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Abstract

One of the most important problems of modern computer systems is the increasing dis-
crepancy between processor cycle times and main memory access times. One solution to
this problem is the use of a multiple level hierarchical memory system (registers, cache
memory, virtual memory), where the data of one level is a subset of the data of a lower
level. The performance can be further increased, when programs are written in such a
way to exploit the existence of a memory hierarchy.

The goal of this diploma thesis is the exploit of the memory hierarchy found in con-
temporary computer systems, through the unified application of code and data layout
transformations. These transformations increase the locality of data references and hence
decrease misses in different levels of the memory hierarchy. We present the tiling transfor-
mation, which is a widely used loop iteration reordering technique for improving locality
of references, and also block data layouts which reorder the data space in the order that
is swept by the tiled instruction stream. For the indexing of the blocks we use the MBaLt
mechanism, which is an efficient and fast indexing method.

To study the effectiveness of such transformations and also the efficieny of MBaLt, we
implement different versions of Cholesky factorization benchmark. Actual experimental
results on two different computer systems, using these versions, illustrate that performance
is greatly improved when combining tiled code with block data layouts and MBaLt index-
ing mechanism. Furthermore, analytical simulation results taken using the Simplescalar
tool, verify that our enhanced performance is due to the considerable reduction of cache
misses in all levels of memory hierarchy.

Finally, we implement some multithreaded versions of the benchmark to study the
effectiveness of the above transformations in the memory hierarchy of simultaneous mul-
tithreading (SMT) architecture. The results show the weakness of this architecture to
perform well when executing parallel versions of optimized programs with high level of
instruction level parallelism.

Keyrords: Memory Hierarchy, Cache Memory, Miss, Locality of References, Loop And
Data Layout Transformations, Tiling, Block Data Layouts, MBaLt Blocks Indexing, Si-
multaneous Multithreading (SMT), Cholesky Factorization
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F�F � "�%,%("+� �!�( �41,%(% � � � � � � � � � � � � � � � � � � � � � � � � � � � � C�

F�F�A � �":����' �+(4� 1�� � � � � � � � � � � � � � � � � � � � � � � � � � � C�

F�F�� ���'"+4� � (�.1 "� � � � � � � � � � � � � � � � � � � � � � � � � � � � � CB

F�F�B �!�( �41,%(% ���1�,�251�� � � � � � � � � � � � � � � � � � � � � � � CF

F�� �0,! ��1,%(% � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � C�

) *�/��������'� ������������'� 0)

��A 	 '"+� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � D�

��� ���0'�,�(51� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � D�

��B �%0()6��'� ���0'�,�(51� (SMT) � � � � � � � � � � � � � � � � � � � � � � � DG

��F � 6'���-2% Hyper-Threading (HT) � � � � � � � � � � � � � � � � � � � � � � � DD

. �,!&��� MBaLt �� ���1 ������ *�/��1 ���1 2


G�A 	 '"+� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � EA

G�� ���0'�,%("+. �%�%�����!�2�1� � � � � � � � � � � � � � � � � � � � � � � � � � EA

G�B ���0'�,%("+. �%�%�����!�2�1� �%�%-�'(�!�2�1�� Cholesky � � � � � � � � � E�

G�B�A � !(�+�,,4'� ?"%,4�"1� ��-%12%� � � � � � � � � � � � � � � � � � � � EB

G�B�� ��'(��+�,,4'� ?"%,4�"1� ��-%12%� � � � � � � � � � � � � � � � � � � EF

G�B�B �0'*0%1,)� ��'(��+�,,4'�� +%" � !(�+�,,4'�� ?"%,4�"1�� � � � � � E�

G�F @4,%(% ���!�2�1�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � EG

G�F�A �.,%(% POSIX � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � EG

G�F�� CPU Affinity � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � EG

G�F�B ��6%'"1,�2 �0-6��'"1,�$ � � � � � � � � � � � � � � � � � � � � � � � � EC

G�� � "�%,%("+� �!�( �41,%(% � � � � � � � � � � � � � � � � � � � � � � � � � � � � ED

G���A � �":����' �+(4� 1�� � � � � � � � � � � � � � � � � � � � � � � � � � � ED

G���� �!�( �41,%(% � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ED

G�G �0,! ��1,%(% � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � A�A
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�H�A �+(2,�1� �)1(�0� �+(4� 1�� �5�"%1,4'5' ��)65' � � � � � � � � � � � � � AAA

�H�A�A 	 '"+� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � AAA
�H�A�� �,�* � �'%#���' � � � � � � � � � � � � � � � � � � � � � � � � � � � � AAA
�H�A�B �)1(�� ��)6�0 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � AA�
�H�A�F �$� 1� (�� �4�("1(�� ?�,.� � � � � � � � � � � � � � � � � � � � � � � AAF

	3 *�+�!�� �5&���� 

�
�H�A ��-%2�� ��*"+%� � (��!��-��,,%(�� Cholesky � � � � � � � � � � � � � � � � AAC
�H�� ��-%2�� ��*"+%� ���0'�,%("+�' �+*�6�' � � � � � � � � � � � � � � � � � � � A��
�H�B ���/�("+4� �0'%�(.1 "� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � AFG

�H�B�A � /)*�0 MBaLt � � � � � � � � � � � � � � � � � � � � � � � � � � � � � AFG
�H�B�� CPU Affinity � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � AFD
�H�B�B Spin-Locks � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � AFD

	�6/��+��7!� 
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� (��,%+("+. ( 6'���-"+. %'�!(0&� !�0 1�, "�/�+ ("� ( � 0(%2 � *$� , (� "� * +% (2 �
1(�' (�,4% (5' VLSI  26 5� %!�(4� 1,% (�' %$&�1� (�� !0+')(�(%� ���+�.�51�� 1 
,"% 7�#2*%� !�0 )!5� 151(� !�):� 7 � J. Moore 1(% ,41% (�� * +% (2%� (�0 AEG�� �
!0+')(�(% %0(. *"!�%1"�8 (%" +�/ AD9�F ,.' �� � *0'%()(�(% %0(. -"% 6��1",�!�2�1�
! �"11)( �5' (�%'821(��  26 5� %!�(4� 1,% (�'  !"')�1� +%" 0��!�2�1� 15��'5(�' +%"
0! �:%/,5(�' %�6"( +(�'"+�' �" �!�2 � %$&�1%' (�'  ! & �-%1("+. "16$ (�� ���������
	
���
� �������
��
� ����� (CPU)�

?01(06�� ),5� � %'�!(0&� %0(. (�� ��� * ' 10'�* 0)(%' +%" %!) (�' %'(21(�"9
6� %$&�1�  !2*�1�� (�� ,�'�*%� ,'.,��� �*�-�'(%� )!5� #%2' (%" +%" 1(� 16.,% A 1(�'
*�,"�0�-2% 6�1,%(�� , (%&$  !2*�1�� (�0  ! & �-%1(. +%" (�� ,'.,��  ')� 1$-6��'�0 0!�9
��-"1("+�$ 101(.,%(��� �'� �  !2*�1� (�0  ! & �-%1(. !%��01"�8 " 4'% �0/,) %$&�1��
G�I %'� 4(��� � �0/,)� %$&�1�� (��  !2*�1�� (�� ,�'�*%� ,'.,��  2'%" "*"%2( �% 6%,��)��
,)'� CI� �(�1%, ��"!)' 1 4'% 1�, 2� )!�0 �  !2*�1� (�� ,�'�*%� ,'.,��  2'%" A�� ,46�"
+%" A��� #��4� ,"+�)( �� %!) (�'  !2*�1� (�0  ! & �-%1(.�

� ,"+�. *"��+ "% (�0 +$+��0 ,�6%'.� 1 10'��(�1� , (� ,� *�%1("+. , 251� (�� +%/09
1(4��1�� , (%#���� * *�,4'5' %!) (�' ,�'�*% ,'.,�� 46 " 1%' %!�(4� 1,% '% 6� "�8�'(%"
���4'% +%" ! �"11)( ��" +$+��" ,�6%'.� -"% (�' , (%#��� %0(.� �  !2*�1� (�� ,�'�*%� ,'.9
,��  ')� 1$-6��'�0 0!���-"1("+�$ 101(.,%(��  2'%" ��"!)' 4'%� 1�,%'("+)� !%��-�'(%� -"%
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�+�&� !	 �����+$� ���&��

(�' ! �"��"1,) (�� 10'��"+.�  !2*�1�� (�0�

�"% �"+�'�,"+.� %��� (%0()6��'% +%" %!�*�("+. �$1� 1(� !�):��,% %0()  2'%" � 6�.1�
(�� ���
���
� ���	�� (memory hierarchy) � � "*4% !215 %!) (�' " �%�62% ,'.,�� )!5�
#%2' (%" +%" 1(� 16.,% �  2'%" � (�!�/4(�1� ,"%� !��$ -�.-���� ,"+�.� ,'.,��� � �!�2%
�'�,�8 (%" ����� 	��	� (cache memory) +%"  2'%" ( 6'���-2%� SRAM� +�'(� 1(�'  ! & �9
-%1(. � �!�2% (��#�*�( 2(%" %!) (�' , -%�$( �� %��� +%" !"� %�-. �������� 	��	� (main
memory) ( 6'���-2%� DRAM� � " �%�62% ,'.,�� !%�46 " , %0() (�' (�)!� 4'% 1$1(�9
,% ,'.,�� , +)1(� 16 *)' ()1� 6%,��) )1� (� #/�')( ��  !2! *� ,'.,�� +%" (%6$(�(%
()1� )1� (�0 -��-���(4��0  !"!4*�0� �., �%� "*"%2( �% *"%* *�,4' �  2'%" �" !��0 !2! 9
* � " �%�62 � ,'.,�� �" �!�2 � * ' ! �"��28�'(%" ,)'� 1(� 4'%  !2! *� +�0#.� ,'.,��� %���
6��1",�!�"�$' ,46�" +%" (�2% (4(�"%  !2! *%�

	"% (�'  !2( 0&� :4:%"% 07��.�  !2*�1�� , (� 6�.1� (�� " �%�62%� ,'.,�� %!%"( 2(%" �
 �%6"1(�!�2�1� (�� , (%#���� * *�,4'5' %!) (�' + '(�"+. ,'.,� !��� (�' +�0#. ,'.,�� �
*0'%()(�(% ,"%� (4(�"%�  �%6"1(�!�2�1��  0(06�� *"+%"���- 2(%" %!) (�' 
��� ��� �
�����
���
� ��� 
�
�
��� (principle of locality of reference) � � �!�2% *���' " )(" (% ! �"11)( �%
!��-��,,%(% * ' !��1! ��'�0' �,�"),��#% (�' +�*"+% +%" (% * *�,4'% (�0�� %��� 46�0'
(�' (�1� +�!�"% ,4�� '% (%  !%'%!��1! ��'�0' +%" ,��"1(% 6��'"+� +�'(%�

�0&�'�'(%� ��"!)' (�' (�!"+)(�(% (5' %'%#���' 1 4'% !�)-�%,,%  !"(0-6�' (%" �
)1� (� *0'%()' +%�$( ��  +, (��� 01� (�� " �%�62%� ,'.,��� �"% (4(�"% %$&�1� ,!�� 2
'%  !"( 06/ 2 , (� 6�.1� , (%16�,%("1,�' +�*"+%� +%" * *�,4'5' �" �!�2�" 1+�!) 46�0'
(�' %'%*"�(%&� (5' %'%#���' +%" (� 1 "�� %!�/.+ 01�� (5' * *�,4'5' 1(� ,'.,�� �4(�"�"
, (%16�,%("1,�2  #%�,)8�'(%" 10'./5� %!) (�' 	��
�� ������ (compiler) +%"  2'%" %�+ (�
%!�( � 1,%("+�2 1(�' ! �2!(51�  #%�,�-�' !�0 *"%/4(�0' 	
������
 
�
�
�!� (reference
patterns) !�0 %+���0/�$' ,"% +%'�'"+. *�,.� )!5� (% !��-��,,%(% %�"/,�("+.� %'��01���

�� ������� ��	��
� ����
����� ���� ����	��
� ��� ��������������� ������ ��� ������������
�� �������������� ������� ��� �� ���
�� ����
������ �������������	
 ��
����



���� ������� /#

��� ������

�+�!)� (�� !%��$1%� *"!�5,%("+.�  �-%12%�  2'%" �  '"%2%  #%�,�-. , (%16�,%("1,�' +�*"9
+% +%" * *�,4'5' +%" � , �4(� (�� %!�( � 1,%("+)(�(%� (�0� -"% , 251� (5' +%/01( �.1 5'
�)-5 %1(�6"�' 1 !��0 !2! * � " �%�62 � ,'.,�� 1$-6��'5' 0!���-"1("+�' 101(�,�(5'�
10,! �"�%,:%'�,4'5' +%" !��0'�,%("+�' %�6"( +(�'"+�'� � (%&$ ���5' 6��1",�!�" 2(%" �
, (%16�,%("1,)� tiling +%" �" *"%(�& "�  '�(.(5' , %!�*�("+. * "+()*)(�1� MBaLt -"% (�'
0��!�2�1� 1 "�"%+�' +%" !%������5'  +*�6�' (�0 , (��!��-��,,%(�� >�%�%-�'(�!�2�1�
Cholesky3� �" �!�2 � 6��1",�!�"�$'(%" -"% (�' , �4(� (��  !2*�1�� (5' , (%16�,%("1,�'�

��� ������
� !������"��� ��� ����
���

�(� !��(� + #��%"� !%��01"�8 (%" � %�6"( +(�'"+. (�0 101(.,%(�� ,'.,��� ���1",�!�"�$, 
(�' )�� %�6"( +(�'"+.� *")("  +()� %!) (�' !%��012%1� (�� *�,.� +%" (�� ��-�'51�� (��
" �%�62%� ,'.,��� !%��01"�8�0, +%" ��"1,4' � :%1"+4� : �("1(�!�".1 "� !�0  #%�,)8�'(%"
()1� %!) (�' !� 0�� (�0 0�"+�$� )1� +%" %!) (�' !� 0�� (�0 ��-"1,"+�$�

�(� 10'46 "%� 1(� * $( �� + #��%"� %'%!($11 (%" (� %!%�%2(�(� / 5��("+) +%" ,%/�,%9
("+) 0!):%/�� !�0 %#��� (�0� , (%16�,%("1,�$� :�)65'� �" #5�"%1,4'�" :�)6�" %!�( ��$'
(% !"� 6��'�:)�% (,.,%(% 1 4'% !�)-�%,,% +%" � : �("1(�!�2�1� (�0�  !�� �8 " +%/��"9
1("+� (� 10'��"+) 6�)'�  +(4� 1��� �*�� !%��01"�8 (%" +%" � , (%16�,%("1,)� tiling �
�!�2�� %!�( � 2 4'% %!) (�0� !"� 1�,%'("+�$� , (%16�,%("1,�$� :�)65' -"% %$&�1� (��
(�!"+)(�(%� (5' * *�,4'5'�

�(� (�2(� + #��%"� !%��01"�8 (%" (� - '"+) ! *2� -$�5 %!) (�0� , (%16�,%("1,�$�
* *�,4'5' �" �!�2�" !��1%'%(��28�'(%" 1(�' (��!�!�2�1� (5' *"%(�& 5' , ("� �!�2 � %!�9
/�+ $�'(%" (% * *�,4'% 1(� ,'.,�� �� + #��%"� %0()  1("�8 (%" 1("� *"%(�& "�  '�(.(5'
+%" !%��01"�8 (%" ,"% %!�*�("+. ,4/�*�� J�K -"% (� * "+(�*)(�1� (5' 1(�"6 25' 1 (4(�" �
*"%(�& "��

�(� (4(%�(� + #��%"� 0��!�"�$'(%" *"�#�� �  +*�64� (�0 , (��!��-��,,%(�� >�%�%9
-�'(�!�2�1� Cholesky3 6��1",�!�"�'(%� , (%&$ ���5' (� , (%16�,%("1,) tiling� -�%,,"+4�
*"%(�& "� +%" *"%(�& "�  '�(.(5'� �%��01"�8�'(%" !�%-,%("+4� , (�.1 "� !�0 �.#/�+%' %!)
(�'  +(4� 1� (�0 , (��!��-��,,%(�� 1 *$� *"%#�� ("+� 0!���-"1("+� 101(.,%(%� +%/��
+%" %!�( �41,%(% !��1�,�"�1 5'� (% �!�2% )�% ,%82 0!�1(��28�0' (�' %!�*�("+)(�(% (��
, /)*�0 * "+(�*)(�1�� !�0 !%��01"�8 (%" 1(� (�2(� + #��%"��

�+���$/5�� 1(� !4,!(� + #��%"� -2' (%" ,"% 1$'(�,� %'%#��� -$�5 %!) ("� !��0'�,%9
("+4� %�6"( +(�'"+4� , 4,#%1� 1(�' %�6"( +(�'"+. (%0()6��'�� !��0'�,�(51�� SMT� -"%
(�' �!�2% !%��01"�8 (%" ,"%  ,!��"+. 0��!�2�1� (��� � ( 6'���-2% Hyper-Threading (��
Intel�

�4���� 1(� 4+(� + #��%"� 0��!�" 2(%" ,"% !%������� !��0'�,%(5,4'�  +*�6. (�0 , 9
(��!��-��,,%(�� >�%�%-�'(�!�2�1� Cholesky3 , 6�.1� tiling +%" *"%(�& 5'  '�(.(5'� -"%
(�' , �4(� (��  !2*�1�� (5' *"%(�& 5' +%" 1 %�6"( +(�'"+4� ($!�0 SMT� �% %!�( �49
1,%(% (% �!�2% !%��01"�8�'(%"� !��+$!(�0' %!) (�'  +(4� 1� (�0 , (��!��-��,,%(�� 1 
0!���-"1("+) 1$1(�,% , ( 6'���-2% Hyper-Threading�
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��� #�
��$� %������� &�	'(� )�("��

� +�0#. ,'.,�� %!�( � 2 (� 4'% %!) *$� :%1"+�  !2! *% (�� " �%�62%� ,'.,��� �� ����
 2'%" �  "+�'"+. ,'.,� � �!�2% /% 108�(�/ 2 1(�'  ')(�(% A�B

� +�0#. ,'.,� )!5� %'%#4�/�+ 1(�' �"1%-5-.  2'%" (�  !2! *� (�� " �%�62%� ,'.,��
!�0 :�21+ (%" !"� +�'(� 1(�'  ! & �-%1(. +%" 10'./5� 1(% 1$-6��'% 0!���-"1("+� 101(.9
,%(% %!�( � 2(%" %!) *$� . +%" (�2%  !2! *% +�0#.� ,'.,�� (% �!�2% �'�,�8�'(%" L1, L2
+%" L3� �� !��(�  !2! *�  2'%" !�'(%  '15,%(5,4'� 1(�' ,�'�*%  ! & �-%12%�� (� �!�2�
10,:%2' " 10'./5� +%" , (� * $( ��  !2! *� 1("� 1$-6��' � ����

;�!5� 46 " .*� %'%# �/ 2 � " �%�62% ,'.,�� +%"  "*"+)( �% � +�0#. ,'.,� 1(��28 " (�'
$!%�&� (�� 1(�' 
��� ��� �
�������
� ��� 
�
�
��� (principle of locality of reference) �
�!�2% 6%�%+(��28 " (�' (�)!� !�0 � "(�0�-�$' (% !��-��,,%(%� � %�6. (�� (�!"+)(�(%�
*���' " )(" 1 4'% !�)-�%,,% �" %'%#��4� 1("� *" 0/$'1 "� ,'.,�� * '  2'%" ( � 25� (09
6%2 �� %��� %'(2/ (% ( 2'�0' '%  2'%" (�!"+�� ! �"��"1,4' � -"% ��"1,4'� 6��'"+) *"�1(�,%�
?"%+�2'�'(%" * � *$�  2*� (�!"+)(�(%�L

• "�
���� #
�������
 (temporal locality) L ;�'% * *�,4'� !�0 46 " 6��1",�!�"�/ 2
( 2' " '%  !%'%6��1",�!�"�/ 2 1$'(�,%�

• " ���� #
�������
 (spatial locality) L ? *�,4'% !�0 �" *" 0/$'1 "� ,'.,�� (�0�  2'%"
+�'(� 1 4'% * *�,4'� !�0 46 " 6��1",�!�"�/ 2� ( 2'�0' '% 6��1",�!�"�/�$' 1$'(�,%�
	"% !%��* "-,% (% - "(�'"+� * *�,4'%  ')� !2'%+%�

;�(%' �  ! & �-%1(.� +�' " ,"% %'%#��� 1(�' ,'.,��  & (�8 (%" %�6"+�  �' � 8�(�$, '�
�$�� (word) ! �"46 (%" 1(�' +�0#. ,'.,�� ��' !��-,%(" � �4&� :�21+ (%" 1(�' +�0#. ,'.,��
�������
 ������ 	��	�� (cache hit)� ()( -2' (%" %,415� !��1!4�%1� 1 %0(.� ��'� ),5�
* ' :� / 2 � �4&� 1(�' +�0#. ,'.,�� 
��
��
 ������ 	��	�� (cache miss)� ()( *"%:�8 (%"
%!) (�' +$�"% ,'.,� +%" (%0(�6�)'5� , (%#4� (%" %!) (�' +$�"% ,'.,� 1(�' +�0#. ,'.,�
,"% ������
 (block) �4& 5' )!5� #%2' (%" 1(� 16.,% A�A� !�0 ! �"�%,:�' " +%" (� �4&� -"%

��� ����� ���
���� ����
����� ��� � !�"!

/6



/- ����
�
�� �� 
��������	���� �������
��� �	�����

�+�&� /�/	 ����7��
 2�2�&8�*� (� ��%����� &���'� �*� ����82*� ��� �����+$��
&��&��

(�' �!�2% & +2'�1 � !%��$1% !��1!4�%1�� � �4&� -"% (�' �!�2% & +2'�1 � !��1!4�%1�
, (%#4� (%" 1(�' +�0#. ,'.,� -"% (�' "+%'�!�2�1� (06)' , ���'("+�' %'%#���' 1(�' 2*"%
�4&�� �%,:�'�'(%� , %0() (�' (�)!� 0!)7"' (�' "*")(�(% (�� 6��'"+.� (�!"+)(�(%� (��
%'%#����� �"  !"!�4�' �4& "� (��  ')(�(%� , (%#4��'(%" 1(� -�.-��� ,'.,� -"% '% "+%9
'�!�"�/�$' (06)' , ���'("+4� %'%#��4� ,'.,��� �%,:�'�'(%� 4(1" 0!)7"' (�' "*")(�(% (��
65�"+.� (�!"+)(�(%� (�� %'%#�����

� 6�)'�� -"% (�'  !2�01� ,"%� %1(�62%� +�0#.� ,'.,��  &%�(�(%" ()1� %!) (�' +%/09
1(4��1� %!)+�"1�� (latency) (�� +$�"%� ,'.,��� )1� +%" %!) (�  $��� 8�'�� (bandwidth)
%0(.�� � +%/01(4��1� %!)+�"1�� +%/��28 " (�' 6�)'� -"% (�' %!)+(�1� (�� !��(�� �49
&�� ,"%�  ')(�(%� �4& 5'� �� *  $��� 8�'�� +%/��28 " (�' 6�)'� -"% (�' , (%#��� (5'
0!)��"!5' �4& 5' (��  ')(�(%��

����� ��
�����  ��
�� !�����

;�!5� #%2' (%" +%" 1(� 16.,% A�� �" ! �"��"1,�2 -"% (� !�0 /% (�!�/ (�/ 2 ,"%  ')(�(%
*�,"�0�-�$' (� "� :%1"+4� +%(�-��2 � ��-�'51�� +�0#�' ,'�,�'L

• ��%��
� 
�����
������ (direct mapped) L ��/  ')(�(% ,!�� 2 '% (�!�/ (�/ 2 ,)'�
1 ,"% 10-+ +�",4'� /41� ,41% 1(�' +�0#. ,'.,�� � %'("1(�26�1�  2'%" 10'./5�L
</41� 1(�' +�0#. ,'.,�= M <*" $/0'1�  ')(�(%�= MOD <!�./��  '�(.(5' 1(�' +�0#.
,'.,�=

• &��� � ������������ (fully associative) L ��/  ')(�(% ,!�� 2 '% (�!�/ (�/ 2 1 
�!�"%*.!�( /41� ,41% 1(�' +�0#. ,'.,��

• '���$����� �����
� (set associative) L ��/  ')(�(% ,!�� 2 '% (�!�/ (�/ 2 ,)'� 1 
4'% 1$'��� /41 5' (�� +�0#.� ,'.,��� ;�'% 1$'���  2'%" ,"% �,�*%  '�(.(5'� �"%
 ')(�(% %�6"+� %'("1(�"628 (%" 1 4'% 1$'��� +%" %+���$/5� ,!�� 2 '% (�!�/ (�/ 2
�!�0*.!�( ,41% 1(� 1$'���� � %'("1(�26�1�  2'%" 10'./5�L
<%�� 10')��0= M <*" $/0'1�  ')(�(%�= MOD <!�./�� 10')�5' 1(�' +�0#. ,'.,�=



���� �
������ ��		���� ������� �	����� /.

�+�&� /�!	 ���
2���&� ���
�*(�� ���7�� &��&��

��' 0!��6�0' n  ')(�( � 1 4'% 1$'���� ()( � +�0#. ,'.,� �'�,�8 (%" 10164("1��
10')��0 n *�),5' (n-way set associative)�

��' +�0#. ,'.,�  0/ 2%� %'("1(�26�1�� ,!�� 2 '% (�' * " +%' 2� 5� ,"% +�0#. ,'.,�
10164("1�� 10')��0  ')� *�),�0�  '� ,"% +�0#. ,'.,� !�.�5� 1016 ("1("+. m  '�(.(5'
5� ,"% +�0#. ,'.,� 10164("1�� 10')��0 m *�),5'�

�% !%�%!�'5  #%�,)8�'(%" 1(� !%��* "-,% (�0 16.,%(�� A�� )!�0 !%��01"�8�'(%" �"
(� "� *0'%(4� ��-%'�1 "� +�0#.� ,'.,��� ��/ +�0#. ,'.,� 46 " 65��("+)(�(% D  '�(.(5'�
 '� � +$�"% ,'.,� B�  '�(.(5'� �(�' ! �2!(51� (�� !�.�5� 1016 ("1("+.� +�$#.� ,'.,���
�  ')(�(% A� )!5� #%2' (%" +%" 1(� 16.,% ,!�� 2 '% (�!�/ (�/ 2 1 �!�"%*.!�( /41��
�'(2/ (% 1("� ��� � *$� ��-%'�1 "� 0!��6 " ! �"��"1,)� 1(� /41�� �0-+ +�",4'% -"% (�'
+�0#. ,'.,�  0/ 2%� %'("1(�26�1�� �  ')(�(% A� ,!�� 2 '% (�!�/ (�/ 2 ,)'� 1(� /41� F <A�
mod D=�  '� 1(�' ! �2!(51� (�� +�0#.� ,'.,�� 10164("1�� 10')��0 *$� *�),5' 0!��6 "
,"% �2-� , -%�$( ��  � 0/ �2% +" 4(1" �  ')(�(% A� ,!�� 2 '% (�!�/ (�/ 2 �!�0*.!�( ,41%
1(� 1$'��� � <A� mod F=�

����" �#�	�� �������� ���� ����  ��
� !����

�(� 16.,% A�B #%2' (%" !5� -2' (%" � *"%65�"1,)� ,"%� *" $/0'1�� ,'.,�� 1(% (�2% ! *2%L
 ("+4(%� * 2+(�� +%" %�"/,)� �4&��� �" +�0#4� ,'., � -"% '% ,!���$' '%  '(�!28�0' (�'
8�(�$, '�  ')(�(% %!�/�+ $�0' ,"% ����$�
 (tag) -"% +�/  ')(�(% !�0 ! �"46�0' ,%82 , 
4'% 	��� ���������
� (valid bit) (� �!�2� * 26' " %' (% * *�,4'% !�0 0!��6�0' -"; %0(. (�
/41� ,'.,��  "'%" 4-+0�%�

�  '(�!"1,)� (�� 8�(�$, '��  ')(�(%� -2' (%" 5�  &.�L



!" ����
�
�� �� 
��������	���� �������
��� �	�����

�+�&� /�3	 0� ��$� ��2$� &��� 2������(�� &��&��

A� ��6"+�� (� ! *2� ������� (index) (�� *" $/0'1�� ,'.,�� 6��1",�!�" 2(%" -"% (�'  '(�9
!"1,) (�0 10')��0 1(� �!�2� %'.+ " � 8�(�$, '�  ')(�(%�

�� �+���$/5�� -"% +�/ 4-+0��  ')(�(% !�0 :�21+ (%" ,41% 1(� 1$'���  �4-6 (%" %'
�  ("+4(% 10,!2!( " , (� %'(21(�"6� (,.,% (�� *" $/0'1�� ,'.,�� !�0 *2' (%" !���
 !2�01� %!) (�' ���� ��' :� / 2 ,"% (4(�"%  ')(�(%� ()( %0() 1�,%2' " )(" � �4&�
, (� *�/ 21% *" $/0'1� ,'.,�� 0!��6 " ,41% 1(�' +�0#. ,'.,�� � 4� -6�� %0()�
+%(� +%')'% !�4! " '% -2' (%" !%������% -"% �)-�0� (%6$(�(%��

B� �4���� 6��1",�!�" 2(%" � 
��%	�� �$��� (block offset) -"% '%  !"� 6/ 2 �  !"/0,�(.
�4&� ,41% %!) (�'  ')(�(%�

����$ %������������ �������� ���� �	������� ��������  ��&


�� !�����

�(�' ! �2!(51� %1(�62%� +�0#.� ,'.,��� �  � -+(.� (�� +�0#.� ,'.,�� !�4! " '% %!�9
#%121 " !�"%  ')(�(% /% %'("+%(%1(%/ 2� ;�'% !� �'4+(�,% (�� +�0#.� ,'.,�� ,  0/ 2%
%'("1(�26�1�  2'%" � %!�)(�(% (�� �.7�� ,"%� (4(�"%� %!)#%1��� �!) (� 1("-,. !�0 ,)'�
,"%  ')(�(%  �4-6 (%"� %0() 1�,%2' " )(" ,)'� %0(. �  ')(�(% ,!�� 2 '% %'("+%(%1(%/ 2� �'9
(2/ (%� , (�0� ����0� *$� ($!�0� ��-�'51�� 0!��6�0' ! �"11)( � � %!) ,"%  ')(�( � !���
%'("+%(�1(%1� +%" %0() ! �"!�4+ " (� �.7� %!)#%1��� �; %0(4� ("� ! �"!(�1 "� 0!��6�0'
(� "� *�,�#"� 2� 1(�%(�-"+4� -"% (�'  !"��-. (��  ')(�(%� !�0 /% %'("+%(%1(%/ 2L

• #��
�
 ����
�� (random) L �" 0!�7.#" �  ')(�( �  !"�4-�'(%" (06%2% 6��1",�!�"�'9
(%� +�!�"% - ''.(�"% 7 0*�(06%25' %�"/,�'�

• ( ��
 �����
�
 �����	
�
�
)	��� (LRU-least recently used) L �!2� - (%" �  ')(�(%
1(�' �!�2% * ' 4-"' %'%#��� -"% (� , -%�$( �� 6��'"+) *"�1(�,%� � 1(�%(�-"+.
%0(. 1(��28 (%" 4,, 1% 1(�' %�6. (�� (�!"+)(�(%� (�� %'%#����L %#�$ �"  ')(�( �
!�0 6��1",�!�"./�+%' !�)1#%(% 46�0' , -��� !"/%')(�(% '%  !%'%6��1",�!�"�/�$'�
()( 4'%� +%�)� 0!�7.#"�� -"% %'("+%(�1(%1�  2'%" �  ')(�(% !�0 46 " (�' ! �"11)( ��
6�)'� '% 6��1",�!�"�/ 2�

• �� *��� �
 ����
 �
�
	
��� (FIFO) L �!"�4- (%" �  ')(�(% , (�' ! �"11)( �� 6�)'�
!%�%,�'.� 1(�' +�0#. ,'.,��

�!) ("� !%�%!�'5 1(�%(�-"+4� � !"� %!�. 1(�' 0��!�2�1� (��  2'%" � 1(�%(�-"+. (�� (06%2%�
 !"��-.� � �!�2% +%" 6��1",�!�" 2(%" 106'�� � 1(�%(�-"+. (�� !"� !�)1#%(% 6��1",�!�"�$9
, '�� 6� "�8 (%" (�' #$�%&� %�+ (.� !����#��2%� -"; %0() +%" (� +)1(�� 0��!�2�1�� (��  2'%"
%�+ (� 07��) -"% +�0#4� ,'., � , , -��� !�./��  '�(.(5'� ;�(1" 1(�' !��&� 0��!�" 2(%"
10'./5� +�!�"% !��14--"1� (�� 1(�%(�-"+.� %0(.��



���� �
������ ��		���� ������� �	����� !/

����' !��������� �

��
�� ��������

�!��6�0' *$� :%1"+�2 ,�6%'"1,�2 -"% (�'  --�%#. ,"%�  ')(�(%� 1(�' +�0#. ,'.,� 1(�'
! �2!(51� �������
� ����
��� (write hit)L

• ��
�����
�� (write-back) L � !����#��2%  --��# (%" ,)'� 1(�'  ')(�(% (�� +�0#.�
,'.,���  '� � +$�"% ,'.,�  '�, ��' (%" ,)'� +%(� (�' %!�,�+�0'1� (��  ')(�(%�
%!) (�' +�0#. ,'.,��

• +������
�� (write-through) L � !����#��2%  --��# (%" ()1� 1(�'  ')(�(% (�� +�09
#.� ,'.,��� )1� +%" (�� +$�"%� ,'.,���

	"% '%  �%((5/ 2 ! �%"(4�5 � 106')(�(%  --�%#�' 1(�' +$�"% ,'.,� 1(�' ! �2!(51� (��
 !%' --�%#.�� 6��1",�!�" 2(%" (� 	��� ��
�
�
����� (dirty bit)� �0() (� ,!"( +%(�1(%1��
*���' " +%(� !)1� ,"%  ')(�(%  2'%" (��!�!�"�,4'� . ,�� ��'  2'%" ,� (��!�!�"�,4'� ()( * '
6� "�8 (%" �  !%' --�%#. (��  ')(�(%� 1(�' ! �2!(51� %!�,�+�0'1� (��� %#�$ (% * *�,4'%
!�0 ! �"46 " � +$�"% ,'.,� +%" � +�0#. ,'.,� -"% (� 10-+ +�",4'�  ')(�(%  2'%" (%0()1�,%�

�)1� � ,4/�*�� (��  !%' --�%#.�� )1� +%" � ,4/�*�� (�� *"9 --�%#.� 46�0' (% !� �' 9
+(.,%(% (�0�� �% !� �' +(.,%(% (��  !%' --�%#.�  2'%" )(" �"  --�%#4� !�%-,%(�!�"�$'(%"
, (�' (%6$(�(% (�� +�0#.� ,'.,��� �!21�� !���4�  --�%#4� 1(�' 2*"%  ')(�(% %'�-�'(%"
,)'� 1 ,"%  '�,4�51� (�� +$�"%� ,'.,��� 6��1",�!�"�'(%� , %0() (�' (�)!� 10'��"+�
�"-)( ��  $��� 8�'�� +$�"%� ,'.,���

� ,4/�*�� (�� *"9 --�%#.�  2'%"  0+��)( �� 1(�' 0��!�2�1� (��� �!21�� , (�' *"9
 --�%#.  --0�( )(" (� %,415� +%(�( ��  !2! *� (�� " �%�62%� 46 " !�'(% (� !"� !�)1#%(�
%'(2-�%#�� +�(" (� �!�2� %!��!�" 2 (�' 10'�# "% * *�,4'5'� �4:%"% , (�' *"9 --�%#.
0!��6 " %0&�,4'� , (%+2'�1� * *�,4'5' !��� (�' +$�"% ,'.,�� 10' !�-�'(%� 6��1",�!�2�1�
, -%�$( ��0  $��0 8�'���

�(�' ! �2!(51� 
��
��
� ����
��� (write miss) 0!��6�0' *$� *0'%(4�  !"��-4�L

• ����
�� 	� �
�
�!���� (write allocate) L �%�%65� 2(%" 6���� %!) (�' +�0#. ,'.,��
�  ')(�(%  !�,4'5� #��(�' (%" %!) (�' +$�"% ,'.,� 1(�' +�0#. +%" 1(� 10'46 "%
%+���0/�$'(%" �"  '4�- " � -"%  !"(062%  --�%#.� !�0 %'%#4��'(%" !%�%!�'5�

• ����
�� � ��� �
�
�!���� (No-write allocate) L ? ' !%�%65� 2(%" +�!�"�� 6����
%!) (�' +�0#. ,'.,� +%"  !�,4'5� �" , (%(��!4� * *�,4'5' -2'�'(%" %! 0/ 2%� 1(�'
+$�"% ,'.,��

�0'./5� �  !%' --�%#. 10'*0�8 (%" ,  --�%#. , !%�%6���1� +%" � *"9 --�%#. , 
 --�%#. 65�2� !%�%6���1��

�� (�	��  ���
���	� ��������  ��
�� !�����

�" %1(�62 � +�0#.� ,'.,�� ,!���$' '% *"%65�"1/�$' 1 (� "� +%(�-��2 �L

• ,��
���� -�
��� ���$� (Compulsory misses)L �2'%" �" %1(�62 � +�0#.� ,'.,�� !�0
!��+%��$'(%" %!) (�' !��(� !�)1:%1� 1 ,"%  ')(�(% !�0 * ' (�!�/ (./�+ !�(4
1(�' +�0#. ,'.,��



!! ����
�
�� �� 
��������	���� �������
��� �	�����

• ,��
���� " ���������
� (Capacity misses)L �2'%" �" %1(�62 � +�0#.� ,'.,�� !�0
!��+%��$'(%" )(%' � +�0#. ,'.,� * ' ,!�� 2 '% ! �"46 " )� � ("�  ')(�( � !�0 6� "�9
8�'(%" +%(� (�'  +(4� 1�  ')� !��-��,,%(���

• ,��
���� ')���
���� (Conflict misses)L �2'%" �" %1(�62 � +�0#.� ,'.,�� !�0  ,9
#%'28�'(%" 1("� +�0#4� ,'., � 10164("1�� 10')��0 .  0/ 2%� %'("1(�26�1�� )(%'
!���%!�4�  ')(�( � %'(%-5'28�'(%" -"% (� 2*"� 1$'���� �'%��%+("+�� �" %1(�62 �
1$-+��01��  2'%" �" %1(�62 � ,"%� +�0#.� ,'.,�� 10164("1�� 10')��0 .  0/ 2%� %'("9
1(�26�1�� +�0#.� ,'.,�� !�0  &%� 2#�'(%" , (� 6�.1� ,"%� !�.��0� 1016 ("1("+.�
+�0#.� ,'.,��� �" %1(�62 � 1$-+��01�� ! �%"(4�5 65�28�'(%" 1 *$� +%(�-��2 �L
1("� 10-+��$1 "� , (%&$ *"%#�� ("+�' , (%:��(�'� (cross-interference) +%" 1("� 10-9
+��$1 "� , (%&$ 1(�"6 25' (�0 2*"�0 !2'%+% (self-interference)�

��� #����
������
� ���*�
�� &�	'(� )�("��

	"% (�' : �("1(�!�2�1� (��  !2*�1�� (�� +�0#.� ,'.,�� �"  � 0'�(4�  !"+ '(��/�+%' 1(�'
, 251� (5' (�"5' 10'"1(51�' !�0  !�� �8�0' (�' ,41� 6�)'� !�)1:%1�� (5' * *�,4'5' 1(�
,'.,�L (�' 6��'"+.  !":��0'1� %!) ,"% %1(�62% +�$#�� ,'.,�� �)-5 , (%#���� * *�,4'5'
%!) (� 6%,��)( ��  !2! *� (�� " �%�62%� ,'.,��� (� �0/,) %1(�6"�' +�0#.� ,'.,�� +%" (�
6�)'� !��1!4�%1�� +�0#.� ,'.,��� �� !�):��,% !��1 --28 (%" ()1� %!) (�' !� 0�� (�0
0�"+�$� )1� +%" %!) (�' !� 0�� (�0 ��-"1,"+�$ ,415 (5' , (%-�5(("1(�'�

��"�� )�����
���� *����#

�"% ,4/�*�� -"% (�' , 251� (�� 6��'"+.�  !":��0'1�� %!) ,"% %1(�62% ,'.,��  2'%" ,415 (��
%!�,)'51�� (5' %'%#���' !��� (� ,'.,�� � 6�.1� 
�
	
� �� ����
��� (write buffer)
 #%�,)8 (%" -"% (�' %!�,)'51� (5' %'%#���'  --�%#.�� ���1",�!�"�'(%� %!�,�'5(4�
 --�%#.�� �  ! & �-%1(.� * ' 6� "�8 (%" '% ! �",4' " (�' 10,!�.�51� (��  --�%#.�� �'9
(2/ (%� %!���  +( � 2 (�'  --�%#. 1(4�'�'(%� (�' 1(�' %!�,�'5(.� (� �!�2� -2' (%" ,41%
1; 4'% +$+�� ,�6%'.�� �� !� �'4+(�,% !�0 !��+$!( " %!) (� 6�.1�  ')� %!�,�'5(.  -9
-�%#.� * '  2'%" ,)'� )(" �  ! & �-%1(.� * ' ,!��+�� (%" +%(� (�'  +(4� 1� (��  --�%#.��
%��� +%" (� )(" , "�' (%" � 10,#)��1� 1(�' *"�*��,� (�0 101(.,%(�� +%/01( ��'(%� (�'
 --�%#. ,46�" '% :� / 2 4'%� + ')� +$+��� *"%*�),�0�

�(�0� 1$-6��'�0� 0!���-"1(4� ($!�0 %-5-�$ !�0 0!�1(��28�0'  +(4� 1�  '(���'
����� ������ (out-of-order) . 1 �
����	
���$� (multithreading) %�6"( +(�'"+4� )!�0 -2' 9
(%" 	��
� �� (switching) , (%&$ ��	�� � � �  ! & �-%1(.� * ' 6� "�8 (%" '% ,!��+�� (%"
%'%,4'�'(%� (�'  !2�01� ,"%� %1(�62%� +�0#.� ,'.,��� %��� ,!�� 2 '% 10' 621 " , (�'
 +(4� 1� ���5' %' &��(�(5'  '(���' ,46�" (�' ���+�.�51� (��  !2�01��� � (4(�"% ,�6%9
'.,%(%  2'%" %!%�%2(�(� � 6�.1� ������ 	��	�� � ��� � 	��
�����	
 (non-blocking cache)
� �"% (4(�"% +�0#. ,'.,� ,!�� 2 '%  &0!�� (.1 " ,"% '4% %'%#��� ,'.,���  '� (%0()6��'%
 ! & �-�8 (%" (�' !���-�$, '� %1(�62%� +�$:�'(%� 4(1" (� 6�)'� !�0 6� "�8 (%" �  !2�01�
(�� %1(�62%�� �" 1$-6��' � +�0#4� ,'., � %0(�$ (�0 ($!�0  !"(�4!�0' * � (�'  ++� ,)(�(%
%�+ (�' %1(�6"�'�

	"% (�' , 251� (�0 �0/,�$ %1(�6"�'  &%"� ("+� 5#4�", �  2'%" :4:%"% �" +�0#4� ,'., � , 
, -��� ,4- /�� . , 7��) :%/,) 10164("1��� ;�'%� !�%+("+)� +%')'%� �4 " )(" �" +�0#4�



���� ��������������� ��������� ������� �	����� !3

,'., �  0/ 2%� %'("1(�26�1�� , -4/�0� � 46�0' (�' 2*"� �0/,) %1(�6"�' , ("� +�0#4�
,'., � 10164("1�� 10')��0 *$� *�),5' , -4/�0� �N��

?$� ( 6'"+4� , ("� �!�2 �  !"(0-6�' (%" ()1� � , 251� (�� 6��'"+.�  !":��0'1�� �)-5
%1(�62%�� )1� +%" � , 251� (�0 �0/,�$ %1(�6"�'  2'%" (� hardware prefetching +%" � 6�.1�
+�0#.� ,'.,�� /0,�(5'� � ( 6'"+. (�0 hardware prefetching� 1(��28 (%" +" %0(. 1(� +�0#.
,'.,� 65�2� 9 ,!��+��"1,%� �(�' ( 6'"+. %0(. -2'�'(%" %'%#��4� 1 * *�,4'% !�"' %0(%
6� "%1(�$' %!) (�'  ! & �-%1(.� 4(1" �1( ,46�" �  ! & �-%1(.� (% 6� "%1( 2� '% 46�0'
.*�  !"�0/ 2 �" �!�" 1*.!�( %1(�62 � +�0#.� ,'.,�� !�0 !��4+07%' %!) ("� %'%#��4�
%0(4�� �4:%"% -"% (�' +%�. %!)*�1� %0(.� (�� ( 6'"+.�� !�4! " '% -2' " '5�2� � 151(.
!�):� 7� (5' * *�,4'5' !�0 /% 6� "%1( 2 �  ! & �-%1(.� (� �!�2�  2'%" %�+ (� !��$!��+�
'% -2' " , , -��� %+�2: "% %!) (� 0�"+)� 	"; %0() +%" (� prefetching (5'  '(���' ,!�� 2 '%
+%/�*�- 2(%" %!) (�' , (%-�5(("1(. (compiler prefetching) � � �!�2�� 46 " (� *0'%()(�(%
(�� %'��01�� (�0 !��-��,,%(�� +%" %+���$/5� '% !��1/41 " 1 +%(�����% 1�, 2%  '(��4�
-"% (� prefetching * *�,4'5' (% �!�2% /% 6� "%1(�$' !"/%'4� , ���'("+4� %'%#��4��

�(�' 1(�%(�-"+. 6�.1�� ������ 	��	�� %�	�� � (victim cache) 6��1",�!�" 2(%" ,"%
 !"!�4�' ,"+�. !�.�5� 1016 ("1("+. +�0#. ,'.,� � �!�2% :�21+ (%" , (%&$ (�� +�0#.� ,'.9
,�� +%" (�0  !), '�0 +%(�( ��0  !"!4*�0 (�� " �%�62%� ,'.,��� �0(. �  !"!�4�' +�0#.
,'.,� ! �"46 " ,)'� ("�  ')(�( � /$,%(% �" �!�2 � %!�,%+�$'/�+%' %!) (�' +�0#. ,'.,�
�)-5 %1(�62%�� � +�0#. ,'.,� /0,�(5'  �4-6 (%" 1(�' ! �2!(51� %1(�62%�  �' ! �"46 "
(% %!%"(�$, '% * *�,4'%� !�"' %0(� %'%8�(�/�$' 1(�  !), '�  !2! *�� +" %' )'(�� :� /�$'
,41% 1 %0(.� ()( (% * *�,4'% (5' *$� +�0#�' ,'�,�' %'(%���1�'(%"�

� , 251� (�0 6�)'�0 !��1!4�%1�� +�0#.� ,'.,��  !"(0-6�' (%" , (� 6�.1� ,"+��'
+" %!��' +�0#�' ,'�,�'� �("� +�0#4� ,'., � &�* $ (%" %�+ ()� 6�)'�� -"% (�'  $� 1�
(�� 0!�7.#"%�  ')(�(%� ,415 (�0 * 2+(�� +" %+���$/5� -"% (� 1$-+�"1� (5'  ("+ (�'�
�!�,4'5� 1 ,"% +�0#. ,'.,� , ,"+�) ,4- /��� � 6�)'��  $� 1�� (�� 0!�7.#"%�  ')(�(%�
 2'%" +%" !"� ,"+�)�� �!21�� � %!�. 16 *2%1� (�� +�0#.� ,'.,�� !� �' +( 2� %#�$ -"% (�'
4� 01� (��  ')(�(%� 1("� +�0#4� ,'., � 10164("1�� 10')��0 6� "�8 (%" !"� !��$!��+� 0�"+)�
!�0 10' !�- (%" ! �"11)( �� 6�)'�� �!"!�)1/ (%� �" +�0#4� ,'., �  0/ 2%� %'("1(�26�1��
!� �' +(�$' +%" �)-5 (�0 )("  2'%" *0'%(. �  !"+���7� (�� 1$-+�"1�� (��  ("+4(%� , (�'
(%0()6��'� %!�1(��. (5' * *�,4'5' !��� (�'  ! & �-%1(.� ��' � 1$-+�"1� !��+$7 "
�%'/%1,4'�� ()( �  ! & �-%1(.� %!��� %!���2!( " (% * *�,4'% %0(�� �4��� � ,"+�. +"
%!�. +�0#. ,'.,� (�!�/ (.(%" 1(�' 2*"% 7�#2*% , (�' ���� ,"+�%2'�'(%� , %0() (�'
(�)!� (� 6�)'� , (%#���� * *�,4'5' , (%&$  ! & �-%1(. +%" +�0#.� ,'.,���

� 6�)'�� , (�#�%1�� (5'  "+�'"+�' *" 0/$'1 5' 1("� #01"+4� !��+ ",4'�0 '% +��/�$'
(% * *�,4'% %!) (� ,'.,� ,!�� 2 '% %!�# 06/ 2� %' � +�0#. ,'.,� !�0 6��1",�!�" 2(%"  2'%"
 "+�'"+.� �!) (� 1("-,. !�0 �"  !"(062 � ,'.,��  2'%" !"� 106'4� %!) ("� %1(�62 ��  2'%"
!��(",)( �� � *" 0/0'1"�*)(�1� (�� +�0#.� ,'.,�� '%  2'%"  "+�'"+.� �!)( /% %!%"( 2(%"
%'("1(�26�1� , ("� #01"+4� *" 0/$'1 "� ,)'� 1(�' ! �2!(51� !�0 !�4! " '% -2' "  !2�01�
(�� %1(�62%� , %'�(� &� 1(�' +$�"% ,'.,�� ��/ #��� ),5� !�0 & +"'� " �  +(4� 1�
 ')� !��-��,,%(�� %!%"( 2(%" � #)�(51� (�� +�0#.� ,'.,��� (� �!�2� :4:%"%  !":%�$' " (�'
10'��"+) 6�)'�  +(4� 1���

��"�" )�����
���� !	��
��������

� %!�*�("+)(�(% )�5' (5' !���-�$, '5' ,�6%'"1,�'  &%�(�(%" %!) (�' "+%')(�(% (5'
, (%-�5(("1(�' '% , (%16�,%(28�0' (�' *�,. (5' !��-�%,,�(5' <+�*"+% +%" * *�,4'%=



!4 ����
�
�� �� 
��������	���� �������
��� �	�����

!���  +(4� 1�� 4(1" �1( '% %&"�!�"�$'(%" !�.�5� �" *0'%()(�( � +%" (% !� �' +(.,%(% !�0
!%�46�0' �" ,�6%'"1,�2 %0(�2�  !"(0-6�'�'(%� , %0() 07��.  !2*�1�� � , (%-�5(("1(.�
+%� 2(%" '% :� " (� ,4-"1(� �
�
�����
 ��
 ������
 ���
��� (ILP - instruction level paral-
lelism) -"% '% (��#�*�( 2 (�0� !)��0� (�� ,�6%'.�� +"  !21�� '% , (%16�,%(21 " +%(�����%
(� !��-��,,% 4(1" �1( '%  !"($6 " (� ,4-"1(� *0'%() :%/,) (�!"+)(�(%� %&"�!�"�'(%� (�'
" �%�62% ,'.,���

�%(� (�' : �("1(�!�2�1�  ')� !��-��,,%(��� (� , -%�$( �� +4�*�� !��+$!( " %!) (�
: �("1(�!�2�1� (5' (,�,�(5' (�0 !��-��,,%(�� !�0 6� "�8�'(%" (� , -%�$( �� 6�)'� -"%
'% *" +! �%"5/�$'� �"  !%'%��!("+�2 :�)6�"� �" �!�2�" ! �"46�0' , (%:��(4� !��0*"�1(%(5'
!"'�+5'�  2'%" (4(�"% (,.,%(% !�0 !��1#4��'(%" -"% : �("1(�!�2�1� +%" �" �!�2�" -"; %0() (�
�)-� (0-6�'�0' , -���� !��1�6.� %!) (�'  � 0'�("+. +�"')(�(%�

�" , (%16�,%("1,�2 !�0 ,!�� 2 '%  #%�,)1 " � , (%-�5(("1(.� -"% (�' : �(21(�!�2�1�
 ')� !��-��,,%(�� 65�28�'(%" 1 *$� +%(�-��2 �L

• ���
���	
���	
� .��� � (loop transformations) L �2'%" ,"% ,��#. , (%16�,%("1,�'
+�*"+% �" �!�2�" 1+�!) 46�0' (�'  ��((51� (�0 !�./�0�  '(���' !���  +(4� 1� .N+%"
(�' %��%-. (�� 1 "���  +(4� 1�� %0(�'�

• ���
���	
���	
� +��
	$� � (data transformations) L �+�!) 46�0' (�' %'%*"��-�9
'51� (�� *"�(%&�� (5' * *�,4'5' , (�' �!�2% %0(� %!�/�+ $�'(%" 1(�' ,'.,�� �2'%"
%!�( � 1,%("+�2 -"% (�'  ��((51� (5' %1(�6"�' +�0#.� ,'.,�� �)-5 1$-+��01���
cross-interference +%" self-interference� �0'./5� 10'*0�8�'(%" , (�0� , (%16�,%("9
1,�$� :�)6�0� -"% '% *�1�0' (�' :4�("1(� *0'%(.  !2*�1��

�" , (%16�,%("1,�2 :�)65'� �" �!�2�" ,!���$' +%" '% 10'*0%1(�$'JAFK , (%&$ (�0� -"%
! �"11)( �� : �("1(�!�2�1�� ,!���$' '% 65�"1(�$' 1 *$� +%(�-��2 �L

• � %0(�$� !�0 1+�!) 46�0' (�' : �(251� (�� !%�%����2%� 1(�  !2! *�  '(��.�L ���
���� 	
 �� ���������
� *���
� (inner unrolling)� software pipelining �

• � %0(�$� !�0 1+�!) 46�0' (�' : �(251� (�� (�!"+)(�(%� (5' * *�,4'5'L 	���%��
�� *��� � (loop permutation)� �����
�� *���
� (loop fission)� ����!����� *��� �
(loop fussion)� scalar replacement <%��� 1(�  !2! *� (5' +%(%65��(�'=� ��
����� �
�� (tiling) �

� !"� *�,�#"�.� , (%16�,%("1,)�  2'%" � , (%16�,%("1,)� tiling� � �!�2�� 46 " +�!�" �
 '*"%#4��0� "*")(�( �L

• � �("�' " (�' !%�%����2% 1(�  !2! *�  '(��.�� )(%'  #%�,�1/ 2 1(�  !2! *� +%(%659
��(�'�

• �+, (%�� $ (%" (�'  !%'%6��1",�!�2�1� * *�,4'5' 1 *"�#�� � *"%1(�1 "� (�0 �!�
�
��
�
��/� � (iteration space)�

• � �("�' " (%0()6��'% (�' (�!"+)(�(% (5' * *�,4'5' 1 *"�#��%  !2! *% (�� " �%�62%�
,'.,���

�" !%�%!�'5 , (%16�,%("1,�2 :�)65' !%��01"�8�'(%" , , -%�$( �� � !(�,4� "% 1(�
+ #��%"� �� )!�0  !21�� !%��01"�8 (%" � ,%/�,%("+. / 5�2% -$�5 %!) (�0� � ��
�	$�
��
*���
�� (nested loops) +%" (�0� , (%16�,%("1,�$� :�)65'� � !��1�6. ,%� ),5�  1("�8 (%"
1(�'  '"%2%  #%�,�-. +%" , �4(� (5' , (%16�,%("1,�' * *�,4'5' , (�0� , (%16�,%("1,�$�
:�)65' +%" & +"'� " %!) (� + #��%"� B�



���� ����
	
�� ����	����� �	����� !#

�+�&� /�4	 ���
2���&� &��� ������� ���
�*(�� ��������� ���&��

��� ������
� �������(� )�("��

;�!5� � +�0#. ,'.,� � "(�0�- 2 5� 4'%�  '*"�, 1�� -�.-���� %!�/�+ 0("+)� 6���� , (%&$
 ! & �-%1(. +%" +$�"%� ,'.,��� 4(1" +%" � +$�"% ,'.,� ,!�� 2 '% � "(�0�-.1 " 5� 4'%�
 '*"�, 1�� 6���� , (%&$ +�0#.� ,'.,�� +%" ,%-'�("+�$ *21+�0� �0(. � ( 6'"+. �'�,�8 (%"
���
���� 	��	� (virtual memory) +%" 46 " *$� 1�,%'("+� !� �' +(.,%(%L  !"(�4! " (�' +�"'.
6�.1� (�� ,'.,�� %!) *"�#��% !��-��,,%(% , %!�*�("+) +%" %1#%�. (�)!�� +%" %!%���1 "
(�' !��-�%,,%("1(. %!) (� :���� (�� ,"+�.� +%" ! �"��"1,4'�� +$�"%� ,'.,���

� (�'  "+�'"+. ,'.,� +�/ !�)-�%,,% 46 " (� *"+) (�0 ���
���� ����
 ����%)��� � (vir-
tual address space)� *��%*. 4'% & 65�"1() 6���  "+�'"+�' /41 5' ,'.,�� !��1:�1",� ,)'�
%!) %0() (� !�)-�%,,%� �" * /41 "� %0(4� %'("1(�"628�'(%" %!) (�' ,�6%'"1,)  "+�'"+.�
,'.,�� 1 !�%-,%("+4� #01"+4� /41 "� ,'.,��� ;�6�'(%� ��"!)' %0()'�,% ! *2% *" 0/$'1 5'�
 !"(0-6�' (%" � %!�,)'51� (�0 +�/ !��-��,,%(��� %#�$ +�/ !�)-�%,,% -'5�28 " +" 46 "
!�)1:%1� ,)'� 1(� *"+) (�0 6��� *" 0/$'1 5'� �!21�� �  "+�'"+)� 6���� *" 0/$'1 5' * '
! �"��28 (%" %!) (� ,"+�) ,4- /�� (�� #01"+.� +$�"%� ,'.,��� !%�46�'(%� , %0() (�' (�)!�
1 +�/ !�)-�%,,% 4'% !��$ , -��� 6��� *" 0/$'1 5'�

� 6���� (5'  "+�'"+�' *" 0/$'1 5' ,'.,�� 65�28 (%" 1 4'% %�"/,) %!) 21% +%" 109
' 6), '% ,4��� (% �!�2% %'%#4��'(%" 5� ������� (pages) � �(% 101(.,%(% !�0 *"%/4(�0'
 "+�'"+. ,'.,� � ��� !%��- " *" 0/$'1 "�  "+�'"+.� ,'.,�� �" �!�2 � , (%#��8�'(%" , 
:�1� 4'% !2'%+% 1 �2*5' 1(�' %'(21(�"6� #01"+. *" $/0'1� � �!�2% 6��1",�!�" 2(%" -"% (�'
!�)1:%1� 1(�' +$�"% ,'.,��

;�!5� #%2' (%" +%" 1(� 16.,% A�F� �  "+�'"+. *" $/0'1� 65�28 (%" 1 *$� (,.,%(%L (�'

��%	�� ���
����� �����
� (virtual page number) +%" (�' 
��%	� �$��� (page offset)� � %�"/9



!5 ����
�
�� �� 
��������	���� �������
��� �	�����

,)�  "+�'"+.� 1 �2*%� , (%#��8 (%" , :�1� (5' !2'%+% 1 �2*5' 1(�' %�"/,) (�� %'(21(�"6��
#01"+.� 1 �2*%� +%" %!�( � 2 (� �'5 ,4��� (�� #01"+.� *" $/0'1��� � * 
��%	�� �$��� (pa-
ge offset) %!�( � 2 (� +�(5 ,4��� (�� #01"+.� *" $/0'1�� +%"  '(�!28 " (�' 8�(�$, '� �4&�
,41% 1(� #01"+. 1 �2*%�

�! "*. � !2'%+%� 1 �2*5' :�21+ (%" %!�/�+ 0,4'�� 1(�' +$�"% ,'.,�� %0() 10' !�- (%"
)(" +%/ #��� !�0 /% !�4! " '% , (%#�%1( 2 ,"%  "+�'"+. *" $/0'1� ,'.,�� /% !�4! " '%
-2' " !�)1:%1� (�� +$�"%� ,'.,�� *$� #��4�L ,2% #��� -"% (�'  $� 1� (�� %'("1(�26�1��
+%" ,2% -"% (�'  $� 1� (�� �4&��� 	"% (�' %!�#0-. (�� !��(�� !�)1:%1�� +%" (� , 259
1�  !�,4'5� (�0 6�)'�0 , (�#�%1�� 6��1",�!�" 2(%" ,"% +�0#. ,'.,� � �!�2% �'�,�8 (%"
��
� ����� �
�
� ����� 	�����
��� (TLB - translation look-aside buffer)� +%" ! �"46 "
��"1,4' � +%(%65�.1 "� (�0 !2'%+% 1 �2*5'� �%" !��" :�1� (�� %�6.� (�� (�!"+)(�(%� (��
%'%#����� %!�/�+ $�'(%" �" !"� !��1#%( � %'("1(�"6.1 "� 1 �2*5'�

;�(1"� )(%' �  ! & �-%1(.� 8�(.1 " ,"% *" $/0'1�  "+�'"+.� ,'.,��  �4-6 (%" !��(% �
TLB +" %' :� / 2 ,"% 4-+0�� +%(%6���1� <�������
 TLB= (�� �!�2%� �  ("+4(% 10,!2!( " , 
(�' %�"/,) (��  "+�'"+.� 1 �2*%�� ()( 6��1",�!�" 2(%" � %�"/,)� #01"+.� 1 �2*%� !�0 *2' " �
TLB� �'(2/ (%� %' * ' :� / 2 +�!�"% +%(%6���1� <
��
��
 TLB= ()( � , (�#�%1� -2' (%"
,415 (�0 !2'%+% 1 �2*5'�

;�(%' � �0/,)� %1(�6"�'  ')�  !"!4*�0 (�� " �%�62%� ,'.,��  2'%" %�+ (� 07��)� ()( 
�4, )(" 0!��6 " ����������� (thrash) (�0  !"!4*�0 %0(�$� �(�' ! �2!(51� (��  "+�'"+.�
,'.,�� (� !�):��,% (�� 0! �6 2��1��  2'%" �&$( �� %!3 )(" 13 ���%  !2! *%� +0�25� �)-5 (�0
07���$ +)1(�0� (� �!�2� 6%�%+(��28 " (� , (%#��� ,"%� 1 �2*%� %!) (� *21+� 1(�' +$�"%
,'.,�� �!21��� � 0! �6 2��1� TLB (TLB thrashing)  2'%" +" %0(. %�+ (� *%!%'��.� �)-5
(�0 )(" +%(%'%��' (%" %�+ ()  $��� 8�'�� +%"  "1�-5'(%" , -�� � 6��'"+4� +%/01( �.1 "�
-"% (�' , (�#�%1� (5'  "+�'"+�' *" 0/$'1 5' 1 #01"+4��



�����	�� �

���	����	������ ����
�

��� #�
��$� %�������

"���� +���������� ,�����

;�'% �)���	
 �$���
 � ��
�	$� � *��� � (perfectly nested loops) 46 " (�' %+)��0/�
,��#.L

for ( i 1=lb1 ; i1<=ub1 ; i 1++)
for ( i 1=lb1 ; i1<=ub1 ; i 1++)

. . . . . . . . .
for ( in=lbn ; in<=ubn ; in++) {

/ ∗ l o o p b o d y ∗ /

}
� *��%*. )� � �"  '(��4� !�0  +( ��$'(%" :�21+�'(%" 1(�'  15( �"+)( �� :�)6�� �% )�"%
(5' :�)65' 46�0' (�' %+)��0/� ,��#.L

lbr = max(lr,0, lr,1, lr,2, . . .) ubr = max(ur,0, ur,1, ur,2, . . .)

