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PerÐlhyh

Sth Diplwmatikă ErgasÐa aută pragmatopoieÐtai h Hlektromagnhtikă AnĹ-
lush thc kwnikăc speiroeidoÔc keraÐac, dhladă o prosdiorismìc thc reumatikăc
katanomăc thc diĹtaxhc autăc ìtan trofodothjeÐ me kĹpoia tĹsh. ArqikĹ exe-
tĹzetai h gewmetrÐa thc keraÐac kai parousiĹzontai oi exisÿseic twn dianusmĹ-
twn pou qrhsimopoioÔntai sthn anĹlusă thc. Sth sunèqeia efarmìzetai gia th
sugkekrimènh diĹtaxh h exÐswsh pou sundèei thn èntash tou hlektrikoÔ pedÐ-
ou me to dianusmatikì dunamikì, katalăgontac sthn exÐswsh tou Pocklington.
AkoloÔjwc, efarmìzetai h mèjodoc twn tmhmĹtwn, dhladă o katakermatismìc
thc diĹtaxhc se peperasmèno arijmì tmhmĹtwn, jewrÿntac ìti to kĹje èna apì
autĹ diarrèetai apì stajerì reÔma (palmikèc sunartăseic bĹshc). H telikă
exÐswsh pou prokÔptei epilÔetai arijmhtikĹ me th boăjeia tou progrĹmmatoc
MATLAB kai upologÐzetai h reumatikă katanomă thc keraÐac.

Lèxeic–kleidiĹ

eureÐac zÿnhc, anexĹrthsÐa apì th suqnìthta, kwnikă speiroeidăc keraÐ-
a, hlektromagnhtikă anĹlush, reumatikă katanomă, oloklhrwtkèc exisÿseic,
oloklhrodiaforikă exÐswsh tou Pocklington, mèjodoc twn tmhmĹtwn



Abstract

This diploma thesis deals with the Electromagnetic Analysis of the Con-
ical Spiral Antenna, namely the technique of finding the current distribution
on conducting wires. At first, the geometry of the specific antenna and the
equations of the vectors that are used in the sequence of the analysis are pre-
sented. The EM problem of the current distribution is solved with the use of
the equation for the electric field expressed through the vector potential A
(magnetic vector potential). Once the Pocklington’s integrodifferential equa-
tion is derived, the equivalent filamentary line-source current of the antenna,
and thus current density on it, can be determined. For this purpose the
moment method solution is used with piecewise constant subdomain current
functions. In other words, the unknown current function is expanded as a
linear combination of N terms. By applying the boundary conditions on the
surface of the antenna at N different points (point-matching technique) we
proceed to the numerical evaluation of the current distribution with the use
of program MATLAB.

Keywords

broadband, frequency independent, conical spiral antenna, electromag-
netic analysis, current distribution, integral equations, Pocklington’s inte-
grodifferential equation, moment method



Eisagwgă

H jewrhtikă jemelÐwsh thc hlektromagnhtikăc jewrÐac ègine apì ton J.
Maxwell, o opoÐoc enopoÐhse th jewrÐa tou hlektrismoÔ kai tou magnhtismoÔ
mèsw twn omwnÔmwn klassikÿn exisÿsewn, problèpontac thn hlektromagnh-
tikă fÔsh tou fwtìc kajÿc kai to ìti to fwc kai ta hlektromagnhtikĹ kÔmata
diadÐdontai me kumatikèc diataraqèc thc Ðdiac taqÔthtac. G. Marconi ulopoÐh-
se gia prÿth forĹ to 1897 èna sÔsthma asÔrmathc metĹdoshc (thlègrafoc)
basizìmenoc sth jewrÐa pou eÐqe diatupÿsei arketĹ qrìnia prin o Maxwell. Oi
prÿtec apostolèc thlegrafikÿn mhnumĹtwn se megĹlec apostĹseic pragma-
topoiăjhkan apì ton Marconi stic arqèc tou eikostoÔ aiÿna, enÿ h asÔrmath
metĹdosh fwnăc se megĹlec apostĹseic sunduĹsthke me thn efeÔresh twn
enisqutikÿn luqniÿn kai twn talantwtÿn katĹ th dekaetÐa 1905`1915.

Apì thn epoqă tou Marconi mèqri to 1940 h teqnologÐa twn keraiÿn epi-
kentrÿjhke sthn kathgorÐa twn keraiÿn sÔrmatoc kai se suqnìthtec mèqri
UHF (Ultra High Frequencies). Apì to 1940 Ĺrqise h qrhsimopoÐhsh kai
Ĺllwn tÔpwn keraiÿn, ìpwc anoiktÿn kumatodhgÿn, qoanokeraiÿn, keraiÿn
me anaklastăra klp. Oi poluĹrijmec efarmogèc thc jewrÐac tou hlektroma-
gnhtismoÔ sthn teqnologÐa kajÿc kai h suneqÿc auxanìmenh qrhsimopoÐhsh
susthmĹtwn eureÐac zÿnhc katèsthsan anagkaÐa thn exereÔnhsh kai axiopoÐh-
sh tou megalÔterou mèrouc tou hlektromagnhtikoÔ fĹsmatoc kai th sqedÐash
keraiÿn eureÐac zÿnhc. Mèqri to 1950 oi keraÐec pou emfĹnizan qarakthri-
stikĹ eureÐac zÿnhc sthn antÐstash kai to diĹgramma aktinobolÐac touc eÐqan
eÔroc zÿnhc ìqi megalÔtero apì 2:1. To 1950 pragmatopoiăjhke mÐa alma-
tÿdhc prìodoc sthn exèlixh twn keraiÿn me apotèlesma thn epèktash tou
fĹsmatoc twn keraiÿn eureÐac zÿnhc se 40:1 ă kai perissìtero. Oi keraÐec
pou sqediĹsthkan katĹ thn perÐodo aută anafèrontai wc anexĹrthtec apì th
suqnìthta (frequency independent) kai èqoun gewmetrÐec pou perigrĹfontai
me gwnÐec. Oi anexĹrthtec apì th suqnìthta keraÐec qrhsimopoioÔntai ka-
texoqăn sth zÿnh suqnotătwn 10`10,000 MHz se poikÐllec efarmogèc ìpwc
h thleìrash, h epikoinwnÐa shmeÐou me shmeÐo, phgèc gia anaklastărec kai
fakoÔc kai Ĺllec.

H plhjÿra twn dunatotătwn twn anexĹrthtwn apì th suqnìthta keraiÿn
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èdwsan to ènausma gia thn prospĹjeia anĹlushc thc kwnikăc speiroeidoÔc
keraÐac, pou apoteleÐ mia diĹtaxh pou sunduĹzei ta qarakthristikĹ dÔo polÔ
gnwstÿn keraiÿn eureÐac zÿnhc thc dikwnikăc keraÐac kai thc elikoeidoÔc.
H dikwnikă keraÐa apoteleÐ mÐa aplă kataskeuă pou qrhsimopoieÐtai katexo-
qăn gia efarmogèc eureÐac zÿnhc. H elikoeidăc keraÐa emfanÐzei tìso eureÐ-
ac zÿnhc qarakthristikĹ kajÿc kai kuklikă pìlwsh pou eÐnai epijumhtă gia
arketèc efarmogèc. H sÔnjesh twn dÔo autÿn diatĹxewn eÐnai h kwnikă eli-
koeidăc keraÐa pou emfanÐzei beltiwmèna qarakthristikĹ se sqèsh kai me tic
dÔo diatĹxeic. Stìqoc thc paroÔsac ergasÐac ătan o prosdiorismìc thc reu-
matikăc katanomăc thc kwnikăc speiroeidoÔc keraÐac, mèsw thc mejìdou twn
oloklhrwtikÿn exisÿsewn.

H ergasÐa eÐnai organwmènh se trÐa kefĹlaia. H parousÐash eÐnai katĹ to
dunatìn autìnomh, afoÔ parousiĹzontai ìla ta stoiqeÐa jewrÐac pou qrhsimo-
poioÔntai. Gia thn arijmhtikă epexergasÐa twn dedomènwn qrhsimopoiăjhke to
prìgramma MATLAB. Ta progrĹmmata pou qrhsimopoiăjhkan paratÐjentai
sto ParĹrthma.

Sto KefĹlaio 1 analÔetai h gewmetrÐa thc diĹtaxhc kai parousiĹzontai
oi parametrikèc kai dianusmatikèc - parametrikèc exisÿseic autăc. ProsdiorÐ-
zetai, epÐshc, h majhmatikă èkfrash tou efaptìmenou sthn èlika dianÔsmatoc

Sto KefĹlaio 2 parousiĹzetai arqikĹ h oloklhrodiaforikă exÐswsh pou
ja qrhsimopoihjeÐ gia thn anĹlush thc keraÐac. Efarmìzetai sthn exÐswsh h
mèjodoc twn tmhmĹtwn (Moment Method or Method of Moments) me palmi-
kèc sunartăseic bĹshc kai exĹgetai h analutikă èkfrash thc oloklhrwtkăc
exÐswshc tou Pocklington.

Sto KefĹlaio 3 gÐnetai h arijmhtikă epexergasÐa thc exÐswshc tou Poc-
klington me th boăjeia tou progrĹmmatoc MATLAB kai parousiĹzontai ta
apotelèsmata thc reumatikăc katanomăc.
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KefĹlaio 1

H GewmetrÐa thc DiĹtaxhc

1.1 Parametrikèc Exisÿseic thc Kwnikăc SpeÐ-
rac

H diĹtaxh pou ja analujeÐ sthn paroÔsa ErgasÐa eÐnai h kwnikă speÐra
pou faÐnetai sto akìloujo sqăma:

H Kwnikăc Speiroeidăc KeraÐa H Kwnikă SpeÐra

Sqăma 1.1: H GewmetrÐa thc DiĹtaxhc

Oi parametrikèc exisÿseic thc kwnikăc speÐrac pou ja analÔsoume eÐnai
oi exăc:
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x(φ) = αφ cos φ

y(φ) = αφ sin φ (1.1)

z(φ) =
h

2π
φ

EÐnai safèc ìti oi exisÿseic autèc gia φ ∈ R sunistoÔn mÐa kwnikă speÐra
me Ĺpeirec diastĹseic h opoÐa den eÐnai dunatì na melethjeÐ. Gia to lìgo autì
ja jewrăsoume ìti h gwnÐa φ metabĹlletai katĹ −2πN < φ < 2πN , ìpou N
o arijmìc twn speirÿn thc èlikac.

An apaleÐyoume thn parĹmetro φ apì tic exisÿseic (1.1) prokÔptei h sqèsh:

x2 + y2 =

(
2πα

h
z

)2

(1.2)

EÐnai, dhladă, ta shmeÐa thc èlikac ta shmeÐa enìc <<kÔklou>> tou opoÐou h
aktÐna auxĹnetai anĹloga me th gwnÐa φ kai to epÐpedì tou metakineÐtai katĹ
ton Ðdio trìpo katĹ măkoc tou z Ĺxona. ’Otan èna shmeÐo P kineÐtai pĹnw sthn
kampÔlh, h probolă tou P1 sto epÐpedo x0y diagrĹfei thn èlika x2 + y2 =
(aφ)2. ’Etsi h kampÔlh mporeÐ na jewrhjeÐ wc h troqiĹ enìc shmeÐou pou
kineÐtai se epÐpedh èlika me kèntro ston zz′ Ĺxona, enÿ tautìqrona to epÐpedo
thc èlikac metatopÐzetai ètsi ÿste na paramènei parĹllhlo proc to epÐpedo
x0y.

