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H napodoa Simhwuatiny epyacia eotidlel 6Tny epeLyNTLXT TEPLOYN
TV duecwy (online) alyoplbuwy, dnhadnh execlvwv mou xaholvtal
va emtAvoouy éva TedPAnue Bedtiotomolnong diywe va €youv ex
TV TPOTEPWY YVAOOT OAWY TWV OYETLXMOY BeO0UEVWY.

Y10 1pdTo xe@dAato optlovTal oL Bacixéc EVVOLES TNG AVTAYWVLOTL-
xf¢ avdAuorng, 1 onola anotelel To TAéov xoLvd anodextd xpithpLo
allohdynone tne enidoone duecwv ahyoplbuwy. (2g mopddetyua
EQUPUOYTHC TOV TEONYOLUEVWY, UEAETGOVTAL Slegodixd dUo xAaoixd
online mpofBAfjuara.

To deltepo xepdhato mpayuateletol TEYVIXES OYEdLAONG ALTLOXPA-
XAV duecwy ahyopibuwy. MdAlota, éugaon divetal oTo oxenTL-
%6 mou uToxEUTTETAL Tlow and xabeula Teyvixt, To onolo cuvibwg
Statundvetar wg xdmowa «opyYp. Emmiéov, egetdlovtal ou xupld-
Tepeg Y€bodoL avdiuong online adyoplfuwy, ou onoleg €youv yen-
owonownel evpéwe otn oyetnn BBhoypapia.

To Tpito xepdraro acyoleitar ue randomized duecoug aiyoplH-
uoug, ot omotol Tapovcldlouy e€atpeTind eVBLAQEEOY BLOTL 1) AVa-
uevéuevn entdoor Toug wg TEOS TNV AVTAYWVLOTIXY avdiuor elval
xaA0TEPN eXElVNE TV AVTLOTOLY WY ALTLOXEATIXOV.

Téhog, To TétapTo xepdhato eoTidlel 610 ddonuo TEOBANUL TV
k-e&umnpetnTtdy. Xuyxexpluéva, tapatibevtal, avalbovtal xal ou-
Yxplvovtol oplouévol amd Toug Lo YVWwoToug aAlyopifuoug mou
éyouv mpotalel yia to mpoPAnua avtd. Ileprypdpetal enlong 7
Yevixotepn UEDHOBOC XATAOXEVHC VEWY TETOLwY alyoplfuwy uéow
QUTLOXEATIXOY ot WG THAVOTIXGDY eUPUTEVCEDY UETEXDY Y-
PWV.

AéZeig-xAedid:  dueoot alydpilbuol, aviaywvioTixy avdiuon, k-
eunneetntéc, oeAldonolnon, mbavotinéc euputedoetg



Abstract

This diploma thesis focuses on the research area of online algo-
rithms, i.e. those algorithms that are obliged to solve an opti-
mization problem without having full a priori knowledge of the
input data.

In the first chapter, we define the basic notions of competitive
analysis, which is the most standard criterion for evaluating the
performance of online algorithms. As an example, we apply the
above in a thorough study of two classic online problems.

The second chapter deals with design techniques for determin-
istic online algorithms. Moreover, special emphasis is given to
the rationale behind each technique, which is usually stated as
a “principle.” On top of that, we survey the most important
methods for analyzing online algorithms, which have been used
extensively in the relevant bibliography.

In the third chapter, we turn our attention to randomized online
algorithms. The latter are of particular interest, because their
expected performance under competitive analysis is better than
that of corresponding deterministic algorithms.

Last but not least, the fourth chapter is devoted to the famous
k-server problem. More specifically, we present, analyze and com-
pare several of the well-known algorithms that have been pro-
posed for this problem. In addition, we describe the general
method for deriving new such algorithms via deterministic and
probabilistic embeddings of metric spaces.

Keywords: online algorithms, competitive analysis, k-server,
paging, probabilistic embeddings
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Kegdiaro 1

Erocaywy

1.1 H évvoia tou online aAyoplOuou

H yehétn tov adyoplBuwy cuvdéetar xatd xavévo ye tny Oewplo Ilohunhoxs-
wnrac. 1o ouyxexpuyéva, av ALG elval xdmotog adydpibuog emAlel o mpod-
Binua II, unoBétouue dti divetar €va omotod¥note otiyutdtuno I tou I xou
egetdlovue ndooug Tépoug (Yedvos, YGeog x.o.) anattel 0 ALG yLo vo. Bpet TN
Moo, ouvapthoel Tou peyéboug g eLobdou, dnhady) Tou otiyutotinou. ‘Etol
unopolue va anopaviolue av o ALG elvar arodotixds, dSnhady «<xaldg», A To
avtibeTo.

Evtoitolg, undpyouv moAAd mpayuatixd mpoPAfuata ota onola 1 elcodog
dev elval YvwoTh oto oOVoAd Tng TN otiyur mou o ahydpliuog apyilel Ty
entAuom, ohhd evdeyouévmg vo anoxaluglel otadloxd otn ouvéyela. Touto
ouvifoc ogelketal oe xdmolov and TOUg TAPUXETL AGYOUC:

e H eloodog elaptdton and yehhovixd yeyovota, 6mwe elval T.y. oL ov-
OLAVES TLUES TWV YPNUATLOTNELIXDY delxTOVY.

o H ciloodog e€aptdtar and oplouéveg evépyeteg Tou (8tou Tou ahyopibuou.
Aoyou yden, xabdg éva poundt eepeuvd dyYVWoTOUS YMEOUS AToXTd
véeg TAnpogoples, ol onoleg ennpedlouy TS ENOUEVES XLVACELS TOU.

e aUPOTEPES TIC TEPLNTAOELS BLATLOTAOVOLUE OTL O UTOAOYLOUOS elval cuvu-
PaoUEVOS UE TN Ypovixt| eEEMEN xdnotou ovothuatos (ota napadelyuatd uac,
Tou Xpnuatiotnpelou # Tou pounét) To onolo avtdpd oe dladoyixés uetaBolég
Tou TepPdAiovtoc Tou. BéBaua, otny mpdTyn tepinTwon o ev AoYw YapaxTnpL-
0T amoTeAel eYYEVH WBLOTNTA TOU TPOPBARUATOS, EVE 0TN BeUTERT TEOXVUTTEL
w¢ enaxdiovbo g dradixaotog utoroyiouol xabauThc.

To xplowo Thtnua, hotmdy, elvar 6Tt o ahyodplfuog xakeltal va Adfel ano-
pdoelc und xabeotdg afeBatdtnrog, agol yYvweilel ubvo TuRua NG eLobédou,
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TN oTLYUR mou ayvoel TavteAds — 1) €o0Tw ot yeydho Pabud — to unbdioino.
Enouévwg, ol anogdoeig autée yevixd dev Oa elvar ot xaAltepeg duvatée, ond-
1€ T0 U6Vo o0 omoto umopovue va ehntlovue elvat va teploptotel 600 yivetol
0 Tehxdg avtixTundg Toug oty enldoor Tou adyopibuou.

Me ta napandve emtyetpioaue va anodhoouue dtoatcOntixd Tl cuviotd on-
line mp6BAnua, unoloyioud xou ahybelbuo, avtiotorya. H meprypapn dev elval
e€avTANTLO, XL OTWOBATOTE Oyl amOAUTH GUYXEXELUEVY. ATd TNV dAAN uepLd,
ouLg, uéyel Tdpa dev €youv datunwlel Tumxol oplouol YL TOUG TAEATAVEL
6poug, xuplewg 8LoTL xahinTouy évvoleg ue TARHog SlapopeTindy Tapolhaydy
Tou SUOXOAA HWOLXOTOLOUVTAL AUCTNEA.

Ou 6pou offline mpdéBAnua, vnoloyioude xar alydelbuog, unopoly va Hew-
enfodv wg oL ouumAnpwuaTixol TwY TeonyoLuévwy. Me dAha Adyla, Yenol-
uomoloUvtal oe TepLNTOOoELS Tou 1) elcodog Tou TeofAfuatog etval €€ ohoxhx-
cou xafoplouévn xar Yvwoth %on ety {ntnlel n enfivoy| Tou. Xt mAalola
¢ Oewplag HoAumhoxdtntag, Tolto cuving anotedel ouwnney undbeon xou
emouévwe o tpoadloptouds “offline” xabiotatar mepittodc. Aev ouyfalvel duwg
10 (8L0 0TV Tapovoa epyaota, 6mou udhiota elvan emBuuntd va dobel Eupaon
otny avinapafoir) online xau offline evvoldy.

Ynuelwon. Xty elnvucd BBhoypagpia mpotetvetal To enibeto dueoos wg
ebotoyn uetdppaon tou “online”. Avotuydg, dev €yel yivel To (8lo ue tn Aéén
“offline”, ométe mpotyuRbnxe va yiver yprion Twv ayyYAxdy bpwv oe AN TNV
éxTaon g epyactag.

1.1.1  AvtaywvioTtixy avdiuvon

‘Eva ebhoyo epdytnua mou tifetan elvan nédg Ho allohoyrioovue Ty enidoon evég
online aAyoplBuou. 1o e€¥c howmdy Oo acyohnbolue amoxAeloTixd Ue mpo-
Briuata BedtioTonolnong, Ta onola TpocpEépouy Eva eYYEVES UETPO GUYXELONG
NG «oLbTNTAS TV Adoewv mou mapdyel xdbe akydpibuog. Ta mpolAfuata
autd ywpellovtal adpouepds o 8o xatnyopleg: oTa UeV 0TdYOS Elval 1) eAa-
XLOTOTOINGY TOU XG0 TOUS XL O6TA BE 1) UEYLOTOTOINOT TOL XEpdoug, 6Tou Ta
uey€ln autd optlovtar avahdyws Tou EXAOTOTE TREOBAAUATOC.

H avdivon tne yetpdtepng meplntwong, mou anoteAel xavova otn Oeswpla
IToAumhoxdtnTag, €V TEOXELWEVW QalveTol axATIAANAT, Aol onoladfroTe un
TETPLUMEVY andQaon Tou AauBdveTal Ue UEPLXT YVOOT TwY Sed0UEVWY ELGOBOU
unopet va anodetyfel vno-BEATIOTN Y ®XETOWO GTLYULOTUTIO TOU TEOBAAUATOC.
Yuvendg, and aut TNy drogr 6hot ol online ahybpLbuol yia o (Lo TEdBAnUa
yapaxtnellovton e&loou waxob». Mia dAAN Tpocéyylon, Tou Yenoulonoteital
eUpEws otny TpdEn, elvon auth g avauevéuevne (uéoneg) entdoong tou ah-
yopiOuou yio wa mbavotixny xatavour| ent Tou GUVOAOU TV CTLYULOTUTWY.
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BéBata, yio va fewprioovue uo xatdAAnhn TéTolo xaTavour Teénel vor €YOoUUE
apxeTég TANPoYopiec oYETIXd UE TIC eLoddoug Tou Ba xAnbet va enelepyaoTel
o alyobpLhuoc.

Tt yiveton, duwe, av Béhovue va anoplyouue — 1| dev unopolue va xdvou-
ue — omoeadinote tétoleg unobéoelc; H uébodog mou €yel mpotabel elvon va
ouyxplvouue Ty entdoorn tou online akyopifuou oe olyxpion ue ™ BéATIOT
Moo v To ouyxexpluévo otiyudtuno. I'vwpiCouue 611 tétota Aor Beloxel
o xakUtepog Suvatdg offline ahydplbuog yia to (dlo mEdPBAnua, dpa o TeheuTal-
og O yenowwonoinfel wg Yétpo avagopds. ‘Onwg Oa dodue otn cuvéyela Tng
Tapovoag epyaotag, Ue Tov TpéTo auTd avadexvieTtal N ToldTnTa evég online
ahyoplBuou xailtepa an’ 6Tl Ue TNV avaAuoY YEWOTERNS TEPIMTWONC.

Ta npdta detypata epapuoyhc Tne v Adyw Weag eupaviCovtal Hon mety 40
nepinov ypdévia oe epyaoia tou Graham [Gra66]. '‘Ouwe, xabopiotind Gbnon
oTnVv ueAéTn Twv online akyoplbuwy édwoay dVo uetayevéotepes dnuooteloelg
twv Sleator xou Tarjan [ST85a, ST85b], ex twv onolwy N TedTN avapépeta
ota TpoPMjuata eviuépwone Aiotac xou oeldormoinone wuvhune (Bhéne Evé-
e 1.3), evd n deltepn oe eapbpwuéva dévdpa (splay trees). Alyo opyd-
tepa, ou Karlin, Manasse, Rudolph xat Sleator [KarlMRS88| etofyayav xou
xabiépwoay Tov 6po avtaywviotix) avdivon (competitive analysis) yio va
TepLypddouy v mpoavagepheioa uébodo allohbynong akyopibuwy.

Ogelhovue €860 va Tovicouue GTL LOAOVOTL 1) AVTAYWOVLOTIXY AVEAUGY CUY-
déeTar dpprnxta ue to online mpoPAfuata, Peloxel epapuoyy xou oe dAAeg ma-
PeUepelc TEPLOYES, 6w elval ol xataveunuévolr arybetbuol.  Yrevhuuilou-
ue 6Tt ot Tedeutatol exteholvTal oe €va GUVOAO and UTOAOYLOTIXEC UOVADES,
ouvdedeuéveg oe dixtuo, ue Ta dedouéva Tou mpoPifuatog va Beloxovtal Slo-
oxopmiouéva oe autég. Ilap’ 6ho mou N emxovwvia wetald Twy Hovadwy elvat
e HEOW TOL BIXTUOV, GLYVE 1) TARENS avTaAhayy) TANEOYoELGY XplveTal
acvugopn A urepBohxd ypovoPodpa. (U ex TOUTOU, Ot TOAAEC TEQINTOOELS
xaTaveunuévol akydelbuol unoypeotvtal va 8hoouY AIoELS €YOVTAS UOVO UL
MEPLXT) EXOVAL TNG XATAOTAOYG TOU GOV CUCTAUATOC XL dpa elval uTodrpLol
TPOG AVTAYWVLOTIXY avaALGT).

Koatémy twv avetépw, unopolue va YIVOUUE TLO CUYXEXPLUEVOL BlvovTag
TOUC TPATOUSC 0LBLOBELS oplouole, Ue Bdon toug omoloug Ba mpoywericouue
01N LeAéTN Ty online ahyoplBuwy.

Opwouds 1.1. Evac online adydpiuoc ALG nov entAder to mpdfAnua 11 Ga
Aéyetal c-ovtaywwoTixos av yia xdbe eloodo I toyvet:

néotog,, (1) < c-uéotoc,,.(I) + o

[ 5€0B0C (1) < ¢+ %E980C (1) + o |
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émou OPT o BéAtiotoc offline adydpifuoc yia to 11 xat cy un apvprixij ota-
fepd.

ITpogavde Oa ainbedel 6t ¢ > 1, avelopthtmg TOu oV T TEOBANUA oPopd
ehaytotonoinon xd6otoug N ueyiotonoinon xépdoug.

Oplopbg 1.2. O Aéyoc avtaywviotixdtntac (competitive ratio) cae toU on-
line aAdyopifuov ALG mpoxirnter w¢:

A 7 7
Care = Inf {c | 0 ALG elvan c-avtayoviotxiéc}) .

Iapatnperiostg

1. Ou nopandve optouot uotdlouv okl ue exelvoug mou yenoluonololvTal
oTn UEAETN TPooEYYLOTIXGY alyopifuwy Yy NP-3Uoxola mpofiiuata
Bektiotonoinone (BAéne my. [GJIT9]). Tolto dev elvar tuyalo, agpol
xatd uto évvola ol online ahydbpLfuol urmopoly évtwe va Bewpnbody mpo-
oeyytotxol. To yapaxtnelotind duwe mou Toug xablotd un BEATIoTOUG
dev elvan ou meploplouol oty ypovixt tohumAoxdtnta, ohAd 1 afeold-
TNTA WS TPOG Ta dedouéva TN eLe6d0u.

2. Xy nepintworn mou o ALG wxavornotel tov Oploud 1.1 ue ¢y = 0, Ha
ATOXAAELTOL AUOTHPd C-AVTAYWVLOTIXES.

3. O ALG Oua Oewpeltar avtaywvioTixde ov xat Wbévo av 0 AGYOoS Care Elval
aveldptntog Tou ueyéboug Tou otyylotinou. Avtifeta, emitpénetal va
anotelel oLVAETNOT BLAPOEWY TULUUETEWY TOL TEOPBARUATOS, OL oTtoleg
umotifevtar otabepéc xat €€ apyfc YVWOTES.

4. Télog, o alybpliuog Tou emTUYYEVEL TOV XAAVTERO AGYO AVTOYWYLOTL-
x6tNTog uetadl dAwv Twv online akyoplbuwy ov omolol Advouv To (BLo
meoPinua II 6o ovoudleton toyupd avraywviotixd.

1.2  Avo xhaowxd online npolBAquata xot m
AVAALGY) TOUG

AxoloVbwg Ba napovoidoouue xat Ho e€etdoovue die€odixd dbo and Ta TAéov
mohatd xat Yveotd mpoPhiuate Tne meptoync Twy online ahyoplBuwy. Iopd
TN oyetd) amAéTnTa NG SLatinworic Toug, N TAeng avdiuoy| toug Sev elvol
tetpupévn (edixd Tou dedtepou e€ autdv) xou a&tonotel Tig apnENUEVES EVVOoLES
TOL 0plOAUE GTNY TEOTYOVUEYY] EVOTNTA.
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1.2.1 To npéPBAnua evouxioong e€onAlolol oxL

A¢ unobéoouue 6L €youue exdpduel o XdTOLO YLOVOBEOULXG HEVTPO YLoL VA
xdvouue oxt. H evouloon tou anapattnrou e€omhiopol otoyilet 30 eupd avd
nuéea, eved 1 ayopd tou 30k eupd, 6mou k > 2. To epdtnua elvon, Quowxd:
Tol emAOYN pac ouuépel; Av yvwpllaue ex Twv npotépwy ndoeg Nuépes Oa
xdvouue oxt, TéTe 1 Adom Oa fray npogavic. Evroldtolg, Sidgopotr actdbuntot
napdyovtes (A.y. xoupbds) dev uag emttpénouy va to tpoBiédouue autd eCapytic.
‘Ovtag Alyo anaioiédolot, Oewpolue 611 xdbe mpwl uropolue pe BeBardtnta
va E€pouue av Oa xdvouue 1) 6L oxt T dedouévrn upa, ahAd Yol TG ETOUEVES
dev etpaote xafdhou olyoupol. Toloutotpdnwe, xaholuaote va AUGOUUE Eva
online npbBAnua.

Mua oyetind anif otpatnyxy| Oa ¥rav va vouedoouue tov e€omAioud xdbe
uépa mou xdvouue oxt uéypl xoL tV (k — 1)-ooth xat, av yac dobel n euxatpla
Vol XAVOUUE oL €0TW XAl ULl Popd axdun, vo Tov ayopdoovue. Elxoha Sio-
TLOTAVOUUE OTL TO YELRHTERO EVOEYOUEVO TapOUCLELETOL GTAY XAVOUUE oXL ET
axp i k nuépec. Téte mhnpdvouue (2k — 1) - 30 avtl yia 30k eupdd, dnhadh
upLotduebo 2 — + gopéc PeYahlTEPO X60TOC ATb TO EASYLIOTO duVATO.

EvtoUtolg, Ha del€ouue 6Tt 0 mapandve tpémog oxédng elvat o xahdtepog
o< Tpog N olyxpton ue Ty (avépxtn) BérTiotn Ao tou Ba édive évag offline
ahyobpLiuog €yxovtag Afen Yvoon tou uéAlovtog. Tw 6vti, ag avaroyiotolue
TOLEC AAAES ETMLAOYEC EYOUUE!

e Av ayopdoouue tov e€omhioud and TNy medTtn pépa ahhd dev Eovoxd-
vouue oxt, fa €yovue TAnpdoel k @opéc meplochtepa YeruoTa.

o Av vouadlouue xdfe pépa tov e€omhioud xal xdvouue TOAAEC NUEPES
oxt, tote Thavdy va Eodédouue mocd moAanAdolo TN TS ayoedg
Tou.

o Av mepluévouue Ty j-00TH U€pa TOU XAVOUUE OXL YLO VA TEOYWEHOOUUE
oe ayopd (eved péypt TOTE apxoUUAOTE OTNY Evoxiaon) xat auTH anodeL-
x0el n tehevtala pépa, Thnpdvouue xéatoc 30(5 — 1) + 30k evpd, evd
10 Wavixd Ha Aray min{307, 30k} evpd. O Aéyoc yetadd twv dVo autdy
TOOMY EAAYLOTOTOLELTAL YL J = k, OTOTE XATAATYOUUE GTNY TROUVUPER-
Beloa otpatnyL.

YuUTEPAOUATIXG, GUUQWV UE TOUS 0PLOUOUS TNE TEONYOUUEYNG EVOTNTAC,
éyoupe Ppet évay online ahydpibuo mou etvar auoTtned, (2 — 1)-avtayevioTixds
xal eTTEOCHETWS LoYLEE AVTAYWVLOTINGS.

Ané Ta mapandve Swapatvetol pio Yevixdtepn apyy, 1 enovoualouevn apyij
tov oxt (ski principle). Mohovott Bo unopolooue APeADdS Vo LOYUELOTOUUE
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X X% 0 X X B

Eyfua 1.1 Avalntdvroag ) yépupa

ot elvon %o Wéa va hauPBdver xavelg Ty andgoon 1 omolo GUVETAYETAL TO
ehdyLoto Bpayunpdbecuo x60ToC 0TNY exdoToTE TEPINTWOT), €vag online ok-
yoplbuog dev mpénel va Aettovpyel 1600 xovtéphaiua. [lpdyuatt, extehdvrog
xdmota oTLYUY| pia TeAEN UE UPNAG ®x6oTOC EVIEYETAUL VO EEOLXOVOUTCOVUE TO-
A0 meploobtepa 010 uéAhov. Ouotaotixd, 1 apyh Tou oxt npeofelel 6L dna o
akybplbuog €xel ypewlel apxetd x60TOC WS CLVETELL TOADY OYETXE «@ONVEH-
v TEdewy, TOTE elval AoyYLxd va TpoYwENOEL OE UL TLO «axp37)» eVERYELY, T
omola unopel va anooPecbel and 10 GUVOAXS XGGTOC TV LTOAOLTWY TPAEEMY.

1.2.2 To npdfAnua tns vYEQuUEAS

‘Eotw 611 Bproxduacte otny 6y0n evéc notauoy, n onola etvon evbeta. I'vopl-
Coupe 6TL oe xdnoto onueio g 6ONc uTdpyet uia Yépupa, dune dev Eépouue
T600 anéyel and TNV TwEwY Yog Béon, olte mpog mowa xatevbuvorn meénel va
xivnBovue v va N Peodue. To {nroduevo elvan va evtoniocouue T Yégpupa,
ehayLoTOTOLOVTAC TNV dtadpour mou Staviouue avalnTdVTac TNV.

To npbfAnua mou StaTundoaue Tapandve avagépetal oTn BBAoypapia wg
medBAnua tnc yépupac! (bridge problem). Oewpelton online TpdBANUA SL6TL 0
Ydetne e 6xOne tou Totauol — nou anotedel xat’ ovolay TNV elcodo — uac
anoxaAUTTeTOL 0Tadlaxd xabde TNy eepeuvolle.

Eivat @avepd 611, ue émotov tpémo xat av PaEovue yioo TN YEQUEA, YEVLXE
Oa yperaotel va Swatpélouue Sladpoun ueyoritepn and v andoTOCY UETA-
€0 g Yépupag xal g apyeic pog Béonc. Ewwdtepa, dev elvar hoyd va
XLYOUUAOTE ET’ ATELPOY TPOg Ulot wbvo xatedbuvor), dLoTL TdTe UTdpyEL oNua-
vt mhavotnta va un Beodue moté tn yégupa. Apa, xatd dwxothuata Ou
TEETEL VO XEVOLUE UETOBOAT|, Vo ETLOTREQPOUUE 01O onuelo exxiviong xou va
ouveyilovue npoc Ty avtifetn xatebBuvor, dnwe galvetal oto Lyrua 1.1.

Enouévwg, n ehaytotonoinon g cuvolixrc SLadpounc avdyetal oTny xo-

1Enionc amavtdror xou wg mpdBAnua tn¢ ayeAddac (cow problem), oto onoto wia ulwd
ayeAdda avalntd xdnolo dvolyua oe Evay Uaxpd epdy Ty, GoTe va TEpdoel oty dAAN TAeVpd,
6mou Bploxetar éva xatanpdolvo ABasdt.
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TIAANAY emhoyT) Twy onuetwy X;. Ent nopadelypatt, éotw X; tétowa dote
O—4>X2i_1 = —O_)>(2,~ xar |OXy;| = i, 6mou O 10 onuelo exxivnodc yag. Av
1 Yépupa Bploxetar oto B, Yetalld Twv onueiny Xop xot Xopio (Yo xdmoto
k e N*), dnhadhy k < |OB| < k+ 1, téte 10 uhxog tne Sladpouric mou meénet
va Slavioouue LoodTal Ue:

D =|0X:| + | X Xo| + -+ + [ Xop—1Xok| + | Xox Xogs1| + [ Xop1 Bl =
=142+ - +2k+2k+1)+(k+1+|0BJ|) =
=2k(k+1)+1+|0B| =
~ 2|0OBJ?.

Avéhoyo anotéheoua mpoxUnTel xal oe xdbe dANN mepintwon. Luvende, ue
™ uébodo auth n Sadpoun mou Swatpéyouue avalnTdvtag T Yépupa elval
nepinou lon e To SMAdoLo Tou TETPAYMVOL TNE ATOOTACNE TNG YEPUEAS aTtd
Vv apywt| wog 0éon. H tetpaywvieh aut e&dptnon xabotd tov napandve
ahyobpLiuo Gyt Wiattepa txavoronTixd.

