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Per�lhyhH melèth twn diafìrwn katast�sewn t�xew se fermionik� sust matae�nai sto ep�kentro tou ereunhtikoÔ endiafèronto gia pollè dekaet�e, de-domènou ìti aposkope� sth basik  katanìsh twn mhqanism¸n apo tou opo�-ou prokÔptei h {hlektronik  leitourgikìthta} ulik¸n pou qrhsimopoioÔntaise mia plei�da efarmog¸n. Met� ti prwtoporiakè idèe tou Landau pe-ri spas�mato summetr�a, kaj¸ kai thn perigraf  tètoiwn metab�sewn meth bo jeia paramètrwn t�xh, ter�stia prìodo shmei¸jhke sthn an�lushtwn fainomènwn aut¸n se sust mata susqetismènwn fermion�wn, ìpw ta hle-ktrìnia sta mètalla. Shmantikì b ma  tan kai h perigraf  tou hlektronikoÔsust mato w ajro�smato oione�-swmatid�wn, q�rh sth Jewr�a Landau twnugr¸n Fermi.O sunduasmì twn ide¸n th paramètrou t�xh kai twn oione�-swmatid�wnkarpofìrhse, odhg¸nta tou Bardeen, Cooper kai Schrieffer sthn d�ashmhjewr�a BCS, pou ex ghse to fainìmeno th uperagwgimìthta. H qr sh sthsunèqeia mejìdwn th kbantik  statistik  jewr�a ped�ou, prosarmosmènwnsth jewrhtik  fusik  sumpuknwmènh Ôlh, ìpw oi omalè kai an¸malesunart sei Green kai oi diagrammatikè mèjodoi tou Feynman, epètreyeshmantik  prìodo sthn katanìhsh twn hlektronik¸n metab�sewn f�sewn.Wstìso, kam�a anagkaiìthta den epib�llei thn Ôparxh mia mìno hlektro-nik  kat�stash t�xh se èna ulikì. Ta teleuta�a qrìnia g�netai ìlo kaipiì profanè ìti di�fore f�sei sunup�rqoun kai antagwn�zontai metaxÔtou sta piì endiafèronta ulik� sust mata. Katanìhsh kai èlegqo tètoiwnfainomènwn mpore� na odhg sei se nèe leitourgikè efarmogè twn ulik¸n au-t¸n. Sthn paroÔsa diplwmatik  ergas�a melet same èna qarakthristikì prì-blhma sunÔparxh kai antagwnismoÔ tètoiwn f�sewn, autì th sunÔparxhkÔmato puknìthta fort�ou (charge density wave, CDW) me kÔma puknìth-ta spin (spin density wave, SDW), parous�a magnhtikoÔ ped�ou par�llhloukai k�jetou sthn pìlwsh tou SDW.Skopì twn pr¸twn dÔo kefala�wn e�nai h eisagwg  sti basikè ènnoiekai sto genikì formalismì th jewr�a ped�wn pou qrhsimopoi jhke, apofeÔ-gonta th majhmatik  austhrìthta kai d�nonta èmfash sth fusik  eikìnapou antistoiqe�. Merikè majhmatikè apode�xei kai orismoÔ o anagn¸sthmpore� na brei sta parart mata, kaj¸ kai sti anaforè se klassik� sug-gr�mmata kai ergas�e. Sto tr�to kef�laio g�netai h perigraf  th mejodo-log�a, kai parat�jentai k¸dike pou axiopoi jhkan tìso sthn analutik  ìsokai sthn upologistik  sunist¸sa th paroÔsa ergas�a. Tèlo, sto tètartokai pèmpto kef�laio parousi�zontai ta apotelèsmata th melèth sunÔpar-xh CDW me SDW, parous�a magnhtikoÔ ped�ou par�llhlou kai k�jetou sthnpìlwsh tou SDW ant�stoiqa.
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Kef�laio 1Basik� ergale�a kai ènnoieO fusikì kìsmo apart�zetai apì sust mata poll¸n swm�twn, pou al-lhlepidroÔn metaxÔ tou. H akrib  perigraf  twn susthm�twn aut¸n apaite�fusik� na lhfje� upìyh to dunamikì metaxÔ twn swmatid�wn. H plhrèsterhperigraf  tou sust mato e�nai me thn kumatosun�rthsh N swmatid�wn, w-stìso o upologismì mia tètoia lÔsh den e�nai dunatì en gènei, all� kai hèkfrash katal gei na e�nai mh praktik . Epomènw, e�nai apara�thto na kata-fÔgoume se �lle teqnikè, dhlad  th deÔterh kb�ntwsh kai ti sunart sei
Green.Me th qr sh tou formalismoÔ deÔterh kb�ntwsh, apl� all�zoume sum-bolismì, wstìso èqoume shmantik� pleonekt mata, ìpw thn aplìthta sthnèkfrash, kaj¸ ep�sh kai to gegonì ìti oi telestè deÔterh kb�ntwshèqoun enswmatwmènh th statistik  twn swmatid�wn ( Bose   Fermi). Ep�sh,me th bo jeia twn telest¸n aut¸n, mproÔme na gr�youme eÔkola, ìpw jadoÔme parak�tw, ti di�fore paramètrou t�xh, pou qrhsimopoioÔme se au-t n thn ergas�a. Oi sunart sei Green apì thn �llh, an kai den parèqounpl rh eikìna tou sust mato upì exètash, perièqoun ìmw ti pio shmantikèfusikè plhrofor�e pou mporoÔme na antl soume apì autì, ìpw thn enèr-geia kai to qrìno zw  twn diegermènwn katast�sewn, all� kai thn enèrgeiath jemeli¸dou kat�stash,   th grammik  apìkrish se exwterik  diègersh.1.1 DeÔterh kb�ntwsh,   formalismì arijmoÔ ka-t�lhyhLeitourg¸nta me ton paradosiakì trìpo, se èna sÔsthma poll¸n sw-m�twn arqik� kane� ja exèfraze thn kumatosun�rthsh Ψ tou sust matow ginìmeno kumatosunart sewn enì swmatid�ou, sthn ek�stote sumfèrou-sa b�sh, pq ep�peda kÔmata ìtan èqoume èna kout� kai epib�lloume sunj ke
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periodikìthta sta �kra. Dhlad :
Ψ (x1 . . . xN , t) =

∑

E′
1
...E′

N

C
(
E′

1 . . . E′
N , t

)
ψE′

1
(x1) . . . ψE′

N
(xN ) (1.1)ìpou ψEk

(xk) kumatosun�rthsh enì swmatid�ou, kai Ek e�nai èna pl re sÔ-nolo kbantik¸n arijm¸n gia to sugkekrimèno prìblhma. Me �lla lìgia, h�jroish sthn (1.1) g�netai w pro ìlou tou dunatoÔ sunduasmoÔ kata-st�sewn twn memonwmènwn swmatid�wn. H ex�swsh Schrödinger gia to prì-blhma autì gr�fetai:
ih̄

∂

∂t
Ψ (x1 . . . xN , t) = HΨ (x1 . . . xN , t) (1.2)ìpou h qamiltonian  H gia ti sunhjismène peript¸sei:

H =
N∑

k=1

T (xk) +
1

2

N∑

k 6=l=1

V (xk, xl) (1.3)
T e�nai h kinhtik  enèrgeia kai V e�nai h dunamik  enèrgeia allhlep�drashmetaxÔ twn swmatid�wn. Gia na upolog�soume thn kumatosun�rthsh, antika-jistoÔme sthn (1.2) thn èkfrash (1.1) kai pollaplasi�zoume apì arister�me ψE1

(x1)
† . . . ψEN

(xN )†, dhlad  me to ginìmeno twn suzug¸n kumatosunar-t sewn enì swmatid�ou pou antistoiqoÔn se stajeroÔ kbantikoÔ arijmoÔ
E1 . . . EN . Oloklhr¸nonta w pro ìle ti metablhtè (endeqomènw a-jro�zonta kai w pro ta spin), me qr sh twn sunjhk¸n orjogwniìthtametaxÔ twn kumatosunart sewn ψEk

, dhlad 
∫

dxkψ
†
Ei

(xk)ψEj
(xk) = δij (1.4)telik� pa�rnoume:

ih̄
∂

∂t
C (E1 . . . EN ) =

N∑

k=1

∑

W

∫
dxkψEk

(xk)
†T (xk)ψW (xk)

×C (E1 . . . Ek−1WEk+1 . . . EN , t)

+
1

2

N∑

k 6=l=1

∑

W

∑

W ′

∫ ∫
dxkdxlψEk

(xk)
†ψEl

(xl)
†V (xk, xl)ψW (xk)ψW ′(xl)

×C
(
E1 . . . Ek−1WEk+1 . . . El−1W

′El+1 . . . EN , t
) (1.5)Ja prèpei t¸ra na l�boume upìyh th statistik  twn swmatid�wn, opìte hkumatosun�rthsh tou sust maro ja prèpei na ikanopoie� th sqèsh:

Ψ (. . . xi . . . xj . . . , t) = ±Ψ (. . . xj . . . xi . . . , t) (1.6)5



ìpou to + e�nai gia mpozìnia kai to − gia fermiìnia. Anagka�a kai ikan  sun-j kh e�nai oi suntelestè na e�nai oi �dioi e�te summetriko� e�te antisummetriko�w pro tou kbantikoÔ arijmoÔ:
C (. . . Ei . . . Ej . . . , t) = ±C (. . . Ej . . . Ei . . . , t) (1.7)Apì thn (1.5), e�nai fanerì ìti o sumbolismì ma den e�nai kalì, miakai to prìblhma, apì th diatÔpws  tou akìmh, èqei g�nei polÔploko, en¸ h(1.7) eis�gei epiplèon periplokè. Sunep¸, èna nèo trìpo diatÔpwsh touprobl mato e�nai apara�thto.Ja xeq�soume thn prohgoÔmenh an�lush, kai ja epiqeir soume mia enal-laktik  kbantomhqanik  diatÔpwsh, h opo�a perigr�fei ton arijmì twn swma-tid�wn pou katalamb�noun k�je kat�stash apì èna pl re sÔnolo monosw-matidiak¸n katast�sewn. Gia to skopì autì, eis�goume ta qronoanex�rthtadianÔsmata kat�stash

|n1n2 . . . n∞〉 (1.8)ìpou o sumbolismì autì shma�nei ìti up�rqoun n1 swmat�dia sthn idioka-t�stash 1, n2 sthn idiokat�stash 2 klp. Jèloume aut  h b�sh na e�naiorjokanonik  kai pl rh, dhlad :
〈n′

1n
′
2 . . . n′

∞|n1n2 . . . n∞〉 = δn′
1
n1

δn′
2
n2

. . . δn′
∞n∞

(1.9)
∑

n1n2...n∞

|n1n2 . . . n∞〉〈n1n2 . . . n∞| = 1 (1.10)H pr¸th sqèsh ma lèei ìti oi katast�sei e�nai an� dÔo orjog¸nie, en¸ hdeÔterh ìti opoiad pote kat�stash tou sust mato mpore� na anaptuqje� wupèrjesh tètoiwn idiokatast�sewn. Gia na sumplhrwje� h eikìna, eis�gou-me tou qronoexart¸menou telestè ar kai a†r, pou ikanopoioÔn ti sqèseiantimet�jesh
{ar, a

†
s} = δrs {ar, as} = {a†r, a†s} = 0 (1.11)ìpou o antimetajèth or�zetai w
{A, B} ≡ [A, B]+ ≡ AB + BA (1.12)O telest  a†r dhmiourge� èna swmat�dio sthn kat�stash r, en¸ o telest  arkatastrèfei èna swmat�dio apì thn kat�stash r. Gia to lìgo autì onom�zo-ntai telestè dhmiourg�a kai katastrof . Oi idiìthtè twn telest¸n aut¸nprokÔptoun apì ti sqèsei antimet�jesh, kai m�lista oi sqèsei autè èqounenswmatwmènh mèsa tou th statistik  twn swmatid�wn (fermiìnia). Pr�g-mati, an sth deÔterh isìthta apì thn (1.11) jèsoume r = s, tìte blèpoumeìti dhmiourg¸nta dÔo swmat�dia sthn �dia kat�stash, e�te katastrèfontadÔo apì thn �dia kat�stash, katal goume se mhdenikì apotèlesma. Me �llalìgia, èna mìno swmat�dio epitrèpetai se k�je idiokat�stash.6



An xeq�soume gia l�go th fusik  tou probl mato kai krat soume mìnota majhmatik�, blèpei kane� ìti oi telestè auto� e�nai ìmoioi me tou om¸-numou telestè ston armonikì talantwt  ([3℄). Ant�stoiqa, �die e�nai kaioi tautìthte pou mpore� kane� na de�xei. Em� ed¸ ma endiafèrei mìno otelest 
Ns = a†sas (1.13)pou metr�ei pìsa swmat�dia br�skontai sthn kat�stash r, kaj¸ kai oi tau-tìthte

a†|0〉 = |1〉 a|1〉 = |0〉 a†|1〉 = 0 a|0〉 = 0 (1.14)oi opo�e k�noun apl� emfanè to fusikì nìhma twn telest¸n, to opo�o sh-mei¸same parap�nw. Gia aplìthta, sthn parap�nw sqèsh de qrhsimopoi samede�kte, jewr¸nta ìti endiaferìmaste gia èna mìno swmat�dio. H kat�stash
|0〉 e�nai h kat�stash kenoÔ, ìpou kanèna swmat�dio den e�nai parìn.Lìgw tou antimetajèth, kane� prèpei na e�nai prosektikì me ta prìshma.Gia par�deigma, me ton orismì

|n1n2 . . . n∞〉 = (a†1)
n1(a†2)

n2 . . . (a†∞)n∞ |0〉 (1.15)mporÔme na upolog�soume thn ep�drash tou telest  katastrof  as sthnkat�stash aut . An ns = 1:
as|n1n2 . . . n∞〉 = (−1)Ss(a†1)

n1 . . . (asa
†
s) . . . (a†∞)n∞ |0〉 (1.16)ìpou o par�gonta s e�nai o arijmì twn metajèsewn gia na metakin soumeton telest  αs sth nèa tou jèsh.

Ss = n1 + n2 + . . . + ns−1 (1.17)An t¸ra ns = 0, tìte o telest  as mpore� na metakinhje� mèqri thn kat�stashkenoÔ, d�nonta ètsi telik� mhdèn. Met� kai apì autì to par�deigma, g�netaiemfanè kai to ìti o telest  ar�jmhsh Ns = a†sas d�nei pr�gmati to swstìapotèlesma, dhlad  ton arijmì twn swmatid�wn sthn kat�stash s.Sth sunèqeia, ja ekfr�soume thn ex�swsh Schrödinger gia to prìblhmaautì sto nèo formalismì. E�pame parap�nw ìti h tuqa�a kumatosun�rthshe�nai dunatì na grafe� w upèrjesh twn idiokatast�sewn (1.8), dhlad 
|Ψ(t)〉 =

∑

n1n2...n∞

f(n1n2 . . . n∞, t)|n1n2 . . . n∞〉 (1.18)Qrhsimopoi¸nta thn (1.5), e�nai dunatì na de�xei kane� ìti h ex�swsh Schr-
odinger pa�rnei telik� th morf 1:

ih̄
∂

∂t
|Ψ(t)〉 = H|Ψ(t)〉 (1.19)1gia thn apìdeixh, blèpe [2℄ 7



ìpou h qamiltonian  gr�fetai:
H =

∑

rs

a†r〈r|T |s〉as +
1

2

∑

rstu

a†ra
†
s〈rs|V |tu〉auat (1.20)kai ta 〈r|T |s〉 kai 〈rs|V |tu〉 e�nai ta stoiqe�a m tra th kinhtik  kai duna-mik  enèrgeia, dhlad 

〈r|T |s〉 =

∫
dxkψEr(xk)

†T (xk)ψEs(xk) (1.21)kai omo�w gia th dunamik  enèrgeia. Ta stoiqe�a aut� gr�fontai gia suntom�akai w Trs, Vrstu.Oi telestè sto formalismì deÔterh kb�ntwsh e�nai ant�stoiqh morf me thn ex�swsh (1.20). 'Otan sthn eikìna Schrödinger perilamb�noun ti su-nist¸se enì swmatid�ou, tìte pa�rnoun th morf  th kinhtik  enèrgeiasthn (1.20), en¸ ìtan perilamb�noun ti paramètrou dÔo swmatid�wn, tìtepa�rnoun th morf  th dunamik  enèrgeia sthn (1.20)2.
1.2 Oione�-swmat�dia kai h eikìna hlektron�ou-op 'Opoio (ìqi mìno hlektrolìgo mhqanikì) èqei asqolhje� me th jewr�-a twn hmiag¸gimwn diat�xewn ja èqei s�goura anarrwthje� gia poio lìgo henergì m�za twn hlektron�wn se ènan krÔstallo exart�tai apì to ulikì,kaj¸ kai apì thn krustallografik  dieÔjunsh th k�nhsh,   poio o lìgona mil�me gia opè kai ìqi mìno gia hlektrìnia, afoÔ sto k�tw-k�tw aut�e�nai pou kinoÔntai sthn pragmatikìthta. H ap�nthsh e�nai ìti ìtan mil�megia hlektrìnia se èna ulikì, den ennooÔme ta sunhjismèna eleÔjera hlektrì-nia pou gnwr�zoume, all� èna {e�do} hlektron�wn se allhlep�drash me toplègma. Aut� onom�zontai oione�-hlektrìnia (quasi-electrons).Gia na g�noume pio safe�, ja d¸soume èna aplì par�deigma. 'Estw ìtièqoume èna nèfo hlektron�wn pou kine�tai se èna omoiìmorfa jetik� forti-smèno upìbajro, pou e�nai èna aplì montèlo tou krustallikoÔ plègmato.Lìgw th �pwsh Coulomb, to èna hlektrìnio apwje� to �llo, sunep¸gÔrw apì k�je hlektrìnio ja up�rqei mia perioq  me qamhl  sugkèntrwshhlektron�wn. 'Ara, k�je hlektrìnio ja perib�lletai ousiastik� apì èna jeti-k� fortismèno nèfo, to opo�o ja kine�tai maz� me autì. Autì to jwrakismènohlektrìnio, dhlad  to hlektrìnio maz� me to nèfo pou to perib�llei, e�naièna oione�-swmat�dio.O lìgo pou qrhsimopoie� kane� aut n thn eikìna, kai ìqi ti paradosia-kè mejìdou, e�nai ìti suqn� oi allhlepidr�sei metaxÔ twn oione�-swmatid�wn2Sthn eikìna Schrödinger, h kinhtik  enèrgeia èqei th morf  −h̄2

2m
∇2, ìpou h parag¸gishsto ∇ g�netai w pro x, en¸ h dunamik  enèrgeia èqei th morf  V (x,x′), dhlad  emplèkeidÔo swmat�dia 8



e�nai polÔ eukolìtero na lhfjoÔn upìyh apì ti allhlepidr�sei twn pragma-tik¸n swmatid�wn. Pr�gmati, sto par�deigm� ma ta oione�-hlektrìnia èqounèna energì fort�o pou e�nai polÔ mikrìtero apì to fort�o tou hlektron�oulìgw tou jetik� fortismènou nèfou gÔrw apì aut�, sunep¸ oi allhlepi-dr�sei metaxÔ tou ja e�nai asjene�. 'Ara, mporoÔme na qrhsimopoi soumepijanìtata me epituq�a th jewr�a diataraq¸n, h opo�a ja ma d¸sei shmantik�apotelèsmata ìson afor� metr sime fusikè posìthte, kai m�lista me sqe-tik  eukol�a. Ant�jeta, h allhlep�drash Coulomb metaxÔ twn pragmatik¸nhlektron�wn e�nai arket� isqur , ¸ste k�je apìpeira na lhfje� aut  upìyhme diataraktikè mejìdou na mhn odhge� poujen�.Se pragmatik� ulik�, ta oione�-swmat�dia den e�nai plèon jwrakismènahlektrìnia, all� kÔmata Bloch. Mia apl  eikìna gia to ti per�pou e�naiaut� ta kÔmata mpore� na p�rei kane� an skefte� ìti se èna kout�, stouopo�ou ta �kra epib�lloume sunj ke periodikìthta, oi idiokatast�sei e�naiep�peda kÔmata. Ant�stoiqa, èna krÔstallo e�nai èna tètoio kout�, stoopo�o ìmw k�je hlektrìnio kine�tai sto sunduasmèno fort�o twn iìntwn kaitwn upìloipwn hlektron�wn. LÔnonta autosunep¸ to prìblhma (afoÔ tahlektrìnia kinoÔntai sto ped�o pou en mèrei kajor�zetai kai apì aut� ta �dia),prokÔptoun lÔsei ant�stoiqe me ta ep�peda kÔmata, mìno pou h èkfras  touden e�nai pleìn tìso apl , all� kai h sqèsh diaspor� den e�nai to gnwstì
Ek = h̄2k2