H diĹtaxh kaleÐtai kwnikă speÐra giatÐ h èlika efĹptetai se ènan kÿno.
Autì apodeiknÔetai an upologÐsoume thn efaptomènh thc gwnÐac α gia èna
tuqaÐo shmeÐo pĹnw sthn èlika (Sqăma 1.2). EÐnai:

tan α =

√
x2 + y2

z
=

αφ
h
2π

φ
=

2πα

h
= σταθερά

Sqăma 1.2: O efaptìmenoc sth diĹtaxh kÿnoc
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1.2 Dianusmatikă`Parametrikă ExÐswsh thc
Kwnikăc SpeÐrac

To diĹnusma jèshc miac kampÔlhc dÐnetai apì th sqèsh:

~r = x(φ) · x̂ + y(φ) · ŷ + z(φ) · ẑ (1.3)

’Etsi, loipìn, h dianusmatikă parametrikă exÐswsh thc kwnikăc speÐrac
me th boăjeia thc sqèshc (1.1) eÐnai h akìloujh:

~r = x̂ · αφ cos φ + ŷ · αφ sin(φ) + ẑ · h

2π
φ (1.4)

Mac endiafèrei na upologÐsoume thn exÐswsh tou efaptìmenou sthn kam-
pÔlh monadiaÐou dianÔsmatoc. To diĹnusma autì dÐnetai apì th sqèsh:

ŝ(φ) =

d~r
dφ

| d~r
dφ
| (1.5)

• H parĹgwgoc thc sunĹrthshc ~r(φ) eÐnai:

d~r

dφ
= x̂ · dx(φ)

dφ
+ ŷ · dy(φ)

dφ
+ ẑ · dz(φ)

dφ

Kai me th boăjeia thc (1.1):

d~r

dφ
= x̂ · (α cos φ− αφ sin φ) + ŷ · (α sin φ + αφ cos φ) + ẑ · h

2π
(1.6)

• Mèsw thc prohgoÔmenhc exÐswshc (1.6):

∣∣∣∣
d~r

dφ

∣∣∣∣ =

√
α2 + α2φ2 +

(
h

2π

)2

(1.7)

Epomènwc:

ŝ(φ) =
x̂ · (α cos φ− αφ sin φ) + ŷ · (α sin φ + αφ cos φ) + ẑ · h

2π√
α2 + α2φ2 +

(
h
2π

)2
(1.8)

AkoloujeÐ ènac pÐnakac me tic timèc twn parametrikÿn exisÿsewn thc èli-
kac kajÿc kai twn paragÿgwn autÿn gia diĹforèc timèc thc gwnÐac φ (DÐ-
nontai oi timèc twn x(φ), y(φ), z(φ) kai ẋ(φ), ẏ(φ), ż(φ), mèsw twn opoÐwn
upologÐzontai ta dianÔsmata ~r kai ŝ):
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φ x y z ẋ ẏ ż

−2π −2πα 0 −h α −2πα h
2π

−3π
2

0 −3πα
2

−3h
4

3πα
2

α h
2π

−π απ 0 −h
2

−α απ h
2π

−π
2

0 απ
2

−h
4

−απ
2

−απ h
2π

0 0 0 0 α 0 h
2π

π
2

0 απ
2

h
4

−απ
2

α h
2π

π −απ 0 h
2

−α −απ h
2π

3π
2

0 −3απ
2

3h
4

3απ
2

−α h
2π

2π 2απ 0 h α 2απ h
2π



KefĹlaio 2

Jewrhtikă AnĹlush tou
Problămatoc

2.1 Exisÿseic Maxwell kai Sunartăseic Du-
namikoÔ

H jewrÐa twn keraiÿn sthrÐzetai stic klassikèc exisÿseic tou Maxwell,
oi opoÐec eÐnai:

∇ · ~D = ρ (2.1)

∇ · ~B = 0 (2.2)

∇× ~E = −∂ ~B

∂t
(2.3)

∇× ~H = ~J +
∂ ~D

∂t
(2.4)

∇ · ~J = −∂ρ

∂t
(2.5)

Ta hlektromagnhtikĹ megèjh pou sundèontai mèsw twn anwtèrw exisÿ-
sewn eÐnai dianusmatikèc ă bajmwtèc sunartăseic tou qÿrou kai tou qrìnou.
H anĹlush twn hlektromagnhtikÿn pedÐwn pou ekpèmpontai ă lambĹnontai
apì ènan aktinobolhtă, dieukolÔnetai me thn eisagwgă sunartăsewn pou eÐnai
gnwstèc wc sunartăseic dunamikoÔ. PrĹgmati, h exÐswsh (2.2) epitrèpei thn
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èkfrash thc magnhtikăc epagwgăc ~B, wc peristrofă miac bohjhtikăc dianu-
smatikăc sunĹrthshc ~A, h opoÐa kaleÐtai dianusmatikì dunamikì, dhladă:

~B = ∇× ~A (2.6)

Epiplèon, lìgw thc (2.6), h sqèsh (2.3) grĹfetai:

∇×
(

~E +
∂ ~A

∂t

)
= 0 (2.7)

Sunepÿc, epeidă h dianusmatikă sunĹrthsh ~E + ∂ ~A
∂t

èqei mhdenikă peristrofă
gia kĹje shmeÐo tou qÿrou, mporeÐ na ekfrasjeÐ wc klÐsh miac bohjhtikăc
bajmwtăc sunĹrthshc φ pou onomĹzetai bajmwtì dunamikì. Me bĹsh thn
paratărhsh aută, h èntash tou hlektrikoÔ pedÐou ~E ekfrĹzetai me th boăjeia
twn sunartăsewn dunamikoÔ wc exăc:

~E = −∇φ− ∂ ~A

∂t
(2.8)

Se omogenă kai isotropikì qÿro isqÔei:

~D = ε ~E (2.9)

kai

~B = µ ~H (2.10)

ìpou ε kai µ h dihlektrikă stajerĹ kai h magnhtikă diaperatìthta tou mèsou.
Epistrèfontac stic exisÿseic Maxwell kai lambĹnontac upìyh tic exisÿseic
(2.6) kai (2.8) prokÔptoun oi sqèseic pou sundèoun tic dÔo sunartăseic duna-
mikoÔ, dhladă:

∇2φ +∇ · ∂ ~A

∂t
= −ρ

ε
(2.11)

∇×∇× ~A = µ~J + µε

[
−∇∂φ

∂t
− ∂2 ~A

∂t2

]
(2.12)

H (2.12) isodunameÐ me th sqèsh:

∇(∇ · ~A
)−∇2 ~A = µ~J − µε∇

(∂φ

∂t

)
− µε

∂2 ~A

∂t2
(2.13)

To zeÔgoc diaforikÿn exisÿsewn (2.11) kai (2.13) pou emplèkei kai tic dÔo
sunartăseic dunamikoÔ ~A kai φ mporeÐ na aposumpleqjeÐ, ÿste na prokÔyoun
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dÔo anexĹrthtec diaforikèc exisÿseic gia kĹje mÐa apì tic ~A kai φ. Autì eÐnai
dunatì me bĹsh to ìti h apìklish tou prosdioristèou dianusmatikoÔ dunamikoÔ
mporeÐ na epilegeÐ ètsi ÿste na aplopoihjoÔn oi (2.11) kai (2.13). H epilogă,
pou odhgeÐ se shmantikă aplopoÐhsh, eÐnai h gnwstă sunjăkh Lorentz:

∇ · ~A = −µε
∂φ

∂t
(2.14)

me bĹsh thn opoÐa oi (2.11) kai (2.13) metatrèpontai wc exăc:

∇2φ− µε
∂2φ

∂t2
= −ρ

ε
(2.15)

kai

∇2 ~A− µε
∂2 ~A

∂t2
= −µ~J (2.16)

Sunepÿc, me thn anwtèrw epilogă twn sunartăsewn dunamikoÔ, kĹje mÐa
apì tic diaforikèc exisÿseic pou ikanopoioÔn ta dunamikĹ ikanopoieÐ thn antÐ-
stoiqh kumatikă exÐswsh. Apì autèc prokÔptei ìti to dianusmatikì dunamikì
exartĹtai apì thn katanomă twn phgÿn reÔmatoc, enÿ to bajmwtì dunamikì
exartĹtai apì thn katanomă apì thn katanomă twn phgÿn fortÐou. Asfalÿc,
oi dÔo autèc katanomèc sundèontai mèsw thc sqèshc (2.5) gegonìc, Ĺllwste,
pou epibebaiÿnei thn allhlexĹrthsh twn ~A kai φ mèsw thc sunjăkhc Lorentz.

Oi exisÿseic (2.15) kai (2.16) èqoun wc lÔseic kumatikèc sunartăseic. En-
deiktikĹ kai kurÐwc gia lìgouc fusikăc ermhneÐac, exetĹzetai h aplă perÐptwsh
qÿrou qwrÐc phgèc. Tìte, h (2.15) grĹfetai:

∇2φ− 1

c2

∂2φ

∂t2
= 0 (2.17)

ìpou

c =
√

µε (2.18)

h taqÔthta tou fwtìc sto mèso diĹdoshc. H antÐstoiqh dianusmatikă diafo-
rikă exÐswsh ikanopoieÐtai apì to dianusmatikì dunamikì ~A. H plèon aplă
perÐptwsh gia th lÔsh thc (2.17) prokÔptei ìtan to bajmwtì dunamikì φ eÐnai
sunĹrthsh miac mìno qwrikăc metablhtăc, dhladă φ = φ(z, t). Sthn perÐptwsh
aută h genikă lÔsh thc (2.17) eÐnai thc morfăc:

φ(z, t) = f(t− z

c
) + g(t +

z

c
) (2.19)

ìpou f kai g aujaÐretec diplĹ diaforÐsimec sunartăseic. H sunĹrthsh f(t− z
c
)

eÐnai kumatikă sunĹrthsh pou paristĹnei kÔma pou odeÔei katĹ th jetikă forĹ



20 Jewrhtikă AnĹlush tou Problămatoc

tou Ĺxona twn z, enÿ h g(t + z
c
) paristĹnei kÔma pou odeÔei katĹ thn arnh-

tikă forĹ tou Ĺxona z. ApodeiknÔetai ìti kai oi exisÿseic (2.15) èwc (2.17)
epidèqontai lÔseic katĹ perÐptwsh bajmwtèc ă dianusmatikèc sunartăseic pou
eÐnai kumatikăc morfăc. Epomènwc, oi exisÿseic Maxwell problèpoun thn me-
tĹdosh hlektromagnhtikÿn kumĹtwn me taqÔthta autăn tou fwtìc sto mèso
diĹdoshc. Oi genikèc lÔseic twn exisÿsewn (2.15) kai (2.16) prokÔptoun upì
th morfă qwrikÿn oloklhtwmĹtwn se analogÐa proc tic antÐstoiqec lÔseic
thc exÐswshc Poisson pou prokÔptei apì tic (2.15) kai (2.16) sth statikă
perÐptwsh ( ∂

∂t
= 0). To telikì apotèlesma eÐnai:

φ(x, y, z, t) =
1

4πε

∫∫∫

V

1

R
ρ(x′, y′, z′, t− R

c
)dV ′ (2.20)

~A(x, y, z, t) =
1

4π

∫∫∫

V

1

R
ρ(x′, y′, z′, t− R

c
)dV ′ (2.21)

ìpou

R =

√(
x− x′

)2
+

(
y − y′

)2
+

(
z − z′

)2
(2.22)

h apìstash metaxÔ tou shmeÐou ~r = xx̂ + yŷ + zẑ, ìpou upologÐzetai to
dunamikì, kai tou shmeÐou ~r′ = x′x̂ + y′ŷ + z′ẑ pou kajorÐzei th jèsh tou
stoiqeiÿdouc ìgkou dV ′ = dx′dy′dz′ o opoÐoc suneisfèrei to stoiqeiÿdec
fortÐo ă reÔma.

Ta qwrikĹ oloklhrÿmata (2.20) kai (2.21) ekteÐnontai sto sunolikì qÿro
V , ìpou eÐnai katanemhmènec oi phgèc. Prèpei na tonisjeÐ ìti isqÔei h arqă thc
upèrjeshc, sÔmfwna me thn opoÐa eÐnai dunatìc o upologismìc twn merikÿn
dunamikÿn pou ofeÐlontai se mèroc twn phgÿn, lambĹnontac upìyh katĹ thn
oloklărwsh twn (2.20) kai (2.21) mìno tic phgèc autèc. Tèloc, apodeiknÔe-
tai ìti efìson oi puknìthtec ρ kai ~J ikanopoioÔn th sunjăkh sunèqeiac tou
fortÐou (2.5) kai oi sunartăseic dunamikoÔ φ kai ~A ikanopoioÔn th sunjăkh
Lorentz (2.14).