Evutuydg, dnwe Oa dodue, undpyet tpdmog va Beodue T Yépupa oUTwg HoTe
7 Stadpoury D va unv unegBaivel éva otabepd moAlamidolo Tng andotaong
|OB|. Tuyxexpwéva, enthéyouue To onueta X; étol dote |[OX;] = 271 Ay
B e Xka+2, ke N*, t67e:

D = |0Xy| + | XiXo| + -+ + [ X1 Xi| + [ X X | + [ Xpa B =
=1+3+---+3-28143.2F 4 (2" 1 |0B)) =
=2"% 24+ |0B| <
<9-]0B| -2,

agoY 28 < |OB| < 2¥2. H nopandve oyéon dev oylel 6tav n yépupa
Beloxetar avdueoa oto onueto exxivione O xau eite to X elte To Xy, Yy
Tpd N nepintwon D = |OB|, evé ot debtepn D = 2 + |OB|. Apa yevuxd
€Y OLUE:

D <9-|0B|+2. (1.1)

Enmouévwg, o alydplbuoc mou mepiypddoue elvar 9-avtaywviotixde, agol 1
Béhtotn offline Ao dev elvaw dAAn and 1o va xadddovue andotaon |OB]
Tpo¢ TNy xatevfuvon tne Yégupag Gote va ghdoouue oe auTH.

X1 ouvéyela anodewxviouue 6TL dev umdpyel online ahybplfuog ue Aéyo
AVTAYOVLOTIXOTNTOG UxpedTepo amd 9. Kat’ apydg, mapatneolue 6Tt oL yeL-
POTEPEC TEPLTTWOELS YL OmoLoVdHToTe TéTolo alydplbuo eugavilovrol btay
N vépupa Beloxetar oe uia amelpoehdylotn andotaoy € and xdnolo onueio
X xow mpog TNy xotelfuvor nou anopaxplvetal and to O. Téte, Oétovtag
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|0X;| = z; éyoupe:
D [OXi[+[XiXo[ 4+ + [ X Xea| + [ Xen Bl

lOB| |OB]
_ 1+ (1 +22) + -+ () + Tpg1) + (Tpr1 + 2%+ €) B
T + €
201 + 2x9 + -+ 20441 + X%
- )
T

xafdg € — 0. Tpénel Aomdy var eEAayLOTOTOLCOUUE TNV

n+l
flwy, 29, 2,...) 2 sup{lJrQM}. (1.2)

n>1 Tn

[ 1o oxond autd, unobétovue 6Tl 0 < 71 < 29 < -+ - < < -+ yowplc
BAABN e yevxdtntac. O dellouue Aowndy bt undpyovy i, xh, ..., xk, ...
tétow Gdote f(xy, o, ..., Ty ... ) > fa),xh, ... 2k, ... ) xou enlong

/ / / / / / / /
o= Tty  rytarstwy 0 n ATy ATy (1.3)
- / - / - - / - ’ :
Ty Ly Ty

vyl xdnoto ¢* > 0.
Oewpolue TNV TUEAXATO ATELRT OLXOYEVELN UETACYNUATLOUODV:

i‘1:$1+€1 $1:l‘1(1+62) 12'1 = IL‘1(1+62)
i‘g = T9 — €1 | Lo = I‘Q(]_ + 62) T = IL‘Q(l + 62‘)

T3 = T3 — 62(l‘1 + IL‘Q) .
i1 = (14 &)

N o i—1
Z; = X — € k=1 Lk

Ané toug bpoug petall TV omolwy Aoufdvouue To supremum otrn oYEom
(1.2), o mpdtog yetaoynuatiopés enneedlel ué6vo toug 800 oL TEOXUTTOULY
yia n = 1 xou n = 2. MdAiota, avdhoya UE TO TPOOTUO TOU €1, 0 VoG 6p0G
Bor av&nbel xar o dhhog Ba petwbel. Avtiotolya, o deltepog yeTaoyNuUATIOUOS
uetafdAAel uévo Toug bpoug Yo n = 2 xaL n = 3 x.0.x. 'Etot, ue xatdAinin
EQUEUOYT TV TUPATAVE UETACYNUATIOUDY Unopolue vo eElo@oovue 6Aoug
ToUg TPoavapepévTeS bpoug, dnhadt va ixavoroteitat 1) (1.3), ywelc vo avgnbet
TO supremum Toug.

Emnhéov, Bétouue S, = > oz} xau Sy = 0. Ipogavdc n axohoubia S,
elvat yvnolwg avZovoa. Iapatnpolue axdun 6t S;pq = c*(S; — Si—1). [ va
emAlooupe TNV avadpoulxt| auth oyéon Peloxouue tn yapaxtnetotixt| e€lowot
™G, Tou elvan ) 22 — c*x + ¢* = 0 xou éyel daxptvovoa A = (¢*)? — 4c*. Av
1 Saxplvouoa elvar apvntixd, dnhady ot Adoelg g e€lowong elvar pryadixéc,
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t61E 1 axoloubia S, Oo mpoxlder Tahavtevduevr, hauPBdvovtoag Oetixés xou
apvnTXég TLéS. ‘Atomo, agol S, yynolwg yovétovn. Luvendg:

A>0 <= (=420 < (=24 4 ¢ <0),
ondte, agol c* Betindg, Ba €youue ¢ > 4 xow TeEAd:
fley,zoy . gy ) > 142> 9.

Luunepalvouue hotméy 6TL 0 ahydelbuog Tou avapépaUe TEONYOUUEVWLS El-
VoL LOYURA AVTAYOYLOTLXOC.

1.3 AN\a evdiogpépovta online npofAruata

Ta mAéov yapaxtneloTtixd online mpofAfuata etval exelva ota onola 1 eloodog
unopet va avanapaotadel we uia ypovixn axolovbio yeyovétwy o = 1,19, . . .,
xaféva ex TV omolwy anattel xdnota dueor evépyeta. TI€pav Tou mpofiiuatog
evouxiaone e€omhouol oxt (BAéne Yroevotnta 1.2.1), napaxdte Ho avagépou-
ME GUVOTTLXG UEEWXE axduT YVwotd mpoPAfuata Tétolg Hopprc. Mdiota,
T ONUAVTLXOTERA amd AUTd Oo eEETAGTOVY EXTEVAS OE ETOUEVO XEQPIAOLOL.

Evnuépwon Alotag (List Update)

M ouyvéd yenowsonolotuevr dour| dedouévoy elval 1 anmAf ouvdedeuévr Al-
0T, TOU €YEL WG XUPLO YUEAXTNELOTIXG TN Yeauuxy TedoPaon ota dedouéva.
Anhadn, Yo va tpooneAdoovue To i-06TH atolyelo Tng Ha mpénel va tepdoouue
and 6Aa Ta mponyoUueva, dpa unopolue va fewprioovue 6TL 1 evépyela auTh
éyeL x6otog i. Ilpopavde, n etoaywyn ¥ n diaypapy| evég otolyelouv and T
AMota entong éyouv x6oto¢ avdroyo tng Béong autou.

Ac unofiécouue emimhéov 6Tl aol TpoonelaoTel xdnolo oToLYELD EMLTEENE-
TaL vo petaxtvnbel omoudnnote TAnolEcTepa oTNY apy ) TN AloTag Ue aueAnTED
x6010c®. 'Etol, 1 npdoPucn oto ouyxexpwévo otoiyeto xabiotatar «pbhnvé-
TERT, EVG To avtifeto ouuPalvel yia exelva Ta otouyeta mou uetatonilovra
xatd ua Béon o nlow e€ontiog e Aettoupylag authc.

‘Eotw howndy 61t oL authioelc tpootéhaons otn Alota oynuatilouy tn ypeovt-
xh axohoulia 0. H andpaon yia 1o av €va otolyelo Tou UOALC TPOOTEAAOTNXE
ouugépeL vo uetaxivnlel mpénel va Anglel ywplc Yvdhon Twv ueAOVTIXGOY at-
™oy, dpa aviiuetonilovue éva online mpdBAnua.

2H ev Méyw unbbeon eEaptdrtar oL and Tov 1pémo Lhomoinong g Alotac. EdG mapou-
OLALOUUE ULal OYETLXA ATAOUOTEVUEYT TIERITTWOT.
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Yelwdonoinon MvAurns (Paging)

Kevtpud {htnua otny neploy| tne Apyttextovixic Ynohoylotdy etvar 1 Slo-
yetpton tne Aavldvouoac (cache) uvhune, énwe avtiotolya oto tedio twv Aet-
ToupYWAOY Xuotnudtwy elvat n Aettovpyia Tng exovixic (virtual) uviung, ar’
6mou TPoépyeTAL XL 0 bpog oeAtdoroinon. OuolaoTtind, To TEdBAnua elvar To
{8to xat oTig dVo mepunTdoelg: SlabéTouue ua «opyrp UVAUN UEYEANS Ywen-
TIXOTNTAC XoL Wiol UixpdTepn «ypiyoprp uvhun®. H dedtepn ypnowwonoteltat
YLot TeOowELVY| amoffxeuor evog TEQLOPLOUEVOU UEPOUS TV TEPLEYOUEVLY TNG
TEAOTNG, GOTE VA UTopoUUE Va €youue Tayela npdoPaon oe autd.

Eotw howndy 6t n apy uviun Swbétel n Béoeig anobiixevone (ot BiBito-
Yeapla avagépovian wg geAldec) xou 1 yphyopen uviun uévo k < n tétolec,
arhldg o mpbBAnua xabiotatar TeTpyuévo. Oewpolue 6T hauPdvouue uia
yeovixn axolovbio o and aTHoeElS TPOOTEAAOTC O GEABES TNG apYHS UVAUNGS.

Av Ta mepleydueva piag oeAidag mou {ntettol undpyouy exelvn TN oTiYUN
oty Yeryoen uviun, n avtiotolyn altnon xavonoeital ywelc va untootolue
x6otoc. Xe avtifetn neplntwon, mpénel va exteleoTel avdyvworn g oeildog
and v apYn uvAun, ue pwovadiato xéotoc. Ta udiic avaxtniévra dedouéva
uetagépovtal oty yeryoen uviun, Gdote va elval Staféoiua yia ueAlovtixd
avapopd. Av undpyel eAelliepog ydpog exel, €xel xahde. Ewddhiwg, Ha npénet
TEOTOL VO TOV ONULOLEYHOOLUE, amouaxpUvovTag xdnota 101 amofnxeuuévn
oehida.

H emdoyy g oekidac n omola Oa avtixatactabel oe xdbe tétola nepintw-
o1 elval xaboplotiny|, dLéTL evdéyetol Alyo apydtepa vo AdBouue aitnomn yia
exelvo axpBde T dedouéva mou exBLOEAUE and TN YEHYOoR UV U TEOTYOou-
uévee. Ipdxerton Aowmdy yia €va online npdéBAnua, oto omolo otdy0g elvan 7
eAAYLOTOTIOINOY TWY TPOOTEALCEWY TNG AEYHC UVAUNG.

k-E&unrnpetntés (k-Server)

Eotww k € N* xau M = (M, d) yetpixée ydpog, 6mou M olvoro onuelwy ue
M| > k xou d yetpuer| ent tou M. Oewpolue 61t undpyouv k xivnrol e€u-
mneetntés (servers), Tomobetnuévol apyxd oe xdmola onuela Tou ydeou. H
eloodog Tou mpoPhiuatog elvar ulo axohouvbia athoewy o = 11,19, . .., 6OV
x40 attnon r; anoteielton anAdg and éva onueto Tou ydpou. T'a va ixavorol-
nPel, mpénel oto onuelo exelvo va Bploxetol ToLAdyLoTOY évag eEunnEeTnTC.
Av 0 yeovixi| otiyur mou Statundvetal 1 altnon dev LoyVel x4t TéTolo, Xd-
ToLog amd Toug eCumneeTnTéC ogelhet vo uetaxivniel oto {ntoduevo onuelo. H
evépyela auty €xel x601og (oo pe TNy andotacy mou Slavlel o eEuTnEETNTAS,

3To Lebyog (capyhp uvAun, «yphyopny uviun) avagépetal elte oo (xVpa wvhun, AavBd-
vovoa uviun) elte oto (Bonbntixd uviun, xOpta uviun).
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6mwe xabopileton and v petpuh d. ‘Onwg elvar gavepd, embuuolue vo ela-
YLOTOTOLOOUUE TO GUVOALXS X6OTOC YLaL TNV SLladoyixy| ixavomolnon 6 A0y Twy
AUTACEWY TN 0.

Ynuelworn. To ev Aoy online npdPfinua Siatundinxe yia TpdTn popd and
touc Manasse, McGeoch xau Sleator [MMSS88], napouctdlet 8¢ Wiaitepo evdia-
PEPOY AOYW NG YEVXOTNTAC TOU XAl EYEL anoTEAETEL TO avTiXelUevo adlOAoYNG
gpeuynTc TpooTdbelag, mou cuveylletal uéypL oruepa.

MéhioTa, To TeéAnua oeidomolnong UVAUNS avdyetol 6To TEOBANUL TOVY
k-e€umneetnTtdyv. T va To detéouue autd, apxel va Bewprioovue ueteind ybpo
M = (M,d) pe |M| = n, otov onolo 1 andotacy uetald dVo onolwydrnote
onuelwy ooltar Tdvtote e 1' Tout’ €otiy, o M elvan ouoibuopgpos. Edxola
dtamoTdvouue 6Tl To TEOBANUA TV k-eEunnEeTnTAY entl VO TETOLOU UETELXOV
Y®pou Looduvauel ue exelvo tng oeAdonolnong.

Metpwxd Tuothupata Epyaotdy (Metrical Task Systems)

'Eotw M = (M, d) yetpixde ydpog nenepacuévou nhiboug onuelwy, o onol-
o¢ yovtehomotel agnenuéva xdmolo cloTnua, To onolo €yel T dSuVATOHTNHTA Vo
extehel didpopeg epyaoieg. Anhady|, xdbe onueto Tou M avanaplotd pLo xo-
TdoTooN TOU CLUCTAUATOS, EVKD 1) andoTacy ueTall 8Vo omolwvdirote onueiwy
elvaw avédAoyrn mpog To x6oTog UeTdfoong UeTall Twy avToTolywy XxaTaoTdoe-
ov. Kabeula epyaoto r neptypdpetar and éva diévuoua (r(1),r(2),...,r(N)),
6mou N = |M| xau r(j) € RT U {00} wooltar ye 10 x60T0C EXTENEONS TNC
epyaoctog 6Tav To clotnua Beloxetal otny xatdotaoy j. Towoutotpdnwg, ue-
toixd obotnua cpyaotdy elva éva Ledyog (M, R), 6mou R xdnoto 6lvolo
ETLTPENTAOY EQYAOLAOY.

Ynobétoupue, howndy, 6TL 1 apyxh xaTdoTAOY TOU CLUOTAUATOS Elval 1 )
xat 6Tt Sivetow axoloubio epyaoldy o = 1,79, ... Tpoc exTtéleon. 'Otay
avatifetol wa epyaota r, éyouue ) duvatdtnta TedTA Vo UETHSGAOUUE TNV
XATAOTOON TOU GUOTAUOTOC XAl XATOTLY Vo exTeEAécouue Ty 7. Av Aowndy
s[i] elvow n xoatdotaon vnd TV onola exteléoTnxe N epyaoia 7, TO GUVOAXS
%x66T0¢ Yl TNV axoloubio o elvatl:

n

uéotoc (o) £ Zd(s[i — 1], s[i]) + Zﬁ(s[l]) )

i=1
> NS
TV TV
oUVOALX6 xboTOog oUVOALX6 x6oTOg
uetafdoewy eneepyaciog

J/

70 onolo Quolxd emtbuuolue Vo EALYLOTOTOLOOUUE.
To mpdfAnua tne unyavic naywrod (ice cream machine problem) omote-
Ael évo amhd Topdderyua ueTpxoU cuothuatog epyaot@dy. Eotw 6t éyouue
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Metpud Xuotiuata Epyaotdy

/ \
Evnuépwon k-E€unnpetntég
Alotog (nem. uetp. Y-)

l

Yehdonolnon
Mviiune

Eyfua 1.2: d'evearoynd dévdpo» online npoAnudtwy

uLor unyavy) mou mapaoxeudlel 8o elddy maywtd: Pavidia xou coxordta. To
%x60TOC TOPAOXELTC EVOC xthol maywTol Pavikiag elvor 1€, evd yio 0 co-
xoldta 2€. BéPBata, n unyavh unopel vo mapdyel ubévo évav and toug dvo
TUTOUC TAYWTOU avd Tdoo oTiyur|, avdioya pe Tic pubuioec tne. H ooy
TV puiuicewy autdy dev elvar ebxoln Swadixaactio xat xootilel 1€.

And v dAAN uepLd, €youue TN BUVATOHTNTA VO AYOPICOUUE TAYWTH ATd
e€wtepx6 mpounbeuty, Suws N Tl e Poavikag elvar 2€ /56 xau g co-
xohdtac 4€/xhé. Av howndy deyduaote Sladoyixéc TopayyeNles Yo Taywtd
TOTE TOL EVOC X0 THTE TOU AAAOU eldoug, BENOLVUE Vo TLC LXAVOTOLGOUUE UE TO
utxedTeERo duvatd xdotog, ahhdlovtag Tig pufuioelg Tng unyavig 6mote autd

UG CUULQEQEL.

Ynuetwon. To uetpnd cuoTiuata epyaotdy oplotnxay and toug Borodin,
Linial xat Saks [BorLS87]. Toviletat 61t 10 npbBinua evnuépwone Aotac,
6TwC xoL eXELVO TV k-eEUTNEETNTOY (0E TETEPAOUEVOUC UETELXOUS YDPOUS),
ATOTEAOVY UTOTEPLTTMOOELS UETPLXAY CLUCTNUATOY epyaoldy. 'Etol, ol oyéoelg
uetadl TV TEoPANUdTwy Tou exBécaue uéypl Tdpa 6TNY ToEOUCH UTOEVSTNTA
amewxovilovtol oto Xyfua 1.2.



Kegdharo 2

Yixedlaon »xor Avaluon
Artroxpatixedyv Online
AlyoplBumy

2.1 Teyvxég oyedlaong

Alya ypbévia mpty, ot Irani xou Karlin [IK97] oyohialav 61t «n oyedlaon on-
line ahyoplfuwy e€axorovbel va anotehel, oe peydho Babud, wa yvry. To
{8lo umopovue va oyuploTolue xat ofjuepa. Mohatalta, undpyouv oploué-
va emavahauBavéueva uotifor» mou €youv allomonbel emtuyde oe Touxiha
mpoPhjuata. Metald autdy draxplvouue ta e

e Amhnotol (greedy) alyépibuot
e EZiooppémnon xbéotoug (balancing costs)
e A0&nom tou offline xéoTOUG

e Yuvduaoudc online aiyopibuwy

XN ouvéyela, bo avaiboouue To xabéva EeywploTd.

2.1.1 AnAnoctol ahkyodpLbuol

Kotd uio evpeta évvola, dAol ot online adybplfuot Twv onolwy 1 eloodog amo-
tehelton and wa axohoubia athoewy o = 11,79, ... elvon drAnotor. Tw bvt,
x40e evépyeld Toug e€aptdtol and Ty TEéyouca altnom, TNV TEEYOUCH XATA-
OTAOY X0l TO LOTOPWXS TV TpoNYoUuevwY atthoewy. Ouotaotixd, ot xdbe Br-
ua o alyobpiuog anotiud to Tapandve dedouéva olugpova Ue xdrota otabepd
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xpLTHpLd, OOTE Vo AmoQaGioel Tolog elval 0 XAAUTEPOS TEOTOC Yol VoL EEUTY-
pethoel TNy exdotote altnon. Evroutolg, yerlouv Wialtepne uvelag optouévol
ahybplfuol otoug omoloug 0 YaEAXTNELOUGS «drhnotog» Tatpldlel oflaota.

Tomuxd drinortog (local greedy) ahybplBuog

Ipbxertar yio Tov mo xhaowd dninoto alybplbuo, SLOTL ETAEYEL TAVTOTE TNY
evépyela mou eAaytotonotel To xdoTog eCunneETnong TNg Teéyouocag altnong
medtTel dnhady axp3dg To avtifeto and autd mou utayopelel N apy T TOU OxL.
YUVETHOC, 0 TOAES TEPLTTMOOELS 1) and800T) TOu anoyonTelel TAVIEADS — ent
TopadelyuaTt, Yoo 10 TEOBANU TV k-eEUTNEETNTOY Sev Elval AVTAYWVLOTIXOS.
Arnodewvieton dumg Loyved avtaywvloTixdc otny online xataoxeur dévpwy
Steiner, oe optopéva TpofAiuata e€looppdTnone optiou xat oyt ubvo. Yrde-
Youv emnpochétng xat Tomxd dmhnotol adybplfuol ye Bden. e auth tnv
xatnyopla avixel N teyvixt| exfetinig ouvdptnorg, 1 onola epoapuéletal oTn
OpOUOAGYNOT EXOVLXGDY XUXADUATWY.

AlyébpiBuog avadpouxtc egétaors (retrospective)

O ev Aoyw alydplfuog unohoyilel oe moleg xataotdoelg Oo Aray duvatd va
Beloxetan o BérTiotog offline alydplbuog av n tpéyouca altnon Arav xau 1 Te-
Aevtata Tng axohoubiag etoédou. AxohollBng petaxiveltal otny «tAnoléotepn
€€ aUTAV TV xaTaoTdoewy, dnhad oe exelvn mou anattel To ULxEdTERD AO-
otog YetdPaonc. Tov alydplfuo autdy epapudoaue 6to TEOBANUA EVoLXiooNg
e€omhiopol oxt g Yrnoevotnrag 1.2.1, émou Slamiotdooue UdAoTa 6TL €YeL
TOV XaAUTERO BUVATS AGYO aVTAYWVLOTIXOTNTAC. AucTuydC, Sev Loy Uel To (BLo
600V 0Qopd To TEOPANUA TV k-eEuTnEETNTOY, Yl To omolo Sev elval avrto-
yoviotxos. Ilépav toltwy, uo evdlagépovoa exdoyr| Tou ahyoplluou avoa-
ntoyOnxe ané touc Kalyanasundaram xou Pruhs [KalyP91] xau aveZdptnra
ané toug Khuller, Mitchell xow Vazirani [KhulMV91], yw online totptdopota
ehaylotou Bdpoug oe Suuepelc Ypdpoug.

AlybpBuog ouvdptnors épyou (work function)

O 3domnuog autde ahydptbuoc [BorLS87, CLI2, KoutP94] npoxintet we ypoyu-
u6g ouvduaouds Twy BVo mponyouuévwy xal Aettoupyel wg e&ng: Optlouue
W, (5) T0 PEATLOTO X60TOG Yo TNV EEUTNEETNOT TWV UTHOEWY 71, T2, . . ., Tt UE
xaTdANEn TNV xatdotaot s. Av uetd v t-ooth altnon o akydpelbuog Beloxe-
TaL oty xatdotaoy s, 161e Ou e€unmnpetroel Ty (¢ + 1)-00th altnon agol
TedTa ueTavniel TNy xaTdoTAOT Siq TOU EAAYLOTOTOEL TNV ToCHTNTA

Woyy (St41) + d(st, Se41) - (2.1)
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Ivopilouye 6Tt o akydpibuog ouvdptnone épyou mapoucidlel Tov BEATLOTO
(h oyedby tov BérTioTo) Abyo avtaywviotxbtnTac Yia tohhd online npofAf-
pota, e xupldtepo exelvo twyv k-efunnpetntdv. H anddelln tou tedeutatou
nopatifetar otnv Evétnra 4.3.

BéBata, o dhkeg mepintidoelg o mopandve alydelbuog dev amodidel txo-
vomountixd. Ent mapadelyuott, dev elvar aviaywviotixds v to mpdBinua
e Awotpouatouévne Aoytone I'pdgou (Layered Graph Traversal), émoc
€deile o Burley [Bur93]. Mdhota, oty S epyaocia anodewxvietar 6T ula
TopahAayy) Tou adyoplfuou elvar avtaywvioTixnd: apxel va avTiXaTaoTHCOUUE
™V Tpoc ehaylotonoinon tocdtnta (2.1) ye v

Q- Woyyy (5t+1) + d(sta 5t+1) )

v xdmoto a > 1. Ildvtwe, o mpoodioploudc Twv online mpofAnudtwy yia
Ta omola xabévag and Toug mpoavapepbévieg dmAnotouc aiyoplBuoug elval
AVTAYOVLOTIXOG TOPAUEVEL EVa oToudalo avouxTéd TEdBANUL.

IMogathienoyn. 'Eva mpaxtixd uewovéxtnuoa mou eugoaviletar xatd TNy vlo-
molnon Twy alyoplBuwy avadpouxiic eZétaong xaL ouvdptnone €pyou elval 1
avaY %N YLl ONUAVTLXG YOEO UVAUNG XATA TOV UTOAOYLOUOS Tou BEATLOTOL %O-
otoug wy(s). Ewixbrepa, o anattoduevos ydpog tpoxintel ouvibwe aviioyog
Tou ouVOALxoU ThBoug xaTaoTdoEwY, TO oTolo elval Uixpd UOVO Yl OYETLXY
evxola mpoPAfuata 6w autd Tng evowxtaong eomhiouol oxL.

2.1.2 E&uooppdnnorn xd6cToUug

H apyt g e€looppdmnone xbéotoug Alyo Slogépel and TV apyr Tou oxL Tou
dtatundooue mponyouuévwe. Ag unofécouue, ydewv anhétnroag, 6Tt o online
ahyobpliuog €xet dvo emhoyég yia Ty edunneétnon wag altnong. ‘Onwg elvar
puoxd, yia xdroieg mbavég axohouvbieg YeEAAOVTIXGDY UTHOEWY 1) Ulo ETLAO-
vY Oa anoderybel paxponpdecua mo cuugépouoa, eve Yo Tig undloineg ba
ouuPel to avtifeto. Evtolrtowg, n ellooppdnnon xbotoug mpeofelel 6L 0 oh-
Y6pLOuog Teémel va ppovtioel Gote, elte mpayuatononbel To éva elte To dAho
evdeYOuUEVO, To TEMXG xboToC Vo elvar (yovdpxd) To (Bo.

