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PerÐlhyh

H qr sh tou metasqhmatismoÔ kumatidÐwn apodeiknÔetai ìti eÐnai èna apodotikì ergaleÐo

gia thn kataskeu  peril yewn qronik¸n seir¸n all� kai poludi�statwn dedomènwn. KÔria

qarakthristik� tou eÐnai h aplìthta kai h taqÔtht� tou kaj¸c kai h uyhl  sumpÐesh pou

prosfèrei. 'Opwc k�je apwlestikìc algìrijmoc sumpÐeshc, ètsi kai oi peril yeic kumatidÐwn

eis�goun sf�lmata sthn anaparagwg  tou arqikoÔ s matoc. Up�rqoun di�foroi trìpoi na

metrhjeÐ to sunolikì sf�lma kai kat� sunèpeia up�rqoun antÐstoiqoi algìrijmoi paragwg c

peril yewn pou elaqistopoioÔn tic di�forec metrikèc sf�lmatoc. Oi up�rqontec algìrijmoi

pou exet�zoume jewrhtik� kai peiramatik� se aut n thn ergasÐa kataskeu�zoun peril yeic

monodi�statwn sunìlwn dedomènwn kai elaqistopoioÔn metrikèc pou ektimoÔn to sf�lma twn

peril yewn gia shmeiak� sf�lmata kai ajroistik� sf�lmata eÔrouc. ProteÐnoume, akìma,

èna nèo dunamikì algìrijmo pou elaqistopoieÐ th metrik  weighted-Lp gia duadik  ierarqÐa

apì ajroistik� sf�lmata eÔrouc.

Lèxeic Kleidi�

Ajroistikì Sf�lma EÔrouc, Algìrijmoc PerÐlhyhc, Dèndro Sf�lmatoc, Duadik  Ierar-

qÐa Ajroistik¸n Sfalm�twn EÔrouc, Metasqhmatismìc Haar Wavelet, Metrik  Sf�lmatoc,

PerÐlhyh Dedomènwn, PerÐlhyh KumatidÐwn, Shmeiakì Sf�lma
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Abstract

The wavelet transformation is a proven tool for constructing synopses of time series
and multidimensional data. Its simplicity and the time efficiency it provides are some of its
main characteristics. Like every lossy compression algorithm, wavelet synopses introduce
some error in the reconstruction of the initial signal. There are several ways to measure
the total error and therefore, there are the different synopsis construction algorithms
that minimize several error metrics. The existing algorithms we study theoretically and
experimentally in this diploma thesis construct wavelet synopses for one-dimensional data
sets and minimize error metrics that calculate the synopses error over point and range sum
errors. Furthermore, we propose a new dynamic algorithm that minimizes the weighted-Lp

error metric for dyadic hierarchies of range sum errors.

Keywords

Range Sum Error, Synopsis Algorithm, Error Tree, Dyadic Hierarchy of Range Sum
Errors, Haar Wavelet Transformation, Error Metric, Data Synopsis, Wavelet Synopsis,
Point Error
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EuqaristÐec

Epijum¸ na euqarist sw jerm� ton kajhght  mou, k. TÐmo Sell , gia thn eukairÐa

pou mou èdwse na asqolhj¸ me èna endiafèron jèma sth diplwmatik  kaj¸c kai gia ìlh th

bo jeia pou mou èqei prosfèrei. Euqarist¸ epÐshc jerm� to didaktorikì foitht  Dhm trh

SaqarÐdh gia ton polÔtimo sumbouleutikì tou rìlo kai thn amèristh sumpar�stas  tou se

ìlh th di�rkeia ekpìnhshc thc diplwmatik c ergasÐac. Tèloc, jèlw na euqarist sw touc

goneÐc mou, oi opoÐoi me sthrÐzoun se k�je mou b ma wc s mera.
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Kef�laio 1

Eisagwg 

H proseggistik  epexergasÐa erwthm�twn (approximate query processing) p�nw se pe-

ril yeic dedomènwn èqei proselkÔsei prìsfata meg�lo endiafèron wc mia apotelesmatik 

mèjodoc qeirismoÔ meg�lwn sunìlwn dedomènwn. Oi peril yeic wavelet eÐnai ènac tÔpoc pe-
ril yewn pou apodeinÔontai kat�llhlec kai apotelesmatikèc gia thn anapar�stash meg�lou

ìgkou dedomènwn. EÐnai qarakthristikì ìti sto nèo prìtupo JPEG problèpetai h qr sh

tou metasqhmatismoÔ wavelet antÐ tou metasqhmatismoÔ Fourier.

H basik  idèa eÐnai ìti to (diakritì) s ma eisìdou metasqhmatÐzetai me qr sh tou M/S

Haar Wavelet (bl. Enìthta 2.2) kai par�gontai oi suntelestèc wavelet, pou apoteloÔn

to metasqhmatismèno mac s ma. Sth sunèqeia, efarmìzontac k�poio krit rio sf�lmatoc,

krat�me èna uposÔnolo twn suntelest¸n aut¸n � oi opoÐoi apoteloÔn thn perÐlhyh twn

dedomènwn mac � kai aporrÐptoume touc upìloipouc (dhlad  touc jewroÔme mhdenikoÔc).

To krit rio sf�lmatoc mac to prosfèrei mia metrik  sf�lmatoc. Oi metrikèc sf�lmatoc eÐnai

sunart seic pou metr�ne me di�forouc trìpouc to sf�lma pou eis�getai sta dedomèna mac

apì thn apìrriyh k�poiwn suntelest¸n wavelet. Dhlad , metr�ne to sf�lma pou èqoume

sta dedomèna mac ìtan gia thn anapar�stas  touc kai thn anakataskeu  touc qrhsimopoi -

soume mìno touc suntelestèc pou an koun sthn perÐlhyh. Stìqoc twn algorÐjmwn pou

melet�me eÐnai h kataskeu  perÐlhyhc pou elaqistopoieÐ mia sugkekrimènh metrik  sf�lma-

toc, me dedomèno to mègisto pl joc suntelest¸n wavelet pou mporoÔme na krat soun sthn

perÐlhyh.

MporoÔme na poÔme k�pwc aplousteutik�, ìti h idiìthta pou k�nei to metasqhmatismì

Haar Wavelet kat�llhlo kai apotelesmatikì gia aut  th diadikasÐa, eÐnai ìti ìtan k�poia

geitonik� dedomèna èqoun parapl siec timèc, emfanÐzontai suntelestèc wavelet me tim  kont�
sto mhdèn touc opoÐouc mporoÔme na paraleÐyoume qwrÐc shmantikì sf�lma.

Oi metrikèc sf�lmatoc pou sunant¸ntai se aut  th diplwmatik  an koun sthn kathgorÐa

twn weighted-Lp metrik¸n. Oi metrikèc autèc epistrèfoun to sf�lma miac perÐlhyhc sunek-

tim¸ntac eÐte ta shmeiak� sf�lmata � point errors ( dhlad  to sf�lma sthn tim  k�je

stoiqeÐou tou s matoc � bl. Kef�laio 3) eÐte ta ajroistik� sf�lmata eÔrouc � range
sum errors (dhlad  ta sf�lmata sto �jroisma twn tim¸n twn stoiqeÐwn pou an koun se

sugkekrimèna diast mata tou s matoc � bl. Kef�laio 4).
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20 Kef�laio 1. Eisagwg 

1.1 AntikeÐmeno thc diplwmatik c

AntikeÐmeno thc diplwmatik c eÐnai h jewrhtik  kai peiramatik  melèth algorÐjmwn pou

kataskeu�zoun peril yeic dedomènwn me qr sh tou DiakritoÔ MetasqhmatismoÔ Haar wavelet.
Pio sugkekrimèna, h diplwmatik  aut  perilamb�nei:

1. Jewrhtik  Melèth Uparqìntwn AlgorÐjmwn. KathgoriopoioÔntai kai

parousi�zontai up�rqontec algìrijmoi oi opoÐoi kataskeu�zoun peril yeic dedomènwn

me qr sh tou metasqhmatismoÔ Haar Wavelet, elaqistopoi¸ntac o kajènac mia sug-

kekrimènh metrik  sf�lmatoc. Oi metrikèc sf�lmatoc pou elaqistopoioÔntai apì touc

algorÐjmouc autoÔc an koun sthn kathgorÐa weighted-Lp. Oi algìrijmoi analÔontai

jewrhtik� kai melet¸ntai wc proc th qwrik  kai qronik  touc poluplokìthta � bl.

Kef�laio 3 kai Enìthta 4.3.

2. Kataskeu  Peril yewn gia range sum errors. Mèqri s mera den up�rqei

algìrijmoc wavelet o opoÐoc na elaqistopoieÐ mia metrik  gia range sum errors kai

o opoÐoc na trèqei kateujeÐan sta dedomèna. Parousi�zetai kai analÔetai, loipìn,

ènac nèoc algìrijmoc (Rangewave) o opoÐoc elaqistopoieÐ th metrik  weighted-Lp gia

duadik  ierarqÐa apì range sum errors. O algìrijmoc autìc qrhsimopoieÐ to Diakritì

Metasqhmatismì Haar Wavelet kai trèqei p�nw apì dedomèna pou brÐskontai sthn

arqik  morf  touc � bl. Enìthta 4.4.2.

3. Peiramatik  Melèth Uparqìntwn AlgorÐjmwn. UlopoioÔntai, ekteloÔ-

ntai kai sugkrÐnontai peiramatik� merikoÐ apì touc algorÐjmouc pou exet�zontai sth

diplwmatik . H ektèles  touc gÐnetai gia diaforetik� megèjh perÐlhyhc kai pl joc de-

domènwn kai h sÔgkris  touc gÐnetai wc proc to qrìno ektèles c touc kai thn akrÐbeia

thc perÐlhyhc pou kataskeu�zoun. H akrÐbeia thc perÐlhyhc metr�tai me qr sh thc

weighted-L2 metrik c. 'Ena basikì er¸thma pou mac apasqoleÐ eÐnai kat� pìso oi

polÔplokoi algìrijmoi pou eÐnai sqediasmènoi na elaqistopoioÔn th metrik  weighted-
L2, apodÐdoun shmantikì kèrdoc sthn akrÐbeia thc perÐlhyhc se sqèsh me jewrhtik�

ligìtero akribeÐc all� kai ligìtero qronobìrouc algorÐjmouc. Gi' autì to lìgo sthn

peiramatik  sÔgkrish sumperilamb�noume kai algorÐjmouc pou den elaqistopoioÔn th

metrik  weighted-L2, all� pou endeqomènwc h ap¸leia pou èqoun se akrÐbeia na anti-

stajmÐzetai apì thn taqÔthta pou prosfèroun � bl. Enìthta 5.2.

1.2 H di�rjrwsh thc diplwmatik c

Sto kef�laio 2 k�noume mia istorik  eisagwg  sta wavelets (Enìthta 2.1), orÐzoume
kai perigr�foume ton klassikì metasqhmatismì Haar Wavelet (Enìthta 2.2), o opoÐoc eÐnai

o aploÔsteroc apì touc metasqhmatismoÔc wavelet kai o eurÔtera qrhsimopoioÔmenoc kai

eis�goume thn ènnoia twn metrik¸n sf�lmatoc (Enìthta 2.3).
H pr¸th oikogèneia metrik¸n sf�lmatoc eÐnai ekeÐnec pou o upologismìc tou sf�lmatoc

basÐzetai sta shmeiak� sf�lmata - point errors pou eis�gontai sto anakataskeuasmèno apì
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thn perÐlhyh s ma. Autèc oi metrikèc epistrèfoun mia tim  sunupologÐzontac ta N shmeiak�

sf�lmata pou perilamb�nei èna anakataskeuasmèno s ma megèjouc N kai qrhsimopoioÔntai

ìtan efarmìzoume point queries p�nw sta dedomèna mac. Mia kathgorÐa metrik¸n gia point
errors eÐnai oi Weighted-Lp metrikèc, oi opoÐec ajroÐzoun ta shmeiak� sf�lmata ìlwn twn

stoiqeÐwn tou s matoc uywmèna se mia dÔnamh p kai Ðswc pollaplasiasmèna me k�poio b�roc

pou touc antistoiqeÐ. Sto kef�laio 3, loipìn, orÐzoume tic weighted-Lp metrikèc gia point
errors. Sth sunèqeia, parousi�zoume algorÐjmouc pou, dedomènou k�poiou orÐou sto q¸ro

pou mporoÔme na diajèsoume gia touc suntelestèc pou mènoun sthn perÐlhyh kai dedomènhc

k�poiac sun�rthshc pou an kei sthn kathgorÐa twn Weighted-Lp metrik¸n, kataskeu�zoun

mia perÐlhyh pou elaqistopoieÐ to sf�lma thc metrik c. Oi algìrijmoi qwrÐzontai se dÔo

kathgorÐec me b�sh to an qrhsimopoioÔn ton klassikì metasqhmatismì Haar (Enìthta 3.2)

  e�n metasqhmatÐzoun ta dedomèna enswmat¸nontac sto metasqhmatismì ta b�rh twn point
errors (Enìthta 3.3).

H deÔterh oikogèneia metrik¸n sf�lmatoc basÐzei ton upologismì tou sf�lmatoc sta a-

jroistik� sf�lmata eÔrouc - range sum errors kai qrhsimopoioÔntai ìtan efarmìzoume range
sum queries p�nw sta dedomèna mac. Parìmoia me thn perÐptwsh twn shmeiak¸n sfalm�twn,

orÐzontai sto kef�laio 4 oi metrikèc weighted-Lp gia range sum errors (Enìthta 4.1). E-

piplèon, exet�zoume an o klassikìc metasqhmatismìc Haar eÐnai orjokanonikìc wc proc

th metrik  L2 (Enìthta 4.2) kai parousi�zoume èna nèo algìrijmo pou elaqistopoieÐ th

weighted-Lp metrik  gia duadik� ierarqhmèna range sum errors(Enìthta 4.4).
Sto kef�laio 5 parousi�zoume peiramatik� apotelèsmata sta opoÐa sugkrÐnetai h apì-

dosh k�poiwn algorÐjmwn gia point kai dyadic range sum queries (enìthtec 5.2 kai 5.3,
antÐstoiqa). Stìqoc twn peiram�twn eÐnai na sugkrÐnoume thn akrÐbeia twn peril yewn pou

epitugq�noun oi algìrijmoi all� kai thn taqÔthta sthn kataskeu  touc. Oi metr seic gÐnon-

tai se sqèsh afenìc me to pl joc twn dedomènwn kai afetèrou me to mègejoc thc perÐlhyhc.

Par�llhla, mac apasqoleÐ to er¸thma kat� pìso axÐzei na qrhsimopoioÔme polÔplokouc

algorÐjmouc pou elaqistopoioÔn mia metrik  sf�lmatoc ènanti aploÔsterwn mh-bèltistwn

algorÐjmwn. H metrik  sf�lmatoc pou qrhsimopoieÐtai gia na ektim soume thn akrÐbeia thc

k�je perÐlhyhc eÐnai h weighted-L2 . 'Etsi, sthn peiramatik  sÔgkrish perilamb�nontai kai

algìrijmoi pou den eÐnai bèltistoi gia th metrik  weighted-L2, ¸ste na doÔme e�n k�poia

ap¸leia sthn akrÐbeia thc perÐlhyhc antistajmÐzetai, endeqomènwc, apì thn taqÔthta pou

prosfèroun.

Tèloc, sto kef�laio 6 parousi�zoume k�poia genik� sumper�smata apì th melèth kai

th sÔgkrish twn algorÐjmwn wavelet kai proteÐnoume pijanèc mellontikèc epekt�seic tou

up�rqontoc èrgou p�nw stic peril yeic wavelet.





Kef�laio 2

Wavelets kai PerÐlhyh

Dedomènwn

2.1 Eisagwg  sta wavelets

H idèa thc proseggistik c anapar�stashc s matoc me qr sh upertijèmenwn sunart -

sewn up�rqei apì tic arqèc tou 19ou ai¸na, ìtan o Joseph Fourier parat rhse ìti me thn

upèrjesh hmitonoeid¸n kai sunhmitonoeid¸n sunart sewn diafìrwn suqnot twn mporoÔse

na parast sei �llec sunart seic. Stadiak�, h prosoq  twn ereunht¸n str�fhke apì thn

an�lush suqnìthtac sthn an�lush klÐmakac (scale analysis), kaj¸c �rqise na diafaÐnetai

ìti h prosèggish enìc s matoc dia tou upologismoÔ mèswn diakum�nsewn gia tm mata dia-

foretik c klÐmakac, mporoÔse na antimetwpÐsei kalÔtera thn Ôparxh jorÔbou sto s ma.

H an�lush klÐmakac mac epitrèpei na parathroÔme to s ma apì di�fora epÐpeda estÐashc.

Parathr¸ntac to s ma mèsa apì èna mikrì 'par�juro', diakrÐnoume leptomer  qarakthristi-

k� tou, en¸ an to parathr soume 'makroskopik�', diakrÐnoume genikìtera kai pio qondroeid 

qarakthristik�.

Oi hmitonoeideÐc kai sunhmitonoeideÐc sunart seic, pou apoteloÔn th b�sh tou meta-

sqhmatismoÔ Fourier eÐnai ex' orismoÔ mh-topikèc (ekteÐnontai sto �peiro) ki ètsi kajÐsta-

ntai akat�llhlec gia thn anapar�stash shm�twn pou parousi�zoun apìtomec diakum�nseic

(sharp spikes). Me thn an�lush wavelet, ìmwc, mporoÔme na qrhsimopoi soume proseggisti-
kèc sunart seic pou ekteÐnontai se peperasmèno q¸ro. 'Etsi, oi sunart seic wavelet eÐnai

kat�llhlec gia thn prosèggish shm�twn me meg�lec asunèqeiec.

H pr¸th katagegrammènh anafor� se autì pou s mera onom�zoume wavelet brÐsketai se
mia ergasÐa tou Alfred Haar apì to 1909. H sÔgqronh jewrhtik  tekmhrÐwsh twn wavelets,
xekÐnhse gÔrw sto 1975 me ton Jean Morlet kai th metèpeita sunergasÐa tou me ton Alex
Grossmann tou Marseille Theoretical Physics Center. Oi mèjodoi thc an�lushc wavelet
anaptÔqjhkan kurÐwc apì to G�llo Yves Meyer, en¸ sto sunerg�th tou, Stephane Mallat,
apodÐdetai o kÔrioc algìrijmoc tou metasqhmatismoÔ wavelet (1988). 'Ektote, h an�lush

wavelet prosèlkuse diejnèc endiafèron. An�mesa s' ekeÐnouc pou sunèbalan sth sqetik 

èreuna eÐnai oi Ingrid Daubechies, Ronald Coifman, kai Victor Wickerhauser.

23
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Ta wavelets s mera brÐskoun efarmog  se meg�lo eÔroc episthmonik¸n pedÐwn. Merik�

apì aut� eÐnai: sumpÐesh dedomènwn, epexergasÐa s matoc kai eikìnac, optik , ìrash upolo-

gist¸n, akoustik , mousik  teqnologÐa, epÐlush merik¸n diaforik¸n exis¸sewn, purhnik 

mhqanik , seismologÐa, rant�r kai alloÔ.

Mia kal  eisagwg  sth jewrÐa wavelet brÐsketai sta [2] kai [9].

2.2 O Diakritìc Metasqhmatismìc Haar Wavelet

Up�rqoun pollèc diaforetikèc ekdoqèc metasqhmatismoÔ wavelet, tìso se suneqèc ìso

kai se diakritì pedÐo tim¸n. O Diakritìc Metasqhmatismìc Haar Wavelet eÐnai o pio aplìc.

