EJNIKO METSOBIO POLUTEQNEIO

TMHMA HLEKTROLOGWN MHQANIKWN KAI MHQANIKWN UPOLOGISTWN

TOMEAS EPIKOINWNIWN HLEKTRONIKHS KAI SUSTHMATWN PLHROFORIKHS

Mèsh kai Qeirìterh EpÐdosh Online kai Offline Algìrijmwn gia to Bin Packing

DIPLWMATIKH ERGASIA

IwĹnnhc K. MaurakĹkhc

Epiblèpousa: Fÿtw AfĹth Kajhgătria E.M.P.

Ajăna, IoÔnioc 2004

.

EJNIKO METSOBIO POLUTEQNEIO

TMHMA HLEKTROLOGWN MHQANIKWN KAI MHQANIKWN UPOLOGISTWN

TOMEAS EPIKOINWNIWN HLEKTRONIKHS KAI SUSTHMATWN PLHROFORIKHS

Mèsh kai Qeirìterh EpÐdosh Online kai Offline Algìrijmwn gia to Bin Packing

DIPLWMATIKH ERGASIA

IwĹnnhc K. MaurakĹkhc

Epiblèpousa: Fÿtw AfĹth Kajhgătria E.M.P.

EgkrÐjhke apì thn trimelă exetastikă epitropă thn 19h IoulÐou 2004.

........................................

Fÿtw ’Afrath Kajhgătria E.M.P

........................................

EustĹjioc ZĹqoc Kajhghtăc E.M.P

........................................

Geÿrgioc Kolètsoc Kajhghtăc E.M.P

Ajăna, IoÔnioc 2004

.................................................... IwĹnnhc K. MaurakĹkhc DiplwmatoÔqoc Hlektrolìgoc Mhqanikìc kai Mhqanikìc Upologistÿn E.M.P.

Copyright © IwĹnnhc K. MaurakĹkhc, 2004 Me epifÔlaxh pantìc dikaiÿmatoc. All rights reserved.

ApagoreÔetai h antigrafă, apojăkeush kai dianomă thc paroÔsac ergasÐac, ex’ oloklărou ă tmămatoc autăc, gia emporikì skopì. Epitrèpetai h anatÔpwsh, apojăkeush kai dianomă gia skopì mh kerdoskopikì, ekpaideutikăc ă ereunhtikăc fÔshc, upì thn proôpìjesh na anafèretai h phgă proèleushc kai na diathreÐtai to parìn mănuma. Erwtămata pou aforoÔn th qrăsh thc ergasÐac gia kerdoskopikì skopì prèpei na apeujÔnontai proc ton suggrafèa.

Oi apìyeic kai ta sumperĹsmata pou perièqontai se autì to èggrafo ekfrĹzoun ton suggrafèa kai den prèpei na ermhneujeÐ ìti antiproswpeÔoun tic epÐshmec jèseic tou EjnikoÔ Metsìbiou PoluteqneÐou.

Jèlw na euqaristăsw jermĹ thn k. Fÿtw AfrĹth, kajhgătria tou EjnikoÔ Metsìbiou PoluteqneÐou, gia thn idiaÐterh sumbolă thc sth suggrafă thc paroÔsac ergasÐac. Oi gnÿseic kai h empeirÐa thc me boăjhsan shmantikĹ sthn oloklărwsh thc melèthc autăc kai eÐnai timă mou pou sunergĹsthka mazÐ thc.

Na euqaristăsw epÐshc ton TÐmo AslanÐdh, o opoÐoc afièrwse polÔ qrìno gia thn swstă kajodăghsh thc melèthc mou. Oi upodeÐxeic kai oi eÔstoqec parathrăseic tou me boăjhsan sthn epÐteuxh mÐac oloklhrwmènhc ergasÐac. Omologÿ ìti ătan idiaÐtera sunergĹsimoc mazÐ mou kai ektìc apì to ìti èqei arketèc gnÿseic, èdeixe epÐshc ìti eÐnai Ĺnjrwpoc me ăjoc.

Tèloc jèlw na euqaristăsw touc goneÐc mou, oi opoÐoi me th swstă diapaidagÿghsh pou mou pareÐqan, sunèbalan shmantikĹ sthn poreÐa mou mèqri edÿ kajÿc kai sthn axioprepă oloklărwsh twn spoudÿn mou.

PerÐlhyh

O skopìc thc paroÔsac diplwmatikăc ergasÐac eÐnai h melèth tou NP - Hard problămatoc tou Bin P acking. H ergasÐa xekinĹei me mÐa eisagwgă sth jewrÐa thc poluplokìthtac kai ton orismì kĹpoiwn polÔ basikÿn ennoiÿn. Sth sunèqeia gÐnetai mÐa eisagwgă sto prìblhma kai h anaforĹ twn kuriìterwn kathgoriÿn algorÐjmwn pou to epilÔoun. GÐnetai analutikă melèth enìc plăjouc prosseggÐstikwn algorÐjmwn pou epilÔoun to Bin P acking. H melèth aută perilambĹnei anĹlush twn qeirìterwn (worst-case) allĹ kai twn mèswn epidìsewn (average-case) touc. Anafèrontai pollĹ jewrămata me tic apodeÐxeic touc. GÐnetai epÐshc efarmogă arketÿn algorÐjmwn gia sugkekrimènh eÐsodo kai sÔgkrish twn apodìsewn touc. UpĹrqei analutikă anaforĹ se èna P T AS me apodeÐxeic ìlwn twn jewrhmĹtwn pou to sunodeÔoun. Tèloc anafèrontai dÔo polÔ prìsfatoi algìrijmoi kai meletÿntai oi epidìseic touc.

Lèxeic kleidiĹ

Bin P acking, poluplokìthta, prosseggistikoÐ algìrijmoi, average-case anĹlush, worst-case anĹlush, offline algìrijmoi, online algìrijmoi, bounded- space algìrijmoi, P T AS, AlusÐdec Markov.

Abstract T he scope of this thesis is the research of the NP -Hard problem called Bin P acking. T he thesis begins with an introduction in complexity theory and the definitions of some basic related meanings. After that, there is an introduction in the problem and a reference in the basic categories of algorithms that solve it. T here is an analytical research of a variety of approximation algorithms that solve Bin P acking. T his research includes worst-case and average-case analysis of their behavior. T here are a lot of theorems with their proofs. T he most of the algorithms are practiced for a specific input and their performances are compared. T here is an analytical research of a P T AS with all the proofs that accompany it. F inally, two recent algorithms are studied with their performances.

Keywords Bin P acking, complexity, approximation algorithms, average-case analysis, worst-case analysis, offline algorithms, online algorithms, bounded-space algorithms, P T AS, Markov chains.

Perieqìmena

1 EISAGWGH STH JEWRIA THS POLUPLOKOTHTAS 10 1.1 TO KOSTOS ENOS ALGORIJMOU . . . . . . . . 11 1.2 PROBLHMATA BELTISTOPOIHSHS KAI APO- FASHS . . . . . . . . . . . . . . . . . . . . . . . . . . 12 1.3 OI KLASEIS P KAI NP . . . . . . . . . . . . . . . . 14 1.4 H ENNOIA THS ANAGWGHS . . . . . . . . . . . . 15 1.5 NP − Hard KAI NP − Complete

PROBLHMATA . . . . . . . . . . . . . . . . . . . . . 16 1.6 PROSEGGISTIKOI ALGORIJMOI . . . . . . . . . 16

2 EISAGWGH STO BIN PACKING 18 2.1 ORISMOS TOU PROBLHMATOS . . . . . . . . . 18 2.2 ANALUSH QEIROTERHS EPIDOSHS . . . . . . 19 2.3 BASIKES KATHGORIES TWN

ALGORIJMWN . . . . . . . . . . . . . . . . . . . . . 19 2.3.1 ONLINE KAI OFFLINE ALGORIJMOI . . 19 2.3.2 BOUNDED − SPACE ALGORIJMOI . . . . 21

3 MELETH ONLINE ALGORIJMWN 23 3.1 NEXT FIT . . . . . . . . . . . . . . . . . . . . . . . . 23 3.2 FIRST FIT . . . . . . . . . . . . . . . . . . . . . . . . 28 3.3 BEST FIT . . . . . . . . . . . . . . . . . . . . . . . . . 35 3.4 WORST FIT . . . . . . . . . . . . . . . . . . . . . . . 39 3.5 ALMOST WORST FIT . . . . . . . . . . . . . . . . . 42 3.6 ANY FIT ALGORIJMOI . . . . . . . . . . . . . . . 42 3.7 BOUNDED-SPACE ALGORIJMOI . . . . . . . . . 43 3.7.1 OI NF_K, BBF_K, ABF_K KAI AFB_K ALGO- RIJMOI . . . . . . . . . . . . . . . . . . . . . 44 3.7.2 OI Harmonic_K ALGORIJMOI . . . . . . . . 48 3.7.3 SUGKRISH . . . . . . . . . . . . . . . . . . . 52

3.8 AUJAIRETOI ONLINE ALGORIJMOI . . . . . . . 53

4 MELETH OFFLINE ALGORIJMWN 58 4.1 OI SEMI-ONLINE ALGORIJMOI . . . . . . . . . . 58 4.2 O FIRST FIT DECREASING . . . . . . . . . . . . 60 4.3 O BEST FIT DECREASING . . . . . . . . . . . . . 66 4.4 SUGKRISH FFD ME BFD . . . . . . . . . . . . . . 67

5 MELETH MESWN EPIDOSEWN 69 5.1 OROLOGIA . . . . . . . . . . . . . . . . . . . . . . . . 69 5.2 BOUNDED-SPACE ONLINE

ALGORIJMOI . . . . . . . . . . . . . . . . . . . . . 71 5.3 APOTELESMATA GIA ALLOUS

ONLINE ALGORIJMOUS . . . . . . . . . . . . . . 73 5.3.1 SUNEQEIS KATANOMES . . . . . . . . . 73 5.3.2 DIAKRITES KATANOMES . . . . . . . . . 78 5.4 OFFLINE ALGORIJMOI . . . . . . . . . . . . . . . 81

6 APPROXIMATION SCHEMES 83 6.1 ORISMOI . . . . . . . . . . . . . . . . . . . . . . . . . 83 6.2 ENA ASUMPTWTIKO PTAS . . . . . . . . . . . . . 84

7 DUO PROSFATOI ALGORIJMOI 89 7.1 ALUSIDES MARKOV . . . . . . . . . . . . . . . . . 89 7.1.1 ORISMOS . . . . . . . . . . . . . . . . . . . . 89 7.1.2 PROSEGGISH TOU PROBLHMATOS . . 89 7.2 RANDOM FIT . . . . . . . . . . . . . . . . . . . . . . 91 7.2.1 MELETH QEIROTERHS EPIDOSHS . . . 92 7.2.2 RANDOM-FIT(d) . . . . . . . . . . . . . . . . 93 7.2.3 MELETH MESHS EPIDOSHS . . . . . . . 93 7.3 SUM-OF-SQUARES . . . . . . . . . . . . . . . . . . . 94 7.3.1 PARALLAGES . . . . . . . . . . . . . . . . . 97

8 SUMPERASMATA 103

KefĹlaio 1

EISAGWGH STH JEWRIA THS POLUPLOKOTHTAS

Apì to xekÐnhma thc Ôparxăc tou, o Ĺnjrwpoc basanÐzetai apì diĹfora problămata, twn opoÐwn h lÔsh boăjhse th zwă tou na gÐnei perissìtero leitourgikă. Me to pèrasma twn aiÿnwn kai thn anĹptuxh thc majhmatikăc epistămhc, perĹsame sto stĹdio thc apeikìnishc twn problhmĹtwn me majhmatikoÔc ìrouc kai thc jemelÐwshc twn katĹllhlwn proupojèsewn gia thn apodotikă epÐlusă touc.

’Etsi epinoăjhkan katĹ kairoÔc diĹforoi algìrijmoi gia thn epÐlush autÿn twn problhmĹtwn. Pÿc orÐzetai ìmwc ènac algìrijmoc; An kai den upĹrqei austhrìc orismìc, algìrijmo onomĹzoume sunăjwc èna peperasmèno sÔnolo kanìnwn, oi opoÐoi perigrĹfoun mÐa mèjodo gia na lujeÐ èna sugkekrimèno prìblhma. H mèjodoc thn opoÐa perigrĹfoun, apoteleÐtai apì mÐa seirĹ upologistikÿn diergasiÿn.

’Omwc h èreuna den stamatĹei sthn eÔresh aplĹ enìc algìrijmou pou na epilÔei èna sugkekrimèno prìblhma, allĹ proqwrĹei sth melèth twn metrăsimwn idiotătwn pou qarakthrÐzoun thn apodotikìthta mÐac upologistikăc mejìdou. Tètoia metrăsima megèjh eÐnai, gia parĹdeigma, o qrìnoc upologismoÔ, o qÿroc sth mnămh tou upologistă kai arketĹ Ĺlla pou qarakthrÐzoun thn poluplokìthta enìc algorÐjmou. ’Omwc kai olìklhra problămata, ektìc twn algorÐjmwn, qarakthrÐzontai gia thn poluplokìthtĹ touc. Sugkekrimèna, h poluplokìthta enìc problămatoc qarakthrÐzetai apì thn poluplokìthta tou bèltistou algorÐjmou pou epilÔei to sugkekrimèno prìblhma.

H melèth thc sumperiforĹc enìc algorÐjmou mporeÐ na gÐnei se dÔo pedÐa. MeletĹtai h mèsh apìdosh (average-case anĹlush) tou kai h qeirìterh dunată (worst-case anĹlush), sumperilambĹnontac ìla ta pijanĹ stigmiìtupa tou sugkekrimènou problămatoc pou epilÔei.

’Enac algìrijmoc mporeÐ na eÐnai nteterministikìc ă mh nteterministikìc. Oi nteterministikoÐ algìrijmoi diakrÐnontai apì to ìti o upologismìc pou proteÐnoun eÐnai grammikìc. Gia kĹje upologistikă touc diamìrfwsh upĹrqei akribÿc mÐa nìmimh epìmenh diamìrfwsh. H upologistikă touc diadikasÐa proqwrĹei băma proc băma kai eÐnai se jèsh na stamatăsei gia opoiadăpote dunată eÐsodo. Oi mh nteterministikoÐ algìrijmoi diakrÐnontai apì to ìti gia kĹje upologistikă touc diamìrfwsh mporeÐ na upĹrqoun pollèc, mÐa ă kai kamÐa nìmimec epìmenec upologistikèc diamorfÿseic. Epomènwc oi nteterministikoÐ algìrijmoi apoteloÔn mÐa upoperÐptwsh twn antÐstoiqwn mh nteterministikÿn. Oi mh nteterministikoÐ algìrijmoi apoteloÔntai apì dÔo diaforetikèc fĹseic. Sthn prÿth fĹsh manteÔoun mÐa akoloujÐa apì upologistikèc diamorfÿseic, enÿ sth deÔterh fĹsh, kĹtw apì mÐa kajarĹ nteterministikă diadikasÐa elègqoun an to apotèlesma pou dÐnei h prÿth fĹsh apoteleÐ th lÔsh tou problămatoc.

1.1 TO KOSTOS ENOS ALGORIJMOU

To kìstoc enìc algìrijmou exartĹtai apì thn thc eÐsodo tou problămatoc. Sunăjwc auxĹnetai, ìtan auxĹnetai to mègejoc thc eisìdou, èstw n.

Tic perissìterec forèc eÐnai pio praktikì na upologÐzoume thn tĹxh megèjouc tou kìstouc enìc algìrijmou parĹ thn akribă timă tou. EkeÐno pou mac endiafèrei eÐnai h asumptwtikă sumperiforĹ tou. Me Ĺlla lìgia anazhtoÔme thn oriakă auxhtikă tĹsh thc sunĹrthshc pou ekfrĹzei thn poluplokìthta tou algìrijmou kajÿc auxĹnetai to mègejoc thc eisìdou.

ParakĹtw ja orÐsoume kĹpoia sÔmbola pou qrhsimopoioÔntai sthn melèth thc auxhtikăc tĹshc mÐac sunĹrthshc kai pou qrhsimopoioÔntai se megĹlo bajmì sth sunèqeia, gia th melèth algorÐjmwn pou epilÔoun to prìblhma tou Bin P acking. ’Estw f : N {0} → N {0} kai g : N {0} → N {0}, ìpou N oi fusikoÐ arijmoÐ. Tìte èqoume touc parakĹtw sumbolismoÔc: O(g) = {f | ∃c > 0, ∃n_0 : ∀n > n_0 f(n) ≤ cg(n)} o(g) = {f | ∀c > 0, ∃n_0 : ∀n > n_0 f(n) ≤ cg(n)}

Ω(g) = {f | ∃c > 0, ∃n_0 : ∀n > n_0 f(n) ≥ cg(n)} ω(g) = {f | ∀c > 0, ∃n_0 : ∀n > n_0 f(n) ≥ cg(n)} Θ(g) = {f | ∃c_1 > 0, ∃c_2 > 0 ∃n_0 : ∀n > n_0 c_1 ≤^{f(n)}_{g(n)} ≤ c_2)}

An g ϵ O(f), sunăjwc grĹfoume g(n) = O(f(n)) kai lème ìti h sunĹrthsh g eÐnai tĹxhc megèjouc f.

MÐa sunĹrthsh g eÐnai poluwnumikoÔ bajmoÔ wc proc n, ìtan g ϵ O(poly) = ⋃ O(n^k).

To basikìtero kritărio gia to an ènac algìrijmoc eÐnai apodotikìc ă ìqi, eÐnai to qronikì kìstoc pou parousiĹzei ă kalÔtera h qronikă poluplokìthta tou. Autăn thn paristĹnoume me mÐa sunĹrthsh T (n). H T (n) apodÐdei ton arijmì twn bhmĹtwn pou pragmatopoieÐ ènac algìrijmoc, sunartăsei tou megèjouc thc eisìdou n.

1.2 PROBLHMATA BELTISTOPOIHSH- S KAI APOFASHS

Ta problămata diakrÐnontai se diĹforec kathgorÐec anĹloga me ta qarakthristikĹ touc. Ja anafèroume edÿ dÔo apì tic basikìterec kathgorÐec, ta problămata beltistopoÐhshc kai ta problămata apìfashc.

Sta problămata beltistopoÐhshc, anazhtĹme th lÔsh ekeÐnh pou megistopoieÐ ă elaqistopoieÐ kĹpoia antikeimenikă sunĹrthsh. Gia kĹje stigmiìtupo enìc tètoiou problămatoc, upĹrqei èna sÔnolo efiktÿn lÔsewn F (x). Gia kĹje lÔsh s ϵ F (x), antistoiqoÔme, mèsw mÐac antikeimenikăc sunĹrthshc c, èna jetikì akèraio c(s) kai zhtĹme th lÔsh ekeÐnh s pou beltistopoieÐ^1 to c(s). To prìblhma tou Bin P acking eÐnai èna problhma beltistopoÐhshc kai pio sugkekrimèna èna prìblhma elaqistopoÐhshc.

MÐa Ĺllh kathgorÐa problhmĹtwn eÐnai ta problămata apìfashc. Sthn kathgorÐa aută oi pijanèc apantăseic eÐnai dÔo kai eÐnai thc morfăc ’nai’ ă floqi’. An ìlec oi apantăseic pou dÐnoun ’nai’, upojèsoume ìti anăkoun se èna sÔno-

1To kĹnei mègisto ă elĹqisto, anĹloga me ton an èqoume prìblhma megistopoÐhshc ă elaqistopoÐhshc.

lo A, tìte ta problămata autĹ, gia kĹje eÐsodo x, apoktoÔn th morfă ’x ϵ A ;’

’Estw ìti èqoume èna prìblhma beltistopoÐhshc me eÐsodo x kai anazhtĹme mÐa efiktă lÔsh s pou na beltistopoieÐ thn antikeimenikă sunĹrthsh c(s). Autì to prìblhma, kajÿc kai opoiodăpote prìblhma beltistopoÐhshc, mporoÔme na to metatrèyoume sto antÐstoiqo prìblhma apìfashc: Gia eÐsodo x, n up- Ĺrqei efiktă lÔsh s gia to x tètoia ÿste to c(s) na eÐnai kalÔtero tou n; Gia problămata elaqistopoÐhshc exetĹzetai an c(s) < n, enÿ gia problămata megistopoÐhshc an c(s) > n.

GenikĹ eÐnai idiaÐtera praktikì na metatrèpoume ìlec tic kathgorÐec problhmĹtwn se problămata apìfashc, kajÿc ta teleutaÐa mporoÔn na melethjoÔn me idiaÐtera apodotikì trìpo mèsw twn tupikÿn glÿsswn. An sunupologÐsoume to gegonìc ìti gia na eisĹgoume èna stigmiìtupo enìc problămatoc se èna upologistikì montèlo, autì prèpei na kwdikopoihjeÐ apì èna peperasmèno sÔnolo sumbìlwn, tìte gÐnetai katanohtìc o lìgoc pou jèloume to prìblhmĹ mac na èqei Ĺmesh sqèsh me tic tupikèc glÿssec. Ac anafèroume ìmwc kĹpoia basikĹ stoiqeÐa gi’ autèc.

’Estw ìti èqoume èna peperasmèno sÔnolo S apì sÔmbola. OrÐzoume wc Σ^∗ to sÔnolo twn peperasmènou măkouc sumboloseirÿn pou apoteloÔntai apì sÔmbola tou S. An gia parĹdeigma, Σ = {0, 1} tìte Σ^∗ = {ε, 1, 0, 10, 101, 0111, . . .}. EÐnai profanèc ìti to sÔnolo Σ^∗ perièqei Ĺpeira stoiqeÐa, kajÿc upĹrqoun aperiìristoi sunduasmoÐ twn sumbìlwn tou S. Lème ìti h L eÐnai glÿssa tou alfĹbhtou^2 S ìtan L ⊆ Σ^∗.

Gia kĹje prìblhma apìfashc, upĹrqoun stigmiìtupa gia ta opoÐa h apĹnthsh eÐnai ’nai’ kai Ĺlla gia ta opoÐa eÐnai floqi’. Ac upojèsoume ìti gia èna prìblhma P, ta ’nai’ stigmiìtupa anăkoun sto sÔnolo N_Π, enÿ ta floqi’ anăkoun sto O_Π. An mÐa glÿssa L apoteleÐtai apì ta strings, èstw x, pou apoteloÔn kwdikopoiăseic tou problămatoc gia ta opoÐa h apĹnthsh eÐnai ’nai’, tìte aută orÐzetai wc exăc:

L(Π, k) = {x ∈ Σ^∗| x anaparistĹ èna stigmiìtupo I ∈ N_Π}

Me k sumbolÐzoume ton trìpo kwdikopoÐhshc tou problămatoc. AnĹloga me thn kwdikopoÐhsh pou epilègetai diaforopoioÔntai fusikĹ kai ta sÔnola N_Π kai O_Π. Epomènwc, èna string x anăkei sth glÿssa L an to kĹpoio stigmiìtupo tou prìblhmatoc apìfashc P pou paristĹnetai me to x mèsw

2’Ena peperasmèno sÔnolo apì sÔmbola ìpwc to S, to onomĹzoume alfĹbhto.

mÐac kwdikopoÐhshc k dÐnei apĹnthsh ’nai’.

1.3 OI KLASEIS P KAI NP

EÐpame prohgoumènwc ìti kĹje prìblhma anăkei se mÐa sugkekrimènh tĹxh poluplokìthtac anĹloga me thn poluplokìthta to bèltistou algìrijmou pou to epilÔei. Ja anaferjoÔme edÿ se dÔo polÔ shmantikèc klĹseic problhmĹtwn, thn R kai thn NR. Ta problămata pou anăkoun sth klĹsh R mporoÔn na epilujoÔn me apodotikoÔc algìrijmouc. AntÐjeta, ta antÐstoiqa thc klĹshc NR jewroÔntai fldÔskolafl problămata kai den èqei anakalufjeÐ mèqri stigmăc kĹpoioc apodotikìc^3 algìrijmoc pou na ta epilÔei. Ja anaferjoÔme parakĹtw perissìtero analutikĹ gia tic dÔo autèc klĹseic.

OnomĹzoume P (polynomial) thn klĹsh twn problhmĹtwn ta opoÐa epilÔontai se poluwnumikì qrìno apì kĹpoio nteterministikì algìrijmo.

EÐpame ìti kĹje algìrijmoc ulopoieÐtai se kĹpoio upologistikì montèlo. To montèlo sto opoÐo ja anaferìmaste apì dw kai pèra eÐnai h nteterministikă mhqană T uring (DT M), sthn opoÐa upojètoume ìti ulopoieÐtai kai o nteterministikìc algìrijmoc tou parapĹnw orismoÔ. ’Ena DT M prìgramma me èna alfĹbhto S apodèqetai èna string x, ìtan stamatĹei se katĹstash apodoqăc q_N gia to x. Epomènwc ènac isodÔnamoc orismìc gia thn klĹsh P eÐnai:

P = {L | ∃ poluwnumikoÔ qrìnou DT M pou apodèqetai th glÿssa L }

Na dieukrinÐsoume edÿ ìti o qrìnoc mÐac DT M gia kĹpoio n^4, orÐzetai san o mègistoc qrìnoc gia na apokrijeÐ h DT M gia opoiodăpote string eisìdou, èstw x, pou èqei măkoc Ðso me n. MÐa DT M kaleÐtai poluwnumikoÔ qrìnou, an upĹrqei poluÿnumo p ÿste ∀n ∈ Z^+: qrìnoc (DT M) ≤ p(n). OnomĹzoume NP (Non − deterministicP olynomialT ime) thn klĹsh twn problhmĹtwn ta opoÐa epilÔontai se poluwnumikì qrìno apì kĹpoio mh nteterministikì algìrijmo.

An jumhjoÔme ton orismì twn mh-nteterministikÿn algìrijmwn, mporoÔme na poÔme ìti èna prìblhma anăkei sthn NP klĹsh ìtan, afoÔ ’mantèyoume’ mÐa pijană lÔsh s gia to sugkekrimèno prìblhma, mporeÐ na gÐnei epalăjeush

3’Otan lème apodotikìc algìrijmoc, ennooÔme algìrijmoc poluwnumikoÔ qrìnou. 4’Opou n eÐnai to măkoc tou string eisìdou.

thc sugkekrimènhc lÔshc se poluwnumikì qrìno.

’Enac isodÔnamoc orismìc gia thn klĹsh NP eÐnai:

NP = {L | ∃ poluwnumikoÔ qrìnou NDT M pou apodèqetai th glÿssa L } H NDT M eÐnai mÐa Non − deterministic mhqană T uring. MÐa NDT M epilègei kĹje forĹ to suntomìtero monopĹti, to opoÐo odhgeÐ se katĹstash apodoqăc gia èna sugkekrimèno string eisìdou, èstw x.

PoiĹ eÐnai ìmwc h sqèsh metaxÔ twn klĹsewn P kai NP ; EÐnai profanèc ìti P ⊆ NP . ’Eqoume pei ìti oi nteterministikoÐ algìrijmoi eÐnai eidikă perÐptwsh twn mh-nteterministikwn. Epomènwc, èna prìblhma pou lÔnetai se poluwnumikì qrìno apì ènan nteterministikì algìrijmo, lÔnetai se poluwnumikì qrìno kai apì ènan mh-nteterministiko algìrijmo. EkeÐno pou ereunĹtai mèqri sămera eÐnai an ta problămata pou lÔnontai se poluwnumikì qrìno apì mÐa NDT M, mporoÔn na lujoÔn se poluwnumikì qrìno kai apì mÐa DT M. Dhladă an P = NP .

1.4 H ENNOIA THS ANAGWGHS

Ta problămata pou anăkoun stic klĹseic P kai NP eÐnai exairetikĹ pollĹ se arijmì. Pollèc forèc tÐjetai to erÿthma, metaxÔ orismènwn problhmĹtwn poiì eÐnai perissìtero polÔploko ă an mporeÐ na susqetisteÐ kĹpoio prìblhma me èna Ĺllo. Apantăseic se tètoiou eÐdouc problhmatismoÔc dÐnei h ènnoia thc anagwgăc. Ac doÔme ìmwc ton akribă orismì thc:

Lème ìti èna prìblhma B anĹgetai poluwnumikĹ se èna prìblhma A kai to sumbolÐzoume B ⪯ A, an upĹrqei metasqhmatismìc poluwnumikoÔ qrìnou R, o opoÐoc, gia kĹje x ∈ B, na parĹgei èna isodÔnamo R(x) ∈ A. Me th lèxh isodÔnamo ennooÔme ìti an h eÐsodoc x tou problămatoc B^5 odhgeÐ se apĹnthsh ’nai’, tìte kai mìno tìte h eÐsodoc R(x) tou problămatoc A ja odhgeÐ epÐshc se apĹnthsh ’nai’.To Ðdio isqÔei kai gia tuqìn arnhtikă apĹnthsh.

Me lÐga lìgia, antÐ na epilÔsoume to prìblhma B gia mÐa eÐsodo x, mporoÔme na upologÐsoume to R(x) kai na epilÔsoume to prìblhma A gia eÐsodo R(x). Kai stic dÔo periptÿseic ja katalăxoume sthn Ðdia lÔsh.

5JewroÔme ìti ta problămata A kai B eÐnai problămata apìfashc.

1.5 NP − Hard KAI NP − Complete PROBLHMATA

’Otan èna prìblhma B anĹgetai se èna prìblhma A tìte mporoÔme na poÔme ìti to A eÐnai toulĹqiston to Ðdio ’dÔskolo’ prìblhma me to B. Ki autì isqÔei giatÐ an brejeÐ ènac apodotikìc algìrijmoc gia to A, tìte autìmata mporeÐ na lujeÐ apodotikĹ kai to B. ’Osa perissìtera problămata anĹgontai se èna prìblhma èstw A, tìso pio ’dÔskolo’ qarakthrÐzetai autì.

NP −Hard onomĹzontai ta problămata sta opoÐa anĹgontai ìla ta problămata pou anăkoun sthn klĹsh NR. Dhladă:

An ∀Π^′ ∈ NP isqÔei Π^′ ⪯ Π tìte to Π eÐnai NP -Hard.