2m . Ant�jeta, oi kampÔle diaspor� sqhmat�zoun th dom  zwn¸n giato sugkekrimèno ulikì, h opo�a e�nai sun jw polÔplokh.3Se jermokras�e kont� sto apìluto mhdèn, perimènoume ìti l�ge mìno ka-tast�sei ep�nw apì thn enèrgeia Fermi ja e�nai kateilhmmène. Epomènw,petuqa�noume meg�lh oikonom�a sthn anapar�stash, an sumbol�zoume k�jekat�stash basizìmenoi sti diaforè aut  apì th jemeli¸dh. Sunep¸, japrèpei na dhl¸noume k�je for� poie katast�sei k�tw apì thn enèrgeia
Fermi e�nai kenè kai poie katast�sei ep�nw apì thn enèrgeia Fermi e�naikateilhmmène. Sthn pr¸th per�ptwsh mil�me gia opè, en¸ sth deÔterh giahlektrìnia (fusik� prìkeitai gia oione�-hlektrìnia). Mia tètoia kat�stashmporÔme na th sumbol�soume me to sunhjismèno di�nusma |n1n2 . . . n∞〉, ì-pou ìtan mia kat�stash sto eswterikì th epif�neia Fermi dhl¸netai stosumbolismì ìti e�nai kateilhmmènh, autì shma�nei ìti se eke�nh th jèsh up�r-qei mia op . Oi opè e�nai bèbaia kai autè oione�-swmat�dia, me aujÔparkthontìthta, kai ti lamb�noume upìyh ìpw akrib¸ kai ta (oione�-)hlektrìnia.1.3 Sunart sei Green sto prìblhma poll¸n sw-m�twnW gnwstìn, ston hlektromagnhrismì mia sunhjismènh mèjodo gia nalÔsei kane� arket� mh stoiqei¸dh probl mata e�nai eke�nh twn sunart sewn3Gia leptomerèsterh perigraf  twn kum�twn Bloch, blèpe k�poio eisagwgikì bibl�ofusik  stere� kat�stash
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Green. Ousiastik�, h sun�rthsh Green G(r2, r1) parist�nei to dunamikìsth jèsh r2 pou dhmiourge�tai apì èna stoiqei¸de fort�o sth jèsh r1, meb�sh th gewmetr�a tou probl mato. Ta or�smata th paradosiak  aut sun�rthsh Green den perilamb�noun to qrìno, wstìso eme� endiaferìmastesto prìblhm� ma gia th qronik  exèlixh tou sust mato, sunep¸ kai oqrìno ja prèpei na lhfje� upìyh. Or�zoume w sun�rthsh Green (Green’s
function   propagator) gia to prìblhma poll¸n swm�twn sth mhdenik  jer-mokras�a: 4

iG(r2t2, r1t1)t2>t1 ≡ iG+(r2t2, r1t1) (1.22)

≡ pl�to pijanìthta gia to sÔsthma na e�nai th stigm  t2 sthjemeli¸dh kat�stash me èna epiplèon swmat�dio sto shme�o r2,an th stigm  t1 èqoume prosjèsei sto allhlepidrìn sÔsthma,pou br�sketai sth jemeli¸dh tou kat�stash, èna swmat�diosth jèsh r1.H fantastik  mon�da i mprost� apì th sun�rthsh Green e�nai apl� jè-ma sÔmbash, ètsi ¸ste na aplopoioÔntai l�go oi pr�xei sth sunèqeia. Hant�stoiqh pijanìthta ja e�nai fusik�
P (r2t2, r1t1) = G+(r2t2, r1t1)

∗G+(r2t2, r1t1) (1.23)Bèbaia, sun jw qrhsimopoioÔme kbantikoÔ arijmoÔ gia na perigr�you-me èna swmat�dio kai ìqi th jèsh sthn opo�a br�sketai, opìte an φk(r) e�naioi monoswmatidiakè idiokatast�sei tou sust mato, èqoume thn akìloujhtropopo�hsh gia th sun�rthsh Green:
iG+(k2t2, k1t1)t2>t1 (1.24)

≡ pl�to pijanìthta gia to sÔsthma na e�nai th stigm  t2 sthjemeli¸dh tou kat�stash me èna swmat�dio epiplèon sthn ka-t�stash φk2
(r), an th stigm  t1 èqoume prosjèsei sto allhle-pidrìn sÔsthma, pou br�sketai sth jemeli¸dh tou kat�stash,èna swmat�dio sthn kat�stash φk2

(r).Gia t2 ≤ t1, or�zoume
iG+(k2t2, k1t1)t2≤t1 ≡ 0 (1.25)Sti sunhjismène peript¸sei, h qamiltonian  den exart�tai apì to qrìno,sunep¸ tìte ja ma endiafèroun mìno oi qronikè diaforè, kai ìqi h sugke-krimènh qronik  stigm , �ra h sun�rthsh Green ja gr�fetai G(r2, r1, t2−t1)

5.4Gia to majhmatikì orismì th sun�rthsh Green , blèpe [2] kai par�rthma Aþ5Gia thn apìdeixh, blèpe Par�rthma Aþ 10



'Eqei endiafèron na upolog�soume th sun�rthsh Green gia eleÔjero sw-mat�dio G+
0 (dhlad  gia swmat�dio se kenì, qwr� allhlepidr�sei). 'Estw ìtith stigm  t1 h kumatosun�rthsh tou swmatid�ou e�nai h φk1

(r), dhlad :
ψ(r, t1) = φk1

(r) (1.26)Th stigm  t2, h kumatosun�rthsh ja e�nai profan¸ 6
ψ(r, t2) = φk1

(r)e−iǫk1
(t2−t1) (1.27)ìpou ǫk1

e�nai h enèrgeia tou swmatid�ou, h opo�a d�netai apì th gnwst  sqèsh
ǫk =

h̄2k2

2m
(1.28)Sthn parap�nw sqèsh, k e�nai to kumat�nusma, en¸ o de�kth k1 perilamb�neikai to spin. To pl�to pijanìthta na e�nai to swmat�dio sthn kat�stash k2e�nai apl� h probol  th ψ(r, t2) ep�nw sthn φk2

(r):
∫

d3rφ∗
k2

(r)ψ(r, t2) = e−iǫk1
(t2−t1)

∫
d3rφ∗

k2
(r)φk1

(r) = e−iǫk1
(t2−t1)δk2k1(1.29)lìgw th orjogwniìthta twn idiokatast�sewn. Sunep¸, mporoÔme na gr�-youme

G+
0 (k2, k1, t2 − t1) = δk2k1

G+
0 (k1, t2 − t1) (1.30)ìpou7

G+
0 (k, t2 − t1) =

{
−iθt2−t1e

−iǫk(t2−t1), gia t2 6= t1
0, gia t2 = t1

(1.31)kai h bhmatik  sun�rthsh
θt2−t1 =

{
= 1, an t2 > t1
= 0, an t2 < t1

(1.32)Ma boleÔei na ergastoÔme me to metasqhmatismì Fourier th sun�rthsh
Green. Gia na sugkl�nei to olokl rwma, prosjètoume sthn enèrgeia ènafantastikì par�gonta −iδ, ìpou to δ e�nai èna apeirostì jetikì arijmì.8Telik�, katal goume sthn èkfrash:

G+
0 (k, ω) =

1

ω − ǫk + iδ
(1.33)6Se ìla ta parak�tw, èqoume jèsei h̄ = 1, pou e�nai h sunhjismènh allag  diast�sewn.Gia to mh exoikeiwmèno anagn¸sth, arke� na antikatast sei ti enèrgeie ǫk me ǫk

h̄7O lìgo pou e�nai mhdèn gia t2 = t1 prokÔptei apì to majhmatikì qeirismì tou pro-bl mato8Parak�tw, ja doÔme kai to fusikì nìhma tou par�gonta autoÔ.11



Blèpoume ìti oi pìloi th sun�rthsh Green br�skontai apeirost� kont�sthn enèrgeia ǫk, dhlad  sthn enèrgeia tou swmatid�ou pou prosjèsame sthnkat�stash φk. To apotèlesma autì e�nai arket� genikì, kai m�lista mpore�na deiqje� ìti:Oi pìloi th G+(k, l; ω), dhlad  tou metasqhmatismoÔ Fourier th sun�r-thsh Green br�skontai se timè tou ω �se me ti enèrgeie diègersh touallhlepidr¸nto sust mato N+1 swmatid�wn me�on thn enèrgeia th jeme-li¸dou kat�stash tou sust mato N swmatid�wnAut  e�nai mia pr¸th endiafèrousa idiìthta th sun�rthsh Green gia toprìblhma poll¸n swm�twn.T¸ra a upojèsoume ìti to sÔsthma e�nai allhlepidrìn. Tìte, to oione�-swmat�dio sthn kat�stash k ja èqei mia nèa enèrgeia ǫ′k, kaj¸ kai èna qrìnozw  τk, dhlad  lìgw twn sugkroÔsewn h enèrgeia tou swmatid�ou diaskor-p�zetai, opìte h kat�stas  tou g�netai ligìtero {saf }. An upojèsoumeekjetik  apìsbesh, tìte h kumatosun�rthsh tou swmatid�ou th qronik  stig-m  t2 ja d�netai apì th sqèsh
ψ(r, t2) = φk(r)e

−i(ǫ′
k
−iτ−1

k
)(t2−t1) (1.34)Kai h sun�rthsh Green ja èqei thn �dia morf  me prin, ektì apì thn antika-t�stash tou ǫk se ǫ′k kai tou δ me τ−1

k . Fusik�, jèloume to oione�-swmat�diona paramènei w èqei se ìlo to di�sthma parat rhsh, dhlad  na aposba�-nei arg�. To di�sthma parat rhsh, ìmw, kajor�zei thn energeiak  kl�makamètrhsh. Me �lla lìgia, prèpei na blèpoume to sÔsthma gia arket  ¸ra,gia na doÔme ti leptomèreie th energeiak  uf , sÔmfwna me thn arq  thabebaiìthta
∆ǫ∆t ≥ 1 (1.35)Sunep¸, ja prèpei
τ−1
k ≪ ǫ′k (1.36)Autì d�nei kai mia eikìna gia thn pragmatik  shmas�a tou par�gonta sÔgkli-sh δ, kai de�qnei ìti oi pìloi th sun�rthsh Green br�skontai kont� stonpragmatikì �xona.Sthn per�ptwsh t¸ra twn op¸n, ta pr�gmata e�nai l�go diaforetik�. 'O-tan prosjètoume mia op  sto sÔsthma, ousiastik� afairoÔme èna swmat�dio,opìte to nèo sÔsthma ja èqei thn enèrgeia tou arqikoÔ me�on thn enèrgeiatou swmatid�ou pou èfuge. Sunep¸, h enèrgeia th op  ja e�nai

ǫhole
k = −ǫk (1.37)To sq ma th kumatosun�rthsh gia thn op  ja e�nai to �dio akrib¸ me touswmatid�ou, afoÔ h op  e�nai apl� h èlleiyh tou swmatid�ou:

ψ(t)hole = φke
−i(−ǫk)t, ǫk < ǫF (1.38)12



ìpou ǫF h enèrgeia Fermi tou sust mato. An t¸ra apod¸soume aut n thnallag  pros mou (1.37) ìqi sthn enèrgeia ǫk, all� sto qrìno t, tìte blèpoumeìti h op  mpore� na jewrhje� w èna swmat�dio pou kine�tai ant�strofa stoqrìno9. Autì e�nai bèbaia apl� èna majhmatikì trìpo perigraf , qwr�k�poio (meta)fusikì perieqìmeno.Akrib¸ ìpw or�same sunart sei Green gia ta swmat�dia, ant�stoiqagia ti opè or�zoume:
iG(k2t2, k1t1)t2≤t1 ≡ iG−(k2t2, k1t1) (1.39)

≡ (−1)× pl�to pijanìthta gia to sÔsthma na e�nai th stigm 
t1 sth jemeli¸dh tou kat�stash me ap¸n èna swmat�dio apìth jèsh k1, an th stigm  t2 èqoume afairèsei èna swmat�dioapì thn kat�stash k2Proqwr¸nta me ton �dio trìpo ìpw kai sthn per�ptwsh twn swmatid�wn,br�skoume ìti gia ti opè ja e�nai:

G−
0 (k, ω) =

1

ω − ǫk − iδ
, ǫk < ǫF (1.40)1.4 Diagr�mmata Feynman kai exis¸sei DysonUp�rqei èna parastatikì trìpo na efarmìsei kane� th jewr�a dia-taraq¸n, prokeimènou na upolog�sei th sun�rthsh Green gia èna sÔsthmaallhlepidr¸ntwn swmatid�wn. Autì e�nai me qr sh twn diagramm�twn Feyn-

man. H mèjodo aut  anaptÔqjhke apo to Feynman sti ergas�e tou ep�nwsthn kbantik  hlektrodunamik  ([4℄).H majhmatik  jemel�wsh th mejìdou e�nai polÔplokh, kai o endiaferì-meno anagn¸sth mpore� na th brei se proqwrhmèna bibl�a fusik  sumpu-knwmènh Ôlh ([1℄, [2℄). Ed¸ ja epiqeir soume mia aplopoihmènh parous�ashtwn basik¸n shme�wn th mejìdou.Ston orismì th sun�rthsh Green, jewr same ìti th qronik  stigm  t1prosjètoume sth jemeli¸dh kat�stash èna swmat�dio (hlektrìnio, efìsonasqoloÔmaste me tètoiou e�dou sust mata) sto shme�o r1. Autì to hle-ktrìnio taxideÔei mèsa sto sÔsthma, mèqri th qronik  stigm  t2, ìpou ja toanazht soume sto shme�o r2. Sthn pore�a tou aut , sunant�ei ta upìloipahlektrìnia kai allhlepidr� me aut�10. Ta diagr�mmata Feynman e�nai m�amèjodo na lhfjoÔn upìyh ìloi oi dunato� trìpoi th allhlep�drash touenì hlektron�ou me ta upìloipa. H pragmatik  diadikas�a sthn opo�a summe-tèqei to hlektrìnio e�nai to �jroisma ìlwn aut¸n twn epimèrou diadikasi¸n.9H idèa aut  prot�jhke apì ton Feynman[4]10Se ènan tèleio krÔstallo sth mhdenik  jermokras�a den up�rqei skèdash twn hle-ktron�wn me to plègma, kai ìlh h allhlep�drash ekfr�zetai apì ti kumatosunart sei
Bloch kai ti kampÔle diaspor� 13



Bèbaia, h eikìna aut  den prèpei na wje�tai sta �kra, kaj¸ prìkeitai ka-t� b�sh gia majhmatikì ergale�o. 'Etsi, h ermhne�a orismènwn diagramm�twnfa�netai exwpragmatik ,   qwr� kanèna nìhma, kai e�nai afhrhmèno majhmati-kì prìblhma na apofas�sei kane� poia e�nai telik� ta diagr�mmata aut� pouprèpei na sumperilhfjoÔn.To lexilìgio twn diagramm�twn e�nai aplì. JewroÔme ìti o qrìno kul�eiapì k�tw pro ta p�nw. Mia mon  suneq  gramm  shma�nei èna hlektrìnio ( op ) pou diad�detai eleÔjera, dhlad  qwr� na antilamb�netai thn parous�atwn upolo�pwn hlektron�wn (  op¸n), en¸ mia kummatist  gramm  shma�neistigmia�a allhlep�drash (skèdash) tou enì hlektron�ou me èna �llo hle-ktrìnio (  op ) mèsw tou dunamikoÔ Coulomb. Oi opè diakr�nontai apì tahlektrìnia apì th for� tou bèlou: an de�qnei pro ta p�nw, prìkeitai giahlektrìnia, en¸ an de�qnei pro ta k�tw, prìkeitai gia opè. Fusik�, oi opèkinoÔntai kai autè sthn kanonik  for� ro  tou qrìnou, dhlad  to bèloep�nw sth gramm  mpore� na jewrhje� apl� w èndeixh th tautìthta touswmatid�ou, kai de de�qnei pro poia kateÔjunsh kine�tai to swmat�dio. M�aèntonh gramm  shma�nei èna hlektrìnio pou diad�detai mèsa sto ulikì parou-s�a twn allhlepidr�sewn, parist�nei dhlad  th diadikas�a pou y�qnoume naupolog�soume. 'Ena di�gramma lègetai mhdenik  t�xh an den perilamb�neikam�a skèdash, pr¸th t�xh an perilamb�nei m�a skèdash kok. Ta diagr�m-mata sqhmat�zontai topojet¸nta kìmbou, kai en¸nont� tou me suneqe�  kummatistè grammè. Se k�je kìmbo ja prèpei na sunantioÔntai dÔo suneqe�kai mia kumatist  gramm , ektì apì tou exwterikoÔ kìmbou, stou opo�-ou katal gei mia gramm  hlektron�ou. To �jroisma pragmatopoie�tai ep�nwse ìla ta sunektik� (connected) diagr�mmata, dhlad  aut� pou apart�zontaiapì èna mìno komm�ti (blèpe sq ma 1.1)11, ta opo�a prèpei na e�nai metaxÔtou topologik� anex�rthta (topologically distinct). Me autì ennoÔme ìtiden prèpei to èna na prokÔptei apì to �llo me kajrèftisma olìklhrou,  kommatioÔ tou diagr�mmato (blèpe sq ma 1.2).H anapar�stash me b�sh to kumat�nusma kai th suqnìthta e�nai sumfè-rousa se sqèsh me thn anapar�stash jèsh kai qrìnou. O lìgo e�nai ìtiepitrèpei th qr sh apl¸n kanìnwn gia th graf  ìlwn twn epitrept¸n dia-gramm�twn. M�lista, h eisagwg  th suqnìthta den all�zei ton trìpo nablèpoume ta diagr�mmata w mia diadikas�a sthn opo�a o qrìno kul�ei prota p�nw. H suqnìthta p�ntw den èqei sqèsh me thn enèrgeia pou koubal�eito swmat�dio, h opo�a exart�tai apì thn orm  tou. Stou parak�tw kanìnepro�pojètoume akaria�a allhlep�drash, anex�rthth tou spin, kai exart¸menhmìno apì to di�nusma apìstash twn dÔo swmatid�wn. 'Etsi, se k�je gramm (suneq    kummatist ) antistoiqoÔme mia orm  k kai mia suqnìthta ω, en¸se k�je suneq  gramm  antistoiqoÔme kai mia probol  tou spin ston �xona11Ektì apì aut� pou parabi�zoun thn arq  diat rhsh th orm , kaj¸ kai aut� pouparousi�zoun èna swmat�dio kai mia op  sthn �dia kat�stash thn �dia qronik  stigm . Tateleuta�a diagr�mmata den exairoÔntai sthn per�ptwsh th mh mhdenik  jermokras�a,ìpw ja g�nei fanerì sthn par�grafo 2.2 14



Sq ma 1.1: sunektikì kai mh sunektikì di�gramma
z. Prosèqoume ètsi ¸ste se k�je kìmbo na diathre�tai tìso h orm , ìsokai h suqnìthta, all� kai na mhn all�zei to spin twn swmatid�wn lìgw thallhlep�drash. Sth sunèqeia, se k�je mon  gramm  antistoiqoÔme mia su-n�rthsh Green eleÔjerou swmatid�ou iG0(k, ω) kai se k�je kumatist  gramm antistoiqoÔme èna stoiqe�o allhlep�drash −iVq, ìpou Vq e�nai o metasqhma-tismì Fourier tou dunamikoÔ allhlep�drash V (r2 − r1) = V (r)12. Ep�sh,se k�je kleistì kÔklo fermion�wn antistoiqoÔme ènan par�gonta −1. Tèlo,oloklhr¸noume w pro ìle ti endi�mese metablhtè, kai ajro�zoume wpro ta spin.A epiqeir soume t¸ra mia fusik  ermhne�a twn diagramm�twn pr¸th t�-xh (1.3). To pr¸to di�gramma parist�nei mia diadikas�a sthn opo�a ènahlektrìnio eisèrqetai sto sÔsthma, allhlepidr� me èna �llo shme�o tou su-st mato, kai suneq�zei thn pore�a tou. Sto shme�o sto opo�o èdrase h al-lhlep�drash, dhmiourge�tai mia op , pou ìmw exafan�zetai akaria�a. H dia-dikas�a aut  kale�tai emprosjoskèdash (forward scattering). Sto deÔterodi�gramma parousi�zetai mia diadikas�a, sthn opo�a èna hlektrìnio eisèrqetaisto sÔsthma, allhlepidr� me k�poio �llo shme�o autoÔ, sto opo�o kai aka-ria�a metafèretai, kai apì eke� suneq�zei thn pore�a tou. To di�gramma autìlègetai di�gramma anoiqtoÔ streidioÔ (open oyster diagram). Aut� ta dÔodiagr�mmata e�nai kai ta perissìtero {problhmatik�} sth fusik  ermhne�atou.ParathroÔme ìti kai sta dÔo aut� diagr�mmata parousi�zontai suneqe�grammè sti opo�e h arqik  kai telik  qronik  stigm  e�nai h �dia. Prìkeitaidhlad  gia swmat�dia ta opo�a katastrèfontai th stigm  pou dhmiourgoÔntai.O majhmatikì qeirismì tou probl mato de�qnei ìti ta swmat�dia aut� prèpei12'Otan h allhlep�drash den e�nai akaria�a, tìte èqoume kai mia ex�rthsh apì th suqnì-thta. 15
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Sq ma 1.2: isodÔnama diagr�mmatana lhfjoÔn w opè, kai epomènw mia tètoia gramm  antistoiqe� me −1 ìtan
|k| < kF kai me 0 ìtan |k| > kF .Up�rqei èna autosunep  trìpo na upolog�soume th sun�rthsh Green,ajro�zonta orismènou tÔpou diagramm�twn se �peirh t�xh. Gia to sko-pì autì, ja or�soume pr¸ta twn ènnoia th idioenèrgeia (self energy). Anparathr sei kane� ta digr�mmata, ja dei ìti h morf  tou e�nai p�nta wex : èna swmat�dio eisèrqetai sto sÔsthma, allhlepidr� me auto, kai sthsunèqeia exèrqetai. H idioenèrgeia e�nai to �jroisma ìlwn aut¸n twn {esw-terik¸n} diagramm�twn, pou parousi�zetai w h energì allhlep�drash touswmatid�ou me to sÔsthma. Pio austhr�, or�zoume w komm�ti idioenèrgeia
(self energy part) k�je di�gramma qwr� exwterikè grammè, to opo�o mpore�na eisaqje� se mia gramm  swmatid�ou (  op ). Parade�gmata parousi�zo-ntai sto sq ma 1.513. H idioenèrgeia e�nai to �jroisma ìlwn twn kommati¸nidioenèrgeia.Sto an�ptugma autì, ìmw, up�rqoun domè pou epanalamb�nontai. E�-nai dunatì, epanallhptik�, na l�boume upìyh ìla aut� ta diagr�mmata. Giato skopì autì, or�zoume to kanonikì komm�ti idioenèrgeia (proper, or ir-
reducible self energy part) w èna komm�ti idioenèrgiea pou den mpore� naqwriste� sta dÔo, diagr�fonta apl� mia gramm  swmatid�ou,   op . Para-de�gmata fa�nontai sto sq ma 1.6.H genik  morf  th ex�swsh Dyson, pou ma epitrèpei na ajro�soume13Sta sq mata aut�, oi grammè qwr� bèlo parist�noun shme�a sÔndesh me grammèhlektron�wn   op¸n.
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Sq ma 1.3: diagr�mmata pr¸th t�xhorismènou tÔpou diagramm�twn se �peirh t�xh, e�nai h parak�tw:
+ Σ=

(1.41)Oi kÔkloi me to ellhnikì {S} sumbol�zoun kanonik� komm�tia idioenèrgeia. H
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Sq ma 1.4: diagr�mmata deÔterh t�xhapìdeixh th (1.41) e�nai apl . Pr�gmati, an thn efarmìsoume epanallhptik�
. . .