Sthn perÐptwsh monodi�statwn dedomènwn, efarmìzetai p�nw se èna s ma di�nusma diakri-

t¸n tim¸n (di�nusma) megèjouc N , me to N na eÐnai mia dÔnamh tou 2 kai par�gei èna diakritì

s ma Ðdiou megèjouc, diathr¸ntac thn enèrgeia tou s matoc.

Pio sugkekrimèna, orÐzoume tic N sunart seic b�shc tou Haar. H pr¸th sun�rthsh

b�shc, h ψ0, orÐzetai stajer  kai Ðsh me +1/
√
N sto diakritì di�sthma [0, N − 1] kai

mhdenik  ektìc autoÔ.

ψ0(x) =
1√
N
,x ∈ [0, N − 1]

ψ0(x) = 0, x /∈ [0, N − 1]

Sth sunèqeia, gia k�je akèraio j kai k, me 0 ≤ j < log(N) kai 0 ≤ k < 2j , orÐzontai oi

upìloipec N − 1 sunart seic.

φ(x)[j, k] = +

√
2j

N
,x ∈ [kN/2j , kN/2j +N/2j+1 − 1]

φ(x)[j, k] = −
√

2j

N
,x ∈ [kN/2j +N/2j+1, (k + 1)N/2j − 1]

φ(x)[j, k] = 0, x /∈ [kN/2j , (k + 1)N/2j − 1]

Oi sunart seic autèc deiktodotoÔntai kat� seir� auxanìmenwn j kai k wc ψ1, . . . , ψN−1.

OrÐzoume wc support miac sun�rthshc b�shc to di�sthma tou pedÐou orismoÔ thc sto opoÐo

den eÐnai mhdenik . 'Etsi, to support miac sun�rthshc b�shc mporeÐ na eÐnai eÐte to di�sthma

[0, N − 1] eÐte, anadromik�, to aristerì   to dexiì misì tou support miac �llhc sun�rthshc.
'Ena s ma A[0 . . . N − 1] metasqhmatÐzetai se èna s ma C[0 . . . N − 1], me to i-ostì tou

stoiqeÐo na isoÔtai me to eswterikì ginìmeno tou arqikoÔ s matoc A me thn i-ost  sun�rthsh
b�shc.

C[i] = 〈A,ψi〉

Ta stoiqeÐa tou s matoc C onom�zontai suntelestèc tou metasqhmatismoÔ Haar. Me dedo-

mèna th b�sh Haar kai to s ma C eÐnai dunat  h an�kthsh tou arqikoÔ s matoc.

A =
∑

i∈[0,N−1]

C[i]ψi
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'Opwc mporoÔme eÔkola na diapist¸soume, o M/S Haar eÐnai orjokanonikìc. Autì,

exaitÐac enìc gnwstoÔ jewr matoc tou Parseval, sunep�getai ìti to metasqhmatimèno s ma

diathreÐ thn enèrgeia tou arqikoÔ.∑
i∈[0,N−1]

A[i]2 =
∑

i∈[0,N−1]

C[i]2

Akìma, koit¸ntac to M/S Haar apì algorijmik  skopi�, blèpoume ìti tìso h diadikasÐa

metasqhmatismoÔ ìso kai h diadikasÐa an�kthshc tou arqikoÔ s matoc gÐnontai se O(N)

qrìno.

Exet�zoume sth sunèqeia èna par�deigma efarmog c M/S Haar. 'Estw ìti èqoume to

s ma A megèjouc N = 4, me A = (a, b, c, d). Me b�sh ta ìsa prohg jhkan, upologÐzoume th

b�sh tou metasqhmatismoÔ (paraleÐpoume ta diast mata pou oi sunart seic eÐnai mhdenikèc).

ψ0(x) = +
1
2
, x ∈ [0, 3]

ψ1(x) = +
1
2
, x ∈ [0, 1]

ψ1(x) = −1
2
, x ∈ [2, 3]

ψ2(x) = +

√
1
2
, x ∈ [0, 0]

ψ2(x) = −
√

1
2
, x ∈ [1, 1]

ψ3(x) = +

√
1
2
, x ∈ [2, 2]

ψ3(x) = −
√

1
2
, x ∈ [3, 3]

Katìpin upologÐzoume touc suntelestèc tou metasqhmatismènou s matoc.

C[0] = 〈A,ψ0〉 =
1
2
(a+ b+ c+ d)

C[1] = 〈A,ψ1〉 =
1
2
(a+ b− c− d)

C[2] = 〈A,ψ2〉 =

√
1
2
(a− b)

C[3] = 〈A,ψ3〉 =

√
1
2
(c− d)

ParathroÔme ìti o metasqhmatismìc diathreÐ thn enèrgeia tou s matoc.

C[0]2 + C[1]2 + C[2]2 + C[3]2 = a2 + b2 + c2 + d2
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Ja d¸soume t¸ra èna diaforetikì kai ligìtero tupikì trìpo prosèggishc tou meta-

sqhmatismoÔ Haar DWT. An parathr soume tic sunart seic b�shc tou, ja doÔme ìti oi

suntelestèc prokÔptoun wc ajroÐsmata   diaforèc duadikoÔ pl jouc arqik¸n stoiqeÐwn

tou s matoc. H idèa sthn opoÐa basÐzetai o metasqhmatismìc eÐnai ìti èna zeÔgoc tim¸n

p = [a, b] mporeÐ na parastajeÐ kai na anakthjeÐ apì to hmi�jroisma kai thn hmidiafor� twn

dÔo tim¸n, dhl apì to zeÔgoc m = [a+b
2 ,a−b

2 ]. Pr�gmati, a = a−b
2 + a+b

2 kai b = a+b
2 − a−b

2 .

'Estw, loipìn, ìti èqoume to di�nusma tim¸n A, megèjouc N , me to N na eÐnai mia dÔ-

namh tou 2. Sto pr¸to b ma sqhmatÐzoume èna nèo di�nusma S1[0 . . . (N/2 − 1)] megèjouc
N/2 epilègontac diadoqik� zeÔgh tim¸n apì to A kai upologÐzontac to hmi�jroism� tou-

c. Me ton Ðdio trìpo sqhmatÐzoume to di�nusma hmidiafor¸n D1[0 . . . (N/2 − 1)], dhlad 
gia diadoqik� zeÔgh tim¸n tou A upologÐzoume thn hmidiafor� touc kai thn topojetoÔme

sto D. ParathroÔme ìti wc ed¸ den èqoume ap¸leia plhroforÐac, afoÔ k�je stoiqeÐo

tou arqikoÔ dianÔsmatoc anakt�tai eÔkola apì ta stoiqeÐa twn nèwn dianusm�twn. Gia

par�deigma, A[0] = S[0] +D[0] = (A[0] + A[1])/2 + (A[0]− A[1])/2, A[1] = S[0]−D[0] =
(A[0] + A[1])/2 − (A[0] − A[1])/2, kok. H diadikasÐa pou perigr�yame epanalamb�netai

anadromik� gia to di�nusma hmiajroism�twn, mèqri na ft�soume se dianÔsmata megèjouc 1
. To sunolikì pl joc hmidiafor¸n pou upologÐzoume eÐnai 1 + 2 + . . . + N/2 = N − 1.
Apì aut  th diadikasÐa sqhmatÐzetai to di�nusma W megèjouc N , to opoÐo apoteleÐtai apì

tì mèso ìro twn tim¸n tou arqikoÔ s matoc (to teleutaÐo hmi�jroisma pou upologÐzoume)

kai tic N − 1 hmidiaforèc. To di�nusma autì eÐnai o mh-kanonikopoihmènoc metasqhmatismìc

Haar tou A. MporoÔme diaisjhtik� na katal�boume ìti gia na èqoume kanonikopoihmèno

apotèlesma prèpei na d¸soume perissìtero b�roc sta teleutaÐa apì ta logN b mata, ka-

j¸c aut� aforoÔn perissìtera stoiqeÐa tou arqikoÔ s matoc. 'Etsi, pollaplasi�zoume

k�je suntelest  pou upologÐsthke sto k-ostì b ma me
√
N/2logN−k kai par�goume ton

kanonikopoihmèno metasqhmatismì C (suntelestèc wavelet) tou A.

Exet�zoume kai p�li to par�deigma efarmog c M/S Haar gia to s ma A megèjouc N = 4,
me A = (a, b, c, d). Me b�sh ta ìsa prohg jhkan, upologÐzoume diadoqik� ta dianÔsmata

hmiajroism�twn kai hmidiafor¸n (Sq ma 2.1).

S1 = [
a+ b

2
,
c+ d

2
] D1 = [

a− b

2
,
c− d

2
]

S2 = [
a+ b+ c+ d

4
] D2 = [

a+ b− c− d

4
]

'Etsi, paÐrnoume to di�nusma W = [a+b+c+d
4 , a+b−c−d

4 , a−b
2 , c−d

2 ], en¸ oi kanonikopoihmènoi

suntelestèc wavelet prokÔptoun ènac proc ènan Ðsoi me touc suntelestèc pou upologÐsthkan
me ton tupikì orismì tou M/S Haar.

C[0] =

√
4

22−2

a+ b+ c+ d

4
=

1
2
(a+ b+ c+ d)

C[1] =

√
4

22−2

a+ b− c− d

4
=

1
2
(a+ b− c− d)



2.2 O Diakritìc Metasqhmatismìc Haar Wavelet 27

(a+b+c+d)/4

(a+b-c-d)/4

(a+b)/2

(a-b)/2 (c-d)/2

(c+d)/2

a b c d

Sq ma 2.1: Par�deigma M/S Haar gia to dianÔsma (a, b, c, d).

C[2] =

√
4

22−1

a− b

2
=

√
1
2
(a− b)

C[3] =

√
4

22−1

c− d

2
=

√
1
2
(c− d)

To arqikì s ma A mporeÐ na anakataskeuasteÐ eÐte apì touc kanonikopoihmènouc sunte-

lestèc wavelet (C[N ].

A[0] =
1
2
C[0]+

1
2
C[1]+

√
1
2
C[2] =

1
2
· 1
2
(a+b+c+d)+

1
2
· 1
2
(a+b−c−d)+

√
1
2
·
√

1
2
(a−b) = a

A[1] =
1
2
C[0]+

1
2
C[1]−

√
1
2
C[2] =

1
2
· 1
2
(a+b+c+d)+

1
2
· 1
2
(a+b−c−d)−

√
1
2
·
√

1
2
(a−b) = b

A[2] =
1
2
C[0]− 1

2
C[1]+

√
1
2
C[3] =

1
2
· 1
2
(a+b+c+d)− 1

2
· 1
2
(a+b−c−d)+

√
1
2
·
√

1
2
(c−d) = c

A[3] =
1
2
C[0]− 1

2
C[1]−

√
1
2
C[3] =

1
2
· 1
2
(a+b+c+d)− 1

2
· 1
2
(a+b−c−d)−

√
1
2
·
√

1
2
(c−d) = d

'H apeujeÐac apì touc mh-kanonikopoihmènouc suntelestèc (W [N ]).

A[0] = W [0] +W [1] +W [2] =
a+ b+ c+ d

4
+
a+ b− c− d

4
+
a− b

2
= a

A[1] = W [0] +W [1]−W [2] =
a+ b+ c+ d

4
+
a+ b− c− d

4
− a− b

2
= b

A[0] = W [0]−W [1] +W [3] =
a+ b+ c+ d

4
− a+ b− c− d

4
+
c− d

2
= c

A[0] = W [0]−W [1]−W [3] =
a+ b+ c+ d

4
− a+ b− c− d

4
− c− d

2
= c

Ja proqwr soume me èna arijmhtikì par�deigma. 'Estw, loipìn, ìti èqoume to di�nusma
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1/2c2 0c3

0
c4

0
c7

4

a[6]

4

a[7]

l = 2

l = 1

l = 3

c1 −5/4
l = 0

11/4c0

c6

3 5

c5

0

a[2] a[3]

2

−1 −1

2

a[0] a[1]

2

a[4] a[5]

(b)(a)

3

2

1

0

[2, 1, 4, 4]

[3/2, 4]

[11/4]

Resolution Averages

−−−−−

[0, −1, −1, 0]

[1/2, 0]

[−5/4]

Detail Coefficients

[2, 2, 0, 2, 3, 5, 4, 4]

Sq ma 2.2: Par�deigma dèndrou sf�lmatoc gia to dianÔsma a.

tim¸n a = [2, 2, 0, 2, 3, 5, 4, 4], megèjouc N = 8 (Sq ma 2.2). O mh-kanonikopoihmènoc

metasqhmatismìc tou a eÐnai to di�nusma wa = [11/4,−5/4, 1/2, 0, 0,−1,−1, 0] megèjouc
N = 8. ApoteleÐtai apì to mèso ìro twn tim¸n tou a kai apì tic timèc twn dianusm�twn

hmidiafor¸n. Oi timèc autèc apoteloÔn touc suntelestèc tou metasqhmatismoÔ wavelet
en¸ oi hmidiaforèc onom�zontai kai leptomèreiec (detail coefficients). Sto par�deigm� mac,

o mèsoc ìroc twn tim¸n tou a eÐnai 11/4, h leptomèreia epipèdou l = 0 eÐnai −5/4, oi
leptomèreiec epipèdou l = 1 eÐnai 1/2 kai 0 kai oi leptomèreiec epipèdou l = 2 eÐnai 0,−1,−1
kai 0.

'Enac kalìc trìpoc na parast soume kai na katano soume thn ierarqik  fÔsh tou me-

tasqhmatismoÔ Haar eÐnai to dèndro sfalm�twn, ìpwc autì faÐnetai sto sq ma 2.2(b). H

rÐza tou dèndrou, c0, eÐnai o mèsoc ìroc twn tim¸n, oi eswterikoÐ kìmboi antistoiqoÔn stouc

upìloipouc suntelestèc (leptomèreiec) kai ta fÔlla antistoiqoÔn sta arqik� dedomèna.

Parathr ste ìti h tim  enìc fÔllou mporeÐ na anaskeuasteÐ apì tic timèc twn logN + 1
eswterik¸n kìmbwn pou brÐskontai sto monop�ti apì th rÐza proc to fÔllo. Gia par�deigma,

a[5] = c0 − c1 + c3 − c6 ⇔ 5 = 11
4 −

(
−5

4

)
+ 0− (−1). To prìshmo tou ìrou sto �jroisma

eÐnai +   − ìtan to fÔllo brÐsketai sto aristerì   to dexÐ fÔllo tou ìrou, antÐstoiqa.

2.3 Kataskeu  Peril yewn

'Opwc mporoÔme na parathr soume apì thn perigraf  tou M/S Haar, ìtan geitonik� de-
domèna èqoun parìmoiec timèc, par�gontai suntelestèc - leptomèreiec me mikrì mètro (kont�

sto 0). An jèsoume thn tim  aut¸n twn suntelest¸n Ðsh me 0 perimènoume ìti to sf�lma

pou ja parousi�zetai sta nèa anakataskeuasmèna dedomèna, ja eÐnai 'mikrì'. Aut  h idiìthta

tou M/S Haar ton k�nei kat�llhlo sth qr sh tou gia kataskeu  peril yewn dedomènwn.

Mia perÐlhyh B ìrwn Ĉ orÐzetai epilègontac èna sÔnolo L ⊂ C suntelest¸n, me

B = |Λ| � N , en¸ oi upìloipoi N − B ìroi jewroÔntai Ðsoi me mhdèn.To pìso 'mikrì'

eÐnai to sf�lma pou eis�getai sta dedomèna mac ìtan epilèxoume na jewr soume k�poiouc

suntelestèc Ðsouc me 0 kai na krat soume thn tim  twn upoloÐpwn, mporeÐ na metrhjeÐ me

di�forouc trìpouc. To sf�lma autì upologÐzetai apì sunart seic pou onom�zontai metri-

kèc sf�lmatoc. An A eÐnai to arqikì s ma kai Â to anakataskeuasmèno apì thn perÐlhyh
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11/4

-5/4

½

0

0

-1 -1

0 0

Αρχικές Τιµές

Νέες Τιµές

Απόλυτο Σφάλµα

    2         2        0        2         3         5        4         4   

  1.5      1.5     0.5      2.5       3         5        4        4

  0.5      0.5     0.5      0.5       0         0        0        0

Sq ma 2.3: Par�deigma perÐlhyhc gia th metrik  L∞.

s ma, h metrik  sf�lmatoc sthn ousÐa mac parèqei èna mètro tou dianÔsmatoc A− Â.

error = fmetric(A− Â) = ||A− Â||fmetric

To prìblhma pou kaloÔmaste na lÔsoume dedomènwn tou diajèsimou q¸rou perÐlhyhc B

kai miac metrik c fmetric() eÐnai na epilèxoume touc B ìrouc apì to metasqhmatismèno s ma

¸ste to sf�lma pou dÐnei h metrik  na eÐnai el�qisto.

MÐa metrik  eÐnai h L∞   metrik  mègistou apìlutou sf�lmatoc.

L∞ = maxAbsErr(A− Â) = max
0≤i<N

|Â[i]−A[i]|

An upojèsoume ìti èqoume to par�deigma tou sq matoc 2.2 kai jèloume na ft�xoume mia

perÐlhyh me B = 4 suntelestèc ¸ste na elaqistopoieÐtai h metrik  L∞, epilègoume na

agno soume touc suntelestèc c2, c3, c4 kai c7 (oi treic teleutaÐoi eÐnai  dh mhdenikoÐ) me

mègisto apìluto sf�lma 1/2.
Stic epìmenec enìthtec ja perigr�youme di�forec metrikèc sf�lmatoc kai k�poiouc al-

gorÐjmouc pou lÔnoun to prìblhma thc bèltisthc perÐlhyhc gia k�poiec apì autèc.





Kef�laio 3

Weighted-Lp metrikèc gia Point

Errors

3.1 Eisagwg 

H pr¸th meg�lh oikogèneia metrik¸n sf�lmatoc eÐnai ekeÐnec pou o upologismìc tou

sf�lmatoc basÐzetai sta shmeiak� sf�lmata - point errors pou eis�gontai sto anakata-

skeuasmèno apì thn perÐlhyh s ma. Wc shmeiakì sf�lma, ennooÔme to sf�lma sthn tim 

k�je stoiqeÐou tou s matoc, prin kai met� thn perÐlhyh. DÔo suqn� qrhsimopoioÔmenoi tÔpoi

shmeiakoÔ sf�lmatoc eÐnai to apìluto kai to sqetikì sf�lma sthn tim  enìc stoiqeÐou.

errabs(i) = |A[i]− Â[i]|

errrel(i) =
|A[i]− Â[i]|

max{s, |A[i]|}

H stajer� s qrhsimopoieÐtai ¸ste polÔ mikrèc timèc na mhn kuriarqoÔn sto sqetikì sf�l-

ma. Oi metrikèc sf�lmatoc pou qrhsimopoioÔn shmeiak� sf�lmata, epistrèfoun mia tim 

sunupologÐzontac ta N shmeiak� sf�lmata pou perilamb�nei èna anakataskeuasmèno s ma

megèjouc N . Sth sunèqeia ja qrhsimopoioÔme to apìluto sf�lma wc shmeiakì sf�lma,

ektìc ki an anafèretai diaforetik�.

