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PerÐlhyh.

Ta optik� solitìnia apoteloÔn èna jèma me èntono jewrhtikì kai praktikì
endiafèron. Sthn paroÔsa diplwmatik  ergasÐa asqoloÔmaste me th melèth
poludi�statwn solitonÐwn se mèsa Kerr. Sugkekrimèna exet�zoume di�forec
peript¸seic polusolitoniak¸n optik¸n din¸n kai epiqeiroÔme thn eÔresh pro-
seggistik¸n analutik¸n lÔsewn sto prìblhma thc morf c kai thc dunamik c
exèlixhc tètoiwn dom¸n. Me qr sh thc metabolik c mejìdou meletoÔme soli-
tìnia me stroform  se treic diast�seic kai epiplèon exeidikeÔoume stic peri-
pt¸seic dÔo solitonÐwn, an kai h mèjodoc pou proteÐnoume mporeÐ na efarmosteÐ
gia th melèth thc Ôparxhc kai twn idiot twn polusolitoniak¸n lÔsewn k�je
t�xhc. Tèloc proteÐnoume mÐa pijan  metabolik  prosèggish sto prìblhma
thc azimoujiak c ast�jeiac twn peristrefìmenwn solitonÐwn.

Lèxeic kleidi�: Mèsa Kerr, Optik� Solitìnia, Pollapl� Solitìnia,
Metabolik  Mèjodoc, Qwrik�–Qwroqronik� Solitìnia, Peristrefìmena Solitìnia,
Optikèc DÐnec.





Abstract.

Optical solitons are a topic of great theoretical and practical interest.
In this diploma thesis we concentrate on multidimensional solitons in Kerr
media. In particular, we examine various cases of multisoliton optical vortices
and acquire approximate analytical solutions for the form and dynamical
evolution of these structures. By using the variational method, we study
spinning solitons in three dimensions and specialize on the cases of two-
soliton solutions; our method though, can be used to study the existence
and the properties of multisoliton solutions of an arbitrary degree. Finally,
we propose a possible variational approach to the problem of the azimuthal
instability of spinning solitons.

Keywords: Quadratic Media, Kerr Media, Optical Solitons, Variational
Method, Multisoliton Solutions, Temporal-Spatiotemporal Solitons, Spin-
ning Solitons, Optical Vortices.
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Kef�laio 1

Eisagwg .

Sto parìn kef�laio parousi�zetai se adrèc grammèc to basikì jewrhtikì
upìbajro pou eÐnai aparaÐthto gia thn katanìhsh tou kÔriou mèrouc aut c
thc ergasÐac. Epiplèon jel same to kef�laio autì na mporeÐ na qrhsimeÔsei
san mia pr¸th –kai sÐgoura mh pl rhc–eisagwg  sto genikìtero jèma twn
solitonÐwn sth mh grammik  optik . Gia ton lìgo autìn, pollèc shmantikèc
leptomèriec èqoun paraleifjeÐ. 'Eqei gÐnei mia prosp�jeia se k�je jèma
pou jÐgetai na dÐnetai epark c bibliografÐa, san odhgìc ston anagn¸sth
pou endiafèretai embajÔnei. Ta fainìmena pou exet�zontai sthn paroÔsa
diplwmatik  basÐzontai sth mh grammik  apìkrish twn ulik¸n sthn efarmog 
hlekromagnhtikoÔ pedÐou. Se genikèc grammèc h pìlwsh emfanÐzei ex�rthsh
apì thn èntash tou hlektrikoÔ pedÐou sÔmfwna me mÐa sqèsh thc morf c

P(r, t) = F̂E(r, t) (1.1)

ìpou F̂ ènac m  grammikìc telest c. Genikìtera o F̂ eÐnai mh entopismènoc
tìso sto qrìno ìso kai sto q¸ro. H efeÔresh laser ikan¸n na parag�goun
dèsmec uyhl c isqÔoc èkane dunat  thn parat rhsh tètoiwn mh grammik¸n
fainomènwn.

1.1 H mh grammik  exÐswsh Schrödinger (NLSE).

Jewr¸ntac ìti ì telest c F̂ eÐnai entopismènoc, dhlad  ìti h tim  tou se
èna shmeÐo tou q¸rou dèn exart�tai apì tic timèc pou paÐrnei se �lla shmeÐa,
kai k�nontac qr sh twn exis¸sewn tou Maxwell, paÐrnoume thn akìloujh
kumatik  exÐswsh (bl. [16]):

∇2E−∇(∇ · E)− 1

c2
∂2

∂t2
D(L) − 4π

c2
∂2

∂t2
P(NL) = 0 (1.2)
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ìpou h D(L) = E + 4πP(L) = ε̂E perilamb�nei touc grammikoÔc ìrouc kai h
P(NL) touc mh grammikoÔc.

Suqn� sthn optik  o ìroc∇(∇·E) agnoeÐtai, opìte paÐrnoume thn exÐswsh:

∇2E− 1

c2
∂2

∂t2
D(L) − 4π

c2
∂2

∂t2
P(NL) = 0 (1.3)

Sth sunèqeia k�noume tic ex c paradoqèc:

• JewroÔme ìti anaferìmaste se isotropikì mèso.

• JewroÔme ìti oi dèsmh eÐnai grammik� polwmènh

• JewroÔme ìti h m  grammikìthta periorÐzetai stouc ìrouc pr¸thc kai

trÐthc t�xhc, i.e Pi = χ
(1)
ii Ei + χ

(3)
iiiiE

2
iEi

• Tèloc jewroÔme ìti oi lÔseic mporoÔn na ekfrastoÔn me kal  akrÐbeia
me thn prosèggish tou arg� metaballìmenou fakèlou:

E = A(x, y, z, t) exp(ik0z − iω0t) (1.4)

SÔmfwna me aut n thn prosèggish, h qwroqronik  metabol  tou fakèlou
A eÐnai polÔ pio arg  apì aut n tou ekjetikoÔ ìrou.

SÔmfwna me ta parap�nw h 1.3 dÐnei:

i
∂A

∂ξ
+

1

2

∂2A

∂x2
+

1

2

∂2A

∂y2
− k′′0

2k0

∂2A

∂τ 2
+ α |A|2 A = 0 (1.5)

ìpou ξ = k0z, τ = t − k′0z, α = 2πω2
0(χxxxx)/(k

2
0c

2), x → k0x, y →
k0y kai oi tìnoi shmaÐnoun parag¸gish wc proc ω. Dhlad  h exÐswsh 1.5
anafèretai se èna sÔsthma parat rhshc pou kineÐtai me thn taqÔthta om�dac
thc dèsmhc. Gia epÐpeda kÔmata èqoume ∂2/∂x2 = ∂2/∂y2 = 0. Me dÔo
akìma kanonikopoi seic, τ →

√
−2k0/k′′0τ (gia k′′0 arnhtikì) kai A →

√
αA,

paÐrnoume thn sunhjismènh morfh thc monodi�stathc (1+1) NLSE.

i
∂A

∂ξ
+

1

2

∂2A

∂τ 2
+ |A|2A = 0 (1.6)

H parap�nw exÐswsh anafèretai sthn perÐptwsh thc an¸malhc diaspor�c. Gia
omal  diaspor�, èqoume k′′0 jetikì, opìte prokÔtei

i
∂A

∂ξ
− 1

2

∂2A

∂τ 2
+ |A|2A = 0 (1.7)
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H exÐswsh 1.6 isqÔei sthn perioq  thc an¸malhc diaspor�c, sto qwro-
qronikì prìblhma, dhlad  sthn perÐptwsh tou h metablht  t antistoiqeÐ ston
qrìno. Sthn perÐptwsh pou h t eÐnai qwrik  suntetagmènh perigr�fei fai-
nìmena autoestÐashc. 'Opwc ja doÔme sth sunèqeia, epidèqetai wc lÔseic
fwtein� solitìnia1 [1]. Apì thn �llh h exÐswsh 1.7 perigr�fei fainìmena
autìapoestÐashc   omal c diaspor�c kai dèqetai wc lÔseic skotein� solitìnia
[2]. Gia mÐa perissìtero leptomer  an�lush thc exagwg c twn parap�nw
exis¸sewn, blèpe [13] kai [16].

1.2 LÔseic thc NLSE.

Gr�foume thn NLSE sthn akìloujh morf :

iψz − ψtt − |ψ|2 ψ = 0 (1.8)

ìpou oi deÐktec shmaÐnoun parag¸gish wc proc thn antÐstoiqh metablht .
EÐnai emfanèc ìti aut  h morf  eÐnai isodÔnamh me thn exÐswsh 1.6 gia thn
an¸malh diaspor�. H monodi�stath NLSE dèqetai èna �peiro sÔnolo lÔsewn.
H oloklhrwsimìthta thc exÐswshc èqei apodeiqteÐ kai h teqnik  antÐstrofhc
skèdashc (inverse scattering technique –IST) dÐnei lÔseic sta probl mata
arqik¸n tim¸n. PolÔplokec lÔseic mporoÔn na kataskeuastoÔn me mÐa mh
grammik  upèrjesh aploÔsterwn lÔsewn, me th bo jeia twn metasqhmatism¸n
Darboux. O anagn¸sthc pou endiafèretai na embajÔnei ja breÐ mÐa kal 
eisagwg  se autèc tic dÔo teqnikèc sto [16].

Meg�lo endiafèron èqei h apl  solitoniak  lÔsh:

ψ =
e−iz/2

cosh t
(1.9)

pou èqei th morf  tou sq matoc 1.1. Na shmei¸soume ìti aut  h lÔsh
mporeÐ na brejeÐ eÔkola, me mÐa anagwg  se èna mhqanikì an�logo. Gia mÐa
endiafèrousa an�lush, bl. [10].

Me qr sh twn summetri¸n thc exÐswshc mporeÐ kaneÐc na metasqhmatÐ-
sei  dh gnwstèc lÔseic, ìpwc h prohgoÔmenh, se pio genikèc morfèc kai
na parag�gei oikogèneiec lÔsewn. SÔmfwna me to je¸rhma thc Noether,
oi summetrÐec thc exÐswshc antistoiqoÔn se arqèc diat rhshc, h gn¸sh twn
opoÐwn suqn� apodeiknÔetai exairetik� shmantik , ìtan kaneic prospajeÐ na

1
Στην παρούσα εργασία ο όρος σολιτόνιο δεν χρησιμοποιείται με την μαθηματική

αυστηρότητα, αλλά χρησιμοποιείται με τη γενικευμένη σημασία, για να περιγράψει

εντοπισμένες λύσεις στην περίπτωση της αυτοεστίασης, ή εντοπισμένες πτώσεις της έντασης

σε ένα κατα τα άλλα ομοιόμορφο υπόβαθρο στην περίπτωση της αυτοαποεστίασης.

17



Sq ma 1.1: H morf  tou aploÔ solitìniou.

anakalÔyei proseggistikèc lÔseic se pio polÔploka problhm�ta pou an�gontai
sthn NLSE [8], [9]. Endeiktik� anafèroume th diat rhsh thc enèrgeiac:∫ ∞

−∞
|ψ|2 dt (1.10)

kai thc orm c: ∫ ∞
−∞

(ψtψ
∗ − ψ∗tψ) dt (1.11)

ExÐsou shmantik  eÐnai h gn¸sh twn metasqhmatism¸n pou epitrèpoun oi
summetrÐec thc exÐswshc kai dÐnoun th dunatìthta paragwg c oikogenei¸n
lÔsewn apì mÐa arqik  lÔsh. Kat� th melèth polÔplokwn   proseggistik¸n
lÔsewn, prèpei na eÐnai kaneÐc se jèsh na anagnwrÐsei touc metasqhmatismoÔc
ekeÐnouc pou ja d¸soun thn aploÔsterh morf  kai ja elatt¸soun ton arijmì
twn eleÔjerwn paramètrwn tou probl matoc.

1.2.1 O metasqhmatismìc klÐmakac.

EÐnai eÔkolo na diapist¸sei kaneÐc me apl  antikat�stash sthn exÐswsh 1.8
ìti apì mÐa lÔsh ψ(t, z) mporeÐ na p�rei kaneÐc mia oikogèneia lÔsewn thc
morf c:

ψ′(t, z) = q ψ(q t, q2z) (1.12)

pou gia to aplì solitìnio thc exÐswshc 1.9 dÐnei:

18



ψ′(t, z) =
q

cosh q t
exp(−q

2

2
z) (1.13)

1.2.2 O metasqhmatismìc f�shc.

EÐnai o plèon profan c metasqhmatismìc kai perigr�fetai apì th sqèsh:

ψ′(t, z) = ψ(t, z)eiφ (1.14)

1.2.3 O Metasqhmatismìc tou GalilaÐou

JewroÔme thn exÐswsh

iψz +
1

2
ρψtt − |ψ|2 ψ = 0 (1.15)

ìpou ρ ≡ ±1 kai mia �akinhth�lÔsh thc, ψ(z, t). Tìte sunart seic thc morf c

ψ′(z, t) = ψ(z, t− V z)eiρ
(
V t−V 2

2
z
)

(1.16)

eÐnai kai autèc lÔseic thc exÐswshc. H V mporeÐ na ermhneuteÐ san mÐa taqÔthta
sto q¸ro z − t.

ParathroÔme ìti e�n

ψ2(z, t) = ψ1(z, t− V2,1 z) exp

[
iρ

(
V2,1t−

V 2
2,1

2
z

)]
kai

ψ3(z, t) = ψ2(z, t− V3,2z) exp

[
iρ

(
V3,2t−

V 2
3,2

2
z

)]
tìte

ψ3(z, t) = ψ1

(
z, t− (V3,2 + V 2, 1) z

)
eiρ(V2,1(t−V3,2z)−V 2

2,1
z
2)eiρ(V3,2t−V 2

3,2
z
2) =

ψ1(z, t−V3,1 z) e
iρ

(
(V3,2+V2,1)t−V3,2V2,1z−

V 2
3,2

2
z−

V 2
2,1

2
z

)
= ψ1(z, t−V3,1 z)e

iρ

(
V3,1t−

V 2
3,1

2
z

)

Dhlad  isqÔei h prìsjesh taqut twn. H idiìthta aut  mazÐ me th morf  tou
metasqhmatismoÔ dikaiologoÔn thn onomasÐa tou. Na parathr soume ìti den
prokeitai gia metasqhmatismì lìgw allag c parathrht , all� èqei na k�nei
kajar� me kataskeu  oikogenei¸n lÔsewn.
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AntÐstoiqh eÐnai kai h perÐptwsh thc trisdi�stathc exÐswshc:

iψz + ρ
1

2

(
∇2
⊥ψ − ψtt

)
− |ψ|2 ψ = 0 (1.17)

Gia thn opoÐa, sÔmfwna me ta parap�nw, mÐa lÔsh ψ(x, y, z, t) par�gei thn
akìloujh oikogèneia lÔsewn:

ψ′(x, y, z, t) = ψ(x− Vx z, y − Vy z, z, t− Vt z)e
i

(
(Vx+Vy−Vt)t−

V 2
x +V 2

y −V 2
t

2
z

)

(1.18)
Oi Vx kai Vy perigr�foun pr�gmati mÐa olÐsjhsh ston eukleÐdio q¸ro,

en¸ h Vt antistoiqeÐ se allag  thc suqnìthtac tou fèrontoc, ìpwc mporeÐ na
epalhjeuteÐ kai apì thn exÐswsh 1.18.

Dedomènou ìti o metasqhmatismìc tou GalilaÐou den upakoÔei sthn arq 
thc sqetikìthtac, einai emfanec ìti oi timèc twn taqut twn pou dÐnoun fusik�
apodektèc lÔseic eÐnai peperasmènec. Sthn perÐptwsh thc optik c, o periori-
smìc an�getai sthn arqik  upìjesh tou arg� metaballìmenou fakèlou. Oi
taqÔthtec periorÐzontai apì thn apaÐthsh oi talantwtikoÐ ìroi pou eis�gontai
me to metasqhmatismì (bl. ex 1.18) na metab�llontai arg� ¸ste m n anairoÔn
aut n thn upìjesh.

Efarmìzontac touc prohgoÔmenouc metasqhmatismoÔc paÐrnoume mÐa oiko-
gèneia tri¸n paramètrwn gia th monosolitoniak  lÔsh thc exÐswshc 1.8:

ψ =
q

cosh
[
q(t− V z)

] e−iV t+i V 2−q2
2

z+i φ (1.19)

1.2.4 LÔseic an¸terhc t�xhc.

Sthn paroÔsa par�grafo parousi�zoume disolitoniakèc lÔseic pou pro-
kÔptoun me th bo jeia tou metasqhmatismoÔ Darboux. 'Opwc èqoume  dh
anafèrei, h teqnik  aut  mporeÐ na qrhsimopoihjeÐ gia thn kataskeu  lÔsewn
an¸terhc t�xhc me mh grammik  upèrjesh aploÔsterwn lÔsewn.

