
Ejnikì Metsìbio PoluteqneÐo

Sqolă Hlektrolìgwn Mhqanikÿn
& Mhqanikÿn Upologistÿn

Tomèac Hlektromagnhtikÿn Efarmogÿn,

Hlektrooptikăc & Hlektronikÿn Ulikÿn

SKEDASH EPIPEDOU
HLEKTROMAGNHTIKOU
KUMATOS APO AGWGIMO
ELLEIPTIKO KULINDRO
KALUMMENO ME
KUKLIKO DIHLEKTRIKO
KULINDRO
Diplwmatikă ErgasÐa

Grhgìrioc P. ZoÔroc
Ejnikì Metsìbio PoluteqneÐo

Epiblèpwn: I. Roumeliÿthc
Kajhghtăc E.M.P.

Ajăna
2008





SKEDASH EPIPEDOU
HLEKTROMAGNHTIKOU
KUMATOS APO AGWGIMO
ELLEIPTIKO KULINDRO
KALUMMENO ME
KUKLIKO DIHLEKTRIKO
KULINDRO
Diplwmatikă ErgasÐa

Grhgìrioc P. ZoÔroc
Ejnikì Metsìbio PoluteqneÐo

Epiblèpwn: I. Roumeliÿthc
Kajhghtăc E.M.P.

EgkrÐjhke apì thn trimelă exetastikă epitropă. Ajăna, 5 SeptembrÐou 2008.

­­`
I. Roumeliÿthc

Kajhghtăc E.M.P.

­­`
I. Tsalamègkac

Kajhghtăc E.M.P.

­­`
H. GlÔtshc

Kajhghtăc E.M.P.



GRHGORIOS P. ZOUROS

PtuqioÔqoc Ekpaideutikìc Teqnolìgoc Hlektronikìc Mhqanikìc A.S.E.T.E.M.`A.S.PAI.T.E.
(prÿhn S.E.L.E.T.E.).

DiplwmatoÔqoc Hlektrolìgoc Mhqanikìc kai Mhqanikìc Upologistÿn E.M.P.

H stoiqeiojèthsh ègine me qrăsh twn Times kai MathTimeTM Professional.
MathTime is a trademark of Publish or Perish, Inc.

H ektÔpwsh ègine se qartÐ tÔpou {acid-free}.

Copyright c� 2008 Grhgìrioc P. ZoÔroc.

Me epifÔlaxh pantìc dikaiÿmatoc.
All rights reserved.

ApagoreÔetai h antigrafă, apojăkeush kai dianomă thc paroÔsac ergasÐac,
ex oloklărou ă tmămatoc autăc, gia emporikì skopì. Epitrèpetai h apojăkeush

kai dianomă gia skopì mh kerdoskopikì, ekpaideutikăc ă ereunhtikăc fÔshc,
upì thn proôpìjesh na anafèretai h phgă proèleushc kai na diathreÐtai to

parìn mănuma. Erwtămata pou aforoÔn th qrăsh thc ergasÐac gia
kerdoskopikì skopì prèpei na apeujÔnontai proc to suggrafèa.

Oi apìyeic kai ta sumperĹsmata pou perièqontai se autì to èggrafo
ekfrĹzoun to suggrafèa kai den prèpei na ermhneujeÐ ìti antiprosw-

peÔoun tic epÐshmec jèseic tou EjnikoÔ Metsìbiou PoluteqneÐou.



Sth Giÿta





ProoÐmio

To keÐmeno autì apoteleÐ th diplwmatikă mou ergasÐa, ergasÐa thn opoÐa ofeÐloun na
ekponăsoun oi foithtèc tou EjnikoÔ Metsìbiou PoluteqneÐou katĹ to teleutaÐo ètoc twn
spoudÿn touc.

Katèbala prospĹjeia ÿste to perieqìmeno na eÐnai autodÔnamo me thn ènnoia ìti,
kĹpoioc pou epijumeÐ na meletăsei tic sunartăseic Mathieu kajÿc kai to en lìgw prì-
blhma thc skèdashc, na eÐnai se jèsh na to kĹnei dÐqwc na parepemfjeÐ se epiprìsjetec
bibliografikèc anaforèc. Epiplèon, h domă eÐnai tètoia ÿste na upĹrqei mia logikă allĹ
sunĹma mh kourastikă roă. Gia to lìgo autì, makroskeleÐc anaptÔxeic kai apodeÐxeic
èqoun topojethjeÐ se parartămata enÿ, sto kurÐwc sÿma, dÐnontai mìno ta basikĹ apo-
telèsmata sunodeuìmena apì mia anagkaÐa perigrafă. SunoptikĹ loipìn, o skeletìc èqei
thn akìloujh domă:

Xekinÿntac, to prÿto kefĹlaio perigrĹfei sunoptikĹ tic exisÿseic me tic opoÐec
anaparistoÔme ta pedÐa mèsw twn dianusmatikÿn dunamikÿn tou Hertz kai emfanÐzei thn
exÐswsh Mathieu mèsa apì thn exÐswsh Helmholtz. SuneqÐzontac, to deÔtero kefĹlaio
perigrĹfei kĹpwc pio analutikĹ tic sunartăseic Mathieu. Ta anaptÔgmata autÿn twn
sunartăsewn ta opoÐa qrhsimopoioÔntai sto kÔrio mèroc thc ergasÐac, dÐnontai sto trÐto
kefĹlaio.

Ta dÔo epìmena kefĹlaia, apoteloÔn to kurÐwc sÿma thc ergasÐac ìpou meletĹtai
h skèdash epÐpedwn kumĹtwn tÔpou TM kai TE apì th diĹtaxh tou problămatoc. Sto
shmeÐo autì proôpojètoume th gnÿsh twn prohgoÔmenwn kefalaÐwn, wstìso ta arqikĹ
kefĹlaia mporoÔn na melethjoÔn anexĹrthta. KatĹ th diĹrkeia thc roăc tou tètartou kai
pèmptou kefalaÐou, qrhsimopoioÔntai apotelèsmata apì ta parartămata. AutĹ perièqoun
thn epÐlush susthmĹtwn kai diĹfora anaptÔgmata ta opoÐa, gia thn eÔresh twn telikÿn
touc ekfrĹsewn, apaitoÔn makroskeleÐc prĹxeic. äloi autoÐ oi upologismoÐ susswreÔ-
ontai sta parartămata ìpou kĹpoioc mporeÐ na apeujunjeÐ gia tic leptomèreiec. TelikĹ,
sto èkto kefĹlaio ulopoioÔntai arijmhtikĹ ta apotelèsmata twn dÔo prohgoumènwn kai
epalhjeÔetai h orjìthta autÿn twn apotelesmĹtwn.

PerÐlhyh

AntikeÐmeno autăc thc ergasÐac eÐnai h melèth thc skèdashc epÐpedou hlektromagnhtikoÔ
kÔmatoc apì mia sÔnjeth diĹtaxh. H proc melèth diĹtaxh apoteleÐtai apì ènan agÿgimo
elleiptikì kÔlindro Ĺpeirou măkouc o opoÐoc epikalÔptetai omoaxonikĹ apì ènan dihle-
ktrikì kÔlindro kuklikăc diatomăc, epÐshc Ĺpeirou măkouc.

Lìgw thc morfăc pou èqei h diĹtaxh, oi ekfrĹseic twn pedÐwn ston exwterikì qÿro `
autìn ektìc tou dihlektrikoÔ kulÐndrou ` anaptÔssontai bĹsei twn kuklikÿn kulindrikÿn
kumatosunartăsewn (sunartăseic Bessel kai Hankel) enÿ eswterikĹ, h anĹptuxh gÐnetai me
qrăsh twn elleiptikÿn kulindrikÿn kumatosunartăsewn (sunartăseic Mathieu) oi opoÐec
mporoÔn na grafoÔn san anaptÔgmata Ĺrtiwn dunĹmewn miac paramètrou h.

H poluplokìthta twn sunartăsewn Mathieu mac epibĹllei arijmhtikă lÔsh tou pro-
blămatoc gia megĹlec timèc tou h. Wstìso, eĹn perioristoÔme se mikrèc timèc tou h, mia
plărwc analutikă lÔsh eÐnai efiktă. Autì akribÿc epitugqĹnetai edÿ kai mĹlista kra-
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viii PROOIMIO

tÿntac ìrouc èwc thn tètarth tĹxh gia to h (h4) enÿ, ìroi tĹxhc h6 kai anÿteroi ame-
loÔntai. àtsi, ìla ta anaptÔgmata pou emfanÐzontai s" autăn thn ergasÐa èqoun th morfă
˛ C ˇh2 C �h4.

Pio sugkekrimèna, meletĹtai h skèdash apì prìsptwsh epÐpedwn kumĹtwn TMz kai
TEz kai dÐnontai diagrĹmmata metabolăc twn diatomÿn skèdashc gia diaforetikèc timèc
twn paramètrwn. H orjìthta twn apotelesmĹtwn elègqetai arijmhtikĹ kai toÔto gÐnetai
poikilotrìpwc. Eidikă perÐptwsh apoteleÐ to prìblhma twn dÔo omoaxonikÿn kuklikÿn
kulÐndrwn jètontac h D 0. EpÐshc, elègqoume thn isqÔ tou jewrămatoc prìsw skèda-
shc kai telikĹ, thn isqÔ twn oriakÿn sunjhkÿn, qrhsimopoiÿntac ta apotelèsmata twn
upologismÿn mac.

Abstract

The subject of the present undergraduate diploma thesis is the study of the scattering of plane
electromagnetic waves by a complex configuration. This geometry consists of a metallic elli-
ptic cylinder of infinite length which is coated coaxially by a dielectric circular cylinder, also
of infinite length.

Due to the form of the geometry, the expansion of the fields in the outer space is based
on circular cylindrical wavefunctions (Bessel and Hankel functions) whereas, for the inner
region, elliptic cylindrical wavefunctions are used (Mathieu functions). The latter can be
written as expansions of even powers of a parameter called h.

The complexity of Mathieu functions prevent us from finding an analytical solution for
the problem for large values of h. However, for small values of this parameter, one can obtain
an analytical solution. This is accomplished here keeping in our calculations terms up to the
fourth order of h (h4); that is, terms of the order h6 and greater are just ignored. Keeping that
in mind, all expansions throughout this thesis have the form ˛ C ˇh2 C �h4.

More specifically, the scattering from incident TMz and TEz plane waves is studied and
scattering cross section patterns are given for various values of the parameters. The correctness
of the results can be checked numerically. A special case consists of two concentric circular
cylinders by letting h D 0. Then, the validity of the forward scattering theorem is checked
and finally, the satisfaction of boundary conditions is confimed, by using the results of our
calculations.

EuqaristÐec

Jèlw na ekfrĹsw tic jermèc tou euqaristÐec afenìc men stouc kajhghtèc mou sta majăma-
ta hlektromagnhtikÿn pedÐwn k. I.A. Roumeliÿth kai k. I.L. Tsalamègka gia thn aplìqerh
upostărixă touc kai thn akatapìnhth projumÐa antapìkrisăc touc, afetèrou de stouc go-
neÐc mou gia th genikìterh enjĹrrunsă touc. Euqaristÿ epÐshc thn aderfă mou Berìnika
gia th boăjeia pou prosèfere sth filologikă epimèleia tou keimènou kajÿc kai touc su-
nadèlfouc ekeÐnouc pou suntèlesan sthn anĹptuxh enìc dhmiourgikoÔ klÐmatoc mèqri thn
oloklărwsh thc prospĹjeiac autăc.
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KEFALAIO

1
Oi exisÿseic twn pedÐwn

1.1 Perigrafă twn hlektromagnhtikÿn problhmĹtwn

H epÐlush twn hlektromagnhtikÿn problhmĹtwn mporeÐ na gÐnei qrhsimopoiÿntac teqni-
kèc oi opoÐec, anĹloga me thn efarmogă, eÐnai dunatì na epilÔsoun èna sugkekrimèno HM
prìblhma. Sto Sqăma 1.1 sthn epìmenh selÐda faÐnontai treic megĹlec kathgorÐec pro-
blhmĹtwn oi opoÐec diakrÐnontai metaxÔ touc anĹloga me thn phgă diègershc.

To {prìblhma 1} anafèretai se hlektrikèc phgèc (puknìthta hlektrikoÔ reÔmatoc
J ) kai h epÐlusă tou mporeÐ na gÐnei qrhsimopoiÿntac, eÐte thn oikogèneia twn dunamikÿn
.A; ˆ/, eÐte to dianusmatikì hlektrikì dunamikì tou Hertz ….

To {Prìblhma 2} diegeÐretai apì magnhtikèc phgèc (puknìthta magnhtikoÔ reÔmatoc
M) kai h eÔresh twn aktinoboloÔmenwn pedÐwn .EM ;HM / gÐnetai me qrăsh, eÐte thc
oikogèneiac dunamikÿn .F ; ˆm/, eÐte tou magnhtikoÔ dianusmatikoÔ dunamikoÔ tou Hertz
…m.

To {prìblhma 3} apoteleÐ mia sÔnjesh twn dÔo prohgoÔmenwn ìpou kai ta dÔo
eÐdh phgÿn eÐnai parìnta. H epÐlush tou sÔnjetou autoÔ problămatoc gÐnetai, eÐte me
tautìqronh qrăsh twn oikogeneiÿn .A; ˆ/ kai .F ; ˆm/, eÐte me tautìqronh qrăsh twn
dunamikÿn tou Hertz … kai …m.

1.2 Oi exisÿseic twn aktinoboloÔmenwn pedÐwn

H perigrafă twn hlektromagnhtikÿn problhmĹtwn me ta dianusmatikĹ dunamikĹ tou Hertz
prosfèrei ènan enallaktikì trìpo epÐlushc me ligìterouc agnÿstouc, idiaÐtera eĹn h dia-
dikasÐa thc lÔshc prèpei na gÐnei sto pedÐo tou qrìnou. Gia to lìgo autì, perigrĹfoume
pwc mporeÐ to plărec prìblhma ({prìblhma 3}) na epilujeÐ kĹnontac qrăsh twn duna-
mikÿn tou Hertz. Epeidă de, mac endiafèrei h hmitonikă mìnimh katĹstash, oi exisÿseic
anafèrontai mìno sto pedÐo thc suqnìthtac.

1



2 OI EXISWSEIS TWN PEDIWN

Sqăma 1.1 KathgorÐec HM problhmĹtwn anĹloga me thn phgă diègershc.

1.2.1 Ta aktinoboloÔmena pedÐa mèsw twn … kai …m

O prosdiorismìc thc aktinobolÐac mèsw twn dunamikÿn tou Hertz prokÔptei apì tic sqèseic
[1]

E D r � r � … � J

j!�„ ƒ‚ …
Prìblhma 1

C .�j!�/r � …m„ ƒ‚ …
Prìblhma 2

, (1.1.a’)

H D j!�r � …„ ƒ‚ …
Prìblhma 1

C r � r � …m � M

j!�„ ƒ‚ …
Prìblhma 2

. (1.1.b’)

ìpou J kai M oi puknìthtec hlektrikoÔ kai magnhtikoÔ reÔmatoc, antÐstoiqa, enÿ ta
dunamikĹ … kai …m prosdiorÐzontai epilÔontac tic mh omogeneÐc dianusmatikèc exisÿseic
Helmholtz

r2… C k2… D � J

j!�
kai r2…m C k2…m D � M

j!�
.

EĹn tÿra brejoÔme se qÿro qwrÐc phgèc, to aktinoboloÔmeno pedÐo ja prokÔyei
pĹli apì tic Sq. (1.1.a’) kai Sq. (1.1.b’) jètontac touc ìrouc diègershc Ðsouc me mhdèn. O
prosdiorismìc twn dunamikÿn … kai …m gÐnetai epilÔontac tÿra plèon tic omogeneÐc dia-
nusmatikèc exisÿseic Helmholtz.

Oi Sq. (1.1.a’) kai Sq. (1.1.b’) krÔboun èxi Ĺgnwstec posìthtec, tic sunistÿsec twn …

kai …m. EĹn ìmwc ekmetaleutoÔme to gegonìc ìti ta … kai …m eÐnai analloÐwta wc proc
touc metasqhmatismoÔc [1]

… D …0 C rV kai …m D m…0 C rVm ,

ìpou V kai Vm diplĹ paragwgÐshmec bajmwtèc posìthtec, tìte odhgoÔmaste sto ìti to
aktinoboloÔmeno pedÐo mporeÐ na prokÔyei mèsw dÔo bajmwtÿn posotătwn se qÿrouc
eleÔjerouc apì phgèc. Oi dÔo autèc bajmwtèc posìthtec eÐnai h z sunistÿsa twn dunami-
kÿn … kai …m. àtsi loipìn, to aktinoboloÔmeno pedÐo prokÔptei apì tic Sq. (1.1.a’) kai
Sq. (1.1.b’) kĹnontac tic exăc allagèc:

� jètoume J D M D 0 (qÿroc dÐqwc phgèc) kai

� orÐzoume … yD…zez kai …m yD…mzez .



1.2 Oi exisÿseic twn aktinoboloÔmenwn pedÐwn 3

Kat" autìn ton trìpo, oi exisÿseic apì tic opoÐec aporrèei to aktinoboloÔmeno pedÐo eÐnai,
gia men to hlektrikì pedÐo

E D r � r � ez…z � j!�r � ez…mz , (1.2.a’)

enÿ gia to magnhtikì pedÐo

H D j!�r � ez…z C r � r � ez…mz . (1.2.b’)

Ta dunamikĹ prokÔptoun epilÔontac tic omogeneÐc bajmwtèc exisÿseic Helmholtz

r2…z C k2…z D 0 kai r2…mz C k2…mz D 0 .

àtsi loipìn, to prìblhma anĹqjhke sthn eÔresh dÔo mìno Ĺgnwstwn posotătwn. Ta du-
namikĹ mporoÔn na prosdioristoÔn, gia orjogÿnia kampulìgramma sustămata suntetag-
mènwn, me efarmogă thc mejìdou qwrismoÔ twn metablhtÿn. Sthn enìthta 1.3 gÐnetai
epÐlush thc exÐswshc sto elleiptikì sÔsthma.

Parathrÿntac tic Sq. (1.2.a’) kai (1.2.b’), sumperaÐnoume ìti, to H pou prokÔptei
apì to …z stereÐtai egkĹrsiac z sunistÿsac kai ètsi to sunolikì pedÐo pou prokÔptei
èqei Ez pìlwsh ă alliÿc, paristĹnei èna magnhtikì egkĹrsio kÔma wc proc ez , dhladă to
gnwstì TMz kÔma. AntÐstoiqa, to pedÐo pou prokÔptei apì to …mz den èqei Ez sunistÿsa
kai ètsi, sthn perÐptwsh aută, milĹme gia Hz pìlwsh, dhladă prìkeitai gia èna hlektrikì
egkĹrsio kÔma wc proc ez , dhladă TEz kÔma.

Me autèc tic parathrăseic, mporoÔme na qwrÐsoume to olikì aktinoboloÔmeno pedÐo
se kÔmata TMz kai TEz dhladă, prokÔptei me epallhlÐa autÿn twn dÔo. àtsi, mporoÔme
na grĹyoume �

E
H

�
D
�

ETM

HTM

�
C
�

ETE

HTE

�
ìpou �

ETM

HTM

�
D
�r � r � ez…z

j!�r � ez…z

�
kai �

ETE

HTE

�
D
��j!�r � ez…mz

r � r � ez…mz

�
.

1.2.2 Oi sunistÿsec twn pedÐwn sto elleiptikì sÔsthma suntetagmènwn

Gia thn exagwgă twn sunistwsÿn autÿn arkeÐ h èkfrash thc peristrofăc sto elleiptikì
sÔsthma suntetagmènwn, ètsi ìpwc faÐnetai apì tic Sq. (1.2.a’) kai (1.2.b’). Oi sqèseic pou
prokÔptoun omadopoioÔntai qwristĹ gia to hlektrikì kai magnhtikì pedÐo.

Hlektrikì pedÐo

Ez D
�
@2

@z2
C k2

�
…z , (1.3.a’)

E� D 1

h�

@2…z

@�@z
� j!�

1

h�

@…mz

@'
, (1.3.b’)

E' D 1

h�

@2…z

@'@z
C j!�

1

h�

@…mz

@�
. (1.3.g’)
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Magnhtikì pedÐo

Hz D
�
@2

@z2
C k2

�
…mz , (1.4.a’)

H� D 1

h�

@2…mz

@�@z
C j!�

1

h�

@…z

@'
, (1.4.b’)

H' D 1

h�

@2…mz

@'@z
� j!�

1

h�

@…z

@�
. (1.4.g’)

Stic sqèseic autèc, h� eÐnai o gnwstìc metrikìc suntelestăc tou elleiptikoÔ sustă-
matoc ton opoÐo epanalambĹnoume edÿ:

h� D h' D a

q
cosh2 � � cos2 ' D a

q
sinh2 �C sin2 '

D ap
2

p
cosh.2�/ � cos.2'/ .

1.2.3 Oi sunistÿsec twn pedÐwn sto kulindrikì sÔsthma suntetagmènwn

Prosarmìzontac tic Sq. (1.2.a’) kai Sq. (1.2.b’) sto kulindrikì sÔsthma, prokÔptoun oi
sqetikèc exisÿseic pou dÐnoun tic ekfrĹseic twn pedÐwn.