Ta NP -Hard problămata pou anăkoun sthn klĹsh NR onomĹzontai NP - Complete problămata. SumperaÐnoume apì ta parapĹnw ìti ta NP -Hard kai ta NP -Complete problămata qarakthrÐzontai apì thn exairetikă touc duskolÐa. Gia parĹdeigma an brejeÐ algìrijmoc poluwnumikoÔ qrìnou pou na lÔnei èna apì autĹ ta problămata, tìte mporoÔn na lujoÔn poluwnumikĹ ìla ta problămata thc klĹshc NR. Epomènwc ja èqei apodeiqteÐ ìti P = NP . To prìblhma tou Bin P acking eÐnai èna NP -Hard prìblhma. 1.6 PROSEGGISTIKOI ALGORIJMOI

EÐpame sthn prohgoÔmenh parĹgrafo gia dÔo kathgorÐec problhmĹtwn me exairetikĹ uyhlì bajmì duskolÐac. H poluplokìthta touc mac anagkĹzei na ereunĹme algìrijmouc pou den prosfèroun thn polutèleia mÐac apotelesmatikăc lÔshc kĹje forĹ pou efarmìzontai. Oi algìrijmoi autoÐ (heuristics) epistrèfoun efiktèc lÔseic oi opoÐec ìmwc apoklÐnoun pollèc forèc apì thn optimal lÔsh. Merikèc forèc, wstìso, oi lÔseic pou prosfèroun tètoiou eÐdouc algìrijmoi den faÐnetai na apèqoun polÔ apì thn optimal lÔsh.

Ac upojèsoume ìti èqoume èna prìblhma beltistopoÐhshc A. Gia kĹje eÐsodo x, upĹrqei èna sÔnolo apì efiktèc lÔseic F (x). Th bèltisth lÔsh tou sunìlou autoÔ thn sumbolÐzoume OP T (x). ’Estw M ènac algìrijmoc, o opoÐoc gia kĹje eÐsodo x epistrèfei mÐa efiktă lÔsh M(x) ∈ F (x). O M eÐnai ènac ε − approximation algìrijmoc^6, ìpou ε ≥ 0, an gia kĹje x isqÔei: |c(M(x))−OP T (x)| max{OP T (x),c(M(x))} ≤ ε Sthn parapĹnw sqèsh, h c eÐnai h antikeimenikă sunĹrthsh tou problămatoc beltistopoÐhshc. Epomènwc ènac heuristic algìrijmoc eÐnai ε − approximate, an to sqetikì sfĹlma thc lÔshc pou prosfèrei eÐnai to polÔ ε.

Sth sunèqeia ja epikentrÿsoume th melèth mac sto NP -Hard prìblhma tou Bin P acking. Ja meletăsoume èna plăjoc algìrijmwn pou èqoun protajeÐ gia to sugkekrimèno prìblhma. H melèth mac aforĹ tic qeirìterec allĹ kai tic mèsec epidìseic tìso klassikÿn algìrijmwn tou problămatoc, oi opoÐoi èqoun parousiasteÐ edÿ kai arketĹ qrìnia, ìso kai algìrijmwn pou èqoun epinohjeÐ mèqri kai thn teleutaÐa pentaetÐa.

6Approximation algìrijmoi eÐnai oi proseggistikoÐ algìrijmoi.

KefĹlaio 2

EISAGWGH STO BIN PACKING

2.1 ORISMOS TOU PROBLHMATOS

Sto klassikì monodiĹstato Bin P acking mac dÐnetai mia akoloujÐa apì L = (a_1, a_2, ..., a_n) antikeÐmena, kĹje èna me mègejoc s(a_i) ϵ (0.1] kai kaloÔmaste na ta suskeuĹsoume se ènan elĹqisto arijmì doqeÐwn qwrhtikìthtac Ðshc me th monĹda (dhl. na ta qwrÐsoume se ènan elĹqisto arijmì m uposunìlwn B_1, B_2..., B_m ètsi ÿste ∑ a_iϵB_j s(ai) ≤ 1, 1 ≤ j ≤ m).

Me ton ìro ’monodiĹstato’ ennooÔme ìti ta antikeimena perigrĹfontai mìno apì ènan arijmì, o opoÐoc mporeÐ na sumbolÐzei ton ìgko touc, to bĹroc touc ă opoiodăpote Ĺllo mègejoc mporeÐ na qrhsimopoihjeÐ anĹloga me thn efarmogă tou problămatoc. Sto didiĹstato prìblhma ta antikèimena perigrafontai apo dÔo arijmoÔc (p.q. măkoc, plĹtoc), enÿ sto trisdiĹstato apì treic (p.q. măkoc, plĹtoc, Ôyoc). AnĹloga me to prìblhma, oi kĹdoi stouc opoÐouc topojetoÔntai ta antikeÐmena eÐnai monodiĹstatoi, didiĹstatoi, ă trisdiĹstatoi antÐstoiqa.

Ektìc apo to klassikì Bin P acking upĹrqoun pollèc Ĺllec parallagèc pou èqoun melethjeÐ, idÐwc ta teleutaÐa qrìnia, kai pou èqoun dÿsei diaforetikă diĹstash sto prìblhma.

2.2 ANALUSH QEIROTERHS EPIDOSH- S To kritărio me to opoÐo ja meletăsoume kĹpoiouc sugkekrimènouc algìrijmouc parakĹtw, eÐnai h apìdosh touc apènanti stic ligìtero bolikèc lÐstec antikeimènwn.

Ac upojèsoume ìti èqoume mÐa lÐsta antikeimènwn L kai ènan Bin P acking algìrijmo A. Tìte me A(L) sumbolÐzoume ton arijmì twn kĹdwn pou qrhsimopoioÔntai ìtan efarmìzetai o algìrijmoc A sth lÐsta L. EpÐshc me R_A(L) sumbolÐzoume to phlÐko^{A(L)}_{OP T (L)} (R_A(L) =^{A(L)}_{OP T (L)} ).

Ja orÐsoume prÿta to R_A (apìluto phlÐko prosèggishc qeirìterhc epÐdoshc^1) wc exăc: R_A = inf{r ≥ 1 : R_A(L) ≤ r gia ìlec tic lÐstec L }

To R^∞_A (asumptotikì phlÐko prosèggishc qeirìterhc epÐdoshc^2) orÐzetai wc exăc: R^∞_A = inf{r ≥ 1 : gia kĹpoia N > 0, R_A(L) ≤ r gia ìlec tic lÐstec L me OP T (L) ≥ N } An èqoume lÐstec pou apoteloÔntai apì antikeÐmena pou èqoun mègejoc to polÔ a (me a ≤ 1 fusikĹ) mporoÔme na qrhsimopoiăsoume touc sumbolismoÔc R_A(a), R^∞_A (a).

2.3 BASIKES KATHGORIES TWN ALGORIJMWN

2.3.1 ONLINE KAI OFFLINE ALGORIJMOI

Oi algìrijmoi oi opoÐoi èqoun epinohjeÐ kata kairoÔc gia na lujeÐ apodotikĹ to prìblhma autì, qwrÐzontai se dÔo basikec kathgorÐec:

online algìrijmoi: Edÿ ta antikeÐmena pou apoteloÔn thn eÐsodo tou problămatoc èrqontai èna proc èna. Den gnwrÐzoume ìloklhrh th lÐsta apì thn arqh allĹ mìno to ekĹstwte trèqon antikeÐmeno to opoÐo prèpei na topojethjeÐ se ènan kĹdo prin thn Ĺfixh tou epomènou.

offline algìrijmoi: GnwrÐzoume olìklhrh th lÐsta twn antikeimènwn apì 1absolute worst-case performance ratio 2asymptotic worst-case performance ratio

thn arqă kai mporoÔme na ta topojetăsoume me opoiadăpote seirĹ epijumoÔme ÿste na petÔqoume mÐa apodotikă lÔsh.

Apì touc parapĹnw orismoÔc autoÔc kaj’ autoÔc mporoÔme na sumperĹnoume ìti oi offline algìrijmoi eÐnai katĹ bĹsh perissìtero apodotikoÐ apì touc online.

Lămma 2.3.1.1 Den upĹrqei online algìrijmoc pou na epistrèfei pĹnta mÐa optimal lÔsh. Apìdeixh: Ac upojèsoume ìti ε > 0 eÐnai ènac polÔ mikrìc pragmatikìc arijmìc kai m ènac jetikìc akèraioc tètoioc ÿste m ≥ 2. Ac upojèsoume epÐshc ìti h eÐsodoc tou problămatoc, èstw I, apoteleÐtai apì m antikeÐmena megèjouc^1_2 − ε, ta opoÐa akoloujoÔntai apo m antikeÐmena megèjouc^1_2 + ε. H optimal lÔsh autoÔ tou problămatoc apoteleÐtai apì m kĹdouc.

Ac upojèsoume tÿra ìti upĹrqei ènac online algìrijmoc A pou epistrèfei pĹnta thn optimal lÔsh. Ja meletăsoume thn sumperiforĹ tou A sthn eÐsodo I. MetĹ ta prÿta m antikeÐmena, o A èqei gemÐsei ⌈^m_2 ⌉ kĹdouc, giatÐ aută eÐnai h optimal lÔsh gia ta prÿta m antikeÐmena. Ta epìmena m antikeÐmena thc eisìdou apaitoÔn akìma m kĹdouc, efìson to m eÐnai Ĺrtioc, giatÐ ìloi oi prohgoÔmenoi kĹdoi ătan sqedìn gemĹtoi kai epomènwc den mporoÔn na deqtoÔn kainoÔrgia antikeÐmena. An o m eÐnai perittìc ja qreiazìmastan m−1 kainoÔrgiouc kĹdouc giatÐ to prÿto antikeÐmeno thc deÔterhc omĹdac ja taÐriaze ston teleutaÐo kĹdo thc prÿthc omĹdac. Etsi apaitoÔntai sunolikĹ ⌊^3_2 m⌋ > m kĹdoi. Epomènwc o A den dÐnei thn optimal lÔsh. ’Atopo ----------------------

Ja parajèsoume edÿ to Jeÿrhma 2.3.1.2 pou deÐqnei akribÿc pìso perioristikì eÐnai gia thn apìdosh enìc algorÐjmou, na anăkei sthn kathgorÐa twn online. Jeÿrhma 2.3.1.2 Den upĹrqei online algìrijmoc pou na epistrèfei lÔsh kĹtw twn^4_3 m^∗ kĹdwn^3.

Apìdeixh: ’Estw ìti upĹrqei algìrijmoc A pou epistrèfei lÔsh kĹtw twn^4_3 m^∗ kĹdwn. JewroÔme ìti èqoume thn Ðdia eÐsodo sto prìblhmĹ mac me auth sto prohgoÔmeno Lămma. Ac upojèsoume ìti o m eÐnai Ĺrtioc kai ìti o

3To m^∗ dhlÿnei ton bèltisto arijmì kĹdwn gia to prìblhma.

A èqei gemÐsei b kĹdouc metĹ ta prÿta m antikeÐmena. H beltisth lÔsh gia ta prÿta m antikeÐmena thc eisìdou apoteleÐtai apì^m_2 kĹdouc. Epomènwc: b <^4_3 ·^m_2 ⇒ b <^2_3 m.

Tÿra ja suneqÐsoume me ta epìmena m antikeÐmena. Stouc prÿtouc b kĹdouc upĹrqoun to polÔ 2 antikeÐmena anĹ kĹdo. An me ta epìmena m antikeÐmena Ĺnoige o A nèouc kĹdouc, x apì touc opoÐouc ja ătan epÐshc gèmatoi, tìte se autoÔc touc x kĹdouc ja upĹrqei èna (megĹlo) antikeÐmeno ston kajèna. Epomènwc 2b + x ≥ 2m(to mègejoc thc eisìdou). Epomènwc x ≥ 2m − 2b.

O sunolikìc arijmìc twn kĹdwn eÐnai toulĹqiston x + b ≥ 2m − b. O arijmìc twn kĹdwn den prèpei na xepernĹei touc^4_3 m, kajÿc m = m^∗ gia thn eÐsodo I. Epomènwc 2m − b <^4_3 m ⇒ b >^2_3 m. ’Atopo. ------------------`

Na poÔme edÿ ìti to^4_3 eÐnai èna ìrio pou mporeÐ eÔkola na apodeiqteÐ kai gi’ autì to parajèsame s’ autì to shmeÐo. ’Eqei apodeiqteÐ polÔ pio stenì ìrio gia touc online algìrijmouc sto opoÐo ja anaferjoÔme parakĹtw.

2.3.2 BOUNDED − SPACE ALGORIJMOI Orismìc: ’Enac online Bin P acking algìrijmoc eÐnai K-bounded-space, eĹn se kanèna qronikì shmeÐo thc efarmogăc tou, o arijmìc twn anoiktÿn kĹdwn den xepèrna touc K.

EÐnai ènac periorismìc gia touc online algìrijmouc sÔmfwna me ton opoÐo mìno ènac sugkekrimènoc arijmìc^4 merikÿc gemismènwn kĹdwn mporeÐ na eÐnai anoiqtìc na dèqetai antikeÐmena.

’Osoi algìrijmoi anăkoun sthn kathgorÐa twn bounded-space, meionektoÔn se apìdosh alla pleonektoÔn sto qrìno efarmogăc touc. ’Enac algìrijmoc o opoÐoc den exetĹzei ìlouc touc qrhsimopoihmènouc kĹdouc san pijanoÔc stìqouc gia to epìmeno antikeÐmeno, allĹ mìno merikoÔc apo autoÔc, ja èqei ligìterec pijanìthtec na brei th bèltisth lÔsh tou sugkekrimènou problămatoc. ’Omwc, efìson se kĹje stigmiìtupo tou den exetĹzei ìlouc touc kĹdouc allĹ mìno kĹpoiouc apì autoÔc, logikì eÐnai na oloklhrÿsei thn efarmogă tou se ligìtero qrìno.

4Autìc o arijmìc einai stajerìc gia kĹje algìrijmo, paÐrnei timèc apì 1 eÿc ∞ kai upodhlÿnetai apì ton K tou orismoÔ.

KĹje algìrijmoc perilambĹnei ènan packing rule pou prosdiorÐzei ton trìpo me ton opoÐo ja topojetăsei ta antikeÐmena thc eisìdou stouc kĹdouc. Sthn perÐptwsh ìmwc twn bounded-space algìrijmwn, upĹrqei Ĺlloc ènac kanìnac pou touc sunodeÔei kai eÐnai o closing rule. KĹje forĹ pou èrqetai èna kainoÔrgio antikeÐmeno kai den tairiĹzei stouc, èstw K, anoiqtoÔc kĹdouc tìte prèpei na anoÐxei ènac nèoc kĹdoc gia na topojethjeÐ. Prèpei ìmwc, lìgw tou bounded-space periorismoÔ, na upĹrqoun to polÔ K kĹdoi anoiqtoÐ tautìqrona. ’Etsi gia na anoÐxei ènac nèoc kĹdoc prèpei na kleÐsei ènac apì touc ădh upĹrqontec. To poiìc akribÿc ja kleÐsei apì autoÔc kajorÐzetai apo ton closing rule. Sta epìmena kefĹlaia ja anafèroume merikoÔc gnwstoÔc bounded-space algìrijmouc kai ja meletăsoume tic apodìseic touc.

KefĹlaio 3

MELETH ONLINE ALGORIJMWN

3.1 NEXT FIT

NF Packing Rule : To prÿto antikeÐmeno a_1 topojeteÐtai ston prÿto kĹdo B_1. An B_j eÐnai o teleutaÐoc kĹdoc pou èqei anoÐxei kai èqei seirĹ to antikeÐmeno a_i tìte: Aponèmetai to a_i ston B_j , èfìson autìc èqei eparkă qÿro, alliÿc kleÐnei mìnima o B_j kai topojeteÐtai ston B_{j+1}.

Na shmeiÿsoume edÿ ìti ènac kĹdoc eÐnai anoiktìc ìtan perièqei ădh kĹpoia antikeÐmena kai mporoÔme na topojetăsoume ki Ĺlla se autìn. AntÐjeta ènac kĹdoc eÐnai kleistìc ìtan èqei qrhsimopoihjeÐ allĹ den exetĹzetai gia opoiodăpote apì ta epìmena antikeÐmena.

Ston Next F it eÐnai anoiktìc mìno o teleutaÐoc kĹdoc pou èqei qrhsimopoihjeÐ kai oi prohgoÔmenoi apo autìn èqoun kleÐsei mìnima. An to epìmeno antikeÐmeno den tairiĹzei se autìn, kleÐnei ki autìc mìnima kai anoÐgei o epìmenoc gia na to deqteÐ. Apì ton packing rule eÔkola na sumperaÐnei kaneÐc ìti o Next F it (NF ) eÐnai ènac online 1-bounded-space algìrijmoc. ParĹdeigma: ’Estw ìti èqoume san eÐsodo th lÐsta L = {0.2, 0.5, 0.4, 0.7, 0.1, 0.3, 0.8}. Th sugkekrimènh lÐsta ja qrhsimopoioÔme san eÐsodo gia ìlouc touc algìrijmouc kai h bèltisth lÔsh gi’ autăn eÐnai: B_1 = {0.8, 0.2}, B_2 = {0.7, 0.3}, B_3 = {0.5, 0.4, 0.1} dhladă 3 kĹdoi. O Next F it sumperifèretai wc exăc:

level(B_1) = 0.2

1o BHMA To s(a_1) = 0.2 topojeteÐtai ston prÿto kĹdo.

level(B_1) = 0.7

2o BHMA To s(a_2) = 0.5 topojeteÐtai epÐshc ston prÿto kĹdo.

level(B_1) = 0.7 level(B_2) = 0.4

3o BHMA To s(a_3) = 0.4 topojeteÐtai ston B_2 kĹdo kajÿc den tairiĹzei ston B_1. O B_1 kleÐnei mìnima.

level(B_1) = 0.7 level(B_2) = 0.4 level(B_3) = 0.7 4o BHMA To s(a_4) = 0.7 topojeteÐtai ston B_3 kĹdo kajÿc den tairiĹzei ston B_2. O B_2 kleÐnei mìnima.

level(B_1) = 0.7 level(B_2) = 0.4 level(B_3) = 0.8 5o BHMA To s(a_5) = 0.1 topojeteÐtai epÐshc ston B_3 kĹdo.

level(B_1) = 0.7 level(B_2) = 0.4 level(B_3) = 0.8 level(B_4) = 0.3 6o BHMA To s(a_6) = 0.3 topojeteÐtai ston B_4 kĹdo kajÿc den tairiĹzei ston B_3. O B_3 kleÐnei mìnima.

level(B_1) = 0.7 level(B_2) = 0.4 level(B_3) = 0.8 level(B_4) = 0.3

level(B_5) = 0.8 7o BHMA To s(a_7) = 0.8 topojeteÐtai ston B_5 kĹdo kajÿc den tairiĹzei ston B_4. O B_4 kleÐnei mìnima.

Gia th sugkekrimènh lÐsta L, o NF qrhsimopoieÐ 5 kĹdouc. --------------------------

O NF mporeÐ na trèxei se grammikì qrìno. Na poÔme edÿ ìti upĹrqoun lÐstec pou odhgoÔn ton OP T (L) se aujaÐreta megĹlec timèc kai gia tic opoÐec isqÔei h isìthta NF (L) = 2OP T (L) − 1. Autèc oi lÐstec eÐnai thc morfăc:

L = {^1_2 ,^1_{2n} ,^1_2 ,^1_{2n} , . . .,^1_2 ,^1_{2n} }

SunolikĹ ta antikeÐmena eÐnai 4n. Apì autĹ, 2n antikeÐmena eÐnai megèjouc 1 2 , enÿ ta upìloipa 2n eÐnai megèjouc^1_{2n} . H optimal lÔsh gia th sugkekrimènh lÐsta eÐnai:

1 2

1 2 . . 1 2n n kĹdoi 1 kĹdoc 26

Epomènwc OP T (L) = n + 1 kĹdoi. Gia thn lÐsta L, o NF paragmatopoieÐ thn exăc topojèthsh:

1 2

1 2n

2n kĹdoi

’Etsi ìpwc eÐnai diatetagmèna ta antikeÐmena thc lÐstac L, o NF topojeteÐ èna antikeÐmeno megèjouc^1_2 se ènan kĹdo, sth sunèqeia èna megèjouc^1_{2n} ston Ðdio kĹdo kai to epìmeno pou eÐnai pĹli megèjouc^1_2 to topojeteÐ ston epìmeno kĹdo kajÿc den tairiĹzei ston Ðdio. ’Etsi o prohgoÔmenoc kĹdoc klèinei mìnima. Autì sumbaÐnei gia kĹje kĹdo ki ètsi ìloi oi kĹdoi pou qrhsimopoieÐ o NF , eÐnai thc morfăc tou sqămatoc. Epomènwc NF (L) = 2n kĹdoi. ’Ara ìntwc isqÔei NF (L) = 2OP T (L) − 1.

Jeÿrhma 3.1.1 Gia ton Next F it isqÔei: R^∞_{NF} = 2

Apìdeixh: Ac upojèsoume ìti gia mÐa tuqaÐa eÐsodo L, o Next F it qrhsimopoÐhse h kĹdouc. An OP T (L) eÐnai o bèltistoc arijmìc kĹdwn, tìte eÐnai profanèc ìti OP T (L) ≥ ⌈ ∑ a_i⌉, ìpou ∑ a_i eÐnai to Ĺjroisma twn antikeimènwn thc lÐstac L. KĹti polÔ shmantikì eÐnai ìti to Ĺjroisma twn antikeimènwn dÔo diadoqikÿn kĹdwn eÐnai pĹnta megalÔtero thc monĹdac, giatÐ allÐwc o Next F it ja ta eÐqe topojetăsei ston Ðdio kĹdo.

An o h eÐnai Ĺrtioc tìte èqoume: level(B_1) + level(B_2) ≥ 1 level(B_3) + level(B_4) ≥ 1 . . level(B_{h−1}) + level(B_h) ≥ 1

An ajroÐsoume tic parapĹnw anisìthtec katĹ mèlh èqoume: ∑ a_i ≥^h_2 ’Ara: h ≤ 2 ∑ a_i ≤ 2⌈ ∑ a_i⌉ ≤ 2OP T (L) An o h eÐnai perittìc tìte: level(B_1) + level(B_2) ≥ 1 level(B_3) + level(B_4) ≥ 1 . . level(B_{h−2}) + level(B_{h−1}) ≥ 1 An ajroÐsoume pĹli tic anisìthtec èqoume: ∑ a_i − level(B_h) ≥^{h−1}_2 ⇒ ∑ a_i ≥ level(B_h) +^{h−1}_2 ⇒ ⌈2 ∑ a_i⌉ ≥ ⌈2level(B_h) + h − 1⌉ ⇒ ⌈2 ∑ a_i⌉ ≥ h ⇒ h ≤ ⌈2 ∑ a_i⌉ ≤ 2⌈ ∑ a_i⌉ ≤ 2OP T (L) -----------

Gia eisìdouc me periorismì sta megèjh twn antikeimènwn, isqÔei to parakĹtw jeÿrhma [Joh73]:

Jeÿrhma 3.1.2 Gia ton NF isqÔei:

R^∞_{NF} (a) = 2, gia a ≥^1_2 R^∞_{NF} (a) = 1/(1 − a), gia a ≤^1_2

AxioshmeÐwto eÐnai ìti gia a ≥^1_2 , h worst-case sumperiforĹ tou NF paramènei h Ðdia, eÐte èqoume mègisto mègejoc 1, eÐte^1_2 . Gia na petÔqoume kalÔterh qeirìterh epÐdosh prèpei to mègisto dunatì antikeÐmeno thc eisìdou na eÐnai mikrìtero tou^1_2 .

3.2 FIRST FIT

EÐdame sthn prohgoÔmenh parĹgrafo ìti o Next F it den èqei idiaÐtera kală sumperiforĹ lìgw tou periorismoÔ bounded-space o opoÐoc eÐnai èmfutoc s’ autìn apì ton orismì tou. Ja anaferjoÔme tÿra se ènan pio istorikì algìrijmo, ton F irst F it (F F ), ston opoÐo o parapĹnw periorismìc afaireÐtai ex’ oloklărou.

FF Packing Rule : To trèqon antikeÐmeno a_i topojeteÐtai ston prÿto kĹdo ston opoÐo tairiĹzei, upojètontac ìti ìloi oi kĹdoi pou èqoun qrhsimopoihjeÐ eÐnai anoiktoÐ.

Edÿ ìloi oi merikÿc gemismènoi kĹdoi eÐnai pijanoÐ proorismoÐ gia to epìmeno antikeÐmeno. O kanìnac pou akoloujeÐtai dÐnei exăghsh kai gia to ìnoma tou algìrijmou: TopojetoÔme to kĹje antikeÐmeno ston prÿto kĹdo (me to qamhlìtero deÐkth) ston opoÐo tairiĹzei. Dhladă to antikeÐmeno a_i ja eisèljei ston prÿto kĹdo gia ton opoÐo ja isqÔei h sqèsh level(B_j ) + s(a_i) ≤ 1. An aută h sqèsh den isqÔei gia kanènan merikÿc gemismèno (ki epomènwc anoiktì) kĹdo, tìte anoÐgoume ènan kainoÔrgio kai to topojetoÔme sĹutìn.

ParĹdeigma: Gia th lÐsta L = {0.2, 0.5, 0.4, 0.7, 0.1, 0.3, 0.8} me OP T (L) = 3 kĹdoi, o F F sumperifèretai wc exăc:

level(B_1) = 0.2 1o BHMA To s(a_1) = 0.2 topojeteÐtai ston prÿto kĹdo.

level(B_1) = 0.7

2o BHMA To s(a_2) = 0.5 topojeteÐtai epÐshc ston prÿto kĹdo.

level(B_1) = 0.7 level(B_2) = 0.4 3o BHMA To s(a_3) = 0.4 topojeteÐtai ston B_2 kĹdo, kajÿc den tairiĹzei ston B_1.

level(B_1) = 0.7 level(B_2) = 0.4 level(B_3) = 0.7 4o BHMA To s(a_4) = 0.7 topojeteÐtai ston B_3 kĹdo kajÿc den tairiĹzei oÔte ston B_1, oÔte ston B_2.

level(B_1) = 0.8 level(B_2) = 0.4 level(B_3) = 0.7

5o BHMA To s(a_5) = 0.1 tairiĹzei ston B_1 kĹdo kai topojeteÐtai s’ autìn.

level(B_1) = 0.8 level(B_2) = 0.7 level(B_3) = 0.7 6o BHMA To s(a_6) = 0.3 den tairiĹzei ston B_1, allĹ tairiĹzei ston B_2 kai topojeteÐtai s’ autìn.

level(B_1) = 0.8 level(B_2) = 0.7 level(B_3) = 0.7 level(B_4) = 0.8 7o BHMA To s(a_7) = 0.8 den tairiĹzei se kanènan apì touc 3 prÿtouc kĹdouc kai topojeteÐtai ston B_4.

Gia th sugkekrimènh lÐsta L, o F F qrhsimopoieÐ 4 kĹdouc. --------------------------

ParathroÔme edÿ ìti afairÿntac ton periorismì bounded-space, qĹnoume to pleonèkthma( pou eÐqe o NF ) na trèqei se grammikì qrìno. O F F mporeÐ na paketĹrei mÐa lÐsta se qrìno O(nlogn), an qrhsimopoiăsoume thn katĹllhlh domă dedomènwn. ’Omwc o F F exetĹzontac èna eurÔtero fĹsma apì proorismoÔc, èqei polÔ kalÔterh apìdosh.

AkoloujeÐ èna Lămma pou mporeÐ eÔkola na apodeiqteÐ allĹ pou den apoteleÐ to stenìtero ìrio gia thn apìdosh tou F F .

Lămma 3.2.1 O F irst F it qrhsimopoieÐ to polÔ 2m^∗ kĹdouc.

Apìdeixh: Ac upojèsoume ìti èqoume san eÐsodo mÐa lÐsta L, n antikeimènwn. MetĹ thn efarmogă tou F irst F it èstw ìti paÐrnoume san apotèlesma m kĹdouc. Dhladă èstw ìti qreiĹsthkan m kĹdoi B_1, B_2, ..., B_m gia thn topojèthsh tou sunìlou twn antikeimènwn. Tèloc upojètoume ìti to Ĺjroisma twn antikeimènwn ston teleutaÐo kĹdo èinai x dhladă level(B_m) = x.

An x ≤^1_2 tìte prèpei gia ìlouc touc prohgoÔmenouc kĹdouc na isqÔei: level(B_i) ≥ 1 − x, ∀ i ϵ {1,m − 1}. Sthn antÐjeth perÐptwsh ta antikeÐmena tou teleutaÐou kĹdou ja taÐriazan se kĹpoion apì touc prohgoÔmenouc kĹdouc pou den ja ikanopoioÔse thn parapĹnw sqèsh. Epomènwc èqoume ta exăc: ∀i, level(B_i) ≥ 1−x ⇒ ∀i, level(B_i) ≥ 1 2 ⇒ m−1∑ i=1 level(B_i) ≥ 1 2 ·(m−1) (3.1)

’Omwc ∑_{m−1} i=1 level(B_i) = sum(L) − x , ìpou sum(L) eÐnai to sunolikì ajroisma twn antikeimènwn thc lÐstac.

’Ara: 1 2 · (m − 1) ≤ sum(L) − x ≤ m^∗ − x < m^∗ ⇒^1_2 · (m − 1) < m^∗ ⇒ m − 1 < 2m^∗ ⇒ m ≤ 2m^∗

An x >^1_2 tìte apo touc prohgoÔmenouc kĹdouc upĹrqei to polÔ ènac, tètoioc ÿste level(B_i) ≤^1_2 . Ac exhgăsoume ìmwc edÿ giatÐ sumbaÐnei autì. An upărqan duo ă perissìteroi kĹdoi me level ≤^1_2 tìte an oi prÿtoi dÔo apo autoÔc ătan oi B_i kai B_j me i < j, o F irst F it ja eÐqe topojetăsei ta antikeÐmena tou B_j ston B_i.

An den upĹrqei kanènac kĹdoc tètoioc ÿste level(B_i) ≤^1_2 tìte gia ìlouc touc kĹdouc isqÔei level(B_i) >^1_2 kai katalăgoume eÔkola sto ìti^1_2 ·m < m^∗. An upĹrqei ènac kĹdoc me level ≤^1_2 tìte akoloujoÔme akribÿc ta Ðdia bămata me thn perÐptwsh pou x ≤^1_2 kai katalăgoume pĹli ìti m ≤ 2m^∗. -------------------------

Jeÿrhma 3.2.2 [GGJ76] Gia kĹje lÐsta, F F (L) ≤ ⌈1.7m^∗⌉.

To Jeÿrhma autì, pou deÐqnei thn anwterìthta tou tou F F ènanti tou NF , steneÔei lÐgo to ìrio pou eÐqe apodeiqteÐ apì ton Ullman to 1971 [Ull71] kai ătan^{17}_{10} OP T (L)^1 +3. O prìsjetoc autìc ìroc (3) meiÿjhke argìtera sto 2 [JDU74] kai sth sunèqeia sto 1 [GGJ76]. Na shmeiwjeÐ ìti mèqri sămera den èqei brejeÐ stenìtero ìrio.