Σ

Σ

Σ

++

Σ

Σ

+=+

Σ

Σ

Σ+=

(1.42)blèpoume ìti lìgw tou orismoÔ th idioenèrgeia, perilamb�nontai sto an�-
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Sq ma 1.5: komm�tia idioenèrgeiaptugma autì ìla ta dunat� diagr�mmata. H (1.41) mpore� na grafe� kai w:
Σ **+=

(1.43) 
G(k, ω) = G0(k, ω) + G(k, ω)Σ(k, ω)G0(k, ω) (1.44)Aut  e�nai mia autosunep  ex�swsh, pou mpore� na luje� w pro thn akrib sun�rthsh Green:

G(k, ω) =
1

G0(k, ω)−1 − Σ(k, ω)
(1.45)Sun jw, prosegg�zoume thn idioenèrgeia me merikoÔ mìno ìrou th seir�,opìte prokÔptoun diafìrwn eid¸n prosegg�sei.H mèjodo aut  th ex�swsh Dyson epekte�netai kai se �lle peript¸sei(blèpe [1℄), ìpou upolog�zontai akribe� allhlepidr�sei, korufè klp.19



Sq ma 1.6: kanonik� komm�tia idioenèrgeia1.5 Metab�sei f�sewn kai an¸male sunart sei
Green14E�nai kajhmerin  empeir�a to gegonì ìti, k�tw apì orismène sunj ke, è-na sÔsthma allhlepidr¸ntwn swmatid�wn mpore� xafnik� na kataste� astajèkai na metabe� se mia{sumpuknwmènh} f�sh me rizik� diaforetikè idiìthte.'Ena sunhjismèno par�deigma mia tètoia met�bash f�sh e�nai h metabol tou aer�ou se ugrì, ìtan mei¸netai h jermokras�a,   aux�netai h p�esh. 'Allegnwstè metab�sei e�nai h met�bash tou ugroÔ se stereì,   tou agwgoÔ se u-peragwgì. To qarakthristikì se tètoie metab�sei e�nai ìti to sÔsthma pouprokÔptei parousi�zei nèe idiìthte, pou den èqoun kam�a sqèsh me autè touarqikoÔ. 'Etsi, gia par�deigma, ta stere� e�nai sklhr�, en¸ ta ugr� malak�,oi uperagwgo� parousi�zoun mhdenik  ant�stash, en¸ oi agwgo� peperasmènhklp.H basik  idèa gia to lìgo th met�bash e�nai ìti sto arqikì sÔsthmaup�rqei mia t�xh mikr  embèleia (short range order SRO), en¸ to sumpu-knwmèno sÔsthma parousi�zei mia t�xh makr� embèleia (long range order

LRO).15 Gia par�deigma, se ènan paramagn th h kateÔjunsh enì spin dh-miourge� èna topikì ped�o16 pou wje� kai ta geitonik� tou na prosanatolistoÔn14Gia mia oloklhrwmènh parous�ash tou jèmato, blèpe [1℄ kai [5℄15Parak�tw ja qrhsimopoioÔme mìno tou agglìfwnou ìrou SRO kai LRO16MporoÔme na poÔme ìti h allhlep�drash antallag , pou e�nai upeÔjunh gia fainìmenaìpw o sidhromagnhtismì (blèpe k�poio bibl�o fusik  sumpuknwmènh Ôlh), mpore� namontelopoihje� apì èna ped�o, sugkekrimèna to ped�o Weiss (blèpe [5℄). H allhlep�drashantallag  proèrqetai qondrik� apì to gegonì ìti swmat�dia me ant�jeto spin, lìgwth apagoreutik  arq  tou Pauli, ja br�skontai makri� to èna apì to �llo, opìte hdunamik  enèrgeia allhlep�dras  tou ja e�nai mikr .20



sthn �dia me autì kateÔjunsh. Wstìso, oi jermikè kin sei e�nai èntone, kaiètsi dÔo spin pou br�skontai se meg�lh apost�sh metaxÔ tou e�nai asu-sqètista, me apotèlesma h sunolik  katanom  twn spin na parousi�zetai wtuqa�a. 'Otan ìmw h jermokras�a fj�sei arket� qamhl�,   ìtan ta spin èr-joun arket� kont� (dhlad  ìtan aux soume thn p�esh), tìte to topikì autìped�o wje� ènan kr�simo arijmì apì geitonik� spin na prosanatolistoÔn sthn�dia kateÔjunsh. 'Ola aut� ta spin, ìmw, sumb�lloun me th seir� tou sthnaÔxhsh tou topikoÔ ped�ou, kai ètsi nèa èrqontai na prostejoÔn se autì tosusswm�twma, èw ìtou ìlo o krÔstallo mpei sth sidhromagnhtik  f�sh.'Ena mètro tou pìso{bajei�} e�nai to ulikì sth sumpuknwmènh f�sh e�naioi par�metroi t�xh. Oi par�metroi auto� or�zontai kat� per�ptwsh, an�logame ti idiaiterìthte th sugkekrimènh f�sh. Mia par�metro t�xh ja prè-pei na e�nai mhdenik  ìtan to ulikì br�sketai sth sunhjismènh tou kat�stash,mh mhdenik  ìtan autì br�sketai sth sumpuknwmènh f�sh, kai na aux�netaiìso proqwr�me pio {bajei�} sth nèa f�sh. 'Etsi, gia to sidhromagn th miakal  par�metro e�nai h sqetik  magn tish, dhlad  to phl�ko th olik magn tish pro th mègisth pou mpore� na apokt sei to sÔsthma:
M =

µB〈S〉
NµB/2

=
2

N
〈S〉 (1.46)ìpou o par�gonta 1

2 proèkuye epeid  jewroÔme spin-12 swmat�dia, µB e�naih magnhtình tou Bohr, N o arijmì twn eleÔjerwn hlektron�wn an� mon�daìgkou kai 〈S〉 to mèso spin an� mon�da ìgkou.Ektì apì th LRO, o sidhromagn th parousi�zei kai èna akìmh qara-kthristikì gn¸risma twn sumpuknwmènwn f�sewn, th spasmènh summetr�a.Pr�gmati, sthn paramagnhtik  f�sh ìle oi kateujÔnsei e�nai isodÔname,opìte to sÔsthma paramènei anallo�wto w pro peristrofè gÔrw apì o-poiond pote �xona. Wstìso, sth sidhromagnhtik  f�sh up�rqei mia kateÔ-junsh pou e�nai perissìtero {shmantik } apì ti �lle, h kateÔjunsh thmakroskopik  magn tish. Plèon, to sÔsthma paramènei anallo�wto mìnogia peristrofè gÔrw apì ton �xona th makroskopik  magn tish, dhlad h summetr�a tou e�nai qamhlìterh apì th summetr�a tou arqikoÔ sust mato.Ja mporoÔsame, ètsi, na d¸soume ton ex  orismì:Mia met�bash f�sh e�nai mia xafnik  allag  apì mia kanonik kat�stash me mìno SRO kai tèleia summetr�a, se mia sumpu-knwmènh kat�stash me LRO kai spasmènh summetr�a.Oi par�metroi pou kajor�zoun e�n to sÔsthma ja e�nai sthn kanonik ,  sth sumpuknwmènh f�sh e�nai h jermokras�a T , kai h puknìthta ρ ( , enalla-ktik�, h stajer� sÔzeuxh gia thn allhlep�drash metaxÔ twn swmatid�wn).To �dio fermionikì sÔsthma mpore� sthn pragmatikìthta na uf�statai se m�a(  pollè) apì perissìtere f�sei, an�loga me ti timè twn T kai ρ.Mia kathgoriopo�hsh twn metab�sewn t�xh e�nai an�loga me th sumpe-rifor� th paramètrou t�xh sto shme�o th met�bash. An h par�metro21



t�xh e�nai asuneq  sto shme�o th met�bash, tìte prìkeitai gia met�ba-sh pr¸th t�xh. An e�nai suneq , all� èqei asuneq  pr¸th par�gwgo,prìkeitai gia met�bash deÔterh t�xh klp.'Ena endiafèron jèma se sqèsh me ti sumpuknwmène f�sei e�nai ìti hdi�dosh swmatid�wn mèsa se autè perilamb�nei kai diadikas�e pou de lam-b�nontai upìyh sth sunhjismènh sun�rthsh Green. 'Estw, gia par�deigma,èna sidhromagn th me magn tish sto x-�xona, kai èstw èna hlektrìnio mespin ↑17. Kat� th di�dosh tou hlektron�ou autoÔ mèsa sto ulikì, lìgw toumagnhtikoÔ ped�ou, mpore� na l�bei q¸ra met�ptwsh tou spin se spin ↓. Tofainìmeno autì e�nai ant�stoiqo me th met�ptwsh tou �xona peristrof  miasboÔra, lìgw tou barutikoÔ ped�ou18. H diadikas�a aut , ìmw, den peri-lamb�netai sth sun jh sun�rthsh Green. 'Ara, se èna tètoio ulikì mporoÔmena èqoume an¸male sunart sei Green, oi opo�e metab�lloun thn probol tou spin:
G(k ↓,k ↑, t′ − t) = −i〈Ψ0|T{ck↓(t′)c†k↑(t)}|Ψ0〉
G(k ↑,k ↓, t′ − t) = −i〈Ψ0|T{ck↑(t′)c†k↓(t)}|Ψ0〉

} (1.47)'Ole autè oi sunart sei mporoÔn na enswmatwjoÔn se mia sun�rthsh
Green-p�naka:

Ĝfer(k, t′ − t) =

[
G(k ↑,k ↑, t′ − t) G(k ↑,k ↓, t′ − t)
G(k ↓,k ↑, t′ − t) G(k ↓,k ↓, t′ − t)

] (1.48)To eutÔqhma e�nai ìti h diagrammatik  an�lush isqÔei kai se aut n thn per�-ptwsh, mìno pou t¸ra ja antistoiq�zoume k�je gramm  me ènan p�naka.Oi an¸male sunart sei Green èqoun thn polÔtimh idiìthta ìti oi LROpar�metroi t�xh mporoÔn na prokÔyoun apì autè. Gia par�deigma, sth sidh-romagnhtik  per�ptwsh, ìpou h magn tish e�nai sto x-�xona, apodeiknÔetai:19
Mx =

2

N
〈Sx〉 =

1

N

∑

k

〈Ψ0|c†k↑ck↓ + c†k↓ck↑|Ψ0〉 (1.49)Autì blèpei kane� eÔkola ìti mpore� na grafe�:
Mx =

−i

N

∑

k

[
G(k ↓,k ↑, 0−) + G(k ↑,k ↓, 0−)

] (1.50)Pio apl  kai katanoht  e�nai h per�ptwsh th magn tish sto z-�xona. Pr�g-mati, diaisjhtik� katalaba�noume ìti ja prèpei na upolog�soume ton arijmìtwn swmatid�wn me spin ↑ kai na afairèsoume ton arijmì twn swmatid�wn mespin ↓. Qrhsimopoi¸nta ton telest  ar�jmhsh (1.13), br�skoume ìti:
Mz =

2

N
〈Sx〉 =

1

N

∑

k

〈Ψ0|c†k↑ck↑ − c†k↓ck↓|Ψ0〉 (1.51)17Oi probolè twn spin e�nai sto z-�xona18Gia th majhmatik  ermhne�a tou fainomènou, blèpe k�poio eisagwgikì bibl�o kbanto-mhqanik 19Gia thn apìdeixh blèpe Par�rthma Gþ kai [5℄22



⇒ Mz =
−i

N

∑

k

[
G(k ↑,k ↑, 0−) − G(k ↓,k ↓, 0−)

] (1.52)Apì thn ex�swsh aut , blèpoume ìti w an¸malh sun�rthsh Green ja prèpeina jewr soume th diafor�
∆G(k, t′ − t) = G(k ↑,k ↑, t′ − t) − G(k ↓,k ↓, t′ − t) (1.53)Pr�gmati, autì mpore� kane� na to katal�bei kai w ex : se aut n thnper�ptwsh de lamb�nei q¸ra k�poia an¸malh diadikas�a, ìpw h allag  stospin, wstìso, lìgw th magn tish tou ulikoÔ, h jetik  for� tou z-�xonae�nai t¸ra diaforetik  apì thn arnhtik  for�. 'Ara ta swmat�dia me spin ↑de ja blèpoun to �dio perib�llon pou blèpoun kai ta swmat�dia me spin ↓.Sunep¸ h diafor� twn dÔo sunart sewn Green, gia spin ↑ kai spin ↓, mpore�na lhfje� w an¸malh diadikas�a.Oi ènnoie autè isqÔoun kai sthn per�ptwsh �llwn f�sewn, merikè apìti opo�e exet�zontai sto [5℄. H per�ptwsh tou sidhromagn th, ìmw, e�naim�llon h pio apl  kai diaisjhtik� katanoht , gi’autì kai thn epil�xame wpar�deigma. H shmantikìterh apì ti upìloipe f�sei e�nai h uperagwgi-mìthta, gia mia parous�ash th opo�a o anagn¸sth parapèmpetai sto [6℄.Ep�sh, sthn par�grafo (2.4) g�netai parous�ash th kat�stash SDW.
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Kef�laio 2Formalismì gia toprìblhma th sunÔparxhf�sewn se peperasmènhjermokras�a
2.1 Statistik  mhqanik  sto prìblhma metablh-toÔ arijmoÔ swmatid�wnEfìson h deÔterh kb�ntwsh anafèretai se sust mata ìpou o arijmì twnswm�twn N e�nai en gènei mh kajorismèno, ja prèpei na qrhsimopoi soumemia statistik  mèjodo kat�llhlh gia to prìblhma metablhtoÔ N , dhlad  thmèjodo tou megalokanonikoÔ sunìlou. Autì shma�nei ìti to sÔsthm� mae�nai bujismèno se mia dexamen  pou apart�zetai apì to �dio e�do swmatid�-wn kai diathre�tai se jermokras�a T . To sÔsthma mpore� na apeleujer¸seiswmat�dia   enèrgeia pro th dexamen ,   na deqte� swmat�dia   enèrgeia apìaut n.Efìson èqoume metablhtì N , oi idiosunart sei |Ψi〉 th qamiltonian ja exart¸ntai apì to N . 'Estw Ni o arijmì twn swmatid�wn tou sust matosthn kat�stash |Ψi〉, kai Ei h ant�stoiqh enèrgeia, dhlad 

H|Ψi〉 = Ei|Ψi〉,
∑

k

c†kck|Ψi〉 = Ni|Ψi〉 (2.1)H pijanìthta na breje� to sÔsthma (jewroÔmeno w mèlo tou sunìlou) sthnkat�stash |Ψi〉 e�nai:
Pi =

e−β[Ei−µNi]

∑
n e−β[En−µNn]

=
ρi

Z
(2.2)ìpou µ=qhmikì dunamikì, dhlad  h enèrgeia pou qreiazìmaste gia na apo-sp�soume èna swmat�dio apì to sÔsthma, kai β = 1/kT (k: o par�gonta25



Boltzmann). O paranomast  Z th (2.2) e�nai h megalokanonik  sun�rth-sh epimerismoÔ, kai o arijmht  ρi h megalokanonik  sun�rthsh katanom .Ma boleÔei na gr�youme autè ti posìthte se sun�rthsh tou telest katanom 
ρ = e−β(H−µN) (2.3)ìpou H kai N e�nai t¸ra oi ant�stoiqoi telestè, opìte
ρi = 〈Ψi|ρ|Ψi〉 (2.4)

Z =
∑

i

〈Ψi|ρ|Ψi〉 = trρ, Pi =
〈Ψi|ρ|Ψi〉

trρ
(2.5)ìpou tr shma�nei to �qno tou ant�stoiqou p�naka. Gia na broÔme th mèsh tim enì tuqa�ou telest  O, upolog�zoume th mèsh tim  se ìle ti katast�sei,me b�rh ti ant�stoiqe pijanìthte:

〈O〉 =
∑

i

〈Ψi|O|Ψi〉Pi =
trOρ

trρ
(2.6)Sthn parap�nw ex�swsh, qrhsimopoi same thn idiìthta ìti o telest  ρ e�naidiag¸nio, lìgw th (2.1).H ex�swsh (2.6) qrhsimopoie� ti akribe� kumatosunart sei |Ψi〉 tou pro-bl mato. Epeid  ìmw autè en gènei den e�nai gnwstè, mpore� kane� naqrhsimopoi sei to gegonì ìti to �qno mènei anallo�wto k�tw apì èna meta-sqhmatismì th b�sh. 'Etsi, mporoÔme na qrhsimopoi soume mia pio kat�l-lhlh b�sh, èstw |Φi〉. Oi |Φi〉 sun jw epilègontai w oi idiosunart sei toumh allhlepidr¸nto sust mato. 'Etsi:

〈O〉 =

∑
i,p〈Φi|O|Φp〉〈Φp|ρ|Φi〉∑

i〈Φi|O|Φi〉
(2.7)2.2 Sunart sei Green peperasmènh jermokras�-aAn parathr sei kane� th morf  tou telest  katanom  (2.3), ja diapi-st¸sei ìti isqÔei h legìmenh ex�swsh Bloch:

∂ρ

∂β
= −(H − µN)ρ (2.8)H ex�swsh aut  parousi�zei omoiìthta me thn ex�swsh Schrödinger. Sthnpragmatikìthta e�nai h �dia, arke� na efarmìsei kane� ti antikatast�sei

Ψ ↔ ρ, H ↔ H − µN , it ↔ β. 'Etsi, blèpoume ìti mporoÔme na qt�soumeèna formalismì peperasmènh jermokras�a basismèno sthn ex�swsh Bloch,me ton �dio trìpo pou o formalismì mhdenik  jermokras�a  tan basismèno26



sthn ex�swsh Schrödinger. Sthn per�ptwsh aut , to sÔsthma ja exel�ssetaisth jermokras�a1, en¸ prohgoumènw h exèlixh tou sust mato  tan stoqrìno.Profan¸, ta pr�gmata den e�nai t¸ra akrib¸ �dia. Pr�gmati, en¸ proh-goumènw dhmiourgoÔsame, se mia dedomènh stigm , èna swmat�dio sth je-meli¸dh kat�stash tou sust mato, t¸ra dhmiourgoÔme to swmat�dio sthnkat�stash pou e�nai to sÔsthma se k�poia jermokras�a. Autì shma�nei ìtija prèpei na upolog�soume to statistikì mèso ìro ep�nw se ìle ti duna-tè katast�sei tou sust mato, sti opo�e ja perilamb�nontai fusik� kaidiegermène katast�sei. 'Ara, èqei plèon nìhma na dhmiourgoÔme opè kaiep�nw apì th st�jmh Fermi, afoÔ ja up�rqoun eke� swmat�dia pou mporoÔ-me na ta {katastrèyoume}, kaj¸ ep�sh kai swmat�dia k�tw apì th st�jmh
Fermi, afoÔ ja up�rqoun eke� opè pou mporoÔme na ti {gem�soume}. Ep�-sh, efìson h kat�stash tou sust mato e�nai k�je for� upèrjesh ìlwn twndunat¸n katast�sewn, mporoÔme na èqoume sta diagr�mmata èna swmat�diokai mia op  tautìqrona sthn �dia idiokat�stash k. Sthn pragmatikìthta,potè de ja up�rqei swmat�dio kai op  tautìqrona sthn �dia idiokat�stash.H men op  diad�detai mèsw twn katast�sewn tou sust mato pou perilamb�-noun èna swmat�dio sthn k, en¸ to swmat�dio diad�detai mèsw twn upolo�pwnkatast�sewn tou sust mato, pou èqoun thn k ken .H sun�rthsh Green peperasmènh jermokras�a G(k, τ) parousi�zei thnendiafèrousa idiìthta2:

G(k, τ) = ±G(k, τ + β) (2.9)ìpou to + e�nai gia mpozìnia kai to − gia fermiìnia. Fusik�, eme� èqoumeor�sei thn G(k, τ) sto di�sthma (0, β), afoÔ autì e�nai to eÔro jermokrasi¸npou ma endiafèrei. Wstìso, mporoÔme na p�roume thn periodik  sunèqish thsun�rthsh kai sto upìloipo di�sthma twn pragmatik¸n arijm¸n. 'Etsi, ant�gia to metasqhmatismì Fourier, ja èqoume t¸ra th seir� Fourier:
Gper(k, τ) =

1

β

+∞∑

n=−∞
e−iωnτG(k, ωn) (2.10)ìpou

G(k, ωn) =
1

2

∫ +β

−β
dτeiωnτG(k, τ) (2.11)

ωn =
πn

β
, n = 0,±1,±2, . . . (2.12)Apì th (2.9), e�nai fanerì ìti gia ta fermiìnia mìno oi suqnìthte pou anti-stoiqoÔn se peritt� n èqoun mh mhdenikoÔ suntelestè Fourier, en¸ gia tampozìnia krat�me ta �rtia n. O upologismì th sun�rthsh Green gia to1sugkekrimèna apì thn �peirh sth dedomènh jermokras�a2Gia thn apìdeixh, blèpe Par�rthma Bþ 27



eleÔjero swmat�dio e�nai ant�stoiqo me thn per�ptwsh th mhdenik  jermo-kras�a, kai d�nei:
G0(k, ωn) =

1

iωn − ǫk + µ
(2.13)2.3 Formalismì gia th sunÔparxh perissìterwnf�sewn'Opw shmei¸same sthn par�grafo 1.5, sthn per�ptwsh twn sumpuknw-mènwn f�sewn qrhsimopoioÔme sunart sei Green-p�nake dÔo sunistws¸n,ìpw sthn ex�swsh (1.48). Epeid  ìmw jèloume na l�boume upìyh th su-nÔparxh perissìterwn f�sewn, ja prèpei na eis�goume p�nake megalÔterwndiast�sewn, ètsi ¸ste na sumperilamb�nontai oi an¸male sunart sei Greenìlwn twn f�sewn3. Se mia pr¸th prosèggish, arke� na eis�goume to di�nu-sma:

ζ†k =
(
c†k↑, c

†
k↓, c−k↑, c−k↓, c

†
k+Q↑, c

†
k+Q↓, c−k−Q↑, c−k−Q↓

) (2.14)opìte h ant�stoiqh sun�rthsh Green-p�naka, sto formalismì mhdenik  jer-mokras�a, ja èqei th morf 4:
Ĝ(k, t′ − t) = −i〈Ψ0|T (ζkζ†k|Ψ0〉 =

= −i




〈Ψ0|T (ck↑c
†
k↑)|Ψ0〉 · · · 〈Ψ0|T (ck↑c−k−Q↓)|Ψ0〉

〈Ψ0|T (ck↓c
†
k↑)|Ψ0〉 · · · 〈Ψ0|T (ck↓c−k−Q↓)|Ψ0〉

...
. . .

