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ApagoreÔetai h antigraf , apoj keush kai dianom  thc paroÔsac ergasÐac, ex olokl rou  
tm matoc, gia emporikì skopì. Epitrèpetai h anatÔpwsh, apoj keush kai dianom  gia skopì
mh kerdoskopikì, ekpaideutik c   ereunhtik c fÔshc, upì thn proôpìjesh na anafèretai h
phg  proèleushc kai na diathreÐtai to parìn m numa. Erwt mata pou aforoÔn th qr sh thc
ergasÐac gia kerdoskopikì skopì prèpei na apeujÔnontai proc ton suggrafèa.

Oi apìyeic kai ta sumper�smata pou perièqontai se autì to èggrafo ekfr�zoun ton sug-
grafèa kai den prèpei na ermhneutoÔn ìti antiproswpeÔoun tic epÐshmec jèseic tou EjnikoÔ
Metsìbiou PoluteqneÐou.
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PerÐlhyh

Eqei apodeiqjeÐ apì thn om�da tou EMP sto pareljìn ìti oi kbantikèc katast�-
seic t�xewc enìc ugroÔ Fermi ìtan sunup�rqoun epib�lloun kai prìsjetec sugke-
krimènec katast�seic t�xewc. 'Olec mazÐ oi f�seic emfanÐzontai se perioqèc kont� se
kbantik� krÐsima shmeÐa diafìrwn ulik¸n isqur� susqetismènwn hlektronÐwn. Sta
plaÐsia thc diatrib c tou o kÔrioc G. Liban�c exet�zei thn epibol  thc sunÔparxhc
f�sewn se diepif�neic kai eterodomèc diepaf¸n prosomoi¸nontac ston pragmati-
kì q¸ro kai stic dÔo diast�seic me th mèjodo Bogoliubov − DeGennes montèla
Hubbard ektetamèna ta opoÐa me kat�llhla epilègmènec paramètrouc anapar�goun
tic epijumhtèc paramètrouc. Skopìc thc paroÔsac diplwmatik c ergasÐac eÐnai h
epèktash stic treic diast�seic thc mejìdou tou kurÐou Liban� se diepafèc kat� tic
(0,0,1) kai (1,0,0) dieujÔnseic fulloeid¸n susthm�twn all� kai se diag¸niec die-
pafèc kat� thn (1,1,0) gia th melèth diepaf¸n pou emplèkoun kÔmata puknìthtac
spÐn (SDW ), kÔmata puknìthtac fortÐou (CDW ) kai sidhromagnhtismì (FM). E-
piplèon epèktash ja mac epitrèyei thn prosomoÐwsh perissìterwn thc mÐac diepaf¸n
¸ste na mporèsoume na melet soume perissìtero perÐplokec eterodomèc. Apodei-
knÔetai ìti pr�gmati, opwc anamènetai, h sunÔparxh opoioud pote zeÔgouc aut¸n
twn dÔo paramètrwn t�xewc sth diepif�neia epib�llei kai thn parousÐa thc trÐthc
paramètrou t�xewc sthn perioq . Epiplèon, ja melethjeÐ h stajeropoÐhsh   h exa-
f�nish thc f�shc tou SDW k�tw apì di�forec sunj kec. To par�deigma emf�nishc
metallikoÔ sidhromagnhtismoÔ sth diepaf  an�mesa se monwtèc CDW kai SDW
exet�zetai se sqèsh me antÐstoiqa peiramatik� apotelèsmata se diepafèc LaTiO3 /
SrT iO3, LaAlO3/SrT iO3 kai LaV O3 / SrT iO3. DÐnoume mia enallaktik  ermhneÐa
tou fainomènou thc emf�nishc didi�statou aerÐou hlektronÐwn sth diepif�neia twn
monwt¸n aut¸n. H kat�llhlh prosarmog  twn paramètrwn odhgeÐ sthn Ôparxh   mh
enìc katwflÐou ston arijmì twn epipèdwn twn ulik¸n pou dhmiourgoÔn th diepaf 
¸ste na emfanisteÐ h sunÔparxh pou melet�tai se sumfwnÐa me ta prìsfata peira-
matik� apotelèsmata. Melèth diagwnÐwn diepaf¸n kat� thn (1,1,0) apodeiknÔoun
ìti to fainìmeno exakoloujeÐ na up�rqei kai se aut  th dieÔjunsh epexhg¸ntac pei-
ramatik� apotelèsmata pou �llec ermhneÐec oi opoÐec èqoun mèqri stigm c protajeÐ
adunatoÔn. Diag¸niec diepafèc an�mesa se uperag¸gimec kai magnhtikèc katast�-
seic èdwsan epÐshc anamenìmena apotelèsmata epibebai¸nontac thn orjìthta twn
arijmhtik¸n upologism¸n.

