Yo yenotponotnodyv otoug Tayels akyopliuoug Twv endueveny Kegolalwy.

3.1 Amnevdeioc yedodol

Me tov 6po amevieiag pédodor (direct methods) yi tnv enfhuor Tou ou-
othuatog (3.1) yoapaxtneilouye aprduntixoic akyopiduouc mou QTdvouy 6Ny
axe3r) Aoom Tou GUGTAUATOS (o€ UTOAOYIOTH UE dTELPO UNHXOS M’:Eng) UoTERA
amO TEREQACUEVO apLiud BrudTnv.
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H yerorn areuldeiog pedoddwy mou elvor oyedlacuévee oo Tny enilvor mu-
VOV YRUUUXODY CUCTNUATWY OTNY TEQITTWON AQULWY TVIXWY EVAL, BUGTUY KX,
un arodotixh. o mapdderypa, 1 uédodog araholprc Tou Gauss, tou €yel To-
Aumhoxotnta O(N?) mohhamhaotaopolc/dionpéoeic xon amoute! anodnxeutind
ywpo N? ¥éoewv uviune, de da propoloe va yenotoromdel otny nepintwon
TWY TEOBANUITWY TOU YOS EVOLAPEPOLV.

[Mopdhor autd UTdEYOLY *AAGELS TEOPANUATWY, Tou YopoxTreilovtal omod
eWwég Lop@és Tou mivaxa A, yla Tic onoieg €youv avaxahugiel ToAD Yeryopol
arevdeiog ahyopriuor. Mo tétola tepinTtwon elivar Ta Tpidiaydvia GLUGTHUATA,

TOL €Y 0LV T LOPYPN:

b1 —C1 0 I dl
—ay by —Co T2 dy
= (3.2)
—an—1 bn_1 —enoa TN-1 dn_1
0 —an by TN dn

Avutd to cuoTuoTa epgavilovTon xatd T Slaxpitonolnorn wovodidotatwy PDEs.
[or Tor TEIOLOY VI GUCTAUATOL UTAEYEL ULdL ATAOTONUEVT) LOPYT] TNS ARAAOLPTS
Gauss, Yvooth xou wg adydpiiuog tov Thomas mou uropel va yenoluonotnie
anodoTxd [24].

[Iio ouyxexpwéva, mapatnpolue 6Tl o xdve ypauur) Tou mivaxa A umdp-
YEL UOVO EVoL UN-UNOEVIXO OTOLYEID XdTw Amd TNV VLol DIAYOYIO TOU TEETEL Vol
aroketpUel. ‘Eotw l;, m; ol mocodtntee mou avuxadiotolyv ta by, d;, avtioTtor-
Yo, xotd T dladaota e anahotpnc. O akyderduog T6TE TpoYwEdeL oE 50O

BruarTo:
(i) Armadopn

lh =t my = dy
Ci—10; mi—1G4

lz:bz_ m; dz —2, .,N

lioa lioa
(ii) Omodev avuikardotaon
my mi + CiTiy1
TNy = — rp=——7—97— i=N-1,...,1

In li

Mrogetl va anodelytel 6Tt 0 ahyopriuoc tou Thomas eivar evotadnc yia miva-
xeC Ye awotney| Stayodvia urepoyf: |b;| > |a;| + |¢;|,Vi=1,..., N. To x6ct0¢
TOU TapATAvVe ahyopiduou amd TAeupde uToloyiouwy eivor SN moAlamAacio-
ouol/Broupéoeic xou omd mhevpde anodnxeutixol yweouv O(N) Véoeig uviunc.
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[Tobxettar dnhady yior aAyoprduo yeouutxic TOAUTAOXOTNTOC, %dTL Tou Efvou
TOAD VETING YApaxTNELoTIXG Tou ahyoplduou.

[Tpéner va Tovicoupe €dw 6Tl ot aneudeiog pédodol yia v enthuon apaiy
aAYEBP MY GUOTNUATWY BEV TEpLopilovTal GE Xouid TEPINTWOT) GTOV ahyOELIU0
tou Thomas xou ta TpOLAyWVIE GLUGTATAL. Miot TOAD x| avapopd Yo auTd
o Véportar elvar to [23].

3.2 EnavoAnntixeg pédoodol

H yefion emavaAnrrikdy pefddowr (iterative methods) eivor mohs cuvnhoué-
V1| 0TV ETALGT) UEYIAWY XaL pa®Y OAYEBPIXMY GUOTAUATKY TOU TEOXVTTOLY
xatd 1 dtaxprtonoinon PDEs. Ou eravahnntixég yédodol, oe avtideon ye
uEYodo amahoLphc, €Y0UY TO TAEOVEXTHU OTL BLATNEOUY TNV opatr] Sour| Tou
VX CUVTEAECTOVY XoTd TN SLadtxaoia e@apuoyfc Toug. And tnv Gy TAE-
4, OUWS, 1 oUYXAOT Toug eV elvon TavTa ECAGPUAOUEYY xat eCupTATL And TO
ouyxexpévo mivaxa cuvteleotodv A g eliowone (3.1).

ITio cuyxexpéva, ag dlauepicovpe tov mivaxa A oe tpeic wivoxeg L, D xou
U mou elvot 10 %4tw TRLYWYIXO TUAUY, 1) DLy OVIOS XAl TO Ve TELYWOVIXO TUUA
Tou Tivaxa A, avtiotorya. Tote

A=L+D+U (3.3)
xou to ovotnua (3.1) yedopeto
(L+D+U)x=>b (3.4)
H tehevtala e&iowor ypdgpetar xar 6T Hopo
Dr=—(L+U)x+b (3.5)

Av unod€oouye 6Tt Tl Slorywvia ototyela Tou A efvon Ok un-undevixd, TOTE 0
D eivar avTioTpédiuog xou 0dNyoUUAoTE OTNHY ETAVAANTTIXT Oladixaoia

"= -D YL+U)x" +D b (3.6)

Y10l XATOLO 01O BIAVUCUAL 20, Avuth elvon 1 emavoknmier) wédodog tou Jacobs.
Avantiooovtoc Ty eZlowon mvdxwy (3.6) 1 uédodoc ypdpetar xou 6T UOPHH
(v mivoxa 3 X 3 xou x = (w1, 22, v3)7)

l'?+1 = (bl — algl'g — algl'g)/a,u
l';H_l = (b2 — Cl211'? — a23x§)/a22 (37)

l‘g—i—l = (b3 — 0311‘? — 0321‘3)/@33
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Mo Srapopetint| pédodoc mpoxintel 6tav yeddouue Ty eZlowon (3.4) otn

LopY
(L+ D)z = —Uz +b (3.8)

mou odnyel ot wévodo Gauss-Seidel:
" = —(L+ D) 'Wa"+ (L+ D) 'b (3.9)

T va undpyet o (L + D)1 apxel méhe ta draydvia ototyelo tou A efvor dha
un-undevixd. Xnueiwtéov 6Tt 1 uédodog unopel va ypael xou 6T LopeY

2" =2"+ D (b~ La"t — U™ — Da™) (3.10)
TTov OOY]YEL O'T'q\) U)\OTEOLY]GY] (YLO( Tivaxa 3 X 3)
n-l—l (b]_ — CL12!II2 — CL135L'3)/CL11
n+1 (b2 — Cl,gl.fUl — Cl,23.fU3)/Cl,22 (311)
n+1 (b3 CL31£U1 — CL32.CU£L+1)/CL33

Yuyxpivovtog Tic ellomoei (3.7) xau (3.11) mapatnpolue 6Tt 6TV ENAvVI-
AnmTiny| dtadcacio Gauss-Seidel yenotponotolue Tic mo tpdogates dladéotueg
TIWES Yl TOUS ayvwoTous {z;} oto 8l péhoc tne (3.11), eved ot uédodo
Jacobi yernotponotodue Ti¢ THES and TNV TEoNYOUUEVT ETAVIAN DT,

Mia mopohhory ) Trie pedddou Jacobi tpoxinter av tépovye vl 2™ 1o otod-
wopévo dpoloua Tng TWrg Tou tpoxVTTEL and TN pédodo Jacobi (ue Bdpog w)
xou TS TS 2" amd TNV TEOoNYOUUEVY] ERAVAAN)Y (ue Bdpog 1 — w). H mpo-
xOmtouca p€dodog ovoudletar otaduiouévn pédodos Jacobi xar meprypdpeTo
arno v eéiowon:

7" =[(1 —w)[ —wD L+ U)]a" +wD™'b (3.12)

[Tpoxewévou va avaAUGOUUE T GUYXALST) AUTOY TwY UEVOOWY, TApATNEOVUE
OTL OAEC YRAPOVTOL GTY) LORYT:

= Ga" +d (3.13)
ﬁlE
G'=-DYL+U)=I-D"'A (3.14a)
G = —(L+D)"'U (3.148")
GV =(1-wI—-wD ' (L+U)=1-wD'A (3.14y")

v Tig Teelg Ue¥odoug mou efetdoaue we Twpa.  Auth 1 popyt ovoudleTal
yevikn enavaAnruixn pédodog.
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H axp3c Aoon 2 tou cuotiuatoc mou mpoonadolue va AOGouue elvor
otadepd onuelo e (3.13), dnhadh 2* = Go* + d. Agoupdvtag v teheutaia
oyéon an6é v (3.13) mpoxinter 61 T0 o@IAUa e = z* — 2™ eZeliooeTon
oluQwva Ue Ty e&lowar

"t = Ge™ = G"el (3.15)

‘Eyouue Cavadel moapouota eENMEN otny unoevotnTa 2.1.4, dTay ueAeTtoLoAUUE
Vv evotdiela apriunTxmy UeVddwy pe N pédodo Tou mivona. And to Oco-
eTUa 2.2 TPOoXUTTEL GUESA TO axOAoLYO ToOELoUAL

ITépiopa 3.1. Ikavn kar avayxaia ovvinikn ya va ovykiiver n pédodos 3.13
yia kde apyiké Sidvvoua extiunong 1° efvar n pacuatikh axtiva p(G) < 1.

‘Etot uropolye, yloo Topddelyud, Vo amodelEouUe OTL 1) aUCTNEY) dlorywvLd
urmepoy | Tou Tivoxa A odnyel oe olyxhion tng uedodou Jacobi enedr odnyel
oe nivoxa Gy pe p(Gy) < 1 (v Ty anéden dec m.y. o [30]).

BéBata épa and Tt olyxhon 1 Un-cOyxMoT wag enavoinmTinh uedooou
TOAD onuavTixy efvar xou 1 Ty OTNTL cUYXAMoNS, dnhady méco yeryopo Vo
wog dwoet uioe Avor mou urogel vo Yewpniel we ixavomonTix Tpocéyyion Tng
o300 AVoNC Yol TO TROBANUAL TOU UG EVOLAQEQREL.

[t vae amhomoicouue Ty avdiuen Yewpolue 6Tt o Tivaxag G €yet N ypou-
wed aveZdptnta t8lodlaviouaTa vy, . . ., Un (aUTO 1oy leL Ty, Otay o G eivor
GUUUETEIXOG, OTwS GLUPALVEL GLUY VY GTNV npdin), TOL AVTIGTOLYOUY GTIC LOLOTL-
Uéc Ay, aptdunuévee xatd gdivouoa andhutn tun (Bréne eZiowon (2.17)). Ta
{vs} amoteholy wa Bdorn oto RV, Exgpdlovtac 1o apytxd o@diuo e? o€ auTH
™ Bdor mafpvouue

N
e’ = Z’sts (3.16)
s=1

‘Etot tpox0nTel Yo To opdipa e 1 oyéo):

N
e" = G’ = G"Z’ysvs
s=1
N N
= ZVanvs = Z’Ys)\?vs
s=1 s=1
T (3.17)
= A[nv + Z Vs()\—j)nvs]
§=2

Yo
= pn[’Yl'Ul + Z’Ys(?s)nvs]a
s=2
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6mou p = p(G) = A elvar 1 gooyatixd axtiva tou mivaxa G.

[opatneolue 6Tl 0L GUVICTWOES TOU GYIAUATOS TOU UYTIOTOLYOLY GE BLUPO-
PETXY. LOLOdLaYUoUATA aTOGPBEVOVTOL UE BlapopeTxols puiuols, Tou Tautilovtal
ue Tic avtioTtoryec woTWéS Ag. ['a yeydho n to dipoioua otov tekeutaio TOTO
TEIVEL OTO PNOEV XU GTO GOANUA XVPLIPYEL 1) CUVIGTWOA TOU AVTIGTOLYEL GTOo
V1. AcUUTTWTIXS €YOUPE AOLTOV:

e~ pn’)/l'Ul (318)

Ané tov tOmo (3.18) mpoxinte 611, mpoxetévou va Behtiwiel 1 tpocéyyL-
on e hoong xoatd uio tdEn ueyédouc (Snhadh to opdhua va Yiver déxa @opéc
UXpATERO) UETE TNV ETXEATNON TNS CUVIGTWOUS TOU OVTIOTOLYEL GTO Uy, omoll-
Touvtal — log, p emavakfiderc. Autd to uéyedog ovoudletar pvduds ovykAions
(convergence rate) tnc ued6doL xau etptéton o€ (Ynpla oxplBetoc/entavdindn).
BAénovye Aowmdy 6Tt 1 Ty 0TI GUYXAIGTG TNG MEVHOOU, TOLUALYIGTOV UETY
and xdmotor petaBatin| Tepiodo, eupTdTAL ANd T PAOUATIXY axTival TOU Tivoxa

G.

3.3 H p€vod0¢ TOANATADY TAEYUATWY

H péfodos modamddy mheypdror (multigrid method) eivan iowe 1 mo yevixh
Tayelo u€dodog yioo Ty enthuon aponwy oAyeBpix®yY cuoTnudTwny. Xe avtide-
on e dhAeC TEYVIXES, 1) UEVOBOC TOAAATAGDY TAEYUATWY BIVEL T1 BuvaTHTNTA
ETIAUOTC QPOLWY YRUUUIXWY GUOTNUATOY UE N oy VOGTOUS UE YRUUUXO XOGTOG
O(N), xou autd byt ubvo o€ EWBIXEC TEQITTWOELS, AN Yl ufor evpeiol yxdua
TeoPBAnudToy. Evvolohoywd €yer ueydhn cuyyEvela Ue Ty avdhuo Eixovewy
0€ TOMATAES xA{oxeS, ool xou ot 500 UEV0DOOL TPOXEWEVOL VI ETIAVGOUY EVal
TEOBANUA UEYSANG DIAOTACTS TO BIAOTOLY TEWTA OF ULl TUPUUIdA TEOBANUATWY
WxpOTEPTS BIAOTAOT.

o va dei€oupe Ty apy 1 Aettoupyiog tne multigrid yedodolroyiog Yo avok-
COUUE TNV EQAPUOYT TNS OTNY ETEALGT) EVOS YRUUUIXOU GUOTAUATOS TOU TEOX V-
TTEL XOTE T BLoXELTOTOMNGT TOU TapoXdTe TEOBAAUATOS 0Py IXDV/CUVORLIXEY
Ty ue implicit oyAuaTo:

2

Qu_ 0u (3.19)

ot 0x?
ue u = 0 yio z = 0 xou yio z = 1. Ioapouoto tpdBAnua elyoue depeuvrioel
otnyv unoevotnTa 2.1.4 yio va emdelouue Tn yeron Ledodwy avdluong evoTd-
Vetoc. H udvn dragopd pe excivn v nepintwon (oek. 43) elvon 61t 86 €youpe
OLUPOPETINEC TUVOPLAXES CUVITXES. AUTO TO XAVOUUE ATAL XAl UOVO ETELDT 1)
ETAOYY T®Y GUYXEXPUEVKDY GLUVOPLIXGY GLYVITX®Y Yo Yag OLEUXONOVEL OTNY
avdAuot Tou axohoviet.
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Oa yenoworotficouue To axdrovdo implicit oy fua TETEQUCUEVLY BLopORKY
v Ty (3.19):

uf ™ = + (! =20 ) i =1, N — 1 (3.20)

)

H cuvoptoxy) cuvifxn diver emniéov ug = uy, = 0. Eyouue eniong Véoel
h =1, onéte r = 7/h* = 7. Suyxpivovtac Ty Terevtala eliowon pe v (2.20)
BAETOLYE OTL YA TNV TEOGEYYLOTN TNG Y WEXTE TARUYWYOU Y PNOLLOTOLOVUE TWE
TIC TWES Tou u xatd TN ypovixt| otiyur) n + 1. To dgehog authc Tng ahhayrg
elvon evotdiela diywe Teplopouols 6o yYpovixd Bhuc. To xdotog elvar 611 Yo
amoutnUel 1 Aoon Yeouuxolh cuoTAUATOS OE XAV ERAVAATDT.