...

〈Ψ0|T (c†−k−Q↓c
†
k↑)|Ψ0〉 · · · 〈Ψ0|T (c†−k−Q↓c−k−Q↓)|Ψ0〉




(2.15)Autì o p�naka ja doÔme ìti perièqei ìle ti an¸male sunart sei Greenpou jèloume na sumperil�boume. Oi telestè th ex�swsh (2.14) ma arkoÔnep�sh gia na gr�youme ìle ti paramètrou t�xh twn f�sewn pou maendiafèroun, afoÔ autè ja e�nai th morf  (1.49). 'Etsi, mia par�metrot�xh A ja gr�fetai:
A =

1

N

∑

k

〈Ψ0|ζ†kÂζk|Ψ0〉 (2.16)ìpou ζk e�nai to suzugè di�nusma-st lh tou (2.14), Â èna p�naka, pou e�nai,fusik�, diaforetikì gia k�je par�metro t�xh kai N o arijmì twn katei-lhmènwn katast�sewn (dhlad  twn swmatid�wn) tou sust mato. H ex�swsh3blèpe [3℄4Blèpe par�rthma Aþ gia to majhmatikì orismì th monodi�stath sun�rthsh Greenmhdenik  jermokras�a. Sthn parak�tw ex�swsh uponoe�tai h qronik  ex�rthsh twn te-lest¸n deÔterh kb�ntwsh c
†

k↑↓, ck↑↓ klp.28



(2.16) anafèretai sth mhdenik  jermokras�a, efìson |Ψ0〉 e�nai h jemeli¸dhkat�stash tou sust mato. Gia peperasmène jermokras�e, ja prèpei nap�roume kai to statistikì mèso se ìle ti dunatè katast�sei, perilamba-nìmenwn kai twn diegermènwn.O p�naka Â ja prèpei na e�nai ermitianì5, efìson jèloume h par�metrot�xh na e�nai pragmatik 6. 'Ara, mporoÔme na qrhsimopoi soume w b�sh giatou p�nake Â tou p�nake Pauli:
σ̂0 =

(
1 0
0 1

)
, σ̂1 =

(
0 1
1 0

)
, σ̂2 =

(
0 −i
i 0

)
, σ̂3 =

(
1 0
0 −1

)(2.17)Oi p�nake auto� èqoun ti parak�tw idiìthte:
σ̂1σ̂2 = iσ̂3, σ̂2σ̂3 = iσ̂1, σ̂3σ̂1 = iσ̂2

σ̂2
j = 1, {σ̂j , σ̂k} = 0, j 6= k, j, k = 1, 2, 3 (2.18)Bèbaia, qreiazìmaste p�nake 8 × 8, epomènw oi (2.17) de ma k�noun ìpwe�nai. Gia to skopì autì, or�zoume ta exwterik� ginìmena:

ρ̂0 ⊗ σ̂i =

(
σ̂i 0
0 σ̂i

)
, ρ̂1 ⊗ σ̂i =

(
0 σ̂i

σ̂i 0

)
,

ρ̂2 ⊗ σ̂i =

(
0 −iσ̂i

iσ̂i 0

)
, ρ̂3 ⊗ σ̂i =

(
σ̂i 0
0 −σ̂i

) (2.19)pou e�nai p�nake 4 × 4. Ant�stoiqa or�zoume kai tou p�nake τ̂i ⊗ ρ̂j ⊗ σ̂k.Parak�tw, parale�poume gia lìgou suntom�a to sÔmbolo tou exwterikoÔginomènou ⊗.W pr¸to par�deigma, ja gr�youme thn par�metro t�xh gia to sidhro-magnhtismì sto z-�xona. Gia thn per�ptwsh pou èqoume mìno tou telestè
c†k↑↓, ck↑↓, h par�metro t�xh upolog�sthke sthn (1.51). Ed¸ proqwr�meant�stoiqa. O telest  th probol  tou spin sto z-�xona pa�rnei t¸ra thmorf 7:

2sz = c†k↑ck↑ − c†k↓ck↓ + c†−k↑c−k↑ − c†−k↓c−k↓ +

+c†k+Q↑ck+Q↑ − c†k+Q↓ck+Q↓ + c†−k−Q↑c−k−Q↑ − c†−k−Q↓c−k−Q↓ (2.20)Gia na gr�youme ton telest  autì sth b�sh ma, qrhsimopoioÔme th sqèshantimet�jesh (1.11), h opo�a ìtan perilamb�nontai kai ta spin gr�fetai:
{c†kσ, clσ′} = δklδσσ′ (2.21)5dhlad  na isoÔtai me to suzug  tou, ìpou, gia na p�roume to suzug  enì p�naka, tonanastrèfoume kai sth sunèqeia pa�rnoume ta migadik� suzug  twn stoiqe�wn tou6Pr�gmati, ja prèpei 〈Ψ0|ζ

†

kÂζk|Ψ0〉
† = 〈Ψ0|ζ

†

kÂ†ζk|Ψ0〉 = 〈Ψ0|ζ
†

kÂζk|Ψ0〉 ⇒ Â† = Â7H morf  aut  pro�pojètei ìti h �jroish sth (2.16) ja g�nei se kat�llhlo qwr�o, ètsi¸ste k�je kumat�nusma na suneisfèrei apì mia for�,   ìti sthn �jroish èqoume l�beiupìyh th summatr�a pou endeqomènw up�rqei w pro Q kai w pro thn allag  k ↔ −kkai diairoÔme me kat�llhlo suntelest . 29



ìpou oi metablhtè σ, σ′ anafèrontai sthn probol  tou spin. 'Etsi, ja e�nai:
2sz = c†k↑ck↑ − c†k↓ck↓ − c−k↑c

†
−k↑ + c−k↓c

†
−k↓ +

+c†k+Q↑ck+Q↑ − c†k+Q↓ck+Q↓ − c−k−Q↑c
†
−k−Q↑ − c−k−Q↓c

†
−k−Q↓ =

=
(
c†k↑, c

†
k↓, c−k↑, c−k↓, c

†
k+Q↑, c

†
k+Q↓, c−k−Q↑, c−k−Q↓

)
·




1 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0
0 0 −1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 −1 0 0
0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 1




·




ck↑
ck↓
c†−k↑
c†−k↓

ck+Q↑
ck+Q↓
c†−k−Q↑
c†−k−Q↓




(2.22)
EÔkola mpore� na dei kane� ìti o pio p�nw telest  gr�fetai telik�:

sz =
1

2
ζ†kτ̂0ρ̂3σ̂3ζk (2.23)Pr�gmati

τ̂0ρ̂3σ̂3 =

(
ρ̂3σ̂3 0

0 ρ̂3σ̂3

)
=




σ̂3 0 0 0
0 −σ̂3 0 0
0 0 σ̂3 0
0 0 0 −σ̂3


 =

=




1 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0
0 0 −1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 −1 0 0
0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 1




(2.24)
Sta parak�tw, parale�poume ìlou tou p�nake me de�kth 0.Gia lìgou pou ja g�noun fanero� sth sunèqeia, upolog�zoume thn qamil-tonian  tou sust mato H se èna exwterikì magnhtikì ped�o Hext. Kat� tagnwst�, ja e�nai:

H = −
∑

k

µBHextsz = −
∑

k

1

2
µBHextζ†kρ̂3σ̂3ζk (2.25)ìpou µB h magnhtình tou Bohr. Sth jewr�a tou Weiss gia to sidhromagnhti-smì8, upojètoume ìti oi stoiqei¸dei magnhtikè ropè, lìgw tou aujìrmhtou8blèpe k�poio bibl�o fusik  sumpuknwmènh Ôlh30



prosanatolismoÔ tou, dhmiourgoÔn èna magnhtikì ped�o mèsa sto ulikì. Toped�o autì ja exart�tai apì thn par�metro t�xh, dhlad  th magn tish, en¸sth sunèqeia qrhsimopoie�tai gia na upolog�soume thn par�metro t�xh, afoÔh magn tish tou ulikoÔ exart�tai apì to magnhtikì ped�o pou efarmìzetai.Ant�stoiqa, kai ed¸ mporoÔme na upojèsoume ìti oi magnhtikè ropè dh-miourgoÔn èna magnhtikì ped�o H int mèsa sto ulikì. To ped�o autì en gèneide ja e�nai qwrik� omoiìmorfo. Epeid  ìmw ergazìmaste sto q¸ro twn ku-matarijm¸n, h qwrik  aut  ex�rthsh mpore� na lhfje� upìyh jewr¸nta tometasqhmatismì Fourier H int
k . Sundu�zonta to ginìmeno 1

2µBH int
k se miametablht  Fk, h opo�a dhl¸nei thn enèrgeia th sidhromagnhtik  f�sh pousqet�zetai me to kumat�nusma k, èqoume gia to komm�ti th qamiltonian  tousust mato lìgw th sidhromagnhtik  f�sh:

Hfer = −
∑

k

Fkζ†kρ̂3σ̂3ζk (2.26)MporoÔme na jewr soume ìti ìle oi f�sei dhmiourgoÔntai me ènan parì-moio mhqanismì (blèpe [3℄), epomènw gia mia par�metro t�xh A me ant�stoiqop�naka Â ja e�nai:
HA = ±

∑

k

Akζ†kÂζk (2.27)Telik�, h qamiltonian  tou sust mato gia th sunÔparxh perissìterwn f�-sewn pa�rnei th morf :
H =

∑

k

ζ†k

(
±AkÂ ± BkB̂ ± . . .

)
ζk =

∑

k

ζ†kÊkζk (2.28)H qamiltonian  aut  èqei th morf  qamiltonian  eleÔjerou swmatid�ousto formalismì deÔterh kb�ntwsh9, me th mình diafor� ìti ed¸ oi telestèdhmiourg�a kai katastrof  e�nai dianÔsmata kai h enèrgeia Êk p�naka.Pr�gmati, den up�rqei poujen� se aut n th qamiltonian  ìro dunamik enèrgeia, opìte e�nai san ta swmat�dia na kinoÔntai sto kenì, anex�rthtato èna apì to �llo. Kaj¸ h ex�swsh Dyson (1.45) isqÔei kai gia su-nart sei Green-p�nake, mporoÔme na jewr soume ìti h sun�rthsh Greentou sust mato e�nai h Green eleÔjerou swmatid�ou10
Ĝ0(k, iωn) =

1

iωn − Êk

(2.29)To deÔtero mèlo th parap�nw ex�swsh e�nai mia sun�rthsh p�naka, en¸ìpou iωn uponoe�tai iωn1̂ = iωnτ̂0ρ̂0σ̂0. Ousiastik�, h sun�rthsh Green poujèloume na upolog�soume e�nai o ant�strofo tou p�naka ston paranomast .9blèpe ex�swsh (1.20)10Sto upìloipo komm�ti th ergas�a, h di�krish twn sun�rthsewn Green peperasmènhkai mhdenik  jermokras�a ja g�netai apì ta or�smat� tou (t′ − t   iωn), opìte giaeukol�a antikajistoÔme to kalligrafikì G me aplì G.31



Gnwr�zonta th sun�rthsh Green, mporoÔme na gr�youme exis¸sei auto-sunèpeia gia ti paramètrou t�xh w ex :
Ak =

1

8
kT

∑

k

∑

n

V α
kk′tr[ÂĜ0(k, iωn)] (2.30)Epeid  to prìblhm� ma ja perilamb�nei pollè f�sei, ja èqoume èna sÔ-sthma exis¸sewn, to opo�o prèpei na lÔsoume autosunep¸. H ex�swsh aut ,kaj¸ kai h qamiltonian  (2.28), ja g�noun katanohtè me èna par�deigmasumpuknwmènh f�sh, pou parousi�zoume sthn epìmenh par�grafo.2.4 KÔma puknìthta spin (spin density wave, SDW)kai fort�ou (charge density wave, CDW)To kÔma puknìthta spin den e�nai autì pou fant�zetai kane� sthn pr¸than�gnwsh th lèxh, dhlad  èna fainìmeno metafor� k�poia enèrgeia pousqet�zetai me to spin. Ant�jeta, e�nai mia kat�stash sullogik  taktopo�h-sh, ìpou to pèra twn dianusm�twn prosanatolismoÔ twn spin tou ulikoÔdiagr�foun mia spe�ra sto q¸ro me per�odo R. Me �lla lìgia, e�n se k�poioshme�o tou ulikoÔ to stoiqei¸de spin e�nai prosanatolismèno pro ta jetik�

z, se apìstash R/2 ja e�nai prosanatolismèno pro ta arnhtik� z, en¸ seapìstash R ja e�nai prosanatolismèno kai p�li pro sta jetik� z. Tètoiaulik� onom�zontai antisidhromagn te, afoÔ moi�zoun me tou sidhromagn -te sto ì,ti parousi�zoun sullogik  taktopo�hsh twn spin, lìgw ìmw toutrìpou aut  th taktopo�hsh to ulikì sunolik� parousi�zetai amagn tisto.Gia na qeiristoÔme aut� ta ulik�, eis�goume ton telest  th qwrik katanom  tou spin:
Sop(r) =

∑

i

siδ(r − ri) (2.31)ìpou si e�nai o telest  tou spin gia to i-ostì stoiqei¸de spin, pou e�naientopismèno sto shme�o ri. Jum�zoume ìti
s =

1

2
[σ1îx + σ2îy + σ3îz] (2.32)ìpou σi, i = 1, 2, 3 e�nai oi p�nake Pauli pou or�sthkan sth (2.17). Efìsonh katanom  tou spin (dhlad  h mèsh tim  tou telest  (2.31) ) e�nai periodik ,ja anaptÔssetai se seir� Fourier w ex :

S = 〈Ψ0|Sop|Ψ0〉 =
∑

n

SQneiQ·r (2.33)ìpou Q e�nai to di�nusma ant�strofou plègmato pou antistoiqe� sthn perio-dikìthta R, opìte |Q| = 2π
R . W par�metroi t�xh jewroÔntai oi suntelestè

Fourier th parap�nw seir�. Sun jw pa�rnoume mìno ton pr¸to suntele-st , o opo�o e�nai kai o epikratèstero.32



Sto formalismì deÔterh kb�ntwsh, o telest  (2.31) gr�fetai:
Sop(r) =

∑

kσ,lσ′

〈kσ|sδ(r − r′)|lσ′〉c†kσclσ′ (2.34)Gia na upolog�soume ta stoiqe�a p�naka, ja qrhsimopoi soume thn prosèggisheleÔjerwn hlektron�wn, opìte oi kumatosunart sei ja e�nai ep�peda kÔmata.'Etsi, èqoume:
〈kσ|sδ(r − r′)|lσ′〉 = 〈k|δ(r − r′)|l〉〈σ|s|σ′〉 =

= ei(l−k)·r × 1

2
[(δ−σ,σ′ )̂ix + (iσ′δ−σ,σ′ )̂iy + (σ′δσ,σ′ )̂iz] (2.35)H deÔterh isìthta prokÔptei epeid  o telest  s dra sto mèro th kuma-tosun�rthsh pou sqet�zetai me to spin, en¸ o telest  δ(r − r′) dra stoqwrikì komm�ti. Ta stoiqe�a p�naka tou s upolog�zontai apì th (2.32), en¸ta stoiqe�a p�naka tou qwrikoÔ kommatioÔ upolog�zontai eÔkola:

〈k|δ(r − r′)|l〉 =

∫
d3r′ψ†

kδ(r − r′)ψl =

∫
d3r′e−ik·r′δ(r − r′)eil·r′ = ei(l−k)·r(2.36)Sth genik  per�ptwsh, oi kumatosunart sei twn hlektron�wn e�nai kÔmata

Bloch, dhlad  ep�peda kÔmata pollaplasiasmèna me kat�llhle sunart sei,pou èqoun thn periodikìthta tou plègmato. H ex�swsh (2.35), an antikata-staje� sth (2.34), d�nei:
Sop(r) =

1

2

∑

l,k

ei(l−k)·r{[c†k↑cl↓+c†k↓cl↑ ]̂ix+i[c†k↓cl↑−c†k↑cl↓ ]̂iy+[c†k↑cl↑+c†k↓cl↓ ]̂iz}(2.37)A upojèsoume t¸ra ìti o �xona tou spir�l e�nai sth dieÔjunsh twn x,kai a p�roume w par�metro t�xh ton pr¸to suntelest  th seir� Fourier(2.33) gia thn probol  tou spin ston �xona z. O n-stì suntelest  thseir� ja d�netai apì th sqèsh:
SQn =

∫
d3reiQ·r〈Ψ0|Sop(r)|Ψ0〉 (2.38)opìte telik� ja èqoume:

SQz ≡ (SQ0)z =
1

2N

∑

k

〈Ψ0|c†k↑ck+Q↑ − c†k↓ck+Q↓|Ψ0〉 (2.39)Sto prìblhm� ma èqoume jewr sei kumat�nusma Q, tètoio ¸ste an metakinh-joÔme kat� 2Q, epanerqìmaste sto �dio shme�o th z¸nh Brillouin. Ep�sh,èqoume jewr sei ulikì me summetr�a k ↔ −k. Me aut� ta dedomèna, kane�blèpei eÔkola ìti h par�metro t�xh SQz gr�fetai:
SQz =

1

8N

∑

k

〈Ψ0|ζ†kτ̂1ρ̂3σ̂3ζk|Ψ0〉 (2.40)33



Sth sunèqeia, ja epiqeir soume na ex�goume to �dio apotèlesma apì dia-foretikì drìmo, pou ja r�xei perissìtero fw sth fusik  tou jèmato11.'Opw gnwr�zoume, ìtan se èna SDW ulikì èqoume sto shme�o r èna swma-t�dio me spin ↑, tìte sto shme�o r + R èqoume p�li èna swmat�dio me spin ↑.Sunep¸, mèsa sto ulikì anaptÔssetai èna dunamikì pou e�nai elktikì giaswmat�dia �diou spin se apìstash nR, kai apwstikì gia swmat�dia ant�jetouspin sthn �dia apìstash. Aut  h periodikìthta tou dunamikoÔ epitrèpei na toanaptÔxoume se seir� Fourier kai na krat soume mìno ton pr¸to ìro, pou jaantistoiqe� sto kumat�nusma Q. Kat� k�poion trìpo, èna swmat�dio, mèswtou kat�llhlou prosanatolismoÔ pou dhmiourge�tai se ìla ta upìloipa sw-mat�dia tou ulikoÔ, parousi�zei autì to energì dunamikì. E�n jewrìusameto metasqhmatismì Fourier tou dunamikoÔ, autì ja e�qe korufè sta shme�a
nQ. Sunep¸, mporoÔme sth qamiltonian  tou arqikoÔ sust mato na pro-sjèsoume kai mia dunamik  enèrgeia, pou ìmw e�nai mh mhdenik  mìno gia tokumat�nusma Q (  alli¸ gia metafor� orm  Q):
H = Hnorm + HSDW =