+%" (% l′r,j +%" u′
r,j  2'%" -�%,,"+4� 10'%�(.1 "� (�� %+)��0/�� ,��#.�L

lr,j =
r−1∑
k=1

ak
r,j · ik + Yr,j ur,j =

r−1∑
k=1

bk
r,j · ik + Fr,j

)!�0 ak
r,j, b

k
r,j ∈ Z (1 ≤ k ≤ r − 1)� Yr,j +%" Fr,j  2'%" 1(%/ �4� +%" ik (1 ≤ k ≤ r − 1)  2'%"

�" , (%:��(4�  �4-6�0 (5' :�)65'�
����4� #��4� �" :�)6�" 1 4'% !�)-�%,,%  '*46 (%" '% ,�'  2'%" ( � 25� #5�"%1,4'�"�

)!5� 10,:%2' " -"% !%��* "-,% 1(�' 
�
�)�%��� LU +%" (�' �
�
�
��
�
���� Cholesky� �49
(�"�" ),5� :�)6�" ,!���$' '% %'%6/�$' 1 ( � 25� #5�"%1,4'�0� :�)6�0� 6��1",�!�"�'(%�
(�' , (%16�,%("1,) *)%���� �!���
JDK (code sinking)� � , (%16�,%("1,)� %0()� , (%(�9
!28 " )� � ("�  '(��4� !�0 :�21+�'(%" , (%&$ (5' :�)65' !��� (�'  15( �"+)( �� :�)6�
!��1/4(�'(%� 4'%' . ! �"11)( ��0�  �4-6�0� 10'/�+�'� ��4! " ),5� '% !��1 6/ 2 )(" �
 #%�,�-.  ')� (4(�"�0 , (%16�,%("1,�$  2'%" 4-+0�� %' +%" ,)'� %' �" :�)6�" * '  +( ��$'
+ '4�  !%'%�.7 "�� � , (%16�,%("1,)� %0()� !%��01"�8 (%" 1(� 16.,% ��A�

!6
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for ( i 1=lb1 ; i1<=ub1 ; i 1++) {
/∗ statements 1 ∗/
for ( i 1=lb1 ; i1<=ub1 ; i 1++) {

/∗ statements 2 ∗/
. . . . . . . . .
for ( in=lbn ; in<=ubn ; in++) {

/∗ statements n ∗/
}
/∗ statements 2 ’ ∗/

}
/∗ statements 1 ’ ∗/

}

for ( i 1=lb1 ; i1<=ub1 ; i 1++) {
for ( i 1=lb1 ; i1<=ub1 ; i 1++) {

. . . . . . . . .
for ( in=lbn ; in<=ubn ; in++) {

i f ( in==lbn && . . . && i 2==lb2 )
/∗ statements 1 ∗/

i f ( in==lbn && . . . )
/∗ statements 2 ∗/

/∗ statements n ∗/
i f ( in==lbn && . . . )

/∗ statements 2 ’ ∗/
i f ( in==lbn && . . . && i 2==lb2 )

/∗ statements 1 ’ ∗/
}

}
}

��+��� &��7� �� ��� &��7�

�+�&� !�/	 ��������� ��%� &� �8 ���� 7* ��(&8��� 9�%+�� (� �8 ��� 7* ��(&8��
9�%+�

� !��1/.+� (5' 10'/�+�'  �4-6�0 %0&�' " :4:%"% (�' 6�)'�  +(4� 1���  ! "*. 1 +�/ 
 !%'���7� /% !�4! " �" 10'/.+ � %0(4� '% %!�(",�$'(%"� 	"% (�' %!�#0-. ��"!)' %0(.� (��
 !":��0'1��� /% !�4! " '% -2' (%" %!��!�2�1� +%" %!%��"#. (5' ! �"((�' 10'/�+�'�

"���" -���� �������.	��

�����"�  1
 ��%� ��
����/� �
� �����	
�
� 
��
) � � � ��
�	$� � *��� � 
�����
�
� ��)��
� 
�� �
 n������
�
 ������	
 �I = (i1, i2, . . . , in) ∈ Zn0 �
� 
�
	�1��
� &�4�����
�,��4/�8�� (iteration vector)2

��/ 10'"1(�1% (�0 *"%'$1,%(��  !%'���7�� %'("1(�"6 2 1 4'% %!) (�0� #5�"%1,4'�0�
:�)6�0�� , (�' %�"1( �)( �� 10'"1(�1% '% %'("1(�"6 2 1(�'  &5( �"+)( �� :�)6� +%" (�'
* &")( �� 10'"1(�1% 1(�'  15( �"+)( �� :�)6��

�����"�  1 #
 �)�
�
 � � ��
�
��/� � �
� 
��1��
� 
�� �
 ���
 � � � ��
�	$� � *���
� �3

In = {(i1, i2, . . . , in) | ij ∈ Z ∧ lj ≤ ij ≤ uj , 1 ≤ j ≤ n} ⊆ Zn


�
����� $�
 ����� �
�)���
 �
� Zn �
� 
�
	�1��
� �5��� �,���/�8�#� (iteration space)2

� 6����  !%'%�.7 5' *$'%(%" '% %'%!%�%1(�/ 2 1 ,��#. !2'%+%� �%,:�'�'(%� 0!)7"'
(�' 1�,%1"���-2%  ')� :�)6�0 for +�/ ,"% %!) ("� -�%,,"+4� 10'%�(.1 "� lr,j +%" ur,j

!%�"1(�' " ,"% %'"1)(�(% (�� ,��#.�L

r−1∑
k=1

ak
r,j · ik + Yr,j ≤ ir ≤

r−1∑
k=1

bk
r,j · ik + Fr,j

�%2�'�'(%� ,%82 )� � ("� %'"1)(�( �� 16�,%(28 (%" � %+)��0/� %'"1)(�(% !"'�+5'L

A · �I ≤ β



���� �
������ ��		���� !.

��/ -�%,,. (�0 !2'%+% � ��28 " 4'% +%(�( �� )�"� l′r,j <. 4'% %'�( �� )�"� u′
r,j= +%"

%!�( � 2(%" %!) (�0� 10'( � 1(4� ak
r,j +%" 9A <. bk

r,j +%" A=� �" n 10'"1(�1 � (�0 *"%'$1,%(��
�I  2'%" �" , (%:��(4�  �4-6�0 ir�  '� �" 10'"1(�1 � (�0 *"%'$1,%(�� β  2'%" �" 10'( � 1(4�
−Yr,j <. Fr,j=�

���������� ;�1(5 (� %+)��0/� 1$1(�,% #5�"%1,4'5' :�)65'L

for ( i 1 =0; i1 <=4; i 1++)
for ( i 1 =0; i1 <=6; i 1++) {

A[ i 1 ] [ i 2 ]+=A[ i1 −1] [ i 2 ]+D[ i 1 ] [ i 2 +1] ;
D[ i 1 ] [ i 2 ]+=D[ i1 −1] [ i 2+1]+A[ i 1 ] [ i 2 ] ;

}
�% )�"% ,!���$' '% %'%!%�%1(%/�$' , (�' %+)��0/� !2'%+% %'"1�1 5'L

0 ≤ i1 ≤ 4
0 ≤ i2 ≤ 6

⇒

⎛
⎜⎜⎜⎝

1 0
0 1
−1 0
0 −1

⎞
⎟⎟⎟⎠ ·

(
i1
i2

)
≤

⎛
⎜⎜⎜⎝

4
6
0
0

⎞
⎟⎟⎟⎠

�����"�  1$ 4��� �
 �)�
�
 A1, A2, . . . , An0 �
 �
�����
�� ����	��
 An = A1 × A2 ×
. . . × An �
� �
 ��
�)�	
�
 �a = (a1, a2, . . . , an),�b = (b1, b2, . . . , bn)2 ( /�9���+��7���
&�4��9�� (lexicographic order) 
��1�� ��� �a ≺ �b 
� �
� 	��
 
�3

52 a1 ≺1 b10 �

62 a1 = b1, a2 = b2, . . . , ak = bk0 ak+1 ≺k+1 bk+1 0 1 ≤ k ≤ n − 1

�"  !%'%�.7 "�  ')� 101(.,%(�� #5�"%1,4'5' :�)65'  +( ��$'(%"  !�,4'5� 1 � &"9
+�-�%#"+. 1 "��� ?��%*.�  �' �  !%'���7� �I2  2'%" � &"+�-�%#"+� , -%�$( �� %!) (�' �I1

<�I2 	 �I1= ()( �  !%'���7� �I2  +( � 2(%" , (� (�' �I1�

"���$ �/�����	�� 0	�������

�" ��
������� ���
	$� � (data dependencies) 6��1",�!�"�$'(%" %!) (�' , (%-�5(("1(. -"%
(�' %'%!%��1(%1� (5' %'%-+%25' ! �"��"1,�' 1(�' *"�(%&� , (%&$ (5'  '(���' . (��  !%9
'%6��1",�!�2�1�� (5' (",�'  ')� !��-��,,%(��� � (%&$ *$� %'%#���' 0!��6 "  &��(�1�
 �' 0!��6 " 4'% ,�'�!�(" ��.� %!) (�' !��(� %'%#��� !��� (� * $( �� +%" �" *$� %'%#��4�
!��1! ��'�0' (�' 2*"% /41� ,'.,��� ?"%+�2'�'(%" (411 �%  2*�  &%�(.1 5'L

• ,���� �� ���� 
�� ����
�� (Read After Write-RAW) . %��"�� ��
�	
���� �����
���� (true dependence)L  �' � !��(� %'%#���  --��# " 1(�' /41� ,'.,�� +%" �
* $( �� *"%:�8 " %!) %0(.�

• ����
�� ���� 
�� ,���� �� (Write After Read-WAR) . %��"�� 
������������
(anti-dependence)L  �' � !��(� %'%#��� *"%:�8 " %!) (�' /41� ,'.,�� +%" � * $( ��
 --��# " 13 %0(.'�

�#� �
�� ��� ������ ���� � ��$���	�����% ��
��$� ��
��� ��� �����% ��
��$��
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• ����
�� ���� 
�� ����
�� (Write After Write-WAW) . %��"�� �������� ����
�
(output dependence)L  �' � !��(� %'%#���  --��# " 1(�' /41� ,'.,�� +%" � * $( ��
 !21��  --��# " 13 %0(.'�

• ,���� �� ���� 
�� ,���� �� (Read After Read-RAR) . %��"�� �������� �����
�
(input dependence)L  �' � !��(� %'%#��� *"%:�8 " %!) (�' /41� ,'.,�� +%" � * $( ��
 !21�� *"%:�8 " %!) %0(.�

;�(%' 4'%� +�*"+%� , (%16�,%(28 (%" , 1+�!) (�' : �("1(�!�2�1�  2'%" %'%-+%2% � *"%9
(.��1� (�� 16 ("+.� *"�(%&�� , (%&$ (5'  --�%#�' +%" (5' %'%-'�1 5' 1(�' 2*"% /41�
,'.,��� %��"�� � , (%16�,%("1,4'�� +�*"+%� /% !%��- " �%'/%1,4'% %!�( �41,%( � �0-9
+ +�",4'% /% !�4! " '% *"%(���$'(%" �"  &%�(.1 "� ($!�0 RAW, WAR, WAW� � (4(%�(��
($!��  &��(�1��� � RAR� * ' 6� "�8 (%" '% *"%(�� 2(%"�

�����"�  1( 7� &�4����� �94������ dependence vector �d = (d1, d2, . . . , dn) 	�
� ��
�
����/�� ���� ��
���		
�
� 	� � ��
�	$�
�� *���
�� 
��1��
� � ��
�
�� �
� ��
�)�	
�
�
� �I = (i1, i2, . . . , in) �
� �����1�� ��� ��������	$�� ��
����/� 	��
� �
 ������	
 �I ′ =
(i1, i2, . . . , in)0 �
 
�
�
 �����1�� 	�
 ��
����/�0 ��� 
�
�
� �
 
�
���$�	
�
 �����	
�
�
)��
�
� �	��
 �
�� �
�� ��
�
���	
)� �
� ��
�	
�
�
�
)��
� 
�� ��� �I2

� :�)6�� � �!�2�� 16 (28 (%" , (�' %�"1( �)( �� ,� ,�* '"+. %!)1(%1� (�0 *"%'$1,%(��
 &��(�1�� �'�,�8 (%" *���
� 	��
�
��� ��������� (carried loop)�  '� 1(�' ! �2!(51� !�0
)� � �" 10'"1(�1 � (�0 *"%'$1,%(��  2'%" ,�* '"+4� ()( �  &��(�1�  2'%" 
��������� *��� �
(loop independent)�

�06'� -"% (�' %'%!%��1(%1� (�0 *"%'$1,%(��  2'%" %�+ () ,)'� (� !�)1�,� (5' %!�9
1(�1 5'� � :�1� (�' 10,:��"1,) !�0 !��( 2' " � JADK� 6��1",�!�" 2(%" (� 1$,:��� + -"%
 $��� %!)1(%1�� [1,∞]� (� 1$,:��� − -"%  $��� [−∞,−1]� +%" (� 1$,:��� ± -"% �-'51(�
%!)1(%1� [−∞,∞]�

	"% (�' %'%!%��1(%1� (5' *"%'01,�(5'  &��(�1�� 6��1",�!�" "�$'(%" 106'� *$� (�)!�"L
� ���
�
� ��
����� � (dependence table) .N+%" � ����
� ��������� �!�
� ��
�
��/� �
(iteration space dependence graph)� � !2'%+%�  &%�(.1 5' (5'  !%'%�.7 5'  ')� 101(.9
,%(�� #5�"%1,4'5' :�)65'  2'%" 4'%� !2'%+%� (�0 �!�2�0 �" 1(.� � %!�( ��$' (� 1$'���
(5' *"%'01,�(5'  &��(�1�� (5'  !%'%�.7 5'� � * -��#��  &��(�1�� 6���0  !%'%�.7 5'
!%�"1(�' " (�0� ! �"��"1,�$� !�0 * '  !"(�4!�0' (�' %'%*"�(%&� (5'  !%'%�.7 5'  ')� 109
1(.,%(�� #5�"%1,4'5' :�)65'� ��' ,"%  '(��. +�!�"%�  !%'���7�� I2  &%�(�(%" %!) ,"%
�!�"%*.!�(  '(��. +�!�"%� �����  !%'���7�� I1� *��%*. 0!��6 "  &��(�1� ($!�0 RAW,
WAR� . WAW� ()( �  &��(�1� %'%!%�"1(�(%" , 4'% :4��� %!) (�'  !%'���7� I1 !��� (�'
 !%'���7� I2�

;�!5� %'%#4�/�+ !���-�0,4'5� �"  !%'%�.7 "�  ')� 101(.,%(�� #5�"%1,4'5' :�)65'
 +( ��$'(%" 1 � &"+�-�%#"+. *"�(%&�� ���1",�!�"�'(%� (�' 4''�"% (�0 *"%'$1,%(��  &��9
(�1��� �  !%'���7� �I2  &%�(�(%" %!) (�'  !%'���7� �I1� +%"  !�,4'5� !�4! " '%  +( � 1( 2
, (� %!) %0(.'�  �' -"% +�!�"� *"�'01,%  &��(�1�� �e "16$ " �I2 = �I1 + �e� ��1�  !�,4'5�
(�0 ��"1,�$ ��B� %#�$ �I2 	 �I1� (� �e /% !�4! " '%  2'%" � &"+�-�%#"+� , -%�$( �� %!) (� �0�
. !"� %!��� �����
��
���� %����� (lexicographically positive)�

�&����% '�� ��
����� �
��� ��$���	�����
 (����� �� � ����� �� �������% ��������� ��� �
���
(����%�



���� �
������ ��		���� 3/

�+�&� !�!	 : ��
7�� �'
���(�� +,��� ����� �;�*� ��� ����2�$�&����

�"� %!��� (% *"%'$1,%(%  &��(�1�� !�0 %#���$' 4'% !�)-�%,,% !�0 :�21+ (%" 1(�'
%�6"+. (�0 ,��#.  2'%" � &"+�-�%#"+� / ("+�� +%" ��28�0' ,"% , �"+. *"�(%&� , (%&$ (5'
+),:5' (�0 6���0  !%'%�.7 5'� �4���� �!�"%*.!�( �
�
�
���� ����
�� (topological or-
dering)(�0 -��#�0  &��(�1��  2'%" 4-+0��� %�+ 2 '% *"%(���$'(%" )� � �"  &%�(.1 "�� *��%*.
'% !%�%,4'�0' � &"+�-�%#"+� / ("+4��

���������� ����� ���! 	"% (�' 1$1(�,% #5�"%1,4'5' :�)65' (�0 !%�%* 2-,%(��� (%
*"%'$1,%(%  &��(�1��  2'%" (% %+)��0/%L

• A[i1][i2] → A[i1 − 1][i2]L �&��(�1� ($!�0 RAW , *"�'01,%  &��(�1�� (� (i1, i2) −
(i1 − 1, i2) = (1, 0) = (+, 0)

• D[i1][i2] → D[i1−1][i2+1]L �&��(�1� ($!�0 RAW , *"�'01,%  &��(�1�� (� (i1, i2)−
(i1 − 1, i2 + 1) = (1,−1) = (+,−)

• A[i1][i2] → A[i1][i2]L �&��(�1� ($!�0 RAW , *"�'01,%  &��(�1�� (� (i1, i2) −
(i1, i2) = (0, 0)

• D[i1][i2 + 1] → D[i1][i2]L �&��(�1� ($!�0 WAR , *"�'01,%  &��(�1�� (� (i1, i2 +
1) − (i1, i2) = (0, 1) = (0,+)

• A[i1][i2] → A[i1 − 1][i2]L �&��(�1� ($!�0 RAR , *"�'01,%  &��(�1�� (� (i1, i2) −
(i1 − 1, i2) = (1, 0) = (+, 0)

�%�%(���$, )(" )� � �"  &%�(.1 "�  2'%" � &"+�-�%#"+� / ("+4�� �" * (411 � "� !��( �
 &%�(.1 "� %!�( ��$'  &%�(.1 "� !�0 !�4! " '% *"%(���/�$'�  '� � *"%(.��1� (�� !4,!(��
 &��(�1�� ($!�0 RAR * '  2'%" 0!�6� 5("+.� �% *"%'$1,%(%  &��(�1�� !%�"1(�'�'(%" %!)
(�' -��#�  &��(�1�� 6���0  !%'%�.7 5' 1(� 16.,% ���� �4���� � !2'%+%�  &%�(.1 5'
 2'%" �L

D =

(
1 1 0 0 1
0 −1 0 1 0

)
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��� +��������� ��� �����
��
�"�����
�

"�"�� 0������� (���������� ��� �������������������

�2'%" !��0 1�,%'("+) '% *"%+�2'�0, (� *"%#��� , (%&$ �
�������
� (locality) +%" ��
�
����
��	
�
����� (reuse) JADK� �4, )(" 4'% 1(�"6 2� ��
�
�����	
�
����
� )(%' (� 2*"� 1(�"6 2�
6��1",�!�" 2(%" 1 !���%!�4�  !%'%�.7 "�  ')� 101(.,%(�� #5�"%1,4'5' :�)65'� �  !%9
'%6��1",�!�2�1� ��"!)'  2'%" 4,#0(� 1 ,"% 0!���-"1("+. *"%*"+%12% +%" * '  &%�(�(%" %!)
(�' 10-+ +�",4'� (�)!� !�0 �" :�)6�"  2'%" -�%,,4'�"� �!�,4'5�� � $!%�&�  !%'%6��1",�9
!�2�1�� (5' * *�,4'5' * ' 1�,%2' " +%" (�'  �%6"1(�!�21� (5' %'%#���' 1(� ,'.,�� )(%'
, (%&$ (5'  !%'%6��1",�!�".1 5' (% * *�,4'% *"�6'�'(%" %!) (�' +�0#. ,'.,� �)-5 %'("9
+%(%1(�1 5' !�0 !��+%��$' '4% * *�,4'% !�0  "14�6�'(%" 1 %0(.� �(�' ! �2!(51� ),5��
!�0 (�  !%'%6��1",�!�".1",� 1(�"6 2� !%�%,4' " 1(�' +�0#. ,'.,� +%" 46�0,  !"(062% +�09
#.� ,'.,�� 1(�' '4% %'%#��� !�0 -2' (%" !�'5 1(� 1(�"6 2� %0()� ()( �4, )(" � %'%#���
46 " (�!"+)(�(%�

	"% '% -2' " ! �"11)( �� +%(%'��(. � *"%#���� 41(5 (� %+)��0/� (,.,% (�0 +�*"+%  ')�
!��-��,,%(��L

for ( i =0; i<N; i++) {
for ( j =0; j N< ; j++)

A[ i ]+=A[ j ]∗A[ i ] ;
}

� %'%#��� A[j] !��1! ��' " *"%#�� ("+� * *�,4'% +%(% ("�  !%'%�.7 "� (�0  15( �"+�$
:�)6�0� %���  !%'%6��1",�!�" 2 (% 2*"% * *�,4'% +%(� ("�  !%'%�.7 "� (�0  &5( �"+�$ :�)9
6�0� �+�":41( �%� (� * *�,4'� A[j] 6��1",�!�" 2(%" 1("�  !%'%�.7 "� {(i, j)|0 ≤ i < N} +"
 !�,4'5� 0!��6 "  !%'%6��1",�!�2�1�� � (%&$ ),5� *$�  !%'%6��1",�!�".1 5' 0!��6�0'
N − 1 %'%#��4� 1 ���% * *�,4'%� ;��%� 1(�' ! �2!(51� !�0 (� N  2'%" %�+ (� , -����
4(1" �1( (% * *�,4'% '% *"�6'�'(%" %!) (�' +�0#. ,'.,� !�"'  !%'%6��1",�!�"�/�$'� * '
0!��6 " (�!"+)(�(%�

"�"�" �#�	�� �������������������

�  $� 1� 1 !�" � ! �"�64� (�0 6���0  !%'%�.7 5' 0!��6 "  !%'%6��1",�!�2�1�  2'%" %�9
+ (� :��/�("+. -"% (�'  #%�,�-. (5' +%(�����5' , (%16�,%("1,�' :�)65'� 4(1" �1( �
 !%'%6��1",�!�2�1� '% , (%(�%! 2 1 )1� (� *0'%()' ! �"11)( �� (�!"+)(�(%� �  !%'%9
6��1",�!�2�1� 65�28 (%" 1 (411 �"� +%(�-��2 �L %0(�96��'"+.� %0(�965�"+.� �,%*�96��'"+.
+%" �,%*�965�"+.  !%'%6��1",�!�2�1��

��"' !��65�.1�0, 1("� (411 �"� +%(�-��2 �  !%'%6��1",�!�2�1�� %+���0/ 2 4'%� 6�.9
1",�� ��"1,)��

�����"�  1) '� $�
 �)���	
 � ��
�	$� � *��� � *�%
�� n0 	�
 
�
�
�� ��
�m������
�

���
�
 A 	�
��� �
 
�
�
�
��
%�� 	� �� ��
���	
���� ��������� �fA(i1, i2, . . . , in) = U ·
�I + �u0 ��
� 
 ���
�
� U ��
����� � m × n 
�
	�1��
� ���
�
� 
�
�
��� �
� �
 m������
�

������	
 �u 
�
	�1��
� ������	
 
��������2 ( ��
���	
���� ��������� �fA %
 
�
	�1��
�
������	
 
�
�
���2

�+���$/5�� !%��01"�8�'(%" ! �"��!("+� �" (411 �"� %0(4� +%(�-��2 � +%" !5� ,!�� 2 '%
-2' " �  $� 1� (�� +�/  !%'%6��1",�!�2�1��� )!5� %'%#4� (%" 1(� JADK�
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"�#
$ �
��%& �
��� �����


'��� � 
��
���
���� (self-temporal reuse)  ,#%'29
8 (%" )(%' ,"% %'%#���  ')� 101(.,%(�� #5�"%1,4'5' :�)65' !��1! ��' " (� 2*"� * *�,4'�
1 *"%#�� ("+4�  !%'%�.7 "�� ���1",�!�"�'(%� (�' ��"1,) ���� %0(�96��'"+.  !%'%6��1",�9
!�2�1� , (%&$ (5'  !%'%�.7 5' �I1 +%" �I2 0!��6 " )(%' "16$ " U · �I1 + �u = ·�I2 + �u� *��%*.
)(%' U · (�I1 − �I2) = �0� �4, )(" 0!��6 "  !%'%6��1",�!�2�1� 1(�' +%( $/0'1� �r <������	

��
�
�����	
�
�����9( &(�%("'� 01 O �(��= )(%' U · �r = �0� � �$1� (��  &2151�� %!�( � 2
(� *"%'01,%("+) 6��� %0(�96��'"+.�  !%'%6��1",�!�21��L RST = kerU ⊂ Rn�

"�#
$ ���%& �
��� �����


'��� � 
��
�� ���� (self-spatial reuse)  ,#%'28 9
(%" )(%' ,"% %'%#���  ')� 101(.,%(�� #5�"%1,4'5' :�)65' !��1! ��' " (�' 2*"%  ')(�(%
+�0#.� ,'.,�� 1 *"%#�� ("+4�  !%'%�.7 "�� ?��%*.� � %0(�965�"+.  !%'%6��1",�!�2�1�
%!�( � 2 - '2+ 01� (�� %0(�96��'"+.�� ;�1(5� )(" (% * *�,4'% (�0 !2'%+% U %!�/�+ $�'(%"
!%������% , (�' k9*"�1(%1�� �)( � -"% '% 0!��6 " 1(�' %'%#��� U [LU · �I + �bU ] %0(�9
65�"+.  !%'%6��1",�!�2�1�� /% !�4! " �" 10'( (%-,4' � )�5' (5' *"%1(�1 5' !��' (��
k9*"�1(%1�� '% (%0(28�'(%"� �'("+%/"1(�'(%� (�' k9-�%,,. (�0 !2'%+% LU , ,�* '"+��
!%2�'�0, (�' !2'%+% LU

S � �)( � � *"%'01,%("+)� 6���� %0(�965�"+.�  !%'%6��1",�!�21��
 2'%" �L RSS = kerLU

S ⊂ Rn�

(���
$ �
��%& �
��� �����


'��� � 
	
�
���
���� (group-temporal reuse)  ,9
#%'28 (%" )(%' �" %'%#��4�  ')� 101(.,%(�� #5�"%1,4'5' :�)65' !��1! ��'�0' (� 2*"� * 9
*�,4'� 1 *"%#�� ("+4�  !%'%�.7 "�� ;�1(5� )(" �" %'%#��4� *"%#4��0' (� !��$ 1(�' 1(%/ �)
)�� �u� *��%*. U · �I + �u1 +%" LU · �I + �u2� �)( � 0!��6 " �,%*�96��'"+.  !%'%6��1",�!�2�1�
, (%&$ (5' *$� %0(�' %'%#���' %' +%" ,)'� %' ∃�r : LU ·�r = �u1−�u2� )!�0 |�u1−�u2| <�	��
�
������
� ������ 	��	��8	$��%
� ��
����
��� �$'�'(%� (�'  &2151� %0(. !��+$!( " (� *"�9
'01,% �rp� %' 0!��6 " (4(�"�� � *"%'01,%("+)� 6���� %0(�96��'"+.�  !%'%6��1",�!�21��
!��+$!( " 5�L RGT = kerU + [�rp]�

(���
$ ���%& �
��� �����


'��� � 
	
�
�� ���� (group-spatial reuse)  ,#%9
'28 (%" )(%' �" %'%#��4�  ')� 101(.,%(�� #5�"%1,4'5' :�)65' !��1! ��'�0' (�' 2*"%  ')9
(�(% +�0#.� ,'.,�� 1 *"%#�� ("+4�  !%'%�.7 "�� ?��%*.� � �,%*�965�"+.  !%'%6��1",�9
!�2�1� %!�( � 2 - '2+ 01� (�� �,%*�96��'"+.�� ;�1(5� )(" �" %'%#��4� *"%#4��0' (� !��$
1(�' 1(%/ �) )�� �u� *��%*. U · �I + �u1 +%" U · �I + �u2� �'("+%/"1(�'(%� (�' k9-�%,,. (�0
!2'%+% U +%" (5' *"%'01,�(5' u1, u2 , ,�* '"+�� !%2�'�0, (% US � uS,1 +%" uS,2� �)( �
0!��6 " �,%*�965�"+.  !%'%6��1",�!�2�1� , (%&$ (5' *$� %0(�' %'%#���' %' +%" ,)'�
%' ∃�r : US · �r = �uS,1 − �uS,2� )!�0 |�u1 − �u2| <�	��
� ������
� ������ 	��	��8	$���
%
� ��
����
��� � *"%'01,%("+)� 6���� %0(�96��'"+.�  !%'%6��1",�!�21�� !��+$!( " 5�L
RGS = kerUS + [�rp]�

��� Unimodular )���

�"���
"�� #��
��

�����"�  1. 4��
� �������������"� 6�"�#� T 
�����
���1�� ��%� ��
����/� �I =
(i1, i2, . . . , in) �
� n������
�
� �!�
� ��
�
��/� � ���� ��
����/� �J = (j1, j2, . . . , jn)
�
� ������ n������
�
� 	��
���	
���	$�
� �!�
� ��
�
��/� �3

Jn = { �J = T · �I|�I ∈ Zn}
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�% )�"% (�0 n9*"�1(%(�0 , (%16�,%("1,4'�0 6���0  !%'%�.7 5' :�21+�'(%" , (�'  #%�9
,�-. (�0 !2'%+% , (%16�,%("1,�$ T  !2 (�� %'"1)(�(%� !"'�+5' !�0 !%�"1(�' " (% )�"% (�0
%�6"+�$ n9*"�1(%(�0 6���0  !%'%�.7 5'� ?��%*. (% )�"% (�0 , (%16�,%("1,4'�0 6���0
 !%'%�.7 5' :�21+�'(%" 5�  &.�!L

A · �I ≤ β
�J = T · �I
det(T ) = ±1 �= 0

⎫⎪⎬
⎪⎭⇒ A · T−1 · �J ≤ β <��A=

�����"�  1� 4��
� unimodular �������������"� 6�"�#�" �
��������
� 	� $�
 ���
�
�
 T 0 ��
 �
� 
�
�
 det(T ) = ±12 9 �����
�	�� unimodular 	��
���	
���	!� ����� $�

������ unimodular 	��
���	
���	� �
� 
 ���
�
� �
� �$
� 	��
���	
���	
) ��
�)���� 
��
�
 ����	��
 � � ���	$�
�� 	��
���	
���	!�2

�" , (%16�,%("1,�2 :�)65'  2'%" 6�.1",�" )(%' *"%(���$' ("�  &%�(.1 "� * *�,4'5' , (�
(�'  #%�,�-. (�0� 1 4'% 1$1(�,% #5�"%1,4'5' :�)65'� �� %+)��0/� / ���,% %#�� 2
(�0� unimodular , (%16�,%("1,�$� :�)65' +%"  2'%" !��$ 1�,%'("+)�

��5����  1
 4��� D �
 �)�
�
 � � ��
���	�� � ��������� ���� �����	
�
� � ��
�
�	$� � *��� �2 4��
� unimodular 	��
���	
���	�� *��� � T ���
� 4-+0��� (legal) 
� �
�
	��
 
� ∀�d ∈ D : T �d 	 �02

�+���0/ 2 � ! �"-�%#. (�"�' :%1"+�' unimodular , (%16�,%("1,�' :�)65'L � %'(%�9
�%-.� � , (�/ 1�� � %'%1(��#. +%" � ! �"1(��#.�

A� � 
��
��
�� (interchange) *$� :�)65' , (%(�4! " (� *"�'01,%  !%'���7�� (i, j) 1(�
*"�'01,% (j, i)� � !2'%+%� (�0 , (%16�,%("1,�$  2'%" �L

T =

(
0 1
1 0

)

�!) (� 10'*0%1,) *"%*�6"+�' %'(%��%-�' !��+$!( " � !"� - '"+. ,��#. (�0 , (%9
16�,%("1,�$� � 	���%��� (permutation)� � �!�2% , (%/4( " (� *"�(%&� (5' :�)65'
 !%'���7��� 	"% !%��* "-,%� � !2'%+%� , (%16�,%("1,�$ -"% (�' , (�/ 1� (�0 *"%9
'$1,%(��  !%'���7�� �I = (i, j, k) 1(� *"�'01,% �J = (k, j, i) *2' (%" %!) (�'L

T = T3T2T1 =

⎛
⎜⎝ 1 0 0

0 0 1
0 1 0

⎞
⎟⎠
⎛
⎜⎝ 0 1 0

1 0 0
0 0 1

⎞
⎟⎠
⎛
⎜⎝ 1 0 0

0 0 1
0 1 0

⎞
⎟⎠ =

⎛
⎜⎝ 0 0 1

0 1 0
1 0 0

⎞
⎟⎠

�)1� � , (�/ 1� )1� +%" � %'(%��%-. 6��1",�!�"�$'(%" -"% '% (��!�!�".1�0' (�'
*"�(%&� (5' :�)65' 4(1" �1( '% !��1! ��'�0' (% * *�,4'% , (� *"�(%&� !�0 %0(�
 2'%" %!�/�+ 0,4'%� : �("�'�'(%� , %0() (�' (�)!� (�' 65�"+. (�!"+)(�(%� �!) (�
1("-,. !�0 (��!�!�"�$' (� *"�(%&� (5' :�)65' +"  !�,4'5� (� 1 "��  +(4� 1�� (5'
 !%'%�.7 5'� %0() 1�,%2' " )(" �  #%�,�-. (�0� * '  2'%" !�'(�( 4-+0��� 
*"%2( �%
6�.1",�  2'%" (�  !), '� / ���,%�

�� ���� ��� ������
��� ��������� ��� ���������� ������ �
��� ���� ��������%) �
��� �����
��� ��������'��� ��� �������� ��	��
�� ��� 	�* ���� ��� (� ������(���� ������'���

�+� unimodular ��������������
 ��������� ��� �����% ����	��
� 	�������� ����������������
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��5����:
0;  1 '� $�
 �)���	
 � ��
�	$� � *��� �0 
� *���
� li 	$��� lj ���
�
!�.�5� , (%/41",�" (fully permutable) 
� �
� 	��
 
� ��
 �
 ��
�)�	
�
 �������
��� ���
� ��
 �����
��
���� %�����2 �����$
� ��
 ��%� ������	
 ���)�� ���0 ���� �

(d1, . . . , di−1) ���
� �����
��
���� %�����0 ���� 
� ������!��� di, . . . , dj ���
� 	� 
����
���$�2

�� � 
�
���
�� (reversal)  ')� :�)6�0 !�%-,%(�!�" 2(%" , !���%!�%1"%1,) , −1 (�0
%'(21(�"6�0 * 2+(�� 	"% !%��* "-,% 1 4'% 1$1(�,% #5�"%1,4'5' :�)65' , :�/��
�� �" !2'%+ � , (%16�,%("1,�$ -"% +�/ ,"% , (%:��(.  2'%" �"L

Trev,i =

(
−1 0
0 1

)
Trevj =

(
1 0
0 −1

)

B� � �������
�� skewing  ')� :�)6�0 !%�"1(�' (%" %!) (�' !2'%+% , (%16�,%("1,�$
Tskew� � �!�2�� !��1/4( " +�!�"� %+4�%"� !���%!��1"�  ')� * 2+(� :�)6�0 1 4'%'
���� * 2+(�L

Tskew =

(
1 0
f 1

)

� ! �"1(��#.  2'%" !�'(�( 4-+0��� �%�)�� !�0  !�� �8 " (% *"%'$1,%(%  &��(�1���
� ! �"1(��#. * ' %���8 " +%/)��0 (�' 1 "��  +(4� 1�� (5'  !%'%�.7 5'� ;�(1"�
%' +%" - '"+� * ' : �("�' " (�'  !2*�1�� ,!�� 2 '%  !"(�47 " (�'  #%�,�-. ���5'
, (%16�,%("1,�' (5' �!�25' �  #%�,�-. !���-�0,4'5� * ' .(%' 4-+0��� ��6� �
, (%(��!.  ')� ,�9!�.�5� , (%/41",�0 101(.,%(�� #5�"%1,4'5' :�)65' 1 !�.�5�
, (%/41",��

���������� ����� ���! �0' 628�'(%� (� !%��* "-,% ,%� 41(5 )("  !"/0,�$, '%
 #%�,)1�0, %'(%��%-. <. , (�/ 1�= 1(�' +�*"+% ,%�� �  #%�,�-. ),5� %! 0/ 2%� (��
%'(%��%-.� * '  2'%" 4-+0�� :�1� (�0 / 5�.,%(�� ��A� ���-,%("  #%�,)8�'(%� (�' , (%9
16�,%("1,) (�� %'(%��%-.� 1 4'% %!) (% *"%'$1,%(%  &��(�1��� (�  !%��/ $�0, L(

0 1
1 0

)(
1
−1

)
=

(
−1
1

)
≺ 0

	"% '% ,!��41�0, ��"!)' '%  #%�,)1�0, (�' %'(%��%-.�  #%�,)8�0, !��(% (�' ! �"9
1(��#.L

�Inew =

(
i1,new

i2,new

)
= Tskew

�I =

(
1 0
1 1

)(
i1
i2

)
⇒

(
i1
i2

)
=

(
1 0
1 1

)−1 (
i1,new

i2,new

)
=

(
i1,new

i2,new − i1,new

)

+%" !%2�'�0, (�' %+)��0/� +�*"+%L

for ( i 1 =0; i1 <=4; i 1++)
for ( i 2=i1 ; i2<=6+i1 ; i 2++) {

A[ i 1 ] [ i2−i 1 ]+=A[ i1 −1] [ i2−i 1 ]+D[ i 1 ] [ i2−i 1 +1] ;
D[ i 1 ] [ i2−i 1 ]+=D[ i1 −1] [ i2−i 1+1]+A[ i 1 ] [ i2−i 1 ] ;

}
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�+�&� !�3	 : ��
7�� �'
���(�� +,��� ����� �;�*� &��
 ��� �7��&��� ��� &���<
(+�&���(&�� ��� ����(���7��

(�0 �!�2�0 (% *"%'$1,%(%  &��(�1�� !%�"1(�'�'(%" 1(� 16.,% ��B� �+���$/5��  #%�,)8�0, 
(�' , (%16�,%("1,) (�� %'(%��%-.� � �!�2��  2'%" 4-+0��� , (�' '4% *"�(%&� !�0 4*51 �
! �"1(��#.L

�Inew =

(
i1,new

i2,new

)
= Tint

�I =

(
0 1
1 0

)(
i1
i2

)
⇒

(
i1,new

i2,new

)
=

(
0 1
1 0

)−1(
i1,new

i2,new

)
=

(
i2,new

i1,new

)

+%" !%2�'�0, (�' %+)��0/� +�*"+%L

for ( i1n =0; i1n <=6; i1n++)
for ( i2n=i1n ; i2n<=4+i1n ; i2n++) {

A[ i2n ] [ i1n−i 2n]+=A[ i2n −1] [ i1n−i2n ]+D[ i2n ] [ i1n−i 2n
+1] ;

D[ i2n ] [ i1n−i 2n]+=D[ i2n −1] [ i1n−i2n+1]+A[ i2n ] [ i1n−
i 2n ] ;

}

��, )� ���""���� )���

�"���
"�� #��
��

��"1,4'�" 1�,%'("+�2 , (%16�,%("1,�2 :�)65' �" �!�2�"  2'%" ,� -�%,,"+�2  2'%" � 10-6�9
' 01�� � *"�1!%1�� (� scalar replacement� (� & *2!�5,% :�)6�0� � strip mining +%" � !�%9
+)1(�51�L

A� � ����!����� *��� � (loop fussion) 1+�!) 46 " (�' : �(251� (�� 6��'"+.� (�!"9
+)(�(%� 10'*0�8�'(%� :�)6�0� �" �!�2�" 1 *"%#�� ("+� 1�, 2% (�0 !��-��,,%(��
!��1! ��'�0' ("� 2*" � /41 "� ,'.,��� �+���0/ 2 4'% !%��* "-,% ,"%� (4(�"%� 10-9
6�' 01��L

for ( i =2; i<=N; i++) {
for ( j =1; j<=N; j++)

X[ i ] [ j ]−=X[ i −1] [ j ]∗A[ i ] [ j ] /B[ i −1] [ j ]
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for ( j =1; j<=N; j++)
B[ i ] [ j ]−=A[ i ] [ j ]∗A[ i ] [ j ] /B[ i −1] [ j ]

}

⇓ loop fussion ⇓

for ( i =2; i<=N; i++) {
for ( j =1; j<=N; j++) {

X[ i ] [ j ]−=X[ i −1] [ j ]∗A[ i ] [ j ] /B[ i −1] [ j ]
B[ i ] [ j ]−=A[ i ] [ j ]∗A[ i ] [ j ] /B[ i −1] [ j ]

}
}

� +�"'. 6�.1� (5' !"'�+5' A +%" B ,%�(0�� 0!4� (�� 10-6�' 01��� 4(1" �1( (%
* *�,4'% (5' !"'�+5' A +%" B '% ,�' 6� "%1( 2 '% %!�/�+ 0/�$' 1(�' +�0#. ,'.,�
*$� #��4��

�� � �����
�� *��� � (loop fission) ,!�� 2 '% : �("�1 " (�' (�!"+)(�(% !��-�%,,�9
(5' !�0 ! �"46�0' , -��� !�./��  '(���' +%" , (%:��(�'� *"%1!�'(%� 4'% 1$1(�,%
#5�"%1,4'5' :�)65' 1  !",4��0� ,"+�)( �% 101(.,%(%� !�0 (� +%/4'% 6� "�8 (%"
,"+�)( �� +%" & 65�"1() )-+� * *�,4'5'� ��/ 1$1(�,%  !�,4'5� ,!�� 2 '% *�0�49
7 " , (�' ,"+�)( �� )-+� * *�,4'5' (% �!�2% 65��$' 1(�' +�0#. ,'.,�� 65�2� %0(�
'% %!�,%+�0'/�$' !�"' ( � "�1 " � ,"+�)( ��� 1 4�-� 0!���-"1,)��

B� �� ������ 	
 *���
� (inner unrolling) %'("+%/"1(� (� 1�,% (�0  15( �"+)( ��0 :�)9
6�0 1 4'% 1$1(�,% #5�"%1,4'5' :�)65' , *$� . ! �"11)( �% %'(2-�%#% (�0 1�,%9
(�� +%" (��!�!�"�'(%� +%(�����% (�' 4� -6� ��25' (�0 :�)6�0� � (�' (�)!� %0()
%0&�' (%" � !%�%����2% 1  !2! *�  '(��.�� %#�$ 0!��6�0' ! �"11)( � �  '(��4� !���
 +(4� 1� %'�  !%'���7� +%"  !21�� ,"+�%2' " � 6��'"+.  !":��0'1� !�0 �# 2� (%" 1(�'
4� -6� ��25'� %#�$ -2'�'(%" �"-)( ��"  �4-6�"�

F� � 
��%��� 	��
*���!� �� �
�
� ���$� scalar replacement : �("�' " (�' (�!"+)(�(%
(5' * *�,4'5'� %��� 1(�  !2! *� (5' +%(%65��(�'� � 4'% 1$1(�,% #5�"%1,4'5'
:�)65' �" , (%:��(4�  + 2' � !�0 6��1",�!�"�$'(%" 106')( �%� %!�/�+ $�'(%" 1 +%9
(%65��(4��

�� � strip mining 6��1",�!�" 2(%" -"% (�' *"%,4�"1� (�0 6���0  !%'%�.7 5' 1 ��0�2* ��
	"% '% (� ! ($6 " %0()� %!�10'/4( " 4'% :�)6� 1 *$� #5�"%1,4'�0� :�)6�0� 5�  &.�L

for ( i=lb ; i<=up ; i++) {
/ ∗ l o o p b o d y ∗ /

}

⇓ strip mining ⇓
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for ( i i=f l o o r ( ( lb−o f t i i ) / s tep ) ∗ s tep+o f t i i ; i<=up ;
i+=step )

for ( i=MAX( i i , lb ) ; i<=MIN( i i+step −1,up) ; i++) {
/ ∗ l o o p b o d y ∗ /

}

�� step  2'%" (� ,4- /�� (�� ��0�2*%�� +%" (� oftii <0 ≤ oftii < step= +%/��28 " (�'
%�6. (�� !��(�� ��0�2*%�� �  &5( �"+)� :�)6�� ii , (%+"' 2(%" , (%&$ (5' ��0�2*5'�
 '� �  15( �"+)� :�)6�� i *"%(�46 " ("�  !%'%�.7 "� !�0 %'("1(�"6�$' 1(�' (�46�01%
��0�2*%�

G� � ��
����� �� (tiling)  2'%" 4'%� !��$ *�,�#"�.� +%" 1�,%'("+)� , (%16�,%("1,)�
+%" -"; %0() !%��01"�8 (%" & 65�"1(� 1(�'  ')(�(% ����

��- )���

�"���
"�� Tiling

"�1�� 2	����

� , (%16�,%("1,)� tiling %!�( � 2 4'% %!) (�0� !"� *�,�#"� 2� , (%16�,%("1,�$�� � �!�2��
 +()� %!) ("�  #%�,�-4� (�0 1(� 6��� (�� !%��������  ! & �-%12%�� 6��1",�!�" 2(%" +%"
-"% (�' %$&�1� (�� (�!"+)(�(%� 1(�' " �%�62% ,'.,�� (5' ,"+�� ! & �-%1(�'�  "*"+� )(%' �"
%'%#��4� %#���$' !2'%+ � , -��5' *"%1(�1 5' �" �!�2�" * ' 65��$' ��)+����" 1(% 6%,���
 !2! *% (�� " �%�62%��

� 4'% 1$1(�,% #5�"%1,4'5' :�)65' )!�0  #%�,)1/�+ tiling� %'(2� '% !��1! ��'�'(%"
��)+��� � -�%,,4� . 1(.� �  ')� !2'%+%� �" :�)6�"  �-�8�'(%" !�'5 1 0!�!2'%+ �� !�0 �
+�/ '%� 65� 2 ��)+����� 1(�  !2! *� (�� " �%�62%� ,'.,�� !�0  '*"%#4� "� ;�(1"� %0&�' (%"
(� !�./�� (5' !��1! ��1 5' !�0 -2'�'(%" 1(% * *�,4'% !�"' %0(� %!�,%+�0'/�$' %!) (�
 !2! *� %0()�

� 1�,%12% (�0 , (%16�,%("1,�$ tiling  !"* "+'$ (%" , (� %+)��0/� !%��* "-,%�

���������� � %+)��0/�� +�*"+%� %!�( � 2 (�' %�6"+. ,��#. (�0 !���%!�%1"%1,�$ *0�
!"'�+5'L

for ( i =0; i N< ; i++)
for ( j =0; j<N; j++)

for ( k=0; k<N; k++)
C[ i ] [ j ]+=A[ i ] [ k ]∗B[ k ] [ j ] ;

� (� (�'  #%�,�-. (�0 , (%16�,%("1,�$ tiling !��+$!( " � %+)��0/�� +�*"+%�L

for ( j j =0; j j <N; j j+=step )
for ( kk=0; kk<N; kk+=step )

for ( i =0; i N< ; i++)
for ( j=j j ; j<MIN(N, j j+step ) ; j++)

for ( k=kk ; k<MIN(N, kk+step ) ; k++)
C[ i ] [ j ]+=A[ i ] [ k ]∗B[ k ] [ j ] ;
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,�-. �������% ����%

,�-. tiled ����%

�+�&� !�4	 ���(�8 �(� 2�2�&8�*� ���
 ��� ���8 �(� ��� ��  �� �(��(&�� �$����



4" ����
�
�� �� ���
����
������� �����
	

� � (�'(%� (�' (�)!� !�0 � %�6"+)� +�*"+%� !��1! ��' " (% * *�,4'%� * � 16.,% ��F<%H=�
!%�%(���$, )(" (� 1(�"6 2� C[i][j]  !%'%6��1",�!�" 2(%" %!) )� � ("�  !%'%�.7 "� (�0 :�)9
6�0 k� � * -�%,,. (�0 A !�0 !��1! ��' (%" %!) (�'  15( �"+)( �� :�)6� k�  !%'%6��9
1",�!�" 2(%" %!) (�'  !), '�  !%'���7� (�0 j +%" !%�),�"% � 2*"% 1(.�� (�0 B  !%'%6��9
1",�!�" 2(%" %!) (�'  &5( �"+)( �� :�)6� i� �(�' 6 "�)( �� ! �2!(51� !�0 � +�0#. ,'.,�
* ' ,!�� 2 '% 65�41 " �$( ,"% -�%,,. (�0 !2'%+% A� ()( � -�%,,. (�0 A * '  !%'%6��9
1",�!�" 2(%" +"  !�,4'5� 2N3 + N2 �4& "� * *�,4'5' !�4! " '% *"%:%1(�$' %!) (�' +$�"%
,'.,� 1 N3  !%'%�.7 "�� � , (%16�,%("1,4'� ),5� ,��#. !��1! ��' " ,"+�� ( (��-5'%
(,.,%(% (�0 !2'%+% D +�/ #���� * � 16.,% ��F<:H=� *"%1(�1 5' step × step� ��' ��"!)'
�" *"%1(�1 "� (�0 (,.,%(��  !"� -�$' 4(1" �1( '% 65� 2 1(�' +�0#. ,'.,�� ()( �" �4& "�
!�0 !��1! ��'�'(%" , "�'�'(%" 1("� (2N3/step) + N2� *��%*. 46�0, : �(251� size #��4��

"�1�" �
����3����� ��� !	������������ Tiling

�
�������� !	������������#

� , (%16�,%("1,)� tiling 1(� 10'�/"1,4'� ! �2!(51�  #%�,�-.� (�0 1 4'% ,)'�  !2! *��
%0&�' " (� :�/�� n  ')� 101(.,%(�� #5�"%1,4'5' :�)65' 1 :�/�� !�0 +0,%2' (%" %!)
n + 1 ,46�" 2n� %'���-% , (� !)1�" :�)6�" !�%+�1(��'�'(%"� � !�%+)1(�51�  ')� .
! �"11)( �5' :�)65' %���8 " (� 1 "�� *"�1601�� (�0 6���0  !%'%�.7 5'� 4(1" �1( '%
%!�( � 2(%" %!) ,"+�)( �% !��$ *�% (% �!�2%  +( ��$'(%" 1(� 1 "���

���������� 	"% (� %+)��0/� 1$1(�,% #5�"%1,4'5' :�)65' :�/�0� �� � 1 "�� *"�1601��
(��!�!�" 2(%" )!5� #%2' (%" 1(� 16.,% ����

��6"+. ,��#.

for ( i =0; i N< ; i++)
for ( j =0; j<N; j++)

/ ∗ l o o p b o d y ∗ /

Tiled ,��#.

for ( i i =0; i i N< ; i i ++)
for ( j j =0; j j <N; j j++)

for ( i=i i ; i<MINN( , j j+s i z e ) ; i++)
for ( j=j j ; j<MIN(N, i i+s i z e ) ; j++)

/ ∗ l o o p b o d y ∗ /

�#�$ � , (%16�,%("1,)� tiling (��!�!�" 2 (� 1 "�� *"�1601� (�0 6���0  !%'%�.7 5'�
%0() 1�,%2' " )(" �  #%�,�-. (�0 * '  2'%" !�'(�( 4-+0���

��5����:
0;  1$ '� $�
 �)���	
 � ��
�	$� � *��� �0 
� *���
� li 	$��� lj 	�
�
)� �

	��
���	
����
)� 	� tiling0 
� ���
� ���� � 	��
%$��	
� �%�!��	
 626�2

�! '/0,28�0, )(" � , (%(��!.  ')� ,�9!�.�5� , (%/41",�0 101(.,%(�� #5�"%1,4'5' :�)9
65' 1 !�.�5� , (%/41",�� ,!�� 2 '% -2' " , 6�.1� (�� ! �"1(��#.��
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,�-. �����% ����% ,�-. tiled ����%

�+�&� !�#	 �  ��� ��� (���
� ���8 �(�� �*� ����� �;�*� ��%� (�(��&���� 7* ��<
(&8�*� 9�%+*� 9
���� n &��
 ��� �7��&��� ��� tiling

�

�����
� 4���������

	"% (�' , -"1(�!�2�1� (�� (�!"+)(�(%� (5' * *�,4'5'� !�0 %0()� ���51(  2'%" +" � 1+�!)�
(�0 , (%16�,%("1,�$� !�4! " '%  !"�0/�$' (% *$�  �5(.,%(% !�0 %#���$' ("� !%�%,4(��0�
(�0 , (%16�,%("1,�$� � �$1� (�0� +%/�*�- 2(%" %!) (�' %'��01� +%"  $� 1� (��  !%'%6��9
1",�!�2�1�� < ')(�(% ���= � �!�2% !�4! " '% !���-�/ 2� �� !��(�  ��(�,% %#��� !�"�"  2'%"
�" :�)6�" !�0 !�4! " '% !�%+�1(�5/�$' +%" !�"%  2'%" � 16 ("+. *"�(%&� (5' :�)65' %0(�'�
4(1" �1( '% 0!��& " )1� (� *0'%()' ! �"11)( ��  +, (��� 01� (��  !%'%6��1",�!�2�1��
+%"  !�,4'5� : �(251� (�� (�!"+)(�(%� (5' * *�,4'5'�

�� * $( ��  ��(�,% +%" (� !"�  0%21/�(� -"% (�' %!)*�1� (�0 , (%16�,%("1,�$  2'%"
(� , -4/�0� (�0 tile� �!"�4-�'(%� (� :4�("1(� ,4- /��� +�/ (,.,% (�� 0!���-"1("+.�
*"%*"+%12%� /% ���+����' (%"� 65�2� %1(�62 � +�0#.� ,'.,���  +()� %!) ("� 0!�6� 5("+4��
�%1"+� �)�� -"% (�'  !"��-. (�0 , -4/�0� (�0 tile !%28 " � ��-�'51� (�� +�0#.� ,'.,���
	"% !%��* "-,%� ,"% +�0#. ,'.,�  0/ 2%� %'("1(�26�1��� !%�)�� !�0 ,!�� 2 '%  2'%" %�+ (�
, -��� -"% '% 65� 2 (% * *�,4'% !�0 6��1",�!�"�$'(%"� * '  2'%" "+%'. '% %!%� 27 " ("�
%1(�62 � �)-5 10-+��$1 5' , (%&$ (5' 1(�"6 25' (�0 2*"�0 !2'%+% . *"%#�� ("+�' !"'�+5'
)!5� %'%#4� (%" 1(� JA�K� � ,"% (4(�"% ! �2!(51� (� ,4- /�� (�0 tile 215� '% !�4! " '%
 !"� - 2 %�+ (� ,"+�) -"% '% %!�# 6/�$' (4(�" � 10-+��$1 "�� �(� JA�K  !21�� %'%#4� (%"
)(" � ��-"+. '%  !"�4- (%" 4'% 1(%/ �) ,4- /�� -"% (� tile  2'%" �%'/%1,4'� +%" +%(%1(��9
#"+.� �� ,4- /�� !�4! " '%  2'%" 10'%�(.1 " ()1� (�0 , -4/�0� (�� +�0#.� ,'.,��� )1�
+%" (�0 , -4/�0� (�0 !��:�.,%(��� %��"�� 1 +�0#4� ,'., � ,"+�.� 10164("1���  +()� %!)
("� %1(�62 � �)-5 65��("+)(�(%� !%�%(���$'(%" +%" %1(�62 � �)-5 10+-��$1 5' , (%&$
1(�"6 25' (�0 2*"�0 !2'%+%�

�!21��� -"% (�' : �(251� (�� (�!"+)(�(%� 1(% *"�#��%  !2! *% (�� " �%�62%� ,'.,��� /%
!�4! " '%  #%�,)8 (%" !���%!�) tiling� �0() 1�,%2' "� %'%*��,"+.  #%�,�-. (�0 tiling 1 
+�/  !2! *�� *"%"��'(%� , %0() (�' (�)!� 4'% tile 1 ,"+�)( �% tiles� � : �("1(�!�2�1�
:4:%"% (�0 !���%!��$ tiling * '  2'%" ()1� %!�.� �)-5 (5' %���� !"*��1 5' , (%&$ (5'
*"%#)�5'  !"!4*5'� �"% !�%+("+. ,4/�*�� -"% (�'  #%�,�-. !���%!��$ tiling�  2'%" �
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*"%*�6"+. 1 "�"%+.  #%�,�-. (�0 tiling� 4(1" �1( �" +%( 0/$'1 "� (5' tiles# !�0 !��+$!(�0'
1 *"!�%'�  !2! *% (�� " �%�62%�� '%  2'%" *"%#�� ("+4�� �� �'4+(�,% %0(.� (�� , /)*�0  2'%"
)(" -"% (�' 10'��"+. : �("1(�!�2�1� (�0 tiling� %�+ 2 � : �("1(�!�2�1� (�0 +�/  !"!4*�0
& 65�"1(��

4���
�
�  �����

�#�$  !"�0/�$' (% *$� %0(� 8�(.,%(% +%"  !"� -�$' �" *$� :%1"+�2 !%��, (��"� *"�(%&�
:�)65' +%" ,4- /�� tile� %0() !�0 %!�,4' "  2'%" �  #%�,�-. (�0 , (%16�,%("1,�$ -"% (�'
!%�%-5-. (�0 +�*"+%� �0'./5� � , (%16�,%("1,)� (�0 tiling *"%, �28 " (� 6���  !%'%�.9
7 5' 1 tiles 6��1",�!�"�'(%� *$� -'51(�$� , (%16�,%("1,�$�� strip-mining +%" , (�/ 1��
!�0 +%" �" *0� ! �"-��#�'(%" 1(�'  ')(�(% ��F�

	"% (�' *"%,4�"1� (�0 6���0  !%'%�.7 5' 1 tiles� �" *$� , (%16�,%("1,�2 <strip mi-
ning� , (�/ 1�=  #%�,)8�'(%" *"%*�6"+�� ()1 � #��4� )1� (� !�./�� (5' *"%1(�1 5' !�0
!�)+ "(%" '% *"%, �"1(�$'� ��6"+�  #%�,)8 (%" , (�/ 1�� 4(1" �1( � :�)6�� !�0 !�)+ "9
(%" '% *"%, �"1( 2 '% -2' " �  &5( �"+)( ���� �+���$/5� -"% +�/ :�)6� !�0 !�)+ "(%" '%
*"%, �"1( 2� 6��1",�!�" 2(%" � strip mining -"% (�' *"%,4�"1� (�0 +%" 1(� 10'46 "% � , (�9
/ 1� -"% (�' %'%*"�(%&� (5'  15( �"+�' :�)65' !�0 *"%(�46�0' (� 6���  !%'%�.7 5'�
4(1" �1( �  !), '�� :�)6�� !�0 !�)+ "(%" '% *"%, �"1( 2 '% -2' " �  &5( �"+)( ��� %0(�'�
�#�$ *"%, �"1(�$' )��" �"  !"/0,�(�2 :�)6�"�  #%�,)8 (%" -"% %+),� ,"% ( � 0(%2% #��� �
, (�/ 1� -"% '%  !"( 06/ 2 �  !"/0,�(. *"�(%&� (5'  15( �"+�' :�)65'� � �!�2% : �("�' "
(�' (�!"+)(�(% (5' * *�,4'5' ,41% 1(� tile�

�+���$/5�� 1(�' ! �2!(51� !��0 !2! *�0 tiling !�0 10,! �"�%,:�' " +%" (�  !2! *� (5'
+%(%65��(�'� & *"!��'�'(%" !�.�5� �"  15( �"+�2 :�)6�" !�0 *"%(�46�0'  !%'%�.7 "� !�0
:�21+�'(%"  '()� (5' ,"+��' tiles (5' +%(%65��(�'� �4���� ,!�� 2 '% 6��1",�!�"�/ 2 scalar
replacement -"% (�' %'�/ 1� ��"1,4'5' * *�,4'5' 1 +%(%65��(4�� %!�# $-�'(%� , %0()
(�' (�)!� ! �"((� load +%" stores�

���������� �%��01"�8�'(%" (% 1(�*"% (��  #%�,�-.� (�0 , (%16�,%("1,�$ tiling 1(�'
+�*"+% !�0  +( � 2 (�' !���%!�%1"%1,) *0� !"'�+5'� -"% (�  !2! *� +�0#.� ,'.,��� � (",.
!�0 6��1",�!�" 2(%" -"% (� oftjj +%" oftkk +%(� (�'  #%�,�-. (�0 strip mining  2'%" (� 0�

��6"+. ,��#.

for ( i =0; i N< ; i++)
for ( j =0; j<N; j++)

for ( k=0; k<N; k++)
C[ i ] [ j ]+=A[ i ] [ k ]∗B[ k ] [ j ] ;

⇓ T =

⎛
⎜⎝ 0 1 0

0 0 1
1 0 0

⎞
⎟⎠ ⇓

�� �����(���� ���� tile ��(��
����� ��� ��� ����� ��� ��� ���������(��� 	�* ���� �� ��
�����
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for ( j =0; j<N; j++)
for ( k=0; k<N; k++)

for ( i =0; i N< ; i++)
/ ∗ l o o p b o d y ∗ /

⇓ strip mining 1(�' :�)6� j ⇓

for ( j j =0; j<N; j+=step )
for ( j=MAX(0 , j j ) ; j<MIN(N, j j+step ) ; j++)

for ( k=0; k<N; k++)
for ( i =0; i N< ; i++)

/ ∗ l o o p b o d y ∗ /

⇓ T =

⎛
⎜⎝ 0 1 0

1 0 0
0 0 1

⎞
⎟⎠ ⇓

for ( j j =0; j<N; j+=step )
for ( k=0; k<N; k++)

for ( j=j j ; j<MIN(N, j j+step ) ; j++)
for ( i =0; i N< ; i++)

/ ∗ l o o p b o d y ∗ /

⇓ strip mining 1(�' :�)6� k ⇓

for ( j j =0; j<N; j+=step )
for ( kk=0; kk<N; kk+=step )

for ( k=kk ; k<MIN(N, kk+step ) ; k++)
for ( j=j j ; j<MIN(N, j j+step ) ; j++)

for ( i =0; i N< ; i++)
/ ∗ l o o p b o d y ∗ /

Tiled ,��#.

⇓ T =

⎛
⎜⎝ 0 0 1

0 1 0
1 0 0

⎞
⎟⎠ ⇓

for ( j j =0; j j <N; j j+=step )
for ( kk=0; kk<N; kk+=step )

for ( i =0; i N< ; i++)
for ( j=j j ; j<MIN(N, j j+step ) ; j++)

for ( k=kk ; k<MIN(N, kk+step ) ; k++)
C[ i ] [ j ]+=A[ i ] [ k ]∗B[ k ] [ j ] ;
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�����	��  

���	����	������ !�"��#�
�

��� ������

�" , (%16�,%("1,�2 :�)65' * '  2'%" �" ,)'�" , (%16�,%("1,�2 !�0 ,!���$' '% 6��1",�!�"�9
/�$' -"% (�' : �("1(�!�2�1� (�� (�!"+)(�(%� (5' * *�,4,5' 1 4'% !��-��,,% +%" +%(�
 !4+(%1� (�0 6�)'�0  +(4� 1�� (�0� �"% ���� +%(�-��2% , (%16�,%("1,�'  2'%" �" , (%9
16�,%("1,�2 * *�,4'5'� �" �!�2�" %16���$'(%" , (�' *"�(%&�� %!�/.+ 01� +%" !��1!4�%1�
(5' * *�,4'5'� !%�� , (�' (��!�!�2�1� +%" %'%*"�(%&� (�0  �4-6�0 ��.�  ')� !��-��,9
,%(���

��,%'("+) !� �'4+(�,% (5' , (%16�,%("1,�' * *�,4'5'  2'%" )(" ,!���$' '% %-'�.9
1�0' ("�  &%�(.1 "� * *�,4'5' +%" '%  #%�,�1/�$' 1("� ! �"!(�1 "� !�0 �"  &%�(.1 "� * '
 !"(�4!�0' (�'  #%�,�-. , (%16�,%("1,�' :�)65'� �!21���  2'%" *0'%(. �  #%�,�-. (�0�
+%" 1 ,� (4� "% #5�"%1,4'�0� :�)6�0�� (5' �!�"5' � !��0!��+)(�(% * '  !"(�4! " (�'  #%�9
,�-. ( 6'"+�' %!) (� ! *2� (5' , (%16�,%("1,�' :�)65'� �!) (�' ���� , �"�� 4'% :%1"+)
, "�'4+(�,% (5' , (%16�,%("1,�' * *�,4'5'  2'%" � %*0'%,2% (�0� '%  +, (%�� 0(�$' (�'
6��'"+. (�!"+)(�(% (5' * *�,4'5' )!�0 %0(. 0!��6 "� (� �!�2� * ' 10,:%2' " , (�0� , (%9
16�,%("1,�$� :�)65'� �!21��� )!5� %'%#4� (%" 1(� JGK �" , (%16�,%("1,�2 * *�,4'5' * '
,!���$' '%  #%�,�1/�$' 1 !��-��,,%(% !�0 6��1",�!�"�$' %�"/,�("+. * "+(�' (pointer
arithmetic) . )(%' *�,"�0�-�$' 7 0*�'0,% (aliases) , (%&$ *"%#�� ("+�' ($!5'�

�� 10,!4�%1,% !�0 !��+$!( "  2'%" )(" +%'4'% %!) (% *$�  2*� , (%16�,%("1,�$ * '
0! �( � 2 (�0 ����0 %�+ (�� 	"; %0() (� �)-� 10'./5� �" *$� , (%16�,%("1,�2  #%�,)8�'(%"
 '�!�"�,4'% -"% '% ! ($6�0' (� +%�$( �� *0'%() %!�(4� 1,%� �� %+)��0/� !%��* "-,%JGK
 '/%��$' " (�  !"6 2��,% %0()�

���������� � %+)��0/�� +�*"+%� 0��!�" 2 (�' !���%!�%1"%1,) (�"�' !"'�+5'L

for ( i =0; i<N; i++)
for ( j =0; j<N; j++)

for ( k=0; k<N; k++)
C[ i ] [ j ]+=A[ i ] [ k ]∗B[ k ] [ j ] ;

for ( i =0; i<N; i++)
for ( j =0; j<N; j++)

for ( k=0; k<N; k++)
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F[ i ] [ j ]+=E[ i ] [ k ]∗C[ k ] [ j ] ;

�!��6�0' (� "�  '%��%+("+�2 (�)!�" -"% '% !��1 --21�0, (� !�):��,% (�� : �("1(�!�2�1��
(�� (�!"+)(�(%�L

• �� 	��
���	
���	
)� ���
	$� �� �" !2'%+ � A,E,F !�4! " '% %!�/�+ 0(�$' +%(�
-�%,,4�� *")(" � * 2+(�� (5' 1(���'  �4-6 (%" %!) :�)6�  15( �"+)( �� %!) (� :�)6�
!�0  �4-6 " (� * 2+(� (5' -�%,,�'� �� %'(2/ (� 10,:%2' " -"% (�' B +" ��% !�4! "
'% %!�/�+ 0( 2 +%(� 1(.� �� 	"% (�' !2'%+% C +%,"� %!) ("� *$� *0'%(4� *"%(�& "�
* ' !��(",�( 4'%'(" (�� ����� *")(" � ,"%  2'%" +%(������ -"% (� !��(� 1$1(�,%
#5�"%1,4'5' :�)65'�  '� � ���� -"% (� * $( ��� +"  !�,4'5� 0!��6 " 1$-+��01��

• �� 	��
���	
���	
)� *��� �� �!�/4(�0, %!�/.+ 01� (5' !"'�+5' +%(� -�%,,4��
� :�)6�� j /% !�4! " '% -2' " �  15( �"+)( ��� :�)6��� +" 4(1" '% !��+$7 " � %+)9
��0/� *"�(%&� :�)65' (i, k, j)� ;�(1"�  ,#%'28 (%" 65�"+. (�!"+)(�(% -"% (�0� !2'%+ �
B,C,F +%" 6��'"+. -"% (�0� A,E�

• �� 	��
���	
���	
)� *��� � �
� ���
	$� �� �!"(0-6�' (%" � :4�("1(� (�!"+)(�(%
, (%16�,%(28�'(%� (�0� :�)6�0�� 4(1" �1( � *"�(%&� (�0� '%  2'%" � (j, i, k)� +%"
%!�/�+ $�'(%� (�0� !2'%+ � A,E +%(� -�%,,4� +%" (�0� B,C,F +%(� 1(.� ��

��� #�
��$� %�������

�����"� $1
 � ��%� ��
����/� ���� �����	
�
� m � ��
�	$� � *��� � 
�����
� ��)��
�
� 
�� �
 m������
�
 ������	
 �J = (j1, j2, . . . , jm) ∈ Zm0 �
� 
�
	�1��
� &�4����� �,�-
�4/�8�� (iteration vector)2

�����"� $1 #
 �)�
�
 � � ��
�
��/� � �
� 
��1��
� 
�� �
 ���
 � � � ��
�	$� � *���
� �3

Jm = {(j1, j2, . . . , jm) | jk ∈ Z ∧ lk ≤ ik ≤ uk, 1 ≤ k ≤ m} ⊆ Zm


�
����� $�
 ����� �
�)���
 �
� Zm �
� 
�
	�1��
� �5��� �,���/�8�#� (iteration space)2
&
���
��
� 	
1� ���� ��� 
���������0 ���	
��1��
� � 
���
�%� 
�������
 ����� �3

A · �J ≤ α

�����"� $1$ ��%� ��
����
 ���� n������
�
� ���
�
 
�����
� ��)��
� 
�� �
 n������
�

������	
 �I = (i1, i2, . . . , in) ∈ Zn0 �
� 
�
	�1��
� &�4����� &����5� (index vector)2

�����"� $1( #
 �)�
�
 � � �����!�3

In = {(i1, i2, . . . , in) | ij ∈ Z ∧ λj ≤ ij ≤ μj, 1 ≤ j ≤ n} ⊆ Zn


�
����� $�
 
�%
�!��
 �
�)���
 �
� Zn �
� 
�
	�1��
� �5��� &����5� (index space)2
&
���
��
� 	
1� ���� ��� 
���������0 ���	
��1��
� � 
���
�%� 
�������
 ����� �!3

B · �J ≤ β

�/��������
������ �����'��� ������
 ��� �� ���
���� 0 	�� ������� �����������
�1������� ���(��
 ���� λj ,≤ μj ) ������ �� �������� (� �
��� ������
�+ �
����� B ��� ���������� ������
����� �� ��� ��
��	� ����� ��� ������
����� � �
����� A

��� �����
�� �����������
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�����"� $1) '� $�
 �)���	
 � ��
�	$� � *��� � *�%
��m0 	�
 
�
�
�� ��
� n������
�

���
�
 A 	�
��� �
 
�
�
�
��
%�� 	� �� ��
���	
���� ��������� �fA(j1, j2, . . . , jn) =
U · �J + �u0 ��
� 
 ���
�
� U ��
����� � n × m 
�
	�1��
� ���
�
� 
�
�
��� �
� �
 n�
�����
�
 ������	
 �u 
�
	�1��
� ������	
 
��������2 ( ��
���	
���� ��������� �fA %


�
	�1��
� ������	
 
�
�
���2

�����"� $1. �������!���� &�&��'�#� (data mapping) ���
� � ��������� � 
�
�
 
����
�
��1�� �
 ������	
 
�
�
��� ���� 
����
�� 
�� �
 ��!�
 ��
����
 �
� ���
�
2

� 10'��(�1� %'("1(�26�1�� * *�,4'5'  2'%" 1�,%'("+.� *")("  2'%" %0(. !�0 !��:��� "
4'% !��0*"�1(%(� !2'%+% 1(�' ,�'�*"�1(%(� ,'.,��

	"% 4'% *"1*"�1(%(� !2'%+% (% *"�'01,%(% %'("1(�26�1�� !�0  +#��8�0' (�' %!�/.+ 01�
(5' 1(�"6 25' (�0 !2'%+% +%(� -�%,,4� +%" +%(� 1(.� �� * *�,4'�0 )(" (� ,.+�� +�/ 
-�%,,.� . 1(.���  2'%" n�  2'%" %'(21(�"6% (%L

m =

(
n
1

)
m =

(
1
n

)

��  15( �"+) -"'), '� (5' *"%'01,�(5' %'%#���� %'("1(�26�1�� *2' " (� , (%()!"1�
(�� %'("1(�26�1��� 	"% !%��* "-,% ,"% %'%#��� A[i][j] 46 " *"�'01,% %'%#���� (� (i, j) +%"
 !�,4'5� � , (%()!"1� (�� %'("1(�26�1�� 1 !2'%+% %!�/�+ 0,4'� +%(% -�%,,4�  2'%"L

ψ = (i, j) ·
(

n
1

)
= in + j

��� )���

�"���
"�� *�*�"$���

$�$�� �������

�%1"8), '�" 1(� JA�K /% !%��01"�1�0, 1 - '"+4� -�%,,4� (� :%1"+) / 5��("+) !�%21"� (5'
, (%16�,%("1,�' * *�,4'5' (5' �!�25' � !2'%+%� , (%16�,%("1,�$  2'%" %'("1(�47",���

�����"� $1� 4��
� �������������"� &�&��'�#�(data transformation) (A, a) ��
 $�

n������
�
 ���
�
 A0 
�
������
� 
�� $�
 n × n 
������$/�	
 ���
�
 A �
� $�
 n������
�

������	
 a2

�(�' ! �2!(51� !�0 (� *"�'01,% a  2'%" 21� , 0� (� (A, a) -��# (%" %!�� A� �#%�,)9
8�'(%� (�' , (%16�,%("1,) A 1(� *"�'01,% %'%#���� �fA  ')� !2'%+% A� !%2�'�0, (� '4�
*"�'01,% %'%#����L

�f ′
A = U ′ · J + �u′ = A · U · J + (A�u + �a)

$�$�" �
����
� !	������������#

� , (%16�,%("1,)� * *�,4'5' (A, a) !�0 %#��� 4'% !2'%+% * *�,4'5' A�  #%�,)8 (%" 1 
+�/ !��1!4�%1� !�0 -2' (%" 1(�' !2'%+%�  '�, ��'�'(%� 4(1" (�0� * 2+( � (5' !��1! 9
��1 5' %0(�'� +%"  !21�� %���8 " (�' *"�(%&� , (�' �!�2% %!�/�+ $ (%" 1(�' ,'.,� �
!2'%+%� A� 	"; %0() +%" �" , (%16�,%("1,�2 * *�,4'5'  2'%" �"+�0, '"+�2� 1 %'(2/ 1� , 
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(�0� , (%16�,%("1,�$� :�)65' !�0  2'%" (�!"+�2� �!21��� � A  2'%" 4'%� %�"1( ��  #%�9
,�8), '�� , (%16�,%("1,)�� 1 %'(2/ 1� , (�0� , (%16�,%("1,�$� :�)65' �" �!�2�"  2'%"
* &"�  #%�,�8), '�"�

	"% (�' %��%-. (�� *"�(%&�� , (�' �!�2% %!�/�+ $ (%" � !2'%+%� A 1(� ,'.,�� , (%9
16�,%(28�0, (� 6��� * "+(�' 6��1",�!�"�'(%� (�' , (%16�,%("1,) (A, a)�
�" '4�" * 2+( � J ′ 16 (28�'(%" , (�0� !%�"�$� J 5�L

J ′ = A · �J + �a

�!�,4'5�L
J = A−1 · �J ′ −A−1�a

�%" %'("+%/"1(�'(%� (�' ( � 0(%2% 1(�'

B · �J ≤ β

!��+$!( "L
B · (A−1 · �J ′ −A−1�a) ≤ β ⇒ B · A−1 · �J ′ ≤ β + A−1�a)

�0'�728�'(%�� , (�'  #%�,�-. (�0 , (%16�,%("1,�$ (A, a) (% )�"% (�0 '4�0 6���0
* "+(�' :�21+�'(%" %!) (�' �$1� (�� %'"1)(�(%�L

B′ · �J ′ ≤ β′

)!�0L B′ = B · A−1 +%" β′ = β + B · A−1�a
� !%�%!�'5 %'2151� 1(� - '"+. ! �2!(51� * ' /% *�1 " 1(%/ �� )�"%� ��' 0!��6 "

%'�-+� -"% 1(%/ �� )�"% ()( ,!�� 2 '% 6��1",�!�"�/ 2 (� ,"+�)( �� ��/�-�'"� !��$ *��
!�0 ! �"+� 2 " (� 6��� * "+(�'�

���������� ;�1(5 (� %+)��0/� (,.,% (�0 +�*"+%  ')� !��-��,,%(��L

int A[ 8 ] [ 4 ] , B [ 4 ] [ 8 ] ;
. . .
for ( i =0; i <3; i++)

for ( j =1; j <4; j++)
A[ j ] [ i ]+=A[ j −1] [ i +1]+B[ j ] [ i+j ] ;

�#%�,)8�'(%� (�0� %+)��0/�0� , (%16�,%("1,�$� * *�,4'5'L

AA =

(
0 1
1 0

)
aA =

(
0
0

)

AB =

(
−1 1
1 0

)
aB =

(
0
4

)

!%2�'�0, L

U ′
A =

(
0 1
1 0

)(
0 1
1 0

)
=

(
1 0
0 1

)

u′
A =

(
0 1
1 0

)(
0
0

)
+

(
0
0

)
=

(
0
0

)
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�!�,4'5�� �  "+)'% (�� %'%#���� A[j][i]  2'%" � A[i][j]� �  "+)'% (�� A[j−1][i+1] :�21+ (%"
!%�),�"%�

U ′
B =

(
−1 1
1 0

)(
0 1
1 1

)
=

(
1 0
0 1

)

u′
B =

(
−1 1
1 0

)(
0
0

)
+

(
4
0

)
=

(
4
0

)

�!�,4'5�� �  "+)'% (�� %'%#���� B[j][i + j]  2'%" � B[i + 4][j]�
�!�,4' " '% :��$, (% )�"% (�0 6���0 * "+(�'� � %�6"+)� 6���� * "+(�' -"% (�0� *$�
!2'%+ � %! "+�'28 (%" %!) ("� %'"1�1 "�L⎛

⎜⎜⎜⎝
1 0
0 1
−1 0
0 −1

⎞
⎟⎟⎟⎠
(

i1
i2

)
≤

⎛
⎜⎜⎜⎝

7
3
0
0

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

1 0
0 1
−1 0
0 −1

⎞
⎟⎟⎟⎠
(

i1
i2

)
≤

⎛
⎜⎜⎜⎝

3
7
0
0

⎞
⎟⎟⎟⎠

�" %'(21(��#�" (5' !"'�+5' , (%16�,%("1,�'  2'%"L

A−1
A =

(
0 1
1 0

)
A−1

B =

(
0 1
1 −1

)

�%" ��% �" %'"1)(�( � !�0 ! �"-��#�0' (�0� '4�0� 6���0� * "+(�' !�0 !��+$!(�0' %!)
(�0� , (%16�,%("1,�$�  2'%" �" %+)��0/ �L⎛

⎜⎜⎜⎝
0 1
1 0
0 −1
−1 0

⎞
⎟⎟⎟⎠
(

i′1
i′2

)
≤

⎛
⎜⎜⎜⎝

7
3
0
0

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

0 1
1 1
0 −1
−1 −1

⎞
⎟⎟⎟⎠
(

i′1
i′2

)
≤

⎛
⎜⎜⎜⎝

3
11
0
−4

⎞
⎟⎟⎟⎠

	"% (�' !2'%+% � (% )�"%  2'%" !��#%'.� 	"% (�' !2'%+% � ),5� /% !�4! " '% �0/�$' �"
%'"1)(�( �L

4 − i′2 ≤ i′1 ≤ 11 − i′2
0 ≤ i′2 ≤ 3

�0() ),5� !�0 ,%�  '*"%#4� "  2'%" '% :��$, (� ,"+�)( �� ��/�-�'"� !��$ *�� !�0 ! �"9
+� 2 " (� 6��� * "+(�'� (� �!�2�  2'%"L

1 ≤ i′1 ≤ 11
0 ≤ i′2 ≤ 3
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,�-. �����% ����% �
��2
�� A

,�-. �����% ����% �
��2
�� B

,	-. �����% ����% �
��2
�� A

,�-. �����% ����% �
��2
�� B

�+�&� 3�/	 ���$9� ���(�8 �(�� �*� 2�2�&8�*� �*� ���
�*� A ��� B ���� ��� &��

��� �7��&��� ��� &���(+�&���(&�� 2�2�&8�*�

int A[ 4 ] [ 8 ] , B [ 1 2 ] [ 4 ] ;
. . .
for ( i =0; i <3; i++)

for ( j =1; j <4; j++)
A[ i ] [ j ]+=A[ i +1] [ j −1]+B[ i +4] [ j ] ;

�(� 16.,% B�A !%��01"�8�'(%" (% ,�(2:% !��1!4�%1�� * *�,4'5' !�"' +%" , (� (�'  #%�,�-.
(�0 , (%16�,%("1,�$ * *�,4'5'�

$�$�$ �������	� ,������ !��
��

@% !%��01"�1�0, ��"1,4'�0� :%1"+�$� , (%16�,%("1,�$� * *�,4'5' (5' �!�25' � !2'%+%�
, (%16�,%("1,�$  2'%" %'("1(�47",���
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	 #/

Unimodular ��#�� ���#���
� " �4(�"�"  2'%" � , (�/ 1�� � %'%1(��#. +%" � ! �"9
1(��#. (�0 !2'%+% * *�,4'5'�

, (�/ 1�

(
0 1
1 0

)
,

(
0
0

)

%'%1(��#.

(
1 0
0 −1

)
,

(
0
0

)

! �"1(��#.

(
1 0
1 1

)
,

(
0
0

)

��, "�' (%" )("� %' +%" � , (%16�,%("1,4'�� 6���� * "+(�' 46 " (� 2*"� !�./�� 1�, 25' , 
(�' %�6"+) 6���� (� !��$ *��  2'%" +0�()  ' -4' "� )!5� -"% !%��* "-,% , (�' , (%16�9
,%("1,) (�� ! �"1(��#.�� � ,"% (4(�"% ! �2!(51��  �' � !2'%+%� !�4! " '% %!�/�+ 0( 2
, (� 6�.1�  ')� ��/�-�'"�0 !2'%+%� /% 0!��6�0' 1�, 2% !�0 /% ,4'�0' + '�� �!21��� �
10'�/"1,4'� , (%-5-. , (%&$ (�� +%(� -�%,,4� . (�� +%(� 1(.� � %!�/.+ 01�� (�0 !2'%+%
-2' (%" , (�' , (%16�,%("1,) (�� , (�/ 1���

)��*�����(Scaling) ���1",�!�" 2(%" -"% (�' *" $�0'1�  ')� ,"+��$ !2'%+%� 	"% !%��9
* "-,%�  �' /4��0, '% +�",%+�1�0, (� !��(� * 2+(� +%(% �� � !2'%+%� , (%16�,%("1,�$
 2'%" � %+)��0/��L (

1 0
0 2

)
,

(
0
0

)

+��
'���(Compression) ���1",�!�" 2(%" -"% (�' 10,!2 1�  ')� !2'%+%� )(%' (� ,49
- /�� (�0 6���0  2'%" +�21",�� 	"% !%��* "-,%�  �' /4��0, '% 10,!"41�0, (� !��(� * 2+(�
+%(% �� � !2'%+%� , (%16�,%("1,�$  2'%" � %+)��0/��L

(
1/2 0
0 1

)
,

(
0
0

)

(	'�,���(Shift) ���1",�!�" 2(%" -"% (�' ��21/�1�  ')� !2'%+% +%(� ,"% 1(%/ ��� ��("
(4(�"�  2'%" 6�.1",� 1(�' ! �2!(51� !�0  !"/0,�$, � !2'%+%� '%  0/0-�%,,"1( 2 (data
alignment) +%" '% %!�/�+ 0( 2 1 *"%#�� ("+. /41� ,41% 1(�' +�0#. ,'.,�� , 1+�!)
(�'  ��((51� (5' 10-+��$1 5' , ����0� !2'%+ � !�0 0!��6�0' 1(�' +�0#. ,'.,�� 	"%
!%��* "-,%�  �' /4��0, '% ��"1/.1�0, (�' !2'%+% +%(� 9A� � !2'%+%� , (%16�,%("1,�$
 2'%" � %+)��0/��L (

1 0
0 1

)
,

(
1
0

)

�3� �����	
� �� ���� ���������������� �������
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$�$�' �
��������

��6"+�� -"% '%  2'%" 4-+0��� 4'%� , (%16�,%("1,)� * *�,4'5'� /% !�4! " '%  '�, ��'�'(%"
)� � �" %'%#��4� +%" '% ,�' !��+$!(�0' 10-+��$1 "� , (%&$ *$� %'%#���'� 	"% !%��* "-9
,%  �' (% 1(�"6 2% A[1][2] +%" A[3][4] !��1! ��'�'(%" +%" (% *$�� ()( * ' /% !�4! " '%
, (%16�,%("1(�$' +%" '% %!�/�+ 0(�$' 1(� 2*"� 1�, 2�� 41(5 A′[1][2]� @% !�4! "  !21��
'% : :%"5/�$, )(" * ' 6�'�'(%" 6�.1",% * *�,4'%# , (� 6�.1� (�0 '4�0 16.,%(��� �!"9
!�)1/ (%� /% !�4! " '% : :%"5/�$, )(" )� � �"  &%�(.1 "� * *�,4'5' *"%(���$'(%"� ��
 !), '� 1�,%'("+) / ���,% %!�*"+'$ (%" 1(� JA�K�

��5���� $1
 ( ��
�	
�� 	��
���	
���	!� ���
	$� � �
� 
 ���
�
� �
�� ���
� 
������$�
/�	
�0 det(A) �= 00 ���
� ����
�� $�����2

��, �������
� )���

�"���
".� #��
�� ��� /� 

*�"$���

$�'�� 2	����

���,%�"1("+�� �  '�!�"�,4'�  #%�,�-.  ')� , (%16�,%("1,�$ :�)65'� 41(5 L� +%"  ')�
, (%16�,%("1,�$ * *�,4'5'� 41(5 A� , (%16�,%(28 " 4'% !2'%+% %'%#���' U 1(�' '4�
!2'%+% %'%#���' U ′L

U ′ = AUL−1

�  � 0'�("+. +�"')(�(% %'%-'��"1 (�' %'�-+� -"%  '�!�"�1� (5' , (%16�,%("1,�'
:�)65' +%" * *�,4'5' , 1+�!) (�'  +, (��� 01� (�� (�!"+)(�(%� !�0 * '  2'%" *0'%() '%
 +, (%�� 0( 2 � & 65�"1(.  #%�,�-. (5' *$� ($!5' , (%16�,%("1,�'� �+�!)�  2'%" , (�
, (%16�,%("1,) * *�,4'5' '%  !"(0-6�' (%" � %!�/.+ 01� (5' * *�,4'5' , (� 1 "�� !�0
%0(� !��1! ��'�'(%" %!) (�' : �("1(�!�"�,4'� , (�0� , (%16�,%("1,�0� :�)65' +�*"+%�

$�'�" 2�������� 0����/	��

�("� -�%,,"+4� *"%(�& "� (% * *�,4'%  ')� !2'%+% %!�/�+ $�'(%" 1(� ,'.,� 5� ,"% #5�"%9
1,4'� *"�(� &� (5' *"%1(�1 5'� �  15( �"+)( �� *"�1(%1� %!�( � 2 (� *"�1(%1� +%(� (�'
�!�2% %!�/�+ $ (%" � !2'%+%� 1(�' ,'.,� +%" %!�( � 2 (� -��-��)( �% , (%:%��), '� *"�9
1(%1� (�0 !2'%+%� 	"% 4'% n9*"�1(%(� !2'%+% 0!��6�0' n! !"/%'4� -�%,,"+4� *"%(�& "�� 	"%
!%��* "-,%� 4'%� *"1*"�1(%(�� !2'%+%� 46 " *$� !"/%'4� (4(�" � *"%(�& "�L +%(� -�%,,4� .
+%(� 1(.� �� �(�' +%(� -�%,,4� <:�4! 16.,% B��<%H== %!�/�+ $ (%" %�6"+� � !��(� -�%,,.
(�0 !2'%+%� %+���0/ 2 � * $( �� -�%,,. +���+ +%" � -��-��)( �% , (%:%��), '� *"�1(%1�
 2'%" � *"�1(%1� i1 . %��"�� *"�1(%1� -�%,,�'� �(�' +%(� 1(.� � %!�/�+ $ (%" %�6"+� �
!��(� 1(.�� (�0 !2'%+%� %+���0/ 2 � * $( �� 1(.�� +���+ +%" � -��-��)( �% , (%:%��), '�
*"�1(%1�  2'%" � *"�1(%1� i2 . %��"�� *"�1(%1� 1(���'�

�(� JGK !%��01"�8 (%" ,"%  '"%2% !��14--"1� � �!�2% ! �"��28 (%" 1 -�%,,"+4� *"%(�& "�
!"'�+5'� �"1�- (%" � 4''�"% (�0 ��
�)�	
�
� ��
������	
)(stride vector) 5�  '%��%+("+)

�#� ��� ��� ��%���� �����'��) ������������ ��� �����'�� ��� 	
����� ����
����� ��� ������

�� 
�� ����������������� 4�� ���
���	��) �� '�� ����� �
���� ������'� 	
������ ���� ��� ��
�������
 ������
��



���� �	�������� ���
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	 �����
	 �
� �������	
	 #3

(�0 *"%'$1,%(��  !%'%6��1",�!�2�1�� <*�$��  )(�(% ���= +%" %'%!($11 (%" ,"% 1(�%(�-"+.
: �("1(�!�2�1�� , 1+�!) (�'  $� 1� (�0  !"/0,�(�$ ��
�)�	
�
� 
�����
������(mapping
vector)� !�0 %'("!��15! $ " *"%(�& "� * *�,4'5'� +%" (�' !2'%+% , (%16�,%("1,�$� �(� (49
��� !��+$!( " �  &2151�L L�v = U �m� )!�0 (� ,)'� -'51()  2'%" � !2'%+%� %'%#���' U � �
%�-)�"/,�� !��1!%/ 2 '% :� " (�' , (%16�,%("1,) (�0 6���0  !%'%�.7 5' L� (� *"�'01,%
%'("1(�26�1�� �m� (� �!�2� 46 " n! !"/%'4� ,��#4� -"% 4'% n9*"�1(%(� !2'%+%� +%" (� *"�'01,%
*"%1+4�"1�� �v� �! "*. (� !�):��,%  2'%" %�+ (� *$1+���� 6��1",�!�" 2(%" � %+)��0/�  0�"9
1("+. ,4/�*��� ���(�� 0!�/4( " )(" � !2'%+%� L ! �"46 " ,)'� 0 +%" 1� ? $( ��� � (",. (�0
*"%'$1,%(�� �v / 5� 2( -'51(.� � %�-)�"/,�� +%(%1+ 0�8 " 1(%*"%+� -�%,,.9-�%,,. (�'
!2'%+% T 6��1",�!�"�'(%� 4'% ! �"��"1,4'� %�"/,) %!) , (%16�,%("1,�$�� � "�' +(.,%(%
(�� , /)*�0 %0(.�  2'%" � ,"+�. %+�2: "%� �)-5 (�0 ! �"��"1,4'�0  $��0� , (%16�,%("1,�'
!�0 6��1",�!�"�$'(%" +%"  !21�� (� - -�')� )("  2'%" %'%-+%2% � -'�1� (�0 �v�

�(� JEK !%��01"�8 (%" ,"% ���� ,4/�*�� -"% (�' 10'*0%1,) , (%16�,%("1,�' * *�,49
'5' +%" :�)65'� � �!�2% )'(5� 1(��28), '� 1(�' !%�%!�'5 ,4/�*� ! �"��28 (%" +" %0(. 1 
-�%,,"+4� *"%(�& "� !"'�+5'� � %�-)�"/,�� *"%+�2' " (�0� !2'%+ � * *�,4'5' %'���-% , (�
/41� !�0  ,#%'28�'(%" ,41% 1 ,"% 4+#�%1�L !2'%+%� LHS� )(%'  ,#%'28 (%" 1(� %�"1( �)
,4��� +%" !2'%+ � RHS� )(%'  ,#%'28�'(%" 1(� * &") ,4���� �! "*. 10'./5� 4'%� !2'%+%�
LHS�  ,#%'28 (%" +%" 5� RHS� � %�-)�"/,�� !��1!%/ 2 %�6"+� '% :� " (� :4�("1(� *"�(%9
&� (�0 LHS !2'%+%� � !2'%+%� , (%16�,%("1,�$ L /% !�4! " '%  2'%" (4(�"�� 4(1" �1( �
* 2+(�� jm (�0 *"%'$1,%(��  !%'���7�� �J = j1, . . . , jm (�0 , (%16�,%("1,4'�0 101(.,%(��
#5�"%1,4'5' :�)65' '% * "+(�*�( 2 ,�'�6�� ,)'� ,"% *"�1(%1� r (�0 !2'%+% LHS� �)( �
!2'%+%� LHS %!�/�+ $ (%" , -��-��)( �% , (%:%��), '� *"�1(%1� (�' *"�1(%1� r� �+�9
��$/5�� : �("1(�!�" 2(%" � *"�(%&� (�0 !2'%+% RHS� 	"% (�' : �("1(�!�2�1� (�0 !2'%+%
RHS � %�-)�"/,��  �4-6 " %'  ,#%'28 (%" ,�'�6�� � * 2+(�� jm ,)'� 1 +�!�"% *"�1(%1�
s +%" %' !��-,%(" 10,:%2' " %0()� ()( � !2'%+%� %!�/�+ $ (%" , -��-��)( �% , (%:%��)9
, '� *"�1(%1�� (�' *"�1(%1� s� �' %0() * '  2'%" *0'%()� ()(  �4-6 (%" � * 2+(�� jm−1 %'
 ,#%'28 (%" ,)'� , (�' jm 1 +�!�"% *"�1(%1� s′� +���+� +%" ()( %!�/�+ $ (%" � !2'%+%�
RHS , -��-��)( �% , (%:%��), '� *"�1(%1� (�' *"�1(%1� s′� � )�� *"%*"+%12%  !%'%9
�%,:�' (%" -"% )� � ("�  '%��%+("+4� *"%(�& "� %!�/.+ 01�� (�0 !2'%+% LHS +%" 1(� (4���
 !"�4- (%" � �$1� � �!�2%  +, (%�� $ (%" 65�"+. (�!"+)(�(% 1(�'  15( �"+)( �� :�)6� -"%
("� ! �"11)( � � %'%#��4� !2'%+5'� � (�' %�-)�"/,� %0() +%(%1+ 0�8 (%" (%0()6��'% �
, (%16�,%("1,)� :�)65' +%" � *"�(%&� %!�/.+ 01�� (5' !"'�+5'�

$�'�$ 0����/� ��������

�" !���-�$, ' � , /)*�" !��1!%/�$' '% :��0' (�' :4�("1(� -�%,,"+. *"�(%&� -"% (�' %!�9
/.+ 01� (5' !"'�+5'� �4(�" � ),5� -�%,,"+4� *"%(�& "�  0'��$' ,)'� ,"% *"�1(%1� (�0
!2'%+%� *�,"�0�-�'(%� %' !"/$,�(% ,�(2:% !��1!4�%1�� * *�,4'5'� �" %1(�62 � +�0#.�
,'.,�� �)-5 10-+��$1 5' !�0 !��+%��$'(%" %!) ("� -�%,,"+4� *"%(�& "� 46�0' 1%' %!�(49
� 1,% (�' *�%1("+. , 251� (��  !2*�1�� (�0 101(.,%(�� ,'.,��� �"% �$1� 1(� !�):��,%
 2'%" � 6�.1� (5' ��
���� � ��
��� � (block data layouts-BDL) � � 6�.1� (4(�"5' *"%(�9
& 5' 1(��28 (%" 1(�' 07��.  !2*�1� (�0 , (%16�,%("1,�$ tiling� � �!�2% /% ,!���$1 '%
%0&�/ 2 %+),� ! �"11)( �� %' (% * *�,4'% %!�/�+ $�'(%' , (� *"�(%&� !�0 %0(� !��1! 9
��'�'(%"� *��%*. 1  ')(�( � (blocks)�

�$,#5'% , (� J�K 4'%� *"1*"�1(%(�� !2'%+%� *"%1(�1 5' m × n ,!�� 2 '% / 5��/ 2
5� 4'%� !2'%+%� *"%1(�1 5' �m

tR
� × � n

tC
� %!�( ��$, '�� %!)  ')(�( � *"%1(�1 5' tR ×
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�
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,�-. ��
��$� ���
 	����'� ,�-. ��
��$� ����%���
(BDL)

,	-. ��
��$� Morton

�+�&� 3�!	 0���� 2��7������8� 2���
'��� ��������(�� 2�2�&8�*�

tC � �%(;  !4+(%1�� � *"1*"�1(%(�� 6���� (i, j) (�0 %�6"+�$ !2'%+% %'("1(�"628 (%" 1 4'%
( (�%*"�1(%(� 6��� (ti, tj , fi, fj)� 	"% (�' *"�(%&� (5' * *�,4'5' ,41% 1(� 6��� (fi, fj)
(�� +�/  ')(�(%� !��( 2' (%" � 6�.1� -�%,,"+.� *"�(%&��� *��%*. *"�(%&� +%(� 1(.� � .
+%(� -�%,,4�� %'���-% , (� 1 "�� !�0 (% * *�,4'% !��1! ��'�'(%" %!) (�' +�*"+% (�0
!��-��,,%(�� <*�$�� 1.,% B��<:H==� �%�)�% %0(�� �"  !"!�4�'  '(��4� !�0  +( ��$'(%" -"%
(�' , (%(��!. (5' *"1*"�1(%(5' %'%#���' !��1!4�%1�� 1 ( (�%*"�1(%( ��  !":%�$'�0' (�
10'��"+) 6�)'�  +(4� 1���

�"% ���� !%�),�"% *"�(%&�  2'%" � %'%*��,"+. *"�(%&� Morton <*�$�� 1.,% B��<-H==�
�(�' *"�(%&� %0(. � %�6"+)� !2'%+%� 65�28 (%" 1(% (411 �% ( (%�(�,)�"%� +%" +�/ 0!�9
!2'%+%� !�0 !��+$!( " !��:��� (%" 10' 6), '% 1(�' ,'.,�� �(� 10'46 "%� +�/ (4(�"��
0!�!2'%+%� 0!�*"%"� 2(%" %'%*��,"+� +%" !��:��� (%" , (�' 2*"� (�)!�� ,46�" �" 0!�!2'%+ �
#(�1�0' (�  !"/0,�() ,4- /�� (��  ')(�(%��

�(�'  !), '�  ')(�(% !%��01"�8 (%" � ,4/�*�� MBaLt � �!�2%  2'%" "*"%2( �% %!�( 9
� 1,%("+. -"% (�' -�.-��� * "+(�*)(�1� (5'  '�(.(5' !�0 !��+$!(�0' %!) (�'  #%�,�-.
*"%(�& 5' ($!�0 BDL�

��- 0 )$1�*�� /��	1	�
��*���
�� MBaLt

� �/%'%1�+� 1(� J�KJAGK !��( 2' " ,"% %!�*�("+. ,4/�*� 0!���-"1,�$ *" 0/$'1 5' -"% *"%9
(�& "�  '�(.(5'� (�' �!�2% �'�,�8 " MBaLt(Masked Blocked array Layouts)� �"�/ ( 2
*"%(�& "�  '�(.(5' +%" * "+(�*)(�1� *" 1(%�,4'5' %+ �%25'� !%�),�"% , (�' * "+(�*)(�1�
!�0 6��1",�!�" 2(%" 1(�' *"�(%&� Morton� �!�,4'5�� 10'*0�8 " (�!"+)(�(% * *�,4'5'� �)9
-5 (5' *"%(�& 5' BDL� ,%82 , %!�*�("+. !��1!4�%1� (5' 1(�"6 25'� %#�$ �" !��& "� !�0
-2'�'(%" -"% (�' * "+(�*)(�1� %'�-�'(%" 1 %!�4� !��& "� *0%*"+�' %�"/,�'� �  '15,�(51�
(�� , /)*�0 1 +�*"+ � !�0  #%�,)8�0' tiling$ 46 " 1%' %!�(4� 1,% (�' %!�/.+ 01� (5'

�� �����
���� ��� MBaLt �� ������� tiling �
��� ��� ������) ���� �� ������� �������'���
������ �
��� ����������'�� �� ���� ��� �����
����) �����% '��� �
(�� �
(�� 2N ) ���� N �� �
(��



���� � �������� ������	����������� MBALT 55

* *�,4'5' , (� 1 "�� !�0 %0(� !��1! ��'�'(%"� 65�2� �"  !"!�4�' !��& "� !�0 -2'�'(%" -"%
(� * "+(�*)(�1� '%  !":%�$'�0' 1 , -��� :%/,) (� 10'��"+) 6�)'�  +(4� 1���

$�1�� 0�	��������� %������� (Dilated Integers) ��� 0	����&

������ Morton

�" %+)��0/�" ��"1,�2 "16$�0' ,)'� -"% *"1*"�1(%(�0� !2'%+ ��

�����"� $10 9 
�$�
�
�
−→
b =

∑w−1
k=0 4k ���
� � ��
%��� 0x55555555 �
� �
����
� evenBits2

&
��	
�
0 
 
�$�
�
�
←−
b = 2−→b ���
� � ��
%��� 0xaaaaaaaa �
� �
����
� oddBits2

�����"� $12 ( ����
������
�	$�� (even-dilated) 
�
�
����
�� �
� j =
∑w−1

k=0 jk2k ���
�∑w−1
k=0 jk4k �
� ��	*
��1��
� 	�

−→
j 2 ( �������������
�	$�� (odd-dilated) 
�
�
����
�� �
�

i =
∑w−1

k=0 ik2k ���
� 2−→i �
� ��	*
��1��
� 	�
←−
i 2

��5���� $1 ( �����
������ Morton ��
 �
 < i, j >
 ��
����
 ���� ���
�
 ���
�
←−
i ∨−→

j 0
�
←−
i + −→

j 2

;�1(5 ��"!)' � * 2+(�� -�%,,.� i , (% *0%*"+� 7�#2% (�0 *" 1(%�,4'%� 4(1" �1( '%
+%(%�%,:�'�0' ("� /41 "� (5' 7�#25' 1 (�0 oddBits� +%" � * 2+(�� 1(.��� j , (% *0%*"+�
7�#2% (�0 *" 1(%�,4'%� 4(1" �1( '% +%(%�%,:�'�0' ("� /41 "� (5' 7�#25' 1 (�0 evenBits�
��' � !2'%+%� A  2'%" %!�/�+ 0,4'�� 1 *"�(%&� Morton� ()( (� 1(�"6 2� (i, j) !��1! ��9
' (%" 5� A[i + j] %164(5� (�0 , -4/�0� (�0 !2'%+%�

;�'%� :�)6�� (�� ,��#.�L

for ( i =0; i<N; i++)
. . .

(��!�!�" 2(%" 1(�'L

for ( im=0; im<Nm; im=(im−evenBits )&evenBits )
. . .

)!�0 im = −→
i +%" Nm = −→

N �

��' 6��1",�!�"�$, %'%!%��1(%1� *" 1(%�,4'5' %+4�%"5' -"% (�' * "+(�*)(�1�  ')�
!2'%+%� ()(  �' 4'%� * 2+(��L

• ���1",�!�" 2(%" ,)'� 5� * 2+(�� 1(.���� � %'%!%��1(%1� (�0  2'%" ��("%�

• ���1",�!�" 2(%" ,)'� 5� * 2+(�� -�%,,.�� � %'%!%��1(%1� (�0  2'%" ! �"((.�

• ���1",�!�" 2(%" 5� * 2+(�� 1(.��� +%" -�%,,.�� � %'%!%��1(%1� (�0  2'%" ��("% +%"
)(%' /4��0, (�' ! �"((. %'%!%��1(%1� (�0 %!��� *"!�%1"�8�0, �

��� ����%����� ���
� tiling�



56 ����
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�+�&� 3�3	 ����(+�&���(&%� ZZ

���������� � !���%!�%1"%1,)� !"'�+5' , !2'%+ � %!�/�+ 0,4'�0� 1 *"�(%&� Morton
 2'%" � %+)��0/��L

#define evenIncrement ( i ) ( i =(( i−evenBits )&evenBits ) )
#define oddIncrement ( i ) ( i =(( i−oddBits )&oddBits ) )
for ( i =0; i<colsOdd ; oddIncrement ( i ) )

for ( j =0; j<rowsEven ; evenIncrement ( j ) )
for ( k=0; k<rowsAEven ; evenIncrement (k ) )

C[ i+j ]+=A[ i+k ]∗B[2∗ k+j ] ;
. . .