To Ĺnw ìrio tou Jewrămatoc 2.2.2 eÐnai asumptotikĹ stenì, ÿste gia aujaÐreta megĹlec timèc tou N na mporoÔn na kataskeuastoÔn lÐstec L_N tètoiec ÿste F F (L_N ) >^{17}_{10} OP T (L_N ) − 2. UpĹrqoun aplĹ paradeÐgmata apì tètoiec lÐstec pou dhmiourgoÔn pollĹ problămata ston algìrijmo kai eÐnai eÔkola kataskeuĹsimec.

Ja doÔme edÿ mÐa oikogèneia apì lÐstec, tètoiec ÿste^{F F (L)}_{OP T (L)} =^5_3 = 1.666. ’Enac lìgoc pou den apoteloÔn thn pio idanikă eÐsodo gia ton F F eÐnai ìti ta antikeÐmena touc eÐnai taxinomhmèna katĹ aÔxousa seirĹ megèjouc. Sugkekrimèna, oi lÐstec autèc eÐnai thc morfăc: L = { 1 7 + ε . . . 1 7 + ε , 1 3 + ε . . . 1 3 + ε , 1 2 + ε . . . 1 2 + ε } . 6N 6N 6N

To megejìc touc eÐnai 18N antikeÐmena, enÿ to ε paÐrnei polÔ mikrèc timèc. H optimal topojèthsh gia tic lÐstec autèc eÐnai h exăc:

1 2 + ε

1 3 + ε 1 7 + ε

6N kĹdoi

Epomènwc OP T (L) = 6N kĹdoi. O F F pragmatopoieÐ thn exăc topojèthsh:

1OP T (L) ≡ m^∗

1 7 + ε 1 7 + ε 1 7 + ε 1 7 + ε 1 7 + ε 1 7 + ε

1 3 + ε

1 3 + ε 1 2 + ε

N kĹdoi 3N kĹdoi 6N kĹdoi

’Ara F F (L) = 10N kĹdoi. Epomènwc ìntwc isqÔei^{F F (L)}_{OP T (L)} =^5_3 = 1.666.

Me ton parapĹnw trìpo mporoÔn na epinohjoÔn lÐstec pou eÐnai akìma perissìtero mh bolikèc. Gia parĹdeigma, upojètontac ìti to e eÐnai arketĹ mikrì, ja mporoÔse na sumperilhfjeÐ èna prìsjeto antikeÐmeno megèjouc 1 43 + ϵ se kĹje kĹdo thc bèltisthc lÔshc. An topojethjoÔn N tètoia antikeÐmena sthn arqă thc lÐstac, ja anagkasteÐ o F irst F it na ta topojetăsei se epiplèon^N_{42} kĹdouc^2.

Ac genikèyoume thn idèa kai ac jewrăsoume thn akoloujÐa t_1 = 2, t_{i+1} = t_i(t_i − 1) + 1, gia i > 1. Tìte gia kĹje k < ∞ mporoÔme na kataskeuĹsoume paradeÐgmata tètoia ÿste oi bèltistoi kĹdoi na perièqoun o kajènac k antikeÐmena, to kajèna apì ta opoÐa ja èqei mègejoc^1_{ti} + ε, me 1 ≤ i ≤ k. ’Otan dÐnontai ston F irst F it autĹ ta antikeÐmena taxinomhmèna katĹ mh fjÐnousa seirĹ, ja apaithjoÔn katĹ prosèggish ∑_k i=1 1 t_i−1 kĹdoi. EkeÐno pou mporoÔme

na sumperĹnoume apì autì eÐnai ìti: R^∞_{F F} ≥ T_∞ ≡ ∑_∞ i=1 1 t_i−1 = 1 + 1 2 +^1_6 +^1_{42} +^1_{1805} + . . . ≈ 1.69103

H sqèsh aută den antikatoptrÐzei plărwc th worst-case sumperiforĹ tou F F kajÿc upĹrqoun polÔ pio sÔnjeta paradeÐgmata sta opoÐa èqei akìma qamhlìterh apìdosh. Na shmeiwjeÐ edÿ ìti h stajerĹ T_∞ den eÐnai tuqaÐa kajÿc sqetÐzetai kai me Ĺllouc algìrijmouc.

’Opwc kai ston Next F it, h sumperiforĹ tou F irst F it stic qeirìterec periptÿseic beltiÿnetai dramatikĹ ìso to mègejoc tou megalÔterou antikeimènou thc eisìdou meiÿnetai. Epiplèon diathreÐ to pleonèkthmĹ tou apènanti sto NF se autèc periptÿseic, par’ ìlo pou to mègejoc tou pleonektămatoc autoÔ exartĹtai apì thn akribă timă tou a^3 kai steneÔei mazÐ me to mègejoc tou

2efìson to N diaireÐtai me to 42.

3to a dhlÿnei to mègejoc tou megalÔterou antikeimènou thc eisìdou.

megalÔterou antikeimènou.

Jeÿrhma 3.2.3 [Joh73][JDU74] Ac upojèsoume ìti upĹrqei m ϵ Z tètoio ÿste^1_{m+1} < a ≤^1_m . Tìte:

A. Gia m = 1, R^∞_{F F} (a) =^{17}_{10}

B. Gia m ≥ 2, R^∞_{F F} (a) = 1 +^1_m

To parakĹtw sqăma apeikonÐzei tic R^∞_{NF} (a), R^∞_{F F} (a) san sunartăseic tou a. Na shmeiÿsoume ìti, parflolo pou h apìdosh tou NF plhsiĹzei autăn tou F F kĹje forĹ pou to a plhsiĹzei to^1_t twn akeraÐwn tou Jewrămatoc, potè den thn piĹnei, dedomènou ìti h R^∞_{F F} (a) eÐnai mÐa bhmatikă sunĹrthsh pou allĹzei timă mìno s’ autĹ ta shmeÐa, paramènontac stajeră sta upìloipa diastămata.

1 2 1 1 3 1 4 1 5 1 6 1 7 1.0

2.0

1.5 1.7 . . . . . . . ... .. .

. .

. . . . . . . . . . ..

. .

. .

.

. .

...................................................

. .

.

. .

. .

R^∞_{NF} (a)

R^∞_{F F} (a)

3.3 BEST FIT

BF Packing Rule : To prÿto antikeÐmeno thc eisìdou topojeteÐtai ston kĹdo B_1. Sth sunèqeia to trèqon antikeÐmeno a_i topojeteÐtai ston kĹdo me to uyhlìtero dunatì level ston opoÐo tairiĹzei. An den tairÐazei se kanènan tìte topojeteÐtai se nèo kĹdo.

H filosofÐa tou algorÐjmou Best F it(BF ) eÐnai na topojeteÐ kĹje antikeÐmeno stouc ìso to dunatìn pio gemĹtouc kĹdouc. ExetĹzei ta level ìlwn twn anoiktÿn kĹdwn kai brÐskei autìn me to uyhlìtero(èstw B_j). Sth sunèqeia exetĹzei an s(a_i) ≤ 1 − level(B_j ) dhladă an tairiĹzei to trèqon a_i ston kĹdo B_j . Avìqi tìte exetĹzei ton kĹdo me to deÔtero uyhlìtero level kai suneqÐzei ètsi ftĹnontac mèqri kai ton teleutaÐo an qreiasteÐ. Se perÐptwsh pou dÔo kĹdoi èqoun Ðdio level, ja protimhjeÐ autìc pou èqei to qamhlìtero deÐkth.

ParĹdeigma: Gia th lÐsta L = {0.2, 0.5, 0.4, 0.7, 0.1, 0.3, 0.8} me OP T (L) = 3 kĹdoi, o BF sumperifèretai wc exăc:

level(B_1) = 0.2

1o BHMA To s(a_1) = 0.2 topojeteÐtai ston prÿto kĹdo.

level(B_1) = 0.7

2o BHMA To s(a_2) = 0.5 topojeteÐtai epÐshc ston prÿto kĹdo.

level(B_1) = 0.7 level(B_2) = 0.4 3o BHMA To s(a_3) = 0.4 topojeteÐtai ston B_2 kĹdo, kajÿc den tairiĹzei ston B_1.

level(B_1) = 0.7 level(B_2) = 0.4 level(B_3) = 0.7 4o BHMA To s(a_4) = 0.7 topojeteÐtai ston B_3 kĹdo kajÿc den tairiĹzei oÔte ston B_1 me to uyhlìtero level, oÔte ston B_2.

level(B_1) = 0.8 level(B_2) = 0.4 level(B_3) = 0.7 5o BHMA Oi kĹdoi me ta uyhlìtera level, eÐnai oi B_1 kai B_3 stouc opoÐouc tairiĹzei to s(a_5) = 0.1. Oi dÔo autoÐ kĹdoi èqoun to Ðdio level, allĹ to a_5 topojeteÐtai ston B_1, epeidă èqei qamhlìtero deÐkth.

level(B_1) = 0.8 level(B_2) = 0.4 level(B_3) = 1 6o BHMA To s(a_6) = 0.3 den tairiĹzei ston B_1 me to uyhlìtero level, allĹ tairiĹzei ston B_3 me to deÔtero uyhlìtero kai topojeteÐtai s’ autìn. O B_3 kleÐnei, kajÿc eÐnai gemĹtoc.

level(B_1) = 0.8 level(B_2) = 0.4 level(B_3) = 1 level(B_4) = 0.8 7o BHMA To s(a_7) = 0.8 den tairiĹzei se kanènan apì touc 3 prÿtouc kĹdouc kai topojeteÐtai ston B_4.

Gia th sugkekrimènh lÐsta L, o BF qrhsimopoieÐ 4 kĹdouc. --------------------------

O Best F it èqei arketèc omoiìthtec sth sumperiforĹ tou me ton F irst F it. Gia parĹdeigma o BF trèqei epÐshc se qrìno O(nlogn). Oi BF kai F F mporoÔn na dÿsoun jaumĹsiec lÔseic gia memonwmènec lÐstec. UpĹrqoun paradeÐgmata me lÐstec L^4 gia tic opoÐec prokÔptei ìti BF (L) =^4_3 F F (L) kai up- Ĺrqoun kai Ĺllec gia tic opoÐec isqÔei F F (L) =^3_2 BF (L) [Joh73]. EntoÔtoic ìla ta apotelèsmata pou anafèrontai sto R^∞_{F F} (a),kai gia ta opoÐa milăsame sto prohgoÔmeno kefĹlaio, isqÔoun kai gia to R^∞_{BF} (a) [Joh73][Joh74][JDU74].

4Oi lÐstec autèc wjoÔn ton OP T (L) se aujaÐreta megĹlec timèc.

3.4 WORST FIT

WF Packing Rule : To trèqon antikeÐmeno a_i topojeteÐtai ston anoiqtì ekeÐno kĹdo me to qamhlìtero level. An den tairiĹzei s’ autìn anoÐgei nèoc kĹdoc kai topojeteÐtai ekeÐ.

’Opwc ston BF , ètsi kai ston W orst F it(W F ) an èqoume dÔo kĹdouc oi opoÐoi èqoun to Ðdio level kai autì eÐnai to qamhlìtero pou upĹrqei tìte ja protimhjeÐ ekeÐnoc me to qamhlìtero deÐkth.

ParĹdeigma: Gia th lÐsta L = {0.2, 0.5, 0.4, 0.7, 0.1, 0.3, 0.8} me OP T (L) = 3 kĹdoi, o W F sumperifèretai wc exăc:

level(B_1) = 0.2

1o BHMA To s(a_1) = 0.2 topojeteÐtai ston prÿto kĹdo.

level(B_1) = 0.7

2o BHMA To s(a_2) = 0.5 topojeteÐtai epÐshc ston prÿto kĹdo.

level(B_1) = 0.7 level(B_2) = 0.4 3o BHMA To s(a_3) = 0.4 topojeteÐtai ston B_2 kĹdo, kajÿc den tairiĹzei ston B_1.

level(B_1) = 0.7 level(B_2) = 0.4 level(B_3) = 0.7 4o BHMA To s(a_4) = 0.7 topojeteÐtai ston B_3 kĹdo kajÿc den tairiĹzei oÔte ston B_2 me to qamhlìtero level, oÔte ston B_1.

level(B_1) = 0.7 level(B_2) = 0.5 level(B_3) = 0.7 5o BHMA To s(a_5) = 0.1 topojeteÐtai ston B_2, o opoÐoc èqei to qamh- lìtero level. level(B_1) = 0.7, level(B_2) = 0.5, level(B_3) = 0.7

level(B_1) = 0.7 level(B_2) = 0.8 level(B_3) = 0.7

6o BHMA To s(a_6) = 0.3 topojeteÐtai ston B_2 me to qamhlìtero level.

level(B_1) = 0.7 level(B_2) = 0.8 level(B_3) = 0.7 level(B_4) = 0.8

7o BHMA To s(a_7) = 0.8 den tairiĹzei stouc B_1, B_3, oi opoÐoi èqoun to qamhlìtero level, allĹ oÔte kai ston B_2. Epomènwc topojeteÐtai ston B_4.

Gia th sugkekrimènh lÐsta L, o W F qrhsimopoieÐ 4 kĹdouc. --------------------------

Jeÿrhma 3.4.1

Gia a ≤^1_2 , R^∞_{W F} (a) =^1_{1−a}

Gia a ≥^1_2 , R^∞_{W F} (a) = 2

ParathroÔme ìti o W F èqei thn Ðdia apìdosh me ton NF kĹti pou shmaÐnei ìti den eÐnai idiaÐtera apotelesmatikìc. EpÐshc èqei to ellĹtwma ìti se pollèc periptÿseic den mporeÐ na kleÐsei kanènan kĹdo. Ki autì sumbaÐnei giatÐ o orismìc tou o Ðdioc tou kajistĹ dÔskolo na gemÐsei touc kĹdouc.

3.5 ALMOST WORST FIT

O W orst F it den èqei thn kalÔterh dunată apìdosh, wstìso me mÐa parallagă ston orismì tou mporoÔme na kataskeuĹsoume ènan Ĺllo algìrijmo polÔ pio apotelesmatikì. Autìc den eÐnai Ĺlloc apì ton Almost W orst F it.

AWF Packing Rule : To trèqon antikeÐmeno a_i topojeteÐtai ston kĹdo me to deÔtero qamhlìtero level^5, ektìc an upĹrqei mìno ènac kĹdoc ston opoÐo na tairiĹzei opìte ja eisèljei se autìn. An to a_i den tairiĹzei se kanèna anoiktì kĹdo tìte ja anoÐxei ènac kainoÔrgioc.

H qeirìterh epÐdosh tou AW F eÐnai exÐsou kală ìso twn F irst kai Best F it. Wstìso mporoÔn na upĹrxoun shmantikèc diaforopoiăseic gia memonwmènec lÐstec. UpĹrqoun paradeÐgmata gia ta opoÐa isqÔei AW F (L) = 5 4 F F (L) kai Ĺlla gia ta opoÐa F F (L) =^9_8 AW F (L) [Joh73].

3.6 ANY FIT ALGORIJMOI Ja onomĹsoume ènan online bin packing algìrijmo san Any F it(AF ), eĹn anoÐgei èna kainoÔrgio kĹdo mìno ìtan to antikeÐmeno pou prèpei na topojethjeÐ den tairiĹzei se kanènan qrhsimopoihmèno kĹdo.

’Enac antÐstoiqoc algìrijmoc ja onomĹzetai Almost Any F it(AAF ), eĹn den paketĹrei potè èna antikeÐmeno ston merikÿc gemismèno kĹdo me to qamhlìtero epÐpedo ektìc an upĹrqoun perissìteroi tou enìc tètoioi kĹdoi ă autìc o kĹdoc eÐnai o monadikìc pou èqei eparkă qÿro.

Apì touc parapĹnw orismoÔc eÐnai fanerì ìti oi F irst F it, Best F it, W orst F it kai Almost W orst F it eÐnai Any F it algìrijmoi. O Next F it den anăkei s’ autăn thn kathgorÐa kajÿc o orismìc^6 tou ton empodÐzei na exetĹsei ìlouc touc qrhsimopoihmènouc kĹdouc giatÐ kratĹei mìno ènan apì autoÔc anoiktì. Oi Best F it kai Almost W orst F it anăkoun epÐshc sth kathgorÐa twn Almost Any F it algìrijmwn.

Gia autèc tic parapĹnw dÔo kathgorÐec isqÔei to exăc Jeÿrhma [Joh73][Joh74]:

5Gia isìthta s’ ekeÐnon me to qamhlìtero deÐkth. 6O orismìc tou perièqei 1-bounded space periorismì

Jeÿrhma 3.6.1 Gia ìla ta a, tètoia ÿste 0 < a ≤ 1 isqÔei:

A. An o A eÐnai ènac AF algìrijmoc, tìte R^∞_{F F} (a) ≤ R^∞_A (a) ≤ R^∞_{NF} (a)

B. An o A eÐnai ènac AAF algìrijmoc, tìte R^∞_A (a) = R^∞_{F F} (a)

Edÿ faÐnetai kai o lìgoc pou kanènac apì touc algorÐjmouc pou èqoume meletăsei mèqri tÿra den xepèrase thn apìdosh tou F irst F it. Ef’ ìson sqedìn ìloi eÐnai Any F it den mporoÔn apì ton orismì touc na to katafèroun autì. Mìno dÔo apì autoÔc aplĹ èftasan thn apìdosh tou F F . AutoÐ eÐnai oi BF kai AW F oi opoÐoi eÐnai Almost Any F it algìrijmoi.

To sumpèrasma pou bgaÐnei eÐnai ìti eĹn jèloume na lĹboume kalÔterh worst-case sumperiforĹ apì autăn tou F irst F it ja prèpei na egkataleÐyoume ton periorismì Any F it pou orÐsame parapĹnw ă ton Ðdio ton online periorismì.

3.7 BOUNDED-SPACE ALGORIJMOI

To qarakthristikì tou periorismoÔ Any F it eÐnai ìti kanènac kĹdoc den mporeÐ na kleÐsei mìnima gia peraitèrw antikeÐmena. Sunepÿc kanènac Any F it algìrijmoc den mporeÐ tautìqrona na eÐnai kai bounded-space algìrijmoc. EÐdame ìti o periorismìc bounded-space lèei ìti mìno orismènoi kĹdoi (twn opoÐwn kajorÐzetai o arijmìc) eÐnai anoiktoÐ kĹje forĹ na dèqontai antikeÐmena. ’Eqoume ădh dei ènan bounded-space online algìrijmo, ton Next F it, o opoÐoc plhrÿnei gi’ autìn ton periorismì sth qeirìterh epÐdosh tou, se sqèsh me touc unbounded-space algìrijmouc F irst kai Best F it. MĹlista o NF eÐnai 1-bounded space^7 dhladă èqei ton megalÔtero dunatì periorismì gia autì to eÐdoc twn algorÐjmwn.

’Eqoume pei se prohgoÔmeno kefĹlaio ìti oi bounded-space algìrijmoi ektìc apo ton packing rule orÐzontai ki apì ènan closing rule, o opoÐoc kajorÐzei poiìc kĹdoc ja kleÐsei kĹje forĹ pou anoÐgei ènac kainoÔrgioc, ÿste na èqoume sunèqeia stajerì arijmì anoiktÿn kĹdwn. ParakĹtw ja anaferjoÔme analutikĹ se arketoÔc bounded-space algìrijmouc oi opoÐoi parousiĹzoun exairetikì endiafèron.

7’Enac anoiktìc kĹdoc kaje forĹ.

3.7.1 OI NF_K, BBF_K, ABF_K KAI AFB_K ALGORIJ- MOI Se prohgoÔmena kefĹlaia orÐsame touc packing rules tou F irst F it kai tou Best F it. Edÿ ja orÐsoume touc antÐstoiqouc closing rules.

First Fit Closing Rule : KĹje forĹ pou prèpei na anoÐxei ènac kainoÔrgoc kĹdoc, kleÐnei ekeÐnoc apì touc anoiktoÔc kĹdouc o opoÐoc èqei to qamhlìtero deÐkth.

Best Fit Closing Rule : KĹje forĹ pou prèpei na anoÐxei ènac kainoÔrgoc kĹdoc, kleÐnei ekeÐnoc apì touc anoiktoÔc kĹdouc o opoÐoc èqei to uyhlìtero level^8. O Next-K F it algìrijmoc (NF_K ) sunduĹzei ton packing kai ton closing rule tou F irst F it. O K-Bounded Best F it (BBF_K ) sunduĹzei touc antÐs- toiqouc kanìnec tou Best F it. EpÐshc upĹrqoun kai oi ABF_K kai AF B_K . O prÿtoc apì autoÔc sunduĹzei ton packing rule tou BF kai ton closing rule tou F F kai analÔjhke arqikĹ me to ìnoma Best-K F it. O deÔteroc (AF B_K ) qrhsimopoieÐ ton packing rule tou F F kai ton closing rule tou BF . Kai oi tèsseric algìrijmoi sumperifèrontai ìpwc o NF gia K = 1 kai ìloi mporoÔn na trèxoun se grammikì qrìno gia opoiodăpote K.

NF_2 ParĹdeigma: Ja doÔme s’ autì to shmeÐo èna parĹdeigma gia ton NF_2, ÿste na gÐnei katanohtìc kai praktikĹ o bounded-space periorismìc. Gia ton NF_2, oi anoiktoÐ kĹdoi den prèpei potè na xepernoÔn touc 2. San eÐsodo ja èqoume thn lÐsta L = {0.2, 0.5, 0.4, 0.7, 0.1, 0.3, 0.8} me OP T (L) = 3 kĹdoi.

level(B_1) = 0.2 8Se perÐptwsh pou èqoume dÔo kĹdouc me to Ðdio level, kleÐnei ekeÐnoc me ton qamhlìtero deÐkth.

1o BHMA To s(a_1) = 0.2 topojeteÐtai ston prÿto kĹdo.

level(B_1) = 0.7

2o BHMA To s(a_2) = 0.5 topojeteÐtai epÐshc ston prÿto kĹdo.

level(B_1) = 0.7 level(B_2) = 0.4

3o BHMA To s(a_3) = 0.4 topojeteÐtai ston B_2 kĹdo kajÿc den tairiĹzei ston B_1.

level(B_1) = 0.7 level(B_2) = 0.4 level(B_3) = 0.7

4o BHMA To s(a_4) = 0.7 topojeteÐtai ston B_3 kĹdo kajÿc den tairiĹzei oÔte ston B_1, oÔte ston B_2. Epomènwc Ĺnoixe ènac nèoc kĹdoc, o B_3. ’Etsi, o B_1 kleÐnei mìnima sÔmfwna me ton packing rule tou F F ÿste na èqoume 2 anoiktoÔc kĹdouc.

level(B_1) = 0.7 level(B_2) = 0.5 level(B_3) = 0.7 5o BHMA To s(a_5) = 0.1 topojeteÐtai ston B_2 kĹdo kajÿc eÐnai o prÿtoc kĹdoc pou exetĹzetai sÔmfwna me ton F F kai tairiĹzei s’ autìn.

level(B_1) = 0.7 level(B_2) = 0.8 level(B_3) = 0.7 6o BHMA To s(a_6) = 0.3 topojeteÐtai epÐshc ston B_2 kĹdo.

level(B_1) = 0.7 level(B_2) = 0.8 level(B_3) = 0.7 level(B_4) = 0.8

7o BHMA To s(a_7) = 0.8 den tairiĹzei ston B_2 allĹ oÔte kai ston B_3. ’Etsi topojeteÐtai ston B_4. O B_2 kleÐnei mìnima sÔmfwna me ton 2-boundedspace periorismì.

Gia th sugkekrimènh lÐsta L, o NF_2 qrhsimopoieÐ 4 kĹdouc. ----------------------

To epìmeno jeÿrhma mac enhmerÿnei sqetikĹ me ta asumptotikĹ proseggistikĹ phlÐka qeirìterhc epÐdoshc twn parapĹnw tessĹrwn algìrijmwn, gia K ≥ 2 [CI89][Mao93b] [Mao93a][Zha94][CJ91]: Jeÿrhma 3.7.1.1 Gia K ≥ 2 èqoume:

A. R^∞_{NFK} = R^∞_{AF BK} = 1.7 +^3_{10(K−1)}

B. R^∞_{ABFK} = 1.7 +^3_{10K} C. R^∞_{BBFK} = 1.7

Oi parapĹnw tÔpoi apodeÐqthkan katĹ kairoÔc apì diaforetikĹ prìswpa ìpwc oi Crisik, Mao, Zhang kai Ĺlloi. Ap’ autoÔc mporoÔme na bgĹloume arketĹ endiafèronta sumperĹsmata.

Kanènac apo touc tèssereic algìrijmouc den spĹei to frĹgma tou 1.7. Autì ătan katĹ kĹpoio trìpo anamenìmeno kajÿc ja ătan adÔnato na xeperĹsoun se apìdosh touc BF kai F F lìgw tou bounded-space periorismoÔ touc. EpÐshc blèpoume ìti o ABF_K èqei kalÔterh apìdosh apì touc NF_K kai AF B_K kajÿc^3_{10K} <^3_{10(K−1)} . ParathroÔme ìti kajÿc to K auxĹnetai, h apìdosh kai twn triÿn parapĹnw algorÐjmwn beltiÿnetai. Autì sumbaÐnei gia ìlouc touc bounded-space algìrijmouc kajÿc ìso megalÔtero eÐnai to K, tìso perissìteroi kĹdoi eÐnai anoiktoÐ kĹje forĹ na dektoÔn to epìmeno antikeÐmeno. Na shmeiwjeÐ ìti ìtan to K teÐnei sto ∞ kai oi treÐc parapĹnw algìrijmoi teÐnoun na èqoun apìdosh sto 1.7. OusiastikĹ ìmwc ìtan K → ∞ katargeÐtai o bounded-space periorismìc kai katalăgoume stouc antÐstoiqouc unbounded-space algìrijmouc^9. To entupwsiakì ìmwc sto parapĹnw Jeÿrhma eÐnai ìti o BBF_K èqei stajeră apìdosh gia K ≥ 2 kai prosfèrei tic Ðdiec egguăseic sthn ektèlesh

9OusiastikĹ katargeÐtai o closing rule kai paramènei se isqÔ mìno o packing rule.

tou me autèc twn F irst F it kai Best F it. SunoyÐzontac, apì thn parapĹnw tetrĹda kalÔteroc se apìdosh eÐnai o BBF_K , akoloujeÐ o ABF_K kai teleutaÐoi èrqontai oi NF_K kai AF B_K .

3.7.2 OI Harmonic_K ALGORIJMOI

Ja anaferjoÔme s’ autì to kefĹlaio se mÐa seirĹ apì bounded-space algìrijmouc, touc opoÐouc sunèsthse o Lee kai onomĹzontai Harmonic_K (H_K ) algìrijmoi. H domă touc eÐnai arketĹ polÔplokh allĹ h apìdosă touc eÐnai exairetikĹ kală.

H_K Packing Rule : To diĹsthma apì 0 èwc 1 diaireÐtai se K upodiastămata I_j, 1 ≤ j ≤ K, ìpou I_j = (^1_{j+1} ,^1_j ], 1 ≤ j < K kai I_K = (0,^1_K ]. ’Ena antikeÐmeno a ja èqei tÔpo j eĹn s(a) ϵ I_j . Parìmoia oi kĹdoi ja diairejoÔn se K tÔpouc, ètsi ÿste kĹdoi tou tÔpou j na dèqontai mìno antikeÐmena tou Ðdiou tÔpou, kai mìno ènac kĹdoc apì kĹje tÔpo na mporeÐ na eÐnai anoiktìc kĹje stigmă. ’Etsi to trèqon antikeÐmeno a ja paketĹretai wc exăc: Ac upojèsoume ìti o tÔpoc tou sugkekrimènou antikeimènou eÐnai j. An upĹrqei anoiktìc kĹdoc tÔpou j kai èqei qÿro gia na deqteÐ to a, tìte ja topojethjeÐ ekeÐ. Alliÿc kleÐnoume ton kĹdo autì, efìson upĹrqei, kai anoÐgoume èna kainoÔrgio kĹdo tÔpou j, ìpou kai ja eisèljei to a.

Oi Harmonic_K eÐnai oikogèneia algorÐjmwn kai ìqi ènac algìrijmoc giatÐ gia kĹje diaforetikì K èqoume kai diaforetikă perÐptwsh.

ParĹdeigma: Ja anafèroume san parĹdeigma ton Harmonic_3, o opoÐoc eÐnai ènac apì touc pio aploÔc algìrijmouc thc kathgorÐac. Edw èqoume 3 upodiastămata eÐnai ta exăc: I_1 = (^1_2 , 1], to I_2 = (^1_3 ,^1_2 ] kai to I_3 = (0,^1_3 ]. ’Etsi, ja èqoume 3 tÔpouc antikeimènwn kai 3 tÔpouc kĹdwn. O Harmonic_3 eÐnai profanÿc ènac 3-bounded-space algìrijmoc. H lÐsta eisìdou eÐnai h gnwstă lÐsta L = {0.2, 0.5, 0.4, 0.7, 0.1, 0.3, 0.8}.

level(B_1) = 0.2 tÔpou 3

1o BHMA To s(a_1) = 0.2 ∈ I_3. ’Ara to a_1 eÐnai tÔpou 3. TopojeteÐtai ston prÿto kĹdo, o opoÐoc autìmata gÐnetai tÔpou 3.

level(B_1) = 0.2 tÔpou 3

level(B_2) = 0.5 tÔpou 2

2o BHMA To s(a_2) = 0.5 ∈ I_2. ’Ara to a_2 eÐnai tÔpou 2. Epomènwc den mporeÐ na topojethjeÐ ston B_1 pou eÐnai tÔpou 3. TopojeteÐtai ston deÔtero kĹdo, o opoÐoc gÐnetai tÔpou 2.

level(B_1) = 0.2 tÔpou 3

level(B_2) = 0.9 tÔpou 2

3o BHMA To s(a_3) = 0.4 ∈ I_2. ’Ara to a_3 eÐnai epÐshc tÔpou 2. Epomènwc, ef’ ìson tairiĹzei ston B_2 pou eÐnai tou Ðdiou tÔpou, topojeteÐtai s’ autìn.

level(B_1) = 0.2 tÔpou 3

level(B_2) = 0.9 tÔpou 2

level(B_3) = 0.7 tÔpou 1

4o BHMA To s(a_4) = 0.7 ∈ I_1. ’Ara to a_4 eÐnai tÔpou 1. Den upĹrqei anoiktìc kĹdoc autoÔ tou tÔpou, epomènwc ja anoÐxei o B_3 ston opoÐo topojeteÐtai to a_4. O B_3 gÐnetai tÔpou 1.

level(B_1) = 0.3 tÔpou 3

level(B_2) = 0.9 tÔpou 2

level(B_3) = 0.7 tÔpou 1

5o BHMA To s(a_5) = 0.1 ∈ I_3. ’Ara to a_5 eÐnai tÔpou 3. TairiĹzei ston anoiktì kĹdo(B_1) tÔpou 3 kai topojeteÐtai s’ autìn.

level(B_1) = 0.6 tÔpou 3

level(B_2) = 0.9 tÔpou 2

level(B_3) = 0.7 tÔpou 1

6o BHMA To s(a_6) = 0.3 ∈ I_3. Epomènwc kai to a_6 eÐnai tÔpou 3. TairiĹzei ston B_1 kai topojeteÐtai s’ autìn.

level(B_1) = 0.6 tÔpou 3

level(B_2) = 0.9 tÔpou 2

level(B_3) = 0.7 tÔpou 1

level(B_4) = 0.8 tÔpou 1

7o BHMA To s(a_7) = 0.8 ∈ I_1. Epomènwc to a_7 eÐnai tÔpou 1. O kĹdoc B_3 eÐnai epÐshc tÔpou 1. ’Omwc to a_7 den tairiĹzei s’ autìn. ’Ara prèpei na kleÐsei mìnima o B_3 kai na anoÐxei ènac nèoc kĹdoc tÔpou 1. Autìc ja eÐnai o B_4 ìpou ja topojethjeÐ kai to a_7.