ParĹ to gegonìc ìti mèqri to shmeÐo autì h qronikă exĹrthsh twn dia-
fìrwn megejÿn eÐnai aujaÐreth, sth sunèqeia h anĹlush ja periorisjeÐ sthn
perÐptwsh phgÿn kai pedÐwn pou metabĹllontai hmitonoeidÿc me to qrìno. O
periorismìc autìc dieukolÔnei idiaÐtera thn anĹlush twn diafìrwn hlektro-
magnhtikÿn problhmĹtwn me thn eisagwgă fasijetÿn, dhladă shmeiakÿn su-
nartăsewn pou eÐnai anexĹrthtec tou qrìnou. H sqèsh pou uiojeteÐtai gia th
sÔndesh tou fasijèth H enìc megèjouc (pou sumbolÐzetai me kefalaÐo qara-
ktăra) kai thc antÐstoiqhc stigmiaÐac timăc h(t) (pou ja sumbolÐzetai me ton
antÐstoiqo mikrì qaraktăra ìtan qreiĹzetai o upologismìc thc) eÐnai:
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h
(
x, y, z, t

)
= Re

{
H(x, y, z)ejωt

}
(2.23)

ìpou ω = 2πf h kuklikă suqnìthta tou hmitonoeidoÔc megèjouc.
O periorismìc sthn perÐptwsh phgÿn kai pedÐwn hmitonoeidoÔc metabolăc

wc proc to qrìno ofeÐletai se dÔo lìgouc. Afenìc, sth shmantikă aplopoÐh-
sh tou problămatoc, to opoÐo sth genikă perÐptwsh eÐnai exairetikĹ dÔskolo
na antimetwpisjeÐ kai, afetèrou, sto gegonìc ìti ta sămata ta opoÐa ekpèm-
poun ă lambĹnoun oi keraÐec eÐnai zwnoperatĹ , me sqetikĹ mikrì eÔroc zÿnhc
perÐ th fèrousa suqnìthta. Epomènwc, h hlektromagnhtikă sumperiforĹ miac
keraÐac mporeÐ na proseggisjeÐ se ìlo to eÔroc suqnotătwn leitourgÐac apì
th sumperiforĹ thc fèrousac suqnìthtac. Oi jemeliÿdeic exisÿseic pou qara-
kthrÐzoun to hlektromagnhtikì pedÐo sthn perÐptwsh hmitonoeidoÔc metabolăc
phgÿn kai pedÐwn lambĹnoun th morfă:

Exisÿseic Maxwell

∇ · ~D = ρ (2.24)

∇ · ~B = 0 (2.25)

∇× ~E = −jω ~B (2.26)

∇× ~H = ~J + jω ~D (2.27)

∇ · ~J = −jωρ (2.28)

Sunartăseic DunamikoÔ

∇2 ~A + k2 ~A = −µ~J (2.29)

∇2φ + k2φ = − ρ

Σ
(2.30)

~B = ∇× ~A (2.31)

~E = −∇φ− jω ~A (2.32)
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Sunjăkh Lorentz

∇ · ~A = −jωµεφ (2.33)

Stic prohgoÔmenec sqèseic k eÐnai o kumatikìc arijmìc sto mèso diĹdoshc me

k = ω
√

µε =
ω

c
(2.34)

Apì thn (2.32), prokÔptei h èkfrash thc èntashc tou hlektrikoÔ pedÐou su-
nartăsei mìno tou dianusmatikoÔ dunamikoÔ apì th sqèsh:

~E = −jω ~A− j

(
ω

k2

)
∇(∇ · ~A

)
(2.35)

Tèloc, oi genikèc lÔseic twn kumatikÿn exisÿsewn sthn perÐptwsh hmitonoei-
doÔc metabolăc wc proc to qrìno metapÐptoun stic:

Φ(x, y, z) =
1

4πε

∫∫∫

V

ρ
(
x′, y′, z′

)e−jkR

R
dV ′ (2.36)

~A(x, y, z) =
µ

4π

∫∫∫

V

~J
(
x′, y′, z′

)e−jkR

R
dV ′ (2.37)

2.2 H Oloklhrwtikă ExÐswsh tou Pockling-

ton

Ac upojèsoume ìti èna hlektromagnhtikì kÔma prospÐptei sthn epifĹneia
enìc agÿgimou sÔrmatoc, ìpwc faÐnetai sto sqăma 2.1(a), kai onomĹzetai pro-
spÐpton hlektrikì pedÐo Ei(r). ’Otan to agÿgimo sÔrma prìkeitai gia mia ke-
raÐa, to prospÐpton pedÐo dhmiourgeÐtai apì thn trofodosÐa thc keraÐac. ’Ena
mèroc tou prospÐptontoc kÔmatoc ìtan prospèsei sthn epifĹneia tou sÔrma-
toc epĹgei se aută mÐa puknìthta reÔmatoc Js (A/m). H epagìmenh puknìthta
reÔmatoc Js dhmiourgeÐ kai epanekpèmpei èna hlektrikì pedÐo pou anafèretai
wc anaklÿmeno hlektrikì pedÐo Es(r). Epomènwc, se kĹje shmeÐo tou qÿrou
to sunolikì hlektrikì pedÐo Et(r) eÐnai to Ĺjroisma tou prospÐptontoc kai
tou anaklÿmenou pedÐou, dhladă:
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Et(r) = Ei(r) + Es(r) (2.38)

ìpou

Et(r) = sunolikì hlektrikì pedÐo

Ei(r) = prospÐpton hlektrikì pedÐo

Et(r) = anaklÿmeno hlektrikì pedÐo

(a) GewmetrÐa (b) IsodÔnamo ReÔma

Sqăma 2.1: ProspÐpton hlektromagnhtikì kÔma se agÿgimo sÔrma

’Otan to shmeÐo paratărhshc metakinhjeÐ sthn epifĹneia tou sÔrmatoc
(r = rs) kai to sÔrma eÐnai plărwc agÿgimo, to sunolikì efaptìmeno hle-
ktrikì pedÐo exafanÐzetai. Se kulindrikèc suntetagmènec, to hlektrikì pedÐo
pou ekpèmpetai apì to dÐpolo èqei mÐa aktinikă sunistÿsa (Er) kai mÐa efa-
ptomenikă sunistÿsa (Ez). Oi sunistÿsec autèc dÐnontai apì tic sqèseic:
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Eρ = Ey = j
ηI0

4πy

[(
z − l

2

)
e−jkR1

R1

+

(
z +

l

2

)
e−jkR2

R2

− 2z cos

(
kl

2

)
e−jkr

r

]
(2.39)

Ez = −j
ηI0

4π

[
e−jkR1

R1

+
e−jkR2

R2

− 2 cos

(
kl

2

)
e−jkr

r

]
(2.40)

apì ìpou gÐnetai safèc ìti sthn epifĹneia tou sÔrmatoc h efaptomenikă su-
nistÿsa gÐnetai

Et
z(r = rs) = Ei

z(r = rs) + Es
z(r = rs) = 0 (2.41)

ă

Es
z(r = rs) = −Ei

z(r = rs) (2.42)

GenikĹ to anaklÿmeno hlektrikì pedÐo pou dhmiourgeÐtai apì thn epagì-
menh puknìthta reÔmatoc Js dÐnetai apì th sqèsh (2.35):

Es(r) = −jωA− j
1

ωµε
∇(∇ ·A)

= −j
1

ωµε
[k2A +∇(∇ ·A)]

(2.43)

Ja efarmìsoume th sqèsh aută (2.43) gia thn perÐptwsh thc kwnikăc speÐ-
rac pou exetĹzoume. To dianusmatikì dunamikì ~A dÐnetai apì th sqèsh (2.37).
Epeidă h puknìthta reÔmatoc ~J eÐnai grammikă gia thn analuìmenh diĹtaxh
to triplì oloklărwma gÐnetai epifaneiakì kai h oloklărwsh pragmatopoieÐtai
pĹnw sthn epifĹneia thc kwnikăc speÐrac. ’Etsi h (2.37) metapÐptei sthn:

~A =
µ

4π

∫∫

S

~Js(x
′, y′, z′)

e−jkR

R
dS ′ (2.44)

Ja jewrăsoume ìti h speÐra èqei kuklikă diatomă, epomènwc mporoÔme na
analÔsoume to epifaneiakì oloklărwma thc sqèshc (2.44) se mÐa oloklărwsh
katĹ măkoc thc speÐrac, dhladă parĹllhla sto efaptìmeno sth speÐra mo-
nadiaÐo diĹnusma pou dÐnetai apì th sqèsh (1.8) kai se mia oloklărwsh katĹ
măkoc thc kuklikăc diatomăc thc èlikac:
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~A =
µ

4π

L∫

s′=−L

2π∫

ϕ′=0

~Js
e−jkR

R
ρdϕ′ds′ (2.45)

ìpou

• s′ to efaptìmeno diĹnusma sth speÐra

• ϕ′ h gwnÐa pou sunistĹ thn kuklikă diatomă thc speÐrac (eÐnai diafore-
tikă apì th gwnÐa φ twn kulindrikÿn suntatagmènwn)

• ρ h aktÐna thc kuklikăc diatomăc thc speÐrac

Epeidă jewroÔme ìti h diatomă thc speÐrac eÐnai polÔ mikră h puknìthta
reÔmatoc Js den exartĹtai apì th gwnÐa ϕ kai mporoÔme na grĹyoume:

2πρ · ~Js(φ
′) = I(φ′) · ŝ(φ′) ⇒ ~Js(φ

′) =
1

2πρ
· I(φ′) · ŝ(φ′) (2.46)

ìpou φ′ h azimoÔjia gwnÐa twn kulindrikÿn suntetagmènwn.

Sto epìmeno sqăma faÐnetai mÐa megèjunsh enìc tmămatoc thc èlikac. Pro-
fanÿc upĹrqei kampulìthta h opoÐa de faÐnetai sto sqăma. Wc I(φ′) jewroÔme
thn isodÔnamh èntash reÔmatoc pou brÐsketai se apìstash ρ apì ton Ĺxona
thc speÐrac.

H exÐswsh (2.45) mèsw thc (2.46) gÐnetai:

~A =
µ

4π

L∫

s′=−L

ŝ(φ′)I(φ′)
[

1

2π

2π∫

ϕ′=0

e−jkR

R
dϕ′

]
ds′ (2.47)

An upojèsoume ìti h diatomă thc speÐrac eÐnai polÔ mikră (α << λ) tìte
isqÔei:

1

2π

2π∫

ϕ′=0

e−jkR

R
dϕ′ =

e−jkR

R
(2.48)

opìte h (2.47) gÐnetai:

~A = µ

L∫

s′=−L

ŝ(φ′)I(φ′)
e−jkR

4πR
ds′ (2.49)
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(a) Sthn epifĹneia (b) KatĹ ton Ĺxona

Sqăma 2.2: To isodÔnamo reÔma katĹ măkoc thc speÐrac

Gia opoiodăpote apì ta montèla tou sqămatoc 2.2 h apìstash R enìc sh-
meÐou sthn epifĹneia ă ston Ĺxona thc speÐrac, sto opoÐo antistoiqeÐ gwnÐa φ
kai tou shmeÐou ston Ĺxona ă sthn epifĹneia thc speÐrac antÐstoiqa (anĹloga
me to montèlo), sto opoÐo antistoiqeÐ gwnÐa φ′ eÐnai:

R = |~r − ~r′| (2.50)

kai mèsw thc (1.3):

R =
∣∣∣
(
x(φ)− x(φ′)

) · x̂ +
(
y(φ)− y(φ′)

) · ŷ +
(
z(φ)− z(φ′)

) · ẑ
∣∣∣

=

√(
x(φ)− x(φ′)

)2
+

(
y(φ)− y(φ′)

)2
+

(
z(φ)− z(φ′)

)2

Apì thn (1.1):

R =

√
(
αφ cos φ− αφ′ cos φ′

)2
+

(
αφ sin φ− αφ′ sin φ′

)2
+

(
h

2π
φ− h

2π
φ′

)2

+ αe
2

=

√
α2

(
φ2 + φ′2 − 2φφ′ · cos(φ− φ′)

)
+

h

2π
(φ− φ′)2 + αe

2

(2.51)
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,ìpou αe
∼=
√

2r (apì th JewrÐa Keraiÿn).