Aut  h oikogèneia metrik¸n qrhsimopoieÐtai ìtan efarmìzoume point queries p�nw sta

dedomèna mac. Autì sumbaÐnei diìti mac endiafèrei na èqoume mia ektÐmhsh gia to mèso

anamenìmeno sf�lma pou ja èqoume gia k�je point query.

Mia kathgorÐa metrik¸n gia point errors eÐnai oi Weighted-Lp metrikèc.

weightedLp =
∑

i

wi · (err(i))p

Oi metrikèc autèc ajroÐzoun ta shmeiak� sf�lmata ìlwn twn stoiqeÐwn tou s matoc uywmèna

se mia dÔnamh p kai Ðswc pollaplasiasmèna me k�poio 'b�roc ' pou touc antistoiqeÐ. Merikèc

metrikèc sf�lmatoc pou an koun sthn kathgorÐa aut  eÐnai oi L∞ me apìluto shmeiakì

31
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11/4

-5/4

½

0

0

-1 -1

0 0

Αρχικές Τιµές

Νέες Τιµές

Απόλυτο 
Σφάλµα

    2         2        0        2         3         5        4         4    

  1.5      1.5     0.5      2.5       3         5        4        4

  0.5      0.5     0.5      0.5       0         0        0        0

Τετραγωνικό 
Σφάλµα  0.25    0.25   0.25    0.25      0         0        0        0 

Sq ma 3.1: Par�deigma upologismoÔ tetragwnik¸n sfalm�twn gia th metrik  L2.

sf�lma, L∞ me sqetikì shmeiakì sf�lma, L2 kai weighted-L2.

absL∞ = max
i

(errabs(i))

relL∞ = max
i

(errrel(i))

L2 =
∑

i

(errabs(i))2

weightedL2 =
∑

i

wi · (errabs(i))2

Sto sq ma 3.1 faÐnetai o upologismìc twn tetragwnik¸n sfalm�twn gia to prohgoÔmeno

par�deigma perÐlhyhc. Gia th sugkekrimènh epilog  suntelest¸n, to sf�lma pou dÐnei h

metrik  L2 prokÔptei Ðso me 0.25 + 0.25 + 0.25 + 0.25 = 1.

Sth sunèqeia ja doÔme algorÐjmouc pou dedomènou k�poiou orÐou sto q¸ro pou mpo-

roÔme na diajèsoume gia touc suntelestèc pou mènoun sthn perÐlhyh kai dedomènhc k�poiac

sun�rthshc pou an kei sthn kathgorÐa twn Weighted-Lp metrik¸n, epilègoun touc sunte-

lestèc ¸ste to sf�lma autì na elaqistopoieÐtai. 'Opwc eÐpame  dh, eÐnai dunatìn na dÐnoume

diaforetikì b�roc se k�je point query kai sto antÐstoiqo sf�lma pou eis�getai sthn tim 

tou lìgw thc perÐlhyhc. Oi algìrijmoi pou exet�zoume qwrÐzontai se dÔo kathgorÐec me

b�sh ton trìpo pou qeirÐzontai ta diaforetik� b�rh sta shmeiak� sf�lmata. H mÐa pro-

sèggish efarmìzei ton klassikì metasqhmatismì Haar Wavelet, ìpwc ton perigr�yame sthn
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enìthta 2.2 kai ent�ssei to qeirismì twn bar¸n (an up�rqoun) sto algìrijmo pou upologÐzei

to el�qisto sf�lma kai epilègei suntelestèc. H deÔterh prosèggish tropopoieÐ ton klas-

sikì M/S Haar ¸ste na enswmat¸nontai se autìn ta diaforetik� b�rh twn shmeiak¸n s-

falm�twn kai sth sunèqeia upologÐzetai to el�qisto sf�lma kai epilègontai oi suntelestèc

thc perÐlhyhc.

3.2 H pr¸th prosèggish: ta dedomèna metasqhmatÐzo-

ntai me ton klassikì M/S Haar

3.2.1 Eisagwg 

Sthn enìthta aut  exet�zoume algorÐjmouc pou upologÐzoun to el�qisto sf�lma pou

mporeÐ na perièqei mia perÐlhyh B ìrwn, afoÔ pr¸ta efarmosteÐ o klassikìc metasqhma-

tismìc Haar sto arqikì s ma. Oi algìrijmoi autoÐ, dhlad , dèqontai wc eÐsodo to arqikì

s ma metasqhmatismèno me ton klassikì MS Haar kai to mègisto epitrepìmeno mègejoc pe-

rÐlhyhc B kai dÐnoun wc èxodo to el�qisto dunatì sf�lma, upologismèno me th qr sh miac

metrik c. H metrik  pou qrhsimopoieÐtai an kei stic weighted-Lp metrikèc gia point errors.
H epilog  twn suntelest¸n me touc opoÐouc epitugq�netai h bèltisth perÐlhyh, mporeÐ na

gÐnetai programmatistik� eÐte se èna deÔtero pèrasma, afoÔ pr¸ta upologisteÐ to el�qisto

sf�lma, eÐte par�llhla me ton upologismì tou el�qistou sf�lmatoc. Gia lìgouc aplìthtac,

h epilog  twn suntelest¸n den perigr�fetai sthn perigraf  twn perissìterwn algorÐjmwn

pou akoloujoÔn.

3.2.2 O 'Aplhstoc algìrijmoc epilog c suntelest¸n gia th metrik 

L2

Sthn enìthta aut  parousi�zetai o aploÔsteroc algìrijmoc perÐlhyhc. O algìrijmoc

autìc krat�ei sthn perÐlhyh touc B megalÔterouc kat' apìluth tim  suntelestèc, prìkeitai

dhlad  gia ènan �plhsto algìrijmo epilog c suntelest¸n. 'Otan efarmìzetai se sÔnola

suntelest¸n pou èqoun prokÔyei apì ton klassikì M/S Haar elaqistopoieÐ th metrik 

sf�lmatoc L2. H metrik  sf�lmatoc L2   SSE - Sum of Squared Errors ìpwc onom�zetai

orÐzetai wc ex c:

SSE(e) =
N−1∑
i=0

e2i

me A to arqikì s ma-di�nusma, C to metasqhmatismèno kai kanonikopoihmèno di�nusma, Ĉ h

perÐlhyh L, Â = W−1{ĈA} ta dedomèna ìpwc epanakt¸ntai met� thn perÐlhyh kai e = A−Â
to di�nusma sf�lmatoc.

Ac analÔsoume lÐgo to p¸c diapist¸noume an o �plhstoc algìrijmoc epilog c sunte-

lest¸n mporeÐ na qrhsimopoihjeÐ gia thn kataskeu  thc bèltisthc perÐlhyhc Λ wc proc

k�poia metrik . 'Estw o dianusmatikìc q¸roc <N , efodiasmènoc me èna eswterikì ginìmeno

p(u, v). To eswterikì autì ginìmeno orÐzei mia nìrma gia k�je di�nusma pou an kei sto
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q¸ro, thn n(u) = ||u|| =
√
p2(u, u). EpÐshc, mia b�sh S tou dianusmatikoÔ q¸rou <N eÐnai

orjokanonik  wc proc to eswterikì ginìmeno p(u, v), ìtan ta dianÔsmata pou thn apoteloÔn
eÐnai an� dÔo k�jeta kai epiplèon h nìrma tou kajenìc isoÔtai me th mon�da.

p(si, sj) = 0

p(si, si) = 1

'Estw, loipìn, ìti h b�sh S tou dianusmatikoÔ q¸rou eÐnai orjokanonik . Tìte, k�je

di�nusma v tou <N mporeÐ na grafteÐ wc grammikìc sunduasmìc twn stoiqeÐwn thc b�-

shc S, wc v =
∑
ai · si kai to di�nusma sf�lmatoc e ∈ <N gr�fetai wc e = A − Â =∑

0≤i<N ci · si −
∑

0≤i<N ĉi · si =
∑

0≤i<N ci · si −
∑

i∈Λ ci · si =
∑

i/∈Λ ci · si. Apì to

je¸rhma Parseval, gia k�je di�nusma v isqÔei:

||v||2 =
∑

i

a2
i

Eidik� gia to di�nusma sf�lmatoc , èqoume ||e||2 =
∑

i/∈Λ c
2
i Tìte, an h metrik  sf�lmatoc

f(e) tautÐzetai me to tetr�gwno thc nìrmac tou dianÔsmatoc sf�lmatoc, kat� thn pro-

sèggish to polÔ miac pollaplasiastik c stajer�c, mporoÔme na efarmìsoume ton �plhsto

algìrijmo gia na kataskeu�soume th bèltisth perÐlhyh.

Sthn prokeimènh perÐptwsh, sto dianusmatikì q¸ro <N an koun ta N -di�stata arqik�

dedomèna A[N ], all� kai to di�nusma sf�lmatoc. Efodi�zoume to q¸ro me to eukleÐdeio

eswterikì ginìmeno kai h nìrma pou orÐzetai apì autì eÐnai to gnwstì eukleÐdeio mètro. H

b�sh tou dianusmatikoÔ q¸rou eÐnai h b�sh tou Haar, ìpwc perigr�fthke sthn enìthta 2.2
kai eÔkola blèpoume ìti eÐnai orjokanonik  wc proc to eukleÐdeio eswterikì ginìmeno. Tè-

loc, h metrik  L2 tautÐzetai me to tetr�gwno thc eukleÐdeiac nìrmac tou dianÔsmatoc sf�l-

matoc, dhlad  isoÔtai me to �jroisma twn tetrag¸nwn twn (kanonikopoihmènwn) suntele-

st¸n pou mènoun ektìc thc perÐlhyhc. 'Etsi, to SSE gÐnetai el�qisto epilègontac touc B

megalÔterouc kat' apìluth tim  suntelestèc.

SSE = L2(e) = ||e||2 =
∑
i/∈Λ

c2i

O algìrijmoc douleÔei wc ex c: arqik�, se qrìno O(N), fti�qnoume èna swrì (max-
heap, dhlad  duadikì dèndro sto opoÐo k�je kìmboc èqei megalÔterh tim  apì ta paidi�

tou) twn N kanonikopoihmènwn suntelest¸n tou metasqhmatismoÔ, upologÐzoume kai apo-

jhkeÔoume to �jroisma twn tetrag¸nwn ìlwn twn suntelest¸n (èstw Sum). Sth sunèqeia,

epilègoume kai afairoÔme to suntelest  pou brÐsketai sthn koruf  tou swroÔ kai se qrìno

O(logN) xanafti�qnoume to swrì. To b ma autì epanalamb�netai B forèc. To sf�l-

ma upologÐzetai afair¸ntac kat� thn epilog  twn suntelest¸n ta tetr�gwn� touc apì to

Sum. H poluplokìthta tou algorÐjmou eÐnai O(N) se q¸ro kai O(N +B logN) se qrìno
(Sq ma 3.2).
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procedure greedy (C[N], heap[N])
Input:    C[N] -> οι Ν συντελεστές Haar σε απόλυτες τιµές

    Heap[N] -> (άδειος) σωρός µεγέθους Ν
Output: Synopses -> ένα διάνυσµα µε τους Β µεγαλύτερους (κατ’  

απόλυτη τιµή) συντελεστές Haar 
     SSE -> το άθροισµα τετραγωνικών σφαλµάτων

Begin
real Sum = 0.0;
for (i=1 to N) do

Sum += C[i]*C[i];
heap = constructHeapCombine (C[N]);          // O(N)
vector Synopses;
for (i=1 to B) do 

begin
Synopses.add(heap.top);
Sum -= (heap.top.value)*(heap.top.value);
heap.top.value = -1;
heap = maxHeapify(heap, heap.top);

end
real SSE = Sum;
return (Synopses, SSE);

end

Sq ma 3.2: Greedy algìrijmoc gia thn elaqistopoÐhsh thc L2.

Up�rqei ènac deÔteroc trìpoc na ulopoihjeÐ o �plhstoc algìrijmoc. Arqik�, krat�me

se èna min-heap (dhlad  duadikì dèndro sto opoÐo k�je kìmboc èqei mikrìterh tim  apì

ta paidi� tou) megèjouc B + 1 touc pr¸touc B + 1 kanonikopoihmènouc suntelestèc (kat�

seir� deiktodìthshc gia par�deigma). Sth sunèqeia, epilègoume kai afairoÔme to suntelest 

pou brÐsketai sthn koruf  tou swroÔ kai sth jèsh tou topojetoÔme ton epìmeno apì touc

upìloipouc suntelestèc (N − B − 1 sto pl joc, gia to pr¸to b ma) kai xanafti�qnoume

to swrì se qrìno O(log (B + 1) = logB). To b ma autì epanalamb�netai N − B − 1
forèc, sunolik�. Sto tèloc, oi B suntelestèc tou swroÔ pou brÐskontai k�tw apì th

rÐza eÐnai oi B megalÔteroi suntelestèc, oi opoÐoi apartÐzoun thn perÐlhyh. O sunolikìc

q¸roc pou qrhsimopoieÐ o algìrijmoc t¸ra eÐnai O(N) kai p�li, to working space tou,

ìmwc, eÐnai O(B) (to mègejoc tou swroÔ, dhlad ) kai h qronik  tou poluplokìthta eÐnai

O(B + (N − B − 1) log (B + 1)) = O(N logB + B(1 − logB)) = O(N logB − B logB).
Aut  h ekdoq  tou algorÐjmou emfanÐzei elafr¸c megalÔterh qronik  poluplokìthta (stic

stajerèc) apì thn pr¸th gia mikrèc timèc tou B (B << N). Gia par�deigma, gia B = N/5,
h poluplokìthta thc pr¸thc ekdoq c prokÔptei Ðsh me O(N + 1

5N logN) en¸ thc deÔterhc

Ðsh me O(4
5N logN − 4

5Nlog5). 'Opwc faÐnetai, gia meg�la N kuriarqeÐ o ìroc N logN pou

emfanÐzetai me kalÔterh stajer� sthn pr¸th perÐptwsh.

Sth sunèqeia thc ergasÐac epilègoume na qrhsimopoioÔme thn pr¸th ekdoq , me qronik 

poluplokìthta O(N +B logN).

Sto sq ma 3.3 faÐnetai èna par�deigma efarmog c tou �plhstou algorÐjmou gia thn
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(4,8)
N = 4
B = 2

 (0,0) 0

( 4 , 5.66) 0    (-2, -2.83)

αρχικές τιµές       2               6               8               0

      4               4               8               0νέες τιµές

απόλυτο 
σφάλµα

  2               2               0               0

τετραγωνικό 
σφάλµα

      4               4               0                0

Sq ma 3.3: Par�deigma perÐlhyhc me ton �plhsto algìrijmo gia th metrik  L2.
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epilog  perÐlhyhc B = 2 suntelest¸n, ¸ste na elaqistopoieÐtai to sf�lma L2. DÐpla se

k�je suntelest , se parènjesh, faÐnetai h mh-kanonikopoihmènh kai h kanonikopoihmènh tou

tim . Epilègontai oi suntelestèc me th apolÔtwc megalÔterh kanonikopoihmènh tim  kai to

el�qisto L2 sf�lma pou prokÔptei eÐnai 4 + 4 = 8.

3.2.3 O Algìrijmoc twn Garofalakis kai Kumar gia th metrik  L∞

H metrik  sf�lmatoc L∞ mac dÐnei to mègisto apì ta sf�lmata pou perièqei mia perÐlhyh

gia ta stoiqeÐa tou arqikoÔ s matoc (mègisto shmeiakì sf�lma). To sf�lma autì mporeÐ na

eÐnai apìluto   sqetikì. 'Eqoume, loipìn dÔo dunatoÔc orismoÔc gia aut  th metrik 

L∞ = absErr(a− â) = max
1≤i≤N

|â[i]− a[i]|

kai

L∞ = relErr(a− â) = max
1≤i≤N

|â[i]− a[i]|
max{|a[i]|, s}

ìpou s mia stajer� eklogÐkeushc tou sqetikoÔ sf�lmatoc pou den epitrèpei se polÔ mikrèc

timèc tou s matoc na kuriarqoÔn sth mètrhsh tou sf�lmatoc. To prìblhm� pou antimetw-

pÐzoume, loipìn, eÐnai h epilog  B suntelest¸n thc perÐlhyhc ¸ste na elaqistopoieÐtai to

mègisto shmeiakì sf�lma. H epilog  tou enìc   tou �llou orismoÔ den ephre�zei shmantik�

th lÔsh tou probl matoc.

H arqik  morf  tou algorÐjmou

Oi Garofalakis kai Kumar sto [1] proteÐnoun ènan algìrijmo dunamikoÔ programmatismoÔ
(MinMaxErr, Sq ma 3.4) pou lÔnei to prìblhma gia th metrik  L∞. H basik  idèa tou

algorÐjmou eÐnai ìti lÔnei to (upo)prìblhma thc epilog c suntelest¸n gia to upodèndro

me rÐza ton kìmbo ci lamb�nontac upìyin thn epilog  suntelest¸n pou èqei gÐnei gia to

monop�ti apì th rÐza tou dèndrou (kìmboc c0).

ProtoÔ proqwr soume sthn perigraf  tou algorÐjmou dÐnoume k�poiouc orismoÔc kai

paradoqèc pou ja qrhsimopoi soume. Mac dÐnontai to arqikì s ma mazÐ me to metasqhma-

tismèno kai kanonikopoihmèno s ma (mèsw tou dèndrou sf�lmatoc) kai to pl joc B twn

suntelest¸n pou ja apotelèsoun thn perÐlhy  mac. Me Tj sumbolÐzoume to upodèndro

sf�lmatoc pou èqei rÐza ton kìmbo cj kai wc coeff(Tj) kai data(Tj) orÐzoume ta sÔnola

twn suntelest¸n (eswterikoÐ kìmboi) kai twn arqik¸n dedomènwn (fÔlla), antÐstoiqa, pou

an koun sto Tj . Me path(cj) sumbolÐzoume to sÔnolo twn suntelest¸n pou an koun sto

monop�ti apì th rÐza tou dèndrou sfalm�twn (c0) wc ton kìmbo cj (qwrÐc autìn). Tèloc, me

M [j, b, S] sumbolÐzoume thn el�qisth tim  tou mègistou shmeiakoÔ sf�lmatoc pou eisèrqe-

tai sthn perÐlhyh epilègontac b suntelestèc tou Tj me thn upìjesh ìti èqoume  dh epilèxei

èna sÔnolo S ⊆ path(cj) megèjouc to polÔ min{B − b, logN + 1}. 'Etsi, jewr¸ntac ìti

douleÔoume me to sqetikì sf�lma,

M [j, b, S] = min
Sj⊆coeff(Tj),‖Sj‖≤b

{ max
di∈data(Tj)

relErri}
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me

relErri =
|di −

∑
ck∈path(di)∩Si∪S signi,k · ck|

max{|di|, s}
.

Me parìmoio trìpo antimetwpÐzoume kai to apìluto sf�lma.

To epijumhtì apotèlesma dÐnetai apì thn tim  tou M [0, B, ∅]. H b�sh thc anadrom c

brÐsketai sta fÔlla, dhlad  touc kìmbouc cj = dj−N+1, gia j ≥ N . Ta fÔlla fusik� den

an koun sthn perÐlhyh opìte èqoume b = 0.