‘Eva napdderyua aiyopibuou mou alomolel v mopandve Wéa elvat o eno-
voualbuevoc BALANCE [MMS88], o omolog anodexvietan BéATioTo Yo TO
TEOBANUA TV k-eEUTNEETNTAOY ot UeTPIXoUS YMpoug Ue k + 1 axplBdg onuela.
O BALANCE ouyxpatel ot uviun tou ) ouvoAuy Stadpour| D; mou €yet dia-
vooel 0 i-0016¢ eumnpetnthc. Av d; elvar n andotaoy tou teheutatou and
T0 onuelo Tng enduevne altnong, o BALANCE Oa uetoxivioel 6To onuelo autd
Tov e€UTNEETNTY Ylot Tov onolo 1 tocdTnTa D; + d; ehayloTonotelTal.
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Hpogavde, emdlwdn Tou adyoplfuou elvar 6hot ol eCumnpetntéc va Stavi-
oouv mepitou Ty 8t cuvoAy| anbéotaon. ToloutoTpdnwe anogelyetal, o€
ueydiro Poabud, to evdeybOUEVO UOVO €Va UTOGUYOAD TwV eEUTNEETNTAOV Vo Ef-
vau evepyd. I va xatavorioouue ) onuacta Tou Yeyovétog autol, apxel va
avahoytotolue Ylotl o Tomxd drinotog akydelfuog dev ta xatagépvel 1600
xahd oto do npdPinua. Ilpdyuatt, ag Bewproouue 6TL €youue dVo elumn-
eeTNTéC oL €0Tw 6TL BVo onuela A, B ue mohd uixen anbéotaon petall toug
eugavilovton evaAldE oe Stadoyixéc authoelc. O Tomxd drninotog ahyobpLbuog
Bo yetaxivioel apyxd Tov TANCLECTERO EEUTNEETNTY @, O OTIOLOC OTN CUVEYELA
O mahtvodel drapxdc avdueoa ota A xau B. Ev 1w petald, o mo anouaxpu-
ouévog eZunnpetntic b o mapauével depyog, ENELSH 1 LETAPOPE TOU OE XETOLO
and 1o A, B emolpel udnhé Beayumpdeouo x66toc. O BALANCE 4U6S amo-
Teémel Utat Tétota eEEAET, apol UOALS 1 cuvoluxy dladpour Tou €xel Slavioel
0 a auvénbel apxetd, o alybplfuog Ha yetaxivioel Tov b.

AxoloVbwe anodetxvietar 6Tt 0 BALANCE elval k-avtaywvloTixds o Ue-
ewolg yopoug e k + 1 axpiBog onueta.

Ocdenua 2.1. [MMS88] Fotw M = (M, d) uetpixdec ydpoc ue |M| =k+1
XL Cga, 0 ABYOS avTaywvioTixdTtnTag Tov BALANCE yia 10 mpdfAnua twy
k-eéunnpetntdy otov M. Téte cpar, < k.

Anédeién. Avd ndoo otiyur, undpyel axpBdc éva onuelo Tou M To onolo dev
xaAUmTeTal omd xdnolov eEunneetnth. Ovoudlouue to onuelo autd omy. Xwplg
BB tne yevixdtnrag unobétouue 6TL xdle véa altnom agopd tny exdotote
o). AMwoTe, ua altnor tpog omotodrnote dtagopeTixd onueio olyoupa Sev
xootilel Tinote Yl Tov BALANCE, ev® mfavoy va auvérioetl To Bértioto offline
wbHoTOC.

AptBuolue howndy ta onueta tou ydeov {1,2,....k+ 1}. 'Eotw s; n xo-
tdotaon xatd v onola 1 onh Peloxetal 6To onuelo @ xat wy(s;) To BéATioTo
%6070¢ eEUTNEETNONG TWY TPAOTWY t ATACEWY UE XATIANEN TNV S;. LNUELWTEOY
6Tt 10 x60T0¢ UeTdPaons and Ty xatdotaon s; oty s; elva d(7, j) xaL dpa
wils:) < wilsy) + di, j):

YuuPorilovue pe h' ) Béon tne onhc Wetd v xavonoinon g t-ootfc
altnone xou pe D! 1 cuvolut| dtadpout| mou €yetl Slavioel o eEUTNPETNTHS TOU
Beloxetar oto onueto i # ht exelvn ) owyuh. Puoixd, 1 enduevn altnor Hu
apopd 1o onueto hf. Ioyupllduaote 6t

i#h' = D! <ws;). (2.2)
Ou anodeléouue TV ToEATEVL TEHTACT) UE ETOYWYN OTO t.

o o t = 0 mpogavde ahnbeveL.
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e 'Eotw 6Tt yia xdnoto u > 0 woylet i # h* = D¥ < wy(s;). Av min #
h* To onuelo mov ehaytotonotel Ty nosdtnta D 4 d(i, h*), 0 BALANCE
Oa otelhel otny ond) b Tov e€unnpetnt Tou Peloxetal 6To Mmin, GoTe va
wavonouhoet Ty (u+ 1)-o0th attnon. Téte D« DU+ d(min, h*)
X0l ETUTAEOV:

wu+1($hu) — ng}lrul {wu(s,) + d(l, hu)} .
Abyw g emaywyuchc unébeong mpoxtnter 6t Div ! < wyiq(spa). Eni-
oNng, Yo OAEC TS TWES TOU j TANY Twv min ot h* woylel D}“Ll = D}
EVD U}u+1(8]’) Z U}u(Sj).

Apo n npbraon (2.2) elvon aknbric. Enouévocg, yia 1o ouvolixd xbéotog tou
BALANCE UéypL xoL TNy t-0oo1h altnomn éyouye:

Z t
MOOTOC (1, T2y - -+, 1) = E D; <

<[ i {0} + ma(ati. )] -

— | iy (w0} | + & | maxgat )} <

1<i<k+1
< k-un6070Gp (11,72, ..., 7) + b,
6mou b otabepd aveldptnTn Tou Uxoug Tng axohoubiog etabdou. O

Ye dhAn evétnTa Tou xeparatou ba dodue 6TL 0 xahiTEPOg BuvaTdg AdYOC
AVTAYOVLOTIXOTNTOG YLO TO CUYXEXPLUEVO TEOBANUA elvan Tw 6vTL k.

'Onwg Oo fray avauevouevo, N e€looppdnnoy xGoToug dev anoTeAel ma-
vaxewo. Adyou ydper, edxoha SlamoT@dVOUUE OTL v O UETPXOC YDPOS TOU
TeoPAAuatoc Twy k-eCunneetntdy mepthaufdvel teptoodtepa and k + 1 on-
uelol, T6T€ 0 BALANCE eV elvol TAE0V avTay®VLOTIXOS, axOUn XoL OTNY ATAN
nepintwon mou k = 2. 'Eva xatdAAnho avTimapddelyud, cUVOSEUOUEVO antd ULa
deUtepn anddellrn tou Oewpruatog 2.1, tapovotdletar otny Evétnra 4.2.

M maparayy) Tou akyoptfuou, tou npotdbnxe and toug Irani xou Ru-
binfeld [IR91], uetoxivel x&0Be popd Tov e€umnpetnth Tou ehaytoTtonolel Ty
nocétnTa D; 4 2d; xou elvor 10-avtaywviotixd yia 8Vo eCumnpetntéc. 'Ouwg,
ot Chrobak xot Larmore [CL91a] é8et&av 6Tt 0 Aoyog aviaywviotixdtntag tne
TEAAAXY TS aUTHS YedooeTal xdtw and To 6.
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Téhoc, o Kleinberg [Klei94] uerétnoe yevixeuuévouc BALANCE ahyopi6-
uoug, otoug omoloug xpLthpto emthoyhc e€umneetnTy elvol 1 ehaytotonoinon
tou abpolopatoc D; + f(d;), 6mou f omowdfnote mpayuotixy cuvdptnon.
Anédelle howndy 6Tt 0 AGYOC aVTAYOVLOTIXOTNTAS TETOLWY aAYopifuwy Yia 8Vo

eunnEeTNTéS €xel XATw QPEdyUa 5+T‘ﬁ ~ 3, 82.

2.1.3 Ad&nom Tov offline xé6oT0ULG

Egboov 1o Bértioto offline x6otog anotedel uétpo olyxpiong, €vag xahdg
online akydpBuog umopel va gpovticel GoTe o Un euvoixd Y exelvoy oTLy-
woTUTAL ELOGB0OU VoL ETLOUPOLY xal adENoT Tou x60ToUG auTOU.

Hapdderypa epapuoyhc Tng apyfc authc elvan Yo xatnyopla alyopibuwy
Yo To TEdBANUA Tne oeldornoinong, Yvwotol wg alybpliuol ofuavens (mark-
ing algorithms). 'Evac onotoodfnote tétotog akybplfuog hettoupyel oe gd-
oelg. Xny apyt| g @dong, Gheg oL oeAIBEC TOU YUAGGGOVTAL GTN YETYORN
uvAun Sev elvon oeoquaouévect (marked). Av xémow ané avtée Lntnbetl, tote
onuetdvetal. Av TdAL pLor altnon XATACTACEL UTOYREWTLXT TNV TEOCTEAAUOT)
™G apYNS UVAUNG, €xouue BV0 eVOEYOUEVAL:

o Yrdpyouv un oeonuacuéves oelideg oty yYeryoen uviun. Tote emhé-
YeTal UL €€ aUTMV TPOg amoudxpuvoT, ue Teémo mou xabopiletal and
Tov ahyobpluo, xou avuxabiotator and ) uéhig avaxtnieloa oeAida, N
omolo XaL OTUELDVETAL.

o Acv undpyouv un oeonuaouéves oehideg ot yeryopn uviun. Xtnv me-
elntwon auth 1 Teéyovoa @homn Ayel, ondte apyilel n enduevn. '‘Oleg
oL mpolndpyouvoeg onudvoelg alpovtal xat 1 exxpepovoo altnor eEunn-
PETE(TAL CUUPOVA UE TA TUQATAV®.

Enuetntéoy 6Tl 1 apy ) Xl TO TENOS TWY PACEWY EEUQTAOVTAL ATOXAELCTIXG aTtd
NV axohoubio TwV aTHoE®Y XaL 6yl and TNV EMAOYY TWV TEOC AVTIXATACTAOT)
oeABwV.

To oxentxé e To omolo evepyoly ot adyobpLiuotl ofjuaveng elvar 6T, oTnV
YEWROTEPY TEPIMTWOT), oToloodYmoTe awtioxpaTixdg online akydpibuog Oo avoa-
yxoaotel va mpoomehadvel Ty apyy uviun oe xdbe altnon. Xuvendg, unopel
uévo va einilel 6tL Oo duayetplotel owotd TN Yeryoen uvAun, Snhady 6t Ha
eEXTENEOEL TIC XATAAANAES AVTIXATAOTAOELS, DOTE OL BUCUEVELS YU QUTOV aXO-
Aouvbiec vo unv elvan duvatd va ixavononBoly ue uxpd x6otog and xdmoLov
offline aAydpibuo. H ev Adyw Wéa texunpidvetar pe 1o axdhoufo Oedonua.

x ouUBdocwe, 0 xevdc Yhpoc Bewpeltal enlone un ceonNUACUEVOC.
'Ex ouy : Xépoc Bewp \ uoo
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Ocdenua 2.2. [KarlMRS88| Kdfe adydpifuoc orjuavone yia to mpdBAnua
oeAidormoinons uviune elvar k-avtaywviotixds.

Arddeiln. 'Eotw S; 1o ddotnua and tn deltepn altnon tne i-0othc @dong
L€yl xau TNV Te®dTn altnon tng enduevne. Apxel va mapatnercouvue 6Tl o
Béhtiotog ahydpliuog OPT Oa avayxaoTel va eXTEAEGEL TOUALYLOTOY ULOL TTPO-
onéhaon g apyhc uviung oe xdfe tétolo didoTnua.

pdypoatt, oy apyy Tou Swothuatog S;, o OPT Sabétel otn Yeryoen
UvAUn Ta TEpLEYOUEVA TNE OEALdOG Tou UOALS elye {ntnbel and Ty mpdTn altnon
g -00THC paong. Av ypewaotel va avaxtioel dedouéva and Ty apyr| UVAUN
Tewy 10 TéAog NG QAoNg, 0 ToPUTAVW Loyuplouds ainbelel olTwe B dAAWC.
Av 6y, onualvel 6TL 1) Ypriyopn uviun Tou OPT meplelye NON ex TV TEOTERWY
6heg g oeAideg mou {nTAdnxay xatd TN @don auth, ol omoleg Quolxd elvar
k to mh\iBoc. H mpdtn altnon tne (i + 1)-oothc pdong, duws, dev Ha apopd
xapla and exelveg T oeAldeg, dpa 16T 0 OPT Oo TPOOTENAOEL UTOYPEWTIXS
Y ApYH UV

[Mapouoilwe dramiotdvouue 6Tl oe xdbe @don évac marking alydplbuog
exterel To TOAU k avaxthoelg and v apyh uviun. Tolto cuuPaiver diéTL Ta
TepLeyOueva ULog oehidag mou €yel Bdn {ntnbel mapauévouy anobnxevuéva ot
YeYYopn UVAUN ToUAdYLoTOV UEYEL TO TENOG NG Qdomns. Apa, ToTé dev ypeld-
Cetan va wetagepboly ta {8ta Sedouéva and Ty apyh Uvhun topandve ond uia
popd xatd TN ddpxeta piac @donc. Aol {ntovvtat axpBdc k StapopeTinég
oelldec oe xdfe @dorn, n mponyoluevn SwnloTwon Loy VeL.

Yuvdudlovtag 6ha ta mpoavapepbévta, énetan TeEAxd 6Tt o marking ahyd-
etBuocg Bo mpoomeddoel TV apy uvAun To ToAU k Qopéc TeEpLoodTERES A TOY
oPT, modulo xdnowx otabepd. O

‘Onwg BAémouye, évag alyobplfuog orjuavong yenouwlonolel To TpdGQATO
TopeAoy hote va mpoPiédet, oe xdnoto Babud, To uéhhov. Ou oeonuacuéveg
oehideg €youv {ninfel mo mpbogata and dhec Tig Un oeonuaouéves. Ynobé-
TovTag 6Tt o altnon mou uéhic eCumnpetiinxe elvar mbavéd va emovohngbet
Tpooey G otny axohoubia, o adydplbuog dev amouaxpVVeL T GECTUACUEVES
oehideg and TN yeriyoen uvAun. Me dAha AoyLa, exuetahAeleTal TNy WLOTNTA
NG YPOVIXNC TOMXOTNTAS AVAPOPUS.

‘Evag tétolog alyobplfuog Oo napouotdlel xaht| entdoor), ota mhaiolo Tng
avtaywviotxig avdhvong. To 6vti, elvar gavepd nwg o Béhtiotog offline oh-
Y6pL0uoc xavornotel ue yaunhé xéotog axoroubieg tou epgavilouy TomxdTnTA
avapopds, eve dev umopel va xdvel To (3to v axoloubieg oTic omoleg TOAAEG
drapopeTinég oehideg {nrodvtar dadoyxd. T vo elvan aviaywwotixde, o
online aAydpLbuoc ogethel va mopouotdlel xaht| entdoon oI TEPLITWOOELS TOU
guvoouy Ttov offline aybpLiuo, dnhady axplBds otig axoloubieg ue TomxdTNTA
AVAPOPAC.
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Aev anotelel howndy ExmAnn 1o yeyovdg 6Tl 0 evpUTATA YENOULOTOLOU-
uevog otny mpddn alydelbuog LRU avixel otnyv xatnyoplo twv oiyoplfuwy
ofuavong. O LRU Aettoupyel wg e€nig: 6tav anawtnlel aviixatdotaor ylog
and T¢ oeAldec nmou elvar anofnxeuuévec otn yeryoen uvhun, emthéyel exel-
vn oty omnola Sev €yel Yivel ava@opd Yo To UEYRAUTERO SLACTNUA XATE TO
TopeNOOY.

H yevued W3éa mou meprypddoue allonoteitol enlong oto npdPBAnua evnué-
pwone Aotag xaL ouyxexpuéva otov alyoptbuo MTF (Move-To-Front — «Me-
Taxivnoe Ly ApyHp [ST85a]), tov onolo Ha avahboouue ot ouvéyetan. And
N 00Ceuén NS eV Aoy TEYWXNC Xa TNS apy i e€Lo0pedTNoNe XO0TOUE TRo-
xUntel o oyetxd eZelnnuévos akybpliuoc Aidoylong (Traversal algorithm
[BorLS87]).

2.1.4 Xuvduaopdg online alyoplbuwmy

'Eotw ALGy, ALGy, ..., ALG,, éva cUvolo online aAyoplOuwy yia To TEéBANUA
II. Oewpolue 6Tt 1o II unopel va avanapactabel wg yetpd cdotnua epyo-
oLy oL €yeL oVvolo otiypotinwy Z. Kdébe alydplbuoc ALG; emtuyydvel
AOYO avTayWVLoTXOTNTAC (v oUYXELYOUEVOS e Tov BélTioTo offline adydpib-
1o, aAAd pévo yia xdnoo unooUvoro Z; Twv Suvatdy eoodwy. Av toylel
UZ; 2O Z, téte elvar duvatd va xataoxeuaotel évag olvletoc atioxpatinde
online aAyépLbuoc ALG™ yia o II, yenowwonoidvtag BéPola Toug m enuépoug
alyoplBuouc. O Abyoc aviaywviotixdtnrac Tou ALG* Ba elvonr a(2em + 1),
omou e = 2,72 1 Bdon Twv guoxdy Aoyoplfuwy. H uéhodog auth cuvduaouo
online aAyoplfuwy avagépetal xar wg tedeotiic MIN, o onolog eV TPOXEWUEVEL
epapudletan enl TV ALGy, ALGg, . . ., ALGy,.

Ou Fiat, Rabani xou Ravid [FiRR90] nopathenoayv 6t o teheotic MIN
Tautiletar ovolwoTxd ye N Abon Tou mpofAfuatos twy m povoratidy (m
cow paths problem), to onolo eiye eetaotel ot [BaeYCRB8] xau [PY89].
[pbxettar yia yevixeuorn tou mpoPAfuatoc e Yépupas (BAéne Ynoevénta
1.2.2) xau opiletar wg e€hc. And xdnoio onuelo O Zextvoldv m uovorndtia,
xaféva ue dyvwoto ahhd tenepaouévo unxog. Xtoyog elvat va gdoouvue oto
TEAOC €VOC and autd, Staviovtag cuvohixd To TohU éva otabepd TorlanAdaoLo
TOU UAXOUS TOU ULXPOTEQOU UOVOTATLOV.

Axohotlwg Oa deilovue o Aettovpyel o MIN otnyv nepintwor Twv Ue-
POV CLOTNUATWY epYaot®dy. 'Eotw s 1 apywn xatdotaoy yia 6Aoug Toug
aryoptBuoug xar o = (T, T? ..., TN) i axohoubia epyaoidy. YuuBorilou-
UE 0 TO apyx6 Tufua TN o ue ufxog j. Emmiéov, néotog, (s, 0;) elvan 1o
%6070 TOU ATOLTELTOL VLo TNV EXTEAECT) TWY TPOTWY j EQYAOLAY and TOV ALG,,
Eexvdvtag ané TNy s, oL vatdotaon, , (s,0;) n xatdotacn otny onola O
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Beloxetar auéowg YeTd.

O ahyéplbuoc ALG* = MIN{ALG, ALGy,...,ALG,,} wueltar oe xdfe
neplntwon xdnotov and toug m emuépoug alyopiBuouc. Koatd ouvéneia, uetd
v e€unnpétnon tne axoloublag o; Ba xatadfgel oty natdotaon, . (s, 0;5),
Y xdmowo i. Apywxd, o ALG™ opilel éva gpdyua B = —o xou emAEYel
avbatpeTa Tov akydeiiuo mou Ba egapudoet.

'Eotw tdpa 61t mn otiypy mou avatibetar 1 j-o0Th epyacio 0 ALG* uti-
uelton Tov ALGy xou dpa Bploxetal oty natdotaon, . (s,05-1). Ev mpdrolg
unohoy(letal 1 tocdHTNTA
A

min {néotoc,, (s,0;)} .

mincost(j) min

Mpwv exteréoel v Tj, o ahybplbuog cuyxplvel To ndotog, . (8, 0;) He TO Yi-

véuevo B-mincost(j). Av daniotdoet 1L 1o npdto dev unepPalvel To devtepo,

T67e ouveyilet xavovixd. Ewdhhwg, uetafalvel otny xatdotaon,, (s, 0;5) xou

eapuélel oto e€AC TOV ALGy, 6mou k' = (k + 1) mod m. Yotepa and xdbe

7 7 7 7 z m

Tétowa aAhayt), 1) i) Tou B evnuepdvetan Bétovtag B« o B.
Hapabétovue dveu anodetéews To axdrlovbo Bedpnua, To onolo cuvdyeta

EX TV anoTeEeoUdTwY Tou [BaeYCRAS|:

Ocdpnua 2.3. Aedouévwy orotwvdijnote m adyopluwy yia éva uetpixd ou-
otnua epyaotdy, éotw ALG* = MIN{ALG,, ALGo,...,ALG,,}. Ia onotady-
mote axolovbia cpyaotdy o xar apyixy xatdotaon s, toyUeL:

n60T0G, o« (5,0) < (2em + 1) - 1I<r%i<nm {uéotoc,; (5,0)} .

Ou Azar, Broder xou Manasse [AzBM93] epnipav wia Behttwuévn exdoyt
Tou teheot) MIN. Edwxdtepa, av xdbe alydplbuoc ALG, €xel Adyo avioyw-
VioTxéTNTaC @ yio axoloubiec Tou ouvéiou Z;, T6TE UE EQUEUOYT TOU TEAE-
o autod mpoxUntel évag (8- D, a;)-avtayeviotixds online ahydplbuoc.
Méiota, ot (dlol anodewxviouy 6Tl xaVEVIC ALTLOXEATIXGS GUVBUAOUOS TOY M
auTAY aryoplBuwy dev unopel va €xel AoY0 avTaywvioTxdTNnTAC XohUTERO Ao
D ity i

Téhog, oty Yroevétnta 3.1.1 Oo e€etdoouvue tov randomized tekeoti|
MIN, tou onolou 7 entdoon npoxintel Wialtepa evdlagépovoa.

2.2 MEeéGodotr avaiuorg
Y1a mhalota g aviayowotixic avdiuong evég online adyopifuou ALG mou
emAeL To TedPAnua I tifevtal o e€fc otdyoL

e O ALG va anodetyfel c-avtaywviotixde, yia xdnoto embuuntéd cuviehe-
oty c.
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o No texunptwiel 6t undpyel ¢ Gote o ouyxexpuévog alybplbuog ano-
xheletar va elvar xahltepog and ¢’-avtaywtotixdc.

o Na detybel 6t undpyet ¢ Gote xavévae online aydpliuoc yia to I dev
Unopel vau €xel AGYO avTaywLeTXdTNTaS Utxpdtepo and .

Av ca6 0 AOYOC QVTAYOVLOTIXOTNTOS TOU ALG, 16TE Tpopavds a éyouue
" < d < epe < e Me o Adya, Aowndy, emndidxovue va Bpolue dve
XL XATW QEAYUATA TOU Carg. LNUELWTEOV OTL 1 avdAuoy Tou TROBAAUATOS
¢ Yépupag xa exelvou g evouxiaong e€omAlouol oxt Tou 1d1 TapoucLdoa-
ue (Evétnra 1.2) axohovbBoly tic mpoavagepheioes xatevbuvtfpes ypauuéc.
Evtoltoig, ol uéfodot mou ypnowwonoioaue exel dev elval Wlaltepa avTinpoow-
TevTxég oUTE yYevixebovtal eUxola, ot avtifeon ye autéc mou Ba avagpépouue
ToEAXATW.

2.2.1 Xvuvaptioelg duvauLxov

H mhéov xowvi teyvixr) anddeling dve Qeayudtony Yo ToV AGYO avTaywILoTL-
x6tntog elvat n xataoxevh ug ouvdptnons Suvauixod (potential function),
Tou eqapuéletal xuplwg ot TtpofAfuata ue elcodo uia ypovixy axoloubia ye-
YOVOTWY 0 = 01,09,.... [ vo yeletioouue évay online aAybplfuo ALG
ue auTéy Tov TEOTO, dlvouue w¢ elcodo oTov ALG ot tov BéATioto offline
ahybplfuo OPT wa axohoubia o, anotehobueyn andé m otolyela, TNV onola
au@dTepOL exTEAOUY TauTOYpova. H ouvdptnon Suvauixod @ avtiotouyel Tig
xataoTdoelg oTig omoleg Peloxovial oL ALG oL OPT TNV eX40TOTE OTUYUN UE
€vay mpayoTind optbud.

Yuyxexpuuéva, €0t ; 1 Ty Tg ouvdpetnong Suvaulxol 6Tay oL ALG xoL
OPT €youv eneéepyaoTel Ta TpdTa ¢ oToLyelo TG axolovbiog. YrofBétouue 61t
10 TEOPBANUa Tou e€etdlovue aopd ehaytlotonolnon xéoTtoug, agol eEdhiou 1
TeplnTwon NG YeyLoTonoinong xépdoug elvat evieAde avdhoyn. XuuBoiilovue
Aowméy Ye t; xau o; Ta 60T Tou ugioTavtal o dlo aiybplfuot, avtioTouya,
xatd 10 i-0076 PAua tne Aertovpylag Ttouc. To xdotog uet’ andofeons (amor-
tized cost) a; Tou ALG Yl t0 Briua autd oplletoal wg a; = t; + ®; — D;_y.