EpÐshc:

ds′ =
∣∣d~r′

∣∣ =
∣∣ d~r′

dφ′
∣∣ ·

∣∣dφ′
∣∣ (2.52)

kai me th boăjeia thc sqèshc (1.7) h (2.52) gÐnetai:

ds′ =

√
α2

(
1 + φ′2

)
+

(
h

2π

)2

· dφ′ (2.53)

AntikajistoÔme tic sqèseic (1.8) kai (2.53) sthn (2.49) kai paÐrnoume:

~A = µ

2πN∫

φ′=−2πN

(
x̂ · (α cos φ′ − αφ′ sin φ′) + ŷ · (α sin φ′ + αφ′ cos φ′) + ẑ · h

2π√
α2 + α2φ′2 +

(
h
2π

)2
·

· I(φ′)
e−jkR

4πR

√
α2

(
1 + φ′2

)
+

(
h

2π

)2
)

dφ′

= µ

2πN∫

φ′=−2πN

((
x̂ · (α cos φ′ − αφ′ sin φ′) + ŷ · (α sin φ′ + αφ′ cos φ′) + ẑ · h

2π

)
·

· I(φ′)
e−jkR

4πR

)
dφ′

= µ ·
(

x̂ ·
2πN∫

φ′=−2πN

(α cos φ′ − αφ′ sin φ′)I(φ′)
e−jkR

4πR
dφ′+

+ ŷ ·
2πN∫

φ′=−2πN

(α sin φ′ + αφ′ cos φ′)I(φ′)
e−jkR

4πR
dφ′+

+ ẑ ·
2πN∫

φ′=−2πN

h

2π
I(φ′)

e−jkR

4πR
dφ′

)

(2.54)

Epistrèfoume sth sqèsh (2.43). H sqèsh aută lambĹnontac upìyh ìti
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k = ω
√

µε mporeÐ na grafeÐ:

~E(r) = −j
ω2µε

ωµε

[
~A + ~∇ · (~∇ · ~A)

]

= −jω
(

~A +
1

k2
~∇ · (~∇ · ~A)

) (2.55)

PollaplasiĹzoume th sqèsh (2.55) me to monadiaÐo efaptìmeno diĹnusma

ŝ =

∂x
∂φ
· x̂ + ∂y

∂φ
· ŷ + ∂z

∂φ
· ẑ√

α2(1 + φ2) + ( h
2π

)
2

gia na prokÔyei to efaptìmeno sth speÐra pedÐo.
’Eqoume:

ŝ · ~E(r) = −jω

[
ŝ · ~A +

1

k2
· ŝ ·

(
~∇ · (~∇ · ~A)

)]
(2.56)

Ja upologÐsoume to eswterikì ginìmeno ŝ · ~A. Me th boăjeia thc sqèshc
(2.54):

ŝ · ~A =

∂x
∂φ
· x̂ + ∂y

∂φ
· ŷ + ∂z

∂φ
· ẑ√

α2(1 + φ2) + ( h
2π

)
2
· µ ·

(
x̂ ·

2πN∫

φ′=−2πN

(α cos φ′ − αφ′ sin φ′)I(φ′)
e−jkR

4πR
dφ′+

+ ŷ ·
2πN∫

φ′=−2πN

(α sin φ′ + αφ′ cos φ′)I(φ′)
e−jkR

4πR
dφ′+

+ ẑ ·
2πN∫

φ′=−2πN

h

2π
I(φ′)

e−jkR

4πR
dφ′

)

= µ ·
(

α cos φ− αφ sin φ√
α2(1 + φ2) + ( h

2π
)
2
·

2πN∫

φ′=−2πN

(α cos φ′ − αφ′ sin φ′)I(φ′)
e−jkR

4πR
dφ′+

+
α sin φ + αφ cos φ√
α2(1 + φ2) + ( h

2π
)
2
·

2πN∫

φ′=−2πN

(α sin φ′ + αφ′ cos φ′)I(φ′)
e−jkR

4πR
dφ′+

+
h
2π√

α2(1 + φ2) + ( h
2π

)
2
·

2πN∫

φ′=−2πN

h

2π
I(φ′)

e−jkR

4πR
dφ′

)

(2.57)
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O telestăc ∇ mporeÐ na grafeÐ:

~∇ =
∂

∂x
· x̂ +

∂

∂y
· ŷ +

∂

∂z
· ẑ

=
∂

∂φ

∂φ

∂x
· x̂ +

∂

∂φ

∂φ

∂y
· ŷ +

∂

∂φ

∂φ

∂z
· ẑ

=
∂

∂φ

1
∂x
∂φ

· x̂ +
∂

∂φ

1
∂y
∂φ

· ŷ +
∂

∂φ

1
∂z
∂φ

· ẑ

(2.58)

kai mèsw thc sqèshc (1.1):

~∇ =
1

α cos φ− αφ sin φ
· ∂

∂φ
· x̂+

1

α sin φ + αφ cos φ
· ∂

∂φ
· ŷ+

1
h
2π

· ∂

∂φ
· ẑ (2.59)

opìte me th boăjeia thc sqèshc (2.54):

~∇ · ~A = µ

(
1

α cos φ− αφ sin φ
· ∂

∂φ
· x̂ +

1

α sin φ + αφ cos φ
· ∂

∂φ
· ŷ +

1
h
2π

· ∂

∂φ
· ẑ

)
·

(
x̂ ·

2πN∫

φ′=−2πN

(α cos φ′ − αφ′ sin φ′)I(φ′)
e−jkR

4πR
dφ′+

+ ŷ ·
2πN∫

φ′=−2πN

(α sin φ′ + αφ′ cos φ′)I(φ′)
e−jkR

4πR
dφ′+

+ ẑ ·
2πN∫

φ′=−2πN

h

2π
I(φ′)

e−jkR

4πR
dφ′

)

= µ

(
1

α cos φ− αφ sin φ
· ∂

∂φ

( 2πN∫

φ′=−2πN

(α cos φ′ − αφ′ sin φ′)I(φ′)
e−jkR

4πR
dφ′

)
+

+
1

α sin φ + αφ cos φ
· ∂

∂φ

( 2πN∫

φ′=−2πN

(α sin φ′ + αφ′ cos φ′)I(φ′)
e−jkR

4πR
dφ′

)
+

+
1
h
2π

· ∂

∂φ

( 2πN∫

φ′=−2πN

h

2π
I(φ′)

e−jkR

4πR
dφ′

))

(2.60)
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Apì tic (2.59) kai (2.60) èqoume:

~∇ · (~∇ · ~A) =

(
1

α cos φ− αφ sin φ
· ∂

∂φ
· x̂ +

1

α sin φ + αφ cos φ
· ∂

∂φ
· ŷ +

1
h
2π

· ∂

∂φ
· ẑ

)
·

· µ ·
(

1

α cos φ− αφ sin φ
·

∂

∂φ

( 2πN∫

φ′=−2πN

(α cos φ′ − αφ′ sin φ′)I(φ′)
e−jkR

4πR
dφ′

)
+

+
1

α sin φ + αφ cos φ
· ∂

∂φ

( 2πN∫

φ′=−2πN

(α sin φ′ + αφ′ cos φ′)I(φ′)
e−jkR

4πR
dφ′

)
+

+
1
h
2π

· ∂

∂φ

( 2πN∫

φ′=−2πN

h

2π
I(φ′)

e−jkR

4πR
dφ′

))

(2.61)

ŝ · (~∇ · (~∇ · ~A)
)

=

∂x
∂φ
· x̂ + ∂y

∂φ
· ŷ + ∂z

∂φ
· ẑ√

α2(1 + φ2) + ( h
2π

)
2
·

(
1

α cos φ− αφ sin φ
· ∂

∂φ
· x̂ +

1

α sin φ + αφ cos φ
· ∂

∂φ
· ŷ +

1
h
2π

· ∂

∂φ
· ẑ

)
·

· µ ·
(

1

α cos φ− αφ sin φ
·

∂

∂φ

( 2πN∫

φ′=−2πN

(α cos φ′ − αφ′ sin φ′)I(φ′)
e−jkR

4πR
dφ′

)
+

+
1

α sin φ + αφ cos φ
· ∂

∂φ

( 2πN∫

φ′=−2πN

(α sin φ′ + αφ′ cos φ′)I(φ′)
e−jkR

4πR
dφ′

)
+

+
1
h
2π

· ∂

∂φ

( 2πN∫

φ′=−2πN

h

2π
I(φ′)

e−jkR

4πR
dφ′

))

(2.62)

me th boăjeia thc sqèshc (1.1) paÐrnoume:
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ŝ · (~∇ · (~∇ · ~A)
)

= µ ·
(
(α cos φ− αφ sin φ) · x̂ + (α sin φ + αφ cos φ) · ŷ + ( h

2π
) · ẑ)

√
α2(1 + φ2) + ( h

2π
)
2

·

·
(

1

α cos φ− αφ sin φ
· ∂

∂φ
· x̂ +

1

α sin φ + αφ cos φ
· ∂

∂φ
· ŷ +

1
h
2π

· ∂

∂φ
· ẑ

)
·

·
(

1

α cos φ− αφ sin φ
· ∂

∂φ

( 2πN∫

φ′=−2πN

(α cos φ′ − αφ′ sin φ′)I(φ′)
e−jkR

4πR
dφ′

)
+

+
1

α sin φ + αφ cos φ
· ∂

∂φ

( 2πN∫

φ′=−2πN

(α sin φ′ + αφ′ cos φ′)I(φ′)
e−jkR

4πR
dφ′

)
+

+
1
h
2π

· ∂

∂φ

( 2πN∫

φ′=−2πN

h

2π
I(φ′)

e−jkR

4πR
dφ′

))

= µ ·
∂
∂φ

+ ∂
∂φ

+ ∂
∂φ√

α2(1 + φ2) + ( h
2π

)
2
·

·
(

1

α cos φ− αφ sin φ
· ∂

∂φ

( 2πN∫

φ′=−2πN

(α cos φ′ − αφ′ sin φ′)I(φ′)
e−jkR

4πR
dφ′

)
+

+
1

α sin φ + αφ cos φ
· ∂

∂φ

( 2πN∫

φ′=−2πN

(α sin φ′ + αφ′ cos φ′)I(φ′)
e−jkR

4πR
dφ′

)
+

+
1
h
2π

· ∂

∂φ

( 2πN∫

φ′=−2πN

h

2π
I(φ′)

e−jkR

4πR
dφ′

))

= µ · 3√
α2(1 + φ2) + ( h

2π
)
2
·

∂

∂φ

(
1

α cos φ− αφ sin φ
· ∂

∂φ

( 2πN∫

φ′=−2πN

(α cos φ′ − αφ′ sin φ′)I(φ′)
e−jkR

4πR
dφ′

)
+

+
1

α sin φ + αφ cos φ
· ∂

∂φ

( 2πN∫

φ′=−2πN

(α sin φ′ + αφ′ cos φ′)I(φ′)
e−jkR

4πR
dφ′

)
+

+
1
h
2π

· ∂

∂φ

( 2πN∫

φ′=−2πN

h

2π
I(φ′)

e−jkR

4πR
dφ′

))

(2.63)
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AntikajistoÔme tic sqèseic (2.57) kai (2.63) sthn exÐswsh (2.56) kai paÐr-
noume:

ŝ · ~E(r) = −jωµ

[ u1(φ)︷ ︸︸ ︷
α cos φ− αφ sin φ√
α2(1 + φ2) + ( h

2π
)
2
·

2πN∫

φ′=−2πN

O1(φ,φ′)︷ ︸︸ ︷
e−jkR

4πR
(α cos φ′ − αφ′ sin φ′) I(φ′)dφ′+

+

u2(φ)︷ ︸︸ ︷
α sin φ + αφ cos φ√
α2(1 + φ2) + ( h

2π
)
2
·

2πN∫

φ′=−2πN

O2(φ,φ′)︷ ︸︸ ︷
e−jkR

4πR
(α sin φ′ + αφ′ cos φ′) I(φ′)dφ′+

+

u3(φ)︷ ︸︸ ︷
h
2π√

α2(1 + φ2) + ( h
2π

)
2
·

2πN∫

φ′=−2πN

O3(φ,φ′)︷ ︸︸ ︷
e−jkR

4πR

h

2π
I(φ′)dφ′+

+

w(φ)︷ ︸︸ ︷
3

k2

√
α2(1 + φ2) + ( h

2π
)
2
·

∂

∂φ

( v1(φ)︷ ︸︸ ︷
1

α cos φ− αφ sin φ
· ∂

∂φ

( 2πN∫

φ′=−2πN

O1(φ,φ′)︷ ︸︸ ︷
e−jkR

4πR
(α cos φ′ − αφ′ sin φ′) I(φ′)dφ′

)
+

+

v2(φ)︷ ︸︸ ︷
1

α sin φ + αφ cos φ
· ∂

∂φ

( 2πN∫

φ′=−2πN

O2(φ,φ′)︷ ︸︸ ︷
e−jkR

4πR
(α sin φ′ + αφ′ cos φ′) I(φ′)dφ′

)
+

+

v3(φ)︷︸︸︷
1
h
2π

· ∂

∂φ

( 2πN∫

φ′=−2πN

O3(φ,φ′)︷ ︸︸ ︷
e−jkR

4πR

h

2π
I(φ′)dφ′

))]

(2.64)

H exÐswsh (2.64) kaleÐtai oloklhrodiaforikă exÐswsh tou Pocklington kai ja
qrhsimopoihjeÐ gia ton prosdiorismì thc reumatikăc katanomăc katĹ măkoc
thc kwnikăc speÐrac. Gia thn epÐlush thc exÐswshc autăc ja efarmìsoume th
mèjodo twn tmhmĹtwn h opoÐa analÔetai sth sunèqeia.
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2.3 H Mèjodoc twn TmhmĹtwn

H exÐswsh (2.64) èqei th morfă:

F (g) = h (2.65)

ìpou F eÐnai ènac gnwstìc grammikìc telestăc, h mia gnwstă sunĹrthsh kai
g h Ĺgnwsth sunĹrthsh. Gia thn exÐswsh (2.64) o F eÐnai ènac oloklhrodia-
forikìc telestăc, h eÐnai to efaptìmeno hlektrikì pedÐo sth speÐra kai g h
Ĺgnwsth reumatikă katanomă. Stìqoc mac eÐnai na upologÐsoume th sunĹrth-
sh g, dedomènou ìti oi F kai h eÐnai gnwstoÐ.