lèxeic kleidi�: sunÔparxh f�sewn, kÔma puknìthtac spin/fortÐou, metallikìc sidh-
romagnhtismìc, didi�stato aèrio hlektronÐwn, mèjodoc Bogoliubov-deGennes, ekte-
tamèno montèlo Hubbard, pragmatikìc q¸roc





Abstract

It has already been proved by the N.T.U.A. group that quantum states
of order appearing in a Fermi liquid enforce the emergence of additional
states of order when they coexist. On the same footing, these phases ap-
pear in regions near quantum critical points of different materials which are
described by strongly correlated electrons. Dr G.Livanas, at the framework
of his thesis, investigated the enforcement of coexistent phases at interfaces
and heterostructures in two-dimensional real space by using Bogoliubov-
deGennes method in Extended Hubbard models with properly chosen pa-
rameters which simulate real system interfaces. The purpose of this thesis
is the extension of Dr Livanas’ code in three dimensions to describe in-
terfaces lied along (0,0,1) or (1,0,0) dimension and also diagonal interfaces
along (1,1,0) for the study of interfaces involving spin density waves (SDW),
charge density waves (CDW) and ferromagnetism (FM). Further extension
will give the green light so as to be able to examine more complicated het-
erostructures. We prove that, indeed, the coexistence of any two of these
states of order at the interface enforces the presence of the third phase at
the region. Moreover, the stabilization or diasappearance of the phase of
SDW under different conditions will be examined. We can associate the
appearance of the metallic ferromagnetism between CDW and SDW insula-
tors with recent experimental results at LaTiO3/SrT iO3, LaAlO3/SrT iO3

and LaV O3/SrT iO3 interfaces. We describe a substitutional interpretation
of the appearance of a 2D electron gas at these interfaces. The appropriate
adaption of the model’s parameters leads to the appearance or disappearance
of a threshold in the number of planes which are necessary to establish the
coexistence and the generation of the metallic ferromagnetism in agreement
with the experiments. Furthermore, diagonal interfaces are studied with re-
sults showing that the phenomenon continues to exist and explaining recent
experiments, which was not feasible until now. Diagonal interfaces between
superconductive and magnetic states lead to predictable results confirming
the accuracy of our calculations.

keywords: phase coexistence, spin/charge density wave, metallic ferromag-
netism, two-dimensional electron gas, Bogoliubov-deGennes transformation,
Extended Hubbard model, real space





EuqaristÐec

Ja  jela na ekfr�sw tic eilikrineÐc mou euqaristÐec proc ton k.Ge¸rgio Barelogi�nnh,
An.Kajhght  tou E.M.P., gia thn an�jesh thc sugkekrimènhc diplwmatik c ergasÐac ka-
j¸c epÐshc gia ton polÔtimo qrìno pou mou dièjese, gia to endiafèron tou kai gia thn
episthmonik  tou kajod ghsh qwrÐc ta opoÐa h ergasÐa de ja eÐqe èljei eic pèrac. H bo -
jeia tou  tan anektÐmhth kai h empistosÔnh pou mou èdeixe kajoristik .
Akìmh, ja  jela na euqarist sw ton upoy fio did�ktora k.Ge¸rgio Liban� gia thn empisto-
sÔnh mèrouc thc dik c tou ergasÐac p�nw sto opoÐo basÐsthke h paroÔsa kai tic qr simec
upodeÐxeic tou kat� thn ekpìnhsh twn prosomoi¸sewn.
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Kef�laio 1

Diepafèc an�mesa se monwtèc
LTO/STO, LAO/STO kai
LV O/STO

Ta sust mata isqur� susqetismènwn hlektronÐwn eÐnai sto kèntro tou episthmonikoÔ
endiafèrontoc tic teleutaÐec dekaetÐec. H ter�stia shmasÐa twn susthm�twn aut¸n de sqe-
tÐzetai mìnon me tic teqnologikèc efarmogèc all� kai me thn fusik  katanìhsh nèwn basik¸n
morf¸n poluplokìthtac se allhlepidr¸nta kbantik� sust mata. IdiaÐtera h anak�luyh sta
tèlh thc dekaetÐac tou '80 thc uperagwgimìthtac uyhl c krÐsimhc jermokrasÐac se orismèna
oxeÐdia tou qalkoÔ, èdwse ter�stia ¸jhsh sto pedÐo kai exakoloujeÐ na apoteleÐ prìblh-
ma qwrÐc koin¸c apodekt  lÔsh. H susthmatik  melèth susthm�twn 'barèwn FermionÐwn'
exakouloujeÐ na anadeiknÔei ekplhktik� probl mata gia fusik  katanìhsh kai efarmogèc
pou phg�zoun prwtÐstwc apì ton enagkalismì thc uperagwgimìthtac me ton magnhtismì sta
sust mata auta. AntÐstoiqa probl mata parathroÔntai kai se mia plei�da organik¸n kai
anìrganwn ulik¸n susthm�twn pou anadeÐqthke thn teleutaÐa eikosaetÐa, ìpwc gia par�-
deigma prìsfata ta oxupniktÐdia tou sid rou.