M [j, 0, S] =
|dj−N+1 −

∑
ck∈S signj−N,k · ck|

max{|dj−N+1, s}

Gia touc eswterikoÔc kìmbouc tou dèndrou sf�lmatoc o algìrijmoc exet�zei dÔo epilogèc:

na krat sei ton kìmbo cj sthn perÐlhyh   na ton aporrÐyei. An ton aporrÐyei, tìte to

el�qisto mègisto sf�lma gia to Tj eÐnai to megalÔtero apì ta el�qista mègista sf�lmata

gia ta upodèndra T2j kai T2j+1. O sunolikìc q¸roc perÐlhyhc kai oi proepilegmènoi kìmboi

pou mporoÔn na ekmetalleutoÔn ta dÔo upodèndra eÐnai Ðdioi me tou Tj .

Mdrop[j, b, S] = min
0≤ḃ≤b

max{M [2j, ḃ, S],M [2j + 1, b− ḃ, S]}

An apì thn �llh krat sei ton kìmbo cj , tìte kat� ton upologismì tou el�qistou mègistou

sf�lmatoc twn T2j kai T2j+1 o kìmboc cj prostÐjetai stouc proepilegmènouc kìmbouc en¸

prosarmìzetai kai o diajèsimoc q¸roc perÐlhyhc.

Mkeep[j, b, S] = min
0≤ḃ≤b−1

max{M [2j, ḃ, S ∪ {cj}],M [2j + 1, b− ḃ− 1, S ∪ {cj}]}

Telik� o algìrijmoc epilègei thn kalÔterh apì tic dÔo epilogèc.

M [j, b, S] = min{Mdrop[j, b, S],Mkeep[j, b, S]}

Gia èna sugkekrimèno kìmbo cj epipèdou l sto dèndro sf�lmatoc, o algìrijmoc èqei na

exet�sei to polÔ B+1 peript¸seic ìson afor� to pl joc twn suntelest¸n pou ja krat sei

sto upodèndro Tj (sunupologÐzontac thn perÐptwsh na krat sei 0 suntelestèc). Akìma,

gia ènan kìmbo epipèdou l up�rqoun 2l uposÔnola progìnwn na exetastoÔn. 'Etsi, ston

kìmbo cj antistoiqoÔn O(B2l) timèc tou pÐnaka M []. AfoÔ up�rqoun 2l kìmboi epipèdou l,

o sunolikìc q¸roc tou algorÐjmou eÐnai

l=logN∑
l=0

2lB2l = O(N2B).

Akìma, gia na upologÐsoume to k�je stoiqeÐo tou pÐnaka qreiazìmaste O(logB) qrìno:

afoÔ to M [2j, ḃ, S] eÐnai fjÐnousa sun�rthsh tou ḃ en¸ to M [2j+ 1, b− ḃ, S] eÐnai aÔxousa
sun�rthsh tou ḃ, mporoÔme na ektelèsoume duadik  anaz thsh gia to ḃ, ¸ste na broÔme

to shmeÐo pou ta dÔo sf�lmata gÐnontai Ðsa (kai �ra to sf�lma tou kìmbou-gonèa gÐnetai
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procedure MinMaxErr(WA, B, root, S, err)
Input: Array WA=[c0,c1,...,cN-1] of N Haar wavelet coefficients, space budget B (number of retained coefficients),

error-subtree root-node index root, subset of retained ancestors of root node S, target maximum error metric err
Output: Value of M[root,B,S] according to our optimal dynamic program (M[root,B,S].value), decision made for

the root node (M[root,B,S].retained) and space alloted to left child subtree (M[root,B,S].leftAllot). (The last two are
used for re-tracing the optimal solution to build the synopsis).

begin
1 if (M[root,B,S].computed = true) then
2 return M[root,B,S].value //optimal value already in M[]
3 if (N ≤ root < 2N) then
4 if (B=0) then {
5 M[root,B,S].value:=|aj−N −∑

ck∈S signj−N,k · ck|
6 if (err=relErr) then

7 M[root,B,S].value:=M [root,B,S].value
max{|aroot−N ,S}

8 }
9 else {
10 M[root,B,S].value:=∞
11 for b:=0 to B step 1 do { //first choice: drop root
12 left:=MinMaxErr(WA, b, 2 ∗ root, S, err)
13 right:=MinMaxErr(WA, B − b, 2 ∗ root + 1, S, err)
14 if (max{left, right} < M [root, B, S].value) then {
15 M[root,B,S].value:=max{left, right}
16 M[root,B,S].retained:=false
17 M[root,B,S].leftAllot:=b
18 }
19 }
20 for b:=0 to B-1 step 1 do { //second choice: keep root
21 left:=MinMaxErr(WA, b, 2 ∗ root, S ∪ {root}, err)
22 right:=MinMaxErr(WA, B − b, 2 ∗ root + 1, S ∪ {root}, err)
23 if (max{left, right} < M [root, B, S].value) then {
24 M[root,B,S].value:=max{left, right}
25 M[root,B,S].retained:=true
26 M[root,B,S].leftAllot:=b
27 }
28 }
29 }
30 M[root,B,S].computed:=true
31 return M[root,B,S].value
end

Sq ma 3.4: O algìrijmoc MinMaxErr

el�qisto). 'Opwc kai prohgoumènwc, upologÐzoume ìti o sunolikìc qrìnoc tou algorÐjmou

eÐnai O(N2BlogB). 'Etsi, proèkuye ìti h poluplokìthta tou algorÐjmou eÐnai O(N2BlogB)
se qrìno kai O(N2B) se q¸ro.

Oi parathr seic tou Guha

O Guha sto [3] apodeiknÔei ìti o algìrijmoc twn Garofalakis kai Kumar mporeÐ na

beltiwjeÐ wc proc thn poluplokìthta. H basik  tou parat rhsh eÐnai ìti dojèntoc enìc

eswterikoÔ kìmbou cj epipèdou l -�ra me l+ 1 progìnouc - kai diajèsimou q¸rou perÐlhyhc

B, to mègisto pl joc twn suntelest¸n tou dèndrou Tj pou mporoÔn na prostejoÔn sthn

perÐlhyh eÐnai min{B, t}, ìpou t to pl joc twn kìmbwn pou an koun sto upodèndro me rÐza

to cj , sumperilambanomènou tou idÐou. EÐnai t = t0 = 0 gia th rÐza tou dèndrou sf�lmatoc

kai t = t1 = 2logN−l − 1 gia touc upìloipouc kìmbouc. O kìmboc kaleÐtai 2l < 2N forèc,

ìsa kai ta diaforetik� monop�tia apogìnwn apì th rÐza proc ton kìmbo, an�loga me to an
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ènac patrikìc kìmboc èqei meÐnei sthn perÐlhyh   ìqi. O sunolikìc qrìnoc pou apaiteÐtai

gia ènan kìmbo eÐnai, loipìn, 2lmin{B, t}logmin{B, t} kai afoÔ oi kìmboi epipèdou l eÐnai

2l sto pl joc (ektìc apì to epÐpedo l = 0 èqoume 2 kìmbouc), o sunolikìc qrìnoc tou

algorÐjmou eÐnai

logN∑
l=0

(2l2l min{B, t1} log min{B, t1}) + min{B, t0} log min{B, t0}.

Sth qeirìterh perÐptwsh (worst case) eÐnai B = N ≥ t. Akìma, isqÔei 2l(t + 1) = 2N ⇒
2lt = O(2N). 'Etsi, h poluplokìthta eÐnai (jètontac r = logN − l)

O(
logN∑
l=0

2l2lt1 log t1 + t0 log t0) = O(
logN∑
l=0

(2l2l(2logN−l − 1) log (2logN−l − 1)) +N logN) =

= O(
logN∑
l=0

N2llog
N

2l
+N logN) = O(

logN∑
r=0

N2r

2r
+N logN) = O(N2 +N logN) = O(N2).

'Oson afor� th qwrik  poluplokìthta, gia ènan kìmbo apaitoÔntaiO(2lmin{B, 2logN−l}) =
O(min{B2l, N}) jèseic ston pÐnaka M []. Sunolik�, o q¸roc pou katalamb�nei o algìrij-

moc eÐnai

O(
logN∑
l=0

2lmin{B2l, N}) ≤ O(N
logN∑
l=0

2l) = O(N2)

3.2.4 O Algìrijmoc twn Garofalakis kai Kumar gia tic metrikèc

weighted-Lp kai oi Katanemhmènec metrikèc sf�lmatoc

O algìrijmoc twn Garofalakis kai Kumar gia th metrik  L∞ pou perigr�yame sthn

prohgoÔmenh enìthta, mporeÐ na tropopoihjeÐ ¸ste na efarmìzetai gia ìlec tic metrikèc thc

kathgorÐac weighted-Lp. H metrik  Lp kai h weighted ekdoq  thc orÐzontai wc

errLp(e) =
N−1∑
i=0

e[i]p =
N−1∑
i=0

|a[i]− â[i]|p.

errWLp(e) =
N−1∑
i=0

wi · (e[i]p) =
N−1∑
i=0

wi · (|a[i]− â[i]|p).

Profan¸c h Lp apoteleÐ upoperÐptwsh thc weighted-Lp. Par� thn emfan  omoiìthta me thn

L2, wstìso, to je¸rhma Parseval den isqÔei gia th metrik  Lp gia p 6= 2   thn weighted-Lp.

'Etsi, o �plhstoc algìrijmoc pou efarmìsame gia thn L2 den mporeÐ na efarmosteÐ se aut n

thn kl�sh metrik¸n.

Oi metrikèc Lp kai weighted-Lp an koun se mia eurÔterh kl�sh metrik¸n, tic katanemh-

mènec metrikèc sf�lmatoc. 'Estw èna di�nusma-perÐlhyh dedomènwn A. Me f(R) orÐzoume

to sf�lma pou perièqei h perÐlhyh gia ìlo to eÔroc tim¸n R tou A. Lème ìti h metrik 
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sf�lmatoc f() eÐnai katanemhmènh an kai mìno an, gia k�je sullog  xènwn diasthm�twn

R1, R2, ..., Rk, up�rqei k�poia sunduastik  sun�rthsh g() tètoia ¸ste to sf�lma ìlhc thc

perioq c
⋃k

i=1Ri mporeÐ na ekfrasteÐ wc

f(
k⋃

i=1

Ri) = g(f(R1), f(R2), ..., f(Rk)).

Sto [1] oi Garofalakis kai Kumar epekteÐnoun to dunamikì algìrijmo pou prìteinan gia

th metrik  L∞ (bl. 3.2.3) stic metrikèc katanemhmènou sf�lmatoc. To skeptikì eÐnai to

Ðdio. B�sh thc anadrom c eÐnai kai p�li ta fÔlla. Gia touc eswterikoÔc kìmbouc èqoume kai

p�li

M [j, b, S] = min{Mdrop[j, b, S],Mkeep[j, b, S]}

me

Mkeep[j, b, S] = min
0≤ḃ≤b−1

g(M [2j, ḃ, S ∪ {cj}],M [2j + 1, b− ḃ− 1, S ∪ {cj}])

Mdrop[j, b, S] = min
0≤ḃ≤b

g(M [2j, ḃ, S],M [2j + 1, b− ḃ, S]).

Blèpoume ìti ed¸ th jèsh thc sun�rthshc max() èqei p�rei h sunduastik  sun�rthsh g().

Ac doÔme se autì to shmeÐo p¸c akrib¸c efarmìzetai h idèa twn Garofalakis kai Kumar
gia th metrik  weighted-L1 me sqetikì shmeiakì sf�lma sum of weighted relative errors.

wL1rel
=

∑
i

wi · relErri =
∑

i

wi|d̂i − di|
max{|di|, s}

H b�sh thc anadrom c brÐsketai kai p�li sta dedomèna - fÔlla tou dèndrou sf�lmatoc,

cj = dj−N gia j ≥ N . Me gnwstoÔc touc suntelestèc pou an koun sto monop�ti apì th

rÐza proc to ek�stote fÔllo (S) mporoÔme na upologÐsoume to weighted relative error sto
k�je dedomèno.

M [j, 0, S] =
wj−N · |dj−N −

∑
ck∈S signj−N,k · ck|

max{|dj−N |, s}

Gia touc eswterikoÔc kìmbouc, wc sunduastik  sun�rthsh qrhsimopoieÐtai h prìsjesh (afoÔ

ta sqetik� sf�lmata ajroÐzontai).

Mdrop[j, b, S] = min
0≤ḃ≤b

{M [2j, ḃ, S] +M [2j + 1, b− ḃ, S]}

Mkeep[j, b, S] = min
0≤ḃ≤b−1

{M [2j, ḃ, S] +M [2j + 1, b− ḃ− 1, S ∪ {cj}]}

Me parìmoio skeptikì, o algìrijmoc pou antimetwpÐzei th metrik  weighted-L2, qrhsi-

mopoieÐ to aplì �jroisma sth jèsh thc sunduastik c sun�rthshc kai to mìno pou all�zei

eÐnai o trìpoc upologismoÔ tou sf�lmatoc sta dedomèna-fÔlla.

wL2 =
∑

i

wi · |d̂i − di|2.
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3N = 4
B = 2

 0     0

    1     0 -2

W[0]=2      W[1]=0    W[2]=0.5    W[3]=1    

αρχικές τιµές    1                5               4               2

   1                5               3               3     νέες τιµές

απόλυτο σφάλµα    0                0               1               1

level = 0

level = 2

level = 3

Sq ma 3.5: Par�deigma efarmog c tou algorÐjmou Garofalakis-Kumar gia th metrik 
weighted-L2

M [j, 0, S] = wj−N · |dj−N −
∑
ck∈S

signj−N,k · ck|2

Mdrop[j, b, S] = min
0≤ḃ≤b

{M [2j, ḃ, S] +M [2j + 1, b− ḃ, S]}

Mkeep[j, b, S] = min
0≤ḃ≤b−1

{M [2j, ḃ, S] +M [2j + 1, b− ḃ− 1, S ∪ {cj}]}

Qrhsimopoi¸ntac thn arqik  morf  tou algorÐjmou twn Garofalakis kai Kumar to

prìblhma lÔnetai me qronik  poluplokìthta O(N2B2) kai qwrik  poluplokìthta O(N2B).
Qrhsimopoi¸ntac tic parathr seic tou Guha oi apait seic se qrìno belti¸nontai seO(N2logB).

Sto sq ma 3.5 faÐnetai èna par�deigma efarmog c tou algorÐjmou Garofalakis - Kumar
gia th metrik  weighted-L2. To di�nusma A = (1, 5, 4, 2) metasqhmatÐzetai kat� Haar kai

sqhmatÐzetai mia perÐlhyh B = 2 ìrwn, twn C[0] kai C[2] me bèltisto sf�lma 1.5.

wL2err = 0.5× 12 + 1× 12 = 1.5

3.2.5 O Algìrijmoc tou Muthukrishnan gia th metrik  weighted-L2

'Opwc eÐdame sthn enìthta 3.2.4, oi Garofalakis kai Kumar proteÐnoun èna genikì algì-

rijmo gia katanemhmènec metrikèc sf�lmatoc pou lÔnei to prìblhma thc metrik c weighted-
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L2.

errwL2(e) =
N−1∑
i=0

(wi · e[i]2) =
N−1∑
i=0

(wi · |a[i]− â[i]|2).

O algìrijmoc autìc, qrhsimopoi¸ntac kai tic parathr seic tou Guha (Enìthta 3.2.3),

prosarmìzetai eÔkola ¸ste na lÔnei to prìblhma thc metrik c weighted-L2 se qrìnoO(N2 logB)
(Enìthta 3.2.4).

O Muthukrishnan sto [7] antimetwpÐzei mia eidik  perÐptwsh tou probl matoc thc metri-
k c weighted-L2: upojètei ìti h katanom  twn bar¸n w eÐnai tmhmatik� stajer  p�nw sta

dedomèna. Dhlad , gia p0 = 0 < p1 · · · < pk = N èqoume wj = wj+1, ìpou j ∈ [pi, pi+1−1].

Arqik� jewroÔme thn perÐptwsh pou ta diast mata Ii = [pi, pi+1] = Ju antistoiqoÔn sta

fÔlla k�poiou upodèndrou sf�lmatoc, me rÐza k�poio kìmbo u. SumbolÐzoume to sÔnolo

aut¸n twn kìmbwn me L me |L| = k. Kanènac kìmboc autoÔ tou sunìlou den eÐnai apìgonoc

k�poiou �llou apì to Ðdio sÔnolo. An me t sumbolÐsoume to tm ma tou dèndrou sf�lmatoc

pou perilamb�nei touc kìmbouc tou L kai ìlouc touc progìnouc touc, tìte to mègejìc

tou eÐnai 2k − 1 (k fÔlla kai k − 1 eswterikoÐ kìmboi). H kentrik  idèa tou algorÐjmou

eÐnai na efarmìsoume dunamikì programmatismì stouc eswterikoÔc kìmbouc kai ton �plhsto

algìrijmo epilog c suntelest¸n sta fÔlla tou t.

Stouc eswterikoÔc kìmbouc tou t, loipìn, efarmìzoume to dunamikì algìrijmo pou peri-

gr�yame kai sthn enìthta 3.2.3. Ta upoprobl mata pou èqoume na lÔsoume eÐnaiO(kB2min{k,logN}),
efìson oi kìmboi tou t eÐnai 2k − 1, to mègisto pl joc suntelest¸n pou krat�me eÐnai B

kai to mègejoc tou S fr�ssetai eÐte apì to Ôyoc tou dèndrou eÐte apì to pl joc twn

eswterik¸n kìmbwn tou t. O qrìnoc pou apaiteÐtai gia th lÔsh tou k�je upoprobl matoc

eÐnai O(B) - tìso qrei�zetai gia na upologÐsoume to sf�lma gia k�je katanom  tou pl jouc
twn diajèsimwn suntelest¸n sta dÔo upodèndra tou exetazìmenou dèndrou.

'Otan ft�soume sta fÔlla tou t tìte efarmìzoume topik� �plhstouc algorÐjmouc gia

na epilèxoume touc suntelestèc. ApodeiknÔetai, dhlad , ìti to M [u, b, S], ìpou u ∈ L,

elaqistopoieÐtai epilègontac tic b megalÔterec leptomèreiec tou upodèndrou sf�lmatoc me

rÐza to u, anex�rthta apì to S.

Gia k�je kìmbo tou u ∈ L, kai gia k�je dunat  tim  tou b, epilègoume topik� b sunte-

lestèc, se qrìno O(|Ju|+ b log |Ju|). 'Etsi, o sunolikìc qrìnoc pou afier¸netai se topikèc

anazht seic eÐnai O(BN).

Apì ta parap�nw prokÔptei ìti o algìrijmoc douleÔei se qrìnoO(BN+kB22min{k,logN}),
pou eÐnai perÐpou grammikìc efìson k,B << N .

Sthn perÐptwsh pou ta diast mata Ii = [pi, pi+1] den antistoiqoÔn se fÔlla upodèndrwn
sf�lmatoc, mporoÔme na epekteÐnoume ton prohgoÔmeno algìrijmo, diair¸ntac k�je di�sthma

stajeroÔ b�rouc se O(logN) �lla diast mata stajeroÔ b�rouc, ¸ste ta nèa diast mata

na antistoiqoÔn se fÔlla upodèndrwn sf�lmatoc. EÐnai eÔkolo na doÔme ìti h qronik 

poluplokìthta tou algorÐjmou se aut n thn perÐptwsh eÐnai O(NkB2logN).
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3.2.6 O Algìrijmoc tou Muthukrishnan gia th metrik  weighted-L∞

O Muthukrishnan sto [7] perigr�fei ènan algìrijmo pou lÔnei to duadikì tou probl -

matoc pou exet�zoume, se qrìno o(N2). ApodeiknÔei, dhlad , ìti: dojèntoc enìc orÐou d me

maxiwi|R[i]−A[i]| ≤ δ, mporoÔme na broÔme to el�qisto B twn suntelest¸n wavelet pou
eÐnai aparaÐthtoi gia na anaparast soun to s ma, se qrìno o(N2).