Hlektrikì pedÐo

Ez D
�
@2

@z2
C k2

�
…z , (1.5.a’)

E� D @2…z

@�@z
� j!�

1

�

@…mz

@'
, (1.5.b’)

E' D 1

�

@2…z

@'@z
C j!�

@…mz

@�
. (1.5.g’)

Magnhtikì pedÐo

Hz D
�
@2

@z2
C k2

�
…mz , (1.6.a’)

H� D @2…mz

@�@z
C j!�

1

�

@…z

@'
, (1.6.b’)

H' D 1

�

@2…mz

@'@z
� j!�

@…z

@�
. (1.6.g’)

1.3 EpÐlush thc exÐswshc Helmholtz sto elleiptikì sÔsthma suntetagmènwn

äpwc èqei faneÐ sthn enìthta 1.2, h epÐlush thc bajmwtăc exÐswshc Helmholtz odhgeÐ sth
gnÿsh twn bajmwtÿn dunamikÿn …z kai …mz kai katĹ sunèpeia sth gnÿsh twn aktinobo-
loÔmenwn pedÐwn. Sto edĹfio autì meletĹtai h perÐptwsh tou elleiptikoÔ sustămatoc kai
ti ekfrĹseic mporoÔn na pĹroun s" autăn ta dÔo bajmwtĹ dunamikĹ.
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OrÐzoume th bajmwtă posìthta ‰ h opoÐa paristĹnei, eÐte to hlektrikì dunamikì
…z , eÐte to magnhtikì dunamikì …mz . àtsi, h exÐswsh Hemlholtz eÐnai

r2‰ C k2‰ D 0

me k D !
p
�� ton kumatĹrijmo. O telestăc r2 se elleiptikèc suntetagmènec èqei thn

èkfrash

r2 D 1

a2
�

cosh2 � � cos2 '
� � @2

@�2
C @2

@'2

�
C @2

@z2

D 2

a2
h
cosh2.2�/� cos2.2'/

i � @2

@�2
C @2

@'2

�
C @2

@z2

(1.7)

ìpou a h estiakă apìstash thc èlleiyhc. Efarmìzontac tÿra th mèjodo qwrismoÔ twn
metablhtÿn, grĹfoume

‰.�; '; z/ D H.�/F.'/Z.z/

opìte, me antikatĹstash sthn Sq. (1.7) prokÔptei

2

a2
h
cosh2.2�/ � cos2.2'/

i �FZ
d2H

d�2
C HZ

d2F

d'2

�
C HF

d2Z

dz2
C k2HFZ D 0 .

Epeidă jèloume mh tetrimènh lÔsh, ‰ ¤ 0, diairÿntac me HFZ prokÔptei

2

a2
h
cosh2.2�/ � cos2.2'/

i � 1

H

d2H

d�2
C 1

F

d2F

d'2

�
„ ƒ‚ …

K�'

C 1

Z

d2Z

dz2„ ƒ‚ …
Kz

Ck2 D 0; 8�; '; z .

Gia na eÐnai h lÔsh, lÔsh thc exÐswshc Helmholtz, prèpei

K�' C Kz C k2 D 0 (1.8.a’)

h opoÐa apoteleÐ mia prÿth sunjăkh.

1.3.1 H exÐswsh gia to z

H diaforikă exÐswsh pou prokÔptei gia th metablhtă z eÐnai

d2Z

dz2
D Kzz .

H stajerĹ Kz mporeÐ na pĹrei diĹforec timèc anĹloga me to prìblhma. Gia diĹdosh katĹ
Cez , Kz D �k2

z � �ˇ2. Tìte, h Sq. (1.8.a’) gÐnetai

K�' D ˇ2 � k2 ă � K�' D k2 � ˇ2 . (1.8.b’)

EĹn upĹrqei anexarthsÐa apì to z, @=@z D 0 me apotèlesma Kz=0 kai tìte h
Sq. (1.8.a’) gÐnetai

K�' D �k2 ă � K�' D k2 . (1.8.g’)
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1.3.2 Oi exisÿseic gia ta � kai '

Oi exisÿseic gia ta � kai ' prokÔptoun apì thn èkfrash

2

a2
h
cosh2.2�/ � cos2.2'/

i � 1

H

d2H

d�2
C 1

F

d2F

d'2

�
D K�' .

To K�' eÐnai gnwstì apì tic Sq. (1.8.b’), (1.8.g’) katĹ perÐptwsh, wstìso kratĹme to sum-
bolismì K�' . AnaptÔssontac thn teleutaÐa prokÔptei

1

H

d2H

d�2
� a2

2
cosh.2�/K�'„ ƒ‚ …

K�

C 1

F

d2F

d'2
C a2

2
cos.2'/K�'„ ƒ‚ …

K'

D 0 .

äpwc kai prin, prèpei na isqÔei

K� C K' D 0 . (1.9.a’)

Sto shmeÐo autì ergazìmaste me thn exÐswsh gia to �; dhladă ekfrĹzoume to K'

sunartăsei tou K�:

K' D �K� . (1.9.b’)

1.3.3 H exÐswsh gia to �

H diaforikă exÐswsh gia to � eÐnai h

d2H

d�2
� a2

2
cosh.2�/K�'H D K�H

h opoÐa èqei morfă exÐswshc idiotimÿn, me to H na apoteleÐ tic idiosunartăseic kai to K�

tic idiotimèc. Ìstera apì lÐgh Ĺlgebra, h teleutaÐa katalăgei sth morfă

d2H

d�2
�
"

K� � a2
�
k2 � ˇ2

	
2

cosh.2�/

#
H D 0

ìpou èqoume antikatastăsei to �K�' apì th Sq. (1.8.b’).
OrÐzontac

h2 yD a2
�
k2 � ˇ2

�
, (1.10)

prokÔptei h zhtoÔmenh exÐswsh

d2H

d�2
�
�
K� � h2

2
cosh.2�/

�
H D 0 (1.11)

h opoÐa apoteleÐ thn tropopoihmènh diaforikă exÐswsh Mathieu.
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1.3.4 H exÐswsh gia to '

H exÐswsh gia to ' prokÔptei apì thn èkfrash

1

F

d2F

d'2
C a2

2
cos.2'/K�' D K' .

Dedomènou ìti to K' eÐnai gnwstì apì th Sq. (1.9.b’) kai kĹnontac qrăsh tou orismoÔ gia
to h2, prokÔptei h zhtoÔmenh exÐswsh

d2F

d'2
C
�
K� � h2

2
cos.2'/

�
F D 0 (1.12)

h opoÐa eÐnai h diaforikă exÐswsh Mathieu gia to F .





KEFALAIO

2
Sunartăseic Mathieu

2.1 Eisagwgă

Oi sunartăseic Mathieu emfanÐzontai se problămata majhmatikăc fusikăc ìpou h diĹta-
xh tou problămatoc èqei elleiptikă gewmetrÐa. Pio sugkekrimèna, h epÐlush thc exÐswshc
Helmholtz sto elleiptikì sÔsthma suntetagmènwn, me th mèjodo qwrismoÔ twn metablh-
tÿn, odhgeÐ stic diaforikèc exisÿseic Mathieu (kanonikă kai tropopoihmènh)� kai katĹ
sunèpeia, gia thn eÔresh thc plărhc lÔshc, h epÐlush twn dÔo nèwn autÿn exisÿsewn
eÐnai aparaÐthth.

H kanonikă morfă thc diaforikăc exÐswshc Mathieu, h opoÐa anafèretai kai wc
gwniakă exÐswsh Mathieu, eÐnai

d2y

d'2
C
�
b � h2

2
cos.2'/

�
y D 0 . (2.1)

Oi lÔseic autăc qwrÐzontai se Ĺrtiec kai perittèc, onomĹzontai gwniakèc sunartăseic Ma-
thieu kai sumbolÐzontai me Sem.h; cos'/ kai Som.h; cos'/ antÐstoiqa.

H tropopoihmènh diaforikă exÐswsh Mathieu, isodÔnama gnwstă kai wc aktinikă
exÐswsh, eÐnai

d2y

d�2
�
�
b � h2

2
cosh.2�/

�
y D 0 . (2.2)

OmoÐwc, oi lÔseic thc qwrÐzontai se Ĺrtiec kai perittèc, onomĹzontai aktinikèc sunartăseic
Mathieu kai sumbolÐzontai me Zem.h; cosh �/ kai Zom.h; cosh �/ antÐstoiqa. Kai stic dÔo
exisÿseic, b eÐnai oi idiotimèc, y oi idiosunartăseic enÿ h mia stajerĹ h opoÐa sqetÐzetai
me ton kumatĹrijmo sÔmfwna me th sqèsh h D ak| ìpou 2a eÐnai h estiakă apìstash thc
èlleiyhc.

H melèth twn Ĺrtiwn kai perittÿn sunartăsewn ja gÐnei xeqwristĹ.

� Blèpe enìthta 1.3.
| Blèpe enìthta 1.3.

9
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2.2 Oi Ĺrtiec sunartăseic

Oi Ĺrtiec gwniakèc sunartăseic dÐnontai apì th sqèsh [2, sel. 1408]

Sem.h; cos'/ D
1X

nD0

Be
n.h;m/ cos.n'/; m D 0; 1; 2; : : : (2.3)

enÿ oi Ĺrtiec aktinikèc sunartăseic apì th sqèsh [2, sel. 1408]

Zem.h; cosh�/ D
r
�

2

1X
nD0

.�1/
n�m

2 Be
n.h;m/Zn.h cosh�/; m D 0; 1; 2; : : :

ìpou Zn.h cosh�/ eÐnai h sunĹrthsh Bessel Ðdiou eÐdouc me thn Zem.h; cosh �/.
Stic prohgoÔmenec ekfrĹseic, ta m kai n eÐnai tautìqrona Ĺrtia ă perittĹ. Autì

mac odhgeÐ se mia enallaktikă èkfrash gia to n. ätan to m eÐnai Ĺrtio, to n mporeÐ na
grafeÐ wc n D 2p me p D 0; 1; 2; : : : enÿ, ìtan to m eÐnai perittì, to n D 2p C 1 me
p D 0; 1; 2; : : :. àtsi, mporoÔme na grĹyoume

n D m ˙ 2p; 8m D 0; 1; 2; : : : ; p D 0; 1; 2; : : : ;

me thn epilogă ˙ na shmaÐnei ta exăc:

� ìtan m > 2p, kratĹme kai ta dÔo sÔmbola (dhladă prokÔptoun dÔo timèc gia
to n) enÿ,

� ìtan m < 2p, kratĹme mìno to C (diìti diaforetikĹ ja proèkupte n < 0).

Kat" autìn ton trìpo, h lÔsh gia tic gwniakèc sunartăseic grĹfetai

Sem.h; cos'/ D
1X

pD0

Be
m˙2p.h;m/ cosŒ.m ˙ 2p/'�; m D 0; 1; 2; : : : . (2.4)

OmoÐwc, h enallaktikă grafă gia tic aktinikèc sunartăseic eÐnai

Zem.h; cosh �/ D
r
�

2

1X
pD0

.�1/˙pBe
m˙2p.h;m/Zm˙2p.h cosh�/ . (2.5)

2.2.1 AnĹptugma twn idiotimÿn

ätan meletĹme tic Ĺrtiec sunartăseic, oi idiotimèc b sumbolÐzontai me be kai èqoun to
anĹptugma

bem D m2 C le
2h2 C le

4h4 C � � �
dhladă mia Ĺpeirh seirĹ Ĺrtiwn dunĹmewn tou h. Oi suntelestèc le ja dojoÔn sthn enìthta
3.6. Sth sunèqeia kai mèqri ekeÐno to shmeÐo, de ja mac apasqolăsoun.
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2.2.2 AnĹptugma twn suntelestÿn

Gia kĹje timă tou m (m D 0; 1; 2; : : :), oi suntelestèc Be
n.h;m/ anaptÔssontai se mia

Ĺpeirh seirĹ Ĺrtiwn dunĹmewn tou h. Dhladă èqoun morfă

Be
n.h;m/ D ˛ C ˇh2 C �h4 C ıh6 C � � � . (2.6)

EnallaktikĹ, upì th morfă Be
m˙2p

.h;m/ grĹfontai

Be
m˙2p.h;m/ D

�
˛e˙

2p;0h2p C ˛e˙
2p;2h2pC2 C ˛e˙

2p;4h2pC4 C � � �
C ˛e˙

2p;2ih
2pC2i C � � � C ˛e˙

2p;2kh2pC2k
�

�
�
1 C ge

2h2 C ge
4h4 C � � � C ge

2sh
2s C � � � ge

2kh2k
�

D
kX

iD0

˛e˙
2p;2ih

2pC2i

 
1 C

kX
sD1

ge
2sh

2s

!
; k ! 1

(2.7)

me m D 0; 1; 2; : : : kai, gia kĹje m D 0; 1; 2; : : :, to p D 0; 1; 2; : : :. H morfă aută eÐnai
isodÔnamh me th Sq. (2.6).

2.2.3 Arqikèc parathrăseic ` 1

EĹn sth Sq. (2.1) to h D 0, aută paÐrnei morfă y 00Cby D 0 me b D m2 opìte y 00Cm2y D 0
h opoÐa èqei tic gnwstèc lÔseic

ym D Am cos.m'/C Bm sin.m'/ .

EĹn perioristoÔme stic Ĺrtiec sunartăseic ja èqoume

ye
m D Am cos.m'/

ă genikìtera

ye D
1X

mD0

Am cos.m'/

kai se aneptugmènh morfă,

ye D A0 C A1 cos' C A2 cos.2'/C � � � .

EnallaktikĹ, efarmìzontac th jewrÐa twn exisÿsewn Mathieu lambĹnoume

ye D Sem.0; cos'/ D
1X

nD0

Be
n.0;m/ cos.n'/ .

Jètoume
1X

nD0

Be
n.0;m/ cos.n'/ D

1X
mD0

Am cos.m'/; m D 0; 1; 2; : : :
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ă enallaktikĹ

1X
pD0

Be
m˙2p.0;m/ cosŒ.m ˙ 2p/'� D

1X
mD0

Am cos.m'/; m D 0; 1; 2; : : : .

Exisÿnontac touc ìrouc me m D 0, m D 1, m D 2 k.lp., prokÔptei ìti

A0 D Be
0.0; 0/; A1 D Be

1.0; 1/; : : :

opìte,
ye D Be

0.0; 0/„ ƒ‚ …
pD0

C Be
1.0; 1/„ ƒ‚ …
pD0

cos' C � � � .

ämwc
Be

0.0; 0/ D �
˛e˙

0;0 C mhdenikoÐ ìroi
	
.1 C mhdenikoÐ ìroi/ D ˛e˙

0;0 ,

Be
1.0; 1/ D �

˛e˙
0;0 C mhdenikoÐ ìroi

	
.1 C mhdenikoÐ ìroi/ D ˛e˙

0;0

kai omoÐwc gia touc upìloipouc ìrouc. Tÿra, kĹnontac kanonikopoÐhsh [2, sel. 1408],
prèpei

1X
pD0

Be
m˙2p.0;m/ D 1; 8m D 0; 1; 2; : : :

dhladă

Be
m.0;m/C Be

m˙2.0;m/C Be
m˙4.0;m/C � � � D 1; m D 0; 1; 2; : : : .

Gia m D 0, o mìnoc mh mhdenikìc ìroc eÐnai autìc me p D 0, dhladă o Be
0
.0; 0/, opìte

Be
0.0; 0/ D 1 ! ˛e˙

0;0 D 1 .

Gia m D 1, o mh mhdenikìc ìroc eÐnai pĹli autìc me p D 0, opìte

Be
1.0; 1/ D 1 ! ˛e˙

0;0 D 1 .

H diadikasÐa aută suneqÐzetai gia ìla ta m D 0; 1; 2; : : : me telikì apotèlesma

˛e˙
0;0 D 1; 8m D 0; 1; 2; : : : .

2.2.4 Arqikèc parathrăseic ` 2

Apì to prohgoÔmeno apotèlesma sumperaÐnoume ìti, h anĹptuxh gia touc suntelestèc
Be

m˙2p
.h;m/ prèpei na dÐnei 1 ìtan to p D 0 oÔtwc ÿste, sthn perÐptwsh pou to h D 0,

h lÔsh me qrăsh twn sunartăsewn Mathieu na sumpÐptei me th lÔsh thc aploÔsterhc
sunăjouc diaforikăc exisÿshc pou prokÔptei sthn perÐptwsh aută. Sunepÿc, isqÔei ìti

˛e˙
0;2i D 0; i D 1; 2; 3; : : : .

àtsi, ìtan p D 0

Be
m.h;m/ D

�
˛e˙

0;0h0 C ˛e˙
0;2h2 C ˛e˙

0;4h4 C � � �
� �

1 C ge
2h2 C ge

4h4 C � � �
�

D 1 C ge
2h2 C ge

4h4 C � � �
kai ìtan epiprìsjeta h D 0, Be

m.0;m/ D 1.
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2.2.5 Arqikèc parathrăseic ` 3

Apì thn enallaktikă grafă gia to n pou ègine sthn enìthta 2.2, mporoÔme na exĹgoume
akìma mia arqikă paratărhsh. Gia parĹdeigma, èstw ìti epilègoume thn timă m D 3. Tìte
anamènoume n D 1; 3; 5; : : :. PrĹgmati, me n D m ˙ 2p, ìtan

p D 0 ! n D 3

p D 1 ! n D
(

5 lambĹnontac to C
1 lambĹnontac to �

p D 2 ! n D 7 lambĹnoume mìno to C diaforetikĹ to n < 0
:::

Dhladă, oi suntelestèc
˛e�

2p;2i D 0 ìtan m < 2p .

2.2.6 Upologismìc suntelestÿn

O upologismìc twn suntelestÿn anĹptuxhc Be
m˙2p

.h;m/ ègkeitai ston upologismì twn

suntelestÿn ˛e˙
2p;2i kai ge

2s . Oi suntelestèc ˛e˙
2p;2i upologÐzontai sthn [3] kai ja dojoÔn,

ìsoi eÐnai aparaÐthtoi, sto Kef. 3.

2.2.7 KanonikopoÐhsh

O upologismìc twn suntelestÿn ge
2s

ja gÐnei eĹn efarmìsoume th sunjăkh kanonikopoÐh-
shc twn sunartăsewn Mathieu h opoÐa eÐnai [2, sel. 1408]

1X
nD0

Be
n.h;m/ D 1

ă isodÔnama
1X

pD0

Be
m˙2p.h;m/ D 1 .

Antikajistÿntac ta anaptÔgmata twn suntelestÿn, prokÔptei ìti

1X
pD0

"
kX

iD0

˛e˙
2p;2ih

2pC2i

 
1 C

kX
sD1

ge
2sh

2s

!#
D 1

to opoÐo isodÔnama grĹfetai

 
1 C

kX
sD1

ge
2sh

2s

!�
1 C

1X
pD1

kX
iD0

˛e˙
2p;2ih

2pC2i

�
D 1

miac kai o ìroc twn ajroismĹtwn twn ge
2s

h2s eÐnai anexĹrthtoc tou p kai parĹllhla
˛e˙

0;2i
D 1 gia i D 0 enÿ ˛e˙

0;2i
D 0 gia i D 1; 2; 3; : : :. BebaÐwc, gia plărh lÔsh, k ! 1.
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Se aneptugmènh morfă, h prohgoÔmenh sqèsh grĹfetai�
1 C ge

2h2 C ge
4h4 C � � �

��
1 C ˛e˙

2;0h2 C ˛e˙
2;2h4 C � � �

C ˛e˙
4;0h4 C ˛e˙

4;2h6 C � � �
C � � �

�
D 1 .

Omadopoiÿntac se dunĹmeic tou h2i ,

1 C
�
˛e˙

2;0 C ge
2

�
h2 C

�
˛e˙

2;2 C ˛e˙
4;0 C ˛e˙

2;0ge
2 C ge

4

�
h4 C � � � D 1

ap" ìpou prokÔptei
ge

0 D 1 , (2.8.a’)

ge
2 D �˛e˙

2;0 (2.8.b’)

kai

ge
4 D �

�
˛e˙

2;2 C ˛e˙
4;0 � ˛e˙

2;0˛
e˙
2;0

�
. (2.8.g’)

GenikeÔontac, oi suntelestèc ge
2s

grĹfontai

ge
2s D �

sX
pD1

s�pX
jD0

˛e˙
2p;2.s�p�j/g

e
2j ; s D 1; 2; : : :

enÿ ge
0

D 1.

2.2.8 AnĹptugma gwniakÿn sunartăsewn

àqontac plèon anaptÔxei touc suntelestèc, eĹn touc antikatastăsoume sth Sq. (2.4), pro-
kÔptei to anĹptugma gia tic gwniakèc sunartăseic Mathieu:

Sem.h; cos'/ D
1X

pD0

"
kX

iD0

˛e˙
2p;2ih

2pC2i

 
1 C

kX
sD1

ge
2sh

2s

!#
cosŒ.m ˙ 2p/'�

D
 

1 C
kX

sD1

ge
2sh

2s

! 1X
pD0

(
kX

iD0

˛e˙
2p;2ih

2pC2i cosŒ.m ˙ 2p/'�

)

D
 

1 C
kX

sD1

ge
2sh

2s

!

�
8<
:cos.m'/C

1X
pD1

kX
iD0

˛e˙
2p;2ih

2pC2i cosŒ.m ˙ 2p/'�

9=
; ; k ! 1

me m D 0; 1; 2; : : :.
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2.2.9 AnĹptugma aktinikÿn sunartăsewn

Antikajistÿntac to anĹptugma twn suntelestÿn Be
m.h;m/ sthn èkfrash twn aktinikÿn

sunartăsewn, prokÔptei h èkfrash

Zem.h; cosh �/ D
r
�

2

 
1 C

kX
sD1

ge
2sh

2s

!

�
2
4Zm.h cosh �/C

1X
pD1

.�1/˙p

kX
iD0

˛e˙
2p;2ih

2pC2iZm˙2p.h cosh�/

3
5

me m D 0; 1; 2; : : : enÿ k ! 1.

2.3 Oi perittèc sunartăseic

Oi perittèc gwniakèc sunartăseic eÐnai h deÔterh kathgorÐa lÔsewn thc Sq. (2.1) kai dÐ-
dontai apì thn èkfrash [2, sel. 1408]

Som.h; cos'/ D
1X

nD1

Bo
n.h;m/ sin.n'/; m D 1; 2; 3; : : :

enÿ, oi perittèc aktinikèc sunartăseic apì thn èkfrash [2, sel. 1408]

Zom.h; cosh �/ D
r
�

2
tanh �

1X
nD1

.�1/
n�m

2 nBo
n.h;m/Zn.h cosh�/

me m D 1; 2; 3; : : : ikanopoioÔn th Sq. (2.2).
äpwc kai stic Ĺrtiec sunartăseic, ta m, n eÐnai tautìqrona Ĺrtia ă perittĹ. Sunepÿc,

mporoÔme na grĹyoume
n D m ˙ 2p; p D 0; 1; 2; : : : .