∑

kσ

ǫkc†kck +
1

2

∑

kσ,k′σ′

c†k+Qσc†k′σ′V
Q

kk′,σσ′ckσck′+Qσ′(2.41)H allhlep�drash aut  antistoiqe� sto di�gramma tou sq mato 2.1.
Q
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'

σ

σ
σ
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Sq ma 2.1: Sq ma allhlep�drash se ulik� SDWTo dunamikì autì e�pame ìti e�nai elktikì gia par�llhla spin kai apwstikìgia antipar�llhla. Epomènw, mporoÔme na jewr soume ìti èqei mia arnhtik tim  −V Q

kk′ gia par�llhla spin kai thn �dia all� jetik  tim  gia antipar�llhla11Ta epiqeir mata pou parousi�zontai ed¸ den e�nai akrib , d�noun ìmw mia epark eikìna. 34



spin. Tìte h HSDW pa�rnei th morf :
HSDW =

1

2

∑

kk′

∑

↑↓

[
−c†k+Q↑↓c

†
k′↑↓V

Q

kk′ck↑↓ck′+Q↑↓ + c†k+Q↑↓c
†
k′↓↑V

Q

kk′ck↑↓ck′+Q↓↑

]

=
1

2

∑

kk′

[c†k+Q↑ck↑ − c†k+Q↓ck↓]V
Q

kk′ [c
†
k′↑ck′+Q↑ − c†k′↑ck′+Q↑]

=
1

2

∑

kk′

b†kV Q

kk′bk′ (2.42)ìpou qrhsimopoi same tou telestè
{

b†k = c†k+Q↑ck↑ − c†k+Q↓ck↓
bk = c†k′↑ck′+Q↑ − c†k′↑ck′+Q↑

(2.43)H qamiltonian  (2.42) èqei th morf  enèrgeia allhlep�drash metaxÔ twnswmatid�wn me telestè dhmiourg�a kai katastrof  toÔ (2.43). A doÔme tofusikì nìhma aut¸n twn telest¸n. O telest  ck↑ katastrèfei èna swmat�dio(dhlad  dhmiourge� mia op ) apì to shme�o k me spin ↑, en¸ o telest  c†k+Q↑dhmiourge� èna swmat�dio sth jèsh k + Q me spin ↑. Epomènw, sunolik� otelest  c†k+Q↑ck↑ dhmiourge� èna zeÔgo swmatid�ou-op  sti jèsei k + Qkai k ant�stoiqa, me spin ↑. Ant�stoiqa kai gia ton c†k+Q↓ck↓, mìno pou ed¸up�rqei mia allag  pros mou lìgw tou ant�jetou spin.A upojèsoume ìti èqoume èna eleÔjero hlektrìnio se mia upèrjesh twnkatast�sewn k ↑ kai k ↓:
ψk(r) = c1e

ik·r| ↑〉 + c2e
ik·r| ↓〉 (2.44)kai droÔme sthn kumatosun�rths  tou ton telest  1√

2
+ 1√

2
b†k. 'Opw jag�nei fanerì parak�tw, to idanikì SDW dhmiourge�tai w isìposh upèrjeshth kanonik  kai th diegermènh kat�stash. H nèa kumatosun�rthsh jae�nai:

ψ′
k(r) = (

1√
2

+
1√
2
b†k)ψk(r) =

1√
2
c1e

ik·r(1 + eiQ·r)| ↑〉 +
1√
2
c2e

ik·r(1 − eiQ·r)| ↓〉 =

c1

√
2ei(k+Q

2
)·r cos

(
Q · r

2

)
| ↑〉 − ic2

√
2ei(k+Q

2
)·r sin

(
Q · r

2

)
| ↓〉 (2.45)ParathroÔme ìti, ektì apì thn aÔxhsh th orm  kat� Q

2 , h sunist¸sa | ↑〉emfan�zetai kai exafan�zetai me per�odo 2π
Q = R, kai to �dio sumba�nei meth sunist¸sa | ↓〉. Ep�sh, ta mègista th sunist¸sa | ↑〉 sump�ptoun meta el�qista (ed¸ mhdenismoÔ) th sunist¸sa | ↓〉 kai antistrìfw. 'Ara,35



prìkeitai pr�gmati gia SDW, ìpw to e�qame perigr�yei sthn arq  aut  thparagr�fou12.Se autì to shme�o, mporoÔme na parathr soume ìti h qamiltonian  (2.41),lìgw th (2.42), parousi�zei omoiìthta me th qamiltonian  (2.14) tou [4℄. Togegonì autì  tan pou ma ¸jhse na anaptÔxoume mia parìmoia prosèggishkai ed¸. Autì e�nai èna par�deigma th genikìthta twn mejìdwn pou qrhsi-mopoioÔntai se tètoia jèmata, anex�rthta apì ti leptomèreie tou ek�stoteprobl mato.Sth sunèqeia, ja epiqeir soume na prosegg�soume th qamiltonian  (2.42)me mia qamiltonian  mèsou ped�ou, sthn opo�a ja emfan�zontai ta pragmatik�swmat�dia, kai ìqi plèon ta oione�-swmat�dia (2.43). 'Opw gnwr�zoume, sthnprosèggish mèsou ped�ou jewroÔme ìti k�je hlektrìnio kine�tai sto mèsoped�o pou dhmiourgoÔn ìla ta �lla hlektrìnia, ta opo�a ston upologismì touped�ou autoÔ jewroÔntai statik�. 'Ara, sth (2.43) ja prèpei na p�roume miamèsh tim  w pro to deÔtero swmat�dio me de�kth k′:
HSDW

H =
1

2

∑

kk′

[c†k+Q↑ck↑−c†k+Q↓ck↓]V
Q

kk′ [〈c†k′↑ck′+Q↑〉−〈c†k′↓ck′+Q↓〉] (2.46)ìpou h de�kth H th qamiltonian  uponoe� thn prosèggishenglish Hartre-egreek, dhlad  thn prosèggish mèsou ped�ou. H qamiltonian  aut  mpore� nagrafe� me morf  an�logh th (2.26) an or�soume:
Mk = −1

2

∑

k

V Q

kk′ [〈c†k′↑ck′+Q↑〉 − 〈c†k′↓ck′+Q↓〉] (2.47)Aut  e�nai mia èkfrash genikìterh th (2.39), afoÔ o mèso ìro g�netai me�jroish kat� b�rh ep�nw se ìle ti dunatè katast�sei. Oi mèse timèsto parap�nw �jroisma e�nai ousiastik� sunist¸se th sun�rthsh Green-p�naka (2.15). Qrhsimopoi¸nta ti summetr�e pou anafèrontai k�tw apì thnex�swsh (2.39), telik� br�skoume:
Mk = −i

1

8

∑

k′

V Q
kk′tr{τ̂1ρ̂3σ̂3Ĝ0(k

′, t′ − t)} (2.48)me th qamiltonian  na pa�rnei th morf :
HSDW

H = −
∑

k

ζ†kMkτ̂1ρ̂3σ̂3ζk (2.49)Gia peperasmène jermokras�e, oi mèse timè sth (2.47) perilamb�nounkai statistikì mèso ìro se ìle ti dunatè katast�sei (dhlad  kai sti12Gia mia perigraf  twn pragmatik¸n kumatosunart sewn tou SDW, blèpe [5℄, wstìsoh pl rh katanìhsh aut¸n twn �rjrwn apaite� gn¸sh th jewr�a gia to ugrì Fermi36



diegermène). H sun�rthsh Green peperasmènh jermokras�a enswmat¸neiaut  thn �jroish, epomènw h (2.48) pa�rnei t¸ra th morf :
Mk(τ) = −1

8

∑

k′

V Q
kk′tr{τ̂1ρ̂3σ̂3Ĝ0(k

′, τ)} (2.50)Eme� ìmw endiaferìmaste gia thn trèqousa jermokras�a T = 1
kβ . Qrhsimo-poioÔme th seir� Fourier (2.10), apì thn opo�a krat�me mìno tou ìrou me

ωn = π
β (2n + 1), kaj¸ prìkeitai gia fermionikì sÔsthma, epomènw ja e�nai:

Mk =
1

8
kT

∑

k′

∑

n

V Q
kk′tr{τ̂1ρ̂3σ̂3Ĝ0(k

′, iωn)} (2.51)To �jroisma autì mpore� na upologiste� analutik�, q�rh se mia teqnik  pouparousi�zetai sto Par�rthma Dþ.Telik�, èqoume ti paramètrou t�xh na prosdior�zoun th qamiltonian .Apì th qamiltonian  sth sunèqeia upolog�zoume th sun�rthsh Green, kai apìaut n, mèsw exis¸sewn ant�stoiqwn me thn parap�nw, prosdior�zontai p�lioi par�metroi t�xh. Aut  h diadikas�a akolouje�tai epanallhptik�, mèqri nasugkl�nei se mia paradekt  lÔsh.H per�ptwsh tou kÔmato puknìthta fort�ou (charge density wave, CDW)e�nai parìmoia. Mìno pou t¸ra ja èqoume diakum�nsei sthn tim  tou fort�ou,dhlad  sthn puknìthta tou hlektronikoÔ nèfou, kai ìqi sthn kateÔjunshtou spin. Epomènw, prìkeitai gia per�ptwsh summetrik  w pro spin ↑ kaispin ↓ kai to mìno pou all�zei se sqèsh me thn parap�nw an�lush e�nai meri-k� prìshma. Telik�, br�skoume ìti h qamiltonian  pou sqet�zetai me th f�sh
CDW e�nai:

HCDW =
∑

k

Wkζ†kτ̂1ρ̂3ζk (2.52)2.5 H prosèggish tou isquroÔ desmoÔ (Tight bind-
ing model) sto formalismì gia th sunÔparxhf�sewnSthn prosèggish aut , jewroÔme ìti o desmì an�mesa sta iìnta kaita hlektrìnia e�nai isqurì, kai e�nai autì pou kajor�zei th morf  th ku-matosun�rths  tou. Fusik�, ta hlektrìnia paramènoun mh entopismèna,epomènw e�nai fusikì na jewr soume ìti h kumatosun�rthsh k�je hlektro-n�ou e�nai isìposh upèrjesh twn troqiak¸n gia k�je �tomo tou plègmato.Me �lla lìgia, an k�je �tomo prosfèrei èna eleÔjero hletrìnio sto stereì,tìte to exwterikì autì troqiakì tou kalÔptetai apì ìla ta hlektrìnia touplègmato, kai kajèna apì ta hlektrìnia br�sketai tautìqrona se ìla tatroqiak�. 37



H upèrjesh prèpei na ktaskeuaste� ètsi ¸ste na prìkeitai gia kÔma Bloch.An χ(r − R) h kumatosun�rthsh tou exwterikoÔ troqiakoÔ gia to �tomopou br�sketai sth jèsh R, tìte oi kumatosunart sei pou ikanopoioÔn tiparap�nw idiìthte e�nai oi:
ψk(r) =

1√
N

∑

R

χ(r − R)eik·R (2.53)ìpou to �jroisma pragmatopoie�tai ep�nw se ìla ta plegmatik� shme�a, dh-lad  R e�nai èna di�nusma periodikìthta tou plègmato. Pr�gmati, oi para-p�nw kumatosunart sei gr�fontai w:
ψk(r) = eik·r 1√

N

∑

R

χ(r − R)eik·(R−r) = eik·ruk(r) (2.54)ìpou h uk(r) èqei thn periodikìthta tou plègmato, dhlad  uk(r + nR) =
uk(r). Dhlad  h kumatosun�rthsh ψk(r) e�nai èna ep�pedo kÔma diamorfw-mèno apì mia sun�rthsh me thn periodikìthta tou plègmato, �ra prìkeitaipr�gmati gia kÔma Bloch. H ex�swsh (2.53), gia suntìmeush tou sumbolismoÔ,mpore� na grafe� ep�sh:

|ψk〉 =
1√
N

∑

R

|R〉eik·R (2.55)ìpou |R〉 sumbol�zei thn kat�stash ìpou to hlektrìnio e�nai entopismèno sto�tomo pou br�sketai sto R, dhlad  to troqiakì χ(r − R).Gia na broÔme thn ex�swsh diaspor�, ja prèpei na lÔsoume thn ex�swshidiotim¸n:
H|ψk〉 = Ek|ψk〉 (2.56)me th qamiltonian 

H = T +
∑

R

vR, vR = v(r − R) (2.57)ìpou T h kinhtik  enèrgeia kai v(r−R) h dunamik  enèrgeia lìgw th parou-s�a tou iìnto sto shme�o R. H (2.56) mpore� na metatrape� se algebrik ex�swsh, qwr� na q�soume kajìlou plhrofor�a, e�n thn pollaplasi�soumeme 〈R|:
〈R|H − Ek|ψk〉 = 0 ⇒

∑

R′

〈R|H − Ek|R′〉eik·R′

= 0 (2.58)H parap�nw ex�swsh e�nai o genikì tÔpo th jewr�a. Sthn prosèggi-sh twn kontinìterwn geitìnwn, jewroÔme ìti to k�je troqiakì e�nai per�pouentopismèno sto ant�stoiqo �tomo, kai èqei shmantik  epik�luyh mìno me taamèsw geitonik� tou. 'Ara ta stoiqe�a p�naka th (2.58) 〈R|H − Ek|R′〉ja e�nai mh mhdenik� mìno gia R′ = R + ∆, ìpou ∆ e�nai èna di�nusma pou38



pa�rnei ti timè twn apost�sewn enì plegmatikoÔ shme�ou apì ta amèswgeitonikìtera. P.q. gia mia monodi�stath alus�da atìmwn ston �xona z kaise apost�sei a metaxÔ tou, ja e�nai ∆ = ±aẑ. 'Etsi, h ex�swsh (2.58)pa�rnei th morf :
〈R|H − Ek|R〉 +

∑

∆

〈R|H − Ek|R + ∆〉eik·∆ = 0 (2.59)Gia ton upologismì tou pr¸tou kommatioÔ th (2.59), ja upojèsoume ì-ti mìno ta dunamik� twn kontinìterwn geitìnwn, kaj¸ kai tou up�rqontoiìnto, sumb�lloun ston kajorismì th enèrgeia tou ek�stote troqiakoÔ,dhlad :
〈R|H − Ek|R〉 ≃ 〈R|T + vR − Ek|R〉 +

∑

∆

〈R|vR+∆|R〉 (2.60)O pr¸to ìro th parap�nw ex�swsh dhl¸nei thn enèrgeia tou atomikoÔtroqiakoÔ, qwr� thn Ôparxh dhlad  tou plègmato:
(T + vR)|R〉 = Eat|R〉 (2.61)An sumbol�soume

α =
∑

∆

〈R|vR+∆|R〉 =
∑

∆

∫
d3r|χ(r − R)|2v(r − R − ∆) (2.62)tìte èqoume

〈R|H − Ek|R〉 ≃ Eat − Ek + α (2.63)Gia to deÔtero komm�ti th (2.59), èqoume:
〈R|H − Ek|R + ∆〉 = 〈R|T +

∑

R′

vR′ − Ek|R + ∆〉 (2.64)me
〈R|vR′ |R + ∆〉 =

∫
d3rχ∗(r − R)v(r − R′)χ(r − R − ∆) (2.65)To dunamikì v(r), kaj¸ kai ta troqiak� χ(r) e�nai mikr� se apìluth tim makri� apì to kèntro tou. Epomènw to parap�nw olokl rwma ja e�nai mikrìgia R′ 6= R,R + ∆. 'Ara, ja e�nai proseggistik�:

〈R|H − Ek|R + ∆〉 ≃ 〈R|T + vR+∆ − Ek|R + ∆〉 + 〈R|vR|R + ∆〉
= (Eat − Ek)〈R|R + ∆〉 + 〈R|vR|R + ∆〉(2.66)An sumbol�soume me
J∆ = 〈R|R + ∆〉 (2.67)39



to olokl rwma epik�luyh metaxÔ geitonik¸n troqiak¸n kai me
β∆ = 〈R|vR|R + ∆〉 (2.68)to olokl rwma metafor� metaxÔ geitonik¸n troqiak¸n, ja e�nai:

〈R|H − Ek|R + ∆〉 ≃ (Eat − Ek)J∆ + β∆ (2.69)Telik�, h (2.59) gr�fetai:
Eat − Ek + α +

∑

∆

{(Eat − Ek)J∆ + β∆}eik·∆ = 0

⇒ Ek ≃ Eat +
α +

∑
∆ β∆eik·∆

1 +
∑

∆ J∆eik·∆ ≃ Eat + α +
∑

∆

β∆eik·∆ (2.70)Gia par�deigma, se èna didi�stato tetragwnikì plègma, me apost�sei aan�mesa sta plegmatik� shme�a, ja e�nai:
∆ = ±ax̂,±aŷ ⇒ Ek = Eat + α + 2β(cos(kxa) + cos(kya)) (2.71)Oi isodunamikè epif�neie fa�nontai sto sq ma 2.2.
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Sq ma 2.2: Isodunamikè epif�neie sthn prosèggish isquroÔ desmoÔ giatetragwnikì plègma. H epif�neia Fermi e�nai to {plagiastì} tetr�gwno stosq ma autì, ètsi ¸ste na katalamb�nei th mis  z¸nh Brillouin. E�n sto ulikìeis�goume prosm�xei pou d�noun opè (dèkte hlektron�wn), ousiastik� anafairèsoume hlektrìnia apì to sÔsthma, tìte h epif�neia Fermi metakine�taipro ti eswterikè isodunamikè epif�neie, en¸ to ant�strofo sumba�nei e�neis�goume prosm�xei pou e�nai dìte hlektron�wn.40



E�n lhfjoÔn upìyh kai ta plegmatik� shme�a pou br�skontai sti anti-diametrikè korufè enì tetrag¸nou, ja e�nai:
∆ = ±ax̂,±aŷ,±a(x̂ + ŷ),±a(x̂ − ŷ)

⇒ Ek = Eat + α + 2β1 (cos(kxa) + cos(kya)) + 4β2 cos(kxa) cos(kya)(2.72)Oi ant�stoiqe epif�neie Fermi fa�nontai sto sq ma 2.3.
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Sq ma 2.3: Epif�neie Fermi sthn prosèggish isquroÔ desmoÔ gia tetragwni-kì plègma, ìpou èqoun lhjfe� upìyh kai ta plegmatik� shme�a pou br�skontaisti antidiametrikè korufè enì tetrag¸nou. Me suneq  gramm  e�nai h e-pif�neia Fermi gia 2β2

β1
= 0, me diakekommènh kai me di�stikth gramm  e�nai oipeript¸sei 2β2

β1
= 0.2 kai 2β2

β1
= −0.2. Gia ta β1, β2, blèpe ex�swsh (2.72).A r�xoume mia mati� sto sq ma th epif�neia Fermi tou sq mato 2.2, sesqèsh me th qamiltonian  (2.42). Sth qamiltonian  aut  parousi�zetai o tele-st  c†k+Q↑↓ck↑↓ pou metafèrei èna swmat�dio apì thn kat�stash |k ↑↓〉 sthnkat�stash |k + Q ↑↓〉. 'Omw, lìgw th Ôparxh kai tou ìrou ∑

k ǫkc†kck,ta swmat�dia aut� den mporoÔn na proèrqontai apì {bajeiè} energeiakèkatast�sei, oÔte na katal goun se katast�sei arket� uyhlìtera apì thst�jmh Fermi, giat� tìte h enèrgeia pou ja apaitoÔsan ja  tan meg�lh, �rah nèa kat�stash de ja  tan energeiak� sumfèrousa. Sunep¸, ta swmat�-dia aut� ja prèpei na proèrqontai l�go k�tw apì th st�jmh Fermi kai nakatal goun l�go p�nw apì aut n. Apì to sq ma 2.2, g�netai fanerì ìti tokumat�nusma Q pou ikanopoie� aut n thn apa�thsh e�nai to Q = (π
a , π

a )13,ìpou a h plegmatik  stajer�, dhlad  h apìstash twn iìntwn sto plègma.Autì e�nai kai to kumat�nusma pou epilèxame gia to prìblhma autì, koinì13fusik� kai ta Q = (π
a
,−π

a
), (−π

a
, π

a
), (−π

a
,−π

a
)41



gia ta SDW, CDW. Lìgw autoÔ tou kumatanÔsmato, h periodikìthta twn
SDW, CDW ja e�nai 2a, se diag¸nia ìmw dieÔjunsh se sqèsh me th di�taxhtwn atìmwn sto plègma.ParathroÔme ìti metak�nhsh kat� 2Q ma epanafèrei sto �dio shme�o thz¸nh Brillouin. To gegonì autì ekmetalleuìmaste gia th summetrik  èk-frash twn ìrwn th qamiltonian 14. Sugkekrimèna, or�zoume:

{
2γk = ǫk − ǫk+Q

2δk = ǫk + ǫk+Q
(2.73)Sthn per�ptwsh th prosèggish isquroÔ desmoÔ, pou qrhsimopoioÔme ed¸,ja e�nai: {

γk = 2β1 (cos(kxa) + cos(kya))
δk = 4β2 cos(kxa) cos(kya)