Auto 10 oyfua umogel v Ypopel IO GUVERTUYUEVA O LopP®N

u"t =" + 7Sy (3.21)
1), lo0dUVoAL:
1 1
(=1 = S)u™*! = —u", (3.22)
T T

ITpoxOmter SnhadY| yoouuixd GUGTAUN UE TVAXIA GUVTEAECTOV ayVOOTwY A =
11— S, 6mou S ebvor 0 mapaxdte tpwaywviog (N — 1) x (N — 1) nivoxog:

S = (3.23)

Or dotipée xar ta iodtaviopata Tou Tivaxa S urohoyilovtal Ye TedTo avd-
AOYO UE AUTOV oL Yenotuonoioaue oty urtoevotnta 2.1.4. Tlpoximtouv ol
1OLOTIUES:

)\s:—4sin2(%) yos=1,...,N—1 (3.24)

Y10 As avTIOTOLYEL TO LBLODLAVUGUA Uy UE CUVICTWOEC:

1ST

(v;)s = sin(W) yoi=1,...,N—1 (3.25)

Anb 1o Ao (2.4), ot Brotipée I, tou mivaxa A = 1T — S ouvdéovtan e
TIC BOTWES Ay TOU Tivoxa S ue T oyéon [y = 1/7 — Ay, eved o 1odtavhouata
elvon ta {Oro. Luvenae €youue

1
ls = +4Sin2(%) yos=1,...,N—1 (3.26)

s —
T
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Eiuacte tdpo £TOWWOL VoL TROYWEHOOUUE GTNY avIAUGH| wag. Oo dolUe xo-
Topy Y Yol ol emavolnmTixéc u€V0d0L TNS TEONYOUUEVNS EVOTNTAC TOQOUGCLS-
Couv apyr oOyxhion xat eivon avemapxeic. 3Tr cuvéyela Yo Bolue TS 1 Ué-
V000¢ TwV TOAATAOY TAEYUATWY XATAPEPVEL VoL ETLTAY OVEL TN GUYXALOY] TR0
™V opUY| Moo

A6 g emavaknmuxéc pedodoug g meornyoluevng evotnTag Yo avoki-
ooupe T otaduouévn uédodo Jacobi, 6tay auth eQupUOCTEl GTO TEOBANUA
mou eetdloupe. Eneldy) dha ta otoryeia tng xOptag dtaywviou tou mivoxo A
eivon foot ue 2+ 1/7, éyovue D = (2 + 1/7)1. "Apa (Seg xou eZiowon (3.14y7))
TEoXOTTEL 6TL 0 Tivoag TNg oTtaouévng pedodou Jacobi etvar o:

GV —T—wD'A=T-—"_A4 3.27
“ 2+1/71 (3:27)
Ané o Afupa (2.4) ot otipée Tou mivoxa GV elvar ot:
W Y 3.28
¢ 2+1/7 (3:28)
(3.26) w o, ST

=1 4 — 3.29
2+1/T(T+ - (2N)) ( )

w 4w ST
=(1- - in®(—— =1,....,N—1 3.30

eve T Wodlavhouata v divovtar and tny (3.25). T peydho ypovixd Brua
7 7 10° Tou poc evdlopépet TNV TEPITTWOT| LaC, LoYVEL | TPOCEYYIGTIXA oYéon;

)\ZVJ%I—2wsin2(;—]7\r[) yos=1,...,N —1, (3.31)

Auth 1 oyéon éyel aneixovioTel 6o oy fua 3.1 yio Bidpopes TIUES TN AP
uétpou w. IHapatneotue o1t yio 0 < w < 1 1 emavahnmtixr uédodog ouyxhivet,
awol p = max,|\V7| < 1. ‘Ouwc to véa yioo Ty ToryOTnTar o0y xhiong dev efvou
evoppuvTixd. And T wa Theupd yior s > N/2 (Tou avTioTolyEl 6TIc oUVIOTE-
0ec ToL o@IAUaTOS UE LPNAY ywpxh cuyvotnta-Bh.oyéon (3.25)) uropolye,
emhéyovioc w = 2/3 va teTOy0UUE maxys yj2| AL 7| < 1/3 mou oruaiver xakd
evdud andoBeonc yio to udicuyvo cediuc. Ao TNV dAAN TAEURd, OUWS, YLd
uxpd s (Tou avTloToLy el OTIC YUUNAOCUYVEC GUVIGTMOES TOU GYIAUATOS) €Y OU-
UE 1OLOTIUES TOAD XOVTA GTY) HOVADA, YIoL OTOLUDHTOTE EMAOYT TNG TUPAUETEOU
w. o cuyxexpéva, xot Yo w = 2/3 tpoxdnter AV ~ 1 — g?\fj Auth n
YL TIC YOUNAOOUYVES 1BIOTIES 0BNYEL oE puUHOUC GUYXAONC

2.2 2

S 7’ 4
— log10|)\gw| = —logy(1 — W) ~ 1.43m (dnoio/emavdindn) (3.32)
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Fipe nva le

Syfua 3.1: Eto oyfua anewxoviCoviar ot otpés ALY e tne otadwouévng pedo-
dou Jacobi oe ouvdptnon ye 10 s =1,..., N yio 10 TpOBANUL TOU AVIADOUUE Xal Yid
dtapopeTixéc TéC NG mapopéteou w. H andoBeon tov SlagopeTix®dy cuVIOTWOOY
0L oQdApaToC Yiveton ue drapopetixolg puluois yia xdie ouviothoa. To udicuyvo
o@dhpo (8e&f wod e nopdotaorg) anooBévetar TohD TaylTeEpa and TO YoaUNAOCoUY VO
(aprotepd wod tne napdotaonc). And to [11].

[Na N = 100 xou s = 1 mpoxtntel 6Tt anartodvTar tepinou 7000 emavolhels yia
va BEATIOCOVUE TNY TPOcEYYLon TNE Abomg xatd €va dexadixd dnplo. Autol ol
evduol olyxhiong dev elvon anodextol, yioti anartodvTal Tdpa TOAAES ERAVUAA-
Ulls (mou pdhota auZdvovTon UE T TETPAYWVO Tou PeYEDoUC Tou TeoPBAuATOC
N) yio T GUUTIEST TWVY YAUNAOCUY VOV GUVIGTOODY TOU GPIMIATOS XETe AT6
war Teoxadoplouévr oTddun.

To arotehéoyata TN avdhuong Tou XAvaUe wg €06 Oev TeptopilovTon 6Ty
otaduopévn pédodo Jacobi xa 610 cuyxexpluévo TedBAnua Tou TpooTadol-
ue vo Aoocouvue. TloAdéc emavarnmrixég pédodol €youv tny 101dTtnTa opalo-
roinons (smoothing property), dnhadr eZakeipouy mOA) ypriyopo TO oAU
udniic ouyvotnTag, éyovtac ourteAeotn opadomoinons (smoothing factor)
maxg> n/2| AL 7 | onuavtind pixpdtepo tou 1, evd, v iBla oTrypA, aduvatoly vo
ATOGPBEGOLY LXAVOTOTIXY TO YAUNAOCUY VO GPIAUAL, EYOVTAS maxs<N/2|)\Z”| ~
1.

H uédodoc mohhanmiwv mheyudtony mpootadel va exeTaAeLTEL TNV IBIOTNTA
ouahononong Twy enavoAnTTixwy Pedodwy xou vo uTepPel Ty aduvauio Toug
VoL UELOGOLY amodoTIXd To yaunhocuyvo c@dhua. ‘Etol, xatapyrv exterolue
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AATOIEC ETMAVOAAYELS WG ETAVIANTTIX S UEVOOOU OTO TO AETMTOUEPES Emime-
5o Q" Teoxetuévou va eahethouye Tic udioUYVEC GUVIOTWOES TOU GOINUATOS.
Y1t cuvéyeta PETopEPoLE TN Ao ot éva MydTEpO AemTouepéc eninedo Q2
Y10 VEO YWPO OLOTIUMV-LOLOOLVUOUATWY TO GQIAUA EYEL TP To LDIcUY VO
yopoxthpa. Exteholue xou exel pepixés emavahilelg wag emavolnmixrc Levo-
dou, Tou oyohoTolel Ex VEOu TO odiua. Luveyilouue xat” AUTOV TOV TEOTO
AYAdEOULXS WGHTOU PTIGOUUE GTOV TO TEAy D YWEOo UxE1C BIACTAONS, O6TOU Xou
Aovouue TNy e€lowon ue xdmowa aneudeiog uédodo. XTn cuvEYEL SLaddOUUE
NV TEoXUTTOUCA A)oT) Lavd TPOg To o AETTOUERT| ENINEDA, SlopddvovTag TdAL
oe xdde eninedo ) Moo pe o enovoinmtixny| wéodo. H dradcacioa auth oty
TERIMTWOT) TOL YENOOTOLOVUE WOVO B0 enimedo palvetal 6T0 oyfua 3.2. Xt
YEVIXOTERY] TEPIMTWOT TOAWY ETTEDWY EYOUUE 80O ETIAOYES, TOU OVTIOTOL-
YoUVv 1 wia TNy exdoy ) Tou V- xat 1 dhAn otny exdoyry Tou W-xUxhou, Tou
anewoviCovtar oTo oyfua 3.3.

Correct

i il
Relax ond 1" = |’ ; I

g In I — f |
Compute pt =" — 1 i VL S

Yyfuor 3.2: H Baow déa tng uedddou tolhamhady mheyudtwy. Agold éyouue oyo-
\omotfoel 10 opdlud 610 o hentopepée eninedo Q) 10 tpofdhlouue oo To TEAYD
eninedo Q2" 6nou 1 opahomoinon TV YAUNAOCUYVEY GUVIGTWEMY Eivar To EGXOMY
x0T ouvéyeta dtadidouue T dibpdwon nicw oto eninedo Q. Aré 1o [11].

Kottdlovtag mo mpooextind 1o oyfua 3.2 eivar cagéc 6Tt mpénel va xodo-
oloOLUE TOV XAVOVAL UETAPORAS DLAYUOUATLY UETAUED BUO BIABOYIXWY ETITEDWY
UE Toug Tivaxeg mepiopiopol (restriction) IF" xa enéktaons (prolongation)
I}, xadoe xou Tov Tp6T0 Tou TRETEL va oploToly ot Tivaxeg A% A 1oy
TEOBAAUATOS GTA ALYOTERO AemTOuERY| EREmEDA.

Or Aertoupyieg Teploplopol xat EREXTAGTC ToPOUGIALOVTIL TUPUCTATIXG GTO
oyfua 3.4 yia T povoddotatn tepintwor. M toAd cuvnhouévn emhoyy yia
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R

Yyua 3.3: O V- xon 0 W-xxhog otn uédodo toAhamhédy mheypdtwy. Av ¢Tdvoupe
x&e popd TpwTa 010 mo Tpoayd eninedo (eninedo 0) xou Votepa BlOPVDOVOUUE XATEL-
Velav uéypt xou to mo Aentopepéc eninedo (eninedo 3) ywpic Tahavidoelc éyoue To
V—x0xho, dagopetixd €youvpe 0 W-xlxho.

tov (5 — 1) x (N — 1) mivaxa nepopiopod I yio tr) povodidoroty nepintwon
eivou 1) €€ (Belyvouue tov mivoxa Yo N = 8):
1/4 1/2 1/4
I = 1/4 1/2 1/4 (3.33)
1/4 1/2 1/4

[a Tov nivaxa enéxtacng €youue avtiotoya:

1/2
1
1/2 1/2
n = 1 (3.34)
1/2 1/2
1
1/2

Avuol ot wivoxeg avtamoxpivovial 6e ypauutxr] TapeuBohn xat, GNUELWTEOY, BEV
anoteholy T wovadur emhoyr. Ilapatnoolue eniong 6Tt ot tivaxeg teptoplouot
xou ETEXTAOYNG GUVDEovTaL Pe wo oyéon tne popohc I = c(Ih)T. Téhoc,
umopel vo amodetytel OTL Ulal xohr) ETLAOYT YLl T UETAPORS TOL TEOBAAUAUTOS
oe o TpuyEld didotaon elvor n oyéon A% = T AN, .

And o mponyolueva yivetow @avepd 6Tt umopel va Yivel apxetd TohOTAo-
X0G O TROYPUUUATIONOS TN UEVHOOU TOANATAWY TAEYUAT®Y amd TN GTIYUY| TOU
TEETEL VoL Topacyedoly 6TO TEOYEAUUUN Ol TIVAXES YIa TOV TEQLOPIGHO XAl TNV
enéxtaor Tou TeoPifuatoc. Ot yeNoteg ouyvd YeeltdlovTol Wiot UTOPOUTIVA TOU
VoL DEYETAL GTNY EIGOBO TG TOUC CUVTEAECTES Xal TO BeLl U€pOC TOU aEyIxoL Tpo-
BAuaToc xou var ETOTEEPEL TN AUoT) OTwe €val “Uadpo xoutl”, ywelc o yehotng
va yeewdletan v xadopioel xdtt dhho. Ilpog autAv v xatedduvor avamti-
YOnxe pa oelpd uetddwy mou elvan YVWoTES we adyefpikés édodor moAdamAwy
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Yyfuo 3.4: Tlepropouds xar enéxtacy ot uédodo molhanhdv mheypdtov. And to
[11].

mAeyudrwr (algebraic multigrid) [63]. Autéc ot pédodot, o€ avTdlaoTONY UE
TIC YEWUETPIKES, XATAOXEVALOUY TNV LEpopY{d TwY TAEYUITWY auToUaTd, e€E-
TaoVTAC TOUC UN-UNBeEVIX0UC GUVTEAEGTES TOU Tvoxd Al Yric EQUQUOYES TWV
Kegodalwy 4 xat 5 yenotuonolodue Evay TETOL0 XMOLXA, TOU UAS OLEUXOAUVEL
wiaitepa oTNY TEPITTWOT TwV ahyopiduny otevic Lovng Tng evotntag 5.4, 6Tou
T0 TPOPANUA elvon 0ploUEvo oe un-oploymvio ywelo xou 1) e@apuoyr uedodwy
yewueteixol multigrid xad{otaton duoyeprc.

Ac¢ e&etdooupe twpa 0 x60T0¢ TNg multigrid yevodoroyiuc. Kotapyryv o
YWEOS UVAUNG ToU amanTelTon EVAL YOOUUIXOS WE TEOS TOV 0ot TV Y VWO TWY
uetohntav. Mpdypatt, v éva npéBinuae oe d dotdoec pe N ayvdotoug
xdde tpay ¥ eninedo ypetdleTon 2-d (POPES TO YWPO TOU UTOUTE(TOL V1o TO AUEGWG
To Aentouepéc eninedo. Edv €youue cuvolxd M erineda amouteiton yeog
UEYUADTEQOC TOU AEMTOUEPEGTEPOU EMUTEDOU XATAL:

1+27d+272d+_._+27(M71)d<

o (3.35)
[ d = 2 mou poc evdlagéper éyouue emPBdouvon uovo 33%. 'Eyel eniong
amodeLy el OTL Yo TOAAES xAdGE TEOPBANUAT®WY TO xHGTOG LTOAOYIGUOL Elvau
AL AUTO YPUUUIXO WS TPOS ToV apliud TwV dYveoTwy YETaBANTov. Autd oy lel
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xou ot Owr pog mepimTwo, Onwe Retpopatixd detyvouue ota Kegpdhona 4 xou
5.

ITgéner, Téhog, Vo OMUELOCOUUE OTL 1 AVAALCY TV YEVOOWY TOAAUTAGDY
TAEYUATOV O AUTAY TNV EVOTATA UOVO ETLQAVELIXE AYYIEE aUTAY TNV EUpEia
epeuvnuxt| mepoyr. H pédodog, otn onuepvi Tng woppr) TouAdylotov, €yel
uovo 20 ypovia Lwhg tepinou. Kdmoteg avapopéc mou unopel o avoryveotng vo
oUUPOVAEUTEL Yior TEQUITERW TANPOYORIES Elval TO oyETXd GTOLYEWWOES BifBAio
twv Briggs x.d. [12], to BiPhio tou Wesseling [76] (efvar ehetviepa droadéotuo
oto Aixtuo) xa to o tpoywenuévou emnédou BifAio tou Hackbusch [37]. A-
XOUA O DIXTLOXOS TOTOG WWW.mgnet.org €yel GUYXEVTPWUEVO CNUAVTIXG UALXO
(mpoypduuaTa, EVAUECWOT) YL CUVEDELA, AVOPOEES XTA) Yio AUTE Tor VéporTa.



Kegpdhoo 4

AAyoprduol yia TNy E&lowon
Avicotpomixng Aldyvong

4.1 Ewaywyn

Yy evotnta 1.2 eldaue xdmoleg Baouéc w16TnTeS TS €O avIcoTE0-
Tuxhc Sudyuone (1.3) xou Ty EQOUEUOYT TNG 0T ONUIOUEYIN YWEWY XAUAXAS UE
emuuntéc WLOTNTES. NT0 Tapoy Kegpdhato Yo e€etdoouue tayelc alyopituoug
Yio T Uy eaixy e€lowor avicoTpomxhg SldyuoTg

ou

S, ,t) = div (9| Ve[ V) (4.1)

ue opyxhy ouvihixn u(x,y,0) = ug(z,y) xar avoxhaotixés (adofatixés) ou-
voploxéc ouvinxec. H onuaocio tng un-yeouuixic ywetxic cuvdetnong g, Tou
nofpver tée oo (0, 1], éxer oulntniel oty evétnra 1.2, 6mou xou eldoye xd-
TOLEG BUVUTES TEQITTWOELS YA TNY ETLAOYY TNE. LTV avdAucT Tou axoloue
Y ENOLOTOUUE GUUBOMOUS avdAoYo pe auTtéy Tou [75].