Enouévwg, éva dve @edyua tou ouVoAxod x66Toug Tou ALG YA TNV O
unopel vo anodelylel gpdocovtac To x6coToc YeT’ andofeonc o xdbe Priua.
‘Eotw 61 Peloxouye wo ouvdptnon Suvauixol, tétowa Gote Yo xdbe 7 ye
1 <@ <m vaoylel a; < c-o; xou emmAéoy va undpyet otalepd b aveldptnTy
e etoddouv Gote $; > b. Tore:

n6070¢,, ,(0) = Zti =(Pg— D)+ | Py — Do + Zti =
i=1 i=1
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< (P9 —b) + ¢ - né6T0Cpy(0) , (2.3)

omou P elvar otabepd mou e€aptdtal UOVO amd TIC APYLXES XATACTACELS TWY
ALG xoL OPT.

H ypron ouvdptnong duvauixod yio tn yehétn wag axohoubiog evepyetdy
ovoudletar avdAvon andofeonc (amortized analysis) [Tar85], ened| 1o x6-
otog xdbe Aettoupylag Sev hoyiletar ag’ eautol, aAAd AauPdvetal o apliun-
Tx6¢ U€oog bpog Tou x6oTouC Nl GAWY TV AeLToupYLOY TNg axohoublag. Ev
TEOXEWEVW, T0UTO elval YeNOUUL0 BLOTL EVOEYETAL ULl UEUOVWUEVT) EVEQYELA TOU
ALG va mpoxUel e€atpeTind «axpPp oe oyéorn ue tny avtiotolyn Tou OPT,
eve euelc evdlagepduaote va detéouue 6TL To LVOAXS online xéoTog Elval To
TOAU xdmoto otabepd moAhanAdolo Tou cuvoAxol BeitioTou xdoTOUC.

Duownd, n edpeon ulag xaTtdAANANC ouvdptnone duvaulxol anoteAel Tov
axpoywviato AlBo tng uehddou autic. Katd xavéva, n ouvdptnon Suvouixov
rocotxonolel T Slapopd uetall tng exdotote xatdotaong Tou online xoL Tou
offline aAyopiBuou. Ado tétola nopadelypata Hu e€etdoouue axohoting.

Enavepyduaote oto mpdBinua evnuépwong Alotag, mou oplooue otny Evé-
mta 1.3, O ahyépibuoc MTF (Move-To-Front) oe xd0e Bua petaxivel to
oTOLYElO OV UOALC TPOOTENLOTNXE OTNY apy Y| TNS AloTag, OTWC PAVEPMVEL XAl
T0 6voud Tou. Me T xivioelc autéc embldxel vo eaopaiioel 6Tl av uTooTel
LvPNAS x6oTOC YL TV Weavoroinon ulag axoloubilog outhoewy, avdhoya ou-
Enuévo Ba elvar xou to Béhtioto xbéotog. Ilpdyuartt, Oa anodellouue btL elvan
2-0VTAYWILOTIXOC.

Kot apyde, éotw £ xar €977 oL Moteg Twv MTF xat OPT aviiotolya,
6mwe €youy dopoppwiel uetd ™y -ooth attnon. Opllovue ™ ocuvdptnon
duvouxol @; wg 1o TARloc Twv avaoTpopdy LeTall Ty O xau (97T, Ava-
otpogt| Oewpeltar éva diatetayuévo Ledyog otouyelwy (xj,xy), émou 10 x;
Beloxetal mply T0 oty £, ahA& yetd and tovto oty L. Abdyou yden,
n Mota (@, Za, ..., Tm) epuoavilel (7;) OVTLOTPOPES OE AVTLTAPUPBOAY Ue TNV
(Tmy Ton—1y -+ -, T1)-

Ynobétouue Aowmdy 6tL 1) i-o0TH| altnon agopd avdyvwor tou otolyelou

x. Tn otyud mou autd AauPdvetar, ou G xau €77 €xouy we @alvetal 6To
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O oy — [ A Jz] B ]

G epi— ¢ [2] D |

Yyfua 2.1: Ou AMoteg Twv MTF xal OPT, aU€ows TEOTOUV
{ntnbel to otolyelo .

Yyhua 2.1, énou A, B, C xo D olvora otoiyelwv (mbavoe xevd). T
Vo TPOOTEAGOEL TO X, 0 MTF uglotatal xbéotoc t; = |A|, evd avtiotoiya
0 OPT o; = |C|. EmnAéov, agol 1o = uetaxiveltow oty apynf and tov MTF,
dnutovpyovvtat |ANCY| véeg avaotpopés evd alpovtat [AND| dAAes. Xuvendc,
Bo €xoupe:
O, —d, 1 <|ANC|—-|AND]. (2.4)

H avotépw oyéon Oa toylel og 1odTtnta av 0 OPT a@RoEL TO T GTNV TRON-
yoUuevn B€on Tou %ol KOS AVLEOTNTA OV TO UETAPEREL TANCLECTERA OTNV ApYY)
e Motag. Ahnfedel axdun yio eloaywyy evoc véou otolyelou ¥ andmelpa
TpooTéhaong eVES oToLyElou Tou ey uTdpyel ot AloTa. Ye TéToleg TEPLTTEH-
oelg apxel va Bewpfioovue 6Tl To v Adyw otouyelo undpyet HOn xat Peloxeta
apéons Uetd to (mpayuatixd) téhoc tne Motac. Ev téhel, av n i-ooth ai-
o™ aQopd dlaypapr) Tou T, TOTE OV MEOXUTTOUV VEEC AVIOTROPES, OTOTE
O, — &, = —|AN D| xou dpa 1 (2.4) toylel ndAt w¢ aviobTnTaL.

Ané 1o mpoavagephévta cuunepatvouue dtu:

Al =[ANC|+|AND| <= |A|+|ANC|=2[ANC|+|AND| =
= |A|+|[ANC|<2|IC|+ |AND| —
— |A|+|ANC|—-|AND| <2|C] =
Yuvdudlovtac Tic (2.3) xar (2.5) mpoxUntel 1 2-avTayILGTXOTNTA TOU
MTF. Av enmpootétng xdvouue v (Aoyxr) undbeon 6tL ol apyixée Aoteg
Twv 8V0 akyoplbuwy elvar axpBdg Bieg, dnhadnh £ = 637", 161 Dy = 0 %o
étol anodetxvieTtal 6TL:

Ocdpnua 2.4. [ST85a] O MTF elvar avotned 2-avtaywviotixdc.

Mopathenorn. To napandve anotéheouo €xel totopxh onuacta, xab’ 6Tt
oLVLoTA TO TEMOTO Selypa epapuoyrc Tng Lebbdou NG ouvdpTnong SuvauLxou.

I'vopllouue A8 6TL 0 alybplfuog LRU elvol k-avtaywvioTixds yia 1o Ted-
Bhnua oeldornolnong uvhung, agol mpdxeltal yio ahybplbuo ofjuavong. Av
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emBuuolue va anodellouue to o Ue ypron ouvdptnong duvauixol, meénel
TEATA Vo 0ploouue auoTNEd TN Aettoupyio Tou LRU.

'Eotw Aowndy 611 oe xdfe oehida p tng apyng UvAUNG avTLoToLyEel uLa Ue-
TaPAnth alp], n onola anotelel éva uétpo Tou ndoo TEdouTa TPOCTENLGTNXE
n p. Ioylel alp] = 0 av xaw uévo av n p dev nepéyeton exelvn TN oTLYUY
ot yphyopn uvhun. Av {ntnfel xdmoa ceida p’, 16t yia xdfe ceida p ue
alp] > a[p’] o akybpBuoc Béter alp] — alp] — 1, evd tautdypova alp’] — k.
Ye neplntwon mou 1 yeryoen uviun elvar yeudtn xou dev neptéyel tny p’, 161
(xar wbévov t61e) o undpyel axpPidc wa oelda p” tne omolag N petoPAnTh
al[p”] undeviletar. Koatd ovvénewa, n p” anouaxplvetar and tn yeryopn uvAun
xat ot Oéomn e anobnxedetar 1 p'. EWddMwe, Sev ypetdletar v yiver xoulo
avTxatdotaoy, elte enedh n p’ Peloxetar Adn otn yeryoen uviun, elte dibtu
7 teheutalo Stabétel ehetbepo ydpo.

To obvoro Ty yetafhntdy {alp]} enopxel yia va xaboploer TAfipwe
xatdotaor otny onola PBploxetar o LRU. 'Eotw Aowmév S 10 olvoho twv
oehidwy mou €yel o BérTiotoc adybdplbuoc OPT oty x| Tou YpRyoen UvAUn.
Optlouue 1 cuvdptnon duvauixol wg

@23 (k- alp).

peS

Agol alp] < k yw xdfe p, énetar 6 & > 0. Emnkéov, unobétouue 6t
apyd ot ypryopeg UvAUES Twv dVo ahyoplBuwy elvar xevég xat dpa Py = 0.
Q¢ ouvhfug, ouuPBoliCouue Ye t; xar 0; To x60T0g ECUTNEETNONG TNS 1-00THG
altnong ané tov LRU xat tov OPT, avtiotoiya. To {nroluevo anotéieoua
TpoxUnteL and 1o axdrovfo Auua:

Aduppa 2.5, [KarlMRS88| Ia xdfe i > 0 toyve
tz*|>(l>z—q)l_1 Sk’Ol

Anddeiln. Oewpolue 611 xdfe altnorn eunnpeteitar oe dlo oTddla: TEMTA
eavomoleltol and Tov OPT xot xaTémy ondé tov LRU. YrnoBétouue 611 otny
i-ooth altnorn {ntetto 1 oehida p* Oo Set&ovue 6Tt 1o Mjuua aAnbedet yia xdbe
otddio Leywplotd.

Y10 Tp®TO 0TAdlo 0 LRU Sev uglotatal x60Tog, agol dev exteAel xaula
Aettovpylo. Apa, 1 uetaBolr T cuvdpTnong SuvauLxol xatd To 6TddLo AUTo
mpénel va elvar To moAU ton pe k- 0;. Ilpdyuatt, av 1 p Peloxetar Hdn ot
Yeryoen uviun tou OPT, 16t 0; = 0 ot 1 TYu| TN ouvdeTnong duvautxou
dev ahhdlet. Xe avtifetn nepintwon, o offline akydpibuog Oo avaxtioel tny p
and TV apyYh uvAUn Ye x6otog 0; = 1 xat Bo Ty anobnxedoel otn Yeryoen,
amopaxplvovtag mhavéy xdmowa dAAn oeAida. Emouéveg, n uetofoly) otn
ouvéptnon Suvautxol dev unepPalvel to k —alp] <k =k - o;.
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Y10 devtepo otddlo, elvar 1 oelpd Tou OPT va mapauetvel depyog. Tdpa,
10 dfpotoua Tou t; oL NG WeTaBoARC TN ouvdpTnong duvaulxol TEETEL VA
elvow un Betixd. Av 7 p undpyet hdn oty Yeryoen uviun Tou LRU, té1e ¢; = 0.
Eotw 6t mply v ixavomoinon g altnong toylet alp] = j > 0 xat Bewpolue
10 olvoro X = {p' | a[p/] > j}. Anb tov opioubd tou alyopifuou tpoxinTeL
6t | X| < k — j. Dvwpllovue axdun 6t p € S, dpa n ouvdptnon Suvautxol
Ba pewwbel xatd k — j enedh alp] — k. 'Ouwg, yia xébe p' € X éyouue
alp’] < a[p’] — 1. Katd ouvvénela, n uetaBorf e ouvdptnons Suvautxol
ooVt pe —(k—7)+1-|XNS| < —(k—j)+|X|=0.

Avtibétwe, av 0 LRU avayxaoTel vo UETAQEREL TNV p amd TNy apYn uviun,
161 Yuowd t; = 1. TuuPoiillovue X = {p' | alp’] > 0}, ondte | X| = k.
Evtoltow, [ X NS| <k —1,86tp ¢ X xu p € S. Egboov alp] — k xou
alp’] < a[p’] =1, ye x40 p’ € X, n ouvdptnon duvauxol Bo uetaBinbel xatd
—k+1-]XNS|<—-k+(k-1)=-1.

Ané 6ho Ta aveTépw SLamoT@VouUE 6TL To UT b Auua LoyVel oe xdbe
TeplnTwon. O

H anédelén nou uéiic nopovoidoaue axohoulel ulo ehagpds SlopopeTixn
uebodohoyla oe oyéon ue TV mponYoVUEYY), 1 OTolo AVAPEROTAY GTOV OAYs-
etbuo MTF. EWwdtepa, yenotuonominxe n emovoualbuevn Texvixn Twv evai-
Aaooduevwy xviioewy (interleaving moves [BorEY98]). Xilugwva ye auth,
yia va anodetyfel n c-avtaywviotixdtnta evéc online akyoplBuou ALG, apxel
va Peebel ouvdptnomn Suvauxod @ tétola dote yio xdfe duvarty| axoloubia
YEYOVOTWV:

1. Av pévo o Bértiotog offline ahydplbuog OPT npofaivel oe xdnoa evép-
yew xotd TN Sidpxela Tou -00ToU YEYOVOTOG Xau LploTatal x60Tog T,
161 AP = &, — &,y < cx, Inhadh n cuvdptnon Suvauixol auvgdvel
%t cx 10 TOAU.

2. Av yévo o ALG mpofalvel oe xdmolo evépyela xatd TN Sidpxelo Tou i-
007100 YeYovoTog xou vplotatal x6otog x, tote AP =P, — ¢, ; < —x,
dnhad?| 1 ouvdptnor duvautxo) eEAXTTOVETUL XATE TOUAAYLOTOY .

3. Yrndpyet otabepd b aveldptnTn Tng axolovbiog yeyovotwy dote ¢; > b,
vioe xéOe 7.

Mapathpnorn. Ailer va onuewwbel L n Swopépron e (tautdypovne) Aet-
ToupYlag TwY ALG oL OPT O€ YEYOVOTA ATOLTEL XATOLX TPOCOY Y|, TEOXELUEVOU
va elval epuet| 1 epapuoyy| NG eV Adyw uebddou. Adyou yden, otny anddelln
Tou Afuuatog 2.5 Oewprjoaue 6TL xdfe altnorn elumnpeteltal mpdta and Tov
OPT xou Votepa and Tov LRU, dnhadf xaboploaue pntd tn oepd ue tnv onola
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AoPdvouy ydea ta 8o autd yeyovota. Av umobétaue axpBdc To aviioTtpogo,
dev O unopoloaue vo xavonoljoouue Ti¢ ouvlrixeg 1 oL 2 mou mpoovopé-
paue. BéBata, o mdAl o Aray duvatd va anoderybel o {nroduevo, aAAd ue
AMy6Tepo xou6 TbTO.

Kataoxeur, cuvoapethoeny duvauxos

'Onwg lowg va vnodaldtay xavelg, 1 edpeon yprowwy cuvapTAcEWY duva-
uwxol anotedel cuvifwe Wwa Svoxohn undbeor. Enouévwe, udhhov mpoxahet
ExTANEN TO YEYOVOG OTL Ylol OMUOVTLXES xatnyopiee TpoBAnudtwy Yvwpeilou-
ME OLUOTNUATIXOUEC TPOTIOUG XATAOXELHC TOUG, TOU CGUVETAYETAL ETlong OTL 1)
Umapdy Toug elvar e€aogaiiopévrn. Ent napadelyuatt, otn ouvéyewa Ba avaki-
OoLUE ULo TEYVXY 1 omola eQapUblETAl OE UETELXA CUCTHUATA EQYAOLAY XAl
TeotdOnxe and tov Daniel D. Sleator.

Oewpovue éva onotodfinote Yetpxd olotnua epyaotdy (M, R) xat xota-
oxevdlouue to Ypdyo G wg e€ng. Kdbe xopupn avtiotouyel oe éva (edyog
(Sarc, Sopr); OTMOU Sppe Elva wia xatdotaon tou online adyoplBuou ALG (7
omola puotxd tepthaufdvel xal TLg EcwTEPXES UETABANTES TOU TEAELTALOU) XoL
Sopr WL XaTdoTAOT TOU BéATioTou offline alyoplOuou OPT. Yrdpyel xateufu-
vouevn axun e and TV xopuen (S;, ;) TeoC TV (Sk, S¢)) oV xaL uévo av yia
xdmowa epyaoto 7. € R

® 0 ALG uetaxtveltal and TNy s; 0TNV S; TEOTOU EUNNEETATEL TNV T¢, XAl

® 0 OPT €yeL TN duvatdTnTa Vo eEXTEAESEL TNV T MeTAPalvovTag TpdTa and
TNV 5; OTNV Sy.

'Eotw 61t 6éhovue va amodelouue Twe o ALG elval c-aviaywviotxds. To-
1€, oe x40 axun npoabétouue éva Bdpog w(e) tétolo Hate

w(e) = c- [d(sj, se) + 1e(se)] — [d(si, 81) + Te(s1)]

N J/ - J

TV Vv
*607T0G TNG Te *60T0G TNG Te
YLo TOV OPT YLo TOV ALG
’ — 7 7 7
émou e = ((si,55), (Sk, S¢)). Av sg N apyx xATdOTUON AUPOTECWY TWY AAYO-
elbuwy, ouyPoiilovue G’ tov unoypdyo tou G o omolog elvar mpoottds and
™y x0puPY| vy = (S0, So), axorouldvTac BéBata T Popd TV axXUOY.
[N %xdfe wOxho C' tou G’ Bewpolue TV nocodTNTA

3 w(e)
C) 2 ceC : 2.6
e PR ) 20

ecC
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6mov A e = ((s4, S5), (Sk, se))- LuuPohrilovue C’ tov xGxAo yia Tov onolo 1
(2.6) ehaytotonoteltar. Ag unobéoouue thpa 61t 0 G’ éxel xUxhoug apvnTixoU
Bépoug, dnrady ¢(C’) < 0. Kotd urixoc tétoiwy x0xhwy o ALG vglotatol
oUYOAX6 %x60T0¢ UeYahUTeEpo amd ¢ Popég exelvo Tou OPT.

Yndpyet howndy dneipr owxoyévela and axoloubieg epyaoidy oL onoleg xat’
apydg 0dnyoly Toug dUo akyoplBuoug oe (edYog XUTAGTACEWY TOU AVTLTPOCW-
neveL xopueh Tou C” ot xatémy peovtilouv HoTe oL TeheuTalol VoL «exTENOVY»
ocodritote yeydho nirboc «eptpopdvr tou C'. To b1t ot akybptbuol Ha ov-
uneptpepfoly ue autd Tov TEéTO Elval eYYUNUEVO, ap’ evog BLOTL 0 ALG elval
outioxpatixde, dpa meoPBAéduuog, xar ap’ eTépou enEWd oL eV AOYW HLVAOELS
TOU OPT amodetxviovTal Laxpomeoleoud oL TLo GUUPEQOVTES.

ToloutoTEdnwe, Yo TNV ToEATAVEL OLXOYEVELXL axoAouiLOY Bploxouue éva
%41 QEdyua Tou AéYou avTaywvLoTxdTNTag Tou online aAyopifuou (oo ue
¢ — ¢, mou unepPalvel To péyloto embuuntéd. Luvende, av 0 ALG elval 6vTwg
C-aVTAYWVLoTIXGS, TOTE dev uTdpyouv xUxlol apvrtixol Bépouc otov G'.

'Ouwe, oe évay xatevbuvouevo Ypdpo ywelc xixhoug apvntixol Bdpoug
unopolue va optoouue Ul mpayuatixy cuvdptnon @ enl tou ocuvéhou Twy
%0pLOAY, TéTol Gote av e = (u,v) xat

w'(e) = w(e) + (u) — (v),

161 w'(e) > 0 yio x40e axuy| e [Tar83]. Lty nepintwon touv G/, pLo xotdh-
AN @ uropel va xataoxevaoTel evxola wg e€fc. Hpdta Bétouue ®(vy) = 0
yioo xdfe dhhn xopuoh v tou G', n P(v) Looltar ye To ehdyLoTo Bpog Lovo-
notiov ent tou G ue agetnpla TV vy xat tpooploud Ty v. H mpoxdntovca
® dev elvaw dAAn and ™ {nroduevn ouvdptnon duvauixol, yden otny omola
TEXUNELAOVETOL 1) C-AVTAYWYLOTIXOTNTA TOU ALG.

AZomoldvtag TNy aveTtépw datinwaor, elval egxty 1 edpeon Tou Adyou
c ue yphon duvauwxol mpoypauuoatiopol. Apxel va Oewprocouue éva ypou-
w6 mpbdypauua ye obvoro uetafintdy {c} U {P(v) | v € V(G')} »a va
AnATACOVUE TNV EAXYLOTOTOINGT TOU ¢ UTO TOUS TEPLOPLOUOVUS TOU GUVOAOU
{w'(e) > 0] e € E(G")}. To napandvw téyvaoua éyet yenoruonoinbel ent-
TUYOS OTNY ATOBEEN dVe PEAYUATWY YLl UxpoU UeYEHOUS OTLYULOTUTO TOU
npoPAfuatog twv k-eZunnpetntdy [KarlMMO90, LR94|. Molatadta, av emt-
YELPNOOUUE VO TO EQUPUOCOLUE OE TILO YEVIXE XAl eVBLopépovTa TeoBARuaTA,
dtamotdvouue 6Tt 0 Ypdpos G mpoxUnTel anayopeutixd ueydioc. Enouévoc,
1 mpoxTixt| Tou alio elvol eEatpeTind TepLOpLOUEVT.

‘Etol howndy, ou cuvapthoelg duvaulxo) xatd xavéva avoxahinTovTal Ueé-
0w SOXWOY XL ATOTUYLAY. XTIC TEPLOGHTERES TEpLTTMOOELS, OéTouue xdnola
dtatolnTind xpithpla Ta onotar anoteAoly UETPO NG «amboTAOT S, SNhadH Tng
Stapopde, netalld tne xatdotaong tou online alyopibuou xat exelvng Tou BéA-
tiotou offline ahyopiBuou. Avauévouue (4 udirov eknilovue) 6L évog xortdh-
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ANhog YeauUx6S GuVSLACUOSC TwY XplTNelwy auTtdy Oo tapdiel Ty mpoado-
XOUEVY oLVEETNOT SuVaULXOU.

Méota, ot Bern, Greene xat Ragunathan [BerGR93] autouatonoinooav
uépog g Stadixaotog avalAtnong ouvavapTRoEwY SuvaULXoU YLo TEOBAAUATA
uotpalouevng Aavidvouoac uviung. Hrol, ag’ 6tou xabdpioav Tic cuvioTdoeg
and Tic onoleg éxplvay 6TL Oa émpene va amoteleltar 1 P, yenowonolncay
YOAUULXO TROYQRUUUATIONS YLo TNV EUPEST] TV PEATIOTWY GUVTEAESTOY (HOTE
va emiteuyfel o Wavixde Adyog avTaywvioTixdTnTaC.

2.2.2 Kdtw gpdyupata

oty amddeln xdte epayUdtwy Tou AdYou avTaywvLoTixoTnTag, elval ou-
viBog Bohixd va Bewpolue ulo xaxdBouAn gavtactixy ovidtnTa, Tov avtinaio
(adversary), o onotog avauetpdtol pe tov und e&étaon online ahydpliuo ALG
mou emthleL To mpdBAinua II. Yuyxexpiuéva, o avtinahog éyel T SuvatdTnTa VoL
xataoxevdlel otiydtuna Tou I xau va utodoyilel n BéATiotn Adon Toug — ue
offline tpém0 Puod, apol Yvwellel 6An Ty exdotote eloodo! Emniéoy, Eépel
enaxplBOc THC AettoupYel 0 ALG. Xtdyoc Tou, howmdy, elvar vo dnuiovpyroel
évo. oTLYUL6TUTIO 0710 omolo o online alydplbuoc Ho napoucidoel Tn yelpdTEEN
duvaty] enldoor WS TEOS TNV AVTAYWVLOTIXY AVEAUGT).

Yuyvd arodidouue TpoadLoplopols 6Tov avTinaho, avaAoYd UE TN OTEO-
YW Tou axoloubel. Idaitepo evdiagépov napousidlel o Aeybuevog annvijc
avtinarog (cruel adversary). Ilpéxertar yia yla évvola mou dev oplletat au-
otNed, 6mws xoL dAkeg mou €youue HON cuvavthioel. Xovdpwd Guws, évag
tétolog aviinahog emdidxel oe xdbe PrAua va auvZdvel To xbotoc (1 va YeLdveL
10 %€pdoc) tou online akyoplfuou, dveu apvntixol aviixtinou otov offline
ahybplbuo, 6mou autéd elval eguxtéd. H ouunepipopd Tou annvi avtindiou avo-
dewevietal evapyéotepa oTny anddeléy Tou Tapaxdtew Bewpruatoc.

Ocdenua 2.6. [ST85a] Eotw ALG ornowodfinote aitioxpatixdc online adyd-
ptluoc yia to mpdBAnua oeAidoroinons uviuns. O Adyog avraywviotixdtytag
Tou ALG armoxAeletar va elvar uixpdtepos andé k.