(2.74)ìpou jewr same w mhdenikì ep�pedo th st�jmh Fermi. Pr�gmati, sthn èk-frash th sun�rthsh Green peperasmènh jermokras�a emfan�zetai stonparanomast  h diafor� ǫk − µ, ìpou µ to qhmikì dunamikì. Ed¸, mporoÔmena jèsoume to qhmikì dunamikì �so me thn enèrgeia Fermi, pr�gma pou isqÔeisti pio pollè peript¸sei. Wstìso autì paramènei mia prosèggish, afoÔjewr same thn enèrgeia Fermi apous�a twn upolo�pwn f�sewn.Oi enèrgeie γk kai δk e�nai antisummetrikè kai summetrikè ant�stoiqaw pro Q, en¸ e�nai kai oi dÔo summetrikè w pro thn enallag  k ↔ −k:
{

γk = −γk+Q, γk = γ−k

δk = δk+Q, δk = δ−k
(2.75)Qrhsimopoi¸nta aut n thn idiìthta, upolog�zoume gia thn enèrgeia th ka-nonik  kat�stash tou sust mato:

∑

k↑↓
ǫkc†k↑↓ck↑↓ =

∑

k↑↓
(γk + δk)c†k↑↓ck↑↓ =

1

2

∑

k↑↓

(
γkc†k↑↓ck↑↓ + γk+Qc†k+Q↑↓ck+Q↑↓

)
+

1

2

∑

k↑↓

(
δkc†k↑↓ck↑↓ + δk+Qc†k+Q↑↓ck+Q↑↓

)
=

1

2

∑

k↑↓
γk

(
c†k↑↓ck↑↓ − c†k+Q↑↓ck+Q↑↓

)
+

1

2

∑

k↑↓
δk

(
c†k↑↓ck↑↓ − c†k+Q↑↓ck+Q↑↓

)(2.76)An qrhsimopoi soume kai th summetr�a antistrof  k ↔ −k, telik� blèpoumeìti ja èqoume:
∑

k↑↓
ǫkc†k↑↓ck↑↓ =

1

4

∑

k

γkζ†kτ̂3ρ̂3ζk +
1

4

∑

k

δkζ†kρ̂3ζk (2.77)14blèpe kai k�tw apì thn ex�swsh (2.39) 42



Parak�tw, enswmat¸noume th stajer� 1
4 sta γk kai δk, opìte ja èqoume

∑

k↑↓
ǫkc†k↑↓ck↑↓ =

∑

k

γkζ†kτ̂3ρ̂3ζk +
∑

k

δkζ†kρ̂3ζk (2.78)me {
γk = 1

2β1 (cos(kxa) + cos(kya))
δk = β2 cos(kxa) cos(kya)

(2.79)
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Kef�laio 3Jewrhtik  kai upologistik mejodolog�a
3.1 Genik  diadikas�a gia thn èkfrash twn exis¸-sewn autosunèpeia'Estw ìti èqoume mia par�metro t�xh Ak, me ant�stoiqo p�naka Â. Tìteh ex�swsh autosunèpeia gia thn Ak d�netai apì th sqèsh:
Ak = T

∑

k′

∑

n

V A
kk′

1

8
tr{ÂĜ(k′, iωn)} = T

∑

k′

∑

n

V A
kk′

1

8
tr{[Ĝ−1(k′, iωn)Â]−1}(3.1)epeid  Â−1 = Â. H sun�rthsh Green Ĝ0(k

′, iωn) d�netai apì th (2.29), opìtexèroume thn ant�strof  th. 'Opw gnwr�zoume, to �qno enì p�naka e�nai�so me to �jroisma twn idiotim¸n tou. Ep�sh, oi idiotimè tou ant�strofoup�naka e�nai oi ant�strofe twn idiotim¸n tou orjoÔ p�naka. 'Etsi, an λi e�naioi idiotimè tou p�naka Ĝ−1
0 (k′, iωn)Â, h ex�swsh autosunèpeia pa�rnei thmorf :

Ak = T
∑

k′

∑

n

V A
kk′

1

8

∑

i

1

λi
=

T
∑

k′

∑

n

V A
kk′

1

8

λ2λ3...λ8 + λ1λ3λ4...λ8 + ... + λ1...λ7

λ1λ2...λ8
(3.2)Ta λi e�nai oi r�ze th ex�swsh:

Det[Ĝ−1(k′, iωn)Â − λI] = 0 ⇔ Det[Ĝ−1(k′, iωn)Â − λÂ2] = 0

⇔ Det[Ĝ−1(k′, iωn) − λÂ]Det[Â] = 0 (3.3)'Omw Det[Â] = ±1, opìte h ex�swsh (3.3) e�nai isodÔnamh me thn
Det[Ĝ−1(k′, iωn) − λÂ] = 0 (3.4)45



Wstìso, de qrei�zetai na lÔsoume aut n thn ex�swsh. Apl� anaptÔssou-me to pr¸to mèlo w polu¸numo tou λ, kai parathroÔme ìti, an diairèsoume topolu¸numo me to suntelest  tou λ8, o stajerì ìro e�nai �so me λ1λ2...λ8,en¸ o suntelest  tou λ isoÔtai me − (λ2λ3...λ8 + ... + λ1...λ7).Aut  h diadikas�a eÔresh twn exis¸sewn autosunèpeia �sw na mhn e�-nai sumfèrousa upologistik�. Wstìso, parèqei mia genik  mèjodo upologi-smoÔ, akìmh kai ìtan gnwr�zoume mìno ton ant�strofo p�naka th sun�rthsh
Green, o opo�o mpore� na breje� eÔkola apì th qamiltonian . Wstìso, sthnergas�a aut  qrhsimopoi same to prìgramma pou anaptÔxame gia ton upolo-gismì ginomènwn apì ajro�smata pin�kwn Pauli, ètsi ¸ste stadiak� kai medokimè ektelèsame ti zhtoÔmene antistrofè. To prìgramma autì parou-si�zetai se epìmenh par�grafo tou kefala�ou.3.2 Krit rio gia thn an�meixh katast�sewn qrh-simopoi¸nta th Ĝ0(k, iωn)'Estw ìti èqoume th qamiltonian  (blèpe ex�swsh (2.28) ):

H = ζ†kEkζk (3.5)H sun�rthsh Green eleÔjerou swmatid�ou gr�fetai sth morf :
Ĝ0(k, iωn) =

1

iωn − Ek

= f0(k, iωn)+f1(k, iωn)Ek+...+f7(k, iωn)E7
k (3.6)efìson o Ek e�nai èna p�naka 8 × 8. 'Estw ìti h qamiltonian  perilamb�neiti paramètrou t�xh α, β kai γ, me ant�stoiqou p�nake Â, B̂ kai Γ̂, dhlad 

Ek = αÂ + βB̂ + γΓ̂ + . . . (3.7)Ja exet�soume thn ex�swsh autosunèpeia gia thn par�metro γ, epomènw maendiafèrei h sunist¸sa th Ĝ0(k, iωn) pou e�nai an�logh tou Γ̂. Pr�gmati,lìgw th (2.30) kai th morf  twn pin�kwn Pauli (2.17), mìno h sunist¸saaut  ja d�nei mh mhdenik  suneisfor� sto �qno. Apì ti exis¸sei (3.6)kai (3.7), e�nai fanerì ìti ja up�rqei en gènei mia suneisfor� se aut  thsunist¸sa an�logh tou αβ an ikanopoie�tai h sunj kh:
ÂB̂ = cΓ̂ (3.8)Wstìso, efìson aut  h suneisfor� proèrqetai apo k�poia dÔnamh tou Ek, jaup�rqei p�nta mia ìmoia suneisfor� an�logh tou B̂Â. Epomènw, ja prèpeina isqÔei:

ÂB̂ + B̂Â 6= 0 (3.9)SÔmfwna ìmw me ti idiìthte twn pin�kwn Pauli (2.18), mporoÔme na èqoumemìno ÂB̂ = B̂Â,   ÂB̂ = −B̂Â. 'Ara ja prèpei na e�nai:
ÂB̂ = B̂Â = cΓ̂ (3.10)46



Sth sunèqeia, ekmetalleuìmaste thn idiìthta twn pin�kwn Pauli na d�noun mo-n�da ìtan pollaplasi�zontai me ton eautì tou, opìte èqoume (prosèqontakai th seir� twn pollaplasiasm¸n, afoÔ oi p�nake de metat�jentai):
ÂB̂ = cΓ̂ ⇒ B̂ = cÂΓ̂

B̂Â = cΓ̂ ⇒ B̂ = cΓ̂Â

}
⇒ 1 = B̂2 = c2Γ̂ÂÂΓ̂ = c2 ⇒ c = ±1 (3.11)Me autè ti pro�pojèsei, mpore� na dei kane� eÔkola ìti ja up�rqei kai miasuneisfor� sth sunist¸sa B̂ th Ĝ0(k, iωn) an�logh tou αγ, kaj¸ kai miasuneisfor� sth sunist¸sa A an�logh tou βγ. E�n t¸ra  dh up�rqoun stosÔsthma oi dÔo apì ti trei autè f�sei, tìte en gènei ja up�rqei mia mhmhdenik  suneisfor� sthn ex�swsh autosunèpeia gia thn tr�th par�metro.Sunep¸, h Ôparxh dÔo opoiwnd pote f�sewn apì ti α, β epib�llei thnÔparxh kai th tr�th γ. H sunÔparxh aut  mpore� na mhn ekte�netai giaìle ti jermokras�e,   gia ìla p.q. ta magnhtik� ped�a. Wstìso, gia nae�nai to prìblhma pl re ja prèpei exarq  na sumperil�boume kai ti treiautè paramètrou, kai sto tèlo na doÔme an k�poie apì autè mhden�zontai,endeqomènw kai gia olìklhrh thn perioq  pou ma endiafèrei.EÔkola blèpei kane� ìti h sunj kh sunÔparxh aplopoie�tai peraitèrwse

ÂB̂ = ±Γ̂ (3.12)dhlad  de qrei�zetai na apait soume ÂB̂ = B̂Â. Pr�gmati
ÂB̂ = ±Γ̂ ⇒

{
B̂ = ±ÂΓ̂

Â = ±Γ̂B̂ ⇒ Γ̂Â = ±Γ̂2B̂ = ±B̂

}
⇒ ÂΓ̂ = Γ̂Â = ±B̂(3.13)Me ton �dio trìpo, mporoÔme na de�xoume kuklik� ìti ja isqÔoun ep�sh

Γ̂B̂ = B̂Γ̂ = ±Â, ÂB̂ = B̂Â = ±Γ̂ (3.14)Ja de�xoume t¸ra ìti h sunj kh (3.12), ektì apì ikan  gia th sunÔparxhtri¸n f�sewn, e�nai kai anagka�a gia thn an�meixh twn tri¸n f�sewn, meb�sh th sun�rthsh Green eleÔjerou swmatid�ou. Me �lla lìgia, autì omhqanismì anameignÔei mìno f�sei pou ikanopoioÔn thn (3.12). Pr�gmati, hsun�rthsh Green eleÔjerou swmatid�ou mpore� na anaptuqje� se seir� Taylor:
Ĝ0(k, iωn) =

1

iωn − Ek

=
1

iωn

[
1 +

Ek

iωn
+

(
Ek

iωn

)2

+ ...

] (3.15)H seir� aut  sugkl�nei gia idiotimè tou p�naka Ek

iωn
pou br�skontai mèsa stomonadia�o kÔklo. 'Etsi, an jewr soume th jermokras�a arket� uyhl , tìte h(3.15) sugkl�nei gia k�je n kai k. Wstìso, gnwr�zoume ìti h (3.15) sugkl�neise mia rht  èkfrash (afoÔ e�nai o ant�strofo enì p�naka), oi suntelestèth opo�a mporoÔn na upologistoÔn gia arket� meg�le jermokras�e. Aut h èkfrash, ìmw, prèpei na e�nai alhj  kai gia qamhlìtere jermokras�e,47



ìtan de br�skontai ìle oi idiotimè tou Ek

iωn
sto monadia�o kÔklo, afoÔ oisuntelestè th den èqoun lìgo na exart¸ntai kai apo th jermokras�a. 'Etsi,blèpoume ìti o mìno trìpo na èqoume mia sunist¸sa th Ĝ0(k, iωn) an�loghtou αβΓ̂ e�nai ìtan ikanopoie�tai h sqèsh (3.12).H sullogistik  aut  mpore� na epektaje� kai sthn per�ptwsh perissìte-rwn f�sewn. 'Estw èqoume trei f�sei α, β, γ kai δ, me ant�stoiqou p�nake

A, B, Γ kai ∆. H anagka�a kai ikan  sunj kh gia th gènnhsh th f�sh δapì ti �lle trei e�nai:
ÂB̂Γ̂ = c∆̂ (3.16)

ÂB̂Γ̂ + ÂΓ̂B̂ + ... 6= 0 ⇔ {Â, B̂}Γ̂ + {Â, Γ̂}B̂ + {B̂, Γ̂}Â 6= 0 (3.17)E�n isqÔei h (3.16), tìte mporoÔme eÔkola na de�xoume ìti h δ ja genn�tai,ìtan e�te èna, e�te kai ta tr�a apì ta zeÔgh pou sqhmat�zoun oi Â, B̂, Γ̂metat�jetai.Gia thn per�ptwsh tess�rwn paramètrwn t�xh pou gennoÔn mia pèmpth,oi sunj ke e�nai oi:
ÂB̂Γ̂∆̂ = cÊ (3.18)

{Â, B̂}{Γ̂, ∆̂} + {Â, Γ̂}{B̂, ∆̂} + {Â, ∆̂}{B̂, Γ̂} + {B̂, Γ̂}{Â, ∆̂} +

+{B̂, ∆̂}{Â, Γ̂} + {Γ̂, ∆̂}{Â, B̂} 6= 0 (3.19)kai h kat�stash g�netai mh tetrimmènh.3.3 K¸dika gia thn ektèlesh twn pollaplasia-sm¸n metaxÔ ajroism�twn pin�kwn PauliStou upologismoÔ ma, id�w sthn eÔresh tou ant�strofou sthn ex�swsh(2.29), èqoume na upolog�soume poll� ginìmena th morf :
∑

i

aiτ̂i1 ρ̂i2 σ̂i3 ·
∑

j

bj τ̂j1 ρ̂j2 σ̂j3 (3.20)Gia th gr gorh ektèlesh twn pollaplasiasm¸n aut¸n, anaptÔxame èna prì-gramma se Mathematica, ekmetalleuìmenoi ti idiìthte twn pin�kwn Pauli(2.18). To prìgramma autì upolog�zei to apotèlesma k�je pollaplasiasmoÔenì stoiqe�ou tou pr¸tou ajro�smato me èna stoiqe�o tou deÔterou kai toprosjètei sto telikì apotèlesma, to opo�o arqik� t�jetai �so me mhdèn. A-kolouje� o yeudok¸dika, ìpou me {:=} ennooÔme {g�netai �so}, en¸ me {=}ennoÔme èlegqo e�n isqÔei h isìthta. Ep�sh, mèsa se (* *) e�nai ta sqìlia.di�stash tou m := arijmì ìrwn pr¸tou ajro�smatom := l�sta pin�kwn, ìpou k�je p�naka èqei ta stoiqe�a ai, i1, i2, i3 th (3.20).di�stash tou n := arijmì ìrwn deÔterou ajro�smato48



n := l�sta pin�kwn, ìpou k�je p�naka èqei ta stoiqe�a bi, j1, j2, j3 th (3.20).
apot := p�naka 4 × 4 × 4 me mhdenik�(* O p�naka autì sto tèlo ja perièqei to apotèlesma. Oi trei sunist¸seshma�noun tou de�kte twn τ̂ , ρ̂, σ̂, en¸ h tim  tou stoiqe�ou ton ant�stoiqosuntelest  *)
temp := di�nusma tess�rwn sunistws¸n me mhdenik�(* O p�naka autì perièqei to apotèlesma tou trèqonto pollaplasiasmoÔ.
temp1 e�nai o suntelest , en¸ temp2, temp3, temp4, e�nai oi suntelestètwn τ̂ , ρ̂, σ̂. *)prìshmo := 1Gia i apì 1 w di�stash tou mGia j apì 1 w di�stash tou nAn ai = 0,   bj = 0, p gaine sthn epìmenh epan�llhyhprìshmo := 1Gia k apì 2 w 4An ik = jk, tìte tempk := ik + jk, An ìqi, tìteAn ik = 0,   jk = 0, tìte tempk := ik + jk, An ìqi, tìte

tempk := 6 − ik − jkAn ik − jk = −1,   ik − jk = 2, tìte prìshmo := i, An ìqi, tìteprìshmo := −i
temp1 := prìshmo ·ai · bj

apottemp2,temp3,temp4
:= apottemp2,temp3,temp4

+ temp1(* Sto tèlo prèpei na akolouje� dhmiourg�a enì p�naka sth morf  twn m,n, ¸ste to apotèlesma na mpore� na qrhsimopoihje� kai se epìmeno polla-plasiasmì. Oi entolè pou prèpei na qrhsimopoihjoÔn exart¸ntai apì tileptomèreie th anapar�stash pin�kwn kai list¸n sth sugkekrimènh gl¸s-sa programmatismoÔ *)Sto s¸ma tou progr�mmato kalÔptontai ìle oi peript¸sei gia tou de�-kte ik kai jk, mèsw kat�llhlh kathgoriopo�hsh aut¸n twn peript¸sewn.O anagn¸sth mpore� na elègxei thn orjìthta tou progr�mmato. Sth su-nèqeia, akolouje� h ulopo�hsh tou parap�nw k¸dika se Mathematica, ìpoupragmatopoie�tai w par�deigma o upologismì
(−iωn − γkτ̂3ρ̂3 + δkρ̂3 + Mkτ̂1ρ̂3σ̂3 + Wkτ̂1ρ̂3)

× (iωn − γkτ̂3ρ̂3 + δkρ̂3 + Mkτ̂1ρ̂3σ̂3 + Wkτ̂1ρ̂3) (3.21)
md = 5;
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m = {{-I wn, 0, 0, 0}, {-g, 3, 3, 0}, {d, 0, 3, 0}, {mc, 1, 3, 3},
{wc, 1, 3, 0}};
nd = 5;

n = {{I wn, 0, 0, 0}, {-g, 3, 3, 0}, {d, 0, 3, 0}, {mc, 1, 3, 3},
{wc, 1, 3, 0}};

apot = Table[0, {i, 4}, {j, 4}, {k, 4}];
temp = Table[0, {i, 4}];
pros = 1;

For[ i = 1, i <= md, i = i+1,

For[ j = 1, i <= nd, j = j+1,

If[ m[[i,1]] == 0 || n[[j,1]] == 0, Continue[ ] ];

pros = 1;

For[ k = 2, k <= 4, k = k+1,

If[ m[[i,k]] == n[[j,k]], temp[[k]] = 0,

If[ m[[i,k]]==0 || n[[j,k]]==0, temp[[k]]=m[[i,k]]+n[[j,k]],

temp[[k]] = 6 - m[[i,k]] - n[[j,k]];

If[ m[[i,k]] - n[[j,k]] == -1 || m[[i,k]] - n[[j,k]] == 2,

pros = I * pros,

pros = -I * pros

]

]

]

];

temp[[1]] = pros * m[[i,1]] * n[[j,1]];

apot[[ temp[[2]]+1, temp[[3]]+1, temp[[4]]+1 ]] =

apot[[ temp[[2]]+1, temp[[3]]+1, temp[[4]]+1 ]] + temp[[1]]

]

];

ap=Table[{apot[[Quotient[i,16]+1,Quotient[Mod[i,16],4]+1,Mod[i,4]+1]],
Quotient[i,16], Quotient[Mod[i,16],4], Mod[i,4]}, {i,0,63}]To apotèlesma prokÔptei sth morf  twn m kai n, dhlad  twn list¸neisìdou, ja èqei ìmw kai ti 64 sunist¸se, pollè apì ti opo�e ja e�naimhdèn.3.4 K¸dika gia th lÔsh twn exis¸sewn autosu-nèpeiaAnaptÔxame se Matlab èna prìgramma gia th lÔsh twn exis¸sewn auto-sunèpeia sta probl mata pou exet�zontai se aut n thn ergas�a. Wstìso,50



prìkeitai gia diadikas�a pou mpore� eÔkola na prosarmoste� se opoiod poteparìmoio prìblhma, all�zonta apl� ti basikè exis¸sei, kai endeqomènwmerikè stajerè. To prìgramma e�nai aplì, giautì kai parat�jetai qwr�poll� sqìlia. Gia epit�qunsh twn upologism¸n, jewroÔme ìti ta dunamik�skèdash V CDW
kk′ , V SDW

kk′ exart¸ntai apì th diafor� k−k′. 'Etsi, oi exis¸seiautosunèpeia katal goun na e�nai oloklhr¸mata sunèlixh, pou mporoÔn naupologistoÔn me b�sh th gnwst  sqèsh
f(x) ⊗ g(x) = F−1{F{f(x)} · F{g(x)}} (3.22)ìpou gia to metasqhmatismì Fourier qrhsimopoie�tai FFT. H epilog  touplègmato prèpei na g�nei me trìpo ¸ste na mh mhden�zetai k�poia posìthtapou br�sketai ston paranomast , en¸ kai ìtan jèlei kane� na diereun seimia per�ptwsh ìpou mia metablht  eisìdou e�nai mhdèn, e�nai pio s�gouro najèsei th metablht  aut  �sh me mia mikr  peperasmènh tim . Akolouje� toprìgramma pou qrhsimopoi same, ìpou oi seirè pou xekinoÔn me {%} e�naisqìlia:

%This function was created by George Roumpos on March 2004

%Calculates the mean values of the gaps for SDW and CDW

%

%The arguments must be vectors and they are:

%

%1st argument: temperature

%2nd argument: magnetic field

%3rd argument: constant t1 for \gamma k

%4th argument: constant t2 for \delta k

%

%Editing the source file, you can change the constants

%n: number of points at each axe

%vmc: value of the potential V {k k’} for the SDW

%vwc: value of the potential V {k k’} for the CDW

%teps: conversion constant (as a percentage of the current value)

%rmax: maximum number of iterations

% arithmos shmeiwn se kathe aksona

n = 32;

%eleghos ean oi metablhtes eisodou einai dianysmata

%kai eyresh ths diastashs toys

[dimt,dt] = size(t);

if dimt>1

temp = sprintf(’argument t must be a vector’);

disp(temp);
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return;

end

[dimt,df] = size(mh);

if dimt>1

temp = sprintf(’argument f must be a vector’);

disp(temp);

return;

end

[dimt,dt1] = size(t1);

if dimt>1

temp = sprintf(’argument t1 must be a vector’);

disp(temp);

return;

end

[dimt,dt2] = size(t2);

if dimt>1

temp = sprintf(’argument t2 must be a vector’);

disp(temp);

return;

end

%Pinakes pou periexoun tis times twn kx, ky

kx = zeros(n,n);

for j = 1:n

kx(j,:)= (j-(n+1)/2) * (2*pi/(n-1));

end

ky = zeros(n,n);

for l = 1:n

ky(:,l)= (l-(n+1)/2) * (2*pi/(n-1));

end

%Ypologismos pinakwn gia ta dynamika skedashs

vmc = 2;

vm = zeros(n,n);

vm(:,:) = vmc;

% vm = vmc* exp( -(kx.2̂ + ky.2̂)/50 );

% figure; mesh(vm);

vwc = 2.2;

vw = zeros(n,n);
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vw(:,:) = vwc;

% vw = vwc* exp( -(kx.2̂ + ky.2̂)/50 );

% figure; mesh(vw);

%Statheres sygklishs

teps = 1e-5;

rmax = 10000;

%Dhmiourgia twn pinakwn pou tha periexoun to apotelesma

apm1 = zeros(dt,df,dt1,dt2);

apw1 = zeros(dt,df,dt1,dt2);

warning off MATLAB:divideByZero;

%Arxikes times (random)

m = mean(mean(vm)) * rand(n,n,dt,df,dt1,dt2) ;

w = mean(mean(vw)) * rand(n,n,dt,df,dt1,dt2) ;

%FFTs twn dynamikwn skedashs

fvm = fftn(vm);

fvw = fftn(vw);

%------------------------------------------------------

%Main program

%------------------------------------------------------

for rt1 = 1:dt1

for rt2 = 1:dt2

g = gamma(kx,ky,t1(rt1));

% figure; meshc(g);

d = delta(kx,ky,t2(rt2));

% figure; meshc(d);

for rf = 1:df

for rt = 1:dt

for r = 1:rmax

%Pinakes pou periexoun tis times twn polwn e11, e12, e21, e22

x 1 = w(:,:,rt,rf,rt1,rt2) + m(:,:,rt,rf,rt1,rt2);

x 2 = w(:,:,rt,rf,rt1,rt2) - m(:,:,rt,rf,rt1,rt2);

x1 = sqrt(g.̂ 2 + x 1(:,:).̂ 2);

x2 = sqrt(g.̂ 2 + x 2(:,:).̂ 2);
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x3 = d + mh(rf);

x4 = d - mh(rf);

e11 = x1 + x3;

e12 = x2 + x4;

e21 = x1 - x3;

e22 = x2 - x4;

temp1 = tanh(e11(:,:)/(2*t(rt))) + tanh(e21(:,:)/(2*t(rt)));

temp2 = tanh(e12(:,:)/(2*t(rt))) + tanh(e22(:,:)/(2*t(rt)));

fm = fftn((x 1(:,:)./(8*x1(:,:))).*temp1-(x 2(:,:)./(8*x2(:,:))).*temp2);

fw = fftn((x 1(:,:)./(8*x1(:,:))).*temp1+(x 2(:,:)./(8*x2(:,:))).*temp2);

%Oi nees times gia ta xasmata

m1 = n ̂ -2 * ifftn( fvm .* fm );

w1 = n ̂ -2 * ifftn( fvw .* fw );

%elegxos sygklishs kai apothikeysh twn newn timwn

if (abs(m(:,:,rt,rf,rt1,rt2) - m1) <= teps*abs(m(:,:,rt,rf,rt1,rt2))) &

(abs(w(:,:,rt,rf,rt1,rt2) - w1) <= teps*abs(w(:,:,rt,rf,rt1,rt2)))

m(:,:,rt,rf,rt1,rt2) = m1;

w(:,:,rt,rf,rt1,rt2) = w1;

temp = sprintf(’finished normally after %u iterations’, r);

disp(temp);

break;

elseif r == rmax

temp = sprintf(’unable to converge for t = %e, f = %e, t1 = %e,

t2 = %e’, t(rt), mh(rf), t1(rt1), t2(rt2));

disp(temp);

m(:,:,rt,rf,rt1,rt2) = m1;

w(:,:,rt,rf,rt1,rt2) = w1;

else

m(:,:,rt,rf,rt1,rt2) = m1;

w(:,:,rt,rf,rt1,rt2) = w1;

% temp = sprintf(’iteration no %u ’, r);

% disp(temp);

end

end

% [x,y] = meshgrid(1:n);

% figure; meshc(m);

% figure; contour(x,y,dq);

% figure; meshc(w);

% figure; contour(x,y,w);

% figure; meshc(x,y,f);
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% figure; contour(x,y,f);

apm1(rt,rf,rt1,rt2) = mean(mean(m(:,:,rt,rf,rt1,rt2)));

apw1(rt,rf,rt1,rt2) = mean(mean(w(:,:,rt,rf,rt1,rt2)));

end

end

end

end

%reshape toy apotelesmatos, wste na dinei to swsto pinaka h dianysma

if dt == 1

if df == 1

if dt1 == 1

apm = apm1(:);

apw = apw1(:);

else

apm = reshape(apm1,dt1,dt2);

apw = reshape(apw1,dt1,dt2);

end

else

if dt1 == 1

apm = reshape(apm1,df,dt2);

apw = reshape(apw1,df,dt2);

else

apm = reshape(apm1,df,dt1,dt2);

apw = reshape(apw1,df,dt1,dt2);

end

end

else

if df == 1

if dt1 == 1

apm = reshape(apm1,dt,dt2);

apw = reshape(apw1,dt,dt2);

else

apm = reshape(apm1,dt,dt1,dt2);

apw = reshape(apw1,dt,dt1,dt2);

end

else

if dt1 == 1

apm = reshape(apm1,dt,df,dt2);

apw = reshape(apw1,dt,df,dt2);

else

apm = apm1;

apw = apw1;
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end

end

end

%synarthseis gia ta \gamma k \delta k

function ap1 = gamma(kx,ky,t1);

ap1 = t1* ( cos(kx) + cos(ky) );

return

function ap2 = delta(kx,ky,t2)

ap2 = t2* cos(kx) .* cos(ky);

return
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Kef�laio 4SunÔparxh SDW me CDW,parous�a magnhtikoÔ ped�oupar�llhlou sthn pìlwshtou SDWMe b�sh to formalismì tou Kefala�ou 2, melet same to prìblhma thsunÔparxh SDW me CDW, ìpou w dieÔjush pìlwsh tou SDW jewr sameton �xona z. Aut  e�nai dhlad  h deiÔjunsh th probol  twn spin. Parous�amagnhtikoÔ ped�ou kat� ton �dio �xona, emfan�zontai endiafèrouse metab�seiapì thn kat�stash Ôparxh mia mìno f�sh, sth sunÔparxh twn dÔo f�sewn.Merik� antiproswpeutik� arijmhtik� apotelèsmata parousi�zontai sto tèlotou kefala�ou.H qamiltonian  se aut n th genik  per�ptwsh gr�fetai sth morf 1:
H =

∑

k

ζ†k (γkτ̂3ρ̂3 + δkρ̂3 − Mkτ̂1ρ̂3σ̂3 − Wkτ̂1ρ̂3 + µBHρ̂3σ̂3) ζk (4.1)ìpou Mk h par�metro t�xh gia to SDW kai Wk h par�metro t�xh gia to
CDW. H ant�stoiqh sun�rthsh Green e�nai h:
Ĝ0(k, iωn) =

1

iωn − γkτ̂3ρ̂3 + δkρ̂3 − Mkτ̂1ρ̂3σ̂3 − Wkτ̂1ρ̂3 + µBHρ̂3σ̂3
=

= (−iωn − γkτ̂3ρ̂3 + δkρ̂3 + Mkτ̂1ρ̂3σ̂3 + Wkτ̂1ρ̂3 + µBHρ̂3σ̂3)[
AP (k, iωn) + 2 (δkµBH − MkWk) σ̂3 + 2iδkωnρ̂3 − 2iµBHωnρ̂3σ̂3

]

{
BP (k, iωn) − 4iωn

[
δk

[
AP (k, iωn) + 2µ2

BH2
]
− 2MkWkµBH

]
ρ̂3

}1Ta prìshma sthn ex�swsh aut  epelèghsan ètsi ¸ste na èqoume th sqèsh autosunè-peia (2.30) me jetikì prìshmo gia ìle ti paramètrou t�xh57



×
[
[ω2

n + E2
++(k)][ω2

n + E2
+−(k)][ω2

n + E2
−+(k)][ω2

n + E2
−−(k)]

]−1 (4.2)me
{

E+±(k) =
√

γ2
k + (Wk ± Mk)2 + (δk ± µBH)

E−±(k) =
√

γ2
k + (Wk ± Mk)2 − (δk ± µBH)

(4.3)kai
AP (k, iωn) = −δ2

k + γ2
k + M2

k + W 2
k − µ2

BH2 + ω2
n (4.4)

BP (k, iωn) = A2
P (k, iωn)+4ω2

n

(
µ2

BH2 − δ2
k

)
− 4 (δkµBH − MkWk)2 (4.5)Oi exis¸sei autosunèpeia gia ta Mk, Wk pa�rnoun th morf :

Wk = T
∑

k′

∑

n

V CDW
kk′

{
BP (k′, iωn)

[
Wk′

[
AP (k′, iωn) − 2M2

k′

]
+ 2δk′Mk′µBH

]
+

+8ω2
n (−Mk′µBH + δk′Wk′)

[
δk′

[
AP (k′, iωn) + 2µ2

BH2
]
− 2Mk′Wk′µBH

]}

×
[
[ω2

n + E2
++(k′)][ω2

n + E2
+−(k′)][ω2

n + E2
−+(k′)][ω2

n + E2
−−(k′)]

]−1(4.6)
Mk = T

∑

k′

∑

n

V CDW
kk′

{
BP (k′, iωn)

[
Mk′

[
AP (k′, iωn) − 2W 2

k′

]
+ 2δk′Wk′µBH

]
+

+8ω2
n (−Wk′µBH + δk′Mk′)

[
δk′

[
AP (k′, iωn) + 2µ2

BH2
]
− 2Mk′Wk′µBH

]}

×
[
[ω2

n + E2
++(k′)][ω2

n + E2
+−(k′)][ω2

n + E2
−+(k′)][ω2

n + E2
−−(k′)]

]−1(4.7) , ajro�zonta sta ωn sÔmfwna me thn teqnik  tou Parart mato Dþ:
Wk =

∑

k′

V CDW
kk′

{
Mk′ + Wk′

8
√

γ2
k′ + (Mk′ + Wk′)2

∑

±
tanh

(
E±+(k′)

2T

)
+

Wk′ − Mk′

8
√

γ2
k′ + (Mk′ − Wk′)2

∑

±
tanh

(
E±−(k′)

2T

)} (4.8)
Mk =

∑

k′

V SDW
kk′

{
Mk′ + Wk′

8
√

γ2
k′ + (Mk′ + Wk′)2

∑

±
tanh

(
E±+(k′)

2T

)
+

Mk′ − Wk′

8
√

γ2
k′ + (Mk′ − Wk′)2

∑

±
tanh

(
E±−(k′)

2T

)} (4.9)
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Oi exis¸sei (4.6) kai (4.7), me kat�llhlh anadi�taxh twn ìrwn, kai jewr¸-nta mia sidhromagnhtik  par�metro t�xh Fk, ant� gia to stajerì magnhtikìped�o µBH, gr�fontai:
Wk = T

∑

k′

∑

n

V CDW
kk′

{
Wk′

{
BP (k′, iωn)

[
AP (k′, iωn) − 2M2

k′

]
+ 8ω2

nδk′

[
δk′

[
AP (k′, iωn) + 2F 2

k′

]
− 2Mk′Wk′Fk′

]
+ 16ω2

nMk′Fk′ (Mk′Fk′ − δk′Wk′)

}
+

+2δk′Mk′Fk′

[
BP (k′, iωn) − 4ω2

n

[
AP (k′, iωn) + 2Fk′

]]
}

×
[
[ω2

n + E2
++(k′)][ω2

n + E2
+−(k′)][ω2

n + E2
−+(k′)][ω2

n + E2
−−(k′)]

]−1(4.10)
Mk = T

∑

k′

∑

n

V SDW
kk′

{
Mk′

{
BP (k′, iωn)

[
AP (k′, iωn) − 2W 2

k′

]
+ 8ω2

nδk′

[
δk′

[
AP (k′, iωn) + 2F 2

k′

]
− 2Mk′Wk′Fk′

]
+ 16ω2

nWk′Fk′ (Wk′Fk′ − δk′Mk′)

}
+

+2δk′Wk′Fk′

[
BP (k′, iωn) − 4ω2

n

[
AP (k′, iωn) + 2F 2

k′

]]}

×
[
[ω2

n + E2
++(k′)][ω2

n + E2
+−(k′)][ω2

n + E2
−+(k′)][ω2

n + E2
−−(k′)]

]−1(4.11)
Fk = T

∑

k′

∑

n

V FER
kk′

{
Fk′

{
BP (k′, iωn)

[
AP (k′, iωn) + 2δ2

k′ − 2ω2
n

]
− 8ω2

nδk′

[
δk′

[
AP (k′, iωn) + 2F 2

k′

]
− 2Mk′Wk′Fk′

]
+ 16ω2

nMk′Wk′ (δk′Fk′ − Mk′Wk′)

}
−

−2δk′Mk′Wk′

[
BP (k′, iωn) − 4ω2

n

[
AP (k′, iωn) + 2F 2

k′

]]}

×
[
[ω2

n + E2
++(k′)][ω2

n + E2
+−(k′)][ω2

n + E2
−+(k′)][ω2

n + E2
−−(k′)]

]−1(4.12)ParathroÔme ìti sthn parap�nw morf  twn exis¸sewn autosunèpeia giak�je par�metro t�xh sto �jroisma emfan�zontai dÔo ìroi. O pr¸to e�naian�logo th ant�stoiqh paramètrou, en¸ o deÔtero e�nai an�logo tou δkkai twn �llwn dÔo paramètrwn. Autì shma�nei ìti parous�a tou ìrou δk (oopo�o up�rqei praktik� se ìla ta ulik�), h sunÔparxh dÔo f�sewn apì au-tè ti trei genn�ei kai thn tr�th. Autì diìti o deÔtero ìro twn parap�nwexis¸sewn ja e�nai en gènei mh mhdenikì, opìte ja d�nei mia suneisfor� sthnant�stoiqh par�metro t�xh2. 'Eqoume  dh anaptÔxei sthn par�grafo (3.2)2H idiìthta aut  e�nai fusik� paroÔsa kai sti exis¸sei (4.8) kai (4.9), e�nai wstìsokrummènh sta or�smata twn uperbolik¸n efaptomènwn.59



èna genikì krit rio gia ton entopismì tètoiwn om�dwn apì f�sei pou denmporoÔn na uf�stantai qwrist�. Sta apotelèsmata pou parousi�zoume para-k�tw, h Ôparxh tou ìrou δk enisqÔei th sunÔparxh twn f�sewn pou melet�me,fa�netai ìmw na mhn e�nai o apokleistikì upeÔjuno gia aut  th sunÔparxh.ParathroÔme ìti oi exis¸sei (4.8) kai (4.9) e�nai apolÔtw summetrikè wpro ta Wk, Mk. Autì shma�nei ìti h praktik� h mình diaforopo�hsh an�mesasti dÔo f�sei e�nai se sqèsh me to dunamikì V CDW
kk′ ,   V SDW

kk′ pou ti genn�.Sthn arijmhtik  diereÔnhsh twn exis¸sewn aut¸n qrhsimopoi same dunamik�pou den exart¸ntai apì ta k, k′, ìpw perimènei kane� kai diaisjhtik� apìto sq ma 2.1. Epomènw, ja pa�zei rìlo mìno h (stajer ) tim  tou enì sesqèsh me thn tim  tou �llou. Kont� sth mhdenik  jermokras�a, ta or�smatatwn uperbolik¸n efaptomènwn sti (4.8), (4.9) ja e�nai ±∞, epomènw autèja pa�rnoun ti timè ±1. Me b�sh autì to skeptikì, kane� mpore� na k�neimia diereÔnhsh gia th mhdenik  jermokras�a.Sta sq mata pou akoloujoÔn, qrhsimopoi¸nta to montèlo tou isquroÔdesmoÔ th Parag�fou 2.5, lÔsame ti exis¸sei autosunèpeia (4.8), (4.9)gia mia perioq  jermokrasi¸n kai magnhtik¸n ped�wn, diaforopoi¸nta to lì-go V CDW

V SDW kai β1

2β2
th (2.79). Ep�sh, epelègh 2V SDW

β1
= 2, wstìso h tim autoÔ tou lìgou den ephre�zei shmantik� ta apotelèsmata. Genik�, ìso me-galÔtero e�nai autì o lìgo, tìso megal¸nei h perioq  ìpou uf�stantai oif�sei SDW kai CDW, afoÔ g�nontai ètsi perissìtero shmantikè apì taupìloipa fainìmena pou mpore� na sumba�noun sto plègma kai e�nai enswma-twmèna sth sqèsh diaspor�. Ta diagr�mmata pou qar�ssontai parist�nounth mèsh tim  twn energei¸n Wk, Mk sth z¸nh Brillouin, kanonikopoihmènh wpro th mègisth tim  W0, pou emfan�zetai se aut n thn perioq  (sugkekrimènagia mhdenik  jermokras�a kai magnhtikì ped�o).ParathroÔme se ìla ta sq mata mia perioq  sunÔparxh twn dÔo f�sewngia qamhlè jermokras�e kai meg�la magnhtik� ped�a. To magnhtikì ped�o,dhlad , e�nai autì pou genn� th deÔterh f�sh mèsa sthn pr¸th, e�n h jer-mokras�a e�nai arkoÔntw qamhl . 'Opw e�nai fusikì, h me�wsh tou lìgou

V CDW

V SDW megal¸nei thn perioq  sunÔparxh, aofÔ ètsi g�netai ex�sou shmantik kai h deÔterh f�sh. Ep�sh, h aÔxhsh tou lìgou β1

2β2
mikra�nei thn perioq sunÔparxh, se sumfwn�a me thn parat rhsh amèsw met� thn ex�swsh (4.12).
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Sq ma 4.1: Kanonikopoihmèna q�smata twn kum�twn puknìthta fort�ou kaispin (charge density wave-CDW, spin density wave-SDW) gia thn per�ptwsh
V CDW

V SDW = 3
2 kai β1

2β2
= 10, ìpou ta V CDW , V SDW e�nai ta dunamik� skèdashgia ta CDW, SDW, en¸ oi stajerè β1, β2 epexhgoÔntai sthn ex�swsh (2.79).Sthn pr¸th eikìna parousi�zetai to q�sma gia to CDW W , ìpou èqoumejewr sei th mèsh tim  sth z¸nh Brillouin. Ston �xona x e�nai to par�llhlomagnhtikì ped�o, en¸ ston �xona y e�nai h apìluth jermokras�a. 'Ole oienèrgeie èqoun kanonikopoihje� me th mègisth tim  tou q�smato gia to CDW

W0. Sth deÔterh eikìna e�nai mèsh tim  sth z¸nh Brillouin tou q�smato giato SDW, kanonikopoihmènh me th mègisth tim  tou q�smato gia to CDW W0.61
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Sq ma 4.2: Kanonikopoihmèna q�smata twn CDW, SDW gia thn per�ptwsh
V CDW

V SDW = 11
10 kai β1

2β2
= 10, ìpou ta V CDW , V SDW e�nai ta dunamik� skèdashgia ta CDW, SDW, en¸ oi stajerè β1, β2 epexhgoÔntai sthn ex�swsh (2.79).Sthn pr¸th eikìna parousi�zetai to q�sma gia to CDW W , ìpou èqoumejewr sei th mèsh tim  sth z¸nh Brillouin. Ston �xona x e�nai to par�llhlomagnhtikì ped�o, en¸ ston �xona y e�nai h apìluth jermokras�a. 'Ole oienèrgeie èqoun kanonikopoihje� me th mègisth tim  tou q�smato gia to CDW