Se mia pr¸th prosèggish ja mporoÔsame na qrhsimopoi soume èna sq ma dunamikoÔ

programmatismoÔ gia na lÔsoume to prìblhma. 'Estw, loipìn, èna di�sthma dedomènwn I

kai èna sÔnolo S suntelest¸n wavelet pou uperkalÔptoun to di�sthma I (lègontac ìti

ènac suntelest c c kalÔptei èna di�sthma I, ennooÔme ìti ta dedomèna pou an koun sto

di�sthma autì eÐnai fÔlla sto upodèndro sf�lmatoc me rÐza to c - kai pijanìn ìqi mìno

aut�, opìte lème ìti uperkalÔptei to di�sthma). OrÐzoume wc tI to upodèndro sf�lmatoc

pou èqei fÔlla (mìno) ta dedomèna pou an koun sto di�sthma I, cI th rÐza tou, ΛI touc

sunelestèc perÐlhyhc tou tI kai wc B(I, δ, S) ton el�qisto arijmì suntelest¸n tou dèndrou
tI pou prèpei na epileqjoÔn ¸ste sunupologÐzontac touc suntelestèc tou S na ikanopoieÐtai

h sunj kh maxiwi|R[i]−A[i]| ≤ δ, i ∈ I.
H lÔsh tou probl matoc dÐnetai apì thn tim  tou B([1..N ], δ, ) kai upologÐzetai dunamik�.

H b�sh thc anadrom c brÐsketai sta fÔlla, me B([i, i], δ, S) = 0, an h sunj kh ikanopoieÐtai
  B([i, i], δ, S) = +∞, diaforetik�. Gia touc eswterikoÔc kìmbouc tou dèndrou sf�lmatoc,

an o suntelest c cI prostejeÐ sthn perÐlhyh, tìte isqÔei

Bkeep(I, δ, S) = B(IL, δ, S ∪ cI) +B(IR, δ, S ∪ cI) + 1,

diaforetik� isqÔei

Bdrop(I, δ, S) = B(IL, δ, S) +B(IR, δ, S).

O algìrijmoc k�nei thn epilog  pou odhgeÐ sth mikrìterh perÐlhyh.

B(I, δ, S) = min{Bkeep(I, δ, S), Bdrop(I, δ, S)}

Me thn prosèggish aut  èqoume na lÔsoume O(N2) upoprobl mata (1+2+4+· · ·+ N
2 =

N − 1 diast mata I kai 2logN = N mègisto mègejoc tou S, d stajerì) se qrìno O(1) to

kajèna. 'Ara h qronik  poluplokìtht� thc eÐnai O(N2).
MporoÔme na èqoume ènan algìrijmo me mikrìterh poluplokìthta, parathr¸ntac ìti de

qrei�zetai na upologÐsoume to B(I, δ, S) gia k�je pijanì S, all� apì k�poio shmeÐo kai

met� arkeÐ na krat�me to mègisto kai to el�qisto apìluto sf�lma gia k�je uposÔnolo

suntelest¸n thc perÐlhyhc. Autì sumbaÐnei epeid 

min
S,i∈2ΛI

max
j∈I

|δj
i − uS | = min

S,i∈2ΛI

max{|(max
j∈I

δj
i )− uS |, |(min

j∈I
δj
i )− uS |},

ìpou δj
i to sf�lma tou j-ostoÔ dedomènou lìgw thc i-ost c perÐlhyhc ΛI (qwrÐc na lam-

b�noume upìyin to S) kai uS h suneisfor� tou S sto dedomèno j. Efarmìzoume, loipìn,

to dunamikì algìrijmo mèqri na ft�soume diast mata k�poiou m kouc 2k kai sth sunèqeia
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efarmìzoume topik� tic parathr seic aut c thc paragr�fou. O sunduastikìc algìrijmoc

pou prokÔptei èqei qronik  poluplokìthta O( N
2k

N
2k + N

2k 22k
2kk) (o dunamikìc algìrijmoc ja

efarmosteÐ se O( N
2k ) diast mata, me mègisto mègejoc perÐlhyhc log( N

2k ) en¸ o topikìc ja

efarmosteÐ se N
2k upodèndra, ekeÐ pou stamat�ei o dunamikìc algìrijmoc, gia 22k

dunatèc

peril yeic pou sthn kajemÐa ja exet�zontai 2k dedomèna kai qrei�zontai k pr�xeic gia na

prosdioristeÐ to sf�lma sto kajèna). Epilègontac kat�llhla to k, o algìrijmoc apokt�

poluplokìthta O(N2/logN) = o(N2).

3.3 H deÔterh prosèggish: o tropopoihmènoc metasqh-

matismìc Haar twn Matias kai Urieli kai o �plhstoc

algìrijmoc gia th metrik  weighted-L2

3.3.1 Eisagwg 

Oi Matias kai Urieli sto [8] lÔnoun to prìblhma gia th metrik  weighted-L2, akolouj¸-

ntac mia diaforetik  prosèggish apì ekeÐnh sto [1]: enswmat¸noun ta b�rh wi thc metrik c

sthn paragwg  thc perÐlhyhc, ètsi ¸ste an gia dÔo timèc a, b èqoume ta b�rh wa kai wb, h

mèsh tim  pou paÐrnoume eÐnai h waa+wbb
2 . Me ton trìpo autì, to weighted-L2 sf�lma eÐnai

isodÔnamo me to SSE sf�lma thc tropopoihmènhc perÐlhyhc. Me dedomènh thn tropopoihmè-

nh perÐlhyh, h epilog  twn suntelest¸n gÐnetai me ton �plhsto algìrijmo pou efarmìsame

kai gia thn perÐptwsh tou SSE.

Sthn perigraf  thc prosèggishc pou ja akolouj sei, ja jewroÔme to di�nusma dedo-

mènwn a megèjouc N = 2j wc mia tmhmatik� stajer  sun�rthsh f sto di�sthma [0, 1) kai

ja sumbolÐzoume me Vj to q¸ro twn sunart sewn me N = 2j stajer� tm mata. 'Etsi, èna

monodi�stato di�nusma ja antistoiqeÐ se mia sun�rthsh tou q¸rou V0 pou eÐnai stajer  sto

di�sthma [0, 1), èna disdi�stato di�nusma ja antistoiqeÐ se mia sun�rthsh tou q¸rou V1 pou

ja èqei dÔo stajer� tm mata sta diast mata [0, 1
2) kai [12 , 1), kok.

Arqik� orÐzoume èna nèo eswterikì ginìmeno pou enswmat¸nei ta b�rh thc metrik c

sf�lmatoc.

< f, g >= N · (
N−1∑
i=0

wi

∫ i+1
N

1
N

f(x)g(x)dx)

me 0 < wi ≤ 1,
∑N−1

i=0 wi = 1. JewroÔme,dhl, ta b�rh eÐnai kanonikopoihmèna. 'Otan ìla

ta b�rh eÐnai Ðsa me 1
N èqoume th metrik  L2. Basizìmenoi se autì to eswterikì ginìmeno

orÐzoume to mètro

‖f‖IPB =
√
< f, f > =

√√√√N−1∑
i=0

wif2
i ,

ìpou fi h tim  thc f sto di�sthma i. 'Etsi, an f eÐnai mia sun�rthsh kai f ′ mia prosèggis 
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thc, me f, f ′ ∈ Vj , tìte gia to sf�lma e = f − f ′ ∈ Vj èqoume

‖e‖2
IPB =< e, e >=

N−1∑
i=0

wie
2
i

'Eqontac orÐsei èna eswterikì ginìmeno kai th nìrma pou prokÔptei apì autì jèloume

t¸ra na èqoume mia b�sh tou q¸rou Vj pou na eÐnai orjokanonik  wc proc to eswterikì

ginìmeno. An èqoume mia tètoia b�sh, tìte apì to je¸rhma tou Parseval, ja mporoÔme na

kataskeu�zoume th bèltisth perÐlhyh qrhsimopoi¸ntac ton �plhsto algìrijmo pou qrhsi-

mopoioÔme kai gia th metrik  L2. 'Estw h up' arijmìn k sun�rthsh b�shc pou to jetikì

tm ma thc isoÔtai me xk kai to arnhtikì me yk. Ta xk kai yk prèpei na eÐnai tètoia ¸ste h

b�sh mac na eÐnai orjokanonik  wc proc to eswterikì ginìmeno. ApodeiknÔetai ìti an lk (rk)

eÐnai to �jroisma twn bar¸n pou antistoiqoÔn sto jetikì (arnhtikì) tm ma thc sun�rthshc

b�shc, tìte gia na eÐnai h b�sh mac orjokanonik  prèpei na epilèxoume

xk =
√

rk
lkrk + l2k

, yk =

√
lk

lkrk + r2k
.

Sthn eidik  perÐptwsh thc sun�rthshc pou antistoiqeÐ to stajmismèno mèso ìlwn twn de-

domènwn, epilègoume

x0 = y0 =
√

1
l0 + r0

= 1.

3.3.2 O Algìrijmoc twn Matias kai Urieli gia th metrik  weighted-

L2

T¸ra eÐmaste ètoimoi na perigr�youme ton algìrijmo thc sÔnoyhc. Sto pr¸to mèroc

tou algorÐjmou, èqontac dedomèna ta b�rh wi kataskeu�zoume th b�sh tou metasqhma-

tismoÔ (sq mata 3.6, 3.7). Sto deÔtero mèroc upologÐzoume to metasqhmatismèno s ma

qrhsimopoi¸ntac th b�sh metasqhmatismoÔ.

Gia na kataskeu�soume th b�sh metasqhmatismoÔ prèpei na èqoume ta lk kai rk. O upolo-

gismìc touc mporeÐ na gÐnei se grammikì qrìno. ParathroÔme arqik� ìti gia tic sunart seic

me deÐktec N
2 ,

N
2 + 1, ..., N − 1 ta lk kai rk eÐnai dedomèna kai tautÐzontai me ta b�rh wi. Oi

sunart seic tou epìmenou epipèdou èqoun deÐktec N
4 , ...,

N
2 −1, kok, en¸ h stajer  sun�rthsh

èqei deÐkth 0. IsqÔei

lk = l2k + r2k rk = l2k+1 + r2k+1.

'Etsi, èqontac ta lk kai rk enìc epipèdou, mporoÔme na upologÐsoume ta antÐstoiqa tou

epìmenou, me to sunolikì qrìno na eÐnai N
2 + N

4 + ... + 1 = N − 1 = O(N). Sth sunèqeia

upologÐzoume tic sunart seic thc b�shc me touc tÔpouc

xk =
√

rk
lkrk + l2k

, yk =

√
lk

lkrk + r2k
.
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Procedure computeWeights ( w[N], N )
BEGIN

level := logN – 1;
FOR ( i=N/2; i < N; i++ ) do {

l[i] = w [ 2i – N ];
r[i] = w [ 2i + 1 – N];

}
WHILE (level > 0)  {

level = level -1;
FOR ( i=2level to 2level+1 - 1) {

l[i] = l[2i] + r[2i];
r[i] = l[2i+1] + r[2i+1];

}
}

END

Sq ma 3.6: Algìrijmoc gia ton upologismì twn lk kai rk.

procedure computeBasis(l[N],r[N])
begin

x[0]:=1, y[0]:=1
for (i:=1; i¡N; i++)

x[i]:=
√

r[i]
l[i]r[i]+l[i]2

y[i]:=
√

l[i]
l[i]r[i]+r[i]2

end

Sq ma 3.7: Algìrijmoc gia ton upologismì twn sunart sewn b�shc.
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Sq ma 3.8: Upologismìc apìlutou sf�lmatoc tou range query q(0 : 2).

O metasqhmatismìc enìc s matoc (u0, u1) megèjouc N = 2 apoteleÐtai apì to stajmi-

smèno mèso a0 kai th stajmismènh leptomèreia a1. EÐnai eÔkolo na doÔme ìti

a0 =
yu0 + xu1

x+ y
a1 =

u0 − u1

x+ y

Anakataskeu�soume to s ma, me tic exis¸seic

u0 = a0 + xa1 u1 = a0 − ya1

An jumhjoÔme t¸ra th diadikasÐa pou perigr�yame sthn enìthta 2.2 blèpoume ìti ousiastik�
o metasqhmatismìc par�getai upologÐzontac ènan mèso kai mia leptomèreia gia zeÔgh tim¸n,

xekin¸ntac me dedomèna tou arqikoÔ s matoc kai suneqÐzontac me mèsouc tou prohgoÔmenou

epipèdou. 'Etsi, efarmìzontac thn Ðdia diadikasÐa gia th nèa b�sh kai qrhsimopoi¸ntac

tic teleutaÐec exis¸seic, èqoume ènan algìrijmo pou upologÐzei to metasqhmatismèno s ma

se O(N) qrìno. Apì to je¸rhma tou Parseval èqoume ìti h perÐlhyh pou elaqistopoieÐ

to sf�lma weighted − L2 kataskeu�zetai epilègontac touc B megalÔterouc suntelestèc,

efìson sto metasqhmatismèno s ma èqoun enswmatwjeÐ ta b�rh wi. Autì, ìpwc perigr�yame

sthn enìthta 3.2.2 gia ton �plhsto algìrijmo kai th metrik  L2, apaiteÐ O(N + BlogN)
qrìno kai O(N) q¸ro.



Kef�laio 4

Weighted-Lp metrikèc gia Range

Sum Errors

4.1 Eisagwg 

H deÔterh meg�lh oikogèneia metrik¸n sf�lmatoc eÐnai ekeÐnec pou o upologismìc tou

sf�lmatoc basÐzetai sta ajroistik� sf�lmata eÔrouc - range sum errors pou eis�gontai

sto anakataskeuasmèno apì thn perÐlhyh s ma. Wc ajroistikì sf�lma eÔrouc, ennooÔme to

sf�lma sto �jroisma twn tim¸n twn stoiqeÐwn pou an koun se èna sugkekrimèno di�sthma

(eÔroc) tou s matoc, prin kai met� thn perÐlhyh. Aut  h oikogèneia metrik¸n qrhsimopoieÐtai

ìtan efarmìzoume range queries p�nw sta dedomèna mac. Autì sumbaÐnei diìti mac endiafèrei

na èqoume mia ektÐmhsh gia to mèso sf�lma pou ja èqoume gia k�je range sum query. 'Estw
ìti to A[0 . . . N − 1] eÐnai èna s ma me N = 2j timèc kai to ql:r eÐnai to range sum query pou

epistrèfei to �jroisma twn tim¸n tou s matoc apì to l-ostì wc to r-ostì stoiqeÐo. H tim 

tou eÐnai genik� diaforetik  prin kai met� thn perÐlhyh.

d(l:r) =
r∑

i=l

A[i]

d̂(l:r) =
r∑

i=l

Â[i]

An dl:r eÐnai h tim  tou q(l:r) me b�sh ta arqik� dedomèna kai d̂l:r eÐnai h tim  tou me b�sh

ta anakataskeuasmèna apì thn perÐlhyh dedomèna, tìte to apìluto sf�lma sto q(l:r) lìgw

thc perÐlhyhc eÐnai

errabs(l : r) = |dl:r − d̂l:r|

Sto sq ma 4.1 faÐnetai èna aplì par�deigma upologismoÔ tou apìlutou sf�lmatoc se èna

query. 'Opwc kai sthn perÐptwsh twn point errors, ètsi ki ed¸ mporeÐ me an�logo trìpo

na oristeÐ sqetikì ajroistikì sf�lma eÔrouc, sthn perigraf  pou ja akolouj sei, ìmwc,

periorizìmaste sto apìluto.

49
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To sÔnolo twn range queries pou aforoÔn to s ma A orÐzei èna di�nusma ajroistik¸n

sfalm�twn eÔrouc, E = (err0:0, . . . , err0:N−1, err1:1, . . . , err1:N−1, . . . , errN−1:N−1), megè-
jouc N(N + 1)/2. O rìloc twn diafìrwn metrik¸n sf�lmatoc gia range errors eÐnai na

sunupologÐzoun me k�poio trìpo ta N(N + 1)/2 aut� ajroistik� sf�lmata kai na dÐnoun

mia ektÐmhsh gia to anamenìmeno sf�lma enìc tuqaÐou range sum query.

Parìmoia me thn perÐptwsh twn point errors, oi Weighted-Lp metrikèc mporoÔn na qrhsi-

mopoihjoÔn gia thn ektÐmhsh tou sf�lmatoc.

weightedLp =
∑

l,r|l≤r

wi · (err(l : r))p

Oi metrikèc autèc ajroÐzoun ta ajroistik� sf�lmata ìlwn twn stoiqeÐwn tou dianÔsmatoc E

uywmèna se mia dÔnamh p kai Ðswc pollaplasiasmèna me k�poio 'b�roc ' pou touc antistoiqeÐ.

Ac exet�soume èna par�deigma upologismoÔ thc metrik c L2 gia range errors. 'Opwc

faÐnetai sto sq ma 4.1, èqoume kataskeu�sei to dèndro sf�lmatoc gia to di�nusma dedomè-

nwn A = [7, 9, 9, 3], èqoume l�bei to di�nusma suntelest¸n C = [7, 1,−1, 3], èqoume krat sei
touc suntelestèc C[0] kai C[2] sthn perÐlhyh kai èqoume upologÐsei tic nèec timèc dedomènwn
Â = [6, 8, 7, 7]. Pio k�tw faÐnontai oi timèc tou apìlutou ajroistikoÔ sf�lmatoc eÔrouc

(range sum error) gia k�je range query. AjroÐzontac ta tetr�gwna twn range sum errors,
lamb�noume thn tim  sf�lmatoc pou dÐnei h metrik  L2 (  alli¸c to SSE twn sfalm�twn

eÔrouc).

SSE = err20:0 + err20:1 + err20:2 + err20:3 + err21:1 + err21:2 + err21:3 + err22:2 + err22:3 + err23:3 =

= 12 +22 +42 +02 +12 +32 +12 +22 +22 +42 = 1+4+16+0+1+9+1+4+4+16 = 56

Oi metrikèc sf�lmatoc pou ja exet�soume pio sugkekrimèna sth sunèqeia eÐnai oi metrikèc

L2 kai weighted-L2, oi opoÐec empÐptoun sthn kathgorÐa twn Weighted-Lp metrik¸n, me th

deÔterh na periorÐzetai sthn eidik  perÐptwsh twn duadik� ierarqhmènwn range sum errors .

L2 =
∑

l,r|l≤r

(err(l : r))2

dyadic− weighted− L2 =
∑

l,r|[l,r] dyadic

wi · (err(l : r))2

Gia k�je perÐptwsh pou ja exet�soume ja doÔme ènan algìrijmo pou, dedomènou k�poiou

orÐou sto q¸ro pou mporoÔme na diajèsoume gia touc suntelestèc pou mènoun sthn perÐ-

lhyh, epilègei touc suntelestèc ¸ste to sf�lma autì na elaqistopoieÐtai. Oi algìrijmoi

pou exet�zoume qwrÐzontai se dÔo kathgorÐec me b�sh ton trìpo pou parist�nontai ta a-

rqik� dedomèna. O algìrijmoc pou elaqistopoieÐ to sf�lma thc metrik c L2 èqei wc eÐsodo

metasqhmatismèna dedomèna thc morf c prefix sums, en¸ o algìrijmoc pou elaqistopoieÐ

to sf�lma thc weighted-L2 gia duadik� ierarqhmèna range sum errors trèqei p�nw apì

metasqhmatismèna raw data.
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Sq ma 4.1: Upologismìc apìlutwn sfalm�twn eÔrouc gia ìla ta range queries
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Prin apì autì, ìmwc, ja doÔme an o metasqhmatismìc Haar Wavelet eÐnai orjokanonikìc
wc proc th metrik  L2 gia range sum errors.