Basikì epakìloujo twn isqur¸n allhlepidr�sewn an�mesa sta hlektrìnia twn susth-
m�twn aut¸n eÐnai h dhmiourgÐa diafìrwn morf¸n kbantik¸n katast�sewn t�xewc oi opoÐec
eÐte antagwnÐzontai, èite merikèc forèc sunup�rqoun. Tètoiec katast�seic eÐnai h upera-
gwgimìthta, ta kÔmata puknìthtac fortÐou (CDW ), ta kÔmata puknìthtac spÐn (SDW ),
o sidhromagnhtismìc (FM) k.a. Oi par�metroi t�xewc twn katast�sewn aut¸n mporeÐ na
mhn eÐnai sumbatikèc emperièqontac kai to sp�simo prìsjetwn summetri¸n ektìc apì autèc
pou qarakthrÐzoun th fÔsh tou sumpukn¸matoc. Gia par�deigma, h uperagwgimìthta uyhl c
krÐsimhc jermokrasÐac sta oxeÐdia tou qalkoÔ eÐnai tÔpou d−wave, pou shmaÐnei ìti peran
thc summetrÐac bajmÐdoc pou sqetÐzetai me to hlektrikì fortÐo kai qarakthrÐzei ènan upera-
gwgo, sp�ei kai h summetrÐa metatìpishc kan� èna sÔmmetro kumat�nusma Q sto q¸ro twn
orm¸n. O antagwnismìc kai oi sunÔparxh tètoiwn paramètrwn t�xewc eÐnai to antikeÐmeno
entatik c melèthc, tìso peiramatik c ìso kai jewrhtik c, kai brÐsketai pisw apì plei�da
exairetik� shmantik¸n fainomènwn.

H beltÐwsh twn peiramatik¸n teqnik¸n enapìjeshc kat� thn teleutaÐa dekapentaetÐa
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epètreye thn elegqìmenh dhmiourgÐa diepaf¸n kai nanodom¸n sto kbantikì epÐpedo an�mesa
se ulik� sust mata isqur� susqetismènwn hlektronÐwn. Mia plei�da exairetik� shmantik¸n
fainomènwn parathr jhkan apì ta opoÐa ja anafèroume ed¸ mìnon èna qarakthristikì pa-
r�deigma pou  tan Ðswc apì ta pio ekplhktik� apotelèsmata pou parathr jhkan. Pr�gmati,
an�mesa stic diepafèc pou èqoun kat� kairoÔc melethjeÐ kai melet¸ntai akìma, idiaÐterhc
shmasÐac gia ton ploÔto twn nèwn fainomènwn pou emfanÐzoun apoteloÔn autèc metaxÔ
monwtik¸n ulik¸n. Parìti h monwtik  sumperifor� tètoiwn ulik¸n eÐnai ex orismoÔ an-
tÐjeth me thn emf�nish hlektrik c agwgimìthtac kai uperagwgimìthtac, to 2002 oi Ohtomo
kai Hwang [1] sunjètontac eterodomèc apoteloÔmenec apì LaTiO3 (jewroÔmenoc monw-
t c Mott) kai SrT iO3 (jeroÔmenoc monwt c z¸nhc) br kan metallik  sumperifor� sthn
diepif�neia twn monwt¸n. Parìmoia sumperifor� emfanÐzetai kai kat� thn diepaf  �llwn
monwtik¸n ulik¸n, ìpwc oi eterodomèc LaAlO3/SrT iO3 kai LaV O3/SrT iO3 [2], ta ulik�
apì ta opoÐa autèc apoteloÔntai jewroÔntai en gènei monwtèc z¸nhc me meg�lo energeiakì
q�sma. IdiaÐterou endiafèrontoc eÐnai h eterodom  LaAlO3/SrT iO3 [2] kaj¸c emfanÐzei
uyhl  kinhtikìthta forèwn, uperagwgimìthta rujmizìmenh apì hlektrikì pedÐo kai magnh-
tik  sumperifor�. Kai ta dÔo ulik� thc teleutaÐac diepaf c krustall¸nontai se domèc pou
mporoÔn na jewrhjoÔn wc mikr  apìklish apì thn kubik  dom  twn perobskit¸n.