Parìti to antÐstrofo prìblhma eÐnai polÔ suqnĹ mh epilÔsimo se kleistă
morfă, h grammikìthta tou telestă F kajistĹ dunată thn arijmhtikă epÐlush
tou problămatoc. Mia teqnikă, gnwstă wc Mèjodoc twn TmhmĹtwn apai-
teÐ thn anĹlush thc Ĺgnwsthc sunĹrthshc se grammikì sunduasmì N ìrwn.
Dhladă:

g(z′) ' a1g1(z
′) + a2g2(z

′) + ... + aNgN(z′) =
N∑

n=1

angn(z′) (2.66)

Oi ìroi an eÐnai Ĺgnwstec stajerèc kai oi gn(z′) eÐnai gnwstèc sunartăseic pou
kaloÔntai sunartăseic bĹshc. To pedÐo orismoÔ twn sunartăsewn gn(z′)
eÐnai to Ðdio me autì thc sunĹrthshc g(z′). Antikajistÿntac th sqèsh (2.66)
sthn (2.65) kai lambĹnontac upìyh th grammikìthta tou telestă F h (2.65)
gÐnetai:

N∑
n=1

anF (gn) = h (2.67)

Oi sunartăseic bĹshc gn(z′) epilègontai ètsi ÿste kĹje ìroc F (gn) sthn
(2.67) na mporeÐ na upologisteÐ eÔkola kai katĹ protÐmhsh se kleistă morfă.
To mìno pou apomènei eÐnai o prosdiorismìc twn agnÿstwn stajerÿn an.

H anĹptuxh thc (2.67) odhgeÐ se mia exÐswsh me N agnÿstouc. H exÐswsh
aută den eÐnai arketă gia ton prosdiorismì twn N agnÿstwn stajerÿn an

(n = 1, 2, ..., N). Gia na upologistoÔn oi N Ĺgnwstec stajerèc apaitoÔntai
N grammikÿc anexĹrthtec exisÿseic. Autì mporeÐ na epiteuqjeÐ upologÐzontac
thn (2.67) se N diaforetikĹ shmeÐa (p.q. efarmìzontac sunoriakèc sunjăkec).
Autì anafèretai wc point-matching. me ton trìpo autì h (2.67) lambĹnei th
morfă:

N∑
n=1

InF (gn) = hm, m = 1, 2, ..., N (2.68)
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Se morfă pinĹkwn h (2.68) grĹfetai:

[
Zmn

][
In

]
=

[
Vm

]
(2.69)

ìpou
Zmn = F (gn) (2.70aþ)

In = an (2.70bþ)

Vm = hm (2.70gþ)

Oi Ĺgnwstec stajerèc an mporoÔn na upologistoÔn epilÔontac thn (2.69)
qrhsimopoiÿntac teqnikèc antistrofăc pinĹkwn, dhladă

[
In

]
=

[
Zmn

]−1[
Vm

]
(2.71)

2.3.1 Sunartăseic BĹshc

’Ena polu shmantikì jèma sthn arijmhtikă epÐlush enìc problămatoc eÐnai
h epilogă twn sunartăsewn bĹshc. GenikĹ, epilègontai wc sunartăseic bĹ-
shc sunartăseic pou anaparistoÔn kai perigrĹfoun me akrÐbeia thn Ĺgnwsth
sunĹrthsh, enÿ tautìqrona na elaqistopoioÔn to upologistikì kìstoc pou
apaiteÐtai gia ton prosdiorismì thc.

JewrhtikĹ, upĹrqoun pollèc sunartăseic bĹshc. Parìla autĹ, mìno kĹ-
poiec sugkekrimènec qrhsimopoioÔntai sthn prĹxh. Oi sunartăseic bĹshc dia-
krÐnontai se dÔo kathgorÐec. H prÿth kathgorÐa perilambĹnei tic sunartăseic
merikoÔ pedÐou orismoÔ, pou eÐnai mh mhdenikèc mìno se èna mèroc tou pedÐou
orismoÔ thc sunĹrthshc g(x′) (to pedÐo orismoÔ thc g(x′) eÐnai h epifĹneia thc
diĹtaxhc). H deÔterh kathgorÐa perilambĹnei tic sunartăseic olikoÔ pedÐou
orismoÔ, pou orÐzontai se ìlo to pedÐo orismoÔ thc Ĺgnwsthc sunĹrthshc. H
anĹlush me th boăjeia sunartăswn bĹshc olikoÔ pedÐou orismoÔ eÐnai anĹlogh
me th gnwstă anĹlush Fourier.

A. Sunartăseic MerikoÔ PedÐou OrismoÔ
Oi sunartăseic merikoÔ pedÐou orismoÔ eÐnai oi pio sunhjismènec apì tic

dÔo kathgorÐec sunartăsewn bĹshc. Se antÐjesh me tic sunartăseic olikoÔ
pedÐou orismoÔ, mporoÔn na qrhsimopoihjoÔn qwrÐc na apaiteÐtai gnÿsh thc
fÔshc thc sunĹrthshc pou perigrĹfoun.

H prosèggish merikoÔ pedÐou orismoÔ perilambĹnei katĹtmhsh thc diĹtaxhc
se N mh epikaluptìmena tmămata, ìpwc faÐnetai ston Ĺxona x tou sqămatoc
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2.3(a). Sto sugkekrimèno sqăma ta tmămata apeikonÐzontai Ðdiou măkouc, qwrÐc
autì na eÐnai aparaÐthto genikĹ. Oi sunartăseic bĹshc prosdiorÐzontai se
sunduasmì me ta ìria enìc ă kai perissotèrwn tmhmĹtwn.

’Iswc h pio gnwstă apì tic sunartăseic bĹshc autăc thc kathgorÐac eÐnai
h tmhmatikĹ stajeră ă <<palmikă>> sunĹrthsh, pou faÐnetai sto sqăma 2.3(a).
H sunĹrthsh aută orÐzetai wc exăc:

TmhmatikĹ Stajeră

gn(x′) =

{
1 x′n−1 ≤ x′ ≤ x′n
0 alloÔ

(2.72)

Sqăma 2.3: TmhmatikĹ stajeră sunĹrthsh

AfoÔ prosdioristoÔn ta susqetizìmena ginìmena h sunĹrthsh parĹgei
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bajmwtèc anaparastĹseic thc Ĺgnwsthc sunĹrthshc, ìmoiec me autèc twn
sqhmĹtwn 2.3(b) kai 2.3(g).

Mia Ĺllh gnwstă sunĹrthsh bĹshc eÐnai h tmhmatikĹ grammikă, ă <trigw-
nikă>>, pou faÐnetai sto sqăma 2.4(a). OrÐzetai wc:

TmhmatikĹ Grammikă

gn(x′) =





x′−x′n−1

x′n−x′n−1
x′n−1 ≤ x′ ≤ x′n

x′n+1−x′

x′n+1−x′n
x′n ≤ x′ ≤ x′n+1

0 alloÔ

(2.73)

Sqăma 2.4: TmhmatikĹ grammikă sunĹrthsh

H sunĹrthsh faÐnetai na kalÔptei dÔo tmămata kai na epikalÔptei geito-
nikèc sunartăseic [Sqăma 2.4(b)]. To apotèlesma faÐnetai sto sqăma 2.4(g)
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kai eÐnai pio omalì se sÔgkrish me thn <<palmikă>> sunĹrthsh, me perissìtero
ìmwc upologistikì kìstoc.

Sqăma 2.5: TmhmatikĹ hmitonoeidăc sunĹrthsh

AÔxhsh thc poluplokìthtac twn sunartăsewn merikoÔ pedÐou orismoÔ pe-
rissìtero apì thn <<trigwnikă>> sunĹrthsh de sunepĹgetai aparaÐthta kai pi-
jană beltÐwsh thc akrÐbeiac thc anaparĹstashc. Parìla autĹ, upĹrqoun
periptÿseic ìpou pio exeidikeumènec sunartăseic eÐnai qrăsimec gia Ĺllouc
lìgouc. ParadeÐgmatoc qĹrh, upĹrqoun oloklhrwtikoÐ telestèc pou upolo-
gÐzontai qwrÐc arijmhtikă oloklărwsh ìtan oi oloklhrwtèec posìthtec pol-
laplasiastoÔn me sin kx′ ă cos kx′, ìpou x′ eÐnai h metablhtă oloklărwshc.
Stic periptÿseic autèc upĹrqoun shmantikĹ pleonektămata se upologistikì
qrìno kai se sfĹlmata an qrhsimopoihjoÔn sunartăseic bĹshc ìpwc h tmh-
matikĹ hmitonoeidăc sunĹrthsh tou sqămatoc 2.5 ă h sunĹrthsh suntmhmènou
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sunhmitìnou tou sqămatoc 2.6. Oi sunartăseic autèc orÐzontai wc:

TmhmatikĹ Hmitonoeidăc

gn(x′) =





sin [k(x′−x′n−1)]

sin [k(x′n−x′n−1)]
x′n−1 ≤ x′ ≤ x′n

sin [k(x′n+1−x′)]
sin [k(x′n+1−x′n)]

x′n ≤ x′ ≤ x′n+1

0 alloÔ

(2.74)

Sqăma 2.6: SunĹrthsh suntmhmènou sunhmitìnou

Suntmhmènou Sunhmitìnou

gn(x′) =





cos

[
k

(
x′ − x′n−x′n−1

2

)]
x′n−1 ≤ x′ ≤ x′n

0 alloÔ
(2.75)
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B. Sunartăseic OlikoÔ PedÐou OrismoÔ
Oi sunartăseic bĹshc olikoÔ pedÐou orismoÔ, ìpwc gÐnetai katanohtì kai

apì to ìnomĹ touc, orÐzontai kai eÐnai mh mhdenikèc se olìklhro to măkoc thc
diĹtaxhc pou analÔetai. ’Etsi, sthn perÐptwsh aută de sumbaÐnei katĹtmhsh
thc diĹtaxhc katĹ th qrăsh touc.

MÐa sunĹrthsh bĹshc olikoÔ pedÐou orismoÔ eÐnai h hmitonoeidăc sunĹrth-
sh, dhladă:

OlikoÔ PedÐou OrismoÔ

gn(x′) = cos

[
(2n− 1)πx′

l

]
− l

2
≤ x′ ≤ l

2
(2.76)

Na shmeiwjeÐ ìti h sugkekrimènh sunĹrthsh bĹshc eÐnai polÔ qrăsimh sthn
montelopoÐhsh thc reumatikăc katanomăc se èna dÐpolo to opoÐo eÐnai gnwstì
ìti èqei hmitonoeidă reumatikă katanomă. To kÔrio pleonèkthma twn sunartă-
sewn bĹshc olikoÔ pedÐou orismoÔ entopÐzetai se problămata ìpou h Ĺgnwsth
sunĹrthsh upotÐjetai ek twn protèrwn ìti akoloujeÐ mÐa gnwstă katanomă.
Tètoiec sunartăseic olikoÔ pedÐou orismoÔ mporoÔn na dÿsoun mÐa apodektă
anaparĹstash thc Ĺgnwsthc sunĹrthshc, enÿ qrhsimopoioÔn polÔ ligìterouc
ìrouc sthn anĹptuxh thc (2.66) apì autoÔc pou ja apaitoÔntan gia sunartă-
seic merikoÔ pedÐou orismoÔ. H anaparĹstash miac sunĹrthshc me mia hmito-
noeidă ă sunhmitonoeidă sunĹrthsh bĹshc olikoÔ pedÐou orismoÔ eÐnai ìmoia
me thn anĹptuxh se seirĹ Fourier.