Gia th sugkekrimènh lÐsta L, o H_3 qrhsimopoieÐ 4 kĹdouc. ----------------------

H qeirìterh epÐdosh twn Harmonic_K sundèetai Ĺmesa me thn akoloujÐa^{10} k_1 = 1, k_{i+1} = k_i(k_i + 1) gia i > 1. An t_j = ∑_j i=1 1 k_i tìte t1 = 1, t2 = 3 2 , t_3 =^5_3 , t_4 = 1, 6904 . . . kai t_∞ = T_∞ = lim_{j→∞}t_j = 1, 69103 . . .. H T_∞ eÐnai h gnwstă stajerĹ pou sunantăsame kai kai se prohgoÔmena kefĹlaia.

Jeÿrhma 3.7.2.1 [CJ01] An k_i < K ≤ k_{i+1} gia kĹpoia i ≥ 1, tìte: t_i +^1_{ki+1−1} ≤ R^∞_{HK} ≤ t_i +^K_{ki+1(K−1)}

Ta ìria tou R^∞_{HK} sumpÐptoun se mÐa timă gia K = k_{i+1}. ’Etsi gia sugkekrimèna K, to R^∞_{HK} eÐnai gnwsto kai Ðso me t_i +^1_{ki+1−1} . ’Omwc kai gia K = k_{i+1} + 1 mporoÔme na broÔme akribeÐc apodìseic, kajÿc èqoun efeurejeÐ ta katĹllhla paradeÐgmata pou deÐqnoun ìti kai s’ autèc tic periptÿseic mporoÔme na broÔme thn timă tou R^∞_{HK} . Epomènwc gia na upologÐsoume to R^∞_{HK} me akrÐbeia prèpei to K na pèrnei sugkekrimènec timèc. Gia ìlec tic upìloipec gÐnontai èreunec gia kĹje timă xeqwristĹ. MĹlista gia tic perissìterec timèc tou K den èqoume akìma akribă apotelèsmata. PĹntwc prìsfata o V liet pètuqe na upologÐsei tic akribeÐc apodìseic tou H_K gia K = 4, 5. Autèc, ìpwc kai arketèc Ĺllec, faÐnontai ston pÐnaka 2.7.3.1 pou paratÐjetai sto epìmeno kefĹlaio. 10< k_i >= 1, 2, 6, 42, . . .

’Oso pio megĹlo eÐnai to K, kai epomènwc ìso pio pollĹ upodiastămata èqoume, tìso kalÔterh apìdosh ja mac dÐnei ènac Harmonic_K algìrijmoc. Gia K arketĹ megĹlo, oi algìrijmoi autoÐ mporoÔn na spĹsoun to frĹgma tou 1.7 [LL85]:

Jeÿrhma 3.7.2.2 lim_{K→∞}R^∞_{HK} = T_∞ = 1.69103 . . .

’Ustera apì pollèc metrăseic, èqei parathrhjeÐ ìti gia K ≤ 7, èqoume R^∞_{HK} ≤ 1.695.

3.7.3 SUGKRISH

UpĹrqei mÐa parallagă tou gnăsiou Harmonic algìrijmou, h opoÐa sustăjhke apì ton W oegigner [W oe93] kai prosfèrei egguăseic gia apìdosh kĹtw tou 1.7 ìtan to K eÐnai perÐpou sto 6. Oi algìrijmoi tou W oegigner, touc opoÐouc onomĹzei Simplified Harmonic algorithms (SH_K ), sthrÐzontai se mÐa pio polÔplokh domă diasthmĹtwn, sthn opoÐa den ja anafejoÔme edÿ^{11}. Parflola autĹ anafèroume touc SH_K giĹti parousiĹzoun polÔ uyhlèc apodìseic gia ta dedomèna thc kathgorÐac twn bounded space.

Ston parakĹtw pÐnaka dÐnontai sugkritikĹ oi timèc tou R^∞_A , san sunĹrthsh tou K, gia touc pio apodotikoÔc bounded space algìrijmouc pou èqoume anafèrei. Ta akribă ìria gia ton H_K den eÐnai gnwstĹ, gi’ autì o pÐnakac dÐnei Ĺnw kai kĹtw oriakèc timèc pou gnwrÐzoume gia autìn.

11Den gÐnetai leptomerèsterh anaforĹ lìgw thc exairetikĹ polÔplokhc domăc pou parousiĹzoun oi sugkekrimènoi algìrijmoi.

K NF_K ABF_K BBF_K H_K ≥ H_K ≤ SH_K 2 2.00000 1.85000 1.70000 2.00000 2.00000 2.00000 3 1.85000 1.80000 1.70000 1.75000 1.75000 1.75000 4 1.80000 1.77500 1.70000 1.71429 1.71429 1.72222 5 1.77500 1.76000 1.70000 1.70000 1.70000 1.70000 6 1.76000 1.75000 1.70000 1.70000 1.70000 1.69444 7 1.75000 1.74286 1.70000 1.69444 1.69444 1.69338 8 1.74286 1.73750 1.70000 1.69377 1.69388 1.69106 9 1.73750 1.73333 1.70000 1.69326 1.69345 1.69104 10 1.73333 1.73000 1.70000 1.69287 1.69312 1.69104 ∞ 1.70000 1.70000 1.70000 1.69103 1.69103 1.69103

ParathroÔme edÿ ìti thn kalÔterh eggÔhsh gia Kϵ{2, 3, 4} mac thn prosfèrei o BBF_K , enÿ gia K=5 moirĹzontai ta prwteÐa oi BBF_K , H_K , SH_K . Tèloc gia tic upìloipec timèc tou K, o SH_K eÐnai o kalÔteroc. Bèbaia oi egguăseic pou prosfèrei o SH_K den èqoun diaforĹ apì autèc tou H_K Ĺnw tou 0.3%. Kai ìso to K → ∞ aută h diaforĹ teÐnei na mhdenisteÐ. AsumptotikĹ kai oi dÔo autoÐ algìrijmoi eÐnai perÐpou katĹ 0.5% kalÔteroi apì touc F F , BF , BBF_K . Epomènwc blèpoume edÿ ìti dÔo bounded space algìrijmoi^{12} teÐnoun na apoktăsoun kalÔterh apìdosh apì gnwstoÔc unbounded space algìrijmouc ìpwc o F F kai o BF . Bèbaia h diaforĹ touc eÐnai arketĹ mikră allĹ, ìpwc faÐnetai kai sto parakĹtw jeÿrhma, mèqri ekei ftĹnoun oi dunatìthtec ènoc bounded space algìrijmou [LL85]: Jeÿrhma 3.7.3.1 An o A eÐnai ènac bounded-space online bin packing algìrijmoc, tìte R^∞_A ≥ T_∞ = 1.6910 . . .

Na poÔme s’ autì to shmeÐo ìti par’ ìlo pou oi SH_K kai H_K eÐnai anÿteroi apì kĹje Ĺllo gnwstì bounded-space algìrijmo gia K > 5, usteroÔn arketĹ sthn mèsh epÐdosh touc h opoÐa eÐnai pio ftwqă ki apì autăn tou NF_K . AntÐjeta oi BBF_K èqoun mÐa ikanopoihtikă worst-case sumperiforĹ, allĹ kai mÐa exÐsou kală average-case. 3.8 AUJAIRETOI ONLINE ALGORIJMOI

Sta prohgoÔmena kefĹlaia meletăsame polloÔc algìrijmouc oi opoÐoi upakoÔoun ston periorismì Any F it. ’Oloi ìmwc oi Any F it algìrijmoi eÐnai katadikasmènoi na èqoun apodìseic Ĺnw tou 1.7. H lÔsh den epitugqĹnetai

12Oi opoÐoi ìmwc èqoun exairetikĹ polÔplokh domă.

oÔte me touc bounded-space algìrijmouc kajÿc h apìdosă touc den mporeÐ na pèsei kĹtw apì th stajerĹ T_∞ = 1.6910 . . ..

Edÿ ja meletăsoume orismènouc online algìrijmouc pou den upakoÔoun se kanènan apì touc parapĹnw dÔo periorismoÔc kai touc onomĹzoume aujaÐretouc online algìrijmouc.

Oi prÿtoi unbounded-space algìrijmoi pou protĹjhkan kai den upakoÔ- oun sto periorismì Any F it ătan oi Group-X F it (GXF ) tou Johnson [Joh73][Joh74]. MporoÔme na pĹroume diaforetikèc ekdoqèc twn algorÐjmwn autÿn anĹloga me thn epilogă tou Q, to opoÐo eÐnai mÐa aÔxousa akoloujÐa apì pragmatikoÔc arijmoÔc tètoia ÿste 0 = x_0 < x_1 < . . . < x_p = 1. KĹje qronikă stigmă, ènac merikÿc gemismènoc kĹdoc me kenì qÿro g ja faÐnetai sa na èqei èna de facto kenì qÿro Ðso me to max{x_i ≤ g : 0 ≤ i < p}. Autì ousiastikĹ qwrÐzei touc kĹdouc se p omĹdec. Apì kei kai pèra ta antikeÐmena paketĹrontai ìpwc ston Best F it lambĹnontac upìyh ìmwc ta de facto kenĹ pou èqoume orÐsei. O algìrijmoc autìc mporeÐ na trèxei se grammikì qrìno gia opoiodăpote proepilegmèno Q. ’Ena megĹlo meionèkthma eÐnai ìti oi kĹdoi pou kleÐnoun oristikĹ eÐnai autoÐ pou èqoun kenì qÿro mikrìtero tou x_1, giatÐ apì tic de facto timèc autìc jewreÐtai Ðsoc me to mhdèn. Dustuqÿc to kÔrio pleonèkthma tou algìrijmou autoÔ faÐnetai na eÐnai aplĹ ìti trèqei se grammikì qrìno, kajÿc den sumperifèretai kalÔtera stic qeirìterec periptÿseic apì ton F irst F it kai epomènwc èqei R^∞_{GXF} > 1.7. O prÿtoc online algìrijmoc me R^∞_A < T_∞ ătan o Refined F irst F it (RF F ) tou Y ao^{13} [Y ao80]. Autìc taxinomeÐ ta antikeÐmena, anĹloga me to mègejìc touc, se èna apì ta diastămata (0,^1_3 ], (^1_3 ,^2_5 ], (^2_5 ,^1_2 ], kai (^1_2 , 1]. EpÐshc taxinomeÐ kai touc kĹdouc me èna parìmoio sqèdio. KĹje antikeÐmeno topojeteÐtai se mÐa idiaÐterh kathgorÐa kĹdwn sÔmfwna me ton kanìna F irst F it, me thn kathgorÐa twn kĹdwn na kajorÐzetai apì autăn twn antikeimènwn. Ta antikeÐmena, pou to mègejìc touc anăkei sto diĹsthma (^1_3 ,^2_5 ], antimetwpÐzontai prohgoumènwc sth lÐsta. Sugkekrimèna to èna apì ta èxi tètoiou eÐdouc antikeÐmena topojeteÐtai kateujeÐan se nèo kĹdo me thn elpÐda ìti sth sunèqeia ja topojethjeÐ ston Ðdio kĹdo èna me mègejoc megalÔtero tou^1_2 . Aută h skèyh ja epitrèyei ston algìrijmo autì na apofÔgei mÐa Ĺsqhmh sumperiforĹ se mh bolikèc gia autìn lÐstec, kĹti pou sumbaÐnei ston F irst F it (allĹ kai stouc Harmonic algìrijmouc). O Y ao èdeixe ìti R^∞_{RF F} = 1.666 . . .

13OusiastikĹ o prÿtoc pou xepèrase se apìdosh kai ton F irst F it kajÿc prohgăjhke twn Harmonic algorÐjmwn.

Sth sunèqeia ja doÔme kĹpoiec parallagèc twn algorÐjmwn pou èqoume dei mèqri tÿra. H prÿth eÐnai oi Refined Harmonic (RH_K ) algìrijmoi [LL85] pou eÐnai parĹgwga twn Harmonic kai F irst F it. Oi RH_K qrhsimopoioÔn thn idèa tou diamerismoÔ tou HK_{20} me thn tropopoÐhsh ìti ta dÔo diastămata (^1_3 ,^1_2 ] kai (^1_2 , 1] antikajÐstantai me ta (^1_3 , y], (y,^1_2 ], (^1_2 , 1 − y] kai (1 − y, 1], ìpou y =^{37}_{96} . MoiĹzoun sto paketĹrisma me Harmonic algìrijmo, mìno pou edÿ prospajoÔme na tairiĹxoume ston Ðdio kĹdo antikeÐmena me mègejoc pou anăkei sto prÿto diĹsthma (apì ta tèssera parapĹnw) me autĹ pou anăkoun sto trÐto diĹsthma. Kai eÐnai autìc o skopìc mac giatÐ tètoia antikeÐmena tairiĹzoun pĹnta ston Ðdio kĹdo qwrÐc na qreiasteÐ n’ anoÐxoume ènan kainoÔrgio. O Lee èdeixe ìti R^∞_{RH20} ≤^{373}_{228} = 1.6359 . . . me mÐa mikră beltÐwsh an auxhjeÐ to K peraitèrw. Sth sunèqeia emfanÐsthkan oi Ramanan, Brown kai Lee and Lee [RBL89] me touc legìmenouc Modified Harmonic (MH_K ) algìrijmouc stouc opoÐouc prostèjhke h pijanìthta na paketĹrontai akìma mikrìtera antikeÐmena me mègejoc sto (^1_2 ,^1_2 + y]. Oi algìrijmoi autoÐ èqoun mÐa pio polÔplokh domă kajÿc kai diaforetikă timă tou y(edÿ y =^{265}_{684} ). Leptomèreiec tou orismoÔ twn MH_K den ja anafèroume edÿ giatÐ eÐnai arketĹ polÔplokec. O Ramanan èdeixe ìti 1.6156146 < R^∞_{MH38} ≤ 1.615. Argìtera èdeixe ìti upĹrqoun ki Ĺllec metablhtèc (y) pou ja mporoÔsan na rÐxoun touc deÐktec sto 1.59. ’Omwc den upĹrqei kĹpoia prosèggish na rÐxei ton deÐkth kĹtw tou 1.583 (ìpwc apèdeixe argìtera).

O algìrijmoc pou èqei ta prwtÐa, eÐnai o Harmonic+1 tou Richey [Ric91] o opoÐoc qrhsimopoieÐ diaforetikèc arqèc, allĹ ousiastikĹ epitugqĹnei na piĹsei to ìrio tou Ramanan, toulĹqiston sta trÐa prÿta dekadikĹ yhfÐa. Par’ ìlo pou trèqei se grammikì qrìno, eÐnai arketĹ polÔplokoc, me domă pou anakateÔei pĹnw apì 70 diastămata kai kanìnec pou perilambĹnoun pÐnakec olìklhrouc apì metablhtèc. O Richey èdeixe gia autìn ton algìrijmo ìti: 1.5874 ≤ R^∞_A ≤ 1.58872.

UpĹrqei ìmwc anoiktì to erÿthma gia to an upĹrqoun online algìrijmoi pou mporoÔn na ta katafèroun kalÔtera apì ton Harmonic + 1. Dedomènhc kai thc polÔplokhc fÔshc tou teleutaÐou allĹ kai tou gegonìtoc ìti ìloi oi algìrijmoi pou ta katafèrnoun kalÔtera apì ton F irst F it sthn worstcase sumperiforĹ touc, deÐqnoun na eÐnai polÔ katÿteroi sthn katĹ mèso ìro apìdosă touc, to erÿthma autì faÐnetai na qreiĹzetai apĹnthsh. Mèqri pou ìmwc ftĹnoun oi dunatìthtec enìc online algìrijmou;

ApodeÐxame se prohgoÔmeno kefĹlaio ìti den upĹrqei online algìrijmoc me apìdosh kĹtw tou^4_3 . Den eÐnai ìmwc autì to gnăsio kĹtw ìrio thc kathgorÐac autăc. O Y ao katĹfere na brei èna pio stenì ìrio gia touc online algìrijmouc. Apèdeixe ìti kanènac online algìrijmoc den mporeÐ na èqei R^∞_A < 1.5. Ta epiqeirămata pou qrhsimopoÐhse gia na to apodeÐxei autì apaitoÔsan mìno trÐa megèjh antikeimènwn:^1_2 + e,^1_3 + e kai^1_7 + e. ParathroÔme ìti autĹ ta megèjh eÐnai Ðsa me^1_{ti} + e, gia 1 ≤ i ≤ 3. H t_i eÐnai h akoloujÐa pou qrhsimopoiăjhke gia ton orismì tou T_∞ sto kefĹlaio tou F irst F it. Den pèrase polÔc kairìc kai oi Brown kai Liang genÐkeusan autăn thn prosèggish me th qrăsh antikeimènwn megèjouc^1_2 + e,^1_3 + e,^1_7 + e,^1_{43} + e kai^1_{1807} + e ta opoÐa parĹgontai apì to^1_{ti} + e gia 1 ≤ i ≤ 5. Apèdeixan ìti kanènac online algìrijmoc den mporeÐ na èqei R^∞_A < 1.536346 . . . ExaitÐac thc taqeÐac aÔxhshc twn timÿn tou t_i , prospĹjeiec na beltiÿsoun autì to ìrio qrhsimopoiìntac ki Ĺlla megèjh tou^1_{ti} + e gia i > 5, mĹllon den petuqaÐnoun idiaÐterh beltÐwsh. Wstìso mÐa perissìtero proseqtikă anĹlush pou qrhsimopoieÐ tic timèc gia i < 5 mporeÐ na kĹnei th diaforĹ, ìpwc èdeixe o V liet. Basismènoc se mÐa prosèggish pou protĹjhke apì ton Galambos, o V liet kataskeuĹzei èna grammikì prìgramma tou opoÐou h lÔsh dieukrinÐzei ton kalÔtero dunatì trìpo ekmetĹlleushc twn megejÿn twn parapĹnw antikeimènwn kai parĹgei to qamhlìtero ìrio pou eÐnai gnwstì wc tÿra, kai paratÐjetai sto parakĹtw Jeÿrhma [V li95][V li96]:

Jeÿrhma 3.8.1 Gia kĹje online algìrijmo A, R^∞_A ≥ 1.540.

Epomènwc kĹje online algìrijmoc den mporeÐ na piĹsei apìdosh kĹtw tou 1.540. Gia na epiteuqjoÔn kalÔterec apìdoseic prèpei na perĹsoume sthn kathgorÐa twn semi-online kai twn offline algorÐjmwn.

Bèbaia ìtan èqoume periorismì wc proc to mègejoc twn antikeimènwn thc eisìdou tou problămatoc, epitugqĹnontai kalÔterec apodìseic apì to 1.540. ParĹkĹtw dÐnetai ènac pÐnakac pou perilambĹnei ta qamhlìtera gnwstĹ ìria pou èqei apodeiqteÐ ìti mporeÐ na petÔqei ènac online algorÐjmoc gia megèjh antikeimènwn èwc^1_m , ìpou 1 ≤ m ≤ 5. AutĹ sugkrÐnontai me tic apìdoseic twn pio apotelesmatikÿn algorijmwn pou eÐnai gnwstoÐ mèqri tÿra, thn oriakă timă tou R^∞_{HK} (a) (kajÿc to K → ∞), kajÿc kai me to R^∞_{F F} (a).

m qamhlìtero ìrio qamhlìtero gnwstì ìrio R^∞_{HK} (1/m) R^∞_{F F} (1/m) 1 1.540 . . . 1.588 . . . 1.691 . . . 1.700 . . . 2 1.389 . . . 1.423 . . . 1.423 . . . 1.500 . . . 3 1.291 . . . 1.302 . . . 1.302 . . . 1.333 . . . 4 1.229 . . . 1.234 . . . 1.234 . . . 1.250 . . . 5 1.188 . . . 1.191 . . . 1.191 . . . 1.200 . . .

Fusikì èinai ìso periorÐzontai ta antikeÐmena thc eisìdou na beltiÿnontai dramatikĹ ta ìria kai oi apìdoseic. KĹti ìmwc pou axÐzei na shmeiwjeÐ eÐnai ìti ìso mikrìtera gÐnontai ta antikeÐmena, tìso pio kontĹ stic bèltistec dunatèc timèc ftĹnoun oi apìdoseic ìlwn twn algorÐjmwn. Gia parĹdeigma, gia a = 1/5, akìma kai o F irst F it prosfèrei egguăseic 1% apì to kalÔtero dunatì.

KefĹlaio 4

MELETH OFFLINE ALGORIJMWN

4.1 OI SEMI-ONLINE ALGORIJMOI

Oi semi-online algìrijmoi apoteloÔn mÐa kathgorÐa pou sundiĹzei stoiqeÐa apì touc online kai touc offline algìrijmouc. ’Omwc oi algìrijmoi pou anăkoun sthn kathgorÐa aută parekklÐnoun apì touc orismoÔc twn dÔo basikÿn kathgoriÿn pou èqoume sunantăsei kai apotèloun ètsi mÐa anexĹrthth oikìgeneia.

Orismìc: ’Enac algìrijmoc eÐnai semi-online ìtan gia kĹje trèqon antikeÐmeno, mporoÔme na epanatopojèthsoume ta antikeÐmena twn anoiktÿn kĹd- wn. Dhladă mporoÔme, prin topojetăsoume to trèqon antikeÐmeno, na bgĹloume ìti upĹrqei stouc anoiktoÔc kĹdouc kai na to kataneÐmoume pĹli se autoÔc me trìpo pou na mac boleÔei. OusiastikĹ an eÐqame ènan algìrijmo o opoÐoc se kĹje băma tou exetĹzei ìlouc touc qrhsimopoihmènouc kĹdouc^1 kai ikanopoieÐ ton parapĹnw orismì, autìc den ja dièfere se tÐpota apì ènan offline algìrijmo. ’Omwc polloÐ semi-online algìrijmoi diathroÔn se kĹje touc băma, mìno ènan orismèno arijmì kĹdwn anoiktì kai ètsi den anăkoun sthn kath- gorÐa twn offline. Ja anafèroume parakĹtw ìrismènouc semi-online algìrijmouc, qÿric na analÔsoume touc packing rules tou kajenìc lìgw thc exairetikăc poluplokìthtac touc.

1Epomènwc ìloi oi kĹdoi eÐnai anoiktoÐ se kĹje tou băma.

Oi Galambos kai W oegigner [GW 93b] parousÐasan ènan tètoio algìrijmo^2, ton REP_3 ,pou potè den qrhsimopoieÐ parapĹnw apì treÐc anoiktoÔc kĹdouc kai gia ton opoÐo isqÔei R^∞_{REP3} = T_∞.

O Grove [Gro94] apì thn pleurĹ tou dhmioÔrghse ènan algìrijmo me thn Ðdia sumperiforĹ qrhsimopoiÿntac mÐa enallaktikă ènnoia thn opoÐa apokĹlese lookahead. Gia na katanoăsoume thn ènnoia aută ja upojèsoume ìti èqoume mÐa nohtă apojăkh sthn opoÐa mporoÔme na topojetoÔme ta antikeÐmena prin ta tairiĹxoume se kĹpoion kĹdo. H apojăkh aută eÐnai stajeroÔ megèjouc W , kai ètsi èna antikeÐmeno a_i den qreiĹzetai na paketaristeÐ, protoÔ exetĹsoume ìla ta antikeÐmena mèqri to a_j gia ta opoÐa isqÔei, ∑_j h=i s(a_h) ≤ W ìpou j > i. Efarmìzontac thn mèjodo lookahead gia arketĹ megĹlec timèc tou W , o algìrijmoc tou Groves mporeÐ epÐshc na mac egguhjeÐ ìti polÔ kalèc apodìseic.

EÐpame parapĹnw ìti an den epibĹlletai kanènac periorismìc sthn epanatopojèthsh, tìte ja mporoÔsame na ta katafèroume exÐsou kalĹ me ton kalÔtero offline algìrijmo, epanatopojetÿntac ta pĹnta kĹje forĹ pou ja ftĹnei èna antikeÐmeno. Wstìso autì ja pollaplasÐaze ton qrìno ston opoÐo ja ètreqe to prìgramma, katĹ èna parĹgonta n kai ja parousÐaze kajusterăseic grammikoÔ qrìnou kĹje pou ja ftĹnei èna antikeÐmeno.

Pragmatopoiÿntac katĹllhla tic epanatopojetăseic, ja mporoÔsame na meiÿsoume thn kajustèrhsh anĹ antikeÐmeno se T (n)^{log(n)}_n , ìpou T (n) eÐnai o qrìnoc ston opoÐo trèqei o antÐstoiqoc offline algìrijmoc. ’Omwc se efarmogèc pou epijumoÔme na diathroÔn online qarakthristikĹ qreiazìmaste pijanÿc pio dunatoÔc periorismoÔc sto mègejoc thc epanatopojèthshc. Gia parĹdeigma na epitrèpetai kajustèrhsh èwc O(logn) anĹ antikeÐmeno. Akìma ìmwc kai kĹtw apì tètoiouc periorismoÔc, mporoÔme na petÔqoume sobarèc beltiÿseic pou na rÐqnoun thn apìdosh kĹtw tou 1.540.

Oi Gambosi et al. [GP T 90] sqedÐasan dÔo algìrijmouc gia na spĹsoun autì to ìrio. O prÿtoc pètuqe R^∞_A ≤ 1.5 me kajustèrhsh stajeroÔ qrìnou anĹ antikeÐmeno. Gia na ginìtan efiktă, mèqri prin ton algìrijmo autì mÐa tètoia apìdosh, èprepe na metakinhjoÔn Ω(n) antikeÐmena gia kĹje nèo pou èprepe na prosarmosteÐ. ’Omwc me thn enÐsqush katĹllhlwn domÿn dedomènwn oi Gambosi et al. mpìresan na metaqeiristoÔn megĹlec sullogèc antikeimènwn, san mÐa omĹda, kai na ta metakinăsoun ìla mazÐ se stajerì qrìno. Aută h 2QarakthrÐzetai kai san online with repacking.

skèyh èqei kai realistikă diĹstash kajÿc mporoÔme na fantastoÔme ìti topojetoÔme ta antikeÐmena se koutiĹ kai metakinoÔme olìklhra ta koutiĹ apì ton èna kĹdo ston Ĺllo. O algìrijmoc autìc basÐzetai se mÐa aplă taxinìmhsh twn antikeimènwn se tèsseric tÔpouc anĹ to mègejoc. EÐnai tètoia h domă tou, ÿste potè na mhn qreiĹzontai parapĹnw apì treÐc metakinăseic aplÿn antikeimènwn ă omĹdwn, ìtan èna kainoÔrgio antikeÐmeno prèpei na topojethjeÐ.

O dèuteroc algìrijmoc twn Gambosi et al. [GP T 90] qwrÐzei ta antikeÐmena se èxi tÔpouc kai èqei ton periorismì ìti to polÔ 7 omĹdec/antikeÐmena mporoÔn na epanatopojethjoÔn kĹje forĹ pou ftĹnei èna nèo. H apìdosă tou eÐnai akìma kalÔterh kĹjwc èqei R^∞_A ≤^4_3 = 1.3.

Pio prìsfata oi Ivkovic kai Lloyd [IL93] sqedÐasan ènan algìrijmo me R^∞_A ≤^5_4 = 1.25. ’Omwc edÿ mporoÔn na gÐnoun O(logn) metakinăseic omĹdwn/ antikeimènwn kai oi kanìnec topojèthshc kai epanatopojèthshc eÐnai arketĹ polÔplokoi.Aută eÐnai kai h kalÔterh epÐdosh pou gnwrÐzoume gia tètoiou eÐdouc semi-online algìrijmouc. An jèloume akìma kalÔterec epidìseic tìte prèpei na asqolhjoÔme me kajarĹ offline algìrijmouc oi opoÐoi èqoun prìsbash se ìla ta antikeÐmena thc eisìdou apì thn arqă tou problămatoc.

4.2 O FIRST FIT DECREASING

’Enac apì touc pio diĹshmouc offline algìrijmouc eÐnai o F irst F it Decreasing. EÐdame se prohgoÔmena kefĹlaia pollĹ paradeÐgmata apì lÐstec, oi opoÐec duskoleÔoun polÔ kĹpoiouc algìrijmouc kai touc odhgoÔn se arketĹ qamhlèc apodìseic. An parathrăsoume tic lÐstec autèc, oi perissìterec perièqoun antikeÐmena pou eÐnai paratagmèna me aÔxousa seirĹ. Me aformă autì to gegonìc, èginan melètec oi opoÐec apèdeixan ìti algìrijmoi, ìpwc o F F kai o BF , sumperifèrontai me polÔ kalÔtero trìpo, ìtan dektoÔn san eÐsodo lÐstec me antikeÐmena taxinomimèna se fjÐnousa seirĹ.

Bèbaia oi perissìterec lÐstec den eÐnai tìso bolikèc giatÐ ta antikeÐmena touc èqoun diĹtaxh me tuqaÐa seirĹ. ’Omwc ènac offline algìrijmoc èqei thn polutèleia na gnwrÐzei plărwc thn lÐsta eisìdou. ’Etsi ja mporoÔse na taxinomăsei prÿta ta antikeÐmena kata fjÐnousa seirĹ kai sth sunèqeia na arqÐsei na ta topojeteÐ. Autì akribÿc kĹnei kai o F irst F it Decreasing(F F D).

FFD Packing Rule 1. TaxinomoÔntai ta antikeÐmena katĹ fjÐnousa seirĹ.