To hlektroniakì aèrio autì emfanÐzetai mìno sta str¸mata pou brÐskontai sthn diepif�-
neia kai mporeÐ sunep¸c na jewrhjeÐ dÔo diast�sewn. H anadiorg�nwsh twn hlektroniak¸n
troqiak¸n pou sumbaÐnei sthn diepaf  prokaleÐ thn emf�nish katast�sewn entopismènwn
sthn kontin  aut  perioq . H jewrÐa z¸nhc proteÐnei ìti oi hlektroniakèc enpopismènec
katast�seic pou dhmiourgoÔntai kai katalamb�nontai apì hlektrìnia topik� proèrqontai a-
pì ton diaqwrismì twn d troqiak¸n tou Ti kai anamènetai na eÐnai isqur� susqetismènec,
anamènontac thn pijan  emf�nish sidhromagnhtismoÔ   puknìthtac fortÐou.

Sq ma 1.1: H diepaf  metaxÔ LaAlO3 kai SrT iO3. To LaAlO3 kat� thn (0 0 1) dieÔjunsh domeÐtai se epanalam-

banìmena str¸mata AlO2 kai LaO, en¸ to SrT iO3 se epanalambanìmena epÐpeda SrO kai T iO2. 'Otan ta dÔo ulik�

èrjoun se LaO/T iO2 epaf  emfanÐzetai sth diepaf  metallikì aèrio me thn proôpìjesh ìti to LaTiO3 apoteleÐtai

apì 4   perissìtera str¸mata. AntÐjeta, kat� thn AlO2/SrO epaf  parìmoio aèrio den entopÐzetai.
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H emf�nish tou 2D aerÐou hlektronÐwn pisteÔetai, kat� thn kurÐarqh �poyh, ìti ofeÐ-
letai sthn asunèqeia thc pìlwshc kat� thn diepaf  metaxÔ twn dÔo oxeidÐwn. Se autì to
sen�rio, h krustallik  dom  paÐzei èna shmantikì rìlo. H eterodom , me diepif�neia kat�
ton (0 0 1) faÐnetai sqhmatik� sthn eikìna 1.1.

To LaAlO3 apoteleÐtai apì diadoqik� str¸mata (AlO2)−1 kai (LaO)+1, ta opoÐa eÐnai
fortismèna me mÐa op  kai èna hlektrìnio an� jemeli¸h kuyelÐda antÐstoiqa, en¸ to SrT iO3

apoteleÐtai apì hlektrik� oudètera str¸mata (TiO2)0 kai (SrO)0. Qrhsimopoi¸ntac epi-
qeir mata apì ton klasikì hlektromagnhtismì kai jewr¸ntac pwc ta diadoqik� str¸mata
tou pr¸tou ulikoÔ mporoÔn na jewrhjoÔn omoiogen¸c fortismènec pl�kec eÐnai eÔkolo na
deiqjeÐ h emf�nish hlektrikoÔ pedÐou mèsa se autì thc morf c tou sq matoc 1.2(a). To
dunamikì pou sundèetai me to hlektrikì autì pedÐo apoklÐnei, èna fainìmeno pou onom�zetai
katastrof  pìlwshc (’polarization catastrophe’). Gia na apotrapeÐ h apìklish arkeÐ h me-
tafor� misoÔ hlektronÐou an� kuyelÐda sto str¸ma (TiO2)0 pou brÐsketai sth diepif�neia.
Sthn perÐptwsh aut  to pedÐo pou dhmiourgeÐtai kat� m koc thc diepaf c èqei th morf 
tou sq matoc 1.2(b), opìte sumfèrei energeiak� mia tètoia anadiamìrfwsh thc hlektronia-
k c puknìthtac. Parìmoia ex ghsh dÐnetai kai gia tic �llec dÔo diepafèc LTO/STO kai
LV O/STO me th diafor� thc antikat�stashc tou str¸matoc (AlO2)−1 apì ta (TiO2)−1

kai (V O2)−1 antÐstoiqa.

Sq ma 1.2: Ta epÐpeda AlO2 eÐnai fortismèna me −e an� monadiaÐa kuyelÐda, en¸ ta epÐpeda LaO me +e. AntÐjeta,

ta epÐpeda tou SrT iO3 eÐnai ìla oudètera. Autì odhgeÐ sthn katastrof  pìlwshc (a) me to dunamikì na apoklÐnei

se epÐpeda makri� apì th diepaf . Sto (b) faÐnetai h metafor� 1/2 hlektronÐou ana kuyelÐda sto pr¸to epÐpedo tou

T iO2 gia thn apofug  thc apìklishc tou hlektrikoÔ dunamikoÔ. Phg : N.Nakagawa,H.Y.Hwang and D.A.Muller,

Nat.Mater. 5(2006)204

Arketèc enst�seic èqoun emfanisteÐ, wstìso, gia ton mhqanismì pou brÐsketai pÐsw
apì thn paragwg  tou didi�statou aerÐou hlektronÐwn. Mia tètoia basÐzetai sto gegonìc
ìti kat� thn diepaf  twn dÔo ulik¸n pou anafèrame kat� thn (1 1 0) dieÔjunsh den ja
èprepe na emfanisjeÐ h metallik  sumperifor� pou parathreÐtai. Sthn perÐptwsh aut  de ja
emfanizìtan asunèqeia thc pìlwshc kat� th diepaf  metaxÔ twn dÔo ulik¸n, kaj¸c diadoqik�
str¸mata apì (LaAlO)+4/(O2)−4 kai (SrT iO)+4/(O2)−4ja qarakt rizan th diepaf , ìpwc
faÐnetai kai sto sq ma 1.3. Omwc prìsfata peir�mata apodeiknÔoun ìti to didi�stato aèrio
emfanÐzetai kai kat� thn (1,1,0) diepaf  [3] pr�gma pou den eÐnai dunatìn na exhghjèi me thn
upìjesh thc asunèqeiac thc pìlwshc.