Sunartăseic bĹshc olikoÔ pedÐou orismoÔ, ìpwc h (2.76) mporoÔn na dh-
miourghjoÔn qrhsimopoiÿntac poluÿnuma Tschebyscheff, Maclaurin, Legen-
dre kai Hermite ă Ĺllec bolikèc sunartăseic.

2.3.2 Efarmogă thc Mejìdou

Ja efarmìsoume th mèjodo twn tmhmĹtwn, pou anaptÔqjhke sthn proh-
goÔmenh parĹgrafo, gia th diĹtaxh thc kwnikă speÐrac pou jèloume na analÔ-
soume. Ja qrhsimopoiăsoume thn tmhmatikĹ stajeră ă <<palmikă>> sunĹrthsh
bĹshc merikoÔ pedÐou orismoÔ, dhladă:

gk(φ
′) =





0 φ′ < (k − 1)∆

1 (k − 1)∆ ≤ φ′ ≤ k∆

0 k∆ < φ′
(2.77)
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ìpou

∆ =
2πN

K

opìte mporoÔme na grĹyoume to Ĺgnwsto reÔma I(φ′) wc exăc:

I(φ′) =
K∑

k=1

ak · gk(φ
′) (2.78)

H exÐswsh (2.64) jewrÿntac µ = µ0 gia eleÔjero qÿro grĹfetai:

ŝ(φ) · ~E(r) = −jωµ0

[
u1(φ)

2πN∫

−2πN

O1(φ, φ′)I(φ′)dφ′+

+ u2(φ)

2πN∫

−2πN

O2(φ, φ′)I(φ′)dφ′

+ u3(φ)

2πN∫

−2πN

O3(φ, φ′)I(φ′)dφ′+

+ w(φ) · ∂

∂φ

(
v1(φ) · ∂

∂φ

( 2πN∫

−2πN

O1(φ, φ′)I(φ′)dφ′
)

+

+ v2(φ) · ∂

∂φ

( 2πN∫

−2πN

O2(φ, φ′)I(φ′)dφ′
)

+

+ v3(φ) · ∂

∂φ

( 2πN∫

−2πN

O3(φ, φ′)I(φ′)dφ′
))]

(2.79)
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Apì tic (2.78) kai (2.79) prokÔptei:

ŝ(φ) · ~E(r) = −jωµ0

[
u1(φ)

2πN∫

−2πN

O1(φ, φ′)
K∑

k=1

akgk(φ
′)dφ′+

+ u2(φ)

2πN∫

−2πN

O2(φ, φ′)
K∑

k=1

akgk(φ
′)dφ′ + u3(φ)

2πN∫

−2πN

O3(φ, φ′)
K∑

k=1

akgk(φ
′)dφ′+

+ w(φ) · ∂

∂φ

(
v1(φ) · ∂

∂φ

( 2πN∫

−2πN

O1(φ, φ′)
K∑

k=1

akgk(φ
′)dφ′

)
+

+ v2(φ) · ∂

∂φ

( 2πN∫

−2πN

O2(φ, φ′
K∑

k=1

akgk(φ
′)dφ′

)
+

+ v3(φ) · ∂

∂φ

( 2πN∫

−2πN

O3(φ, φ′)
K∑

k=1

akgk(φ
′)dφ′

))]

(2.80)

kai allĹzontac th seirĹ Ĺjroishc kai oloklărwshc:

ŝ(φ) · ~E(r) = −jωµ0

[
u1(φ)

K∑

k=1

ak

2πN∫

−2πN

O1(φ, φ′)gk(φ
′)dφ′+

+ u2(φ)
K∑

k=1

ak

2πN∫

−2πN

O2(φ, φ′)gk(φ
′)dφ′ + u3(φ)

K∑

k=1

ak

2πN∫

−2πN

O3(φ, φ′)gk(φ
′)dφ′+

+ w(φ) · ∂

∂φ

(
v1(φ) · ∂

∂φ

( K∑

k=1

ak

2πN∫

−2πN

O1(φ, φ′)gk(φ
′)dφ′

)
+

+ v2(φ) · ∂

∂φ

( K∑

k=1

ak

2πN∫

−2πN

O2(φ, φ′gk(φ
′)dφ′

)
+

+ v3(φ) · ∂

∂φ

( K∑

k=1

ak

2πN∫

−2πN

O3(φ, φ′)gk(φ
′)dφ′

))]

(2.81)
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An anaptÔxoume th sqèsh (2.81) kai me th boăjeia thc (2.77) èqoume:

ŝ(φ) · ~E(r) = −jωµ0

[
u1(φm)a−K

−(K−1)∆∫

−K∆

O1(φm, φ′)dφ′+

+ u2(φm)a−K

−(K−1)∆∫

−K∆

O2(φm, φ′)dφ′ + u3(φm)a−K

−(K−1)∆∫

−K∆

O3(φm, φ′)dφ′+

+ w(φm) · ∂

∂φ

(
v1(φ) · ∂

∂φ

(
a−K

−(K−1)∆∫

−K∆

O1(φ, φ′)dφ′
)

+

+ v2(φ) · ∂

∂φ

(
a−K

−(K−1)∆∫

−K∆

O2(φ, φ′)dφ′
)

+

+ v3(φ) · ∂

∂φ

(
a−K

−(K−1)∆∫

−K∆

O3(φ, φ′)dφ′
))∣∣∣∣∣

φ=φm

]
−

− · · · −

− jωµ0

[
u1(φm)a−2

−∆∫

−2∆

O1(φm, φ′)dφ′+

+ u2(φm)a−2

−∆∫

−2∆

O2(φm, φ′)dφ′ + u3(φm)a−2

−∆∫

−2∆

O3(φm, φ′)dφ′+

+ w(φm) · ∂

∂φ

(
v1(φ) · ∂

∂φ

(
a−2

−∆∫

−2∆

O1(φ, φ′)dφ′
)

+

+ v2(φ) · ∂

∂φ

(
a−2

−∆∫

−2∆

O2(φ, φ′)dφ′
)

+

+ v3(φ) · ∂

∂φ

(
a−2

−∆∫

−2∆

O3(φ, φ′)dφ′
))∣∣∣∣∣

φ=φm

]
−
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− jωµ0

[
u1(φm)a−1

0∫

−∆

O1(φm, φ′)dφ′+

+ u2(φm)a−1

0∫

−∆

O2(φm, φ′)dφ′ + u3(φm)a−1

0∫

−∆

O3(φm, φ′)dφ′+

+ w(φm) · ∂

∂φ

(
v1(φ) · ∂

∂φ

(
a−1

0∫

−∆

O1(φ, φ′)dφ′
)

+

+ v2(φ) · ∂

∂φ

(
a−1

0∫

−∆

O2(φ, φ′)dφ′
)

+

+ v3(φ) · ∂

∂φ

(
a−1

0∫

−∆

O3(φ, φ′)dφ′
))∣∣∣∣∣

φ=φm

]
−

− jωµ0

[
u1(φm)a1

∆∫

0

O1(φm, φ′)dφ′+

+ u2(φm)a1

∆∫

0

O2(φm, φ′)dφ′ + u3(φm)a1

∆∫

0

O3(φm, φ′)dφ′+

+ w(φm) · ∂

∂φ

(
v1(φ) · ∂

∂φ

(
a1

∆∫

0

O1(φ, φ′)dφ′
)

+

+ v2(φ) · ∂

∂φ

(
a1

∆∫

0

O2(φ, φ′)dφ′
)

+

+ v3(φ) · ∂

∂φ

(
a1

∆∫

0

O3(φ, φ′)dφ′
))∣∣∣∣∣

φ=φm

]
−
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− jωµ0

[
u1(φm)a2

2∆∫

∆

O1(φm, φ′)dφ′+

+ u2(φm)a2

2∆∫

∆

O2(φm, φ′)dφ′ + u3(φm)a2

2∆∫

∆

O3(φm, φ′)dφ′+

+ w(φm) · ∂

∂φ

(
v1(φ) · ∂

∂φ

(
a2

2∆∫

∆

O1(φ, φ′)dφ′
)

+

+ v2(φ) · ∂

∂φ

(
a2

2∆∫

∆

O2(φ, φ′)dφ′
)

+

+ v3(φ) · ∂

∂φ

(
a2

2∆∫

∆

O3(φ, φ′)dφ′
))∣∣∣∣∣

φ=φm

]
−

− · · · −

− jωµ0

[
u1(φm)aK

K∆∫

(K−1)∆

O1(φm, φ′)dφ′+

+ u2(φm)aK

K∆∫

(K−1)∆

O2(φm, φ′)dφ′ + u3(φm)aK

K∆∫

(K−1)∆

O3(φm, φ′)dφ′+

+ w(φm) · ∂

∂φ

(
v1(φ) · ∂

∂φ

(
aK

K∆∫

(K−1)∆

O1(φ, φ′)dφ′
)

+

+ v2(φ) · ∂

∂φ

(
aK

K∆∫

(K−1)∆

O2(φ, φ′)dφ′
)

+

+ v3(φ) · ∂

∂φ

(
aK

K∆∫

(K−1)∆

O3(φ, φ′)dφ′
))∣∣∣∣∣

φ=φm

]

(2.82)

Opìte ja efarmìsoume th sqèsh (2.82) gia ìla ta tmămata gia na èqoume
tìsec grammikÿc anexĹrthtec exisÿseic ìsec oi Ĺgnwstec stajerèc ak, dhladă
2K. Epomènwc:



2.3 H Mèjodoc twn TmhmĹtwn 45

ŝ(φ) · ~E(r) = −jωµ0

[
u1(φ−K)a−K

−(K−1)∆∫

−K∆

O1(φ−K , φ′)dφ′+

+ u2(φ−K)a−K

−(K−1)∆∫

−K∆

O2(φ−K , φ′)dφ′ + u3(φ−K)a−K

−(K−1)∆∫

−K∆

O3(φ−K , φ′)dφ′+

+ w(φ−K) · ∂

∂φ

(
v1(φ) · ∂

∂φ

(
a−K

−(K−1)∆∫

−K∆

O1(φ, φ′)dφ′
)

+

+ v2(φ) · ∂

∂φ

(
a−K

−(K−1)∆∫

−K∆

O2(φ, φ′)dφ′
)

+

+ v3(φ) · ∂

∂φ

(
a−K

−(K−1)∆∫

−K∆

O3(φ, φ′)dφ′
))∣∣∣∣∣

φ=φ−K

]
−

− · · · −

− jωµ0

[
u1(φ−K)aK

K∆∫

(K−1)∆

O1(φ−K , φ′)dφ′+

+ u2(φ−K)aK

K∆∫

(K−1)∆

O2(φ−K , φ′)dφ′ + u3(φ−K)aK

K∆∫

(K−1)∆

O3(φ−K , φ′)dφ′+

+ w(φ−K) · ∂

∂φ

(
v1(φ) · ∂

∂φ

(
aK

K∆∫

(K−1)∆

O1(φ, φ′)dφ′
)

+

+ v2(φ) · ∂

∂φ

(
aK

K∆∫

(K−1)∆

O2(φ, φ′)dφ′
)

+

+ v3(φ) · ∂

∂φ

(
aK

K∆∫

(K−1)∆

O3(φ, φ′)dφ′
))∣∣∣∣∣

φ=φ−K

]

·
·
·
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·
·
·

ŝ(φ) · ~E(r) = −jωµ0

[
u1(φK)a−K

−(K−1)∆∫

−K∆

O1(φK , φ′)dφ′+

+ u2(φK)a−K

−(K−1)∆∫

−K∆

O2(φK , φ′)dφ′ + u3(φK)a−K

−(K−1)∆∫

−K∆

O3(φK , φ′)dφ′+

+ w(φK) · ∂

∂φ

(
v1(φ) · ∂

∂φ

(
a−K

−(K−1)∆∫

−K∆

O1(φ, φ′)dφ′
)

+

+ v2(φ) · ∂

∂φ

(
a−K

−(K−1)∆∫

−K∆

O2(φ, φ′)dφ′
)

+

+ v3(φ) · ∂

∂φ

(
a−K

−(K−1)∆∫

−K∆

O3(φ, φ′)dφ′
))∣∣∣∣∣

φ=φK

]
−

− · · · −

− jωµ0

[
u1(φK)aK

K∆∫

(K−1)∆

O1(φK , φ′)dφ′+

+ u2(φK)aK

K∆∫

(K−1)∆

O2(φK , φ′)dφ′ + u3(φK)aK

K∆∫

(K−1)∆

O3(φK , φ′)dφ′+

+ w(φK) · ∂

∂φ

(
v1(φ) · ∂

∂φ

(
aK

K∆∫

(K−1)∆

O1(φ, φ′)dφ′
)