DÔo solitìnia me antÐjetec taqÔthtec.

Uperjesh twn dÔo lÔsewn :

ψ1,2 = − i 2b

cosh (2b t∓ 4b a z)
e∓i2a t+i2(a2−b2)z−2iφ1,2 (1.20)

dÐnei th lÔsh gia dÔo solitìnia me Ðso pl�toc kai antÐjetec taqÔthtec. To
fusikì prìblhma eÐnai h sÔgkroush dÔo palm¸n me diaforetikèc suqnìthtec
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pou diadÐdontai kat� thn Ðdia kateÔjunsh kai pou lìgw diaspor�c èqoun
diaforetikèc taqÔthtac om�dac kai sunantioÔntai sto shmeÐo z = 0. H exèlixh
twn palm¸n dÐnetai apì thn akìloujh exÐswsh [15].

ψ = −8iab
A− iB
D

exp
[
2i
(
a2 − b2z

)
z + i(φ1 + φ2)

]
(1.21)

ìpou

A = cosh (4abz)
[
a cosh(2bt) cos [2at+ ∆φ]− b sinh(2bt) sin [2at+ ∆φ]

]
B = sinh (4abz)

[
a sinh(2bt) sin [2at+ ∆φ] + b cosh(2bt) cos [2at+ ∆φ]

]
D = a2 cosh(4bt) + (a2 + b2) cosh(8az)− b2cos(4at+ 2∆φ)

∆φ = φ1 − φ2

Sq ma 1.2: Argì kai gr goro solitìnio. a = 1, b = 1
2
kai ∆φ = π

DÔo solitìnia me mhdenik  taqÔthta.

H perÐptwsh thc mhdenik c taqÔthtac eÐnai thc Ðdiac oikogeneÐac me aut 
twn Ðswn taqut twn. IdiaÐtero endiafèron èqei h perÐptwsh sthn opoÐa ta dÔo
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solitìnia eÐnai arqik� topojethmèna sthn Ðdia jèsh. 'Otan oi dÔo palmoÐ èqoun
diaforetik� pl�th b1 kai b2 h lÔsh eÐnai [16]:

ψ =
4i(b22 − b21)

[
b1 cosh(2b2t) exp(−2ib21z)− b2 cosh(2b1t) exp(−2ib22z)

]
(b1 − b2)2C+ + (b1 + b2)2C− − 4b1b2 cosφ

(1.22)
ìpou C± = cosh

[
2(b2 ± b1)t

]
kai φ = 2(b22 − b21)z. Gia pl�th me kontinèc

timèc o palmìc apoteleÐtai apì dÔo solitìnia pou periodik� apomakrÔnontai kai
xanaen¸nontai se ènan palmì, ìpwc sto sq ma 1.3. Sthn perÐptwsh b1 = b2
h perÐodoc apeirÐzontai kai oi dÔo palmoÐ apoklÐnoun.

Sq ma 1.3: DÔo solitìnia me mhdenik  taqÔthta. Ta pl�th twn palm¸n eÐnai
b1 = 0.5 kai b2 = 0.75.

IdiaÐtero endiafèron parousi�zei h perÐptwsh me b1 = 1/2 kai b2 = −3/2.
Tìte:

ψ = 4
cosh 3t+ 3 cosh t exp (−4iz)

cosh 4t+ 4 cosh 2t+ 3 cos 4z
(1.23)

Aut  h periodik  dom  onom�zetai breather, gia to lìgo ìti e�n anaparast sei
kaneÐc thn exèlixh thc kampÔlhc |ψ| wc proc t kaj¸c proqwr�me sto z, tìte
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dÐnetai h entÔpwsh enìc palmoÔ pou anapnèei. Gia z = 0 o palmìc paÐrnei th
morf  2/cosh(t), dhlad  èqei th morf  tou aploÔ solitìniou thc exÐswshc 1.9,
all� me dipl�sio pl�toc.

ParathroÔme ìti ènac tètoioc palmìc, pou èqei arqik� to gnwsto sq ma
sech(t) exelÐssetai gia na gÐnei polÔ stenìteroc ap' ìti arqik�. Autì to
fainìmeno èqei parathrhjeÐ se peir�mata. Gia breathers megalÔterhc t�xhc
epitugq�netai akìma megalÔterh sumpÐesh [18].

(αʹ) z = 0 (βʹ) z = π/8 (γʹ) z = π/4

Sq ma 1.4: H exèlixh enìc breater kaj¸c diadÐdetai ston �xona z.

1.2.5 H trisdi�stath NLSE.

Sthn paroÔsa ergasÐa melet jhke h exÐswsh

iψz +
1

2

(
∇2
⊥ψ − ψtt

)
− |ψ|2 ψ = 0 (1.24)

H exÐswsh aut  perigr�fei th di�dosh se èna mèso me autoapoesti�zousa
qwrik  mh grammikìthta sthn perioq  thc an¸malhc diaspor�c. EpÐshc emfa-
nÐzetai sthn perigraf  twn sumpuknwm�twn Bose –Einstein, all� den ja
epektajoÔme perissìtero se autì to jèma.

Sthn paroÔsa ergasÐa exet�zoume thn Ôparxh lÔsewn thc mìrf c poluso-
litoniak¸n optik¸n din¸n, lÔsewn dhlad  me stroform  sto epÐpedo k�jeto
sth di�dosh kai me polusolitoniakì qronikì mèroc. Oi optikèc dÐnec eÐnai
lÔseic me qwrizìmeno fasikì mèroc, exp(imφ), ìpou to φ eÐnai h azimoujiak 
suntetagmènh sto epÐpedo k�jeta sth di�dosh kai tom eÐnai ènac proshmasmè-
noc akèraioc arijmìc, pou sth bibliografÐa suqn� anafèretai wc topologikì
fortÐo kai antistoiqeÐ sth stroform  – spin – thc dÐnhc. EmfanÐzontai san
skotein� solitìnia san mia topik  pt¸sh thc èntashc se èna upìbajro pou
sun jwc epilègetai na èqei gkaousian    omoiìmorfh katanom . Sthn paroÔsa
ergasÐa asqolhj kame me dÐnec se omoiìmorfo upìbajro, ìpou h èntash paÐrnei
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mÐa stajer  tim  an apomakrunjoÔme arket� apì to kèntro thc dÐnhc, bl.
sq ma 1.5.

(αʹ) Η κατανομή της έντασης σε μία

οπτική δίνη.

(βʹ) Το φασικό προφίλ σε μια οπτική

δίνη

Sq ma 1.5: H katanom  thc èntashc kai to fasikì profÐl miac optik c dÐnhc.

H dunamik  twn optik¸n din¸n moi�zei polÔ me aut n twn din¸n pou parath-
roÔntai sta reust�, kaj¸c NLSE eÐnai akìma èna par�deigma ìpou o hlektro-
magnhtismìc mporeÐ na anaqjeÐ sth mhqanik  twn reust¸n. Me kat�llhlouc
metasqhmatismoÔc mporeÐ na deiqjeÐ ìti metasqhmatÐzetai se dÔo peplegmènec
exis¸seic, pou den eÐnai �llec apì thn arq  diat rhsh thc m�zac kai thn
exÐswsh tou Bernoulli [17]. H parat rhsh aut  m�c epitrèpei na k�noume
qr sh gnwst¸n jewrhm�twn thc reustodunamik c, gia na problèyoume thn
sumperifor� twn optik¸n din¸n.

Mèqri stigm c up�rqei plhj¸ra jewrhtik¸n kai peiramatik¸n ergasi¸n
stic 2D optikèc dÐnec, se antÐjesh me tic 3D dÐnec, stic opoÐec ja esti�soume
th melèth mac, gia tic opoÐec h bibliografÐa eÐnai periorismènh. EÐnai gnwstì
ìti to fortÐo m mÐac dÐnhc eÐnai diathr simh posìthta [10], pou shmaÐnei ìti
opoiad pote diergasÐa   di�spash lamb�nei q¸ra kat� th di�dosh ja prèpei
na katal gei se domèc me sunolikì fortÐo Ðso me to arqikì. Oi 2D dÐnec me
monadiaÐa fortÐa eÐnai oi energeiak� protim¸menec katast�seic kai gi autìn ton
lìgo eÐnai eustajeÐc. M�lista èna 2D skoteinì solitìnio qwrÐc fortÐo eÐnai
astajèc kai diasp�tai se dÔo 2D jemeli¸deic dÐnec me antÐjeta fortÐa [11]. Oi
2D dÐnec me megalÔtera fortÐa eÐnai astajeÐc kai teÐnoun na sp�ne se aplèc
dÐnec me monadiaÐo fortÐo, emfanÐzoun wstìso meg�louc qrìnouc zw c [4].

'Oson afor� tic 3D optikèc dÐnec, èqei parathrhjeÐ ìti eÐnai arket� eusta-
jeÐc domèc [5]. Sthn paroÔsa ergasÐa ja melet soume th sumperifor� twn po-
lusolitoniak¸n 3D optik¸n dÐn¸n, dhlad  twn 3D optik¸n dÐn¸n me qronikì
profÐl an�logo me autì twn polusolitoniak¸n lÔsewn thc monodi�stathc
exÐswshc pou parousi�same stic prohgoÔmenec enìthtec.
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1.3 H metabolik  mèjodoc.

H oloklhrwsimìthta thc trisdi�stathc NLSE paramènei èna anoiqtì prì-
blhma. Se antÐjesh me th monodi�stath NLSE , ìpou mèjodoc antÐstrofhc
skèdashc epilÔei epakrib¸c ta probl mata arqik¸n tim¸n, ìtan prìkeitai gia
thn trisdi�stath exÐswsh, elleÐyei kalÔterhc enallaktik c, eÐmaste anagka-
smènoi na katafeÔgoume se proseggistikèc mejìdouc. MÐa tètoia mèjodoc,
pou èqei qrhsimopoihjeÐ suqn� sto pareljìn eÐnai h metabolik  mèjodoc.

H metabolik  mèjodoc eÐnai daneismènh apì thn kbantomhqanik , ìpou
qrhsimopoieÐtai gia thn eÔresh proseggistik¸n ekfr�sewn thc jemeli¸douc
st�jmhc kai orismènwn diegermènwn stajm¸n [7], [14]. MÐa kal  perigraf 
thc efarmog c thc sthn NLSE dÐnetai sto [3].

Sth metabolik  mèjodo epilègetai aujaÐreta mÐa parametrik  morf  thc
lÔshc, pou sth bibliografÐa onom�zetai ansatz, h opoÐa èqei pl rwc ka-
jorismènh morf , ektìc apì ènan mikrì arijmì paramètrwn, pou en gènei
eÐnai eleÔjerec na metab�llontai kat� th di�dosh. Me autìn ton trìpo o
bajmìc eleujerÐac tou probl matoc apì �peiroc ekfulÐzetai ston arijmì twn
eleÔjerwn paramètrwn tou ansatz kai to arqikì prìblhma ekfulÐzetai se èna
sÔnolo peplegmènwn sun jwn diaforik¸n exis¸sewn pou perigr�foun thn
exèlixh twn tim¸n twn paramètrwn. Sthn ousÐa autì pou epiqeireÐtai eÐnai mÐa
beltistopoÐhsh twn eleÔjerwn paramètrwn ¸ste to ansatz na proseggÐsei
ìso to dunatìn kalÔtera thn pragmatik  lÔsh tou probl matoc. Fusik� h
kal  epilog  tou ansatz eÐnai apofasistik  gia thn epituqÐa thc mejìdou.
H lÔsh pou ja d¸sei h metabolik  mèjodoc ja qrhsimopoihjeÐ san arqikì
shmeÐo gia thn arijmhtik  epÐlush tou probl matoc. Sunoptik� ta b mata thc
metabolik c mejìdou eÐnai ta ex c:

• Perigraf  tou probl matoc mèsw miac Lagrangian Density. Sthn pro-
keimènh perÐptwsh, h Lagrangian Density se kulindrikèc suntetagmènec
einai:

L = i (Ψ∗ψz −Ψ∗zΨ)− |Ψρ|2 −
|Ψφ|2

ρ2
+ |Ψt|2 − |Ψ|4 (1.25)

• Epilog  enìc ansatz.

• Upologismìc thc Effective Lagrangian:

L ≡
∫ ∞
−∞

dt

∫ ∞
0

dρ

∫ 2π

0

dφ ρ L (1.26)

'Opou sthn L èqoume antikatast sei to ψ me to ansatz.
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• Me thn efarmog  twn exis¸sewn Euler-Lagrange [12] sthn Effective La-
grangian jewr¸ntac thn z wc anex�rthth metablht  kai tic paramètrouc
αi tou ansatz wc exarthmènec metablhtèc, katal goume sto dunamikì
prìblhma pou perigr�fei thn exèlixh twn paramètrwn kat� th di�dosh.

H paradoq  gia sugkekrimènh morf  thc lÔshc kajorÐzei pl rwc thn
sumperifor� thc lÔshc kat� th metabol  ìlwn twn metablht¸n plhn thc
metablht c z. Gi autìn ton lìgo h apaÐthsh to olokl rwma thc dr�shc
S na parousi�zei akrìtato eÐnai isodÔnamh kai me to dunamikì sÔsthma pou
prokÔptei apì to teleutaÐo b ma thc mejìdou.
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Kef�laio 2

EpÐlush me apl� ansatz.

'Opwc gÐnetai katanohtì apì thn an�lush pou prohg jhkan mÐa epituqhmènh
epilog  tou ansatz eÐnai idiaÐtera krÐsimh gia thn exeÔresh pragmatik¸n lÔsewn
thc NLSE. H epilog  pou ja k�noume eÐnai aparaÐthto na perilamb�nei ìla ta
poiotik� qarakthristik� thc lÔshc thc opoÐac epijumoÔme na anakalÔyoume.
Kalèc endeÐxeic gia aut� ta qarakthristik� apoteloÔn  dh gnwstèc lÔseic
aplopoihmènwn problhm�twn.

Sthn paroÔsa ergasÐa k�noume thn upìjesh ìti oi lÔseic thc trisdi�stathc
NLSE akoloujoÔn thn prosèggish Hartree, i.e.

ψ(x, y, z, t) = T (t, z)X(x, z)Y (y, z) (2.1)

  se kulindrikèc suntetagmènec:

ψ(ρ, φ, z, t) = T (t, z)R(ρ, z)Φ(φ, z) (2.2)

Epeid  anazhtoÔme lÔseic thc morf c thc dÐnhc, epilègoume:

Φ = exp(imφ) (2.3)

ìpou to m paÐrnei akèraiec timèc kai antiproswpeÔei th stroform  thc dÐnhc.
'Eqei deiqjeÐ ìti mÐa kal  epilog  gia to aktinikì mèroc eÐnai

R = tanh(δ · ρm) (2.4)

pou ikanopoieÐ tic oriakèc sunj kec lim
ρ→0

R = 0 kai lim
ρ→∞

R = 1. Blèpe [5]

Sthn ergasÐa aut , sthn opoÐa èqei basisteÐ meg�lo mèroc thc paroÔsac
diplwmatik c, èqei melethjeÐ h jemeli¸dhc lÔsh tou aploÔ solitonÐou, h opoÐa
m�lista faÐnetai na eÐnai arket� eustaj c.
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2.1 Epilog  tou qronikoÔ mèrouc.