2. TopojetoÔntai ta antikeÐmena sÔmfwna me ton packing rule tou F irst F it.

ParĹdeigma: ’Estw ìti èqoume san eÐsodo th lÐsta L = {0.2, 0.5, 0.4, 0.7, 0.1, 0.3, 0.8} me OP T (L) = 3 kĹdouc. O F F D ja taxinomÐsei arqikĹ ta antikeÐmena katĹ fjÐnousa seirĹ. ’Etsi dhmiourgeÐ mÐa nèa lÐsta, èstw L^′, thc morfăc: L^′ = {0.8, 0.7, 0.5, 0.4, 0.3, 0.2, 0.1}. Sth sunèqeia topojeteÐ topojeteÐ ta antikeÐmena thc nèac lÐstac L^′ sÔmfwna me ton p.r. tou F F .

level(B_1) = 0.8

1o BHMA To s(a^′_1) = 0.8 topojeteÐtai ston prÿto kĹdo.

level(B_1) = 0.8 level(B_2) = 0.7

2o BHMA To s(a^′_2) = 0.7 topojeteÐtai ston deÔtero kĹdo B_2, kajÿc den tairiĹzei ston B_1.

level(B_1) = 0.8 level(B_2) = 0.7 level(B_3) = 0.5 3o BHMA To s(a^′_3) = 0.5 topojeteÐtai ston B_3 kĹdo, kajÿc den tairiĹzei ston B_1, allĹ oÔte kai ston B_2.

level(B_1) = 0.8 level(B_2) = 0.7 level(B_3) = 0.9 4o BHMA To s(a^′_4) = 0.4 den tairiĹzei ston B_1, oÔte ston B_2. TairiĹzei ìmwc ston B_3 kai topojeteÐtai ekeÐ.

level(B_1) = 0.8 level(B_2) = 1 level(B_3) = 0.9 5o BHMA To s(a^′_5) = 0.3 den tairiĹzei ston B_1, allĹ tairiĹzei ston B_2 kai topojeteÐtai ekeÐ. O B_2 kĹdoc gemÐzei kai den mporoÔn na eisèljoun s’ autìn allĹ antikeÐmena.

level(B_1) = 1 level(B_2) = 1 level(B_3) = 0.9 6o BHMA To s(a^′_6) = 0.2 tairiĹzei ston B_1 kĹdo kai topojeteÐtai ekeÐ. O B_1 gemÐzei epÐshc.

level(B_1) = 1 level(B_2) = 1 level(B_3) = 1 7o BHMA To s(a^′_7) = 0.1 den mporeÐ na eisèljei stouc gemĹtouc kĹdouc B_1 kai B_2, allĹ mporeÐ ston B_3 ìpou kai eisèrqetai. O B_3 gemÐzei epÐshc.

Epomènwc, gia th lÐsta L o F F D qrhsimopoieÐ 3 kĹdouc pou eÐnai kai h bèltisth lÔsh.

--------------------------

Parajètoume èdw èna Lămma pou mporeÐ eÔkola na apodeikteÐ.

Lămma 4.2.1 O F irst F it Decreasing qrhsimopoieÐ to polÔ^3_2 OP T (L) + 1 kĹdouc.

Apìdeixh: Ac upojèsoume ìti h eÐsodoc tou problămatoc eÐnai h lÐsta L. O F F D thn taxinomeÐ arqikĹ katĹ fjÐnousa seirĹ. ’Estw loipìn ìti prokÔptei h taxinomhmènh lÐsta: S = {s_1, s_2, . . . , s_n}. MporoÔme na diakrÐnoume ta antikeÐmena thc se tèsseric kathgorÐec A, B, C, D:

A = {s_i ϵ S|^2_3 < s_i ≤ 1}

B = {s_i ϵ S|^1_2 < s_i ≤^2_3 }

C = {s_i ϵ S|^1_3 < s_i ≤^1_2 }

D = {s_i ϵ S| 0 < s_i ≤^1_3 }

Profanÿc o F F D èqei topojetăsei prÿta ta antikeÐmena thc A kathgorÐac, sth sunèqeia thc B, thc C kai teleutaÐa thc D. Ta A antikeÐmena ja topojethjoÔn to kajèna se èna kĹdo. To Ðdio kai ta B, kajÿc ta megèjh touc eÐnai arkèta megĹla gia na tairiĹxoun dÔo apì autĹ ston Ðdio kĹdo. Ta C antikeÐmena ja topojethjoÔn se èna kĹdo pou perièqei to polÔ èna Ĺllo antikeÐmeno thc B ă thc C kathgorÐac^3.

H topojèthsh tou F F D gia ta A, B, C antikeÐmena eÐnai h bèltisth dunată. Pÿc ìmwc apodeiknÔetai autì; Ja doÔme pwc ja èprate mÐa optimal lÔsh. Kajÿc ta A kai B antikeÐmena apaitoÔn èna xeqwristì kĹdo to kajèna, mporoÔn ki edÿ na topojethjoÔn stouc prÿtouc kĹdouc, ìpwc kai ston F F D. Sth sunèqeia mporeÐ na upĹrxoun kĹdoi oi opoÐoi perièqoun kai B kai C antikeÐmena. ’Estw ìti sunantĹme ton prÿto kĹdo autoÔ tou eÐdouc. EĹn to C antikeÐmeno den eÐnai to megalÔtero dunatì pou tairiĹzei s’ autìn ton kĹdo, h optimal lÔsh ja to antĹllaze^4 me autì. Me thn antallagă ìmwc aută, to antikeÐmeno pou brèjhke ston kĹdo pou exetĹzoume, eÐnai autì pou ja topojetoÔse kai o F F D. H optimal lÔsh ja ergasteÐ me ton Ðdio akribÿc trìpo kai gia touc upìloipouc kĹdouc autoÔ tou eÐdouc^5 Epomènwc, mèqri stigmăc h optimal lÔsh sumpÐptei me autăn tou F F D. ’Omwc oi upìloipoi kĹdoi pou apomènoun perièqoun mìno C antikeÐmena. Edÿ kai oi dÔo lÔseic ja topojetăsoun dÔo C antikeÐmena anĹ kĹdo. ’Ara h optimal lÔsh kai aută tou F F D sumpÐptoun plărwc.

AfoÔ èqei topojetăsei o F F D ta antikeÐmena twn triÿn prwtwn kathgoriÿn,suneqÐzei me autĹ thc D kathgorÐac. An h D èqei 0 stoiqeÐa, tìte o

3Ta C antikeÐmena den tairiĹzoun se kĹdo pou perièqei A antikeÐmena. 4Ja topojetoÔse ston kĹdo pou exetĹzoume to megalÔtero dunatì, kai ja èbaze to C antikeÐmeno pou brăkame sthn arqă, ston kĹdo pou upărqe to Ĺllo.

5AutoÐ pou perièqoun B kai C antikeÐmena.

F F D oloklhrÿnei paradÐdontac thn optimal lÔsh. Sthn antÐjeth perÐptwsh upĹrqoun dÔo pijanèc ekdoqèc:

1h Ekdoqă: Na mhn anoikteÐ kanènac kainoÔrgioc kĹdoc kai na topojethjoÔn ìla ta D antikeÐmena stouc prohgoÔmenouc kĹdouc. Sthn perÐptwsh aută o F F D epistrèfei pĹli thn optimal lÔsh.

2h Ekdoqă: AnoÐgei toulĹqiston ènac kainoÔrgioc kĹdoc. Se autăn thn perÐptwsh, an qrhsimopoiăjhkan m kĹdoi, oi prÿtoi m − 1 èqoun kenì qÿro to polÔ^1_3 . Mìno o teleutaÐoc kĹdoc, B_m, mporeÐ na èqei parapĹnw qÿro. Epomènwc katalăgoume stic exăc sqèseic:

(m − 1) 2 3 < n∑ i=1 s_i ≤ OP T (L) ⇒ (m − 1) 2 3 < OP T (L) ⇒ m <^3_2 OP T (L) + 1 ----------------

’Omwc to gnăsio ìrio tou F F D faÐnetai sto parakĹtw jeÿrhma [Joh73]:

Jeÿrhma 4.2.2 R^∞_{F F D} =^{11}_9 = 1.2

Sugkekrimèna eÐqe apodeikteÐ ìti F F D(L) ≤ (11/9)OP T (L) + 4. . Sth sunèqeia, o Baker [Bak83] meÐwse ton prìsjeto ìro thc parapĹnw sqèshc apì 4 se 3, enÿ o Y ue [Y ue91] pètuqe th meÐwsh tou prìsjetou ìrou sto 1.

’Opwc kai me ìlouc touc prohgoÔmenouc algìrijmouc, oi deÐktec tou F F D beltiÿnontai ìso to mègisto mègejoc a twn antikeimènwn meiÿnetai. Mìno pou tÿra h exĹrthsh apì to a eÐnai arketĹ pio polÔplokh apì ìlec tic prohgoÔmenec periptÿseic [Joh73]:

Jeÿrhma 4.2.3 To R^∞_{F F D}(a) eÐnai Ðso me:

A.^{11}_9 , gia^1_2 < a ≤ 1

B.^{71}_{60} , gia^8_{29} < a ≤^1_2

C.^7_6 , gia^1_4 < a ≤^8_{29}

D.^{23}_{20} , gia^1_5 < a ≤^1_4

To parapĹnw jeÿrhma den kalÔptei tic periptÿseic ìpou a ≤^1_5 . MÐa metagenèsterh, ìmwc, èreuna èdeixe ìti gia m =^1_a ≥ 4, isqÔei h exăc sqèsh:

R^∞_{F F D}(^1_m ) = F_m ≡ 1 +^1_{m+2} −^2_{m(m+1)(m+2)}

’Omwc h sqèsh aută isqÔei mìno ìtan o m eÐnai Ĺrtioc. ’Otan o m eÐnai perittìc, o Csirik [CS93] èdeixe ìti:

R^∞_{F F D}(^1_m ) = G_m ≡ 1 +^1_{m+2} −^1_{m(m+1)(m+2)}

O Xu [Xu93] basÐsthke pĹnw stic prohgoÔmenec sqèseic kai èdeixe ìti, ìtan o m eÐnai Ĺrtioc, to R^∞_{F F D}(a) isoÔtai me to F_m se ìlo to diĹsthma (^1_{m+1} ,^1_m ]. ’Omwc ìtan o m eÐnai perittìc, upĹrqei d_m^6 me^1_{m+1} < d_m <^1_m , tètoio ÿste to R^∞_{F F D}(a) na isoÔtai me to G_m gia to diĹsthma (d_m,^1_m ]. To R^∞_{F F D}(a) isoÔtai me to F_m sto diĹsthma (^1_{m+1} , d_m].

4.3 O BEST FIT DECREASING

BFD Packing Rule 1. TaxinomoÔntai ta antikeÐmena katĹ fjÐnousa seirĹ.

2. TopojetoÔntai ta antikeÐmena sÔmfwna me ton packing rule tou Best F it.

ParathroÔme ìti o Best F it Decreasing(BF D) qrhsimopoieÐ thn Ðdia mejodologÐa me ton F F D, me th mình diaforĹ ìti efarmìzei ton packing rule tou Best F it. O BF D sumperifèretai sqedìn me ton Ðdio trìpo me ton F F D kai gia thn lÐsta L pou qrhsimopoioÔme san parĹdeigma. ParadÐdei kai autìc th bèltisth lÔsh.

O Best F it Decreasing sthrÐzetai epÐshc sthn idèa thc fjÐnousac taxinìmhshc, epomènwc anamènetai na èqei exÐsou kală apìdosh me ton F F D [Joh73]:

Jeÿrhma 4.3.1 R^∞_{BF D} =^{11}_9 = 1.2

6H akribăc timă tou d_m eÐnai d_m =^{(m+1)2}_{(m3+3m2+m+1)} .

4.4 SUGKRISH FFD ME BFD

ParathroÔme ìti oi BF D kai F F D èqoun thn Ðdia qeirìterh epÐdosh. To Ðdio akribÿc sunèbaine me touc F irst F it kai Best F it. ParakĹtw faÐnetai èna parĹdeigma pou odhgeÐ touc BF D kai F F D sthn qamhlìterh dunată apìdosh. H lÐstec pou duskoleÔoun tìso polÔ touc dÔo autoÔc algìrijmouc eÐnai thc morfăc: L = { 1 2 + ε . . . 1 2 + ε , 1 4 + 2ε . . . 1 4 + 2ε , 1 4 + ε . . . 1 4 + ε , 1 4 − 2ε . . . 1 4 − 2ε } . 6N 6N 6N 12N

To megejìc touc eÐnai 30N antikeÐmena. H topojèthsh pou pragmatopoieÐ h optimal lÔsh gia tic lÐstec L eÐnai h exăc:

1 2 + ε

1 4 + ε 1 4 − 2ε

6N kĹdoi 1 4 + 2ε 1 4 + 2ε 1 4 − 2ε 1 4 − 2ε

3N kĹdoi

Epomènwc h optimal lÔsh qrhsimopoieÐ 9N kĹdouc. Gia tic lÐstec L, oi F F D kai BF D pragmatopoioÔn thn Ðdia topojetăsh h opoÐa faÐnetai parakĹtw:

1 2 + ε

1 4 + 2ε

6N kĹdoi 1 4 + ε 1 4 + ε 1 4 + ε

2N kĹdoi 1 4 − 2ε 1 4 − 2ε 1 4 − 2ε 1 4 − 2ε

3N kĹdoi

EÐnai profanèc ìti qrhsimopoioÔn sunolikĹ 11N kĹdouc. Epomènwc^{F F D(L)}_{OP T (L)} = BF D(L) OP T (L) = 11 9 . To megalÔtero antikeÐmeno thc eisìdou tou paradeÐgmatoc eÐnai to^1_2 + ε. To e paÐrnei arketĹ qamhlèc timèc kai sunepÿc to^1_2 + ε eÐnai lÐgo megalÔtero apì to^1_2 . Epomènwc, an upĹrqei lÐsta me antikeÐmena thc tĹxewc tou^1_2 pou odhgeÐ touc F F D kai BF D sth qamhlìterh dunată apìdosă touc, tìte gia ìlec tic lÐstec me ìrio sto mègejoc twn antikeimènwn touc apì to^1_2 sto 1, oi F F D kai BF D ja èqoun qeirìterh epÐdosh Ðsh me^{11}_9 . Autì faÐnetai kai sto jeÿrhma 4.2.3.

Par’ ìlo pou oi dÔo autoÐ algìrijmoi parousiĹzoun genikĹ thn Ðdia apìdosh, gia memonomènec lÐstec h sumperiforĹ touc diaforopoieÐtai. Gia parĹdeigma, èreunec [Joh73][JDU74] èqoun deÐxei ìti gia ìlec tic lÐstec L me antikeÐmena megalÔtera ă Ðsa tou^1_6 , BF D(L) ≤ F F D(L). Apì thn Ĺllh pleurĹ, gia lÐstec pou perièqoun antikeÐmena mikrìtera tou^1_6 , BF D(L) = (10/9)F F D(L).

KefĹlaio 5

MELETH MESWN EPIDOSEWN

’Ena apo ta megalÔtera meionektămata thc melèthc twn qeirìterwn epidìsewn eÐnai ìti den antikatoptrÐzoun plărwc, pollèc forèc, thn sumperiforĹ enìc algìrijmou. Gia parĹdeigma upĹrqoun kĹpoioi algìrijmoi pou Ðswc na mhn èqoun thn kalÔterh worst-case sumperiforĹ, allĹ katĹ mèso ìro h apìdosh touc eÐnai arketĹ stajeră kai ikanopoihtikă. ’Allwste oi lÐstec pou odhgoÔn ènan algìrijmo sthn qamhlìterh dunată apìdosh, eÐnai arketĹ polÔplokec kai spĹnia tic sunantĹei kaneÐc sthn pragmatikìthta.

H melèth mèswn epidìsewn prosfèrei mÐa pio sfairikă eikìna gia kĹje algìrijmo, kajÿc meletĹei thn sumperiforĹ tou kata mèso ìro, gia diĹforec pijanèc eisìdouc.

5.1 OROLOGIA

Ta megèjh twn antikeimènwn mÐac lÐstac akoloujoÔn mÐa pijanotikă katanomă. Par’ ìlo pou èqoun melethjeÐ pollÿn eidÿn katanomèc, tic perissìterec forèc upojètoume ìti èqoume lÐstec me anexĹrthta, panomoiìtupa katanemhmèna antikeÐmena. ’Etsi sunăjwc ja èqoume san eÐsodo lÐstec L_n me tuqaÐa megèjh antikeimènwn.

MÐa kainoÔrgia metablhtă pou ja qrhsimopoiăsoume eÐnai h s(L_n) pou dhlÿnei to Ĺjroisma twn megejÿn twn antikeimènwn thc lÐstac L_n. EpÐshc ja qreiastoÔme thn ădh gnwstă R_A(L_n) ≡^{A(Ln)}_{OP T (Ln)} ìpou A ènac tuqaÐoc algìrijmoc.

Edÿ ja dojeÐ kai mÐa diaforetikă diĹstash sto prìblhma, kajÿc ja meletăsoume, ektìc tou arijmoÔ twn kĹdwn, kai to pìso gemĹtoi eÐnai oi qrhsimopoihmènoi kĹdoi. H metablhtă W_A(L_n) ≡ A(L_n) − s(L_n) dhlÿnei to qÿro^1 pou èqei meÐnei sunolikĹ anekmetĹlleutoc metĹ thn topojèthsh twn antikeimènwn.

Tic perissìterec forèc, eÐnai polÔ pio eÔkolo na broÔme thn katĹ mèso ìro timă tou W_A(L_n) parĹ tou R_A(L_n). ’Omwc, kajÿc gia tic perissìterec katanomèc isqÔei lim_{n→∞} E[^{OP T (Ln)}_{s(Ln)} ] = 1, an upologÐsoume timèc sqetikèc tou W_A(L_n), mporoÔme na katalăxoume se anĹlogec ektimăseic kai apotelèsmata gia to R_A(L_n). Autì faÐnetai ki apì thn parakĹtw sqèsh:

E[W_A(L_n)] = Θ(E[A(L_n) − OP T (L_n)])

Dhladă mÐa uyhlă katĹ mèso ìro timă tou wasted space, upodhlÿnei, tic perissìterec forèc, qamhlèc apodìseic gia ènan sugkekrimèno algìrijmo. KĹti tètoio Ĺllwste, eÐnai apìluta fusiologikì. ’Oso qamhlìtero eÐnai to wasted space, tìso ligìtero anekmetĹlleuto qÿro afănoume se kĹje kĹdo kai epomènwc qrhsimopoioÔme kai ligìterouc kĹdouc. ’Otan ènac algìrijmoc èqei qamhlă apìdosh kai qrhsimopoieÐ ètsi arketoÔc kĹdouc gia thn topojèthsh ìlwn twn antikeimènwn, ousiastikĹ den ekmetallèuetai plărwc thn qwrhtikìthta twn kĹdwn pou qrhsimopoieÐ. Gi’ autì Ĺllwste, mÐa bèltisth lÔsh èqei to qamhlìtero dunatì wasted space.

Ja orÐsoume edÿ èna deÐkth antÐstoiqo tou apìlutou phlÐkou prosèggishc qeirìterhc epÐdoshc, o opoÐoc ìmwc ekfrĹzei ektimăseic mèswn epidìsewn. Gia katanomă antikeÐmenwn èstw F , kai ènan tuqaÐo algìrijmo A, orÐzoume:

R^n_A(F ) ≡ E[R_A(L_n)] = E[^{A(Ln)}_{OP T (Ln)} ]

O deÐkthc autìc onomĹzetai anamenìmeno phlÐko prosèggishc ( expected ratio). ’Omoia orÐzoume to expected wasted space: W^n_A(F ) ≡ E[A(L_n) − s(L_n)]

FusikĹ oi lÐstec L_n èqoun dhmiourghjeÐ sÔmfwna me thn katanomă F . S’ autì to shmeÐo ja orÐsoume to asumptotikĹ anamenìmeno phlÐko prosèggishc (asymptotic expected ratio) wc exăc: 1Sthn agglikă orologÐa onomĹzetai wasted space.

R^∞_A (F ) ≡ lim_{n→∞}R^n_A(F ) Den upĹrqei antÐstoiqoc deÐkthc gia to wasted space kajÿc to lim_{n→∞}R^n_A(F ) sunăjwc den sugklÐnei se kĹpoia timă.

KatĹ kairoÔc èqoun upologisteÐ arketĹ apotelèsmata mèshc epÐdoshc gia aujaÐretec katanomèc F . AutĹ ìmwc den aforoÔn sunăjwc sugkekrimènouc algìrijmouc, allĹ pio genikèc periptÿseic. Ta perissìtera apotelèsmata pĹnw se anamenìmena phlÐka prosèggishc algorÐjmwn, aforoÔn omoiìmorfec katanomèc. Autèc mporeÐ na eÐnai suneqeÐc ă diakritèc. Oi suneqeÐc dhlÿnontai me ton sumbolismì U[a, b], ìpou 0 ≤ a < b ≤ 1. Ta megèjh twn antikeimènwn epilègontai omoiìmorfa entìc tou diastămatoc [a, b]. Dhladă ìlec oi timèc entìc tou diastămatoc [a, b] èqoun thn Ðdia pijanìthta na epilegoÔn, gia na apotelèsoun to mègejoc enìc antikeimènou. ’Otan den epibĹlletai kanènac periorismìc sta megèjh, profanÿc ja èqoume katanomă U[0, 1]. Oi diakritèc omoiìmorfec katanomèc sumbolÐzontai wc U[j, k], ìpou 1 ≤ j ≤ k. Edÿ ta megèjh twn antikeimènwn epilègontai omoiìmorfa apì to peperasmèno sÔnolo {^1_k ,^2_k , . . . ,^j_k }. ParathroÔme ìti mÐa diakrită katanomă U[jm, km], teÐnei na gÐnei Ðdia me th suneqă katanomă U[0,^j_k ], kajÿc to m → ∞. Wstìso oi dÔo autoÐ tÔpoi katanomÿn odhgoÔn se apotelèsmata pou suqnĹ eÐnai polÔ diaforetikĹ metaxÔ touc.

ParakĹtw ja meletăsoume tic mèsec epidìseic arketÿn apì touc algìrijmouc pou èqoume anafèrei.

5.2 BOUNDED-SPACE ONLINE ALGORIJMOI

Oi prÿtec èreunec pĹnw se mèsh epÐdosh èginan gia ton Next F it. Oi Coffman, So, Hofri, kai Y ao [CSH80] apèdeixan ìti gia F = U[0, 1], h katanomă tou level tou kleistoÔ kĹdou me ton uyhlìtero deÐkth^2, sugklÐnei gewmetrikĹ grăgora sthn stajeră katanomă V (x) = x^3, 0 ≤ x ≤ 1. H mèsh timă thc katanomăc autăc eÐnai^3_4 . ’Etsi apodeÐqthke ìti:

Jeÿrhma 5.2.1 R^∞_{NF} (U[0, 1]) = 4 3 2Dhladă tou kĹdou pou brÐsketai prin ton anoiktì kĹdo tou NF .

Oi Lee and Lee [LL87] melèthsan touc Harmonic algìrijmouc H_K , kai apèdeixan ìti gia kĹje K ≥ 3, R^∞_{HK} (U[0, 1]) < 1.306. EÐnai fanerì ìti to asumptotikĹ anamenìmeno phlÐko prosèggishc twn H_K eÐnai arketĹ kalÔtero apì autì tou NF , akìma kai gia sqetikĹ mikrì K. MĹlista, logikì eÐnai, kajÿc to K → ∞ na èqoume akìma kalÔterec apodìseic:

Jeÿrhma 5.2.2 lim_{K→∞} R^∞_{HK} (U[0, 1]) = π^2 3 − 2 ≃ 1.2899

Parathroume, wstìso, ìti h diaforĹ pou èqoun oi H_K kai NF eÐnai polu mikrìterh apì autăn thc worst-case sumperiforĹc touc^3. KĹti tètoio eÐnai logikì, kajÿc oi mèsec epidìseic ìlwn twn algìrijmwn den diafèroun tìso polÔ ìso oi antÐstoiqec qeirìterec epidìseic touc.

’Eqoun gÐnei peiramatikèc melètec gia touc perissìterouc algìrijmouc pou èqoume anafèrei mèqri autì to shmeÐo, ìson aforĹ tic mèsec epidìseic touc, kai èqoun parastajeÐ grafikĹ. Se arketèc apì autèc paristĹnetai to R^∞_A (U[0, b]) enìc algìrijmou san sunĹrthsh tou b.

Ja doÔme s’ autì to shmeÐo ènan algìrijmo ton opoÐo den èqoume dei mèqri tÿra kai eÐnai o Smart Next F it(SNF ). H parousÐash kajÿc kai h melèth tou epikentrÿjhkan sthn beltÐwsh thc mèshc epÐdoshc tou NF . Autìc analÔjhke apì ton Ramanan [Ram89] kai upakoÔei ston parakĹtw kanìna:

SNF Packing Rule : To epìmeno antikeÐmeno thc eisìdou topojeteÐtai, efìson tairiĹzei, ston trèqwn anoiktì kĹdo B, ìpwc akribÿc ston Next F it. EĹn den tairiĹzei s’ autìn, tìte anoÐgei kainoÔrgioc kĹdoc B^′ kai topojeteÐtai ekeÐ. O nèoc trèqwn kĹdoc ja eÐnai ekeÐnoc apì touc B kai B^′ pou èqei perissìtero diajèsimo qÿro^4.

O SNF eÐnai mÐa parallagă pou brÐsketai metaxÔ tou Next F it kai tou 2-Bounded Best F it. EÐnai anÿteroc tou NF gia^1_2 < b ≤ 1, wstìso h diaforĹ touc teÐnei sto 0 kajÿc to b →^1_2 .

MÐa endiafèrousa paratărhsh pou prokÔptei apì arketèc grafikèc parastĹseic eÐnai ìti, enÿ ja perÐmene kaneÐc oi kampÔlec ìlwn twn algorÐjmwn na eÐnai gnhsÐwc aÔxousec, autèc den eÐnai. Gia parĹdeigma h kampÔlh tou NF

3H diaforĹ touc edÿ eÐnai^4_3 − 1.2899 = 0.043, enÿ sthn worst-case anĹlush ătan 2 − 1.691 = 0.309.

4Dhladă ekeÐnoc apì touc B kai B^′ o opoÐoc èqei qamhlìtero level.

parousiĹzei mègisto gia b ≈ 0.841. Autì shmaÐnei ìti o NF èqei thn qamhlìterh dunată apìdosh, ìtan dèqetai san eÐsodo lÐstec me mègisto antikeÐmeno 0.841 kai ìqi lÐstec qwrÐc periorismoÔc. ’Opwc sthn worst-case anĹlush, ètsi kai sthn average-case, oi online bounded-space algìrijmoi èqoun kĹpoia ìria sthn apìdosă touc. Sugkekrimèna, kanènac algìrijmoc pou anăkei s’ autăn thn kathgorÐa, den èqei R^∞_A (U[0, 1]) = 1. EpÐshc oi Coffman kai Shor [CS93] apèdeixan ìti to expected wasted space touc eÐnai kĹje forĹ anapìfeukta megalÔtero apì mÐa sugkekrimènh timă:

Jeÿrhma 5.2.3 ’An o A eÐnai online bounded-space algìrijmoc me K anoiktoÔc kĹdouc tìte:

W^n_A(U[0, 1]) ≥ n 16(K + 1)

’Oso to K auxĹnei kai o arijmìc twn antikeimènwn n thc eisìdou meiÿnetai, tìso kalÔterec pijanìthtec upĹrqoun na èqoume qamhlìtero wasted space.

AnĹloga apotelèsmata èqoun brejeÐ gia touc bounded-space algìrijmouc, sthn perÐptwsh pou èqoume san eÐsodo diakritèc katanomèc.

5.3 APOTELESMATA GIA ALLOUS ONLINE ALGORIJMOUS

5.3.1 SUNEQEIS KATANOMES

’Enac apì touc algìrijmouc pou anafèrame se prohgoÔmeno kefĹlaio, kai anăkei sthn kathgorÐa twn aujaÐretwn online, eÐnai o Modified Harmonic MH_{38}. Oi Ramanan kai T suga [RT 89f] èdeixan ìti:

1.27684 ≤ R^∞_{MH38} (U[0, 1]) ≤ 1.27688

H apìdosh aută eÐnai kalÔterh apo to 1.333 . . . tou NF kai apì to 1.2899 twn Harmonic algìrijmwn. ’Omwc den eÐnai tìso kală ìso to 1.227 tou SNF . Wstìso, epinoăjhkan [RT 89f] diĹforec parallagèc twn Modified

Harmonic algìrijmwn gia tic opoÐec isqÔei:

R^∞_{MHK} (U[0, 1]) < 1.2, ìtan K ≥ 5 kai lim_{K→∞}R^∞_{MHK} (U[0, 1]) ≈ 1.189

O Hoffman [Hof82] paratărhse ìti upĹrqoun online algìrijmoi Θ(nlogn) qrìnou, twn opoÐwn h anamenìmenh sumperiforĹ, gia F = U[0, 1], eÐnai asumptotikĹ bèltisth. Tètoioi eÐnai oi Online Match algìrijmoi(OM_K gia K ≥ 3), touc opoÐouc sunantĹme gia prÿth forĹ.

OM_K Packing Rule: DÔo antikeÐmena p kai p^′ onomĹzontai suntairiĹzonta gia ton OM_K , an isqÔei gi’ autĹ h sqèsh: 1 −^1_K ≤ s(p) + s(p^′) ≤ 1. O OM_K pragmatopoieÐ dÔo xeqwristèc topojetăseic. H mÐa onomĹzetai partial match packing, enÿ h Ĺllh eÐnai mÐa Next F it topojèthsh pou perilambĹnei antikeÐmena ≤^1_2 . Pio sugkekrimèna, an gia to trèqwn antikeÐmeno p isqÔei s(p) ≥^1_2 , tìte autì topojeteÐtai s’ ènan nèo kĹdo kai o kĹdoc autìc perilambĹnetai sto sÔnolo twn partial match packing kĹdwn. An s(p) <^1_2 kai upĹrqei partial match packing kĹdoc B pou perièqei èna^5 suntairiĹzwn antikeÐmeno p^′, tìte topojèteitai to p ston kĹdo B, o opoÐoc kleÐnei mìnima. An s(p) <^1_2 kai den upĹrqei tètoioc kĹdoc, tìte to p metafèretai stouc NF kĹdouc kai topojeteÐtai ekeÐ sÔmfwna me ton kanìna tou Next F it.