Tÿra, h epilogă twn sumbìlwn gÐnetai lÐgo diaforetikĹ ap" ìti prin.

� ätan m > 2p kratĹme kai ta dÔo sÔmbola enÿ,

� ìtan m 6 2p, kratĹme mìno to C (diaforetikĹ ja proèkupte n 6 0 enÿ tÿra
to n > 1).

Parìmoia me tic Ĺrtiec, oi perittèc gwniakèc sunartăseic grĹfontai

Som.h; cos'/ D
1X

pD0

Bo
m˙2p.h;m/ sinŒ.m ˙ 2p/'�; m D 1; 2; 3; : : :

kai oi perittèc aktinikèc sunartăseic grĹfontai

Zom.h; cosh �/ D
r
�

2
tanh �

1X
pD0

.�1/˙p.m ˙ 2p/Bo
m˙2p.h;m/Zm˙2p.h cosh �/

ìpou m D 1; 2; 3; : : :.



16 SUNARTHSEIS MATHIEU

2.3.1 AnĹptugma twn idiotimÿn

Sthn perÐptwsh aută, oi idiotimèc sumbolÐzontai me bo kai anaptÔssontai wc

bom D m2 C lo
2h2 C lo

4h4 C � � � .

2.3.2 AnĹptugma twn suntelestÿn

Oi suntelestèc Bo
m˙2p

.h;m/ èqoun kai edÿ thn Ðdia èkfrash anĹptuxhc mìno me mia dia-
forĹ sto deÔtero mèroc tou ginomènou, dhladă

Bo
m˙2p.h;m/ D

�
˛o˙

2p;0h2p C ˛o˙
2p;2h2pC2 C ˛o˙

2p;4h2pC4 C � � �
C ˛o˙

2p;2ih
2pC2i C � � � C ˛o˙

2p;2kh2pC2k
�

�
�
go

0 C go
2h2 C go

4h4 C � � � C go
2sh

2s C � � � go
2kh2k

�
D

kX
iD0

˛o˙
2p;2ih

2pC2i

 
go

0 C
kX

sD1

go
2sh

2s

!
; k ! 1

me m D 1; 2; 3; : : :. Gia kĹje mia apì tic timèc autèc tou m, to p D 0; 1; 2; : : :.

2.3.3 Arqikèc parathrăseic ` 1

Akoloujÿntac thn Ðdia diadikasÐa ìpwc sthn enìthta 2.2.3 kai kratÿntac aută th forĹ
mìno tic perittèc lÔseic, èqoume

yo D
1X

mD1

Bm sin.m'/ D B1 sin ' C B2 sin.2'/C � � �

kai exisÿnontac me thn

yo D Som.0; '/ D
1X

pD0

Bo
m˙2p.0;m/ sinŒ.m ˙ 2p/'�

prokÔptei ìti, gia m D 1, B1 D Bo
1
.0; 1/}, gia m D 2, B2 D Bo

2
.0; 2/} k.o.k. Ăra

yo D Bo
1.0; 1/ sin' C Bo

2.0; 2/ sin.2'/C � � � .

ämwc,

Bo
1.0; 1/ D �

˛o˙
0;0 C mhdenikoÐ ìroi

	
.1 C mhdenikoÐ ìroi/ D ˛o˙

0;0

Bo
2.0; 2/ D �

˛o˙
0;0 C mhdenikoÐ ìroi

	�1

2
C mhdenikoÐ ìroi

�
D 1

2
˛o˙

0;0

:::

} Dhladă, o mh mhdenikìc suntelestăc prokÔptei ìtan p D 0 enÿ oi upìloipoi (p D 1; 2; 3; : : :) eÐnai
mhdenikoÐ.
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H kanonikopoÐhsh gia tic perittèc sunartăseic eÐnai

1X
nD1

nBo
n.0;m/ D 1

ă
1X

pD0

.m ˙ 2p/Bo
m˙2p.0;m/ D 1 .

AnaptÔssontac, èqoume

mBo
m.0;m/C .m ˙ 2/Bo

m˙2.0;m/C � � � D 1 .

Gia m D 1, o mìnoc mh mhdenikìc suntelestăc eÐnai autìc me p D 0, ètsi

Bo
1.0; 1/ D 1 ! ˛o˙

0;0 D 1 .

Gia m D 2,
2Bo

2.0; 2/ D 1 ! ˛o˙
0;0 D 1 .

H diadikasÐa aută mporeÐ na suneqisteÐ gia ìla ta m. Sunepÿc, isqÔei ìti

˛o˙
0;0 D 1; 8m D 1; 2; 3; : : : .

2.3.4 Arqikèc parathrăseic ` 2

Anatrèqontac sthn enìthta 2.2.4, eÐdame ìti oi suntelestèc ˛e˙ gia p D 0 kai i ¤ 0 eÐnai
mhdenikoÐ. Oi parathrăseic autèc isqÔoun kai edÿ, opìte

˛o˙
0;2i D 0; i D 1; 2; 3; : : : .

2.3.5 Arqikèc parathrăseic ` 3

äpwc kai sthn enìthta 2.2.5, ètsi kai edÿ mia akìma arqikă paratărhsh eÐnai dunată. EĹn
paradeÐgmatoc qĹrin epilèxoume thn timă m D 4, ja anamènoume to n na pĹrei tic timèc
2; 4; 6; : : :. Dedomènou ìti n D m ˙ 2p, èqoume

p D 0 ! n D 4

p D 1 ! n D
(

6 lambĹnontac to C
2 lambĹnontac to �

p D 2 ! n D 8 lambĹnoume mìno to C diaforetikĹ to n D 0
p D 3 ! n D 10 lambĹnoume mìno to C diaforetikĹ to n < 0
:::

Sunepÿc, oi suntelestèc
˛o�

2p;2i D 0 ìtan m 6 2p .
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2.3.6 KanonikopoÐhsh

Oi suntelestèc go
2i

, ìpwc kai sthn perÐptwsh twn Ĺrtiwn sunartăsewn, ja prokÔyoun
kĹnontac qrăsh thc kanonikopoÐhshc. Antikajistÿntac ta anaptÔgmata twn suntelestÿn
Bo

m˙2p.h;m/ sthn èkfrash kanonikopoÐhshc gia tic perittèc sunartăseic, lambĹnoume

 
go

0 C
kX

sD1

go
2sh

2s

!24m C
kX

pD1

.m ˙ 2p/

kX
iD0

˛o˙
2p;2ih

2pC2i

3
5 D 1

me k ! 1. AnaptÔssontac èqoume

�
go

0 C go
2h2 C go

4h4 C � � �
�h

m C .m ˙ 2/
�
˛o˙

2;0h2 C ˛o˙
2;2h4 C � � �

�
C .m ˙ 4/

�
˛o˙

4;0h4 C ˛o˙
4;2h6 C � � �

�
C � � �

i
D 1 .

Omadopoiÿntac se dunĹmeic tou h2i , prokÔptei

mgo
0 C

�
mgo

2 C m ˙ 2

m
˛o˙

2;0

�
h2

C
�
mgo

4 C .m ˙ 2/˛o˙
2;0go

2 C m ˙ 2

m
˛o˙

2;2 C m ˙ 4

m
˛o˙

4;0

�
h4

C � � � D 1

ap" ìpou exĹgoume

go
0 D 1

m
, (2.9.a’)

go
2 D �m ˙ 2

m2
˛o˙

2;0 (2.9.b’)

kai

go
4 D .m ˙ 2/2

m3

�
˛o˙

2;0

	2 � 1

m2



.m ˙ 2/˛o˙

2;2 C .m ˙ 4/˛o˙
4;0

�
. (2.9.g’)

GenikeÔontac, oi suntelestèc go
2s

prokÔptoun bĹsei thc sqèshc

go
2s D � 1

m

sX
pD1

s�pX
jD0

.m ˙ 2p/˛o˙
2p;2.s�p�j/g

o
2j ; s D 1; 2; 3; : : :

enÿ go
0

D 1=m.
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2.3.7 AnĹptugma gwniakÿn sunartăsewn

Akoloujÿntac bămata parìmoia me autĹ thc enìthtac 2.2.8, prokÔptei to anĹptugma

Som.h; cos'/ D
 

1

m
C

kX
sD1

go
2sh

2s

!

�
8<
:sin.m'/C

1X
pD1

kX
iD0

˛o˙
2p;2ih

2pC2i sinŒ.m ˙ 2p/'�

9=
; ; k ! 1

me m D 1; 2; 3; : : :.

2.3.8 AnĹptugma aktinikÿn sunartăsewn

To anĹptugma twn perittÿn aktinikÿn sunartăsewn eÐnai

Zom.h; cosh �/ D
r
�

2
tanh �

 
1 C

kX
sD1

ge
2sh

2s

!

�
2
4mZm.h cosh �/C

1X
pD1

.�1/˙p.m ˙ 2p/

kX
iD0

˛e˙
2p;2ih

2pC2iZm˙2p.h cosh�/

3
5

me m D 1; 2; 3; : : : enÿ k ! 1.

2.4 Orjogwniìthta

Oi gwniakèc sunartăseic Mathieu apoteloÔn èna plărec orjogÿnio sÔnolo. Oi sqèseic
orjogwniìthtac eÐnai [2, sel. 1409]Z 2�

0

Sem.h; cos'/Sen.h; cos'/ d' D M e
m.h/ımn

kai Z 2�

0

Som.h; cos'/Son.h; cos'/ d' D M o
m.h/ımn

enÿ Z 2�

0

Sem.h; cos'/Son.h; cos'/ d' D 0; 8m; n .

Stic ekfrĹseic autèc, M e
m.h/ kai M o

m.h/ eÐnai oi suntelestèc kanonikopoÐhshc kai dÐnontai
apì tic sqèseic

M e
m.h/ D �

1X
nD0

2

"n



Be

n.h;m/
�2

kai

M o
m.h/ D �

1X
nD0



Bo

n.h;m/
�2

.
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Oi upì oloklărwsh sunartăseic Sem.h; cos'/ kai Som.h; cos'/ perièqoun to deÐkth
m o opoÐoc, eĹn kĹpoioc anatrèxei stouc orismoÔc twn gwniakÿn sunartăsewn, anĹloga
me thn timă tou, epitrèpei Ĺrtiouc ă perittoÔc deÐktec gia touc suntelestèc B. Apotèlesma
toÔtou, oi suntelestèc kanonikopoÐhshc na anaptÔssontai se seirĹ apì ìrouc B2 anĹloga
me thn timă tou m. Sunepÿc, enallaktikă grafă gia touc suntelestèc kanonikopoÐhshc
eÐnai

M e
m.h/ D �

1X
pD0

2

"m˙2p

h
Be

m˙2p.h;m/
i2

(2.10)

kai

M o
m.h/ D �

1X
pD0

h
Bo

m˙2p.h;m/
i2

. (2.11)

BebaÐwc, stic ekfrĹseic autèc, "m˙2p eÐnai o suntelestăc Neumann me

"i D
(

1; i D 0

2; i ¤ 0
. (2.12)



KEFALAIO

3
AnaptÔgmata twn

sunartăsewn Mathieu

3.1 Eisagwgă

Ta anaptÔgmata twn sunartăsewn Mathieu èwc thn tètarth tĹxh prokÔptoun me qrăsh
twn anaptugmĹtwn twn suntelestÿn B mèqri tètarth dÔnamh tou h, dhladă

Be
m˙2p.h;m/ D ˛ C ˇh2 C �h4 C O.h6/ (3.1)

kai ìmoia gia touc Bo
m˙2p

.h;m/.

Sth sunèqeia, exetĹzoume tic Ĺrtiec kai tic perittèc sunartăseic.

3.2 EkfrĹseic Ĺrtiwn sunartăsewn

Gia na broÔme ta anaptÔgmata wc thn tètarth tĹxh tìso twn Ĺrtiwn gwniakÿn sunartă-
sewn ìso kai twn antÐstoiqwn aktinikÿn, afethrÐa eÐnai ta anaptÔgmata twn suntelestÿn
Be

m˙2p
.h;m/:

Be
m˙2p.h;m/ D

�
˛e˙

2p;0h2p C ˛e˙
2p;2h2pC2 C ˛e˙

2p;4h2pC4 C � � �
�

�
�
1 C ge

2h2 C ge
4h4 C � � �

�
.

(3.2)

Gia na èrjei h Sq. (3.2) sth morfă thc Sq. (3.1), prèpei, metĹ thn ektèlesh twn prĹxewn, na
diathrăsoume dunĹmeic èwc h4. Epeidă ìmwc oi ekjètec exartÿntai apì to p, ta anaptÔg-
mata ja exartÿntai epÐshc apì to p. àtsi, gia p D 0, h epitrepìmenh èkfrash h opoÐa

21
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dÐnei ìrouc mèqri h4 eÐnai

Be
m.h;m/ D ˛e˙

0;0 C ˛e˙
0;2h2 C ˛e˙

0;4h4

C ge
2

�
˛e˙

0;0h2 C ˛e˙
0;2h4

�
C ge

4

�
˛e˙

0;0h4
�

C O.h6/ ,

gia p D 1

Be
m˙2.h;m/ D˛e˙

2;0h2 C ˛e˙
2;2h4

C ge
2

�
˛e˙

2;0h4
�

C O.h6/ ,

gia p D 2
Be

m˙4.h;m/ D ˛e˙
4;0h4 C O.h6/

enÿ, timèc tou p > 3 dÐnoun ìrouc h6 kai anÿterouc.
Parathrÿntac ta anaptÔgmata autĹ, mia pio sumpthgmènh èkfrash eÐnai dunată.

Pio eidikĹ, eĹn anatrèxoume sth Sq. (2.7), sel. 11 kai jèsoume k D kmax, tìte oi treic
prohgoÔmenec anaptÔxeic mporoÔn na prokÔyoun apì th

Be
m˙2p.h;m/ '

kmax�pX
jD0

0
@kmax�p�jX

iD0

˛e˙
2p;2ih

2pC2i

1
Age

2j h2j (3.3)

jètontac kmax D 2. Timèc tou kmax > 3 odhgoÔn sthn emfĹnish ìrwn h6 kai Ĺnw.

3.2.1 AnaptÔgmata twn gwniakÿn sunartăsewn

Antikajistÿntac th Sq. (3.3) sth Sq. (2.4), sel. 10, prokÔptei h èkfrash gia tic gwniakèc
sunartăseic. EÐnai

Sem.h; cos'/ '
kmaxX
pD0

2
4kmax�pX

jD0

0
@kmax�p�jX

iD0

˛e˙
2p;2ih

2pC2i

1
Age

2j h2j

3
5 cosŒ.m ˙ 2p/'�

me m D 0; 1; 2 : : :.

AnĹptugma tètarthc tĹxhc Gia na broÔme to anĹptugma tètarthc tĹxhc, jètoume kmax D
2, opìte,

Sem.h; cos'/ '
�
1 C ge

2h2 C ge
4h4

�
cos.m'/

C
h
˛e˙

2;0h2 C �
˛e˙

2;2 C ge
2˛

e˙
2;0

	
h4
i

cosŒ.m ˙ 2/'�

C ˛e˙
4;0h4 cosŒ.m ˙ 4/'� .
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TelikĹ, se plărh anĹptuxh, h zhtoÔmenh èkfrash eÐnai

Sem.h; cos'/ '
�
1 C ge

2h2 C ge
4h4

�
cos.m'/

C
h
˛eC

2;0
h2 C

�
˛eC

2;2
C ge

2˛
eC
2;0

�
h4
i

cosŒ.m C 2/'�

C
h
˛e�

2;0h2 C �
˛e�

2;2 C ge
2˛

e�
2;0

	
h4
i

cosŒ.m � 2/'�

C ˛eC
4;0h4 cosŒ.m C 4/'�

C ˛e�
4;0h4 cosŒ.m � 4/'�

ă, wc proc dunĹmeic tou h,

Sem.h; cos'/ ' cos.m'/

C
n
ge

2 cos.m'/C ˛eC
2;0

cosŒ.m C 2/'�C ˛e�
2;0 cosŒ.m � 2/'�

o
h2

C
n
ge

4 cos.m'/

C
�
˛eC

2;2
C ge

2˛
eC
2;0

�
cosŒ.m C 2/'�C �

˛e�
2;2 C ge

2˛
e�
2;0

	
cosŒ.m � 2/'�

C ˛eC
4;0

cosŒ.m C 4/'�C ˛e�
4;0 cosŒ.m � 4/'�

o
h4 .

3.2.2 AnaptÔgmata twn aktinikÿn sunartăsewn

Kat" ìmoio trìpo me tic gwniakèc sunartăseic, antikajistÿntac th Sq. (3.3) sth Sq. (2.5),
sel. 10, prokÔptoun ta anaptÔgmata gia tic aktinikèc sunartăseic Mathieu:

Zem.h; cosh �/ '
r
�

2

kmaxX
pD0

.�1/˙p

�
kmax�pX

jD0

2
4kmax�p�jX

iD0

�
˛e˙

2p;2ih
2pC2i

�
ge

2j h2j

3
5

� Zm˙2p.h cosh�/

me m D 0; 1; 2 : : :.

AnĹptugma tètarthc tĹxhc Jètontac kmax D 2, to anĹptugma eÐnai

Zem.h; cosh �/ '
r
�

2

n�
1 C ge

2h2 C ge
4h4

�
Zm.h cosh�/

C
h
˛eC

2;0
h2 C

�
˛eC

2;2
C ge

2˛
eC
2;0

�
h4
i

ZmC2.h cosh �/

C
h
˛e�

2;0h2 C �
˛e�

2;2 C ge
2˛

e�
2;0

	
h4
i

Zm�2.h cosh �/

C ˛eC
4;0

h4ZmC4.h cosh �/

C ˛e�
4;0h4Zm�4.h cosh �/

o
.

(3.4)
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EnallaktikĹ, wc proc dunĹmeic tou h,

Zem.h; cosh �/ '
r
�

2

n
Zm.h cosh �/

C
h
ge

2Zm.h cosh �/

� ˛eC
2;0

ZmC2.h cosh �/

� ˛e�
2;0Zm�2.h cosh �/

i
h2

C
h
ge

4Zm.h cosh �/

�
�
˛eC

2;2
C ge

2˛
eC
2;0

�
ZmC2.h cosh�/

� �
˛e�

2;2 C ge
2˛

e�
2;0

	
Zm�2.h cosh �/

C ˛eC
4;0

ZmC4.h cosh �/

C ˛e�
4;0Zm�4.h cosh �/

i
h4
o

.

(3.5)

AnĹloga me to prìblhma, endiafèrei epÐshc h gnÿsh thc paragÿgou twn aktinikÿn
sunartăsewn wc proc th metablhtă �. To apotèlesma epitugqĹnetai paragwgÐzontac ìro
proc ìro th Sq. (3.5). QrhsimopoioÔme ton kanìna thc alusÐdac gia ton prÿto ìro

dZem.h; cosh �/

d�
/ dZm.h cosh �/

du

du

d�

me u yD h cosh �. Opìte, to telikì apotèlesma eÐnai

dZem.h; cosh �/

d�
' h sinh �

r
�

2

n
Z 0

m.h cosh�/

C
h
ge

2Z 0
m.h cosh �/

� ˛eC
2;0

Z 0
mC2.h cosh�/

� ˛e�
2;0Z 0

m�2.h cosh �/
i
h2

C
h
ge

4Z 0
m.h cosh �/

�
�
˛eC

2;2
C ge

2˛
eC
2;0

�
Z 0

mC2.h cosh �/

� �
˛e�

2;2 C ge
2˛

e�
2;0

	
Z 0

m�2.h cosh �/

C ˛eC
4;0

Z 0
mC4.h cosh �/

C ˛e�
4;0Z 0

m�4.h cosh �/
i
h4
o

(3.6)

ìpou o tìnoc stic sunartăseic Bessel dhlÿnei parĹgwgo wc proc to ìrisma.
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3.3 EkfrĹseic perittÿn sunartăsewn

Akoloujÿntac thn Ðdia poreÐa ergasÐac ìpwc sthn perÐptwsh twn Ĺrtiwn sunartăsewn,
katalăgoume se mÐa parìmoia èkfrash gia ta anaptÔgmata twn suntelestÿn Bo

m˙2p
.h;m/

kai telikĹ, stic antÐstoiqec ekfrĹseic twn perittÿn gwniakÿn kai aktinikÿn sunartăsewn.

3.3.1 AnaptÔgmata twn gwniakÿn sunartăsewn

Ta anaptÔgmata twn perittÿn gwnikÿn sunartăsewn eÐnai

Som.h; cos'/ '
kmaxX
pD0

2
4kmax�pX

jD0

0
@kmax�p�jX

iD0

˛o˙
2p;2ih

2pC2i

1
Ago

2jh2j

3
5 sinŒ.m ˙ 2p/'�

me m D 1; 2; 3; : : :.

AnĹptugma tètarthc tĹxhc Jètontac kmax D 2, to zhtoÔmeno anĹptugma eÐnai

Som.h; cos'/ '
�

1

m
C go

2h2 C go
4h4

�
sin.m'/

C
�

1

m
˛oC

2;0h2 C
�

1

m
˛oC

2;2 C go
2˛

oC
2;0

�
h4

�
sinŒ.m C 2/'�

C
�

1

m
˛o�

2;0h2 C
�

1

m
˛o�

2;2 C go
2˛

o�
2;0

�
h4

�
sinŒ.m � 2/'�

C 1

m
˛oC

4;0
h4 sinŒ.m C 4/'�

C 1

m
˛o�

4;0h4 sinŒ.m � 4/'� .

AntÐstoiqh morfă mporeÐ na brejeÐ ekfrĹzontac to anĹptugma wc proc dunĹmeic tou h.