Mo vo @tdoouye oe Evay aptduntixd okyderduo mou vo tpooeyyilel Tny e&é-
MEN g e€iowong (4.1) Yo mpémer TpdhTaL VoL OLUXQPLTOTOLAGOUUE TIG TOQOY WY OUS
mou epgoviCovtar oty e€lowor. OewpolUe xaTd To YVKOOTE Vo OUOLOUOE-
O BLOBLIOTATO YWEIXO TAEYUO PE TEOTO Tou xd¥e xUYELT TOU TAEYUUTOS Vo
Toawtileton ue éva pixel g exdvoac. Erniong Yewpolue tnv e&éhén tne €&
owoNg o€ dloxpltd Bruata ddpxetac 7 to xoéva. Tiovetolue 0 cuuBohioud
uy & u(ihg, jhy, nt) xu gy = g(ihg, jhy,n7). Téte propodue va mpoceyyi-
COUUE TN YWEWXT TopdywYo oTo de&i pépog Tng (4.1) pe xevtpixég OLAUPORES WG
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e€hc:

Us 1o — Uy 1 Ui 1 — U - 1
le(gVU) ~ al'(.gz] Z+2’]h ¢ 2’]> —f—@y(Qw z’]+2h %] 2)

i Y
~ gi+§,j7Ui+l’22_ Y gifé,j—uz.j _hgi_—l’j (4.2)
T T
Ui,j+1 — Uij Ujj — Wij—1
+ 9ij+1 T — 951 hiz

Pe) ouvéxsm XU YL VO ATAOTIOLGOUPE TO oupﬁohopé Yo Xpnmponmo()ps
hy = hy = 1. Ou Tlpsg VIO T Gyl g X Gt TEOXVUTTOUY WS UEGOC opog
TV avTioTolywv TV UeTadd 500 YEITOVIXGOVY p1xels [ mopdderypo Gisl, ™
(gir15 + 9i5)/2-

Axobua, emeldr Yo pag ypetaotel oty avdAuor mou axohouvVel, Yo avorma-
PLOTOUUE TN OLoQLTH EXOVA WS BLdvuoua, dprdumvTac To pixels mpdTo xotd
oelpd xou PETS XaTd OTAAY. BULVET®S, av 1 exdva pag anoteleiton and Ny
oTARES xan Ny YpauUéS Vol TNV AVATUPLOTOVUE WG EVA OLAVUGUA U OLEGTACTS
N = N, X Ny €10l O0TE Ujyjn, = Uij. Me 10 Savuopatind cuuBolioud xo
XEYOVTOC Yehom TNG TROCEYYIoNG (4.2) Yla TIC YWEIXES TopAYDYOUS, TEOXVTTEL
and v (4.1) to mopaxdte cloTHUA cUVADLY BIAYOPIXDY EEICWOEMY (YOPOS
XN UE GUVEY T XAuaxaL):

FJEN()

O mhipwg BaxpLtog Yweog xhipaxag TeoxOTTEL av TROGEYYIoOUUE T1) YPOVLXA
ToEdYwYo 010 0ploTeERd Pépog Tne (4.1) e Ty mhevptxy Sapopd:
ou  urtt —yn
— 4.4
ot T (44)

Evowuatovovtag v mpocéyylon (4.4) otn oyéon (4.3) mpoxintel 1 eZiowon
(ywpoc xhipaxac ue Slaxplth xhipoxa):

n+l

D Dl +gz — ) (4.5)

JEN(3)

Me N (i) dnhddvoupe 1 yertovid twv 4 pixels mou elvon o xovtd oto pixel P,
onhadh T Py, (n), Py (W), Pi1 () xou Piiy, (s). Evac Bohxdc tpdmog va
emBaANOLUE avaxhaoTIXES GLUVOpPLIXES cLYVITXES Elvon Vo oplcouue 6Tl Ta pixels
Tou PBeloxoviar 6TIC axué xar OTIC YwVieg TN edvag €youv 3 1 2 yeltoveg,
avtioToLya.
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Mrogotue va ypddouue tic e€lodoetc(4.3) xou (4.5) ye ouuPolioud mvixwy
w¢ e&hc:

ou
5 = A(u)u (4.6)
xou TR
R A(u)u, (4.7)
-

avtiotorya. O A(u) = [a;j(u)] eivaw 0 N X N nivoxog ye otoryeio:

o j € N(i)
aj(u) =< — ZkEN(i) ngJrgi J= (4.8)
0 OLOUPOPETIXGL

[poxertar cuven®g Yo €vay mtivaxo mou €yel 5 un-undevixd ctotyeio oe xdle
Yoouur, UE To oTotyelo EXTOC x0pLag Blaywviou Vo avToToly 00V 6TouS YEITOVES
Tou pixel P;.

LNUELOVOUUE ETiONEG OTL OTIC TEONYOVUUEVES ECIOWOELS EYOUUE OPHOEL id
acdpelo: e ol Ypovixy| GTIYPT UTOAOYILOUUE TIC EXPPAGELC TOU AVTIGTOLY 00V
OTN YWELXY ToEdYwYo oTn Oedld TAEUPd TV ECLOWCEWY. TN GUVEYELL TOU
Kegolalouv autol Yo e€eTdo0VUE TEELS EVOLAPEROUCES TEQITTWOELS:

un—l—l —un

— = A@u")u" (explicit oyfua) (4.99)
-

utt — oy ) e ,

—— = A(u")u"" (semi-implicit oyhuo) (4.98")
-

n+l _ ,n n n+1
% = A(u”)% (oyhuo Crank-Nicholson) (4.9Y)

Oa e€etdooupe eniong o AOS oyfue, mou eivon Wio TapaAAayr Tou semi-
implicit oyfuatog mou odnyel 6e TOAD yerYopn LVAOTOINGT).

TTowv mpoywphoouue, Yo ueAeTAoOUUE T0 Gdopa tou Tivaxa A(u”), agol 1
Yvwor Pactxmy tou WoTATeY Yo yag yeetaotel 6TIg endueveg evotntes. Ou
eZETACOLUE TPWTA TNV LOOTEOTIXY TER(NTWOT), Tou TpoxinTeL 6Tay g = 1. Tote
n oyéon (4.8) ypdpetar:

1 j € N(i)
a;j(u) = ¢ —card{N(i)} j=1 (4.10)
0 OLPOPETIXY,

ue card{N (i)} vo dnhdvoupe to mhidoc twv yertévwy tou pixel P (4, 3 A
2). Autdc o mivoxog dev elvar Topd 7 OtoodeTATn EXDOY R Tou Tivaxa S TNg
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oyéone (2.21) (oeh. 43). Me anhfy yevixevon e oyéone (2.23) tpoxintouy
Ol IOLOTIES:

ST Sy T
Aers, = —4(sin2 Ty 4 sin?(22T )
oy, ooy, (111)
v s, =0,..., Ny —1xouws, =0,...,N,—1
YNy 10T As,s, AVTIOTOLYEL TO IBLOBLEVUCUA Uy, s, UE CUVICTWOEC:
B $,m(20 — 1) Sy (2] — 1))
(VigjuN, ) sps, = COS ( N ) coS ( oN, (4.12)

yior=1,...,Npyxawj=1,...,N,

An6 ) oyéon (4.11) émeton 6T ot WoTé Ay, Bploxovion oto BidoTnua
(=8, 0], ue i tdroTuée mou Bpioxovtar mo xovtd ato 0 va avTieToty o0V GE apYd
uetoBodropeva wodtaviopata.  Ewdwd 1 wotwr 0 avtictowyel oto otadepd
wodtdvuopa (1,1,...,1)7.

[at Ty aviooTpoTX Y TEQITTWOT) OEY €Y OUUE AVIAUTIXS ATOTEAEGUATO VIAO-
Yo twv e€lotdoeny (4.11) xou (4.12). Me tn Bordeta tou mopaxdtw Yewphiuatoc,
OUOS, UTOPOVUE AL VoL EEAYOUUE YPNOHIO CUUTERAGUOTA YO TNV XUTAVOUT| TWV
1BL0TIUGY Tou Tivaxa A:

Oewpnua 4.1 (Gerschgorin). Eoto évag nivaxas A kai S; = 33, |ai]
0 dUpoioua twv andAuTwy TINGY TwY UN-01aYwriey OTOIYEIWY TNS i—YPajiung
tov. Téte kdOe 1010tiu1) Ttov A Ppioicetar oto uryadikd eminedo €vTds 1, To TOAY,
ota dpia €vd§ TouAdyiotov ané tovg kUKAouS |\ — a;;| = S;.

Anédaén. Aec n.y. 1o [24], oel. 8. O
Egapuolovtog to Yedpnua 4.1 otnyv nepintwon tou mivaxa A, topatnpoldye

OTL
_ _ 9i + gk
Si= lagl= Y 5 <4, (4.13)

k#i kEN (i)

aol 1 g madpver tpée oto (0, 1] xou card{ N (i)} < 4. Axdua

_ g9 +9i o
(g = Z. S =5 (4.14)
kEN (7)

‘Apa ot xUxhot tou Yewphuatog 4.1 eivon ot |A + S;| = S;, ondte ot WoTuéS
Beloxovtor oto Saothuata [—25;, 0] (ot dotipée eivor mpaypotixés yroti o A
elval ouUUETEXOC). Luvenwe, AowBdvovtoac unddn xou tny eliowon (4.13), ot
1BI0TIWES Tou Tivaxa A oty avicotponixy TepinTtwaor Beloxovial 6To SldoTHUA

[—8,0].
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Me ameuldeiag avTIXaTAOTAOT, UTOPOUUE XAl €D VA DIATIOTWOOVUE OTL 1)
woth 0 avtiotowyel oto otadepd wBodidvuopa (1,1,...,1)". Aprdpodue Tic
N = NN, B1otiéc g Ay, ..., Ay, opyiCovtag ue to Ay = 0 xat Tpoywp®dvTog
TEOC TIS o apVNTIXES TWES Ay < Ag_y,5 = 2,..., N. Eniong xataoxeudlouye
o opdoxavovix Baon {vs} e ta 1dodaviouoto Tou cuupeTeoy Tivoxa A,
OTOL v, €Vl TO LOLOBLAVUCUO TOU AVTIGTOLYEL OTNHY WOLOTIH A,.

Efuacte topa ma £TOWOL VoL TR0y weY|GOVUE GTNY AVIAUGT, TwVY aptdunTIX®mY
oynudTwy TNe e€icworg (4.9). Yy avdhuon yag Yo yenoluoTotcouuE Tr) ué-
VYodo tou mivaxa tng uroevotntag 2.1.4 enedr| Yo pag Pordroer va Bydhouue
TOLOTIXA Yehotua cuunepdouoata. Mio evadlostixy meoceyyion Yo fray vo Ba-
oloToluE oT1 Yewpla TwY BLaxELTOY YWenwy xAluaxac tou avéntuée o Weickert
oTa mAaioto TG ddaxTopxig Tou dlateBric. Auth 1 Vewpla 6ev Yo avamtuydei
e0®. O evdLaepdUEVOS avay VOO TN Tapanéunetal 6To [73].

4.2 To explicit oyrua

To explicit oyfua yio v e&iowon didyvong, 6nwe eidaue otn oyéon (4.9),
opiCeton amd TNV enavaknmTixny| e&iowor;:

= A(u")u", (4.15)

TOL YPAPETAL OTY LOPYPY)
u™ =1+ rA(u")]u" (4.16)

Me autéd to oyfjua mpooeyyilovye TN ouveyr e€iowon UE DlIPOPES TEWTNG
TAENG, 600 APORd TN YEOVIXT) TAPAYWYO, Xou UE OLapopés BelTERNS TALNS, 6GO
aopd. TN ywewh Tapdywyo. o va avahdcouue tnv euotdield autod Tou
oyfuatoc ye ) wédodo tou mivaxa (Bhéne unoevotnta 2.1.4) tapatnpolue 6Tt

YedQETOUL GTY) LOpYH:
u"tt = Giu" = GIPGer . .. nguo (4.17)

ue G&¥ = [I + TA(u™)]. And to Afuua 2.4 tpoxdntel TéTE 6L oL BLOTIUES TOU
mivaxor GE¥ elvar ot

A (n) =14 7As(n) (4.18)

xou o todtaviopata o {vs(n)},s = 1,..., N, énou As(n), {vs(n)} eivor ol
wrotuée xou T drodlavopata tou A(u”). H oyéon (4.18) anewxoviletu oto
oyfua 4.1.
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1.5 T T T T T T T

Timestep
1k 0.10 ——

EigenValues of G - explicit case

EigenValues of A

Yyfua 4.1 1o oyfua Brénouye nig anewxovilovtar ot Botés Ag(n) tou mivono
A(u™), mou Bploxoviat oto ddotnua [—8, 0], otic dotée AS* (n) tou nivaxa GEF tou
explicit oyfuatog, uéow e oyéone (4.18) xau yio SraopeTixés TS TN TopUUETPOL
7. T va €yovpe evotdleta, Yo npénet OAeg ot 1loTIwéS Tou Tivoxa GLF va Pploxovto
petalh +1. Auté ouverdyeton 7 < 0.25.

Yuyxpivovtog Ty eiowon (4.17) ue tn yevixr| emavaknutixy| pévodo (2.14),
TOQATNEOVUE OTL TOPA EYOUUE UN-oTdouur dtadacta, YTl o wivaxag tng ena-
vaandne e€aptdton and to ypovo n. Ko mdhl duwe mpoxintel 6Tl 1) pédodog
¢ e€iowong (4.17) eivar evotadhc, av p(Gp) < 1,Vn > 0. Tlpdyuar,

u = G = 63 ey (n)es(n)
Ny s=1 (4.19)
= > cmAT (m)us(n),

ané 6mou éneton 61, av p(Gn) < 1,Vn > 0, téte (hapPdvouue urnddn b1 1o
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{vs(n)} amoteholv opdoxavovixf Bdon oto RY):

[um |, = H ch JAE (n (n)Hp
{Z|Cs X (n }l/p (4.20)
< {X_Jcs(nw}l "=

<<l

7 4 . . 4 2 4
To Xpunpeto Y EVOTAVELYL TOU exphclt OYNUATOC EVAL AotV

exr _ exr < > .
p(GY) = max X (n)] < 1,Yn >0 (4.21)

Av AdBouye unodhn v egiowon (4.18), npoxintel maxi<s<n|1+7As(n)] <
1. Enedn Ay(n) € [=8,0], éyouue tehxd tov axdhoudo meptoptoud yla eVoTd-
Vet (BAéne o oyfua 4.1):

T < (4.22)

A~ =

To dvw @pdyua oto ypovixd Briuc tou emBdhhet 1 eZiowon (4.22) eivor otnv
TedEN TOAD TEPLoploTXO. Ol EQUPUOYES TG AVICOTEOTIXAS BIdUOTC ATAUTOLY
ouyva Ty eZéhln tne e&lowaong u€ypl yeovo t 102, mou ornJoivel 6Tl amal-
TOOVTOL EXATOVTABES EMavahfihels Tng dradixaciag (4.16) péypt va pTdoOLUE OTO
TeMx6 anotéheopa. Av AdBouue urodhn 6tL xde eravdindn Supxel tepinou 0.1
sec (otny vlonoinat| poc xa yia yxpeilo exdva Sdotaong 256 x 256), anoutol-
VToUL DEXAOES BEUTEPOAETTA UEY L VAL PTAGOLUE oTNY emtduunTy| Aoon. Auto eivo
évo UEYdAO UEloVEXTNUA Tou explicit oyRuatoc mou mpootaoly va urepBoly
ToL UTOAOLTTOL Oy AUATA TOU EEETACOUUE OTY) GUVEYELL.

4.3 To implicit oyAua

To implicit oyhue yio Ty eZiowon didyvong, dnws eldaye ot oyéon (4.9),
opiletan amd TNV emavolnmTixt| e€lowor:

n

= A(u™)u™*, (4.23)

un-i—l —u

-
TOU YPAPETOL OTY LOPYPY)
[ — TAu™)|u" = u” (4.24)
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BAénoupe dmAady| ott o xdde Brpa Tou alyopiduou Jo meénel vor AOvouue éva
Yoouutx6 cuotnua. o vor avakicouue Ty evotdieta autol Tou Gy uaTog Yo
axohovdncouue avdioyn Topeia uE THY avEALGT) TOU XAVIUE GTNY TEONYOVUEVT
evotnta Y To explicit oyruoa. H emavolnmrier Swdcaoto eivon tdpa 1 e€nc:

ue G = [I —7Au")]. Ané 1o Afjupa 2.4 mpoxhnTer THTE GTL 0L LBLOTUUES
Tou ivaxa G} elvor ol

. 1
A (n) =

= T (4.26)

xou T dodaviopata o {vs(n)}, s = 1,..., N, 6nov As(n), {vs(n)} eivar ot
woTiéS xou tor tdtodtaviopato tou A(u"). H oyéon (4.26) anexoviletu oto
oyfua 4.2.

EigenValues of G - implicit case

EigenValues of A

Yyfua 4.2: Yo oyfua Prénoupe noe anexovilovtar ot 1BloTwés Ag(n) tou mivona
A(u™), mou Beloxovtan oto didotnua [—8, 0], otic idotipés AY™(n) tou nivaxa G tou
implicit oyRuatoc, uéow tne oyéone (4.26) xou yio StopopeTInéC TIES TNS TOPAUETPOU
7. Bhénoupe 611, aveldptnta and to uéyevog tou ypovixol BAUatog T, ot IB0TIUES
Tou mivaxa G PBeloxovtar yetagd 0 xou 1, mouv cuvendyetoa evotdieta diyws 6pouc.

Bhénoupe tdhpa 6Tt 1 suviixn yio eustdieto (4.21), yooupévn oo Ty TE-
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clttwomn tou implicit oyfuato,

p(Gi™) <1,¥n >0

1
< max 7‘ <1,Yn>0
1<s<N '1 — 7 )4(n)

(4.27)

iavonoteltar diywe dpouc oto ypovixd Brua. PUdvouue €Tol 01O EVTELNO
cuumépacua 6Tl To implicit oxnua elvar evotadés diyws dpous.

BéBoua, and tnv dAAn mhevpd, To implicit oyfue, 6mwe eEdAlou xau To expli-
cit amotedel mpooéyyion Tou cuveyolg TeoBMuartoc ue opdhuo O (T +h2 +h?).
Auté onuaiver 6Tt otny TEdn teptopt{dUAcTE 660 apopd To UEyedoc Tou Ypo-
vixoU Brpatog 7 and Ty emduunty axplBela. AmodevieTal OUWS TEQOUATIXG
OTL Y10 TI TEPLOGOTEPES EPAPUOYES TNG OPACT|S UTOAOYIGTWY EYOUUE LXAVOTOL-
N amotehéopata amd TAELEAS axpiBetag axdua xar dTav To T elvar xotd TOAD
ueyollTego Tou 0.25, Tou elval 1) AVOTUTY ETITEERTY THWYH OTNY TERITTWOY) TOU
explicit oyfuartoc.