Anddeln. Ynobétouue 6Tl apyxd o ALG xot o Béitiotoc offline ahydplBuoc
OPT €youv otn yeRyoen uviun to (8o ovvoho cehidwy A, ue |[A] = k. O
amnvig avtinahog autonepLoplletatl, tepthauBdvovtag otny axohoubio eto630uL
uévo autroels mou agopoly oeAideg Tou ouvéhou A U {p}, énou p ¢ A u
avbalpetn oeAida. Ppovtilel bung Hdote xdbe Qopd va {ntd xdmolo ceAido Tou
dev Peloxetal exelvn ) otiyur otn yeryoen uviun tou ALG, a@ol eEdhhou
Tévtote undpyet TouAdytotoy uia tétow. H axolouvbio o mou oynuatileta
unopel va éyel ooodrimote peydho urxog xat toylel nbotog,, (o) = |a].
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Arnopéver va detéoupe otu:

n60t0C¢ . (0) < {%—‘ )

Yrevbuulletaw 6TL 7 Yeriyoen uviun tou offline adyopifuou elvor dtapxde Thh-
ong. Apa, xdfe @opd mou avaxtd po oeda p’ amd TNV apYr UVAUN UTOYEE-
oUtat vor amouoxpUvel xdnota dhhn. O OPT avtixaliotd exelvn tn oeAida p”’
oTtny omola dev MEdXELTAL Vo YIVEL avaQopd Yo TO UEYAAUTEQO BLACTNUA OTO
uéov.2 O ahybptBuoc Bo yperaotel vo mpoomeldoel ™V apYY UvAUn Zavd
uévo étav Innbetl n p”. 'Ouwg, tpotol cuuPel autd Oa yecorofricouy aLth-
oelg Yiot OAeg Ti¢ k — 1 undhoineg oehldeg mou TapaUEVOUY GTN YR YORT UVHUN
xaL eVOEYOUEVWS XaToteg Yl TN véa aeAida p’. Xuvende, av uia altnon ava-
YxdoeL Tov OPT va xatofdhet xéatog 1, ol endueves k — 1 (tovhdylotov) Ha
eavortotnfoly ue undevixd x60Ttog. O

Eivow aglompboexto to 611 0 avtinarog dratneet to Péhtioto offline xbotog
oe yaunid enineda Slatundvovtag aThoelS Yo LOALS b + 1 SlapopeTinég oe-
ABec. Amb tnyv dAAN Uepld, 6mwg €xovue NN det, undpyouv k-avtaywvioTixot
ahyobpLbuot yia to TeéBAnua ceidornoinong, oL omotol elval ETOUEVOS Ol XohU-
TepoL SuvaTol CUNPWYA UE TNV AVEALOT) AUTY.

Yy avetépw anédelln forinoe xafoplotind To Yeyovig 6Tl 1 otpatnyxn
mou e@apuélel o OPT umopel va meptypagel mohd anid. 'Etot, 1 ebpeon tou
offline x6otouc xatéotn oyeTind edxOAN, TEdyUa Tou dev cuuPalvel cuvAbwc.
Méhiota, moArd online mpoPAiuata mou €youv ueietnlel elvar NP-8Uoxola,
dnhadh o utohoyioude tne PérTiotne Aione Toug (Ue Tic Uéypl O UERA YVOOELS
uac) ouvotd e ialtepa ToAdmAoxn Swadixactia. Eutuyde, dev elvan onwo-
drimote avayxalo vo npoodiopioovue to eNdyloto Suvatéd offline xéotog, ahhd
apxel va Bpolue éva xaTdAANAO dvw @edyud auToU.

‘Evag tpémog yia vo emtdyouvue xdtt tétolo elvan va AdBouue to uéco
6p0 T0U *6GTOUG ULag cUAROYHC akyoplBuwy. Hrol, avalnrodue €va olvoho
{ALG1, ALGy, ..., ALG,, } olyoplOuwy, tétolwy Gote btav évag annvic avti-
Tohog xatooxeLAleL UL axolovbila o e oxomd VA UEYLOTOTOLACEL TO X60TOG
evég online adyopiBuou ALG, to dfpotoua and ta x601n TV M akyoplbuwy Yl
eloodo o dev umepPaivel éva otalepd ToAAamAdGLO0 Tou avtioTolyou X60TOUG
T0U ALG. Me dhha AoyLa:

m
Z n6070C, ;. (0) < ¢ ndotog, 4(0),
1=1

vyl xdnoto ¢ > 0.

2MopdPahe e ) Aertoupyia Tou online adyopifuou LRU.
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Evloya, xdnotog and toug m akyoplfuoug éyel x6oTog uixpdtepo 1 too Tou
uéoou 6pou tou xb6oToug Ghwy. Emedr €€ oplouol 1 entdoon tou BeitioTou
ahyopibuou etval Touhdyiotov e€loou xahy| ue exelvn omoloudhmote ex TV
ALG], ALGy, . .., ALG,;, 0 AOYOG OVTOY WVLOTIXOTNTAC TOU ALG QpdooeTol XdTw
and 1o .

'Onwg €yovue det, 10 TEOBANUA TV k-eEUTNEETNTOV OE OUOLOUOPPO UETEL-
%6 YOO elval LoodUvouo Ue To TedBAnua oeldoroinong, yia To onolo detfaue
6Tl 0 Aoyog avtaywvoTixdtntag xdfe online adyoptbuou etvar > k. Xenowuo-
TOLOVTAS TNV TEYWLXT Tou UOALS Tapouatdooue, Oa yevixeboouvue to amotéhe-
OuUd AUTO YLl OTOLOBYTIOTE UETELXO Y MDEO.

Ocedpnua 2.7. [MMS88] Eotw ALG onowadfimote aitioxpatixds online al-
Yéptuoc yia to mpdBAnua twy k-elunnpetntdy, oc uetpixd ybpo M ue k+1
1} meptoodtepa onuela. O Adyog aviaywvioTixdtntas Tou ALG anoxAcletal va
elvar uixpdtepog and k.

Arddeiln. O avtinahog emhéyel axpBdc k + 1 onuelo: exelva ota onola ap-
xxd Peloxovtal o k e€unneetntée, Ta onola cLUBOAMLOVUE p1, P2, . . ., Di XA
€vol axoéur, €0Tw Prr1. Ol ATHOELS TOU AVTINEAOU 0pOEOVY ATOXAELGTIXY OY-
uela Tou auvérou {p1, P2, ..., Pk, Pet1}- ‘Ovtag amnvic, o aviinahog ndvrote
{ntéd To exdotote onuelo dmou o ALG dev €xel eCunnpetnth. 'Etol Snulovpyet
axohouvbio artioewy uixoug N, 1o omolo umopel va elval ameplbploto UEYEAO.
Av ouuBoMoouUE 0 = Dpy, Pryy - -, Dry TNV EV AOYW axoloubio xat ¢, To %6-
oTo¢ avornolnone tng f-oothc attnong, téte v £ = 1,2,..., N — 1 woyVel
ce = d(Pry, Pryy ). O0 €xouUE ETOUEVOS:

N-1
n6010¢,,,(0) = d(pmprul) + N
=1
[Mo va gpd&ouue dvw to BéATIoTo ®60TOG WKavoroinong tng o, Ou xato-
oxevdoouue k alyoplfuoug ALGy, ALGo, ..., ALG, TETOLOUG (OOTE

k
néotog,, (o) > Z uéotog, ;. (o) + 0, (2.7)
i=1
6mou b otafepd. Ou alydplbuol autol Aettoupyoly wg e€hg. H mpdtn attnon
e 0 aQopd TEOPAVAS TO oNUElo pry1. ToTE, yia 6ha o 4, 0 ALG; LXOVOTIOLEL
™V altnon yetoxvdvtag Tov eCunneetnty tou Beloxetat oto onueto p;.
Dpovtilovpe HGoTe Yo To UTGAOLTO TS axoAovliog va Loy Vouy oL TaEAXATw
avarrolwTeg WLdTNTES:

o Kdfe alybplfiuoc ALG; €yel évay eCunneetnty oto onueto mou {nthbnxe
TLO TEOCPATA.
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o Avé mdoa oTiyun, av i # j, 161 To onuelo oto omolo dev UTpYEL
eCuTNEETNTAS TOV ALG; dlagépel and To avTtloToLyo YLot TOV ALG;.

‘Eotw Aowndy 611 @Bdvel altnom yia to onuelo p,,. AxpBdc évag and toug k ak-
yoptfuoug uetaxivel Tov eunnpetnty nou Beloxetal oto onuelo p,, , Gote va
TNV XaVOTOLACEL, EVEK oL UTOAOLTIOL BEV ELVAL UTOYPEWUEVOL YA XEVOUY XdToL
evépyela. Edxola damotdvouue 6Tt T0L0UTOTROTWS aUPOTERES Ol avahAolw-
TEC SLaTnpoUvTalL.

To ouvohixd x60T0C TWY ALGy, ALGy, . . ., ALGy LoOUTOL UE

k k N-1
Z U60T0C, . (0) = Z d(pi, Pr+1) + Z d(preaerl)
i=1 i=1 =1

k

= Z d(pi, prt1) + né0t0C,, o (0) — N -
i=1

‘Ouwc ey > 0, dpa 1 (2.7) aknfedel yia b = —Zle d(pi, Pr+1), TOU elvau
ave€dptnto g 0. Emmhéov, ndotog,,.(0) < ubotog, , (o), v xdbe .
Katd ouvénea:

k
k - #66T0C . (0) < k- min {uéotoc,,, (0)} < Z n6070¢, . (0),
1
i=1

ondte
n6070¢,, ,(0) > k - néotoc, (o) +b.

Agot o avtinalog umopel vo Snuioupyhoet uia axohoubio authoewy ue 0cod%-
mote UPNAS cuvohixd x60TOC Yo ToV ALG, To unt’ b Bedpnua LoyVeL. O



Kegdhowo 3
Randomized Online AAydpLOuot

Méypt tdpa, 6Aot ot online ahydbptbuot mou e€etdoaue Htav atttoxpatixol (de-
terministic), Snhad? n ouunepLpopd toug yia xdbe dedouévn eloodo rav povo-
ofjuavta optouévn. Mnopolue duwe va fewprioouue xat randomized ahyopih-
uoug, ot omotot €youv TN SuvatdTHTA Vo Talpvouy amodoelg ue Tuyato TedTo
xotd ) Aettoupyla Toug. Me dAha Aoy, unofétoupe bt plyvouy (etcovixd)
voulouaTa oL evepyolyv avahdyws Twy anoteheoudtwy. Evloya, tTa xb6o1n 1)
Ta %x€pdn Tétowwy ahyoplfuwy elvar tuyaieg yetofAntég, enouévag 1 enidoot
Toug xplvetal and TN wéon TR AUTAY YLd T EXAOTOTE OTLYULOTUTO ELGGSOL.

3.1 Boaowol opitopol xoL nopadelypato

Yy nepintwon Twv randomized online akyopiBuwy, n €vvola Tou avtindiou
elvor mo olvletn. Ewdwdtepa, axolovbdvtac tic datundoeg twv Ragha-
van xou Snir [RS89] ot Ben-David, Borodin, Karp, Tardos xoat Wigderson
[BenDBK190] dtaxpivoupe adpouepds 8Ldpopouc THnMoug avitndAwy, avahs-
YOS NG YVAOEWS oL €Y0LY Yla TIg Tuyaleg ano@doels Tou aAyoplfuou xa
Tou TpPbToU e Tov orolo Bploxouy T dixn Toug AUoT Yio T CTLYMOTUTO TOU
TpoPAuatog Tou ol (dtol xataoxeudlouy.

o 'Evac adaric § emtAfjouwy (oblivious) aviinahog emiéyel €€ apyhc Ty
eloodo nou O Tapovsidoel otov online adybpliuo, ywelc puoxd va yvo-
eilet Ty éxPoon Ty unoleTindy pldewy vouloudtwy olte Tig anogdoelg
mou Aapfdvel o teheutalog Bdoel autdy. Toviletal duwe 6Tt 0 avtinarog
Eépel mdg Aettovpyel o akydplbuog xar ouyxexpluéva ue ol thavétnTa
evepyel Ue Tov évay 1 Tov dAlo TpéTo ot xdbe TepinTwon.

o 'Evac npooapuootixde (adaptive) aviinoahog éyet avé ndoa otyud nhien
yYvéhon g xatdotaong otny onota Peloxetol o ahydplbuog, dpo ot Twy
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Tuyalwy anogdoewy mou ehipbnoav. Me tolta To dedouéva QPTLdyVEL
xd0e Qopd To embuevo TuHUA TNg eloddou mou Oa TpopodoTroel GTOV
akybebuo, Sev elvar uwg oe Béon va mpofAédel ex Twy TEoTépwY TO
ATOTEAEOUA TWV UEANOVTIXGY plE®Y YouLoudTWY.

YUVETHE, oL TPooaPUooTLXol avTimaAol dev elval ex TwV TPoTépwy [3é-
Batot yar TV TEA Loppn TS eLoddoL TNY ontola dnutoveYoly oTadloxd:
eCoutlag aUTOU, XATNYOPLOTOLOVYTAL TEPALTEPW WS EENC:

— 'Evog mpooapuootixdc online avtinadog emhdel ue online tpémo
T0 oTLYPLOTUTO Tou TpofAfjuatoc. Anhady, oe xdbe Briua e€etdlet
TO XOUUATL TOU oTLYULloTUNou Tou éyel oploTixonolnfel uéypl tny
exdotote ottyuh xou anogacilel mola (Ueptx)) Adon Ha ddoet yia
auTod, Ywele udAoTa va Eépel axdua TNV avtiotolyrn uepxt) Alon
mou €xel Ppel o alydplbuoc.

— Avubétwg, évag mpooapuootixds offline avtinakog mpdta ohoxin-
PMVEL TNV XUTACKELT| TOU OTLYULOTUTOU — 0ToTE YVWwellel TAéov TNV
TeEA] Loppt Tou — xau Uotepa utohoyilel T BéATiotn Adon Tou.
'Onwg Aowmdy mpodidel To 6voud tou, 1 Aettovpyia Tou elval ouota-
otxd offline.

Towoutotpdénwe, xat’ andhutn avaroylo ue toug Oplopolc 1.1 xar 1.2,
€Y OVUE:

Oplowégs 3.1. Evac randomized online adydpifuo¢ ALG mou emtAlet to mpd-
BAnua I1 Oa Aéyetar c-avtaywviouxde evavtiov adady (rpocapuootixdy on-
line, mpooapuootixdy offline) avrindiwy av vrdpyer otabepd ¢y tétoia dote
via xdfe adar (mpooapuootixd online, npooapuootixd offline) avrinado ADV
va toyUet

Enéovoc,, (1) — ¢ - nbotog,,, (1)) < ¢

[ 5 EMépdog,,, (1) — c-népdoc,, . (I)] < ¢ |,

émov I to otiyuidtuno nov xataoxevdlel o avrinaros xaldc aAAnlemdpd ue
tov ALG. H avauevduevn wul E[| Aaufdvetar wec mpoc dAe¢ tic tuyalec
arnopdoets Tou adyoplbuov ot omoles elvar duvatd va Anpboly yia to ouyxe-
XPUUEVO OTIYUIOTUTO.

Ynuetwtéov 6Tt edixd Yo adaelc avTindhoug oL Tapandve oYEoElS ATAoU-
oTEVOVTOL WS eENC:

Enéotoc,,(I)] < c¢-néotog,,, (1) + o

f uépdocg, (1) < c- E[uépdoc,, (1) + co |,
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%L TOUTO SLOTL 1) CUUTEELPOEE EVHS TETOLOL avTLTdAou dev anoTelel cuvdpTnom
xavevog Tuyatou yeyovétog. Katd ocuvéneln, téoo 1 eloodog I 660 xaL To
néotog, (1) f 1o népdocg,, . (I) dev elvon tuyales puetafntéc.

Opiouds 3.2. O Adyos avraywviotixétnrag evés randomized online adyo-
pluov ALG evavtiov avtindiwy tUmov ADV elvai

ALG

APV 2 infle
evavtiov xdfe avtindrouv tOTouv ADV

0 ALG elvat C—OCVTO(YCOVLGTLXéC }

Elyaote mhéov oe Oéorn va avarioouye randomized ahyopifuoug yia on-
line mpofAfuata. Kat’ apydc, enavepyduaote oto npdfAnua tne oeAdomnol-
nong uviung xot uehetolue tov anhovotepo duvatd randomized alydpibuo,
Tov enovoualouevo RAND. ‘Otay 0 TEAEUTALOG TRETEL VO AVTIXATACTAGEL ULl
oelida mou Peloxetal ot Yeriyopen uviun, emAéyel Tuyalo XaL UE OUOLOUOPYN
mhavotind| xatavout| xdnota and éAeg tig k oehideg. H avtaywviotixdtntd tou
TEXUMPLOVETOL amd TO Tapaxdtw Hedpnua, To onolo ogelketal otoug Raghavan
oL Snir.

Ocdpnua 3.3. [RS89] O adydpifuoc RAND elvar k-avtaywviotixds evavtioy
TpooapuooTIXGY online avTitdAwy.

Arddeiln. Opllovue ouvdptnon Suvauxol ¢ wg ehc:
P; £ k(k—¢y) .

6mou ¢; 1o Thifog Twv oelldwy Tou Beloxovtol otn Yeyoen UVAUN %ol TOU
RAND X0l TOU avTindAou ADON, UeTd TNy xavornolnor tng i-0othg altnomng.
'Eto, av t; 10 x6070¢ TOU RAND 670 i-007T6 By Tne Aettoupylag Tou, T6TE 10
avtiotolyo x6otog uet’ andoPeong elvat, xatd To YVwotd, a; =t + P, — ;.
Yrevluuileton étu ta ¢, a; xaw ®; elvon Tuyaleg petafintés. ‘Ouwg, € oplouol
n ¢ gpdooetal xdtw and to undév. Enouévwe, apxel va del&ovue btu Ela;] <
k- Elo;], ywt x&0e i, 6mou 0; 10 xboT0¢ txavonolnong tng i-oothc altnong and
Tov ADON. looddvaua,

E[®;, — ;1] < k- E[o)] — E[t] . (3.1)

E&etdlovue Aowndy tnv xatdotaot tou ahyoptfuou ol Tou aviindiou oué-
owg ey TN AN tng -ootrg altnong. XuuPoAilovue pe X xat Y 1o odvola
oehidwy mou Beloxovtal ot Yeryoern uviun Twv RAND xo. ADON avtioTolya.
©étovue Z = X NY, ondte |Z] = ¢;—1. Xwplc PAIBN g yevixdtntog, Oew-
poVue 6Tl 0 avtinahog elvon amnvic xat Intd wa oedido p ¢ X. EEdAov, av
p € X, t6te t; =0 x ©; < D;_q, dpa n (3.1) toylel teTprupéva.

Anouévouy ouvendg ta axdhoubo evdeydueva:
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1. p € Y: Av 0 RAND anopaxpivet and 1 Ypfiyopn UvAun wo aehida p’ € Z
yo vae Béhet v p ot Béom g, tote @; = O, 1. EWddAwe, av p' ¢ Z,
Oa toyldel ¢ = @1+ 1 o &; = @, — k. Adyw Tou TpdTOU AetToupyiog
Tou ahyopifuou, n mbavétnta va éyouue p’ € Z elvar =, enouéveg N

AVOUEVOUEVT UETABOAY) TNG OLVAETNONG BUVAULXOU LEOUTAL UE

Pi—1
k

E[®; — ;1] = (1— ) (=k)=¢i1— k< -1,
apobp & X = p ¢ Z = ¢ioq1 < k—1. Enedft, =1 xuw o0, =0, n
(3.1) anBedeL.

2. p¢Y: O avtinalog elvan umoypewuévog vo avtixataoThoel Ut oelda
P’ €Y ue v p. Awxplvouue 8o nepintdoelg:

() p" ¢ Z: Av pe 1t oelpd Tou 0 RAND amouaxpUvel and ) yehyoen
uviun wo oeNda p’ € Z, t61e ¢ = ¢i1, EWIAWDS ¢ = ¢i—1 + 1.
Ye xdfe nepintwon, ®; < O, xavemed k-0, —t;, =k-1—-12>0,
1 (3.1) woavomoteltat.

(B) p" € Z: Av ye ) oepd Tou 0 RAND amopaxplvel and ) Yeryoen
uvhun wa oehida p' € (X — Z) U {p"}, t6t€ ¢y = ¢i1, ondte
O, = &, 1 eWddAhwc ¢; = @1 —1 xow &; = &, +k. H mbavéinta

va emheyel wa p’ € Z — {p”} elvar %, Gpa
=1
E[®; — ®; 4] :kf'(blT =¢i1 — 1<

enainfedovrac v (3.1).

Egboov ue 1o npoavagephévta e€aviifooue xdbe duvatd evdeyduevo, 1
am6delln €xel ohoxAnpnbet. O

Ex npdtng édewe, 1o napandve anotéhecua dev elvar Wialtepa evlappu-
VTx6, apol 0 RAND Oev qalvetol va emtuyydvel xailtepn enidoon an’ 6t
€vag aLTloxpaTinds adyoplbuog. Améd Ty dAAY, duwe, TeéneL Vo Tovicouue 6T
0 RAND elvat auvijuwy (memoryless), Snhady| dev anattel entmhéov yHpo uvi-
unc ywa ) Aettovpyta Tou. Avtibétwg, dhot ol akydplfuol ouavong, Adyou
xéemn, yeetdlovral (k) bits uvAune dote va anofnxedouy to Toteg axplBic
oehldeg elval oeonuoacuévec.

Ac¢ ueketiooupe tdpa évay randomized ahybplbuo ohuavong mou amoxa-
Aeltar MARK xat avaxailenxe anéd Toug Fiat, Karp, Luby, McGeoch, Sleator
xou Young [FiKL*"88]. To yapaxtneiotxéd to onolo tov daxplvel and toug
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unéhottoug akyoptbuoug Tng Blag xatnyoplag elvan Twe, dtay unoypewbel va
amouaxpVVeL uia oeAida and T yeryoern uvAun, emhéyet Tuyata xal Ue ouold-
uopon mhavoTtix| xaTavour| xdmola €x TV U CECUAOUEVWY CEMBWY.

Ocdpnupa 3.4. [FIKLT88] O adydpifuoc MARK elvar 2Hi-aviaywviotixd
evavtiov adady avtndlwy, énov Hy = Zle it 0 k-o0té¢ apuovixde apib-
MOC.

Arddeién. Yrobétouue 6TL 0 MARK xat 0 adafic avtinalog OBL €youv apyixd
T1¢ dieg oeAldeg oty yeryoen uvAun. Katd ta yvwotd, n Aettovpyia Tou MARK
ue eloodo v axoloubia o mou xataoxevdlet o OBL ywpelletar oe @doeLg
(BMéme Ymoevétnta 2.1.3). 'Eotw X; 10 olvoho ceMBwy mou Peloxovial ot
Yeryoen uvhAun tou akyoplfuou auéowe mply apyloel 1 i-0oTY @dorn xo Y; To
oUvoho Twy oeABwy oL omoleg {nrodvtal ot didpxeta tng TeAeutatag. Katd ta
Yvwotd, | X;| = |Y;| = k. Axbun, Oétovue m; = |Y;— X;|. Toyder m; > 1, Sibtu
onwod¥moTe N TN altnomn TS pdong agopd oehido mou mpémel vor avatniet
and TNV oY LVAUT.

Xople BAEEN g YewxdtnTag, unopolue va Bewpricouue 6Tl yior xobeula
amé Ti¢ oehideg Tou Y; StatundveTol axelBeg uia altnomn eviég tng i-0oThHS Qd-
onc. Hpdyuatt, Tuydy emduevec atthoels yia TV dla oehida Ba txavonolovvto
ue undevixd x60tog and Tov MARK, a@oU UETA TNV TEOTYN TEOCTEAAOT] 1) GEAL-
da Bploxetanr onwodhnote 0N Yeryoen uvAun xoL tapauével exel TouldyLoToY
w¢ To TEAOC TNE pdomng.

Edxoha dtamiotdvouue 6T 1) yewpdtepn teplntwon yio Tov akyodplfuo elvar
va {ntnoly mpdTa oL oeAdec Tou cuvoiou Y; — X; xal xaTémLY oL UTOAOLTES,
oL omoleg avixouy oto Y; N X;, agol t61e b elvar yeyiotomoletiton n mbavo-
TNTa xdmoteg amd Tig teheutaleg va €youy Ndn amouaxpeuvlel and T yeryoen
uviun. MéAiota, éotw p; 1 j-00TH xotd oelpd oeAlda Tou Y;NX,; Ttou {nteitoL.
YuuPoAilouue M;; 10 6UVOAO TWV GEONUACUEVDY GENBWY auéong Ty @hdoet
n altnon yw v p;. Hpogavde, howndy, p; € X; — M;;. Apa, n mbavétnra va
Beloxetar 1 p; otn YerYoRn UVAUTN EXELVY TN OTLYUT LoOUTOL UE

(| p e Xi = My) A (p otn yeryopn i)}t _ k= (J —1) —m

{p|peXi— My} k—(—1)

Yuvende, To avauevouevo x60tog Tou ahyoplfuou xatd Ty und e€étaom @don
elvo

mﬁ; (1_ F—G—1) ):mﬁz F—G-1)

j=1
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agol m; > 1. Enoyévwc:

E[16070C, e (0)] < > miHy .

Anopével va Ppolue éva xdtw @pdyua yio to néotoc,, (o). 'Etot, apxel va
nopatneiooue 6Tt xatd T ddpxela tne (¢ — 1)-00Thg xaL Tng -06ThS Ylong
Cnrouvtan ouvolud k +m; Y meptocdtepeg SlapopeTinég oehideg. Anhady, yia
x&be i > 1, o aviinadog vplotatar x6aTog ToLRdyLoTOoV M; 6TV (i — 1)-00TH
xal Ty -00T @don uall. Emmkéov, xatd tny mpdTn @don extehel > m
TeooTENAOELS TNS apYNS UVAUTNG, ondTe aflpoloTixd €youue

1
16610y, (0) > 5 Zmi ;
(3

Tou amodelxyVeL To embuunTtéd anoTéAeoua. O

Ou AyAémtac, Chrobak xat Noga [AcCN96] npoodibptoay tny axplB T
TOU AGYOU AVTAYWVIOTIXOTNTASC TOU MARK, 1 omota elvar 2H; — 1, epboov
OUWS N apYY) UVAUN TeplEyel Touldytotov k + 2 oehideg. EWdiiwg, otny
eduy) mepintwon mou ol oeAideg TN apYNg uvAung etvar wévo k + 1, edxoha
SLATLOTOYOLUE OTL 0 MARK elval Hi-avTayovoTixdc.