;�!�0� rowsEven, colsOdd +%" rowsAEven  2'%" (% )�"% 1 %'%!%��1(%1� *" 1(%�,4'5'
%+4�%"5'� �%�%(�� 21( )(" � k 6��1",�!�" 2(%" 5� * 2+(�� 1(.��� +%" 5� * 2+(�� -�%,,.��
�!�,4'5�� , (%(�4! (%" 1(�'

−→
k +%" )(%' 6��1",�!�"�/ 2 5� * 2+(�� -�%,,.� *"!�%1"�8 (%"

-"% '% ,%� *�1 " (�
←−
k �

$�1�" !�� 4���� 4����

���

�% BDL  ! +( 2'�'(%"� 4(1" �1( (% * *�,4'% '% %!�/�+ $�'(%" , (� 1 "�� !�0 %0(�
!��1! ��'�'(%" )(%'  +( � 2(%" (� !�)-�%,,%� �0(. � *"�(%&� %!�/.+ 01�� !%��01"�8 (%"
1(� 16.,% B�B -"% 4'% !2'%+% , -4/�0� 8 × 8� � �!�2�� 0!�*"%"� 2(%" 1 tiles , -4/�0�
4 × 4� � *"%+ +�,,4'� -�%,,. * 26' " (� 1 "�� , (�' �!�2% (� !�)-�%,,% !��1! ��' " (%
* *�,4'%�  '� � %�2/,�1� *���' " (� 1 "�� , (�' �!�2% (% * *�,4'%  2'%" %!�/�+ 0,4'%�
�" !2'%+ � 0!�*"%"��$'(%" 1 tiles 2*"�0 , -4/�0� , %0(� !�0 6��1",�!�" 2 (� !�)-�%,,% (�
�!�2� !��1! ��' " (% 1(�"6 2% (�0 !2'%+%�

� , (%16�,%("1,)� (�0 !%�%* 2-,%(�� �'�,�8 (%" ZZ� *")(" (�  15( �"+) (5' tiles 1%9
��' (%" +%(� -�%,,4�� ),�"% , Z +%" � , (%+2'�1� %!) tile 1 tile  2'%"  !21�� ),�"% , Z�
	 '"+�� (� !��(� -��,,% (�0 , (%16�,%("1,�$ *���' " (� , (%+2'�1� %!) tile 1 tile�  '�
(� * $( �� -��,,% *���' " (� 1 "�� , (�' �!�2% (% * *�,4'% 1%��'�'(%" 1(�  15( �"+)
(�0 tile�



���� � �������� ������	����������� MBALT #6

� 1��51� (5' 1(�"6 25'  ')� !2'%+% 1 *"�(%&� ZZ ,!�� 2 '% -2' " , (�' %+)��0/�
+�*"+%L

/ ∗ ZZ− o r d e r ∗ /

for ( i i =0; i i <N; i i+=step )
for ( j j =0; j j <N; j j+=step )

for ( i=i i ; i<MIN( i i+step ,N) ; i++)
for ( j=j j ; j<MIN( j j+step ,N) ; j++)

A[ i ] [ j ] = . . . ;

�%�),�"% !��+$!(�0' +%" �" ��� � (� "� ,��#4� (�0 , (%16�,%("1,�$L NZ� NN +%" ZN�
�" �!�2 � !%��01"�8�'(%" 1(� 16.,% B�F� �" %'(21(�"6�" +�*"+ � 1��51��  2'%" �" !%�%+�(5L

/ ∗ NZ− o r d e r ∗ /

for ( j j =0; j j <N; j j+=step )
for ( i i =0; i i <N; i i+=step )

for ( i=i i ; i<MIN( i i+step ,N) ; i++)
for ( j=j j ; j<MIN( j j+step ,N) ; j++)

A[ i ] [ j ] = . . . ;

/ ∗ NZ− o r d e r ∗ /

for ( i i =0; i i <N; i i+=step )
for ( j j =0; j j <N; j j+=step )

for ( i=i i ; i<MIN( i i+step ,N) ; i++)
for ( j=j j ; j<MIN( j j+step ,N) ; j++)

A[ j ] [ i ] = . . . ;

/ ∗ ZN− o r d e r ∗ /

for ( j j =0; j j <N; j j+=step )
for ( i i =0; i i <N; i i+=step )

for ( i=i i ; i<MIN( i i+step ,N) ; i++)
for ( j=j j ; j<MIN( j j+step ,N) ; j++)

A[ j ] [ i ] = . . . ;

�! "*� �" , (%-�5(("1(4� 0!�1(��28�0' ,)'� -�%,,"+4� *"%(�& "� +%" )6" *"%(�& "�  '�(.9
(5'� � 1��51� (�0 !2'%+% )(%'  2'%" %!�/�+ 0,4'�� 1 ,2% %!) ("� !%�%!�'5 ,��#4� ,!�� 2
'% -2' " 6��1",�!�"�'(%� ,�'�*"�1(%(� !2'%+% (�0 �!�2�0 � * "+(�*)(�1� -2' (%" ,415 *" 9
1(%�,4'5' %+4�%"5'� � * "+(�*)(�1� Morton * ' ,!�� 2 '%  #%�,�1/ 2� *")(" !��0!�/4( "
(�' $!%�&� %'%*��,"+�$ 16.,%(�� !�%+)1(�51��� 1 %'(2/ 1� , (�' !%��$1% ! �2!(59
1� !�0 � !�%+)1(�51�  #%�,)8 (%" ,)'� 1 4'%  !2! *�� �'(2� ��"!)' (5' oddBits +%"
evenBits� 6��1",�!�"�$'(%" *0%*"+4� ,�1+ ��

$�1�$ 5	���� !�����

�+���0/ 2 � !%��012%1� (�� ,��#.� (5' ,%1+�' -"% 4'% !2'%+% A[i][j] , -4/�0� Ni × Nj

+%" ,4- /�� tile stepi × stepj�
� %�"/,)� (5' 10' 6), '5' 0 +%" 1 !�0 %!�( ��$' (� +�/ (,.,% (�� ,�1+%� ��28 (%"

%!) ("� 10'%�(.1 "� mx = log(stepx) +%" tx = log Nx
stepx

� )!�0 step  2'%" *$'%,� (�0 2� ��'



#- ����
�
�� �� ���
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,�-. #�������������� NZ ,�-. #�������������� NN ,	-. #�������������� ZN

�+�&� 3�4	 :� 
  �� ����� &��78� ��� &���(+�&���(&��

(� N * '  2'%" *$'%,� (�0 2� ()( * 1, $�0, (�' %,41�� , -%�$( �� !2'%+% , N = 2n +%"
- ,28�0, (% + '� 1(�"6 2% , (06%2 � (",4�� �0(� (%  !"!�)1/ (% 1(�"6 2% * '  !":%�$'�0'
(� 10'��"+) 6�)'�  +(4� 1��� *")(" * ' !��1! ��'�'(%" !�(4�

;�!5� +%" 1(�' ! �2!(51� (�� * "+(�*)(�1�� (5' F9* '(�5'� 4(1" +"  *� +�/ 1(�"6 2�
A[i][j] (�0 *"1*"�1(%(�0 !2'%+% :�21+ (%" 1(�' /41� [im + jm] = [im|jm] (�0 ,�'�*"�1(%(�0
!2'%+%� �% im, jm !%��-�'(%" %!) (% i, j )(%'  #%�,�1/ 2 1(% ( � 0(%2% � +%(������ ,�1+%�

$�1�' *��������&)�	�������  �����

�(� 16.,% B�� !%��01"�8 (%" !5� -2' (%" � %!�/.+ 01� (5' 1(�"6 25' A[i][j] (�0 *"1*"�9
1(%(�0 !2'%+% 1 4'% ,�'�*"�1(%(� !2'%+%� 6��1",�!�"�'(%� (� *"�(%&� ZZ� 	 '"+�� -"% (�'
0��!�2�1� (5' BDL� �" * 2+( � !�0  �4-6�0' (� /41� (5' 1(�"6 25' 1(� *"1*"�1(%(� !2'%+%
* ' /% !�4! " '% !%2�'�0' *"%*�6"+4� (",4�� �(� !%��* "-,% ,%�� �" ��/4� (",4� (5' * "+(�'
i +%" j !�0  �4-6�0' ("� -�%,,4� +%" ("� 1(.� � %'(21(�"6% !%��01"�8�'(%" 1(�' !%�%+�(5
!2'%+%L

	�%,,.N�(.��L � A � B F � G C

iL � F D A� B� BG F� FF
jL � A � B AG AC AD AE

�0(4� �" (",4� %'("1(�"6�$' 1(% 1(�"6 2% (�� !��(�� -�%,,.� +%" 1(.��� <:�4! 16.9
,% B�B=� 	"% !%��* "-,%� )(%' -2' (%" ,"% %'%#��� 1(� 1(�"6 2� (�� ��� -�%,,.� +%"
B�� 1(.���� *��%*. A[2][3]� �" %'(21(�"6�" * 2+( � -"% (�' ,�'�*"�1(%(� !2'%+% /%  29
'%" i = 8, j = 3� ��  !"/0,�() 1(�"6 2� !��1! ��' (%" !��1/4(5'(%� (�0� *$� * 2+( �L
A[i + j] = A[8 + 3] = A[11]�

�" +%(����� � ,�1+ � -"% (�' 8 × 8 !2'%+% (�0 !%�%* 2-,%(�� ,%�� , step = 4�  2'%"
101100 -"% (� * 2+(� -�%,,.� i +%" 010011 -"% (� * 2+(� 1(.��� j� ��' �" (",4� 0 − 7 (5'
-�%,,"+�' * "+(�' #"�(�%�"1(�$' 6��1",�!�"�'(%� %0(4� ("� ,�1+ � <:�4! 16.,% B�G=� ()( 
!��+$!(�0' �"  !"/0,�(4� *" 1(%�,4' � (",4��



���� � �������� ������	����������� MBALT #.

����(+�&���(&%� ZZ
)�$���� =��&&�� 11 . . . 1 00 . . . 0 11 . . . 1 00 . . . 0
)�$���� ��� �� 00 . . . 0 11 . . . 1 00 . . . 0 11 . . . 1

← ti → ← tj → ← mi → ← mj →

����(+�&���(&%� NZ
)�$���� =��&&�� 00 . . . 0 11 . . . 1 11 . . . 1 00 . . . 0
)�$���� ��� �� 11 . . . 1 00 . . . 0 00 . . . 0 11 . . . 1

← ti → ← tj → ← mi → ← mj →

����(+�&���(&%� NN
)�$���� =��&&�� 00 . . . 0 11 . . . 1 00 . . . 0 11 . . . 1
)�$���� ��� �� 11 . . . 1 00 . . . 0 11 . . . 1 00 . . . 0

← ti → ← tj → ← mi → ← mj →

����(+�&���(&%� ZN
)�$���� =��&&�� 11 . . . 1 00 . . . 0 00 . . . 0 11 . . . 1
)�$���� ��� �� 00 . . . 0 11 . . . 1 11 . . . 1 00 . . . 0

← ti → ← tj → ← mi → ← mj →

�$����� 3�/	 �
(��� ����(+�&���(&,�

�+�&� 3�#	 ��������� ��%� 2�(2�
(����� �$���� (> 8�� &���2�
(���� &� �� +��(�
��� &���(+�&���(&�� ZZ
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�+�&� 3�5	 ��������� �*� ���&&��,� ��&,� �*� 2����,� ���&&�� ��� (�� �� (���
���$(���+�� 2��(�� &8��� ��&8� &� �� +��(� &�(�,� ZZ

���������� ��
		�
	������-� ����%��! �(� + #��%"� �  #%�,)1%, (�' , (%9
16�,%("1,) tiling 1(�' +5*"+% (�0 !���%!�%1"%1,�$ !"'�+5' -"% (�' : �(251� (�� (�!"+)9
(�(%�� �*� /% !��65�.1�0, ! �%"(4�5 (�' : �("1(�!�2�1� 6��1",�!�"�'(%� ("� *"%(�& "�
 '�(.(5' (BDL) +%" (� ,4/�*� MBaLt -"% (�' -�.-��� * "+(�*)(�1� (5'  '�(.(5'�

�! "*. - '"+� �  #%�,�-. (�� , /)*�0 MBaLt  2'%" !"� %!�. 1 +�*"+ � !�0 � , (%9
16�,%("1,)� tiling  #%�,)1/�+ 1 )� � ("� *"%1(�1 "�� /% 6��1",�!�".1�0, (�' +�*"+%
!���%!�%1"%1,�$ !2'%+5' , tiling +%" 1("� (� "� *"%1(�1 "�� �!21�� )!5� !��+$!( " , (�'
 #%�,�-. (�0 ,�'(4��0  +(2,�1�� +)1(�0� #5�"%1,4'5' :�)65' !�0 !%��01"�8 (%" 1(� !%9
��1(�,% �H�A� � :4�("1(� *"�(%&� (5' :�)65'  2'%" � (i, k, j)� � , (%16�,%("1,4'�� +�*"+%�
 2'%" � %+)��0/��L

for ( i i =0; i i <8; i i +=4)
for ( kk=0; kk <8; kk+=4)

for ( j j =0; j j <8; j j +=4)
for ( i=i i ; i<MIN(8 , i i +4) ; i++)

for ( k=kk ; k<MIN(8 , kk+4) ; k++)
for ( j=j j ; j<MIN(8 , j j+step ) ; j++)

C[ i ] [ j ]+=A[ i ] [ k ]∗B[ k ] [ j ] ;

�%" �" (� "� !2'%+ � A,B,C 1%��'�'(%" , :�1� (� *"�(%&� (�0 , (%16�,%("1,�$ ZZ� �"
(� "�  15( �"+)( ��" :�)6�" (i, k, j)  �4-6�0' (� 1��51�  '()� (�0 tile� ;�!5� #%2' (%" +%"
1(� 16.,% B�G� (% F �"-)( �� 1�,%'("+� 7�#2% (5' ,%1+�'  2'%" %�+ (� -"% (�' 1��51� )�5'
(5'  !%'%�.7 5'  '()� (�0 tile� �" (� "�  &5( �"+)( ��" :�)6�"  �4-6�0' (� , (%+2'�1� %!)
tile 1 tile� �% *$� ! �"11)( �� 1�,%'("+� 7�#2% (5' ,%1+�'  2'%" "+%'� -"% (�' , (%+2'�1�
, (%&$ (5' tiles�

�(�' %+)��0/� !2'%+% !%��01"�8�'(%" �" �)��" (5' * "+(�' +%" �" +%(����� � ,�1+ �L

? 2+(�� ��4-6 " �2'%+% �%(������ ��1+%

i, ii -�%,,4� A,C ,�1+% -�%,,.� <A�AA��=
j, jj 1(.� � B,C ,�1+% 1(.��� <�A��AA=
k, kk -�%,,4� B ,�1+% -�%,,.� <-"% kB, kkB=
k, kk 1(.� � A ,�1+% 1(.��� <-"% kA, kkA=

� * 2+(�� i !%2�' " (",4� 1(� {xx00|x ∈ 0, 1} +%" (� ii !%2�' " (",4� 1(� {x00000|x ∈
0, 1}� +" ��% (� i|ii = x0xx00 *2' " ("�  !"/0,�(4� (",4� -"% ("� -�%,,4� (5' !"'�+5'



���� � �������� ������	����������� MBALT 5/

A,C� �%�),�"%� � * 2+(�� j !%2�' " (",4� 1(� {00xx|x ∈ 0, 1} +%" (� jj !%2�' " (",4�
1(� {0x0000|x ∈ 0, 1}� +" ��% (� j|jj = 0x00xx *2' " ("�  !"/0,�(4� (",4� -"% ("� 1(.� �
(5' !"'�+5' B,C� � * 2+(�� k * '  �4-6 " (�' 2*"� ($!� *"�1(%1�� +%" 1(�0� *$� !2'%+ �
!�0 6��1",�!�" 2(%"� ;�(1"� -"% (�' !2'%+% A � +%(������ ,�1+%  2'%" � ,�1+% 1(.����
kA ∈ {00xx|x ∈ 0, 1} +%" kkA ∈ {0x0000|x ∈ 0, 1}� 	"% (�' !2'%+% B � +%(������ ,�1+%
 2'%" � ,�1+% -�%,,.�� kB ∈ {xx00|x ∈ 0, 1} +%" kkB ∈ {x00000|x ∈ 0, 1}� �"% 6�.1",�
!%�%(.��1�  2'%" )(" kB = kA << log(step) +%" kkB = kkA << log( N

step)�
;�6�0, ��"!)'L

ibound = columnmask = 101100<2> = 44

iiincrement = 100000<2> = 32 = 4 × 4 <<
N

step
iincrement = 100<2> = 4 = step

ireturn = min{columnmask, ii|1100<2>}

for ( i i =0; i i <ibound ; i i+=i i i n c r emen t ) {
i t i l e b ound =( i i | imask ) +1;
i r e t u r n=MIN( ibound , i t i l eb ound ) ;
for ( kk=0; kk<kjbound ; kk+=kk j j in c r ement ) {

kt i l ebound=(kk | kjmask )+1;
kreturn=MIN( kjbound , kt i l ebound ) ;
kkB=kk<<logNxy ;
for ( j j =0; j j <kjbound ; j j+=kk j j in c r ement ) {

j t i l eb ound =( j j | kjmask ) +1;
j r e tu rn=MIN( kjbound , j t i l eb ound ) ;
for ( i= i i ; i<i r e t u r n ; i+=i increment )

for ( k=kk ; k<kreturn ; k+=kj increment ) {
kB=(k & ( s tep 1 ) )<<l o g s t ep ;
ktB=kkB |kB ;
xA=i | k ;
for ( j=j j ; j<j r e tu rn ; j+=kj increment )

C[ i | j ]+=A[xA]∗B[ ktB | j ] ;
}

}
}

}

$�1�1 � ��
�������

�!21��� � �/%'%1�+� 1(� J�K !��( 2' " 4'%  0�"1("+) %�-)�"/,�% -"% (�'  $� 1� (�0 , (%16�9
,%("1,�$ !�0 ! (06%2' " (�' ,4-"1(� *0'%(. : �("1(�!�2�1�� � %�-)�"/,��  2'%" �"+�0, '"9
+)�� *��%*. -"% (�'  $� 1� (�� +%�0( ��� *"�(%&�� (�0 +�/ !2'%+%� �%,:�' " 0!)7"' )� �
("�  ,#%'21 "� (5' !"'�+5' ,41% 1(� !�)-�%,,%� �+���0/�$' (% 1(�*"% (�0 %�-��2/,�0 , 
!%������� %'%#��� 1(� !%��* "-,% (�0 !���%!�%1"%1,�$L

�+ ��	���(��� ������
��� ��� ��	���(�� ��� �������
����� ��� �5! ��� ���� ���
� 	
����� ���
������� ������
 ���� ������� 6�7�0�



5! ����
�
�� �� ���
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������� �������	
	

A� ?�,"�$�-�1 4'% !2'%+% R , -4/�0� r × l� )!�0 r = !�./�� *"%#�� ("+�' %'%#���'
!2'%+% +%" l = :�/�� 101(.,%(�� #5�"%1,4'5' :�)65' <!�"' (�'  #%�,�-. tiling=�
��' 0!��6�0' *$� (%0()1�, � %'%#��4� 1; 4'% !2'%+%� * ' 0!��6 " �)-�� '% 1�, "59
/�$' +%" �" *$�� �!��� 1�, 251 (�' %'%#��� %0(.� 4(1" �1( '% 46 " , -%�$( ��
!��( �%")(�(% +%(� (�' : �("1(�!�2�1�� 	"% (� !%��* "-,% (�0 !���%!�%1"%1,�$
!"'�+5' � !2'%+%� R  2'%" � %+)��0/��L

R =

i k j⎛
⎜⎝ 1 0 1

1 1 0
0 1 1

⎞
⎟⎠ C ∗ ∗

A
B

��4! " '% 1�, "5/ 2 )(" � LHS !2'%+%� ,"%� 4+#�%1�� <1(� !%��* "-,% ,%� � C=  2'%"
!"� 1�,%'("+)�� *")(" 10'./5� 1 +�/  !%'���7� (� 1(�"6 2� *"%:�8 (%" +%" -��# (%"�

��/ 1(.�� (�0 !2'%+% C %'("!��15! $ " 4'% * 2+(�  !%'���7��� ;�(1"� +�/ 1(�"6 2�
(�0 R  2'%" 21� , A )(%' � %'(21(�"6�� * 2+(��  �4-6 " ,"% %!) ("� *"%1(�1 "� (�0
!2'%+%� %��"��  2'%" 21� , ��

�� � �("1(�!�2�1 !��(% (� *"�(%&� (�0 !2'%+% , ("� ! �"11)( � � %'%#��4� ,41% 1(�
1$1(�,% #5�"%1,4'5' :�)65' <1(� !%��* "-,% ,%� � C=� �  #%�,�8), '�� , (%16�9
,%("1,)� :�)65' /% !�4! " '%  2'%" (4(�"�� �1( 4'%� %!) (�0� * 2+( �  !%'���7��
(�0 101(.,%(�� #5�"%1,4'5' :�)65' !�0  �4-6�0' +�!�"% *"�1(%1� (�0 !2'%+% %09
(�$� '% , (%+"'�/ 2 1(�'  15( �"+)( �� /41�� ;��%� � -�%,,. C (�0 R /% !�4! " '%
4�/ " 1(� ,��#. (x1, . . . xl−1, 1)� )!�0 xk ∈ {0, 1}� 	"% '%  !"( 06/ 2 %0()� ,!�� 2
'% -2' "  '%��%-. (5' 1(���'� �  !"� -), '�� * 2+(��  !%'���7��  2'%" !��(",)( ��
'%  2'%" � ,)'�� * 2+(�� !�0 * "+(�*�( 2 (�' *"�1(%1� %0(. +%" '% ,�'  ,#%'28 (%" 1 
���� *"�1(%1� (�0 !2'%+% C�

	"% (�'  +, (��� 01� (�� 65�"+.�  !%'%6��1",�!�2�1�� (�� %'%#���� %0(.�� � !2'%9
+%� C /% !�4! " '% %!�/�+ 0( 2 1(� ,'.,� , (�'  !"� -,4'� *"�1(%1�� 41(5 fcdC

'% %!�( � 2 (�' -��-��)( �% , (%:%��), '� *"�1(%1�� ��, "�' (%" )(" /% !�4! " '%
 � -6�$' )� � �" !"/%'4� *"%1(�1 "��

B� �+���$/5�� /% !�4! " '% *"��/5/�$' �" 0!)��"! � %'%#��4� +%(� 1 "�� !��( �%")(�9
(%�� � 1()6��  2'%" '% 4�/�0' )1� (� *0'%() ! �"11)( � � -�%,,4� (�0 R 1(� ,��#.
(x1, . . . xl−1, 1)� )!�0 xk ∈ {0, 1}� ��' 4'%� * 2+(�� !2'%+%� 41(5 )("  2'%" %0()� !�0
 �4-6 " (� *"�1(%1� y (�0 !2'%+% A�  2'%" (%0()1�,�� , (�' fcdC (�0 !2'%+% C� ()( 
%!�/.+ 01 (�' A 4(1" �1( � -��-��)( �% , (%:%��), '� *"�1(%1� '%  2'%" � y�
��' * ' 0!��6 " (4(�"% *"�1(%1� -"% (�' A� ()( /% !�4! " '%  � -6/ 2  �' � %'%#�9
�� ,!�� 2 '% , (%16�,%("1( 2 1(� ,��#. A[∗, . . . , ∗, f(jin−1, ∗, . . . , ∗]� )!�0 f(jin−1)
 2'%" 10'��(�1� (�0 * 2+(� (�0 * $( ��0  15( �"+)( ��0 :�)6�0 +%" ���5' * "+(�'
 +()� (�0 jin� +%" (� ∗ *���' " )�� %' &��(�(� (5' jin−1 +%" jin� ;��%� � -�%,,.
A (�0 !2'%+% R /% !�4! " '%  2'%" (�� ,��#.� (x1, . . . xl−2, 1, 0)� )!�0 xk ∈ {0, 1}�
+%" '%  +, (%�� $ (%" � 65�"+.  !%'%6��1",�!�2�1� +%(� ,.+�� (�0 jin−1� ��' * '
0!��6 " (4(�"�� , (%16�,%("1,)�� ()(  �4-6 (%" � jin−2� +���+� ��'  � -6/�$' )��"
�" * 2+( �  !%'���7��� ()( �" :�)6�" /4(�'(%" 1 ,"% (06%2% *"�(%&�� �%,:�'�'(%�
0!)7"' ("�  &%�(.1 "� * *�,4'5'�
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F� � (� (�'  $� 1�  ')� !�.��0� , (%16�,%("1,�$ :�)65' +%" ,"%� *"�(%&�� ,'.,��
 �4-6�'(%" �" 0!)��"! �  '%��%+("+4� �$1 "�� �(� (4���  !"�4- (%" � �$1� � �!�2%
 ,#%'28 " 65�"+. (�!"+)(�(% 1(�'  15( �"+)( �� :�)6� 1("� ! �"11)( � � %'%#��4��

�� �#�$ (� 1$1(�,% #5�"%1,4'5' :�)65' %'%*"%(%+( 2 !�.�5�� -2' (%" 1(� 10'46 "%
 #%�,�-. (�0 , (%16�,%("1,�$ tiling� � %0() (� 1(�*"� +%/��28 (%" � !�.��� *"�(%&�
%!�/.+ 01�� (5' !"'�+5'�

�(�' ! �2!(51� (�� tiled ,��#.�� -"% +�/ ,"% %!) ("� %'%#��4� !2'%+%� � *"�1(%1�
� �!�2% ��21(�+ 5� � -��-��)( �% , (%:%��), '� /% !�4! " '% !%�%, 2' " � 2*"%
)1�' �#��% (� *"�(%&� %!�/.+ 01�� 1(�  15( �"+) (5' tiles� �0() 1�,%2' " )(" 1(�'
! �2!(51� (5' *"1*"�1(%(5' !"'�+5'� 4%' � %'%#��� 46 " (� ,��#. C[∗, jn]� 4(1" �1( 
�  !"/0,�(. *"�(%&� %!�/.+ 01�� 1(�  15( �"+) (�0 tile '%  2'%" *"�(%&� -�%,,�'� /%
!�4! " '% 6��1",�!�".1�0, (� *"�(%&� xZ� *��%*. (� ZZ . (� NZ���' � %'%#��� 46 "
(� ,��#. C[jn, ∗]� 4(1" �1( �  !"/0,�(. *"�(%&� %!�/.+ 01�� 1(�  15( �"+) (�0 tile
'%  2'%" *"�(%&� 1(���'� /% !�4! " '% 6��1",�!�".1�0, (� *"�(%&� xN � *��%*. (� NN
. (� ZN � � , (%+2'�1� %!) tile 1 tile� +" ��% (� !��(� -��,,% (�0 , (%16�,%("1,�$�
+%/��28 (%" %!) (�  2*�� (�0 tiling !�0 /%  #%�,�1( 2� 	"% (� !%��* "-,% ,%��  �'
* '  #%�,�1/ 2 tiling 1(� *"�1(%1� ∗ ()( � , (%16�,%("1,)� /%  2'%" � NZ . �
ZN %'(21(�"6%� ���"���  �' � tiled ,��#. (�0 101(.,%(�� #5�"%1,4'5' :�)65'
:�/�0� nL (j1, j2, . . . , jn  2'%"L (jj1, jj2, . . . , jjn, j1, j2, . . . jn) <)!�0 jjk  2'%" � * 2+(��
 !%'���7�� !�0  �4-6 " (�' , (%+2'�1� %!) 4'% tile 1 4'% ���� (�� *"�1(%1�� jk=�
()( 6��1",�!�" 2(%" � *"�(%&� ZZ . NN %'(21(�"6%�
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%� �����&����	��	
'�	�	�����&����� Cholesky( �	� �

&�"��� !�	��)�
� 
�����
� ��
!�����"����� MBaLt

,�� ������

? *�,4'�0  ')� !2'%+% A -"% (�' �!�2� "16$ " ∀x ∈ R(xT Ax > 0)� � !%�%-�'(�!�2�1�
Cholesky :�21+ " 4'% !2'%+% C : A = CT C� �4(�" � !%�%-�'(�!�".1 "�  2'%" 6�.1", � -"%
(�'  !2�01� -�%,,"+�' 101(�,�(5'  &"1�1 5'� � +�*"+%� !�0  +( � 2 (�' !%�%-�'(�!�2�1�
 2'%" � %+)��0/��L

for ( k=0; k<N; k++) {
A[ k ] [ k]= sq r t (A[ k ] [ k ] ) ;
for ( i=k+1; i<N; i++)

A[ i ] [ k]=A[ i ] [ k ] /A[ k ] [ k ] ;

for ( j=k+1; j<N; j++)
for ( i=j ; i<N; i++)

A[ i ] [ j ]=A[ i ] [ j ]−A[ i ] [ k ]∗A[ j ] [ k ] ;
}

� �
�
�
��
�
���� Cholesky 6��1",�!�" 2(%"  0�45� 5� , (��!�)-�%,,% -"% (�' ,4(��9
1� (��  !2*�1�� 0!���-"1("+�' 101(�,�(5'� �(� !%��' + #��%"� /% 0��!�".1�0, (�'
!%�%-�'(�!�2�1� Cholesky  #%�,)8�'(%� *"�#���0� , (%16�,%("1,�$� :�)65' +%" * *�,49
'5'� 10,! �"�%,:%'�,4'�0 +%" (5' *"%(�& 5'  '�(.(5' , *" 0/0'1")*�(�1� MBaLt� -"% '%
, � (.1�0, +%" '% 10-+�2'�0, (�' %!�( � 1,%("+)(�(% (�� ( � 0(%2%��

5#
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,�� �
�*��
� Tiled )��'(� "� ���""��$� /���� 

2���

����#&���� ���
����� ��6"+�� /% !�4! " '% :��$, ("�  &%�(.1 "� * *�,4'5'� ;�1(5
*$�  !%'%�.7 "� I = (k1, j1, i1) +%" I ′ = (k1, j1, i1) (�0 6���0  !%'%�.7 5' (k, j, i) (4(�" �
�1( I ′ 	 I� � 6����  !%'%�.7 5' +%/��28 (%" %!) ("� %'"1�1 "�L

0 ≤ k1,2 ≤ N − 1
k1,2 + 1 ≤ j1,2 ≤ N − 1

j1,2 ≤ i1,2 ≤ N − 1

�" �!�2 � 1 ,��#. !2'%+% -��#�'(%" 5�L

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
0 1 0
0 0 1
−1 0 0
1 −1 0
0 1 −1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎝ k

j
i

⎞
⎟⎠ ≤

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

N − 1
N − 1
N − 1

0
−1
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

�% *"%'$1,%(%  &%�(.1 5' :�21+�'(%" 5� %+���$/5��

• �&��(�1� ($!�0 RAW A[i1][j1] → A[i2][k2] �#�$ %'%#4��'(%" 1(� 2*"� 1(�"6 2��
"16$ "L i1 = i2, j1 = k2 ⇒ j2 ≥ k1+1 +%" j2 ≥ j1+1 ⇒ k = k2−k1 ≥ 1, j = j2−j1 ≥ 1
+%" i = i2 − i1� �!�,4'5� (� *"�'01,%  &��(�1��  2'%"L

d1 = (+,+, 0) 	 0

• �&��(�1� ($!�0 RAW A[i1][j1] → A[j2][k2] �#�$ %'%#4��'(%" 1(� 2*"� 1(�"6 2��
"16$ "L i1 = j2, j1 = k2 ⇒ k2 ≥ k1 + 1, j2 ≥ j1 +%" i2 ≥ i1 ⇒ k = k2 − k1 ≥ 1, j =
j2 − j1 ≥ 0, i = i2 − i1 ≥ 0� �!�,4'5� (� *"�'01,%  &��(�1��  2'%"L

d2 = (+,+,+) 	 0

• �&��(�1� ($!�0 RAW, WAW A[i1][k1] → A[k2][k2] �#�$ %'%#4��'(%" 1(� 2*"� 1(�"9
6 2�� "16$ "L i1 = k2, k1 = k2 ⇒ j2 − 1 ≥ j1 +%" i2 ≥ j2 ≥ i1 + 1 ⇒ k = k2 − k1 ≥
0, j = j2 − j1 ≥ 1, i = i2 − i1 ≥ 1� �!�,4'5� (� *"�'01,%  &��(�1��  2'%"L

d2 = (0,+,+) 	 0

�% *"%'$1,%(%  &��(�1��  2'%" )�% � &"+�-�%#"+� / ("+�� ��% )� � �" *"%(�& "� (5' :�)65'
 2'%"  !"(� !(4� +"  !�,4'5� �  #%�,�-. (�0 , (%16�,%("1,�$ tiling�



���� ������
�� TILED ������� �� ��
������� ��
��
���� 56

�+�&� 4�/	 :� �'����(��� 2�2�&8�*� (��� �����������$�(� Cholesky

��	#��#� ���#��� 	"% '% :��$, (�' :4�("1(� *"�(%&�  #%�,)8�0, (�' %�-)�"/,� �H�A�
1 ��AA� , (�' �!�2� :�21+�0, (% +)1(� (5' :�)65' -"% ("� *$� *0'%(4� -�%,,"+4� *"%(�& "�
%!�/.+ 01�� (�0 !2'%+%�

�2'%+%� �!�/�+ 0,4'�� �%(� 	�%,,4�
�,�* � :�)6�� k :�)6�� j :�)6�� i

A[k][k] n × n 9 1 × n
A[i][k] n

cls × n2 1 × n2 n × n2

A[i][j] 1 × n2 n
cls × n2 n × n2

A[j][k] n
cls × n2 n × n2 1 × n2

�0'��"+) 2
clsn

3 + 2n2 ( 1
cls + 1)n3 + n2 2n3 + n2 + n

�2'%+%� �!�/�+ 0,4'�� �%(� �(.� �
�,�* � :�)6�� k :�)6�� j :�)6�� i

A[k][k] n × n 9 1 × n
A[i][k] n × n2 1 × n2 n

cls × n2

A[i][j] 1 × n2 n × n2 n
cls × n2

A[j][k] n × n2 n
cls × n2 1 × n2

�0'��"+) 2n3 + 2n2 ( 1
cls + 1)n3 + n2 2

clsn
3 + n2 + n

�!) (% !%�%!�'5  +(",), '% +)1(� +%" :�1� (�0 �.,,%(�� �H�A� 1 ��AAF 10,! �%2'�0, )("
� :4�("1(� *"�(%&� (5' :�)65'  2'%"L

• (i, j, k) -"% %!�/.+ 01� +%(� -�%,,4�
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• (k, j, i) -"% %!�/.+ 01� +%(� 1(.� �

�!�,4'5�� � +�*"+%� (�0 , (��!��-��,,%(�� -"% %!�/.+ 01� +%(� 1(.� � * ' 6� "�8 (%"
+�!�"% , (%(��!.�  '� -"% %!�/.+ 01� +%(� -�%,,4� /% !�4! " '%  #%�,�1/ 2 , (�/ 1� 1(�
*"�(%&� :�)65'� � !2'%+%� , (%16�,%("1,�$ -"% (� , (�/ 1� (i, j, k)  2'%" � %+)��0/��L

Tijk =

⎛
⎜⎝ 0 0 1

0 1 0
1 0 0

⎞
⎟⎠ , T−1

ijk =

⎛
⎜⎝ 0 0 1

0 1 0
1 0 0

⎞
⎟⎠

�(��28�, '�" 1(�'  &2151� ��A� 1 �� BF � , (%16�,%("1,4'�� 6����  !%'%�.7 5' :�21+ (%"
%!) (� %+)��0/� 1$1(�,% %'"1�1 5'L

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
0 1 0
0 0 1
−1 0 0
1 −1 0
0 1 −1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎝ 0 0 1

0 1 0
1 0 0

⎞
⎟⎠
⎛
⎜⎝ i

j
k

⎞
⎟⎠ ≤

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

N − 1
N − 1
N − 1

0
−1
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

�$'�'(%� (� 1$1(�,% %0() !��+$!(�0' (% '4% )�"% (5' :�)65' -"% (� *"�(%&� (i, j, k)L

1 ≤ i ≤ N − 1
1 ≤ j ≤ i

0 ≤ k ≤ j − 1

�! "*. (� 1$1(�,% #5�"%1,4'5' :�)65' * '  2'%" (4� "% #5�"%1,4'�� , (%(�4! (%" 1 (4� "%
#5�"%1,4'� 6��1",�!�"�'(%� (� , (%16�,%("1,) :$/"1�� +�*"+% <:�4! ��A�A� 1 ���C= -"%
'% ,!�� 2 '%  #%�,�1( 2 � , (%16�,%("1,)� (�� , (�/ 1��� �� '4� 1�,% (�0 101(.,%(��
#5�"%1,4'5' :�)65'  2'%"L

i f ( k+1==i && j==k+1) A[ k ] [ k]= sq r t (A[ k ] [ k ] ) ;
i f ( j==k+1) A[ i ] [ k]=A[ i ] [ k ] /A[ k ] [ k ] ;
A[ i ] [ j ]=A[ i ] [ j ]−A[ i ] [ k ]∗A[ j ] [ k ] ;

�! "*. �" 10'/.+ �  �4-6�0  "1�-�0' +%/01(4��1�� !��1!%/�$, '% ("� %!%� 27�0, .
'% ("� %!��!�".1�0, � ���-,%("� �" *$� !��( � !��& "� ,!���$' '% :-�0' !���  &5( �"+)9
( � � /41 "� )!5� #%2' (%" +%" 1(�' ( �"+) +�*"+% 1(� !%���(�,% �H�A� (� �!�2� 1�,%2' " )("
�"  �4-6�" /% -2'�'(%" �"-)( � � #��4� +"  !�,4'5� � 6��'"+. +%/01(4��1� !�0  "1�-�0'
, "�' (%"� �(� �H�A�cholesky IJK <-�%,,4� �A9G�= +%" �H�A�cholesky column major <-�%,,4�
C�9DF= :�21+�'(%" �" ( �"+�2 +�*"+ � -"% ("� *"�(%& "� (i, j, k) +%" (k, j, i) %'(21(�"6%�

�.���
�& tiling �+���$/5�� !��65��, , (�'  #%�,�-. (�0 , (%16�,%("1,�$ tiling
-"% '% !���0, (�' tiled ,��#. (�0 , (��!��-��,,%(��� �' +%" �  #%�,�-. (�0 tiling ,!�� 2
'% -2' " +%" 1("� *$� *"%(�& "�� �"  �4-6�" 10'/�+�' !�0 0!��6�0' 1(�' ( �"+. tiled ,��#.
+%" �" �!�2�"  "1�-�'(%" +%(� (�' , (%16�,%("1,) (5' ,� (4� "5' #5�"%1,4'5' :�)65' 1 
(4� "% #5�"%1,4'�0�� %!��!�"�$'(%" ! �"11)( �� 1(�' ! �2!(51� (�� *"�(%&�� (k, j, i) , 
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%!�/.+ 01� +%(� 1(.� �� !%�� 1(�' ! �2!(51� (�� (i, j, k) , %!�/.+ 01� +%(� -�%,,4��
	"3 %0() +%" � !��(� *"�(%&� !��(",�(%" 4'%'(" (�� * $( �����

�+���0/ 2 � !%��012%1� (��  #%�,�-.� (�0 , (%16�,%("1,�$ tiling 1(� *"�(%&� (k, j, i)�
���!�"�$, *$�  +*)1 "� (�� tiled ,��#.�L tiling ,)'� 1("� *"%1(�1 "� k, j +%" tiling 1 )� �
("� *"%1(�1 "�� � * $( �� 4+*�1� %!)( � 2 (� , (%:%("+) 1(�*"� !��� ("� *"%(�& "�  '�(.(5'�

• Tiling ���� ��
������� k, j3 (kk, jj, k, j, i) � ��6"+� (� 1$1(�,% #5�"%1,4'5' :�)65'
-2' (%" (4� "� , :$/"1� +�*"+%� �+���$/5�  #%�,)8�(%" *"%*�6"+� strip mining +%"
, (�/ 1� 1(�0� :�)6�0� k, j�

⇓ �$/"1� ��*"+% ⇓

for ( k=0; kN<;k++)
for ( j=k+1; j<N; j++)

for ( i=j ; i<N; i++)
. . .

⇓ strip mining 1(�' :�)6� k ⇓

for ( kk=0; kk<N; kk+=Bkk)
for ( k=kk ; k<MIN(kk+Bkk ,N) ; k++)

for ( j=k+1; j<N; j++)
for ( i=j ; i<N; i++)

. . .

⇓ T =

⎛
⎜⎝ 0 1 0

1 0 0
0 0 1

⎞
⎟⎠ ⇓

for ( kk=0; kk<N; kk+=Bkk)
for ( j=kk+1; j<N; j++)

for ( k=kk ; k<MIN(kk+Bkk , j ) ; k++)
for ( i=j ; i<N; i++)

. . .

�8� ��� ��� ���
��� ��� �������� ��	��
�� '	��� ��� � ���'�� ��� (i, j, k)) �����% � ��
����
��� �
��� ��������
 ��������� ��� ���% ��� (k, j, i)) ��� (� ������(���� ��������
 �� ��� �����2
�
��� ��� ������� 4
����� ���� ������
��� ������������ ���������
��� ��� ��
��$�� (k, j, i) ��
��������� MBaLt �� ���
� ��������	��� ��� ������� ��� ���%�

�� �����	% 	�� tiling ���� ��� ���'� �����
����) ���� ���
����� ��� �� tiling ����������� ����
��� ��� ��� ����� �����
����) (�������
 �������
����� ��� �� 	�	���� ��� 	
������ ������������
������'� ��� '���� �� ��
��� k �� 	����%) ���
 �� i) �� 
�� ��
���� ��	������� �����
������
��� ��������������
����� /�
���) �����(������ �� ����������'� ����%���� ��� ��� �������
������
��	� �����) ��� �������
 �� �'������ �����	%�
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⇓ strip mining 1(�' :�)6� j ⇓

for ( kk=0; kk<N; kk+=Bkk)
j j l ow = ( int ) f l o o r ( ( double ) kk/ Bj j )∗Bj j ;
for ( j j = j j l ow ; j j <N; j j+=Bj j )

for ( j=MAX( j j , kk+1) ; j<MIN( j j+Bjj ,N) ; j++)
for ( k=kk ; k<MIN( kk+Bkk , j ) ; k++)

for ( i=j ; i<N; i++)
. . .

⇓ T =

⎛
⎜⎝ 0 1 0

1 0 0
0 0 1

⎞
⎟⎠ ⇓

for ( kk=0; kk<N; kk+=Bkk)
j j l ow = ( int ) f l o o r ( ( double ) kk/ Bj j )∗Bj j ;
for ( j j = j j l ow ; j j <N; j j+=Bj j )

for ( k=kk ; k<MIN(kk+Bkk ,N) ; k++)
for ( j=MAX( j j , k+1) ; j<MIN( j j+Bjj ,N) ; j++)

for ( i=j ; i<N; i++)
. . .

• Tiling ���� ��
������� k, j, i3 (kk, jj, ii, k, j, i)� �(�' ( � 0(%2� +�*"+% -2' (%" %+),�
,"% #���  #%�,�-. strip mining� 10-+ +�",4'% 1(�' :�)6� i +%" %+���$/5� , (�/ 1�
1(�0�  15( �"+)( ��0� :�)6�0� -"% '% 4�/�0' 1(� *"�(%&� (k, j, i)�

�+���$/5��  #%�,)8�'(%� ("� +%(����� � %!��!�".1 "� 1(�0�  �4-6�0� 10'/�+�'� !�0
!��1(4/�+%' %!) (� :$/"1� +�*"+%� !%2�'�0, ("� ( �"+4� ,��#4� �" �!�2 � !%�%(2/ ' (%" 1(�
!%���(�,% �H�A�cholesky tiled KJ <-�%,,4� E�9A�B= +%" �H�A�cholesky tiled full <-�%,,4�
AD�9���=�

�" ( � 0(%2�" *$� +�*"+ � ,!���$' '% : �("1(�!�"�/�$' ! �%"(4�5  #%�,)8�'(%� >, (�
64�"3 & *2!�5,% :�)65' +%" scalar replacement� �0-+ +�",4'%� �  15( �"+)( ��� :�)6��
i & *"!��' (%" %'� ( (��* � +%" � %'%#��� A[k][j] %!�/�+ $ (%" 1 +%(%65��(.� �" '4�"
+�*"+ � !%�%(2/ ' (%" 1(� !%���(�,% �H�A�cholesky tiled KJ hopt <-�%,,4� AB�9ACE= +%"
�H�A�cholesky tiled full hopt <-�%,,4� ��E9�DA=�

,�� �
�*��
� Tiled )��'(� "� /����2��� ����( 

��� ��� !��*����( /�����*���
� MBaLt

�(�' ( �"+. tiled ,��#. (kk, jj, ii, k, j, i)�  #%�,)8�'(%" ?"%(�& "� �'�(.(5' , �!�*�("+.
? "+(�*)(�1� MBaLt -"% (�' %!�/.+ 01� (5' * *�,4'5'� � �)-�� -"% (�'  !"��-.� %0(.�
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(�� ,��#.�� %'(2� (�� ,��#.� (kk, jj, k, j, i)�  2'%" !��(� (� - -�')� )(" �  #%�,�-. (��
?" /0'1"�*)(�1�� MBaLt  2'%" %!��$1( �� 1 101(.,%(% #5�"%1,4'5' :�)65' , tiling 1 
)� � ("� *"%1(� "� +%" * $( �� )(" �"  !"*)1 "� (5' *$� tiled ,��#5'  2'%" !%�%!�.1" ��

�#�$ � tiled ,��#. (kk, jj, ii, k, j, i) 6��1",�!�" 2 (�' +%(� 1(.� � -�%,,"+. *"�(%&�
-"% (�' %!�/.+ 01� (5' * *�,4'5'� %0() 10' !�- (%" )(" , (� (�'  #%�,�-. (�� *"�(%&��
 '�(.(5' (% * *�,4'% ,41% 1("�  ')(�( � /%  2'%" +" %0(� %!�/�+ 0,4'% +%(� 1(.� �� �%,9
:�'�'(%� %+),� 0!)7"' )(" (� tiling  #%�,)1(�+ 1 )� � ("� *"%1(�1 "�� +%(%�.-�0, 1(�
10,!4�%1,% )(" � , (%16�,%("1,)� !�0 /% !�4! " '% 6��1",�!�"�/ 2  2'%" � NN �

�(�' %+)��0/� !2'%+% !%��01"�8�'(%" �" �)��" (5' * "+(�' +%" �" +%(����� � ,�1+ �L

? 2+(�� ��4-6 " �'%#��� �%(������ ��1+%

i, ii -�%,,4� A[i][j], A[i][k] ,�1+% -�%,,.�
j, jj -�%,,4� A[j][k] ,�1+% -�%,,.�
j, jj 1(.� � A[i][j] ,�1+% 1(.���
k, kk -�%,,4� A[k][k] ,�1+% -�%,,.�
k, kk 1(.� � A[i][k], A[j][k] ,�1+% 1(.���

�" * 2+( � i +%" ii  �4-6�0' ,)'� -�%,,4� (�0 !2'%+% A +" ��% � ,�1+% !�0 /% 6��1",�9
!�"�/ 2  2'%" � ,�1+% -�%,,.�� �" * 2+( � ),5� j, k, jj +%" kk  �4-6�0' ()1� -�%,,4� )1� +%"
1(.� � (�0 !2'%+% A� 	"; %0() +%" 1(�0� * 2+( � %0(�$�  #%�,)8 (%" %�6"+� � ,�1+% 1(.����
;�(%' 1 +�!�"� 1�, 2� (�0 !��-��,,%(��  2'%" %'%-+%2% � 6�.1� (�� 4+*�1�� (5' * "+(�'
, ,�1+% -�%,,.�� ()( %!��� ��"1/%2'�0, (�0� * 2+( �� 	"% !%��* "-,% %' (% k, kk 6��9
1",�!�"�$'(%" 5� * 2+( � 1(.���� ()( (% kkC = kk >> log( N

step), kC = k >> log(step) +%"
kfC = kkC|kC ,!���$' '% 6��1",�!�"�/�$' -"% * "+(�*)(�1� -�%,,�'� %'("+%/"1(�'(%�
1("� %'%#��4� (� kk , (� kkC +%" (� k , (� kfC�

	"% (�' !%�%-5-. (5' ,%1+�' 6��1",�!�"�$, ("� :��/�("+4� 10'%�(.1 "� (�0 !%�%�9
(.,%(�� �H�B�A� �0-+ +�",4'% 6��1",�!�"�$, ("� �H�B�A�create mask <-�%,,4� EB9AAC= +%"
�H�B�A�create innermask <-�%,,4� �D9FF= -"% (�' !%�%-5-. (5' ,%1+�'� �!21�� � crea-
te mask 6��1",�!�" 2(%" -"% (� *�,"�0�-2% (5' �'5 ��25'� �" 10'%�(.1 "� �H�B�A�create increment
<-�%,,4� FE9G�= +%" �H�B�A�create tile increment <-�%,,4� C�9DD= 6��1",�!�"�$'(%" -"% (�
*�,"�$�-"% (5' :�,�(5' -"% , (%+2'�1� %!) 1(�"6 2� 1 1(�"6 2�  15( �"+� (�0 tile +%"
, (%+2'�1� %!) tile 1 tile %'(21(�"6%�

;�'% 1�, 2� !�0 /% !�4! " '% 0! '/0,21�0, %#��� (� ,4- /�� N � !�0 6��1",�!�" 2(%"
-"% (� *�,"�0�-2% (5' ,%1+�'� ;�!5� %'%#4� (%" 1(�'  ')(�(% B���B (� N /% !�4! " '%  2'%"
*$'%,� (�0 �� �! "*. (� !�)-�%,,% ,%� /4��0, '% 6 "�28 (%" +%" !2'%+ � !�0 �" *"%1(�1 "�
(�0� * '  2'%" %!%�%2(�(% *0'�, "� (�0 �� %0() !�0 +�'�0,  2'%" '% :�21+�0, (�' %,415�
, -%�$( �� !2'%+% !�0 � *"%1(�1� (�0 Nm  2'%" *$'%,� (�0 �� �+���$/5�� *�,"�0�-�$, 
("� ,�1+ � 6��1",�!�"�'(%� (� '4� Nm�  '� (% )�"% :�21+�'(%" ,  #%�,�-. (�� ,�1+%�
!�'5 1(� %�6"+) N � ��, "�' (%" )("� �" 10'%�(.1 "� create mask +%" create tile increment
�%,:�'�0' 0!)7"' (�0� (�' ! �2!(51� %0(.�

�4���� )!5� +%" 1(�' ! �2!(51� (�0 tiling , -�%,,"+4� *"%(�& "�� 4(1" +"  *� � +�*"+%�
,!�� 2 '% : �("1(�!�"�/ 2 ! �%"(4�5  #%�,)8�'(%� >, (� 64�"3 & *2!�5,% :�)65' +%" scalar
replacement� �0-+ +�",4'%� �  15( �"+)( ��� :�)6�� i & *"!��' (%" %'� ( (��* � +%" �
%'%#��� A[jfC|k] %!�/�+ $ (%" 1 +%(%65��(.�

� +�*"+%� !�0 !��+$!( " , (�'  #%�,�-. *"�(%&��  '�(.(5' +%" * "+(�*)(�1�� MBaLt�
+%/�� +%" � : �("1(�!�"�,4'� >, (� 64�"3 4+*�1� (�0� !%�%(2/�'(%" 1(� !%���(�,% �H�A�cholesky
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�%�%+(��"1("+) UltraSparc II 400 Pentium III 500 (Katmai)
�06')(�(% � "(�0�-2%� F��MHz ���MHz
��0#. �'.,� I-L1, D-L1 �0/ 2%� �'("1(�26�1�� �0164("1�� �0')��0

F9?�),5'
�4- /�� I-L1, D-L1 AGKB AGKB
��!�/ 12% L1 1(� 7�#2*% 1(� 7�#2*%
�4- /�� 	�%,,.� L1 B�B B�B
�%/01(4��1� %1(�62%� L1 D +$+��" �� +$+��"
��0#. �'.,� L2 �0164("1�� �0')��0 �0164("1�� �0')��0

F9?�),5' F9?�),5'
�4- /�� L2 FMB �A�KB
��!�/ 12% L2  &5( �"+.  &5( �"+. <1(� 101+ 0%12%=
�4- /�� 	�%,,.� L2 GFB B�B
�%/01(4��1� %1(�62%� L2 DF +$+��" �A +$+��"
��"/,)� �--�%#�' D-TLB B� GF
�0164("1� ��.��� �0164("1�� �0/ 2%� �'("1(�26�1��
�4- /�� � �2*%� DKB FKB
�%/01(4��1� %1(�62%� D-TLB �A +$+��" � +$+��"

�$����� 4�/	 0�+���
 +��������(���
 �����+$�� &��&�� ���'����(�,�

tiled full bdl NN <-�%,,4� �DG9BCD= +%" �H�A�cholesky tiled full bdl NN hopt <-�%,,4�
BDF9FE�=�

,�, �����"����� !�����$
"���

'�'�� 4	��6����� �����	���

	"% (�'  !2* "&� (�� %!�( � 1,%("+)(�(%� (�� , /)*�0 !%��01"�8�'(%" !�%-,%("+�2 6�)'�"
 +(4� 1�� (5' *"%#)�5'  +*)1 5' (�0 , (��!��-��,,%(��� +%/�� +%" %!�( �41,%(% !�0
!��+$!(�0' %!) (�' !��1�,�251� (��  +(4� 1�� (�0� 1(�  �-%� 2� SimpleScalar JFK� �"
!�%-,%("+�2 6�)'�" �.#/�1%' %!) (�'  +(4� 1� (�0 , (��!��-��,,%(�� 1 *$� *"%#�� ("+�
0!���-"1("+� 101(.,%(%L Sun HPC 450 Ultra (� �!�2� %!�( � 2(%" %!) F  ! & �-%1(4�
UltraSparc II 400� +%" Linux Cluster (� �!�2� %!�( � 2(%" %!) AG  ! & �-%1(4� Pentium
III 500 (Katmai)�!� �"  +( �41 "� 4-"'%' 1 4'% +),:�N ! & �-%1(.� �(�' !2'%+% F�A
!%��01"�8�'(%" (% ( 6'"+� 6%�%+(��"1("+� (�� " �%�62 � ,'.,�� !�0  '*"%#4��0'�

	"% (�' , (%-��(("1� 6��1",�!�"./�+ � cc (Sun Compiler) -"% (�' UltraSparc II +%"
� gcc (GNU Compiler) -"% (�' Pentium III� �! "*. /4��0, '% , � (.1�0, (�' +%/%9
�.  !2*�1� (5' *"%#)�5' , /)*5'� %�6"+� , (%-�5((28�0, (�0� +�*"+ � 65�2�  !"!�4�'
: �("1(�!�2�1� <cc -xO0, gcc -O0= +%" %+���$/5� 6��1",�!�"�'(%� (�' ,4-"1(� *0'%(.
: �("1(�!�2�1� !�0 !%�46 " � , (%-�5(("1(.� <cc -fast -xtarget=native, gcc -O2=�

�8�������� �'��� ��� ��	�����
�� CSLAB/ECE/NTUA 9����������� ������'����� 	�� �� ��2
��%���� ���: http://pdsg.cslab.ece.ntua.gr/cluster.html#topology
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� (%16�,%("1,)� ��)65' � (%16�,%("1,)� ? *�,4'5' �5*"+. �'�,%12%

�%,"� �%,"� raw
�4�("1(� *"�(%&� :�)65' 	�%,,"+. *"�(%&� +%(� -�%,,4� linear row
�4�("1(� *"�(%&� :�)65' 	�%,,"+. *"�(%&� +%(� 1(.� � linear col
Tiling 1("� *"%1(�1 "� k, j 	�%,,"+. *"�(%&� +%(� 1(.� � tiled KJ col�

tiled KJ col hopt
Tiling 1; �� � ("� *"%1(�1 "� 	�%,,"+. *"�(%&� +%(� 1(.� � tiled full col�

tiled full col hopt
Tiling 1; �� � ("� *"%1(�1 "� ?"�(%&� �'�(.(5' NN 9 MBaLT tiled full bdl NN�

tiled full bdl NN hopt
Tiling 1; �� � ("� *"%1(�1 "� ?"�(%&� �'�(.(5' ZZ 9 MBaLT tiled full bdl ZZ

�$����� 4�!	 ?� ��(������(��� ��� ��� ���$�� �����(�
������ �����&����
 ����� 8<
(&���

�(�' !2'%+% F�� *2'�'(%" �" *"�#�� � : �("1(�!�"�,4' �  +*�64� -"% ("� �!�2 � �.#/�1%'
+%" !%��01"�8�'(%" ! "�%,%("+� %!�( �41,%(%� ��"1,4' � : �("1(�!�".1 "� 10'�* $�'(%"
%!) ,"%  !"!�4�' 4+*�1� 1(�' �!�2%  #%�,)1/�+ ! �%"(4�5 : �("1(�!�2�1� >, (� 64�"3 +%"
! �"�%,:�' " & *2!�5,% :�)65' +%" scalar replacement )!5� %'%#4� (%" 1("�  ')(�( � F��
+%" F�B

'�'�" -������� !	����	��

�" ! "�%,%("+4� , (�.1 "� �.#/�1%' -"% *"�#��% , -4/� !��:�.,%(��� 10-+ +�",4'% -"%
(",4� (N) 1(� *"�1(�,% AG 5� ��FD� , (� ,4- /�� (�0 tile '% +0,%2' (%" %!) AG ,46�" N�
%!�1+�!�'(%� ()1� 1(� , �4(� (��  !2*�1�� 1(�' ! �2!(51� !�0 (� ,4- /�� !��:�.,%(��
65�� " 1(�' +�0#. ,'.,�� )1� +%" 1(�' ! �2!(51� !�0 * ' 65�� "�

�(% 16.,%(% F��9F��� 1 ��CC9D� !%��01"�8�'(%" �" 6�)'�"  +(4� 1�� (5' *"%#)�5'  +9
*�6�' (�0 , (��!��-��,,%(��� -"% *"%#�� ("+) 0!���-"1("+) 1$1(�,% +%"  !2! *� : �("9
1(�!�2�1�� , (%-�5(("1(.� �" 6�)'�"  +(4� 1�� -"% ("�  +*�64� !�0  #%�,)8�0' tiling
%'("1(�"6�$' 1(� +%�$( �� tile� � 6�)'��  +(4� 1�� (5' tiled ,��#�' , -�%,,"+4� *"%(�9
& "�  2'%" ,"+�)( ��� +%(� 4'% !�1�1() 17− 25% %!) (� 6�)'�  + 2'5' !�0 * '  #%�,)8�0'
tiling� � (� 6�.1� *"%(�& 5'  '�(.(5' NN +%" * "+(�*)(�1�� MBaLt � 6�)'��  +(4� 1��
!4#( "  !"!�4�' +%(� 4'% !�1�1() 10% +%" (� !�1�1() %0()  2'%" %+),� , -%�$( �� 1(�'
! �2!(51� !�0 �" +�*"+ � , (%-�5((28�'(%" , cc -fast xtarget=native <16.,% F��=� �&%29
� 1� %!�( � 2 � ! �2!(51� (�0 gcc -O2� �!21��� )!5� %'%, ')(%' �  !2*�1� (�� *"�(%&��
 '�(.(5' ZZ  2'%" 6 "�)( �� +" %!) (�'  !2*�1� (5' -�%,,"+�' *"%(�& 5'� +0�25� �)-5 (5'
#5�"%1,4'5' 1(�'  15( �"+)( �� :�)6�  � -6�' 10'/.+5'�

;�!5� #%2' (%" +%" 1(% 16.,%(%�  "*"+� 1(� 16.,% F��� �  !2*�1� (5' tiled  +*�6�' , 
-�%,,"+4� *"%(�& "�  2'%" %1(%/.� , (� , (%:��. (�0 , -4/�0� (�� *"�1(%1�� (�0 !2'%+%
+" %0() �# 2� (%" +0�25� �)-5 (5' 10-+��$1 5' 1(�' +�0#. ,'.,�� �4(�" � %1(�/ " �
,!���$' '% *"��/5/�$' ,  #%�,�-. %'("-�%#.� * *�,4'5' 1 !��15�"'�$� +%(%65��(4�
(buffers) 1 10' 6), ' � /41 "� ,'.,��� )!5� !��( 2' (%" 1(� JA�K� �4(�"% ),5� #%"'), '%
* ' !%�%(���$'(%" , ("� *"%(�& "�  '�(.(5'� �" �!�2 �  &�,%�$'�0' ("� %1(�/ " � !%��01"�9
8�'(%� , %0() (�' (�)!� ,"% %�+ (� �,%�.  !2*�1�� �� - -�')� %0()  2'%" %�+ (� / ("+)�
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%#�$ +%/"1(� (�'  #%�,�-. (5' *"%(�& 5'  '�(.(5' �, 1�� 65�2� (�' 6�.1� ! �%"(4�5
:��/�("+�' : �("1(�!�".1 5'�

;�'% ���� 1�, 2��  2'%" �  #%�,�-. : �("1(�!�2�1�� %!) (�' , (%-�5(("1(. � �!�2%
#%2' (%" )(" * '  0'� 2 %�+ (� (�0� +�*"+ � !�0 6��1",�!�"�$' *"%(�& "�  '�(.(5'� �)-5
(�� ! �"!��+)(�(�� (�0�� �'� , (�'  #%�,�-. : �("1(�!�2�1�� %!) (�' gcc �  !2*�1�
(�0 tiled +5*2+% , -�%,,"+4� *"%(�& "� : �("�' (%" +%(� 45%� � +�*"+%� , -�%,,"+4�
*"%(�& "� : �("�' (%" �"-)( ��� -$�5 1(� 30%� � : �("1(�!�2�1� >, (� 64�"3  2'%"  !�,4'5�
%'%-+%2% 1(�' ! �2!(51� !�0 � +�*"+%�  2'%" "*"%2( �% ! �2!��+�� +%" � : �("1(�!�2�1� (�0
, (%-�5(("1(. * '  2'%" ()1� "+%'�!�"�("+.� ;�!5� #%2' (%" +%" 1(% 16.,%(%� �  #%�,�-.
: �("1(�!�2�1�� >, (� 64�"3� 10-+ +�",4'% & *2!�5,% :�)65' +%" %'�/ 1� , (%:��(�' 1 
+%(%65��(4��  !"*�� / ("+� ()1� 1(�' +�*"+% , -�%,,"+4� *"%(�& "�� )1� +%" 1(�' +�*"+%
, *"%(�& "�  '�(.(5'�

�%�)��� !�0 � +�*"+%� !�0 6��1",�!�" 2 *"%(�& "�  '�(.(5' 1 1641� , (�' +�*"+%
!�0  #%�,)8 " -�%,,"+4� *"%(�& "�  2'%" !��0!��+)( ��� +%" , -%�$( ����  ' (�$("� %!�*2* "
+%�$( �%� +0�25� 6��"' (�0 %!�*�("+�$ ,�6%'"1,�$ * "+(�*)(�1�� MBaLt :�1� (�0 �!�2�0
�" 0!���-"1,�2 (5' * "+(�' -2'�'(%" %�+ (� -�.-��% 6��1",�!�"�'(%� *0%*"+�$� ( � 1(4��

�(% 16.,%(% F�G9F�C� 1 ��DA9D� !%��01"�8�'(%" �" 6�)'�"  +(4� 1�� (5' tiled ,��#�'
(�0 , (��!��-��,,%(��� , -�%,,"+4� *"%(�& "� +%" , *"%(�& "�  '�(.(5'� 10'%�(.1 " (��
*"�1(%1�� (�0 tile� -"% *"�#��% , -4/� !��:�.,%(��� �%�%(���'(%� (% 16.,%(%� *"%!"1(�9
'�0, )(" 1(�' ! �2!(51� (�0 tiling , -�%,,"+4� *"%(�& "� * ' 0!��6 " 4'% 1(%/ �) ,4- /��
tile !�0 '% *2' " (�' +%�$( ��  !2*�1� -"% )�% (% , -4/� !��:��,�(5'� +�(" (� �!�2�  2'%"
1$,#5'� , ("� !%�%(��.1 "� (�0 JA�K� �'(2/ (%� 1(�' ! �2!(51� (5' *"%(�& 5'  '�(.(5'
(� ,4- /�� (�0 tile !�0 *2' " :4�("1(�  !2*�1� !%�%,4' " 16 *)' %' &��(�(� (�0 , -4/�0�
(�0 !��:�.,%(��� �(�' ! �2!(51� ,%� (� ,4- /�� %0()  2'%" 21� , 32 × 32 +%" -"% (% *$�
0!���-"1("+� 101(.,%(%� ���-,%("� (� ,4- /�� 32×32  2'%" (� , -%�$( �� ,4- /�� tile !�0
65�� " 1(�' +�0#. ,'.,� L1� %#�$ 32× 32× sizeof(double) = 32× 32× 8bytes = 8KB =
1
2CL1 < CL1�  '� 64×64×sizeof(double) = 64×64×8bytes = 32KB = 2CL1 > CL1� 	"%
(�' ! �2!(51�( (�0 UltraSparc II � %'��01� %0(.  2'%" +%" 1 10,#5'2% , (�' !%�%(.��1�
(�0 JA�K )(" 1 +�0#4� ,'., �  0/ 2%� %'("1(�26�1�� (� ,4- /�� tile * ' !�4! " '% & ! �'�
(�

√
CL1� �! '/0,28 (%" )(" 6��1",�!�"�$, ( (�%-5'"+� tiles� -"%(2 +%(� %0()' (�' (�)!��

6��� 1(�' �,�"�,��#2% (�� * "+(�*)(�1�� MBaLt + �*28�0, 1 0!���-"1("+) 6�)'�� ��
- -�')� )(" 0!��6 " 4'% 1(%/ �) ,4- /�� tile "+%') -"% )�% (% , -4/� !��:�.,%(��  2'%"
%�+ (� 1�,%'("+)� %#�$ %,:�$' " (� !�):��,%  !"��-.� (�0 ��/�$ , -4/�0� tile� %!) (�
�!�2� 0!�#4��0' �" +�*"+ � tiling , -�%,,"+4� *"%(�& "��

'�'�$ %���	������� 4�����������

	"% '% !���0, !�1�("+� %!�( �41,%(% 16 ("+� , (� 10,! �"#��� (�� " �%�62%� ,'.,���
!��1�,�"�1%, (�'  +(4� 1� (5' *$�  +*�6�' (�0 , (��!��-��,,%(��� tiled full col +%"
tiled full bdl NN� , (� :�./ "% (�0  �-%� 2�0 SimpleScalar JFK� -"% (% 6%�%+(��"1("+� (��
" �%�62%� ,'.,�� (�0 UltraSparc II� �0-+ +�",4'%� , (�./�+%' �" %1(�62 � +�0#.� ,'.,��
* *�,4'5' L1 (dl1.misses)� �" %1(�62 �  '"%2%� +�0#.� ,'.,�� L2 (ul2.misses) +%" �" %1(�629
 � (�0 TLB * *�,4'5' (dtlb.misses)� -"% , -4/� !��:�.,%(�� N 1(� *"�1(�,% B� 5� A��F�
, (� *"�1(%1� (�0 tile '% !%2�' " ("� (",4� AG� B�� GF <* ' 6��1",�!�".1%, , -%�$( � �
*"%1(�1 "� tile� *")(" %!) ("� 6��'"+4� , (�.1 "� !%�%(���$, )(" � :4�("1(� 10,! �"#��� !%9
�%(�� 2(%" -"% ,"+�4� *"%1(�1 "� tile=� � , (%-��(("1� 4-"' 65�2� (� 6�.1� : �("1(�!�2�1��
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%!) (�' !� 0�� (�0 , (%-�5(("1(.�

�(� 16.,% F�D� 1 ��DB !%��01"�8 (%" (� 10'��"+) +)1(�� 1 +$+��0� ,�6%'.� (5' %1(�9
6"�' (�� " �%�62%� ,'.,�� -"% ("� *$� :%1"+4�  +*�64� (�0 , (��!��-��,,%(��� tiling , 
-�%,,"+4� *"%(�& "�� +%" tiling , *"%(�& "�  '�(.(5' +%" * "+(�*)(�1� MBaLt� -"% (� "�
*"%1(�1 "� tile <AG�B��GF=� �%�%(���$, )(" �" %1(�62 � +�0#.� ,'.,�� * *�,4'5' L1 +09
�"%�6�$' 1 1641� , (�0� ����0� ($!�0� %1(�625'� �" %1(�62 � L1 -"% (�' ! �2!(51�
tiling , *"%(�& "�  '�(.(5' MBaLt  �%6"1(�!�"�$'(%" -"% ,4- /�� tile 21� , 32 × 32� (�
�!�2�  2'%" 1(%/ �) -"% )�% (% , -4/� !��:�.,%(��� +�%(� " (% * *�,4'%  '()� (�� +�0#.�
,'.,�� L1 +%" !��+$!( " %'%�0("+� )!5�  2*%, 1(�' !���-�$, '� 0!� ')(�(%� �!21��� �"
*"%(�& "�  '�(.(5' %!�/�+ $�'(%� (% * *�,4'%  ')� tile 1 10' 6), ' � /41 "�� , "�'�0'
("� %1(�62 � +�0#.� ,'.,�� �)-5 10-+��$1 5' �" �!�2 �  2'%" 1�,%'("+)� !%��-�'(%��  "*"9
+� 1 +�0#4� ,'., �  0/ 2%� %'("1(�26�1��� ;�1�' %#��� ("� %1(�62 � L2� %0(4�  2'%" +%(�
!��$ �"-)( � � %!) ("� L1�  "*"+� �)-5 (�0 , -���0 , -4/�0� (�� L2� 4MB�

�0' 628�'(%�� 1(�' ! �2!(51� tiling , *"%(�& "�  '�(.(5' MBaLt * ' !%�%(�� 2(%"
0! �6 2��1� TLB� 1 %'(2/ 1� , (� tiling , -�%,,"+4� *"%(�& "� !�0 -"% , -���0� !2'%+ �
� +%(�6��1� TLB %!�( � 2 4'% ,"+�)� %��� 1�,%'("+) !�1�1() (�0 10'��"+�$ +)1(�0�� ��
,4- /�� tile 32×32 (� �!�2� "1�*0'%, 2 , (�'  �%6"1(�!�2�1� (5' %1(�6"�' L1� "1�*0'%, 2
+%" , (� ,4- /�� 1 �2*%� 8KB +%"  !�,4'5� :�21+ (%" 1 10,#5'2% , (�'  �%6"1(�!�2�1�
(5' %1(�6"�' TLB� � �)-��  2'%" )(" 1(�' ! �2!(51� (5' *"%(�& 5'  '�(.(5' (% * *�9
,4'% %!�/�+ $�'(%" 1 10' 6), ' � /41 "�� 4(1" +�/ tile 6� "�8 (%" ,"% ,)'� 1 �2*%"� +"
 !�,4'5� ,)'� ,"%  --�%#. TLB� 13 %'(2/ 1� , ("� -�%,,"+4� *"%(�& "� )!�0  '* 6�,4'5�
(� tile  +( 2' (%" 1 *"%#�� ("+4� 1 �2* � +" ��% �" %'%#��4� 1 *"%#�� ("+4� 1 �2* �  2'%"
! �"11)( � ��

�(� 16.,% F�E� 1 ��DF !%��01"�8�'(%" 10-+�"("+� �" %1(�62 � 1(% *"�#��%  !2! *% (��
" �%�62%� ,'.,�� -"% ("� *$�  +*�64� (�0 , (��!��-��,,%(��� �" %1(�62 � %'("1(�"6�$'
1(� ,4- /�� tile !�0 *2' " (�' +%�$( �� 10'��"+.  !2*�1� 1 +�/ ! �2!(51�� � (� 6�.1�
*"%(�& 5'  '�(.(5' �" %1(�62 � L1� +%/�� +%" �" %1(�62 � TLB , "�'�'(%" 1�,%'("+�� ,46�"
+%" ,2% (�&� , -4/�0� -"% , -���0� !2'%+ �� ;�1�' %#��� ("� %1(�62 � L2 !%�%(���$'(%"
%0&�, "�1 "� , (%&$ (5' *$� , /)*5'� -"% ("� �!�2 � * ' ,!���$, '% !�$, )("  !�� �8�0'
(�'  !2*�1� , +�!�"� 1(%/ �) !%��-�'(%�

,�- �	"����
"���

� 6�.1� tiling  2'%" ,"% %�+ (� *"%*�,4'� ,4/�*�� -"% (�' %$&�1� (�� (�!"+)(�(%� (5' * *�9
,4'5' +%" +%(;  !4+(%1� -"% (�' %$&�1� (��  !2*�1�� (�� " �%�62%� ,'.,�� (5' 1$-6��'5'
0!���-"1("+�' 101(�,�(5'� �  !2*�1� ),5� (�� " �%�62%� ,'.,�� 1(�0� +�*"+ � , tiling
,!�� 2 '% %0&�/ 2 %+),� ! �"11)( �� , (�' (%0()6��'�  #%�,�-. *"%(�& 5'  '�(.(5'� �"
�!�2 � %!�/�+ $�0' (% * *�,4'% , (� 1 "�� !�0 %0(� 8�(�$'(%" %!) (�' , (%16�,%("1,4'�
, tiling +�*"+%� �� !�):��,% , ("� *"%(�& "�  '�(.(5'  2'%" � %!�*�("+. * "+(�*)(�1� (5'
* *�,4'5'� (� �!�2� ),5� �$' (%" , (�' %!�*�("+. * "+(�*)(�1� MBaLt J�K�

�(� !%��' + #��%"� , � (.1%, (�'  !2*�1� (�� , /)*�0�  #%�,)8�'(�� (�' 1(� , (��9
!�)-�%,,% >�%�%-�'(�!�2�1� Cholesky3 +%" (% %!�( �41,%(% .(%' %�+ (�  '/%��0'("+�� �
 !"!�4�' : �(251� 1(�'  !2*�1� (�0 , (��!��-��,,%(�� %!) (� 6�.1� *"%(�& 5'  '�(.(5'

�4
����� � ������
��� ��� �� �����'�� '���� ��(�	��������
 (aligned) ���
 �%��� ��� ���
����
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, * "+(�*)(�1� MBaLt +0,%2' (%" -$�5 %!) (� A�I� %'���-% , (�' ($!� (�0 0!���-"1("9
+�$ 101(.,%(��� (� �!�2� %!�( � 2 4'% 1�,%'("+) !�1�1() : �(251��� �!"!�4�' �" *"%(�& "�
 '�(.(5' !%��01"�8�0' ,"% �,%�.  &4�"&� 1(�'  !2*�1. (�0� +%(� (�' %$&�1� (�0 , -4/�0�
(�0 !��:�.,%(��� +�(" (� �!�2� * ' 10,:%2' " , ("� -�%,,"+4� *"%(�& "�� �!21��� (� :4�("1(�
,4- /�� tile 1(�' ! �2!(51� *"%(�& 5'  '�(.(5' !%�%,4' " 1(%/ �) 1 1641� , (� ,4- /��
(�0 !��:�.,%(��� %���  &%�(�(%" %!� (�' %�6"( +(�'"+. (�0 101(.,%(�� <+�0#. ,'.,� L1=�
(� �!�2� :4:%"%  2'%" / ("+)� %#�$ ,%� -�"(�' " %!) (� :���� (��  $� 1�� (�0 :4�("1(�0
, -4/�0� tile�

�!21�� , ("� *"%(�& "�  '�(.(5' !%�%(�� 2(%" : �(251� 1(�' 0! �6 2��1� (�0 TLB�
;�'% tile !�4�' * '  +( 2' (%" 1 %�+ (4� 1 �2* �� +"  !�,4'5� +%(� (�'  ! & �-%12% (�0
-2'�'(%" �"-)( � � %'%#��4� 1 *"%#�� ("+4� 1 �2* �� �" �"-)( � � *"%#�� ("+4� %'%#��4�
10' !�-�'(%" ,"+�)( ��  ' �-) 1$'��� 1 �2*5' +" ��% �"-)( � � %1(�62 � TLB�
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-�� ������

�% 1$-6��'% 0!���-"1("+� 101(.,%(% -"% '% ! ($6�0' 07��.  !2*�1� 1(��28�'(%" 1 *$�
,��#4� !%�%����2%�L (�' !%�%����2% 1  !2! *�  '(��.� (instruction-level parallelism (ILP))
+%" (�' !%�%����2% 1  !2! *� '.,%(�� (thread-level parallelism (TLP))� �" ����*
%	 �
�
�������
��$� (superscalar processors)  +, (%�� $�'(%" (�' ILP  +( ��'(%� !���%!�4�  '9
(��4� %!) 4'% !�)-�%,% 1 4'% +$+�� ,�6%'.�� �!) (�' ���� , �"� �" !��0 ! & �-%1(4�
 +, (%�� $�'(%" (�' TLP  +( ��'(%� !%������% *"�#�� ("+� '.,%(% 1 *"%#�� ("+�$�  ! 9
& �-%1(4�� ?01(06��� +%" �" *$� , /)*�" !%�%�����!�2�1�� *"%,�"��8�0' 1(%("+� (�0�
0!���-"1("+�$� !)��0� +%" * ' !��1%�,)8�'(%" *0'%,"+� 1("� %0&�, "�1 "� (�� ILP +%" (��
TLP  ')� !��-��,,%(��� �5�2� (�' $!%�&� %�+ (.� TLP ��"1,4'�"  ! & �-%1(4� /% ,4'�0'
%' ' �-�2� +%" 65�2� (�' $!%�&� %�+ (.� ILP � *0'%()(�(% (5' 0! �:%/,5(�'  ! & �-%1(�'
-"%  +(4� 1� !���%!��'  '(���' 1!%(%�"4(%"�

�% ( � 0(%2% 6�)'"% 46�0' -2' " %�+ (4� !��1!�/ " � -"%  +, (��� 01� (�� TLP %!)
0!���-"1("+� 101(.,%(%  ')�  ! & �-%1(.� , !"� 1�,%'("+. (�' �
�����
�� �
����	�� ��
(simultaneous multithreading (SMT)) � �!�2%  !"(�4! " (�' $!%�&� !���%!��' '�,�(5'
(% �!�2% %'(%-5'28�'(%" -"% (�0� !)��0� (�0  ! & �-%1(.�  +, (%�� 0), '�" , %0() (�'
(�)!� ()1� (�' ILP� )1� +%" (�' TLP� �� !%��' + #��%"� !%��01"�8 " (% :%1"+� 1(�"6 2%
(�� %�6"( +(�'"+.� SMT� +%/�� +%" (�' ( 6'���-2% Hyper-Threading � �!�2% %!�( � 2 ,"%
 ,!��"+. 0��!�2�1� %!) (�' Intel�

-�� ���	��"���
�

� �
����	�� �� (multithreading)  2'%" ,"% ( 6'"+. � �!�2% !��(�/�+ -"% (�'  +, (��9
� 01� (�� TLP %!) 4'%  ! & �-%1(. +%" � �!�2% 1(��28 (%" 1(�' *"%,�2�%1� (5' ,�'�*5'
 +(4� 1�� (�0  ! & �-%1(. %'�, 1% 1 �
��
��� ��	
�
 (multiple threads)� 	"% '%  2'%"
*0'%()� � *"%,�"�%1,)� %0()�� /% !�4! " �  ! & �-%1(.� '% *"%/4( "  !"!�4�' ,�'�* � <+%9
(%65��(4�� , (��(.� !��-��,,%(��� !2'%+%� 1 �2*5'= -"% (�' *"%(.��1� (�� +%(�1(%1�� (�0
+�/ '.,%(��� �+),�� (� 0�"+) /% !�4! " '% 0!�1(��28 " (�' -�.-��� , (%-5-.  �4-6�0
%'�, 1% 1(% '.,%(%�

�!��6�0' :%1"+� *$� !��1 --21 "� (�� !��0'�,�(51��� �(�' ����
�
		$�� �
�����

-#
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� �� (fine-grained multithreading)� � , (%-5-.  �4-6�0 %'�, 1% 1(% '.,%(% -2' (%"
 '%���& 1 +�/  '(��.� !��+%��'(%� ,"% *"%#0��5,4'�  +(4� 1� (5' '�,�(5'� �� �'49
+(�,% %0(.� (�� !��14--"1��  2'%" � "+%')(�(% (�� '% +�$: " (�' +%/01(4��1� (latency) !�0
!��+%��$' (% +���.,%(% (stalls)� %#�$  '(��4� %!) ���% '.,%(% ,!���$' '%  +( � 1(�$'
)(%'  2'%" +����,4'� 4'% '.,%� �� +0�")( �� , "�'4+(�,� (��  2'%" �  !":��*0'1� (�0 +�/ 
'.,%(��� �)-5 (�� 10' 6�$� , (%-5-.�  �4-6�0� ;�'% '.,%  '�  2'%" 4(�",� '%  +( �41 "
,"% 1 "�� %!)  '(��4� 65�2� +���.,%(%� /%  !":�%*0'/ 2 %'%!)# 0+(% %!)  '(��4� ���5'
'�,�(5'�

� * $( �� !��14--"1�� � �
���
�
		$�� �
����	�� �� (coarse-grain multithreading)
!��1!%/ 2 '% �$1 " (� , "�'4+(�,% (�� !��14--"1�� (�� � !(�+�,,4'�� !��0'�,�(51��� �
, (%-5-.  �4-6�0 * ' -2' (%" 1 +�/  '(��.� %��� ,)'� 1("� ! �"!(�1 "� !�0  ,#%'28�'(%"
+%/01( �.1 "� , -���� *"��+ "%�� )!5�  2'%" �" %1(�62 � +�0#.� ,'.,��� ;�(1"� � , (%-5-.
* ' !��+%�4" , -���  !":��*0'1� 1(�'  +(4� 1� (�0 +�/ '.,%(��� ? ' !%$ " ),5� '%
 ,#%'28 " +" %0(. � ,4/�*�� , "�' +(.,%(%� , !"� :%1"+) , "�'4+(�,% )(" 0!�#4� " %!)
+���.,%(% ,"+�.� *"��+ "%�� �  ! & �-%1(.� 1(�' 6�'(��+�,,4'� !��0'�,�(51� #4�' " +"
 +( � 2  '(��4� %!) 4'% '.,%� ;�(%'  ,#%'"1( 2 4'% +)���,%� /% !�4! " �  ! & �-%1(.� '%
%* "�1 " (�' %-5-) (�0� !�"' #4� "  '(��4� %!) 4'% ���� '.,%� �46�" (�' 10,!�.�51� (��
 +(4� 1�� (5' '45'  '(���'� /% 46 " ! ��1 " 4'% ,"+�) 6��'"+) *"�1(�,% (� �!�2�  !":%�$' "
(�' 10'��"+.  !2*�1� (�0  ! & �-%1(. +%" (� �!�2� ,!�� 2 '% +%(%1( 2 +%(%1(��#"+) 1(�'
! �2!(51� !�0 (% +���.,%(% ,"+�.� *"��+ "%�  ,#%'28�'(%" 106'��

�(� 16.,% ��A :�4!�0, !5� 6��1",�!�"�$'(%" �" issue slots  ')� 0! �:%/,5(�$  ! 9
& �-%1(. 1("� ! �"!(�1 "� (5' *$� !��1 --21 5' !��0'�,%("1,�$ !�0 ,)�"� %'%# �/.+%, �
;�!5� #%2' (%" +%" 1(� 16.,% � 6��1",�!�2�1� (5' issue slots 1(�' ! �2!(51� (�0 0! �9
:%/,5(�$  ! & �-%1(.� ! �"��28 (%" %!) (�' ILP� �!2!�)1/ (%� ,"% %1(�62% +�0#.� ,'.,��
 2'%" "+%'. '% +%(%1(.1 " (�'  ! & �-%1(. %' ' �-) -"% 1�,%'("+) 6�)'�� �(�' ! �2!(51�
(�� 6�'(��+�,,4'�� !��0'�,�(51��� (% *"�#��% +���.,%(% !�0  ,#%'28�'(%" +�$:�'(%" , 
(�'  +(4� 1�  '(���' %!) ���� '.,%� �%" !��" � ILP ! �"��"8 " (�' %�"/,)  '(���' !�0
 +( ��$'(%" %'� +$+�� ,�6%'.�� ?"%+�2' (%"�  !21�� +%" � +%/01(4��1� !�0  ,#%'28 (%"
1(�'  ++2'�1� (5' ' �'  '(���' !�0  "1.-6/�+%' 1(�' %-5-)� �(�' ! �2!(51� (�0 � 9
!(�+�,,4'�0 !��0'�,%("1,�$� �  '%���&  +(4� 1� (5' '�,�(5'  &%#%'28 " ("� (06)' �* " �
issue slots +%(� ,.+�� (�0 +%(%+)�0#�0 �&�'%� +" 4(1" 1 +�/ +$+�� ,�6%'.�  +( ��$'(%"
 '(��4�� ���� +%" !��" � ILP ! �"��28 " (� !�./�� (5'  '(���' !�0  +( ��$'(%" %'% +$+��
,�6%'.��

-�� +�	��
���� ���	��"���
� (SMT)

� �
�����
�� �
����	�� �� (simultaneous multithreading (SMT))  !"(�4! " (�'  +(4� 1�
!���%!��' '�,�(5' 1 4'% ,)'�  ! & �-%1(.� 65�2� (� 6�.1� , (%-5-.�� �� +2'�(�� !215
%!) (�' (%0()6��'� !��0'�,�(51�  2'%" (� - -�')�� )("  '� �" 1$-6��'�"  ! & �-%1(4�
46�0' (�' "+%')(�(% '% #4�'�0' +%" '%  +( ��$' 1 +�/ +$+�� ,46�" +%" D  '(��4�� 1(�'
!�%-,%("+)(�(% 0!�� "(�0�-�$'� %#�$ 1("� ! �"11)( � � ! �"!(�1 "� 4'% %!�) '.,% !�0
 +( � 2(%" * ' !%��01"�8 " ILP !4�% (5' �9B  '(���'� � (� 6�.1� ),5� (�� (%0()6��'��
!��0'�,�(51��� �  ! & �-%1(.� +%(� (� *"��+ "%  ')� +$+��0 ,�6%'.� 7�6' " +%" :�21+ "
 '(��4� (%0()6��'% %!) !���� '.,%(%� ("� �!�2 � *0'%,"+� *��,���- 2 !��� ("� ,�'�* �
 +(4� 1���  !"(0-6�'�'(%� , %0() (�' (�)!� (�' ,4-"1(� *0'%(. 6��1",�!�2�1� (5' issue
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�+�&� #�/	 1��(�&���$�(� �*� issue slots ��%� ����9��&*��� ���'����(��

slots 1 +�/ +$+��� )!5� #%2' (%" +%" 1(� 16.,% ��A�

� (�' $!%�&� ��"!)' !���%!��' '�,�(5' (% �!�2% %'(%-5'28�'(%" -"% (�0� !)��0�
(�0  ! & �-%1(.� � SMT 10'*0�8 " ("� *0'%()(�( � (5' 0! �:%/,5(�'  ! & �-%1(�' -"%
 +(4� 1� !���%!��'  '(���' <!%�%����2% ILP= +%" ("� *0'%()(�( � (5' !��0'�,%("+�' -"%
%!)+�07� (5' 6��'"+�' +%/01( �.1 5' <!%�%����2% TLP=�

� %�6"( +(�'"+. SMT )!5� !��( 2' (%" 1(� JAAK ,!�� 2 '%  +( �41 "  '(��4� ,46�" +" %!)
D '.,%(% +%" %!�( � 2 ,"%  !4+(%1� (�0 0! �:%/,5(�$  ! & �-%1(. � �!�2�� *"%/4( " .*�
!����$� %!) (�0� %'%-+%2�0� ,�6%'"1,�$� -"% (�'  +, (��� 01� (�� TLP ,415 !��0'�,�9
(51��� 	"% (�' 0!�1(.�"&� (�� (%0()6��'�� !��0'�,�(51�� � 0! �:%/,5()�  ! & �-%1(.�
6� "�8 (%" :%1"+� ,)'� *$� %��%-4�L 1(� ,�6%'"1,)  $� 1��  '(���' (instruction fetch
mechanism) +%" 1(� 1$'��� +%(%65��(�'�

;�'% 10'�/"1,4'� 1$1(�,% !�):� 7�� *"%+�%*�1 5' �*�- 2 (�'  $� 1�  '(���'� ,)'�
!�0 -"% '% ,!�� 2 �  ! & �-%1(.� '% :�21+ "  '(��4� %!) D '.,%(%� *"%/4( " D , (��(4�
!��-��,,%(�� +%" D * 2+( � 1(�2:%�� 4'% -"% +�/ '.,%� � +�/ +$+��� � ,�6%'"1,)�
 $� 1��  '(���'  !"�4- " *$� '.,%(% <%!) (% '.,%(% -"% (% �!�2% * '  ++� , 2 %1(�62%
+�0#.� ,'.,��  '(���'= +%" #4�' " ,46�" +%" F  '(��4� %!) +�/ '.,%� � ,�6%'"1,)�
%0()�  2'%" ��"!)' "1�*$'%,�� , %0()  ')� 0! �:%/,5(�$  ! & �-%1(. !��(�0� D  '(���'�
+%" 6� "�8 (%" ,)'� � /$� � 1(�' +�0#. ,'.,�  '(���'� 	"% (�' !"� %!�*�("+. � "(�0�-2%
(�0 ,�6%'"1,�$  $� 1��  '(���'� %'%(2/ '(%" !��( �%")(�( � 1(% '.,%(%� � ( 6'"+. !�0
 #%�,)8 (%"� %'%/4( " (�' 07��)( �� !��( �%")(�(% 1(% '.,%(% (% �!�2% 46�0' (� ,"+�)( ��
!�./��  '(���' 1(% 1(�*"%L %!�+5*"+�!�2�1�  '(���'� , (�'�,%12% +%(%65��(�'� �0��
 '(���' !���  +(4� 1�� � %0() (�' (�)!� %!�# $- (%" � �",�+(�'2%  ')� '.,%(�� . �
%!�+� "1("+. 6�.1� (�0  ! & �-%1(. %!) 4'% '.,%�  !"(0-6�'�'(%� �,�"),��#� +%(%'�,.
(5'  '(���' %'�, 1% 1(% '.,%(%�

� (� (�'  $� 1� +%" %!�+5*"+�!�2�1�  '(���' %+���0/ 2 � 	��
�
	
��
 �
�
� ���
�!�(register renaming)� ��/ '.,% *"%/4( " B� %�6"( +(�'"+�$� +%(%65��(4� �" �!�2�" %'("9
1(�"628�'(%" ,415 (�� *"%*"+%12%� , (�'�,%12%� +%(%65��(�' 1(�0� #01"+�$� +%(%65��(4��
�" �!�2�" 1 !�./��  2'%" )1�" �" 10'��"+�2 %�6"( +(�'"+�2 +%(%65��(4� <8 × 32 = 256 10'
+�!�"�0�  !"!�4�' +%(%65��(4� -"% (�' , (�'�,%12% +%(%65��(�'� �! "*.� (� , -%�$( ��
1$'��� +%(%65��(�' 6� "�8 (%" ! �"11)( �� 6�)'� !��1!4�%1��� (% 1(�*"% %'�-'51�� +%"
 --�%#.� +%(%65��(�'  !",�+$'�(%" 1(�0� *$� +$+��0� ,�6%'.� -"% (�' %!�#0-. %$&�1��
(�� *"��+ "� (�0 +$+��0 ,�6%'.��
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�+�&� #�!	 )��7��
 ��$2�(�� ��
&�(� (� 8�� SMT ��� 8�� ����9��&*�% ���'����<
(��

�!"!�)1/ (% (�0 '4�0 ,�6%'"1,�$  $� 1��  '(���'� (�0 , -%�$( ��0 1$'���0 +%(%9
65��(�' +%" (�0 ,%+�$( ��0 %-5-�$� 6� "�8 (%" +%" � !���%!�%1"%1,)� (�"�' !)�5' (�0
 ! & �-%1(.L (�0 ,�6%'"1,�$ %!�*41, 01��  '(��5' (instruction retire) %'� '.,%� (�0 ,�9
6%'"1,�$ *"%+�!�'� +%" 4'%  !"!�)1/ (� ! *2� 1("�  --�%#4� (�0 +%(%65��(. !�):� 7��
*"%+�%*�1 5' (branch prediction buffer) (� �!�2� *���' " (�' (%0()(�(% (�0 '.,%(��� ? '
6� "�8�'(%"  !"!�4�' +0+��,%(% -"% (�' !��0'�,%("+. 6��'�*��,��)-�1�� �0() 10,:%29
' "� *")(" � *"%*"+%12% , (�'�,%12%� +%(%65��(�'  &%� 2# " ("� �!�" 1*.!�(  &%�(.1 "�
+%(%65��(�' , (%&$ '�,�(5'� 4(1" �1( �" 10'�/"1,4' � �0�4�  '(���' '% ,!���$' '%
6��1",�!�"�/�$' -"% (�' *0'%,"+. 6��'�*��,��)-�1�  '(���' %!) *"%#�� ("+� '.,%(%� �"
 '(��4� (5' '�,�(5' ! �",4'�0' ,41% 1("� �0�4�� +%" ,"%  '(��. ,!�� 2 '%  +( � 1( 2 ,)�"�
(% ��21,%(% (��  2'%" *"%/41",%�

�(�' 16 *2%1� !�0 !��( 2' (%"� �" ! �"11)( ��" !)��" (�0  ! & �-%1(. ,�"��8�'(%" *09
'%,"+� %'�, 1% 1(% '.,%(%�  '�  ��6"1(�" ,�"��8�'(%" 1(%("+�� �!�,4'5� 1(�' ! �2!(51�
!�0  +( � 2(%" 4'% ,)'� '.,%� �" !)��"  2'%" 16 *)' )��" *"%/41",�"� � %�6"( +(�'"+. ,%�
 !"(�4! " ��"!)' '% ! (06%2'�0, (�'  !2*�1� (�� (%0()6��'�� !��0'�,�(51��� 65�2� '%
 !�� �8 (%" �  !2*�1� +%" � 16 *2%1� (�0 1$-6��'�0 0! �:%/,5(�$  ! & �-%1(.�

-�, +�
������� Hyper-Threading (HT)

� ( 6'���-2% Hyper-ThreadingJABK %!�( � 2 (�'  ,!��"+. 0��!�2�1� (�� %�6"( +(�'"+. SMT
%!) (�' Intel�

�#%�,)8�'(%� � Intel ,"% !%�%��%-. (�� SMT , *$� '.,%(%� 4'%� %!�)� #01"+)�  ! 9
& �-%1(.� , ( 6'���-2% Hyper-Threading  ,#%'28 (%" 1(� � "(�0�-"+) 1$1(�,% 5� *$�
��-"+�2  ! & �-%1(4�� ��/ ��-"+)�  ! & �-%1(.� 46 " (� *"+. (�0 %�6"( +(�'"+. +%(�1(%9
1�� � %�6"( +(�'"+. +%(�1(%1� %!�( � 2(%" %!) (�0� +%(%65��(4� - '"+�$ 1+�!�0� (�0�
+%(%65��(4�  �4-6�0� (�0� !��-�%,,%(21",�0� +%(%65��(4� *"%+�!�' (APIC)� +%" ��"1,49
'�0� +%(%65��(4� +%(�1(%1��� �!) ��-"1,"+.� !� 0���� %!) (� 1("-,. !�0 0!��6�0' *$�
& 65�"1(4� %�6"( +(�'"+4� +%(%1(�1 "�� 4'% � "(�0�-"+) 1$1(�,% (� �!�2�  2'%" "+%') -"%
!��0 ! & �-%1("+� ! �":����'(% %'(", (5!28 " (�'  ! & �-%1(. 5� *$� %' &��(�(�0�  ! 9
& �-%1(4��



���� ���	������
 HYPER-THREADING (HT) -.

,�-. #����
�� #��������� #'����

,�-. #����
�� Out-of-order

�+�&� #�3	 )��&����(&%� �*� �%�*� (� 8�� ���'����(�� ��+�� ��$�� Hyper-
Threading

� :%1"+. *"%#��� %'�, 1% 1(�' Hyper-Threading 0��!�2�1� +%" (�' !��( "'), '� %�6"9
( +(�'"+. SMT  '(�!28 (%" 1(�' (�)!� !�0 �" !)��" (�0  ! & �-%1(. ,�"��8�'(%" %'�, 1%
1(% *$� '.,%(%� �'� � %�6"( +(�'"+. SMT !��( 2' " 1%' !"� %!�*�("+) (�' *0'%,"+) *"%,�"9
�%1,) (5' !)�5' %'(2� (�0 1(%("+�$ *"%65�"1,�$� 1(�' 0��!�2�1� (�� Intel ��"1,4' � *�,4�
*"%65�28�'(%" 1(%("+�� �%1"+� *$�  2'%" �" �)-�" -"; %0(. (�'  !"��-.� ���(�� � 1(%("+)�
*"%65�"1,)� %!�,�'�' " +%�$( �% 4'% '.,% %!) 4'% ���� !�0 * ' 10,! �"#4� (%" %!�*�("+��
? $( ��� %' +%" � ( 6'"+. (�0 1(%("+�$ *"%65�"1,�$ * '  ! +( 2' (%" ()1� +%�� -"% !����
'.,%(%� )!5� (% D '.,%(% (�� SMT� 1(�' ! �2!(51� (5' *$� '�,�(5' !��1 --28 " !��$
+%�� (�'  !2*�1� (�0 *0'%,"+�$ *"%,�"�%1,�$� @01"�8�'(%� ��"!)' 4'% ,"+�) !�1�1() (��
 !2*�1���  !"(0-6�' (%" ,"% !"� %!�. 0��!�2�1��

�(� 16.,% ��B #%2' (%" !5� -2' (%" � *"%,�"�%1,)� (5' !)�5' 1(� ,�'�!�(" * *�,49
'5' (datapath)  ')�  ! & �-%1(. ( 6'���-2%� Hyper-Threading� �)��" !�0 *"%,�"��8�'(%"
*0'%,"+� )!5� �" ,�'�* �  +(4� 1��� �" +�0#4� ,'., � +%" �" +%(%65��(4� *"%+�%*�1 5'
6��1",�!�"�$'(%" %!) +�"'�$ %!) (% *$� '.,%(%� ;�1�' %#��� (�0� !)��0� !�0 *"%65�28�'9
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(%" 1(%("+� )!5� � �0�� ,"+�� '(���'� �" +%(%65��(4� #)�(51�� +%" %!�/.+ 01��� � ROB
(reorder buffer)� %0(�2 * '  2'%" !�.�5� *"%/41",�" 1(�0� ��-"+�$�  ! & �-%1(4�� ��/ ��9
-"+)�  ! & �-%1(.� ,!�� 2 '% 6��1",�!�".1 " ("� ,"14�  --�%#4� %!) +�/ (4(�"% *�,.� 	"%
!%��* "-,% %' �" 10'��"+4�  --�%#4� (�0 ROB  2'%" A�G� ()( +�/ ��-"+)�  ! & �-%1(.�
,!�� 2 '% 6��1",�!�".1 " (� ,4-"1(� GB  --�%#4��

�(�' ! �2!(51� !�0 ,)'� 4'% '.,%  +( � 2(%" 1(�'  ! & �-%1(.� . (�0��6"1(� (� * $( 9
�� '.,%  2'%" 1 +%(�1(%1� $!'51��� /% /4�%, )��" �" 1(%("+� *"%65�"1,4'�" !)��" '%  2'%"
*"%/41",�" 1(� 4'% '.,%� � ( 6'���-2% Hyper-Threading *2' " %0(. (� *0'%()(�(% ,415
(5' +%(%1(�1 5' � "(�0�-2%� (�0  ! & �-%1(.� �0-+ +�",4'% 0!��6�0' *$� (4(�" � +%(%9
1(�1 "�L +%(�1(%1� %!�.� *" �-%12%� (single-task mode (ST)) +%" +%(�1(%1� !���%!��'
*" �-%1"�' (multi-task mode (MT))� �(�' +%(�1(%1� MT +%" �" *$� ��-"+�2  ! & �-%9
1(4�  2'%"  ' �-�2 +%" � *"%,�"�%1,)� (5' !)�5' -2' (%" )!5� ! �"-��#(�+ '5�2( �%� �(�'
+%(�1(%1� ST ,)'� � 4'% ��-"+)�  ! & �-%1(.�  2'%"  ' �-)�� +%" �" !)��" !�0 .(%' *"%9
,�"�%1,4'�" 1(�' +%(�1(%1� MT 10' '�'�'(%" 4(1" �1( � 4'%� ��-"+)�  ! & �-%1(.� '%
46 " 1(� *"�/ 1� (�0 )��0� (�0� !)��0� (�0  ! & �-%1(.� � , (�:%1� %!) (�' ,"% +%9
(�1(%1� � "(�0�-2%� 1(�' ����� -2' (%" ,415 (��  '(��.� !0�.'% HALT� � *  !%'%#���
(�0 ��-"+�$  ! & �-%1(.� !�0  +(4� 1 (�'  '(��.� -2' (%" ,415 *"%+�!.� !�0 !��+%� 2 �
����� ��-"+)�  ! & �-%1(.� +%" � �!�2% %#0!'28 " (�' !��(� +%" /4( "  !�,4'5� ��)+����
(�'  ! & �-%1(. 1(�' +%(�1(%1� MT� �  '(��. HALT� !��1*"��28 (%" +0�25� -"% 6�.1�
%!) (�' 6��'�*��,���-�(. (�0 � "(�0�-"+�$ 101(.,%(�� -"% (�' : �(251� (��  !2*�1�� (5'
6��'�*��,���-�$, '5' *" �-%1"�'�

;�'% ���� 1�, 2� �&"� 16��"%1,�$  2'%" � +�"'. 6�.1� (�� +�0#.� ,'.,�� %!) (�0� *$�
��-"+�$�  ! & �-%1(4�� � +�"'. 6�.1� ,!�� 2 '% �*�-.1 " 1 %' !"/$,�( � 10-+��$1 "�
, "�'�'(%� (�'  !2*�1� (�0  ! & �-%1(.� �%�)�% %0(�� ,!���$' '% %'%!(06/�$' , /)*�"
!�0  +, (%�� $�'(%" (�' +�"'. 6�.1� (�� +�0#.� ,'.,��� )!5�  2'%" -"% !%��* "-,% (�
,�'(4�� !%�%-5-�$9+%(%'%�5(. 1(� �!�2� � 4'%� ��-"+)�  ! & �-%1(.� %'%�%,:�' " '%
#4�' " (% * *�,4'% !�0 /% 6� "%1( 2 � ����� ��-"+)�  ! & �-%1(.� !�"' %0()� (% 6� "%1( 2�
4(1" �1( '% +�$:�'(%" �" +%/01( �.1 "� ,'.,��� �!21��  '/%��$' " (�' %'�!(0&� -�.-��5'
,�6%'"1,�' 10-6��'"1,�$ -"% (�' ! �2!(51� !%������5'  �-%1"�'�

	 '"+�� )!5� /% *�$, , ! �"11)( �� :�/�� 1(�  !), '� + #��%"�� %0() !�0 *"%!"9
1(�' (%" 16 ("+� , (�'  !2*�1� (�� ( 6'���-2%� Hyper-Threading  2'%" )(" 10,! �"#4� 9
(%" +%�$( �% 1 ! �":����'(% !���%!��' %'�,�"�- '�'  #%�,�-�'� !%�� 1 ! �":����'(%
�,�"�- '�'  #%�,�-�' !%������5' 0!���-"1,�'� �)-5 (�0 )(" �" !���%!�4�  #%�,�-4�
( 2'�0' '% 6��1",�!�".�0' *"%#�� ("+�$� !)��0� (�0  ! & �-%1(.� 1 %'(2/ 1� , ("� !%9
������ �  #%�,�-4� (5' �!�25' (% '.,%(% 6��1",�!�"�$' (�0� 2*"�0� !)��0��
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� ��
!�����"����� MBaLt �� ,��	���	
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��������������

3�� ������

�'(2/ (% , (�0� 0! �:%/,5(�$�  ! & �-%1(4�� � %�6"( +(�'"+. SMT  +, (%�� $ (%" (�'
!%�%����2% 1  !2! *�  '(��.� , (%&$ '�,�(5'� +%(� (�' %!)+�07� +%/01( �.1 5'� �!�9
,4'5��  2'%" !"/%') �" : �("1(�!�".1 "� �" �!�2 �  2'%" +%(����� � -"% (4(�"% ,�6%'.,%(%�
'% ,�'  2'%" +%(����� � -"% (�' SMT� �(��"8), '�" 1(% / ("+� %!�( �41,%(% !�0 ,%�
4*51 �  #%�,�-. (�0 tiling , *"%(�& "�  '�(.(5' +%" * "+(�*)(�1� MBaLt� 1(� !%��'
+ #��%"� !��65��, 1(� , �4(� (��  !2*�1�� (�� : �("1(�!�2�1�� %0(.� 1 ,"%  ,!��"+.
0��!�2�1� (�� SMT� (�' ( 6'���-2% Hyper-Threading (�� Intel� �" *"�#�� �  +*�64� (�0
, (��!��-��,,%(�� >�%�%-�'(�!�2�1� Cholesky3 !�0 0��!�".1%, 1(� + #��%"� F !%�%�9
����!�"�$'(%" , 6�.1� '�,�(5' Pthreads (POSIX Threads) +%"  +( ��$'(%" 1 4'% 0!���9
-"1("+) 1$1(�,% %!�( ��$, '� %!)  ! & �-%1(4� Intel Xeon �" �!�2�" *"%/4(�0' ( 6'���-2%
Hyper-Threading� -"% (� �.7� !�%-,%("+�' %!�( � 1,�(5' +%" (�'  &%-5-. 10,! �%1,�9
(5'�

3�� ���	��"����( �������������
�

	"% (�' *"�1!%1� (�0 6���0  �-%12%�  ')� !��-��,,%(�� +%" (�� %'�/ 1�� (5' (,�,�9
(5' !�0 !��+$!(�0' 1 *"%#�� ("+� '.,%(% (% �!�2% (�46�0' !%������%� 6��1",�!�"�$'(%"
*$� :%1"+4� , /)*�"L � !(�+�,,4'� *"%,4�"1�  �-%12%� (fine-grain work partitioning)� )!�0
,"+�� (,.,%(% (5' * *�,4'5' %'%(2/ '(%" +0+�"+� 1 *"%#�� ("+� '.,%(% +%" 6�'(��+�,,49
'� *"%,4�"1�  �-%12%� (coarse-grain work partitioning)� )!�0 , -��% +�,,�("% * *�,4'5'
%'%(2/ '(%" 1 +�/ '.,%�

�(�' ! �2!(51� (�0 tiling <+%" +%(;  !4+(%1� 1("� *"%(�& "�  '�(.(5' , 10'*0%1,)
tiling=� �" *$� *"%,�"��1 "�  #%�,)8�'(%" 5�  &.�L

./
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,�-. ;���������'�� ,�-. <��������'��

�+�&� 5�/	 :� 2�� 9�(��8� &��%2�� 2��&8��(�� +,��� ����($�� (��� ���$��*(� tiling

• "
���
�
		$�� +�
	$���� ���
��
�� �0' 6), '% tiles %'%(2/ '(%" +0+�"+� 1 *"%9
#�� ("+� '.,%(%� )!5� #%2' (%" 1(� 16.,% G�A<%H=L � 6�.1� (�� *"%,4�"1�� %0(.�
 '* 2+'0(%" 1(�' ! �2!(51� !��0 ! & �-%1(�'� *")(" %'%/4(�'(%� 1 +�/  ! & �-%9
1(.N'�,% 4'% tile %0&�' (%" �  !%'%6��1",�!�2�1� +%" , "�' (%" � %!%�%2(�(�  !"+�"9
'5'2% +%" 10-6��'"1,)� , (%&$ (5'  ! & �-%1(�'N'�,�(5'� �; 4'%  ! & �-%1(. ),5�
SMT� ,"% (4(�"% *"%,4�"1� )!5� *"%!"1(�' (%" 1(� JA�K ,!�� 2 '%  2'%"  !":�%:.�� �09
() 10,:%2' " *")(" (% '.,%(%  �-�8�'(%" 1 & 65�"1(� 1$'��% * *�,4'5'� %0&�'�'(%�
, %0() (�' (�)!� (� 6���  �-%12%� (�0 !��-��,,%(�� +%" �*�-�'(%� 1 0! �6 2��1�
(�0 TLB (TLB thrashing)�

• :���
�
		$�� +�
	$���� ���
��
�L �0' 6), '% 1(�"6 2%  ')� tile %'%(2/ '(%" +09
+�"+� 1 *"%#�� ("+� '.,%(%� )!5� #%2' (%" 1(� 16.,% G�A<:H=� ;�!5� 1�, "�' (%"
1(� JA�K� � 6�.1� (�� *"%,4�"1�� %0(.�  '* 2+'0(%" 1(�' ! �2!(51� (5'  ! & �-%1(�'
%�6"( +(�'"+.� SMT� )!�0 (% '.,%(% ,�"��8�'(%" (�' +�"'. +�0#. ,'.,� +"  !�,49
'5� * ' 0!�#4��0' %!) +%/01( �.1 "� �)-5 10'�# "%� +�0#.� ,'.,��� �!21��  2'%"
*0'%(. � 0��!�2�1� %�+ (� -�.-��5' ,�6%'"1,�' 10-6��'"1,�$� � �!�2% 1(��28 (%"
1(�' $!%�&� (�� +�"'.� +�0#.� ,'.,��� �!"!�4�' � 6����  �-%12%�  2'%" ,"+�)( ����
+"  !�,4'5� , "�' (%" � 0! �6 2��1� (�0 TLB�

3�� ���	��"����( �������������
� ��������� 

����
�� Cholesky

	"% (� , �4(� (��  !2*�1�� (5' *"%(�& 5'  '�(.(5' , * "+(�*)(�1� MBaLt� 1 " �%�62%
,'.,�� !��0'�,%("+.� %�6"( +(�'"+.� ($!�0 SMT +%" 10-+ +�",4'% (�0  ! & �-%1(. Intel
Xeon DP , ( 6'���-2% Hyper-Threading� (� , (��!�)-�%,,% Cholesky !%�%�����!�" 2(%"
1 � '.,%(% 6��1",�!�"�'(%� ("� *$� :%1"+4� , /)*�0� *"%,4�"1��L � !(�+�,,4'� +%" 6�'9
(��+�,,4'�� �!21��  #%�,)8 (%" +%" � 10'*0%1,)� (5' *$� , /)*5' -"% (�' *"%,4�"1� (�0
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�+�&� 5�!	 :� ���(�� 
(��� %�*� �$������ ��% �� ��&��� (��� ���$��*(�  ������&<
&8��� 2��&8��(�� ����($��

6���0  �-%12%� 1(�' ! �2!(51� F '�,�(5'�

7�$�� 8	���������� 0�������� ��
�����

� ! �2!(51� � !(�+�,,4'�� *"%,4�"1��  �-%12%�  2'%" 16 ("+� %!�.� �%" (% *$� '.,%(%
 �-�8�'(%" 1(� 2*"� tile <.  ')(�(%= (� �!�2� (� ,�"��8�'(%" +0+�"+� )!5� #%2' (%" 1(� 16.9
,% G��� � +�/ tile (� !��(� '.,%  +( � 2 %' 6� "�8 (%" (�' 0!���-"1,) (�� ( (�%-5'"+.�
�28%� (5' 1(�"6 25'  !2 (�� *"%-5'2�0 <A=�  +( � 2 ("� *"%"�41 "� <�= +" %+���$/5� 10' 628 "
, (�0� !���%!�%1"%,�$� 1(� ,"1) tile� �� * $( �� '.,%  +( � 2 (�0� !���%!�%1"%1,�$�
1(� 0!)��"!� ,"1) tile !%������% , (� !��(� '.,%� 	"% ,"+�) ,4- /�� !��:�.,%(�� �
*"%,4�"1� %0(. !%��01"�8 " %'"1����!2 �� �" �!�2 � ),5� 1 !��:�.,%(% , -���0 , -4/�0�
 2'%" %, ��(4 ��

� %+)��0/�� +�*"+%� %!�( � 2 (,.,% (�� !%�������� 0��!�2�1�� (�0 , (��!��-��,,%9
(�� 6��1",�!�"�'(%� � !(�+�,,4'� *"%,4�"1�  �-%12%�� � +�*"+%� %0()� !��1! ��' " (%
1(�"6 2%  ')� tile +%"  2'%" !%�%, (�"+)� (�0 %�"/,�$ '.,%(�� thread +%" (�0 !�./�0� '�,�9
(5' threads� � !�.��� +�*"+%� � �!�2�� ! �"�%,:�' " *"%(�& "�  '�(.(5' , * "+(�*)(�1�
MBaLt ,!�� 2 '% :� / 2 1(� !%���(�,% �H���thread tiled full bdl NN fine grain <-�%,,4�
D�9�AC=�

for ( k=kk ; k<MIN(kk+Bkk ,N) ; k++) {
i f ( thread ID==0) {

i f ( j j <=k && k< j j+Bj j && i i <=k && k< i i+Bi i )
A[ k ] [ k]= sq r t ( f ab s (A[ k ] [ k ] ) ) ; (1 )

i f ( j j ==(int ) f l o o r ( (double ) kk/ Bj j )∗Bj j )
for ( j = MAX( i i , k+1) ; j<MIN( i i+Bjj ,N) ; j++)