Sta plaÐsia thc ergasÐac aut c ja prospaj soume me ta apotelèsmata pou ja para-
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Sq ma 1.3: Sta A kai B faÐnetai h dom  twn strwm�twn kat� thn (0 0 1) diepaf  metaxÔ LaAlO3 kai SrT iO3.

ParathreÐtai asunèqeia pìlwshc sthn diepaf . Sta C kaiD apeikonÐzetai h dom  twn strwm�twn kat� thn diepaf  twn

Ðdiwn ulik¸n kat� thn (1 1 0). Asunèqeia pìlwshc plèon den emfanÐzetai. Phg : A.Annadietal., arXiv : 1208.6135

tejoÔn na tekmhri¸soume mia diaforetik  prosèggish gia thn epex ghsh tou fainomènou
thc emf�nishc tou didi�statou aerÐou sth diepif�neia. Pr�gmati, èqei apodeiqjeÐ jewrhtik�
apì thn om�da mac apì to 2000 [4] ìti sunÔparxh kum�twn puknìthtac fortÐou kai spÐn se
èna sÔsthma pou parousi�zei asummetrÐa hlektronÐou-op c epib�llei mÐa sidhromagnhtik 
sunist¸sa h opoÐa eÐnai metallik . To fainìmeno autì eÐnai mia genÐkeush tou fainomènou
tou exitonikoÔ sidhromagnhtismoÔ. Sta plaÐsia thc didaktorik c diatrib c tou GewrgÐou
Liban� gÐnetai prosp�jeia epibol c thc sunÔparxhc diaforetik¸n katast�sewn se diepafèc
kai èreuna twn epagìmenwn katast�sewn kai twn epipt¸se¸n touc apodeiknÔontac ìti oi
anamenìmenec par�metroi t�xewc ìntwc ep�gontai. Sthn paroÔsa diplwmatik  ergasÐa ègi-
ne prosarmog  thc mejìdou tou kurÐou Liban� se diepafèc kat� ton (0,0,1) se fulloeid 
sust mata (ìpwc kai ta STO, LTO kai LAO) melet¸ntac diepafèc pou emplèkoun CDW ,
SDW kai FM . To antÐstoiqo ègine kai gia diag¸niec diepafèc kat� ton (1,1,0) me aform 
ta prìsfata peir�mata pou proanafèrame [3].

Pr�gmati, ìpwc anamenìtan, prokÔptei èna didi�stato sidhromagnhtikì aèrio sth die-
pif�neia twn dÔo monwtik¸n katast�sewn CDW kai FM kat� thn (0,0,1). Opwc epÐshc
anamènetai sthn perÐptws  mac, kai kat� thn (1,1,0) diepaf  emfanÐzetai to didi�stato aèrio
se sumfwnÐa me ta prìsfata peir�mata [3]. Exet�zetai sto tèloc pio diexodik� h sumba-
tìthta thc prosèggis c mac me thn fainomenologÐa pou sunodeÔei tic diepafèc LTO/STO,
LAO/STO.
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Kef�laio 2

Basikìc formalismìc

2.1 Formalismìc deÔterhc kb�ntwshc   arijmoÔ kat�-
lhyhc

2.1.1 Sust mata poll¸n swmatidÐwn

Ac sumbolÐsoume me Ei ton q¸ro Hilbert twn katast�sewn enìc swmatidÐou-i kai me

{|u(i)
j 〉} mia b�sh tou q¸rou autoÔ. H tuqaÐa kat�stash |ψi〉 tou enìc swmatidÐou gr�-

fetai sth genik  perÐptwsh wc grammikìc sunduasmìc twn dianusm�twn b�shc tou Ei. H
epèktash tou q¸rou Hilbert gia N anex�rthta swmatÐdia orÐzetai wc to tanustikì ginìmeno
twn monoswmatidiak¸n q¸rwn

E = E1 ⊗ E2 ⊗ ..⊗ EN (2.1)

ètsi, ¸ste mia kat�stash tou q¸rou E na gr�fetai wc

|Ψ〉 = |ψ1〉 ⊗ |ψ2〉 ⊗ ..⊗ |ψN 〉 (2.2)

me |ψ1〉 ∈ E1, |ψ2〉 ∈ E2,.., |ψN 〉 ∈ EN .
H epìmenh idiìthta pou prokÔptei apì ton orismì tou q¸rou Hilbert E ja faneÐ idiaÐtera

qr simh sth sunèqeia: 'Otan èqei epilegeÐ mia b�sh {|u(i)
j 〉} ston k�je Ei, to sÔnolo twn

dianusm�twn |u(1)
j1
〉⊗|u(2)

j2
〉⊗ ...⊗|u(N)

jN
〉 apoteloÔn mia b�sh tou q¸rou E twn N swmatidÐwn.