3.1.1 O randomized teheoctic MIN

Yy Yroevétnra 2.1.4 avagephiixaue otov tehectd) MIN, o onolog pag édive
N SuvatdtnTa va ouvdudoouue online adyopifuouc ue xahy enidoon oe emi-
UEEOLS OTLYULOTUTIA EVOC TROPBAAUATOS, GOTE VO XATAOKEUAGOUUE VOV AVTA-
Yovotixd alybplbuo v to yevxdtepo mpéPBAnua. Ou Fiat, Foster, Karloff,
Rabani, Ravid xo Vishwanathan [FiFK91] avaxdiudav pia randomized no-
pohhayy) tou MIN, tnyv omola BeAtiwoav Alyo apydtepa, ou Azar, Broder xou
Manasse. H enidoon tng teheutatag texunpidvetal and 1o axéiovbo Bedonua:

Ocdenua 3.5. [AzBMI3] Aivovrar orowidirote m online adydpibuot yia
éva uetpixd ovotnua cpyaotdy. Eotw 61t o i-00téc €€ autdy Eyet Adyo
aVTAYVLOTIXOTTAC a; evavtiov adady avtrndiwy oe éva vrnootvodo I; tou
ouvérov T 1wy otyuotinwy, 1 < i < m. Av woyder |JZ; C T xar ALG* =
RMIN{ALGy, ALGy,...,ALG,,}, T6TE

C;?II,BGL* S 8f({(l1,(12, .. .,(lm}) )

érov n f opiletar avadpouixd yia xdfe noAvolvodo Getixdy apifudy A wg
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eérc:
((f(0)20
Ly f(A - {z})
fA) & ——
PP
\ z€A

EmrAéov, onowodiinote dAdog ouvdvaouds twv m autdy adyoplfuwy emituy-
xaver Adyo avtaywviotixdtyras dyt xaAdtepo and f({a1,as, ..., an}).

Egboov n aveotépw optouévn f elval dppnxta cuvugaocuévn ue tny enidoon
tou tekeot) RMIN, a&ilel vo T UEAETHOOUUE TEQALTEQW.

Ilpétaoy 3.6. Eotw m mpayuatixol aptbuol x1,%s, ..., Ty, TETOWL GOTE
0<mz <9 <--- <. Houvvdptnon f éyel ti¢ napaxdto (di6tnteg:

1. lim f({z1, 22, ..., 2m}) = f({za, ..., 20 }) .

x1—0

fHz1, 22, ..., 20 }) yvpolug avéovoa we mpoc xdlbe x;.
fHz, 22, xm}) > @,

Hm'xl S f({l’l,l'g,...,l’m}) SHm'xm .

Tt Tt Ty
- :

ml’k m fL'k
. [AzBM — < — <
0 [ Z 93] Zk—kzx1+...+xk—

™ e

5. f({zy, e, ..., xm}) = Him

Anddeiln.
1. Me anhy) enaywyh wg Tpog m.

2. EVxoha Swamotdvouue 6T 1 f elvon mopaywylown og tpog xdbe ;.

Enouévoc, apxel va deuyel btu yia x80e i € {1,2,...,m} toylet
8f<{.§lf1, T, ... 7~Tm})
>0. 3.2
o, (3:2)

[ 0 oxond autd, eQupUdlOVUE YEVLXELUEVT ETAYWYT WS TROS M.
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o I'ia m =1, mpogavde f({z1}) = 1 xu %ﬁ:}) =1>0.

e Ynobétouue 4tL undpyel xdnowo ¢ € N* té€tolo Gote y Oha Ta
m < € va toyVel 1 (3.2). Adyw xau g (1), O elvar

fHzy, o, .. ) > f({xr, 20, oy} — {i})

YL TIC GUYXEXPLUEVES TUIES TOU m o Yo xdbe @ € {1,2,...,m}.
Téte, Oétoviag m =0+ 1 xouw X = {1, x9,...,Tp11} €YOVUE:
9f(X)
>0 <— 3.3
o, (3.3)

andl =D Die e DBl

=1 j=1
i
- Hzf(X—{xj})] (_%)N .
j=1 'T.] xi

7 j=1 'T.] j=1 J
J#i J#i
n  OfX—A{x;}) < "9 )
Oz
e —
2\ &5
7j=1 7=1
J#i

> 0.

P 1+ZfX {$J} Zf (X — {Jxlvxj})
]#Z j;éz

H nopamdvew avieétnta adnfedet, agol augpdtepol oL tpochetéol Tou
aptotepol pépoug elvar Yvnolwg Betixol dpa, to (dlo ouuBalver xon
ue ™y (3.3).
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Katd ouvénewa, n {nroduevn wbiétnta g f toydel yia xdfe m € N*.
3. Ané uc (1) xou (2), éyovue dueoa
fHz, 2o, zm}) > f{xe, o yxn}) > > f{om}) = T -
4. H 3w aviodtnTa yedeeTal tooduvou:

f({x17x17 s 7x1}) S f({xlax% s 7$m}) S f({xmaxma s 7"L‘m}) )
nou aknbelel Moyw tne (2). Evoloxtixd, uropel va tpoxder wg mdpt-
oua g (6).

5. Xpnowonololue xal TdAL ETAYOYY WS TEOS M.

o ['ia m =1, npogavde Loy vet.

e Ymobétouue 61t undpyel xdnowo £ € N* tétolo dote yia m = £ va
etvan f({w1, 2o, ..., 20}) > Hy - BEREFE Téte, yiwm = £+ 1
CUUTEPALVOUUE OTL

1 +Z f{xy, ... w1} — {i})

X

f({.’lfl, o, ... ,.TZJrl}) = = /+1 1 =
2
i=1
£+1 (T1t+zot4Tpp1)—2;
Hy - -
14y~ L
> = -
>!
— Ly
i=1
as g 1—"H,- 54—71
=M. Z 7+ &1y -
i=1
/41 1 _ H H—l (+1
(;) 2 x; N Ty Z
Y - 2 ' Ti =
—{ (0+1) —
(M L MR,
¢+ 0+ 1) '
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6mou oto onuelo (*) epapudoaue T Yvwoth avieétnta Aplbunti-
%00 Méoou - Apuovixol Méoou:

€+1 l’1+$2—|—"'—|—l’g+1
L1 = (+1
T T2 AR
6. BAéne [AzZBM93]. O

Toviletal 6T ot aviedtnTes (3, 4, 5, 6) elvar Waltepa ypfiotues otny Tpdln,
OLoTL Tapéyouy euxdAws utohoyiowa dvw xal xdtw gedyuata g f. A
O0TOVOUUE, Aottdy, 6T o randomized teAeotic MIN emtuyydvel ToAD xavo-
TouNTXOTERT ETLB00TY), GUYXELVOUEVOS UE TOV ALTLOXPATIXG OUOAOYS TOU.

3.2 H woyis tov aviindiwy

YuuBorilouue Clgi, Chnons CAoorr T0UC Pehtiotouc Aéyoug aviaywvLoTixd-
TNTac mou unopouvy va emttevyfolv ue randomized online ahyéplfuo Yo To
TedPAnua ehaylotonoinone xdotouc! II evavtiov onoloudhrote adaolc, Tpo-
copuooTixoy online xat mpocapuoctixoy offline avtindhou, avtiotoiya. An-
Aadn, av Ry o olvolo twv randomized online aAyoplfuwy mou emidouy To
II, t6te

ALG

11 A ADON
CADON = inf {CALG )

I A ADOFF
Caporr = inf {CALG )

n & . OBL
CopL = inf {c ,

6TOU %L OTLC TPELG TepnTOoelc ALG € Ry. IMopouolwe, é6tw Cher 0 xo-
A0TEPOg AOYOS aVTAYWVLOTIXOTNTAS atTloxpatixol alyopifuou vy to II. H
ToEaXdTe TEOTUOT anoTEREL Ula TEMTN €VOELEN TLV BLa@opdy SuVaULXETN TG
LETAEY TV TELAY TUTOY OVTLTIAWY.

. I I I I
Hpétaon 3.7. Cop. < Capon < Caporr < Cper -

Anédeién. Kat’ apydc, €vog mpoocapuootixds aviinalog €yel 0 SuvatdtnTa
va uunfetl tn ouunepLtpopd adaolc aviindiou, av autd Tov cuupépel. Anho-
01, umopel vo emAéel and tny apy xdnolo otiyptétuno Tou II xar va Peel
N BéATioTn AUoT) Tou, ayvodvTag Tig Tuyales anogdoelg Tou randomized oh-
yopiOuou — ondte ev Tpoxelwéve dev Eyel onuaoctio av mpdxettal yia online 7
offline avtinaho. Xuvendg, to x6oToc Tou teheutalou dev Oa unepPaivel oe
xapta tepintwor To avtioTtolyo x6oT0g Tou aduolc avtindiov, enainbedovtog
TNV TEOTN AVLGOTNTA.

Lduowd, 1 Sratinwon Yo TpoPhfuata ueyloTonolnone xépdouc elvon eViEAGS avdhoy.
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Ev ouveyeta, elvat mpogavéc 6Tl yevixd o npocapuootixdg online avtinalog
dev Pploxel Tnv xohitepn Suvath Adon yia To oTLYULdTUTO ELo6B0U, TO omolo
xataoxevdlel emnpealOUEVOS xaL amd TIC TUYALES ATOPECELS TOU EXAOTOTE OA-
yoptOuou. Kdti tétolo duwc etvon BéPona eqpuxtd yio Tov mpooapuootixd offline

! z H H
avtinaro, dpat Capon < Capore-

Télog, umopolue va Bewprioouue 61t xdfe online alydpifuog, randomized
7 U”, QalVETOL WS oLTloXpaTixdg ot €vay avtinalo mou umopetl va mpoPBAédet
emaxplBig moleg Ba elvar oL Tuyoloeg ueEANOVTLXES amopdoelc Tou ahyoplh-
uou. Tolwoutotpdnwe, eneldr o avtinahog auTOC EYEL XATAPAVOS TEPLOCOTEQRES
duvatdtnteg and tov mpocapuootixéd offline, n teltn avicdnTa woyvet. O

Ou Ben-David, Borodin, Karp, Tardos xoa. Wigderson [BenDBK190] avé-
Auoay TepalTépw TN oyéon YETaED TwV avTLTdA®Y, 6Twe TpoxUnTel and Ta dVo
TopaxdTw Hewpruota.

Ocdpnua 3.8. [BenDBK™90] Fotw ALG évac online adydpibuoc ue Adyo
aVTAYOVLIOTIXETYTAS v evavTiov mpooapuootixdy online avtindAwy. Ay undp-
et arybptfuoc ALG' yia to [Sio mpdfAnua ue Adyo aviaywviotixdtpras (3
evavtiov adadv avtindiwy, 16t¢ 0 ALG elvar af-aviaywviotixéc evayvtioy
npooapuootixdy offline avtindiwy.

Arnddeln. 'Eotw ADON’ npocapuootixds online avtinahog, o onolog yenoiuo-
notel Tov alydptbuo ALG' vl Aloel To otiypdtuno eteddou.? Av o 1 eloodoc
Tou xataoxeudlel o Béhtiotog npocapuooTixdg offline avtinahog ADOFF, téte

Eycéotoc,, (0) — a - udotog, 0w (0)] < o - (3.4)
'‘Ouwe, yvopllouue 6T
n60T0C, p o (0) = Earer[n607t0¢,, o (0)] < B 16010¢, 0rs(0) +¢1,  (3.5)

a@oV o ADOFF mdvtote Bploxel tn Adon tng o ue To eAdytoto x6otoc. Apa,
and Tic (3.4) xau (3.5) éyouue

Euc[néotoc, (o) — aff - n6010¢, o pn(0)] < o + acy

OTER TEXUNELOVEL TNV B-0VTAYWVLOTIXOTNTA TOU ALG EVAVTIOV TPOCAPUOOCTL-
x®v offline avtindiwy. O

Méhiota, To avwtépw Oedpnua elval BéATioTo, ue Ty évvola 6TL dev Umo-
el va ouvayBel LoyupdTERD GUUTERACUA YLOL TNV AVTAYWVLOTIXOTNTA TOU ALG
dtatnedvrog Tig (Bleg unobéaoelg.

20 ADON dev elvar xat’ avdyxmn o LoyvpdTEPOS SuvaTtds TPoCcUPUOcTIXGS online avtina-
hog, buwg autd dev emnpedlel Ty anddelln.
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Ocdpnpa 3.9. [BenDBK90] Eotw ALG évac online adydpibuoc ue Adyo
avTaywvioTixotnTas o evavtiov mpooapuootixdy offline avrindiwy. Yrdpye:
AUTIONEATIXGS (-aVTAYWYLOTIXGS aAybptiuos yia To (8o mpdBAnua.

Arnddeln. Tapahelnetor. O

Ynuetwteéoy 61l 10 Oedpnua 3.9 yevixd dev elval xataoxevaotind, unopet
buwe va ylver av ouvtpéyouv oplouévee Tpoinobéoels (Bhéne [BenDBKT90]).
And v dAAY, oe ouvduaoud e to Oedhpnua 3.8 AauPdvouue Ta e€¥c:

II6piopa 3.10. Eotw ALG évac online adydpibuoc ue Adyo aviaywviotixd-
TNTAC (v EVaVTIOV MpooapuooTixy online avtindAwy. Ay undpyer alydpibuog
ALG' yia to (8o mpdBAnua ue Adyo avtaywviotxdtyrac 3 evavtiov adady
avTndAwy, Tt Undpyel emions aiTioxpatixds of-avtaywvioTixds adydpll-

oG,

IMépwopa 3.11. Eotw ALG évag online adydptbuos ue Adyo aviaywvioTixo-
™Tag o evavtiov mpooapuootixéy online avtindAwy. Yrdpoyer aitioxpatixnds
o?-avtaywviotixds adydpibuog yia to (o mpdBAnua.

Xpnowuonoldvtog Toug ouufoitouols tou Béoaue otny apyn TG evoTNTAC,
Loy Vel
I I I 1
CogL - Capon = Caporr = Coer (3.6)

Xl
11 2 IT 11
(CADON) > Caporr = CoEr - (3.7)
Enouévac, av héyou yden yvwpllovue 6t Cher > B, t6Te ouunepaivouue
auéong 6Tt xdbe randomized online aAydplBuog ALG yia To 11 €yel Adyo avto-

YovoTxdTTag cADON > /B,

3.3 Kdtw gpdypate

'‘Ooo xou av galvetal tepiepyo, 1 ouvniéotepn uébodog elpeong xdtw Qpayud-
TWV ToU AGYOUL avtaywwioTixétntoag randomized online ahyopibuwy evaviioy
adady avundiey e€etdlel Ty entdoor artioxpatixdy adyoplfuwy oe mbavo-
Teég xotavoués otiyptotinwy. ' va yivouue cogéotepot, xat’ avaloylo ue
Toug Optopote 1.1 xau 1.2 dlvouye Toug e€rc:

Oplopés 3.12. Eotw P mbavotixij xatavouy enl twv oTiyulotinwy evég
rpofAfuaroc feAtiotonolnone 1. O (atioxpatixdc) online adydptfuoc ALG
Qo Gewpeltar c-avtaywviotixés we mpog Ty P av toylet:

Ep[néotoc,, (I)] < ¢+ Ep[uéotoc,,,(I)] + co ,
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§ Eplépdocas ()] < ¢ Eplxépdocue(D)] + |

émov ¢y otalepd xar n eloodog I elvar tuyala uetafAnty mov axodovfel tny
xatavour P.

Opuopés 3.13. 0 Adyoc avtaywviotixdtytac ¢k, . Tou online adyop(fuov ALG
w¢ mpog TV mbavotixy xatavous P mpoxintel wg:

P

CALG

£ inf {c | 0 ALG elvar c-aviayovotxée og poc Ty P} .

Axololbwe Statundvouue éva Paoixd Bedpnua, To omoto PEpEL TNV OVoUd-
ola «capyrf tov Yaor (Yao’s principle) xou anoteel Oepéhio g omodetntinnc
TeyVixnc mou Ba THPOUCLAGOVUE.

Ocdpnua 3.14. Ay D(II) o advolro twy artioxpatixdy atyoplfuwy mov AU-
vouv to mpdfBAnua 11, téte

CosL = s%p {ALGienlg(H) {Cfm}} :

To npoavageplév énetar and to didonuo Oedpnua minimax tng Ocwplog
Mowyviwy. O Yao [Yao77] to egfipuooe tpdtog ota mhalola e xhaoixic Oew-
plac ITohumhoxdntag, evew ot Borodin, Linial xat Saks [BorLS87] to aZionoin-
ooy 0T UEAETH Twv online akyoplBuwy. Iapaxdtw Oa dodue Tde To Oedhpnua
3.14 Bonbd oty anddelln ®dTw PEAYUATOY TOU AGYOU AVTAYWYLOTIXOTNTIS.

Ocdenua 3.15. [FiIKL*88] Fotw ALG' onowodiirote randomized online al-
Yoptluog yia to mpdBAnua ceAtdomoinons uviuns. O Adyos aviaywviotixd-
Tag Tou ALG' evavtiov adaolc avuundlov amoxAeletal va elvar uixpdtepog
and Hy.

Arnddeln. Apxet va Bpolue xatdAnin mbavotixt| xatavoun P dote yia xdbe
awtloxpaTixd alydplbuo oehdonoinong ALG va éyouue ch o > Hy.. Tpdypatt,
¢otw A 0 olvoho oeAidwy mou Beloxetal apyxd otn Yeryoen uviun Tou ALG
xaL tou Béhtotou offline ohyoplbuov OPT, ye |A| = k. Eynuatilouvue To
obvoho S = AN {p}, émou p ¢ A uia avbalpetn oeAida, xar Oewpolue tnv
P wc v ouotduopen xatavour ent Twv k 4+ 1 oeAldwy tou S. 'Etol, ua
axohouBia arthoewy o xataoxevdletal Stadéyoviag ave&dpTnTa Xat Ue Tuyato
Teémo xabeuia altnon and 1o cvvoro S. Ilpogavdg, To avauevéuevo x66T0¢
OTOLOLBATIOTE ALTLOXEATLXOU AAYOplOuoU OE GTLYULETUTIA TOU TTAPdYoVTaL ond
NV xaTavoun auth elvar

la

E’p[%éO’TOCALG(U)] = k‘—~|»1 y
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agol v xdbe aitnon n mbavétnTa va unv tepiéyeton n {ntoluevrn oeida ot
Yeryopn uviun toodtol ue k%q

Emdidxouue tdpa vo ppdlouue dvw TV avouevouevn enidoon tou OPT.
Avopeptlouue howndy tny axohoubio athoewy oe @doelg, 6nwg axpBde btay
eZetdloupe alyopibuoue ofuavone. YrevBuuilovue 61t oe xdbe @dorn (thnv
lowe e teheutalac) datundvovton artioels yia k StapopeTixéc oelidec. Eno-
uévewg, av to TARfog Twv pdoewy elval 7, 0 OPT umopel va eEunnpethoel Ty
axolouvbia ue x60tog To oA . Ewbixdtepa, otny apyr| x&be véag @dong amo-
uaxpUvel and ) yeryopn uviun tn oeAlda n onota dev Oo {ntnbet oo undhoino
¢ pdong. Tolwoutotpdnwe, 10 avauevouevo BEATLOTO xHGOTOC TEOXUTTEL:

Ep[uéotoc,,, (o)l < Ep[N(lo])]

émov N (|o|) n tuyale petaBAnti mou exgppdler o TARBoc Twv @loewy o
axohoubio Tou mapdyetal and Ty xatavour P.

Or didpxeieg O wY TV Pdoewy elvon aveldptnteg UeTagl TOUS XL LOOYOUES
Tuyaleg UeTAPANTEC Ue TEMepAoUEYN) UECT TN, O uToAoylouds Tng omolag
avdyetal oty ADOT) TOU TAUEAXATW TEOBAAUATOS.

ITebPBAnua tou Xudkéxtn Kounovidy. 'Eotw N diagopetind eldn avti-
XEWEVWY, oe anepléploTy tocdTnTa To xabéva. Extelolue to eic melpaua
TOYNG: Stahéyouue éva avtixeluevo, To omolo avixel e lon mbavétnta oe xd-
mowo a6 tar NV eldn. Iléoeg xatd uéoov 6po enavarielg Tou nelpduatog mpénel
va ylvouv dote va AdBouue ToukdyloToy éva aviixeluevo and xdbe eldog;

H andvtnon etvou:

N n N
N-1 N-=2
=N -Hy.

Elenavalfeic netpduatoc tiyne] = 1+ 4. 4+ N=

To avauevéuevo unxog xdbe pdong ooltal ue tn AVor Tou TEOPAAUATOS TOU
OUAAEX TN xouToVL®Y uelov éva, Bétovtag N = k + 1. Katd ocuvéneia:

Elufixoc gdong] = (k+1) - Hppr — 1= (k+ 1) - Hy .

Ané 1o Oedpnua Kolmogorov (Yvwoté xal we 2°¢ Ioyupbe Nbuog Meyd-
Aov AplBudv) éyovue

BNy wikeos gdon
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oToTE TEAXS

o]

EP [%éoTOgALG<U)] > lim k+1 >
" o= E'p[l{éCTOCOPT(O')] -

lim
|o|—o0 Ep [HéO’TOCOPT (O')]

_ Elufixog gdong]
k41
(k+1) Hy

Tkt = M-

Enopévecg, b > Hi vy xdbe atioxpatiné online ahyépfuo. Egapuélo-
vtag 1o Oedpnua 3.14 e€dyovue To embuuntd xdtw edyua v Tov AéYo
avtaywviotxétntag randomized ahyoplfuwy evaviiov adady avtindiwy. O






Kegdhoro 4

To IgoBAnua Twv
kE-EEunnpetntdyv

To xepdraro autd agiepdveTal oe €va TEOBANUN To omolo, OTWS EYOLUE ETA-
vellnuuévwe Tovioel, xatéyel e€éyouvoa Béon otny Teploy | Twv online unoko-
yiou®yv. Axoholfwg, Ba meprypddouue xau Oo pueAetioouue dlapdpwy eBOY
ahyoptfuoug, 1600 e€eldixeuuévoug — Tou TEOOPILOVTAL YL CUYXEXPLUEVOUG
ueTpeolg yopoug A/xat mARfog eEunneetntdy — 660 xar yevxdtepous. H
TOLUALL TV ATOTEAEOUATOY XaTadexVUEL TNV epELYNTIXY| TpooTdbela 1 omola
€yel xatafinbel to teheutala ypdvia xar exelvn e TN oelpd g emPBefondvet
N omoudALGTNTA TOU GAOU TEOPBAAUATOC.

4.1 E&unnpetntéc evilg ANADY UETELXGV
XOPWY

Avotuyde, Alyol atttoxpatixol akydpluol mou va elval avtoywviotixol xa
ouvdua 6L tohimhoxol €youv Peebel uéypt ofjuepa. 21N cuvéyeta Hor avohd-
ooupe évay Tétolo alydplbuo, o omolog Aettovpyel oe eubela ypoauun B 8év-
dpo. Avtibétwe, Sev éyouue xdnolo avtioTorya xoudpd anotéheouo axdurn xa
Yoo oYeTIXd amAéS YEwUETEWXES Bouég, 6Twe elval ol Euxketdiol ydeol xat o
x0Uxhog, extéc av xataplyouue oe randomized aiyopifuoug ¥ meploploovue
onuavTxd Tov apliud Twv eEUTNEETNTAOY.

4.1.1 Eubela ypopu

O ahybpbuog dimdric xdAugne (DOUBLE-COVERAGE 1 €v ouvtoulo DC) Agl-
ToupYel we e€rc.
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() (B)

hv'd XX
XX Lo Sy N

Yyhua 4.1: Tednog hettouvpyiag Tou DC. Me X anewxoviletar n Héon
e altnong xat ue o exelveg Twv eEUTNEETNTOV

o Av 1 enduevn aitnon Beloxetol extdg Tou daothAuatoc Tou optlouv oL
axpatol eEumnpetntée, T6TE Oor txavomonlel UETAXLYOVTAC TOY TANGCLE-
otepo e€umnpetnt| (BAéne Lyua 4.1a).

o Ewdiiwg, n altnon evioniletar pyetald d¥o yertovxdy eEumneeTnTdy.
Téte, augdrepol xvolvtal mpog To onuelo Tng altnong, We TayUTNTES
loou uétpou ahAd avtibetne popdc, éng 6Tou xdmolog and toug dVo QHd-
oet exel (PAéne LyhAua 4.18). Ytny nepintwon nouv tohhol e€unnpetntéc
Beloxovtal oto dlo onuelo, emhéyetal aubaipeta évac o onolog Oa ue-
TaxevnOet.

O eAxvotxd anidg autdg ahydpliuog, av xal auviuwy, elval Loyued avta-
YWVLOTIXOC.

Ocdpnua 4.1. [CKPVI0| O pC elvar k-avtaywviotixde.

Arnddeiln. 'Eotw My to ehdytoto Bdpoc toupidopatoc (matching) petald
TV eEUTNEETNTGY Tou DC %ot Tou BéATioTou ahyopibuov OPT. Av cuufBoli-
OOULUE S1, S2, . . ., Sk TI¢ Béoelg Ty eunnpetnTtdy ToU DC, BéTouue

A 2
ZDC — d(Sz,Sj) .
i<j
Kotaoxeudlovye Aowndy tny mopaxdte ouvdetnon Suvoulxol:

¢ék'Mmin+2D07

Tou elvan Tpo@avds un apyntixt. Apxel va delfouue 6t (a) av wia xivnor tou
OPT éyel x6070¢ d, 1 ouvdpTnomn Suvauxol avdvetal xotd kd to Toh), xal
(B) av wa xlvnon touv DC €yel x60T0g d, N CUVAPTNOT BuVULXOU UELDVETAL
xatd Touldytotov d. Yrobétouue entong 6tL xdle altnomn avonoteital mpdta
ané Tov offline xau Votepa and Tov online alydplbuo.
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'‘Oocov agopd 1o (o), ebxoha dtamotdvouue 6Tt 0 bpog L, dev ennpedleto
and T eVEPYELES TOU OPT oL To Bdpog Tou Talptdouatog Sev UeTaBdAeTal
neptoo6tepo and d. Xuvendg, A = A¥ o + k- AMyin < kd.