A[ k ] [ j ]/=A[ k ] [ k ] ; ( 2 )
}

/ ∗ B a r r i e r S y n c h r o n i z a t i o n ∗ /
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for ( j=MAX( j j , k+1)+thread ID ; j<MIN( j j+Bjj ,N) ; j+=
threads )
for ( i=MAX( i i , j ) ; i<MIN( i i+Bii ,N) ; i++)

A[ j ] [ i ]−=A[ k ] [ i ]∗A[ k ] [ j ] ;
}

7�$�" -������������ 0�������� ��
�����

�(�' ! �2!(51� 6�'(��+�,,4'�� *"%,4�"1��  �-%12%�� (% tiles %'%(2/ '(%" +0+�"+� 1(% �
'.,%(%� ��/ '.,% ��"!)'  �-�8 (%" 1(� *"+) (�0 tile !%������% , (� ���� '.,%� �
$!%�&� ),5�  &%�(.1 5' , (%&$ (5' tiles )!5� #%2' (%" 1(� 16.,% G�B� +%/"1(� %'%-+%2�
(� 10-6��'"1,) , (%&$ (5' '�,�(5' -"% (�' ,� !%�%:2%1� (5'  &%�(.1 5'� �"  &%�(.1 "�
0!�6� �'�0' (� !��(�� (% (�2% ( � 0(%2% +%" ��"1,4' � #��4� (� (4(%�(� tile %!) (� (4���� '%
0!���-"1/�$' %+���0/"%+� +" 4(1" %'%(2/ '(%" !�'(�( 1(� !��(� thread� �% 0!)��"!% tiles
�,%*�!�"�$'(%" 1(%("+� 1 �,�* � (5' *$� tiles +%" %'%(2/ '(%" 1(% '.,%(% , (� ,�(2:� !�0
#%2' (%" 1(� 16.,% G�B� � %0() (�' (�)!�  &%1#%�28 (%" � *"%(.��1� (5'  &%�(.1 5' +%"
 !"!�)1/ (%  !"(0-6�' (%" 07��.  !2*�1�� %#�$ 1(%  '*"�, 1% tiles (% '.,%(% !��65��$'
!%������% 16 *)' 1 !�.�� (%6$(�(%�

�" �)-�" !�0 * '  !"(0-6�' (%" !�.��� (%6$(�(%  2'%" :%1"+� *$�L

• � $!%�&� %+���0/"%+.�  +(4� 1��� � �!�2% ),5�  2'%" %, ��(4% 1(�' ! �2!(51� !�0
0!��6�0' %�+ (� tiles� �(�' ! �2!(51� ,%� (� !�./�� (5' tiles *2' (%" %!) (�' 1641�L

tiles =
M∑

k=1

k∑
l=1

l =
M(M + 1)(M + 2)

6
,M = �N

T
�

)!�0 N (� ,4- /�� (�0 !2'%+% +%" T (� ,4- /�� (�0 tile� �!�/4(5'(%� !�.���
"1����!2% 1(� #��(2� (5' tiles �  !"(�60'1� speedup *2' (%" %!) (�' 1641�L

speedup =
tiles

tiles−5
2 + 5

�(�' ! �2!(51� !�0 (� N  2'%" %�+ (� , -%�$( �� (�0 T � !�0 %0()  2'%" +%" (�
1$'�/ � �  !"(�60'1� speedup → 2� 	"% !%��* "-,% -"% ,"% 10'�/"1,4'� ! �2!(51�
N = 1024 +%" T = 32 speedup = 1.998�

• � %'"1����!2% !�0 0!��6 " 1(� #��(2� (5' tiles� �% tiles !�0 :�21+�'(%" 1(% 1$'��%
(�0 6���0  !%'%�.7 5'� 6� "�8�'(%" ! �"11)( �� 6�)'� -"% '% ���+���5/�$'� !%��
(%  15( �"+� tiles� ;�(1"� 4'% '.,% %#�$ ���+����1 " (� *"+) (�0 tile  '*46 (%" '%
!%�%, 2' " %' ' �-) ! �",4'�'(%� (�' ���+�.�51� (�0 ����0 '.,%(��� -"% '% 10' 9
621�0' %+���$/5� ,%82 1(%  !), '% tiles� @% ,!���$1%, '% %'("1(%/,21�0, (�'
!%��-�'(% (�� %'"11���!2%��  �'  !"(�4!%, 1 ��"1,4' � ! �"!(�1 "� 1(% '.,%(% '%
 �4-6�0' *0'%,"+� ("�  &%�(.1 "� +%" '% !��65��$' !"�  � $/ �%� 	"% (�0� 1+�!�$�
),5� (�� !%��$1%�  �-%12%� �  !"(�60'1� !�0  !"(0-6�' (%" , (� !%�%!�'5 1(%("9
+) ,�(2:� %'�/ 1�� (5' tiles 1(% '.,%(%  2'%" "+%'�!�"�("+.� +%" ,"% !"� !��$!��+�
0��!�2�1� * ' 6� "�8 (%"�
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�+�&� 5�3	 :� �'����(��� &���'� �*� tiles (�� +,�� ����� �;�*� ��� ���������<
��$�(�� Cholesky

� +�*"+%� (�� !%�������� 0��!�2�1�� (�0 , (��!��-��,,%(�� !�0 6��1",�!�" 2 6�'(��9
+�,,4'� *"%,4�"1�  �-%12%�� +%/�� +%" *"%(�& "�  '�(.(5' , * "+(�*)(�1� MBaLt ,!�� 2
'% :� / 2 1(� !%���(�,% �H���thread tiled full bdl NN coarse grain <-�%,,4� ��G9GGE=�

7�$�$ )��������� -������������� ��� 8	����������� 0��&

�������

�(�' ! �2!(51� 10'*0%1,�$ � !(�+�,,4'�� +%" 6�'(��+�,,4'�� *"%,4�"1��  �-%12%�� %�9
6"+� (% tiles %'%(2/ '(%" +0+�"+� 1(�0� *$� #01"+�$�  ! & �-%1(4� 6��1",�!�"�'(%� (�
6�'(��+�,,4'� *"%,4�"1�� �+���$/5�� 6��1",�!�"�'(%� � !(�+�,,4'� *"%,4�"1�  �-%12%�
+%/4'% %!) (% *$� tile !�0 %'%(4/�+%' 1(�0� *$� #01"+�$�  ! & �-%1(4�� *"%, �28 (%" %'�9
, 1% 1 � '.,%(%� (% �!�2% (�46�0' 1(�0� *0� ��-"+�$�  ! & �-%1(4� !�0 *"%/4( " � +�/ 
#01"+)�  ! & �-%1(.��

� +�*"+%� (�� !%�������� 0��!�2�1�� (�0 , (��!��-��,,%(�� !�0 6��1",�!�" 2 10'9
*0%1,) � !(�+�,,4'�� +%" 6�'(��+�,,4'�� *"%,4�"1��  �-%12%�� +%/�� +%" *"%(�& "�  '�9
(.(5' , * "+(�*)(�1� MBaLt ,!�� 2 '% :� / 2 1(� !%���(�,% �H���thread tiled full bdl
NN coarse fine grain <-�%,,4� GBD9A�FA=�
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7�'�� 9����� POSIX

;�'% ��	
 (thread)  2'%" ,"% %' &��(�(� ��.  �4-6�0 ,41% 1 ,"% *" �-%12%� ;��% (% '.,%(%
,"%� *" �-%12%� ,�"��8�'(%"L

• (�'  "+�'"+) 6��� *" 0/$'1 5' (�� *" �-%12%�

• %'�"+(� %�6 2% (file descriptors)

• 6 "�"1(4� *"%+�!�' (signal handlers)

�  '� +�/ '.,% 46 "L

• (� *"+) (�0 ! �" 6), '� <+%(%65��(4�� , (��(.� !��-��,,%(��=

• (� *"+. (�0 1(�2:% -"% (�!"+4� , (%:��(4�

� :":�"�/.+� NPTL (Native POSIX Threads Library) !%�46 " (� *0'%()(�(% !��0'�,%9
("+�$ !��-�%,,%("1,�$ -"% (� � "(�0�-"+) 1$1(�,% LInux� �!�( � 2 (�' !"� ���+���5,4'�
+%" 10,:%(. , (� !�)(0!� POSIX �$1�� !%�46�'(%� +%�$( � �  !"*)1 "� %!) !%�%")( � �
:":�"�/.+ � !��0'�,%("+�$ !��-�%,,%("1,�$� )!5� � LinuxThreads�

7�'�" CPU Affinity

� "+%')(�(% (�0 6��'�*��,���-�(.  ')� � "(�0�-"+�$ 101(.,%(�� '% �$��� ,"% *" �-%12% 1 
4'% 10-+ +�",4'�  ! & �-%1(. �'�,�8 (%" CPU affinity � � ,"% (4(�"% ! �2!(51� � 6�.1(��
46 " (� *0'%()(�(% '% ! �"��28 " (� 1$'��� (5'  ! & �-%1(�' 1(�0� �!�2�0� � 6��'�*��9
,���-�(.� *��,���- 2 (� *" �-%12% !���  +(4� 1�� �� 1$'��� %0() ,!�� 2 '%  2'%" ,)'�
4'%�  ! & �-%1(.�� �!)( � *" �-%12% /%  +( � 2(%" ,)'� 1(� 10-+ +�",4'�  ! & �-%1(. .
,!�� 2 '%  2'%" 4'% 0!�1$'��� (5'  ! & �-%1(�'� �!)( � *" �-%12% /%  +( � 2(%" 1 4'%'
%!) %0(�$� (�0�  ! & �-%1(4�� �2'%"  !21��  !"/0,�() -"% �)-�0�  !2*�1��� 1(� - '"+. ! 9
�2!(51� !�0 � 6��'�*��,���-�(.� %!�#%128 "  � $/ �% (�' *��,��)-�1�� '%  2'%" 1 /41�
'% *��,���- 2 ,"% *" �-%12% !�'(�( 1(�' 2*"�  ! & �-%1(.�

�(�' ! �2!(51� (�0 � "(�0�-"+�$ 101(.,%(�� Linux� !%�46 (%" 1(� 6�.1(� � *0'%()(�(%
%0(. ,415 (�� +�.1�� 101(.,%(�� sched setaffinity� � +�.1� %0(. *46 (%" 5� ��21,%(%
(�' (%0()(�(% id (�� *" �-%12%� +%" ,"% ,�1+% affinity mask � �!�2% ��28 " (� 1$'���
(5'  ! & �-%1(�' 1(�0� �!�2�0� � *" �-%12% ,!�� 2 '%  +( � 1( 2� � ,�1+% %0(.  2'%"
4'%� %+4�%"�� %�"/,)�� )!�0 (� 7�#2� k 1(�' *0%*"+. (�0 %'%!%��1(%1� %'("1(�"6 2 1(�'
 ! & �-%1(. k (�0 101(.,%(��� ;�(%' (� 7�#2�  2'%" A ()( � *" �-%12%  !"(�4! (%" '%
 +( � 1( 2 1(�'  ! & �-%1(. +%" (� %'(2/ (� )(%'  2'%" �� 	"% !%��* "-,% � ,�1+% AA�A
 !"(�4! " (�'  +(4� 1� ,"%� *" �-%12%� 1 )��0� (�0�  ! & �-%1(4� !��' (�0  ! & �-%1(. A�

�(�' ! �2!(51� ,%�� (� CPU affinity  2'%" !��$ 1�,%'("+)� *")(" ,415 %0(�$ ��28�0, 
1 !�"�0�  ! & �-%1(4� /%  +( � 1(�$' (% '.,%(% (�� !%�������� 0��!�2�1�� (�0 , (��9
!��-��,,%(��� ;�!5� 1 +�/ *" �-%12%� 4(1" +%" 1 +�/ '.,% %'("1(�"6 2 ,"% (%0()(�(%
'.,%(�� (�' �!�2% ,!���$, '% ! ��1�0, 1(�' sched setaffinity -"% '% ��21�0, 1 !�"�0�
 ! & �-%1(4�  !"(�4! (%" '%  +( � 1( 2 (� '.,%� �(� !%���(�,% �H�B�� !%�%(2/ '(%" �" :��9
/�("+4� 10'%�(.1 "� !�0 6��1",�!�"�$'(%" -"% (�' *.�51� (�0 cpu affinity +�/ '.,%(���



 ��� ����
�
 ����������� .6

7�'�$ !��������� )�
��������#

�" !��0'�,%("+4�  +*�64� (�0 , (��!��-��,,%(�� 6��1",�!�"�$' ,�6%'"1,�$� 10-6��'"9
1,�$ -"% '%  &%1#%�21�0' (�' %(�,"+)(�(% (5' (��!�!�".1 5' 1(% +�"'� * *�,4'%� +%/��
+%" -"% '% ! ($6�0' (�' , (%&$ (�0� 10'(�'"1,) 1("�  �-%12 � !�0 46�0' '%  +( �41�0'� �"
,�6%'"1,�2 %0(�2 /% !�4! " '%  2'%" )1� (� *0'%()' !"�  �%#��2 %!) �!�7� 0!���-"1("+�'
!)�5'� 4(1" �1( � !��$ 106'. 6�.1� (�0� '% ,�'  !":%�$' " 1 , -��� :%/,) (� 1$1(�,%�

;�'%� *"%*�,4'�� ,�6%'"1,)� 10-6��'"1,�$ 1(� 6��� (�� !%��������  ! & �-%12%�  2'%"
(% spin locks� �; 4'% (4(�"� +� 2*5,% �  ! & �-%1(.� !��1!%/ 2 10' 6�� '% %!�+(.1 " (�
+� 2*5,%� 1(�"#�-0�28�'(%� -$�5 %!) 4'% :�)6� ,46�" '% (% +%(%#4� "� � 6�.1� (4(�"5'
+� "*5,�(5'  '* 2+'0(%" 1 ! �"!(�1 "� !�0 � !��-�%,,%("1(.� ! �",4' " )(" /% * 1, $9
1 " (� +� 2*5,% -"% 4'% ,"+�) 6��'"+) *"�1(�,% +" )(%'  !"/0, 2 � *"%*"+%12% +� "*�,%(��
'% 46 " ,"+�. +%/01(4��1� )(%' 4'% (4(�"� +� 2*5,%  2'%" *"%/41",�� �*� 6��1",�!�"�$9
, (�' 0��!�2�1� (5' ,�6%'"1,�' %!) (�0� JAK� �" ,�6%'"1,�2 %0(�2  2'%" 0��!�"�,4'�" 1 
10,:��"+. -��11% x86 +%" � "(�0�-�$'  &; ���+�.��0 1(� 6��� 6�.1(� user space 6��1",�9
!�"�'(%� +�"'4� , (%:��(4� 10-6��'"1,�$� ;�(%' �" spin locks  +( � 1(�$' 1  ! & �-%1(4�
!�0 0!�1(��28�0' ( 6'���-2% HT� !��+%��$'  !":%�$'1 "� 1(�'  !2*�1�� +0�25� �)-5 (5'
*"%*�6"+�'  ++ '�1 5' (�0 %-5-�$ !�0 !��+%��$'(%" +%(� (�' 4&�*� %!) (5' :�)65'� �!"9
!�)1/ (%� +%(%'%��'�0' 1�,%'("+�$� !)��0�� %#�$ 1(�"#�-0�28�0' -��-��)( �% 1 1641�
, (� 6�)'� !�0 6� "�8 (%" � *"�*��,�� (�� ,'.,�� -"% '%  '�, ��1 " (�' , (%:��(. 10-9
6��'"1,�$� �0(�2 �" !)��" �01"%1("+� 1!%(%�"�'(%" +%" /% ,!���$1%' '% 6��1",�!�"�/�$'
%!) (�' ���� ��-"+)  ! & �-%1(.� 	"; %0() +%" 1(�' 0��!�2�1� (�0� �" JAK  '15,�(51%'
(�'  '(��. PAUSE� )!5� !��( 2' (%" +%" %!) (�' Intel� �  '(��. %0(.  "1�- " ,"% ,"+�.
+%/01(4��1� 1(� :�)6� +%" !%-�' " (�'  +(4� 1� (�0 ,41% 1(�' %-5-)� %!�(�4!�'(%� (�'
:�)6� '% 0! �+%(%'%��' " !��$(",�0� !)��0��

� (�'  "1%-5-. (��  '(��.� PAUSE �01"%1("+� � ��-"+)�  ! & �-%1(.� %!�* 1, $ "
(�0� !)��0� !�0 *"%,�"��8�'(%" *0'%,"+�� ? ' %!�* 1, $ " ),5� (�0� 1(%("+� *"%65�"9
1,4'�0� !)��0�� 	"; %0() +%" 1(�' 0��!�2�1�  "1�- (%" +%" �  '(��. HALT � �!�2% )!5�
%'%#4� (%" 1(�'  ')(�(% ��F )(%'  +( � 1( 2 %!) 4'% ��-"+)  ! & �-%1(.� %!�* 1, $ "
)��0� (�0� !)��0� !�0 .(%' +%( "��,,4'�" %!) %0()'� *"%/4(�'(%� (�0� 1(�' ���� ��-"+)
 ! & �-%1(.� �! "*. ),5� �  '(��. %0(. %!�( � 2  '(��. !0�.'%� � !0�.'%� (�0 � "(�0�9
-"+�$ 101(.,%(�� Linux  ! +(�/�+ +%(�����%� -"% '%  2'%" *0'%(. � +�.1� (��  '(��.�
%!) (� 6��� 6�.1(�� � (�'  '(��. HALT �" spin locks ,!���$' '% 46�0' ! �"11)( ��
*"��+ "%� 65�2� '% 1!%(%�"�'(%" �" !)��" (�0  ! & �-%1(.� �4:%"%� � , (%-5-. %!) +%" !���
(�' +%(�1(%1� $!'51��  "1�- " 6��'"+.  !":��0'1�� � �!�2% ),5� %'("1(%/,28 (%" %!) (�0�
!)��0� !�0 + �*28�0, , (� 6�.1� (�� HALT�

�4���� 6��1",�!�"�'(%� (�0� spin locks 0��!�" 2(%" ,"% ,��#. barriers� � �!�2% 1(��29
8 (%" 1(� JCK� �" barriers  2'%" "*"%2( �% 6�.1",�" -"% (�' 10'(�'"1,) (5' '�,�(5' +%" (�'
4� -6� ��.� (�0 !��-��,,%(�� +%"  2'%" � ,�6%'"1,)� 10-6��'"1,�$ !�0 6��1",�!�" 2(%"
1(�0� !��0'�,%("+�$� +�*"+ � (�� !%��$1%�  �-%12%��
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�" ! "�%,%("+4� , (�.1 "� 4-"'%' 1(� 0!���-"1("+) 1$1(�,% Xenon� (� �!�2� %!�( � 2(% %!)
 ! & �-%1(4� Intel Xeon DP �" �!�2�" *"%/4(�0' ( 6'���-2% Hyper-Threading� � �"+�-49
' "% (5' Intel Xeon :%128 (%" 1(�' ,"+��%�6"( +(�'"+. Netburst +%"  2'%" � !��(�  ,!��"+.
�"+�-4' "%  ! & �-%1(�' !�0 0��!�" 2 (�' %�6"( +(�'"+. SMT� �(�' !2'%+% G�A !%��09
1"�8�'(%" ��"1,4'% :%1"+� ( 6'"+� 6%�%+(��"1("+� (�0  ! & �-%1(.�  '� 1(�' !2'%+% G��
!%��01"�8�'(%" �" %�"/,�("+4� (%0()(�( � (5' ��-"+�'  ! & �-%1(�' (�0 0!���-"1("+�$
101(.,%(���

	"% (�' , (%-��(("1� 6��1",�!�"./�+ � gcc (GNU Compiler)� �! "*. /4��0, '% , � 9
(.1�0, (�' +%/%�.  !2*�1� (5' *"%#)�5'  +*�6�'� %�6"+� , (%-�5((28�0, (�0� +�*"+ �
65�2�  !"!�4�' : �("1(�!�2�1� <gcc -O0= +%" %+���$/5� 6��1",�!�"�'(%� (�' ,4-"1(� *09
'%(. : �("1(�!�2�1� !�0 !%�46 " � , (%-�5(("1(.� <gcc -O2=� �!21��� 1�, "�' (%" )(" -"%
(� 1$'* 1� (linking) 6��1",�!�"./�+ 1(%("+. 1$'* 1� (static linking) � �!�2% 1 1641�
, (� *0'%,"+. 1$'* 1� (dynamic linking) *2' " -��-��)( ��� %��� , -%�$( �� +�*"+%� �
*0'%,"+. 1$'* 1� 4*51 -��-��)( �� +�*"+% ,)'� 1(�' ! �2!(51� (�� 1 "�"%+.�  +*�6.�
, *"%(�& "�  '�(.(5'�

	"% (� �.7� %'%�0("+�' %!�( � 1,�(5' !�0 %#���$' ("� %1(�62 � +�0#.� ,'.,�� 6��1"9
,�!�"�$'(%" �" Model Specific Registers (MSRs) (�0  ! & �-%1(.� ,415 (5' �!�25' - '"+�
,!���$, '% !���0, !����#��2 � !�0 %#���$' - -�')(%  !2*�1��� 	"% (�' %'�-'51� (5'
+%(%65��(�' 6��1",�!�" 2(%" � :":�"�/.+� +%" � module !�0 %'4!(0&%' �" JAK� � �)-�� !�0
6��1",�!�" 2(%" � module  2'%" *")(" �  '(��. rdsmr � �!�2% *"%:�8 " (� ! �" 6), '�  ')�
MSR ,!�� 2 '%  +( � 1( 2 ,)'� %!) (� 6��� !0�.'%�

�(�' !2'%+% G�B *2'�'(%" �" *"�#�� �  +*�64� !��0'�,%("+.� !%�%�����!�2�1�� -"% ("�
�!�2 � �.#/�1%' +%" !%��01"�8�'(%" ! "�%,%("+� %!�( �41,%(%�

7�1�" %���	�������

�(% 16.,%(% G�F9G�G� 1 ��A�B9A�� !%��01"�8�'(%" �" 6�)'�"  +(4� 1�� (5' 1 "�"%+�' +%"
!��0'�,%("+�'  +*�6�' (�0 , (��!��-��,,%(��� �"  *�� �" 6�)'�"  +(4� 1�� -"% ("�  +*�9
64� !�0  #%�,)8�0' tiling %'("1(�"6�$' 1(� +%�$( �� tile� �!21��� 1(� 16.,% G�D� 1 �� A�C
!%��01"�8�'(%" %'%�0("+� (� !�./�� (5' %1(�6"�' +�0#.� ,'.,�� L1 +%" L2� !�0 %'("1(�"9
6�$' 1(� +%�$( �� tile� �4���� 1(� 16.,% G�C� 1 ��A�G !%��01"�8�'(%" �" 6�)'�"  +(4� 1��
(�� 1 "�"%+.� +%" (5' !��0'�,%("+�' , *"%(�& "�  '�(.(5'  +*�6�' (�0 , (��!��-��,,%(��
+%" 1(� 16.,% G�A�� 1 ��A�E !%��01"�8�'(%" �" %1(�62 � +�0#.� ,'.,�� L1� 10'%�(.1 " (��
*"�1(%1�� (�0 tile� -"% *"�#��% , -4/� !��:�.,%(���

�(� 16.,% G�F !%�%(���$, )(" �  #%�,�-. *"%(�& 5'  '�(.(5'  !"#4� " ,)'� ,"% ,"+�.
: �(251� 1(� 6�)'�  +(4� 1��� ! �2!�0 3 − 4%� �0() �# 2� (%" +0�25� 1(�' !��$ +%�)
,�6%'"1,) hardware prefetching !�0  2'%"  #�*"%1,4'�� �  ! & �-%1(.� Xeon� � �!�2��
#4�' " 1(�' +�0#. ,'.,� L2 * *�,4'% !�"' %0(� 8�(�/�$'� � ,�6%'"1,)� %0()� #%2' (%"
)(" :��/� %�+ (� (�'  +*�6. 65�2� tiling� %#�$  !"(0-6�' " ,"%  !2*�1� !��$ +�'(� 1(�'
: �("1(�!�"�,4'�  +*�6. , tiling +%" *"%(�& "�  '�(.(5'� �!21��� 1(�' ! �2!(51� (�0 tiling

�8������
 �'��� ��� ��	�����
�� CSLAB/ECE/NTUA
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�%�%+(��"1("+) Intel Xeon
�06')(�(% � "(�0�-2%� ��DGHz
��/�� �-5-�$ �� 1(�*"%
?0'%()(�(% �+(4� 1�� G  '(��4�
?0'%()(�(% �%��*�1�� (commit) B  '(��4�
�%(%65��(4� � (�'�,%12%� A�D
�'(��4� 1 �++� ,)(�(% A�G
��0#. �'.,� I-L1 ?"%/4( " Trace Cache

�0164("1�� �0')��0 D9?�),5'
�4- /�� Trace Cache A�Kupos
��0#. �'.,� D-L1 �0164("1�� �0')��0 D9?�),5'
�4- /�� D-L1 AGKB
�4- /�� 	�%,,.� D-L1 GFB
�%/01(4��1� %1(�62%� L1 � +$+��"
��0#. �'.,� L2 �0164("1�� �0')��0 D9?�),5'
�4- /�� L2 AMB
�4- /�� 	�%,,.� L2 GFB
�%/01(4��1� %1(�62%� L2 C +$+��"
TLB A�D  --�%#�'

�0164("1�� �0')��0 F9?�),5'

�$����� 5�/	 0�+���
 +��������(���
 ���'����(�� Intel Xeon

@����%� ���'����(��� " @����%� ���'����(��� /
A�(��%� ���'����(��� " " !
A�(��%� ���'����(��� / / 3

�$����� 5�!	 0���%����� ���'����(�,� (�� (�(���+�$� Xenon
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?"%,4�"1� ��� ��,�(5' �%(%'�,. ��,�(5' �5*"+. �'�,%12%

�%,"� A AN#01"+)  ! &� column major�
tiled full hopt�
tiled full bdl NN hopt

��'(��+�,,4'� � AN#01"+)  ! &� tiled full smp coarse�
tiled full bdl NN smp coarse�

��'(��+�,,4'� � AN��-"+)  ! &� tiled full smt coarse�
tiled full bdl NN smt coarse�

� !(�+�,,4'� � AN��-"+)  ! &� column major smt fine�
tiled full smt fine�
tiled full bdl NN smt fine

��'(��+�,,4'� +%" F �N#01"+)  ! &� tiled full smt fine smp coarse�
� !(�+�,,4'� AN��-"+)  ! &� tiled full bdl NN smt fine

smp coarse

�$����� 5�3	 :� 2�
7���� ��2�+8� �� ���&������ ����  � ���$�(�� ��� ��� ���$��
�����(�
������ �����&����
 ����� 8(&���
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�	������	 �-

���&���
�	���� .#�	�	

!6�� %��� !��� )���$�� ����"�
�� &�
��	� ���$ 

��
�� 7����
"$��� #��
��

%:���� 2	����

�(� JAFK 6��1",�!�" 2(%" 4'% %!�*�("+)� %��� +" %!�)� ,�'(4�� -"% (�'  +(2,�1� (�0 +)1(�0�
 +(4� 1�� (5' :�)65' +%" , (�'  #%�,�-. *"%#)�5' , (%16�,%("1,�'� :�21+ (%" � *�,.
(5' :�)65' !�0 6� "�8 (%" (� �"-)( �� 6�)'�  +(4� 1���

�� ,4(��  +(2,�1�� (�� (�!"+)(�(%�  2'%" (� !�./�� (5'  '�(.(5' (�� +�0#.� ,'.,��
!�0 !��1! ��' " 4'% 1$1(�,% #5�"%1,4'5' :�)65'� ��%6"1(�!�"�'(%� (�' %�"/,) (5'
#���' !�0 ,"%  ')(�(% !�4! " '% , (%# �/ 2 %!) (�' +$�"% ,'.,� !��� (�' +�0#. ,'.,��
 �%6"1(�!�"�$'(%" �" !��1! ��1 "� 1(�' +$�"% ,'.,� +" ��% %0&�' (%" � (�!"+)(�(%�

�� ,�'(4�� +�' " ("� %+)��0/ � 0!�/41 "�L

• �!"+ '(��' (%" 1(�'  !%'%6��1",�!�2�1� !�0  ,#%'28 (%" , (%&$ ,"+��$ %�"/,�$  !%9
'%�.7 5' (�0  15( �"+)( ��0 :�)6�0�

• ? ' 0!��6�0' %!�(062 � +�0#.� ,'.,�� �)-5 65��("+)(�(%� 1 ,"%  !%'���7� (�0
 15( �"+)( ��0 :�)6�0 JA�K�

• �5�2� :��:� (�� - '"+)(�(%� / 5� 2(%" )(" �" !2'%+ � %!�/�+ $�'(%" +%(� -�%,,4��
)!5� 10,:%2' " , (� -��11% C/C++��

%:���" ����	� %��
����

��6"+�  '(�!28�'(%" !�" � %'%#��4� %'.+�0' 1(�' 2*"% 
	��
 
�
�
�!� (reference group)�
?$� %'%#��4� %'.+�0' 1(�' 2*"% �,�*%� %' !%��01"�8�0' �,%*�96��'"+. . �,%*�965�"+.
 !%'%6��1",�!�2�1��

��� ����'�� ���� �����
����� ��� �� �?7! ������(�
 �� ������� ��� Fortran � ���
� ���(������
���� �
����� ���
 ��%���� /�� �������
����� ������� ����������'�� 	�� �� ������(�
 �� ����'��
��� C/C++�

///
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�
�
�$� Ref1 �
� Ref2 
���
�� ���� ���
 
	��
 
�
�
�!�  � ��
�
�
� *���
 l ���3

52 ∃Ref1
�δRef20 �
�

�
;� �δ ���
� �������� 
��������� *���
�0 �

�*;� δl ���
� 	�
 	���� ��
%��� d �|d| ≤ 2� �
� ���� 
� ����� ������!��� �
� �δ ���
�
	��$�2

62 �0 Ref1 �
� Ref2 
�
�$�
��
� ��
� ���
 ���
�
 �
� ��
�$�
�� �
 �
�) d′ ���� ������
�

������!�
0 ��
� �
 d′ ���
� 	�������
 � ��
 	� ��� ������
 ������ 	��	��0 	���!��
�
��
����
 ���
�
2 �� ���� 
� ����� ������!��� �
���1
��
�2

� !��(� 10'/.+� %'%#4� (%" 1(�' �,%*�96��'"+.  !%'%6��1",�!�2�1�� +%" � * $( ��
1(�' �,%*�965�"+.  !%'%6��1",�!�2�1�� �"% %'%#��� %'.+ " ,)'� 1 ,2% �,�*% %'%#���'�
%#�$ � !%�%!�'5 ��"1,)� (�!�/ ( 2 ,"% %'%#��� 1 ,"% �,�*%� %' "+%'�!�" 2 (�' !��(� .
(�' * $( �� 10'/.+� , +�!�"% ���� %'%#��� ,"%� �,�*%��

���������� ;�1(5 � %+)��0/�� +�*"+%�L

for ( k=2; k<=N−1; k++)
for ( j =2; j<=N−1; j++)

for ( i =2; i<=N−1; i++)
A[ i ] [ j ] [ k]=A[ i ] [ j +1] [ k+1]+B[ i ] [ j ] [ k ]

+B[ i ] [ j +1] [ k]+B[ i ] [ j ] [ k+1] ;

�#%�,)8�'(%� (�' ��"1,) :�21+�0, ("� %+)��0/ � �,�* � %'%#���'L

:�)6�� j :�)6�� i & k

{A[i][j][k]} {A[i][j][k]}
{A[i][j + 1][k + 1]} {A[i][j + 1][k + 1]}
{B[i][j][k], B[i][j + 1][k], B[i][j][k + 1]} {B[i][j][k], B[i][j][k + 1]}

{B[i][j + 1][k]}

	"% !%��* "-,%� �" %'%#��4� B[i][j][k] +%" B[i][j + 1][k] *"%#4��0' +%(� A 1(� * $( ��
10'"1(�1%� +" ��% :�1� (�� 10'/.+�� A<%= %'.+�0' 1(�' 2*"% �,�*% 5� !��� (� :�)6� j�
�!21��� � %'%#��� B[i][j][k+1] *"%#4� " %!) (�' B[i][j][k] +%(� A 1(�' ( � 0(%2% 10'"1(�1%
+%"  !�,4'5� :�1 " (�� 10'/.+�� � %'.+ " 1(�' 2*"% �,�*% %'%#���'� �" 0!)��"! � �,�* �
%'%#���' !%��-�'(%" , !%�),�"� (�)!��

%:���$  ����� ,�����

�/+"��<��� �31
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�� ���$����� ���� *���
�0 �� �)���	

� ��
�	$� � *��� �
���
�
�3

L = l1, . . . ln � ��
�	$�
� *���
� 	� ���
 lbl, ubl �
� *�	
 stepl

R = Ref1, . . . , Refm 
�
�
�$� �
� 
�����
� ��)
�� ��%� 
	��
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�
�
�!�

tripl = (ubl − lbl + stepl)/stepl

cls = �
 	$��%
� ��� ������
� 	��	�� �� ��
����


coef(f, il) = 
 ����������� ��� 	��
*����� ��$��
� il ��� ������!�
 f

stride(fj , il, l) = |stepl × coef(fj, il)|
4��
�
�3

LoopCost(l) = �
 ���%
� � � ��
��� � ������ 	��	�� �
� ��
������
��
�

0 ��
� 
 l 
�
����� �
� �� ���������
 *���


LoopCost(l) =
m∑

k=1

(RefCost(Refk(f1(i1, . . . , in), . . . , fj(i1, . . . , in)), l))
∏
h �=

triph

Refcost(Refk, l) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 if((coef(fl, il) = 0) ∧ . . .∧
(coef(fj , il) = 0))

tripl

( cls
stride(f1,il,l

) if((stride(fj , il, l) < cls) ∧ (coef(f2, il) = 0

∧ . . .∧
(coef(fj , il) = 0))

tripl 
���!�

� %�-)�"/,�� �H�A  #%�,)8 (%" %#�$ :� /�$' �" *"�#�� � �,�* � %'%#���'� 	"% (�'
 $� 1� (�0 +)1(�0� 1  ')(�( � +�0#.� ,'.,�� ,"%� �,�*%� %'%#���'�  !"�4-�0, (06%2%
,"% %'%#��� , (� , -%�$( �� :�/�� %!) +�/ �,�*% %'%#���'� ��/ :�)6�� l , trip
 !%'%�.7 "�� / 5� 2(%" 5� 0!�7.#"�� -"% 5� �  15( �"+)( ��� :�)6�� 1(� 1$1(�,% #5�"%9
1,4'5' :�)65'� �� cls  2'%" (� ,4- /�� (��  ')(�(%� +�0#.� ,'.,�� +%" (� stride  2'%" (�
:.,% (�0 :�)6�0 l !���%!�%1"%1,4'� , (� 10'( � 1(. (�� , (%:��(.�  �4-6�0�

� RefCost 0!���-28 " (�' (�!"+)(�(% -"% (�' :�)6� l� *��%*. (� !�./��  '�(.(5'
+�0#.� ,'.,�� !�0 � l 6��1",�!�" 2L A -"% %'%#��4� %' &��(�( � :�)6�0� trip/(cls/stride)
-"% 10' 6), ' � %'%#��4� +%" trip -"% ,� 10' 6), ' � %'%#��4�� �+���$/5� � LoopCost
0!���-28 " (� 10'��"+) !�./��  '�(.(5' !�0 !��1! ��'�'(%" %!) )� � ("� %'%#��4� )(%' �
:�)6�� l %!�( � 2 (�'  15( �"+)( �� :�)6��

���������� ;�1(5 � %+)��0/�� +�*"+%� � �!�2��  +( � 2 (�' !���%!�%1"%1,) *0�
!"'�+5'L

for ( i =0; i<N; i++)
for ( j =0; j<N; j++)

for ( k=0; kN< ; k++)
C[ i ] [ j ]+=A[ i ] [ k ]∗B[ k ] [ j ] ;

�#%�,)8�'(%� (�' %�-)�"/,� �H�A :�21+�0, (% %+)��0/% +)1(�L

�,�* � :�)6�� i :�)6�� j k

C[i][j] n × n2 n
cls × n2 1 × n2

A[i][k] n × n2 1 × n2 n
cls × n2

B[k][j] 1 × n2 n
cls × n2 n × n2

�0'��"+) 2n3 + n2 2
clsn

3 + n2 1+cls
cls n3 + n2
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	"% !%��* "-,%� � RefCost :�21+ " 5� !��� (�' :�)6� j (�' %0(�965�"+.  !%'%6��1",�!�2�1�
(5' %'%#���' C[i][j] +%" B[k][j] +%" %'%/4( " 1 +�/ %'%#��� +)1(�� 21� , fracncls
 ')(�( � +�0#.� ,'.,��� � A[i][k]  2'%" %' &��(�(� %!) (�' :�)6� j +%"  !�,4'5� 46 "
+)1(�� A� � LoopCost ��"!)' -"% (�' :�)6� i )(%' %0()�  2'%" �  15( �"+)( ���� 46 "
10'��"+) +)1(�� 2

clsn
3 + n2 -"% n2  !%'%�.7 "� (5' :�)65' i +%" k�

%:���' �#�	�� ��� ,�������� 0����

�(� JA�K !%��01"�8 (%" %'%�0("+� 4'%�  0�"1("+)� %�-)�"/,��� � �!�2�� 1(��"8), '�� 1(�'
!%�%!�'5  +(2,�1� +)1(�0�  #%�,)8 " (�0� +%(������0� , (%16�,%("1,�$� :�)65' !�0
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%�-��2/,�0 %0(�$�
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�� ���������� %$��2

�����"� �31 ( ����
�� *��� � (i1, i2, . . . , in) ��
 ��� 
�
�
 ���)�� LoopCost(ik−1) ≥
LoopCost(ik) 
�
	�1��
� &�4��9� 7<!������ ������ (memory order) 2

	"% (�'  $� 1� (�� :4�("1(�� *"�(%&�� :�)65'� � %�-)�"/,�� !�0 !��( 2' (%" 1(� JAFK� -"% 4'%
1$'��� :�)65' {l1, l2, . . . , ln} , *"�(%&� #/2'�01%� ,'.,�� L = (ls1 , ls2 , . . . , lsn)� (�!�/ ( 2
5�  &5( �"+)( �� :�)6� (�' %+�":)( �� :�)6� lsk

!�0 :�21+ " )("  2'%" 4-+0�� <*��%*. �"
 &%�(.1 "� !%�%,4'�0' � &"+�-�%#"+� / ("+4�= '% (�!�/ (�/ 2  + 2� �+���$/5� :�21+ " (�'
 !), '� %+�":)( �� :�)6� !�0  !"(�4! (%" '% (�!�/ (�/ 2 1 :�/�� �� +���+�
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.& ��- 
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�
���
/� �2 +)
 �����	
�
 � ��
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� d 
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� �� *�%
�
1  � d ���
� ��	*
�
�0 �
� ���
� ����� � � ��
�	$�
� 	$��� *�%
� d2

?$� 101(.,%(% #5�"%1,4'5' :�)65' ,!���$' '% 10-65' 0/�$' %'  2'%" 10,:%(�� 	"% (�'
 +(2,�1� (�0 +%(� !)1� � 10-6�' 01�  2'%"  !"+ �*.� %�6"+� 0!���-28�'(%" (% RefCost +%"
LoopCost +�/ 101(.,%(�� & 65�"1(�� +%" %+���$/5� 0!���-28�'(%" -"% ("� 10-65' 0,4' �
 +*)1 "� (5' 101(�,�(5'� ��' (� LoopCost (�� #5�"%1,4'�� 4+*�1��  2'%" ,"+�)( �� %!)
(� LoopCost (5' %�6"+�'  +*)1 5'� ()( �  #%�,�-. (�� 10-6�' 01�� %0&�' " (�' (�!"+)9
(�(% +" ��%  2'%"  !"/0,�(.� ��4! " :4:%"% � 10-6�' 01� '%  �4-6 (%" -"% (�' '�,",)(�(%
(���
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+*�,��� ��#�� ���#����� � �"+)� 1+�!)�  2'%" '%  !"( 06/ 2 *"�(%&� #/2'�01%�
,'.,�� -"% )1� (� *0'%() ! �"11)( � �  '(��4�� ;�(1"� �  0�"1("+)� %�-)�"/,�� %�6"+�
: �("1(�!�" 2 +�/ 1$1(�,% #5�"%1,4'5' :�)65' & 65�"1(� +" %+���$/5�  #%�,)8 " 10-9
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1 /∗ CHOLESKY BENCHMARK SUIT
2 ∗ Final Version
3 ∗ Copyright (R) by Haris M. Volos in 2005
4 ∗
5 ∗ Different methods used to implement and optimize the benchmark
6 ∗ See main for the di f ferent optimization levels
7 ∗
8 ∗ THIS IS USED TO OBTAIN MEASUREMENTS
9 ∗/

10
11 #include < s t d i o . h>
12 #include <math . h>
13 #include < sys / time . h>
14 #include ”bdl . c”
15
16 #define MAX(a , b) ( ( a>b) ?a : b)
17 #define MIN(a , b) ( ( a<b) ?a : b)
18
19 #define eps 0 . 001
20

21 /∗ ==================================================================
22 ∗
23 ∗ The implementations−optimizations of the Cholesky benchmark follow
24 ∗
25 ∗ ==================================================================
26 ∗/
27
28

29 /∗ Function : cholesky raw
30 ∗ The unoptimized version of the benchmark
31 ∗/
32 void cholesky raw (double ∗∗A, int N)
33 {
34 int i , j , k ;
35
36 for ( k=0; k<N; k++)
37 {
38 A[ k ] [ k]= sqr t ( f ab s (A[ k ] [ k ] ) ) ;
39 for ( i=k+1; i<N; i++)
40 A[ i ] [ k]=A[ i ] [ k ] /A[ k ] [ k ] ;
41
42 for ( j=k+1; j<N; j++)
43 for ( i=j ; i<N; i++)
44 A[ i ] [ j ]=A[ i ] [ j ]−A[ i ] [ k ]∗A[ j ] [ k ] ;
45 }
46 }
47

48 /∗ Function : cholesky IJK
49 ∗ Loops are in the order ( i , j , k)
50 ∗/

117



118 �
��
����
 �!� ���
���� ��
���
�

51 void cholesky IJK (double ∗∗A, int N)
52 {
53 int i , j , k ;
54 for ( i =1; i<N; i++)
55 {
56 A[ i −1] [ i −1] = sqr t ( fab s (A[ i −1] [ i −1]) ) ;
57 for ( j =1; j<=i ; j++)
58 {
59 A[ i ] [ j −1]=A[ i ] [ j −1]/A[ j −1] [ j −1] ;
60 for ( k=0; k<j ; k++)
61 A[ i ] [ j ]=A[ i ] [ j ]−A[ i ] [ k ]∗A[ j ] [ k ] ;
62 }
63 }
64 A[N−1] [N−1]=sq r t ( fab s (A[N−1] [N−1]) ) ;
65 }
66

67 /∗ Function : cholesky linear layout column major
68 ∗ Column major l inear layout i s used for the storage of the array
69 ∗/
70 void cholesky column major (double ∗∗A, int N)
71 {
72 int i , j , k ;
73
74 for ( k=0; k<N; k++)
75 {
76 A[ k ] [ k]= sqr t ( f ab s (A[ k ] [ k ] ) ) ;
77 for ( j=k+1; j<N; j++)
78 A[ k ] [ j ]/=A[ k ] [ k ] ;
79
80 for ( j=k+1; j<N; j++)
81 for ( i=j ; i<N; i++)
82 A[ j ] [ i ]−=A[ k ] [ i ]∗A[ k ] [ j ] ;
83 }
84 }
85

86 /∗ Function : cholesky tiled KJ
87 ∗ Cholesky i s t i l ed along loops K, J
88 ∗ Column major l inear layout i s used for the storage of the array
89 ∗/
90 void ch o l e s ky t i l ed KJ (double ∗∗A, int N, int t i l e s i z e )
91 {
92 int i , j , k ;
93 int i i , j j , kk ;
94 int Bi i=t i l e s i z e , Bj j=t i l e s i z e , Bkk=t i l e s i z e ;
95 int j j l ow , kkup , jlow , jup ;
96
97
98 for ( kk=0; kk<N; kk+=Bkk)
99 {

100 j j l ow = ( int ) f l o o r ( ( double ) kk/ Bjj )∗Bjj ;
101 for ( j j = j j l ow ; j j <N; j j+=Bjj )
102 {
103 kkup = MIN(kk+Bkk ,N) ;
104 for ( k=kk ; k<kkup ; k++)
105 {
106 i f ( j j <=k && k< j j+Bjj )
107 A[ k ] [ k]= sq r t ( f ab s (A[ k ] [ k ] ) ) ;
108
109 i f ( j j==j j l ow )
110 {
111 for ( j=k+1; j<N; j++)
112 A[ k ] [ j ]/=A[ k ] [ k ] ;
113 }
114
115 j low = MAX( j j , k+1) ;
116 jup = MIN( j j+Bjj ,N) ;
117 for ( j=j low ; j<jup ; j++)
118 for ( i=j ; i<N; i++)
119 A[ j ] [ i ]−=A[ k ] [ i ]∗A[ k ] [ j ] ;
120 }
121 }
122 }
123 }
124

125 /∗ Function : cholesky tiled KJ hopt
126 ∗ Cholesky i s t i l ed along loops K, J
127 ∗ Column major l inear layout i s used for the storage of the array
128 ∗ Hand optimization includes loop unrolling and scalar replacement
129 ∗/
130 void cho l e sky t i l e d KJ hopt (double ∗∗A, int N, int t i l e s i z e )
131 {
132 int i , j , k ;
133 int i i , j j , kk ;
134 int Bi i=t i l e s i z e , Bj j=t i l e s i z e , Bkk=t i l e s i z e ;
135 int j j l ow , kkup , jlow , jup ;
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136 int i up unr o l l e d ;
137 register double Akj ;
138
139 for ( kk=0; kk<N; kk+=Bkk)
140 {
141 j j l ow = ( int ) f l o o r ( ( double ) kk/ Bjj )∗Bjj ;
142 for ( j j = j j l ow ; j j <N; j j+=Bjj )
143 {
144 kkup = MIN(kk+Bkk ,N) ;
145 for ( k=kk ; k<kkup ; k++)
146 {
147 i f ( j j <=k && k< j j+Bjj )
148 A[ k ] [ k]= sq r t ( f ab s (A[ k ] [ k ] ) ) ;
149
150 i f ( j j==j j l ow )
151 {
152 for ( j=k+1; j<N; j++)
153 A[ k ] [ j ]/=A[ k ] [ k ] ;
154 }
155
156 j low = MAX( j j , k+1) ;
157 jup = MIN( j j+Bjj ,N) ;
158 for ( j=j low ; j<jup ; j++)
159 {
160 Akj = A[ k ] [ j ] ;
161
162 iup unr o l l e d = j + (N−j ) /4∗4;
163
164 for ( i=j ; i<i up unr o l l e d ; i+=4)
165 {
166 A[ j ] [ i ]−=A[ k ] [ i ]∗Akj ;
167 A[ j ] [ i+1]−=A[ k ] [ i +1]∗Akj ;
168 A[ j ] [ i+2]−=A[ k ] [ i +2]∗Akj ;
169 A[ j ] [ i+3]−=A[ k ] [ i +3]∗Akj ;
170 }
171
172 for ( ; i<N; i++)
173 A[ j ] [ i ]−=A[ k ] [ i ]∗Akj ;
174
175 }
176 }
177 }
178 }
179 }
180

181 /∗ Function : cholesky ti led ful l
182 ∗ Cholesky i s t i l ed along a l l loops
183 ∗ Column major l inear layout i s used for the storage of the array
184 ∗/
185 void c h o l e s k y t i l e d f u l l (double ∗∗A, int N, int t i l e s i z e )
186 {
187 int i , j , k ;
188 int i i , j j , kk ;
189 int Bi i=t i l e s i z e , Bj j=t i l e s i z e , Bkk=t i l e s i z e ;
190 int kkup , jlow , jup , i low , iup ;
191 int j2low , j2up ;
192
193 for ( kk=0; kk<N; kk+=Bkk)
194 {
195 kkup = MIN(kk+Bkk ,N) ;
196 for ( j j =( int ) f l o o r ( ( double ) kk/ Bjj )∗Bjj ; j j <N; j j+=Bjj )
197 for ( i i =( int ) f l o o r ( ( double ) j j / Bi i )∗Bi i ; i i <N; i i+=Bi i )
198 for ( k=kk ; k<kkup ; k++)
199 {
200 i f ( j j <=k && k< j j+Bjj && i i <=k && k< i i+Bi i )
201 A[ k ] [ k]= sqr t ( f ab s (A[ k ] [ k ] ) ) ;
202
203 i f ( j j==(int ) f l o o r ( ( double ) kk/ Bjj )∗Bjj )
204 {
205 j2low = MAX( i i , k + 1) ;
206 j2up = MIN( i i + Bjj , N) ;
207 for ( j=j2low ; j<j2up ; j++)
208 A[ k ] [ j ]/=A[ k ] [ k ] ;
209 }
210
211 j low = MAX( j j , k + 1) ;
212 jup = MIN( j j + Bjj , N) ;
213 iup = MIN( i i + Bii , N) ;
214 for ( j=j low ; j<jup ; j++)
215 {
216 i low = MAX( i i , j ) ;
217 for ( i=i low ; i<iup ; i++)
218 A[ j ] [ i ]−=A[ k ] [ i ]∗A[ k ] [ j ] ;
219 }
220 }
221 }
222 }
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223

224 /∗ Function : cholesky ti led ful l hopt
225 ∗ Cholesky i s t i l ed along a l l loops
226 ∗ Column major l inear layout i s used for the storage of the array
227 ∗ Hand optimization includes loop unrolling and scalar replacement
228 ∗/
229 void c h o l e s k y t i l e d f u l l h o p t (double ∗∗A, int N, int t i l e s i z e )
230 {
231 int i , j , k ;
232 int i i , j j , kk ;
233 int Bi i=t i l e s i z e , Bj j=t i l e s i z e , Bkk=t i l e s i z e ;
234 int kkup , jlow , jup , i low , iup ;
235 int j2low , j2up ;
236 int i up unr o l l e d ;
237 register double Akj ;
238
239 for ( kk=0; kk<N; kk+=Bkk)
240 {
241 kkup = MIN(kk+Bkk ,N) ;
242 for ( j j =( int ) f l o o r ( ( double ) kk/ Bjj )∗Bjj ; j j <N; j j+=Bjj )
243 for ( i i =( int ) f l o o r ( ( double ) j j / Bi i )∗Bi i ; i i <N; i i+=Bi i )
244 for ( k=kk ; k<kkup ; k++)
245 {
246 i f ( j j <=k && k< j j+Bjj && i i <=k && k< i i+Bi i )
247 A[ k ] [ k]= sqr t ( f ab s (A[ k ] [ k ] ) ) ;
248
249 i f ( j j==(int ) f l o o r ( ( double ) kk/ Bjj )∗Bjj )
250 {
251 j2low = MAX( i i , k + 1) ;
252 j2up = MIN( i i + Bjj , N) ;
253 for ( j=j2low ; j<j2up ; j++)
254 A[ k ] [ j ]/=A[ k ] [ k ] ;
255 }
256
257 j low = MAX( j j , k + 1) ;
258 jup = MIN( j j + Bjj , N) ;
259 iup = MIN( i i + Bii , N) ;
260
261 for ( j=j low ; j<jup ; j++)
262 {
263 Akj = A[ k ] [ j ] ;
264
265 i low = MAX( i i , j ) ;
266 iup unr o l l e d = i low + ( iup−i l ow ) /4∗4;
267
268 for ( i=i low ; i<i u p un ro l l e d ; i+=4)
269 {
270 A[ j ] [ i ]−=A[ k ] [ i ]∗Akj ;
271 A[ j ] [ i+1]−=A[ k ] [ i +1]∗Akj ;
272 A[ j ] [ i+2]−=A[ k ] [ i +2]∗Akj ;
273 A[ j ] [ i+3]−=A[ k ] [ i +3]∗Akj ;
274 }
275
276 for ( ; i<iup ; i++)
277 A[ j ] [ i ]−=A[ k ] [ i ]∗Akj ;
278 }
279 }
280 }
281 }
282

283 /∗ Function : cholesky tiled full bdl NN
284 ∗ Cholesky i s t i l ed along a l l loops , and Block Data Layout NN i s used
285 ∗/
286 void c h o l e s ky t i l e d f u l l b d l N N (double ∗A, int N, int Nmask , int step )
287 {
288 int i , j , k ;
289 int iR , jC , kC ;
290 int i i , j j , kk , jjC , kkC ;
291 int j fC , kfC ;
292 int kk p lu s j jkk inc r ement ;
293
294 int t ran s format i on type = NN, t ran s format i on type2 = Nn;
295
296 int logNstep , l o g s t ep ;
297
298 int imask , jkmask ;
299 int ibound , jkbound , i t i l ebound , j t i l ebound , kt i l ebound ;
300 int i i i n c r ement , j j kk in c r ement ;
301 int i increment , jk increment ;
302 int iup , i low , jup , jlow , kup , klow , i lowDiv ;
303 int j j l ow , i i l ow ;
304 int step 1 , kplus1 , kplus1C , kplus1fC ;
305
306 logNstep = lg (Nmask/ step ) ;
307 l og s t ep = lg ( step ) ;
308
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309 ibound = create mask (N, Nmask , step , t ran s format i on type , COL) + 1;
310 jkbound = create mask (N, Nmask , step , t ran s format i on type , ROW) + 1;
311
312 imask = create i nnermask ( step , t ran s format i on type2 , 0 ) + 1;
313 jkmask = create i nnermask ( step , t ran s format i on type2 , 1 ) + 1;
314
315 i i i n c r ement = c r e a t e t i l e i n c r em en t (Nmask , step , t ran s format i on type2 , COL) ;
316 j jkk inc r ement = c r e a t e t i l e i n c r emen t (Nmask , step , t ran s format i on type2 , ROW) ;
317
318
319 i i n c rement = create i n c rement ( step , t ran s fo rmat i on type2 , COL) ;
320 jkincrement = create i n c rement ( step , t ran s fo rmat i on type2 , ROW) ;
321
322 st ep 1 = step − 1;
323
324 for ( kk = 0 ; kk < jkbound ; kk += j jkk incr ement )
325 {
326 kt i l ebound = ( kk | jkmask ) ;
327 kup = ( jkbound < kt i l ebound ? jkbound : kt i l ebound ) ;
328 kk p lu s j j kk inc r ement = kk+j jkk inc r ement ;
329
330 kkC = kk >> l ogNstep ;
331
332 j j l ow = ( int ) f l o o r ( ( double ) kk/ j jkk inc r ement )∗ j j kk inc r ement ;
333 for ( j j = j j l ow ; j j < jkbound ; j j += j jkk incr ement )
334 {
335 j t i l e bound = ( j j | jkmask ) ;
336 jup = ( jkbound < j t i l e bound ? jkbound : j t i l e b ound ) ;
337
338 j jC = j j >> l ogNstep ;
339
340 i i l ow = ( ( int ) f l o o r ( ( double ) j j / j jkk inc r ement )∗ j j kk inc r ement ) >> l ogNstep