Sto ex c, ja qrhsimopoioÔme ton aploÔstero sumbolismì

|Ψ〉 = |ψ1〉 ⊗ |ψ2〉 ⊗ ..⊗ |ψN 〉 = |ψ1, ψ2, .., ψN 〉 (2.3)

'Eqontac upìyh mac ton parap�nw sumbolismì, mporeÐ na grafteÐ:

|Ψ〉 =
∑

j1,..,jN

cj1 , ..jN |u
(1)
j1
, u

(2)
j2
, .., u

(N)
jN
〉 (2.4)

Sth sunèqeia, èqontac orÐsei tic katast�seic pou kajorÐzoun ton q¸ro Hilbert N sw-
matidÐwn, �mesh eÐnai h epèktash thc ènnoiac twn telest¸n sto q¸ro autìn. OrÐzoume ètsi
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touc telestèc enìc s¸matoc oi opoÐoi droun anex�rthta kai summetrik� se k�je èna apì ta
swmatÐdia, touc telestèc dÔo swm�twn oi opoÐoi droun anex�rthta kai summetrik� se zeÔgh
swmatidÐwn kai ìmoia telestèc megalÔterhc t�xhc me touc opoÐouc de ja asqolhjoÔme. 'E-

stw A
(i)
1 ènac telest c pou dra ston q¸ro tou enìc swmatidÐou i, o opoÐoc wc proc th b�sh

{|u(i)
j 〉} gr�fetai

A
(i)
1 =

∑
jm,jn

A
(i)
jmjn
|u(i)
jm
〉 〈u(i)

jn
| (2.5)

me touc suntelestèc A
(i)
jmjn

na dÐnontai apì th sqèsh

A
(i)
jmjn

= 〈u(i)
jm
|A(i)

1 |u
(i)
jn
〉 (2.6)

O antÐstoiqoc telest c pou dra me thn Ðdia ermhneÐa sto swmatÐdio i ston q¸ro twn N
swmatidÐwn orÐzetai wc

A
(i)
N = I ⊗ ..⊗A(i)

1 ⊗ ..⊗ I (2.7)

apoteloÔmenoc apì to tanustikì ginìmeno monadiaÐwn telest¸n kai tou telest  A
(i)
1 sth

jèsh i tou ginomènou. H fusik  ermhneÐa autoÔ prokÔptei abÐasta wc h monadiaÐa dr�sh sta
upìloipa swmatÐdia af nontac ta anèpafa kai tou telest  A1 gia to swmatÐdio i. Epomènwc,
o telest c enìc s¸matoc ston q¸ro twn N swmatidÐwn me tic anex�rthtec dr�seic gia to
k�je èna xeqwrist� pou antistoiqeÐ ston A1 eÐnai

AN =
(
A

(1)
1 ⊗ I ⊗ ..⊗ I

)
+ ..+

(
I ⊗ ..⊗A(i)

1 ⊗ ..⊗ I
)

+ ..+
(
I ⊗ ..⊗ I ⊗A(N)

1

)
(2.8)

  qrhsimopoi¸ntac qalarìtero sumbolismì

AN =
∑
i

A
(i)
1 (2.9)

Katano¸ntac ton parap�nw sumbolismì mporoÔme na gr�youme

AN =
∑

(i1,..,iN )
(j1,..,jN )

Ai1,..,iN ,j1,..,jN |u
(1)
i1
, ..u

(N)
iN
〉 〈u(1)

j1
, ..u

(N)
jN
| (2.10)

ìpou oi suntelestèc Ai1,..,iN ,j1,..,jN isoÔntai me

Ai1,..,iN ,j1,..,jN = 〈u(1)
i1
, ..u

(N)
iN
|
N∑
m=1

A(1)
m |u

(1)
j1
, ..u

(N)
jN
〉 (2.11)

'Omoia ac upojèsoume ìti o B
(m,n)
2 eÐnai ènac telest c pou dra ston q¸ro kat�stashc

dÔo swmatidÐwn m kai n pou wc proc th b�sh {|u(m)
i1

, u
(n)
i2
〉} gr�fetai

B
(m,n)
2 =

∑
i1,i2,j1,j2

B
(m,n)
i1,i2,j1,j2

|u(m)
i1

, u
(m)
i2
〉 〈u(n)

j1
, u

(n)
j2
| (2.12)
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me

B
(m,n)
i1,i2,j1,j2

= 〈u(m)
i1

, u
(m)
i2
|B(m,n)