'Eqontac epilèxei th morf  twn R kai Φ mènei mìno na epilèxoume mÐa
bolik  morf  gia to qronikì mèroc T . H melèth thc monodi�stathc NLSEsto
kef�laio pou prohg jhke mac dÐnei mia kal  idèa gia ti na perimènoume sthn
dik  mac perÐptwsh. H monodi�stath NLSE (exÐswsh 1.8) :

iΨz −
1

2
Ψtt − |Ψ|2 Ψ = 0 (2.5)

perigr�fei to aplopoihmèno prìblhma thc di�doshc tou palmoÔ, kat� thn opoÐa
den up�rqei egk�rsia ex�rthsh, i.e. ∇2

⊥ = 0.H exÐswsh aut  mporeÐ na lujeÐ
analutik� me thn teqnik  inverse scattering, en¸ o metasqhmatismìc Darboux
dÐnei th dunatìthta kataskeu c lÔsewn an¸terhc t�xhc apì  dh gnwstèc
lÔseic. Oi lÔseic autèc suqn� sto �peiro ekfulÐzontai se upèrjesh dÔo  
perissìterwn lÔsewn pr¸thc t�xhc, pr�gma pou dikaiologeÐ ton qarakthrismì
touc wc polusolitoniakèc. 'Opwc eÐdame sto prohgoÔmeno kef�laio, h jeme-
li¸dhc lÔsh thc exÐswshc 1.8, eÐnai h:

ψ = sech(t)e−i
z
2 (2.6)

Apì thn �llh pleur�, gia th jemeli¸dh lÔsh me topologikì fortÐo, èqei
deiqjeÐ sto [5] ìti h epilog 

T = sech(at) (2.7)

pou den eÐnai �llh apì th jemeli¸dh lÔsh tou monodi�statou probl matoc,
eÐnai parap�nw apì ikanopoihtik . Epomènwc eÐnai eÔlogo na upojèsoume ìti
kai oi lÔseic an¸terhc t�xhc tou monodi�statou probl matoc apoteloÔn mÐa
kal  endeixh gia th morf  antÐstoiqwn lÔsewn tou dikoÔ mac probl matoc. H
upìjesh aut  enisqÔetai apì to gegonìc ìti to prìblhm� mac ekfulÐzetai se
monodi�stato topik� gia ρ→∞.

Sto parìn kef�laio epiqeiroÔme na proseggÐsoume rujmoÔc tÔpou breather
se optikèc dÐnec. Oi rujmoÐ autoÐ parousi�zoun idiaÐtero endiafèron lìgw tou
ìti brÐskoun efarmog  se peript¸seic pou epijumeÐtai sumpÐesh tou arqikoÔ
palmoÔ kai diìti h analutik  morf  touc sth monodi�stath perÐptwsh eÐnai
shmantik� aploÔsterh apì �llec lÔseic deÔterhc t�xhc. O monodi�statoc
breather dÐnetai apì thn exÐswsh 1.23 kai h exèlix  tou apeikonÐzetai sto
sq ma 1.4.

Treic oi sunj kec pou prèpei kaneÐc na ikanopoi sei ex arq c kat� thn
epilog  tou ansatz gia to T :

1. To ansatz prèpei na eÐnai se jèsh na p�rei thn apl  morf  thc sech,
ìpwc sthn perÐptwsh z = 0 tou sq matoc 1.4.
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2. To ansatz prèpei na eÐnai epÐshc se jèsh na p�rei thn perÐplokh morf 
thc perÐptwshc z = π/4 tou sq matoc 1.4.

3. To ansatz prèpei na èqei epark¸c apl  analutik  morf , gia na exasfa-
lÐzetai h analutikìthta twn bhm�twn thc metabolik c mejìdou.

Na shmei¸soume ìti h ikanopoÐhsh twn parap�nw periorism¸n, eÐnai men
aparaÐthth, all� se kamÐa perÐptwsh den ja prèpei na jewrhjeÐ ìti eggu�tai
thn epituqÐa tou ansatz. H ikanopoÐhsh kai twn tri¸n sunjhk¸n tautìqrona
eÐnai k�je �llo apì tetrimmènh, kurÐwc diìti h perÐplokh morf  tou deÔterou
periorismoÔ èrqetai se sÔgkroush me thn apaÐthsh gia apl  analutik  èkfrash
tou trÐtou periorismoÔ.

'Ena par�deigma eÐnai h profan c epilog  thc parametropoihmènhc morf c
thc exÐswshc tou breather , dhlad  èna ansatz thc morf c:

ψ = 4A
3e−4ibz cosh(at) + cosh(3at)

3 cos(4bz) + 4 cosh(2at) + cosh(4at)
e−

ibz
2 (2.8)

ìpou A, a, kai b eÐnai par�metroi eleÔjerec na metab�llontai kat� th di�dosh.
EÐnai profanèc ìti h morf  aut  ikanopoieÐ tic dÔo pr¸tec sunj kec, entoÔtoic
h algebrik  poluplokìthta den mac epitrèpei na p�me makria, kaj¸c eÐnai
adÔnaton na brejeÐ analutik  èkfrash gia thn Effective Lagrangian. Pollèc
eÐnai oi pijanèc enallaktikèc pou aporrÐfjhkan, diìti den ikanopoioÔsan k�poia
apì tic parap�nw sunj kec, all� gia lìgouc suntomÐac, den krÐjhke skìpimo
na parousiastoÔn sthn paroÔsa diplwmatik .

2.2 Pr¸to ansatz.

To ansatz pou ja diereun soume èqei thn akìloujh morf :

Ψ = A sech[at] cos[bt] tanh[δ · ρm] ei(ωt+mφ+θ) (2.9)

ìpou A, a, b, δ, ω, θ par�metroi pou metab�llontai kat� th di�dosh. H
par�metrocA epitrèpei th metabol  tou pl�touc tou palmoÔ, en¸ oi par�metroi
a kai b kajorÐzoun to sq ma tou sth di�stash tou qrìnou. H par�metroc δ
kajorÐzei to eÔroc thc dÐnhc, h par�metroc ω epitrèpei thn allag  suqnìthtac
kat� th di�dosh, en¸ tèloc h par�metroc θ epitrèpei thn allag  f�shc kat�
th di�dosh kai eÐnai idiaÐtera shmantik , diìti ìpwc ja doÔme sth sunèqeia h
beltistopoÐhsh tou ansatz wc proc aut n thn par�metro isodunameÐ me thn
diat rhsh thc enèrgiac. Gia lìgouc algebrik c aplìthtac, ìlec oi par�metroi
eÐnai pragmatikèc. Enallaktik� ja mporoÔse na sugqwnèyei kaneÐc to A kai
to θ se mÐa migadik  par�metro A, elatt¸nontac ton arijmì twn sumbìlwn,
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all� ìqi kai twn paramètrwn, afoÔ h beltistopoÐhsh ja èprepe na gÐnei tìso
¸c proc to pragmatikì meroc, Re(A), ìso kai wc proc to fantastikì, Im(A),
  isodÔnama wc proc to A kai ton suzhg  tou, A∗.

To qronikì mèroc tou ansatz dÐnetai apì th sqèsh:

T (t, z) = sech[at] cos[bt] eiωt (2.10)

kai to mètro tou mporeÐ metaxÔ �llwn na p�rei tic morfèc pou apeikonÐzontai
sto sq ma 2.1. GÐnetai antilhptì ìti h parap�nw morf  proseggÐzei tic dÔo
akraÐec jèseic tou breather me meg�lh epituqÐa, den parousi�zei entoÔtoic
thn Ðdia epituqÐa ìson afor� ta endi�mesa st�dia. Parìla aut� eÐnai mia kal 
arqik  prosèggish kai gi autìn ton lìgo ja suneqÐsoume thn an�lush èqontac
p�nta up ìyh mac aut n thn eggen  adunamÐa.

(αʹ) |T (t, z)| για A = 2, a = 1 και b = 0. (βʹ) |T (t, z)| για A = 4, a = 1 και b = 1.3.

Sq ma 2.1: Dunatèc morfèc tou |T |. GÐnetai antilhptì ìti mporeÐ na
proseggÐsei ton breather me meg�lh epituqÐa.

2.2.1 Upologismìc thc Effective Lagrangian.

Arqik� antikajistoÔme sthn exÐswsh 1.25, pou ekfr�zei th Lagrangian
Density kai pou gia eukolÐa thn parajètoume kai ed¸, to ansatz thc exÐswshc
2.9.

L = i (ψ∗ψz − ψ∗zψ)− |Ψρ|2 −
|Ψφ|2

ρ2
+ |Ψt|2 − |Ψ|4 (2.11)

'Eqoume:

30



|Ψ|4 = (Ψ Ψ∗)2

Ψ Ψ∗ = A2 sech2[at] cos2[bt] tanh2[δ · ρm]

Ψρ = m δ ρm−1 A sech[at] cos[bt] sech2[δρm] ei(ωt+mφ+θ)

Ψρ Ψ∗ρ = m2 δ2 ρ2m−2A2 sech2[at] cos2[bt] sech4[δρm]

Tt = −sech[at] [b sin[bt] + a cos[bt]tanh[at]] eiωt + iω sech[at]cos[bt]eiωt

Tt T
∗
t = sech2[at] [b sin[bt] + a cos[bt]tanh[at]]2 + ω2 sech2[at]cos2[bt]

Φφ = im ei[mφ+θ]

Φφ Φ∗φ = m2

i(Ψ∗Ψz −ΨΨ∗z) = i

[
2i
dθ

dz
+ 2it

dω

dz

]
|Ψ|2 = −2

dθ

dz
|Ψ|2 − 2t

dω

dz
|Ψ|2

Epomènwc h Lagnangian Density ja eÐnai:

L = − 2
dθ

dz
|Ψ|2 − 2t

dω

dz
|Ψ|2 −m2 δ2 ρ2m−2 sech4[δρm]A2|T |2 −m2 |Ψ|2

ρ2
+{

sech2[at] [b sin[bt] + a cos[bt]tanh[at]]2 + ω2 sech2[at]cos2[bt]
}
A2|R|2−

− A4|T |4|R|4
(2.12)

'Estw:

L1 ≡
∫ ∞
−∞
L dt (2.13)

Gia ton upologismì thc L1 eÐnai aparaÐthto na upologÐsoume ta akìlouja
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oloklhr¸mata:

It1 ≡
∫ ∞
−∞

TT ∗ dt =

∫ ∞
−∞

sech2[at]cos2[bt] dt =
1

a
+
bπ

a2
csch

[
bπ

a

]
, (2.14)

It2 ≡
∫ ∞
−∞

(TT ∗)2 dt =

∫ ∞
−∞

sech4[at]cos4[bt] dt =

1

2a
+
bπ
(
a2 + 4b2 + 4 (a2 + b2) cosh

(
bπ
a

))
csch

(
2bπ
a

)
3a4

,

(2.15)

It3 ≡
∫ ∞
−∞

(TtT
∗
t ) dt =

= b2
∫ ∞
−∞

sin2[bt]sech2[at] dt+ 2ab

∫ ∞
−∞

sin[bt]cos[bt]tanh[at]sech2[at] dt+

+ a2

∫ ∞
−∞

cos2[bt]tanh2[at]sech2[at] dt+ ω2

∫ ∞
−∞

sech2[at]cos2[bt] dt,

(2.16)

b2
∫ ∞
−∞

sin2[bt]sech2[at] dt =
b2

a2

(
a− bπ csch

[
bπ

a

])
, (2.17)

2ab

∫ ∞
−∞

sin[bt]cos[bt]tanh[at]sech2[at] dt =

= ab

∫ ∞
−∞

sin[2bt]tanh[at]sech2[at] dt =
b2

a2
· 2bπ csch

[
bπ

a

]
,

(2.18)

a2

∫ ∞
−∞

cos2[bt]tanh2[at]sech2[at] dt =
a

3
+

1

3

[
1− b2

a2

]
bπ csch

[
bπ

a

]
,

(2.19)
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ω2

∫ ∞
−∞

sech2[at]cos2[bt] dt =
ω2

a
+
ω2

a2
πb csch

[
bπ

a

]
, (2.20)

Epomènwc

It3 ≡
∫ ∞
−∞

TtT
∗
t dt =

b2 + ω2

a
+
a

3
+

[
1

3
+

2b2

3a2
+
ω2

a2

]
bπ csch

[
bπ

a

]
, (2.21)

It4 ≡
∫ ∞
−∞

t TtT
∗
t dt = 0. (2.22)

SÔmfwna me ta parap�nw:

L1 =− 2
dθ

dz
A2R2It1 −m2 δ2 ρ2m−2 sech4[δρm]A2It1 −m2A

2R2It1
ρ2

+

+ A2R2It3 − A4R4It2
(2.23)

To epìmeno b ma eÐnai h olokl rwsh L1 wc proc ρ. Lìgw thc morf c tou
ansatz, ta oloklhr¸mata den sugklÐnoun. Gi autì to lìgo, ja upologÐsoume
to olokl rwma:

L2 =

∫ ρ0

0

ρ L1 dρ (2.24)

Kai stic exis¸seic Euler - Lagrange ja p�roume to ìrio ρ0 → ∞. Gia ton
upologismì thc L2 prèpei na upologÐsoume ta akìlouja oloklhr¸mata:

I0 ≡
∫ ρ0

0

ρ RR∗ dρ =

∫ ρ0

0

ρ tanh2[δρm] dρ (2.25)

To olokl rwma thc sqèshc 2.25 den mporeÐ na upologisteÐ, all� lamb�nontac
up ìyh to gegonìc ìti h par�stash tanh2[δρm] teÐnei polÔ gr gora sth
mon�da, mporeÐ kaneÐc eÔkola na deÐxei ìti:

I0 =
1

2
ρ2

0 +O(1) (2.26)

I1 ≡
∫ ρ0

0

ρ RρR
∗
ρ dρ = m2δ2

∫ ρ0

0

ρ2m−1sech4[δρm]
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K�nontac thn antikat�stash: r = δ ρm, dr = mδ ρm−1dρ, r0 = δ ρm0 , paÐrnoume:

I1 = m

∫ r0

0

r sech4[r]dr = m
4e4r0 (3 + e2r0) r0

3 (1 + e2r0)3 +

m
e3r0 cosh [r0]

[
2− 16 ln (1 + e2r0) cosh2 [r0] + 8 ln(2) + cosh [2r0] (8 ln(2)− 2)

]
3 (1 + e2r0)3

(2.27)

EÔkola prokÔptei:

lim
ρ0→∞

I1 = m
4 ln(2)− 1

6
(2.28)

I2 ≡
∫ ρ0

0

ρ (RR∗)2 = I1 ≡
∫ ρ0

0

ρ tanh4[δ ρm] dρ (2.29)

Entel¸c ìmoia me to I0 prokÔptei gia ρ0 →∞:

I2 =
1

2
ρ2

0 +O(1) (2.30)

Me an�logo skeptikì upologÐzetai kai to teleutaÐo olokl rwma:

I3 ≡
∫ ρ0

0

1

ρ
RR∗ dρ (2.31)

Pou sto ρ0 →∞ gÐnetai:

I3 = ln(ρ0) +O(1) (2.32)

Epomènwc

L2 = −2
dθ

dz
A2I0It1 − A2I1It1 −m2A2I3It1 + A2I0It3 − A4 I2It2 (2.33)

Epeid  h L2 den exart�tai apì to φ, h olokl rwsh wc proc φ den prosfèrei
par� mÐa pollaplasiastik  stajer� sthn Effective Lagrangian. Epomènwc
mporoÔme na epilèxoume:

L = L2 (2.34)
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2.2.2 Oi exis¸seic Euler-Lagrange.

SÔmfwna me thn an�lush pou prohg jhke, h exÐswsh δS = 0 eÐnai isodÔnamh
me to akìloujo sÔnolo exis¸sewn:

d

dz

∂L

∂Az
− ∂L

∂A
= 0 (2.35)

d

dz

∂L

∂az
− ∂L

∂a
= 0 (2.36)

d

dz

∂L

∂bz
− ∂L

∂b
= 0 (2.37)

d

dz

∂L

∂ωz
− ∂L

∂ω
= 0 (2.38)

d

dz

∂L

∂θz
− ∂L

∂θ
= 0 (2.39)

d

dz

∂L

∂δz
− ∂L

∂δ
= 0 (2.40)

Na parathr soume ìti oi paragwgÐseic stic exis¸seic 2.35 - 2.39 den
ephre�zoun ta oloklhr¸mata I0,. . . ,I3 kai epomènwc met� thn efarmog  tou
orÐou ρ0 → ∞ kai th diaÐresh me 1

2
ρ2

0 ja meÐnoun mìno oi kurÐarqoi ìroi,
dhlad  autoÐ pou pollaplasi�zontai me to I0   to I2.