To mpogavég uetovéxtnua Tou explicit oyfuatog elvar BéBata 6T oe xde
Brua amouteiton 7 exfAucT evog peydhou ypauuixol cucthuatog. O mivoxag
OUVTEAETTWY TwV ayVWotwy I —TA(u") €yet 5 (1o Toh0) un-undevixd otolyela
oe xdle ypauun, apol T un-undevixd ototyeio tou A(u") otny i—ypauur eivor
T (i Ny s Bii—1, Qigs i1, GiiyN,- Lo TNV €TiAuGT cuGTNUATWY PE Tivaxeg
AUTHS TNG LOPQY| OEV LTIEYEL BUGTLUY MG ATODOTIXOS aneLVelag akydotduog Gav
tov oAyoéprdpo tou Thomas yio ta tpdlaydvia cuothuata (BA. evotnta 3.1).
Ouv anmhég emavornmtixéc pédodol tng evotnrac 3.1 Ue TN OElRd Toug aEYOLY
ToNO var ouyxhivouy [75].

Or pédodol toAamAdy TAEYUdTWY TNG EVOTNTAS 3.3 amoTeEAOVY Wial TOAD
elxvotxf emhoyy vl Ty tayela exflvon tou ocuvothuatog (4.24). Téroleg
uEYodoL, xou TO GUYXEXPUEVI YEWUETEIXES UEDOOOL TOAATAGY TAEYUATWY,
EQUOUOCTIXAY YO TEWTT POPd OTO CLUYXEXPWEVO TEOBANua ond Ttov Acton
T0 1998 [1]. Eyeic GTNV LAOTOINGY| A YENOLOTOCUUE TEYVIXEC ahYEBQIX0)
multigrid. Ieipapotind anoteréopata tapovotdloviar otny evotnta 4.6. T
Aemtouépeteg Tou ahyeBpxol multigrid x@dwa Tou yprnowotofoaue, 0E¢ TO
Hopdptnuo A’

4.4 To AOS oynua

To AOS (Additive Operator Splitting) oyAua yia v eZiowon didyvone,
elvor Lo TopaAdoyy) Tou implicit oyfuotog Tou e€eTdoaUE GTNY TEONYOVUEYT
evotnTa o tpotdinxe and toug Weickert x.d. to 1998 [75]. To oyfua autd
meTuyalvel evotdela dlywg dpoug, OTwS To implicit oyAua, xar amoutel TV
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eniluor 2 Tewlaywviny cuoTnudtey avti Tng enfhuong tou “ducxohdtepou”
Yeouuxol cuothuotog (4.24).
Mo ouyxexpléva, 1 eZiowon optopod tou implicit oyRuatog (4.24) uroget

v Ypapel ot wop@n

T—7 > A@")ut =u (4.28)

le{z,y}

O x&e évac and toug mivaxeg Ay (u™), Ay (u™) cUYXEVTRPOVEL TIC YWEIXES TP
Yyoug tng e€loworng (4.2) mou avtioToyoly oTic BleVIUVoELS T, iy avTioTotyo.
Yuvenoe ot mivoxeg A;(u™) elvor tpdroydvior (Yo Ty axpiBeto umopoly vo o-
vay Dol oe TRIBIYWVIOUS PE XoTdAANAT enavapidunon twv petaBintey). To
AOS oyfua cuvicTatar oty oaxdhovdn Tapakhayt Tou implicit oyuatoc: Avtl
VoL €YOUUE TNHY ETAVOANTTIXY OladLxaoia

ut = T—7 Y A " (4.29)

le{z,y}
(mou eivan 1) e€iowon optopol tou implicit oyfuatoc), €youue T Swdixacio:

W= 53 T o)) (4.30)

le{z,y}

ArnodewvieTtan, tafpvovtag avantoyuata Taylor, ot xou auvty 1 uédodog eivo
Wit TROGEYYIoY TOU GLVEY0UE TEOBAAUNTOS UE axpifeia TpdTng Tding. Axdun
uropel va emextadel ue mpopavy TPOTO GE TEQIGGOTEPES amd 2 OLUGTAGELS.
Hopatmpdvtoac v e€iowon (4.30) Brérovpe 6Tt tpoonadel vo tpoceyyioet
1 OLoOWIoTUTY Oty LET) HE BVO BladXAGIES OLdyLoTS, Ulo 6TOV T— Xot Wid oToV
y—dgova, mou eivar acLleuxteg yetald touc. Ilio avohutixd, o akyderduog

ywetleton ot e€¥g Briworta

1. Awdyvon xatd uixog tou z—dfova Ye Bruo 27. Mia yepier; Aoor meoxd-
wTeL and Ty enihuot Tou Ty dViou cuoTtAuatoc [1 —27 A, (u™)|ultt =

U’I’L

2. Audryvorn xatd uhxog tou y—d&ova ue Briuo 27. H dhin uepuer) hoon npoxd-
ntet omd Y enthuor Tou Tetdiay@viou cuothuatog [1 —27 A, (u”)|uptt =

u™.

3. H tehxr) Moon mpoxOnTeL ¢ 0 UEGOS 6p0og TwV DLO UEPIXMY AUCEWV
un+1 =0 5(un+1 + un+1)
SH(ul v )



4.5 To oyfua Twv Crank-Nicholson 75

H diywe 6pouc euotdieta Tou oyfuatos autod TeoxOTTEL dUecH and TN diywg
bpoug evotdiela Tou povodidotatou implicit oy fuatoc.

To AOS oyfua eivar ofuepa 1 mo Sadedouévn uédodog yio Toyela ovi-
cotpomuxyy didyvor. Kdélde Bruoa e pedddouv xootiler, olupwva ye to [75],
nepinou 2 Qopég teptocdTepo and xdle Briua Tou amhol explicit oyruatog, To
omolo 6uwe E€yel To Ypovixd meploptopo T < 0.25. XLuvenme 1 EQUpuoYT| Tou
AOS oyfuatog e ypovixd Briua 7 = 5 0dnyel oe emiTdyuvoT xoTd wla TAEN e-
Yédoug o oyéon ue o explicit oyfua. Autd eivar Witepa oNUAVTIXG, xS
Briuata uéypt 7 ~ 10 0dnyolv to AOS oyfua o€ amoTEAEOUATA LXAVOTONTIXHS
axpifetac, olupwva tdvta ye to [75].

BéBao to AOS oyfjuct avaUéVoulue vou Uny CUUTERLPERETOL LXAVOTOLNTIX YLl
TOAD ueYdha ypovixd Bruata 7 27 50. Autd mou mpénel va elval LOLOUTERA OV TL-
ANTTO o aUTHY TV TERITTWOT Efval 1) UEYAAT ATOXALOT) ARO TNHY TEPLOTEOMLXY)
ouuueTpla, anotéheoua tng anocVleuing Twv 800 SleuIiVoEWY BidyuLong GTNV
eliowon (4.30). Xe authv v mepintwon to implicit oyfAua tne Tponyoluevne
EVOTNTOC, oV Xt x00TilEL &2 5 Qopéc Teplocdtepo and to AOS oyrfuo, meénel
va umepéyel. Autd o Vo Yo amoTeEAEDEL AVTIXEIUEVO TNG EQELVAC UAC TNV
AUECWS ETOUEVT TERDDO.

4.5 To oynua twv Crank-Nicholson

And o oyfuata e oyéone (4.9) péver va eZetaotel autd twv Crank-
Nicholson, mou opiCetar and v enavainmtixy elowon:
—u” u" + umtt

= A(u")

_ - 4.31
- i (431)

TOL YPAPETAL OTY LOPYPY)
7 - gA(u")]u"“ =1+ gA(u")]u" (4.32)

[Theovéxtnuo autod TOU GYAUATOS GE OYECT UE OMAL TOL TEONYOUUEVA EIvaL 1)
deutépou Baduol oxplBeld Tou 6To YEOVO, TOUALYLOTOV OTY) YEOUULXT TERITTW-
on. Me dhha Aoyl To o@dhua Tou elodyel o oyéon Ue TNV axpifn Ao v
O(7? + h% + h2). Autd 10 xadhotd Wiaitepa dnpogiéc oty enihuon mapaBo-
Axdv e€lowoewy (dec m.y. [24]). Mia evbiogpépouca UENETH TNS OVIGOTROTUXAC
Sudyuone pe 1o oyfue Crank-Nicholson unopel va Bpel o avayvootng oto [7].

[ TV enthuon tou ypopuxol cuothuatog (4.32) yeENolUoTOoUUE GTNV
LAOTOINGY| UAS TEYVIXES TOAMATAGY TAEYUATOY, OTWS XL GTNY TERITTWOT) TOU
implicit oyfuatog, agol oL TVIXEC GUVTEAEGTWY TV oY VWG TWY EYOLY Xl OTIG
000 TEPLTTWOELS TNV (Olor dou).
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Kot autd 10 oyfua eivor euotadés ywelc 6poug, xdtt mou dloawodnTtixd To
TEQPUEVOUE POV TEOXELTOL Ylol OY AN TOL amoutel TNV eniAucT Yeouuxo) ou-
otAuatog o xde Brua. [lpdyupatt, o mivaxag g emavalnmtixrc dtadxaciog
elvon Todpa 0

G =[I - %A(u”)]‘l[l + gA(un)] (4.33)
UE LOLOTIUES
14+ ZXs(n)
() = 1522l (131
xou Wodaviopata ta {vs(n)}, s = 1,..., N, 6mou As(n), {vs(n)} eivar xoatd ta

YVwoTté ot Wotipés xou o dodaviouata tou A(u”). H oyéon (4.34) aner-
xovileton oto oyfua 4.3. Eneldr| dhec ot WoTipé elvon yetald £1 éreton 6TL

q) 1 I T T T T T T T

[}

Il

(&)

g Timestep

%) 1 —

2 05 kE
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x

c

©

G 0F 4
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s

[}

S .05} :

©

>

c

()

2 -

L B PSPPSR R I 1
-8 -7 -6 -5 -4 -3 -2 -1 0

EigenValues of A

Yyfua 4.3: Yo oyfua Prénoupe noe anexovilovtar ot 1BloTwés Ag(n) tou mivonca
A(u™), mov Bpioxovior oo didotnpa [—8, 0], otic Wrotiuée A (n) Tou tivaxa G tou
oyfuatoc Crank-Nicholson, péow tne oyéone (4.34) xar i dropopetinéc Tpés tne
nopapétpou 7. BAémouye ott, ave€dptnTa and to uéyedog tou ypovixol Bruatog T,
ot 18oTpég Tou mivaxa GE* Beloxovton petagd £1, mou cuvendyetar evotdiela diywg
bpouc.

€youue euoTdleln oOUQwYL UE TN ouvOhxn (4.21), yio xdde 7.

Kottdlovtog duwe ouyxpltixd ta oy fuato 4.2 xat 4.3 mou divouy Tic IBoTIUES
Tou Tivoxa emavdindng Gy to implicit oy xar yio To oyfua Crank-
Nicholson, avtiotowya, BAémouue wor mowoTixy dlopopd UETAED TOUg, TAPOLO
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TOU xal OTIC BUO TEPITTWOELS oL WoTWéS Beioxovton yetald £1. Ot 1bloTiuég
Tou implicit oyuatoc Tapopévouy tdvta Yetinée, aveldotnta amd To Yéyedog
ToU Ypovixol Bruatog 7. Avtiveta, ot oTiuég Tou oyfuatog Crank-Nicholson
TOU avTIoTOL0LY G€ LIGUYVES IBOAUCELS Elvor apvnTIXES Xou XOoVTd 6To —1.

Movo buwe ol Yetixéc WoTéS avTioTolyoly oty Teayuatixy Alon Tng
elowong dudyuong. Hpdyuatt, edv Vewpricovpe TNy axdhoudT yeauutxr exdoy
¢ e€iowong (4.6):

ou

——A 4.
T u (4.35)

UTOPOVYE, UE YWPELOUO TV UETABANTOY, va yeddouue avahutixd T Abon tng
otV oaxdroudn popet (avdntuyua Fourier):

N

u(t) = chvse/\st, (4.36)

s=1

6mou Ay < 0, {vs} elvar o1 BroTiég xou T 1dtodLaviopaTa Tou A, avticTorya, xou
¢s efvan ot mpoBoléc (ouvteleotéc Fourier) tne apywric suviixng u(0) ota idio-
StavOouarta {vs}. Brémouue and tny (4.36) 61t xdde pudude tne mporyuatixdic
AMoong anoaBévetar povotova (ue exdetinf andofeor). Autd oyetileto xon Ue
TIC 1B1OTNTES TS E€lowone AVIoOTEOTIXTC BIdyUOTE TOU EIBUUE OTNY UTOEVOTY-
T 1.2.3. To yeyovog 6t xdmoteg rotuég tou oyfjuatog Crank-Nicholson etvo
apvNTIXéS cuverdyetor OTL 1) aprduntixh Aoon Tou oyruatog Crank-Nicholson
eUQaVIZEL TUAAVTWOELS, X3ATL TOU BEV AVTIGTOLYEL OTN GUUTEPLPORE TNS TEALY WA
Teig Aong. To gauvouevo autod elval TEQIGGOTEPO EVTOVO, OGO UEYAAUTEROD
elvan To Ypovixd Briuc T (omdTe To onueio Tounhc TNS XoUTUANC UE TOV 0pIl6VTIO
dCova 6T0 oyfua 4.3 petaxiveiton Tpog Ta 0e&id) xar 660 o ATOTOUES UETA-
Bolég €yel M exdva mou enelepyaldUaoTe (ombte 0 uhicLY Vo PAGUUTIXNG TNG
TEPLEYOUEVO YiVETOL TTLO onpavnxo’). Yuverwg 1) enidoor) Tou oyfuatog Crank-
Nicholson yio yeydio 7 eivar meploplouévn. Ye auTéS TIC TEPLTTWOELS 1) YPHOoN
Tou implicit oyfuatoc elvar TpoTwoTERT, YTl 1 TPoxUTTOUGY dpLiuNTIX ADoT
eupaviler povéotovn andoPeon oe cuupovia ue Ty tpaypatixy hoor (4.36).

4.6 Ilepdpota xow cuyxploelg

Auth 1 evotnTa cupmhnpmvel T Yewpntixr culhTnon Tou TeonYHUNXE Yia
T OLdpopa aptdunTIXd oy fUATY Tou UTopoly Vo yenolorotndoly yio Tny -
mllvon TN un-yeauuxhc ediowong didyuonec. ‘Olo to metpduato €Yvoy oTo
UTOAOYIOTIXO GLOTNUA Tou Teptypdgetoan oto [lopdptnua A’ (¢ test image
yenowonotinxe wo YopuBwdng exdoyh tne yxpilag eixévag “Cameraman”™
(256%256 pixels, 256 otdduec yxpilou, heuxdc mpoodetixde VépuPoc). (g
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wovtélo Sidyvone yenotpomoidnxe 1 eZiowon (1.3) pe tn ¢ va divetar and
v (1.4), pe mopduetpo xavovixonoinong so = 0.1 xar mopduetpo avtideong
o = 0.01 oe 6ha Ta melpdyota mou axoloudoly. Ot BlACTACES TOU YWEIX0oD
TAéyuatog elvon mavtol h, = hy, = 1. Ilpgénel va onuewwidel 6Tt dev €youue
oxoua TEtpapaTid anotehéopata yio o AOS oyfua.
ITeipopa 1:

Karapynv e€etdalouye tny toyOTnta Tng pedod0u TOAATAGY TAEYUATWY GTNV
eniAuGT) TOU YPUUULXOU GUGTHUITOS TOU TEOXUTTEL XUTA T OLIXQITOTOMON UE
T0 implicit oyfua. Mog evdilapépouy T660 oL AmOAUTES YPOVIXEC TIWES, 60O
xou 1 €€dpTNnom Tou YedVou exTELEOTC amd To U€yevog Tou mpoflAfuatoc. O
nivaxag 4.1 pog diver to ypévo (CPU time) mou omateitan yior évar Bua tou
implicit oyfuatoc (Snhadh yio tyv enfhuon evoe ypauuixol cuoTthuatog) (oe
vrohoytoth| Pentium 700 MHz). Aev meprhaufBdvouye to ypdvo yio input-
output. H ypouuxr e&dotnorn tou yedvou extéleons amd to uéyedog Tou
TeoBMiuatoc (e8¢ o aprdude Twy pixels tne exdvag) eivon povepr xou Selyvet
™V 1oy 0 TNE UEVOO0U TWY TOAATADY TAEYUATWY.

Méyedoc | #pixels (x10%) | Xpdvoc (sec)
100 x 100 1.0 0.42
256 x 256 6.6 2.50
012 x 512 26.2 10.6

ivoxag 4.1: H taydtnta tng ue¥600L TOAAATAGY TAEYUATWY GE GUVARTYON UE
T0 péyedog g ebdvag.

Ielpopoa 2:
To enduevo melpaua mou TaPAVETOVUE APopd TNV ETDOCT TWV TELOY OYNUd-
TwY oTov xadaploud wag Yopumdoug exdoync g exdvag “Cameraman”. Tao
CUYXQELTIXE ATOTEAEGUATA Yo TOUS TEELS alyopiduoug arelxovilovtal ota oy n-
worter 4.4 xou 4.5 (mou eivou wior yeyeduouévn exdoyn tou 4.4). Teélaue npdta
o0 explicit oyfua ye To uéyioto emtpenouevo T = 0.25 xan yia 400 enavakriderg
uypl yeovo t = 100. Ontixd avdhoyo anoTEAECUATO UTOPOVUE Vo TETUYOUUE
ue uio uovo emavdhndn tou implicit oyruatog yia 7 = 3000, meTuyaivovtag
UEYAAN oxovoula oTo Ypbvo extéleornc tou akyopiduou (3.3 avti yia 80.4
sec). LnNUELdVouUe 6Tt amouthInXe ETUAXUVOT TOU OVOUAGTIXOD YebVou t Yld
var Tdpouue onTxd avtioTotya arotehéouata, 6Tws Yo DoLUE UE UEYUAUTERN
Aemtopépeta mo xdtw. Me 10 enavarrdeic Tou Crank-Nicholson oyrfuatog pe
7 = 10 netuyaivouue eniong xahd anoteAéouata e ypdvo 25.2 sec.