ParĹdeigma: Epeidă o orismìc twn OM_K moiĹzei kĹpwc polÔplokoc, ja doÔme edÿ èna parĹdeigma gia thn kalÔterh katanìhsh touc. Ja melèthsoume thn sumperiforĹ tou OM_3 apènanti sth lÐsta L = {0.2, 0.5, 0.4, 0.7, 0.1, 0.3, 0.8}. Kajÿc K = 3, gia na eÐnai dÔo antikeÐmena s(p) kai s(p^′) suntairiĹzonta, prèpei na ikanopoioÔn th sqèsh 1 −^1_3 ≤ s(p) + s(p^′) ≤ 1 ⇒ 0.6 ≤ s(p) + s(p^′) ≤ 1.

level(B_1) = 0.2

NF

5Prèpei na eÐnai mìno èna antikeÐmeno mec ston kĹdo.

1o BHMA To s(a_1) = 0.2 eÐnai mikrìtero tou^1_2 kai den upĹrqei p.m.p. (partial match packing) kĹdoc me suntairiĹzwn antikeÐmeno. Epomènwc o kĹdoc B_1 ston opoÐo topojeteÐtai to a_1 gÐnetai NF kĹdoc.

level(B_1) = 0.2

NF

level(B_2) = 0.5 p.m.p.

2o BHMA To s(a_2) = 0.5 eÐnai Ðso me to^1_2 . ’Etsi topojeteÐtai se ènan kainoÔrgio kĹdo, ton B_2, o opoÐoc gÐnetai p.m.p. kĹdoc.

level(B_1) = 0.2

NF

level(B_2) = 0.9 p.m.p.

3o BHMA To s(a_3) = 0.4 eÐnai mikrìtero tou^1_2 . ’Omwc 0.6 ≤ s(a_3) + s(a_2) ≤ 1. UpĹrqei epomènwc p.m.p. kĹdoc me suntairiĹzwn antikeÐmeno gia to s(a_3) kai eÐnai o B_2. ’Etsi to a_3 ja topojethjeÐ ston B_2, o opoÐoc ja kleÐsei mìnima.

level(B_1) = 0.2

NF

level(B_2) = 0.9 p.m.p.

level(B_3) = 0.7 p.m.p.

4o BHMA To s(a_4) = 0.7 eÐnai megalÔtero tou^1_2 . Epomènwc ja anoÐxei ènac nèoc kĹdoc (B_3), o opoÐoc ja eisaqjeÐ sto sÔnolo twn p.m.p. kĹdwn kai ston opoÐo ja topojethjeÐ to a_4.

level(B_1) = 0.2

NF

level(B_2) = 0.9 p.m.p.

level(B_3) = 0.8 p.m.p.

5o BHMA To s(a_5) = 0.1 eÐnai mikrìtero tou^1_2 . ’Omwc 0.6 ≤ s(a_5) + s(a_4) ≤ 1. UpĹrqei epomènwc p.m.p. kĹdoc me suntairiĹzwn antikeÐmeno gia to a_5 kai eÐnai o B_3. ’Etsi to a_5 ja topojethjeÐ ston B_3, o opoÐoc ja kleÐsei mìnima.

level(B_1) = 0.5

NF

level(B_2) = 0.9 p.m.p.

level(B_3) = 0.8 p.m.p.

6o BHMA To s(a_6) = 0.3 eÐnai mikrìtero tou^1_2 . ’Omwc den upĹrqei anoiqtìc p.m.p. kĹdoc me suntairiĹzwn antikeÐmeno gia to a_6. ’Etsi autì ja topojethjeÐ se kĹpoion NF kĹdo sÔmfwna me ton omìnumo packing rule. Epomènwc to a_6 eisèrqetai ston B_1 kĹdo.

level(B_1) = 0.5

NF

level(B_2) = 0.9 p.m.p.

level(B_3) = 0.8 p.m.p.

level(B_4) = 0.8 p.m.p.

7o BHMA To s(a_7) = 0.8 eÐnai megalÔtero tou^1_2 . Epomènwc ja anoÐxei ènac nèoc kĹdoc (B_4), o opoÐoc ja eisaqjeÐ sto sÔnolo twn p.m.p. kĹdwn kai ston opoÐo ja topojethjeÐ to a_7.

Gia th sugkekrimènh lÐsta L, o OM_3 qrhsimopoieÐ 4 kĹdouc. ----------------------

Oi algìrijmoi OM_K plhrÿnoun to tÐmhma thc polÔ kalăc katĹ mesì ìro apìdosăc touc, stic epidìseic touc apènanti stic qeirìterec periptÿseic. ’Eqei apodeiqteÐ ìti to asumptotikì touc phlÐko prosèggishc qeirìterhc epÐdoshc, eÐnai R^∞_{OMK} = 2. Gia tic mèsec epidìseic touc apodeÐqthke [CL91] ìti:

Jeÿrhma 5.3.1.1 R^∞_{OMK} (U[0, 1]) = 1+c √ K n +O( 1 K ), ìpou c mÐa stajerĹ.

Apì to parapĹnw jeÿrhma faÐnetai ìti lim_{K→∞}R^∞_{OMK} (U[0, 1]) = 1. To 1984 oi Bentley, Johnson, Leighton kai McGeoch [BJL84] apèdeixan to parakĹtw entupwsiakì apotèlesma:

Jeÿrhma 5.3.1.2 R^∞_{F F} (U[0, 1]) = 1

Bèbaia to R^∞_{F F} (U[0, 1]) pèftei kĹtw tou 1.01 gia n pou xepernĹei to 250.000. To erÿthma eÐnai pìso grăgora to R^∞_{F F} (U[0, 1]) teÐnei sto 1. Autì mporeÐ na apanthjeÐ an strèyoume thn prosoqă mac sto expected wasted space tou F F . H apìdeixh tou parakĹrw jewrămatoc analÔetai sta [Sho86][CJS95]:

Jeÿrhma 5.3.1.3 W^n_{F F} (U[0, 1]) = Θ(n^{23} )

Edÿ o Best F it eÐnai pio apotelesmatikìc [Sho86][LS89]:

Jeÿrhma 5.3.1.4 W^n_{BF} (U[0, 1]) = Θ( √ nlog^{34} n) Oi apodeÐxeic twn parapĹnw dÔo jewrhmĹtwn sundèontai Ĺmesa me th jewrÐa tou stochastic planar matching, h opoÐa èqei mÐa ekplhktikă poikilÐa efarmogÿn. H jemelÐwsh thc jewrÐac autăc ègine apì touc Ajtai, Komlos kai T usnady [AKT 84]. Na shmeiÿsoume edÿ, ìti sthn melèth mèswn epidìsewn èqei shmasÐa an ènac online algìrijmoc gnwrÐzei to megejoc n thc lÐstac eisìdou apì thn arqă thc efarmogăc tou. An to gnwrÐzei, onomĹzetai closed online, enÿ an den to gnwrÐzei onomĹzetai open online algìrijmoc.

Jeÿrhma 5.3.1.5 Gia kĹje open online algìrijmo A, isqÔei [Sho86][Sho91]:

W^n_A(U[0, 1]) = Ω( √ nlogn)

Autì eÐnai kai to qamhlìtero dunatì ìrio gia ènan open online algìrijmo. Gia touc closed online algìrijmouc isqÔei h sqèsh:

W^n_A(U[0, 1]) = Ω( √ n) ’Omwc ousiastikĹ eÐnai teleÐwc asămanth, kajÿc to ìrio autì, eÐnai fanerì ìti isqÔei kai gia ènan optimal algìrijmo. KĹpoio Ĺllo pio stenì orÐo den èqei apodeikteÐ mèqri stigmăc.

5.3.2 DIAKRITES KATANOMES

H basikă diaforĹ twn diakritÿn omogenÿn katanomÿn apì tic suneqeÐc, eÐnai ìti gia sugkekrimènouc sundiasmoÔc twn j kai k mporoÔme na petÔqoume W^n_{BF} (U[j, k]) = O(1). Dhladă to expected waste mporeÐ na gÐnei arketĹ qamhlì kai anexĹrthto tou n, kĹti pou eÐnai adÔnato na sumbeÐ gia suneqeÐc omogeneÐc katanomèc.

Ac doÔme ìmwc prÿta pwc sumperifèrontai oi F F kai BF gia diakritèc katanomèc anĹlogec twn suneqÿn U[0, 1]. [CCG91][CJS95]:

Jeÿrhma 5.3.2.1 Gia k > 1, A. W^n_{F F} (U{k, k}) = Θ( √ nk) B. W^n_{F F} (U{k, k}) = O( √ nlogk)

Epomènwc gia stajerì k, oi BF kai F F èqoun Θ( √ n) expected waste. KĹti tètoio eÐnai adÔnato gia opoiondăpote open online algìrijmo upì U[0, 1] katanomă.

Jeÿrhma 5.3.2.2 Gia kĹje open online algìrijmo A isqÔei [CCG91][CJS95]: W^n_A(U{k, k}) = Ω( √ nlogk)

Ta dÔo parapĹnw jewrămata isqÔoun kai gia j = k − 1. Autì sumbaÐnei giatÐ h mình diaforĹ metaxÔ twn U{k, k} kai U{k − 1, k}, eÐnai h parousÐa twn antikeimènwn^k = 1. AutĹ ìmwc gemÐzoun ènan kĹdo to kajèna, qwrÐc na prokaloÔn epiplèon wasted space. ’Omwc gia j = k − 2 ta ìria allĹzoun. Gia ton Best F it, gia parĹdeigma, isqÔei to exăc jeÿrhma [CJS93][KRS96]:

Jeÿrhma 5.3.2.3 Gia k > 2, W^n_{BF} (U{k − 2, k}) = O(1)

FaÐnetai loipìn o BF na èqei arketĹ kalèc mèsec epidìseic gia tic sugkekrimènec diakritèc katanomèc. Mèqri prìsfata, ekeÐno pou ătan apodedeigmèno gia ton F irst F it ătan:

W^n_{F F} (U{k − 2, k}) = Ω(n^{1/2})

’Omwc to 1998 oi Albers kai Mitzenmacher [MA98] apèdeixan ìti, gia katanomèc U{k − 2, k}, o F F parousiĹzei thn Ðdia stajerìthta me ton BF . Ja anaferjoÔme pio sugkekrimèna gia thn prospĹjeia touc se epìmeno kefĹlaio.

Na shmeiÿsoume edÿ ìti, par’ ìlo pou oi BF kai F F èqoun thn Ðdia qeirìterh epÐdosh, prìsfatec èreunec èqoun deÐxei ìti o BF upertereÐ tou F F se mèsec epidìseic.

Gia katanomèc U{j, k} me j ≤ k − 3, h sumperiforĹ tou BF den eÐnai tìso kală, kajÿc arqÐzei na sumperifèretai ìpwc stic suneqeÐc katanomèc ìpou to W^n_{BF} (U[0, b]) èqei grammikă sumperiforĹ gia kĹje b ϵ (0, 1). ’Eqei gÐnei h upìjesh ìti gia kĹje b upĹrqei ènac akèraioc K_b, tètoioc ÿste to W^n_{BF} (U{j, k}) na eÐnai grammikì, ìtan k > K_b kai |b −^j_k | < min{^b_2 ,^{1−b}_2 }. H upìjesh aută èqei epibebaiwjeÐ apì pollèc èreunec kai prosomeiÿseic. Ta apotelèsmata merikÿn ap’ autèc faÐnontai sto parakĹtw sqăma:

j k 5 6 7 8 9 10 11 12 13 14 3 F F F F F F F F F F 4 F F F F F F F F F 5 F F F F F F F F 6 F F F F F F F 7 F F F F F F 8 F G F* F* F 9 F G G* F* 10 F G* G* 11 F G* 12 F W^n_{BF} (U{j, k}), gia j < k − 1. F = Fragmèno wasted space, G = Grammikì wasted space, ∗ = den èqei apodeikteÐ.

Logikì eÐnai, gia arketĹ mikrèc timèc tou j, to expected waste na eÐnai idiaÐtera ikanopoihtikì kai anexĹrthto tou n gia pollÿn eidÿn katanomèc, akìma kai gia ton F irst F it [CCG91]:

Jeÿrhma 5.3.2.4 Gia touc BF kai F F èqoume:

A. W^n_{BF} (U{j, k}) = O(1), ìtan k ≥^{j(j+3)}_2 B. W^n_{F F} (U{j, k}) = O(1), ìtan k ≥ j^2 GenikĹ, ta ìria tou expected waste, upì diakritèc katanomèc, eÐnai exairetikĹ kalĹ gia ènan open online algìrijmo. Autì dhlÿnei kai to parakĹtw Jeÿrhma [CCG91]:

Jeÿrhma 5.3.2.5 Gia kĹje diakrită katanomă F = U{j, k} ìpou 1 ≤ j < k − 1, upĹrqei ènac open online algìrijmoc A_F , tètoioc ÿste W^n_{AF} (F ) = O(1).

An sugkrÐnoume to parapĹnw jeÿrhma me to jeÿrhma 5.3.1.5, blèpoume ìti gia diakritèc katanomèc, èqoume polÔ kalÔterec sumperiforèc apì ìti gia antÐstoiqec suneqeÐc.

5.4 OFFLINE ALGORIJMOI

GnwrÐzontac tic polÔ kalèc, se genikèc grammèc, mèsec apodìseic twn online algìrijmwn, anarwtiètai kaneÐc an uperteroÔn aisjhtĹ oi antÐstoiqoi offline. PĹntwc oi F irst F it Decreasing kai Best F it Decreasing, uperteroÔn aisjhtĹ twn F irst F it kai Best F it gia suneqeÐc omoiìmorfec katanomèc. ’Ena prÿto^6 apotèlesma pou to apodeiknÔei auto fainetai parakĹtw [Kno81][Lue82]:

Jeÿrhma 5.4.1 An A ϵ {F F D, BF D}, tìte:

W^n_A(U[0, 1]) = Θ( √ n)

ParathroÔme mĹlista ìti oi BF D kai F F D xepernoÔn ton kalÔtero dunatì open online algìrijmo, katĹ èna parĹgonta √ logn. Gia U[0, b] katanomèc, me 0 < b < 1, to pleonèkthma twn BF D kai F F D auxĹnetai jeamatikĹ ènanti twn online isodÔnamwn touc. Wstìso, autì èqei

6Prÿto ìqi mìno sthn perigrafă mac, allĹ kai istorikĹ.

apodeikteÐ mìno gia ton F F D [BJL84]:

Jeÿrhma 5.4.2 Gia katanomèc tÔpou U[0, b] isqÔei:

W^n_{F F D}(U[0, b]) = Θ(1) ,an b ≤^1_2 W^n_{F F D}(U[0, b]) = Θ(n^{1/3}) ,an^1_2 < b < 1

Oi F loyd kai Karp [F K91], kĹnontac kĹpoiec tropopoÐhseic ston F F D, apèdeixan ìti upĹrqei offline algìrijmoc, o opoÐoc ,gia katanomèc U[0, b], epitugqĹnei na èqei polÔ qamhlì wasted space.

Jeÿrhma 5.4.3 UpĹrqei offline algìrijmoc A, O(nlogn) qrìnou, ÿste:

W^n_A(U[0, b]) = O(1) ,an^1_2 < b < 1 Gia diakritèc katanomèc, ta pleonektămata twn F F D kai BF D den eÐnai tìso xekĹjara, kajÿc oi apodìseic twn online algìrijmwn eÐnai arketĹ ikanopoihtikèc. Par’ ìla autĹ, to gegonìc ìti anăkoun sthn kathgorÐa twn offline algìrijmwn touc kĹnei na uperteroÔn, èstw kai se qamhlìtero bajmì, apì touc antÐstoiqouc online.

KefĹlaio 6

APPROXIMATION SCHEMES

Sta prohgoÔmena kefĹlaia meletăsame èna plăjoc algorÐjmwn. KatĹ thn melèth aută ègine katanohtì ìti eÐnai dÔskolo pollèc forèc, na petÔqoume kalèc apodìseic se exÐsou kaloÔc qrìnouc. Gia parĹdeigma, kĹpoioi boundedspace algìrijmoi, an kai mporoÔn na efarmostoÔn se grammikoÔc qrìnouc, den èqoun tic kalÔterec dunatèc epidìseic. KĹti tètoio Ĺllwste eÐnai apìluta lìgiko, kajÿc ènac algìrijmoc pou apodÐdei arketĹ kalĹ, to pio pijanì eÐnai na èqei ènan polÔploko mhqanismì leitourgÐac kai na exetĹzei exantlhtikĹ ìlouc touc qrhsimopoiămenouc kĹdouc, qwrÐc na kleÐnei kanènan apì autoÔc mìnima.

Sunepÿc, h apìdosh kai o qrìnoc efarmogăc eÐnai dÔo megèjh, ìpou mÐa kală timă tou enìc isodunameÐ me mÐa ìqi tìso kală timă tou Ĺllou. ParakĹtw ja meletăsoume kĹpoiouc proseggÐstikouc algìrijmouc, stouc opoÐouc faÐnetai, me akribeÐc sqèseic, to qronikì kìstoc pou plhrÿnoume gia na prosseggÐsoume th bèltisth lÔsh.

6.1 ORISMOI

Approximation Scheme ’Estw P èna NP -Hard prìblhma me antikeimenikă sunĹrthsh f_Π. Lème ìti ènac algìrijmoc A eÐnai approximation scheme (proseggistikì sqăma) gia to P, an se eÐsodo (I, ε), ìpou I eÐnai èna stigmiìtupo tou P kai ε > 0 eÐnai h parĹmetroc sfĹlmatoc, apodÐdei lÔsh s ÿste:

f_Π(I, s) ≤ (1 + ε)OP T , an to P eÐnai prìblhma elaqistopoÐhshc.

f_Π(I, s) ≥ (1 − ε)OP T , an to P eÐnai prìblhma megistopoÐhshc,

OP T eÐnai to kìstoc thc bèltisthc lÔshc.

Polynomial Time Approximation Scheme (PTAS) An gia ε > 0 èqoume (1 + ε) − approximation^1 algìrijmouc A_ε gia to prìblhma P, twn opoÐwn o qrìnoc efarmogăc eÐnai poluwnumikìc gia kajorismèno ε, tìte autoÐ onomĹzontai P olynomial T ime Approximation Scheme gia to P. Fully Polynomial Time Approximation Scheme (FPTAS) ’Enac al- gìrijmoc P T AS onomĹzetai F ully P olynomial T ime Approximation Scheme, an o qrìnoc efarmogăc tou eÐnai poluwnumikìc tìso sto megèjoc thc eisìdou, ìso kai ston parĹgonta^1_ε .

Epomènwc oi F P T AS algìrijmoi eÐnai upokathgorÐa twn P T AS. ’Enac P T AS algìrijmoc, gia parĹdeigma, mporeÐ na trèqei se O(n^1ε ), enÿ ènac F P T AS se qrìno O(n^{2 1}_ε ).

6.2 ENA ASUMPTWTIKO PTAS

Ac erjoume tÿra sto prìblhma tou Bin P acking. To parakĹtw jeÿrhma apodeiknÔei ousiastikĹ ìti den upĹrqei P T AS gia to prìblhmĹ mac.

Jeÿrhma 6.2.1 Gia ε > 0, den upĹrqei algìrijmoc poluwnumikoÔ qrìnou, me apìdosh kĹtw tou^3_2 − ε gia to prìblhma tou Bin P acking, upojètontac ìti P ≠ NP .

Apìdeixh Ja qrhsimopoiăsoume to NP -plărec prìblhma P ART IT ION: Ac upojèsoume ìti èqoume èna sÔnolo A = {a_1, a_2, . . . , a_n} apì jetikoÔc arijmoÔc. UpĹrqoun dÔo sumplhrwmatikĹ uposÔnola A_1, A^′_1 tètoia ÿste ∑ a_iϵA_1 ai = ∑ a_j ϵA^′_1 aj ;

’Estw ìti M = ∑_n i=1 a_i. Upojètoume ìti èqoume èna Bin P acking prìblhma me eÐsodo ta antikeÐmena^{2a1}_M , . . . ,^{2an}_M . ParathroÔme ìti h apĹnthsh sto P ART IT ION prìblhma eÐnai^{′′}nai^{′′}, ìtan kai mìno ìtan to antÐstoiqo stigmiìtupo tou Bin P acking mporeÐ na lujeÐ me 2 kĹdouc.

1’Enac algìrijmoc A eÐnai (1 + ε) − approximation, ìtan isqÔei R_A = 1 + ε.

Epomènwc, an upĹrqei algìrijmoc poluwnumikoÔ qrìnou pou na epistrèfei lÔsh kĹtw twn trÐwn kĹdwn, dhladă kĹtw tou^3_2 thc optimal lÔshc, pou sto sugkekrimèno parĹdeigma eÐnai 2, tìte kai h apĹnthsh sto P ART IT ION ja eÐnai^{′′}nai^{′′}. Dhladă ja upĹrqei algìrijmoc poluwnimikoÔ qrìnou gia to P ART IT ION. Autì ìmwc sumbaÐnei mìno an P = NP . -----------------`

Bèbaia h parapĹnw apìdeixh sthrÐzetai sto gegonìc ìti h bèltisth lÔsh eÐnai mìlic 2 kĹdoi, par’ ìlo pou o arijmìc twn antikeimènwn den periorÐzetai kai ja mporoÔse, se kĹpoiec periptÿseic, na eÐnai idiaÐtera megĹloc. TÐ sumbaÐnei ìmwc se paradeÐgmata, ìpou h bèltisth lÔsh auxĹnei wc proc n; ParakĹtw ja parousiĹsoume ènan algìrijmo pou den eÐnai P T AS, sÔmfwna me ton austhrì orismì tou teleutaÐou, allĹ pou asumptotikĹ teÐnei na gÐnei.

Jeÿrhma 6.2.2 Gia kĹje e, ìpou 0 < ε ≤^1_2 , upĹrqei algìrijmoc A_ε, pou trèqei se poluwnimikì qrìno wc proc n kai qrhsimopoieÐ to polÔ (1 + 2ε)OP T + 1 kĹdouc.

H oikogèneia twn algorÐjmwn A_ε apoteloÔn èna asumptotikì proseggis- tikì sqăma poluwnumikoÔ qrìnou (asymptotic polynomial time approximation scheme), kajÿc gia kĹje ε > 0, upĹrqei N > 0 kai ènac algìrijmoc poluwnumikoÔ qrìnou, èstw B, pou anăkei s’ autăn thn oikogèneia, o opoÐoc parousiĹzei apìdosh 1 + ε gia ìla ta paradeÐgmata gia ta opoÐa OP T ≥ N. Par’ ìla autĹ, oi algìrijmoi A_ε den prosfèroun thn pio praktikă dunată lÔsh, kajÿc o qrìnoc ston opoÐo trèqoun eÐnai idiaÐtera uyhlìc. Ja apodeÐxoume to parapĹnw jeÿrhma se trÐa bămata.

Lămma 6.2.3 Ac upojèsoume ìti to ε > 0 eÐnai stajerì kai èstw K ènac epÐshc stajerìc mh arnhtikìc akèraioc. ’Estw ìti ta antikeÐmena èqoun mègejoc toulĹqiston e kai o arijmìc twn pijanÿn megejÿn pou mporoÔn na pĹroun eÐnai K. Tìte upĹrqei algìrijmoc poluwnumikoÔ qrìnou pou prosfèrei th bèltisth lÔsh gia to sugkekrimèno prìblhma.

Apìdeixh: O arijmìc twn antikeimènwn pou mporoÔn na tairiĹxoun se èna kĹdo eÐnai to polÔ ⌊^1_ε ⌋. ’Estw ìti ⌊^1_ε ⌋ = M. O arijmìc twn diaforetikÿn morfÿn^2 pou mporeÐ na pĹrei ènac kĹdoc eÐnai to polÔ R = (^{M+K}_M ), dhladă ènac epanalhptikìc sunduasmìc tou K anĹ M. To R eÐnai mÐa stajerĹ arketĹ megĹlou megèjouc. An o sunolikìc arijmìc kĹdwn pou qrhsimopoioÔntai eÐnai

2DÔo kĹdoi èqoun thn Ðdia morfă ìtan perièqoun akribÿc ta Ðdia antikeÐmena.

to polÔ n, tìte o arijmìc twn diaforetikÿn pijanÿn topojetăsewn, pou mporoÔn na apotelèsoun thn èxodo tou problămatoc, eÐnai to polÔ^3, P = (^{n+R}_R ), pou eÐnai poluwnumikì wc proc n. Aparijmÿntac tic kai dialègontac thn kalÔterh topojèthsh, paÐrnoume th bèltisth lÔsh. --------

Lămma 6.2.4 ’Estw ε > 0 stajerì. ’Estw epÐshc ìti ta antikeÐmena thc eisìdou èqoun mègejoc toulĹqiston e. UpĹrqei proseggistikìc algìrijmoc poluwnumikoÔ qrìnou pou lÔnei to sugkekrimèno prìblhma me apìdosh ìqi pèra tou (1 + ε).

Apìdeixh: Ac sumbolÐsoume me I to sugkekrimèno stigmiìtupo me ton parapĹnw periorismì. TaxinomoÔme ta antikeÐmena katĹ aÔxousa seirĹ megèjouc kai ta qwrÐzoume se K = ⌈^1_{ε2} ⌉ omĹdec, kĹje mÐa apì tic opoÐec èqei to polÔ Q = ⌊nε^2⌋ antikeÐmena. DÔo diaforetikèc omĹdec mporeÐ na perièqoun antikeÐmena tou Ðdiou megèjouc.

DhmiourgoÔme èna kainoÔrgio stigmiìtupo, èstw J, kĹnontac to megèjoc kĹje antikeimènou Ðso me to mègejoc tou megalÔterou antikeimènou thc omĹdac tou. To nèo autì stigmiìtupo perièqei K to polÔ diaforetikĹ megèjh. Epomènwc apì to Lămma 6.2.3 mporoÔme na broÔme mÐa bèltisth lÔsh gia to J. H lÔsh ìmwc aută eÐnai efiktă kai gia ta megèjh tou stigmiìtupou I. Ja deÐxoume parakĹtw ìti OP T (J) ≤ (1 + ε)OP T (I).

Gia na to petÔqoume autì ja dhmiourgăsoume èna nèo stigmiìtupo, èstw J^′, kĹnontac to mègejoc kĹje antikeimènou tou I Ðso me to me to mègejoc tou mikrìterou antikeimènou thc omĹdac tou. EÐnai profanèc ìti OP T (J^′) ≤ OP T (I). An afairoÔsame ta Q prÿta antikeÐmena tou J^′ kai ta Q teleutaÐa tou J, tìte gia tic paragìmenec lÐstec pou ja proèkuptan ja Ðsque OP T (J) ≤ OP T (J^′). Autì ja sunèbaine giatÐ kĹje antikeÐmeno tou J^′ ja ătan lÐgo megalÔtero apì to antÐstoiqo sthn katĹtaxh antikeÐmeno tou J. An tÿra prosjèsoume kai ta antikeÐmena pou afairèsame, tìte ja stoÐqize ston J, sthn qeirìterh perÐptwsh Q parapĹnw kĹdouc. Epomènwc h bèltisth lÔsh tou J den xepernĹei potè touc OP T (J^′) + Q kĹdouc. DhlĹdh: OP T (J) ≤ OP T (J^′) + Q ≤ OP T (I) + Q 3Epanalhptikìc sunduasmìc tou n anĹ R.

’Omwc, kajÿc kĹje antikeÐmeno tou I èqei mègejoc toulĹqiston e, isqÔei OP T (I) ≥ nε. Epomènwc: nε^2 ≤ εOP T (I) ⇒ Q = ⌊nε^2⌋ ≤ εOP T (I) Apì tic dÔo teleutaÐec anisìthtec katalăgoume sto exăc: OP T (J) ≤ (1 + ε)OP T (I) --------

Apìdeixh Jewrămatoc 6.2.2: Ac upojèsoume ìti èqoume mÐa tuqaÐa eÐsodo L. An afairèsoume apo autăn ta antikeÐmena me mègejoc mikrìtero tou e, tìte prokÔptei h L^′. ’Opwc apodeÐxame sto Lămma 5.2.4, upĹrqei lÔsh gia thn L^′, ìpou qrhsimopoioÔntai to polÔ (1 + ε)OP T (L^′) kĹdoi. AfoÔ thn efarmìsoume, topojetoÔme ta ta mikrĹ antikeÐmena (< ε) sÔmfwna me ton packing rule tou F irst F it, stouc kĹdouc pou eÐnai ădh anoiktoÐ apì thn topojèthsh twn antikeimènwn tou L^′. An kĹpoio apì autĹ den tairiĹzei stouc ădh anoiktoÔc kĹdouc, ja anoÐxoun kainoÔrgioi kĹdoi.

Sthn perÐptwsh pou den anoÐxei kainoÔrgioc kĹdoc, apaitoÔntai to polÔ (1 + ε)OP T (L^′) ≤ (1 + ε)OP T (L) kĹdoi. An upĹrxei kĹpoioc prìsjetoc kĹdoc, tìte èstw ìti oi sunolikoi kĹdoi eÐnai M. EÐnai profanèc ìti oi M − 1 prÿtoi kĹdoi èqoun level toulĹqiston 1 − ε. Epomènwc to Ĺjroisma twn antikeimènwn thc eisìdou L eÐnai toulĹqiston (M − 1)(1 − ε). ’Ara:

(M − 1)(1 − ε) ≤ n∑ i=1 s(a_i) ≤ OP T (L) ⇒ M ≤ OP T (L) 1 − ε + 1 ≤ (1 + 2ε)OP T (L) + 1 ìpou gia na katalăxoume sto teleutaÐo apotèlesma qrhsimopoiăsame th sqèsh ε ≤^1_2 . Epomènwc, gia kĹje e tètoio ÿste 0 < ε ≤^1_2 , upĹrqei algìrijmoc poluwnumikoÔ qrìnou me apìdosh to polÔ (1 + 2ε)OP T (L) + 1 kĹdouc. --------

O packing rule tou algìrijmou(A_ε), ston opoÐo katalăxame, eÐnai o exăc:

A_ε packing rule :

1. ParĹbleye ta antikeÐmena megèjouc < ε.

2. StroggulopoÐhse ta megèjh twn upoloÐpwn gia na upĹrqei stajerìc arijmìc megejÿn (Lămma 5.2.4).

3. Brec thn optimal topojèthsh (Lămma 5.2.3).

4. QrhsimopoÐhsè thn gia ta antikeÐmena me ta kanonikĹ megèjh. 5. Topojèthse ta antikeÐmena megèjouc < ε sÔmfwna me ton F irst F it.

KefĹlaio 7

DUO PROSFATOI ALGORIJMOI

7.1 ALUSIDES MARKOV

7.1.1 ORISMOS

’Ena sÔnolo apì tuqaÐec metablhtèc {Q_n} apoteloÔn mÐa alusÐda Markov ìtan h pijanìthta h epìmenh timă (katĹstash) na eÐnai Ðsh me x_{n+1} exartĹtai monĹqa apì thn paroÔsa timă (katĹstash) x_n kai ìqi apì opoiadăpote Ĺllh timă tou pareljìntoc.