Epomènwc:

(2.35)⇒ 2
dθ

dz
It1 = It3 − 2A2It2 (2.41)

(2.36)⇒ 2
dθ

dz

∂It1
∂a

=
∂It3
∂a
− A2∂It2

∂a
(2.42)

(2.37)⇒ 2
dθ

dz

∂It1
∂b

=
∂It3
∂b
− A2∂It2

∂b
(2.43)

(2.38)⇒ 2
dθ

dz

∂It1
∂ω

=
∂It3
∂ω
− A2∂It2

∂ω
(2.44)

'Eqoume epÐshc:

(2.39)⇒ ∂

∂z

[
A2I0It1

]
⇒ ∂

∂z

[
A2 It1

]
I0 + A2 It1

∂

∂z
I0 = 0 (2.45)
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Epeid  to ∂
∂z
I0 eÐnai peperasmèno, h parap�nw exÐswsh telik� dÐnei:

∂

∂z

[
A2It1

]
= 0⇒ A2

a
+
A2 π b

a2
csch

[
b π

a

]
= E (2.46)

'Opou E mia stajer� pou ekfr�zei thn enèrgeia tou palmoÔ.
Tèloc, h exÐswsh 2.40 dÐnei:

− 2
dθ

dz
A2 It1

d

dδ
I0 − A2 It1

d

dδ
I1 −m2A2 It1

d

dδ
I3+

+ A2 It3
d

dδ
I0 − A4 It2

d

dδ
I2 = 0

(2.47)

Ta oloklhr¸mata d
dδ
I0, . . . , d

dδ
I3 eÐnai ìla peperasmèna kai lìgw thc

periplokìtht�c touc mporoÔn na upologistoÔn mìno gia m = 1 kai m = 2.
Oi exis¸seic 2.41,. . . ,2.44 kai 2.46 apoteloÔn èna sÔnolo pènte exis¸sewn

me pènte agn¸stouc (thn par�gwgo tou θ kai tic timèc twn A, a, b kai ω), pou
mporeÐ na lujeÐ autotel¸c, anex�rthta dhlad  apì thn exÐswsh 2.47. H tim 
tou δ prosdiorÐzetai apì thn exÐswsh 2.47 met� th lÔsh tou sust matoc. To
prìblhma eÐnai ìti to sÔsthma perièqei rht� mìno thn par�gwgo tou θ kai ètsi
ekfulÐzetai se mÐa exÐswsh thc morf c:

f(θz, A, a, b, ω) = 0 (2.48)

kai èna algebrikì sÔsthma 4 × 4 gia tic metablhtèc A, a, b kai ω. Me �lla
lìgia, h lÔsh twn exis¸sewn Euler –Lagrange ja d¸sei st�simec lÔseic gia
tic paramètrouc tou qronikoÔ mèrouc, k�ti pou bèbaia den eÐnai apodektì gia
polusolitoniakèc lÔseic. H parat rhsh aut  m�c odhgeÐ sthn anaz thsh nèou
ansatz.

2.3 DeÔtero ansatz.

Anazht¸ntac touc lìgouc apotuqÐac tou pr¸tou ansatz, parathreÐ kaneÐc
ìti sthn Effective Lagrangian apousi�zei h par�gwgoc tou ω, lìgw tou mhdeni-

smoÔ tou I t4. 'Etsi o ìroc
∂

∂z

∂L

∂ωz
eÐnai mhdenikìc kai ìpwc eÐdame katal goume

me èna algebrikì antÐ gia èna dunamikì sÔsthma.
Gia na to apofÔgoume autì, tropopoioÔme to ansatz wc ex c:

Ψ = A sech[at] cos[bt] tanh[δ · ρm] ei(
ω
2
t2+mφ+θ) (2.49)

To qronikì mèroc t¸ra eÐnai:

T (t, z) = sech[at] cos[bt] ei
ω
2
t2 (2.50)
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ìpou èqei sumperilhfjeÐ èna grammikì chirp pl�touc
ω

2
. To chirp epitrèpei

sthn suqnìthta tou palmoÔ na all�zei grammik� me ton qrìno, k�ti pou gia
meg�lec timèc tou t den mporeÐ na eÐnai fusik� apodektì, giatÐ tìte paÔei na
isqÔei h prosèggish tou arg� metaballìmenou fakèlou kai katarrÐptetai h
isqÔc thc NLSE. H qr sh tou wstìso mporeÐ na aitiologhjeÐ, lamb�nontac
up ìyh ton qronik� entopismèno qarakt ra twn lÔsewn kaj¸c kai ton pro-
seggistikì qarakt ra thc metabolik c mejìdou. 'Allwste to chirp èqei qrh-
simopoihjeÐ suqn� se an�loga probl mata [3] kai h anagkaiìthta tou gÐnetai
emfan c apì thn apotuqÐa tou prohgoÔmenou montèlou. PalmoÐ me chirp qrh-
simopoioÔntai stic thlepikoinwnÐec twn optik¸n in¸n, kaj¸c èqei parathrhjeÐ
ìti me autìn ton trìpo mporeÐ na auxhjeÐ to mègisto m koc metaxÔ dÔo dia-
doqik¸n enisqut¸n [6]. Sthn pragmatikìthta ìlh h prohgoÔmenh an�lush ja
mporoÔse na eÐqe paraleifjeÐ, all� tìte ja  tan dÔskolo na exhg soume touc
lìgouc pou mac od ghsan sthn epilog  tou ansatz thc exÐswshc 2.49.

Ta b mata pou akoloujoÔn eÐnai an�loga me aut� thc prohgoÔmenhc enì-
thtac.

2.3.1 Upologismìc thc Effective Lagrangian.

'Eqoume:

|Ψ|4 = (Ψ Ψ∗)2

Ψ Ψ∗ = A2 sech2[at] cos2[bt] tanh2[δ · ρm]

Ψρ = m δ ρm−1 A sech[at] cos[bt] sech2[δρm] ei(ωt+mφ+θ)

Ψρ Ψ∗ρ = m2 δ2 ρ2m−2A2 sech2[at] cos2[bt] sech4[δρm]

Tt = −sech[at] [b sin[bt] + a cos[bt]tanh[at]] ei
ω
2
t2 + iω t sech[at]cos[bt]ei

ω
2
t2

Tt T
∗
t = sech2[at] [b sin[bt] + a cos[bt]tanh[at]]2 + ω2 t2 sech2[at]cos2[bt]

Φφ = im ei[mφ+θ]

Φφ Φ∗φ = m2

i(Ψ∗Ψz −ΨΨ∗z) = i

[
2i
dθ

dz
+ it2

dω

dz

]
|Ψ|2 = −2

dθ

dz
|Ψ|2 − 2

dω

dz

t2

2
|Ψ|2

Epomènwc h Lagnangian Density ja eÐnai:
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L = − 2
dθ

dz
|Ψ|2 − 2

dω

dz

t2

2
|Ψ|2 −m2 δ2 ρ2m−2 sech4[δρm]A2|T |2 −m2 |Ψ|2

ρ2
+{

sech2[at] [b sin[bt] + a cos[bt]tanh[at]]2 + ω2 sech2[at]cos2[bt]
}
A2|R|2−

− A4|T |4|R|4
(2.51)

'Opwc kai prohgoumènwc, jètoume:

L1 ≡
∫ ∞
−∞
L dt (2.52)

Gia ton upologismì thc L1 eÐnai aparaÐthto na upologÐsoume ta akìlouja
oloklhr¸mata, merik� apì ta opoÐa èqoun  dh upologisteÐ sthn prohgoÔmenh
enìthta kai paratÐjentai ed¸ gia kalÔterh epopteÐa:

I t1 ≡
∫ ∞
−∞

TT ∗ dt =

∫ ∞
−∞

sech2[at]cos2[bt] dt =
1

a
+
bπ

a2
csch

[
bπ

a

]
, (2.53)

I t2 ≡
∫ ∞
−∞

(TT ∗)2 dt =

∫ ∞
−∞

sech4[at]cos4[bt] dt =

1

2a
+
bπ
(
a2 + 4b2 + 4 (a2 + b2) cosh

(
bπ
a

))
csch

(
2bπ
a

)
3a4

,

(2.54)

(2.55)
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I t3 ≡
∫ ∞
−∞

(TtT
∗
t )2 dt =

= b2
∫ ∞
−∞

sin2[bt]sech2[at] dt+ 2ab

∫ ∞
−∞

sin[bt]cos[bt]tanh[at]sech2[at] dt+

+ a2

∫ ∞
−∞

cos2[bt]tanh2[at]sech2[at] dt+ ω2

∫ ∞
−∞

t2sech2[at]cos2[bt] dt,

(2.56)

b2
∫ ∞
−∞

sin2[bt]sech2[at] dt =
b2

a2

(
a− bπ csch

[
bπ

a

])
, (2.57)

2ab

∫ ∞
−∞

sin[bt]cos[bt]tanh[at]sech2[at] dt =

= ab

∫ ∞
−∞

sin[2bt]tanh[at]sech2[at] dt =
b2

a2
· 2bπ csch

[
bπ

a

]
,

(2.58)

a2

∫ ∞
−∞

cos2[bt]tanh2[at]sech2[at] dt =
a

3
+

1

3

[
1− b2

a2

]
bπ csch

[
bπ

a

]
,

(2.59)

ω2

∫ ∞
−∞

t2sech2[at]cos2[bt] dt =

=
1

12 a4

[
aπ2ω2 − 3π csch

[
bπ

a

] [
2π

[
bπ csch2

[
bπ

a

]
− a coth

[
bπ

a

]]
ω2 + bπ2ω2

]]
(2.60)

Epomènwc

I t3 ≡
∫ ∞
−∞

TtT
∗
t dt =

b2

a
+
a

3
+

[
1

3
+

2b2

3a2

]
bπ csch

[
bπ

a

]
+

1

12 a4
[aπ2ω2−

− 3π csch

[
bπ

a

] [
2π

[
bπ csch2

[
bπ

a

]
− a coth

[
bπ

a

]]
ω2 + bπ2ω2

]
],

(2.61)

(2.62)
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I t4 ≡
∫ ∞
−∞

t2

2
TtT

∗
t dt =

1

96a4
π2csch3

[
bπ

a

]
·

·
[
−6π cosh

[
2bπ

a

]
b− 18πb+ a

[
−3 sinh

[
bπ

a

]
+ 12 sinh

[
2bπ

a

]
+ sinh

[
3bπ

a

]]]
(2.63)

SÔmfwna me ta parap�nw:

L1 =− 2
dθ

dz
A2R2I t1 − 2

dω

dz
A2R2I t4 −m2 δ2 ρ2m−2 sech4[δρm]A2I t1−

−m2A
2R2I t1
ρ2

+ A2R2I t3 − A4R4I t2

(2.64)

To epìmeno b ma eÐnai h olokl rwsh thc L1 wc proc ρ kai den diafèrei se
tÐpota me thn antÐstoiqh an�lush thc prohgoÔmenhc enìthtac. Ed¸ paratÐjetai
mìno to apotèlesma:

L2 = −2
dθ

dz
A2I0I

t
1−2

dω

dz
A2I0I

t
4−A2I1I

t
1−m2A2I3I

t
1+A2I0I

t
3−A4 I2I

t
2 (2.65)

'Opwc kai prohgoumènwc, epeid  h L2 den exart�tai apì to φ, h olokl rwsh
wc proc φ den prosfèrei par� mÐa pollaplasiastik  stajer� sthn Effective
Lagrangian, mporoÔme na epilèxoume:

L = L2 (2.66)

2.3.2 Oi exis¸seic Euler-Lagrange.

Oi exis¸seic Euler-Lagrange eÐnai:
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d

dz

∂L

∂Az
− ∂L

∂A
= 0 (2.67)

d

dz

∂L

∂az
− ∂L

∂a
= 0 (2.68)

d

dz

∂L

∂bz
− ∂L

∂b
= 0 (2.69)

d

dz

∂L

∂ωz
− ∂L

∂ω
= 0 (2.70)

d

dz

∂L

∂θz
− ∂L

∂θ
= 0 (2.71)

d

dz

∂L

∂δz
− ∂L

∂δ
= 0 (2.72)

Na parathr soume ìti, ìpwc prohgoumènwc, ètsi kai t¸ra, oi paragwgÐseic
stic exis¸seic 2.67 - 2.71 den ephre�zoun ta oloklhr¸mata I0,. . . ,I3 kai epomènwc
met� thn efarmog  tou orÐou ρ0 →∞ kai th diaÐresh me 1

2
ρ2

0 ja meÐnoun mìno
oi ìroi pou pollaplasi�zontai me to I0   to I2. 'Etsi paÐrnoume

(2.67)⇒ 2
dθ

dz
I t1 + 2

dω

dz
I t4 = I t3 − 2A2I t2 (2.73)

(2.68)⇒ 2
dθ

dz

∂I t1
∂a

+ 2
dω

dz

∂I t4
∂a

=
∂I t3
∂a
− A2∂I

t
2

∂a
(2.74)

(2.69)⇒ 2
dθ

dz

∂I t1
∂b

+ 2
dω

dz

∂I t4
∂b

=
∂I t3
∂b
− A2∂I

t
2

∂b
(2.75)

'Eqoume epÐshc:

(2.70)⇒ d

dz

[
−A2I0I

t
4

]
− A2I0

∂I t3
∂ω

= 0 (2.76)

(2.71)⇒ ∂

∂z

[
A2I0I

t
1

]
⇒ ∂

∂z

[
A2 I t1

]
I0 + A2 I t1

∂

∂z
I0 = 0 (2.77)

Epeid  to ∂
∂z
I0 eÐnai peperasmèno, oi parap�nw exÐswseic telik� dÐnoun:
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2
d

dz

[
A2I t4

]
+ A2∂I

t
3

∂ω
= 0 (2.78)

d

dz

[
A2I t1

]
= 0⇒ A2

a
+
A2 π b

a2
csch

[
b π

a

]
= E (2.79)

'Opou E mia stajer� pou ekfr�zei thn enèrgeia tou palmoÔ. 'H se aneptugmènh
morf :

4AzI
t
4 + 2azA

∂I t4
∂a

+ 2bzA
∂I t4
∂b

+ A
∂I t3
∂ω

= 0 (2.80)

2AzI
t
1 + azA

∂I t1
∂a

+ bzA
∂I t1
∂b

= 0 (2.81)

Tèloc, h exÐswsh 2.72 dÐnei:

− 2
dθ

dz
A2 I t1

∂

∂δ
I0 − 2

dω

dz
A2 I t4

∂

∂δ
I0 − A2 I t1

∂

∂δ
I1−

−m2A2 I t1
∂

∂δ
I3 + A2 I t3

∂

∂δ
I0 − A4 I t2

∂

∂δ
I2 = 0

(2.82)

Ta oloklhr¸mata
∂

∂δ
I0, . . . ,

∂

∂δ
I3 eÐnai ìla peperasmèna, all� lìgw thc

periplokìtht�c touc mporoÔn na upologistoÔn analutik� mìno gia m = 1 kai
m = 2.

2.3.3 Upologismìc twn ∂
∂δI0, . . . ,

∂
∂δI3

Epeid  ta oloklhr¸mata eÐnai peperasmèna, ja p�roume ρ0 =∞. Se ìlec
oi isìthtec pou akoloujoÔn ja ennoeÐtai ρ0 =∞, r0 =∞.

Upologismìc gia m = 1:

∂

∂δ
I0 =

∫ ∞
0

2ρm+1 sech2[δ ρm] tanh[δ ρm] dρ (2.83)

Opìte gia m = 1 ja eÐnai:

∂

∂δ
I0 =

∫ ∞
0

2ρ2 sech2[δ ρ] tanh[δ ρ] dρ =
ln(2)

δ3
(2.84)
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∂

∂δ
I1 =

∂

∂δ

[
m2 δ2

∫ ∞
0

2ρ2m−1 sech4[δ ρm] dρ

]
= 2m2 δ

∫ ∞
0

2ρ2m−1 sech4[δ ρm] dρ−

− 4m2δ2

∫ ∞
0

2ρ3m−1 sech4[δ ρm]tanh[δ ρm] dρ (2.85)

All�, k�nontac thn antikat�stash r = δ ρm, dr = mδ ρm−1 dρ, prokÔptei:

I1 =

∫ ∞
0

r sech4[r] dr (2.86)

Dhlad  to I1 eÐnai anex�rthto tou δ. Opìte:

∂

∂δ
I1 = 0 (2.87)

∂

∂δ
I2 =

∂

∂δ

∫ ρ0

0

ρ tanh4[δ ρm] dρ = 4

∫ ρ0

0

ρm+1 sech2[δ ρm] tanh3[δ ρm] dρ

(2.88)
Opìte, gia m = 1

∂

∂δ
I2 = 4

∫ ∞
0

ρ2 sech2[δ ρ] tanh3[δ ρ] dρ =
1 + 8 ln(2)

3 δ3
(2.89)

∂

∂δ
I3 =

∂

∂δ

∫ ρ0

0

1

ρ
tanh2[δ ρm] dρ = 2

∫ ρ0

0

ρm−1 sech2[δ ρm] tanh[δ ρm] dρ

(2.90)
Gia m = 1 eÐnai:

∂

∂δ
I3 = 2

∫ ∞
0

sech2[δ ρ] tanh[δ ρ] dρ =
1

δ
(2.91)

Upologismìc gia m = 2

Gia m = 2 k�noume thn allag  metablht¸n: r = δ ρ2, dr = 2 δ ρ dρ.
Opìte:

∂

∂δ
I0 =

1

δ

∫ r0

0

r sech2[r] tanh[r] dr =
1

2 δ2
(2.92)

EpÐshc, isqÔei gia k�je m:
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m = 1 m = 2
∂

∂δ
I0

2 ln(2)

δ3

1

2δ2

∂

∂δ
I1 0 0

∂

∂δ
I2

1 + 8 ln(2)

3δ3

2

3δ2

∂

∂δ
I3

1

δ

1

2δ

PÐnakac 2.1: Oi analutikèc ekfr�seic twn parag¸gwn twn Ii wc proc δ gia
m = 1 kai m = 2.