3.3.2 AnaptÔgmata twn aktinikÿn sunartăsewn

Ta anaptÔgmata twn perittÿn aktinikÿn sunartăsewn eÐnai

Zom.h; cosh �/ '
r
�

2
tanh �

kmaxX
pD0

.�1/˙p.m ˙ 2p/

�
2
4kmax�pX

jD0

0
@kmax�p�jX

iD0

˛o˙
2p;2ih

2pC2i

1
Ago

2j h2j

3
5Zm˙2p.h cosh �/

me m D 1; 2; 3; : : :.
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AnĹptugma tètarthc tĹxhc Me kmax D 2, h prohgoÔmenh èkfrash dÐnei

Zom.h; cosh �/ '
r
�

2
tanh �

�
m

�
1

m
C go

2h2 C go
4h4

�
Zm.h cosh �/

� .m C 2/

�
1

m
˛oC

2;0h2

C
�

1

m
˛oC

2;2
C ge

2˛
oC
2;0

�
h4

�
ZmC2.h cosh�/

� .m � 2/

�
1

m
˛o�

2;0h2

C
�

1

m
˛o�

2;2 C ge
2˛

o�
2;0

�
h4

�
Zm�2.h cosh �/

C .m C 4/
1

m
˛oC

4;0
h4ZmC4.h cosh �/

C .m � 4/
1

m
˛o�

4;0h4Zm�4.h cosh�/




enÿ, h anĹlogh morfă thc Sq. (3.5) eÐnai

Zom.h; cosh �/ '
r
�

2
tanh �

�
Zm.h cosh �/

C
�
mgo

2Zm.h cosh�/

� m C 2

m
˛oC

2;0
ZmC2.h cosh �/

� m � 2

m
˛o�

2;0Zm�2.h cosh �/

�
h2

C
�
mgo

4Zm.h cosh�/

� .m C 2/

�
1

m
˛oC

2;2
C go

2˛
oC
2;0

�
ZmC2.h cosh �/

� .m � 2/

�
1

m
˛o�

2;2 C go
2˛

o�
2;0

�
Zm�2.h cosh�/

C m C 4

m
˛oC

4;0
ZmC4.h cosh �/

C m � 4

m
˛o�

4;0Zm�4.h cosh�/

�
h4



.

(3.7)

Tèloc, h parĹgwgoc twn perittÿn sunartăsewn prokÔptei apì th Sq. (3.7) kai eÐnai
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dZom.h; cosh �/

d�
' h cosh �

r
�

2

(
Z 0

m.h cosh �/

C
"

1

.h cosh�/3
Zm.h cosh �/C A

� 1

.h cosh �/2
Z 0

m.h cosh �/

#
h2

C
"

1

.h cosh�/3
B C 	

� 1

.h cosh �/2
A

#
h4

)
.

(3.8)

Sthn prohgoÔmenh èkfrash, B eÐnai o suntelestăc tou h2 sth Sq. (3.7), A eÐnai h Ðdia
posìthta me to B antikajistÿntac tic sunartăseic Bessel me tic paragÿgouc touc wc proc
to ìrisma kai tèloc, 	 eÐnai o suntelestăc tou h4 epÐshc sth Sq. (3.7), antikajistÿntac
pĹli tic sunartăseic Bessel me tic paragÿgouc touc wc proc to ìrisma.

3.4 Orjogwniìthta

Endiafèroun epÐshc ta anaptÔgmata twn suntelestÿn kanonikopoÐhshc M e
m.h/ kai M o

m.h/
mèqri thn tètarth tĹxh.

3.4.1 AnĹptugma twn Ĺrtiwn suntelestÿn

Gia na prokÔyei to zhtoÔmeno anĹptugma, antikajistoÔme th Sq. (3.3) sth Sq. (2.10) opìte
kai prokÔptei to anĹptugma gia touc Ĺrtiouc suntelestèc kanonikopoÐhshc. EÐnai

M e
m.h/ ' �

kmaxX
pD0

2

"m˙2p

2
4kmax�pX

jD0

0
@kmax�p�jX

iD0

˛e˙
2p;2ih

2pC2i

1
Age

2jh2j

3
52

ìpou to m D 0; 1; 2; : : :.

AnĹptugma tètarthc tĹxhc Gia na prokÔyei to anĹptugma tètarthc tĹxhc gia touc sun-
telestèc M e

m.h/, jètoume kmax D 2 kai kratĹme ìrouc mèqri thn tètarth tĹxh. àtsi loipìn
prokÔptei to apotèlesma

M e
m.h/ ' 2�

�
1

"m

C 2

"m

ge
2h2 C

�
1

"m

h�
ge

2

	2 C 2ge
4

i
C 1

"m˙2

�
˛e˙

2;0

	2

h4

�
.

3.4.2 AnĹptugma twn perittÿn suntelestÿn

H genikă èkfrash gia touc perittoÔc suntelestèc eÐnai

M o
m.h/ ' �

kmaxX
pD0

2
4kmax�pX

jD0

0
@kmax�p�jX

iD0

˛o˙
2p;2ih

2pC2i

1
Ago

2j h2j

3
52
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me to m D 1; 2; 3; : : :.

AnĹptugma tètarthc tĹxhc Me kmax D 2, prokÔptei to epijumhtì anĹptugma:

M o
m.h/ ' �

�
1

m2
C 2

m
go

2h2 C
��

go
2

	2 C 2

m
go

4 C 1

m2

�
˛o˙

2;0

	2�
h4



.

3.5 Upologismìc suntelestÿn

Se ìlec tic prohgoÔmenec anaptÔxeic, emfanÐzontai oi suntelestèc ˛e˙
2;0

, ˛e˙
4;0

kai ˛e˙
2;2

, oi
ge

2 kai ge
4, oi antÐstoiqoi perittoÐ kai genikĹ, ìloi autoÐ eÐnai sunartăseic tou m. O plărhc

prosdiorismìc twn anaptugmĹtwn autoÔ tou kefalaÐou, proôpojètei ton upologismì twn
suntelestÿn autÿn. ParakĹtw anafèroume touc tÔpouc upologismoÔ twn sugkekrimènwn
autÿn posotătwn, kathgoriopoiÿntac touc anĹloga me to an anafèrontai stic Ĺrtiec ă
perittèc sunartăseic. äloi oi tÔpoi upologÐzontai analutikĹ sthn [3].

3.5.1 Suntelestèc Ĺrtiwn sunartăsewn

Oi tÔpoi upologismoÔ twn suntelestÿn ˛e˙ eÐnai katĹ seirĹ (upenjumÐzetai ìti gia tic
Ĺrtiec sunartăseic, m > 0):

˛eC
2;0

D � 1

"m

2m!

16.m C 1/!
; m > 0 ,

˛e�
2;0 D

(
.m�2/!

16.m�1/!
; m > 2

0; m D 0; 1
,

˛eC
4;0

D 1

"m

m!

256.m C 2/!
; m > 2 ,

˛e�
4;0 D

(
.m�3/!

512.m�1/!
; m > 4

0; m D 0; 1; 2; 3
,

˛eC
2;2

D
(

� 1
1024

; m D 1

0; m ¤ 1

kai

˛e�
2;2 D

(
1

1024
; m D 3

0; m ¤ 3
.

Oi suntelestèc ge mporoÔn na upologistoÔn Ĺmesa apì tic Sq. (2.8.a’), (2.8.b’) kai
(2.8.g’), sel. 14:

ge
0 D 1 ,

ge
2 D �

�
˛eC

2;0
C ˛e�

2;0

�
kai

ge
4 D �

�
˛eC

4;0 C ˛e�
4;0 C ˛eC

2;2 C ˛e�
2;2 �

�
˛eC

2;0

�2 � �
˛e�

2;0

	2�
.
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3.5.2 Suntelestèc perittÿn sunartăsewn

Gia thn perÐptwsh twn perittÿn sunartăsewn, oi epitreptèc timèc gia to m eÐnai 1; 2; 3; : : :,
oi de tÔpoi upologismoÔ eÐnai

˛oC
2;0

D � m!

16.m C 1/!
; m > 1 ,

˛o�
2;0 D

(
.m�2/!

16.m�1/!
; m > 3

0; m D 1; 2
,

˛oC
4;0

D m!

512.m C 2/!
; m > 1 ,

˛o�
4;0 D

(
.m�3/!

512.m�1/!
; m > 5

0; m D 0; 1; 2; 3; 4
,

˛oC
2;2 D

(
1

1024
; m D 1

0; m ¤ 1

kai

˛o�
2;2 D

(
� 1

1024
; m D 3

0; m ¤ 3
.

Tÿra, oi epijumhtoÐ suntelestèc go prokÔptoun apì tic Sq. (2.9.a’), (2.9.b’) kai (2.9.g’),
sel. 18 kai eÐnai

go
0 D 1

m
,

go
2 D � 1

m2

h
.m C 2/˛oC

2;0
C .m � 2/˛o�

2;0

i
kai

go
4 D 1

m3

h
.m C 2/˛oC

2;0

i2 C 1

m3



.m � 2/˛o�

2;0

�2
� 1

m2

h
.m C 4/˛oC

4;0 C .m � 4/˛o�
4;0 C .m C 2/˛oC

2;2 C .m � 2/˛o�
2;2

i
.

3.6 AnaptÔgmata idiotimÿn

H anĹptuxh twn idiotimÿn èqei gÐnei stic enìthtec 2.2.1 (sel. 10) kai 2.3.1 (sel. 16). Pio
sugkekrimèna, ta anaptÔgmata tètarthc tĹxhc eÐnai

bem ' m2 C le
2h2 C le

4h4

kai
bom ' m2 C lo

2h2 C lo
4h4 .

Tèloc, oi suntelestèc le kai lo pou apaitoÔntai upologÐzontai sthn [3] kai eÐnai

le
2 D 2 � "m�1

4
; m > 0 ,
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le
4 D

8̂̂<
ˆ̂:

� 1
128
; m D 1

5
192
; m D 2
1

32
�

m2�1
	 ; m ¤ 1; 2

,

lo
2 D �2 � "m�1

4
; m > 1

kai

lo
4 D

8̂̂<
ˆ̂:

� 1
128
; m D 1

� 1
192
; m D 2

1

32
�

m2�1
	 ; m > 3

.



KEFALAIO

4
KÔma TM

4.1 Perigrafă thc diĹtaxhc

H proc melèth diĹtaxh faÐnetai sto Sqăma 4.1 sth selÐda pou akoloujeÐ. Aută apoteleÐtai
apì dÔo kulÐndrouc Ĺpeirou măkouc. O exwterikìc kÔlindroc eÐnai kuklikìc dihlektrikìc
me suntaktikèc paramètrouc �2 kai �2 enÿ o eswterikìc eÐnai elleiptikìc kai tèleia agÿgi-
moc. O exwterikìc qÿroc mporeÐ na eÐnai o aèrac ìmwc gia genikìthta, èqei tic paramètrouc
�1 kai �1. àtsi, o exwterikìc qÿroc perigrĹfetai wc {perioqă 1} enÿ o eswterikìc wc
{perioqă 2}.

To prospÐpton kÔma eÐnai tÔpou TMz kai to hlektrikì pedÐo èqei morfă

Ei D Ei
z D E0e�jki�rez

kai prospÐptei kĹjeta ston Ĺxona z twn kulÐndrwn kai upì gwnÐa  wc proc to jetikì
hmiĹxona x. H prìsptwsh dhlÿnetai me ton ekjèth {i}. Sthn èkfrash aută, ki eÐnai to
kumatĹnusma prìsptwshc to opoÐo mporeÐ enallaktikĹ na grafeÐ wc ki D k i

xex Ck i
yey D

k i.cos ex C sin ey/ me k i D !
p
�1�1. Epeidă h diĹtaxh eÐnai Ĺpeirh wc proc z, isqÔei

@=@z D 0. Tÿra, r eÐnai to diĹnusma jèshc opìte, to prospÐtpon hlektrikì pedÐo eÐnai

Ei
z D e�jk i� cos.'� /ez

ìpou èqoume jèsei to plĹtoc Ðso me monĹda. H èkfrash aută eÐnai grammènh se kulindrikèc
suntetagmènec opìte, apì th Sq. (1.5.a’), to dunamikì pou perigrĹfei to prìblhma autì
eÐnai

…i
z D 1�

k i	2 e�jk i� cos.'� / .

31
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Sqăma 4.1 H proc melèth diĹtaxh apoteleÐtai apì ènan agÿgimo elleiptikì kÔlindro o
opoÐoc epikalÔptetai omoaxonikĹ apì ènan dihlektrikì kuklikì kÔlindro enÿ èna epÐpedo
kÔma TMz prospÐptei kĹjeta ston Ĺxona z kai upì gwnÐa  wc proc to jetikì hmiĹxona
x.

4.2 AnĹptuxh epÐpedou kÔmatoc se seirĹ kuklikÿn kulindrikÿn
kumatosunartăsewn

O ekjetikìc ìroc tou prospÐptontoc kÔmatoc anaptÔssetai wc gnwstì se seirĹ upì th
morfă

e�jk i� cos.'� / D
1X

mD�1
.�j /mJm.k

i�/e�jm.'� /

h opoÐa apoteleÐ migadikă seirĹ Fourier me suntelestèc anĹptuxhc

cm.�/ D .�j /mJm.k
i�/; m D �1; : : : ;1 .

H sqèsh aută mporeÐ na grafeÐ kai se seirĹ Fourier sunhmitìnwn thc morfăc

A0 C
1X

mD1

Am cosŒm.' �  / � �m�

kai h opoÐa exuphreteÐ perissìtero ap" ìti h migadikă morfă gia thn ikanopoÐhsh twn
oriakÿn sunjhkÿn. Oi sqèseic metatropăc mporoÔn na brejoÔn sthn [4, sel. 523] kai eÐnai

A0 D c0; Am D 2
p

cmc�m kai �m D arctan

�
j

cm � c�m

cm C c�m

�
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me m D 1; 2; 3; : : :. Qrhsimopoiÿntac th gnwstă sqèsh J�m.
/ D .�1/mJm.
/, prokÔptei
c�m D cm kai ètsi, h nèa zhtoÔmenh morfă eÐnai

e�jk i� cos.'� / D J0.k
i�/C

1X
mD1

2.�j /mJm.k
i�/ cosŒm.' �  /� .

Sthn èkfrash aută mporoÔme na enswmatÿsoume ton exwterikì ìro mèsa sto Ĺjroisma,
kĹnontac qrăsh tou suntelestă Neumann o opoÐoc èqei oristeÐ sth Sq. (2.12), sel. 20. Kat"
autìn ton trìpo,

e�jk i� cos.'� / D
1X

mD0

"m.�j /mJm.k
i�/ cosŒm.' �  /� .

Epomènwc, to prospÐpton dunamikì grĹfetai telikĹ sth morfă

…i
z D 1�

k i
	2

1X
mD0

"m.�j /mJm.k
i�/ Œcos.m / cos.m'/C sin.m / sin.m'/� . (4.1.a’)

4.3 EkfrĹseic pediakÿn sunistwsÿn

Oi ekfrĹseic twn pedÐwn ja brejoÔn qrhsimopoiÿntac thn anaparĹstash twn dunamikÿn.
To skedazìmeno dunamikì tou Hertz èqei thn anaparĹstash

…sc
z D

1X
mD0

H .2/
m .ks�/ ŒPm cos.m'/C Qm sin.m'/� (4.1.b’)

ìpou me ton ekjèth {sc} dhlÿnetai to skedazìmeno pedÐo enÿ, sthn {perioqă 2},

…st
z D

1X
iD0



A0

iJei.h; cosh �/C BiYei.h; cosh �/
�
Sei.h; cos'/

C
1X

iD1



C 0

i Joi.h; cosh �/C DiYoi.h; cosh �/
�
Soi.h; cos'/

(4.1.g’)

me ton ekjèth {st} na dhlÿnetai to stĹsimo pedÐo.

4.4 Oriakèc sunjăkec

äpwc prokÔptei apì th Sq. (1.3.g’), epeidă @=@z D 0, h oriakă sunjăkh gia thn E' su-
nistÿsa ikanopoieÐtai autìmata se ìlec tic epifĹneiec. Sunepÿc, gia thn epifĹneia tou
eswterikoÔ kulÐndrou pou eÐnai agÿgimh, prèpei

Est
z

ˇ̌
�D�0

D 0 . (4.2)

Gia thn epifĹneia tÿra tou kuklikoÔ kulÐndrou o opoÐoc eÐnai dihlektrikìc, prèpei�
Ei

z C Esc
z

	
�DR

D Est
z

ˇ̌
�DR

(4.3.a’)
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enÿ parĹllhla �
H i
' C H sc

'

	
�DR

D H st
'

ˇ̌
�DR

(4.3.b’)

afoÔ Hz D 0�.
Epiprìsjeta, prèpei oi kumatĹrijmoi anĹ perioqă na eÐnai Ðsoi. Autì shmaÐnei ìti o

kumatĹrijmoc prìsptwshc isoÔtai me ton kumatĹrijmo skèdashc, opìte isqÔoun oi exăc
sqèseic:

k i D ksc � k1 kai kst � k2 .

àtsi, apì dw kai pèra, oi Sq. (4.1.a’), (4.1.b’) kai (4.1.g’) prosarmìzontai katĹllhla.

4.4.1 H oriakă sunjăkh gia ton agÿgimo kÔlindro

H oriakă sunjăkh thc Sq. (4.2) isodunameÐ me …st
z D 0 sto � D �0, opìte apì th Sq. (4.1.g’)

kai ekmetalleuìmenoi thn orjogwniìthta twn sunartăsewn Mathieu (blèpe enìthta 2.4),
prokÔptoun oi exisÿseic

A0
iJei.�/C BiYei.�/ D 0; i D 0; 1; 2; : : :

kai

C 0
i Joi.�/C DiYoi.�/ D 0; i D 1; 2; 3; : : :

ìpou � yD Œh; cosh �0�.
Sto shmeÐo autì, boleÔei na ekfrĹsoume tic stajerèc Bi kai Di sunartăsei twn A0

i
kai C 0

i antÐstoiqa. Kat" autìn ton trìpo, elattÿnoume to sÔsthma katĹ mia exÐswsh. àtsi
loipìn

Bi D � Jei.�/

Yei.�/
A0

i ; i D 0; 1; 2; : : :

kai

Di D � Joi.�/

Yoi.�/
C 0

i ; i D 1; 2; 3; : : :

opìte, h èkfrash gia to …st
z pou ikanopoieÐ th Sq. (4.2) eÐnai

…st
z D

1X
iD0

Ai ŒYei.�/Jei.h; cosh �/

� Jei.�/Yei.h; cosh �/�Sei.h; cos'/

C
1X

iD1

Ci ŒYoi.�/Joi.h; cosh �/

� Joi.�/Yoi.h; cosh �/�Soi.h; cos'/

(4.4)

ìpou èqoume jèsei Ai D A0
i=Yei.�/ kai Ci D C 0

i =Yoi.�/.

� Sto parìn kefĹlaio meletĹtai to kÔma TM. àtsi, …mz D 0 opìte, apì tic Sq. (1.4.a’) kai (1.6.a’), Hz D 0.
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4.4.2 Oi oriakèc sunjăkec gia to dihlektrikì kÔlindro

Gia na proqwrăsoume sthn ikanopoÐhsh twn oriakÿn sunjhkÿn sthn epifĹneia � D R,
prèpei na qrhsimopoihjoÔn oi sqèseic susqètishc twn sunartăsewn Mathieu me tic sunar-
tăseic Bessel. Autèc eÐnai [5, sel. 386]

Sei.h; cos'/Zei.h; cosh �/ D
r
�

2

1X
mD0

j m�iBe
m.h; i/ cos.m'/Zm.k�/ (4.5.a’)

kai

Soi.h; cos'/Zoi.h; cosh �/ D
r
�

2

1X
mD1

j m�iBo
m.h; i/ sin.m'/Zm.k�/ (4.5.b’)

gia tic Ĺrtiec kai tic perittèc sunartăseic antÐstoiqa, kai bèbaia, ta i kai m eÐnai tautì-
qrona Ĺrtia ă tautìqrona perittĹ. àtsi, h Sq. (4.4) gÐnetai

…st
z D

r
�

2

1X
iD0

1X
mD0

j m�i
n
AiB

e
m.h; i/ŒYei.�/Jm.k2�/

� Jei.�/Ym.k2�/� cos.m'/

C CiB
o
m.h; i/ŒYoi.�/Jm.k2�/

� Joi.�/Ym.k2�/� sin.m'/
o

.

(4.6)

H Sq. (4.3.a’) isodunameÐ me k2
1

�
…i

z C…sc
z

	 D k2
2…

st
z sto � D R. Antikajistÿntac tic

Sq. (4.1.a’), (4.1.b’) kai (4.6), prokÔptei h exÐswsh

1X
mD0

"m.�j /mJm.x1/ Œcos.m / cos.m'/C sin.m / sin.m'/�

C k2
1

1X
mD0

H .2/
m .x1/ ŒPm cos.m'/C Qm sin.m'/�

D k2
2

r
�

2

1X
iD0

1X
mD0

j m�i
n
AiB

e
m.h; i/ŒYei.�/Jm.x2/

� Jei.�/Ym.x2/� cos.m'/

C CiB
o
m.h; i/ŒYoi.�/Jm.x2/

� Joi.�/Ym.x2/� sin.m'/
o

(4.7.a’)

ìpou èqoume jèsei x1 yD k1R kai x2 yD k2R.

BĹsei tÿra thc Sq. (1.6.g’), h Sq. (4.3.b’) isodunameÐ me �1

�
@…i

z=@�C @…sc
z =@�

	 D
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�2@…
st
z =@� sto � D R, opìte, kĹnontac tic sqetikèc antikatastĹseic, prokÔptei

�1

k1

1X
mD0

"m.�j /mJ 0
m.x1/ Œcos.m / cos.m'/C sin.m / sin.m'/�

C �1k1

1X
mD0

H .2/0
m .x1/ ŒPm cos.m'/C Qm sin.m'/�

D �2k2

r
�

2

1X
iD0

1X
mD0

j m�i
n
AiB

e
m.h; i/ŒYei.�/J

0
m.x2/

� Jei.�/Y
0
m.x2/� cos.m'/

C CiB
o
m.h; i/ŒYoi.�/J

0
m.x2/

� Joi.�/Y
0
m.x2/� sin.m'/

o

(4.7.b’)

ìpou J 0
m.x1/ D dJm.x1/= dx1 kai omoÐwc gia tic upìloipec paragÿgouc.

Oi Sq. (4.7.a’) kai (4.7.b’) apoteloÔn èna zeÔgoc susthmĹtwn 2�2 gia thn eÔresh twn
suntelestÿn Pm, Ai apì to èna kai Qm, Ci apì to Ĺllo.