4.2 O metasqhmatismìc Haar kai ta Range Sum Errors

'Eqoun epikrat sei dÔo trìpoi par�stashc twn dedomènwn ìtan epexergazìmaste range
errors.

O pr¸toc eÐnai ta dedomèna na brÐskontai se morf  raw data. Prìkeitai gia ton klassikì
trìpo par�stashc, me ton opoÐo to s ma upì epexergasÐa parist�netai apì k�poio di�nusma,

me k�je stoiqeÐo tou dianÔsmatoc na antistoiqeÐ se mia diakrit  tim  tou s matoc.

O deÔteroc trìpoc eÐnai ta dedomèna na brÐskontai se morf  prefix sums. An jewr soume
ìti to s ma se morf  raw data parist�netai me èna di�nusma A[0 . . . N−1], tìte to Ðdio s ma
se morf  prefix sums parist�netai me èna di�nusma PS, k�je stoiqeÐo i tou opoÐou isoÔtai

me to �jroisma ìlwn twn stoiqeÐwn tou A apì to A[0], mèqri to i-ostì stoiqeÐo tou A.

PS[i] =
i∑

j=0

A[i]

'H anadromik�, mporoÔme na poÔme pwc to i-ostì stoiqeÐo tou PS isoÔtai me to �jroisma

tou (i− 1)-ostoÔ stoiqeÐou tou PS kai tou i-ostoÔ stoiqeÐou tou A.

PS[0] = A[0]

PS[i] = A[i] + PS[i− 1], 0 < i < N

O metasqhmatismìc Haar Wavelet mporeÐ na efarmosteÐ tìso p�nw se raw data ìso kai

p�nw apì prefix sums. 'Opwc èqoume perigr�yei sthn enìthta 2.2 h tim  enìc stoiqeÐou tou

dianÔsmatoc dedomènwn, eÐte autì parist�nei raw data eÐte p�rist�nei prefix sums, anakt�tai
eÔkola prosjafair¸ntac (logN + 1) mh-kanonikopoihmènouc suntelestèc tou metasqhmati-

smènou s matoc, oi opoÐoi sto dèndro sf�lmatoc brÐskontai p�nw sto monop�ti pou en¸nei

th rÐza tou dèndrou me to fÔllo pou antistoiqeÐ sto ek�stote stoiqeÐo.

Â[i] =
∑

cj∈path(A[i])

signi,j · cj

To prìshmo me to opoÐo summetèqei k�poioc suntelest c sto algebrikì �jroisma exart�tai

apì to an to stoiqeÐo A[i] brÐsketai sto aristerì (+)   sto dexiì (-) upodèndro me rÐza to

suntelest .

Sthn perÐptwsh twn prefix-sums, h an�kthsh thc tim c enìc range sum query sth genik 

perÐptwsh gÐnetai eÔkola afair¸ntac thn tim  dÔo stoiqeÐwn tou dianÔsmatoc prefix-sums
PS.

q(0:r) = PS[r] =
∑

cj∈path(PS[r])

signi,j · cj , 0 ≤ r < N
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Sq ma 4.2: Upologismìc tim c range query sthn perÐptwsh twn range-sums

q(l:r) = PS[r]−PS[l−1] =
∑

cj∈path(PS[r])

signi,j · cj−
∑

cj∈path(PS[l−1])

signi,j · cj , 0 < l ≤ r < N

Gia par�deigma, ìpwc faÐnetai kai sto sq ma 4.2, ìtan ta dedomèna mac brÐskontai se morf 
range-sums, o upologismìc thc tim c tou q1:2 gÐnetai afair¸ntac tic timèc PS[2] kai PS[0].

q1:2 = PS[2]− PS[0] = 7− 1 = 6 = A[1] +A[2] = 8 + (−2)

'Otan qrhsimopoioÔntai raw data, ènac suntelest c cj suneisfèrei sthn tim  enìc range
sum query mìno ìtan an kei sto èna apì ta dÔo monop�tia pou en¸noun th rÐza tou dèndrou

sf�lmatoc me ta dÔo akraÐa fÔlla - stoiqeÐa tou query.

q(l:r) =
∑

cj∈path(A[l])∪path(A[r])

xj

x0 = (r − l + 1) · c0

xj = (leftleaves(cj , l : h)− rightleaves(cj , l : h)) · cj j 6= 0

Me leftleaves(cj , l : h) sumbolÐzoume to pl joc twn stoiqeÐwn tou A pou an koun sto

aristerì upodèndro tou cj kai tautìqrona an koun sto eÔroc tou query - omoÐwc gia to

rightleaves(cj , l : h). 'Etsi, gia na epanakt soume thn tim  enìc query apì to metasqhma-

tismèno s ma, qrei�zetai na ajroÐsoume 2logN + 1 ìrouc.

Gia par�deigma, an èqoume to dèndro sf�lmatoc tou sq matoc 4.3, ìloi oi suntelestèc
wavelet summetèqoun sthn tim  tou query q0:2.

q0:2 = x0 + x1 + x2 + x3 = 3× 3 + 1× (−2) + 0× 1 + 1× (−3) = 4
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3

-2

-31

  2               0               2               8

Sq ma 4.3: Upologismìc tim c range query sthn perÐptwsh twn raw data

Oi Matias kai Urieli sto [6] exet�zoun an mporoÔme na efarmìsoume ton �plhsto algì-

rijmo pou qrhsimopoi same kai sthn enìthta 3.2.2 gia na epilèxoume thn perÐlhyh B ìrwn

pou elaqistopoieÐ to SSE, ìtan ta dedomèna mac, se mia apì tic dÔo morfèc pou anafè-

rame, metasqhmatÐzontai me ton M/S Haar Wavelet. Gia na sumbaÐnei autì, o M/S Haar
Wavelet prèpei na eÐnai toul�qiston orjog¸nioc, an ìqi orjokanonikìc, wc proc th nìrma

pou ekfr�zei th metrik  SSE.

Sthn enìthta3.2.2 perigr�yame k�poiec proôpojèseic pou prèpei na throÔntai ¸ste o

�plhstoc algìrijmoc na eÐnai bèltistoc wc proc k�poia metrik  sf�lmatoc: o metasqhmati-

smìc pou qrhsimopoioÔme arkeÐ na eÐnai orjokanonikìc wc proc mia nìrma kai to tetr�gwno

thc nìrmac na tautÐzetai me th metrik  sf�lmatoc (kat� thn prosèggish to polÔ miac pol-

laplasiastik c stajer�c). H sunj kh aut  mporeÐ na gÐnei ligìtero austhr , afoÔ sthn

pragmatikìthta arkeÐ kai h orjogwniìthta tou metasqhmatismoÔ wc proc th nìrma.

'Estw kai p�li o dianusmatikìc q¸roc <N , efodiasmènoc me to eswterikì ginìmeno p(u, v)
kai n(v) = ||v|| =

√
p2(v, v) h nìrma pou orÐzetai apì autì gia k�je di�nusma u tou

q¸rou. Mia b�sh S tou dianusmatikoÔ q¸rou <N eÐnai orjog¸nia wc proc to eswterikì

ginìmeno p(u, v), ìtan ta dianÔsmata pou thn apoteloÔn eÐnai an� dÔo k�jeta, dhlad  isqÔei

p(si, sj) = 0. 'Estw, loipìn, ìti h b�sh S tou dianusmatikoÔ q¸rou eÐnai orjog¸nia. Tìte,

k�je di�nusma v tou <N mporeÐ na grafteÐ wc grammikìc sunduasmìc twn stoiqeÐwn thc

b�shc S, wc v =
∑
ai · si kai to di�nusma sf�lmatoc e ∈ <N gr�fetai wc e = A − Â =∑

0≤i<N ci · si −
∑

0≤i<N ĉi · si =
∑

0≤i<N ci · si −
∑

i∈Λ ci · si =
∑

i/∈Λ ci · si. MporoÔme

tìte na ekfr�soume to Ðdio di�nusma wc grammikì sunduasmì stoiqeÐwn miac orjokanonik c

b�shc, wc u =
∑
âi · ŝi, me âi = ai · ||si|| kai ŝi = si

||si|| . Gia thn orjokanonik  b�sh Ŝ isqÔei

to je¸rhma Parseval.
||u||2 =

∑
i

â2
i

Eidik� gia to di�nusma sf�lmatoc, èqoume ||e||2 =
∑

i/∈L (ci · ||si||)2 Tìte, an h metrik 

sf�lmatoc f(e) tautÐzetai me to tetr�gwno thc nìrmac tou dianÔsmatoc sf�lmatoc, kat�
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thn prosèggish to polÔ miac pollaplasiastik c stajer�c, mporoÔme na efarmìsoume ton

�plhsto algìrijmo gia na kataskeu�soume th bèltisth perÐlhyh.

An, loipìn, efodi�soume to dianusmatikì mac q¸ro me èna eswterikì ginìmeno kai dia-

pist¸soume ìti h b�sh tou Haar eÐnai orjog¸nia wc proc autì, all� kai ìti h nìrma pou

orÐzetai apì to eswterikì mac ginìmeno tautÐzetai me th metrik  SSE kat� thn prosèggish

miac pollaplasiastik c stajer�c, tìte, afoÔ metatrèyoume th b�sh tou Haar se orjokanon-
ik  ìpwc perigr�yame sthn prohgoÔmenh par�grafo, mporoÔme na efarmìsoume ton �plhsto

algìrijmo gia thn kataskeu  thc bèltisthc perÐlhyhc wc proc th metrik  L2. Autì akrib¸c

k�noun oi Matias kai Urieli sto [6] gia thn perÐptwsh twn dedomènwn se morf  prefix
sums. ApodeiknÔoun, dhlad , ìti an ta dedomèna mac eÐnai se morf  prefix sums kai ta

metasqhmatÐsoume me thn orjog¸nia morf  tou Haar - me upologismì hmiajroism�twn kai

hmidiafor¸n dhlad , tìte mporoÔme na efarmìsoume ton �plhsto algìrijmo perÐlhyhc. Gia

na kanonikopoihjoÔn oi suntelestèc, pollaplasi�zontai me
√

N
2i (N + 1), ektìc tou sunte-

lest  pou parist�nei to mèso ìro twn tim¸n, pou pollaplasi�zetai me
√
N .

Sthn perÐptwsh twn raw data, oi Matias kai Urieli apodeiknÔoun ìti me ton MS Haar den
mporeÐ na qrhsimopoihjeÐ o �plhstoc algìrijmoc. Gia thn apìdeixh tou parap�nw, brÐskoun

èna eswterikì ginìmeno to opoÐo orÐzei mia nìrma pou tautÐzetai me to SSE tou dianÔsmatoc

sf�lmatoc. Sth sunèqeia diapist¸netai ìti o MS Haar den eÐnai orjog¸nioc wc proc to

eswterikì autì ginìmeno. Kai afoÔ den up�rqei �llo eswterikì ginìmeno pou na dÐnei thn

Ðdia nìrma, prokÔptei ìti den up�rqei �llo eswterikì ginìmeno wc proc to opoÐo o Haar na
eÐnai orjog¸nioc kai h nìrma pou orÐzei autì na tautÐzetai me th metrik  SSE. 'Ara, den

mporoÔme na qrhsimopoioÔme ton �plhsto algìrijmo perÐlhyhc gia na elaqistopoioÔme to

sf�lma SSE.

4.3 Prefix-Sums kai o 'Aplhstoc Algìrijmoc gia to SSE

'Opwc eÐdame sthn prohgoÔmenh enìthta, oi Matias kai Urieli sto [6] apodeiknÔoun ìti

o metasqhmatismìc Haar Wavelet eÐnai orjog¸nioc wc proc th metrik  SSE ìtan ta de-

domèna mac brÐskontai sth morf  prefix sums. 'Etsi, afoÔ metasqhmatÐsoume ta dedomèna

me ton orjog¸nio metasqhmatismì Haar, tou opoÐou h b�sh apoteleÐtai apì dianÔsmata me

mh mhdenikèc suntetagmènec ±1 kai afoÔ kanonikopoi soume touc suntelestèc, mporoÔme

na efarmìsoume ton �plhsto algìrijmo epilog c suntelest¸n, ¸ste na krat soume sthn

perÐlhyh touc B megalÔterouc apì autoÔc. 'Opwc eÐpame kai sthn prohgoÔmenh enìthta, h

kanonikopoÐhsh twn suntelest¸n gÐnetai pollaplasi�zontac to mèso ìro tou dianÔsmatoc

twn prefix sums epÐ
√
N kai touc upìloipouc suntelestèc epÐ

√
N
2i (N + 1).

Epomènwc, me C[N ] to di�nusma twn kanonikopoihmènwn suntelest¸n, isqÔei ìti

SSE =
∑

0≤i≤j<N

err2i:j =
∑
i/∈L

C[i]2

Sto par�deigma tou sq matoc 4.4 faÐnontai se parènjesh oi mh-kanonikopoihmènoi kai

oi kanonikopoihmènoi suntelestèc Haar pou proèkuyan apì to metasqhmatismì tou prefix-
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N=4
B=2

(5 , 10)

(0 , 0)   0

(2 , 6.3)     0      (-4 , -12.6)

  1               9               7               3

  1               9               5               5

  1               8              -2              -4

  1               8              -4               0

Original Prefix-Sums

New Prefix-Sums

Original Raw Data

New Raw Data

0 0 2 4

0 2

2

2

2

2

Range Sum Errors

Sq ma 4.4: Efarmog  'Aplhstou algorÐjmou gia thn L2 kai prefix-sums
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[0,7]

[0,3] [4,7]

[0,1] [2,3] [4,5] [6,7]

W[1]=1

W[2]=1 W[3]=0.5

W[4]=2 W[5]=1.5 W[6]=1 W[7]=0

  0                   1                   2                    3                       4                   5                    6                   7

 W[8]=1        W[9]=0.5        W[10]=2         W[11]=0            W[12]=1      W[13]=3         W[14]=0       W[15]=1

Sq ma 4.5: Par�deigma Duadik c IerarqÐac Range Sum Queries

sums dianÔsmatoc PS = (1, 9, 7, 3). Me efarmog  tou �plhstou algorÐjmou mènoun oi

suntelestèc C[0] kai C[2]. To sf�lma SSE prokÔptei na eÐnai Ðso me 40.

SSE =
∑

0≤i≤j<4

err2i:j = 6× 22 + 42 = 40

SSE =
∑
i/∈L

C[i]2 = C[1]2 + C[3]2 = 02 + (2
√

10)2 = 40

O �plhstoc algìrijmoc, èqei qronik  kai qwrik  poluplokìthta O(N + B logN) kai

O(N), antÐstoiqa - (Enìthta 3.2.2). To di�nusma twn prefix sums, an den eÐnai ek twn

protèrwn diajèsimo, mporeÐ na kataskeuasteÐ kat� th di�rkeia thc kataskeu c tou metasqh-

matismènou s matoc, opìte o metasqhmatismìc paramènei me poluplokìthta O(N+B logN).

4.4 Duadik  ierarqÐa Range Errors p�nw apì Raw Data

4.4.1 Eisagwg 

Sthn enìthta aut  parousi�zoume ènan algìrijmo pou epistrèfei thn perÐlhyh me to

el�qisto sf�lma wc proc th metrik  weighted-Lp, gia èna eidikì uposÔnolo apì range sum
errors. Wc eÐsodo dèqetai to metasqhmatismì Haar enìc s matoc dedomènwn, me ta dedomèna
aut� na brÐskontai sth morf  raw data.

Basik  paradoq  sto prìblhma pou exet�zoume eÐnai ìti ta range queries ta opoÐa mac

endiafèroun kai p�nw sta opoÐa metr�me to sf�lma, akoloujoÔn duadik  ierarqÐa. Autì

shmaÐnei ìti up�rqei èna range query to opoÐo brÐsketai sthn koruf  thc duadik c ierarqÐac

pou kalÔptei olìklhro to eÔroc twn N = 2j dedomènwn kai ìti k�je �llo range query
thc ierarqÐac kalÔptei to aristerì   to dexiì misì eÔroc tou query-gonèa tou. Upojètoume

akìma, qwrÐc bl�bh thc genikìthtac, ìti to dèndro pou parist�nei thn ierarqÐa eÐnai pl rec

duadikì, dhlad  den up�rqei query-kìmboc pou na èqei mìno èna query-paidÐ. Gia èna raw
data di�nusma dedomènwn megèjouc N = 2j , to pl joc twn range sum queries pou mac
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  0                   1                   2                    3                       4                   5                    6                   7

 W[8]=1        W[9]=0.5        W[10]=2         W[11]=0            W[12]=1      W[13]=3         W[14]=0       W[15]=1

[0,7]

W[1]=1

[0,3]
W[2]=1

[4,7]

W[3]=0.5

[0,1]

W[4]=2

[2,3]

W[5]=1.5

[4,5]

W[6]=1

[6,7]

W[7]=0

    A[0]               A[1]              A[2]                A[3]                   A[4]               A[5]               A[6]               A[7]

level=0

level=1

level=2

level=3

Sq ma 4.6: Par�deigma dèndrou sf�lmatoc gia Duadik  IerarqÐa Range Sum Queries

endiafèroun eÐnai 2N − 1, sumperilambanomènwn kai ekeÐnwn pou èqoun monadiaÐo eÔroc, pou

eÐnai dhlad  range queries $ekfulismèna# se point queries. Se k�je kìmbo thc ierarqÐac

antistoiqeÐ k�poio b�roc wi, i ∈ [1 . . . (2N − 1)] me to opoÐo to sf�lma rsei sto antÐstoiqo

range sum query summetèqei sth metrik  weighted-Lp. To b�roc k�je �llou range query
jewreÐtai Ðso me 0.

dyadic− wLp =
2N−1∑
i=1

wi · rsepi

To b�roc wi mporeÐ na eÐnai opoiosd pote pragmatikìc arijmìc, akìma kai 0. Den eÐnai

an�gkh, dhlad , na akoloujeÐ k�poia katanom    na plhroÐ k�poia eidik  sunj kh (pq.∑
wi = 1).
Sto sq ma 4.5 faÐnetai èna par�deigma duadik c ierarqÐac apì range sum queries. DÐpla

se k�je kìmbo faÐnetai to eÔroc tou query kai to b�roc tou antÐstoiqou range sum error
gia th metrik  weighted-Lp.

4.4.2 O Nèoc Dunamikìc Algìrijmoc gia th weighted-Lp

Ja perigr�youme t¸ra èna dunamikì algìrijmo pou epistrèfei thn perÐlhyh B suntele-

st¸n pou elaqistopoieÐ to weighted-Lp sf�lma.