∂

∂δ
I1 = 0 (2.93)

Akìmh:

∂

∂δ
I2 =

2

δ2

∫ r0

0

r sech2[r] tanh3[r] dr =
2

3 δ2
(2.94)

Tèloc,

∂

∂δ
I3 =

1

δ

∫ r0

0

sech2[r] tanh[r] dr =
1

2 δ
(2.95)

Ta apotelèsmata sunoyÐzontai ston pÐnaka 2.1.

2.3.4 EpÐlush twn exis¸sewn

.
EÐnai emfanèc ìti to sÔsthma twn èxi exis¸sewn Euler–Lagrange mporeÐ na

qwristeÐ se èna sÔsthma pènte peplegmènwn exis¸sewn (exis¸seic 2.73, 2.74,
2.75, 2.80, 2.81) kai miac anex�rththc exÐswshc (exÐswsh 2.82) thc opoÐac h
lÔsh mporeÐ na brejeÐ met� thn lÔsh tou sust matoc twn pènte peplegmènwn
exis¸sewn. To sÔsthma eÐnai thc morf c:

(2.73)
(2.74)
(2.75)
(2.80)
(2.81)


x1 1 x1 2 0 0 0
x2 1 x2 2 0 0 0
x3 1 x3 2 0 0 0
0 0 x4 3 x4 4 x4 5

0 0 x5 3 x5 4 x5 5



θz
ωz
Az
az
bz

 = B
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kai eÐnai profanèc ìti den lÔnetai, par� mìno e�n paragwgisteÐ mÐa apì tic
treic pr¸tec exis¸seic.

Apì tic pr¸tec dÔo (exis¸seic 2.73 kai 2.74) upologÐzoume tic ekfr�seic
twn θz kai ωz sunart sei twn A, a, b kai ω:

θz = K(A, a, b, ω) (2.96)

ωz = M(A, a, b, ω) (2.97)

Antikajist¸ntac sthn exÐswsh 2.75, paÐrnoume:

2K
∂I t1
∂b

+ 2M
∂I t4
∂b

=
∂I t3
∂b
− A2 ∂I

t
2

∂b
(2.98)

Jètontac P (A, a, b, ω) = 2K
∂I t1
∂b

kai R(A, a, b, ω) = 2M
∂I t4
∂b

, paÐrnoume

P +R + A2 ∂I
t
2

∂b
− ∂I t3

∂b
= 0 (2.99)

Onom�zontac:

Q = P +R + A2 ∂I
t
2

∂b
− ∂I t3

∂b

h prohgoÔmenh exÐswsh gr�fetai:

Q = 0 (2.100)

ParagwgÐzontac thn exÐswsh 2.100 paÐrnoume:

Az
∂Q

∂A
+ az

∂Q

∂a
+ bz

∂Q

∂b
+K

∂Q

∂ω
= 0 (2.101)

k�nontac touc upologismoÔc prokÔptei
∂Q

∂ω
= 0, opìte:

Az
∂Q

∂A
+ az

∂Q

∂a
+ bz

∂Q

∂b
= 0 (2.102)

H parap�nw exÐswsh mazÐ me tic exis¸seic 2.81 kai 2.80 apoteloÔn èna
sÔsthma 3× 3, pou èqei lÔsh :

Az = f1(A, a, b, ω)

az = f2(A, a, b, ω)

bz = f3(A, a, b, ω)
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SunoyÐzontac, mèqri stigm c èqoume kataskeu�sei èna sÔsthma lÔsewn:

Az = f1(A, a, b, ω)

az = f2(A, a, b, ω)

bz = f3(A, a, b, ω)

θz = K(A, a, b, ω)

ωz = M(A, a, b, ω)

Epeid  mÐa apì tic exis¸seic tou arqikoÔ sust matoc proèrqetai apì pa-
rag¸gish (exÐswsh 2.102) to anwtèrw sÔsthma ja sunodeÔetai upoqrewtik�
apì thn:

Q = 0

gia tic arqikèc sunj kec.
To sÔsthma autì mporeÐ na lujeÐ arijmhtik�. H diadikasÐa eÐnai idiaÐtera

epÐponh, kaj¸c oi analutikèc ekfr�seic tou sust matoc eÐnai exairetik� ma-
kroskeleÐc. Up' aut n thn ènnoia h apaÐthsh gia analutikìthta ikanopoieÐtai
oriak�.

2.3.5 Ta arijmhtik� apotelèsmata.

To sÔsthma pou kataskeu�same sthn prohgoÔmenh enìthta eÐnai exairetik�
perÐploko kai oi oriakèc sunj kec ja prèpei na epilegoÔn me meg�lh prosoq .
IdiaÐtera shmantikì eÐnai to gegonìc ìti paÐrnoume periodikèc lÔseic, gegonìc
pou aux�nei tic pijanìthtec na èqoume proseggÐsei merikèc pragmatikèc lÔseic
thc NLSE. H meg�lh arijmhtik  duskolÐa ègkeitai sto gegonìc ìti oi lÔseic
emfanÐzoun periodik  sumperifor� kai tautìqrona parousi�zoun apìtomec me-
tabolèc se qrìnouc polÔ mikroÔc e�n sugkrijoÔn me thn perÐodo. Autì
praktik� shmaÐnei ìti h arijmhtik  lÔsh sp�nia upologÐzetai me kal  akrÐbeia.
Dustuq¸c stic perissìterec twn peript¸sewn to sÔsthma pèftei se ast�jeia
kai o algìrijmoc den epistrèfei k�poia ikanopoihtik  lÔsh.

'Ena apì ta lÐga paradeÐgmata gia ta opoÐa èqoume ikanopoihtik  lÔsh eÐnai
autì me tic arqikèc sunj kec:

A0 = 0.02

a0 = 0.01

b0 = 0.083

ω0 = 0

θ0 = 0
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H tim  tou b0 prosdiorÐsthke apì thn sunj kh Q = 0. Ed¸ èqoume
ekmetalleuteÐ ton metasqhmatismì thc klÐmakac, sÔmfwna me ton opoÐon, e�n
h ψ eÐnai lÔsh thc NLSE, tìte eÐnai lÔsh kai h aψ(at, ar, φ, a2z), kai ètsi
diair¸ntac gia par�deigma tic arqikèc sunj kec me to 100, h exèlixh kata th
di�dosh eÐnai 10000 forèc pio arg , pou shmaÐnei ìti to prìblhma exomalÔnetai
kai autì suqn� dieukolÔnei thn arijmhtik  epÐlush. H lÔsh pou paÐrnoume
parousi�zetai sto sq ma 2.4

Kat� th di�dosh oi ìlec oi par�metroi tou ansatz all�zoun periodik� me
koin  perÐodo, ektìc apì thn par�metro θ, pou eikonÐzetai sto sq ma 2.4(dþ)
h opoÐa ìntac par�metroc pou ekfr�zei gwnÐa eÐnai upèrjesh miac grammik c
sun�rthshc kai miac periodik c me perÐodo Ðsh me aut n twn upoloÐpwn. H
par�metroc ω (sq ma 2.4(eþ)), pou antistoiqeÐ sto chirp, diathreÐ mikrèc timèc
kat� th di�dosh, k�ti pou ìpwc èqoume  dh tonÐsei eÐnai aparaÐthto gia na èqei
h lÔsh mac fusik  shmasÐa. 'Oson afor� thn arijmhtik  akrÐbeia, epibebai¸ne-
tai o isqurismìc mac gia tautìqronec apìtomec metabolèc tìso twn tim¸n twn
parag¸gwn ìso kai twn Ðdiwn twn metablht¸n (eidik� sthn perÐptwsh tou ω
èqoume polÔ apìtomec posostiaÐec metabolèc), gegonìc pou dusqeraÐnei thn
epÐlush, kaj¸c to b ma tou algorÐjmoÔ prèpei na p�rei polÔ mikrèc timèc
sthn sugkekrimènh perioq . H swst  epilog  tou algorÐjmou paÐzei polÔ
shmantikì rìlo gia thn epituqÐa thc arijmhtik c mejìdou.

'Enac trìpoc na elègxoume thn akrÐbeia eÐnai na koit�xoume th metabol 
thc enèrgeiac kat� thn di�dosh. Kanonik� h enèrgeia ja prèpei na diathreÐtai,
k�ti pou, ìpwc faÐnetai kajar� apì to sq ma 2.4(�þ), den isqÔei. Par ìla aut�
mporoÔme na doÔme ìti se di�sthma dÔo periìdwn h enèrgeia paramènei stajer 
me akrÐbeia tri¸n shmantik¸n yhfÐwn. Na shmei¸soume ìti h mh diat rhsh thc
enèrgeiac den èqei na k�nei me k�poia apotuqhmènh epilog  tou ansatz, all�
eÐnai kajar� jèma kak c akrÐbeiac thc arijmhtik c mejìdou. 'Opwc eÐdame
prohgoumènwc, h diat rhsh thc enèrgeiac isodunameÐ me th beltistopoÐhsh
wc proc th fasik  par�metro θ, dhlad  me mÐa apì tic exis¸shc tou proc
epÐlush sust matoc. H ex ghsh brÐsketai stic summetrÐec thc NLSE kai
sugkekrimèna sth summetrÐa wc proc thn allag  thc f�shc. SÔmfwna me to
je¸rhma thc Noether eÐnai h sugkekrimènh summetrÐa pou odhgeÐ sthn arq 
diat rhshc thc enèrgeiac. Autì eÐnai arket� profanèc, an analogistoÔme ìti
ergazìmaste ston q¸ro thc suqnìthtac kai ìti klassik� h diat rhsh thc
enèrgeiac proèrqetai apì thn omogèneia tou qrìnou, dhlad  th summetrÐa wc
proc tic qronikèc metatopÐseic. H parat rhsh aut  eÐnai exairetik� shmantik ,
diìti dÐnei mÐa ex ghsh gia touc lìgouc gia touc opoÐouc h fasik  par�metroc
θ eÐnai ek twn wn ouk �neu gia èna epituqhmèno antsatz.

Tèloc, ja prèpei na axiolog soume ta apotelèsmata, gia na doÔme e�n
ìntwc katafèrame na proseggÐsoume ton breather   kapoia �llh pijan  lÔsh
tou probl matoc. ParathroÔme ìti up�rqei periodikìthta kaj¸c kai sumpÐesh
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Sq ma 2.2: DÔo diadoqikèc f�seic tou palmoÔ kat� th di�dosh.

Sq ma 2.3: O lìgoc
a

b
kat� th di�dosh.

tou palmoÔ kat� th di�dosh ìpwc faÐnetai kai apì ta sq mata 2.4(aþ) –2.4(gþ).
Apì thn �llh to sq ma 2.2 deÐqnei ìti, e�n pr�gmati katafèrame na prose-
ggÐsoume k�poia lÔsh, tìte eÐte aut  ja eÐnai polÔ uyhlìterhc t�xhc apì
aut n tou breather, eÐte h prosèggish den eÐnai polÔ kal . Teloc to sq ma
2.3 deÐqnei ìti o lìgoc a/b paramènei stajerìc kat� thn di�dosh, en¸ apì
thn �llh ja perimèname shmantik� megalÔterh posostiaÐa metabol  tou b apì
aut n tou a. O stajerìc lìgoc shmaÐnei ìti kat� thn sumpÐesh tou palmoÔ
den èqoume par� mÐa klim�kwsh sto qrìno k�ti pou eÐnai arket� makrua apì
autì pou sthn pragmatikìthta sumbaÐnei se ènan breather. To gegonìc autì
katadeiknÔei ìti eÐte h epilog  twn arqik¸n sunjhk¸n den  tan kal  (faÐnetai
m�lista ìti k�name to l�joc na epilèxoume meg�lo b0 stic arqikèc sunj kec)
eÐte ìti pijan¸c h piì qontroeid c prosèggish thc apl c sech(at) antÐ gia thn
sech(at) ∗ cos(bt) na èdine pio akrib  apotelèsmata.

H sunj kh Q = 0 gia A = 0.02, kai a = 0.01 èqei th lÔsh b = 0.083
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(αʹ) A vs z (βʹ) a vs z

(γʹ) b vs z (δʹ) θ vs z

(εʹ) ω vs z (ϛʹ) Energy vs z

Sq ma 2.4: Ta arijmhtik� gia tic arqikèc sunj kec A = 0.02, a = 0.01, b =
0.083, θ = 0 kai ω = 0
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pou qrhsimopoi same prohgoumènwc. Gia thn akrÐbeia up�rqei p�nta, h lÔsh
b = 0, pou den mporeÐ na qrhsimopoihjeÐ, giatÐ se poll� b mata tou analutikoÔ
mèrouc pou prohg jhke èqei siwphr� ennohjeÐ b 6= 0 kai gia b = 0 oi telikèc
ekfr�seic paÐrnoun th morf  0/0. Ektìc apì th mhdenik  lÔsh up�rqoun
peript¸seic, ìpwc aut  pou exet�zoume, ìpou up�rqoun dÔo akìmh jetikèc
luseic (kai fusik� oi antÐjetèc touc). Mèqri stigm c èqoume exet�sei th
megalÔterh apì tic dÔo. Gia thn mikrìterh, pou eÐnai h b = 0.0058 paÐrnoume
ton arqikì palmì tou sq matoc 2.5, pou eÐnai poll� uposqìmenoc, giatÐ faÐnetai
na eÐnai arket� kont� sth morf  tou breather. Dustuq¸c ìmwc, par� tic
pollèc prosp�jeiec me polloÔc diaforetikoÔc algìrijmouc, to sÔsthma gÐnetai
p�ntote astajèc kai ìloi oi algìrijmoi apotugq�noun.

Sq ma 2.5: O arqikìc palmìc gia A0 = 0.02, a0 = 0.01 kai b0 = 0.0053.

2.4 TrÐto ansatz.

Se aut n thn enìthta parousi�zoume mÐa trÐth enallaktik  gia thn prosè-
ggish enìc breather. Ta pleonekt mat� thc eÐnai ìti eÐnai se jèsh na prose-
ggÐsei kai ta endi�mesa st�dia thc exèlixhc kai ìti dÐnei shmantik� aploÔsterec
analutkèc sqèseic. H analutik  thc èkfrash eÐnai:

ψ =
(
A+G

(
t2 − d2

)2)
sech(at) tanh(δρm)ei

c
2
t2+iθ+imφ (2.103)

Ed¸ to pl�toc den ekfr�zetai me mÐa mìno par�metro, all� eÐnai sun�rthsh
tri¸n diaforetik¸n paramètrwn. H par�stash (t2 − d2) eis qjei gia na epi-
tÔqoume touc mhdenismoÔc sta shmeÐa ±d. Gia na mporèsoume na p�roume thn
apl  sech(at), èprepe na thn pollaplasi�soume me mÐa par�metro G, h opoÐa
ja mporeÐ na mhdenÐzetai thn kat�llhlh stigm , kaj¸c kai na prosjèsoume
mÐa akìmh par�metro, A. H par�stash aut  mporeÐ eÐnai se jèsh na d¸sei
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kai ta endi�mesa st�dia thc exèlixhc tou breather, afoÔ gia A > 0 den
èqoume mhdenismoÔc, all� apl¸c dÔo topik� el�qista, pou shmaÐnei ìti eÐmaste
apallagmènoi apì mÐa apì tic kÔriec adunamÐec tou prohgoÔmenou ansatz. H
par�metroc θ ja mac d¸sei th diat rhsh thc enèrgeiac, en¸ h anagkaiìthta thc
paramètrou c èqei  dh analujeÐ stic prohgoÔmenec enìthtec. Sto sq ma 2.6
eikonÐzontai trÐa qarakthristik� paradeÐgmata twn morf¸n pou mporeÐ na p�rei
to ansatz.