4.5 SÔsthma prosdiorismoÔ twn suntelestÿn

KĹnontac qrăsh thc orjogwniìthtac twn sunhmitìnwn stic Sq. (4.7.a’) kai (4.7.b’) kai ek-
frĹzontac to suntelestă Pm sunartăsei tou Ai apì th Sq. (4.7.a’), prokÔptei

Pm D k2
2

k2
1

r
�

2

1X
iD0

Aij
m�iBe

m.h; i/ ŒYei.�/Jm.x2/ � Jei.�/Ym.x2/�
1

H
.2/
m .x1/

� 1

k2
1

"m.�j /m
Jm.x1/

H
.2/
m .x1/

cos.m /; m D 0; 1; 2; : : : .

(4.8)

Antikajistÿntac tÿra thn èkfrash aută tou Pm sth Sq. (4.7.b’) brÐskoumer
�

2

1X
iD0

Aij
m�iBe

m.h; i/k
2
2

�
(

1p
�2



Yei.�/J

0
m.x2/� Jei.�/Y

0
m.x2/

�

� 1p
�1

r
�1

�2

ŒYei.�/Jm.x2/� Jei.�/Ym.x2/�
H
.2/0
m .x1/

H
.2/
m .x1/

)

D 1p
�1

r
�1

�2

"m.�j /m

"
J 0

m.x1/� Jm.x1/
H
.2/0
m .x1/

H
.2/
m .x1/

#
cos.m /

(4.9.a’)

me m D 0; 1; 2; : : :. H sqèsh aută apoteleÐ èna grammikì sÔsthma me morfă

1X
iD0

amiAi D bm; m D 0; 1; 2; : : : (4.9.b’)
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gia ton prosdiorismì twn suntelestÿn Ai ìpou m kai i tautìqrona Ĺrtia ă tautìqrona
perittĹ.

EpanalambĹnontac tÿra thn Ðdia diadiakasÐa sth Sq. (4.7.a’) me mình diaforĹ ìti
efarmìzoume thn orjogwniìthta twn hmitìnwn kai epilÔontac to Qm sunartăsei tou Ci ,
prokÔptei

Qm D k2
2

k2
1

r
�

2

1X
iD1

Cij
m�iBo

m.h; i/ ŒYoi.�/Jm.x2/ � Joi.�/Ym.x2/�
1

H
.2/
m .x1/

� 1

k2
1

"m.�j /m
Jm.x1/

H
.2/
m .x1/

sin.m /; m D 1; 2; 3; : : : .

En suneqeÐa, eĹn antikatastăsoume to Qm sth Sq. (4.7.b’), prokÔptei antÐstoiqo grammikì
sÔsthma gia ton upologismì twn suntelestÿn Ci me th morfă

1X
iD1

cmiCi D dm; m D 1; 2; 3; : : : . (4.10.a’)

To sÔsthma autì eÐnair
�

2

1X
iD1

Cij
m�iBo

m.h; i/k
2
2

�
(

1p
�2



Yoi.�/J

0
m.x2/ � Joi.�/Y

0
m.x2/

�

� 1p
�1

r
�1

�2

ŒYoi.�/Jm.x2/ � Joi.�/Ym.x2/�
H
.2/0
m .x1/

H
.2/
m .x1/

)

D 1p
�1

r
�1

�2

"m.�j /m

"
J 0

m.x1/ � Jm.x1/
H
.2/0
m .x1/

H
.2/
m .x1/

#
sin.m /

(4.10.b’)

ìpou m D 1; 2; 3; : : :.
H anĹlush twn susthmĹtwn twn Sq. (4.9.a’) kai (4.10.b’) gÐnetai sto Parart. A’ ìpou

kai exĹgontai sqèseic anĹptuxhc twn stoiqeÐwn twn pinĹkwn Œami � kai Œcmi � èwc thn tĹxh
h4.

4.6 Oi suntelestèc tou stĹsimou pedÐou

H epÐlush twn susthmĹtwn gÐnetai sto Parart. B’ ìpou, efarmìzontac ton kanìna tou
Crammer, epitugqĹnoume thn eÔresh analutikăc lÔshc èwc thn tĹxh h4 gia touc Ĺgnwstouc
suntelestèc Am kai Cm. H akribăc lÔsh dÐnetai sth Sq. (B’.3) ìpou, gia kĹje timă tou m,
prokÔptoun oi Ĺgnwstoi suntelestèc.

H lÔsh pou prosfèrei h Sq. (B’.3) eÐnai h lÔsh twn suntelestÿn gia to dunamikì…st
z ,

dhladă gia to dunamikì me to opoÐo perigrĹfetai to stĹsimo pedÐo. Epeidă Est
z D k2

2
…st

z ,
oi suntelestèc Am kai Cm gia to stĹsimo pedÐo ja dÐnontai apì tic sqèseic

A.E/m D k2
2 Am kai C .E/

m D k2
2 Cm .
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Parathrÿntac tÿra th lÔsh pou prosfèrei h Sq. (B’.3) kai anatrèqontac stic ek-
frĹseic gia ta L, M , N mèsw twn Sq. (A’.12), (A’.14.a’), (A’.14.b’), (A’.16.a’) kai (A’.16.b’),

sumperaÐnoume ìti Am / 1=k2
2

. Sunepÿc, h lÔsh gia touc suntelestèc A
.E/
m eÐnai autoÔsia

me th Sq. (B’.3) eĹn stic ekfrĹseic twn L, M kai N agnoăsoume to suntelestă k2
2

.

4.7 Oi suntelestèc tou skedazìmenou pedÐou

O prosdiorismìc twn suntelestÿn Pm kai Qm eÐnai tÿra efiktìc miac kai oi suntelestèc
Am kai Cm eÐnai gnwstoÐ. Gia parĹdeigma, o suntelestăc Pm me dedomèno to Am prokÔptei

apì th Sq. (4.8) kai mporoÔme na ton fèroume sth gnwstă morfă Pm D P
.0/
m C P

.2/
m h2 C

P
.4/
m h4.

Apì ìsa èqoun leqjeÐ sto Parart. A’, h morfă aută epitugqĹnetai eĹn sth Sq. (4.8)
jèsoume i D m ˙ 2q, parathrăsoume ta ginìmena pou emfanÐzontai mèsa sto Ĺjroisma
kai aporrÐyoume ìrouc h6 kai Ĺnw. H diadikasÐa aută gÐnetai sto Parart. G’.

H akribăc lÔsh dÐnetai sth Sq. (G’.4). BebaÐwc, h èkfrash aută antistoiqeÐ sto
dunamikì skèdashc opìte, o suntelestăc tou skedazìmenou pedÐou eÐnai

P .E/
m D k2

1 Pm .

H èkfrash gia ton P
.E/
m dÐnetai pĹli apì th Sq. (G’.4) agnoÿntac touc suntelestèc k2

1
dedomènou ìti oi Am˙2q pou emfanÐzontai mèsa sto Ĺjroisma antistoiqoÔn sto stĹsimo

dunamikì. EĹn touc suntelestèc autoÔc touc antikatastăsoume me touc A
.E/
m˙2q

, tìte, h

lÔsh gia touc P
.E/
m prokÔptei eĹn agnoăsoume tìso touc k2

1
ìso kai ton k2

2
pou emfanÐzetai

èxw apì to Ĺjroisma. Ta Ðdia bebaÐwc isqÔoun kai gia touc Q
.E/
m .

4.8 Makrinì pedÐo kai diatomèc skèdashc

To skedazìmeno hlektrikì pedÐo èqei mìno z sunistÿsa diìti, ìpwc prokÔptei apì tic
Sq. (1.5.b’) kai (1.5.g’), oi Esc

� kai Esc
' eÐnai mhdenikèc miac kai @=@z D 0. H èkfrash gia to

pedÐo skedĹsewc eÐnai

Esc
z D

1X
mD0

H .2/
m .k1�/

h
P .E/

m cos.m'/C Q.E/
m sin.m'/

i
.

To makrinì pedÐo tÿra prokÔptei eĹn kĹnoume qrăsh thc asumptwtikăc èkfrashc thc
sunĹrthshc Hankel gia megĹla orÐsmata:

H .2/
m .k1�/ �

�!1

s
2

�k1�
j me�j.k1���=4/ .

Antikajistÿntac, prokÔptei

Esc
z �
�!1

1p
�

e�jk1�f .'/
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ìpou

f .'/ yD
s

2

�k1

ej�=4G.'/

me

G.'/ yD
1X

mD0

j m
h
P .E/

m cos.m'/C Q.E/
m sin.m'/

i
.

Apì tic sqèseic autèc mporoÔn na upologistoÔn h diaforikă, h opÐsjia (radar), h emprìsjia
kai h olikă diatomă skèdashc. Epeidă wstìso oi treic prÿtec posìthtec eÐnai sunartăseic
tou jG.'/j2 kai epeidă endiafèrei h anĹptuxă touc se morfă Ĺrtiwn dunĹmewn tou h,
exuphreteÐ na anaptÔxoume prÿta to jG.'/j2 sth morfă aută.

Apì ton orismì thc G.'/ prokÔptei

G.'/ D
1X

mD0

j m
n
P .0/

m cos.m'/C Q.0/
m sin.m'/

C
h
P .2/

m cos.m'/C Q.2/
m sin.m'/

i
h2

C
h
P .4/

m cos.m'/C Q.4/
m sin.m'/

i
h4
o

,

dhladă, èqei th morfă G.'/ D G.0/.'/ C G.2/.'/h2 C G.4/.'/h4. H posìthta jG.'/j2
mporeÐ na grafteÐ se anĹlogh morfă paÐrnontac to ginìmeno thc G.'/ me th suzugă thc:

jG.'/j2 D G.'/G�.'/ D
ˇ̌̌
G.0/.'/

ˇ̌̌2 C 2Re
h
G.0/�.'/G.2/.'/

i
h2

C
�

2Re
h
G.0/�.'/G.4/.'/

i
C
ˇ̌̌
G.2/.'/

ˇ̌̌2

h4

(4.11)

me to telestă Re na sumbolÐzei to pragmatikì mèroc. BebaÐwc, h anĹptuxh aută isqÔei gia
kĹje migadikă posìthta.

EÐmaste tÿra se jèsh na proboÔme ston upologismì twn diatomÿn skèdashc.

4.8.1 Diaforikă diatomă skèdashc

H diaforikă diatomă skèdashc �.'/ eÐnai

�.'/ D jf .'/j2 D 2

�k1

jG.'/j2

kai antikajistÿntac apì th Sq. (4.11), prokÔptei

k1�.'/ D 2

�

� ˇ̌̌
G.0/.'/

ˇ̌̌2 C 2Re
h
G.0/�.'/G.2/.'/

i
h2

C
�

2Re
h
G.0/�.'/G.4/.'/

i
C
ˇ̌̌
G.2/.'/

ˇ̌̌2

h4

�
.

(4.12)
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4.8.2 OpÐsjia diatomă skèdashc

H opÐsjia diatomă skèdashc eÐnai

�b D 2��. C �/

enÿ, mèsw thc Sq. (4.11),

k1�b D 4jG. C �/j2

D 4

� ˇ̌̌
G.0/. C �/

ˇ̌̌2 C 2Re
h
G.0/�. C �/G.2/. C �/

i
h2

C
�

2Re
h
G.0/�. C �/G.4/. C �/

i
C
ˇ̌̌
G.2/. C �/

ˇ̌̌2

h4

�
.

(4.13)

4.8.3 Emprìsjia diatomă skèdashc

H emprìsjia diatomă skèdashc eÐnai

�f D 2��. /

kai sth zhtoÔmenh morfă

k1�f D 4jG. /j2

D 4

� ˇ̌̌
G.0/. /

ˇ̌̌2 C 2Re
h
G.0/�. /G.2/. /

i
h2

C
�

2Re
h
G.0/�. /G.4/. /

i
C
ˇ̌̌
G.2/. /

ˇ̌̌2

h4

�
.

(4.14)

4.8.4 Olikă diatomă skèdashc

H olikă diatomă skèdashc Qt prokÔptei èpeita apì oloklărwsh thc diaforikăc diatomăc,
dhladă

Qt D
Z 2�

0

�.'/ d' .

Antikajistÿntac to �.'/ dÐnei telikĹ thn èkfrash

k1Qt D 4jP0j2 C 2

1X
mD1

�
jPmj2 C jQmj2

�
.

Qrhsimopoiÿntac tÿra antÐstoiqec morfèc anĹptuxhc me th Sq. (4.11) gia tic posìthtec
jPmj2 kai jQmj2, prokÔptei h olikă diatomă skèdashc sth morfă anaptÔgmatoc Ĺrtiwn
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dunĹmewn tou h:

k1Qt D 4
ˇ̌̌
P
.0/
0

ˇ̌̌2 C 2

1X
mD1

�ˇ̌̌
P .0/

m

ˇ̌̌2 C
ˇ̌̌
Q.0/

m

ˇ̌̌2�

C
n
8Re

�
P
.0/�
0

P
.2/
0

�
C 2

1X
mD1

h
2Re

�
P .0/�

m P .2/
m

�
C 2Re

�
Q.0/�

m Q.2/
m

�i o
h2

C
�

4

�
2Re

�
P
.0/�
0

P
.4/

0

�
C
ˇ̌̌
P
.2/

0

ˇ̌̌2�

C 2

1X
mD1

�
2Re

�
P .0/�

m P .4/
m

�
C
ˇ̌̌
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KEFALAIO

5
KÔma TE

5.1 Perigrafă thc diĹtaxhc

Sto kefĹlaio autì meletĹtai h prìsptwsh kÔmatoc tÔpou TEz , katĹ ta Ĺlla h gewmetrÐa
tou problămatoc paramènei h Ðdia. H diĹtaxh faÐnetai sto Sqăma 5.1 sthn epìmenh selÐda.

Epeidă to prìblhma autì eÐnai katĹ èna megĹlo mèroc duastikì wc proc autì tou
prohgoÔmenou kefalaÐou, ja anafèrontai mìno ta basikĹ apotelèsmata dÐqwc na dÐnetai
èmfash stic leptomèreiec, qwrÐc bèbaia na paramerÐzontai ousiastikèc dieukrinăseic.

Oi exisÿseic perigrĹfontai tÿra apì to magnhtikì dunamikì …mz . To prospÐpton
dunamikì anaptÔssetai se seirĹ upì th morfă

…i
mz D 1

k2
1

1X
mD0

"m.�j /mJm.k1�/ Œcos.m / cos.m'/C sin.m / sin.m'/� (5.1.a’)

enÿ to skedazìmeno upì th morfă

…sc
mz D

1X
mD0

H .2/
m .k1�/ ŒPm cos.m'/C Qm sin.m'/� (5.1.b’)

kai to stĹsimo upì th morfă

…st
mz D

1X
iD0



A0

iJei.h; cosh �/C BiYei.h; cosh �/
�

Sei.h; cos'/

C
1X

iD1



C 0

i Joi.h; cosh �/C DiYoi.h; cosh �/
�
Soi.h; cos'/ .

(5.1.g’)
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Sqăma 5.1 àna epÐpedo kÔma tÔpou TEz prospÐptei sth diĹtaxh twn kulÐndrwn.

5.2 Oriakèc sunjăkec

Gia ton eswterikì agÿgimo kÔlindro, h oriakă sunjăkh eÐnai

Est
'

ˇ̌
�D�0

D 0 (5.2)

enÿ to Ez eÐnai pĹnta mhdenikì miac kai meletĹtai to kÔma TE. Gia thn epifĹneia � D R,
oi oriakèc sunjăkec eÐnai �

Ei
' C Esc

'

	
�DR

D Est
'

ˇ̌
�DR

(5.3.a’)

kai �
H i

z C H sc
z

	
�DR

D H st
z

ˇ̌
�DR

(5.3.b’)

enÿ, lìgw thc Sq. (1.6.g’), H' D 0 sthn epifĹneia aută diìti @=@z D 0.
H Sq. (5.2) isodunameÐ me

@…st
mz

@�

ˇ̌̌
ˇ
�D�0

D 0

kai akoloujÿntac parìmoia bămata ìpwc sthn enìthta 4.4.1, to dunamikì sto eswterikì
paÐrnei th morfă

…st
mz D

1X
iD0

Ai ŒYe0
i.�/Jei.h; cosh �/

� Je0
i.�/Yei.h; cosh �/�Sei.h; cos'/

C
1X

iD1

Ci ŒYo0
i.�/Joi.h; cosh �/

� Jo0
i.�/Yoi.h; cosh �/�Soi.h; cos'/
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upenjumÐzontac ìti � D Œh; cosh �0� enÿ, oi tonoÔmenec posìthtec sÔmfwna me ta legìmena
sthn enìthta 3.2.2 antistoiqoÔn se parĹgwgo wc proc th metablhtă �. Qrhsimopoiÿntac
th Sq. (4.5.a’) kai th Sq. (4.5.b’), h teleutaÐa paÐrnei th morfă

…st
mz D

r
�

2

1X
iD0

1X
mD0

j m�i
n
AiB

e
m.h; i/ŒYe0

i.�/Jm.k2�/

� Je0
i.�/Ym.k2�/� cos.m'/

C CiB
o
m.h; i/ŒYo0

i.�/Jm.k2�/

� Jo0
i.�/Ym.k2�/� sin.m'/

o
.

(5.4)

H Sq. (5.3.b’) antistoiqeÐ se k2
1

�
…i

mz C…sc
mz

	 D k2
2
…st

mz sto � D R opìte, apì tic
Sq. (5.1.a’), (5.1.b’) kai (5.4) èqoume

1X
mD0

"m.�j /mJm.x1/ Œcos.m / cos.m'/C sin.m / sin.m'/�

C k2
1

1X
mD0

H .2/
m .x1/ ŒPm cos.m'/C Qm sin.m'/�

D k2
2

r
�

2

1X
iD0

1X
mD0

j m�i
n
AiB

e
m.h; i/ŒYe0

i.�/Jm.x2/

� Je0
i.�/Ym.x2/� cos.m'/

C CiB
o
m.h; i/ŒYo0

i.�/Jm.x2/

� Jo0
i.�/Ym.x2/� sin.m'/

o

(5.5.a’)

ìpou x1 D k1R kai x2 D k2R.
H apomènousa oriakă sunjăkh dÐnei �1

�
@…i

mz=@�C @…sc
mz=@�

	 D �2@…
st
mz=@� sto

� D R me apotèlesma

�1

k1

1X
mD0

"m.�j /mJ 0
m.x1/ Œcos.m / cos.m'/C sin.m / sin.m'/�

C �1k1

1X
mD0

H .2/0
m .x1/ ŒPm cos.m'/C Qm sin.m'/�

D �2k2

r
�

2

1X
iD0

1X
mD0

j m�i
n
AiB

e
m.h; i/ŒYe0

i.�/J
0
m.x2/

� Je0
i.�/Y

0
m.x2/� cos.m'/

C CiB
o
m.h; i/ŒYo0

i.�/J
0
m.x2/

� Jo0
i.�/Y

0
m.x2/� sin.m'/

o

(5.5.b’)

upenjumÐzontac ìti, o tìnoc stic sunartăseic Mathieu antistoiqeÐ se parĹgwgo wc proc to
� enÿ gia tic sunartăseic Bessel, se parĹgwgo wc proc to ìrisma.
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5.3 SÔsthma prosdiorismoÔ twn suntelestÿn

Pragmatopoiÿntac ìmoia bămata ìpwc sthn enìthta 4.5, oi suntelestèc Pm ja dÐnontai
apì th sqèsh

Pm D k2
2

k2
1

r
�

2

1X
iD0

Aij
m�iBe

m.h; i/


Ye0

i.�/Jm.x2/ � Je0
i.�/Ym.x2/

� 1

H
.2/
m .x1/

� 1

k2
1

"m.�j /m
Jm.x1/

H
.2/
m .x1/

cos.m /; m D 0; 1; 2; : : :

kai to sÔsthma pou antistoiqeÐ se autì thc Sq. (4.9.a’)

r
�

2

1X
iD0

Aij
m�iBe

m.h; i/k
2
2

�
(

p
�2



Ye0

i.�/J
0
m.x2/ � Je0

i.�/Y
0
m.x2/

�

� p
�1

r
�2

�1



Ye0

i.�/Jm.x2/� Je0
i.�/Ym.x2/

� H
.2/0
m .x1/

H
.2/
m .x1/

)

D p
�1

r
�2

�1

"m.�j /m

"
J 0

m.x1/ � Jm.x1/
H
.2/0
m .x1/

H
.2/
m .x1/

#
cos.m /

(5.6.a’)

me m D 0; 1; 2; : : :.
H antÐsqtoiqh sqèsh gia touc Qm eÐnai

Qm D k2
2

k2
1

r
�

2

1X
iD1

Cij
m�iBo

m.h; i/


Yo0

i.�/Jm.x2/� Jo0
i.�/Ym.x2/

� 1

H
.2/
m .x1/

� 1

k2
1

"m.�j /m
Jm.x1/

H
.2/
m .x1/

sin.m /; m D 1; 2; 3; : : :

kai to sÔsthma pou antistoiqeÐ sth Sq. (4.10.b’) eÐnai

r
�

2

1X
iD1

Cij
m�iBo

m.h; i/k
2
2

�
(

p
�2



Yo0

i.�/J
0
m.x2/� Jo0

i.�/Y
0

m.x2/
�

� p
�1

r
�2

�1



Yo0

i.�/Jm.x2/� Jo0
i.�/Ym.x2/

� H
.2/0
m .x1/

H
.2/
m .x1/

)

D p
�1

r
�2

�1

"m.�j /m

"
J 0

m.x1/ � Jm.x1/
H
.2/0
m .x1/

H
.2/
m .x1/

#
sin.m /

(5.6.b’)
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ìpou m D 1; 2; 3; : : :.
Oi Sq. (5.6.a’) kai (5.6.b’) apoteloÔn sustămata me morfă ìpwc oi Sq. (4.9.b’) kai

(4.10.a’) antÐstoiqa. H antimetÿpish autÿn gÐnetai ìpwc akribÿc sto Parart. A’ me touc
suntelestèc amm, am;m˙2 kai am;m˙4 na dÐnontai akribÿc apì tic Ðdiec ekfrĹseic mìno
pou tÿra oi posìthtec ye0;m;0, je0;m;0 k.lp. prokÔptoun apì th Sq. (3.6) antikajistÿntac
to m me m ˙ 2q:

dZem˙2q.�/

d�
' h sinh �

r
�

2

n
Z 0

m˙2q.�/

C
h
ge

2Z 0
m˙2q.�/

� ˛eC
2;0

Z 0
m˙2qC2.�/

� ˛e�
2;0Z 0

m˙2q�2.�/
i
h2

C
h
ge

4Z 0
m˙2q.�/

�
�
˛eC

2;2
C ge

2˛
eC
2;0

�
Z 0

m˙2qC2.�/

� �
˛e�

2;2 C ge
2˛

e�
2;0

	
Z 0

m˙2q�2.�/

C ˛eC
4;0

Z 0
m˙2qC4.�/

C ˛e�
4;0Z 0

m˙2q�4.�/
i
h4
o

.