O algìrijmoc trèqei p�nw sto duadikì dèndro sf�lmatoc, oi kìmboi tou opoÐou antistoi-

qoÔn stouc mh - kanonikopoihmènouc suntelestèc tou aploÔ metasqhmatismoÔ Haar, ìpwc
ton perigr�yame sthn enìthta 2.2 me th bo jeia twn dianusm�twn hmiajroism�twn kai hmidia-
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for¸n. ParathroÔme epÐshc ìti up�rqei mia antistoiqÐa an�mesa stouc kìmbouc tou dèndrou

sf�lmatoc kai touc kìmbouc thc duadik c ierarqÐac: h tim  tou range query pou parist�netai

apì ènan kìmbo i thc duadik c ierarqÐac mporeÐ na upologisteÐ ajroÐzontac me to kat�llhlo

prìshmo touc suntelestèc tou dèndrou sf�lmatoc pou an koun sto path(i), dhlad  touc

patrikoÔc kìmbouc tou i pou brÐskontai sto monop�ti apì th rÐza proc ton kìmbo i - bl.

sq ma 4.6. Gia thn apoj keush twn endi�meswn apotelesm�twn qrhsimopoioÔme pÐnakec Ei

dÔo (2) diast�sewn, ènan gia k�je kìmbo ci tou dèndrou sf�lmatoc. H pr¸th di�stash

anafèretai sto q¸ro thc perÐlhyhc pou eÐnai diajèsimoc, gia to upodèndro sf�lmatoc me

rÐza to sugkekrimèno kìmbou, ìpwc autìc prosdiorÐzetai apì thn pr¸th suntetagmènh. To

mègejìc thc eÐnai min{B, 2logN−level(i) − 1}, ìpou level(i) to epÐpedo tou kìmbou. Kai h

deÔterh di�stash anafèretai stouc suntelestèc - progìnouc pou èqoun krathjeÐ sthn perÐ-

lhyh kai oi opoÐoi an koun sto monop�ti apì th rÐza tou dèndrou sf�lmatoc wc ton kìmbo.

To mègejìc thc eÐnai 2level(i)+1.

Ja perigr�youme t¸ra ton trìpo pou leitourgeÐ o dunamikìc algìrijmoc kai ja d¸soume

tic exis¸seic pou qrhsimopoieÐ gia na epilègei touc kat�llhlouc suntelestèc. 'Estw ìti oi

suntelestèc eÐnai apojhkeumènoi ston pÐnaka C[0 . . . N − 1] kai ta dedomèna se morf  raw
data eÐnai apojhkeumèna ston pÐnaka A[0 . . . N − 1]. Ta b�rh apojhkeÔontai ston pÐnaka

W [1 . . . 2N − 1]. Eidikìtera, to tm ma tou pÐnaka W [1 . . . N − 1] perièqei ta b�rh twn

range queries me eÔroc toul�qiston 2, en¸ to tm ma W [N . . . 2N − 1] perièqei to b�roc twn

monadiaÐwn range queries, pou antistoiqoÔn ousiastik� sta dedomèna. H b�sh thc anadrom c

tou algorÐjmou eÐnai ta fÔlla-dedomèna. To sf�lma enìc range query monadiaÐou eÔrouc

isoÔtai me to apìluto sf�lma sthn tim  tou, uywmèno sth dÔnamh p, epÐ to b�roc tou query.

Ei[b, S] = W [i] · (
∑

j∈path(i)

sign(i, j) · C[j]−
∑
j∈S

sign(i, j) · C[j] )p

= W [i] · (
∑

j∈path(i)−S

sign(i, j) · C[j] )p

Gia touc eswterikoÔc kìmbouc - suntelestèc tou duadikoÔ dèndrou sf�lmatoc, plhn thc

rÐzac, o algìrijmoc mporeÐ na upologÐsei to sf�lma pou anafèretai sto antÐstoiqo query,
gnwrÐzontac touc suntelestèc - progìnouc tou pou èqoun  dh krathjeÐ sthn perÐlhyh,

parìmoia ìpwc k�nei kai gia ta fÔlla-dedomèna. Sth sunèqeia kaleÐtai na epilèxei e�n

ja krat sei to suntelest    an ja ton aporrÐyei kai gia k�je perÐptwsh, upologÐzei kai

prosjètei sto sunolikì sf�lma to sf�lma pou eis�getai sta queries-paidi� tou.

Ei[b, S] = min{Ekeep
i [b, S], Edrop

i [b, S]}

Ekeep
i [b, S] = W [i]·(

∑
j∈path(i)−S

sign(i, j) · C[j] )p+ min
0≤b̂≤b−1

(E2i[b̂, S ∪ {i}] + E2i+1[b− b̂− 1, S ∪ {i}])

Edrop
i [b, S] = W [i] · (

∑
j∈path(i)−S

sign(i, j) · C[j] )p + min
0≤b̂≤b

(E2i[b̂, S] + E2i+1[b− b̂− 1, S])
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H koruf  thc anadrom c brÐsketai sth rÐza c0 tou dèndrou sf�lmatoc. Ed¸ o algìrijmoc

den upologÐzei to sf�lma k�poiou query kaj¸c h rÐza thc ierarqÐac twn queries antistoiqeÐ
ston kìmbo c1 tou dèndrou sf�lmatoc. O algìrijmoc apl� exet�zei kai p�li tic peript¸seic

na krat sei   na aporrÐyei ton kìmbo c0. EÐnai profanèc ìti sthn arq  tou algorÐjmou

kanènac kìmboc den èqei  dh krathjeÐ (S = ∅ , b = B).

E0[B, ∅] = min{Ekeep
0 [B, ∅], Edrop

0 [B, ∅]}

Ekeep
0 [B, ∅] = min

0≤b̂≤B−1
E1[b̂, {0}]

Edrop
0 [B, ∅] = min

0≤b̂≤B
E1[b̂, ∅]

O algìrijmoc, loipìn, xekin�ei apì th rÐza tou dèndrou sf�lmatoc kai anadromik�

ft�nei sta fÔlla tou. EkeÐ upologÐzontai oi pÐnakec Ei twn fÔllwn. Oi pÐnakec autoÐ,

afoÔ sumplhrwjoÔn, epistrèfontai sta prohgoÔmena st�dia thc anadrom c, stouc kìmbouc

- goneÐc, dhlad , twn fÔllwn kai qrhsimopoioÔntai gia ton upologismì twn antÐstoiqwn

pin�kwn Ei. Autì to b ma epanalamb�netai mèqri na epistrèyei o algìrijmoc sthn koruf 

thc anadrom c: ìtan briskìmaste ston kìmbo tou suntelest  ci, diajètoume touc pÐnakec

E2i kai E2i+1 kai upologÐzoume ton pÐnaka Ei gia ìlec tic dunatèc timèc twn b kai S. Sth

sunèqeia mporoÔme na apodesmeÔsoume touc pÐnakec E2i kai E2i+1 kai na epistrèyoume ton

pÐnaka Ei ston patrikì kìmbo tou suntelest  ci, ton ci/2.

MporoÔme t¸ra na upologÐsoume to sunolikì q¸ro pou katalamb�nei o algìrijmoc.

Gia k�je kìmbo ci epipèdou level(i) = li tou dèndrou sf�lmatoc desmeÔoume ènan pÐnaka

Ei, o opoÐoc èqei diast�seic min{B, 2logN−li − 1} × 2li+1. Gia touc kìmbouc epipèdou li =
level(i) > logN − logB, o k�je pÐnakac èqei (2logN−li − 1) × 2li+1 = O(2N) = O(N)
stoiqeÐa. Sunolik� dhlad  èqoume O(

∑logN
l=logN−logB+1 2l ·N) = O(N2) stoiqeÐa. Gia touc

kìmbouc epipèdou li = level(i) ≤ logN − logB, o k�je pÐnakac èqei B · 2l+1 stoiqeÐa.

'Ara, sunolik� gia touc kìmbouc aut¸n twn epipèdwn èqoume
∑logN−logB

l=0 2l ·B · 2l+1 =
B ·

∑logN−logB
l=0 22l+1 = O(B · N2

B2 ) = O(N2

B ). Epomènwc h qwrik  poluplokìthta tou

algorÐjmou mac eÐnai O(N2) +O(N2

B ) = O(N2).

O qrìnoc pou qrei�zetai o algìrijmoc upologÐzetai me parìmoio trìpo. Gia k�je kìmbo

epipèdou level(i) = l kai gia k�je stoiqeÐo tou pÐnaka pou upologÐzoume, qreiazìmaste qrìno

O(min{B, 2logN−l+1 − 1}). 'Etsi, o sunolikìc qrìnoc pou diarkeÐ o algìrijmoc eÐnai

logN−logB∑
l=0

(2l ·B2 · 2l)+
logN∑

l=logN−logB

(2l · (2logN−l)2 · 2l) = O(N2)+O(N2logB) = O(N2logB)

Sto par�deigma tou sq matoc 4.7 èqei metasqhmatisteÐ to raw data di�nusma A =
(1, 5, 4, 2) kai èqei efarmosteÐ o dunamikìc algìrijmoc gia th duadik  ierarqÐa tou sq -

matoc. SqhmatÐzetai perÐlhyh B = 2 suntelest¸n, twn C[0] kai C[2] me bèltisto weighted-
L2 sf�lma 1.5. Sto sq ma faÐnontai oi nèec timèc met� thn perÐlhyh, Â = (1, 5, 3, 3) kai ta
sf�lmata eÔrouc twn duadik¸n range sum queries thc ierarqÐac. UpologÐzoume, tèloc to
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Sq ma 4.7: Par�deigma efarmog c tou DunamikoÔ AlgorÐjmou gia Duadik  IerarqÐa Range
Sum Queries
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weighted-L2 sf�lma thc perÐlhyhc.

wL2err = 0.5× 12 + 1× 12 = 1.5



Kef�laio 5

Peiramatik  sÔgkrish

algorÐjmwn

5.1 Dedomèna kai MejodologÐa

Gia th diexagwg  twn peiram�twn ulopoi same kai ektelèsame k�poiouc algorÐjmouc

kataskeu c peril yewn. Stìqoc twn peiram�twn eÐnai na sugkrÐnoume thn akrÐbeia twn

peril yewn pou epitugq�noun oi algìrijmoi all� kai thn taqÔthta sthn kataskeu  touc. Oi

metr seic gÐnontai se sqèsh afenìc me to pl joc twn dedomènwn kai afetèrou me to mègejoc

thc perÐlhyhc. Par�llhla, mac apasqoleÐ to er¸thma kat� pìso axÐzei na qrhsimopoioÔme

polÔplokouc algorÐjmouc pou elaqistopoioÔn mia metrik  sf�lmatoc ènanti aploÔsterwn

mh-bèltistwn algorÐjmwn. H metrik  sf�lmatoc pou qrhsimopoieÐtai gia na ektim soume

thn akrÐbeia thc k�je perÐlhyhc eÐnai h weighted-L2 . 'Etsi, sthn peiramatik  sÔgkrish

perilamb�nontai kai algìrijmoi pou den eÐnai bèltistoi gia th metrik  weighted-L2, ¸ste na

doÔme e�n k�poia ap¸leia sthn akrÐbeia thc perÐlhyhc antistajmÐzetai, endeqomènwc, apì

thn taqÔthta pou prosfèroun.

Ta peir�mata pou ektelèsame qwrÐzontai se dÔo om�dec. Sthn pr¸th, mac endiafèrei h

akrÐbeia thc perÐlhyhc se sqèsh me ìla ta weighted point errors, en¸ sth deÔterh, metr�me

thn akrÐbeia thc perÐlhyhc gia th duadik  ierarqÐa twn weighted range sum errors pou

ktÐzetai p�nw apì ta dedomèna mac.

H eÐsodoc twn algorÐjmwn eÐnai èna di�nusma N dedomènwn, to mègejoc B tou q¸rou

perÐlhyhc kai èna di�nusma bar¸n. Sthn pr¸th perÐptwsh, to pl joc twn bar¸n eÐnaiN , ìso

kai twn dedomènwn, en¸ sth deÔterh eÐnai 2N−1, ìso kai to pl joc twn kìmbwn thc duadik c
ierarqÐac. H èxodìc touc eÐnai to weighted-L2 sf�lma thc perÐlhyhc pou kataskeu�zoun

(gia point errors kai dyadic range sum errors, antÐstoiqa) kaj¸c kai o qrìnoc Time pou

qrei�sthkan gia thn kataskeu  thc perÐlhyhc. Oi metr seic gÐnontai arqik� gia stajerì

pl joc dedomènwn kai metablhtì mègejoc perÐlhyhc. Sth sunèqeia, k�noume tic metr seic

metab�llontac to pl joc twn dedomènwn kai af nontac gia q¸ro perÐlhyhc èna stajerì

posostì autoÔ.

Gia thn ektèlesh twn peiram�twn qrhsimopoi same sunjetik� data sets megèjouc mèqri

63
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N = 210 pou akoloujoÔn thn katanom  Zipf me par�metro 0.6 kai 1.2. Pio sugkekrimèna,

ta dedomèna eisìdou akoloujoÔn thn katanom  Zipf me par�metro 0.6. Sthn pr¸th om�da

peiram�twn, ta N b�rh pou antistoiqoÔn sta N point errors akoloujoÔn thn katanom  Zipf
me par�metro 1.2. Sth deÔterh om�da peiram�twn ta b�rh qwrÐzontai se dÔo anex�rthta

sÔnola pou akoloujoÔn to kajèna thn katanom  Zipf me par�metro 1.2. H pr¸th, megè-

jouc N − 1, antistoiqeÐ sta mh-monadiaÐa range sum errors thc duadik c ierarqÐac kai h

deÔterh, megèjouc N antistoiqeÐ sta monadiaÐa range sum errors thc duadik c ierarqÐac

(pou ousiastik� tautÐzontai me ta point errors twn dedomènwn).

5.2 Point Errors kai h metrik  weighted-L2

5.2.1 Eisagwg 

Sthn enìthta aut  parousi�zoume ta apotelèsmata thc peiramatik c sÔgkrishc pou

k�name metaxÔ algorÐjmwn perÐlhyhc pou epiqeiroÔn na elaqistopoi soun th metrik  weight-
ed-L2 gia point errors.

Oi algìrijmoi pou sugkrÐname eÐnai oi ex c:

• Matias - Urieli. 'Opwc perigr�yame sthn enìthta 3.3, o algìrijmoc autìc efar-

mìzei ton �plhsto algìrijmo perÐlhyhc p�nw se èna wavelet metasqhmatismì tou ar-

qikoÔ s matoc, parallag  tou klassikoÔ metasqhmatismoÔ Haar (Enìthta 2.2), pou
enswmat¸nei ta b�rh twn point queries. H qronik  poluplokìthta tou metasqhmati-

smoÔ eÐnai O(N) en¸ h poluplokìthta tou �plhstou algorÐjmou eÐnai O(N+B logN)

• Garofalakis-Kumar. Arqik� perigr�yame analutik� thn ekdoq  tou algorÐjmou

autoÔ pou elaqistopoieÐ th metrik  L∞ (Enìthta 3.2.3). Sth sunèqeia perigr�yame

p¸c epekteÐnetai stic weighted-Lp metrikèc kai sugkekrimèna sth metrik  weighted-L2

(Enìthta 3.2.4), gia thn opoÐa ton ulopoi same. H qronik  poluplokìtht� tou eÐnai

O(N2 logB).

• Classic Wavelets. Prìkeitai gia ton �plhsto algìrijmo pou efarmìzetai p�nw ston

klassikì metasqhmatismì Haar (Enìthta 3.2.2). 'Opwc èqoume  dh exhg sei pros-

fèrei ton aploÔstero trìpo na kataskeu�soume mia perÐlhyh wavelet enìc s matoc.

Den elaqistopoieÐ ìmwc th metrik  weighted-L2 all� th metrik  L2. H qronik  po-

luplokìthta tou klassikoÔ metasqhmatismoÔ Haar eÐnai O(N) en¸ h poluplokìthta

tou �plhstou algorÐjmou eÐnai O(N +B logN).

• Classic Histograms. O teleutaÐoc algìrijmoc pou qrhsimopoioÔme sthn peiramatik 

sÔgkrish den kataskeu�zei perÐlhyh wavelet all� bèltisto istìgramma gia th metrik 

weighted-L2. Parousi�zetai sto [5]. H qronik  tou poluplokìthta eÐnai O(N2B).

Oi klassikìc algìrijmoc wavelet (Classic Wavelets), den elaqistopoieÐ th metrik  weight-
ed-L2 gia to metasqhmatismì pou ekteleÐ (klassikìc Haar), all� mpaÐnei sth sÔgkrish gia

na doÔme e�n k�poia ap¸leia sthn akrÐbeia thc perÐlhyhc mporeÐ endeqomènwc na antistaj-

mÐzetai apì k�poio kèrdoc sto qrìno kataskeu c thc.
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Algìrijmoc Qrìnoc Q¸roc Bèltistoc

Matias-Urieli N +B logN N NAI
Garofalakis-Kumar N2 logB N2 NAI
Classic Wavelets N +B logN N OQI

Classic Histograms N2B2 BN NAI

PÐnakac 5.1: Algìrijmoi proc sÔgkrish gia point errors

5.2.2 Ta peiramatik� apotelèsmata

EpÐdosh se sqèsh me to mègejoc thc perÐlhyhc

Sto sq ma 5.1 faÐnetai h akrÐbeia thc perÐlhyhc pou kataskeu�zoun oi 4 algìrijmoi,

gia èna s ma megèjouc N = 210 kai èna sqetik� meg�lo eÔroc tim¸n tou diajèsimou q¸-

rou perÐlhyhc. 'Opwc anamenìtan gia touc bèltistouc algorÐjmouc, to sf�lma fjÐnei ìso

megal¸nei h perÐlhyh, k�ti pou den isqÔei p�nta gia ton klassikì algìrijmo pou den eÐnai

bèltistoc gia th metrik  weighted-L2. O klassikìc algìrijmoc dÐnei megalÔtero sf�lma

apì touc algorÐjmouc Garofalakis - Kumar kai Matias - Urieli, oi opoÐoi eÐnai bèltistoi
gia th metrik  weighted-L2, gia to Ðdio mègejoc perÐlhyhc B. ParathroÔme akìma, ìti o

klassikìc algìrijmoc kataskeu c istogramm�twn dÐnei genik� akribèsterh   to Ðdio akrib 

perÐlhyh me touc algorÐjmouc wavelet Garofalakis - Kumar kai Matias - Urieli.
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Sq ma 5.1: Point Errors - Apotelèsmata gia dedomèna m kouc 210

Sto pedÐo tou qrìnou (Sq ma 5.1) blèpoume ìti o klassikìc algìrijmoc wavelet kai o
algìrijmoc twn Matias - Urieli eÐnai shmantik� pio gr goroi apì ekeÐnouc twn Garofalakis
- Kumar kai tou klassikoÔ algorÐjmou istogramm�twn. Epiplèon, ìpwc anamenìtan apì

th jewrhtik  an�lush thc qronik c poluplokìthtac pou prohg jhke, o qrìnoc twn dÔo

pr¸twn algorÐjmwn eÐnai mikrìc kai parousi�zetai praktik� anex�rthtoc tou q¸rou perÐlh-

yhc, o qrìnoc tou Garofalakis - Kumar aux�netai logarijmik�, en¸ o qrìnoc tou klassikoÔ

algorÐjmou istogramm�twn aux�netai grammik� me thn aÔxhsh tou q¸rou perÐlhyhc.