[ 1o (B) tdpa, é0tw 6Tt 0 online akydptBuog petaxivel ubvo évay egu-
TNEETNTY YLaL Vol xavonolioet Ty altnom, Pdoel Tou TpdTou AetToupylag Tou
TepLypddaue mponyouvuévwe. Edhoya, o e€unnpetntric autdg Bo elvar xdmolog
and toug dU0 axpaloug xaL EMTAEOV AMOUAXPVUVETOL aTd TOUS UTOAOLTOUS xaTd
ula anbéotaon d, dpo AXpe = (K — 1)d. Ané v dAAn yepld, oto Talplacua
ehaytotou Bdpoug, o ev Adyw eCunnpetntic Ha avtiotoiyiletal oto onuelo g
altnong — 6mou puoxd Nd1 Beloxetan évag eCunneetntic Tou OPT. Enouévecg,
eCoutlag tng wlvnong authc éyovue uelwon tou My, lon ye d Touldyiotov.
Yuvohxd, AP < (k—1)d — kd = —d.

Téhog, e€etdlouye To evdeybuevo o DC va uetaxivioel dVo eEunnpetntég
xatd anbotacn 4 éxactov, uplotduevos x6otog d. Yrdpyet xou méh Tolplooua
ehaytotou Bdpoug cVugwva ue To onolo €vag ex Twv dVo avtiotolyiletal 6To
onuelo tng altnong. ‘Ouwg, o dArog e€unneetntic lowg va anouaxpiveTal and
10 «talpy Tou xabde yetoveltal. Ankady, o épog My, elte yetdveton elte
TOEAUEVEL QUETEBANTOS, ot YELdTER TepinTwor. Anouével va unoloyicou-
ue N peTaBoArr) Tou Mpe. To dbpoloua Twv anootdoewy evég omoloudrnote
TplTou eunnEeTNTH Tou DC and Toug Vo Tpoavapephévies dev aAldleL, ooy
oL tekevtatol xvovvton mpog avtifeteg Sieubivoeic. Evtoltolg, n uetald toug
anéotoor yetdvetal xatd d, ondte AP <0 —d = —d. O

IMogatienoyn. 'Onwg eldoye, ouyvd o ahybplfuoc DC yetaxivel dbo egumn-
EETNTES, TN oTLYWUT| Tov évag uévo Ha apxoldoe yia va xavorolioeL Tny altnom.
[ o Abyo autd undpyer xou n oxvner (lazy) exdoy# tou akyopifuou, DC,
oUUPWYA UE TNV OTOLd BEV XLVOUVTOL TEPLOCOTEQPOL TOU EVOG EEUTNEETNTESG OF
xd0e PrAua. 'Eotw dnhady 6Tt yia xdnow aitnon o DC amortel vo UeTATO-
TLoTOUY oL eUTNEETNTES s XAl ', UE TOV Tp®TO v TNV xavornolel. e yLa
té1ot0 TepinTwon, o DC’ xuvel ubvo Tov s, alM& oToug EPELRC UTONOYLOUOUC
Tou Oewpel 6Tt 0 s Bploxetar ot Héon dmou Oa Tov elye yetapépel o DC.

Edxoha Swamotdvetal 6Tt 6hot oL akydplfuol tng napoloag evotnTog EML-
déyovtan oxvneég mapahhayéc. MaAota, epdooy oe xdbe UeTEXd Y Bpo Loy VEL
N TELY VXY aVLeOTNTA TWY ATOCTACEWY, 1) «oxvneiay ToTé dev auidvel To ou-
vohuxé online xéotog, avtifeta unopel va to petdoet. Iap’ 6N’ autd, 1 uehén
oxvnedy okyoplbuwy elvar ocuvhfng eEotpeTind dUoXO0AT), ouvende Teploptl6-
MOOTE OTNV AVAAUCT] TWV U1 OXVNEOY OUOAGY®Y TOUG.

Ynuetdvouue entong 6t ou Bartal, Chrobak xat Larmore [BarCL98] eqni-

pav évav auviuovoa randomized adydplbuo yia 8Vo ubdvov efunnpetniég ent

eubelag ypauuhc, o omolog anodexvietar 22-avtaywviotixés evaviiov ada-
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Eyfua 4.2: Tednog Aettoupytag Tou DC-TREE. Me X amewxoviCetal 7
Béon g altnong o ye o exelveg Twy edunnEeTnTdOY

o0g avumdhou. Emedf) 22 ~ 1,987 < 2, 7 enldoot| tou elvon xohltepn and

exetvn omowoudrimote artioxpatixol adyopibuou. Molatavta, o Adyog avto-
107

4 z z z 7 ~
YWWLoTXOTNTAS ToL Ypdooetal xdtw and To = ~ 1,981.

4.1.2 Aévdpo

Katd ta yvwotd, onowodrnote 3évdpo ue Bdpn otic axuéc unopel va epfoanti-
otel (ue dAha Aoy, vo «oyedlaotel») oto Euxdeldio eninedo ovtwe dote 1o
uhxog xdfe axuhc vo Loodtal ue To Bdpog Tne. Oewpolue T0 UETEXS YOO UE
onueto 6Aa Tor oNueta TV aXUOY EVOS TETOLOL BEVBPOL, 6TOV 0Tolo 1) AndoTa-
on d(z,y) oplletar wg T0 UAx0g ToU GLYTOUHTEPOL LOVOTATLO) UETAEY TWV T
%o Yy — mou elvo Yyovadixd, apol Tpdxeltal Yo dévdpo.

‘Evag eCunnpetntic s; Aéyeton 6TL yettoveUet e TNy altnom r av dev undpyeL
dhhog eEUTNEETNTAC OTO GUVTOUOTEQO UOVOTYTL TOU GUVOEEL TOUG S; XOL 7.
BePatwe, av mohhol eCunnpetntéc Beloxovtal oto (8lo onueio xat yettovebouy
ue v r, avbalpeta emhéyouvue évav u6vo €€ autdy, o omolog mpdyuatt Ou
Aoyiletar wg yeltovag Tng 7, evE oL utbholmoL HyL.

Ynewlbuevol oTa Topandve UTopolue eUxolo va Teplypddouue T Aet-
Toupyla tou aAyopifuou ue TV ovouacia DC-TREE. Xuyxexpuuéva, 6tay
AouPdvetor ua véa altnor, 6ot ot eEUTNEETNTEG OV YELTOVEVOLUY UE AUTH
uetavolvtal pe otafepr) TaydtnTa TEog TV xatevbuvon tng altnong, éwg
6tou xdmolog @hdoel oto {nroduevo onuelo, énwe oto Xyhua 4.2. Iapatn-
EoUUE OTL OTNY EXQPUALCUEVT TepinTwoT ToL To d€vTpo elvar amAd uta eubeta
Yeauun, o DC-TREE tauti{etat ue Tov DC.

AZilel v onuewwlel 6tL, yevixd, v TV xavomolnon UG UELOVOUEVNS
altnong evdéyetan dVo ¥ meploabdTepoL GUVOAXE eEUTNEETNTES TOU DC-TREE
va al&Eouv Béon. Emmiéov, xaldg évac eCumnpetntic petoaxveltol lowg
mdder va yertovelel ye Ty attnom, tedyua To onolo cuuPalivel av nopeufAndel
uetall Toug xdmolog dhhog xvoluevog eCutneetntric. Edhoya, o mpdtog té1e
otauatd oto onueto mou Peloxetal exelvn 0 oTiyun.
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Ocdpnua 4.2. [CLI1b] O DC-TREE elvat k-aviaywviotixde.

Anddeiln. Oewpolue tnv Bla ouvdptnomn Suvauxol 6w oto Oedpnua 4.1.
IMoogavde, ua xivnon tou aviindiou mou €yel x6o10¢ d auidvel ) P xatd
kd to moh0. Amb tnv dANN ueptd, oL evépyetec Tou ahyoplBuou yio TV uxa-
vomolnon uag altnong elvar ouvibng apxetd Tohdmhoxeg yia va peietnfoly
Gueca. Emouévwe, Oo diauepioovue tn Swadixacto auth oe @doelg, éToL GoTe
o1 Sudpxela xdbe pdong To TARHoc Twv eEUTNEETNTAOY Tou xivolvTol va elval
otabepd.

'Eotw howndy 611 oe ula gdon €youvue m eEumneeTnTég TOU YELTOVEUOLY UE
v altnon xou petatonilovral xatd andoTaoy d €xacTog, ENCUROVTAG GUVO-
A6 x60toc md. Kdnotog €€ autdv Oa avtiotoryiletar oto onuelo tng altnong
oe éva Talplaoua ehaylotou Bdpouc xat e€ontiac Tou 0 6pog My, UELOVETAL
xatd d. 'Oupwe, ot utéhoitol m — 1 e€unnpetntéc mbavéy va anouaxpdvovtal
and ta «talptor Toug evd xvolvtar, ondte AMpy, < (m—1)d—d = (m—2)d.
'‘Ocov agopd TN LETABOAY TOu Xpe, €0Tw s €vag eCUTNEETNTAS 0 onolog Bev
yettovelel ue tny attnon. Kdnotog ex twv m mpoavagpepbéviny eCunnpetntdy
amOUaXEUVETAL amd TOV S, aAAd ol umdloitol Thnoldlouy oe auTdy, ETLPERO-
VTo¢ EAATTOON TOU Yp tom pe (K — m)(m — 2)d. Ennpbobeta, n andotaon
uetall xdle Ledyoug xivoluevwy eEUTNEETNTAY Uetdvetal xatd 2d, xoL apou
UTd Py oLV W tétown Lelym, €youue

m(m — 1)

A¥pe = —(k—m)(m — 2)d — i

-2d = —kmd + 2kd — dm .

Tehxd,
AP =k - AMyin + AYpe < k(m — 2)d — kmd + 2kd — dm = —dm |

Gpo 1 anddelln éyel ohoxhnpwel. O

4.1.3 Kixlog

'Eotw 61t Stabétouue k eunnpetntée, oL onolol unopoly va xivolvtal ent Tng
TEPLPEPELIG EVOS UXAOU YL TNV eavoroinon authoewy. Axohlollng Stotu-
névouue tov randomized ahydplfuo CIRC, o onolog Bploxel epapuoyy| o ua
tétoln mepintwor. Koat’ apydc, o CIRC emAéyel tuyala xat Ue oUoLOUOpYN
mhavotind) xatavoun éva onueto P otny meplpépelar Tou xUxAou, To omnolo
Bewpeitar «oddppayuor Tou xavévag eEUTnEETNTAS dev EMTEENETAL VoL TEPAOEL
elte mpog TN ula elte mpog Ty dAAN xatedbuvor. ‘Etol, epboov o uetpixde yo-
po¢ 6mou xvouvtal ol eEunneeTnTéS Looduvauel TAéov ue uia eufela ypouut,
0 CIRC ueltol Tov DC ylo VO LXOVOTIOLACEL TLG ELOEQYOUEVES ALTHOELS.
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Ocdpnpa 4.3. [Karp89] O CIRC elvar 2k-avtaywviotixde evavtiov adaolc
avTindAov.

Arédeién. Qg ouvibog, ouvuPBoiilovue OPT Tov Béitioto offline ahydbplfuo
vl tov xUxho, %ol emnAéov OPT-LINE tov PBéhtioto offline ahydplfuo yia
eubeto ypouuh — A ev mpoxeévew 1o eufiypauuo TuRUa Tou TEOXUTTEL and
TNV TEPLPERELA TOU XUXAOU 1) omtola «x6PBetawy 070 onueto P xaL «Tevidvetow.
Ané Tov oploud tou ahyopibuou CIRC Loy Vel

HéoTOCCIRc (U) < k - uéOTOCOPT-LINE(O) ) (41)

v x80e axohrouvbio atioewy o.

Apxel howndy va ppdEoupe dvw 10 0TOC by i (0) 08 GlyxpLon UE TO
160T0Cpp(0). Tt t0 oxond autd, Bewpolue évav axdun alydelfuo OPT,
TOU GUUTEPLPEPETAL OTIWG AXELBME 0 OPT UE [Uia UOVO BLapopd: 6Tay xdmoLog
egumneeTnTAc Tou TeAeutalou wetaxiveltal and éva onuelo A oto B, émou
P € AB, o OPT' unoypedveL Tov avtioTtolyo 8uxé tou eEunneetnty| va dtavioel
T0 SLUTANPLUATXG T6Z0 AB, dhote va napaxdudel To P. Tolto BéBaa oup-

Batvelr e mhavétnto avdroyn Tou urxoug Tou T6&ou AB, Adyw Tou TP6TOU
enthoyric Tou P. Iapatnpolue 61t 0 OPT' anotelel ovotaotxd alydelbuo yia
evBiypouuo TURUO xaL Oyt Yiol XUxAho, CUVETHOS

HOOTOC spr g (0) < HEOTOC o () (4.2)

‘Eotw dy,da, ..., d, xau dj,db, ... d, o ufxn 1oV UEUOVOUEVLDY dladpo-
LGV ToU XaAUTTOUY oL EEUTNEETNTES TOL OPT Xt Tou OPT, avtioTolya. YnoOé-
TovTag Ywelc PAABN TNe yevixdTnTag OTL To UHX0g TNG TEPLPERELAS TOU XUXAOU
elvar 1, €youue

Eld) = d;(1 —d;) + (1 = di)d; =2 (d; — d}) , (4.3)
ﬂapd:(;p¢n xu;o:mf)
xlvnon

OTOL 1) AVOUEVOUEVT TLUN AauBdveTal ¢ TEog GAeg T BUVATES EMLAOYES TOU
P. Apa,

Ené0t0¢,,,(0)] = Z Eld)] =2 Z (d; — d) <
i=1 i=1
<2) d; =2 U60TOC 1y (0) - (4.4)

i=1

Ané g (4.1), (4.2) xau (4.4) ouvdyetal o entbBuuntd cuunépaoua. O



4.1 Eurmnpetntéc evids anAdy UETOXDY yDpwV 65

O ahydbplfuog CIRC mapoucidlel BLaltepo evBLlapépoy, ag’ evog emeldy elval
amh6g xaL auVAUWY, a@’ eTépou BLOTL eyxatvidlel uta véa uéfodo xataoxeurg
randomized alyopifuwy, Ty onola Oa e€etdoovue avaiutixdtepa otny Evo-
T 4.4.

Téhog, avagpépouue 6Tt ov Fiat, Rabani, Ravid xat Schieber [FiRRS94]
TEGTELVAY ULa aLTLOXEATIX TapaAlay) Tou CIRC, nou 6uwe anattel (k) bits
uviAune xau etvar O(k?)-avtoyoviotxd. And to uéypl tdpa amoteAéouatal
palvetar udihov adlvato va Beebel auviuwy owtioxpatixde alydplfuog yia
TOV XUXAO UE XAVOTIOLNTIXG AOYO OVTAYWVLOTIXOTNTAG, AV oL XATL TETOLO
uéver va anodetyDel.

4.1.4 Euxieidiol yoHpot

Mohovét yvweilouue 6T yia Ty eubela ypauuy undpyel LoyLEd AVTAYWVLOTL-
%x6¢ alydpliuog pe olvtoun Slatinwaon xat UtxeY| UTOAOYLOTIXY) TOAUTAOXOTY-
T, 8ev UmopoUue va toyuptotolue To dto yio Euxdeldioug ydpoug uhnibtepng
didotaong. Avt’ autol, oty ouvéyela TapouotdlouuE Evay oA ALTLOXEATIXOG
ahybelbuo yua d0o ubévov eCunnpetntée, ue enidoon oYeTxd xOVTd oTNY Xo-
AOtepn SuvaTy.

‘Eotw M Euxkeldiog ydpog. T omowadrirote tpla onueta z,y,2 € M
opilovue v toocdtnTa slack(x,y, 2) wg

slack(z,y,2) 2 d(z,y) + d(x, z) — d(y, 2) .

Abyw e Tprywvuic avieétnTag, toylel ndvtote 61t slack(x,y, z) > 0. Oe-
wpolue Tdpa évay mpaypatxd aplbud v € [0,1] xau dtatundvouue Tov ah-
Y6000 SLACK-COVERAGE, (1 ev ouvtoula SC,). O teheutaiog Stabétel dvo
eumneetntéc xat Aettovpyel we e€fc. 'Eotw r to onuelo mou {ntetton oamd
v Teé€yYouca altnon xal r 0 TANoLEoTEPoS ot auTHY eCUTNEETNTAC. Av To 7
oanéyet and toug dVo eunneetntég, emAéyeton aubalpeta o €vag and Toug
dVo. Katémy, o étepog e€unnpetntic iy UETaxLVELTAL TPOg TNV xatelBuvoT Tou
x xohUntovtog andotaon - slack(z,y, ) xat v TéAeL 0 & TNYalveL 6TO T YLaL
Vol LXAVOTIOLHoEL TNV alTnom.

ToviCetal 6Tl OTIC TEPITTMOOELS TOU AUPATEPOL OL EEUTNEETNTES HLVOUVTOL,
n véa B€omn Tou O ATOUAXEUOUEVOL EEUTNEETNTY ¥ anéyel AlydTepo amd To
onuelo r oe oyéon ue v apywxr. Iapatneoldue enlong 6t av o ydpog M
elvow evbela ypauun, o SCy/p tautiCeton ue Tov DC.

[ va del&ovue Ty avtaywvotixdTnTa Tou SC, opilouue TNV axdiouln
ouvdptnomn duvoauxoy, ue Tapauétpous o, 3 € Ry:

(Déa'Mmin+ﬁ'd(x7y)u
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omov, xatd Ta YVwotd, My, elval 1o Bdpog tou ehayiotou Tapldouatog Ue-
TagV TV eEunnEeTnTdY Tou SC, xoL tou Péhtiotou offline aAyopiBuou OPT
yia To (dto TpbBAnua. H ¢ mpogavde haufdver un apvntixég TLUég xol EmmAE-
ov anoTeAel Yevixeuon tng ouVdETNoNS BUVAULXOU TIOU YENOLLOTOLACUUE OTNHY
avdhuor Twv DC xal DC-TREE — yla TNy nepintwon mov k = 2, Befalwg.

Xpnowonoidvtag Ty ev Aoyw P, umopodue va dellouue 6TL 0 SC, elvon
Q-OVTOYOVLOTIXOS, AANE Gyt xdTL toyupdtepo. Tlpdyuatt, ula xtvnon tou OPT
ue x60toc d auidvel Tov 6p0 My, xatd d To TohY, dpo xou Ty @ xatd ad
10 oAU, Apxel Aowndv va texunpiwbel 1L 6tay 0 SC., ixavonolel pia altnom
(uetd and Tov OPT), emovper Uelwon tne ® touldylotov ion ue 10 xdoTtog
mou veloTtatal oTo Bua auTtéd TNg Asttoupylag Tou.

Kat’ apydc, éotw y' n véa Béon tou efumnpetnth y. ‘Onwg avagpépaue,
d(y',r) < d(y,r), ouvende

Ad(l’, y) = d<y/7 T) - d(ﬂ?, y) < d(y7 T) - d(ﬂ?, y) :

Av ouuPoiicovue s1 xat sy Toug eEUTNEETNTEG TOL OPT ot unobéoouue
6L 0 81 WOAG Weavoroinoe Ty altnom, dnhady s; = 1, 161e dlaxplvouue dVo
TEPLNTMOOELC:

e Y10 ehdyloto Tatplaoua, o = aviiotolylletal ue Tov si;. Emouévwg,
N uetaxivnon tou x Peldvel 1o My, xatd d(z,r), ohN& exeivny tou y
evdeyouévng va To avéhoel xatd v - slack(x,y, 7). Luvohxd dSnAady

AP < afy-slack(z,y,r) —d(z,r)] + Bld(y,r) — d(z,y)] . (4.5)

e Y10 ehdyloto Talplaoua, o y avtiotolylletar pe tov si.  Ilpogavag,
6uLS, UETE TNV avornolnon tne altmong o y O avtiotolylletal ye Tov

s9. 'Etot,
AA]\4min - d(y,a 82) - [d(l’, 82) + d(y7 T)] S
S d(yla ZL‘) - d(’g,?“) =
=d(z,y) — v - slack(z,y,r) —d(y,r) .

Yuunepaivouue Aowmdy 6T
AP < oz[d(x, y) -7 slack(a:, Y, T) o d(y7 T)] +
YrevOuuilouue 6t mpénel va anodel&ovye Twg

AP < —[d(z,r) + v - slack(z,y,7)] . (4.7)
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Avtiabiotdvroc tie (4.5) xon (4.6) oty (4.7) xou opadonoudvtag Toug bpoug
AouPBdvouue Tig dVo mapaxdtw cuvirxeg:

d(z,y) [y(a+1) = B] +d(z,r) [y(a+1)+1—a] +
+d(y.r) [b—(a+1)] <0,
d(z,y) [y(1 —a)+a— 6] +d(z,r) [y(1-a)] +
+d(y,r) [y(1—a)+8—-0a] <0.
Edxola dlamotdvouue 6Tl OL aVWTERL AVLCOTATES LXAVOTOLOUVTAL HTAY

a=3,0=2xuvy= %, eved xdTL tétolo dev elval duvatdy yia omoladhnote
T Tou o uxpedtepn and 3. Katd cuvénela, mpoxintel 1o axdiovbo Bedprnua:

(4.8)

(4.9)

Ocdenua 4.4. [Bar94] O adydpifuoc SCyjo elvar 3-aviaywviotixds.

4.2 AlyébpiOpog e&iooppbdnnong x6GTOUG

Yy Yroevotnta 2.1.2 anodeilaue to Ocdpnua 2.1, clupwva ue to onolo
o akyobplbuog e€looppdmnong x60Toug BALANCE elval k-avtaywwioTtixdg oe
uetpolg yopoug ue k + 1 onuela. AxohoVbug Ho dolue mdhe npoxdnTel To
8lo amotéleoyo ue ) WwEbodo NG ouvdptnong duvauxol. ‘Onwg xou otny
Ted TN anédelln tou Bewphuatog, yenotuonolovue TéAL Toug ouuBolopolc DY
xou ht.
Adppa 4.5, Tia xdbe i, j # h' 1oyvet
| D} — D] <d(i,j) .
Arnddeiln. Egapudlovye emaywyh wg npog t.
o o t = 0 mpogavde aknbelet.
e 'Eotw 61 v xdmowo u > 0 éyouye i,j # h* = |D! — Dﬂ < d(i, 7).
Av min # h* to onuelo nou ehaytotonotel v nocbdtnta DY + d(i, h"),
0 BALANCE o otelhel oty onf) h* Tov eunnpetnty| Tou Pploxetal 610
min, Gote vo avorofoel Ty (u + 1)-00Th aitnon. Téte Di!
Dy + d(min, h*), evéd v 6hec e TWES TOL § TANV TV min xat hY
Loy Vet D;‘H = D7. Apxel howndy va deloupe ot
i #min = | D — Dt < d(i, hY) (4.10)
Tw évti, ag’ evég
Dyt = Dyt = Dif = (Dy,, + d(min, h")) <
< d(i,min) — d(min, h") < (4.11)
<d(i,h") | (4.12)

“—
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%o o’ eTEPou

D;i:rl _ D;Hrl — Du

man

+d(min, ") — D¥ < d(i,h*),  (4.13)

A6y ToL TE6TOL ENLAOYHC ToL min. Amé Tic (4.12) xau (4.13) ouvéyetan
n (4.10). O

[Tépav autdy, and ty (4.11) cuunepaivouue 6Tt
D — D}, > d(j,h') — d(n', ") | (4.14)

v x80e t > 1 xou j # h'. Me 1i¢ Tapandve oyéoelg eluaote TAéov o€ Béon
va amodel&ouue TN k-ovTaYOVLOTIXOTNTO TOU BALANCE.

Oewpolue tov Bértioto offline ahydpluo OPT Yo To TEOBANUA TwV k-
egumneetntdy xou O; 10 6Uvolo onuelwy Tou xaAUTTOUY oL EEUTNEETNTES TOU
UeTd TNy weavornolnon e t-ootic altnone. [ ¢ > 1 optlovue v mapaxdtw
ouvdpTnoT duvauxoU:

o o [ k(D —d(h',h)) =S, ov b ¢ 0,
Tl kDS, av (i ¢ Op) A (i £ ht) 7

6mov S =37, Di. Abyw Tou Afjupatoc 4.5 Slaniotdvouye 6Tt epdooy t > 1
undpyel otabepd b aveldptntn Tng axohoubiag atioewy tétowa dote $; > b.

Hpénet va detouue 6Tt () av wa xivnon tou OPT éyxel x6a70g d, 1 Gu-
véptnon duvauxol audvetar xatd kd to mold, xou (B) av we xlvnon tou
BALANCE é€yel x6070¢ d, 1) cuVEETNoT SUVAULXOU UELOVETAL XUTE TOUALYLOTOY
d. Q¢ ouvifug, urtobétouue 6Tl xdbe altnon wavornoteital tpdta and Tov off-
line xat Votepa and tov online ahydplbuo. Puowxd, to onuelo mou Cnteiton
xotd v (¢t + 1)-007H altnon Sev elvar dhho and to h'.

'Ocov aopd o (o), av ht € O, 0 OPT dev ypedletar vo exteréoel xopla
evépyela. 'Eoto howmdy 6t b ¢ O; xat 61t 1) altnom ixavonoteltal HeTaxtved-
vtag tov eEunnpetnth nou PBeloxetat oto onuelo j ue xbotoc d(j, h'). Eyoupe:

A =k-Dj -8 — (k- (Dp-r —d(h',h"71)) = 5) =
=k (D! — Dpy +d(h', h"71)) <

()
< k- (d(j,ht) — d(h', B + d (R R =
= k-d(j.h") .