Oi suntelestèc cmm, cm;m˙2 kai cm;m˙4 dÐnontai pĹli apì tic antÐstoiqec sqèseic
tou Parart. A’ me tic posìthtec yo0;m;0, jo0;m;0 k.lp. na prokÔptoun apì th

dZom˙2q.�/

d�
' h cosh �

r
�

2

(
Z 0

m˙2q.�/

C
"

1

.h cosh�/3
Zm˙2q.�/C A.m ˙ 2q; �/

� 1

.h cosh �/2
Z 0

m˙2q.�/

#
h2

C
"

1

.h cosh�/3
B.m ˙ 2q; �/C 	 .m ˙ 2q; �/

� 1

.h cosh �/2
A.m ˙ 2q; �/

#
h4

)
.

Epiprìsjeta, oi Sq. (A’.8) kai (A’.9) tropopoioÔntai stic

Um D
"

p
�2J 0

m.x2/� p
�1

r
�2

�1

Jm.x2/
H
.2/0
m .x1/

H
.2/
m .x1/

#
(5.7)
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kai

Vm D
"

p
�1

r
�2

�1

Ym.x2/
H
.2/0
m .x1/

H
.2/
m .x1/

� p
�2Y 0

m.x2/

#
. (5.8)

5.4 Oi suntelestèc tou stĹsimou kai tou skedazìmenou pedÐou

H epÐlush twn susthmĹtwn twn Sq. (5.6.a’) kai (5.6.b’) gÐnetai ìpwc akribÿc sthn perÐptw-
sh tou kÔmatoc TM. O tÔpoc upologismoÔ twn Am dÐnetai apì th Sq. (B’.3) enÿ gia touc
Cm isqÔoun oi Ðdiec parathrăseic thc sel. 78 ìpwc gia thn perÐptwsh tou kÔmatoc TM.

Tèloc, o tÔpoc upologismoÔ twn suntelestÿn tou skedazìmenou pedÐou dÐnetai apì
th Sq. (G’.4) kĹnontac qrăsh kai twn sqolÐwn pou thn akoloujoÔn.



KEFALAIO

6
ArijmhtikĹ apotelèsmata

6.1 Eisagwgă

H epalăjeush gia thn orjìthta twn apotelesmĹtwn gÐnetai arijmhtikĹ. Pio sugkekrimèna,
sto kefĹlaio autì dÐnontai ta diagrĹmmata twn diatomÿn skèdashc gia to TM kai TE kÔma
kai sugkrÐnontai me Ĺlla arijmhtikĹ apotelèsmata. Epiprìsjeta, epalhjeÔetai h isqÔc
tou jewrămatoc prìsw skèdashc kai gÐnetai arijmhtikìc èlegqoc thc ikanopoÐhshc twn
oriakÿn sunjhkÿn.

Stouc upologismoÔc mac eisĹgoume thn ekkentrìthta h0 D a=c0 tou elleiptikoÔ
kulÐndrou, mia posìthta h opoÐa sqetÐzetai me thn h mèsw thc sqèshc h D k2c0h0. àtsi,
se ìla ta prohgoÔmena anaptÔgmata, antÐ tou h ja qrhsimopoieÐtai h arijmhtikă timă tou
h0 (p.q. h0 D 0:1 ă 0:05) wstìso, to sÔmbolo ja paramènei to Ðdio.

EpÐshc, gia tic anĹgkec thc ulopoÐhshc twn sqèsewn ston upologistă, èqoun sqhma-
tisteÐ oi lìgoi

R� yD �2

�1

; RR yD c0

R
kai R� yD R


1

ìpou c0 eÐnai o megĹloc hmiĹxonac thc èlleiyhc � D �0, 
1 D 2�=k1 to măkoc kÔmatoc
thc {perioqăc 1} enÿ, h diaperatìthta twn perioqÿn 1 kai 2 eÐnai �1 D �2 D �0 D
4� � 10�7 H=m. Sunartăsei twn lìgwn autÿn, ta orÐsmata twn sunartăsewn Bessel
grĹfontai

x1 D k1R D 2�R�

kai
x2 D k2R D 2�R�

p
R�

ìpou sthn teleutaÐa èqei gÐnei qrăsh thc sqèshc k2 D k1

p
�2=�1. Epiplèon, h stajeră

posìthta � èqei oristeÐ sto Parart. A’ kai mporeÐ na grafeÐ enallaktikĹ wc � D k2c0

miac kai genikìtera, qrhsimopoiÿntac tic sqèseic susqètishc kartesianÿn kai elleiptikÿn
suntetagmènwn, to h cosh �0 D k2c0. Sunartăsei twn prohgoÔmenwn lìgwn,

� D 2�RRR�

p
R� .
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Epiplèon, upĹrqoun dÔo akìma parĹmetroi gia touc arijmhtikoÔc upologismoÔc. O
ènac eÐnai to plăjoc twn ìrwn pou eisĹgontai sta ajroÐsmata ìpou m D 1; .1/;NIT. àqei
epilegeÐ mia timă NIT D 20 ÿste na exasfalisteÐ h sÔgklish twn ajroismĹtwn. H deÔterh
parĹmetroc eÐnai h anoqă tou mhdenìc, ZT. Arijmhtikèc timèc oi opoÐec eÐnai kat" apìluth
timă mikrìterec ap" autăn, jewroÔntai mhdèn. àqei epilegeÐ h timă ZT D 0 pou antistoiqeÐ
se 10�324.

Tèloc, ìloi oi upologismoÐ gÐnontai qrhsimopoiÿntac prĹxeic kinhtăc upodiastolăc
me diplă akrÐbeia kai apeikìnish 14 dekadikÿn yhfÐwn.

6.2 Oi diatomèc skèdashc

6.2.1 KÔma TM

OpÐsjia diatomă skèdashc BĹsei thc Sq. (4.13) sqediĹzetai to grĹfhma thc opÐsjiac
diatomăc skèdashc gia diĹforec timèc twn paramètrwn. Sta Sqămata 6.1 kai 6.2 sthn
parakeÐmenh selÐda, faÐnontai ta grafămata autĹ. EndeÐkneitai wstìso na anagrafoÔn oi
akribeÐc timèc pou proèkuyan gia mellontikă anaforĹ, kĹti pou gÐnetai ston PÐnaka 6.1.

Emprìsjia diatomă skèdashc Apì th Sq. (4.14) prokÔptei h emprìsjia diatomă skèda-
shc, ta apotelèsmata thc opoÐac faÐnontai sta Sqămata 6.3 kai 6.4 sth selÐda 52.

Diaforikă diatomă skèdashc Mèsw thc Sq. (4.12), upologÐzoume th diaforikă diatomă
tou TM kÔmatoc gia ìlo to eÔroc apì ' D 0 èwc 2� . Ta apotelèsmata dÐnontai sta
Sqămata 6.5 kai 6.6 sth selÐda 53. Ta grafămata autĹ blèpoume ìti epikalÔptontai gia
tic diĹforec timèc tou h.

Olikă diatomă skèdashc Aută prokÔptei apì th Sq. (4.15) kai to apotèlesma dÐnetai
sta Sqămata 6.7 kai 6.8 sth selÐda 54 ìmwc, gia mia mìno timă tou h.

6.2.2 KÔma TE

Sta Sqămata 6.9 èwc 6.16 (sel. 55 èwc 58) faÐnontai antÐstoiqa grafămata gia thn perÐ-
ptwsh tou kÔmatoc TE enÿ ston PÐnaka 6.2 sth selÐda 59 oi antÐstoiqec akribeÐc timèc.

6.3 To jeÿrhma thc prìsw skèdashc

To jeÿrhma autì [6] apoteleÐ sthn ousÐa thn arqă thc diatărhshc thc hlektromagnhtikăc
enèrgeiac se mia diĹtaxh skèdashc kai apoteleÐ ènan polÔ kalì èlegqo gia thn orjìthta
twn apotelesmĹtwn. Gia thn perÐptwsă mac èqei th morfă

k1Qt D �4Re ŒG. /� .

àtsi, o èlegqoc anĹgetai sto

k1Q
.i/
t D �4Re

h
G.i/. /

i
gia i D 0; 2 kai 4. H epalăjeush tou jewrămatoc ègine tìso gia thn perÐptwsh tou TM
kÔmatoc, ìso kai gia to TE. Endeiktikèc timèc faÐnontai ston PÐnaka 6.3 sth selÐda 60 gia
kĹpoiec qarakthristikèc gwnÐec prìsptwshc.
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Sqăma 6.1 OpÐsjia diatomă skèdashc TM kÔmatoc tĹxhc O.h4/. �2=�1 D 2:54, c0=R D
0:5, R=
1 D 0:5, NIT D 20, ZT D 0.
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Sqăma 6.2 OpÐsjia diatomă skèdashc TM kÔmatoc tĹxhc O.h6/. �2=�1 D 2:54, c0=R D
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1 D 0:5, NIT D 20, ZT D 0.
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Sqăma 6.3 Emprìsjia diatomă skèdashc TM kÔmatoc tĹxhc O.h4/. �2=�1 D 2:54,
c0=R D 0:5, R=
1 D 0:5, NIT D 20, ZT D 0.
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Sqăma 6.4 Emprìsjia diatomă skèdashc TM kÔmatoc tĹxhc O.h6/. �2=�1 D 2:54,
c0=R D 0:5, R=
1 D 0:5, NIT D 20, ZT D 0.
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Sqăma 6.5 Diaforikă diatomă skèdashc TM kÔmatoc tĹxhc O.h4/. �2=�1 D 2:54,
c0=R D 0:5, R=
1 D 0:5,  D 90ı, NIT D 20, ZT D 0.
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Sqăma 6.6 Diaforikă diatomă skèdashc TM kÔmatoc tĹxhc O.h6/. �2=�1 D 2:54,
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Sqăma 6.7 Olikă diatomă skèdashc TM kÔmatoc tĹxhc O.h4/. �2=�1 D 2:54, c0=R D
0:5,  D 0ı, NIT D 20, ZT D 0.
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Sqăma 6.8 Olikă diatomă skèdashc TM kÔmatoc tĹxhc O.h6/. �2=�1 D 2:54, c0=R D
0:5,  D 0ı, NIT D 20, ZT D 0.
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Sqăma 6.9 OpÐsjia diatomă skèdashc TE kÔmatoc tĹxhc O.h4/. �2=�1 D 5:5, c0=R D
0:5, R=
1 D 0:9, NIT D 20, ZT D 0.
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Sqăma 6.10 OpÐsjia diatomă skèdashc TE kÔmatoc tĹxhc O.h6/. �2=�1 D 5:5, c0=R D
0:5, R=
1 D 0:9, NIT D 20, ZT D 0.
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Sqăma 6.11 Emprìsjia diatomă skèdashc TE kÔmatoc tĹxhc O.h4/. �2=�1 D 5:5, c0=R D
0:5, R=
1 D 0:9, NIT D 20, ZT D 0.
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Sqăma 6.12 Emprìsjia diatomă skèdashc TE kÔmatoc tĹxhc O.h6/. �2=�1 D 5:5, c0=R D
0:5, R=
1 D 0:9, NIT D 20, ZT D 0.
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Sqăma 6.13 Diaforikă diatomă skèdashc TE kÔmatoc tĹxhc O.h4/. �2=�1 D 5:5, c0=R D
0:5, R=
1 D 0:9,  D 90ı, NIT D 20, ZT D 0.
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Sqăma 6.14 Diaforikă diatomă skèdashc TE kÔmatoc tĹxhc O.h6/. �2=�1 D 5:5, c0=R D
0:5, R=
1 D 0:9,  D 90ı, NIT D 20, ZT D 0.
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Sqăma 6.15 Olikă diatomă skèdashc TE kÔmatoc tĹxhc O.h4/. �2=�1 D 5:5, c0=R D 0:5,
 D 0ı, NIT D 20, ZT D 0.
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Sqăma 6.16 Olikă diatomă skèdashc TE kÔmatoc tĹxhc O.h6/. �2=�1 D 5:5, c0=R D 0:5,
 D 0ı, NIT D 20, ZT D 0.
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PÐnakac 6.1 SÔnoyh akribÿn timÿn gia to kÔma TM.

 D 0ı h D 0 h D 0:1 h D 0:05

k1�b 4.49717633409838
O.h4/ 4.47974970402621 4.49281967658034
O.h6/ 4.47976893682242 4.49282087863010

k1�f 76.48897800947108
O.h4/ 76.64028453271347 76.52680464028168
O.h6/ 76.64034704029101 76.52680854700527

k1�.'/
� 0.86612474593676

O.h4/ 0.86700440441687 0.86634466055679
O.h6/ 0.86700370494022 0.86634461683949

k1Qt
| 2.40010336714247

O.h4/ 2.38184303137893
O.h6/ 2.38163695152189

� Gia th diaforikă diatomă, oi timèc anafèrontai sth gwnÐa ' D 0ı.
| Gia thn olikă diatomă, oi timèc anafèrontai gia R=
1 D 0:1.

PÐnakac 6.2 SÔnoyh akribÿn timÿn gia to kÔma TE.

 D 0ı h D 0 h D 0:1 h D 0:05

k1�b 4.05795938977311
O.h4/ 4.05817928270027 4.05801436300490
O.h6/ 4.05818057600588 4.05801444383650

k1�f 105.66929560550439
O.h4/ 105.61732336351361 105.65630254500669
O.h6/ 105.61733321865224 105.65630316095286

k1�.'/
� 0.57804574350161

O.h4/ 0.57816803104985 0.57807631538867
O.h6/ 0.57816805022653 0.57807631658721

k1Qt
| 0.56136332221120

O.h4/ 0.55869184753901
O.h6/ 0.55868525498852

� Gia th diaforikă diatomă, oi timèc anafèrontai sth gwnÐa ' D 0ı.
| Gia thn olikă diatomă, oi timèc anafèrontai gia R=
1 D 0:1.
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PÐnakac 6.3 AkribeÐc timèc gia thn epalăjeush tou jewrămatoc prìsw skèdashc gia to
kÔma TM. �2=�1 D 5:5, c0=R D 0:5, R=
1 D 0:2, NIT D 20, ZT D 0.

 .deg/ LHS RHS
0

O.h2/ 1:63769176982372 1:63769176982372

O.h4/ �0:84627727149224 �0:84627727149224

O.h6/ 0:45121440525829 0:44611881461396
30

O.h2/ 1:63769176982372 1:63769176982372

O.h4/ �0:42909997669993 �0:42909997669994

O.h6/ 0:62271680852114 0:62015808584834
45

O.h2/ 1:63769176982372 1:63769176982372

O.h4/ �0:01192268190763 �0:01192268190763

O.h6/ 0:80292727008856 0:80291635211002
60

O.h2/ 1:63769176982372 1:63769176982372

O.h4/ 0:40525461288468 0:40525461288468

O.h6/ 0:99184642159005 0:99439422628204
90

O.h2/ 1:63769176982372 1:63769176982372

O.h4/ 0:82243190767698 0:82243190767698

O.h6/ 1:18947489414441 1:19459232075037

6.4 Oriakèc sunjăkec

H arijmhtikă epalăjeush twn oriakÿn sunjhkÿn sthn epifĹneia � D R apoteleÐ ènan
akìmh èlegqo gia thn orjìthta twn apotelesmĹtwn. O PÐnakac 6.4 prosfèrei diĹforec
endeiktikèc timèc. äpwc faÐnetai, èqoun elegjeÐ tìso oi Sq. (4.7.a’) kai (4.7.b’) gia to kÔma
TM ìso kai oi Sq. (5.5.a’), (5.5.b’) gia to kÔma TE. H epalăjeush gÐnetai gia kĹpoiec
gwnÐec prìsptwshc kai isqÔei gia kĹje timă thc azimoujiakăc gwnÐac. Wstìso, ston pÐnaka
faÐnontai oi timèc gia sugkekrimènec gwnÐec '.

6.5 Sqoliasmìc ` Parathrăseic

äpwc prokÔptei apì ta arijmhtikĹ apotelèsmata, epalhjeÔetai h orjìthta twn telikÿn
analutikÿn ekfrĹsewn. Sugkekrimèna, apì ta diagrĹmmata twn diatomÿn skèdashc, epi-
bebaiÿjhke to apotèlesma thc anagwgăc tou problămatoc se dÔo omìkentrouc kuklikoÔc
kulÐndrouc jètontac h D 0 [7] enÿ parĹllhla, upĹrqei summetrÐa perÐ th gwnÐa prìsptw-
shc  D 90ı, kĹti pou exĹllou epibĹllei h gewmetrÐa thc diĹtaxhc.

Epibebaiÿjhke epÐshc to jeÿrhma thc prìsw skèdashc. Autì epiteÔqjhke me shman-
tikă akrÐbeia ` èwc 14 dekadikĹ yhfÐa ` gia tic tĹxeic O.h2/ kai O.h4/ enÿ, h akrÐbeia
gia thn tĹxh O.h6/ ătan mikrìterh (èwc kai 4 shmantikĹ yhfÐa).

H epalăjeush thc orjìthtac twn apotelesmĹtwn kleÐnei me thn epituqă exagwgă
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timÿn gia tic oriakèc sunjăkec oi opoÐec ikanopoiăjhkan me plărh akrÐbeia (ston PÐnaka
6.4 mèqri 14 dekadikĹ yhfÐa).



PARARTHMA

A’
Grammikì sÔsthma kÔmatoc

TM

A’.1 Eisagwgă

Ta grammikĹ sustămata twn Sq. (4.9.a’) kai (4.10.b’) tou Kef. 4 ìpwc eÐdame, èqoun tic
morfèc

1X
iD0

amiAi D bm; m D 0; 1; 2; : : : (A’.1.a’)

kai
1X

iD1

cmiCi D dm; m D 1; 2; 3; : : : . (A’.1.b’)

antÐstoiqa ă, enallaktikĹ,

aA D b kai cC D d .

Epeidă oi deÐktec m kai i eÐnai tautìqrona Ĺrtioi ă tautìqrona perittoÐ, oi suntelestèc A
me Ĺrtiouc deÐktec ja prokÔyoun ìtan to m lambĹnei Ĺrtiec timèc, enÿ autoÐ me perittoÔc
deÐktec ìtan to m lambĹnei perittèc timèc. ProkÔptoun dhladă dÔo uposustămata gia ton
upologismì twn suntelestÿn Ai (kai antÐstoiqa gia touc Ci) anĹloga me tic timèc pou
pèrnei to m. Ja èqoume loipìn, gia tic Ĺrtiec timèc tou m,

m D 0 ! i D 0; 2; 4; : : : ! a0;0A0 C a0;2A2 C a0;4A4 C � � � D b0

m D 2 ! i D 0; 2; 4; : : : ! a2;0A0 C a2;2A2 C a2;4A4 C � � � D b2

m D 4 ! i D 0; 2; 4; : : : ! a4;0A0 C a4;2A2 C a4;4A4 C � � � D b4

:::

(A’.2.a’)

63
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enÿ gia tic perittèc,

m D 1 ! i D 1; 3; 5; : : : ! a1;1A1 C a1;3A3 C a1;5A5 C � � � D b1

m D 3 ! i D 1; 3; 5; : : : ! a3;1A1 C a3;3A3 C a3;5A5 C � � � D b3

m D 5 ! i D 1; 3; 5; : : : ! a5;1A1 C a5;3A3 C a5;5A5 C � � � D b5

:::

(A’.2.b’)

EÐnai loipìn logikì na jèsoume i yD m ˙ 2q me q D 0; 1; 2; : : :.
Sth sunèqeia ja perioristoÔme sth melèth tou sustămatoc thc Sq. (A’.1.a’) gia na

broÔme th morfă pou èqei o pÐnakac a D Œami �.

A’.2 O pÐnakac tou sustămatoc

O pÐnakac a kataskeuĹzetai apì touc suntelestèc ami anĹloga me tic timèc pou lambĹnoun
ta m kai i . Oi suntelestèc autoÐ eÐnai sÔmfwna me th Sq. (4.9.a’)

ami D
r
�

2
j m�iBe

m.h; i/k
2
2

(
1p
�2



Yei.�/J

0
m.x2/� Jei.�/Y

0
m.x2/

�

� 1p
�1

r
�1

�2

ŒYei.�/Jm.x2/ � Jei.�/Ym.x2/�
H
.2/0
m .x1/

H
.2/
m .x1/

)
.

(A’.3)

Sthn èkfrash aută, emfanÐzontai oi suntelestèc Be
m.h; i/ oi opoÐoi eÐnai oi suntelestèc

anĹptuxhc twn sunartăsewn Mathieu kai orÐzontai antÐstoiqa me th Sq. (2.3) apì th

Sei.h; cos'/ D
1X

mD0

Be
m.h; i/ cos.m'/; i D 0; 1; 2; : : :

ìpou ègine antikatĹstash tou m me to i kai tou n me to m. Tÿra, se antistoiqÐa me th
Sq. (2.4), h teleutaÐa grĹfetai

Sei.h; cos'/ D
1X

pD0

Be
i˙2p.h; i/ cosŒ.i ˙ 2p/'�; i D 0; 1; 2; : : :

dhladă, sÔmfwna me th jewrÐa tou Kef. 2, m D i ˙ 2p me p D 0; 1; 2; : : :. EmeÐc bèbaia,
sto prohgoÔmeno edĹfio jèsame i D m˙2q to opoÐo proc to parìn den prèpei na epifèrei
sÔgqush.