W0. Sth deÔterh eikìna e�nai mèsh tim  sth z¸nh Brillouin tou q�smato giato SDW, kanonikopoihmènh me th mègisth tim  tou q�smato gia to CDW W0.62
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Sq ma 4.3: Kanonikopoihmèna q�smata twn CDW, SDW gia thn per�ptwsh
V CDW

V SDW = 3
2 kai β1

2β2
= 100, ìpou ta V CDW , V SDW e�nai ta dunamik� skèdashgia ta CDW, SDW, en¸ oi stajerè β1, β2 epexhgoÔntai sthn ex�swsh (2.79).Sthn pr¸th eikìna parousi�zetai to q�sma gia to CDW W , ìpou èqoumejewr sei th mèsh tim  sth z¸nh Brillouin. Ston �xona x e�nai to par�llhlomagnhtikì ped�o, en¸ ston �xona y e�nai h apìluth jermokras�a. 'Ole oienèrgeie èqoun kanonikopoihje� me th mègisth tim  tou q�smato gia to CDW

W0. Sth deÔterh eikìna e�nai mèsh tim  sth z¸nh Brillouin tou q�smato giato SDW, kanonikopoihmènh me th mègisth tim  tou q�smato gia to CDW W0.63



Kef�laio 5SunÔparxh SDW me CDW,parous�a magnhtikoÔ ped�ouk�jetou sthn pìlwsh tou
SDWMelet same kai aut n thn per�ptwsh sunÔparxh, wstìso ed¸ den para-thr same an�loge diadikas�e met�ptwsh apì thn kat�stash Ôparxh miaf�sh sth sunÔparxh kai twn dÔo. H qamiltonian  t¸ra gr�fetai:

H =
∑

k

ζ†k (γkτ̂3ρ̂3 + δkρ̂3 − Mkτ̂1ρ̂3σ̂3 − Wkτ̂1ρ̂3 + µBHρ̂3σ̂1) ζk (5.1)opìte h ant�stoiqh sun�rthsh Green pa�rnei th morf :
Ĝo(k, iωn) = (−iωn − γkτ̂3ρ̂3 + δkρ̂3 + Mkτ̂1ρ̂3σ̂3 + Wkτ̂1ρ̂3 − µBHρ̂3σ̂1)[

AQ(k, iωn) − 2MkWkσ̂3 + 2iδkωnρ̂3 + 2WkµBHτ̂1σ̂1 − 2γkµBHτ̂3σ̂3

]

[
BQ(k, iωn) − 4iδkωnAQ(k, iωn)ρ̂3

]

×
[
[ω2

n + E2
++(k)][ω2

n + E2
+−(k)][ω2

n + E2
−+(k)][ω2

n + E2
−−(k)]

]−1(5.2)ìpou
AQ(k, iωn) = −δ2

k + γ2
k + M2

k + W 2
k + µ2

BH2 + ω2
n (5.3)

BQ(k, iωn) = A2
Q(k, iωn) − 4

(
γ2
kµ2

BH2 + M2
kW 2

k + µ2
BH2W 2

k + δ2
kω2

n

)(5.4)
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Oi pìloi th sun�rthsh Green emfan�zontai sti enèrgeie:
E±±(k) =

√√√√√





√√√√γ2
k + W 2

k

(
1 +

M2
k

µ2
BH2

)
± µBH




2

+ M2
k

(
1 − W 2

k

µ2
BH2

)
± δk(5.5)EÔkola de�qnei kane� ìti h posìthta sto rizikì th parap�nw ex�swsh e�naijetik . Pr�gmati, isodÔnama èqoume:

E±±(k) =

√√√√√





√√√√M2
k + µ2

BH2

(
1 +

γ2
k

W 2
k

)
± Wk




2

+ γ2
k

(
1 − µ2

BH2

W 2
k

)
± δk(5.6)Oi exis¸sei autosunèpeia gia ti paramètrou Wk, Mk pa�rnoun th morf :

Wk = T
∑

k′

∑

n

V CDW
kk′ Wk′

[
BQ(k′, iωn)

[
AQ(k′, iωn) − 2

(
M2

k′ + µ2
BH2

)]
+

+8δ2
k′ω2

nAQ(k′, iωn)

]
×

[
[ω2

n + E2
++(k′)][ω2

n + E2
+−(k′)][ω2

n + E2
−+(k′)][ω2

n + E2
−−(k′)]

]−1(5.7)
Mk = T

∑

k′

∑

n

V SDW
kk′ Mk′

[
BQ(k′, iωn)

[
AQ(k′, iωn) − 2W 2

k′

]
+ 8δ2

k′ω2
nAQ(k′, iωn)

]

×
[
[ω2

n + E2
++(k′)][ω2

n + E2
+−(k′)][ω2

n + E2
−+(k′)][ω2

n + E2
−−(k′)]

]−1(5.8) 
Wk =

∑

k′

V CDW
kk′

Wk′

8
√

γ2
k′µ2

BH2 +
(
M2

k′ + µ2
BH2

)2
W 2

k′

×
{ √

γ2
k′µ2

BH2 +
(
M2

k′ + µ2
BH2

)2
W 2

k′ + (M2
k′ + µ2

BH2)
√

γ2
k′ + M2

k′ + µ2
BH2 + W 2

k′ + 2
√

γ2
k′µ2

BH2 +
(
M2

k′ + µ2
BH2

)2
W 2

k′

∑

±
tanh

(
E+±(k′)

2T

)

+

√
γ2
k′µ2

BH2 +
(
M2

k′ + µ2
BH2

)2
W 2

k′ − (M2
k′ + µ2

BH2)
√

γ2
k′ + M2

k′ + µ2
BH2 + W 2

k′ − 2
√

γ2
k′µ2

BH2 +
(
M2

k′ + µ2
BH2

)2
W 2

k′

∑

±
tanh

(
E−±(k′)

2T

)}(5.9)
Mk =

∑

k′

V SDW
kk′

Mk′

8
√

γ2
k′µ2

BH2 +
(
M2

k′ + µ2
BH2

)2
W 2

k′

×
{ √

γ2
k′µ2

BH2 +
(
M2

k′ + µ2
BH2

)2
W 2

k′ + W 2
k′

√
γ2
k′ + M2

k′ + µ2
BH2 + W 2

k′ + 2
√

γ2
k′µ2

BH2 +
(
M2

k′ + µ2
BH2

)2
W 2

k′

∑

±
tanh

(
E+±(k′)

2T

)
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+

√
γ2
k′µ2

BH2 +
(
M2

k′ + µ2
BH2

)2
W 2

k′ − W 2
k′

√
γ2
k′ + M2

k′ + µ2
BH2 + W 2

k′ − 2
√

γ2
k′µ2

BH2 +
(
M2

k′ + µ2
BH2

)2
W 2

k′

∑

±
tanh

(
E−±(k′)

2T

)}(5.10)Se aut n thn per�ptwsh, oi lÔsei Wk = 0, ∀k kai Mk = 0, ∀k e�nai p�-nta epitrpetè, anex�rthta apì thn Ôparxh   ìqi th �llh f�sh. Ep�sh,oi exis¸sei den e�nai t¸ra mh summetrikè w pro Wk, Mk, opìte para-k�tw diereunoÔme arijmhtik� thn per�ptwsh epikratoÔnto CDW, kaj¸ kaiepikratoÔnto SDW.
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Sq ma 5.1: Kanonikopoihmèna q�smata twn kum�twn puknìthta fort�ou kaispin (charge density wave-CDW, spin density wave-SDW) gia thn per�ptwshepikratoÔnto CDW, me V CDW

V SDW = 3
2 kai β1

2β2
= 10, ìpou ta V CDW , V SDWe�nai ta dunamik� skèdash gia ta CDW, SDW, en¸ oi stajerè β1, β2 e-pexhgoÔntai sthn ex�swsh (2.79). Me gkr�zo parousi�zetai to q�sma giato CDW W , ìpou èqoume jewr sei th mèsh tim  sth z¸nh Brillouin. Ston�xona x e�nai to k�jeto magnhtikì ped�o, en¸ ston �xona y e�nai h apìluthjermokras�a. 'Ole oi enèrgeie èqoun kanonikopoihje� me th mègisth tim  touq�smato gia to CDW W0. Me leukì e�nai mèsh tim  sth z¸nh Brillouin touq�smato gia to SDW, kanonikopoihmènh me th mègisth tim  tou q�smatogia to CDW W0.
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Sq ma 5.2: Kanonikopoihmèna q�smata twn kum�twn puknìthta fort�ou kaispin (charge density wave-CDW, spin density wave-SDW) gia thn per�ptwshepikratoÔnto SDW, me V CDW

V SDW = 2
3 kai β1

2β2
= 10, ìpou ta V CDW , V SDWe�nai ta dunamik� skèdash gia ta CDW, SDW, en¸ oi stajerè β1, β2 e-pexhgoÔntai sthn ex�swsh (2.79). Parousi�zetai to q�sma gia to SDW M ,ìpou èqoume jewr sei th mèsh tim  sth z¸nh Brillouin. Ston �xona x e�naito k�jeto magnhtikì ped�o, en¸ ston �xona y e�nai h apìluth jermokras�a.'Ole oi enèrgeie èqoun kanonikopoihje� me th mègisth tim  tou q�smato giato SDW M0. ParathroÔme ìti CDW den emfan�zetai se aut n thn per�ptwsh.
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Par�rthma AþMajhmatikì orismì thsun�rthsh Green mhdenik jermokras�aSto par�rthma autì ja qrhsimopoi soume tou legìmenou telestè pe-d�ou, oi opo�oi e�nai grammiko� sunduasmo� twn telest¸n dhmiourg�a kai ka-tastrof :
ψ̂(k) ≡ ∑

k ψk(x)ck

ψ̂†(k) ≡ ∑
k ψk(x)†c†k

(Aþ.1)Oi telestè auto� dhmiourgoÔn (  katastrèfoun) èna swmat�dio sth jèsh x,en¸ oi telestè c†k, ck dhmiourgoÔn (  katastrèfoun) èna swmat�dio sthn idio-kat�stash k. Gia spin-12 fermiìnia, oi telestè ped�ou èqoun dÔo sunist¸se
ψk(x) =

[
ψk(x)1
ψk(x)2

]
≡ ψk(x)α (Aþ.2)Oi telestè ped�ou upakoÔoun aplè sqèsei met�jesh   antimet�jesh, a-n�loga me to an prìkeitai gia fermiìnia   mpozìnia:

[ψ̂α(x), ψ̂†
β(x′)]∓ =

∑

k

ψk(x)αψk(x
′)∗β = δαβδ(x − x′) (Aþ.3)

[ψ̂α(x), ψ̂β(x′)]∓ = [ψ̂†
α(x), ψ̂†

β(x′)]∓ = 0 (Aþ.4)ìpou to ep�nw (k�tw) prìshmo anafèretai se mpozìnia (fermiìnia).H sun�rthsh Green mhdenik  jermokras�a gia èna swmat�dio or�zetaiw:
iGαβ(xt,x′t′) =

〈Ψ0|T [ψ̂Hα(xt)ψ̂†
Hβ(x′t′)]|Ψ0〉

〈Ψ0|Ψ0〉
(Aþ.5)
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ìpou |Ψ0〉 e�nai h jemeli¸dh kat�stash sthn eikìna Heisenberg1 tou allh-lepidr¸nto sust mato, dhlad ̂
H|Ψ0〉 = E|Ψ0〉 (Aþ.6)kai ψ̂Hα(xt) e�nai èna telest  Heisenberg (pou èqei ep�nw tou th qronik ex�rthsh):

ψ̂Hα(xt) = eiĤt/h̄ψ̂α(x)e−iĤt/h̄ (Aþ.7)Tèlo, to ginìmeno T or�zetai w:
T [ψ̂Hα(xt)ψ̂†

Hβ(x′t′)] =

{
ψ̂Hα(xt)ψ̂†

Hβ(x′t′), t > t′

ψ̂†
Hβ(x′t′)ψ̂Hα(xt), t < t′

(Aþ.8)ìpou to ep�nw (k�tw) prìshmo anafèretai se mpozìnia (fermiìnia). Genikì-tera, to ginìmeno T perissìterwn telest¸n tou taxinome� se aÔxousa seir�qrìnou (dhlad  oi mikrìteroi qrìnoi sta dexi�), kai prosjètei ènan par�go-nta (−1)P , ìpou P e�nai o arijmì twn enallag¸n fermionik¸n telest¸n apìthn arqik  seir�.Apì ton orismì (Aþ.5), g�netai fanerì kai to fusikì nìhma th sun�rthsh
Green, pou e�qe qrhsimopoihje� w orismì sthn par�grafo 1.3. Pr�gmati,an upojèsoume ìti t > t′, tìte h (Aþ.5) gr�fetai:

iGαβ(xt,x′t′) =
〈ψ†

α(x)e−iHt/h̄Ψ0|e−iH(t−t′)/h̄ψ†
β(x′)e−iHt′/h̄Ψ0〉

〈Ψ0|Ψ0〉
(Aþ.9)Dhlad  h jemeli¸dh kat�stash exel�ssetai mèqri to qrìno t′, lìgw toutelest  qronik  exèlixh e−iHt′/h̄. Katìpin, prosjètoume èna swmat�diosto shme�o x′ kai h nèa kat�stash exel�ssetai mèqri to qrìno t. Gia nabroÔme to zhtoÔmeno pl�to pijanìthta, pa�rnoume to eswterikì ginìmenoth kumatosun�rthsh aut  me thn kat�stash sthn opo�a èna swmat�dio èqeiprosteje� sth jemeli¸dh kat�stash sto shme�o x kat� th qronik  stigm  t.M�lista, an h qamiltonian  e�nai qronoanex�rthth, tìte kane� blèpeieÔkola ìti h pio p�nw sqèsh gr�fetai:

iGαβ(xt,x′t′) = eiE0(t−t′)/h̄
〈Ψ0|ψα(x)e−iH(t−t′)/h̄ψ†

β(x′)|Ψ0〉
〈Ψ0|Ψ0〉

(Aþ.10)ìpou E0 h enèrgeia th jemeli¸dou kat�stash. ParathroÔme ìti se aut nthn per�ptwsh h sun�rthsh Green exart�tai apì ti diafor� t − t′.1Jum�zoume ìti sthn eikìna Heisenberg oi kumatosunart sei e�nai qronoanex�rthte,en¸ h qronik  ex�rthsh èqei metaferje� exolokl rou stou telestè69



Par�rthma BþMajhmatikì orismì thsun�rthsh Greenpeperasmènh jermokras�akai idiìthta periodikìthtaaut Gia suntom�a sumbolismoÔ, or�zoume arqik� ton telest 
K = H − µN (Bþ.1)opìte t¸ra h megalokanonik  sun�rthsh epimerismoÔ, kaj¸ kai h megalo-kanonik  sun�rthsh katanom  gr�fontai w:
ZG = tre−βK (Bþ.2)
ρG = e−βK (Bþ.3)Blèpoume ìti o telest  (Bþ.1) mpore� na jewrhje� w mia megalokanonik qamiltonian . Sth sunèqeia, or�zoume thn tropopoihmènh eikìna Heisenberg:

OK(xt) ≡ eKτ/h̄O(x)e−Kτ/h̄ (Bþ.4)ìpou o arqikì telest  O(x) e�nai telest  Schrödinger. 'Etsi, oi telestèped�ou pa�rnoun t¸ra th morf :
ψ̂Kα(xτ) = eKτ/h̄ψ̂α(x)e−Kτ/h̄

ψ̂†
Kα(xτ) = eKτ/h̄ψ̂†

α(x)e−Kτ/h̄ (Bþ.5)Oi telestè auto� lègontai kai telestè fantastikoÔ qrìnou. H sun�rthsh
Green mh mhdenik  jermokras�a gia èna swmat�dio or�zetai w:

Gαβ(xτ,x′τ ′) ≡ −
trT [ψ̂Kα(xτ)ψ̂†

Kβ(x′τ ′)]ρG

trρG
(Bþ.6)70



ParathroÔme ìti sthn èkfrash aut  upeisèrqetai o statistikì mèso w proìle ti katast�sei, kaj¸ kai h mèsh tim  tou telest  ψ̂Kα(xτ)ψ̂†
Kβ(x′τ ′)sti ant�stoiqe katast�sei.Sth sunèqeia ja apode�xoume thn idiìthta periodikìthta. Lìgw th ku-klik  idiìthta tou �qnou, èqoume:

Gαβ(x0,x′τ ′) =
1

Z
tre−βKψ̂kα(x0)ψ̂†

Kβ(x′τ ′) =

= ∓ 1

Z
tre−βK ψ̂†

Kβ(x′τ ′)ψ̂kα(x0) = ∓ 1

Z
trψ̂kα(x0)e−βKψ̂†

Kβ(x′τ ′) = (Bþ.7)
= ∓ 1

Z
tre−βKψ̂kα(xβh̄)ψ̂†

Kβ(x′τ ′) = ±Gαβ(xβh̄,x′τ ′)ìpou to ep�nw (k�tw) prìshmo anafèretai se mpozìnia (fermiìnia). Ant�-stoiqa, mporoÔme na apode�xoume ìti
Gαβ(xτ,x′0) = ±Gαβ(xτ,x′βh̄) (Bþ.8)
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Par�rthma GþUpologismì thparamètrou t�xh gia thmagn tish sto x-�xonaH par�metro t�xh ja e�nai h sqetik  magn tish sto x-�xona, h opo�a,sÔmfwna me thn ex�swsh (1.46), gr�fetai:
Mx =

2

N
〈Ψ0|Sx|Ψ0〉 (Gþ.1)ìpou Sx o telest  tou olikoÔ spin sth dieÔjunsh x. O telest  autìsto formalismì deÔterh kb�ntwsh, akolouj¸nta th suz thsh met� thnex�swsh (1.21), ja e�nai:

Sx =
∑

kσ,lσ′

〈kσ|sx|lσ′〉c†kσclσ′ (Gþ.2)ìpou k, l ta dianÔsmata twn kbantik¸n arijm¸n twn swmatid�wn, ektì apì thfor� tou spin, kai σ, σ′ oi forè twn spin. Efìson èqoume epilèxei orjog¸niekumatosunart sei, ja e�nai:
〈kσ|sx|lσ′〉 = δkl〈σ|sx|σ′〉 (Gþ.3)ìmw o teleuta�o p�naka e�nai o p�naka th probol  tou spin sth dieÔjunsh

x, o opo�o kat� ta gnwst� ekfr�zetai w:
sx =

1

2

(
0 1
1 0

)
=

1

2
δ−σ,σ′ (Gþ.4)epomènw

Sx =
1

2

∑

k

[
c†k↑ck↓ + c†k↓ck↑

] (Gþ.5)72



kai telik� h par�metro t�xh ja e�nai:
Mx =

1

N

∑

k

〈Ψ0|c†k↑ck↓ + c†k↓ck↑|Ψ0〉 (Gþ.6)
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Par�rthma DþAnalutikì upologismì twnajroism�twn stisuqnìthte MatsubaraEndiaferìmaste gia ton upologismì tou ajro�smato
∑

n

1

(iωn)2 − ǫ2
=

∑

n

F (iωn), iωn =
πi

β
(2n + 1) (Dþ.1)ìpou oi timè tou ωn e�nai gia fermiìnia. H sun�rthsh F (z) or�zetai fusik�w:

F (z) =
1

z2 − ǫ2
(Dþ.2)Ja ekmetalleutoÔme to je¸rhma twn oloklhrwtik¸n upolo�pwn1, gia na me-tatrèyoume autì to �jroisma se èna epikampÔlio olok rwma sto migadikìep�pedo. Gia to skopì autì, qrhsimopoioÔme th sun�rthsh:

f(z) =
1

eβz + 1
(Dþ.3)H sun�rthsh aut  èqei aploÔ pìlou sti suqnìthte sti opo�e pragma-topoie�tai to �jroisma (Dþ.1). Pr�gmati, eÔkola mpore� na dei kane� ìti stisuqnìthte autè h sun�rthsh (Dþ.3) apeir�zetai, en¸ to ìrio

lim
z→iωn

(z − iωn)f(z) = lim
z→iωn

z − iωn

eβz + 1
=

(z − iωn)′

(eβz + 1)′
|z→iωn =

1

βeiβωn
= − 1

β(Dþ.4)e�nai peperasmèno. H sqèsh (Dþ.4) e�nai kai o orismì tou oloklhrwtikoÔupolo�pou gia aplì pìlo. 'Etsi, h sun�rthsh f(z)F (z) èqei aploÔ pìlousta shme�a z = iωn, kaj¸ kai sta z = ±ǫ. Mpore� na dei kane� ìti e�n1blèpe k�poio eisagwgikì bibl�o migadik  an�lush74



p�roume w kampÔlh olokl rwsh C ènan kÔklo me akt�na R, kai af soume to
R na p�ei sto �peiro, tìte, lìgw th morf  th F (z) = 1

z2−ǫ2
, to olokl rwmaja e�nai mhdèn. 'Etsi to �jroisma twn oloklhwtik¸n upolo�pwn th f(z)F (z)ja e�nai mhdèn. Sunep¸, lìgw kai th (Dþ.4):

1

2ǫ

1

eβǫ + 1
− 1

2ǫ

1

e−βǫ + 1
− 1

β

∑

n

1

(iωn)2 − ǫ2
= 0

⇒
∑

n

1

(iωn)2 − ǫ2
= − β

2ǫ
tanh

(
βǫ

2

) (Dþ.5)H mèjodo aut  mpore� na epektaje� kai sthn per�ptwsh perissìterwn,  pollapl¸n pìlwn2.

2dhlad  dipl¸n, tripl¸n klp pìlwn 75