(αʹ) A = 2, G = 0, a = 1 (βʹ) A = 1.5, G = 0.5, d = 1.3, a = 1.8

(γʹ) A = 0

Sq ma 2.6: H prosèggish twn f�sewn tou breather apì to trÐto ansatz.
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2.4.1 Upologismìc thc Effective Lagrangian.

Antikajist¸ntac thn exÐswsh 2.103 sthn lagkranzian  (exÐswsh 1.25),
paÐrnoume:

L = −2θz|ψ|2 − czt2|ψ|2 −R2
ρ|T |2 −m2 |ψ|2

ρ2
+R2|Tt|2 − |T |4R4 (2.104)

ìpou T kai R to qronikì kai to aktinikì mèroc antÐstoiqa.

Oloklhr¸nontac, paÐrnoume thn èkfrash gia thn Effective Lagrangian:

L = −2θzI0I
t
1 − 2czI0I

t
4 − I1I t1 −m2I3I

t
1 + I0I

t
3 − I2I t2 (2.105)

'Opou ta Ii eÐnai ta Ðdia me ta antÐstoiqa thc prohgoÔmenhc enìthtac kai
ta I ti eÐnai ta qronika oloklhr¸mata pou parousi�zontai sth sunèqeia.

I t1 =

∫ ∞
−∞
|T |2dt = −31G2π6d2

168a7
− 2G (Gd4 + A)π2d2

3a3

+
2 (Gd4 + A)

2

a
+

127G2π8

1920a9
+

7G (3Gd4 + A)π4

60a5

(2.106)

I t2 =

∫ ∞
−∞
|T |4dt =

1

12546293760a17

[
16728391680

(
Gd4 + A

)4
a16−

11152261120d2G
(
Gd4 + A

)3 (−6 + π2
)
a14

+278806528G
(
Gd4 + A

)2 (
7Gd4 + A

)
π2
(
−60 + 7π2

)
a12

−99573760d2G2
(
7G2d8 + 10AGd4 + 3A2

)
π4
(
−294 + 31π2

)
a10

+8712704G2
(
35G2d8 + 30AGd4 + 3A2

)
π6
(
−1240 + 127π2

)
a8

−3960320d2G3
(
7Gd4 + 3A

)
π8
(
−25146 + 2555π2

)
a6

+11968G3
(
7Gd4 + A

)
π10
(
−13950300 + 1414477π2

)
a4

−544544d2G4π12
(
−2828954 + 286685π2

)
a2

+7007G4π14
(
−167096400 + 16931177π2

) ]

(2.107)
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I t3 =

∫ ∞
−∞
|Tt|2dt =

1

40320a7

[
1568G

((
3Gd4 + A

)
a2 + 12d2G

)
π4a2

−8960
(
a2d2 + 6

)
G
(
Gd4 + A

)
π2a4

+26880
(
Gd4 + A

) ((
Gd4 + A

)
a2 + 8d2G

)
a6

+889G2π8 − 2480
(
a2d2 + 2

)
G2π6

]
+ c2

[
− 127G2π8d2

480a9

−7G (Gd4 + A) π4d2

30a5
+

2555G2π10

16896a11
+

31G (3Gd4 + A) π6

336a7

+
(Gd4 + A)

2
π2

6a3

]
(2.108)

I t4 =

∫ ∞
−∞

t2

2
|T |2dt =

π2

1182720a11

[
98560

(
Gd4 + A

)2
a8

−137984d2G
(
Gd4 + A

)
π2a6 + 54560G

(
3Gd4 + A

)
π4a4

−156464d2G2π6a2 + 89425G2π8
] (2.109)

2.4.2 Oi exis¸seic Euler –Lagrange.

Oi exis¸seic Euler –Lagrange eÐnai:

d

dz

∂L

∂Az
− ∂L

∂A
= 0 (2.110)

d

dz

∂L

∂az
− ∂L

∂a
= 0 (2.111)

d

dz

∂L

∂dz
− ∂L

∂d
= 0 (2.112)

d

dz

∂L

∂Gz

− ∂L

∂G
= 0 (2.113)

d

dz

∂L

∂θz
− ∂L

∂θ
= 0 (2.114)

d

dz

∂L

∂c
− ∂L

∂c
= 0 (2.115)

d

dz

∂L

∂δz
− ∂L

∂δ
= 0 (2.116)
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Na parathr soume ìti, ìpwc prohgoumènwc, ètsi kai t¸ra, oi paragwgÐseic
stic exis¸seic 2.110 - 2.114 den ephre�zoun ta oloklhr¸mata I0,. . . ,I3 kai
epomènwc met� thn efarmog  tou orÐou ρ0 → ∞ kai th diaÐresh me 1

2
ρ2

0 ja
meÐnoun mìno oi ìroi pou pollaplasi�zontai me to I0   to I2. EpÐshc kai p�li
h beltistopoÐhsh ¸c proc to δ dÐnei mia aposumplegmènh exÐswsh kai h tim 
tou δ mporeÐ na brejeÐ ap eujeÐac, afoÔ pr¸ta brejoÔn oi timèc twn upoloÐpwn
metablht¸n.

'Eqoume:

(2.110)⇒ −2θz
∂I t1
∂A
− 2cz

∂I t4
∂A

+
∂I t3
∂A
− ∂I t2
∂A

(2.117)

(2.111)⇒ −2θz
∂I t1
∂a
− 2cz

∂I t4
∂a

+
∂I t3
∂a
− ∂I t2
∂a

(2.118)

(2.112)⇒ −2θz
∂I t1
∂d
− 2cz

∂I t4
∂d

+
∂I t3
∂d
− ∂I t2
∂d

(2.119)

(2.113)⇒ −2θz
∂I t1
∂G
− 2cz

∂I t4
∂G

+
∂I t3
∂A
− ∂I t2
∂G

(2.120)

Oi parap�nw exis¸seic isodunamoÔn me dÔo diaforikèc exis¸seic thc morf c:

θz = K(A, a, d,G, c)

cz = M(A, a, d,G, c)

pou prokÔptoun apì epÐlush tou sust matoc twn exis¸sewn 2.117 kai 2.119,
kaj¸c kai me dÔo algebrikèc thc morf c, pou prokÔptoun apì antikat�stash
stic 2.118 kai 2.120:

Q(A, a, d,G, c) = 0

R(A, a, d,G, c) = 0

Oi dÔo parap�nw exis¸seic paragwgÐzontai kai ètsi èqoume

Qz(A, a, d,G, c) = 0

Rz(A, a, d,G, c) = 0

all� eÐnai eujÔnh mac na epilègoume arqikèc sunj kec pou na ikanopoioÔn to
sÔsthma Q = 0 kai R = 0.

Akìmh:

(2.115)⇒ 2Az
∂I t4
∂A

+ 2az
∂I t4
∂a

+ 2dz
∂I t4
∂d

+ 2Gz
∂I t4
∂G

+
∂I t3
∂c

= 0 (2.121)

(2.114)⇒ Az
∂I t1
∂A

+ az
∂I t1
∂a

+ dz
∂I t1
∂d

+Gz
∂I t1
∂G

= 0 (2.122)
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Na shmei¸soume ìti h exÐswsh 2.122 isodunameÐ me thn diat rhsh thc enèrgeiac,
dhlad  me th diat rhsh tou I t1.

Oi exis¸seic 2.121 kai 2.122 mazÐ me tic Qz = 0 kai Rz = 0 kai tic θz = K
kai cz = M apoteloÔn èna epilÔsimo sÔsthma pou mporeÐ na lujeÐ arijmhtik�.

Tèloc

(2.116)⇒ −2θz
∂

∂δ
I0I

t
1 − 2cz

∂

∂δ
I0I

t
4 −

∂

∂δ
I1I

t
1 −m2 ∂

∂δ
I3I

t
1

+
∂

∂δ
I0I

t
3 −

∂

∂δ
I2I

t
2 = 0

(2.123)

H parap�nw exÐswsh me thn antikat�stash twn θz kai cz apì ta K kai M
paÐrnei th morf  δ = f(A, a,G, d) kai h tim  tou δ upologÐzetai ap eujeÐac met�
th lÔsh tou sust matoc gia ta A, a, G kai d. Oi timèc twn parag¸gwn twn
Ii gia m = 1 kai m = 2 parousi�zontai ston pÐnaka 2.1. To sÔsthma lÔjhke
arijmhtik� me th bo jeia tou Matlab, wstìso ta apotelèsmata den  tan
kajìlou ikanopoihtik�. Autì ofeÐletai en mèrei sth duskolÐa pou parousi�zei
h eÔresh kal¸n arqik¸n tim¸n oi opoÐec tautìqrona na ikanopoioÔn tic sun-
j kec Q = 0 kai R = 0.
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Kef�laio 3

EpÐlush me akribeÐc lÔseic thc
monodi�stathc exÐswshc.

'Estw èna ansatz thc morf c:

ψ = T (a1, a2, . . . , an; t)R(δ; ρm) eimφ (3.1)

ìpou a1, a2, . . . , an kai δ par�metroi pou metab�llontai kat� th di�dosh sto
z. Ta ansatz pou exet�same sto prohgoÔmeno kef�laio eÐnai ìla eidikèc
peript¸seic tou parap�nw ansatz, pou den eÐnai �llo apì mia morf  thc
prosèggishc Hartree. An kai h prosèggish aut  den einai monìdromoc, eÐnai
dÔskolo na ergasteÐ kaneÐc me morfèc stic opoÐec h aktinik  suntetagmènh
sumplèketai me th qronik , kurÐwc lìgw tou ìti tìte periplèketai h fusik 
shmasÐa twn paramètrwn. Prèpei na shmeiwjeÐ ìti h prosèggish Hartree
protim�tai mìno kai mìno lìgw thc aplìthtac thc kai den up�rqei kamÐa
egkÔhsh ìti sthn pragmatik  lÔsh tou probl matoc oi metablhtèc paramènoun
qwrizìmenec.

'Estw akìmh ìti h R eÐnai pragmatik  sun�rthsh pou ìtan to ρ teÐnei sto

�peiro p�ei sth mon�da grhgorìtera apì to (1− 1

ρ
). An antikatast soume to

parap�nw ansatz sth Lagrangian Density (exÐswsh 1.25), paÐrnoume:

L = i [T ∗Tz − T ∗z T ]R2 − |T |2R2
ρ −

m2|T |2R2

ρ2
+ |Tt|2R2 − |T |4R4 (3.2)

kai oloklhr¸nontac:

L = I t0I0 − I t1I1 −m2I t1I3 + I t3I0 − I t2I2 (3.3)

ìpou
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I t0 =

∫ ∞
−∞

i [T ∗Tz − T ∗z T ] dt I t1 =

∫ ∞
−∞

TT ∗ dt

I t2 =

∫ ∞
−∞

(TT ∗)2 dt I t3 =

∫ ∞
−∞

TtT
∗
t dt

I0 =

∫ ρ0

0

ρR2 dρ I1 =

∫ ρ0

0

ρR2
ρ dρ

I2 =

∫ ρ0

0

ρR4 dρ I3 =

∫ ρ0

0

1

ρ
R2 dρ

Na parathr soume ìti:

• Oi qronikèc par�metroi a1, a2, . . . , an brÐskontai mìno sta oloklhr¸mata
I ti .

• H par�metroc δ brÐsketai mìno sta oloklhr¸mata Ii.

• Ta I ti sugklÐnoun ìla, en¸ apì ta Ii gia ρ0 →∞ mìno to I1 sugklÐnei.

Sugkekrimèna, gia ρ0 →∞ èqoume:

I0 =

∫ ρ0

0

ρR2 dρ ∼ 1

2
ρ2

0

I1 =

∫ ρ0

0

ρR2
ρ dρ = O(1)

I2 =

∫ ρ0

0

ρR4 dρ ∼ 1

2
ρ2

0

I3 =

∫ ρ0

0

1

ρ
R2 dρ ∼ ln(ρ0)

PaÐnontac tic n pr¸tec exis¸seic Euler –Lagrange gia tic qronikèc paramètrouc
a1, . . . , an, ta oloklhr¸mata I0, . . . , I3 den ephre�zontai apì tic paragwgÐseic,
all� paramènoun san pollaplasiastikoÐ ìroi. Sth sunèqeia, paÐrnontac to
ìrio ρ0 →∞, krat�me mìno touc kurÐarqouc ìrouc, dhlad  mìno autoÔc pou
pollaplasi�zontai me to I0   me to I2. Meg�lh shmasÐa èqei to gegonìc ìti

lim
ρ0→∞

I2
I0

= 1

Me b�sh tic parathr seic pou prohg jhkan gÐnetai emfanèc ìti mÐa isodÔnamh
Effective Lagrangian gia tic qronikèc paramètrouc a1, . . . , an eÐnai h ex c:

L = I t0 + I t3 − I t2 (3.4)

58



pou den eÐnai �llh apì thn Effective Lagrangian thc monodi�stathc NLSE:

iψz − ψtt − |ψ|2 ψ = 0 (3.5)

Mia teleutaÐa parat rhsh eÐnai ìti stic exis¸seic Euler –Lagrange gia tic
qronikèc paramètrouc a1, . . . , an den emplèketai oÔte h metablht  δ oÔte kai h
stajer  par�metrocm. 'Etsi apì mìnec touc oi exis¸seic autèc apoteloÔn èna
autìnomo epilÔsimo sÔsthma me n exis¸seic kai n agn¸stouc. H exÐswsh Eu-
ler –Lagrange gia thn metablht  δ, met� th lÔshh tou sust matoc, ekfulÐzetai
se mÐa exÐswsh thc morf c δ = F (a1, . . . , an).

To sumpèrasma eÐnai ìti sthn perÐptwsh twn optik¸n din¸n, h belti-
stopoÐhsh wc proc tic qronikèc paramètrouc isodunameÐ me beltistopoÐhsh
p�nw sthn monodi�stath NLSE. 'Opwc ìmwc èqoume  dh exhg sei sto pr¸to
kef�laio, h 1D-NLSE eÐnai oloklhr¸simh kai oi lÔseic thc eÐnai  dh gnwstèc.
AntÐ na prospajoÔme epomènwc na proseggÐsoume  dh gnwstèc lÔseic eÐnai
protimìtero na tic antikatast soume kateujeÐan sto ansatz, paÐrnontac thn
monoparametrik  morf :

ψ = T (t, z)R(δ; ρm)eimφ (3.6)

ìpou T (t, z) mia akrib c lÔsh thc 1D-NLSE . Na tonÐsoume akìmh mÐa for� ìti
aut  h prosèggish, parìlo pou aplopoieÐ shmantik� ta pr�gmata, den apaiteÐ
kamÐa epiplèon paradoq  apì th meri� mac kai ètsi den upoleÐpetai se tÐpota
thc prìsèggishc thc exÐswshc 3.1.

Tèloc h exÐswsh Euler –Lagrange gia thn metablht  δ dÐnei:

L = I t0
∂

∂δ
I0 − I t1

∂

∂δ
I1 −m2I t1

∂

∂δ
I3 + I t3

∂

∂δ
I0 − I t2

∂

∂δ
I2 = 0 (3.7)

An epilèxoume:

R = tanh(δρm)

oi merikèc par�gwgoi twn oloklhrwm�twn I0, . . . , I3 upologÐzontai analutik�
gia m = 1 kai m = 2 kai oi ekfr�seic touc parousi�zontai ston pÐnaka 2.1.
Antikajist¸ntac, paÐrnoume:

Gia m = 1: δ =

√
2I t0 ln(2) + 2I t3 ln(2)− I t2

(
1 + 8 ln(2)

)
/3

I t1
(3.8)

Gia m = 2: δ =
I t0 + I t3 − 4I t2/3

4I t1
(3.9)
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3.1 H apl  perÐptwsh tou enìc solitonÐou

'Eqoume to ansatz:

ψ = sech(t) tahn(δρm) eimφ−iz/2 (3.10)

EÐnai:

I t0 =

∫ ∞
−∞

i [T ∗Tz − T ∗z T ] dt =

∫ ∞
−∞

i

[
− i

2
sech2(t)− i

2
sech2(t)

]
dt

=

∫ ∞
−∞

sech2(t) dt = 2

I t1 =

∫ ∞
−∞

sech2(t) dt = 2

I t2 =

∫ ∞
−∞

sech4(t) dt = 4/3

I t3 =

∫ ∞
−∞

sech2(t) tanh2(t) dt = 2/3

Apì tic exis¸seic 3.8 kai 3.9 paÐrnoume:

δ ≈ 0.63, gia m = 1

δ ≈ 0.11, gia m = 2

ParathroÔme ìti o palmìc diathreÐ to sq ma tou kaj¸c diadÐdetai ston �xona
z. Autì den mac ekpl ssei, kaj¸c eÐnai mÐa jemeli¸dhc idiìthta twn lÔsewn
pr¸thc t�xhc. Akìmh, gia m = 2, dhlad  gia dÐnec pou peristrèfontai
grhgorìtera, h op  eÐnai megalÔterh, all� kleÐnei piì gr gora. Me �lla
lìgia, kaj¸c aux�netai h taqÔthta peristrof c, h enèrgeia metatopÐzetai proc
megalÔtera ρ pr�gma pou brÐsketai se sumfwnÐa me th fusik  mac diaÐsjhsh.
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(αʹ) m = 1 (βʹ) m = 2

Sq ma 3.1: Ed¸ apotup¸netai to tet�gwno tou aktinikoÔ mèrouc tou
solitìniou. ParathroÔme ìti den up�rqei ex�rthsh apì to z kaj¸c kai ìti
h op  eÐnai megalÔterh gia m = 2.