Tÿra, gia tic diĹforec timèc pou lambĹnei to i , to m ja paÐrnei tic antÐstoiqec (Ĺrtiec
ă perittèc). SqhmatikĹ èqoume

i D 0 ! m D 0; 2; 4; : : :
i D 1 ! m D 1; 3; 5; : : :
i D 2 ! m D 0; 2; 4; : : :
i D 1 ! m D 1; 3; 5; : : :
i D 4 ! m D 0; 2; 4; : : :

:::
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AnadiatĹssontac touc ìrouc jètontac to m wc kÔria parĹmetro, o sqhmatismìc gÐnetai

m D 0 ! i D 0; 2; 4; : : :
m D 1 ! i D 1; 3; 5; : : :
m D 2 ! i D 0; 2; 4; : : :
m D 1 ! i D 1; 3; 5; : : :
m D 4 ! i D 0; 2; 4; : : :

:::

àtsi loipìn, èqoume ton akìloujo sqhmatismì gia touc suntelestèc anĹptuxhc Be
m.h; i/ D

Be
i˙2p

.h; i/:

m D 0 ! i D 0 i D 2 i D 4 i D 6 i D 8 � � �
Be

˙2p
.h; o/ Be

2˙2p
.h; 2/ Be

4˙2p
.h; 4/ Be

6˙2p
.h; 6/ Be

8˙2p
.h; 8/

p D 0 p D 1 p D 2 p D 3 p D 4
� � � �

m D 2 ! i D 0 i D 2 i D 4 i D 6 i D 8 � � �
Be

˙2p.h; o/ Be
2˙2p.h; 2/ Be

4˙2p.h; 4/ Be
6˙2p.h; 6/ Be

8˙2p.h; 8/

p D 1 p D 0 p D 1 p D 2 p D 3
C � � �

m D 4 ! i D 0 i D 2 i D 4 i D 6 i D 8 � � �
Be

˙2p
.h; o/ Be

2˙2p
.h; 2/ Be

4˙2p
.h; 4/ Be

6˙2p
.h; 6/ Be

8˙2p
.h; 8/

p D 2 p D 1 p D 0 p D 1 p D 2
C C � �

m D 6 ! i D 0 i D 2 i D 4 i D 6 i D 8 � � �
Be

˙2p
.h; o/ Be

2˙2p
.h; 2/ Be

4˙2p
.h; 4/ Be

6˙2p
.h; 6/ Be

8˙2p
.h; 8/

p D 3 p D 2 p D 1 p D 0 p D 1
C C C �

:::

Ston orjogÿnio autì sqhmatismì, pou ousiastikĹ prìkeitai gia to sqhmatismì pou
èqei o pÐnakac a D Œami � ìtan to m paÐrnei Ĺrtiec timèc, faÐnontai oi timèc pou paÐrnei to p
kajÿc kai to prìshmo .C/ ă .�/ pou qrhsimopoieÐtai kĹje forĹ ètsi ÿste to m D i˙2p na
lambĹnei thn katĹllhlh timă. ParathroÔme ìti h timă p D 0 dÐnei ta stoiqeÐa thc kÔriac
diagwnÐou tou pÐnaka. Epiprìsjeta, ìtan qrhsimopoieÐtai to prìshmo .�/, prokÔptoun ta
stoiqeÐa ta opoÐa brÐskontai pĹnw apì thn kÔria diagÿnio enÿ, ìtan qrhsimopoieÐtai to
.C/, prokÔptoun ta stoiqeÐa kĹtw thc kÔriac diagwnÐou.

Par" ìla autĹ, anatrèqontac sth Sq. (3.3), blèpoume ìti gia na èqoume ìrouc mèqri
kai tĹxh h4, ja prèpei afenìc men kmax D 2, afetèrou de p D 0; 1; 2. Dhladă, to p den
mporeÐ na xeperĹsei thn timă 2 kai sunepÿc, ston prohgoÔmeno sqhmatismì, stoiqeÐa pou
dhmiourgoÔntai me p > 3 jewroÔntai mhdenikĹ.
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SumperasmatikĹ loipìn, o pÐnakac Œami � me m Ĺrtio lambĹnei morfă tainÐac:

Œami � D

2
666666664

a0;0 a0;2 a0;4 0 0 0 � � �
a2;0 a2;2 a2;4 a2;6 0 0 � � �
a4;0 a4;2 a4;4 a4;6 a4;8 0 � � �

0 a6;2 a6;4 a6;6 a6;8 a6;10 � � �
0 0 a8;4 a8;6 a8;8 a8;10 � � �
0 0 0 a10;6 a10;8 a10;10 � � �
:::

:::
:::

:::
:::

:::
: : :

3
777777775

.

AntÐstoiqh morfă èqei o pÐnakac Œami � ìtan to m pèrnei perittèc timèc kajÿc epÐshc kai o
pÐnakac Œcmi �.

A’.3 Oi suntelestèc tou sustămatoc

Efarmìzontac th Sq. (3.3) kai kĹnontac tic sqetikèc anaptÔxeic, parathroÔme ìti gia p D
0, oi suntelestèc Be

m.h; i/ / ˛ C ˇh2 C �h4, gia p D 1, Be
m.h; i/ / ˇh2 C �h4 enÿ,

gia p D 2, Be
m.h; i/ / �h4. EpÐshc, ta stoiqeÐa tou pÐnaka Œami � emfanÐzoun ta ginìmena

Be
m.h; i/Yei.�/ kai Be

m.h; i/Jei.�/ ìpou oi sunartăseic Yei.�/;Jei.�/ / a C bh2 C ch4.
Sunepÿc, ta stoiqeÐa me p D 0 èqoun ìrouc�
˛ C ˇh2 C �h4

��
a C bh2 C ch4

�
D ˛a C .˛b C ˇa/h2 C .˛c C ˇb C �a/h4 C O.h6/ ,

ta stoiqeÐa me p D 1 ìrouc�
ˇh2 C �h4

��
a C bh2 C ch4

�
D ˇah2 C .ˇb C �a/h4 C O.h6/

enÿ, ta stoiqeÐa me p D 2 ìrouc

�h4
�
a C bh2 C ch4

�
D �ah4 C O.h6/ .

Apì tic prohgoÔmenec ekfrĹseic mporoÔme na grĹyoume mia genikă èkfrash gia ta
ginìmena Be

m.h; i/Yei.�/ kai Be
m.h; i/Jei.�/ pou emfanÐzontai stouc suntelestèc ami . Ja

èqoume loipìn

Be
m.h; i/Yei.�/ D Be

.m ˙ 2q/„ ƒ‚ …
i

˙2q
.h;m ˙ 2q„ ƒ‚ …

i

/Yem ˙ 2q„ ƒ‚ …
i

.�/

me

Be
.m ˙ 2q/„ ƒ‚ …

i

˙2p
.h;m ˙ 2q„ ƒ‚ …

i

/ '
2�qX
jD0

2
42�q�jX

lD0

�
˛e˙

2q;2lh
2qC2l

�35 ge
2jh2j ; q D 0; 1; 2 . (A’.4)

H epilogă tou prosămou tou ektìc thc parènjeshc ìrou sto deÐkth twn suntelestÿn
Be.h; i/ gÐnetai sÔmfwna me ta legìmena thc prohgoÔmenhc enìthtac, dhladă ìtan briskì-
maste pĹnw apì thn kÔria diagÿnio, epilègoume to prìshmo .�/ enÿ ìtan briskìmaste
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kĹtw ap" autăn, epilègoume to .C/. H epilogă tÿra tou prosămou entìc thc parènjeshc
sto deÐkth tou Be.h; i/ gÐnetai epilègontac ta prìshma me antÐjeto trìpo ap" ìti prin.

àtsi loipìn èqoume thn telikă èkfrash gia to ginìmeno Be
m.h; i/Yei.�/:

Be
m.h; i/Yei.�/ D Be

m.h;m ˙ 2q/Yem˙2q.�/; q D 0; 1; 2 (A’.5)

enÿ to m D 0; 1; 2; : : :. H epilogă twn prosămwn gÐnetai wc exăc:

� ìtan to proc kataskeuă stoiqeÐo eÐnai pĹnw apì thn kÔria diagÿnio, dhladă ìtan i > m,
epilègetai to prìshmo .C/ enÿ,

� ìtan i < m, dhladă to proc kataskeuă stoiqeÐo eÐnai kĹtw apì thn kÔria diagÿnio, tìte
epilègoume to prìshmo .�/.

EpÐshc, oi suntelestèc ami èqoun diaforetikă morfă anĹloga se poia diagÿnio ană-
koun. Oi suntelestèc thc kÔriac diagwnÐou èqoun morfă

amm D Lmm C Mmmh2 C Nmmh4 C O.h6/ , (A’.6.a’)

thc deÔterhc kÔriac diagwnÐou morfă

am;m˙2 D M 0
m;m˙2h2 C N 0

m;m˙2h4 C O.h6/

D M 0
m;m˙2h2

"
1 C N 0

m;m˙2

M 0
m;m˙2

h2 C O.h4/

#

D M 0
m;m˙2h2

h
1 C O.h2/

i (A’.6.b’)

enÿ, autoÐ thc trÐthc kÔriac diagwnÐou èqoun th morfă

am;m˙4 D N 00
m;m˙4h4 C O.h6/ D N 00

m;m˙4h4
h
1 C O.h2/

i
. (A’.6.g’)

Stic ekfrĹseic autèc, to prìshmo .C/ epilègetai ìtan briskìmaste pĹnw apì thn kÔria
diagÿnio enÿ to .�/ ìtan to stoiqeÐo brÐsketai kĹtw ap" autăn.

SÔmfwna me ta nèa autĹ dedomèna, to sÔsthma thc Sq. (A’.1.a’) lambĹnei morfă

2X
qD0



am;mC2qAmC2q C .1 � ıq0/am;m�2qAm�2q

� D bm; m D 0; 1; 2; : : :

me am;m�2q D 0 ìtan m < 2q.

A’.4 AnĹptuxh twn suntelestÿn tou sustămatoc aA D b

Sto edĹfio autì ja broÔme ekfrĹseic gia touc suntelestèc ami tou sutămatoc èwc thn
tĹxh h4. AfethrÐa eÐnai h Sq. (A’.3) ap" thn opoÐa, jètwntac i D m ˙ 2q kai kĹnontac
anadiĹtaxh twn ìrwn, prokÔptei

am;m˙2q D
r
�

2
j �2qk2

2



Be

m.h;m ˙ 2q/Yem˙2q.�/Um

C Be
m.h;m ˙ 2q/Jem˙2q.�/Vm

� (A’.7)
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ìpou èqoume jèsei

Um yD
"

1p
�2

J 0
m.x2/ � 1p

�1

r
�1

�2

Jm.x2/
H
.2/0
m .x1/

H
.2/
m .x1/

#
(A’.8)

kai

Vm yD
"

1p
�1

r
�1

�2

Ym.x2/
H
.2/0
m .x1/

H
.2/
m .x1/

� 1p
�2

Y 0
m.x2/

#
. (A’.9)

Oi posìthtec autèc eÐnai anexĹrthtec tou h.
Sth nèa èkfrash thc Sq. (A’.7) gia touc suntelestèc, emfanÐzontai ginìmena thc

morfăc …q yDBe
m.h;m ˙ 2q/Zem˙2q.�/. Oi sunartăseic Zem˙2q.�/ prokÔptoun apì th

Sq. (3.5), sel. 24 antikajistÿntac to m me m ˙ 2q. Gia eukolÐa, grĹfoume edÿ thn tropo-
poihmènh aută morfă:

Zem˙2q.�/ '
r
�

2

n
Zm˙2q.�/

C
h
ge

2Zm˙2q.�/

� ˛eC
2;0Zm˙2qC2.�/

� ˛e�
2;0Zm˙2q�2.�/

i
h2

C
h
ge

4Zm˙2q.�/

�
�
˛eC

2;2
C ge

2˛
eC
2;0

�
Zm˙2qC2.�/

� �
˛e�

2;2 C ge
2˛

e�
2;0

	
Zm˙2q�2.�/

C ˛eC
4;0

Zm˙2qC4.�/

C ˛e�
4;0Zm˙2q�4.�/

i
h4
o

(A’.10.a’)

ìpou èqoume jèsei � yDh cosh �0. H èkfrash aută mporeÐ na sumptuqjeÐ wc

ZemC2q.�/ ' zeC
0;m;q

C zeC
2;m;q

h2 C zeC
4;m;q

h4 (A’.10.b’)

kai

Zem�2q.�/ ' ze�
0;m;q C ze�

2;m;qh2 C ze�
4;m;qh4 (A’.10.g’)

anĹloga me to eÐdoc tou prosămou pou epilègoume. H epilogă gÐnetai sÔmfwna me ta
legìmena tou prohgoÔmenou edafÐou. Oi antikatastĹseic gÐnontai me episkìphsh kai eÐnai
gia parĹdeigma

zeC
2;m;q

yD
r
�

2

h
ge

2ZmC2q.�/� ˛eC
2;0

ZmC2qC2.�/� ˛e�
2;0ZmC2q�2.�/

i
.
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A’.4.1 AnĹptuxh stoiqeÐwn kÔriac diagwnÐou

Ta stoiqeÐa am;m thc kÔriac diagwnÐou prokÔptoun me q D 0. Tìte, apì th Sq. (A’.4)
prokÔptei

Be
m.h;m ˙ 2q/ D Be

m.h;m/ D 1 C ge
2h2 C ge

4h4

enÿ, apì th Sq. (A’.10.a’) kai tic Sq. (A’.10.b’), (A’.10.g’) prokÔptei

Zem.�/ D ze0;m;0 C ze2;m;0h2 C ze4;m;0h4 .

Opìte, to ginìmeno …0 D Be
m.h;m/Zem.�/, kratÿntac ìrouc tĹxhc èwc h4, grĹfetai

…0 ' ze0;m;0 C �
ze2;m;0 C ze0;m;0ge

2

	
h2 C �

ze4;m;0 C ze2;m;0ge
2 C ze0;m;0ge

4

	
h4 . (A’.11)

àtsi loipìn, prosarmìzontac katĹllhla th Sq. (A’.7), prokÔptei h anĹptuxh twn stoiqeÐwn
thc kÔriac diagwnÐou èwc thn tĹxh h4:

am;m D
r
�

2
k2

2

n
ye0;m;0Um C je0;m;0Vm

C 
�
ye2;m;0 C ye0;m;0ge

2

	
Um C �

je2;m;0 C je0;m;0ge
2

	
Vm

�
h2

C 
�
ye4;m;0 C ye2;m;0ge

2 C ye0;m;0ge
4

	
Um

C �
je4;m;0 C je2;m;0ge

2 C je0;m;0ge
4

	
Vm

�
h4
o

(A’.12)

me m D 0; 1; 2; : : : h opoÐa èqei th morfă thc Sq. (A’.6.a’).

A’.4.2 AnĹptuxh stoiqeÐwn deÔterhc kÔriac diagwnÐou

Tÿra, ta stoiqeÐa ènjen kai ènjen thc kÔriac diagwnÐou prokÔptoun me q D 1. Apì th
Sq. (A’.4), h anĹptuxh gia ta stoiqeÐa pĹnw apì thn kÔria diagÿnio eÐnai

Be
m.h;m C 2/ D ˛e�

2;0h2 C �
˛e�

2;2 C ge
2˛

e�
2;0

	
h4

enÿ, gia ta stoiqeÐa kĹtw thc kÔriac dagwnÐou

Be
m.h;m � 2/ D ˛eC

2;0
h2 C

�
˛eC

2;2
C ge

2˛
eC
2;0

�
h4 .

Tÿra, apì tic Sq. (A’.10.a’), (A’.10.b’) kai (A’.10.g’), gia ta stoiqeÐa pĹnw apì thn kÔria
diagÿnio èqoume

ZemC2.�/ D zeC
0;m;1

C zeC
2;m;1

h2 C zeC
4;m;1

h4

enÿ gia ta kĹtw èqoume

Zem�2.�/ D ze�
0;m;1 C ze�

2;m;1h2 C ze�
4;m;1h4 .

Ta ginìmena …C
1

D Be
m.h;m C 2/ZemC2.�/ kai …�

1
D Be

m.h;m � 2/Zem�2.�/ sthn
perÐptwsh aută eÐnai

…C
1

D ˛e�
2;0zeC

0;m;1
h2 C

h
˛e�

2;0zeC
2;m;1

C �
˛e�

2;2 C ge
2˛

e�
2;0

	
zeC

0;m;1

i
h4 (A’.13.a’)
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kai

…�
1 D ˛eC

2;0ze�
0;m;1h2 C

h
˛eC

2;0ze�
2;m;1 C

�
˛eC

2;2 C ge
2˛

eC
2;0

�
ze�

0;m;1

i
h4 . (A’.13.b’)

TelikĹ, apì th Sq. (A’.7), gia ta stoiqeÐa pĹnw apì thn kÔria diagÿnio prokÔptei

am;mC2 D
r
�

2
j �2k2

2

n
˛e�

2;0

�
yeC

0;m;1
Um C jeC

0;m;1
Vm

�
h2

C
n h
˛e�

2;0yeC
2;m;1

C �
˛e�

2;2 C ge
2˛

e�
2;0

	
yeC

0;m;1

i
Um

C
h
˛e�

2;0jeC
2;m;1

C �
˛e�

2;2 C ge
2˛

e�
2;0

	
jeC

0;m;1

i
Vm

o
h4

o (A’.14.a’)

enÿ, gia ta stoiqeÐa kĹtw apì thn kÔria diagÿnio prokÔptei

am;m�2 D
r
�

2
j 2k2

2

n
˛eC

2;0

�
ye�

0;m;1Um C je�
0;m;1Vm

	
h2

C
n h
˛eC

2;0
ye�

2;m;1 C
�
˛eC

2;2
C ge

2˛
eC
2;0

�
ye�

0;m;1

i
Um

C
h
˛eC

2;0
je�

2;m;1 C
�
˛eC

2;2
C ge

2˛
eC
2;0

�
je�

0;m;1

i
Vm

o
h4

o (A’.14.b’)

me m D 0; 1; 2; : : : kai stic dÔo ekfrĹseic. Oi sqèseic autèc èqoun th morfă thc Sq. (A’.6.b’).

A’.4.3 AnĹptuxh stoiqeÐwn trÐthc kÔriac diagwnÐou

Ta stoiqeÐa autĹ prokÔptoun jètontac q D 2. Ta anaptÔgmata eÐnai

Be
m.h;m C 4/ D ˛e�

4;0h4; Be
m.h;m � 4/ D ˛eC

4;0h4;

…C
2 D ˛e�

4;0zeC
0;m;2h4 , (A’.15.a’)

…�
2 D ˛eC

4;0ze�
0;m;2h4 (A’.15.b’)

kai ta zhtoÔmena anaptÔgmata sth morfă thc Sq. (A’.6.g’) eÐnai

am;mC4 D
r
�

2
j �4k2

2˛
e�
4;0

�
yeC

0;m;2Um C jeC
0;m;2Vm

�
h4; m D 0; 1; 2; : : : (A’.16.a’)

kai

am;m�4 D
r
�

2
j 4k2

2˛
eC
4;0

�
ye�

0;m;2Um C je�
0;m;2Vm

	
h4; m D 0; 1; 2; : : : . (A’.16.b’)

A’.5 AnĹptuxh twn suntelestÿn tou sustămatoc cC D d

Oi suntelestèc tou sustămatoc thc Sq. (A’.1.b’) èqoun morfă antÐstoiqh me th Sq. (A’.7)
kai eÐnai

cm;m˙2q D
r
�

2
j �2qk2

2



Bo

m.h;m ˙ 2q/Yom˙2q.�/Um

C Bo
m.h;m ˙ 2q/Jom˙2q.�/Vm

� (A’.17)



A’.5 AnĹptuxh twn suntelestÿn tou sustămatoc cC D d 71

ìpou, ta Um kai Vm èqoun oristeÐ stic Sq. (A’.8) kai (A’.9) antÐstoiqa. Oi suntelestèc
autoÐ lambĹnoun morfă antÐstoiqh me aută twn Sq. (A’.6.a’), (A’.6.b’) kai (A’.6.g’) enÿ, to
sÔsthma thc Sq. (A’.1.b’) paÐrnei morfă

2X
qD0



cm;mC2qCmC2q C .1 � ıq0/cm;m�2qCm�2q

� D dm; m D 1; 2; 3; : : :

me cm;m�2q D 0 ìtan m 6 2q.
Sthn èkfrash thc Sq. (A’.17) emfanÐzontai ginìmena pou èqoun morfă Bo

m.h;m ˙
2q/Zom˙2q.�/. Oi sunartăseic Zom˙2q.�/ prokÔptoun apì th Sq. (3.7) antikajistÿntac
to m me m ˙ 2q ìpwc kĹname prohgoumènwc. àtsi, èqoume

Zom˙2q.�/ '
r
�

2
tanh �0

�
Zm˙2q.�/

C
h
.m ˙ 2q/go

2Zm˙2q.�/

� m ˙ 2q C 2

m ˙ 2q
˛oC

2;0Zm˙2qC2.�/

� m ˙ 2q � 2

m ˙ 2q
˛o�

2;0Zm˙2q�2.�/
i
h2

C
�
.m ˙ 2q/go

4Zm˙2q.�/

� .m ˙ 2q C 2/

�
�

1

m ˙ 2q
˛oC

2;2 C go
2˛

oC
2;0

�
Zm˙2qC2.�/

� .m ˙ 2q � 2/

�
�

1

m ˙ 2q
˛o�

2;2 C go
2˛

o�
2;0

�
Zm˙2q�2.�/

C m ˙ 2q C 4

m ˙ 2q
˛oC

4;0
Zm˙2qC4.�/

C m ˙ 2q � 4

m ˙ 2q
˛o�

4;0Zm˙2q�4.�/

�
h4




(A’.18.a’)

kai bebaÐwc, autì mporeÐ na grafeÐ wc

ZomC2q.�/ ' zoC
0;m;q

C zoC
2;m;q

h2 C zoC
4;m;q

h4 (A’.18.b’)

kai
Zom�2q.�/ ' zo�

0;m;q C zo�
2;m;qh2 C zo�

4;m;qh4 . (A’.18.g’)

A’.5.1 AnĹptuxh stoiqeÐwn kÔriac diagwnÐou

Akoloujÿntac Ðdia bămata me ta prohgoÔmena, oi suntelestèc thc kÔriac diagwnÐou tou
pÐnaka Œcmi � prokÔptoun me q D 0 opìte, èqoume tic akìloujec sqèseic:

Bo
m.h;m/ D 1

m
C go

2h2 C go
4h4
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kai
Zom.�/ D zo0;m;0 C zo2;m;0h2 C zo4;m;0h4 .