ITeipopa 3:
Y10 oyfjua 4.6 BAémouye 1 daopd oty anddooT) Tou implicit oyRuatog dtay
T0 eapuolovue odldlovTag To TARYOC TwV eETavarhewy xot To ypovixd Briua
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Apywr) eixdvo ue Yopufo explicit (400 er.,7 = 0.25, 80.4sec)

implicit(1 ex.,7 = 3-10%,3.3sec)  Crank-Nicholson(10 ex.,7 = 10, 25.2sec)

Yo 4.4: Luyxeitind anoTeEAEoUATA AVIGOTEOTUIXAS DldyuoTE Yia xadaploud
ewovac and YopuPo ue ta tpla Stapopetind aprdunTtixd oyfuata. Hapadétovue
Tov apliud Twv etavolfhewy, To P€yedog Tou ypovixol BRudToc xou To YeOvVo
TOL ATUTAUNKE VLo TNV EXTEAEST] TOU TELIUATOC.
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. Y
Apyury eixdva e Vopufo

implicit - Crank—Nich(;léon

Yyfuo 4.5: Aentouephc dnodn Twv anotekeoudtony Tou oyfuatog 4.4.
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T UE TPOTO TOL TO YWOUEVSH TOUS (0 GUVOAIXOS YEOVOC t) VoL TapaUéVeEl oTadepod.
BAénouye 6Tt pe 2 enavolfhelc metuyaivouue Evay xahd ocuufiBacud axelBetog
TOU AMOTEAECUATOC XAl YPOVOU EXTEAECTG TOU TEWIUATOC. LNUEIWTEOY OTL
Vo unopoloaue va TETOYOLUE xat o€ o enavdAndn anoteréopata o *0VTd
oTnV oxp3n) 7\\')07]1 aLEAVOVTAS TO YPOVIXO BiUd, OTWS XAVAUE OTO TEPUU TWY
oynudtwy 4.4 xou 4.5.
Ielpapa 4:

Y10 oyfua 4.7 Oetyvouue TO QUVOUEVO U1 IXAVOTONTIXAS ATOCBECNE TWVY L-
dicLuyvwy cLVIGTLWOWY TNg eixdvag ue To oy Crank-Nicholson mou elyape
oulnthoet otny evotnta 4.5. [lapatnpolue 6TL 10 cuyxEXPIUEVO Gy fua Yia
UEYGAO T aBUVUTEL VoL UELWDOEL IxavoTonTxd tov udicuyvo YopuBo. MdhioTa,
avtideta and 611 mepévouue amd TNy axelBr) Abor tng e&lowaong didyvorng, o-
00 UEYUAWVEL TO T, T600 emteiveton 10 TEOPANUa. Avtideta BAérouye OTL TO
implicit oyrua epgoviCer ToA) xahOTERT GUUTEQRLPORT.

'To mpdBinuo un-ypeapuxhc didyuone dev emdéyetor avahuixh Aoon. Me Tov dpo “dxpt-
Bric ANoon” evvoolpe €8t Ty aprduntix) Abon Tou TpoxUTTEL e onolodhToTE and Ta e&eTa-
Copeva oyfuota 6tav To ypovixd Briua telvel oo 0.
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10 emavarideg, 7 = 100, 24.5 sec 5 emavarrbewg, T = 200, 12.8 sec

2 emavolfe, 7 = 500, 5.6 sec 1 emavdindn, 7 = 1000, 3.5 sec

Yyfua 4.6: Yuyxprtixd anoteréopata yia To implicit oyfuo pe éva 1| teplo-
ootepa Bruata.  Teéloue tov alydprduo uéypl t = 1000 ye SopopeTinolg
ouYdLAGUoUS apttuol eravalideny xat yeovixol Bruatoc 7. [Mupadétouue Tov
aprdud TV eTavolfhewy, To UEyedog Tou ypovixod BAUNTOS Xxal TO YedVOo o
amouTAUNKE YLoL TNV EXTEAEST] TOU TELIUATOC.
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%
o |
implicit, 7 = 1000

Yyfuor 4.7: Yuyxprtixd amotehéouata Twv oynudtwy implicit xou Crank-
Nicholson yta pla emavddndn ue yeydro 7. Brérnouue nwg ue to oyfua Crank-
Nicholson xat yio ueydho 7 ot uiocuyvee ocuvioTwoeg eupaviovy TIAAYTWOT
xou amocfBévovton Alyo.



Kegpdhawo 5

AAyoprdupol yia I'ewoountind
Evepyd Ilepiypdupata

5.1 Ewaywy

Ynyv evotnra 1.3 meprypddoye To LOVIERD TV YEWOUTIXWY EVERYWY TEQL-
YPoUUATWY o €dauE OTL 6TAY TO EXPEALOUUE UE QPOPUANOUO ETIREBOTUVOLLY
€yel TOMD XUAEC IBOTNTES 6CO APOPd T BUVITOTNTA TOU UOVTENOU Vo YELpile-
Tou aAAayéS otV Tomohoyia TG xaumOANG. Amd Ty GAAY TAELEd OUWS, EVag
c0PupdC TEPLOPIOUOC TWV YEWOUTIXWY EVERYWY TEQLYPUUUAT®Y, OTOY OLoxp!-
TomoOvTaL Pe Tic yevixés pevddouc eZéhine emnedoouvéhwy (BA. eZiowon
(2.34)), elvar 611 0dnyoLV o€ apxeTd 0pYEC ULOTOIAOELS, AOY® TOU L6 LEOY TE-
eloptouol oto Yéyedog Tou ypovixol Bruatoc mou emBdAiel 1 cuvirxn CFL
(2.32). Ot teyvixéc otevrc Lovng tne evotntag 2.3 enttayUvouy dpXeTd Tny L-
AoroinoT ohhd to TEOBAnua TG apYNS ECEMENS TOU TEQLYPAUUATOS OUGLACTIX
TOROUEVEL.

[Ma var avtigetwricouy autolc Toug teploplouols, ot Goldenberg x.d. mpw-
ot mapatenoay to 2001 oto [29] tn ouoyétion petall tne eliowong eZéhng
TOV YEWDAUTIXWDY EVEQYWDV TEQLYRUUUATWY ot TNE €CI0WONE AVIGOTROTUIXNE OLd-
yuong YepudTnrag xat tedtewvay T yefon Tou AOS oyfuatog g evotnrag 4.4
yior TV Toyelar EEEMEN TV YEWOUTIXWY EVEQYWY TEQLYpouUdTwY. Mia mapoh-
Aaryhy authc g epyaoiog and Ty opdda tou Weickert epgaviletou oto [74].

O taryelc ahyoprduor mou mopovstdlovtor ata [29] xou [74] Pacilovta oo
AOS oyfua xa otov alyoptduo tou Thomas (Sec evotnres 4.4 xar 3.1, o-
vtioTotya) Yoo TV Tayeld ETIAUOT TEISIYOVIWY YROUUIXWY cuotnudtwy. H
o) wag epyaota BaciCetor oto implicit oyrua xar oTic uedod0Ug TOAATAGY
TAeYUdTwY Yoo TNV Tayela eTtAUGT TWV dPALOY YRUUUIX®OY GUCTNUITWY TOU
TpoxUTTOUY amd TNV epopuoyr Tou (Seg evotntes 4.3 xau 3.3, avtictorya). Ot
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ToAO xohég 1WBt6TNTeEC Tou implicit oyruaTog Yoo TOAD UeYdAO Ypovixd Bruc
T Tou UeEAETHoOUE oTNY TEpitTwor e elowong avicotpomixic dudyvong Yo
0oUUE OTL 1o 0oLy xou yiol TNV EEEAET YEWOUTIXWY EVEQYDV TEPLYPAUUUATMDV
xou odnyolv o évay mpaxtind O(N) akybpripo mou odnyel yeryopa 1o mepi-
Yoopuo oTny TeEhx Tou Vo, TOAES Qopéc axoua xat oc i emavdhndn. O
alyoprdyoc mou mpotelvetar “moavTeedeTon” YE VY TEOTO YE TEYVIXEC AVAAUL-
onc o€ TOMATAES whiuaxes xan TeYVIXEC OTEVAC LWOVNG, OBNYWVTAC OE oxXOUd
Ty UTEPES ExBOYES Tou. Télog, o padnuatind epyalela Tou YENCLLOTOWOOUE
yioe TNV avdhuon Tou aAyopiluou UG ATOXUAUTTOUY XoL UL EVOLUPEPOLUCA GU-
OYETION TWV YEWDUTIXDV EVEQYWV TEPLYPUUHUATWY UE UEVHOOUS TOURS YRIPwWY
YLoL XATATUNOT) EXXOVWY Tou €youy etcoy Vel tar TeheuTala ypovia oty ‘Opoon
TrohoyloToy.

5.2 3uoyeEtion KHE TNV £€I0WOT AVICOTROTUXNG
oLy VOMNG

Ouuotyevor 0 culiTnon tng evotntag 1.3.2, ypdgouue Cavd €66 TNy e&i-
OWOT TWY YEWDUTIXWY EVERYWDY TEQLYPUUATLY Ywpic To balloon force ye to
POPUIMGOUO ETLTEBOCUVOLLYV:

ou(zx,y,t) Vu )
ot |Vul|/”

omou I elvon 1 €1xOVAL xaL U 1) GUVIETNOT EVOWUATWOTNE TOU ETLTEDOGUYOAOU.
Edv unodéooupe ot Staxprtonototye Ty e&lowon (5.1) xou npty and xdie Brua
ETAVAATYNC ETAVAPYIXOTOOVUE T GUVIRTNOT EVOWUATWONS U WOTE Vo efvou
0 TPOCTUACUEVOC UETACY NUIUTIOUOC EUXAEIDELAS AmOOTUOTC A6 TO TEQLYPAUUUL,
ondte || Vu|| = 1, t61e xdde Bra touv apriuntixod akyopidpou Yo avtioTtoryel
ue éva Briua avicotpomixig didyuong cUUPmVA UE TNV EClowon:
ou(zx,y,t)
ot
UE oVOXAAOTIXEC GUVORPLAXEC GUVUNXES, OTOU 0 GUVTEAEGTHS VepUinic aywyt-
uétnroc g(z,y) = g(||VI||) eaptdron and tnv etxdva xou 6yt and tny eZeAocd-
UEVT GUYHETNOT U, TOU OTUIVEL OTL TO LOVTENO TN|S BLdyLoTS Elvol TAEOV Ypou-
wxd. [oapatnpolue eniong 6TL 0 TEAeG TG Ywein|g Tapaywytong div (g(a:, y)V)
oo de&i uépoc tne e&iowong (5.2) eivor ypovixd opetdBintoc.
Av Slaxptronotioouye v e&iowon (5.2), umopolye, axohoudHVTIS TIC GUY-
Bdoec Tou Kegahatou 4, vo tn yeddouye e cLUBOAOUO TVIXWY OTNY ToEo-

AATW YopQT:

= [Vulldiv (g(I V1) (5.1)

= div(g(z, y)Vu), (5.2)

= Au (5.3)
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ue A = [a;;] va eivon o ypovixd auetdBintoc nivaxac ue otolyela

gi-|2-gj j c N(Z)
aij = § — ZkeN(i) o J=1 (5.4)
0 OLOLPORETIXG.

[Tobxettar CUVETMS YLt Lol YEOVIXE AUETIBANTY Hoppt| Tou avtioTolyou miva-
o Bidyuone Tou mpornyoluevou Kegahaiou (yor v axpifeta eivar o A(0) tou
TEOTYOUUEVOU Kscpockodou). 'Etot 6Aeg oL IBLOTNTEG TOU UEAETHOUUE GTO RO
yoUuevo Kegdhato avagopixd e Thv xoTavopr Twy BTGV Tou Tivoxo A xat
TWY TWVIAWY ETAVIANING G TV BLapopwY GYNUATGY 16 00LY Xl EOW.

[Tpénetl OUWS VoL TOVIGOUUE EBG X0 ULOL CTUAVTIXY| TOLOTLXY Blopopd HETAEY
TOU TPOBAAUATOS AVICOTROTIXNS OLEYUOTS ol TOU TEOBAAUATOC TWY YEWOUTL-
AWV EVERYWY TEQLYQUUUAT®Y, Tou Yo Talel onuavTixd poho oty a&loAGYNoT
Twv aptiunTixmy oynudteny tou Yo Tapouctdoouye.  XTo TEOBAnUL TNg ovi-
coTpOTIXS BIdyLOTG EVOLIPEROUIoTE cUVAHDWS Yior TNV e€€MEn Tng edioworg
UYL xAmoto GYETIXS Wxpd Yp6vo ¢ A2 102, yio va IXaVOTOLHGOUUE ToUTHOELS
EQUQUOYWY OTWS T.Y. xadaplouds Tne ewodvas and 1o VopuBo. Yuyvd exiong
YEELLOUAOTE Oyt UOVO TO TEMXO MG XAl TA EVOLUECH AROTEAECUITA, OE E-
(PAPUOYEC TTOL ATAULTOUY TOAAG GTIYULOTUTA TOU PO xhipoxac. ATo Tnv ik
TAELPE, GTO TEOBANUL TV YEWOUTIXWY EVEQYWY TEQLYPUUUATOY GUVHTWS pag
EVOLAPEPEL LOVO 1) TEAXT| XUTAGTAGT) LOOPPOTLUG TNG XUUTOANG, TOU GLY VY Aol-
Tefton paxpd ypovixo Sidotnuo t 2 10% yior var emrevyVel. Ag unv Eeyvaue 6t 1
e€lowon (5.1) Sev eivou mapd pa eZehtixt| dladixacio Tou g 0dnYel TENxd 610
(tomxd) ehdy1oTo EVOC GUVARTNGLIXOU TOU 0TOlOL 1) EAYloTOTOMGT HTAY O Olp-
YOG uag otdyos. Auth 1 xatrnyopio ypovixrc e€€hing yapoxtrpileton oTnV
opoloyio tng apriunTixng avdiuong ws Pevdoefédién (pseudo-timestepping).
‘Etot emduuntd amd €vay ahyderduo yio 10 TEOBANUL TWY YEDOUTIXWY EVER-
YOV TEpLYpouudTY Yo ftay vor @Tavel oty TeAx| Véon Tne xaumOANG oTov
eNdytoTo aprdud Brudtev, ywelc vo uag evolapépel OLUTEpa VoL uag BEVEL ot Tol
evoLdueca Briwata autrc g eZEMENg.

5.3 'Evog toayVg alyoprdpog yia tny €ENEN
TWY YEWOUTIXWY EVERY WY TEQLYPOUUUATLDV
To aprduntind oyfuata tou topouctdoous 6to Kepdhato 4 unopoly, Tould-

y1oTov xotapy v, va yenotgonotndoly xou edod. Lto [29] xou [74] o ouyypapeic
vtovetoly T0 AOS oyrua yia Ty e€€hén g ouvdptnong u. H emavoknmtxi
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x> 7’ ’ /7 /7
otadixacto elvar tote 1) e€AC:

"t = = Z [I —27A)] 'u” (5.5)

le{z,y}

‘Onwe oyohdooue 6Ty TEp(nTWwoT TNg avicotpomxhc didyuone, To AOS oyfua
arocLlely Vel TNy eEEMEN TNS CLVAETNONE OE BUO aveddETNTES XAVETEC UETA-
<0 toug Blevdivoelg Ue amotéheoua vo 0dnyel oe ebxoha emthbolo alyePBpixd
obotnua. Auth 1 TPocEYYlon duws odnyel o uewwpévn axplBeta, EAAeLn 1-
COTROTUXOTNTAS Xt TopBlaon TNg GUUUETPlUS TEQIGTPOPNS GTAY TO YEOVIXO
Briua 7 yiver mohO peydho. Etol éyouue Evay TOAD onuoavTiXG TERLOPIOUS OTO
uéyedog Tou amodeEXTOL Ypovixol Prudtog T.

Ané To umohoma oy fuata, autéd Twv Crank-Nicholson dev avouévouue va
elvol amodoTIXG AOYW TWY IGYLEWY TUAAVINOEWY TOU TAQPOUCLILEL OTAY TO T
yiveton moAl ueydho. To explicit oyrua, mapdTt xdie Brjuo Tou otoryiler Alyo,
elvor 1daitepa 0py6 e€outiac Tou TOAY BeoueuTinol Teploptopol T < 0.25.

[ autd T0 AoYO EUelc otV epyacio pog utovetolue To implicit oyua Tng
evotnrag 4.3 yio Ty eZEMEN TWV YEWDUTIXWY EVEPYWY TEpLypauudtny. To
oyfua Exel wg e€Ng:

[[ — A"t =" (5.6)

Mo Ty exiluor Tou TpoxdTTOVTOC AAYEBEXO) GUGTAUNTOS YETCULOTOLOVUE TIG
ueddd0oug ToARATAWY TAEYUdTWY TNng evotntag 3.3. AZiler va onuewwdel ot
YpeLdlETon Vo ONUIOURYGOUPE UOVO XATE TNV TpWTN EXAVAANPN Toug Tivaxeg
nepoptopol I xou eméxtaong Iy, xadic o touc mhvaxeg A% A ... tou
TeoPAAUATOS OTA AydTERO AEMTOUERY| EMinEda, xadde o mivaxag emavaindmng
elvor ypovixd auetdBAntoc. Autd onualvel 6Tl oL EmOUEVES eravalbelc xooTi-
Couv MydTepO.