3.2 H perÐptwsh tou breather.

To ansatz eÐnai:

ψ = 4
cosh(3t) + 3 cosh(t) exp(−i4z)

cosh(4t) + 4 cosh(2t) + 3 cos(4z)
tanh(δρm)eimφ−iz/2 (3.11)

'Eqoume

I t0 =

∫ ∞
−∞

i [T ∗Tz − T ∗z T ] dt

An sumbolÐsoume T ≡ A

B
, epeid  B ∈ R, eÐnai:

i [T ∗Tz − T ∗z T ] = i
A ∗ Az − A∗zA

B2

A = 4
[
cosh(3t)e−iz/2 + 3cosh(t)e−i9z/2

]
, A∗ = 4

[
cosh(3t)eiz/2 + 3cosh(t)ei9z/2

]
Az = −2i

[
cosh(3t)e−iz/2 + 27cosh(t)e−i9z/2

]
, A∗z = 2i

[
cosh(3t)eiz/2 + 27cosh(t)ei9z/2

]
Epomènwc:

I t0 =

∫ ∞
−∞

i [T ∗Tz − T ∗z T ] dt

= 16

∫ ∞
−∞

cosh2(3t) + 81cosh2(t) + 60cosh(t)cosh(3t)cos(4z)(
cosh(4t) + 4cosh(2t) + 3cos(4z)

) dt

(3.12)
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Akìmh

I t1 =

∫ ∞
−∞

TT ∗ dt = 16

∫ ∞
−∞

cosh2(3t) + 9cosh2(t) + 6cosh(3t)cosh(t)cos(4z)(
cosh(4t) + 4cosh(2t) + 3cos(4z)

) dt

Epeid  to I t1 ekfr�zei thn enèrgeia tou palmoÔ, h tim  tou eÐnai anex�rthth
apì thn tim  tou z. Gia z=0 gÐnetai:

I t1 = 16

∫ ∞
−∞

(
cosh(3t) + 3cosh(t)

)2(
cosh(4t) + 4cosh(t) + 3

)2 dt = 4

∫ ∞
−∞

cosh6(t)

cosh8(t)
dt

= 4

∫ ∞
−∞

sech(t) dt = 8

EpÐshc:

I t2 =

∫ ∞
−∞

[TT ∗]2 dt

= 256

∫ ∞
−∞

[
cosh2(3t) + 9cosh2(t) + 6cosh(3t)cosh(t)cos(4z)(

cosh(4t) + 4cosh(2t) + 3cos(4z)
) ]2

dt

Tèloc, gia to I t3, sumbolÐzoume:

T ≡ 4
cosh(3t) + 3 cosh(t) exp(−i4z)

B
e−iz/2

'Etsi:

I t3 =

∫ ∞
−∞

TtT
∗
t dt

= 16

∫ ∞
−∞

[ [ d
dt

cosh(3t)

B

]2

+ 6

[
d

dt

cosh(3t)

B

] [
d

dt

cosh(t)

B

]
cos(4z)

+ 9

[
d

dt

cosh(t)

B

]2 ]
dt

Ta oloklhr¸mata upologÐzontai arijmhtik� me th bo jeia tou Matlab.
Ta apotelèsmata parousi�zontai sto sq ma 3.2. ParathroÔme ìti gia m = 1
to δ paÐrnei pragmatikèc kai fantastikèc timèc, en¸ gia m = 2 paÐrnei mìno
pragmatikèc, �lla all�zei prìshmo kat� th di�dosh kai mhdenÐzetai periodik�.
EÐnai profanèc ìti h lÔsh sthn perÐptwsh pou m = 1 den èqei fusikì nìhma,
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Sq ma 3.2: H exèlixh tou δ kat� th di�dosh tou breather. Gia m = 1 to δ
paÐrnei kai fantastikèc timèc, stic orizìntiec perioqèc ìpou exis¸netai me to
mhdèn, en¸ gia m = 2 to δ paÐrnei kai arnhtikèc.

gegonìc pou mac k�nei na sumper�noume ìti kat� p�sa pijanìthta den uparqoun
dÐnec me monadiaÐa stroform  pou na filoxenoÔn palmoÔc tÔpou breather.

Gia m = 2, akìmh ki an  jele kaneÐc na apod¸sei fusikì nìhma sthn
allag  pros mou, ja  tan dÔskolo na exhg sei thn asummetrÐa thc kampÔlhc
sto jetikì kai arnhtikì hmiepÐpedo. Epiplèon o stigmiaÐoc mhdenismìc tou δ
shmaÐnei ìti o palmìc stigmiaÐa exafanÐzetai kai amèswc met� epanemfanÐzetai,
gegonìc pou antibaÐnei sthn arq  diat rhshc thc enèrgeiac. To ìti h enèrgeia
sto sÔsthm� mac den diathreÐtai den faner¸nei k�poio l�joc stic pr�xeic.
EÐnai sunèpeia tou ìti èqoume jèsei ton periorismì h enèrgeia na diathreÐtai
mìno qronik� kai ìqi qwrik�, afoÔ to qwrikì olokl rwma thc enèrgeiac eÐnai
�peiro gia δ 6= 0 kai h diat rhsh tou den ja eÐqe kanèna nìhma. 'Allwste
oi exis¸seic 3.8 kai 3.9 upologÐsthkan èqontac san dedomèno ìti δ > 0 kai
mìno se aut n thn perioq  ja prèpei na jewroÔntai alhjeÐc. SunoyÐzontac,
ta apotelèsmat� mac sunhgoroÔn upèr thc anuparxÐac palm¸n tÔpou breather
se optikèc dÐnec,   toul�qiston upèr thc anuparxÐac touc se dÐnec me mikr 
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stroform , ìpwc autèc pou melet�me.

3.3 H genik  perÐptwsh twn solitonÐwn me

diaforetik� pl�th kai Ðsec taqÔthtec.

Sthn enìthta aut  melet�me th genik  perÐptwsh twn solitonÐwn me di-
aforetik� pl�th kai Ðsec taqÔthtec. H anuparxÐa palm¸n tÔpou breather
egeÐrei to er¸thma e�n to sumpèrasma thc prohgoÔmenhc enìthtac mporeÐ na
genikeuteÐ gia ìlouc touc sunduasmoÔc me dÔo solitìnia me mhdenik  taqÔthta.
To qronikì mèroc tou ansatz eÐnai:

T =
4i(b22 − b21)

[
b1 cosh(2b2t) exp(−2ib21z)− b2 cosh(2b1t) exp(−2ib22z)

]
(b1 − b2)2C+ + (b1 + b2)2C− − 4b1b2 cosφ

(3.13)

ìpou C± = cosh
[
2(b2 ± b1)t

]
kai φ = 2(b22 − b21)z. Oi par�metroi b1 kai

b2 antistoiqoÔn sta pl�th twn dÔo solitonÐwn.

An ekmetalleutoÔme thn allag  thc klÐmakac, paÐrnoume thn isodÔnamh,
all� aploÔsterh monoparametrik  èkfrash, jètontac:

b1 =
1

2
kai b2 =

b

2

Tìte

T =
2(b2 − 1)

[
cosh(bt)− b cosh(t) exp [i(1− b2)z/2]

]
(1− b)2C+ + (1 + b)2C− − 4b cosφ

(3.14)

ìpou C± = cosh
[
2(b± 1)t

]
kai φ =

1

2
(b2 − 1)z kai b pragmatikìc. EÐnai

emfanèc ìti o breather isodunameÐ me thn eidik  perÐptwsh b = −3.
AxÐzei na parathr soume ìti h perÐptwsh b′ = −b isodunameÐ me mÐa ka-

justèrhsh mis c periìdou epÐ mÐa diafor� f�shc. Epomènwc oi dÔo q¸roi
(−∞, 0) kai (0,∞) eÐnai isodÔnamoi. Lìgw thc summetrÐac metaxÔ twn dÔo
plat¸n twn dÔo solitonÐwn, oi q¸roi (0, 1) kai (1,∞) eÐnai epÐshc isodÔnamec.
Sthn paroÔsa ergasÐa periorÐzoume thn an�lus  mac ston q¸ro (1,∞), qwrÐc
bl�bh thc genikìthtac. Na shmei¸soume ìti ìso to pl�toc tou enìc solitonÐou
p�ei proc to �peiro,   isodÔnama to pl�toc tou �llou solitonÐou p�ei proc
to mhdèn, tìso metakinoÔmaste proc thn perÐptwsh tou enìc kai monadikoÔ
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solitonÐou. Sunep¸c, gia meg�lec timèc tou b perimènoume ìti to ansatz ja
mac d¸sei fusik� apodektèc lÔseic.

Sth sunèqeia upologÐzoume ta qronik� oloklhr¸mata.

'Eqoume

I t0 =

∫ ∞
−∞

i [T ∗Tz − T ∗z T ] dt

An ìpwc kai prÐn sumbolÐsoume T ≡ A

B
, epeid  B ∈ R, ja p�roume:

i [T ∗Tz − T ∗z T ] = i
A ∗ Az − A∗zA

B2

EÐnai:

A = 2(b2 − 1)
[
cosh(bt)e−iz/2 − bcosh(t)e−ib

2/2
]

(3.15)

A∗ = 2(b2 − 1)
[
cosh(bt)eiz/2 − bcosh(t)eib

2/2
]

(3.16)

Az = −i(b2 − 1)
[
cosh(bt)e−iz/2 − b3cosh(t)e−ib

2/2
]

(3.17)

A∗z = i(b2 − 1)
[
cosh(bt)eiz/2 − b3cosh(t)eib

2/2
]

(3.18)

Telik�:

I t0 =

∫ ∞
−∞

4(b2 − 1)2
[
cosh2[bt] + b4cosh2[t]− 2(b3 − b)cosh[bt]cosh[t]cos[(b2 − 1)z/2]

]
B2

(3.19)
Akìmh:

I t1 =

∫ ∞
−∞

TT ∗ dt

=

∫ ∞
−∞

4(b2 − 1)2
[
cosh2[bt] + b2cosh2[t]− 2bcosh[bt]cosh[t]cos[(b2 − 1)z/2]

]
B2

(3.20)

I t2 =

∫ ∞
−∞

(TT ∗)2 dt (3.21)

tou opoÐou h morf  prosdiorÐzetai ap eujeÐac apì thn prohgoÔmenh exÐswsh.
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Tèloc:

I t3 =

∫ ∞
−∞

TtT
∗
t dt

= 4(b2 − 1)2

∫ ∞
−∞

[ [ d
dt

cosh(bt)

B

]2

− 2b

[
d

dt

cosh(bt)

B

] [
d

dt

cosh(t)

B

]
cos(

b2 − 1

2
z)

+ b2
[
d

dt

cosh(t)

B

]2 ]
dt

3.3.1 Ta arijmhtik� apotelèsmata.

Ta oloklhr¸mata upologÐzontai arijmhtik� me th bo jeia tou Matlab.
'Opwc eÐqame problèyei, gia k�je tim  thc stroform c up�rqei èna kat¸fli
pèra apì to opoÐo oi lÔseic pou paÐrnoume eÐnai fusik� apodektèc. Me �lla
lìgia, mÐa optik  dÐnh mproreÐ na filoxen sei dÔo solitìnia, arkeÐ to èna
na eÐnai kurÐarqo me epark¸c megalÔtero pl�toc apì to �llo. Kaj¸c h
stroform  thc dÐnhc aux�netai, h apaÐthsh aut  gÐnetai ìlo kai ligìtero
austhr . Gia m = 1 ja prèpei b2/b1 > 6.2 en¸ gia m = 2 arkèi b2/b1 >
4.3. O breather profan¸c den ikanopoieÐ kamÐa apì tic parap�nw apait seic,
wstìso eÐnai polÔ pijanì na up�rqoun breathers gia megalÔtera m. MÐa
axioshmeÐwth idiìthta twn lÔsewn eÐnai h diamìrfwsh tou eÔrouc thc op c thc
dÐnhc. Aut  h idiìthta endeqomènwc na mporeÐ na qrhsimopoihjeÐ se efarmogèc
kumatod ghshc.

Ta apotelèsmata gia b = 4.3 apeikonÐzontai sta diagr�mmata tou sq matoc
3.3. Parìlo pou o palmìc den eÐnai akrib¸c breather, to sq ma tou den
diafèrei shmantik� apì autìn.

Sto sq ma 3.4 apeikonÐzontai ta apotelèsmata gia b = 7, ìpou up�rqoun
lÔseic kai gia m = 1. ParathroÔme ìti se sqèsh me thn prohgoÔmenh
perÐptwsh to qronikì mèroc tou palmoÔ metab�lletai polÔ ligìtero kat� th
di�dosh. Autì eÐnai anamenìmeno, kaj¸c èqoume metakinhjeÐ pio kont� sth
monosolitoniak  lÔsh. EpÐshc, parìlo pou h perÐodoc tou aktinikoÔ mèrouc
eÐnai Ðdia kai gia tic dÔo timèc tou spin, h metabol  eÐnai arket� pio apìtomh
gia m = 1. Tèloc, eÐnai emfanèc ìti, ìpwc kai prohgoumènwc, h aÔxhsh tou
spin megal¸nei thn op  kai metatopÐzei thn enèrgeia proc ta èxw.

Sta sq mata 3.5 kai 3.6 apeikonÐzontai ta aktinik� mèrh twn lÔsewn gia
diaforetikèc timèc tou b gia m = 1 kai m = 2 antÐstoiqa. All�zontac
thn tim  tou b metab�lletai h perÐodoc, en¸ all�zontac to spin metab�lletai
to sq ma thc op c. Epomènwc, se perÐptwsh pou epijumoÔme na epitÔqoume
k�poio sugkekrimèno sq ma gia thn op , èqoume dÔo bajmoÔc eleujerÐac. E�n
tèloc l�boume up ìyh thn allag  thc klÐmakac kai p�roume th diparametrik 
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(αʹ) Τα δ1 (μπλέ χρώμα) και δ2(πρασινο χρώμα)

για b = 4.3
(βʹ) TT ∗

για b = 4.3

(γʹ) |R| για b = 4.3 και m = 2.

Sq ma 3.3: Ta apotelèsmata gia b = 4.3. Mìno h lÔsh gia m = 2 eÐnai
fusik¸c apodekt .

morf  tou T , oi bajmoÐ elejrerÐac gÐnontai treic (h stroform , to mètro tou
b1 kaj¸c kai o lìgoc b2/b1).

3.4 DÔo palmoÐ me Ðsa pl�th kai antÐjetec

taqÔthtec.

AfoÔ eÐdame ìti mÐa dÐnh den mporeÐ na filoxen sei dÔo solitìnia me sqedìn
Ðsa pl�th pou kinoÔntai me thn Ðdia taqÔthta, ja eÐqe endiafèron na doÔme
e�n ja mporoÔse na filoxen sei dÔo solitìnia me Ðsa pl�th all� diaforetikèc
taqÔthtec, pou sugkroÔontai kai moir�zontai ton Ðdio q¸ro gia èna peperasmèno
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(αʹ) Τα δ1 (μπλέ χρώμα) και δ2(πρασινο χρώμα)

για b = 7
(βʹ) TT ∗

για b = 7

(γʹ) |R| για b = 7 και m = 1. (δʹ) |R| για b = 7 και m = 2.