+

+ v2(φ) · ∂

∂φ

(
aK

K∆∫

(K−1)∆

O2(φ, φ′)dφ′
)

+

+ v3(φ) · ∂

∂φ

(
aK

K∆∫

(K−1)∆

O3(φ, φ′)dφ′
))∣∣∣∣∣

φ=φK

]
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Kai se morfă pinĹkwn:
[
Em

]
=

[
Zmk

] · [Ik

]
(2.83)

ìpou:

Zmk = −jωµ0

[
u1(φm)

k∆∫

(k−1)∆

O1(φm, φ′)dφ′+

+ u2(φm)

k∆∫

(k−1)∆

O2(φm, φ′)dφ′ + u3(φm)

k∆∫

(k−1)∆

O3(φm, φ′)dφ′+

+ w(φm) · ∂

∂φ

(
v1(φ) · ∂

∂φ

( k∆∫

(k−1)∆

O1(φ, φ′)dφ′
)

+

+ v2(φ) · ∂

∂φ

( k∆∫

(k−1)∆

O2(φ, φ′)dφ′
)

+

+ v3(φ) · ∂

∂φ

( k∆∫

(k−1)∆

O3(φ, φ′)dφ′
))∣∣∣∣∣

φ=φm

]

(2.84)

kai:
[
Ik

]
=

[
ak

]
(2.85)

[
Em

]
=

[
ŝ(φ) · ~E(r)

]
(2.86)

Opìte oi Ĺgnwstec stajerèc
[
ak

]
prokÔptoun wc exăc:

[
Ik

]
=

[
ak

]
=

[
Zmn

]−1 · [Em

]
(2.87)
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2.4 Upologismìc twn OloklhrwmĹtwn

Ta oloklhrÿmata pou upeisèrqontai ston upologismì thc Ĺgnwsthc reu-
matikăc katanomăc eÐnai ta exăc:

I1(φ) =

k∆∫

(k−1)∆

e
−jk0

√
α2

(
φ2+φ′2−2φφ′ cos (φ−φ′)

)
+ h

2π
(φ−φ′)2+αe

2

4π
√

α2
(
φ2 + φ′2 − 2φφ′ · cos (φ− φ′)

)
+ h

2π
(φ− φ′)2 + αe

2

·

· (α cos φ′ − αφ′ sin φ′)dφ′

(2.88)

I2(φ) =

k∆∫

(k−1)∆

e
−jk0

√
α2

(
φ2+φ′2−2φφ′ cos (φ−φ′)

)
+ h

2π
(φ−φ′)2+αe

2

4π
√

α2
(
φ2 + φ′2 − 2φφ′ · cos (φ− φ′)

)
+ h

2π
(φ− φ′)2 + αe

2

·

· (α sin φ′ + αφ′ cos φ′)dφ′

(2.89)

I3(φ) =

k∆∫

(k−1)∆

e
−jk0

√
α2

(
φ2+φ′2−2φφ′ cos (φ−φ′)

)
+ h

2π
(φ−φ′)2+αe

2

4π
√

α2
(
φ2 + φ′2 − 2φφ′ · cos (φ− φ′)

)
+ h

2π
(φ− φ′)2 + αe

2

· h

2π
dφ′

(2.90)

Ja diakrÐnoume tic exăc periptÿseic gia ton upologismì twn oloklhrwmĹ-
twn. H prÿth perÐptwsh eÐnai ìtan ta tmămata sta opoÐa anăkoun ta φ kai φ′

eÐnai apomakrusmèna metaxÔ touc, enÿ h deÔterh aforĹ ta Ðdia tmămata.

2.4.1 Apomakrusmèna Tmămata

Sthn perÐptwsh aută isqÔei |φm−φ′k| À 0 ă diaforetikĹ |m−k| À 0. Pra-
ktikĹ autì ja jewrăsoume ìti sumbaÐnei ìtan |φm−φ′k| > 0. Sthn perÐptwsh
aută mporoÔme na jewrăsoume ìti metablhtă oloklărwshc φ′k brÐsketai sto
kèntro tou tmămatoc pou oloklhrÿnetai, dhladă:

φ′k =
k∆ + (k − 1)∆

2
= ∆(k − 1

2
) = φ′k0

(2.91)
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Opìte ta oloklhrÿmata (2.88), (2.89) kai (2.90) gÐnontai:

I1(φ) =

k∆∫

(k−1)∆

e
−jk0

√
α2

(
φ2+φ′k0

2−2φφ′k0
cos (φ−φ′k0

)
)
+ h

2π
(φ−φ′k0

)2+αe
2

4π
√

α2
(
φ2 + φ′k0

2 − 2φφ′k0
· cos (φ− φ′k0

)
)

+ h
2π

(φ− φ′k0
)2 + αe

2

·

· (α cos φ′k0
− αφ′k0

sin φ′k0
)dφ′ =

=
e
−jk0

√
α2

(
φ2+φ′k0

2−2φφ′k0
cos (φ−φ′k0

)
)
+ h

2π
(φ−φ′k0

)2+αe
2

4π
√

α2
(
φ2 + φ′k0

2 − 2φφ′k0
· cos (φ− φ′k0

)
)

+ h
2π

(φ− φ′k0
)2 + αe

2

·

· (α cos φ′k0
− αφ′k0

sin φ′k0
) ·

k∆∫

(k−1)∆

dφ′ =

=
e
−jk0

√
α2

(
φ2+φ′k0

2−2φφ′k0
cos (φ−φ′k0

)
)
+ h

2π
(φ−φ′k0

)2+αe
2

4π
√

α2
(
φ2 + φ′k0

2 − 2φφ′k0
· cos (φ− φ′k0

)
)

+ h
2π

(φ− φ′k0
)2 + αe

2

·

· (α cos φ′k0
− αφ′k0

sin φ′k0
) ·∆

(2.92)

AntÐstoiqa ta Ĺlla oloklhrÿmata:

I2(φ) =
e
−jk0

√
α2

(
φ2+φ′k0

2−2φφ′k0
cos (φ−φ′k0

)
)
+ h

2π
(φ−φ′k0

)2+αe
2

4π
√

α2
(
φ2 + φ′k0

2 − 2φφ′k0
· cos (φ− φ′k0

)
)

+ h
2π

(φ− φ′k0
)2 + αe

2

·

· (α sin φ′k0
+ αφ′k0

cos φ′k0
) ·∆

(2.93)

I3(φ) =
e
−jk0

√
α2

(
φ2+φ′k0

2−2φφ′k0
cos (φ−φ′k0

)
)
+ h

2π
(φ−φ′k0

)2+αe
2

4π
√

α2
(
φ2 + φ′k0

2 − 2φφ′k0
· cos (φ− φ′k0

)
)

+ h
2π

(φ− φ′k0
)2 + αe

2

·

· h

2π
·∆

(2.94)

’Eqontac upologÐsei ta oloklhrÿmata mporoÔme na broÔme thn analutikă
èkfrash thc antÐstashc Zmk apì th sqèsh (2.84). H sqèsh aută dÐdetai sto
ParĹrthma Aþ.1.
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2.4.2 ’Idio Tmăma

’Otan ta φm kai φ′k brÐskontai sto Ðdio tmăma, dhladă |φm−φ′k| = 0, tìte
ergazìmaste wc exăc. An anaptÔxoume th sunĹrthsh f(x) = cos (x) se seirĹ
Maclaurin paÐrnoume:

cos (x) = 1− x2

2!
+

x4

4!
+ ... =

+∞∑
n=0

(−1)n

(2n)!
· x2n (2.95)

Opìte:

cos (x) ∼= 1− x2

2
(2.96)

Epomènwc:

cos (φ− φ′) ∼= 1− (φ− φ′)2

2
(2.97)

Kai:

α2
(
φ2 + φ′2 − 2φφ′ · cos(φ− φ′)

)
+

h

2π
(φ− φ′)2

+ αe
2 ∼=

∼= α2

(
φ2 + φ′2 − 2φφ′ ·

(
1− (φ− φ′)2

2

))
+

h

2π
(φ− φ′)2

+ αe
2 =

= (φ− φ′)2 ·
(

α2 (1 + φφ′) +
h

2π

)
+ αe

2

(2.98)

H sunĹrthsh
e−jk0R(φ,φ′)

4πR(φ, φ′)

pou upeisèrqetai sta oloklhrÿmata, mèsw thc (2.51) kai thc (2.98) ginetai:

e
−jk0

√
(φ−φ′)2·(α2(1+φφ′)+ h

2π )+αe
2

4π
√

(φ− φ′)2 · (α2 (1 + φφ′) + h
2π

)
+ αe

2

=

=

cos

(
k0

√
(φ− φ′)2 · (α2 (1 + φφ′) + h

2π

)
+ αe

2

)

4π
√

(φ− φ′)2 · (α2 (1 + φφ′) + h
2π

)
+ αe

2

−

− j

sin

(
k0

√
(φ− φ′)2 · (α2 (1 + φφ′) + h

2π

)
+ αe

2

)

4π
√

(φ− φ′)2 · (α2 (1 + φφ′) + h
2π

)
+ αe

2

(2.99)
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Gia to ginìmeno φφ′ jewroÔme ìti h metabolă tou φ′ ephreĹzei elĹqista
opìte antikajistoÔme sto ginìmeno autì to φ′ me φ̄k = (k − 1

2
)∆ kai h (2.99)

gÐnetai:

cos

(
k0

√
(φ− φ′)2 · (α2

(
1 + φφ̄k

)
+ h

2π

)
+ αe

2

)

4π
√

(φ− φ′)2 · (α2
(
1 + φφ̄k

)
+ h

2π

)
+ αe

2

−

− j

sin

(
k0

√
(φ− φ′)2 · (α2

(
1 + φφ̄k

)
+ h

2π

)
+ αe

2

)

4π
√

(φ− φ′)2 · (α2
(
1 + φφ̄k

)
+ h

2π

)
+ αe

2

(2.100)

Jètoume:

q = α2
(
1 + φφ̄k

)
+

h

2π
(2.101)

kai èqoume:

cos

(
k0

√
(φ− φ′)2 · q + αe

2

)
− j sin

(
k0

√
(φ− φ′)2 · q + αe

2

)

4π
√

(φ− φ′)2 · q + αe
2

= G(φ, φ′)

(2.102)
Ta oloklhrÿmata grĹfontai wc exăc:

I1(φ) =

k∆∫

(k−1)∆

G(φ, φ′)(α cos φ′ − αφ′ sin φ′)dφ′ (2.103)

I2(φ) =

k∆∫

(k−1)∆

G(φ, φ′)(α sin φ′ + αφ′ cos φ′)dφ′ (2.104)

I3(φ) =

k∆∫

(k−1)∆

G(φ, φ′)
h

2π
dφ′ (2.105)

MporoÔme na jewrăsoume ìti h metabolă tou φ′ ephreĹzei kurÐwc th su-
nĹrthsh G(φ, φ′), enÿ gia ta upìloipa mèrh twn oloklhrwmĹtwn ja isqÔei
φ′ = φ̄k = (k− 1

2
)∆ opìte h basikă oloklhrwtèa posìthta eÐnai h G(φ, φ′) pou

dÐnetai apì th sqèsh (2.102). Ja upologÐsoume to oloklărwma thc G(φ, φ′).
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KĹnoume ton exăc metasqhmatismì:

x = φ′ − (k − 1

2
)∆ ⇒ φ′ = x + (k − 1

2
)∆

’Otan φ′ → (k − 1)∆ ⇒ x → −∆

2

φ′ → k∆ ⇒ x → ∆

2
dx = dφ′

(2.106)

Opìte:

I =

∆
2∫

−∆
2

(cos

(
k0

√(
φ− x− (k − 1

2
)∆

)2 · q + αe
2

)

4π
√(

φ− x− (k − 1
2
)∆

)2 · q + αe
2

−

− j

sin

(
k0

√(
φ− x− (k − 1

2
)∆

)2 · q + αe
2

)

4π
√(

φ− x− (k − 1
2
)∆

)2 · q + αe
2

)
dx

(2.107)

Apì ta anaptÔgmata Maclaurin twn sunartăsewn cos(x) kai sin(x) isqÔei:

cos (x) ∼= 1− x2

2
kai sin (x) ∼= x− x3

3!
Epomènwc:

I =

∆
2∫

−∆
2

(
1−

(
k0

√
(φ−x−(k− 1

2
)∆)

2·q+αe
2

)2

2

4π
√(

φ− x− (k − 1
2
)∆

)2 · q + αe
2

−

− j

(
k0

√(
φ− x− (k − 1

2
)∆

)2 · q + αe
2

)
−

(
k0

√
(φ−x−(k− 1

2
)∆)

2·q+αe
2

)3

6

4π
√(

φ− x− (k − 1
2
)∆

)2 · q + αe
2

)
dx

(2.108)

To teleutaÐo oloklărwma <<spĹei>> se tèssera oloklhrÿmata.