Mo and xdde Prua tne emavdhndng 5.6 1 ouvdptnorn u TEEREL VoL ETO-
VUPYIXOTOLETUL GTOV TROGNUACUEVO UETACYMUATIONS EUXAEIDELNG ATOGTAOTS
and 1o meplypappa.  ITpoxewévou va emiteuydel autd umopoldy va yerotuo-
momdolv ot 600 uédodor Tng evotntag 2.3, onhadt 1 uédodog tng ediowong
d, + sign(d)(||Vd|| — 1) = 0 xot o ohydprdyoc tayeioc mpoéhaone. Eueic ulo-
TOLACAUE xat TIS B0 uedodouc. O ahyodpriuog tayeiog meoéhaong amodelyTnxe
eNAPEE XAAVTEROS YOl TNHY TERITTWOT| UAS.

O ahyopriuoc mou mpoteivouue Yoo TV Toyelo eCENMEN TWV YEMOUTIXWY
EVEQYOV TEQLYPAUUATWY EYEL GUVOMXA WS EENG:

1. Apyicoroion. And wo apyxr dtaxprt xouroin I'y dnuovpyolue éva
AEY KO DIAVUCUL EVOWUITWOTNG u? 670 eninedo NG Exovag ot YETouye
n = 0.
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2. Ermavapyikoroinon. To Sidvuoua u™ eTovogyXOTOLEITOL GE TOOCTUAGUEVO
UETUOY NUATIOUO ELXAEIDELNS ATOGTACTC RO TO UNBEVIXG ETULTEBOGVOVONS
TOV.

3. E&éuén. To didvuopa u™t! tpoxirtel pe enthuon tou cuothuatog
[I — 7AJu™*! = u™ pe multigrid teyvixéc.

4. YuvOnkn teppatiopov. Oétovye n =n+ 1. Edv n > iter o alyoprduoc
TepuatileTar, dlapopeTixd TNYaivouue oto Briua 2.

O akydprduog €yet 600 TapauéTEous, To UEYEDOS TOU YpovVixoL BHUaTOS T %ot
Tov oprlud Twv enavarihewy iter. ‘Onwe Yo dodue otny evotnTa 5.6 xotd TNV
TOEOUGCIAOT) TV TELPUUATIXDY ATOTEAECUITOY Yol TOV AAYO6pWIU0, ETAEYOVTAS
WS Yeovixd B T évay Toh) Yeydio apliud ~ 1010 apx00V i fj 1o Toh) 500
eTaVOAAPEIS Yo VAL TAGOLUE OTNY TEALXT) XUTACTACT TNG XAUTUATS.

[a suvniou€veg BLAGTACELS EXOVKY TO TO axp36 Turua Tou akyopiiuou
elvon To TpiTO, TOL TEPLAAPBAVEL TNV ETEALGT) EVOC YEYdAOL Al YEPSELXOU GUGTY-
wotog e€lowoewy. ‘Onwg eldaye oty evotnta 4.6, 1 extAucT tou ypouuixol
ovoTAUATOS UE PeYOB0US TOAATAGY TAeYUdtwy eivor O(N) Brodixaoio, 6mou
N eivar o oprduds twv pixels g eixdvag. Apa xar 0 ahydprduds uog €yet
rpoxtixd O(N) mohumhoxdTnro.

5.4 MeéUodol TOANATADY AVOIAVCEWY CE CULV-
OLACUO UE TEYVIXEG OTEVHG Cwyng

Abo uédodol mou pag Bondodv va emtayvouue Ty eZEMEN TWV EMTEDOGU-
VOhwv OTay yenolonotolue T explicit aprduntixd oyfuota e evotnTag 2.2
elvon oL TeyVixéc oTteVic (wVng, Tou EdUUE OTNY EVOTNTA 2.3, XU Ol TEYVIKES
roAAamAGY avadVoewy (multiresolution techniques).

H 16€a tng pedod0u tohhandoy avahdoewy elvar Vo VEWEGOUUE TNV apytxn
eova Iy odotaong N = N, X Ny ¢ 1 Bdon wog mupopidas anotehodye-
vnc and h ewédvee {I, k = 0,1,...,h — 1} ddotoonc (27FN,) x (27FN,) 7
xodeud. To xde eninedo tng mUEAUBUC TEOXUTTEL UTO TO XATWTEPO TOU UE
x3AmoLoL DLABXAGIA ATEUOVIOTNS TOU OXOTO €YEL TNV OGO TO BUYATOV TO TUCTY
AVATUPIGTAGT] TNG ELXOVIS TOU XATWTEROY TOU EMREOOL OTAY UOVO TO 1/4 twv
pixels etvar Swrdéowa. Yto téhog authc TN evotnTag Yo e€eTdCOLUE UE TG
ued6d0oug umopel var yivel auTy| 1 AREIXOVLION.

Aol éyouue dnutovpyHoel auThyY TNV Lepapyio exxovey, Cextvaue tny e&é-
MEN TS xaumOANg oto o Teoyy eninedo I i. H xoumbdn @tdver oyetid
YPTYopa GTNY TEMXT| TNG XATAGTAGT], APOU 1) ELXOVL GTO TEay Y ETUNEDO EYEL Ui-
%6 apriuod and pixels. Ltn cuvéyela anexovi{ouue TV XaUTOAN OTO APECKS
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TO AEMTOUERES ETUMEDO [ o xaL TNV agrivouue vo cuveyioel v eEENMER Tng
ATO TNV XATACTACY) OTNY OTOLNL ATEXOVIGTNXE WS T1) VEX TEALXY) Yol TO ENinEDO
oto omoio Pploxetou xatdotaor. Xuveyilouvye xat” auTHY TOV TPOTO AVADEO-
wxd uéypt vor gTdoouue 6To eninedo mARpoug avdiuvong Iy 6mou 1 ddacta
ohoxhnpwvetar. H pédodoc mohhamhev avaliceny emtayUverl TNy e€EMETN TNg
xoUTOANG, Ylotl o€ xde eninedo Tng TupaUidag Cextvaue Ye wa apytxn Véon tng
xoUTOANG Tou amotehel Wt TOAD xokr) extiunon tne e tng Véong, ondte
0e ypetaldUaoTe TOAD YpOVo UEYEL VoL TNV TROGEYYIGOUUE.

H pédodoc molamh@dy avohloeEwy UTOREl ETWPEANS VoL GUYOLAOTEL UE TOV
AAY ORI TOU TUPOUGLAGUUE GTNY TEONYOUUEVT EVOTNTA XL VoL TOV ETLTALy O-
VEL. Xty mepintworn Tou dixol pag aiyopiuou Yo uropoloe BéBaia xavelg
OLXUOROYNUEVAL VOL LOYVELOTEL OTL OEV €Y0OUUE XATOLO XEEDOG AV EQUOUOGOUUE
1 UEY000 TwY TOANATAGY avoAlCEWY OTwe TNV Teptypddaue, yiotl obtwe 1
IS QTavoLUE oTNY ek V€on Tne xaumOANS o€ €val 1) To TOAD BUo Briuata,
OTOTE BEV XEPOILOLUE XATL OE YpOVO €AV EUAOTE TO XOVTA OTNV TEAXY| Vé-
o1 TNG XOUTOANG EXPETAAAEVOPEVOL T amoTeREoUaTa TG EEEMEAC TNS OTIC THO
TpayEES Alpaxec. Autdc 0 LOYUPIOUOSC OUMC XUTAPEITTETOL €AV GUVOUACOUUE
1 Y€Yodo Twv TOAATAGY avahloewy UE TEYVIXEC oTevrc Lwvne. Ilpdyuoart,
€4V EQUPUOCOUUE TOV Toy L ohydprduo TN eVOTNTOC 5.3 0 OAN TNV €XTAOT NS
O TEOAYEWIS EXOVOC [j 1 %t XxATOTLY, XM TEOYWEAUE TEOS TA TO AETTO-
Uept| emimeda TNg mupauidag, Tov egapuélouue uovo oe i oTev {odvr Yhpw
and TNV exdoTote VEOT TN XoUTOANG, TOTE UTOPOVUUE VoL £YOUUE ACLOCTUEIW-
T uelwor tou yedvou mou anouteitan yioo TV e&ebpeon Tng Telxrc Véong Tou
Teplypduuatoc. Autéc ol Wéeg anetxoviCovtal oTo oyfua 5.6.

O akyderduog twpa Tafpvel Th Lop@:

1. Huvpapuodikn avdAvon. Anuoupyolue and tny apyixy| eova Iy tny tupo-
uida {I, k =0,1,...,h — 1}. ©étouye k = h — 1 xa apyIxOTOOVUE TO
neplypouua oto eninedo h — 1.

2. E&éhién. Eogoapuolovue tov ahyoprduo tng evotntag 5.3 O Ulol OTEVA
Cavrn Yopw amd TNy apyxh V€or Tou TeplypduuaTog oTo exinedo k.

3. Metagopd. Edv k > 0, yetagépouye 1o meplypauuo 6to eninedo k — 1,
Vétouue k = k — 1 xou mnyaivouue miow oto Brua 2. AwgopeTtind o
ANYORLIUOC ONOXATIOWVETAL.

To oxpBéc x€pdoc oT0 Yedvo exTéleonc eCopTdTal Amd THY TOATIXY UG
Yo T0 TAATOC TS oTevrc Lovng o€ xdde eninedo g mupauidoac. Muo vy
ToaxTxr) mou elvar €0xoho vor avahuldel Yo Aoy vo exteholue Tov ahyoplduo
NG EVOTNTAS 5.3 xat o7 4= (h=DN pixels NG TpayEds exovag Iy xan xo-
V¢ TPOYWEAUE TEOS TA O AETTOUERT EMIREDA TNG ELXOVAS VOL EYOUUE BLIPXMS
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Tov (B0 apriud and pixels otn otev (o, dNAwdY 4= N Tére da émpe-
e vou Aooouue h ypauuixd cuothuata (6o xon to eninedo Tng mupaidac) ue
4=h=D N ayvdotoug to xadéva. Enedy| n eniluon tou ypauuixod cuGTAULAUTOS
EYEL YPUUULXT) TOAUTAOXOTNTA WG TE0G To TAY0C TV UETUBANTOY, ERETUL OTL O
YPOVOS TOL APLEROVOLUE OTNY ETIAUGT) YROUUULXGY GLOTNUATOY Elvan Twpa (G0og
ue h4—(h=1) POPEC TO YPOVO oL Vo EXPETE VAL APIEQWTOVUE YWPEIC TNV EQPAQUOYT
TEYVIXGY TOAATADY AVIALCEWY xat oTEVAS LOVng. AuTog o TopdyovTtag Loov-
o pe 1/2,3/16 xou 1/16 yio topopida ue h = 2,3 A 4 enineda, avtiotoryo, Tou
elvan war TohO onuavTtixy Bektiowor. Autodc o mapdyovtag o hauBdver unddr To
YPOVO TOU TOUTE(TAUL YLl TNV XATAGXELT TNG TUEAULDIC.

Yny avdivuor tou tponyinxe eldaue 6Tt 660 To TOAAL enireda ypnouo-
Tol0UE, T600 1o %€pdog Uag auidvetor. Trdpyet BéBoua €vag coPupds Teplopt-
oUOC avapoplxd e To TAHYOS TwY ETLTEDWY TOU UTOPOVUUE VAL YEYOLULOTOLCOU-
ue. TTo cuyxexpiuéva, yia var €yel VOMUAL 1) EQUPUOYT) TWV TEYVIXWY TOMATAGY
aVIALCEWY ToU oLLNTHoUUE, Vo TEETEL TA AVTIXEIUEVO TOU UAS EVOLAPEROLY VoL
elvat 0patd 670 Mo TRy ENINEDO [),—1. AuTo 0dNYEL oTNY TEdEN oE éva uéyioTo
apriud 3 — 4 eMTEOWY TUEUUDIXNAS AVIAUGTC YLd TIC TEPLOGHTEQES EPUAQUOYEC.

Eivar eniong onuavtind o ahyopriuog mou yenoulomololue yio T dnuovpyia
NG TUEoEdAg var vor uny VOAWMVEL XL VoL UNY UETOUXIVEL TIC AXUES TV AVTIXEL-
wévewy. [Mupapidec mou Bacilovtar oe poppohoyxd giltea [32] ¥ oto yetaoyn-
wotiopd wavelet [38] eugavilouy autéc tic emYuuntéc IOTNTES xou EMTAEOY
UAOTOL0VTAL ATOBOTIXA. XTNY UAOTOINGY| WS OE TEWTN QAoT) XAVOUUE YEeHoN
wag oG Yo Tupauidag ahAd oXx0TEVOLPE GUVTOUA VO DOXLUAGOUUE TN
GUUTEQLPOQY LOPPONOYIX®Y TLEUUIDWY GTO TEABANUS Hog.

5.5 uoyETION UE LEVOBOUG TOUNE YRAPWY YL
HOTATUNOT)

Or pédodor topns ypdewy (graph cuts) etvor ior oy eTixd xowvodpyta TEYVIXT
TOL ypnotlonoteiton Ta TEAEUTAla Ypdvia yior xatdTunon exovey [68], [64]. X
oLVEyela Vo ToPOUGIACOUUE Utol oOVTOoUT EloaywYY| 6T WEYodo auTh.

Oewpolye évay un-xatevduvouevo ypdpo e Baon G = (V, E), émov V, E
elvon To GOVORAL TV XOUPBWY %Al TWY oxXUWY Tou Yedgou, avtiototyd. O yedpog
QUTOC TPOXUTTEL ATO TNHY APYIXT| EXOVI VEWEWVTAS XATOLL DOULXS GTOLYEld TNS
eo6voc (image primitives) we x6uBouc n; tou ypdpou. H oxun w;; tou ypdypou
AVATAPLOTA TNV EVTAGT] TNS GLYYEVELNS ETAC) BVO XOUBWY Ny, 15, 3T1) S| g
TepinTwon xouPor elvon tar pixels g edvag xou Yewpolue otL o e pixel
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oLYYEVEVEL UOVO UE Ta 4 YelTovixd Tou, e Badud cuyyévelog

gi+9; - .
=2 eN
0 OLUPOPETIXY

Av xdvoupe ypriorn NG opohoyiag TOU UOAIS ELGAYOUE, OXOTOS TN XAUTA-
TUNONS TNS EXOVIC Efvan var BLAUEQIGOUUE TO GUYOAD TV XOUBwY OE OUOYEVY
TUAUTA, €TOL WOTE oL XOUS0L TOU AvixoLY GTO (Bl TURUA Vo EIval LoYUEd GUY-
OedEUEVOL PETOED TOUC XAl OL XOUBOL TOU AviXOUY OE BLUPORETIXY TUNUOTAL VL
eugaviCouy yahapr oOvdeon petald Toug. 'Evag tpémog yio vo TETOYOUUE ou-
TV 1 Otaéplom Yo ATay var ywplcouue TNV apyixt| ExOva o€ 000 TUAUATA, To
omolol YUE TN OELpd TOUS UTOPOLUUE DOTEQN VA DL OTOUHCOUUE AVIBROMIXE. TN
ouvéyeto axohovdolue T oulitnon and to [64].

[Tpoxewévou va dtyoTouncoLUE €va Ypdpo UTOPOUUE Vo Vewp|OOUUE €val
OLIVUOU U E TPOTO TOL TO TPOGNHUO TNG CUVIGTOOAS Tou v; va xadopilel T
CLUUETOY T Tou %x6uPBou n; 6To éva 1) To dAho utocivoro. ‘Evag tpémog yua
va opicoupe autd TO Brdvucua Yo HTay Vo AOGOUPE To TopoxdTw TEOBANUAL
Behtiotomoinong:

vt = argminZwij(vi —v;)? (5.8)
i

untd Toug TEptoptopole Y v = 0 xou Y, UZ-Q = 1. Ehaylotonowwvrag tny na-
pdotao tng eiowong (5.8) divouye Tuéc Tou OLapépouy Aiyo UeTal Toug ot
x0ufoug mou €youv UEYdAN cuvdgela w;;. Ot 800 meplopiouol amoxAelovy Tig
un emduuntéc tetpruévec Moec v = (1,1,...,1)7 xu v = (0,0,...,0)" avti-
OTOLYO. LNUEWWTEOV OTL AUTH 1) ETLAOYY| GLUVAPTNOTS XOGTOUS 00N YEL OTNY TOUY
average cut. ANeC emIAOYES TOL 001 YOOV GE BLUPOPETINEC TOUESC TopoLTLALo-
vt 0710 [68]. Miot 6LYXELITIXY UERETH TV ATOTEAEGUATWY TOL TEOXVOTTOUV UE
EQPAPUOYT| SLUPOPETIXWY XpLTNplwy Touhc Yedywy napovotdletor 6To [69)].

"Totepa and xdmoleg TPAEels XATUAYOLUE OTL TO TEOBANUL (5.8) LlGOBUVOEL
UE TO Topaxdtw TeoBAnua BeAtioTonolinong:

vT L T
* = in——— .1.....0)7 =0 5.9
U argmin Ty ME U ( y L ) ) ) ( )

6mou o nivaxac L = [I;;] ovoudZetar Laplacian mivaxag tou ypdpou G xar éyet
oTouyeio
. L
lij = if i (5.10)
Zj;éi Wij J =1
Mopatnpolue apéows OTL oTtny nepintworn Tou opilovue Tov G and Tty ediow-

on (5.7) t61e 16y veL
L=—4, (5.11)
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6mou A elvan o mivaxag mou opiletan ond tn oyéon (5.4) xou Eyel taiet onuovTixd
eoho otn YeRETN TNg e&lowong AVICOTEOTIXAC BIdYUONE Xl TOU UOVTEAOU TWY
YEWOUTIXWY EVEQYDY TEQLYPAUUUATWY.