H idiìthta aută eÐnai gnwstă san èlleiyh mnămhc kai isqÔei gia opoiadăpote qronikă stigmă. H sunjăkh aută epibĹllei ìti to qronikì diĹsthma metaxÔ diadoqikÿn allagÿn katĹstashc akoloujeÐ mÐa katanomă pijanìthtac pou exasfalÐzei thn èlleiyh mnămhc. H katanomă aută prèpei na eÐnai h gewmetrikă katanomă gia diakritì qrìno ă h ekjetikă katanomă gia suneqă qrìno.

7.1.2 PROSEGGISH TOU PROBLHMATOS

Ta teleutaÐa qrìnia xekÐnhse ènac nèoc trìpoc prossèggishc tou Bin P acking. Autìc den eÐnai Ĺlloc apì tic alusÐdec Markov. Pollèc apì tic pio prìsfatec melètec, merikèc apì tic opoÐec ja meletăsoume sta epìmena kefĹlaia, èqoun sthriqjeÐ kajarĹ stic alusÐdec Markov me exairetikĹ epituqă apotelèsmata. Ac doÔme ìmwc me poiì trìpo qrhsimopoioÔntai sta plaÐsia tou problămatoc pou meletĹme.

Oi alusÐdec Markov epilèqthkan gia thn parĹstash twn stigmiotÔpwn tou problămatoc katĹ thn efarmogă enìc algìrijmou. H qrăsh touc gÐnetai gia diakritèc katanomèc. ’Omwc, ìpwc èqoume dei se prohgoÔmeno kefĹlaio, mÐa diakrită katanomă U{j, k} proseggÐzei thn suneqă U[0, a], an j = ak kai k → ∞. Epomènwc h qrăsh touc mporeÐ na epektajeÐ kai gia suneqeÐc katanomèc.

’Otan èqoume san eÐsodo mÐa diakrită katanomă U{j, k} eÐnai akribÿc to Ðdio me to na èqoume antikeÐmena pou paÐrnoun timèc apì to sunolo {1, 2, . . . , j} kai ta opoÐa prèpei na topojetăsoume se kĹdouc qwrhtikìthtac k.

KatĹ thn ektèlesh enìc algìrijmou, h diadikasÐa qwrÐzetai se qronikĹ stigmiìtupa. H metĹbash apì to èna stigmiìtupo sto Ĺllo gÐnetai me thn topojèthsh tou epìmenou katĹ seirĹ antikeimènou. KĹje stigmiìtupo apeikonÐzetai wc exăc:

s(t) = (s_1(t), s_2(t), . . . , s_{k−1}(t))

H metablhtă s_i(t) sumbolÐzei ton arijmì twn kĹdwn pou èqoun aqrhsimopoÐhto qÿro i. EkeÐnouc dhladă touc kĹdouc, èstw B_j, gia touc opoÐouc isqÔei: 1 − level(B_j ) = i. O aqrhsimopoÐhtoc autìc qÿroc^1 mporeÐ na eÐnai apì 1 èwc k − 1.

Ja doÔme edÿ pwc metabĹllontai ta stigmiìtupa thc diadikasÐac katĹ thn efarmogă tou Best F it. H diadikasÐa xekinĹei me to stigmiìtupo^2 s(0) = (0, 0, . . . , 0) to opoÐo dhlÿnei ìti den upĹrqoun anoiktoÐ kĹdoi. ’Estw ìti ftĹnoume sthn qronikă stigmă t kai to epìmeno antikeÐmeno pou prèpei na topojethjeÐ, èqei mègejoc d. Ac upojèsoume edÿ ìti o i eÐnai o qamhlìteroc deÐkthc gia ton opoÐo isqÔei i ≥ d. EÐnai profanèc apì ton orismì tou, ìti o BF ja topojetăsei to antikeÐmeno autì s’ ènan kĹdo me diajèsimo qÿro Ðso me i. Epomènwc sto epìmeno stigmiìtupo ja èqoume s_i(t+1) = s_i(t)−1. An i > d tìte s_{i−d}(t + 1) = s_{i−d}(t) + 1, alliÿc an i = d kleÐnei o sugkekrimènoc kĹdoc kai den allĹzei kanènac peraitèrw ìroc. Se perÐptwsh pou den upĹrqei i ≥ d, dhladă den upĹrqei anoiktìc kĹdoc ston opoÐo na tairiĹzei to antikeÐmeno d, tìte anoÐgei ènac kainoÔrgoic kĹdoc kai èqoume s_{k−d}(t + 1) = s_{k−d}(t) + 1. ’Oloi oi upìloipoi ìroi paramènoun stajeroÐ. Aută h diadikasÐa suneqÐzetai mèqri thn topojèthsh kai tou teleutaÐou antikeimènou.

1’Eqoume pei ìti anĹgoume to prìblhmĹ mac s’ ekeÐno me antikeÐmena megèjouc 1, 2, . . . , j kai kĹdouc qwrhtikìthtac k.

2Prin topojethjeÐ to prÿto antikeÐmeno.

Oi alusÐdec Markov apodeÐqthkan exairetikĹ qrăsimec gia algìrijmouc twn opoÐwn h mejodologÐa sthrÐzetai sto level twn kĹdwn. Dhladă sto pìso gemĹtoc eÐnai kĹje kĹdoc se kĹje stigmiìtupo tou problămatoc. ’Enac tètoioc algìrijmoc eÐnai kai o Best F it, gia ton opoÐo èqoun apodeikteÐ pollĹ nèa jewrămata mèsw autăc thc mejodologÐac.

Sth sunèqeia ja parousiĹsoume dÔo nèouc algìrijmouc, oi opoÐoi eÐnai arketĹ pio prìsfatoi apì touc prohgoÔmenouc. O prÿtoc eÐnai o Random F it kai o deÔteroc o Sum Of Squares. ParousiĹsthkan to 1998 kai to 1999 antÐstoiqa.

7.2 RANDOM FIT

O Random F it eÐnai ènac algìrijmoc, o opoÐoc epinoăjhke gia ènan polÔ sugkekrimèno skopì. Anaferjăkame prin stic alusÐdec Markov, ènan polÔ prìsfato trìpo prosèggishc tou problămatoc pou èqei stefjeÐ me foberă epituqÐa, kajÿc odăghse sthn apìdeixh pollÿn nèwn jewrhmĹtwn. Ta perissìtera apì ta jewrămata autĹ aforoÔn tic mèsec epidìseic diĹforwn algorÐjmwn upì diakritèc allĹ kai suneqeÐc katanomèc.

’Omwc, eÐpame ìti o sugkekrimènoc trìpoc mejodologÐac eÐnai bolikìc gia algìrijmouc me orismoÔc pou basÐzontai sto level kĹje kĹdou. O F irst F it antÐjeta den basÐzetai se kĹti tètoio. ShmasÐa s’ autìn èqei h diĹtaxh twn kĹdwn kai ìqi to level touc. Se mÐa anaparĹstash tou problămatoc me alusÐdec Markov den ja ătan dunatìn na broÔme ton kĹdo ston opoÐo ja topojethjeÐ to epìmeno antikeÐmeno, kĹjwc den prosdiorÐzetai apì poujenĹ poiĹ eÐnai h diĹtaxh twn kĹdwn.

To 1996 h Kenyon [KRS96], qrhsimopoiìntac tic alusÐdec Markov, èdeixe ìti o Best F it eÐnai stajerìc upì diakritèc katanomèc thc morfăc U{k − 2, k}. Na shmeiÿsoume edÿ ìti ènac algìrijmoc eÐnai stajerìc upì mÐa katanomă, ìtan to expected waste tou den xepernĹei kĹpoio ìrio akìma ki ìtan to n^3 teÐnei sto Ĺpeiro. To 1998 o Mitzenmacher [MA98] katìrjwse na apodeÐxei ìti to Ðdio isqÔei kai gia ton F irst F it. EÐqe san dedomèno ìti autì Ðsque gia ton BF kai katafere, mèsw tou algìrijmou tou Random F it, na apodeÐxei to Ðdio kai gia ton F F . Epomènwc o Random F it apotèlese to sundetikì krÐko gia thn apìdeixh enìc jewrămatoc pou aforĹ ton F F , mèsw

3’Opou n o arijmìc twn antikeimènwn thc eisìdou.

twn alusÐdwn Markov. Ac doÔme ìmwc poiìc eÐnai o orismìc tou Random F it(RF ). RF Packing Rule : Prin thn topojèthsh tou epìmenou antikeimènou sumbaÐnoun ta exăc:

1. Oi anoiktoÐ kĹdoi antimetatÐjontai entelÿc tuqaÐa kai sqhmatÐzoun mÐa kainoÔrgia diĹtaxh.

2. TopojeteÐtai to epìmeno antikeÐmeno sÔmfwna me ton packing rule tou F irst F it.

7.2.1 MELETH QEIROTERHS EPIDOSHS

Jeÿrhma 7.2.1.1

A. Gia kĹje lÐsta L, RF (L) ≤ 2OP T (L) − 1.

B. UpĹrqoun lÐstec L, gia tic opoÐec o OP T (L) paÐrnei aujaÐreta megĹlec timèc, tètoiec ÿste na upĹrqei megĹlh pijanìthta na isqÔei: RF (L) = 2OP T (L) − 1 Apìdeixh: A. Se kĹje qronikă stigmă, oi kĹdoi pou qrhsimopoieÐ o RF apoteloÔntai apì to polÔ ènan kĹdo, o opoÐoc èqei aqrhsimopoÐhto qÿro toulĹqiston^1_2 . Epomènwc o arijmìc twn kĹdwn pou qrhsimopoieÐ h optimal lÔsh eÐnai toulĹqiston ⌊^1_2 RF (L) + 1⌋.

B. Gia kĹje n ≥ 2, ac upojèsoume oti èqoume san lÐsta eisìdou tou problămatoc, n antikeÐmena megèjouc^1_2 , sta opoÐa parembĹllontai n^2 antikeÐmena megèjouc^1_{2n3} . Epomènwc h lÐsta aută eÐnai thc morfăc:

L_n = {^1_2 ,^1_{2n3} , . . . ,^1_{2n3} ,^1_2 ,^1_{2n3} , . . . ,^1_{2n3} ,^1_2 }

ParathroÔme ìti to sunolikì Ĺjroisma twn mikrÿn antikeimènwn, dhladă twn^1_{2n3} , eÐnai: 1 2n^3 n

2(n − 1) =^1_2 −^1_{2n} <^1_2

’Etsi gia thn optimal lÔsh isqÔei: OP T (L_n) = ⌊^n_2 ⌋ + 1. Ja deÐxoume ìti me megĹlh pijanìthta o RF qrhsimopoieÐ n kĹdouc gia th sugkekrimènh lÐsta.

Sugkekrimèna, prin thn topojèthsh enìc megĹlou antikeimènou, h pijanìthta ènac kĹdoc na perièqei megĹlo antikeÐmeno kai na mhn perièqei mikrì èÐnai fragmènh apì ton parĹgonta (1−^1_n )^{n2} ≤ e^{−n}. Sunepÿc, h pijanìthta gia kĹje mÐa apì tic n topojetăseic megĹlwn antikeimènwn, kĹpoioc anoiktìc kĹdoc pou perièqei èna megĹlo antikeÐmeno na mhn perièqei èna antÐstoiqo mikrì, eÐnai fragmènh apì to n^2e^{−n}. Katalăgoume ìti me pijanìthta toulĹqiston 1 −^{n2}_{en} , o RF qrhsimopoieÐ n kĹdouc gia th lÐsta L_n. --------

7.2.2 RANDOM-FIT(d)

Blèpoume ìti o RF den piĹnei tic apodìseic twn BF kai F F . ’Eqei epidìseic parìmoiec me autèc tou NF kai tou W F .

Ja anafèroume edÿ mÐa parallagă tou RF , h opoÐa meletăjhke pio prìsfata kai onomĹzetai Random-F it(d)^4. O RF (d), se antÐjesh me ton RF , xepernĹei tic apodìseic twn BF kai F F , kajÿc eÐnai arketĹ pio apotelesmatikìc. Ac doÔme ìmwc ton orismì tou:

RF(d) Packing Rule : Gia kĹje trèqwn antikeÐmeno gÐnetai tuqaÐa antimetĹjesh twn kĹdwn kai sqhmatÐzetai ètsi mÐa nèa diĹtaxh. Sth sunèqeia gia touc prÿtouc d kĹdouc stouc opoÐouc tairiĹzei to antikeÐmeno, efarmìzetai o packing rule tou Best F it. An oi kĹdoi stouc opoÐouc tairiĹzei eÐnai ligìteroi, efarmìzetai o BF monĹqa s’ autoÔc. An den tairiĹzei se kanènan anoiktì kĹdo, tìte anoÐgei ènac kainoÔrgioc kai topojeteÐtai ekeÐ.

Jeÿrhma 7.2.2.1 [MA98] Gia kĹje d ≥ 2, R^∞_{RF (d)} ≤^{17}_{10} .

7.2.3 MELETH MESHS EPIDOSHS

EÐpame ìti o Random F it eÐnai ènac algìrijmoc o opoÐoc eÐnai arketĹ prìsfatoc kai parousiĹsthke sta plaÐsia mÐac sugkekrimènhc apìdeixhc. Gi’ autì akribÿc to lìgo den eÐnai gnwstĹ pollĹ stoiqeÐa gia tic mèsec epidìseic tou.

Jeÿrhma 7.2.3.1 [MA98] O RF eÐnai stajerìc upì diakritèc katanomèc tou tÔpou U{k − 2, k}, gia kĹje k ≥ 3.

4OrÐzetai gia d ≥ 2.

To jeÿrhma autì qrhsimopoiăjhke gia thn apìdeixh thc stajerìthtac tou F irst F it gia tic Ðdiec katanomèc kai h apìdeixh tou idiaÐtera megĹlh kai polÔplokh.

To Ðdio isqÔei kai gia ton RF (d):

Jeÿrhma 7.2.3.2 [MA98] O RF (d) gia d ≥ 2 eÐnai stajerìc upì diakritèc katanomèc tou tÔpou U{k − 2, k}, gia kĹje k ≥ 3.

Par’ ìla autĹ, oi dÔo autoÐ algìrijmoi den eÐnai stajeroi kĹtw apì tic katanomèc U{k − 1, k}, U{k, k}: Jeÿrhma 7.2.3.3 [MA98] Oi RF kai RF (d), gia d ≥ 2, èqoun expected waste o(n) upì diakritèc katanomèc tou tÔpou U{k − 1, k} kai U{k, k} , gia kĹje k ≥ 3.

O Mitzenmacher sthrÐqjhke pĹnw sta parapĹnw jewrămata pou aforoÔn ton RF kai me pijanotikèc melètec sqetikèc me ta qronikĹ bămata entìc twn opoÐwn mporoume na ftĹsoume se sugkekrimènec katastĹseic Markov, apèdeixe ìti o F F eÐnai stajerìc gia katanomèc U{k − 2, k}. AnalutikĹ h melèth tou brÐsketai sto [MA98].

7.3 SUM-OF-SQUARES

O Csirik to 1999 [CJK99] kai pio oloklhrwmèna to 2000 [CJK00], parousÐase, mèsa apì dÔo ergasÐec tou, ènan entelÿc kainoÔrgio algìrij- mo, ton sum-of-squares(SS). EÐnai ènac online unbounded-space algìrij- moc, tou opoÐou h sumperiforĹ meletăjhke kurÐwc upì diakritèc katanomèc. ParathroÔme ìti to Ðdio sunèbaine kai gia ton Random F it. Autì den eÐnai kajìlou tuqaÐo, kajÿc h mèsh epÐdosh upì diakritèc katanomèc meletĹtai se idiaÐtera megĹlo bajmì ta teleutaÐa qrìnia. Ki autì sumbaÐnei giatÐ den upărqe megĹlo istorikì sto sugkekrimèno pedÐo, enÿ èqei pollèc efarmogèc sth sÔgqronh pragmatikìthta.

’Eqoume pei ìti ìtan antimetwpÐzoume diakritèc katanomèc thc morfăc U{j, k}, mporoÔme, gia perissìterh eukolÐa, na tic prosomiÿsoume me thn perÐptwsh ìpou èqoume kĹdouc megèjouc k kai antikeÐmena me diakritĹ megèjh metaxÔ twn timÿn {1, 2, . . . , j}.

H domă tou SS sqetÐzetai me thn prosèggish tou problămatoc me tic alusÐdec Markov. An gia kĹpoia qronikă stigmă t,o arijmìc twn kĹdwn me aqrhsimopoÐhto qÿro g sumbolÐzetai s_g(t), tìte o SS leitourgeÐ wc exăc:

SS Packing Rule : Se mÐa sugkekrimènh qronikă stigmă tou problămatoc orizoume th metablhtă ss(t) = ∑_{k−1} g=1 s^2_g(t). Aută ekfrĹzei to Ĺjroisma twn tetragÿnwn twn ìrwn mÐac katĹstashc Markov gia th dedomènh qronikă stigmă. To trèqwn antikeÐmeno ja topojethjeÐ s’ ekeÐnon ton kĹdo, ÿste to ss(t + 1), dhladă to Ĺjroisma twn tetragÿnwn tou plăjouc twn aqrhsimopoÐhtwn qÿrwn gia to stigmiìtupo thc epìmenhc qronikăc stigmăc, na eÐnai to elĹqisto dunatì.

KĹje forĹ pou ftĹnei èna antikeÐmeno megèjouc l, upĹrqoun treic pijanèc ekdoqèc:

1. Na anoÐxei ènac kainoÔrgioc kĹdoc. Edÿ h ss auxĹnei katĹ 1 + 2s_{k−l}(t).

2. Na gemÐsei plărwc ènac qrhsimopoihmènoc kĹdoc. Edÿ h ss meiÿnetai katĹ 2s_l(t) − 1.

3. Na topojethjeÐ to antikeÐmeno se ènan kĹdo me aqrhsimopoÐhto qÿro g, ìpou g > l. Edÿ h ss auxĹnei^5 katĹ 2(s_{g−l}(t) − s_g(t) + 1). Se autăn thn perÐptwsh anazhtătai to kenì ekeÐno g, to opoÐo megistopoieÐ ton ìro s_g(t) − s_{g−l}(t).

Ta parapĹnw apotelèsmata prokÔptoun me aplèc prĹxeic. Gia parĹdeigma, èstw ìti èqoume thn deÔterh ekdoqă. Prin thn topojèthsh tou antikeimènou èqoume:

ss(t) = s^2_1(t) + s^2(t) + . . . + s^2_l (t) + . . . + s^2_{k−1}(t)

MetĹ thn topojèthsh tou, èqoume thn exăc allagă: s_l(t + 1) = s_l(t) − 1. Epomènwc isqÔei:

ss(t + 1) = s^2_1(t + 1) + s^2(t + 1) + . . . + s^2_l (t + 1) + . . . + s^2_{k−1}(t + 1) = s^2_1(t) + s^2(t) + . . . + (s_l(t) − 1)^2 + . . . + s^2_{k−1}(t) = ss(t) − (2s_l(t) − 1)

KĹje forĹ pou ftĹnei èna antikeÐmeno, o algìrijmoc pragmatopoieÐ mÐa exantlhtikă èreuna gia thn apotÐmhsh thc metabolăc tou ss(t) kai thn eÔresh

5Edÿ h ss auxĹnei ă meiÿnetai anĹloga me to an o ìroc 2(s_{g−l}(t) − s_g(t) + 1) eÐnai jetikìc ă arnhtikìc antÐstoiqa.

tou katĹllhlou kĹdou. H èreuna aută gÐnetai se qrìno O(k). Epomènwc o sunolikìc qrìnoc gia thn topojèthsh n antikeimènwn eÐnai O(nk).

EÐnai profanèc ìti o SS prospajeÐ na petÔqei, gia kĹje antikeÐmeno pou ftĹnei, th mikrìterh dunată aÔxhsh thc metablhtăc ss(t) ă akìma kai th meÐwsh thc, ef’ ìson autì eÐnai efiktì. EÐdame parapĹnw ìti meÐwsh epitugqĹnetai sÐgoura sthn perÐptwsh pou to trèqwn antikeÐmeno tairÐazei apìluta se kĹpoion kĹdo. Sthn perÐptwsh pou den tairiĹzei apìluta kĹpou, eÐnai abèbaio an ja auxhjeÐ ă ja meiwjeÐ h ss(t). Epomènwc tic perissìterec forèc o SS epilègei na topojetăsei èna antikeÐmeno se ènan kĹdo ston opoÐo tairiĹzei apìluta, ef’ ìson fusikĹ autìc upĹrqei.

O Csirik [CJK99] Ôstera apì ektenă peiramatikă melèth, parousÐase to parakĹtw apotèlesma:

Lămma 7.3.1 Gia diakritèc katanomèc thc morfăc U{j, k} me k = 100 kai 1 ≤ j ≤ 98 isqÔei: W^n_{SS} = O(1).

Dhladă gia tic sugkekrimènec katanomèc o SS eÐnai stajerìc, kajÿc to wasted space eÐnai epÐshc sqedìn stajerì anexartătwc thc aÔxhshc tou n. EpÐshc, o Csirik èdeixe ìti gia j = 99, W^n_{SS} = O( √ n). EÐnai axioshmeÐwth h diaforĹ tou wasted space katĹ th metabolă tou j apì 98 se 99. PĹntwc gia tic Ðdiec katanomèc, kai gia j = 97, 98, 99, kai to wasted space tou Best F it metabĹlletai metaxÔ twn Θ(n), O(1) kai Θ( √ n). Sth sunèqeia, Ôstera apì jewrhtikèc melètec, apodeÐqthke [CJK00] gia ìlec tic diakritèc katanomèc to exăc:

Jeÿrhma 7.3.2 Gia ìlec tic omoiìmorfec diakritèc katanomèc thc morfăc U{j, k} isqÔei: W^n_{SS}(U{j, k}) = O(1), gia j < k − 1

To parapĹnw jeÿrhma fanerÿnei tic idiaÐtera kalèc epidìseic tou SS upì diakritèc katanomèc. ’Allwste o algìrijmoc autìc parousiĹsthke gia na antimetwpÐsei apotelesmatikĹ to sugkekrimèno eÐdoc katanomÿn.

Gia thn qeirìterh epÐdosh tou SS den upărxe idiaÐtera analutikă melèth. EkeÐno pou apèdeixe o Csirik [CJK00], to opoÐo ìmwc den mac lèei kai pollĹ prĹgmata, eÐnai ìti gia ìlec tic lÐstec L: SS(L) ≤ 3OP T (L).

O SS, an kai diakrÐnetai gia tic epidìseic tou apènanti se diakritèc katanomèc, èqei to megĹlo meionèkthma ìti eÐnai idiaÐtera qronobìroc. Na jumÐsoume ìti h qronikă poluplokìthta tou eÐnai thc tĹxhc tou O(nk). Gia autì to lìgo ereunăjhkan, mèqri prìsfata [CJK02][BBJ03], arketèc parallagèc tou, oi opoÐec trèqoun se kalÔterouc qrìnouc. EkeÐnoi pou tic parousÐasan upostărixan ìti oi parallagèc autèc èqoun asumptotikĹ expected waste thc Ðdiac tĹxhc me ton SS, me th diaforĹ ìti oi stajerèc pollaplasiasmoÔ eÐnai arketĹ megalÔterec^6. Gia parĹdeigma, melèthsan thn katanomă U{400, 1000}. Gia n = 100.000 antikeÐmena, o arijmìc twn kĹdwn pou qrhsimopoieÐ mÐa parallagă eÐnai 400% parapĹnw apì thn bèltisth lÔsh, enÿ o Best F it qrhsimopoieÐ mìlic 0.3% parapĹnw kai o SS 0.25%. H katĹstash beltiÿnetai gia thn parallagă tou SS, ìtan èqoume polÔ megalÔterec timèc tou n. Gia n = 10^7, h parallagă qrhsimopoieÐ 9.8% perissìterouc kĹdouc, enÿ o SS 0.0025%. EÐnai fanerì epomènwc ìti oi parallagèc autèc eÐnai kurÐwc jewrhtikoÔ endiafèrontoc^7 kai den mporoun na antagwnistoÔn touc BF kai SS parĹ mìno gia polÔ megĹlec timèc tou n.

Ac doÔme ìmwc pio analutikĹ thn domă kai th sumperiforĹ triÿn sugkekrimènwn parallagÿn.

7.3.1 PARALLAGES

SrS ALGORIJMOI

Edÿ, antÐ na paÐrnoume to Ĺjroisma twn tetragÿnwn twn metrhtÿn mÐac katĹstashc Markov, paÐrnoume to ajroisma thc r-ostăc touc dÔnamhc, ìpou r ≥ 1. Epomènwc h metablhtă pou jèloume na elaqistopoiăsoume edÿ eÐnai h:

ss_r(t) = s^r_1(t) + s^r_2(t) + . . . + s^r_{k−1}(t)

Gia ìla ta peperasmèna r, oi algìrijmoi SrS apodÐdoun se genikèc grammèc to Ðdio me ton SS. Gia r = 1, o S1S eÐnai ènac Any F it algìrijmoc, dhladă den anoÐgei potè ènan kainoÔrgio kĹdo an to trèqwn antikeÐmeno tairiĹzei se kĹpoion apì touc qrhsimopoihmènouc. Autì apodeiknÔetai polÔ eÔkola. Ston S1S epijumoÔme se kĹje băma na elaqistopoiăsoume thn metablhtă ss_1(t) h

6An W^n_{SS} to expected waste tou SS kai W^n_p to antÐstoiqo thc parallagăc tou, tìte eÐnai kai ta dÔo thc tĹxhc tou O(1), me th diaforĹ ìti an W^n_{SS} ≤ c kai W^n_p ≤ c^′, tìte c^′ ≫ c._7

KĹti pou dălwsan kai oi Ðdioi oi empneustèc touc.

opoÐa eÐnai Ðsh aplĹ me to Ĺjroisma twn metrhtÿn mÐac katĹstashc Markov. An to trèqwn antikeÐmeno gia th qronikă stigmă t, èqei mègejoc l tìte, ìpwc èqoume pei, upĹrqoun treic pijanèc ekdoqèc gia thn topojèthsh tou. H prÿth ekdoqă eÐnai na tairiĹxei apìluta se ènan anoiktì kĹdo. Sthn perÐptwsh aută h monadikă metabolă pou gÐnetai sthn epìmenh katĹstash Markov eÐnai: s_l(t + 1) = s_l(t) − 1. Epomènwc h ss_1(t) ja meiwjeÐ katĹ 1. H deÔterh ekdoqă eÐnai eÐnai na topojethjeÐ se ènan kĹdo ston opoÐo den tairiĹzei apìluta. Dhladă se kĹpoion kĹdo me kenì g > l. Sthn perÐptwsh aută sumbaÐnoun ta exăc: s_g(t + 1) = s_g(t) − 1 kai s_{g−l}(t + 1) = s_{g−l}(t) + 1. ’Ara h metabolă tou ajroÐsmatoc twn ìrwn thc katĹstashc Markov (ss_1(t)) eÐnai mhdenikă. H trÐth ekdoqă eÐnai na anoÐxei ènac nèoc kĹdoc kai na topojethjeÐ ekeÐ to antikeÐmeno. ’Edw ja èqoume: s_{k−l}(t + 1) = s_{k−l}(t) + 1, epomènwc h ss_1(t) auxĹnei katĹ 1. To sumpèrasma eÐnai ìti sthn perÐptwsh pou den topojethjeÐ to trèqwn antikeÐmeno se nèo kĹdo allĹ se kĹpoion ădh anoiktì, h ss_1(t) ja meiwjeÐ ă ja parameÐnei stajeră. AntÐjeta an anoÐxei kainoÔrgioc kĹdoc h ss_1(t) ja auxhjeÐ. Epomènwc eÐnai adÔnato apì ton orismì tou S1S na anoÐxei nèoc kĹdoc an to antikeÐmeno mporeÐ na topojethjeÐ se kĹpoion ădh anoiktì. Ara o S1S anăkei sthn kathgorÐa twn Any F it algìrijmwn. Na shmeiÿsoume edÿ ìti o SS den eÐnai Any F it algìrijmoc.

O algìrijmoc S∞S meiÿnei pĹnta ton uyhlìtero deÐkth thc katĹstashc Markov. Ja doÔme giatÐ sumbaÐnei autì. Ac upojèsoume ìti th qronikă stigmă t, to kenì me ton uyhlìtero deÐkth eÐnai to w. Tìte h metablhtă ss_∞(t) èqei wc exăc:

ss_∞(t) = s^∞_1 (t)+s^∞_2 (t)+. . .+s^∞_w (t)+. . .+s^∞_{k−1}(t) ⇒ ss_∞(t) = s^∞_w (t)[(^{s1(t)}_{sw (t)} )^∞ +(^{s2(t)}_{sw(t)} )^∞ + . . . + 1 + . . . + (^{sk−1(t)}_{sw(t)} )^∞] ⇒ ss_∞(t) = s^∞_w (t)

Epomènwc gia na meiwjeÐ h ss_∞(t), arkeÐ na meiwjeÐ o uyhlìteroc deÐkthc thc katĹstashc Markov.

O S∞S èqei to pleonèkthma ìti gia tic diakritèc katanomèc U{j, k}, to expected waste tou eÐnai to bèltisto. Bèbaia, gia Ĺllou eÐdouc katanomèc eÐnai grammiko wc proc n, opìte den eÐnai kai tìso apodotikìc.

O SS sthrÐzetai sto ìti prospajeÐ na meiÿsei thn timă thc metablhtăc ss(t) se kĹje qronikă stigmă t. EÐnai ètsi o orismìc tou pou, gia na petÔqei to skopì tou, prospajeÐ proseggistikĹ na diathrăsei Ðdio arijmì kĹdwn gia kĹje kenì qÿro g, ìpou 1 ≤ g < k. ’Oso kalÔtera to katafèrnei autì gia kĹpoia tuqaÐa eÐsodo, tìso kalÔterec epidìseic petuqaÐnei. ’Omwc èqei parathrhjeÐ se pollèc periptÿseic, ìti h metablhtă ss(t) meiÿnetai ìtan meiÿnontai oi uyhlìteroi deÐktec kĹdwn me aqrhsimopoÐhto qÿro g. S’ aută thn idèa sthrÐzontai kai oi parallagèc pou ja anafèroume parakĹtw. Sugkekrimèna, anti na exetĹzontai ìloi oi aqrhsimopoÐhtoi qÿroi, exetĹzontai mìno oi m apì autoÔc me touc megalÔterouc metrhtèc.