Sto sq ma 5.2 faÐnontai ta apotelèsmata sthn akrÐbeia kai thn taqÔthta twn algorÐjmwn
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gia èna stenìtero eÔroc tim¸n tou q¸rou perÐlhyhc.
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Sq ma 5.2: Point Errors - Apotelèsmata gia dedomèna m kouc 210

EpÐdosh se sqèsh me to pl joc twn dedomènwn

Sth sunèqeia, ekteloÔme touc algorÐjmouc gia metaballìmeno pl joc dedomènwn kai me

to q¸ro perÐlhyhc na eÐnai èna stajerì posostì tou pl jouc twn dedomènwn. Sto sq ma 5.3
faÐnetai h akrÐbeia kai o qrìnoc thc perÐlhyhc gia B = 20%N kai metablhtì m koc dedo-

mènwn. Blèpoume ìti genik� h akrÐbeia thc perÐlhyhc elatt¸netai gia auxanìmeno pl joc

dedomènwn, parìlo pou to mègejoc thc perÐlhyhc megal¸nei kat� ton Ðdio par�gonta. Blè-

poume ìti o klassikìc algìrijmoc perÐlhyhc mporeÐ na petuqaÐnei kal  akrÐbeia se arketèc

peript¸seic, all� mporeÐ kai to sf�lma pou dÐnei na eÐnai ' aprìblepta ' meg�lo, ìpwc faÐne-

tai gia logN = 10, afoÔ de sunupologÐzei ta b�rh twn point errors. 'Oson afor� touc

bèltistouc algorÐjmouc, den emfanÐzetai meg�lh apìklish metaxÔ touc, all� gia to di�sth-

ma pou exet�zoume faÐnetai o algìrijmoc Garofalakis-Kumar na dÐnei megalÔterh akrÐbeia

apì ton Matias - Urieli kai o klassikìc algìrijmoc istogramm�twn parousi�zetai stajer�

pio akrib c apì ìlouc. Wstìso, gia tic Ðdiec ektelèseic, o klassikìc algìrijmoc istogramm�-

twn eÐnai me arket  diafor� o plèon qronobìroc (qronik  poluplokìthta O(N2B2)), eidik�
gia ta megalÔtera datasets, o Garofalakis-Kumar ligìtero qronobìroc (poluplokìthta

O(N2 logB)),en¸ o klassikìc algìrijmoc perÐlhyhc kai o Matias - Urieli eÐnai exairetik�
taqeÐc (poluplokìthta O(N +B logN)).

Parìmoia sumper�smata prokÔptoun kai apì thn ektèlesh twn algorÐjmwn gia megalÔ-

terh perÐlhyh, megèjouc B = 40%N (Sq ma 5.4). Ac prosèxoume, ìmwc, ìti h akrÐbeia pou

dÐnei o klassikìc algìrijmoc istogramm�twn eÐnai apìluth gia meg�la datasets.
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Sq ma 5.3: Point Errors - Apotelèsmata gia q¸ro perÐlhyhc 20%N
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Sq ma 5.4: Point Errors - Apotelèsmata gia q¸ro perÐlhyhc B = 40%N

5.3 Duadik� Range Sum Errors kai h metrik  Weighted-

L2

5.3.1 Eisagwg 

Sthn enìthta aut  parousi�zoume ta apotelèsmata thc peiramatik c sÔgkrishc pou

k�name metaxÔ algorÐjmwn perÐlhyhc pou epiqeiroÔn na elaqistopoi soun th metrik  weight-
ed-L2 gia dyadic range sum errors.

Oi algìrijmoi pou sugkrÐname eÐnai oi ex c:

• Rangewave. EÐnai o nèoc algìrijmoc pou parousi�same sthn enìthta 4.4.2. Qrhsi-
mopoieÐ ton klassikì metasqhmatismì Haar kai elaqistopoieÐ th metrik  weighted-L2

gia duadik  ierarqÐa range sum errors. H qwrik  kai qronik  poluplokìtht� tou eÐnai

O(N2) kai O(N2 logB) antÐstoiqa.

• Koudas-Guha. O algìrijmoc autìc den kataskeu�zei perÐlhyh wavelet all� bèl-

tisto istìgramma gia th metrik  weighted - L2 p�nw apì duadik  ierarqÐa range sum
errors kai parousi�zetai sto [4]. H qronik  tou poluplokìthta eÐnai O(N7B2) kai oi
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apait seic tou se q¸ro eÐnai O(N5B).

• Matias - Urieli. 'Opwc perigr�yame sthn enìthta 4.3, ìtan o �plhstoc algìrij-

moc perÐlhyhc efarmosteÐ p�nw apì dedomèna se morf  prefix-sums, elaqistopoieÐ th
metrik  L2 gia to sÔnolo twn range sum errors (de sunupologÐzei ta b�rh, dhlad ).

H qronik  poluplokìthta tou metasqhmatismoÔ kai thc kataskeu c twn prefix-sums
eÐnai O(N) en¸ h poluplokìthta tou �plhstou algorÐjmou eÐnai O(N +B logN)

• Classic. QrhsimopoioÔme kai p�li ton klassikì algìrijmo perÐlhyhc, lìgw thc

taqÔtht�c tou, parìlo pou elaqistopoieÐ th metrik  L2 gia point errors. H qronik  po-

luplokìthta tou klassikoÔ metasqhmatismoÔ Haar eÐnai O(N) en¸ h poluplokìthta

tou �plhstou algorÐjmou eÐnai O(N +B logN).

Algìrijmoc Qrìnoc Q¸roc Bèltistoc

Rangewave N2 logB N2 NAI
Koudas-Guha N7B2 N5B NAI
Matias-Urieli N +B logN N Mìno gia Ðsa b�rh

Classic N +B logN N OQI

PÐnakac 5.2: Algìrijmoi proc sÔgkrish gia dyadic range sum errors

5.3.2 Ta peiramatik� apotelèsmata

EpÐdosh se sqèsh me to pl joc twn dedomènwn

Arqik� ekteloÔme touc algorÐjmouc gia q¸ro perÐlhyhc B = 20%N kai datasets mikroÔ
megèjouc. Sto sq ma 5.5 faÐnetai h apìkris  touc. Oi algìrijmoi, me exaÐresh ekeÐnon twn

Matias-Urieli, emfanÐzoun parìmoia sumperifor� kai mikrì sf�lma gia ta mikr� datasets
(jumÐzoume ìti o Matias-Urieli elaqistopoieÐ th weighted-L2 gia ìla ta range sum errors).
ParathroÔme ìti o algìrijmoc twn Koudas kai Guha apoklÐnei polÔ gr gora se qrìno apì

touc upìloipouc en¸ oi apait seic tou se q¸ro kajistoÔn praktik� adÔnath thn ektèles  tou

se upologistèc me sumbatikèc dunatìthtec mn mhc (gia dedomèna megèjouc N = 27 = 128
kai mègejoc perÐlhyhc B = 4, apaiteÐtai mn mh pollapl�sia twn 128GB). Gi' autì den ton

exet�zoume sth sunèqeia.

Sth sunèqeia ekteloÔme kai p�li touc algorÐjmouc (plhn ekeÐnon twn Koudas-Guha)
gia q¸ro perÐlhyhc B = 20%N all� gia megalÔtera datasets. Sto sq ma 5.6 faÐnetai

ìti o algìrijmoc Rangewave petuqaÐnei to mikrìtero sf�lma, en¸ o klassikìc algìrijmoc

perÐlhyhc, parìti elaqistopoieÐ th metrik  L2 gia point errors emfanÐzei polÔ mikrìtero

sf�lma apì ton algìrijmo twn Matias - Urieli, pou elaqistopoieÐ th metrik  L2 gia ìla ta

range sum errors. Apì thn �llh pleur�, to kìstoc tou Rangewave se qrìno eÐnai arket�

megalÔtero apì ekeÐno twn �plhstwn algorÐjmwn.
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Sq ma 5.5: Dyadic Range Sum Errors - Apotelèsmata gia q¸ro perÐlhyhc B = 20%N
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Sq ma 5.6: Dyadic Range Sum Errors - Apotelèsmata gia q¸ro perÐlhyhc B = 20%N

Parìmoia sumper�smata prokÔptoun apì thn ektèlesh twn algorÐjmwn gia mikrìtero

q¸ro perÐlhyhc. Sto sq ma 5.7 faÐnetai h apìkrish twn algorÐjmwn gia q¸ro perÐlhyhc

B = 10%N kai metablhtì pl joc dedomènwn.

EpÐdosh se sqèsh me to mègejoc thc perÐlhyhc

Tèloc, ektelèsame touc algorÐjmouc gia stajerì pl joc dedomènwn N = 210 = 1024
kai metablhtì q¸ro perÐlhyhc B pou den xepern�ei to 0.2×N . Arqik� parousi�zoume thn

apìkrish twn algorÐjmwn gia meg�lo eÔroc sthn tim  tou B (Sq ma 5.8). FaÐnetai ìti o

algìrijmoc Rangewave parousi�zei to mikrìtero sf�lma se sÔgkrish me touc �llouc dÔo,

en¸ h klassik  perÐlhyh wavelet parousi�zei kai p�li shmantik� kalÔterh akrÐbeia apì

thn perÐlhyh twn Matias - Urieli. 'Oson afor� thn taqÔthta, o Rangewave apodeiknÔetai

arket� pio qronobìroc se sqèsh me touc dÔo �plhstouc algorÐjmouc kai h epÐdos  tou se

taqÔthta mei¸netai logarijmik� me thn aÔxhsh tou megèjouc thc perÐlhyhc. Apì thn �llh,

oi �plhstec peril yeic wavelet (klassik  kai Matias - Urieli) emfanÐzontai kai p�li praktik�
anex�rthtec tou q¸rou perÐlhyhc gia tètoio eÔroc tim¸n tou.

Sto sq ma 5.9 faÐnetai h apìkrish twn algorÐjmwn gia sÔnolo dedomènwn m kouc N =
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Sq ma 5.7: Dyadic Range Sum Errors - Apotelèsmata gia q¸ro perÐlhyhc B = 10%N
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Sq ma 5.8: Dyadic Range Sum Errors - Apotelèsmata gia dedomèna m kouc 210

1024 kai gia timèc tou q¸rou perÐlhyhc estiasmènec gÔrw sto B = 15%N − 20%N .

5.4 Sumper�smata

Gia ta peir�mata pou ektelèsame kai ta apotelèsmata pou p rame mporoÔme na k�noume

sunoptik� k�poiec parathr seic.

'Oson afor� ta peir�mata gia ta (weighted) point errors, eÐdame ìti o klassikìc algìrij-
moc istogramm�twn petuqaÐnei thn kalÔterh akrÐbeia gia ta datasets pou qrhsimopoi same,

qwrÐc ìmwc oi bèltistoi algìrijmoi istogramm�twn (Matias-Urieli kai Garofalakis-Kumar)
na usteroÔn shmantik�. Apì thn �llh, ta istogr�mmata usteroÔn shmantik� se taqÔth-

ta se sqèsh me ton algìrijmo Matias - Urieli, o opoÐoc emfanÐzetai exairetik� taqÔc se

ìla ta apotelèsmata, kai se sqèsh me ton Garofalakis-Kumar. O klassikìc algìrijmoc

perÐlhyhc wavelet, mh-bèltistoc gia th metrik  weighted-L2, an kai eÐnai to Ðdio gr goroc

me ton Matias-Urieli, den apodeiknÔetai arket� axiìpistoc sthn akrÐbeia pou dÐnei, ¸ste na

qrhsimopoihjeÐ sth jèsh tou.

FaÐnetai, loipìn, ìti o algìrijmoc Matias-Urieli petuqaÐnei ton kalÔtero sunduasmì

akrÐbeiac kai taqÔthtac. An, wstìso mac endiafèrei h kalÔterh dunat  akrÐbeia kai ìqi h
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Sq ma 5.9: Dyadic Range Sum Errors - Apotelèsmata gia dedomèna m kouc 210

taqÔthta, ta klassik� istogr�mmata prosfèroun thn endedeigmènh lÔsh.

'Oson afor� ta (weighted) dyadic range sum errors, dÔo  tan oi bèltistoi algìrijmoi

pou sugkrÐname: o (nèoc) algìrijmoc Rangewave kai o algìrijmoc twn Koudas-Guha. Gia
ta mikr� datasets pou qrhsimopoi same, h akrÐbeia pou parousÐasan  tan parapl sia. 'Opwc
anamenìtan, ìmwc, kai apì th jewrhtik  poluplokìtht� tou, o Koudas-Guha apodeÐqjhke

exairetik� dapanhrìc se q¸ro kai qrìno, tìso ¸ste h qrhsimopoÐhs  tou na faÐnetai adÔnath

se sumbatik� mhqan mata. Oi dÔo mh-bèltistoi algìrijmoi Matias - Urieli gia prefix-sums
kai o klassikìc, eÐqan polÔ kal  apìdosh se taqÔthta, me ton pr¸to, ìmwc, na eÐnai polÔ

ligìtero akrib c se sqèsh me to deÔtero. JumÐzoume ìti o Matias - Urieli gia prefix-sums
beltistopoieÐ th metrik  L2 gia ìla ta range sum errors, en¸ o klassikìc beltistopoieÐ thn

L2 gia ìla ta point errors.
SugkrÐnontac t¸ra ton Rangewave me ton klassikì algìrijmo, blèpoume ìti o Range-

wave eÐnai pio akrib c kai o klassikìc eÐnai arket� pio gr goroc. An, loipìn, mac endiafèrei
perissìtero h akrÐbeia sthn perÐlhyh kai mia mètria taqÔthta, tìte o Rangewave eÐnai o

pio kat�llhloc na qrhsimopoi soume. Wstìso, an mac endiafèrei prwtarqik� h taqÔthta

kai mporoÔme na jusi�soume èna mèroc thc akrÐbeiac, o klassikìc algìrijmoc mporeÐ na

prosfèrei mia kal  lÔsh.





Kef�laio 6

EpÐlogoc

6.1 Sunoptikèc Parathr seic

Sth diplwmatik  aut  parousi�same algorÐjmouc pou kataskeu�zoun peril yeic wavelet
elaqistopoi¸ntac k�poia weighted-Lp metrik  sf�lmatoc gia point   range sum errors.

Sthn perÐptwsh twn point errors sunant same arketoÔc bèltistouc kai apodotikoÔc

algorÐjmouc, touc opoÐouc kathgoriopoi same me krit rio ton trìpo pou antimetwpÐzoun ta

b�rh gia tic weighted-Lp metrikèc. Touc analÔsame jewrhtik� kai upologÐsame th qronik 

kai qwrik  touc poluplokìthta.

Sthn perÐptwsh twn range sum errors, eÐdame arqik� ìti o klassikìc metasqhmatismìc

Haar eÐnai orjokanonikìc gia th metrik  L2 mìno gia dedomèna se morf  prefix-sums kai ìti
gi' aut� mporoÔme na qrhsimopoi soume ton �plhsto algìrijmo epilog c suntelest¸n ¸ste

na elaqistopoi soume th metrik .

ProteÐname, epÐshc, èna nèo apodotikì dunamikì algìrijmo pou elaqistopoieÐ th metrik 

weighted-Lp gia range sum errors pou akoloujoÔn duadik  ierarqÐa. O nèoc algìrijmoc, o

Rangewave, eÐnai o pr¸toc algìrijmoc gia range sum errors kai dedomèna pou brÐskontai

se morf  raw data.

Met� th jewrhtik  an�lush twn algorÐjmwn, parousi�same ta apotelèsmata thc peira-

matik c sÔgkrishc pou ègine gia k�poiouc apì autoÔc. Gia th metrik  weighted-L2 me thn

opoÐa metr same thn akrÐbeia twn peril yewn pou kataskeu�sthkan, sumperil�bame tìso

sqetik� polÔplokouc algorÐjmouc pou elaqistopoioÔn to sf�lma, ìso kai gr gorouc al-

gorÐjmouc pou den eÐnai bèltistoi wc proc aut n. Sumperil�bame akìma, bèltistouc algo-

rÐjmouc kataskeu c istogramm�twn, ¸ste na èqoume mia sÔgkrish metaxÔ twn dÔo mejìdwn

(wavelets kai istogr�mmata). Sthn perÐptwsh twn point errors eÐdame ìti o algìrijmoc

wavelet twn Matias - Urieli apodeÐqjhke mia kal  lÔsh gia kataskeu  peril yewn pou

sundu�zoun thn taqÔthta me thn akrÐbeia kai ìti o klassikìc algìrijmoc kataskeu c isto-

gramm�twn, an kai pio argìc, pètuqe elafr¸c mikrìtero sf�lma. Sthn perÐptwsh twn range
sum errors eÐdame ìti o nèoc algìrijmoc apoteleÐ mia apodotik  lÔsh peril yewn me mikrì

sf�lma, all� kai ìti o klassikìc �plhstoc algìrijmoc wavelet mporeÐ na epitÔqei arket�

kal  akrÐbeia se mikrì qrìno.

73



74 Kef�laio 6. EpÐlogoc

6.2 Mellontik  ErgasÐa

En¸ gia thn oikogèneia twn point error metrik¸n èqei diexaqjeÐ arket  èreuna kai èqoun
protajeÐ apodotikoÐ algìrijmoi wavelet, gia thn perioq  twn range sum error metrik¸n

den èqoun melethjeÐ se shmantikì bajmì trìpoi elaqistopoÐhshc tou sf�lmatoc gia metri-

kèc weighted-Lp. 'Etsi, apoteleÐ �meso endiafèron na anazhthjoÔn apodotikoÐ algìrijmoi

pou ja elaqistopoioÔn to sf�lma twn peril yewn wavelet gia k�poiec   ìlec tic metrikèc

weighted-Lp. 'Opwc eÐdame, o �plhstoc algìrijmoc pou qrhsimopoieÐ ton klassikì MS Haar
p�nw apì prefix-sums elaqistopoieÐ th metrik  L2 gia ìla ta range sum errors. ApodotikoÐ
dunamikoÐ algìrijmoi pou ja trèqoun p�nw sto (duadikì) dèndro sf�lmatoc kai pou ja

elaqistopoioÔn mia metrik  gia ìla ta range sum errors eÐnai faÐnetai m�llon apÐjano na u-

p�rxoun, kaj¸c to sÔnolo twn range sum errors den akoloujeÐ k�poia ierarqÐa. San pr¸to
b ma, wstìso, mporeÐ na diereunhjeÐ an up�rqei k�poia parallag  tou MS Haar Wavelet
gia prefix sums pou enswmat¸nei ta b�rh twn ajroistik¸n sfalm�twn kai gia thn opoÐa o

�plhstoc algìrijmoc epilog c suntelest¸n ja elaqistopoieÐ th metrik  weighted-L2 (pa-

rìmoia me ton algìrijmo twn Matias-Urieli pou elaqistopoieÐ th weighted-L2 gia ìla ta

point errors).
Gia thn perÐptwsh pou ta range sum errors akoloujoÔn duadik  ierarqÐa, o algìrijmoc

Rangewave apoteleÐ mia kal  lÔsh. FaÐnetai ìti mia epèktas  tou se genikìterh ierarqÐa apì
range sum errors eÐnai prosit . Mia idèa pou Ðswc axÐzei na exetasteÐ eÐnai h metatrop  miac

genik c ierarqÐac se duadik  kai upì poiec proôpojèseic mporeÐ na gÐnei aut . Mia �llh idèa

eÐnai h eÔresh enìc genikoÔ sq matoc metasqhmatismoÔ wavelet, o opoÐoc ja akoloujeÐ th

genik  ierarqÐa, ìpwc o Haar akoloujeÐ th duadik  ierarqÐa twn range sum errors. ElleÐyh
enìc algorÐjmou pou elaqistopoieÐ mia metrik  (plhn thc L2) gia ìla ta range sum errors,
mia tètoia epèktash ja mporeÐ na apodeiqjeÐ qr simh gia mia eureÐa kathgorÐa peril yewn.
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