Sq ma 3.4: Ta apotelèsmata gia b = 7.

qronikì di�sthma. To montèlo pou ja qrhsimopoi soume eÐnai autì twn dÔo
solitonÐwn me antÐstoiqec taqÔthtec, pou èqoume sunant sei sto pr¸to kef�laio.
MporoÔme na problèyoume me arket  sigouri� ìti gia mikrèc taqÔthtec to
montèlo ja katarrèei, kaj¸c ja proseggÐzoume to prìblhma twn dÔo solitonÐwn
me Ðsa pl�th kai Ðdiec taqÔthtec.

An oi taqÔthtec twn solitonÐwn eÐnai ±a kai ta pl�th touc eÐnai Ðsa me b,
to qronikì mèroc tou ansatz ja eÐnai:

T = −8iab
A− iB
D

e

[
2i(a−b2)z+i(φ1+φ2)

]
(3.22)

ìpou 2φ1 kai 2φ2 oi f�seic twn dÔo solitonÐwn kai
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(αʹ) |R| για b = 6.2 (βʹ) |R| για b = 6.5

(γʹ) |R| για b = 6.7 (δʹ) |R| για b = 7

(εʹ) |R| για b = 7.5 (ϛʹ) |R| για b = 8

Sq ma 3.5: Ta aktinik� mèrh twn lÔsewn gia m = 1 gia di�forec timèc tou b.
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(αʹ) |R| για b = 4.3 (βʹ) |R| για b = 4.7

(γʹ) |R| για b = 5 (δʹ) |R| για b = 6

(εʹ) |R| για b = 6.5 (ϛʹ) |R| για b = 7

Sq ma 3.6: Ta aktinik� mèrh twn lÔsewn gia m = 2 gia di�forec timèc tou b.
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A = cosh (4abz)
[
a cosh(2bt) cos [2at+ ∆φ]− b sinh(2bt) sin [2at+ ∆φ]

]
B = sinh (4abz)

[
a sinh(2bt) sin [2at+ ∆φ] + b cosh(2bt) cos [2at+ ∆φ]

]
D = a2 cosh(4bt) + (a2 + b2) cosh(8az)− b2cos(4at+ 2∆φ)

∆φ = φ1 − φ2

All�zontac thn klÐmaka kai th f�sh, jètoume:

a =
V

2
, b =

1

2
, φ1 + φ2 = 0

kai paÐrnoume thn isodÔnamh èkfrash:

T = −2iV
A− iB
D

ei[V
2−1]z/2 (3.23)

ìpou t¸ra

A =
1

2
cosh (V z)

[
V cosh(t) cos [V t+ ∆φ]− b sinh(t) sin [V t+ ∆φ]

]

B =
1

2
sinh (V z)

[
V sinh(2bt) sin [V t+ ∆φ] + cosh(t) cos [V t+ ∆φ]

]

D =
V 2

4
cosh(2t) +

V 2 + 1

4
cosh(2V z)− 1

4
cos(2V t+ 2∆φ)

'Otan z → ±∞ h lÔsh mhdenÐzetai gia peperasmèno t kai paÐrnei mh
mhdenikèc timèc mìno gia t → ±∞. Sugkekrimèna gia z → +∞ kai t → +∞
èqoume:

sinh(t) = cosh(t) =
et

2
, sinh(V z) = cosh(V z) =

eV z

2

kai k�nontac tic pr�xeic to T prokÔptei Ðso me:

T = −i
exp
[
i[V 2 − 1]z/2− iV t− i∆φ− i arctan(1/V )

]
cosh

[
t− V z − ln

(√
V 2 + 1/V

)]
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Gia z → +∞ kai t→ +∞, to ln
(√

V 2 + 1/V
)
ston paronomast  emfanÐ-

zetai me diaforetikì prìshmo. Autì shmaÐnei ìti o palmìc lìgw thc sÔgkroushc
kajustereÐ kat� 2 ln

(√
V 2 + 1/V

)
. H ex ghsh eÐnai ìti kat� th sun�nths 

tou me ton �llo palmì sthn ousÐa blèpei èna pio puknì mèso kai epomènwc
dianÔei megalÔtero optikì drìmo. Na parathr soume epÐshc ìti to V apant�tai
se parast�seic thc morf c t±V z kai epomènwc den èqei to nìhma thc sumbatik c
taqÔthtac, all� m�llon tou antistrìfou thc. EntoÔtoic epilèxame autìn ton
sumbolismì gia istorikoÔc lìgouc, exaitÐac tou ìti to T apant�tai suqn� me
aut n th morf  sth bibliografÐa pou afor� qwrik� solitìnia ìpou h z kai
h t eÐnai kai oi dÔo qwrikèc suntetagmènec kai tìte o ìroc taqÔthta paÐrnei
perissìtero thn ènnoia thc klÐshc thc dèsmhc sto epÐpedo z, t.

'Eqoume:

I t0 =

∫ ∞
−∞

i [T ∗Tz − T ∗z T ] dt

Jètontac:

T = Qei[V
2−1]z/2, Q ≡ −2iV

A− iB
D

paÐrnoume:

i [T ∗Tz − T ∗z T ] = i [Q∗Qz −Q∗zQ]− [V 2 − 1]QQ∗

SumbolÐzontac

R =
A− iB
D

paÐrnoume:

i [Q∗Qz −Q∗zQ] = i4V 2 [R∗Rz −R∗zR] =

= i4V 2

{[
A

D
+ i

B

D

] [[
A

D

]
z

− i
[
B

D

]
z

]
−
[
A

D
− iB

D

] [[
A

D

]
z

+ i

[
B

D

]
z

]}
= 8V 2 ABz −BAz

D2

EpÐshc:

QQ∗ = 4V 2A
2 +B2

D2

Epomènwc

I t0 = 8V 2

∫ ∞
−∞

ABz −BAz − 1/2[A2 +B2]

D2
dt (3.24)
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I t1 =

∫ ∞
−∞

TT ∗ dt = 4V 2

∫ ∞
−∞

A2 +B2

D2
dt (3.25)

I t2 =

∫ ∞
−∞

(TT ∗)2 dt = 4V 2

∫ ∞
−∞

(A2 +B2)
2

D4
dt (3.26)

I t3 =

∫ ∞
−∞

(TtT
∗
t )2 dt = 4V 2

∫ ∞
−∞

{[[
A

D

]
t

]2

+

[[
A

D

]
t

]2
}
dt (3.27)

3.4.1 Ta arijmhtik� apotelèsmata.

Ta apotelèsmata deÐqnoun ìti up�rqei lÔsh gia k�je tim  thc taqÔthtac
V . Sto sq ma 3.7 parousi�zontai ta apotelèsmata gia V = 2. 'Otan ta
dÔo solitìnia eÐnai apomakrusmèna, diadÐdontai to èna anex�rthta apì to
�llo kai h op  paramènei stajer  kat� th di�dosh, ìpwc akrib¸c kai sthn
perÐptwsh tou enìc solitonÐou. Kont� sto z = 0 oi palmoÐ allhlepidroÔn kai
emfanÐzetai stènwsh sthn op . Sthn Ðdia perioq  to qronikì mèroc sqhmatÐzei
èna diakrìthma.

Sto sq ma 3.8 parousi�zontai ta aktinik� mèrh twn lÔsewn gia diaforetikèc
timèc tou V . ParathroÔme ìti kaj¸c to V aux�netai, dhlad  kaj¸c aux�nei
o aposuntonismìc twn dÔo palm¸n, to fainìmeno thc stènwshc exasjeneÐ. Na
shmei¸soume ìti h dieÔrunsh thc op c pou parathreÐtai gia meg�lec timèc tou
|z| gia V = 5 èqei na k�nei apokleistik� kai mìno me adunamÐa thc arijmhtik c
mejìdou kai den apoteleÐ qarakthristikì thc pragmatik c lÔshc.

3.5 Ansatz gia th melèth thc sumperifor�c

solitonÐwn me azimoujiakèc diatarra-

qèc.

Ta ansatz pou èqoume exet�sei èwc t¸ra emfanÐzoun kulindrik  summetrÐa,
ektìc bèbaia apì mÐa diamìrfwsh f�shc eimφ, h opoÐa ìmwc dÐnei mÐa La-
grangian Density anex�rthth apì th gwnÐa φ. EÐnai gnwstì wstìso ìti
suqn� oi azimoujiakèc diatarraqèc dhmiourgoÔn ast�jeiec sta peristrefìmena
solitìnia, oi opoÐec endèqetai na odhg soun sthn kat�rreus  touc. 'Opwc
loipìn proteÐname sthn arq  tou kefalaÐou mia apl  genik  mèjodo gia th
melèth twn polusolitoniak¸n optik¸n din¸n me kulindrik  summetrÐa, ja  tan
epijumhtì na proteÐnoume mÐa exÐsou apl  mèjodo gia mÐa eÔkolh melèth kai
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(αʹ) Τα δ1 (μπλέ χρώμα) και δ2(πρασινο χρώμα)

για V = 2
(βʹ) TT ∗

για V = 2

(γʹ) |R| για V = 2 και m = 1. (δʹ) |R| για V = 2 και m = 2.

Sq ma 3.7: Ta apotelèsmata gia V = 2.

axiolìghsh thc sumperifor�c twn optik¸n din¸n ìtan emfanÐzoun mikrèc azi-
moujiakèc diatarraqèc.

O aploÔsteroc trìpoc gia na sp�soume thn kulindrik  summetrÐa eÐnai
profan¸c o pollaplasiasmìc tou adiat�rraqtou ansatz me mÐa periodik  wc
proc φ sun�rthsh, gia par�deigma

1 + ε cos(nφ)

ìpou to ε eÐnai diatarraktikì kai to n eÐnai akèraia par�metroc pou den
metab�lletai kat� th di�dosh. 'Etsi paÐrnoume to ansatz:

ψ = [1 + ε cos(nφ)] T R eimφ (3.28)

ìpou T mia lÔsh thc 1D −NLSE kai R = tanh(δρm)
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(αʹ) |R| για m = 1 και V = 0.3 (βʹ) |R| για m = 2 και V = 0.3

(γʹ) |R| για m = 1 και V = 2 (δʹ) |R| για m = 2 και V = 2

(εʹ) |R| για m = 1 και V = 5 (ϛʹ) |R| για m = 2 και V = 5

Sq ma 3.8: Ta aktinik� mèrh twn lÔsewn gia di�forec timèc tou V .
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Ja mporoÔsame akìmh na eis�goume mia diatarraq  me peplegmènh morf ,
ìpwc gia par�deigma:

1 + ε cos(nφ− aρ)

h opoÐa diaisjhtik� iswc faÐnetai perissìtero fusik¸c apodekt . Parìla
aut�, h peplegmènh morf  periplèkei shmantik� thn an�lush kai gi autìn ton
lìgo de ja mac apasqol sei.

H epilog  pou k�name sthn 3.28 eÐnai aploðk . Oi exis¸seic Euler –La-
grange de dÐnoun para mÐa algebrik  exÐswsh gia to ε, h tim  tou opoÐou
kajorÐzetai apokleistik� apì th morf  tou qronikoÔ mèrouc kai epiplèon
eÐnai stajer . EÐnai katanohtì ìti mÐa tètoia prosèggish den mporeÐ na qrh-
simopoihjeÐ gia na perigr�yei diatarraqèc. 'Opwc ègine katanohtì apì thn
an�lush twn apl¸n ansatz tou prohgoÔmenou kefalaÐou, eÐnai aparaÐthto na
sumperil�boume tic parak�tw metablhtèc:

• θ se ènan pollaplasiastikì par�gonta eiθ, gia na mac d¸sei thn arq 
diat rhshc thc enèrgeiac.

• c se ènan pollaplasiastikì par�gonta ei
c
2
t2 , gia na p�roume èna

dunamikì sÔsthma.

• enan pollaplasiastikì par�gontaA, gia na mporeÐ na antall�sei enèrgeia
me thn azimoujiak  diatarraq .

MÐa prosektik  an�lush faner¸nei thn anagkaiìthta na antikatastajeÐ
to qronikì mèroc T (t), apì mÐa parametrik  morf  T (bt). An kai genik�
mia tètoia epilog  mporeÐ na odhg sei se adièxodo, kaj¸c h metablht  b
emfanÐzetai se polÔplokec parast�seic mèsa sto ansatz, ja doÔme ìti telik�
sthn Effective Lagrangian emfanÐzetai apl¸c ènac arijmìc dun�mewn thc b
pollaplasiasmènwn epi k�poiwn oloklhrwm�twn I ti ìmoiwn me aut� pou èqoume
wc t¸ra sunant sei.

To ansatz loipìn ja èqei th morf :

ψ = [1 + ε cos(nφ)] T Reimφ (3.29)

ìpou
T = AT (bt)ei

c
2
t2eiθ (3.30)

H Effective Lagrangian ja eÐnai:

L =
(
2 + ε2

)
It0I0 −

(
2 + ε2

)
It1I1 −

[
m2
(
2 + ε2

)
+ n2ε2

]
It1I3

+
(
2 + ε2

)
It3I0 −

1

4

(
8 + 3ε2

(
8 + ε2

))
It2I2

(3.31)

76



ìpou

It0 =

∫ ∞
−∞

i [T ∗Tz − T ∗z T ] dt It1 =

∫ ∞
−∞
T T ∗ dt

It2 =

∫ ∞
−∞

(T T ∗)2 dt It3 =

∫ ∞
−∞
TtT ∗t dt

kai ta oloklhr¸mata I0, . . . , I3 èqoun thn sunhjhsmènh touc shmasÐa.
'Eqoume:

i [T ∗Tz − T ∗z T ] = −A2czt
2T (bt)T ∗(bt)− 2A2θzT (bt)T ∗(bt)

+ iA2 [T ∗(bt)Tz(bt)− T ∗z (bt)T (bt)] + iA2bzt [T ∗(bt)Tt(bt)− T ∗t (bt)T (bt)]

Dhlad  to It0 eÐnai �jroisma twn oloklhrwm�twn:

−A2cz

∫ ∞
−∞

t2T (bt)T ∗(bt) dt = −2A2cz
1

b3
I t4

ìpou

I t4 =

∫ ∞
−∞

t2

2
T (t)T ∗(t) dt

−2A2θz

∫ ∞
−∞

T (bt)T ∗(bt) dt = −2A2θz
1

b
I t1

ìpou

I t1 =

∫ ∞
−∞

T (t)T ∗(t) dt

iA2

∫ ∞
−∞

[T ∗(bt)Tz(bt)− T ∗z (bt)T (bt)] dt = A2 1/b

I

t

0

ìpou

I t0 =

∫ ∞
−∞

[T ∗Tz − T ∗z T ] dt

iA2bz

∫ ∞
−∞

t [T ∗(bt)Tt(bt)− T ∗t (bt)T (bt)] dt = A2 bz
b2
I t5

ìpou

I t5 =

∫ ∞
−∞

t [T ∗Tt − T ∗t T ] dt
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Epomènwc:

It0 =
A2

b3
[
bbzI

t
5 + b2I t0 − 2b2θzI

t
1 − 2czI

t
4

]
me parìmoio trìpo upologÐzontai kai ta upìloipa oloklhr¸mata:

It1 =
A2

b
I t1

It2 =
A4

b
I t2

ìpou

I t2 =

∫ ∞
−∞

(
TT ∗

)2
dt

kai tèloc

It3 = A2

[
2
c2

b3
I t4 + bI t3 +

c

b
I t5

]
ìpou

I t3 =

∫ ∞
−∞

TtT
∗
t dt

Na shmei¸soume ìti h an�lush pou prohg jhke èqei genikì qarakt ra
kai h mèjodoc pou proteÐnetai mporeÐ na efarmosteÐ gia k�je optik  dÐnh me
spin Ðso me 1   2. Ta I ti pou emfanÐzontai sthn Effective Lagrangian eÐnai
par�metroi qarakthristikèc gia k�je xeqwristì prìblhma, pou prosdiorÐzontai
pl rwc apì thn adiat�rrakth lÔsh tou monodi�statou probl matoc kai e-
pomènwc eÐnai anex�rthtec apì tic metablhtèc tou ansatz. O upologismìc
touc gÐnetai me mia apl  olokl rwsh, analutik�, ìpou autì eÐnai dunatìn,  
diaforetik� arijmhtik�. Oi exis¸seic Euler –Lagrange dÐnoun èna epilÔsimo
dunamikì sÔsthma, to opoÐo kai p�li ekfulÐzetai 6×6 se èna dunamikì sÔsthma
5×5 sto opoÐo den emperièqetai h metablht  δ kai to opoÐo epilÔetai autìnoma,
kaj¸c kai se mÐa algebrik  exÐswsh, apì thn opoÐa upologÐzetai h tim  tou δ me
apl  antikat�stash twn tim¸n pou paÐrnoume apì thn epÐlush tou sust matoc.
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