[ to mpdPBinua ehorylotonoinone (5.9) eivor yvwotéd (deg to [64] xan T
exel avopopéc) OTL To ENGYIOTO EMTUYYAVETAL Y10 U = Uy XL OUTO TO ENSYLOTO
elvar To 2)\2G = —2)9, O6TOU A9, Uy Elval XaTE ToL YVWOTA oL 1BloTIéS Tou A ue
™ oVuPacT apliuncrc Toug Tou axolouolue G aUTH TO XEQIANO. JUVETMS
1 OLYOTOUNCT, TOU YPAPOU AVAYETAL GTNY €UPECT TOU LBLOBIAVICUATOS Uy TOU
v A. T v emiteuydel autd Yo uropoloaue va axolovidfcouue uedodoug
aprdunTXAS avdAuomg yLor TNy Toryelol EVPEST) IBLOTLUY APALWY TVAXWY (BES TT.).
0 [30]).

‘Onwe egnyeiton oo [68], mépa and o vy Uepd axdua LOLOBLUVOCUATI Vg
Tou Tivaxa A mou avTioToryoly Ge WTWES Ay xovTd 6To 0 divouv onuavTIXT
TANPOQOplaL YL TNV XATYTUNOY TNG EIXOVAS OF TEPLOGOTEQES ATO 2 TEQLOYEC
uéoa oe éva Briua. Méow tne daloUnong mou €youvue avantilel o QUTHY THY
epyaoio umopolUE Vo T0 xoTaAdBoUUE auTod WS eENC. Owpolue OTL EYOuUE ULa
EXOVOL TOU ATEIXOVICEL .. Lol OXOLEQU DLUCTACEWY 2 X 2. Edv ot axuéc ueta-
&0 TV TETPAYWVLY NG oxaxtépag elyav dretpn avtieon, téte o mivaxag A Yo
OrapeptloTay axplBng ot 4 Tufuata xou 1 undevix wiotiur Yo elye ToAAATAS-
™o 4. XNy mpdln GumS xow AOY® TOU BLaxpLTol Yopax T TOU TAEYUATOS
oo onofo opilloupe Ty exdva, 1o ||VI|| éyel nenepacuévn Tiph xon o Tivaxag
A de dropepileton axpBoe. SUVETOC 1) UNdEVIXY| WOLOTIUY €yel ToAAamAdTN T 1
xou €Y 0UUE dhhes 3 WoTuéc okl xovtd oto 0 (Tohd mo xovtd 6to 0 oe oyéon
UE TO A &2 —ﬂz/Nf(y) Tou mpoPhéncet 1 eZiowon (4.11) yia TV tootpomixy| nepi-
TTWOT). LUVETOC TEOXVUTTEL HTL YioL T7) Btadixaoiol TNg xatdTunonc tépd and To
Vg XATOLOL AXOUAL IBLOBLVOCUITA Vs ToLOUY ONUAVTIXG PONO, apXEl TO Ay Vo Elvall
xovtd 670 0. H ouvifxn mou mpénet va ixavoroteiton eivar [As| < —m/NZ .

Metd and 1 culhTnorn mou TEoNYHAUNXE UTOPOVUUE VO XATIAIBOUUE OyE-
XA eUx0loL TN oy€oT) Tou akyopiuou Tayeiog eZEMENS YEMDAUTIXWY EVERY MV
TEPLY QUUUATWY UE TIC WEeC amd Tig uedoo0ug Tourg YRdpwy TOu TAPOUGLAGA-
ue. Xto oyrua 5.1 delyvouue mwe amexoviCovton ot woTiuée Tou mivoxa A
OTIC WLOTIWES Tou Tivaxo emavdAndng G'™ i Tic TOAD UEYOAES TIWES TOU T
Tou yenotwonootue otny wedln. Iapatneolue ot o mivonag Gim emevepYel
Tavew 610 u" xatd xdmow TeoTo w¢ Podunepatd GikTeo xatamiélovTag Loy U-
o8 OAEC TIC CLUVIOTOOES TOU U TOL AVTIOTOLOOV OE OIOTIUES UaXELd AmO TO
0. Tlio mocoTxd, 0L GUVIOTMOES TOU AVTIOTOLYOUY OE BOTWES Ay < —99/T
xotomélovtan meploc6tepo and 99% oe pio uévo emavddndn. T va éyouue
xahOtepn aiodnon twv peyedoy, v 7 = 10" o1 cuviotdoeg Tou avtioTotyody
o€ WTWES Ay < —10~® xatamélovrar TEPLOCOTERO ATO 99%. T olyxplom,
Yoo o etxova dtaetdoewy 100 x 100 o tdmog g wotpomixhc tepinTwong of-
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VEL Ny & —WQ/Nf(y) = —107%. Suvendc o Taylc ahyodprduoc eZEMENC TwY
YEOOAUTIXWDY EVEQYWY TEQLYPUUUATODY OTAY EQUEUOCTE! Ue TOMD Ueydho T e€ou-
OETEQMVEL OAEC TIC CUVIOTWOES TOU U" EXTOC OO AUTEC TOU AVTIOTOLY OOV OTA
1drodtaviouoto tou taflouy oTUAVTIXG PORO GTNV XATATUNON TN EXOVaS (1] OU-

VIoTOGA oL avTioTolyel oto ddvuoua vy = (1,1,...,1)T enione Swrnpeitor).

1 - m

[}

(2]

<

S 08¢t Timestep

B le+10 ——

E

= 06

]

©

o 04

[}

>

<

=

c 02 i

=

m
0 u
-3e-09 -2.5e-09 -2e-09 -1.5e-09 -1le-09 -5e-10 0

EigenValues of A

Yyfuo 5.1: Eto oyfua Prérouye nog anewxoviovta ot dotiés Ay tou mivaxa A,
otc Wotpée AY™ tou nivaxa G tou implicit oyRuatoc péow e oyéone (4.26),
6tav 1 mapduetpoc T malpvel TOAD peydheg Twéc. Bhémoupe 6T v mohd peydho
7, ot WoTée Tou Tivaxa enavéhndne G elvar apelntéec extéc and auTéC TOL o-
vTiotolyoly oTic IB0TWES Ay Tou mivaxa A mou eivar mohh xovtd oto undév. Autd
onuaiver 6Tt WOHVo oL YAUNAOCUY VES CUVICTMOES TOL U TUPUUEVOUY UETE THY ETAVOAN-
mtuxy) dtadxacio. Me xatdhAnAn enthoyt) Tou T UnopoVUe Vo anocBEécovue OAeS TIC
OLVIGTWOES EXTOC UG EXEIVES TOL AVTIOTOLYOVY GTIC IBIOTIUES Ag TOU Elval ONUAVTIXES
OTNV XOTATUNOT).

Y10 oyfua 5.2 xdvouue Uio tpoondvela va emdelfouvue TIC Wéeg auTtéc. To
Topdderypa Baciletoun oe pla enavaindr tou Tayéwe akyopiduou yio Ty eZEMEN
YEWOUTIXWY EVEQYOV TEQLYQAUUATLY Yiar TV (Blar eixova mou eupavileton xa
oTO oy 5.3.

Oa unopoloe va avapntniel xavelc o eényeiton and ) oxomd g avd-
Auong auTthg NG evoTNTag 1 e€dpTnon Tng TeEAxc VEOTS TOU TEQLYPAUUATOS
and TNy apytxh Tou Yéor. H amdvinom elvar 6tL 1 apyinr| 9€on tou neprypdyu-
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Syfua 5.2: Bto oyfipa Prénovpe to didvuopa u't! tou mpoéxude petd amd pla
emavaAndn tou tayéwe alyopiduou yia TNV eZEAEN TOV YEGDUTIXOV EVEQYWY TEQL-
Yeopudtwy ye 7 = 10°. Awaxpivoupe Ty mapovsia 3 — 4 130dtevuoudtey Tou v
TOAD GNUAVTIXG OTHY XATATUNOT.
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uotog xoopilel Toug GUVTEAEGTEC TTou Yol £YOUY Ol GUVIGTWGOES TOU U™ TOU
avtiototyoly ot xdde 1loddvuoua. Autd eivan xar To onueio mou dloopo-
Tolel Tov ahy oo eZEMENG TOV YEOOUTIXWY EVEQRYWY TEQLYPUUUATWY aTd TIg
ued600ug Toung YedPWY.

5.6 Ileipduata xau cuyxplioelg

Avuth n evotnTa ouumAnewvel T Yewpentixr oultnor mou TeonyHinxe Yo
TOUG BLdPopoug akyopiduoug Tou uropoly va yenoworomdoiy yio Ty eEMEN
YEWOUTIXWY EVEQYWY TEQLYPaUUdT®Y. ‘Olal To TELRGUAT €YIVOY GTO UTOAOYL-
oTxd choTnua Tou Teptypdpetar oto Hapdotnua A’ Q¢ uovtélo yewdauTixwy
EVEQYWYV TEPLYpauUdTwy Yenotwonotidnxe n eZiowon (5.2) e tn g va diveton
amo T oyéon

9= o191 = exp (- [Vl 5.12)

o

UE TapdueTEO xavovixonoinone so = 1.0 xou mapduetpo avtideonc o = 0.001
o€ OAOL TOL TELRAUATA TOU oxOAoUVOUY. e OAAL Tol TELQYUOTA TANY TOU TEAEUL-
Tadou yenowonotfinxe 1 Exdoor Tou akyopliuou ywelc 0 pédodo ToAlamhwy
avodloewy. Ot BlaGTIoEC TOU Ywpeixol TAEYuatoc eivon tavtol hy = hy = 1.
[Tpéner va onuetwiel Tt Oev €YOLUE aXOUOL TELQUUATIXG UTOTEAECUATI VLol TO
AOS oyrua.
Ielpapa 1:
Katopyfv UeTpdue T0 Ypovo exTENEOTS Ylot TOV alyopliuo tne evotnTag 5.3.
Mog evotapépouy 1660 oL AmOAUTES YEOVIXEC TWES, 0G0 xou 1) €AETNOT TOU
Ypovou extéleons and 1o peyedog Tou mpofiruatog. O mivaxag 5.1 pog dlvel
TO YpOVOo Tou amotteltan Yo THY exTEAEST) TOL akyoplduou oE GuVdETNOT UE
10 péyedog Tng exdvag (ot vrohoyioth Pentium 700 MHz). Eva Brua Tou
alyopiduou Aoy dEXETO YId VO PTACOUUE OTNY TEAXT XATAOTAGT, OE OAES TIG
neptntwoels. O ypovos extéleonc (CPU time, tepthoyBdver input-output) é-
YEL UE X1} TpocEyYlon Yeouuixy e€dpTtnon and To uéyedog Tou TEoBAAUAUTOS
(0 opriude twv pixels ™me eovoc). Autd to meptuévope ylati To o oxpt36
UL Tou akyopiduou elvar 1 enthuon Tou ypauuxod TEOBAAUATOS PE TEYVI-
%€ TOMAATAWY TAEYUITWY, Tou, OTw¢ eldoue otny evotnta 4.6, €yel x60T0¢
avdroyo tou peyédoug Tou TEolAHUATOS.
Ielpapa 2:

To emduevo melpoua mou napadéTouue 6To oYAU 5.3 APoEd TN CUUTERLPOEA
TOU UOVTEAOU TV YEWOMTIXWY EVEQRYWY TERLY QUUUAT®Y OTAY 1) 0OYLXT) XOUUTUAT
Oev elvar evtehme €€m amd To avTixelueva Tou Wag evolagépouy. [lapatneolue
OTL 1) xoUTOAN Yag xatagépvel va Bpet To emuunToé Teplypouua. Autéd cuuSaivel
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Méyedoc | #pixels (x10%) | Xpdvoc (sec)
100 x 100 1.0 0.61
256 x 256 6.6 3.65
512 x 512 26.2 13.6

Mivoxag 5.1: H taydtnta tne uedo80u ToAATAGY TAEYUATWY OE GUVARTNO UE
T0 HEYEVOS TNG EXOVAS YIa YEWOUTIXS EVERPY Y TEptypdupaTa. XenoLOTOACUUE
Vv (Ol exxova 6e BlapopeTnd UeYEDY. e xdie mepintworn ypeetdotnxe wovo
wio emovain .

ENET OeV ypnowonowlue xdrota balloon force mou Yo enétpene v xivnon
TOU TEPLYPAUUATOC UOVO PO ToL UECA 1) UOVO Tp0og TA EEW.

o

Apywh Béor e xaundhne  Tehwh ¥éor (1 en.,7 = 10'°,0.6sec)

Yyfua 5.3: H apynh xaumOAn ey elvon 00T €xTOC OUTE EVIOC TWV AVTIXELUE-
vwy. Tlapdha autd to teplypappa odnyeiton otny emduunth Véon (uéyedoc g
etxdvag 100 x 100 pixels)

Ieipopoa 3:
Y1 ouvéyela xou ota oyfuato 5.4 xar 5.5 e&etdlouye Tov apriud Twv Brud-
WY ToU aAYop{duou Tou ATUTOVYTOL YId VO QTAGOUUE XOVTA TNV TEAXY| VEoT
ToL TEPLYPduUaToS. BAénmouue oto oyrua 5.4 OTL KON pe o poévo emavain-
b €youue wa Toh0 xavoroinTixy extiunon g TeAxc Véong g xoumOANC.
Eaipeon anotehel to avtixeiyevo pe tn Badid xou oTeEV x0tAOTHTA TOU (Qaive-
T og peyéduvorn oto oyfua 5.5. T va eiséddel to meplypaupa oto Bdiog
oUTAC TNG xothoTnTac amouteitan GAAY wio emavdndn. Mia toitn enoavdindn
oev uetaxivel mepantépw TNV xopumOA. Eivow hoimédv goavepd 6t uio i T0 moAD
0V0 emavahelc apxoly OTIC TEPIGCOTERES TEQITTWOELS YLd VA 001 YCOLY TO
Teplypappo 6TV TEAXY| Tou VEGT. LnNUEIWTEOV OTL TAV £YOUUE TEPLOCOTEPES
and ula eravariieis otoryilouv 1 xoeuio AydTeERo amd TNV TEWTH ETAVIANDT,
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yroth 1 Snutovpyiot Tou TVOXA CUVTEAEGTWY TWV AYVOOTOY YL ToL TLO TEAYELS
TAEypata Tou alyeBpixol multigrid amaiteiton wovo xotd THY TEEOTY ERAVEAY-
dn. 'Etot oto oyfua 5.4 BAérouue 6L 1) mpod TN enavaindn xootilel nepitou 4
(POPEC TEPLOGOHTEQD ATH TIC EMOUEVES.

Apyh ¥éom e xaumdine 1 enavéhndn (7 = 10", 4.4sec)
2 emavahfde (7 = 10", 5.5sec) 3 enavahfdec (7 = 10", 6.4sec)

Yyfua 5.4: Iéoeg emavalfdec anartodvTon yior vor TAGoupE 6Ty TeAxy| Véor
Tou meptypdupatog; Actyvouue Ta anotehéouota Tou alyopiduou Lotepa amd
1,2 xar 3 emavarrderc. Hapadétouue eniong to yedvo mou anatidnxe yia Ty
extéheon oe xdle nepintwon. To uéyedog tng eixdvac eivon 320 x 240 pixels

Ielpapa 4:
Katémy oto oyfuo 5.6 delyvouue to unyavioud Aettouvpyiog tou ahyoplduou
OToy GUYOLALETOL UE TIC TEYVIXEC OTEVTS (WVNE %ol TOAAATAGDY AVAAUCEWY TOU
oulnthoaue oty evotnta 5.4. BAémouye oto oyfua TNV mupauida 4 emmé-
0wV TOL EYOLUE ONULOVEYNGEL Yiar TNV Etxdva “Nououa xou [uakid” dideTtaong
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1 emavdindn 2 emavolfderg

Yyfua 5.5: Aemtoueprc dmodn Twv anoTeAecUdTwy Tou oy fuaToc 5.4 DoTERY
oo i xou 800 emavokfbelc. Eyouue EMIXEVTONOOEL THY TEOCOYN UAS OE €val
avTixeluevo mou eugaviler wo Bahd xar otev xotkotnTo.  Anartodvton 800
emavolfeic Yo va elcéhiel To TERlYpaUa EVTOS TNG XOLAOTN TS,

1024 x 768 pixels. E&eliooouue to meplypauua xatapyhy 6To mo Teoy) €-
ninedo (eninedo 3). Kotémv yetagpépouye mpog ta mo AenTouepr eninedo to
Teplypouua Tou €youue Bpet. Ye xdle véo eninedo tpé€youue Lavd Tov alyoptd-
UO TEOXELWWEVOU TO TERLYQOUUA VA TOOGUPUOGTEL OTIC AETTOUEQEIES TS ELXOVOS
ToU Véou emmEdoL. Emeld|) oe xdde VEo eminedO EUACTE XOVTA GTNY TEAXY
Véon e xoumOANG, apxel vor Tpéouue Tov ahyoptduo evTog wag oTeEVAS Lovng
YOpw amd TNV apyixr| Véorn Tou meptypdupatos. BAErovye 6Tt meTuyaivouuE -
ELOONUEIWTY EMITAYUVOY TNS Bladixaoiag UE AUTOY TOV TEOTO, apol ATUTOLVTAL
10.2 sec yio TV €ZEMEN TOU TEPLYPAUUATOC avTi Yol &2 40 mou Yo TepUEvaue
yio elxovor autol Tou Yeyédoug pe Bdorn to amotehéouata Tou mivoxa 5.1. A-
TO THY GAAT) TAEURH, OUMS, TOQUTNEOLUE OTL 0 BeELOC Bpayiovag TwV YUAALDY
oT0 oyfus 5.6 Bev aviyveLetal cwoTd, yiatl 0TV To AERTOEPT xAfuaxa ol
OXPES TOU avTIXEWEVOL OEV elvor Wwitepa Evtoves. Avapévouue 6Tt Yo amogel-
YOUE QUTH TO PUVOUEVO AV XAVAUE YPNOT LOPQOROYIX®Y TLEAUIdWY avtl Tng
YooUULXS TLEAUIBIC TOU YENCILOTOLOVUE TWEO GTNY LUAOTOINGT| UaC.
ITeipopa 5:

Téhog, oto oyfua 5.7 detyvouue tnv axatahhnidtnto tou oyrjuatog Crank-
Nicholson yta Tnv mepintwon eZEMENG YEWDUTIXWY EVEQYOY TEQLYQUUUATWY UE
TohO yeydho 7. Xpnowornowwvtag 1o oyfua Crank-Nicholson odnyoluacte
o€ Moo mou epgavilel EVIOVvES TOAUVTWOE. AUTEC Ol TOAAVTWOELS 0dNYOUY
OTNV EUPAVIOT) VEWY TEQLYQUUUATODY TOU Xould oYEan OEV £YOUY UE TO GUVEYES
wovtého. Avtideta PAémoupe 6Tt o implicit oyrua eugaviler Tohd xakiTepn
GUUTEQLPORYL.
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28 X 96)

eninedo 2 (256 x 192)

7

eninedo 1 (512 x 384)

eninedo 3

—

eninedo 0 (1024 x 768)

Yo 5.6: Xuvduaouog Tou tay ) ol yopilUou Yol YEDOUTIXE EVERYH TEQLY -
WOt UE TEYVIXES avAAUOTC OE TOMATAES XAIUAXES XU TEYVIXES GTEVAC LOVTE.
Yy apiotep] othAN BAémouye T otev) {ovn xar 6T 0edid 0Tk BAETOL-
ue v eZ€MEn TNe xoumOANG %M TEoywedUE and Ta o (YrAd emineda TNng
Tupouidag ota mo youunid. H exdva €yel dlaotdoeg 1024 x 768 pixels. H
Sradixacia ohoxhneddnxe oe 10.2 sec (1 = 10'0).
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implicit, (1 en. 7 = 10", 4.3sec) Crank-Nicholson, (1 en. 7 = 10'Y 4.3sec)

Yo 5.7: Yuyxpruxd omoteléopato Twv oynudtev implicit xo Crank-
Nicholson yto piot eravdhndn Tou akyopiduou tayeiog e€EAENS TV YEWOUTIXWY
evepY®Y TepLypopudtwy e T = 101, Biénoupe twe to oyfua Crank-Nicholson
OBNYEL OTNY EUPAVIOT) VEWY TEQLYQOUUAT®Y TOU TROEEYOVTOL Umd oY VEES Ta-
AOVTWOELS TNG CLVAPTNONE EVOWUITWONS X xoulor oy€an BeV €Youv UE TO
ouveyéc povtého. (Awotdoelg exdvac 320 x 240 pixels)



Kegpdhawo 6

2IVUTEQAC AT

6.1 XuvpBolr Tng SIMAWUATIXNAG Epyaciag

H npwtdtunn cuvelsgopd tng mapoloag dimhwuatixfc pyaciag Poloxeto
xuplwg oo axdlovda onueia:

e Xprion tou implicit apriunTtixold oyfuatoc xat UeYOdWY TOMATAGDY TAEY-
udtwy otny enthucr Tou TEOBAAUATOS TV YEWOUTIXWY EVEQYWY TEEL-
Yoouuudtwy. O ahyopriuog tou mpoxinte eivar {owe o mo yYpRyopog ah-
Yopriuog yior TNV eEEMEY YEWDUTIXDY EVEQYWY TEPLYPUUUATMY TOU Efval
YVwo TS oruepa 6N Bihoypapia.

e YUGYETION TOU UOVTEAOU TWV YEWOMUTIXWY EVEQYWV TEQLYQUUUAT®Y UE
TIC YeVddouC Tourc Yedowy pEow TN Yewpntixfic avdiuong Tou ahyo-
elduou yioo v Toyela €CENEN YEWDUTIXWY EVERYWY TEQlypouudTwy. H
CUCYETION AUTH A6 T Lol UEPLAL Loy LEOTOLEL TOY alybprduo Tou TpoTe(-
YOUUE X0 ATt TNV GAAT) UEELY ATOBEXVUEL OTL 0L BLO UEVODOAOYIES Yia TNV
AATATUNOT EXOVELY, AV X0 EIVOL PAVOUEVIXE. DLOPORETIXES UETAL) TOUG,
otnptlovTal Tévw oTic Bl Puctxéc apyEc.

o Avdluom xar olyxelon TNG CUUTERLPORAS Tou implicit oyfuatoc xou Tou
oyfuatoc Crank-Nicholson ce cuvduaou6 pe PEVHOOUC TOMNATAWY TAEY-
UATWY GTO TEOBANUA TNS AVICOTROTIXNC Doy UoTC.

Autd ta onuela g epyaciag Yog oxoTEOOUUE VoL ToL DIEPEUVAGOUNE TEQPULTERW
X0 VOL TOL ONUOCLEOGOUYE.

[Tépa amd tar Topamdve ototyela TowToTuUTiaG NS, 1 epyactio auT xvidnxe
ol oTIC axdlouvdec xotevVOVoELC:

o Avaoxdmnom Twv LOVTEAWY AVIGOTROTIXAG DIGYUONG Xal YEWOUTIXWY E-
VEQY WV TEQLYQOUUITWY.
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e ITapoucioon ooy uedodwy aptdunuxhc avdAuone Yo UERLXES BLapo-
ouxéc e€lONTELS, YE EUPAOT) OTNY avdAucT euoTdietoc ye T uédodo tou
Tivonca o oToL apLIUNTIXG G HUNTA TOU Y PNOLLOTOLOUYTOL EUPEMS YIoL TNV
eZEMEN EMTEBOGUVORWY.

e Ilopousiacy tng cuoyétiong YeTall g e€lowong avicoTpomIXAS By u-
omng xout TNg eZlowong eZEAENS TOV YEMOUTIXWY EVEQYWY TEQLY QUUUATOV.
Auth ) ouoyétion emTEETEL TN YENoN TV BlwY AELiUNTIXOY oY NUATWY
xo 6TIC 000 TEQITTWOELS.

e Avdhuon g oLUTERLPORAS TWY UPLIUNTIXWY OYNUATLY TOU YENoULo-
TOLOVUE YL TNV OVICOTROTLXY) DL UOT) XL YL T YEWDOULTIXG EVEQY S TEQL-
Yoduuato Ue UEVODOUC PAGIGUEVES OTIC PUOUATIXES LOLOTNTES TOL Tivoxa
emavaAndne.

o Elowiwor ye olyypova aprduntind max€to yioo Ty aprduntixy exiivon
TEOPBANUATOV UEQIXDY DLAPOPIXDY EEIGHOEWY.

6.2 Katevdivoeig yio LEAAOVTIXT) EpELVAL

H épeuvd poc yopw amd ta Yéuata mou eCETACUUE TEOPUAVMS XL DEV EYEL
ohoxhnpwiel uéco ota oTevd mAulola TS ToEoVoUS BITAWUATIXAS EQYACiaC.
Mepixd amd o epwTAUATA TOL OEV £youv axoua anavtniel xar ot xateudivoelg
I onoieg oyeddlouye va axohovdricoupe eivar Ta e€Hc:

o [lis ovykpivetar n uéodog mov mpoteivouue yia tnv tayeia e£één twv
VEWORITIKWY €vepYY Teptypaupdtoy pe avtiotoyyovs akyopiiuovs Baoi-
ouévouvs oto AOS oynua tng evétnras 4.4;

Yxomebouue va vhomoliooupe tov ahyopriuo mou Paciletoar oto AOS
oYU X0 VO GUYXEIVOUUE TOL ATOTEAEGUATL.

e MropoUue va amodeibovpe Jewpnuikd 6t o akydpidjuog mov mpoteivoupe

yia Ty tayeta e£éhiln yewoatikwy evepywy meprypaupdtwr ovykAive
oto 1010 Teptypapua jre to ovveyés povtédo; Iloiés eivar o1 tpoiimodéoerg
yia va 10yvel auto;
Ao UnTInd avaUEVOUUE ToL TEPLY QUUUATA TOU ATOTEAODY oTodEpd omuelal
ToL alyopiuou yag va efvar xar otadepd onuela Tou GUVEYOUS LOVTENOU
(6t buwe amopaitnTa xar 10 avtioTeoo). Aev £youpe GULS UEypt TR
XATAUPEPEL VAL ATOBEEOVUE Lol AVIAOYT) TREOTACT).

o [lis pmopotjie va eiwodyovue tov dpo mov avtiotoryel oo balloon force Tng
ebiowong (1.11) (xivnon tonov dilation/erosion) otov tayyv akydpiduo
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TOU TpoTelvoUpE e TpdTo Tou va datnpeital n evotddeia tov akyopiduov
OlYWS TEPIoPITUOUS OTO YpoviKe Prua;

Ly eddlouUe va ye1oLoTOGOVUE Tov akydprduo Tayceiog Tpoéhaong yia
VL YEIPIGTOUUE AUTHY TOV 600. Aev €YOUUE OUKS AXOU TEOYWETICEL GTNY
vioroinoT yia va dtad€Toupe TELpUUUTIXG aToTEAECUATAL.

o Eyovue kdmoio O@edog av YpnomuoTomjooure UOPPOAOYVIKES TUPauiDeS
otn uéooo moAkamAwr avadvoewr tng evétnrag 5.4;
[Tpoxertar vor LAOTOLCOVUE GUVTOUN TETOLEC UOPPOAOYIXES TUPUUIDES %ot
VoL eEETAGOVUE T1) GUUTEPLPORY TOUC.

o Trdpyovr mepridpia mepaitépw uelwons tov xpdrov emidvong tov adye-
Bpikot ovotnuartos o€ kdle Prjpa tov akyopiijiov;
O x®dixag Tou ahyeBpixol multigrid éyel wio oelpd and napouétpous (..
emtduunth axplBeta) mou dev €youue ¢ TP EEETACEL TS ENNEEGLOUY
TNV Ty OTNTA EXTEAEGNC XU TNV TOLOTNTA TG AUGTC.

o MropoUue va mpoywpnooupe Tepaitépw Tn oVoXETIon Ue TS uedddous
IS ypdgwr;
Y x0TEVOLUE XATAPY Y VO THPOUUE XATOLY TELPAUAUTING. ATOTEAECUATL, U-
noloyiovtag ta wodaviouata Tou Tivaxa A. Me Bdorn tn Swicdnor mou
Yo amoxtricouvue VYo xodopicovue to TepatTépw Priuato TG dlepEvVUOTC

oG,

Autd o cpwThApaTa Vo amaoy0AACOUY TNV €0EUVE UAC OTO UEANOY.



ITopdptnua A’
Aemtopepeleg Y Aonoinong

H aprduntier exiiuon povtéhmv pepixmy dlagopixdy eEl0WoEMY UE TEOTO
amodoTIXd xat EVEMXTO elvon GuY VA apxeTd dLGXoAN undlest. H vlormoinom
Twv YeYodwy nou e€etdoope ota mponyolueva Kepdhato arotehel onupovtixd
XOUPATL TNG TapoLouC epyaotiog xat oUVEBUAE ATOYACIGTIXG GTY) Bladxasia €-
Eaywyhc VewpnTix®y ouunepaoudtwy. 2to IHapdetnuo autd Yo dCOULUE uLo
GLYOTTLXY TEQLYPAPT TWV BAGIXMY UTOAOYIGTIXOY EQYUAEIWY TOL YETNCLULOTOLA-
GOUE XAl UG DLEUXOALYAY XUTA TNV LAOTOMOT) XAl TOV TELRAUATIXG EAEY YO TWV
alyoplduwy Tou TapouctdlouuE 0TV TaEOLoA EQYAGIAL.

A’.1 PETSc: Mia cuhhoy?| epyaleiwy yio TNV
eniAvorn PDEs

To PETSc (Portable, Extensible Toolkit for Scientific Computation) ([6])
elvon o ehedepa dradéotun culloyy| hoyiowuxol yio Ty apriuntix exiivon
OE UTOMOYLOTIXA GUOTAUATA UE EVay 1) TEPIGOOTEPOUS ENECEQYUOTES UEQIXMV
OLOPORIXWY EEICMOEWY TOU TEOXVUTTOLY And T UOVIEAOTOMOT TEoBANudTwy
UEYOANS xAfpaxac. H culhoyy| autr meptiouPdvel uio mtAndopa and douéc de-
OOUEVGY Xal POUTIVES TTOU Efvol avaryxafeg Yol TNV ETtAUCT TROBANUATWY UERLXWY
OLLPOPIXWY EEICHOEMY. LTNY TEPITTWOT TOU YENOWOTOVUE TOMhOUS enedep-
yootée, 1 emxowwvio yetall toug Boaoileta oto mpdtuno MPI ([27]). To
PETSc avartiooetou xou e€ehlooeton and to Argonne National Laboratory.

To PETSc mapéyet éva yeydro apriud and poutiveg yia Tnv enthuo ypou-
WXV X0 UN-YRUUUX®Y CLUOTAUATWY antd EEIOWOELS, xS oL Ulal TotxtAla oamd
Ypovixolc ohoxhnpwtéc (time integators). Eniong mapéyer molhéc uedddouc
TOU OLEUXOAOVOLY TO YPADLLO ot TOV ENEYYO TAUPIAANAWY TEOYEUUUITLY. Au-
1) 1) uTodOUY| UTopel va yernotuonotniel and TEOYEIUUATA EPAPUOYMY YEUUUEVIL
oe C, C++ 1 Fortran.
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H BiBhodpn auth €yel tepapytxr dour|, mou arnexovileton oto oyfuc A”1.
O xdde yprotne, avdhoya YE TIC ATUTACELS TNS EQUPUOYHC TOU VEAEL Vo LAO-
TolfoEL, Unopel va ypnotuonotioet uedddoug Tou ETTEOOL APAPEGTC TOU TOV
Bokeler mepioobtepo. Av xou 1o PETSc eivan ypapuévo oe yhwooa C, yernowuo-
notel oe peydho Badud Teyvinéc avTIXEEVOOTEEPT Tpoypauuatiopol!t. ‘Etot,
x&Ve module tou oyfuatoc A1 yepileton avtixeiyeva evég tonou (m.y. miva-
XEC) XL EYEL TAPOUOLAL AEITOUPYIXOTNTA UE Widl XAAOT TOU QVTIXEWUEVOGTREDT
TEOYQUUUATIONOD, TEQLAAUBAVOVTAS TOGO DOUES DEDOUEV®Y, OGO XL UEVHBOUG
YL TO YEPIOUO TWV AVTIXEWUEVWY.

Level of
bslraction

FAN

Application Codes

PDE Solvers
TS
(Time Stepping)
SNES
{(Monhnear Eguations Salvers) SLES
(Lipear Equations Sclhveus)
KSP PC
(Keylov Subspace Methods) ‘ (Preconditioners) Draw
‘ Matrices ‘ Vectors Index Sets

Syfuor A1 H epapyia tov PETSc

Kadéva and ta modules tou PETSc anoteleiton and wa agpnenuévn dleno-
@) xou omd ol 1 TEQIOCOTEPES LAOTOMoEL TNS. AuTy| 1) o)ediooT, Bactouévn
OTNV LOEN TOU TOAVUORGIGUOU TNG AVTIXEWEVOCTEEPNS uevodoloyiog, emiTeé-
el TNV €0x0AY) oOYXpion YETaZl BropopeTixdv ahyoplduwy (1.y. T obyxpion
uetall twv explicit, implicit xou Crank-Nicholson oynudtwy ot S| wag €p-

'H emhoy?| Tne yhodooac C éyve yio va emteuydel 1) 660 to duvatdy ueyohitepn popntd-
o e BBAoIRme, xodde petayiwttiotés mou uhomooly to ANSI C npbtuno undpyouy
GYEDOY Yior GAOL TOL GNUAVTIXG UTOAOYLOTIXE. GUCTAUATL.
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vooia). Enttpéner eniong tny edxohn enéxtaon e BiBhodixng, xadog xar tny
EVOWUATWOT) OE AUTAY EEWTEQLXWY POUTIVOV.

O xwdwxac amglrd

Mo tétota e€wTepixr) poutival efvar xou 0 x@dtxag amglrd yio Tny enthuon
YEOUUUIXWY oLoTNUATWY UE AAYELPLES UeDOd0UC TOAATAGY TAEYUITWY TOU
YPTOULOTOLAGOUE GTA TELRIUUTA AUTHS TNG EQYAGaG YL VoL EMAOGOUUE TO apod
YPoUUULX6 GOGTNUO TOL TEOXUTTEL AN TNV EQUOUOYY) TwV Oy NudTwy implicit xo
Crank-Nicholson. O ekediepa Sradéotpog (ahhd copyrighted) xddixac amglrb
[63], eivar ypapuévoc oe Fortran77. To PETSc €yet éva interface tou emitpénet
NV €0XOAY Yerion Tou xwdxa amglrb.

A’.2  Tleipopatixég Xuvinxeg

Mo va a€oroyndoiy xolitepa ol yetpfioelc enidoone twv Kepohaiony 4 xou
5, TopaIETOUYE €D XATOIEC AERTOPEPELEC TOU UTOAOYLOTIXOU GUOTAULATOS TOU
YETOULOTOLAGUUE.

O umoAoYIoTHS TOU YENOWOTOACAUE OTa Telpduata elye emelepyaoty| -
ntel Pentium 2 (Celeron) ue ouyvétnta pohoytol 700 MHz, uvrun cache 128
KB xo x0pto uviun 384 MB. To Aettoupyixd clotnua ¥tav to SuSe Linux
8.1 e éxdoon muprva 2.4.19. To medypouua epoaguoyrc yedptnxe oe C4+.
[ot 0 UETAYADTTION TOU TEOYRAUUATOSC EQUoUOYNS, xadde xat Tne BBAody-
xng PETSc xow tng poutivag amglrd ypnowonotfinxe o gee version 3.2, ue
evepyonomuévn ) onuaio BeAtiotonoinong (-O).
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