;
341 for ( i i=i i l ow ; i i <ibound ; i i+=i i i n c r ement )
342 {
343 i t i l e bo und = ( i i | imask ) ;
344 iup = ( ibound < i t i l e b ound ? ibound : i t i l e b ound ) ;
345
346 for ( k=kk ; k<kup ; k+=jkincrement )
347 {
348 kC = (( k >> l o g s t ep ) & step 1 ) ;
349 kfC = kkC | kC ;
350
351 kplus1 = (( k+jkincrement==kti l ebound ) ? kk p lu s j j kk inc r ement : k+

jkincrement ) ;
352 kplus1fC = (( kfC+i in c r ement==i t i l e bo und ) ? kkC+i i i n c r ement : kfC+

i inc rement ) ;
353 i lowDiv = ( i i > kplus1fC ? i i : kplus1fC ) ;
354
355
356 i f ( j j <=k && k<j t i l e b ound && i i <=kfC && kfC<i t i l e b ound )
357 A[ kfC | k]= sqr t ( fab s (A[ kfC | k ] ) ) ;
358
359 i f ( j j==j j l ow )
360 {
361 for ( i=i lowDiv ; i<iup ; i+=i inc rement )
362 A[ i | k]/=A[ kfC | k ] ;
363 }
364
365 j low = ( j j > kplus1 ? j j : kp lus1 ) ;
366 for ( j=j low ; j<jup ; j+=jkincrement )
367 {
368 jC = (( j >> l o g s t ep ) & step 1 ) ;
369 j fC = jjC | jC ;
370 i low = ( i i > j fC ? i i : j fC ) ;
371 for ( i=i low ; i<iup ; i+=i inc rement)
372 A[ i | j ]−=A[ i | k ]∗A[ j fC | k ] ;
373 }
374 }
375 }
376 }
377 }
378 }
379

380 /∗ Function : cholesky tiled full bdl NN hopt
381 ∗ Cholesky i s t i l ed along a l l loops , Block Data Layout NN i s used
382 ∗ Hand optimization includes loop unrolling and scalar replacement
383 ∗/
384 void c ho l e s ky t i l e d f u l l b d l NN hop t (double ∗A, int N, int Nmask , int step )
385 {
386 int i , j , k ;
387 int iR , jC , kC ;
388 int i i , j j , kk , jjC , kkC ;
389 int j fC , kfC ;
390 int kk p lu s j jkk inc r ement ;
391
392 int t ran s format i on type = NN, t ran s format i on type2 = Nn;
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393
394 int logNstep , l o g s t ep ;
395
396 int imask , jkmask ;
397 register double AjfC k ;
398 register int ibound , jkbound , i t i l ebound , j t i l ebound , kt i l ebound ;
399 register int i i i n c r ement , j j kk in c r ement ;
400 register int i increment , jk increment ;
401 int iup , i low , jup , jlow , kup , klow , i lowDiv ;
402 int j j l ow , i i l ow ;
403 register int step 1 , kplus1 , kplus1C , kplus1fC ;
404
405 int i up unro l l ed , i i n c r ement unr o l l ;
406
407 logNstep = lg (Nmask/ step ) ;
408 l og s t ep = lg ( step ) ;
409
410 ibound = create mask (N, Nmask , step , t ran s format i on type , COL) + 1;
411 jkbound = create mask (N, Nmask , step , t ran s format i on type , ROW) + 1;
412
413 imask = create i nnermask ( step , t ran s format i on type2 , 0 ) + 1;
414 jkmask = create i nnermask ( step , t ran s format i on type2 , 1 ) + 1;
415
416 i i i n c r ement = c r e a t e t i l e i n c r em en t (Nmask , step , t ran s format i on type2 , COL) ;
417 j jkk inc r ement = c r e a t e t i l e i n c r em en t (Nmask , step , t ran s format i on type2 , ROW) ;
418
419
420 i i n c rement = create i n c rement ( step , t ran s fo rmat i on type2 , COL) ;
421 jkincrement = create i n c rement ( step , t ran s fo rmat i on type2 , ROW) ;
422

423 /∗
424 ∗ iincrement unroll in our case i s 4 that i s why we replace i t with the constant

4
425 ∗ iincrement unroll = iincrement ∗ 4;
426 ∗/
427
428 st ep 1 = step − 1;
429
430 for ( kk = 0 ; kk < jkbound ; kk += j jkk incr ement )
431 {
432 kt i l ebound = ( kk | jkmask ) ;
433 kup = ( jkbound < kt i l ebound ? jkbound : kt i l ebound ) ;
434 kk p lu s j jk k inc r ement = kk+j jkk inc r ement ;
435
436 kkC = kk >> l ogNstep ;
437
438 j j l ow = ( int ) f l o o r ( ( double ) kk/ j jkk inc r ement )∗ j j kk inc r ement ;
439 for ( j j = j j l ow ; j j < jkbound ; j j += j jkk incr ement )
440 {
441 j t i l e bound = ( j j | jkmask ) ;
442 jup = ( jkbound < j t i l e bound ? jkbound : j t i l e b ound ) ;
443
444 j jC = j j >> l ogNstep ;
445
446 i i l ow = ( ( int ) f l o o r ( ( double ) j j / j jkk inc r ement )∗ j j kk inc r ement ) >> l ogNstep

;
447 for ( i i=i i l ow ; i i <ibound ; i i+=i i i n c r ement )
448 {
449 i t i l e bo und = ( i i | imask ) ;
450 iup = ( ibound < i t i l e b ound ? ibound : i t i l e bo und ) ;
451
452 for ( k=kk ; k<kup ; k+=jkincrement )
453 {
454 kC = (( k >> l o g s t ep ) & step 1 ) ;
455 kfC = kkC | kC ;
456
457 kplus1 = (( k+jkincrement==kti l ebound ) ? kk p lu s j j kk inc r ement : k+

jkincrement ) ;
458 kplus1fC = (( kfC+i in c r ement==i t i l e bo und ) ? kkC+i i i n c r ement : kfC+

i inc rement ) ;
459 i lowDiv = ( i i > kplus1fC ? i i : kplus1fC ) ;
460
461
462 i f ( j j <=k && k<j t i l e bo und && i i <=kfC && kfC<i t i l e b ound )
463 A[ kfC | k]= sqr t ( fab s (A[ kfC | k ] ) ) ;
464
465 i f ( j j==j j l ow )
466 {
467 for ( i=i lowDiv ; i<iup ; i+=i inc rement )
468 A[ i | k]/=A[ kfC | k ] ;
469 }
470
471 j low = ( j j > kplus1 ? j j : kp lus1 ) ;
472 for ( j=j low ; j<jup ; j+=jkincrement )
473 {
474 jC = (( j >> l o g s t ep ) & step 1 ) ;
475 j fC = jjC | jC ;
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476 i low = ( i i > j fC ? i i : j fC ) ;
477 AjfC k = A[ j fC | k ] ;
478
479 iup unr o l l e d = i low + ( iup−i l ow ) /4∗4;
480 for ( i=i low ; i<i u p un ro l l e d ; i+=4)
481 {
482 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
483 A[ ( i + 1) | j ]−=A[ ( i + 1) | k ]∗ AjfC k ;
484 A[ ( i + 2) | j ]−=A[ ( i + 2) | k ]∗ AjfC k ;
485 A[ ( i + 3) | j ]−=A[ ( i + 3) | k ]∗ AjfC k ;
486 }
487
488 for ( ; i<iup ; i++)
489 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
490 }
491 }
492 }
493 }
494 }
495 }
496

497 /∗ Function : cholesky full ti led bdl ZZ
498 ∗ Cholesky i s t i l ed along a l l loops , Block Data Layout ZZ i s used
499 ∗/
500 void c h o l e s k y t i l e d f u l l b d l Z Z (double ∗A, int N, int Nmask , int step )
501 {
502 struct t imeval s tar t , f i n i s h ;
503
504 int i , j , k ;
505 int iR , jC , kC ;
506 int i i , j j , kk , jjC , kkC ;
507 int j fC , kfC ;
508 register int temp1 ;
509 int temp2 , temp3 ;
510
511 int t ran s format i on type = ZZ , t ran s format i on type2 = Zz ;
512
513 int logNstep , l o g s t ep ;
514
515 int imask , jkmask ;
516 int ibound , jkbound , i t i l ebound , j t i l ebound , kt i l ebound ;
517 int i i i n c r ement , j j kk in c r ement ;
518 int i increment , jk increment ;
519 int iup , i low , jup , jlow , kup , kkup ;
520 int j jup ;
521 int step 1 , kp lus1 ;
522
523 logNstep = lg (Nmask/ step ) ;
524 l og s t ep = lg ( step ) ;
525
526 ibound = create mask (N, Nmask , step , t ran s format i on type , COL) + 1;
527 jkbound = create mask (N, Nmask , step , t ran s format i on type , ROW) + 1;
528
529 imask = create i nnermask ( step , t ran s format i on type2 , 0 ) + 1;
530 jkmask = create i nnermask ( step , t ran s format i on type2 , 1 ) + 1;
531
532 i i i n c r ement = c r e a t e t i l e i n c r em en t (Nmask , step , t ran s format i on type2 , COL) ;
533 j jkk inc r ement = c r e a t e t i l e i n c r emen t (Nmask , step , t ran s format i on type2 , ROW) ;
534
535
536 i i n c rement = create i n c rement ( step , t ran s fo rmat i on type2 , COL) ;
537 jkincrement = create i n c rement ( step , t ran s fo rmat i on type2 , ROW) ;
538
539 st ep 1 = step − 1;
540
541 gett imeofday (&star t , ( struct timezone ∗) NULL) ;
542
543 for ( i i = 0 ; i i < ibound ; i i += i i i n c r ement )
544 {
545 i t i l e bound = ( i i | imask ) ;
546 iup = ( ibound < i t i l e b ound ? ibound : i t i l e bo und ) ;
547 i low = ( i i n c rement > i i ? i i n c rement : i i ) ;
548
549 j jup = ( i i >> l ogNstep ) ;
550 for ( j j = 0 ; j j <= j jup ; j j += j jkk inc rement )
551 {
552 j t i l e bound = ( j j | jkmask ) ;
553 j low = ( jkincrement > j j ? jk increment : j j ) ;
554
555 j jC = j j << l ogNstep ;
556
557 for ( kk = 0 ; kk <= j j ; kk += j jkk incr ement )
558 {
559 kt i l ebound = ( kk | jkmask ) ;
560
561 kkC = kk << l ogNstep ;
562
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563 temp1 = kk+j jkk incr ement ;
564 for ( i = i low ; i < iup ; i += i inc rement )
565 {
566 iR = ( ( ( i & ( imask−1) ) >> l o g s t ep ) | ( i i >> l ogNstep ) ) ;
567 jup = ( iR + 1 < j t i l e b ound ? iR + 1 : j t i l e bound ) ;
568
569 for ( j = j low ; j < jup ; j += jkincrement )
570 {
571 jC = (( j & step 1 ) << l o g s t ep ) ;
572 j fC = jjC | jC ;
573
574 kup = ( j < kt i l ebound ? j : kt i l ebound ) ;
575
576 for ( k = kk ; k < kup ; k++)
577 {
578
579 kplus1 = (( k+1==kti l ebound ) ? temp1 : k+1) ;
580
581 i f ( j==kplus1 )
582 {
583 kC = (( k & step 1 ) << l o g s t ep ) ;
584 kfC = kkC | kC ;
585 i f ( kp lus1 ==iR)
586 A[ kfC | k]= sq r t ( fab s (A[ kfC | k ] ) ) ;
587
588 A[ i | k]=A[ i | k ] /A[ kfC | k ] ;
589 }
590
591 A[ i | j ]=A[ i | j ]−A[ i | k ]∗A[ j fC | k ] ;
592
593 }
594 }
595 }
596 }
597 }
598 }
599 A[N∗N−1]=sqr t ( fab s (A[N∗N−1]) ) ;
600 }
601
602 main ( int argc , char ∗∗ argv )
603 {
604 int i , j , k ;
605 int op t im i z a t i o n l e v e l =0 , t i l e s i z e ;
606 int N, Nincr , Nsize ;
607 struct t imeval s tar t , f i n i s h ;
608
609 double ∗∗B 2D ;
610 double ∗B;
611 double temp ;
612
613 for ( i =0; i<argc ; i++)
614 i f ( strcmp ( argv [ i ] , ”−O” )==0)
615 op t im i z a t i o n l e v e l=a t o i ( argv[++i ] ) ;
616
617 p r i n t f ( ”Running Cholesky with opt imi zat i on l e v e l %d . . . \ n” , o p t im i z a t i o n l e v e l ) ;
618 p r i n t f ( ”N\ tNs i z e\ tT i l e S i ze \ tDurat ion\n” ) ;
619
620 srand ( time (NULL) ) ;
621
622 Nincr=16;
623
624 for (N=16; N<=2048; N+=Nincr ) {
625 i f (N<128) Nincr=N;
626 else Nincr=128;
627 for ( t i l e s i z e =16; t i l e s i z e <=N; t i l e s i z e ∗=2) {
628 Nsize=2;
629 while ( Nsize<N) Nsize ∗=2;
630
631
632 i f ( o p t im i z a t i o n l e v e l >= 7) {
633 i f (B=(double ∗ ) mal loc ( Nsize∗Nsize∗ s i zeo f (double ) ) )
634 for ( i =0; i<Nsize∗Nsize ; i++)
635 B[ i ]=rand ( ) % 100 +1;
636 else {
637 p r i n t f ( ”Memory a l l o c a t i o n f a i l e d !\n” ) ;
638 e x i t (1) ;
639 }
640 }
641 else {
642 i f ( B 2D=(double ∗∗ ) mal loc (N∗ s i zeo f (double ∗ ) + N∗N∗ s i zeo f (double ) ) ) {
643 B 2D [0 ]=(double ∗ ) (&B 2D [N] ) ;
644
645 for ( i =1; i<N; i++)
646 B 2D [ i ]=&B 2D [ 0 ] [N∗ i ] ;
647
648 for ( i =0; i<N; i++)
649 for ( j =0; j<N; j++)
650 B 2D [ i ] [ j ] = rand ( ) % 100 + 1;
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651 }
652 else {
653 p r i n t f ( ”Memory a l l o c a t i o n f a i l e d !\n” ) ;
654 e x i t (1) ;
655 }
656 }
657
658 gett imeofday (&star t , ( struct timezone ∗) NULL) ;
659
660 switch ( op t im i z a t i o n l e v e l ) {
661 case 0 :
662 cholesky raw (B 2D , N) ;
663 break ;
664 case 1 :
665 cholesky IJK (B 2D , N) ;
666 break ;
667 case 2 :
668 cholesky column major (B 2D , N) ;
669 break ;
670 case 3 :
671 cho l e s ky t i l e d KJ (B 2D , N, t i l e s i z e ) ;
672 break ;
673 case 4 :
674 cho l e s ky t i l ed KJ hopt (B 2D , N, t i l e s i z e ) ;
675 break ;
676 case 5 :
677 c h o l e s k y t i l e d f u l l (B 2D , N, t i l e s i z e ) ;
678 break ;
679 case 6 :
680 c h o l e s k y t i l e d f u l l h o p t (B 2D , N, t i l e s i z e ) ;
681 break ;
682 case 7 :
683 ch o l e s ky t i l e d f u l l b d l NN (B, N, Nsize , t i l e s i z e ) ;
684 break ;
685 case 8 :
686 c h o l e s ky t i l e d f u l l bd l NN hopt (B, N, Nsize , t i l e s i z e ) ;
687 break ;
688 case 9 :
689 c h o l e s k y t i l e d f u l l b d l Z Z (B, N, Nsize , t i l e s i z e ) ;
690 break ;
691 default :
692 cholesky raw (B 2D , N) ;
693 }
694 gett imeofday (& f i n i s h , ( struct timezone ∗) NULL) ;
695

696 /∗ Show report ∗/
697 p r i n t f ( ”%d\ t%d\ t%d\ t ” ,N , Nsize , t i l e s i z e ) ;
698 p r i n t f ( ”%8.3 l f \n” , f i n i s h . tv sec−s t a r t . t v s e c
699 + (double ) ( ( f i n i s h . tv usec−s t a r t . tv usec >=0)?( f i n i s h . tv usec−s t a r t .

tv u sec ) :
700 (1000000+ f i n i s h . tv usec−s t a r t . tv u sec ) ) /1000000) ;
701
702 i f ( op t im i z a t i o n l e v e l >= 7)
703 f r e e (B) ;
704 else
705 f r e e (B 2D) ;
706 }
707 }
708 }

#6�� ������� &.*���� )����������""���� Cho-

lesky  ���	��"����$� ��*�
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1 /∗ CHOLESKY BENCHMARK SUIT FOR HYPER−THREADING ENABLED PROCESSORS ( Intel Xeon,
Pentium 4)

2 ∗ Final Version
3 ∗ Copyright (R) by Haris M. Volos in 2005
4 ∗
5 ∗ Different methods used to paral l e l i ze ( fine−grain , coarse−grain )
6 ∗ and optimize ( ti l ing , block data layouts , unrolling ) the benchmark
7 ∗ See main for the di f ferent optimization levels
8 ∗
9 ∗ THIS IS USED TO OBTAIN MEASUREMENTS

10 ∗/
11
12 #include <pthread . h>
13 #include <sched . h>
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14 #include < s t d i o . h>
15 #i n c l ude <math . h>
16 #include < sys / time . h>
17 #include ”bdl . c”
18 #include ” a f f . h”
19 #include ” sp in . h”
20 #include ” pr f cn t . h”
21
22 #define MAX(a , b) ( ( a>b) ?a : b)
23 #define MIN(a , b) ( ( a<b) ?a : b)
24
25 #define eps 0 . 001
26
27 typedef struct mm thread args {
28 double ∗∗A;
29 double ∗A 1D ;
30 int N, Nmask ;
31 int t i l e s i z e ;
32 int t i d ;
33 int tg i d ;
34 int n th reads ;
35 int ng threads ;
36 int n groups ;
37 int pk ;
38 cpu t s i b ;
39 s p i n b a r r i e r t ∗ s p i n b a r r i e r f i n e ;
40 s p i n b a r r i e r t ∗ s p i n b a r r i e r c o a r s e ;
41 } mm thread args t ;
42
43 stat i c s p i n b a r r i e r t s p in ba r r i e r A2 ;
44 stat i c s p i n b a r r i e r t s p i n ba r r i e r B 2 ;
45 stat i c s p i n b a r r i e r t s p in ba r r i e r A4 ;
46
47 struct cpu in fo cpus ;
48 int p r f f l a g ;
49 cpu t p r f cpu ;
50
51 void mypr f cn t s tar t ( cpu t cpu id , int s i b i d )
52 {
53 i f ( p r f f l a g == 1 && cpu id == pr f cpu )
54 {
55 i f ( s i b i d == 0)
56 p r f c n t i n i t ( pr f cpu , PRFCNT FL T0) ;
57 else i f ( s i b i d == 1)
58 p r f c n t i n i t ( pr f cpu , PRFCNT FL T1) ;
59 p r f c n t s t a r t ( ) ;
60 }
61 }
62
63 void myprfcnt stop ( int cpu id )
64 {
65 i f ( p r f f l a g == 1 && cpu id == pr f cpu )
66 {
67 pr f cn t pause ( ) ;
68 p r f cn t r e po r t ( ) ;
69 p r f cn t shu t ( ) ;
70 }
71 }
72

73 /∗ Function : thread tiled full bdl NN fine grain
74 ∗ Block Data Layout NN i s used
75 ∗ Tiling i s applied along a l l loops
76 ∗ Hand optimization includes loop unrolling and scalar replacement
77 ∗ All threads work on the same t i l e simultaneously and the data of the t i l e are

distributed
78 ∗ between them in a f ine grain fashion
79 ∗/
80 void t h r e a d t i l e d f u l l b d l N N f i n e g r a i n ( mm thread args t ∗ args )
81 {
82 mm thread args t ∗ th read args = ( mm thread args t ∗ ) args ;
83
84 int i , j , k ;
85 int iR , jC , kC ;
86 int i i , j j , kk , jjC , kkC ;
87 int j fC , kfC ;
88 int kk p lu s j jkk inc r ement ;
89
90 int t ran s format i on type = NN, t ran s format i on type2 = Nn;
91
92 int logNstep , l o g s t ep ;
93
94 int imask , jkmask ;
95 int ibound , jkbound , i t i l ebound , j t i l ebound , kt i l ebound ;
96 int i i i n c r ement , j j kk in c r ement ;
97 int i increment , jk increment ;
98 int j k i n c rement 2 ;
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99 int iup , i low , jup , jlow , kup , klow , i lowDiv , i up d iv ;
100 int j j l ow , i i l ow ;
101 int step , step 1 , kplus1 , kplus1C , kplus1fC ;
102
103 int j t onus ;
104
105 int N, Nmask ;
106 double ∗A;
107 register double AjfC k ;
108 int l s e n s e ;
109
110 s p i n b a r r i e r i n i t l s e n s e (& l s e n s e ) ;
111

112 // Bind the thread to the given physical package and logical processor unit
113 i f ( th read args−>s i b == −1) {
114 run on cpus ( ( 1 < < cpus . pk [ th read args−>pk ] . s i b [ 0 ] ) | ( 1 < < cpus . pk [

th read args−>pk ] . s i b [ 1 ] ) ) ;
115 } else
116 run on cpu ( cpus . pk [ th read args−>pk ] . s i b [ th read args−>s i b ] ) ;
117

118 // Some assignments ( al iases ) and ini t ia l i zat ions
119 A = thread args−>A 1D ;
120 N = thread args−>N;
121 Nmask = thread args−>Nmask ;
122 step = thread args−>t i l e s i z e ;
123
124 logNstep = lg (Nmask/ step ) ;
125 l og s t ep = lg ( step ) ;
126
127 ibound = create mask (N, Nmask , step , t ran s format i on type , COL) + 1;
128 jkbound = create mask (N, Nmask , step , t ran s format i on type , ROW) + 1;
129
130 imask = create i nnermask ( step , t ran s format i on type2 , 0 ) + 1;
131 jkmask = create i nnermask ( step , t ran s format i on type2 , 1 ) + 1;
132
133 i i i n c r ement = c r e a t e t i l e i n c r em en t (Nmask , step , t ran s format i on type2 , COL) ;
134 j jkk inc r ement = c r e a t e t i l e i n c r emen t (Nmask , step , t ran s format i on type2 , ROW) ;
135
136
137 i i n c rement = create i n c rement ( step , t ran s fo rmat i on type2 , COL) ;
138 jkincrement = create i n c rement ( step , t ran s fo rmat i on type2 , ROW) ;
139
140 jk in c rement 2 = jkincrement ∗ 2 ;
141 s t ep 1 = step − 1;
142

143 /∗ start the performance counter ∗/
144 mypr f cn t s tar t ( cpus . pk [ th read args−>pk ] . s i b [ th read args−>s i b ] , th r ead args−>s i b ) ;
145
146 for ( kk = 0 ; kk < jkbound ; kk += j jkk incr ement )
147 {
148 kt i l ebound = ( kk | jkmask ) ;
149 kup = ( jkbound < kt i l ebound ? jkbound : kt i l ebound ) ;
150 kk p lu s j j kk inc r ement = kk+j jkk inc r ement ;
151
152 kkC = kk >> l ogNstep ;
153
154 j j l ow = ( int ) f l o o r ( ( double ) kk/ j jkk inc r ement )∗ j j kk inc r ement ;
155 for ( j j = j j l ow ; j j < jkbound ; j j += j jkk incr ement )
156 {
157 j t i l e bound = ( j j | jkmask ) ;
158 jup = ( jkbound < j t i l e bound ? jkbound : j t i l e b ound ) ;
159
160 j jC = j j >> l ogNstep ;
161
162 i i l ow = ( ( int ) f l o o r ( ( double ) j j / j jkk inc r ement )∗ j j kk inc r ement ) >> l ogNstep

;
163 for ( i i=i i l ow ; i i <ibound ; i i+=i i i n c r ement )
164 {
165 i t i l e bo und = ( i i | imask ) ;
166 iup = ( ibound < i t i l e b ound ? ibound : i t i l e b ound ) ;
167
168 for ( k=kk ; k<kup ; k+=jkincrement )
169 {
170 kC = (( k >> l o g s t ep ) & step 1 ) ;
171 kfC = kkC | kC ;
172
173 kplus1 = (( k+jkincrement==kti l ebound ) ? kk p lu s j j kk inc r ement : k+

jkincrement ) ;
174 kplus1fC = (( kfC+i in c r ement==i t i l e bo und ) ? kkC+i i i n c r ement : kfC+

i inc rement ) ;
175 i lowDiv = ( i i > kplus1fC ? i i : kplus1fC ) ;
176
177 i f ( th read args−>t i d == 0)
178 {
179 i f ( j j <=k && k<j t i l e bound && i i <=kfC && kfC<i t i l e bo und )
180 i f ( th read args−>t i d == 0)
181 A[ kfC | k]= sqr t ( fab s (A[ kfC | k ] ) ) ;
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182
183 i f ( j j==j j l ow )
184 for ( i=i lowDiv ; i<iup ; i++)
185 A[ i | k]/=A[ kfC | k ] ;
186 }
187 s p i n b a r r i e r l s e n s e ( th read args−>s p i n b a r r i e r f i n e , & l s en s e ) ;
188
189 j low = ( j j > kplus1 ? j j : kp lus1 ) ;
190
191 for ( j=j low + ( th read args−>t i d )∗ jk increment ; j<jup ; j+=jk incr ement 2 )
192 {
193 jC = (( j >> l o g s t ep ) & step 1 ) ;
194 j fC = jjC | jC ;
195 i low = ( i i > j fC ? i i : j fC ) ;
196 AjfC k = A[ j fC | k ] ;
197
198 iup d iv = i low + ( iup−i l ow ) /4∗4;
199 for ( i=i low ; i<i up d iv ; i+=4)
200 {
201 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
202 A[ ( i + 1) | j ]−=A[ ( i + 1) | k ]∗ AjfC k ;
203 A[ ( i + 2) | j ]−=A[ ( i + 2) | k ]∗ AjfC k ;
204 A[ ( i + 3) | j ]−=A[ ( i + 3) | k ]∗ AjfC k ;
205 }
206
207 for ( ; i<iup ; i++)
208 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
209 }
210 }
211 }
212 }
213 }
214

215 /∗ stop the performance counter ∗/
216 myprfcnt stop ( cpus . pk [ th read args−>pk ] . s i b [ th read args−>s i b ] ) ;
217 }
218
219

220 /∗ Function : thread tiled full bdl NN coarse grain
221 ∗ Block Data Layout NN i s used
222 ∗ Tiling i s applied along a l l loops
223 ∗ Hand optimization includes loop unrolling and scalar replacement
224 ∗ Coarse Grain work partitioning , i . e Threads work on two separate adjacent t i l e s
225 ∗/
226 void t h r e a d t i l e d f u l l b d l N N c o a r s e g r a i n (void ∗ args )
227 {
228 mm thread args t ∗ th read args = ( mm thread args t ∗ ) args ;
229
230 int i , j , k ;
231 int iR , jC , kC ;
232 int i i , j j , kk , jjC , kkC ;
233 int j fC , kfC ;
234 int kk p lu s j jkk inc r ement ;
235
236 int N, Nmask ;
237 int t i n i t i a l i i ;
238 int t i l e s i z e , step ;
239 int l a s t i t e r a t i o n i i , l a s t i t e r a t i o n j j , l a s t i t e r a t i o n k k ;
240 double ∗A;
241
242 int t ran s format i on type = NN, t ran s format i on type2 = Nn;
243
244 int logNstep , l o g s t ep ;
245
246 int imask , jkmask ;
247 int ibound , jkbound , i t i l ebound , j t i l ebound , kt i l ebound ;
248 int i i i n c r ement , j j kk in c r ement ;
249 int i increment , jk increment ;
250 int iup , i low , jup , jlow , kup , klow , i lowDiv , i up d iv ;
251 int j j l ow , i i l ow ;
252 int step 1 , kplus1 , kplus1C , kplus1fC ;
253
254 register double AjfC k ;
255
256 int l s e n s e ;
257
258 s p i n b a r r i e r i n i t l s e n s e (& l s e n s e ) ;
259
260 N = thread args−>N;
261 Nmask = thread args−>Nmask ;
262 A = thread args−>A 1D ;
263 step = t i l e s i z e = thread args−>t i l e s i z e ;
264
265 logNstep = lg (Nmask/ step ) ;
266 l og s t ep = lg ( step ) ;
267
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268 ibound = create mask (N, Nmask , step , t ran s format i on type , COL) + 1;
269 jkbound = create mask (N, Nmask , step , t ran s format i on type , ROW) + 1;
270
271 imask = create i nnermask ( step , t ran s format i on type2 , 0 ) + 1;
272 jkmask = create i nnermask ( step , t ran s format i on type2 , 1 ) + 1;
273
274 i i i n c r ement = c r e a t e t i l e i n c r em en t (Nmask , step , t ran s format i on type2 , COL) ;
275 j jkk inc r ement = c r e a t e t i l e i n c r emen t (Nmask , step , t ran s format i on type2 , ROW) ;
276
277
278 i i n c rement = create i n c rement ( step , t ran s fo rmat i on type2 , COL) ;
279 jkincrement = create i n c rement ( step , t ran s fo rmat i on type2 , ROW) ;
280
281 st ep 1 = step − 1;
282

283 // Bind the thread to the given physical package and logical processor unit
284 i f ( th read args−>s i b == −1) {
285 run on cpus ( ( 1 < < cpus . pk [ th read args−>pk ] . s i b [ 0 ] ) | ( 1 < < cpus . pk [

th read args−>pk ] . s i b [ 1 ] ) ) ;
286 } else
287 run on cpu ( cpus . pk [ th read args−>pk ] . s i b [ th read args−>s i b ] ) ;
288
289
290 t i n i t i a l i i = t i l e s i z e ∗ ( th read args−>t i d + 1) ;
291
292 l a s t i t e r a t i o n k k = c e i l ( ( double ) jkbound/ j jkk inc r ement )∗ j jkkincrement−

j j kk inc r ement ∗3;
293 l a s t i t e r a t i o n j j = c e i l ( ( double ) jkbound/ j jkk inc r ement )∗ j jkkincrement−

j j kk inc r ement ;
294 l a s t i t e r a t i o n i i = c e i l ( ( double ) ibound/ i i i n c r ement )∗ i i i n c r ement−i i i n c r emen t ;
295
296 mypr f cn t s tar t ( cpus . pk [ th read args−>pk ] . s i b [ th read args−>s i b ] , th r ead args−>s i b ) ;
297

298 // Iterations 0:0 :0 to and not including ˜ N−2∗Bkk:N:N are partitioned among
threads and executed in

299 // paral lel in groups
300 for ( kk=0; kk<jkbound−2∗ j j kk inc r ement ; kk+=j jkk incr ement )
301 {
302 kt i l ebound = ( kk | jkmask ) ;
303 kup = ( jkbound < kt i l ebound ? jkbound : kt i l ebound ) ;
304 kk p lu s j j kk inc r ement = kk+j jkk inc r ement ;
305
306 kkC = kk >> l ogNstep ;
307
308 i f ( ( th read args−>t i d == 0 && kk == 0) | |
309 ( th read args−>t i d == 0 && l a s t i t e r a t i o n k k >=0 && ( j j −j j kk inc r ement

!= l a s t i t e r a t i o n j j | | i i −2∗ i i i n c r ement != l a s t i t e r a t i o n i i ) )
)

310 {
311 j j = kk ;
312
313 j j l ow = ( int ) f l o o r ( ( double ) kk/ j jkk inc r ement )∗ j j kk inc r ement ;
314
315 i i = j j >> l ogNstep ;
316
317 t i n i t i a l i i = i i i n c r ement ∗ ( th read args−>t i d + 1) ;
318
319
320 j t i l e bound = ( j j | jkmask ) ;
321 jup = ( jkbound < j t i l e bound ? jkbound : j t i l e b ound ) ;
322
323 j jC = j j >> l ogNstep ;
324
325 i t i l e b ound = ( i i | imask ) ;
326 iup = ( ibound < i t i l e bo und ? ibound : i t i l e bound ) ;
327
328

329 // =============================================
330 for ( k=kk ; k<kup ; k+=jkincrement )
331 {
332 kC = (( k >> l og s t ep ) & step 1 ) ;
333 kfC = kkC | kC ;
334
335 kplus1 = (( k+jkincrement==kti l ebound ) ? kk p lu s j jk k inc r ement : k+

jkincrement ) ;
336 kplus1fC = (( kfC+i in c r ement==i t i l e b ound ) ? kkC+i i i n c r ement : kfC+i in c r ement

) ;
337 i lowDiv = ( i i > kplus1fC ? i i : kplus1fC ) ;
338
339
340 i f ( j j <=k && k<j t i l e bound && i i <=kfC && kfC<i t i l e bound )
341 A[ kfC | k]= sqr t ( fab s (A[ kfC | k ] ) ) ;
342
343 i f ( j j==j j l ow )
344 {
345 for ( i=i lowDiv ; i<iup ; i+=i inc rement)
346 A[ i | k]/=A[ kfC | k ] ;
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347 }
348
349 j low = ( j j > kplus1 ? j j : kp lus1 ) ;
350 for ( j=j low ; j<jup ; j+=jkincrement )
351 {
352 jC = (( j >> l o g s t ep ) & step 1 ) ;
353 j fC = jjC | jC ;
354 i low = ( i i > j fC ? i i : j fC ) ;
355

356 // for ( i=ilow ; i<iup ; i+=iincrement)
357 // A[ i | j]−=A[ i |k]∗A[ jfC |k ] ;
358
359 AjfC k = A[ j fC | k ] ;
360
361 iup d iv = i low + ( iup−i l ow ) /4∗4;
362 for ( i=i low ; i<i up d iv ; i+=4)
363 {
364 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
365 A[ ( i + 1) | j ]−=A[ ( i + 1) | k ]∗ AjfC k ;
366 A[ ( i + 2) | j ]−=A[ ( i + 2) | k ]∗ AjfC k ;
367 A[ ( i + 3) | j ]−=A[ ( i + 3) | k ]∗ AjfC k ;
368 }
369
370 for ( ; i<iup ; i++)
371 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
372
373
374 }
375 }
376 // =============================================
377
378
379 s p i n b a r r i e r l s e n s e ( th read args−>s p in b a r r i e r c o a r s e , & l s en s e ) ;
380 }
381
382 i f ( ( th read args−>t i d == 1 && kk == 0) | |
383 ( th read args−>t i d == 1 && l a s t i t e r a t i o n k k >=0 && ( j j −j j kk inc r ement

== l a s t i t e r a t i o n j j && i i −2∗ i i i n c r ement == l a s t i t e r a t i o n i i )
)

384 )
385 {
386 t i n i t i a l i i = i i i n c r ement ∗ ( th read args−>t i d + 1) ;
387

388 //spin barr ier lsense ( thread args−>spin barrier coarse , & lsense ) ;
389 // i f ( thread args−>tgid == 0) printf (”Next group\n”) ;
390 s p i n b a r r i e r l s e n s e ( th read args−>s p in b a r r i e r c o a r s e , & l s en s e ) ;
391 }
392
393
394 j j l ow = ( int ) f l o o r ( ( double ) kk/ j jkk inc r ement )∗ j j kk inc r ement ;
395 for ( j j = j j l ow ; j j < jkbound ; j j += j jkk incr ement )
396 {
397 j t i l e bound = ( j j | jkmask ) ;
398 jup = ( jkbound < j t i l e bound ? jkbound : j t i l e b ound ) ;
399
400 j jC = j j >> l ogNstep ;
401
402 i i l ow = ( ( int ) f l o o r ( ( double ) j j / j jkk inc r ement )∗ j j kk inc r ement ) >> l ogNstep

;
403 for ( i i=t i n i t i a l i i + i i l ow ; i i <ibound ; i i +=2∗ i i i n c r ement )
404 {
405 i t i l e bo und = ( i i | imask ) ;
406 iup = ( ibound < i t i l e b ound ? ibound : i t i l e bo und ) ;
407
408

409 // =============================================
410 for ( k=kk ; k<kup ; k+=jkincrement )
411 {
412 kC = (( k >> l o g s t ep ) & step 1 ) ;
413 kfC = kkC | kC ;
414
415 kplus1 = (( k+jkincrement==kti l ebound ) ? kk p lu s j j kk inc r ement : k+

jkincrement ) ;
416 kplus1fC = (( kfC+i in c r ement==i t i l e bo und ) ? kkC+i i i n c r ement : kfC+

i inc rement ) ;
417 i lowDiv = ( i i > kplus1fC ? i i : kplus1fC ) ;
418
419
420 i f ( j j <=k && k<j t i l e bo und && i i <=kfC && kfC<i t i l e b ound )
421 A[ kfC | k]= sqr t ( fab s (A[ kfC | k ] ) ) ;
422
423 i f ( j j==j j l ow )
424 {
425 for ( i=i lowDiv ; i<iup ; i+=i inc rement )
426 A[ i | k]/=A[ kfC | k ] ;
427 }
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428
429 j low = ( j j > kplus1 ? j j : kp lus1 ) ;
430 for ( j=j low ; j<jup ; j+=jkincrement )
431 {
432 jC = (( j >> l o g s t ep ) & step 1 ) ;
433 j fC = jjC | jC ;
434 i low = ( i i > j fC ? i i : j fC ) ;

435 // for ( i=ilow ; i<iup ; i+=iincrement)
436 // A[ i | j]−=A[ i |k]∗A[ jfC |k ] ;
437
438 AjfC k = A[ j fC | k ] ;
439
440 iup d iv = i low + ( iup−i l ow ) /4∗4;
441 for ( i=i low ; i<i up d iv ; i+=4)
442 {
443 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
444 A[ ( i + 1) | j ]−=A[ ( i + 1) | k ]∗ AjfC k ;
445 A[ ( i + 2) | j ]−=A[ ( i + 2) | k ]∗ AjfC k ;
446 A[ ( i + 3) | j ]−=A[ ( i + 3) | k ]∗ AjfC k ;
447 }
448
449 for ( ; i<iup ; i++)
450 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
451 }
452 }
453 // =============================================
454
455

456 //spin barr ier lsense( thread args−>spin barrier coarse , & lsense ) ;
457 // i f ( thread args−>tgid == 0) printf (”Next group\n”) ;
458 s p i n b a r r i e r l s e n s e ( th read args−>s p i n b a r r i e r c oa r s e , & l s e n s e ) ;
459 }
460
461 t i n i t i a l i i = ( ( i i == l a s t i t e r a t i o n i i + i i i n c r ement ) ? 0 : i i i n c r ement ) ;
462 }
463 }
464

465 // The execution of the last 4 iterations follows
466 // ==============================================
467 // In the case that the last iteration of the previous loops was executed by

thread 0 , then the f i r s t iteration of the last 4
468 // iterations should be executed by thread 1 so as to exploit the parallelism

available in this case
469 i f ( th read args−>t i d == 1 && l a s t i t e r a t i o n k k >=0 &&
470 (kk−j j kk inc r ement != l a s t i t e r a t i o n k k | | j j −j j kk inc r ement !=

l a s t i t e r a t i o n j j | | i i −2∗ i i i n c r ement != l a s t i t e r a t i o n i i ) )
471 {
472 kt i l ebound = ( kk | jkmask ) ;
473 kup = ( jkbound < kt i l ebound ? jkbound : kt i l ebound ) ;
474 kk p lu s j jk k inc r ement = kk+j jkk inc rement ;
475
476 kkC = kk >> l ogNstep ;
477
478 j j = ( int ) f l o o r ( ( double ) kk/ j jkk inc r ement )∗ j j kk inc r ement ;
479 j j l ow = ( int ) f l o o r ( ( double ) kk/ j jkk inc r ement )∗ j j kk inc r ement ;
480 j t i l e b ound = ( j j | jkmask ) ;
481 jup = ( jkbound < j t i l e b ound ? jkbound : j t i l eb ound ) ;
482
483
484 j jC = j j >> l ogNstep ;
485
486 i i = ( ( int ) f l o o r ( ( double ) j j / j jkk inc r ement )∗ j j kk inc r ement ) >> l ogNstep ;
487 i t i l e bound = ( i i | imask ) ;
488 iup = ( ibound < i t i l e bound ? ibound : i t i l e bound ) ;
489
490

491 // =============================================
492 for ( k=kk ; k<kup ; k+=jkincrement )
493 {
494 kC = (( k >> l o g s t ep ) & step 1 ) ;
495 kfC = kkC | kC ;
496
497 kplus1 = (( k+jkincrement==kti l ebound ) ? kk p lu s j j kk inc r ement : k+

jkincrement ) ;
498 kplus1fC = (( kfC+i in c r ement==i t i l e bo und ) ? kkC+i i i n c r ement : kfC+

i inc rement ) ;
499 i lowDiv = ( i i > kplus1fC ? i i : kplus1fC ) ;
500
501
502 i f ( j j <=k && k<j t i l e b ound && i i <=kfC && kfC<i t i l e b ound )
503 A[ kfC | k]= sqr t ( fab s (A[ kfC | k ] ) ) ;
504
505 i f ( j j==j j l ow )
506 {
507 for ( i=i lowDiv ; i<iup ; i+=i inc rement )
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508 A[ i | k]/=A[ kfC | k ] ;
509 }
510
511 j low = ( j j > kplus1 ? j j : kp lus1 ) ;
512 for ( j=j low ; j<jup ; j+=jkincrement )
513 {
514 jC = (( j >> l o g s t ep ) & step 1 ) ;
515 j fC = jjC | jC ;
516 i low = ( i i > j fC ? i i : j fC ) ;
517

518 // for ( i=ilow ; i<iup ; i+=iincrement)
519 // A[ i | j]−=A[ i |k]∗A[ jfC |k ] ;
520
521 AjfC k = A[ j fC | k ] ;
522
523 iup d iv = i low + ( iup−i l ow ) /4∗4;
524 for ( i=i low ; i<i up d iv ; i+=4)
525 {
526 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
527 A[ ( i + 1) | j ]−=A[ ( i + 1) | k ]∗ AjfC k ;
528 A[ ( i + 2) | j ]−=A[ ( i + 2) | k ]∗ AjfC k ;
529 A[ ( i + 3) | j ]−=A[ ( i + 3) | k ]∗ AjfC k ;
530 }
531
532 for ( ; i<iup ; i++)
533 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
534
535
536
537 }
538 }
539 // =============================================
540
541

542 //spin barr ier lsense( thread args−>spin barrier coarse , & lsense ) ;
543 // i f ( thread args−>tgid == 0) printf (”Next group\n”) ;
544 s p i n b a r r i e r l s e n s e ( th read args−>s p i n b a r r i e r c oa r s e , & l s e n s e ) ;
545 }
546 // The upper iterations ˜ N−2∗Bkk:X:X and ˜ N−Bkk:X:X are executed by thread 0 .

In the worst case there wil l be 4 such
547 // iterations
548 else i f ( th read args−>t i d == 0)
549 {
550 t i n i t i a l i i = ( ( kk−j j kk inc r ement == l a s t i t e r a t i o n k k && j j−j j kk inc r ement ==

l a s t i t e r a t i o n j j && i i −2∗ i i i n c r emen t == l a s t i t e r a t i o n i i ) ? i i i n c r ement
: 0 ) ;

551
552 for ( ; kk<jkbound ; kk+=j jkk incr ement )
553 {
554 kt i l ebound = (kk | jkmask ) ;
555 kup = ( jkbound < kt i l ebound ? jkbound : kt i l ebound ) ;
556 kk p lu s j jkk inc r ement = kk+j jkk inc rement ;
557
558 kkC = kk >> l ogNstep ;
559
560 j j l ow = ( int ) f l o o r ( ( double ) kk/ j jkk inc r ement )∗ j j kk inc r ement ;
561 for ( j j = j j l ow ; j j < jkbound ; j j += j jkk incr ement )
562 {
563 j t i l e bound = ( j j | jkmask ) ;
564 jup = ( jkbound < j t i l e bound ? jkbound : j t i l e bound ) ;
565
566 j jC = j j >> l ogNstep ;
567
568 i i l ow = ( ( int ) f l o o r ( ( double ) j j / j jkk inc r ement )∗ j j kk inc r ement ) >>

l ogNstep ;
569 for ( i i=t i n i t i a l i i + i i l ow ; i i <ibound ; i i+=i i i n c r emen t )
570 {
571 i t i l e bound = ( i i | imask ) ;
572 iup = ( ibound < i t i l e bound ? ibound : i t i l e bound ) ;
573
574

575 // =============================================
576 for ( k=kk ; k<kup ; k+=jkincrement )
577 {
578 kC = (( k >> l o g s t ep ) & step 1 ) ;
579 kfC = kkC | kC ;
580
581 kplus1 = (( k+jkincrement==kti l ebound ) ? kk p lu s j jk k inc r ement : k+

jkincrement ) ;
582 kplus1fC = (( kfC+i in c r ement==i t i l e b ound ) ? kkC+i i i n c r ement : kfC+

i inc rement ) ;
583 i lowDiv = ( i i > kplus1fC ? i i : kplus1fC ) ;
584
585
586 i f ( j j <=k && k<j t i l e bound && i i <=kfC && kfC<i t i l e bo und )
587 A[ kfC | k]= sq r t ( fab s (A[ kfC | k ] ) ) ;
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588
589 i f ( j j==j j l ow )
590 {
591 for ( i=i lowDiv ; i<iup ; i+=i inc rement )
592 A[ i | k]/=A[ kfC | k ] ;
593 }
594
595 j low = ( j j > kplus1 ? j j : kp lus1 ) ;
596 for ( j=j low ; j<jup ; j+=jkincrement )
597 {
598 jC = (( j >> l o g s t ep ) & step 1 ) ;
599 j fC = jjC | jC ;
600 i low = ( i i > j fC ? i i : j fC ) ;

601 // for ( i=ilow ; i<iup ; i+=iincrement)
602 // A[ i | j]−=A[ i |k]∗A[ jfC |k ] ;
603
604 AjfC k = A[ j fC | k ] ;
605
606 iup d iv = i low + ( iup−i l ow ) /4∗4;
607 for ( i=i low ; i<i up d iv ; i+=4)
608 {
609 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
610 A[ ( i + 1) | j ]−=A[ ( i + 1) | k ]∗ AjfC k ;
611 A[ ( i + 2) | j ]−=A[ ( i + 2) | k ]∗ AjfC k ;
612 A[ ( i + 3) | j ]−=A[ ( i + 3) | k ]∗ AjfC k ;
613 }
614
615 for ( ; i<iup ; i++)
616 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
617
618
619 }
620 }
621 // =============================================
622
623 }
624 t i n i t i a l i i = 0 ;
625 }
626 }
627 }
628 myprfcnt stop ( cpus . pk [ th read args−>pk ] . s i b [ th read args−>s i b ] ) ;
629 }
630

631 /∗ Function : thread tiled full bdl NN coarse fine grain
632 ∗ Block Data Layout NN i s used
633 ∗ Tiling i s applied along a l l loops
634 ∗ Hand optimization includes loop unrolling and scalar replacement
635 ∗ Coarse Grain work partitioning , i . e Two groups of two threads work on two

separate adjacent t i l e s
636 ∗ The two threads of each group work on the same t i l e and divide their work in a

f ine grain fashion way
637 ∗/
638 void t h r e a d t i l e d f u l l b d l NN c o a r s e f i n e g r a i n (void ∗ args )
639 {
640 mm thread args t ∗ th read args = ( mm thread args t ∗ ) args ;
641
642 int i , j , k ;
643 int iR , jC , kC ;
644 int i i , j j , kk , jjC , kkC ;
645 int j fC , kfC ;
646 int kk p lu s j jkk inc r ement ;
647
648 int N, Nmask ;
649 int t i n i t i a l i i ;
650 int t i l e s i z e , step ;
651 int l a s t i t e r a t i o n i i , l a s t i t e r a t i o n j j , l a s t i t e r a t i o n k k ;
652 double ∗A;
653
654 int t ran s format i on type = NN, t ran s format i on type2 = Nn;
655
656 int logNstep , l o g s t ep ;
657
658 int imask , jkmask ;
659 int ibound , jkbound , i t i l ebound , j t i l ebound , kt i l ebound ;
660 int i i i n c r ement , j j kk in c r ement ;
661 int i increment , jk increment ;
662 int j k i n c rement 2 ;
663 int iup , i low , jup , jlow , kup , klow , i lowDiv , i up d iv ;
664 int j j l ow , i i l ow ;
665 int step 1 , kplus1 , kplus1C , kplus1fC ;
666
667 register double AjfC k ;
668
669 int l s en se , l s e n s e f i n e ;
670
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671 s p i n b a r r i e r i n i t l s e n s e (& l s e n s e ) ;
672 s p i n b a r r i e r i n i t l s e n s e (& l s e n s e f i n e ) ;
673
674 N = thread args−>N;
675 Nmask = thread args−>Nmask ;
676 A = thread args−>A 1D ;
677 step = t i l e s i z e = thread args−>t i l e s i z e ;
678
679 logNstep = lg (Nmask/ step ) ;
680 l og s t ep = lg ( step ) ;
681
682 ibound = create mask (N, Nmask , step , t ran s format i on type , COL) + 1;
683 jkbound = create mask (N, Nmask , step , t ran s format i on type , ROW) + 1;
684
685 imask = create i nnermask ( step , t ran s format i on type2 , 0 ) + 1;
686 jkmask = create i nnermask ( step , t ran s format i on type2 , 1 ) + 1;
687
688 i i i n c r ement = c r e a t e t i l e i n c r em en t (Nmask , step , t ran s format i on type2 , COL) ;
689 j jkk inc r ement = c r e a t e t i l e i n c r em en t (Nmask , step , t ran s format i on type2 , ROW) ;
690
691
692 i i n c rement = create i n c rement ( step , t ran s fo rmat i on type2 , COL) ;
693 jkincrement = create i n c rement ( step , t ran s fo rmat i on type2 , ROW) ;
694
695 jk in c rement 2 = jkincrement ∗ 2 ;
696 s t ep 1 = step − 1;
697

698 // Bind the thread to the given physical package and logical processor unit
699 i f ( th read args−>s i b == −1) {
700 run on cpus ( ( 1 < < cpus . pk [ th read args−>pk ] . s i b [ 0 ] ) | ( 1 < < cpus . pk [

th read args−>pk ] . s i b [ 1 ] ) ) ;
701 } else
702 run on cpu ( cpus . pk [ th read args−>pk ] . s i b [ th read args−>s i b ] ) ;
703
704
705 t i n i t i a l i i = t i l e s i z e ∗ ( th read args−>tg i d + 1) ;
706
707 l a s t i t e r a t i o n k k = c e i l ( ( double ) jkbound/ j jkk inc r ement )∗ j jkkincrement−

j j kk inc r ement ∗3;
708 l a s t i t e r a t i o n j j = c e i l ( ( double ) jkbound/ j jkk inc r ement )∗ j jkkincrement−

j j kk inc r ement ;
709 l a s t i t e r a t i o n i i = c e i l ( ( double ) ibound/ i i i n c r ement )∗ i i i n c r ement−i i i n c r emen t ;
710
711 mypr f cn t s tar t ( cpus . pk [ th read args−>pk ] . s i b [ th read args−>s i b ] , th r ead args−>s i b ) ;
712

713 // Iterations 0:0 :0 to and not including ˜ N−2∗Bkk:N:N are partitioned among
threads and executed in

714 // paral lel in groups
715 for ( kk=0; kk<jkbound−2∗ j j kk inc r ement ; kk+=j jkk incr ement )
716 {
717 kt i l ebound = ( kk | jkmask ) ;
718 kup = ( jkbound < kt i l ebound ? jkbound : kt i l ebound ) ;
719 kk p lu s j jk k inc r ement = kk+j jkk inc r ement ;
720
721 kkC = kk >> l ogNstep ;
722
723 i f ( ( th read args−>tg i d == 0 && kk == 0) | |
724 ( th read args−>tg i d == 0 && l a s t i t e r a t i o n k k >=0 && ( j j −j j kk inc r ement

!= l a s t i t e r a t i o n j j | | i i −2∗ i i i n c r ement != l a s t i t e r a t i o n i i ) )
)

725 {
726 j j = kk ;
727
728 j j l ow = ( int ) f l o o r ( ( double ) kk/ j jkk inc r ement )∗ j j kk inc r ement ;
729
730 i i = j j >> l ogNstep ;
731
732 t i n i t i a l i i = i i i n c r ement ∗ ( th read args−>tg i d + 1) ;
733
734
735 j t i l e bound = ( j j | jkmask ) ;
736 jup = ( jkbound < j t i l e bound ? jkbound : j t i l e b ound ) ;
737
738 j jC = j j >> l ogNstep ;
739
740 i t i l e b ound = ( i i | imask ) ;
741 iup = ( ibound < i t i l e bound ? ibound : i t i l e b ound ) ;
742
743

744 // =============================================
745
746 for ( k=kk ; k<kup ; k+=jkincrement )
747 {
748 kC = (( k >> l o g s t ep ) & step 1 ) ;
749 kfC = kkC | kC ;
750
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751 kplus1 = (( k+jkincrement==kti l ebound ) ? kk p lu s j jk k inc r ement : k+
jkincrement ) ;

752 kplus1fC = (( kfC+i in c r ement==i t i l e b ound ) ? kkC+i i i n c r ement : kfC+i in c r ement
) ;

753 i lowDiv = ( i i > kplus1fC ? i i : kplus1fC ) ;
754
755 i f ( th read args−>t i d == 0)
756 {
757 i f ( j j <=k && k<j t i l e b ound && i i <=kfC && kfC<i t i l e b ound )
758 i f ( th read args−>t i d == 0)
759 A[ kfC | k]= sq r t ( fab s (A[ kfC | k ] ) ) ;
760
761 i f ( j j==j j l ow )
762 for ( i=i lowDiv ; i<iup ; i++)
763 A[ i | k]/=A[ kfC | k ] ;
764 }
765
766 s p i n b a r r i e r l s e n s e ( th read args−>s p i n b a r r i e r f i n e , & l s e n s e f i n e ) ;
767
768 j low = ( j j > kplus1 ? j j : kp lus1 ) ;
769
770 for ( j=j low + ( th read args−>t i d )∗ jk increment ; j<jup ; j+=jk incr ement 2 )
771 {
772 jC = (( j >> l o g s t ep ) & step 1 ) ;
773 j fC = jjC | jC ;
774 i low = ( i i > j fC ? i i : j fC ) ;
775 AjfC k = A[ j fC | k ] ;
776
777 iup d iv = i low + ( iup−i l ow ) /4∗4;
778 for ( i=i low ; i<i up d iv ; i+=4)
779 {
780 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
781 A[ ( i + 1) | j ]−=A[ ( i + 1) | k ]∗ AjfC k ;
782 A[ ( i + 2) | j ]−=A[ ( i + 2) | k ]∗ AjfC k ;
783 A[ ( i + 3) | j ]−=A[ ( i + 3) | k ]∗ AjfC k ;
784 }
785
786 for ( ; i<iup ; i++)
787 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
788 }
789
790 }
791

792 // =============================================
793
794
795 s p i n b a r r i e r l s e n s e ( th read args−>s p in b a r r i e r c o a r s e , & l s en s e ) ;
796 }
797
798 i f ( ( th read args−>tg i d == 1 && kk == 0) | |
799 ( th read args−>tg i d == 1 && l a s t i t e r a t i o n k k >=0 && ( j j −j j kk inc r ement

== l a s t i t e r a t i o n j j && i i −2∗ i i i n c r ement == l a s t i t e r a t i o n i i )
)

800 )
801 {
802 t i n i t i a l i i = i i i n c r ement ∗ ( th read args−>tg i d + 1) ;
803
804 s p i n b a r r i e r l s e n s e ( th read args−>s p in b a r r i e r c o a r s e , & l s en s e ) ;
805 }
806
807
808 j j l ow = ( int ) f l o o r ( ( double ) kk/ j jkk inc r ement )∗ j j kk inc r ement ;
809 for ( j j = j j l ow ; j j < jkbound ; j j += j jkk incr ement )
810 {
811 j t i l e bound = ( j j | jkmask ) ;
812 jup = ( jkbound < j t i l e bound ? jkbound : j t i l e b ound ) ;
813
814 j jC = j j >> l ogNstep ;
815
816 i i l ow = ( ( int ) f l o o r ( ( double ) j j / j jkk inc r ement )∗ j j kk inc r ement ) >> l ogNstep

;
817 for ( i i=t i n i t i a l i i + i i l ow ; i i <ibound ; i i +=2∗ i i i n c r ement )
818 {
819 i t i l e bo und = ( i i | imask ) ;
820 iup = ( ibound < i t i l e b ound ? ibound : i t i l e b ound ) ;
821
822

823 // =============================================
824
825 for ( k=kk ; k<kup ; k+=jkincrement )
826 {
827 kC = (( k >> l o g s t ep ) & step 1 ) ;
828 kfC = kkC | kC ;
829
830 kplus1 = (( k+jkincrement==kti l ebound ) ? kk p lu s j j kk inc r ement : k+

jkincrement ) ;
831 kplus1fC = (( kfC+i in c r ement==i t i l e bo und ) ? kkC+i i i n c r ement : kfC+

i inc rement ) ;
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832 i lowDiv = ( i i > kplus1fC ? i i : kplus1fC ) ;
833
834 i f ( th read args−>t i d == 0)
835 {
836 i f ( j j <=k && k<j t i l e bound && i i <=kfC && kfC<i t i l e bo und )
837 i f ( th read args−>t i d == 0)
838 A[ kfC | k]= sqr t ( fab s (A[ kfC | k ] ) ) ;
839
840 i f ( j j==j j l ow )
841 for ( i=i lowDiv ; i<iup ; i++)
842 A[ i | k]/=A[ kfC | k ] ;
843 }
844
845 s p i n b a r r i e r l s e n s e ( th read args−>s p i n b a r r i e r f i n e , & l s e n s e f i n e ) ;
846
847 j low = ( j j > kplus1 ? j j : kp lus1 ) ;
848
849 for ( j=j low + ( th read args−>t i d )∗ jk increment ; j<jup ; j+=jk incr ement 2 )
850 {
851 jC = (( j >> l o g s t ep ) & step 1 ) ;
852 j fC = jjC | jC ;
853 i low = ( i i > j fC ? i i : j fC ) ;
854 AjfC k = A[ j fC | k ] ;
855
856 iup d iv = i low + ( iup−i l ow ) /4∗4;
857 for ( i=i low ; i<i up d iv ; i+=4)
858 {
859 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
860 A[ ( i + 1) | j ]−=A[ ( i + 1) | k ]∗ AjfC k ;
861 A[ ( i + 2) | j ]−=A[ ( i + 2) | k ]∗ AjfC k ;
862 A[ ( i + 3) | j ]−=A[ ( i + 3) | k ]∗ AjfC k ;
863 }
864
865 for ( ; i<iup ; i++)
866 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
867 }
868
869 }
870 // =============================================
871
872 s p i n b a r r i e r l s e n s e ( th read args−>s p i n b a r r i e r c oa r s e , & l s e n s e ) ;
873 }
874
875 t i n i t i a l i i = ( ( i i == l a s t i t e r a t i o n i i + i i i n c r ement ) ? 0 : i i i n c r ement ) ;
876 }
877 }
878

879 // The execution of the last 4 iterations follows
880 // ==============================================
881 // In the case that the last iteration of the previous loops was executed by

thread 0 , then the f i r s t iteration of the last 4
882 // iterations should be executed by thread 1 so as to exploit the parallelism

available in this case
883 i f ( th read args−>tg i d == 1 && l a s t i t e r a t i o n k k >=0 &&
884 (kk−j j kk inc r ement != l a s t i t e r a t i o n k k | | j j −j j kk inc r ement !=

l a s t i t e r a t i o n j j | | i i −2∗ i i i n c r emen t != l a s t i t e r a t i o n i i ) )
885 {
886 kt i l ebound = ( kk | jkmask ) ;
887 kup = ( jkbound < kt i l ebound ? jkbound : kt i l ebound ) ;
888 kk p lu s j jk k inc r ement = kk+j jkk inc rement ;
889
890 kkC = kk >> l ogNstep ;
891
892 j j = ( int ) f l o o r ( ( double ) kk/ j jkk inc r ement )∗ j j kk inc r ement ;
893 j j l ow = ( int ) f l o o r ( ( double ) kk/ j jkk inc r ement )∗ j j kk inc r ement ;
894 j t i l e b ound = ( j j | jkmask ) ;
895 jup = ( jkbound < j t i l e b ound ? jkbound : j t i l eb ound ) ;
896
897
898 j jC = j j >> l ogNstep ;
899
900 i i = ( ( int ) f l o o r ( ( double ) j j / j jkk inc r ement )∗ j j kk inc r ement ) >> l ogNstep ;
901 i t i l e bound = ( i i | imask ) ;
902 iup = ( ibound < i t i l e bound ? ibound : i t i l e bound ) ;
903
904

905 // =============================================
906
907 for ( k=kk ; k<kup ; k+=jkincrement )
908 {
909 kC = (( k >> l o g s t ep ) & step 1 ) ;
910 kfC = kkC | kC ;
911
912 kplus1 = (( k+jkincrement==kti l ebound ) ? kk p lu s j j kk inc r ement : k+

jkincrement ) ;



�!��� ���
���� ��
���
� ����	��
����
	 ������
	 137

913 kplus1fC = (( kfC+i in c r ement==i t i l e bo und ) ? kkC+i i i n c r ement : kfC+
i inc rement ) ;

914 i lowDiv = ( i i > kplus1fC ? i i : kplus1fC ) ;
915
916 i f ( th read args−>t i d == 0)
917 {
918 i f ( j j <=k && k<j t i l e bound && i i <=kfC && kfC<i t i l e bo und )
919 i f ( th read args−>t i d == 0)
920 A[ kfC | k]= sqr t ( fab s (A[ kfC | k ] ) ) ;
921
922 i f ( j j==j j l ow )
923 for ( i=i lowDiv ; i<iup ; i++)
924 A[ i | k]/=A[ kfC | k ] ;
925 }
926
927 s p i n b a r r i e r l s e n s e ( th read args−>s p i n b a r r i e r f i n e , & l s e n s e f i n e ) ;
928
929 j low = ( j j > kplus1 ? j j : kp lus1 ) ;
930
931 for ( j=j low + ( th read args−>t i d )∗ jk increment ; j<jup ; j+=jk incr ement 2 )
932 {
933 jC = (( j >> l o g s t ep ) & step 1 ) ;
934 j fC = jjC | jC ;
935 i low = ( i i > j fC ? i i : j fC ) ;
936 AjfC k = A[ j fC | k ] ;
937
938 iup d iv = i low + ( iup−i l ow ) /4∗4;
939 for ( i=i low ; i<i up d iv ; i+=4)
940 {
941 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
942 A[ ( i + 1) | j ]−=A[ ( i + 1) | k ]∗ AjfC k ;
943 A[ ( i + 2) | j ]−=A[ ( i + 2) | k ]∗ AjfC k ;
944 A[ ( i + 3) | j ]−=A[ ( i + 3) | k ]∗ AjfC k ;
945 }
946
947 for ( ; i<iup ; i++)
948 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
949 }
950
951 }
952 // =============================================
953
954 s p i n b a r r i e r l s e n s e ( th read args−>s p i n b a r r i e r c oa r s e , & l s e n s e ) ;
955 }
956 // The upper iterations ˜ N−2∗Bkk:X:X and ˜ N−Bkk:X:X are executed by thread 0 .