6mou oo onuelo (*) yenowwomouhinxe n (4.14).

T to (B) tdpa, yetd v xivnorn tou OPT undpyet xdnoto j # h' tétolo
Gote j ¢ Oppq. LuyPorilovue S’ ) véa ur tou S ag’ 6Tou 0 BALANCE
XavomotfoeL TNV altnon PeToxv@dvTog Tov eunneetnth nou PBeloxetal oTo
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b

)

Yyfuo 4.3: Avtimapddelyua TG avToayY®IoTIXGTNTAS TOU BALANCE

onuelo (- enouévwe, S" =S + d(¢, h'). Tlpoxintel hotnby 6L
A — { k- (Dj+d(¢,n") —d(¢,h")) =S = (k-Di=S), avl=j }

k-D)—S"—(k-Dj—S5), wl#j [
[k (Di=D)—=5+S, avli=j _ :
_{—S’+S, ’ av (L #£j = —d(t.h) .

omwe axpBog anonteltat. ‘Etot, xataifyouue yior GAAn uiat @opd 6To Oedpnua
2.1.

AvoTuy®g, 0 alybplfuog BALANCE 8ev elval avTay®VLOTIXOS YLoL UETEL-
xoUg yopoug ye N > k + 1 onuela, yeyovdg mou €youvue 1on Tovicel. Axo-
Aovbwg O ddoouue éva oyeTd avTimopddelyua, oto onolo k = 2 xau N = 4.
Oewpolue 10 UETEXO YWeo 4 onuelwy mou avanaplotatal oto Nyfua 4.3,
vl Tov omolo toylel {1 > fy. YmoBétouue 6Tl oL eEumnpeeTnTéC TOU BAL-
ANCE [ploxovtar apywxd ota onuelo ¢ xou d. Eotw tdhpa 1 axolouvbia ot-
™oewy 0 = a,b,c,d,a,b,c,d,... a,b c d, uixoug 4n. Awmotdvouue 6TL
n60T0G,,, (0) = 4nly, evd Tpopavds néoToC . (0) = {1 + (4n — 1)ly. Koatd
OUVETEL, O AOYOC aVTAYWVLOTIXOTNTAC anoxheletol va elvat xakltepog and
ﬁ—;, xAdoua mou unopet va ylvel avbalpeta yeydro. Apa, otny meplntwon auth
0 BALANCE onodeixvOETaL U1 AVTAYWILOTIXOC.

4.3 AAyépLBpog ocuvdptnorns €pyou

Alvetat onoloodinote Yetpinds ydpog M. Ytny napovoa evétnta, wg ddtaly
(configuration) twv egunneetntdY evéc akyoplBuou Ha voeltan to Toluolivoro
TV onuelwy ota onola Peloxovtal ol teeutalol. [ ddo Swatdlec Ch o Cy,
1 napdotaon C; + Cy ouuPohilel v mpdln g €vwong ToAUGUVOALY XaL 1)
C1 — Cy v agalpeor mohucuvérwy. Av p onuelo xaw C' 8dtoaln, yedgpouue
vl ouvtouta C' +p xaw C' —p avtl twv C'+ {p} xa. C'— {p} avtiotolywe. Me
D(Ch, C3) ovuPohilouye 10 Bépog Tou eAdylotou TaLptdouatos UETaE) TwY
(toomAnfuxdyv) dtatdEewy C xat Co.
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Yy mpaypatixdtnta, BéPoia, o Pétiotoc online adydplbuoc moté dev
Bo petapépel neplocdTeEPOUC TOL EVOC eCutneeTtntéc otny Bl Béom. To au-
16 ouuPalvel xat ye Tov adybpLiuo ocuvdptnorg épyou mou fa napouctdoouue
TEOoEYMS. YTdpyel 6UuwS To eVOeYOUEVO TOANOL eEUTNEETNTES VAL HTAY TOTO-
Betnuévol oe xdnoto onueto xatd TNV apywe Sudtadn xar vo unv €youy xivniet
EXTOTE" GUVETAC, UTOYPEWTIXA 0pllovue Tig DlaTdEels we TOAVGUVOAL XaL byl
¢ anAd odvola.

‘Eotw axoloubia attioewy o = r1,72,...,7,. OLTOUUE 0; = T1,T2,...,7;
xaw o9 = 0. Tw xdBe didtaln C, apywwh) ddtaln Cp xaw @ = 0,1,...,n,
n ouvdptnon épyov (work function) yw 1o mEOPANUA TV k-eEuTNEETNTOY
W, (C) = wy, (Co, C) optletal we to Bértioto offline xbéotoc txavonoinong twv
UTHACEWY NG 05, UE TN 0eLpd Tou eugavilovtal, Eextvivtag and tny Sudtaln Cy
xau xotahiyovtag oty C. Ynuewwtéov 61t 1 Cp Bewpeltar ouvifwe dedouévn
%o YU autd Tapakelnetal and To CUUPBOAMOUS TNC Wy, .

Av r 7 (i4+1)-001h altnon, toyler r € C' = Wy, (C) = w,, (C). Tevixdrepa
Aoy €youue:

Wo,r (C) = rmnelg {Wer(C —x+7)+d(r,zx)} =
= min{w,,(C —x+7r)+d(r,z)} ,
xeC
agoV r € C' —x +r. Apa, oL cuvapTACELS £pYOU LxavomoloVy TNy axbéiouln
avadpoutxt) oyxéon:

wp(C) = D(Co, C)
Wy, (C) = min {w,,(C —x +7r)+d(r,z)} .

zeC

(4.15)

Eivow gavepd Aowndy 61t #6610¢pp(0) = ming w, (C'). Me dAha Aéyia, to Bé-
Ttoto offline x6otog unopel va unohoylotel ypnouwomoldvTag duvauixd TEo-
Yoouuatioud, yden oty oyéon (4.15).

Y1n ouvéyela Oo meptypddouue Tov adybplbuo ouvdptnong épyou WFA.
'Eotw 0; 10 apyxd tufua g axoloublog attioewy mou €xel 1dn txavorolndet
xar C' 1 tpéyovoa Sudtaln eCumnpetntdy Tou WFA. 'Otay Anglel n enduevn
altnon r = 141, 0 ahybpluog Oa yetoxivioel Tov eEunneetnTy| s mou Slvetal
ané 1N oyéon

s = arg I;lelg {we,(C — 2 +7)+d(r,z)}

oto onueto r. e mepintwon woonaklog, emAéyetal avbalpeta évag and Toug
Loémahoug eEUTNEETNTES.

O WFA éyel mpotabel aveldptnta and Sidgpopoug epeuvnTég, oL UdALoTA
Oyt %At ATOXAELOTIXOTNTA Yo TO TEOPANUA Ty k-eEutneetntdy. Mo mpdtn
oLoLOBNG UEAETT TOU — 600V aopd To LTS e&étaot TEOBANUA — STUOCLEdTNXE
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ané touc Chrobak xaw Larmore [CL92]. Alyo apydtepa, ou Koutooumde xow
[Manadnuntelouv €deiay To axdrouvfo Sudonuo Oedpnua:

Ocdpnua 4.6. [KoutP94| Ia xdbe uetpixd ydpo xar tAffos elunnpetntdy
k, o akydpifuoc WFA elvar (2k — 1)-avtaywviotixde.

Arddeln. Loaypagolue u6vo T xVpleg O€eg amd Tig omoleg TPOoXUNTEL TO
embuuntéd arotéheoua, Ywelc va enextalolue o AeTTOUERELES. LUYXEXPLUEVA,
oL anodetlelg Twv Anuudtwy tou ba avagépouue TapaxdTe TapaieitovTal.

Oewpolyue 6T évag amnvric avtinahog xataoxevdlel axoloubia attioewy
O ="T1,T2, ..., Ty Xpig BABN TN YEVIXOTNTOG, UTOBETOUUE 6TL O WFA XaL O
Béhtiotog offline ahydpibuog OPT Eexivoly and tny o apyixy ddtaln e€u-
mneetnTdV Cy %o enlong xataryouy otny Bta tehuxt| didtaln C,. Hpdyuat,
€0Tw 6TL ouvEBave To avtifeto: dnAadh, o OPT xatéAnye otny C), ahAd o
WFA oe xdnota C),. Téte o avtinarog Oa umopoloe va Slatundoel enttAéov
athoelg i onueta g O, ywelc va aufoel 1o 6UVOAXS ®6GTOS Tou OPT,
€wg 6Tou oL dlatdlelg Twv dYo aAyoplfuwy TautioToY.

'Eotw 61t yetd xou 10 i-00téd Briua Tne Aettovpylag Tou o WFA Bploxetol
ot 8dtadn C. Katdmy, yetovel Tov e€unnpetnty mou Peloxetal oto onueto
s € C y va ixavorotfioer Ty (i + 1)-o0th altnon r = 7,41, oynuatilovrog
wa véa Sdtaln €' = C' — s+ 1. Opllouye to 1p€x0v offline evdoxdotoc we
elnic:

offline Yeudoxdotoc = w,,,.(C") — w,,(C) .
To tnheoxomxéd dfpoioua and ta offline Peudoxdotn yia 6An v axoloubia
o woltaL Ye w,(Cp) — wy(Ch) = néotoc,r(0).
Agol r € C" ot Wy, (C) = w,, (C") + d(s, 1), Loylet

inT(Cl) = in(Cl) = W, (C) —d(s,7) .

Apa, av abpoloovue to Tpéyov offline Yeudoxdotoc xar To xb6oTOC TTOU LPL-
oTatoL 0 WFA vl TNV eavonolnon tne altnong, AauBdvouue

Weor (C") — We, (C) + d(8,7) = Wy, (C) — d(s,7) — wy,(C) +d(s,7) =
= inT’(C) - wOi(C) <
< max {Wer (X) —wy, (X))} . (4.16)

H nooétnta (4.16) ovoudleton enavénuévo xéotoc (extended cost). Exyouue
Aotmov:

Auua 4.7. Fotw o otabepd, aveldptnty e axodovbiag aitioewy o. Ay
To dbpotoua and ta emavénuéva xS0ty yia 6Aes Ti¢ xivijoels Tou adyopifuov
WFA gpdooetal dvw and 1o (c+1)-nbotog . (0) +a, tdte 0 teAeutaioc elva
C-QVTAYWYIOTIXOC.
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Ewwétepa, ev npoxeluéve apxel va detéouvue 6T
oLVohx6 emauENuévo xbotog < 2k - #66T0C . (0) + . (4.17)

Totoutotpénwe, dev anatteitol vo aoyoinfolue xabdhou ue Tig SLaTdEELS OTIC
omoleg Bploxetal yetd amd xdbe PrRuc o WFA, anhouotedovTag TNV anodetxTixy
Stadixaata.

M ouvdptnon épyou w anoxaheltar owvel xupth (quasi-conver) av yia
omoleadnmote Statdlelc eCumnpetnTdy X xou Y xou xdbe onueto z € X woyvet

min{w(X —z+y)+wly —y+2)} <wX)+w).

yey

Adppa 4.8 (Oovel Kuptétnta). ‘Olec or ouvaptiioeic épyou elvar owovel
XUPTES.

'Eotw y xdnoto onueto xaL w,, 1 tp€youvca cuvdptnor épyou. Mia Sudtaln
A Nyetaw eAayiotonotftpia (minimizer) 10U Y WS TEOS TNV Wy, AV

A= argrr;}n {wai(X) — Zd(az,y)} .

zeX
Axohotfug Bewpolue 6Tl 1) enduevn altnon agopd to onuelo r. Me tn Borfela
Tou Afupatog 4.8 anodetxviovtal 300 axéun AjuuaTo.
Auua 4.9. Ay w,, n tpéyovoa ouvdptnon €poyov xar v To onuelo Tn¢ end-
uevne altnong, téTe

(A elvon eNayLOTOTOLATELAL TOU T WS TEOS TNV Wy,) ==

—> (A elvat ehaytoTonotiTeta TOL T KS TPOS TNV W,y ) -

Muwo Sidtaén A tétola dote

A = arg m)?x {inr (X) — Wo, <X>}

Aéyeton ueytotonouftpia (mazimizer) wg TEOS TNV W,,. YrevOuuilovue €86
61t M ToobNTe maxy { Wy, (X) — w,, (X)} toovtal €€ optouol e 1o enauin-
UEVo x60TOC.

Adppa 4.10 (Avixétnta). Kdfe cdayiotonofitpia tou 1 w¢ mpog tpy w,,
elvar emlons UEYIOTOTOLTOLE WS TPOS TNV Wy, .

‘Eotw thpa U = {uy, us,...,ur} n tpéyovon ddtaln twv eZunnpetntdy
Tou Béhtiotou offline ahyopibuouv OPT. Opilouue TV Tapaxdtw cuvdptnom
duvouxoU:

(U, w,,) £ MIN,, (u),

uelU
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6Tou

A .
MIN,, (u) = min {wai (X) — Z d(z, u)} :
zeX
Ac vnobéoouue 6TL 0 OPT txavoTmotel TNV eTOUEVY alTnon I UETAXLVOVTAS TOV
eCumnpetnty| mou Peloxetal oto onueto u;. Toloutotpdmwe, N véa didtadn Twy
eCumneetntdy elvan U’ = U — u; + r. 'Eyxouue Aowndv:

Adppa 4.11. O(U', w,,) — ©(U, wy,) > —k - d(uj,r).
Emnpootétog, ex twv Anuudtov 4.9 xa 4.10 cuvdyetar 6t

Adppa 4.12. (U w,,,) — (U, w,,) > max {We,r(X) — w,, (X)}.

Xpnowonotdvtag 6ha ta napandve enainfedetar n avieétnta (4.17), ano-
dewviovtac To Oedpnua 4.6. O

Ye avtifeon ue toug ahyoplfuoug mou mapousLdcaue TS TEONYOUUEVES
eEVOTNTES, 0 WFA elval avTaywvloTixdg yio xdbe yetpnd ydeo, ninotdlovtog
UdAoTO TOV EAAYLOTO BuVATS AGYO OVTAYWVLOTIXOTNTAS, O onolog LoodTal
ue k. Edhoya yevvdtow Aowndv n amoplo €dv xou und moteg mpolnobéoelg o
ahybplbuog cuvdptnong €pyou umopel va emTUyEL TNV Wavixr| auty entdoon.
[Mapabétouvue oplouéva oyeTixd anoteréouaTa:

Ocdenua 4.13. [CLI2| Xtpv edixif nepintwon mov k = 2, o adydpifuoc
WFA elval 2-avtaywvioTixdc.

Ocdhpnua 4.14. [KoutP96] O adydpifuoc WFA elvar k-aviaywviotixde yia
xdbe uetpixd ydpo o onoloc mepiéyel k + 2 onuela to moAU.

Ocedpnua 4.15. [BeiCLI9| Xtpv etduxif nepintwon nov k = 3, o adydpibuog
WFA elvar 3-avtaywviotixds yia to dididotato eninedo Manhattan (todt’
oty und v uetpuxy (1), doa xau (3v/2)-avraywvioTixdc yia to EuxAeldio
didtdotato eninedo.

Ocdpnpa 4.16. [BarK00] O adydpifuoc WFA elvar k-aviaywviotixds yia
v evlbela yoauus.

ToviCetar 6Tt 6Aa T Tpoavagephévta Oewpuata otneilovial otig WLOTY-
TeC NG otovel xuptdtNTag xow tng duixétntog (Afuuata 4.8 xau 4.10). Tevi-
x6Tepa, exdletan 6TL 0 WFA elval LoYLEd avTay®LoTXoS Yo xdle uetpixd
X®po. Yndpyetl emtmiéov €vtovn unodlo 6Tt 0 Adyog Tou dev anodetxvieTol Xt
Tétolo and 10 Oedpnua 4.6 towg mpénel va avalntnbel oto 6Tl o enavinuévo
%x60TOC UTEREXTLUA TO TPAYUaTiXG %6010 Tou alyoptbuou.
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1
Yyfua 4.4: EyBdnton N x N nhéypatog oe 3évdpo (évioveg ypouués)

4.4 EyPantiosig peTpiXdy YOpwYv

‘Eva xhaoixd pabdnuotind mpdBinua cuviotator otny euBdntion evog Uetptxol
XGOpou e xdToLoY dANO UE Uxph TopaubepwoT), Snhady) Ywels va ahhotdveTal
Spapatixd 1 Tomohoyxn Lopy Tou TpdTtou. Ev npoxewéve, Oua aoyoinbolue
ue euPantioelc SLOTL Yo EMLTPETOLY Vo XATAOKEUGLOUUE VEOUS AYTAYWVLOTL-
xoU¢ online aAyopifuouc yia Sidpopa mpoPBAfuata, UeTal TwV onolwy ol
auTé TRV k-eEUTNEETNTOV.

Optowés 4.17. Eotw M = (M,d) xae M = (M, CZ) dvo uetpixol ydpot mov
arotedovvtar and to (o0 ovvodo onuelwy M. O M a-nmpooeyyilet tov M av
via xdbe u,v € M woyder d(u,v) < d(u,v) < a-d(u,v).

Ynuetwtéoy 6TL avayxala cuVOTXN YL VO LXOVOTIOLEITAL O TAPUTAVL 0pL-
oude elvan ou yetpwéc d xau d va elvae tooduvaues. Aueca howmdy mpoxintel
10 axbhoufo Oedpnua.

Ocdpnua 4.18. Eotw M = (M, d) xat M = (M, J) dUo uetpixol ydpotr mov
arotedodviar and to (B0 ovvoro onuelwy M, dote o M va a-mpooeyy(let
tov M. Ay undpyet c-avtaywviotixds autioxpatixds (avtiotolywe, random-
ized) adydpifuoc ALG y; yia To mpdBAnua twv k-eEunnpetntdy otoy M, tére
undpyet attioxpatixds (avtiotolywe, randomized) adydpifuoc ALGr yia TO
(010 mpdBAnua otov M o ornolog elval ca-avtaywvioTixdg.

Arddeién. Ipogavic. O
ITopddetypa. 'Eotw to N x N miéyua tou Lyfuatog 4.4. Ouk e€unnpetntég

UTOPOUY VO XLYOUYTAL UOVO XATA UNXOG TWV AXUGY TOU TAEYUATOS, EVEM OL
athoelg agopovy amoxAelotxd x6ufBoug tou tekeutatou. Me dAha Adyua,
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0 UETPWOS YWpog oTov omolo eetdlovue To TEOPANUL TwY k-eEUTNEETNTOY
éxer mhnfucdtnta N? xon ypnowonotel Ty UeTxh £1, YVWOTH %ol 0 UETPLXA
Manhattan.

Oewpolue éva napdyov dévdpo (spanning tree) twv x6uPwv Tou TAEYUA-
TOC, OMWS QalvETAl Amd TS EVTOVES YPOUUES OTO oYU, ot eQapudlouue
Tov ahy6plfuo DC-TREE', Snhadh tnv oxvnpy exdoy#A tou DC-TREE, Yo TNy
avonolnon Ty atthoewy mou Statundvovtal. Puoixd, e8& ol edunnpetnTég
€youv TN duvatéTnTa var Staoyilouy OAeg TG axUES TOU TAEYUATOS, YL UOVOY
exelveg oL omoleg avAxouy oo Tapdyov dEvdpo, epdooV 1oL «xOBouy dpduo»
X0l UeLvouy To online x6oToc.

Edxoha dlamiotdhvouue 6Tl To CUYXEXPUIEVO BEVSRO, LOWUEVO WS UETELXOS

N

x6pos, (2[5 ]+ 1)-npooeyyiler to mhéypa dwaotdoewy N x N. Yuvendg, o

mpoavaepbelc véog alybpLiuog mou mpoxintel wg enéxtact Tou DC-TREE 610
N

TAé YU amodetxvieTol Yevixd k (2 L?J + 1)-ocvao)wonxég.

Avotuyde, N mapandve uéfodog dev mapgéyel Wialtepn evehllo oty xoto-
oxeLn] VEOY ahyoplOuwy xaL To anoTEAEGUATA, KOS TPOS TNV AVTAYWVLOTIXOTN-
Ta, x40e dAho mopd Oeauatind elvar. o to Adyo autd, Tpoywpeolue €va Bua
TUPATERA OTN YEVXOTERY évvola TV Thavotixdy cufantioewy (probabilistic
embeddings).

Oplowés 4.19. Eotw M = (M, d) petpwxds ydpos xaw N' = (M, d™) xAdoy
UETPLXGY y&pwy ot omolot opllovtar Slot enl tou ouvdov onuelwy M. HN
A-npooeyy(let mbavotixd tov M ay undpyet xatavour mbavérnras D(x) enl
e N téroia dote yia xdbe u,v € M:

1. d(u,v) < d®(u,v).
2. Ep[d®(u,v)] < X-d(u,v).
Kot avahoylo ue 1o Oedpnua 4.18 éyouue ebloya:

Ocdpnua 4.20. Eotw M = (M,d) petpwxds ydpos xew N = (M,d™)
xAdon uetpixdv yGpwv ot onolot oplloviar dAot enl touv ouvdlou onuelwy
M, dote n N va A-mpooeyyilet mbavotixd tov M. Av yia to npdfinua
twy k-efunnpetntdy oe xdbe évav ydpo M € N urdpyet c-aviaywviotixnde
attioxpatixés 1 randomized adydptbuoc ALG v, T6Te undpyet randomized oA-
YoptBuos ALGr yia To [Bto mpdBAnua otov M mou elvar cA-aviaywviotixds
evavtiov adady avTindiwy.

O xawvolplog ahybplluog ALG A Aettovpyel wg e€hc. Kat’ apyde, emiéyel
évay UeTpd ybpo M € N e tuyaio 1610, olupeva ue v xotavour D(x)
yia Ty onola n N A-npooeyyilet mbavotxd tov M. Koatémy, euPantilet tov
M 610y M %o anhd e@opu6let Tov ahy6ptluo ALG .
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Iopatienon. To yeyovég 6tu o aviinahog etvon adarc anoteAel OeueAiddn
analtnon tou mponyoUuevou Bewpruatog, dOTL N avauevéuevn enidoorn Tou
ALG ¢ ebvon eyyunuévn av xat uévo av o avtinadog Sev yvopllel oo yohpo
M e N emdéyer o alybpbuoc. Katagavde, av o avtinalog elvat mpocapuo-
oTx6g, To Oedpnua 4.20 xatappéet.

IMopdderypa. Xuvavtiooue ¥8n tov randomized akydplfuo CIRC otnyv Yno-
evotnta 4.1.3, o omolog xataoxevdleto euPantilovrag mbavotixd tnv mept-
pépeta xUxAou C oe ULa oLYXEXPWUEVT xAdon evbuyEduueY TUNUdTWY L, ute-
poptburowy 1o TAfoc. MdAiota, €yovtag xatd vou tov Oploud 4.19, Suo-
Totdvouue 6Tl N oyéon (4.3) anodewxviel nwe N L 2-npooeyyilel mbavotixd

v C.

‘Onwe npoavagépaue, N mpwtonoplaxt, (xou adnuooteutn!) epyaocia tou
Karp oty onola mopovordleton xar avalletar o ahydptfuoc CIRC [Karp89)
anetéheoe To Evavoua yio Sle€odindtepn UEAETN TwY ThavoTxdY euPantioewy
XL TV EQAPUOYDY Toug o€ ahyopliuixd mpoBhiuata. Ewwdtepa, doov agpopd
NV TEpLoy Y| TV duecwy ahyoplbuwy, Yeryopa To eVBLAQEROY TWV EQELVNTMY
otpdenxe oty avalhtnon xhdoewy and devdpixolc Uetpuxolc yopoug (tree
metrics) ot onoleg va mpooeyyilouv mbavotixd évay onolovdfnote PeTpX
Y0Oeo ue ey napaudppwor. H mpotiunorn auth elvar Suxatohoynuévr, diott
ToAA& TpoPAfuota oe SEvdpa e OVTAL XOUPES Ol UTOTEAECUATIXES AUCELS
— 6mwe vl mapddelypo exelvo Twv k-e€umneetntdy, mou emthleTal and Tov
DC-TREE.

"Etol hotndy, o Alon, Karp, Peleg xow West [AIKPW95] e€étacay mbavo-
€ euPantioelg ypapnudtwy ot napdyovia dévdpa. Ex twv anoteAeoudtoy

z /7 Ié /7 /.
Toug ouvdyeTal 6TL x&0e YeTpindg ydpog M <20(V TognTogTogn)

) -npooeyyiletou
mhavotixd and devdpixoig uetpixolc ywpoug, 6mou n To TAYbog onuelwy Tou
M. Apyébrepa, o Bartal Bedtiwoe tov mapdyovia mpooéyyiong, mpdta o€
O(log?n) [Bar96] xau ev ouveyeta oe O(lognloglogn) [Bar98]. To va to
xatopldoel autd, bploe TNV AeYOUEVN XA&oN TV tepapyixd xaAds Saywpt-
ouévwy 8évépwy (hierarchically well-separated trees, HSTs). Emnhéov, dua-
TloTwoe OTL UTdPYEL UETELXOC X Gpoc 0 omolog av A-tpooeyytotel mhavotixd
and devdpixolc petpixols ydpoug, téte A = Q(logn) [Bar96).

Ev xataxieldt, onueidvouue 6Tt mpoodtwe ol Fakcharoenphol, Rao xou
Talwar [FaRT03] anédetlav b1t xdbe petpinde ydpos O(logn)-npooeyyiletal
ané HSTs.  Aniadn, Aaufdvovtag un’ 6dmn 10 avwTtépn xdTw @pdyud Tou
Bartal, enétuyav tov Bértioto mapdyovta mpooéyyione modulo wa mohha-
TAaoLaoTxY| oTobepd.
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