PARAMETRIKOS SSmax ALGORIJMOS

O SSmax(m) upologÐzei thn timă thc metablhtăc ss(t) mìno gia ekeÐnec kathgorÐec kĹdwn pou èqoun touc m megalÔterouc metrhtèc sthn katĹstash Markov. ’Omwc o algìrijmoc autìc lambĹnei upìyh ston upologismì tou ss(t) kai tic periptÿseic ìpou anoÐgei ènac kainoÔrgioc kĹdoc ă to trèqwn antikeÐmeno tairiĹzei apìluta se ènan kĹdo. FusikĹ h topojèthsh gÐnetai se ekeÐnon ton kĹdo ìpou elaqistopoieÐtai h tropopoihmènh metablhtă ss(t). EÐnai fanerì ìti an m = k tìte èqoume ton gnăsio SS algìrijmo. O qrìnoc tou eÐnai O(mlogk). Gia mikrèc^8 timèc tou m, oi epidìseic tou SSmax(m) eÐnai poiotikĹ Ðdiec me autèc tou S∞S. Wstìso, ìtan to k paÐrnei timèc gÔrw apì to 2 √ k, parousiĹzei emfaneÐc metaptÿseic sthn apìdosh tou. ’Ustera apì polloÔc peiramatismoÔc, diapistÿjhke ìti o SSmax(2 √ k) plhsiĹzei tic lÔseic tou SS katĹ ènan parĹgonta pou pote den xepernĹei to 1.4. MĹlista se pollèc peiptÿseic^9 qrhsimopoieÐ mìlic 1.02 parapĹnw kĹdouc apì autouc tou SS. Epomènwc o SSmax(m) aggÐzei to maximum twn dunatotătwn tou gia m = 2 √ k.

Segregated Sum Of Squares ALGORIJMOI Oi Segregated Sum Of Squares (SSS) algìrijmoi qwrÐzoun to Ĺnusma twn katastĹsewn Markov se t Ðsa katĹ prosèggish tmămata, ta opoÐa arijmoÔntai apì 0 èwc t − 1. H oikogèneia twn algìrijmwn autÿn aparijmeÐ pollĹ mèlh, ta opoÐa diaforopoioÔntai metaxÔ touc apì ton trìpo pou gÐnetai h epilogă tou t, kajÿc kai Ĺllouc parĹgontec pou èqoun sqèsh me th domă touc. ’Ena bohjhtikì Ĺnusma L[0 . . . t − 1], kratĹei touc kenoÔc qÿrouc me touc megalÔterouc metrhtèc gia kĹje tmăma. H timă tou ss(t) upologÐzetai apo tic timèc twn kenÿn g pou kratĹei to Ĺnusma L, kajÿc kai kĹpoiec O(t) prìsjetec timèc. Epomènwc o katĹllhloc kĹdoc kĹje forĹ, apofasÐzetai se qrìno Θ(t). Ta pio gnwstĹ mèlh thc oikogèneiac SSS eÐnai ta exăc:

8Gia parĹdeigma ìtan m = logk.

9’Otan lème periptÿseic ennooÔme diaforetikèc timèc tou n.

SSS(sqrt) O arijmìc twn diasthmĹtwn gia ton algìrijmo autì, eÐnai t = ⌈ √ k⌉. KĹje diĹsthma èqei mègejoc ⌈^{k−1√}_k ⌉. O algìrijmoc leitourgeÐ wc exăc: Ac upojèsoume ìti to epìmeno antikeÐmeno pou prèpei na topojethjeÐ èqei mègejoc s. ArqikĹ exetĹzontai ta kenĹ pou brÐskontai sto tmăma m = ⌈^{s√}_k ⌉ − 1. To tmăma autì perièqei kenĹ sta opoÐa tairiĹzei kalÔtera to trèqwn antikeÐmeno^{10}. UpologÐzoume tic metabolèc thc metablhtăc ss(t) gia ìlec tic pijanèc topojetăseic tou antikeimènou stouc kĹdouc me kenĹ g, pou anăkoun sto tmăma^{11} m. Sth sunèqeia dokimĹzoume gia ìla ta tmămata m^′ > m, na topojetăsoume to antikeÐmeno stouc kĹdouc me touc megalÔterouc metrhtèc^{12} gia kĹje tmăma kai upologÐzoume tic allagèc thc ss(t). Ta tmămata m^′ eÐnai epÐshc Θ( √ k). To antikeÐmeno s topojeteÐtai telikĹ ston kĹdo pou elaqistopoieÐ thn timă thc ss(t). H ìlh diadikasÐa gia thn eÔresh tou katĹllhlou kĹdou, eÐnai fanerì ìti apaiteÐ Θ( √ k) qrìno. Sth sunèqeia metabĹlloume katĹllhla thn katĹstash Markov me ton trìpo pou anafèrame sto prohgoÔmeno kefĹlaio. H diadikasÐa aută apaiteÐ exÐsou Θ( √ k) qrìno.

Epomènwc o sunolikìc qrìnoc topojèthshc enìc antikeimènou eÐnai Θ( √ k). SSS(log) O algìrijmoc autìc diaqwrÐzei thn katĹstash Markov se t = ⌈logk⌉ tmămata. ’Ena qarakthristikì tou SSS(log) eÐnai ìti gia kĹje tmăma, diathreÐ èna swrì^{13} ston opoÐo topojetoÔntai oi metrhtèc tou tmămatoc. An m = ⌈^{slogk}_k ⌉ − 1, upologÐzoume tic metabolèc thc metablhtăc ss(t) gia ta parakĹtw kenĹ:

1. To kenì me to megalÔtero metrhtă tou tmămatoc m, dhladă to kenì L(m), kai ta logk kenĹ pou akoloujoun to kenì L(m) sthn katĹstash Markov. Dhladă ta kenĹ L(m), L(m) + 1, . . ., L(m) + logk 2. Gia kĹje tmăma m^′ > m, ta kenĹ me to megalÔtero metrhtă, L(m^′).

Epomènwc upologÐzoume tic metabolèc thc ss(t) mìno gia Θ(logk) kenĹ kai topojetoÔme fusikĹ to antikeÐmeno mac ston kĹdo gia ton opoÐo elaqistopoiătai h ss(t). Ef’ ìson qrhsimopoiătai ènac swrìc gia kĹje tmăma, o megalÔteroc metrhtăc enìc tmămatoc mporeÐ na brejeÐ aplĹ exetĹzontac th rÐza tou antÐstoiqou swroÔ. ’Otan topojethjeÐ to trèqwn antikeÐmeno se kĹpoion kĹdo me kenì èstw g, tìte enhmerÿnoume touc dÔo swroÔc pou perièqoun touc metrhtèc

10Dhladă ta mikrìtera dunatĹ kenĹ pou eÐnai ìmwc megalÔtera tou megèjouc s. 11UpĹrqoun Θ( √ k) stoiqeÐa se kĹje tmăma.

12Na jumÐsoume ìti metrhtèc onomĹzoume ta s_i(t) thc katĹstashc Markov. 13Na jumÐsoume ìti swrìc eÐnai èna plărec duadikì dèntro sto opoÐo h timă thc rÐzac eÐnai megalÔterh ă Ðsh apì tic timèc twn upìloipwn kìmbwn kai autì isqÔei anadromikĹ gia thn rÐza kĹje upodèntrou.

gia ta kenĹ g kai g − s. O metrhtăc g meiÿnetai katĹ 1, enÿ o antÐstoiqoc g − s auxĹnetai katĹ 1. An katĹ th diadikasÐa aută pĹrei ta prwtÐa kĹpoioc Ĺlloc metrhtăc gia kĹpoio tmăma, gÐnetai metatabĹletai h morfă tou swroÔ me th mèjodo Heapsort, ÿste o nèoc metrhtăc na brejeÐ sth rÐza tou. H ìlh diadikasÐa apaiteÐ Θ(logk) qrìno.

SSS(loglog) Ta tmămata edÿ eÐnai t = ⌈loglogk⌉. O SSS(loglog) diathreÐ èna swrì gia kĹje tmăma o opoÐoc ìmwc edÿ perièqei to polÔ logk mh mhdenikoÔc metrhtèc tou tmămatoc. Ef’ ìson den perièqontai ìloi oi metrhtèc sto swrì, eÐnai pijanì o uyhlìteroc metrhtăc na mhn brÐsketai sth rÐza tou swroÔ. ’Otan ènac metrhtăc metabĹlletai, eisĹgetai sto swrì^{14} kai an o arijmìc twn metrhtÿn xeperĹsei touc logk, exĹgetai o teleutaÐoc apì autoÔc. Ac upojèsoume ìti to antikeÐmeno pou prèpei na topojethjeÐ èqei mègejoc s kai ìti m = ⌈^{sloglogk}_k ⌉ − 1. Ja sumbolÐsoume me H(m) thn megalÔterh timă^{15} tou swroÔ tou tmămatoc m, h opoÐa profanÿc brÐsketai sth rÐza tou. O algìrijmoc upologÐzei tic metabolèc thc ss(t) katĹ thn pijană topojèthsh tou trèqontoc antikeimènou sta parakĹtw kenĹ:

1. To kenì me ton megalÔtero metrhtă tou swroÔ tou tmămatoc m, kai ta loglogk kenĹ pou akoloujoÔn sthn katĹstash Markov. AutĹ eÐnai ta kenĹ H(m), H(m) + 1, . . ., H(m) + loglogk. 2. Ta kenĹ H(m^′), gia kĹje tmăma m^′ > m.

’Ustera apì ektenă peiramatikă melèth thc apìdoshc twn SSS algìrijmwn gia diakritèc U{j, k} katanomèc me k = 100 kai j apì 1 èwc 99, oi epinohtèc touc katèlhxan se kĹpoia endiafèronta apotelèsmata. ’Oloi oi SSS algìrijmoi èqoun stajerì wasted space gia j ≤ 98 kai gia n metaxÔ twn timÿn {10^5, 10^6, 10^7, 10^8, 10^9}. Gia j = 99 kai gia tic Ðdiec timèc tou n, to wasted space touc èqei akribÿc thn Ðdia sumperiforĹ me autăn tou SS. GenikĹ ìloi oi algìrijmoi thc oikogèneiac twn SSS ektìc tou SSS(loglog) upoleÐpontai tou wasted space tou SS katĹ posostì pou den xepernĹ to 0.80%. Autì deÐqnei ìti oi SSS, an kai trèqoun se qamhlìterouc qrìnouc, èqoun apodìseic arketĹ kontĹ s’ autăn tou SS, gia diakritèc katanomèc. ’Omwc h sumperiforĹ touc den eÐnai exÐsou kală gia suneqeÐc katanomèc. Gia arketèc apì tic katanomèc autoÔ tou eÐdouc gia tic opoÐec o SS parousiĹzei sublinear waste, oi SSS parousiĹzoun grammikì waste.

14Ef’ ìson den upărqe ădh s’ autìn.

15’Opwc eÐpame, autì den shmaÐnei ìti eÐnai kai h megalÔterh timă tou tmămatoc.

GenikĹ, to sumpèrasma pou bgaÐnei eÐnai ìti sum of squares algìrijmoi parousiĹzoun ikanopoiătikec apodìseic kurÐwc gia diakritèc katanomèc. MĹlista eÐnai polÔ shmantikì ìti upĹrqoun arketèc parallagèc touc me exÐsou kalèc apodìseic, gia tic opoÐec den qreiĹzetai na gÐnetai upologismìc tou sunìlou twn metabolÿn thc ss(t) kai gi’ autì to lìgo trèqoun se arketĹ ikanopoihtikoÔc qrìnouc.

KefĹlaio 8

SUMPERASMATA

To Bin P acking eÐnai èna apì ta duskolìtera prìblhmata thc Epistămhc thc Plhroforikăc me pollèc efarmogèc sth sugqronh pragmatikìthta. Qarakthristikèc efarmogèc tou eÐnai h katanomă mnămhc se upologistikĹ sustămata kai h biomhqanikă katanomă qÿrou. H melèth tou mporeÐ na prosfèrei thc uphresÐec thc se pollèc Ĺllec shmerinèc efarmogèc. Gia parĹdeigma, sthn bèltisth katanomă tou thleoptikoÔ qrìnou gia thn probolă diafhmistikÿn munhmĹtwn. Edÿ antikeÐmena eÐnai ta diafhmistikĹ munămata kai kĹdoi ta thleoptikĹ dialeÐmmata gia thn probolă touc. Qrăsh tou gÐnetai kai stic thlepikoinwnÐec gia thn katanomă diĹforwn eÔrwn suqnotătwn (kĹdoi) stic suqnìthtec pijanÿn qrhstÿn (antikeÐmena).

GiĹutìn akribÿc ton lìgo èqei gÐnei shmantikă èreuna pĹnw sto antikeÐmenì tou gia thn eÔresh apodotikÿn lÔsewn. Par’ ìla autĹ, an kai èqoun apodeiqteÐ jewrămata ta opoÐa dhlÿnoun ta qamhlìtera dunatĹ ìria gia arketèc kathgorÐec algorÐjmwn, se pollèc apì tic kathgorÐec autèc den èqoun brejeÐ sugkekrimènoi algìrijmoi pou na piĹnoun tic bèltistec apodìseic thc kathgorÐac touc. Sunăjwc parousiĹzontai algìrijmoi oi opoÐoi asumptotikĹ piĹnoun ta ìria autĹ. Autì deÐqnei ìti upĹrqei eleÔjero pedÐo gia peraitèrw èreuna pĹnw sto prìblhma autì. AnĹ taktĹ qronikĹ diastămata, parousiĹzontai nèoi algìrijmoi me arketĹ polÔplokouc orismoÔc kai dhmosieÔontai poikÐla polusèlida keÐmena pou asqoloÔntai me th melèth thc sumperiforĹc touc.

Sto shmeÐo autì ja parajèsoume ènan pÐnaka me ta kuriìtera qarakthristikĹ twn shmantikìterwn algìrijmwn pou èqoume anafèrei:

ìnoma kathgorÐa w.-c. Mèsh apìdosh Qrìnoc NextF it online 1-b.s. 2 ER^∞(U[0, 1]) =^4_3 O(n) F irst F it online 1.7 ER^∞(U[0, 1]) = 1 O(nlogn) Best F it online 1.7 EW (U[0, 1]) = Θ(n^12 log^34 n) O(nlogn) Next-K F it online K-b.s. 1.7 +^3_{10(K−1)} NF_2 : ER^∞(U[0, 1]) ≈ 1.24 O(nlogK) K-Bounded Best F it online K-b.s. 1.7 BBF_2 : ER^∞(U[0, 1]) ≈ 1.18 O(nlogK) Harmonic_K online K-b.s. 1.69103, K → ∞ ER^∞(U[0, 1]) = 1.2899 O(nlogK) F irst F it Decreasing offline 1.222 . . . EW (U[0, 1]) = Θ(n^12 ) O(n^2logn) Best F it Decreasing offline 1.222 . . . EW (U[0, 1]) = Θ(n^12 ) O(n^2logn) Smart Next F it online 1-b.s. 2 ER^∞(U[0, 1]) ≈ 1.24 O(nlogK) Online Match_K online K-b.s. 2 ER^∞(U[0, 1]) = 1, K → ∞ Θ(nlogn) Random F it online 2 EW (U{k − 2, k}) = O(1) O(nlogn) Random F it(d) online d-b.s. 1.7 EW (U{k − 2, k}) = O(1) O(nlogd) Sum of Squares online ≤ 3 EW (U{j, k}) = O(1), j < k − 1 O(nk) Bèbaia sth melèth mac anafèrame arketoÔc algìrijmouc pou den brÐskontai ston parapĹnw pÐnaka. Gia kĹpoiouc apo autoÔc apodeÐqthke ìti den eÐnai apodotikoÐ kai den èginan idiaÐterec melètec ìson aforĹ th sumperiforĹ touc. Gia Ĺllouc den èqoun gÐnei prìsfatec melètec pĹnw sth mèsh apìdosh touc kai ìti stoiqeÐa upĹrqoun eÐnai kajarĹ peiramatikĹ. Sthn teleutaÐa selÐda upĹrqei ènac pÐnakac me ìlouc touc algìrijmouc pou èqoume anafèrei, to qrìno pou parousiĹsthkan, to ìnoma ekeÐnou pou touc epinìhse kai to antÐstoiqo paper. Na poÔme ìti oi Next F it kai Best F it qronologoÔntai prin to 1973, allĹ tìte ègine h prÿth ousiastikă melèth twn apodìsewn touc.

Ta teleutaÐa qrìnia èqei dojeÐ idiaÐterh bĹsh sthn anĹlush mèswn epidìsewn, h opoÐa Ĺllwste eÐnai arketĹ pio polÔplokh apì thn antÐstoiqh twn qeirìterwn epidìsewn. Kai eÐnai pio polÔplokh epeidă to antikeÐmeno thc sqetÐzetai me pijanotikĹ megèjh, twn opoÐwn h melèth qarakthrÐzetai apì uyhlì bajmì duskolÐac. Gi’ autì to lìgo Ĺllwste, den èqei gÐnei akìma h anĹlogh èreuna pĹnw stic mèsec epidìseic algorÐjmwn pou qronologoÔntai arketèc dekaetÐec prin. Blèpoume ta teleutaÐa qrìnia na apodeiknÔontai arketĹ jewrămata gia klassikoÔc algìrijmouc ìpwc o F irst F it kai o Best F it. Bèbaia kĹti tètoio eÐnai logikì, kajÿc ìla ta jewrămata mèswn epidìsewn perilambĹnoun polusèlidec kai idiaÐterhc poluplokìthtac apodeÐxeic. Ki an sunupologÐsei kaneÐc to plăjoc twn katanomÿn pou prèpei na ereunhjoÔn, gÐnetai katanohtì pìso megĹlo eÐnai to eÔroc thc melèthc autăc.

Thn teleutaÐa dekaetÐa gÐnetai prosèggish me kainoÔrgiec mejìdouc ìpwc oi alusÐdec Markov kai mĹlista me idiaÐterh epituqÐa. Mèsw autÿn twn mejìdwn, apodeiknÔontai suneqÿc nèa jewrămata ta opoÐa bĹzoun tic bĹseic gia thn metèpeita èreuna tou problămatoc.

To Bin P acking eÐnai èna exairetikĹ endiafèron prìblhma pou axÐzei kaneÐc na to meletăsei, kajÿc ja ton bohjăsei na emploutÐsei tic gnÿseic tou pĹnw sth melèth proseggistikÿn algorÐjmwn kai th jewrÐa thc poluplokìthtac genikìtera.

ABF_K Csirik 1991 [CJ91] AF B_K Csirik 1991 [CJ91] Almost W orst F it Johnson 1973 [Joh73] Best F it Johnson 1973 [Joh73] Best F it Decreasing Johnson 1973 [Joh73] F irst F it Johnson 1973 [Joh73] F irst F it Decreasing Johnson 1973 [Joh73] Group-X F it Johnson 1973 [Joh73] Harmonic + 1 Richey 1991 [Ric91] Harmonic_K Lee 1985 [LL85] K-Bounded Best F it Csirik 1991 [CJ91] Modified Harmonic_K Ramanan 1989 [RBL89] Next F it Johnson 1973 [Joh73] Next-K F it Johnson 1973 [Joh73] Online Match_K Hoffman 1982 [Hof82] Random F it Mitzenmacher 1998 [MA98] Random F it(d) Mitzenmacher 1998 [MA98] REP_3 Galambos 1993 [GW 93b] Refined F irst F it Y ao 1980 [Y ao80] Refined Harmonic_K Lee 1985 [LL85] Simplified Harmonic_K W oegigner 1993 [W oe93] Smart Next F it Ramanan 1989 [Ram89] Sum Of Squares Csirik 1999 [CJK99] W orst F it Johnson 1973 [Joh73]

BibliografÐa [AKT 84] M. Ajtai, J. Komlos, G. T usnady. On optimal matchings. Combinatorica, 4: 259-264, 1984. [Bak83] B. S. Baker. ’A new proof for the first fit decreasing algorithm’, T echnical Report, Bell Laboratories, Murray Hill, 1983. [BBJ03] M. A. Bender, B. Bradley, G. Jagannathan. T he Robustness of the Sum-of-Squares Algorithm for Bin P acking, 2003 [BJL84] J. L. Bentley, D. S. Johnson, F. T. Leighton, C. C. McGeoch, L. A. McGeoch. Some unexpected expected behavior results for bin packing. In P roceedings of the 16th Annual ACM Symposium on T heory of Computing, p. 279-288, 1984. [CCG91] E. G. Coffman, C. Courcoubetis, M. R. Garey, D. S. Johnson, L. A. McGeorg, P. W. Shor, R. R. W eber, and M. Y annakakis. F undamental discrepancies between average-case analyses under discrete and continuous distributions: A bin packing case study. In P roceedings of the 23rd Annual ACM Symposium on T heory of Computing, p. 230-240. ACM P ress, 1991. [CCG00] E. G. Coffman, C. Courcoubetis, M. R. Garey, D. S. Johnson, P. W. Shor, R. R. W eber, and M. Y annakakis. Bin packing with discrete item sizes, part I: P erfect packing theorems and average case behavior of optimal packings. SIAM Journal on Discrete Math., 13:384-402, 2000. [CGJ96] E.G. Coffman Jr., M.R. Garey and D.S. Johnson. Approximation Algorithms F or Bin P acking: A Survey. In Approximation Algorithms F or NP − Hard P roblems, D.S. Hochbaum, ed., P W S P ublishing Company, Boston, 1996. [CI89] J. Csirik, B. Imreh. On the worst-case performance of the NkF bin-packing heuristic. Acta Cybernetica, 9: 89-105, 1989.

[CJ91] J. Csirik, D. S. Johnson. Bounded Space On-Line Bin P acking: Best is Better than F irst. In P roceedings, Second Annual ACM- SIAM Symposium on Discrete Algorithms, p. 309-319, P hiladelfia, 1991. Society for Industrial and Applied Mathematics. [CJ01] J. Csirik, D. S. Johnson. Bounded Space On-Line Bin P acking: Best is Better than F irst, final draft of paper that appeared in ALGORIT HMICA, 31-2-2001. [CJK99] J. Csirik, D. S. Johnson, C. Kenyon, P. W. Shor, R. R. W eber. A self organizing bin packing heuristic. In P roceedings of ALENEX workshop, p. 246-265, 1999. [CJK00] J. Csirik, D. S. Johnson, C. Kenyon, J. Orlin, P. W. Shor, R. R. W eber. On the sum-of-squares algorithm for bin packing. In P roceedings of the 32nd Annual ACM. Symp. on the theory of Computing, p. 208-217, 2000. [CJK02] J. Csirik, D. S. Johnson, C. Kenyon, J. Orlin, P. W. Shor, R. R. W eber. On the sum-of-squares algorithm for bin packing. Unpublished Manuscript, 2002. [CJS93] E. G. Coffman, D. S. Johnson, P. W. Shor, R. R. W eber. Markov chains, computer proofs and best fit bin packing. In P roceedings of the 25th ACM Symposium on the T heory of Computing, p. 412-421, New Y ork, 1993. ACM P ress. [CJS95] E. G. Coffman, D. S. Johnson, P. W. Shor, R. R. W eber. Bin packing with discrete item sizes, part II: Average-case behavior of first fit, 1995. manuscript. [CL91] E. G. Coffman, Jr. and G. S. Lueker. P robabilistic Analysis of P acking and P artitioning Algorithms. W iley, New Y ork, 1991. [CS93] E. G. Coffman, P. W. Shor. P acking in two dimensions: Asymptotic average-case analysis of algorithms. Algorithmica, 9: 253-277, 1993. [CSH80] E. G. Coffman, Jr. K. So, M. Hofri, A. C. Y ao. A stochastic model of bin-packing. Inf. and Cont., 44: 105-115, 1980. [F K91] S. F loyd, R. M. Karp. F F D bin packing for item sizes with distributions on [0, 1/2]. Algorithmica, 6: 222-240, 1991.

[GGJ76] M. R. Garey, R. L. Graham, D. S. Johnson, A. C. Y ao. Resource constrained scheduling as generalized bin packing. J. Comb. T h. Ser. A, 21: 257-298, 1976. [GP T 90] G. Gambosi, A. P ostiglione, M. T alamo. New algorithms for on- line bin packing. In R. P etreschi, G. Ausiello, D. P. Bovet, editor, Algorithms and Complexity, P roceedings of the F irst Italian Conference, p. 44-59, Singapore, 1990. W orld Scientific. [Gro94] E. F. Grove. Online bin packing with lookahead. Unpublished manuscript, July 1994. [GW 93b] G. Galambos, G. J. W oegigner. Repacking helps in bounded space on-line bin-packing. Computing, 49: 329-338, 1993. [Hof82] U. Hoffman. A class of simple stochastic online bin packing algorithms. Computing, 29: 227-239, 1982. [IL93] Z. Ivkovic, E. Lloyd. F ully dynamic algorithms for bin packing: Being myopic helps. In P roceedings of the F irst European Symposium on Algorithms, No 726 in Lecture notes in Computer Science, p. 224-235, New Y ork, 1993. Springer-V erlag. Journal version to appear in SIAM J. Comput. [JDU74] D. S. Johnson, A. Demers, J. D. Ullman, M. R. Garey, R. L. Graham. W orst-case performance bounds for simple one- dimensional packing algorithms. SIAM J. Comput., 3: 299-325, 1974. [Joh72] D. S. Johnson. ’Near-optimal bin packing algorithms’, T echnical Report MAC T R − 109, P roject MAC, MIT , Cambridge, 1972. [Joh73] D. S. Johnson. Near-Optimal Bin P acking Algorithms. P hD thesis, Massachusetts Institute of T echnology, Department of Mathematics, Cambridge 1973. [Joh74] D. S. Johnson. F ast algorithms for bin packing. Journal of Computer and System Sciences, 8: 272-314, 1974. [Joh90] D. S. Johnson. Catalog Of Complexity Classes. In Algorithms and Complexity, V olume A, J. V. Leeuwen, Utrecht University, T he Netherlands, 1990.

[KL00] P rof. Dr. R. Klein, Dr. E. Langetepe, Dipl. Inform. T. Kamphans. Online-Algorithmen. P roseminar im W intersemester 00/01, V ortrag Bin P acking von T hilo Geertzen 25. Oktober 2000. [Kno81] W. Knodel. A bin packing algorithm with complexity O(nlogn) and performance 1 in the stochastic limit. In J. Gruska and M. Chytil, editors, P roceedings 10th Symposium on Mathematical F oundations of Computer Science, Lecture Notes in Computer Science, 118, p. 369-378, Berlin, 1981. Springer-V erlag. [KRS96] C. Kenyon, Y. Rabani, A. Sinclair. Biased random walks, Lyapunov functions and stochastic analysis of best fit bin packing. In P roceedings of the 7th Annual ACM-SIAM Symposium on Discrete Algorithms, p. 351-358, P hiladelfia, 1996. Society for Industrial and Applied Mathematics. [LL85] C. C. Lee, D. T. Lee. A simple on-line packing algorithm. J. ACM, 32: 562-572, 1985. [LL87] C. C. Lee, D. T. Lee. Robust on-line bin packing algorithms. T echnical report, Department of Electrical Engineering and Computer Science, Northwestern University, Evaston, IL, 1987. [LS89] F. T. Leighton, P. Shor. T ight bounds for minimax grid matching with applications to the average case analysis of algorithms. Combinatorica, 9: 161-187, 1989. [Lue82] G. S. Lueker. An average-case analysis of bin packing with uniformly distributed item sizes. T echnical Report 181, University of California at Irvine, Department of Information and Computer Science, 1982. [LZ02] J. V. Leeuwen, C. Zonnenberg, Lecture of Algorithmic Modeling and Complexity, 2002. [MA98] M. Mitzenamacher, S. Albers. Average case Analyses of F irst F it and Random F it bin packing. In P roceedings of the 9th Annual ACM Symposium on Discrete Algorithms, p. 290 − 299, 1998. [Mao93a] W. Mao. Best-k-fit bin packing. Computing, 50: 265-270, 1993. [Mao93b] W. Mao. T ight worst-case performance bounds for next-k-fit bin packing. SIAM J. Comput., 22: 46-56, 1993.

[May01] P. Maymounkov. Divergence-proving T echniques for Best F it Bin P acking and Random F it. Senior T hesis to Mathematics in partial fulfillment of the honors requirements for the degree of Bachelor of Arts, Harvard College Cambridge, Massachusetts. April 2, 2001. [P ap] C.H. P apadimitriou, University of California- San Diego. Computational Complexity. Addison-W esley P ublishing Company. [Ram89] P. Ramanan. Average-case analysis of the smart next fit algorithm. Inf. P roc. Lett., 31: 221-225, June 12 1989. [RBL89] P. Ramanan, D. J. Brown, C. C. Lee, D. T. Lee. On-line bin packing in linear time. J. Algorithms, 10: 305-326, 1989. [RT 89] P. Ramanan, K. T suga. Average-case analysis of the modified harmonic algorithm. Algorithmica, 4: 519-533, 1989. [Sho86] P. W. Shor. T he average-case analysis of some on-line algorithms for bin packing. Combinatorica, 6(2): 179-200, 1986. [Sho91] P. W. Shor. How to pack better than best-fit: T ight bounds for average-case on-line bin packing. In P roceedings, 32nd Annual Symposium on F oundations of Computer Science, p. 752-759, New Y ork, 1991. IEEE Computer Society P ress. [Ull71] J. D. Ullman. T he performance of a memory allocation algorithm. T echnical Report 100, P rinceton University, P rinceton, NJ, October 1971. [V az01] V. V. V azirani. Approximation Algorithms, Springer-V erlag, Berlin, 2001 p. 74 − 78 and 343 − 348. [V li95] A. van V liet. Lower and Upper Bounds for On-Line Bin P acking and Scheduling Heuristic. P hD thesis, Erasmus University, Rotterdam, Netherlands, 1995. [V li96] A. van V liet. On the asymptotic worst case behavior of harmonic fit. J. Algorithms, 20: 113-136, 1996. [W il99] D. P. W illiamson. A P T AS for Bin P acking. In Approximation Algorithms, IBM Research Report, RC 21409, 17-2-99. [W oe93] G. W oegigner. Improved space for bounded-space, on-line bin- packing. SIAM J. Disc. Math., 6: 575-581, 1993.

[Xu93] K. Xu. A Bin-P acking P roblem with Item Sizes in the Interval (0, a] for a ≤^1_2 . P hD thesis, Chinese Academy of Sciences, Institute of Applied Mathematics, Beijing, China, 1993. [Y ao80] A. C. Y ao. New algorithms for bin packing. J. Assoc. Comput. Mach., 27: 207-227, 1980. [Y ue91] M. Y ue. A simple proof of the inequality F F D ≤^{11}_9 OP T (L) + 1∀L, for the F F D bin-packing algorithm. Acta Math. App. Sinica, 7: 321-331, 1991. [Zha94] G. Zhang. T ight worst-case performance bound for AF B_k. T echnical Report 015, Institute of Applied Mathematics, Academia Sinica, Beijing, China, May 1994.