1. ∫
1

4π
√(

φ− x− (k − 1
2
)∆

)2 · q + αe
2

dx =

= −
log

(
2
√

q
(−x− (

k − 1
2

)
∆ + φ

)
+ 2

√(
φ− x− (k − 1

2
)∆

)2 · q + αe
2

)

4π
√

q
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Epomènwc:

∆
2∫

−∆
2

1

4π
√(

φ− x− (k − 1
2
)∆

)2 · q + αe
2

dx =

=
1

4π
√

q

(
log


2


√q∆− k

√
q∆ +

√
a2

e + q

(
−∆

2
+

(
k − 1

2

)
∆− φ

)2

+
√

qφ





−

− log


2


−k

√
q∆ +

√
qφ +

√
a2

e + q

(
−∆

2
−

(
k − 1

2

)
∆ + φ

)2






)

2. EÐnai:

−
∆
2∫

−∆
2

(
k0

√(
φ− x− (k − 1

2
)∆

)2 · q + αe
2

)2

8π
√(

φ− x− (k − 1
2
)∆

)2 · q + αe
2

dx =

−
∆
2∫

−∆
2

k0
2

8π

√(
φ− x− (k − 1

2
)∆

)2

· q + αe
2dx =

= − 1

16 π
√

q
(k0

2 (log(2 (
√

q ∆− k
√

q ∆+

+

√
αe

2 + q (
−∆

2
+ (−1

2
+ k) ∆− φ)

2

+
√

q φ)) αe
2−

− log(2 (−(k
√

q ∆) +
√

q φ +

√
αe

2 + q (−(k ∆) + φ)2)) αe
2+

+
√

q ∆

√
αe

2 + q (
−∆

2
+ (−1

2
+ k) ∆− φ)

2

−

− k
√

q ∆

√
αe

2 + q (
−∆

2
+ (−1

2
+ k) ∆− φ)

2

+

+
√

q

√
αe

2 + q (
−∆

2
+ (−1

2
+ k) ∆− φ)

2

φ+

+ k
√

q ∆

√
αe

2 + q (−(k ∆) + φ)2 −√q φ

√
αe

2 + q (−(k ∆) + φ)2))
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3.

− j

∆
2∫

−∆
2

(
k0

√(
φ− x− (k − 1

2
)∆

)2 · q + αe
2

)

4π
√(

φ− x− (k − 1
2
)∆

)2 · q + αe
2

dx =

= −j
k0

4π

∆
2∫

−∆
2

dx = −j
k0

4π
∆

4.

j

∆
2∫

−∆
2

(
k0

√(
φ− x− (k − 1

2
)∆

)2 · q + αe
2

)3

24π
√(

φ− x− (k − 1
2
)∆

)2 · q + αe
2

dx =

=
jk0

3

24π

∆
2∫

−∆
2

((
φ− x−

(
k − 1

2

)
∆

)2

q + αe
2

)
dx =

=
jk0

3

24π

(
q∆3

3
− kq∆3 + k2q∆3 + ∆αe

2 + q∆2φ− 2kq∆2φ + q∆φ2

)

Opìte sunolikĹ:

I =
1

144 π
√

q
(36 (− log(2 (−(k

√
q ∆) +

√
q φ +

√
q (−(k ∆) + φ)2 + αe

2))+

+ log(2 (
√

q (∆− k ∆ + φ) +

√
q (∆− k ∆ + φ)2 + αe

2)))− 36 j
√

q ∆ k0+

+ 2 j
√

q ∆ k0
3 (q ((1− 3 k + 3 k2) ∆2 + (3− 6 k) ∆ φ + 3 φ2) + 3 αe

2)+

+ 9 k0
2 ((log(2 (−(k

√
q ∆) +

√
q φ +

√
q (−(k ∆) + φ)2 + αe

2))−

− log(2 (
√

q (∆− k ∆ + φ) +

√
q (∆− k ∆ + φ)2 + αe

2))) αe
2+

+
√

q (φ

√
q (−(k ∆) + φ)2 + αe

2 −∆

√
q (∆− k ∆ + φ)2 + αe

2−

− φ

√
q (∆− k ∆ + φ)2 + αe

2+

+ k ∆ (−
√

q (−(k ∆) + φ)2 + αe
2 +

√
q (∆− k ∆ + φ)2 + αe

2))))

(2.109)
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’Eqoume ousiastikĹ upologÐsei ta oloklhrÿmata twn sqèsewn (2.103),
(2.104) kai (2.105) opìte apì th sqèsh (2.84) brÐskoume thn èkfrash gia thn
antÐstash Zmk kai sthn perÐptwsh aută. H sqèsh aută dÐnetai sto ParĹrthma
Aþ.2

Sto epìmeno KefĹlaio akoloujeÐ h arijmhtikă epÐlush tou problămatoc
me th boăjeia tou progrĹmmatoc Matlab.



KefĹlaio 3

Arijmhtikă EpÐlush tou
Problămatoc

Me th boăjeia tou progrĹmmatoc Matlab pragmatopoiăjhke h arijmătikă
epexergasÐa twn apotelesmĹtwn tou KefalaÐou 2. Oi parĹmetroi pou mporoÔn
narujmistoÔn sto prìgramma eÐnai h suqnìthta leitourgÐac thc keraÐac, h
stajerĹ α thc sqèshc (1.1), to Ôyoc h thc keraÐac, h diatomă r kajÿc kai
o arijmìc twn speirÿn N . Prèpei na upologÐsoume tic timèc twn paramètrwn
pou ja jèsoume sthn eÐsodo tou progrĹmmatoc. Prèpei na isqÔei:

măkoc kÔmatocÀ măkoc tmămatoc⇒

⇒ c

f
À

2πN∫

−2πN

|r′(φ)|dφ ⇒

c

f
À

2πN∫

−2πN

√√√√
(

(α cos φ− αφ sin φ)2 + (α sin φ + αφ cos φ)2 +

(
h

2π

)2
)

dφ

(3.1)

To oloklărwma thc sqèshc (3.1) eÐnai Ðso me:

1

8 π2 α
√

h2 + 4 π2 (1 + 4 N2 π2) α2
· (8 h2 N π2 α + 32 N π4 α3 + 128 N3 π6 α3−

− h2
√

h2 + 4 π2 (1 + 4 N2 π2) α2 log(2 (−4 N π2 α +
√

h2 + 4 π2 (1 + 4 N2 π2) α2))−
− 4 π2 α2

√
h2 + 4 π2 (1 + 4 N2 π2) α2 log(2 (−4 N π2 α +

√
h2 + 4 π2 (1 + 4 N2 π2) α2))+

+ h2
√

h2 + 4 π2 (1 + 4 N2 π2) α2 log(2 (4 N π2 α +
√

h2 + 4 π2 (1 + 4 N2 π2) α2))+

+ 4 π2 α2
√

h2 + 4 π2 (1 + 4 N2 π2) α2 log(2 (4 N π2 α +
√

h2 + 4 π2 (1 + 4 N2 π2) α2)))
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Dhladă:

c

f
À 1

8 π2 α
√

h2 + 4 π2 (1 + 4 N2 π2) α2
· (8 h2 N π2 α + 32 N π4 α3 + 128 N3 π6 α3−

− h2
√

h2 + 4 π2 (1 + 4 N2 π2) α2 log(2 (−4 N π2 α +
√

h2 + 4 π2 (1 + 4 N2 π2) α2))−
− 4 π2 α2

√
h2 + 4 π2 (1 + 4 N2 π2) α2 log(2 (−4 N π2 α +

√
h2 + 4 π2 (1 + 4 N2 π2) α2))+

+ h2
√

h2 + 4 π2 (1 + 4 N2 π2) α2 log(2 (4 N π2 α +
√

h2 + 4 π2 (1 + 4 N2 π2) α2))+

+ 4 π2 α2
√

h2 + 4 π2 (1 + 4 N2 π2) α2 log(2 (4 N π2 α +
√

h2 + 4 π2 (1 + 4 N2 π2) α2)))

(3.2)

RujmÐsame tic paramètrouc stic exăc timèc

α = 0.002

h = 0.02m

r = 0.001m

N = 5

Me tic paramètrouc autèc to dexÐ mèloc thc exÐswshc (3.2), dhladă to
măkoc thc kwnikăc speÐrac, paÐrnei thn timă 2.00027m. An rujmÐsoume th
suqnìthta sta 30MHz to măkoc kÔmatoc eÐnai Ðso me 10m. Gia na isqÔei h
sqèsh (3.2) ja prèpei na katakermatÐsoume th diĹtaxh se toulĹqiston 100
tmămata gia na mporoÔme na poÔme ìti 10m À (2.00027m)/100 = 0.0200027.

Trèxame to prìgramma gia diĹfora K, ìpou K o arijmìc twn tmhmĹtwn
sta opoÐa katakermatÐzoume thn keraÐa katĹ th mèjodo twn tmhmĹtwn. Sta
diagrĹmmata èqei upologisteÐ tìso h katanomă tou reÔmatoc sta diĹfora tmă-
mata ìso kai h apìluth timă tou reÔmatoc. Wc arnhtikĹ jewroÔme ta tmămata
pou brÐskontai sto eÐdwlo thc kwnikăc speÐrac to opoÐo epÐshc summetèqei sth
diamìrfwsh thc reumatikăc katanomăc. Ta apotelèsmata pou părame eÐnai ta
akìlouja:
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1. Gia K = 20 tmămata:
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Sqăma 3.1: Reumatikă Katanomă gia K = 20 tmămata
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2. Gia K = 50 tmămata:
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Sqăma 3.2: Reumatikă Katanomă gia K = 50 tmămata
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3. Gia K = 100 tmămata:
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Sqăma 3.3: Reumatikă Katanomă gia K = 100 tmămata
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4. Gia K = 200 tmămata:

−100 −80 −60 −40 −20 0 20 40 60 80 100
−5

−4

−3

−2

−1

0

1

2

3
x 10

−14

Segment Number

C
ur

re
nt

 (
A

)

Current Distribution for K=200 Segments

−100 −80 −60 −40 −20 0 20 40 60 80 100
0

1

2

3

4

5

6

7
x 10

−9

Segment Number

A
B

S
(C

ur
re

nt
) 

(A
)

Current Distribution for K=200 Segments

Sqăma 3.4: Reumatikă Katanomă gia K = 200 tmămata



ParĹrthma Aþ

AntÐstash Zmk

Aþ.1 |φm − φ′k| > 0
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64 AntÐstash Zmk



Aþ.1 |φm − φ′k| > 0 65



66 AntÐstash Zmk



Aþ.2 |φm − φ′k| = 0 67

Aþ.2 |φm − φ′k| = 0
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Aþ.2 |φm − φ′k| = 0 69
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Aþ.2 |φm − φ′k| = 0 71
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Aþ.2 |φm − φ′k| = 0 73



74 AntÐstash Zmk



Aþ.2 |φm − φ′k| = 0 75



ParĹrthma Bþ

Matlab

Sthn enìthta aută paratÐjentai ta progrĹmmata me ta opoÐa pragmato-
poiăjhke h arijmhtikă epÐlush tou problămatoc. Stic enìthtec Bþ.1 kai Bþ.2
upologÐzetai h antÐstash Zmk gia |m − k| > 1 kai |m − k| ≤ 1 antÐstoiqa.
Sthn enìthta Bþ.3 dhmiourgeÐtai o pÐnakac

[
Zmk

]
kai tèloc sthn enìthta Bþ.4

upologÐzetai o pÐnakac twn reumĹtwn
[
ak

]
kai tupÿnontai ta diagrĹmmata.



Bþ.1 impedance 1 77

Bþ.1 impedance 1
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Bþ.1 impedance 1 79



80 Matlab



Bþ.2 impedance 2 81

Bþ.2 impedance 2
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Bþ.2 impedance 2 83



84 Matlab



Bþ.2 impedance 2 85



86 Matlab



Bþ.2 impedance 2 87



88 Matlab

Bþ.3 creatematrix

Bþ.4 findcurrent
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