(2) |u(n)
j1
, u

(n)
j2
〉 (2.13)

Sthn perÐptwsh aut  kai qrhsimopoi¸ntac ton Ðdio me prin qalarì sumbolismì, o telest c
dÔo swm�twn gia to sÔsthma twn N tautìshmwn swmatidÐwn paÐrnei th morf 

B(N) =
1

2

∑
m,n
m6=n

B
(m,n)
2 (2.14)

2.1.2 Sust mata tautìshmwn swmatidÐwn

'Opwc eip¸jhke sthn prohgoÔmenh enìthta, èna kbantikì sÔsthma N swmatidÐwn perigr�-
fetai, qrhsimopoi¸ntac ton formalismì tou Dirac, apì èna di�nusma |Ψ〉 = |ψ1, ψ2, .., ψN 〉
ston q¸ro Hilbert, to opoÐo apoteleÐ fusik  epèktash thc kat�stashc tou enìc swmatidÐou
|ψi〉. Sthn perÐptwsh pou to sÔsthma pou melet�tai apoteleÐtai apì tautìshma swmatÐdia,
dhlad  swmatÐdia pou qarakthrÐzontai apì touc Ðdiouc kbantikoÔc arijmoÔc ìpwc h m�za, to
fortÐo kai to spin, tìte aut� eÐnai mh diakrÐsima metaxÔ touc kai sunep¸c h enallag  tou
rìlou dÔo ex aut¸n den prèpei na emfanÐzei kamÐa allag  stic idiìthtec kai thn exèlixh tou
sust matoc. To gegonìc autì odhgeÐ sthn emf�nish miac as�feiac wc proc thn kat�stash
tou sust matoc (kaj¸c diaforetikèc sumbatèc katast�seic eÐnai dunatì na odhg soun se
diaforetikèc problèyeic), k�ti pou anafèretai sth bibliografÐa wc ekfulismìc antallag c.

Gia thn �rsh aut c thc as�feiac eÐnai aparaÐthth h prosj kh enìc epiplèon axi¸matoc
pou ja anafèretai se sust mata tautìshmwn swmatidÐwn:

'Otan èna sÔsthma perilamb�nei tautìshma swmatÐdia mìno sugkekrimèna dianÔsmata
tou q¸rou Hilbert perigr�foun fusikèc katast�seic. Oi fusikèc autèc katast�seic
antistoiqoÔn sthn Ôparxh dÔo mìno eid¸n swmatidÐwn, twn mpozonÐwn (z=1) kai twn
fermionÐwn (z=-1) ta opoÐa diajètoun antÐstoiqa summetrikì kai antisummetrikì sthn
enallag  di�nusma kat�stashc:

|ψ1, .., ψi, ..ψj , .., ψN 〉 = ζ |ψ1, .., ψj , .., ψi, ..ψN 〉 (2.15)

Gia thn pl rwc summetrikopoihmènh   antisummetrikopoihmènh morf  tou dianÔsmatoc
kat�stashc prokÔptei

|ψ1, ψ2, .., ψN 〉 =
1√
N !

∑
P

ζP |ψP (1)〉 |ψP (2)〉 .. |ψP (N)〉 (2.16)

ìpou to P-�jroisma1 ekteÐnetai p�nw se ìlec tic N! metajèseic twn deikt¸n {1,2,..,N}.
An jewr soume t¸ra mia b�sh tou q¸rou twn katast�sewn enìc swmatidÐou {|u1〉 , |u2〉 , ..}

eÐnai eÔkolo na deiqjeÐ [1, Sec 3.1.1] ìti to sÔnolo twn katast�sewn {|uj1 , uj2 , .., ujN 〉}, me
j1 ≤ .. ≤ jN sthn perÐptwsh mpozonÐwn kai j1 < .. < jN sthn perÐptwsh fermionÐwn,
apoteleÐ mia b�sh ston q¸ro katast�sewn twn N swmatidÐwn

1EÐnai p�nta 1P = 1, en¸ to (−1)P orÐzetai wc to prìshmo thc met�jeshc P.
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|Ψ〉 =
∑

j1,..,jN

cj1 , ..jN |uj1 , uj2 , .., ujN 〉 (2.17)