In the worst case there wil l be 4 such
957 // iterations
958 else i f ( th read args−>tg i d == 0)
959 {
960 t i n i t i a l i i = ( ( kk−j j kk inc r ement == l a s t i t e r a t i o n k k && j j −j j kk inc r ement ==

l a s t i t e r a t i o n j j && i i −2∗ i i i n c r emen t == l a s t i t e r a t i o n i i ) ? i i i n c r ement
: 0 ) ;

961
962 for ( ; kk<jkbound ; kk+=j jkk incr ement )
963 {
964 kt i l ebound = (kk | jkmask ) ;
965 kup = ( jkbound < kt i l ebound ? jkbound : kt i l ebound ) ;
966 kk p lu s j jkk inc r ement = kk+j jkk inc rement ;
967
968 kkC = kk >> l ogNstep ;
969
970 j j l ow = ( int ) f l o o r ( ( double ) kk/ j jkk inc r ement )∗ j j kk inc r ement ;
971 for ( j j = j j l ow ; j j < jkbound ; j j += j jkk incr ement )
972 {
973 j t i l e bound = ( j j | jkmask ) ;
974 jup = ( jkbound < j t i l e bound ? jkbound : j t i l e bound ) ;
975
976 j jC = j j >> l ogNstep ;
977
978 i i l ow = ( ( int ) f l o o r ( ( double ) j j / j jkk inc r ement )∗ j j kk inc r ement ) >>

l ogNstep ;
979 for ( i i=t i n i t i a l i i + i i l ow ; i i <ibound ; i i+=i i i n c r emen t )
980 {
981 i t i l e bound = ( i i | imask ) ;
982 iup = ( ibound < i t i l e bound ? ibound : i t i l e bound ) ;
983
984

985 // =============================================
986
987 for ( k=kk ; k<kup ; k+=jkincrement )
988 {
989 kC = (( k >> l o g s t ep ) & step 1 ) ;
990 kfC = kkC | kC ;
991
992 kplus1 = (( k+jkincrement==kti l ebound ) ? kk p lu s j j kk inc r ement : k+

jkincrement ) ;
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993 kplus1fC = (( kfC+i in c r ement==i t i l e b ound ) ? kkC+i i i n c r ement : kfC+
i inc rement ) ;

994 i lowDiv = ( i i > kplus1fC ? i i : kplus1fC ) ;
995
996 i f ( th read args−>t i d == 0)
997 {
998 i f ( j j <=k && k<j t i l eb ound && i i <=kfC && kfC<i t i l e bound )
999 i f ( th read args−>t i d == 0)

1000 A[ kfC | k]= sq r t ( fab s (A[ kfC | k ] ) ) ;
1001
1002 i f ( j j==j j l ow )
1003 for ( i=i lowDiv ; i<iup ; i++)
1004 A[ i | k]/=A[ kfC | k ] ;
1005 }
1006
1007 s p i n b a r r i e r l s e n s e ( th read args−>s p i n b a r r i e r f i n e , & l s e n s e f i n e ) ;
1008
1009 j low = ( j j > kplus1 ? j j : kp lus1 ) ;
1010
1011 for ( j=j low + ( th read args−>t i d )∗ jk increment ; j<jup ; j+=

jk inc rement 2 )
1012 {
1013 jC = (( j >> l o g s t ep ) & step 1 ) ;
1014 j fC = jjC | jC ;
1015 i low = ( i i > j fC ? i i : j fC ) ;
1016 AjfC k = A[ j fC | k ] ;
1017
1018 iup d iv = i low + ( iup−i l ow ) /4∗4;
1019 for ( i=i low ; i<i up d iv ; i+=4)
1020 {
1021 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
1022 A[ ( i + 1) | j ]−=A[ ( i + 1) | k ]∗ AjfC k ;
1023 A[ ( i + 2) | j ]−=A[ ( i + 2) | k ]∗ AjfC k ;
1024 A[ ( i + 3) | j ]−=A[ ( i + 3) | k ]∗ AjfC k ;
1025 }
1026
1027 for ( ; i<iup ; i++)
1028 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
1029 }
1030
1031 }
1032

1033 // =============================================
1034
1035 }
1036 t i n i t i a l i i = 0 ;
1037 }
1038 }
1039 }
1040 myprfcnt stop ( cpus . pk [ th read args−>pk ] . s i b [ th read args−>s i b ] ) ;
1041
1042 }
1043

1044 /∗ Function : thread tiled full bdl NN
1045 ∗ Block Data Layout NN i s used
1046 ∗ Tiling i s applied along a l l loops
1047 ∗/
1048 void t h r e ad t i l e d f u l l b d l NN (void ∗ args )
1049 {
1050 mm thread args t ∗ th read args = ( mm thread args t ∗ ) args ;
1051
1052 int i , j , k ;
1053 int iR , jC , kC ;
1054 int i i , j j , kk , jjC , kkC ;
1055 int j fC , kfC ;
1056 int kk p lu s j jkk inc r ement ;
1057
1058 int t ran s format i on type = NN, t ran s format i on type2 = Nn;
1059
1060 int logNstep , l o g s t ep ;
1061
1062 int imask , jkmask ;
1063 int ibound , jkbound , i t i l ebound , j t i l ebound , kt i l ebound ;
1064 int i i i n c r ement , j j kk in c r ement ;
1065 int i increment , jk increment ;
1066 int iup , i low , jup , jlow , kup , klow , i lowDiv ;
1067 int j j l ow , i i l ow ;
1068 int step , step 1 , kplus1 , kplus1C , kplus1fC ;
1069
1070 int N, Nmask ;
1071 double ∗A;
1072 register double AjfC k ;
1073

1074 // Bind the thread to the given physical package and logical processor unit
1075 i f ( th read args−>s i b == −1) {
1076 run on cpus ( ( 1 < < cpus . pk [ th read args−>pk ] . s i b [ 0 ] ) | ( 1 < < cpus . pk [

th read args−>pk ] . s i b [ 1 ] ) ) ;
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1077 } else
1078 run on cpu ( cpus . pk [ th read args−>pk ] . s i b [ th read args−>s i b ] ) ;
1079

1080 // Some assignments ( al iases ) and ini t ia l i zat ions
1081 N = thread args−>N;
1082 Nmask = thread args−>Nmask ;
1083 A = thread args−>A 1D ;
1084 step = thread args−>t i l e s i z e ;
1085
1086 logNstep = lg (Nmask/ step ) ;
1087 l og s t ep = lg ( step ) ;
1088
1089 ibound = create mask (N, Nmask , step , t ran s format i on type , COL) + 1;
1090 jkbound = create mask (N, Nmask , step , t ran s format i on type , ROW) + 1;
1091
1092 imask = create i nnermask ( step , t ran s format i on type2 , 0 ) + 1;
1093 jkmask = create i nnermask ( step , t ran s format i on type2 , 1 ) + 1;
1094
1095 i i i n c r ement = c r e a t e t i l e i n c r em en t (Nmask , step , t ran s format i on type2 , COL) ;
1096 j jkk inc r ement = c r e a t e t i l e i n c r emen t (Nmask , step , t ran s format i on type2 , ROW) ;
1097
1098
1099 i i n c r ement = create i n c rement ( step , t ran s fo rmat i on type2 , COL) ;
1100 jk increment = create i n c rement ( step , t ran s fo rmat i on type2 , ROW) ;
1101
1102 st ep 1 = step − 1;
1103
1104 mypr f cn t s tar t ( cpus . pk [ th read args−>pk ] . s i b [ th read args−>s i b ] , th r ead args−>s i b ) ;
1105
1106 for ( kk = 0 ; kk < jkbound ; kk += j jkk incr ement )
1107 {
1108 kt i l ebound = ( kk | jkmask ) ;
1109 kup = ( jkbound < kt i l ebound ? jkbound : kt i l ebound ) ;
1110 kk p lu s j j kk inc r ement = kk+j jkk inc r ement ;
1111
1112 kkC = kk >> l ogNstep ;
1113
1114 j j l ow = ( int ) f l o o r ( ( double ) kk/ j jkk inc r ement )∗ j j kk inc r ement ;
1115 for ( j j = j j l ow ; j j < jkbound ; j j += j jkk incr ement )
1116 {
1117 j t i l e bound = ( j j | jkmask ) ;
1118 jup = ( jkbound < j t i l e bound ? jkbound : j t i l e b ound ) ;
1119
1120 j jC = j j >> l ogNstep ;
1121
1122 i i l ow = ( ( int ) f l o o r ( ( double ) j j / j jkk inc r ement )∗ j j kk inc r ement ) >> l ogNstep

;
1123 for ( i i=i i l ow ; i i <ibound ; i i+=i i i n c r ement )
1124 {
1125 i t i l e bo und = ( i i | imask ) ;
1126 iup = ( ibound < i t i l e b ound ? ibound : i t i l e b ound ) ;
1127
1128 for ( k=kk ; k<kup ; k+=jkincrement )
1129 {
1130 kC = (( k >> l o g s t ep ) & step 1 ) ;
1131 kfC = kkC | kC ;
1132
1133 kplus1 = (( k+jkincrement==kti l ebound ) ? kk p lu s j j kk inc r ement : k+

jkincrement ) ;
1134 kplus1fC = (( kfC+i inc r ement==i t i l e bo und ) ? kkC+i i i n c r ement : kfC+

i inc rement ) ;
1135 i lowDiv = ( i i > kplus1fC ? i i : kplus1fC ) ;
1136
1137
1138 i f ( j j <=k && k<j t i l e b ound && i i <=kfC && kfC<i t i l e b ound )
1139 A[ kfC | k]= sqr t ( fab s (A[ kfC | k ] ) ) ;
1140
1141 i f ( j j==j j l ow )
1142 {
1143 for ( i=i lowDiv ; i<iup ; i+=i inc rement )
1144 A[ i | k]/=A[ kfC | k ] ;
1145 }
1146
1147 j low = ( j j > kplus1 ? j j : kp lus1 ) ;
1148 for ( j=j low ; j<jup ; j+=jkincrement )
1149 {
1150 jC = (( j >> l o g s t ep ) & step 1 ) ;
1151 j fC = jjC | jC ;
1152 i low = ( i i > j fC ? i i : j fC ) ;
1153 AjfC k = A[ j fC | k ] ;
1154 for ( i=i low ; i<iup ; i++)
1155 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
1156 }
1157 }
1158 }
1159 }
1160 }
1161
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1162 myprfcnt stop ( cpus . pk [ th read args−>pk ] . s i b [ th read args−>s i b ] ) ;
1163 }
1164

1165 /∗ Function : thread tiled full bdl NN
1166 ∗ Block Data Layout NN i s used
1167 ∗ Tiling i s applied along a l l loops
1168 ∗ Hand optimization includes loop unrolling and scalar replacement
1169 ∗/
1170 void t h r e a d t i l e d f u l l b d l NN hop t (void ∗ args )
1171 {
1172 mm thread args t ∗ th read args = ( mm thread args t ∗ ) args ;
1173
1174 int i , j , k ;
1175 int iR , jC , kC ;
1176 int i i , j j , kk , jjC , kkC ;
1177 int j fC , kfC ;
1178 int kk p lu s j jkk inc r ement ;
1179
1180 int t ran s format i on type = NN, t ran s format i on type2 = Nn;
1181
1182 int logNstep , l o g s t ep ;
1183
1184 int imask , jkmask ;
1185 int ibound , jkbound , i t i l ebound , j t i l ebound , kt i l ebound ;
1186 int i i i n c r ement , j j kk in c r ement ;
1187 int i increment , jk increment ;
1188 int iup , i low , jup , jlow , kup , klow , i lowDiv , i l ow d iv , i up d iv ;
1189 int j j l ow , i i l ow ;
1190 double AjfC k ;
1191 int step , step 1 , kplus1 , kplus1C , kplus1fC ;
1192 int N, Nmask ;
1193 double prefetch1 , p re f e t ch2 ;
1194 double ∗A;
1195

1196 // Bind the thread to the given physical package and logical processor unit
1197 i f ( th read args−>s i b == −1) {
1198 run on cpus ( ( 1 < < cpus . pk [ th read args−>pk ] . s i b [ 0 ] ) | ( 1 < < cpus . pk [

th read args−>pk ] . s i b [ 1 ] ) ) ;
1199 } else
1200 run on cpu ( cpus . pk [ th read args−>pk ] . s i b [ th read args−>s i b ] ) ;
1201

1202 // Some assignments ( al iases ) and ini t ia l i zat ions
1203 N = thread args−>N;
1204 Nmask = thread args−>Nmask ;
1205 A = thread args−>A 1D ;
1206 step = thread args−>t i l e s i z e ;
1207
1208 logNstep = lg (Nmask/ step ) ;
1209 l og s t ep = lg ( step ) ;
1210
1211 ibound = create mask (N, Nmask , step , t ran s format i on type , COL) + 1;
1212 jkbound = create mask (N, Nmask , step , t ran s format i on type , ROW) + 1;
1213
1214 imask = create i nnermask ( step , t ran s format i on type2 , 0 ) + 1;
1215 jkmask = create i nnermask ( step , t ran s format i on type2 , 1 ) + 1;
1216
1217 i i i n c r ement = c r e a t e t i l e i n c r em en t (Nmask , step , t ran s format i on type2 , COL) ;
1218 j jkk inc r ement = c r e a t e t i l e i n c r em en t (Nmask , step , t ran s format i on type2 , ROW) ;
1219
1220 i i n c r ement = create i n c rement ( step , t ran s fo rmat i on type2 , COL) ;
1221 jk increment = create i n c rement ( step , t ran s fo rmat i on type2 , ROW) ;
1222
1223 st ep 1 = step − 1;
1224
1225 mypr f cn t s tar t ( cpus . pk [ th read args−>pk ] . s i b [ th read args−>s i b ] , th r ead args−>s i b ) ;
1226
1227 for ( kk = 0 ; kk < jkbound ; kk += j jkk incr ement )
1228 {
1229 kt i l ebound = ( kk | jkmask ) ;
1230 kup = ( jkbound < kt i l ebound ? jkbound : kt i l ebound ) ;
1231 kk p lu s j jk k inc r ement = kk+j jkk inc r ement ;
1232
1233 kkC = kk >> l ogNstep ;
1234
1235 j j l ow = ( int ) f l o o r ( ( double ) kk/ j jkk inc r ement )∗ j j kk inc r ement ;
1236 for ( j j = j j l ow ; j j < jkbound ; j j += j jkk incr ement )
1237 {
1238 j t i l e bound = ( j j | jkmask ) ;
1239 jup = ( jkbound < j t i l e bound ? jkbound : j t i l e b ound ) ;
1240
1241 j jC = j j >> l ogNstep ;
1242
1243 i i l ow = ( ( int ) f l o o r ( ( double ) j j / j jkk inc r ement )∗ j j kk inc r ement ) >> l ogNstep

;
1244 for ( i i=i i l ow ; i i <ibound ; i i+=i i i n c r ement )
1245 {
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1246 i t i l e bo und = ( i i | imask ) ;
1247 iup = ( ibound < i t i l e b ound ? ibound : i t i l e b ound ) ;
1248 for ( k=kk ; k<kup ; k+=jkincrement )
1249 {
1250 kC = (( k >> l o g s t ep ) & step 1 ) ;
1251 kfC = kkC | kC ;
1252
1253 kplus1 = (( k+jkincrement==kti l ebound ) ? kk p lu s j j kk inc r ement : k+

jkincrement ) ;
1254 kplus1fC = (( kfC+i inc r ement==i t i l e bo und ) ? kkC+i i i n c r ement : kfC+

i inc rement ) ;
1255 i lowDiv = ( i i > kplus1fC ? i i : kplus1fC ) ;
1256
1257
1258 i f ( j j <=k && k<j t i l e b ound && i i <=kfC && kfC<i t i l e b ound )
1259 A[ kfC | k]= sqr t ( fab s (A[ kfC | k ] ) ) ;
1260
1261 i f ( j j==j j l ow )
1262 {
1263 for ( i=i lowDiv ; i<iup ; i+=i inc rement )
1264 A[ i | k]/=A[ kfC | k ] ;
1265 }
1266
1267 j low = ( j j > kplus1 ? j j : kp lus1 ) ;
1268 for ( j=j low ; j<jup ; j+=jkincrement )
1269 {
1270 jC = (( j >> l o g s t ep ) & step 1 ) ;
1271 j fC = jjC | jC ;
1272 i low = ( i i > j fC ? i i : j fC ) ;
1273
1274 AjfC k = A[ j fC | k ] ;
1275
1276 iup d iv = i low + ( iup−i l ow ) /4∗4;
1277 for ( i=i low ; i<i up d iv ; i+=4)
1278 {
1279 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
1280 A[ ( i + 1) | j ]−=A[ ( i + 1) | k ]∗ AjfC k ;
1281 A[ ( i + 2) | j ]−=A[ ( i + 2) | k ]∗ AjfC k ;
1282 A[ ( i + 3) | j ]−=A[ ( i + 3) | k ]∗ AjfC k ;
1283 }
1284
1285 for ( ; i<iup ; i++)
1286 A[ i | j ]−=A[ i | k ]∗ AjfC k ;
1287 }
1288 }
1289 }
1290 }
1291 }
1292 myprfcnt stop ( cpus . pk [ th read args−>pk ] . s i b [ th read args−>s i b ] ) ;
1293 }
1294

1295 /∗ Function : cholesky tiled full bdl NN smt fine
1296 ∗ SMT Architecture
1297 ∗ cholesky tiled full bdl NN smt fine creates 2 threads using

thread tiled full bdl NN smt fine
1298 ∗ and assigns these 2 threads to two logical processors of the same physical

package
1299 ∗/
1300 void c h o l e s k y t i l e d f u l l b d l NN sm t f i n e (double ∗A, int N, int Nmask , int t i l e s i z e )
1301 {
1302 pth read t t i d s [ 2 ] ;
1303 mm thread args t t0 , t1 ;
1304
1305 t0 . pk = 0;
1306 t1 . pk = 0;
1307 t0 . s i b = 0;
1308 t1 . s i b = 1;
1309
1310 t0 . t i d = 0;
1311 t1 . t i d = 1;
1312
1313 t0 .N = t1 .N = N;
1314 t0 . Nmask = t1 . Nmask = Nmask ;
1315 t0 . t i l e s i z e = t1 . t i l e s i z e = t i l e s i z e ;
1316 t0 . A 1D = t1 .A 1D = A;
1317 t0 . n th read s = t1 . n th read s = 2;
1318
1319 t0 . s p i n b a r r i e r f i n e = t1 . s p i n b a r r i e r f i n e = & sp in ba r r i e r A2 ;
1320 s p i n b a r r i e r i n i t ( t0 . s p i n b a r r i e r f i n e , 2 ) ;
1321
1322 pth read create (& t i d s [ 0 ] , NULL, t h r e a d t i l e d f u l l b d l N N f i n e g r a i n , ( void ∗ ) &t0 )

;
1323 pth read create (& t i d s [ 1 ] , NULL, t h r e a d t i l e d f u l l b d l N N f i n e g r a i n , ( void ∗ ) &t1 )

;
1324
1325 pth re ad jo i n ( t i d s [ 0 ] , NULL) ;
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1326 pth re ad jo i n ( t i d s [ 1 ] , NULL) ;
1327 }
1328

1329 /∗ Function : cholesky tiled full bdl NN smt coarse
1330 ∗ SMT Architecture
1331 ∗ cholesky tiled full bdl NN smt coarse creates 2 threads using

thread tiled full bdl NN smt coarse
1332 ∗ and assigns these 2 threads to two logical processors of the same physical

package
1333 ∗/
1334 void c h o l e s ky t i l e d f u l l b d l NN smt c oa r s e (double ∗A, int N, int Nmask , int

t i l e s i z e )
1335 {
1336 pth read t t i d s [ 2 ] ;
1337 mm thread args t t0 , t1 ;
1338
1339 t0 . pk = 0;
1340 t1 . pk = 0;
1341 t0 . s i b = 0;
1342 t1 . s i b = 1;
1343
1344 t0 . t i d = 0;
1345 t1 . t i d = 1;
1346 t0 .N = t1 .N = N;
1347 t0 . Nmask = t1 .Nmask = Nmask ;
1348 t0 . t i l e s i z e = t1 . t i l e s i z e = t i l e s i z e ;
1349 t0 . A 1D = t1 .A 1D = A;
1350 t0 . n th read s = t1 . n th read s = 2;
1351
1352 t0 . s p i n b a r r i e r c o a r s e = t1 . s p i n b a r r i e r c o a r s e = & sp in ba r r i e r A2 ;
1353 s p i n b a r r i e r i n i t ( t0 . s p i n b a r r i e r c o a r s e , 2 ) ;
1354
1355 pth read create (& t i d s [ 0 ] , NULL, t h r e a d t i l e d f u l l b d l NN c o a r s e g r a in , ( void ∗ ) &

t0 ) ;
1356 pth read create (& t i d s [ 1 ] , NULL, t h r e a d t i l e d f u l l b d l NN c o a r s e g r a in , ( void ∗ ) &

t1 ) ;
1357
1358 pth re ad jo i n ( t i d s [ 0 ] , NULL) ;
1359 pth re ad jo i n ( t i d s [ 1 ] , NULL) ;
1360 }
1361

1362 /∗ Function : cholesky tiled full bdl NN smp coarse
1363 ∗ SMP Architecture
1364 ∗ cholesky tiled full bdl NN smp coarse creates 2 threads using

thread tiled full bdl NN smp coarse
1365 ∗ and assigns these 2 threads to two logical processors of a di f ferent physical

package
1366 ∗/
1367 void ch o l e s ky t i l e d f u l l b d l NN smp coa r s e (double ∗A, int N, int Nmask , int

t i l e s i z e )
1368 {
1369 pth read t t i d s [ 2 ] ;
1370 mm thread args t t0 , t1 ;
1371
1372 t0 . pk = 0;
1373 t1 . pk = 1;
1374 t0 . s i b = 0;
1375 t1 . s i b = 0;
1376
1377 t0 . t i d = 0;
1378 t1 . t i d = 1;
1379 t0 .N = t1 .N = N;
1380 t0 . Nmask = t1 .Nmask = Nmask ;
1381 t0 . t i l e s i z e = t1 . t i l e s i z e = t i l e s i z e ;
1382 t0 . A 1D = t1 .A 1D = A;
1383 t0 . n th read s = t1 . n th read s = 2;
1384
1385 t0 . s p i n b a r r i e r c o a r s e = t1 . s p i n b a r r i e r c o a r s e = & sp in ba r r i e r A2 ;
1386 s p i n b a r r i e r i n i t ( t0 . s p i n b a r r i e r c o a r s e , 2 ) ;
1387
1388 pth read create (& t i d s [ 0 ] , NULL, t h r e a d t i l e d f u l l b d l NN c o a r s e g r a in , ( void ∗ ) &

t0 ) ;
1389 pth read create (& t i d s [ 1 ] , NULL, t h r e a d t i l e d f u l l b d l NN c o a r s e g r a in , ( void ∗ ) &

t1 ) ;
1390
1391 pth re ad jo i n ( t i d s [ 0 ] , NULL) ;
1392 pth re ad jo i n ( t i d s [ 1 ] , NULL) ;
1393 }
1394

1395 /∗ Function : cholesky tiled full bdl NN smt fine smp coarse
1396 ∗ SMT Architecture
1397 ∗ cholesky tiled full bdl NN smt fine smp coarse creates 2 groups of 2 threads

using
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1398 ∗ thread tiled full bdl NN smt fine smp coarse
1399 ∗ Each group i s assigned to a dif ferent physical package and each thread of the

group
1400 ∗ to a dif ferent logical processor of the same physical package
1401 ∗/
1402 void ch o l e s ky t i l e d f u l l b d l NN smt f i n e smp co a r s e (double ∗A, int N, int Nmask , int

t i l e s i z e )
1403 {
1404 pth read t t i d s [ 4 ] ;
1405 mm thread args t t0 , t1 , t2 , t3 ;
1406
1407 t0 . pk = 0; t0 . s i b = 0;
1408 t1 . pk = 0; t1 . s i b = 1;
1409 t2 . pk = 1; t2 . s i b = 0;
1410 t3 . pk = 1; t3 . s i b = 1;
1411
1412 t0 . tg i d = 0; t0 . t i d = 0;
1413 t1 . tg i d = 0; t1 . t i d = 1;
1414 t2 . tg i d = 1; t2 . t i d = 0;
1415 t3 . tg i d = 1; t3 . t i d = 1;
1416
1417 t0 .N = t1 .N = t2 .N = t3 .N = N;
1418 t0 . Nmask = t1 . Nmask = t2 .Nmask = t3 .Nmask = Nmask ;
1419 t0 . t i l e s i z e = t1 . t i l e s i z e = t2 . t i l e s i z e = t3 . t i l e s i z e = t i l e s i z e ;
1420 t0 . A 1D = t1 .A 1D = t2 . A 1D = t3 . A 1D = A;
1421 t0 . n th read s = t1 . n th read s = t2 . n th read s = t3 . n th read s = 4;
1422
1423 t0 . s p i n b a r r i e r c o a r s e = t1 . s p i n b a r r i e r c o a r s e = \
1424 t2 . s p i n b a r r i e r c o a r s e = t3 . s p i n b a r r i e r c o a r s e = & sp in ba r r i e r A4 ;
1425 t0 . s p i n b a r r i e r f i n e = t1 . s p i n b a r r i e r f i n e = & sp in ba r r i e r A2 ;
1426 t2 . s p i n b a r r i e r f i n e = t3 . s p i n b a r r i e r f i n e = & sp i n ba r r i e r B2 ;
1427
1428 s p i n b a r r i e r i n i t (&sp in bar r i e r A4 , 4 ) ;
1429 s p i n b a r r i e r i n i t (&sp in bar r i e r A2 , 2 ) ;
1430 s p i n b a r r i e r i n i t (&sp in ba r r i e r B2 , 2 ) ;
1431
1432 pth read create (& t i d s [ 0 ] , NULL, t h r e a d t i l e d f u l l b d l NN c o a r s e f i n e g r a i n , ( void

∗ ) &t0 ) ;
1433 pth read create (& t i d s [ 1 ] , NULL, t h r e a d t i l e d f u l l b d l NN c o a r s e f i n e g r a i n , ( void

∗ ) &t1 ) ;
1434 pth read create (& t i d s [ 2 ] , NULL, t h r e a d t i l e d f u l l b d l NN c o a r s e f i n e g r a i n , ( void

∗ ) &t2 ) ;
1435 pth read create (& t i d s [ 3 ] , NULL, t h r e a d t i l e d f u l l b d l NN c o a r s e f i n e g r a i n , ( void

∗ ) &t3 ) ;
1436
1437 pth re ad jo i n ( t i d s [ 0 ] , NULL) ;
1438 pth re ad jo i n ( t i d s [ 1 ] , NULL) ;
1439 pth re ad jo i n ( t i d s [ 2 ] , NULL) ;
1440 pth re ad jo i n ( t i d s [ 3 ] , NULL) ;
1441 }
1442

1443 /∗ Function : cholesky tiled full bdl NN
1444 ∗ cholesky tiled full bdl NN creates 1 thread using thread tiled full bdl NN to

implement the benchmark
1445 ∗/
1446 void c h o l e s ky t i l e d f u l l b d l N N (double ∗A, int N, int Nmask , int t i l e s i z e )
1447 {
1448 pth read t t i d s [ 1 ] ;
1449 mm thread args t t0 ;
1450
1451 t0 . pk = 0; t0 . s i b = 0;
1452
1453 t0 .N = N;
1454 t0 . Nmask = Nmask ;
1455 t0 . A 1D = A;
1456 t0 . t i l e s i z e = t i l e s i z e ;
1457
1458 pth read create (& t i d s [ 0 ] , NULL, t h r e a d t i l e d f u l l b d l NN , ( void ∗ ) &t0 ) ;
1459
1460 pth re ad jo i n ( t i d s [ 0 ] , NULL) ;
1461 }
1462

1463 /∗ Function : cholesky tiled full bdl NN hopt
1464 ∗ cholesky tiled full bdl NN hopt creates 1 thread using

thread tiled full bdl NN hopt to implement the benchmark
1465 ∗/
1466 void c ho l e s ky t i l e d f u l l b d l NN hop t (double ∗A, int N, int Nmask , int t i l e s i z e )
1467 {
1468 pth read t t i d s [ 1 ] ;
1469 mm thread args t t0 ;
1470
1471 t0 . pk = 0; t0 . s i b = 0;
1472
1473 t0 .N = N;
1474 t0 . Nmask = Nmask ;
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1475 t0 . A 1D = A;
1476 t0 . t i l e s i z e = t i l e s i z e ;
1477
1478 pth read create (& t i d s [ 0 ] , NULL, t h r e ad t i l e d f u l l b d l NN hopt , ( void ∗ ) &t0 ) ;
1479
1480 pth re ad jo i n ( t i d s [ 0 ] , NULL) ;
1481 }
1482
1483 main ( int argc , char ∗∗ argv )
1484 {
1485 int i , j , k ;
1486 int op t im i z a t i o n l e v e l =0 , t i l e s i z e ;
1487 int N, Nincr , Nsize ;
1488 int p l a t f orm id = 0 , p r f f l a g = 1;
1489 struct t imeval s tar t , f i n i s h ;
1490
1491 double ∗∗B 2D ;
1492 double ∗B;
1493
1494 for ( i =0; i<argc ; i++)
1495 i f ( strcmp ( argv [ i ] , ”−N” )==0)
1496 N=ato i ( argv[++i ] ) ;
1497 else i f ( strcmp ( argv [ i ] , ”−O” )==0)
1498 op t im i z a t i o n l e v e l=a t o i ( argv[++i ] ) ;
1499 else i f ( strcmp ( argv [ i ] , ”−plat form” )==0)
1500 p l a t f o rm id=at o i ( argv[++i ] ) ;
1501 else i f ( strcmp ( argv [ i ] , ”−pr f cn t ” )==0)
1502 {
1503 p r f f l a g = 1;
1504 pr f cpu=at o i ( argv[++i ] ) ;
1505 }
1506

1507 /∗ processor IDs ∗/
1508 i f ( p l a t f o rm id == 0)
1509 {
1510 /∗ processor IDs for the CSLab Xeon Cluster ∗/
1511 p r i n t f ( ”Platform : CSLab Xeon Clu st e r\n” ) ;
1512 cpus . pk [ 0 ] . s i b [ 0 ] = 0 ;
1513 cpus . pk [ 0 ] . s i b [ 1 ] = 2 ;
1514 cpus . pk [ 1 ] . s i b [ 0 ] = 1 ;
1515 cpus . pk [ 1 ] . s i b [ 1 ] = 3 ;
1516 }
1517 else i f ( p l at fo rm id == 1)
1518 {
1519 /∗ processor IDs for the Intel Xeon Cluster ∗/
1520 p r i n t f ( ”Platform : I n t e l Xeon Clu st e r\n” ) ;
1521 cpus . pk [ 0 ] . s i b [ 0 ] = 0 ;
1522 cpus . pk [ 0 ] . s i b [ 1 ] = 4 ;
1523 cpus . pk [ 1 ] . s i b [ 0 ] = 1 ;
1524 cpus . pk [ 1 ] . s i b [ 1 ] = 5 ;
1525 }
1526 else i f ( p l at fo rm id == 2)
1527 {
1528 /∗ processor IDs for the Intel Xeon Cluster ∗/
1529 p r i n t f ( ”Platform : I n t e l Xeon Clu st e r\n” ) ;
1530 cpus . pk [ 0 ] . s i b [ 0 ] = 0 ;
1531 cpus . pk [ 0 ] . s i b [ 1 ] = 1 ;
1532 cpus . pk [ 1 ] . s i b [ 0 ] = 2 ;
1533 cpus . pk [ 1 ] . s i b [ 1 ] = 3 ;
1534 }
1535
1536 p r i n t f ( ”Running Cholesky with opt imi zat i on l e v e l %d . . . \ n” , o p t im i z a t i o n l e v e l ) ;
1537 p r i n t f ( ”N\ tNs i z e\ tT i l e S i ze \ tDurat ion\n” ) ;
1538
1539 srand ( time (NULL) ) ;
1540
1541 Nincr=16;
1542
1543 for (N=16; N<=2048; N+=Nincr ) {
1544 i f (N<128) Nincr=N;
1545 else Nincr=128;
1546 for ( t i l e s i z e =16; t i l e s i z e <=MIN(256 ,N) ; t i l e s i z e ∗=2) {
1547 Nsize=2;
1548 while ( Nsize<N) Nsize ∗=2;
1549
1550 i f ( o p t im i z a t i o n l e v e l >= 10) {
1551 i f (B=(double ∗ ) mal loc ( Nsize∗Nsize∗ s i zeo f (double ) ) )
1552 for ( i =0; i<Nsize∗Nsize ; i++)
1553 B[ i ]=rand ( ) % 100 +1;
1554 else {
1555 p r i n t f ( ”Memory a l l o c a t i o n f a i l e d !\n” ) ;
1556 e x i t (1) ;
1557 }
1558 }
1559 else {
1560 i f ( B 2D=(double ∗∗ ) mal loc (N∗ s i zeo f (double ∗ ) + N∗N∗ s i zeo f (double ) ) ) {
1561 B 2D [0 ]=(double ∗ ) (&B 2D [N] ) ;



�!��� ���
���� ��
���
� ����	��
����
	 ������
	 /4#

1562
1563 for ( i =1; i<N; i++)
1564 B 2D [ i ]=&B 2D [ 0 ] [N∗ i ] ;
1565
1566 for ( i =0; i<N; i++)
1567 for ( j =0; j<N; j++)
1568 B 2D [ i ] [ j ] = rand ( ) % 100 + 1;
1569 }
1570 else {
1571 p r i n t f ( ”Memory a l l o c a t i o n f a i l e d !\n” ) ;
1572 e x i t (1) ;
1573 }
1574 }
1575
1576 gett imeofday (&star t , ( struct timezone ∗) NULL) ;
1577
1578 switch ( op t im i z a t i o n l e v e l )
1579 {
1580 case 0 :
1581 cholesky column major (B 2D , N) ;
1582 break ;
1583 case 1 :
1584 cho l e sky co lumn major smt f i n e (B 2D , N) ;
1585 break ;
1586 case 2 :
1587 c h o l e s k y t i l e d f u l l (B 2D , N, t i l e s i z e ) ;
1588 break ;
1589 case 3 :
1590 c h o l e s k y t i l e d f u l l h o p t (B 2D , N, t i l e s i z e ) ;
1591 break ;
1592 case 4 :
1593 c h o l e s k y t i l e d f u l l smp c o a r s e (B 2D , N, t i l e s i z e ) ;
1594 break ;
1595 case 5 :
1596 c h o l e s k y t i l e d f u l l s m t c o a r s e (B 2D , N, t i l e s i z e ) ;
1597 break ;
1598 case 6 :
1599 c h o l e s k y t i l e d f u l l s m t f i n e (B 2D , N, t i l e s i z e ) ;
1600 break ;
1601 case 7 :
1602 c h o l e s ky t i l e d f u l l sm t f i n e smp c o a r s e (B 2D , N, t i l e s i z e ) ;
1603 break ;
1604 case 1 2 :
1605 ch o l e s ky t i l e d f u l l b d l NN (B, N, Nsize , t i l e s i z e ) ;
1606 break ;
1607 case 1 3 :
1608 c h o l e s ky t i l e d f u l l bd l NN hopt (B, N, Nsize , t i l e s i z e ) ;
1609 break ;
1610 case 1 4 :
1611 ch o l e s ky t i l e d f u l l b d l NN smp co a r s e (B, N, Nsize , t i l e s i z e ) ;
1612 break ;
1613 case 1 5 :
1614 c h o l e s k y t i l e d f u l l b d l NN smt co a r s e (B, N, Nsize , t i l e s i z e ) ;
1615 break ;
1616 case 1 6 :
1617 c h o l e s ky t i l e d f u l l b d l NN sm t f i n e (B, N, Nsize , t i l e s i z e ) ;
1618 break ;
1619 case 1 7 :
1620 c h o l e s ky t i l e d f u l l b d l NN smt f i n e smp co a r s e (B, N, Nsize , t i l e s i z e

) ;
1621 break ;
1622 default :
1623 cholesky column major (B 2D , N) ;
1624 }
1625 gett imeofday (& f i n i s h , ( struct timezone ∗) NULL) ;
1626
1627

1628 /∗ Show report ∗/
1629 p r i n t f ( ”%d\ t%d\ t%d\ t ” ,N , Nsize , t i l e s i z e ) ;
1630 p r i n t f ( ”%8.3 l f \n” , f i n i s h . tv sec−s t a r t . t v s e c
1631 + (double ) ( ( f i n i s h . tv usec−s t a r t . tv usec >=0)?( f i n i s h . tv usec−s t a r t .

tv u sec ) :
1632 (1000000+ f i n i s h . tv usec−s t a r t . tv u sec ) ) /1000000) ;
1633
1634 i f ( op t im i z a t i o n l e v e l >= 10)
1635 f r e e (B) ;
1636 else
1637 f r e e (B 2D) ;
1638 }
1639 }
1640 }
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1 /∗ MASK ADDRESSING for BLOCK DATALAYOUT
2 ∗ Based on Evaggelia Athanasaki ’ s methods
3 ∗
4 ∗ Different methods used to implement masked addressing for block data layouts
5 ∗
6 ∗/
7
8 #include <math . h>
9

10 typedef enum {Zz=0 , Nn , ZZ , NN, ZN, NZ} t ran s form type de f ;
11 typedef enum {COL=0 , ROW} co l row type de f ;
12
13 int l g (double x)
14 {
15 int l = 0 ;
16
17 while ( x>1)
18 {
19 x/=2;
20 l++;
21 }
22 return l ;
23 }
24

25 /∗ Function : create innermask
26 ∗ Creates the mask for an inner loop , which can be used as the bound of the t i l e
27 ∗/
28 int c rea te i nnermask ( int step , t ran s form type de f type , c o l row type de f co l row )
29 {
30 int l o g s t ep ;
31
32 l og s t ep = lg ( step ) ;
33
34 switch ( type ) {
35 case Zz :
36 i f ( co l row==ROW) return ( step −1) ;
37 else return ( ( step −1)<<l o g s t ep ) ;
38 case Nn:
39 i f ( co l row==ROW) return ( ( step −1)<<l o g s t ep ) ;
40 else return ( step −1) ;
41 default :
42 return 0 ;
43 }
44 }
45

46 /∗ Function : create increment
47 ∗ Creates the increment used to step between elements of the same t i l e
48 ∗/
49 int c rea te i n c rement ( int step , t ran s form type de f type , c o l row type de f co l row )
50 {
51 int l o g s t ep ;
52
53 l og s t ep = lg ( step ) ;
54
55 switch ( type ) {
56 case Zz :
57 i f ( co l row==ROW) return 1 ;
58 else return (1<< l o g s t ep ) ;
59 case Nn:
60 i f ( co l row==ROW) return (1<< l o g s t ep ) ;
61 else return 1 ;
62 default :
63 return 0 ;
64 }
65 }
66

67 /∗ Function : create tileincrement
68 ∗ Creates the increment used to step between t i l e s
69 ∗/
70 int c r e a t e t i l e i n c r emen t ( int N, int step , t ran s form type de f type , c o l r ow type d e f

co l row )
71 {
72 int l ogs t ep , logNstep ;
73
74 l og s t ep = lg ( step ) ;
75 logNstep = lg (N/ step ) ;
76
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77 switch ( type ) {
78 case Zz :
79 i f ( co l row==ROW) return (1<<(2∗ l og s t ep ) ) ;
80 else return (1<<(2∗ l o g s t ep+logNstep ) ) ;
81 break ;
82 case Nn:
83 i f ( co l row==ROW) return (1<<(2∗ l og s t ep+logNstep ) ) ;
84 else return (1<<(2∗ l o g s t ep ) ) ;
85 default :
86 return 0 ;
87 }
88 }
89

90 /∗ Function : create mask
91 ∗ Creates the mask for an outer loop , which can be used as the bound of the loop

space
92 ∗/
93 int create mask ( int N, int Nmask , int step , t ran s form type de f type , c o l row type de f

co l row )
94 {
95 int l ogs t ep , logNstep , Nstep ;
96
97 Nstep = Nmask / step ;
98 l og s t ep = lg ( step ) ;
99 logNstep = lg ( Nstep ) ;

100 N=N−1;
101 switch ( type ) {
102 case ZZ :
103 i f ( co l row==COL) return ( ( (N&(step −1) )<<l o g s t ep ) | ( (N&((Nstep−1)<<l o gs t ep ) )

<<(l o g s t ep+logNstep ) ) ) ;
104 else return ( (N&(step −1) ) | ( (N&((Nstep−1)<<l o g s t ep ) )<<l o g s t ep ) ) ;
105 case NN:
106 i f ( co l row==COL) return ( (N&(step −1) ) | ( (N&((Nstep−1)<<l o g s t ep ) )<<l o gs t ep ) )

;
107 else return ( ( (N&(step −1) )<<l o g s t ep ) | ( (N&((Nstep−1)<<l o g s t ep ) )<<( l o g s t ep

+logNstep ) ) ) ;
108 case ZN:
109 i f ( co l row==COL) return ( ( (N&(step −1) )<<l o g s t ep ) | ( (N&((Nstep−1)<<l o gs t ep ) )

<<l o g s t ep ) ) ;
110 else return ( (N&(step −1) ) | ( (N&((Nstep−1)<<l o g s t ep ) )<<( l o g s t ep+logNstep ) )

) ;
111 case NZ:
112 i f ( co l row==COL) return ( (N&(step −1) ) | ( (N&((Nstep−1)<<l o g s t ep ) )<<( l o g s t ep+

logNstep ) ) ) ;
113 else return ( ( (N&(step −1) )<<l o g s t ep ) | ( (N&((Nstep−1)<<l o g s t ep ) )<<l o g s t ep )

) ;
114 default :
115 return 0 ;
116 }
117 }
118

119 /∗ Function : apply mask
120 ∗ Dilates a number using a mask
121 ∗ this function i s deprecated and i s no more used
122 ∗/
123 int apply mask (unsigned long int number , unsigned long int mask )
124 {
125 unsigned long int temp mask , app ly b i t , r e s u l t ;
126 int mask length , i ;
127
128 r e s u l t = 0 ;
129 temp mask=mask ;
130 mask length =1;
131 while ( ( temp mask >>= 1) > 0)
132 mask length++;
133
134 mask <<= mask length ;
135 app ly b i t = 1 << mask length ;
136
137 for ( i = 1 ; i <= mask length ; i++) {
138 i f ( ( app ly b i t & mask ) == app ly b i t ) {
139 i f ( ( number & 1) == 1)
140 r e s u l t = r e s u l t | app ly b i t ;
141 number >>= 1;
142 }
143 r e s u l t >>= 1;
144 mask >>= 1;
145 }
146
147 return r e s u l t ;
148 }
149

150 /∗ Function : displayBits
151 ∗ Prints the binary representation of a number
152 ∗/
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153 void d i sp l ayB i t s (unsigned long int value , int l ength )
154 {
155 unsigned c , displayMask = 1 << l ength −1;
156
157 p r i n t f ( ”%7u = ” , value ) ;
158
159 for ( c = 1 ; c <= length ; c++) {
160 putchar ( value & displayMask ? ’ 1 ’ : ’ 0 ’ ) ;
161 value <<= 1;
162 }
163
164 putchar ( ’\n ’ ) ;
165 }

,:�$�" CPU Affinity

1 #ifndef AFF H
2 #define AFF H
3

4 /∗ processor id type
5 ∗ each logical processor has i t s own id , which i s defined by the OS
6 ∗/
7 typedef int cpu t ;
8

9 /∗ number of physical packages−processors in the cluster ∗/
10 #de f i n e NPACKAGES 2
11

12 /∗ s ibl ings : the logical processors found in one physical package ∗/
13 #de f i n e NSIBLINGS 2
14

15 /∗ physical package type ∗/
16 struct pkgin fo {
17 cpu t s i b [NSIBLINGS ] ;
18 } ;
19

20 /∗ Cluster processor info ∗/
21 struct cpu in fo {
22 struct pkgin fo pk [NPACKAGES] ;
23 } ;
24
25 extern void run on cpu ( cpu t ) ;
26 extern void run on cpus ( int ) ;
27 #endif

1 #include < sys / types . h>
2 #include < l i nux/ uni std . h>
3 #include ” a f f . h”
4 s y s c a l l 0 ( p id t , g e t t i d ) ;
5 s y s c a l l 3 ( int , s c h ed s e t a f f i n i t y , p id t , pid , unsigned int , len , unsigned long ∗ , maskptr )
6
7 void run on cpu ( cpu t cpu )
8 {
9 unsigned long mask ;

10 unsigned int l en = s i zeo f (mask ) ;
11 mask = 1<<cpu ;
12 i f ( s c h e d s e t a f f i n i t y ( g e t t i d ( ) , len , &mask) )
13 p r i n t f ( ”ERROR: Process %d not bound s u c c e s f u l l y on p roce s s o r %d\n” , g e t t i d ( ) ,

cpu ) ;
14 }
15
16 void run on cpus ( cpu t msk)
17 {
18 unsigned long mask=msk ;
19 unsigned int l en = s i zeo f (mask ) ;
20 s c h e d s e t a f f i n i t y ( g e t t i d ( ) , len , &mask) ;
21 }

,:�$�$ Spin-Locks

� %+)��0/�� +�*"+%�  2'%" !��1#��� (�0 �"+)�%�0 �'%1()!�0��0�

1 #ifndef SPIN H
2 #define SPIN H
3
4 #include <asm/ unistd . h>
5

6 /∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ spin−locks ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗/
7
8 #define LOCK PREFIX ” l ock ; ”
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9 typedef vo lat i l e long s p i n t ;
10
11 #d e f i n e s p i n i n i t sp in un l ock
12
13 #i f de f i n ed NOP
14 # define SPIN INSTR ” rep ; nop”
15 #e l i f de f i n ed PAUSE
16 # define SPIN INSTR ”pause”
17 #endif
18

19 /∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ barriers ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗/
20 struct s p i n b a r r i e r s {
21 sp i n t l ock ;
22 sp i n t r e l e a s e f l a g ;
23 int cu r ren t count ;
24 int t o t a l ;
25 } ;
26 typedef struct s p i n b a r r i e r s s p i n b a r r i e r t ;
27
28
29
30 extern void sp i n l o ck ( s p i n t ∗ sp in var ) ;
31 extern void sp in un l ock ( s p i n t ∗ sp in var ) ;
32 extern void sp i n on co nd i t i on ( s p in t ∗ sp in var , const int c ond i t i o n va l ) ;
33
34 extern void s p i n b a r r i e r i n i t ( s p i n b a r r i e r t ∗ sb , int t o t a l ) ;
35 extern void s p i n b a r r i e r i n i t l s e n s e ( int ∗ l s e n s e ) ;
36 extern void s p i n b a r r i e r l s e n s e ( s p i n b a r r i e r t ∗ sb , int ∗ l s e n s e ) ;
37
38 #endif

1 #include ” sp in . h”
2
3 i n l i n e void sp i n l o ck ( s p i n t ∗ sp in var )
4 {
5 asm v o l a t i l e ( ”\n”
6
7
8 ” 1:\ tmovl $1, %%eax\n\ t ”
9 ” xchgl %0,%%eax\n\ t ”

10 ”cmpl $0,%%eax\n\ t ”
11 ” jne 2 f \n\ t ”
12 ”jmp 3 f \n”
13 ” 2:\ t ” SPIN INSTR ”\n\ t ”
14 ”cmpl $0 ,%0\n\ t ”
15 ” jne 2b\n\ t ”
16 ”jmp 1b\n”
17 ” 3:\ t\n”
18 : ”=m” (∗ sp in var )
19 : ”m” (∗ sp in var )
20 : ”%eax” , ”memory”
21 ) ;
22 }
23
24 i n l i n e void sp in un l ock ( s p i n t ∗ sp in var )
25 {
26 asm v o l a t i l e ( ”movl $0 , %0” \
27 : ”=m”(∗ sp in var ) ) ;
28 }
29
30

31 /∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ barriers ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗/
32 i n l i n e void sp i n on co nd i t i on ( s p in t ∗ sp in var , const int c ond i t i o n va l )
33 {
34 asm v o l a t i l e ( ”\n”
35 ”cmpl %1, %0\n”
36 ” j e 2 f \n”
37 ” 1:\ tpause\n\ t ”
38 ”cmpl %1, %0\n\ t ”
39 ” jne 1b\n”
40 ” 2:\ t\n”
41 :
42 : ”m”(∗ sp in var ) , ” i r ” ( c ond i t i on va l )
43 ) ;
44
45 }
46
47 i n l i n e void s p i n b a r r i e r i n i t ( s p i n b a r r i e r t ∗ sb , int t o t a l )
48 {
49 s p i n i n i t (&(sb−>l ock ) ) ;
50 sb−>r e l e a s e f l a g = 0;
51 sb−>cu r ren t count = 0;
52 sb−>t o t a l = t o t a l ;
53 }
54
55 i n l i n e void s p i n b a r r i e r i n i t l s e n s e ( int ∗ l s e n s e )
56 {
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57 ∗ l s e n s e = 0;
58 }
59
60

61 /∗
62 ∗ BARRIER (with local sense )
63 ∗
64 ∗/
65 i n l i n e void s p i n b a r r i e r l s e n s e ( s p i n b a r r i e r t ∗ sb , int ∗ l s e n s e )
66 {
67 ∗ l s e n s e = ˜(∗ l s e n s e ) ;
68
69 sp in l o ck (&(sb−>l ock ) ) ;
70 ( sb−>cu r ren t count )++;
71 i f ( sb−>cu r ren t count == sb−>t o t a l ) {
72 sb−>cu r ren t count = 0;
73 sb−>r e l e a s e f l a g = ∗ l s e n s e ;
74 }
75 sp in un l ock (&(sb−>l ock ) ) ;
76 sp in on cond i t i on (&(sb−>r e l e a s e f l a g ) , ∗ l s e n s e ) ;
77 }
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