KatĹ sunèpeia, to ginìmeno eÐnai

…0 D 1

m
zo0;m;0 C

�
1

m
zo2;m;0 C zo0;m;0go

2

�
h2

C
�

1

m
zo4;m;0 C zo2;m;0go

2 C zo0;m;0go
4

�
h4

(A’.19)

kai telikĹ

cm;m D
r
�

2
k2

2

�
1

m
yo0;m;0Um C jo0;m;0Vm

C
��

1

m
yo2;m;0 C yo0;m;0go

2

�
Um

C
�

1

m
jo2;m;0 C jo0;m;0go

2

�
Vm

�
h2

C
��

1

m
yo4;m;0 C yo2;m;0go

2 C yo0;m;0go
4

�
Um

C
�

1

m
jo4;m;0 C jo2;m;0go

2 C jo0;m;0go
4

�
Vm

�
h4




(A’.20)

me m D 1; 2; 3; : : :.

A’.5.2 AnĹptuxh stoiqeÐwn deÔterhc kÔriac diagwnÐou

Sthn perÐptwsh aută, jètontac q D 1 lambĹnoume

Bo
m.h;m C 2/ D 1

m C 2
˛o�

2;0h2 C
�

1

m C 2
˛o�

2;2 C ˛o�
2;0go

2

�
h4 ,

Bo
m.h;m � 2/ D 1

m � 2
˛oC

2;0h2 C
�

1

m � 2
˛oC

2;2 C ˛oC
2;0go

2

�
h4 ,

me sunodeÐa ta
ZomC2.�/ D zoC

0;m;1
C zoC

2;m;1
h2 C zoC

4;m;1
h4

kai
Zom�2.�/ D zo�

0;m;1 C zo�
2;m;1h2 C zo�

4;m;1h4 .

Sunepÿc, ta ginìmena eÐnai

…C
1 D 1

m C 2
˛o�

2;0zoC
0;m;1h2

C
��

1

m C 2
˛o�

2;2 C ˛o�
2;0go

2

�
zoC

0;m;1
C 1

m C 2
˛o�

2;0zoC
2;m;1

�
h4 ,

(A’.21.a’)



A’.5 AnĹptuxh twn suntelestÿn tou sustămatoc cC D d 73

…�
1 D 1

m � 2
˛oC

2;0
zo�

0;m;1h2

C
��

1

m � 2
˛oC

2;2 C ˛oC
2;0go

2

�
zo�

0;m;1 C 1

m � 2
˛oC

2;0zo�
2;m;1

�
h4 ,

(A’.21.b’)

kai telikÿc

cm;mC2 D
r
�

2
j �2k2

2

�
1

m C 2
˛o�

2;0

�
yoC

0;m;1
Um C joC

0;m;1
Vm

�
h2

C
��

1

m C 2
˛o�

2;0yoC
2;m;1

C
�

1

m C 2
˛o�

2;2 C go
2˛

o�
2;0

�
yoC

0;m;1

�
Um

C
�

1

m C 2
˛o�

2;0joC
2;m;1

C
�

1

m C 2
˛o�

2;2 C go
2˛

o�
2;0

�
joC

0;m;1

�
Vm



h4

�

(A’.22.a’)

kai

cm;m�2 D
r
�

2
j 2k2

2

�
1

m � 2
˛oC

2;0

�
yo�

0;m;1Um C jo�
0;m;1Vm

	
h2

C
��

1

m � 2
˛oC

2;0
yo�

2;m;1

C
�

1

m � 2
˛oC

2;2
C go

2˛
oC
2;0

�
yo�

0;m;1

�
Um

C
�

1

m � 2
˛oC

2;0
jo�

2;m;1

C
�

1

m � 2
˛oC

2;2
C go

2˛
oC
2;0

�
jo�

0;m;1

�
Vm



h4

�

(A’.22.b’)

me m D 1; 2; 3; : : :.

A’.5.3 AnĹptuxh stoiqeÐwn trÐthc kÔriac diagwnÐou

Jètwntac tÿra q D 2, prokÔptoun katĹ seirĹ oi sqèseic:

Bo
m.h;m C 4/ D 1

m C 4
˛o�

4;0h4 ,

Bo
m.h;m � 4/ D 1

m � 4
˛oC

4;0
h4 ,

ZomC4.�/ D zoC
0;m;2

C zoC
2;m;2

h2 C zoC
4;m;2

h4

kai
Zom�4.�/ D zo�

0;m;2 C zo�
2;m;2h2 C zo�

4;m;2h4 .



74 GRAMMIKO SUSTHMA KUMATOS TM

Ta ginìmena eÐnai

…C
2

D 1

m C 4
˛o�

4;0zoC
0;m;2

h4 (A’.23.a’)

kai

…�
2 D 1

m � 4
˛oC

4;0
zo�

0;m;2h4 (A’.23.b’)

opìte,

cm;mC4 D
r
�

2
j �4k2

2

1

m C 4
˛o�

4;0

�
yoC

0;m;2
Um C joC

0;m;2
Vm

�
h4 (A’.24.a’)

kai

cm;m�4 D
r
�

2
j 4k2

2

1

m � 4
˛oC

4;0

�
yo�

0;m;2Um C jo�
0;m;2Vm

	
h4 (A’.24.b’)

me m D 1; 2; 3; : : :.



PARARTHMA

B’
EpÐlush tou grammikoÔ

sustămatoc

B’.1 Eisagwgă

Sto parĹrthma autì ja parousiasteÐ h diadikasÐa epÐlushc twn grammikÿn susthmĹtwn
twn Sq. (4.9.a’) kai (4.10.b’). To sÔsthma thc Sq. (4.9.a’) isqÔei gia timèc tou m D 0; 1; 2; : : :.
Gia tic Ĺrtiec timèc tou m, autì èqei th morfă thc Sq. (A’.2.a’) enÿ, gia tic perittèc ti-
mèc, th morfă thc Sq. (A’.2.b’). Tÿra, to sÔsthma thc Sq. (4.10.b’) èqei thn Ðdia morfă me
th Sq. (A’.2.b’) gia perittèc timèc tou m enÿ, gia tic Ĺrtiec timèc, thn Ðdia morfă me th
Sq. (A’.2.a’) mìno pou leÐpei o ìroc m D 0. Sunepÿc, ta tèssera uposustămata èqoun
pÐnaka me morfă

2
666666664

aw;w aw;wC2 aw;wC4 0 0 0 � � �
awC2;w awC2;wC2 awC2;wC4 awC2;wC6 0 0 � � �
awC4;w awC4;wC2 awC4;wC4 awC4;wC6 awC4;wC8 0 � � �

0 awC6;wC2 awC6;wC4 awC6;wC6 awC6;wC8 awC6;wC10 � � �
0 0 awC8;wC4 awC8;wC6 awC8;wC8 awC8;wC10 � � �
0 0 0 awC10;wC6 awC10;wC8 awC10;wC10 � � �
:::

:::
:::

:::
:::

:::
: : :

3
777777775

ìpou, eĹn jèsoume w D 0, prokÔptei o pÐnakac tou sustămatoc thc Sq. (A’.2.a’), eĹn jèsou-
me w D 1 prokÔptei o pÐnakac tou sustămatoc thc Sq. (A’.2.b’) enÿ, eĹn antikatastăsoume
ta a me c, me w D 1 prokÔptei o pÐnakac tou sustămatoc thc Sq. (4.10.b’) gia tic perittèc
timèc tou m enÿ, me w D 2, prokÔptei o pÐnakac tou sustămatoc thc Sq. (4.10.b’) gia tic
Ĺrtiec timèc tou m.

H anazăthsh analutikăc lÔshc twn susthmĹtwn autÿn eÐnai efiktă me qrăsh tou
kanìna tou Crammer. Gia to skopì autì, upologÐzontai sth sunèqeia h orÐzousa tou
pÐnaka kajÿc kai h orÐzousa pou prokÔptei me antikatĹstash twn stajerÿn ìrwn. H
anĹlush ja epikentrwjeÐ sto sÔsthma thc Sq. (4.9.a’) sthn ousÐa se dÔo uposustămata,
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èna ìtan m D 0; 2; 4; : : : kai èna ìtan m D 1; 3; 5 : : :. Sto tèloc, ja anaferjoÔn ìpoiec
allagèc qreiĹzontai gia to sÔsthma thc Sq. (4.10.b’).

B’.2 Upologismìc thc orÐzousac D

Gia ènan pÐnaka 3 � 3 thc morfăc 2
4a1 a2 a3

b1 b2 b3

c1 c2 c3

3
5 ,

h anĹptuxh thc orÐzousĹc tou mporeÐ na gÐnei sÔmfwna me ton kanìna [8, sel. 164]

D D
X

i;j ;km

"ijkaibjck

ìpou i; j ; k D 1; 2; 3 kai "ijk eÐnai to sÔmbolo Levi-Civita. Sthn perÐptwsă mac, epeidă o
pÐnakac èqei morfă tainÐac, boleÔei h anĹptuxh me ton proanaferìmeno trìpo, diìti pollĹ
ginìmena ja eÐnai mhdenikĹ. Kat" autìn ton trìpo, h orÐzousa D tou proc melèth pÐnaka
prokÔptei na eÐnai

D D
1Y

sD0
sD1

ass

�
1 �

1X
wD0
wD1

aw;wC2awC2;w

awwawC2;wC2

�
.

Sthn ousÐa prìkeitai gia dÔo orÐzousec, mia ìtan to m lambĹnei Ĺrtiec timèc kai mia
ìtan to m lambĹnei perittèc. Sthn prÿth perÐptwsh, to ginìmeno anaptÔssetai me timèc
s D 0; .2/;1 (dhladă mìno Ĺrtiec, s D 0; 2; 4; : : : ) enÿ sth deÔterh, me timèc s D 1; .2/;1.
OmoÐwc gia to deÐkth w.

Tÿra, o lìgoc mèsa sto Ĺjroisma mporeÐ na grafeÐ wc poluÿnumo èwc thn tĹxh h4.
Autì mporeÐ na gÐnei eĹn lĹboume upìyh tic Sq. (A’.6.a’), (A’.6.b’) kajÿc kai thn anĹptuxh
se seirĹ Maclaurin tou lìgou

L1 C M1h2 C N1h4

L2 C M2h2 C N2h4
DL1

L2

C L2M1 � L1M2

L2
2

h2

C N1L2
2

� L1L2N2 � L2M1M2 C L1M 2
2

L3
2

h4

(B’.1)

h opoÐa bebaÐwc isqÔei gia mikrèc timèc tou h. àtsi loipìn, h orÐzousa grĹfetai

D D
1Y

sD0
sD1

ass

�
1 �

1X
wD0
wD1

M 0
w;wC2

M 0
wC2;w

LwwLwC2;wC2

h4

�
. (B’.2)
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B’.3 Upologismìc twn orizousÿn Dm

Antikajistÿntac se kĹje stălh tou pÐnaka to diĹnusma b, mporoÔme na upologÐsoume thn
orÐzousa Dm. Aută prokÔptei na eÐnai

Dm D bm

Q1
sD0
sD1

ass

amm

"
1 �

1X
wD0
wD1
.w¤m/
.w¤m�2/

aw;wC2awC2;w

awwawC2;wC2

�
X

sDm�2;m�4;
mC2;mC4

bsams

bmass

C
X

.sDm�2;qDm�4/
.sDmC2;qDmC4/

bqamsasq

bmassaqq

#
.

MerikĹ sqìlia qreiĹzontai edÿ. ätan to m D 0; 2; 4; : : :, to ginìmeno kai to prÿto Ĺ-
jroisma anaptÔssontai me timèc s; w D 0; .2/;1. Antijètwc, ìtan m D 1; 3; 5; : : :, autĹ
anaptÔssontai me timèc s; w D 1; .2/;1. EpÐshc, apì to prÿto Ĺjroisma apokleÐontai oi
timèc m kai m � 2. To deÔtero Ĺjroisma gÐnetai gia tèsseric diaforetikèc timèc tou s kai
pĹnta me to kritărio autèc na eÐnai mh arnhtikèc. Tèloc, to trÐto Ĺjroisma gÐnetai me èna
diplì zeÔgoc timÿn kai bèbaia, ìtan oi timèc tou zeÔgouc den eÐnai arnhtikèc. Arnhtikèc
timèc stouc deÐktec twn ajroismĹtwn de suneisfèroun.

Akoloujÿntac poreÐa Ðdia me prohgoumènwc, mporoÔme na ekfrĹsoume thn orÐzousa
se poluÿnumo Ĺrtiwn dunĹmewn tou h èwc thn tètarth tĹxh. àtsi loipìn

Dm D bm

Q1
sD0
sD1

ass

amm

(
1 �

X
sDm�2;

mC2

bs

bm

M 0
ms

Lss

h2

C
"

�
1X
wD0
wD1
.w¤m/
.w¤m�2/

M 0
w;wC2

M 0
wC2;w

Lw;wLwC2;wC2

�
X

sDm�2;
mC2

bs

bm

N 0
msLss � M 0

msMss

L2
ss

�
X

sDm�4;
mC4

bs

bm

N 00
ms

Lss

C
X

.sDm�2; qDm�4/
.sDmC2;qDmC4/

bq

bm

M 0
msM

0
sq

LssLqq

#
h4

)
.

B’.4 H lÔsh

Parathrÿntac ìti sto Ĺpeiro Ĺjroisma tou ìrou h4 thc Dm exairoÔntai dÔo ìroi, a-
fairoÔme autoÔc touc dÔo ìrouc apì th Sq. (B’.2) outÿc ÿste ta dÔo Ĺpeira ajroÐsmata
na tautistoÔn. Kat" autìn ton trìpo, sqhmatÐzontac to lìgo Dm=D kai fèrnontĹc ton
sth morfă Ĺrtiwn dunĹmewn tou h, to Ĺpeiro Ĺjroisma exaleÐfetai kai paramènoun mìno
ta peperasmèna ajroÐsmata. àtsi, èqoume thn telikă analutikă morfă lÔshc gia touc
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suntelestèc Am:

Am D bm

(
1

Lmm

� 1

L2
mm

"
Lmm

X
sDm�2;

mC2

�
bs

bm

M 0
ms

Lss

�
C Mmm

#
h2

C 1

L3
mm

("
M 0

m;mC2
M 0

mC2;m

LmmLmC2;mC2

C M 0
m�2;m

M 0
m;m�2

Lm�2;m�2Lmm

�
X

sDm�2;
mC2

bs

bm

N 0
msLss � M 0

msMss

L2
ss

�
X

sDm�4;
mC4

bs

bm

N 00
ms

Lss

C
X

.sDm�2;qDm�4/
.sDmC2;qDmC4/

bq

bm

M 0
msM

0
sq

LssLqq

#
L2

mm

C
"

Mmm

X
sDm�2;

mC2

�
bs

bm

M 0
ms

Lss

�
� Nmm

#
Lmm C M 2

mm

)
h4

)

(B’.3)

h opoÐa isqÔei gia m D 0; 1; 2; : : : kai èqei morfă Am D A
.0/
m C A

.2/
m h2 C A

.4/
m h4.

H analutikă èkfrash gia touc suntelestèc Cm prokÔptei apì th Sq. (B’.3) antikaji-
stÿntac to bm me to dm kai upologÐzontac gia m D 1; 2; 3; : : : enÿ, oi suntelestèc L, M
k.lp. prokÔptoun apì tic Sq. (A’.20), (A’.22.a’), (A’.22.b’), (A’.24.a’) kai (A’.24.b’). àtsi,

prokÔptei pĹli morfă lÔshc Cm D C
.0/
m C C

.2/
m h2 C C

.4/
m h4.



PARARTHMA

G’
AnĹptuxh twn suntelestÿn

skèdashc

G’.1 Eisagwgă

Oi suntelestèc Pm kai Qm pou emfanÐzontai sto dunamikì skèdashc …sc
z mporoÔn na

tejoÔn sth morfă

Pm D P .0/
m C P .2/

m h2 C P .4/
m h4

kai
Qm D Q.0/

m C Q.2/
m h2 C Q.4/

m h4 .

Gia to skopì autì kai apì ìla ìsa èqoun perigrafeÐ sto Parart. A’, jètoume stouc ìrouc
Ĺjroishc sth Sq. (4.8) i D m ˙ 2q opìte

Pm D k2
2

k2
1

r
�

2

1X
qD0

(
Am˙2qj �2q



Be

m.h;m ˙ 2q/Yem˙2q.�/Jm.x2/

� Be
m.h;m ˙ 2q/Jem˙2q.�/Ym.x2/

� 1

H
.2/
m .x1/

)
C Km

ìpou èqoume jèsei

Km yD � 1

k2
1

"m.�j /m
Jm.x1/

H
.2/
m .x1/

cos.m / .

Sthn exÐswsh aută, emfanÐzontai ginìmena thc morfăc

…0
q̇ yD Am˙2qBe

m.h;m ˙ 2q/Zem˙2q.�/

ta opoÐa exartÿntai apì to h. Sth sunèqeia, ja anaptÔxoume autĹ ta ginìmena gia tic
diĹforec timèc tou q.
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G’.2 AnĹptuxh ginomènwn

Gia q D 0, to ginìmeno lambĹnei morfă

…0
0 D Am Be

m.h;m/Zem.�/„ ƒ‚ …
…0

.

Tÿra bebaÐwc Am D A
.0/
m CA

.2/
m h2CA

.4/
m h4 enÿ, to ginìmeno…0 sÔmfwna me th Sq. (A’.11)

lambĹnei ki autì morfă …0 D …
.0/
0

C…
.2/
0

h2 C…
.4/
0

h4. àtsi, anaptÔssontac to ginìmeno
…0

0
kai kratÿntac ìrouc mèqri kai tètarthc tĹxhc, prokÔptei

…0
0 ' A.0/m …

.0/
0

C
�
A.0/m …

.2/
0

C A.2/m …
.0/
0

�
h2

C
�
A.0/m …

.4/
0

C A.2/m …
.2/
0

C A.4/m …
.0/
0

�
h4 .

(G’.1)

Akoloujÿntac thn Ðdia diadikasÐa ìtan q D 1 pèrnoume

…0C
1 D AmC2 Be

m.h;m C 2/ZemC2.�/„ ƒ‚ …
…

C

1

kai qrhsimopoiÿntac th Sq. (A’.13.a’), prokÔptei

…0C
1

' A
.0/
mC2

…
C.2/
1

h2 C
�
A
.0/
mC2

…
C.4/
1

C A
.2/
mC2

…
C.2/
1

�
h4 . (G’.2.a’)

Epiprìsjeta, gia q D 1 lambĹnoume

…0�
1 D Am�2Be

m.h;m � 2/Zem�2.�/

kai mèsw thc Sq. (A’.13.b’) prokÔptei

…0�
1 ' A

.0/
m�2…

�.2/
1 h2 C

�
A
.0/
m�2…

�.4/
1 C A

.2/
m�2…

�.2/
1

�
h4 . (G’.2.b’)

SuneqÐzontac, jètontac q D 2, to ginìmeno gÐnetai

…0C
2

D AmC4 Be
m.h;m C 4/ZemC4.�/„ ƒ‚ …

…
C

2

kai me qrăsh thc Sq. (A’.15.a’),

…0C
2

' A
.0/

mC4
…

C.4/
2

h4 . (G’.3.a’)

FusikĹ upĹrqei kai o ìroc

…0�
2 D Am�4Be

m.h;m � 4/Zem�4.�/

o opoÐoc, mèsw thc Sq. (A’.15.b’) gÐnetai

…0�
2 ' A

.0/
m�4

…
�.4/
2

h4 . (G’.3.b’)
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ätan to q > 3, ta ginìmena …0
q̇ perièqoun mìno ìrouc tĹxhc h6 kai anÿterhc me su-

nèpeia na mhn ta lambĹnoume upìyh. KĹtw apì autoÔc touc periorismoÔc, oi suntelestèc
Pm lambĹnoun morfă

Pm D k2
2

k2
1

r
�

2

2X
qD0

n
j �2q

h
…0CY

q Jm.x2/�…0CJ
q Ym.x2/

i

C �
1 � ıq0

	
j 2q

h
…0�Y

q Jm.x2/�…0�J
q Ym.x2/

i o 1

H
.2/
m .x1/

C Km

me Am�2q D 0 ìtan m < 2q. Ta nèa sÔmbola pou emfanÐzontai aplĹ dhlÿnoun ìti sta
antÐstoiqa ginìmena, prèpei na gÐnei qrăsh eÐte thc sunĹrthshc Bessel Y , eÐte thc J .

Antikajistÿntac tÿra sthn teleutaÐa aută sqèsh ta anaptÔgmata twn ginomènwn,
brÐskoume th zhtoÔmenh èkfrash gia to suntelestă Pm sth morfă Ĺrtiwn dunĹmewn tou
h èwc kai thn tètarth tĹxh:
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(G’.4)

AntÐstoiqh èkfrash prokÔptei kai gia to suntelestă Qm kĹnontac tic exăc allagèc:
to Km me to �m ìpou

�m yD � 1

k2
1

"m.�j /m
Jm.x1/

H
.2/
m .x1/

sin.m / ,

sta tonoÔmena ginìmena antikajistoÔme touc suntelestèc A me touc C kai tèloc, oi posì-
thtec twn Ĺtonwn ginomènwn stic Sq. (G’.1), (G’.2.a’), (G’.2.b’), (G’.3.a’) kai (G’.3.b’) antika-
jÐstantai apì autèc twn Sq. (A’.19), (A’.21.a’), (A’.21.b’), (A’.23.a’) kai (A’.23.b’).
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