Apì ta parap�nw gÐnetai apolÔtwc safèc pwc to prìblhma twn N tautìshmwn swma-
tidÐwn me ton trìpo pou orÐsthke kat� thn pr¸th kb�ntwsh eÐnai idiaitèrwc polÔploko kai
gia mikrì akìma arijmì N gÐnetai mh praktikì sthn epÐlus  tou. Apì thn Ex.(1.15), wstì-
so, mporoÔme na parathr soume ìti se k�je ìro mìno oi kateilhmmènec monoswmatidiakèc
katast�seic |ui〉 paÐzoun k�poio rìlo. Autì mac odhgeÐ sthn eisagwg  miac nèac diatÔpw-
shc tou probl matoc kat� thn opoÐa lamb�netai upìyh mìno o arijmìc twn swmatidÐwn pou
katalamb�noun thn k�je monoswmatidiak  kat�stash |ui〉. Eis�goume gia ton skopì autìn
ta dianÔsmata kat�stashc

|n1, n2, n3, ..〉 ,
∞∑
j=1

nj = N (2.18)

To di�nusma autì mporeÐ na ermhneujeÐ wc mia kat�stash N swmatidÐwn apì ta opoÐa n1

brÐskontai sthn monoswmatidiak  kat�stash |u1〉, n2 sthn |u2〉 k.t.l. To sÔnolo twn dianu-
sm�twn aut¸n {|n1, n2, n3, ..〉}apoteleÐ mÐa b�sh tou q¸rou Hilbert gia tic katast�seic twn
N tautìshmwn swmatidÐwn. Me �lla lìgia isqÔoun oi parak�tw sqèseic orjokanonikìthtac
kai plhrìthtac antistoÐqwc:

〈n1, n2, n3, ..|n′1, n′2.n′3, ..〉 = δn1,n′1
δn2,n′2

δn3,n′3
.. (2.19)∑

n1,n2,n3,..

|n1, n2, n3, ..〉 〈n1, n2, n3, ..| = 1 (2.20)

kai sunep¸c h tuqaÐa kat�stash |Ψ〉 mporeÐ na grafeÐ wc

|Ψ〉 =
∑

n1,n2,n3..

c(n1, n2, n3..) |n1, n2, n3..〉 (2.21)

Mia genÐkeush tou parap�nw q¸rou twn N tautìshmwn swmatidÐwn apoteleÐ o q¸roc Fo-
ck, ston opoÐon perièqontai plèon katast�seic me diaforetikì sunolikì arijmì swmatidÐwn.
Gia thn kataskeu  enìc tètoiou q¸rou apl¸c sundu�zoume ìlouc touc q¸rouc katast�sewn
N swmatidÐwn, me N=0,1,2,3,.. H antÐstoiqh b�sh apoteleÐtai apì ta dianÔsmata thc morf c

|n1, n2, n3, ..〉 ,
∞∑
j=1

nj <∞ (2.22)

EÐnai plèon fusikì na orÐsoume touc telestèc arijmoÔ kat�lhyhc n̂j oi opoÐoi èqoun wc
idiokatast�seic ta parap�nw dianÔsmata me antÐstoiqh idiotim  ton arijmì twn swmatidÐwn
pou katalamb�noun thn kat�stash |uj〉

n̂j |n1, n2, n3, ..〉 = nj |n1, n2, n3, ..〉 (2.23)

SuneqÐzontac thn kataskeu  tou nèou formalismoÔ, orÐzoume touc telestèc dhmiourgÐac
kai katastrof c swmatidÐwn me ap¸tero stìqo th sÔndesh metaxÔ pr¸thc kai deÔterhc
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kb�ntwshc. Oi telestèc autoÐ eÐnai prwtÐsthc shmasÐac gia ton formalismì thc deÔterhc
kb�ntwshc kaj¸c epitrèpoun thn èkfrash ìlwn twn qr simwn telest¸n sunart sei aut¸n,
k�ti pou ja faneÐ idiaÐtera qr simo sth sunèqeia. O telest c dhmiourgÐac enìc swmatidÐou
sthn tuqaÐa kat�stash |ϕ〉 orÐzetai

α†(ϕ) |ψ1, .., ψN 〉 = |ϕ,ψ1, .., ψN 〉 (2.24)

H fusik  ermhneÐa thc dr�shc tou telest  α† den eÐnai �llh apì th metatrop  miac kat�sta-
shc N swmatidÐwn se kat�stash N + 1 swmatidÐwn prosjètontac èna epiplèon swmatÐdio
sthn kat�stash |ϕ〉.

AntÐstoiqa o telest c katastrof c swmatidÐou sthn tuqaÐa kat�stash |ϕ〉 orÐzetai wc
o suzug c tou antÐstoiqou telest  dhmiourgÐac

α(ϕ) = [α†(ϕ)]† (2.25)

kai h fusik  tou shmasÐa ekfr�zetai wc h metatrop  enìc sust matoc pou qarakthrÐzetai
apì N swmatÐdia se mia kat�stash N − 1 swmatidÐwn.

Oi telestèc dhmiourgÐac kai katastrof c ikanopoioÔn tic parak�tw algebrikèc idiìthtec
pou diajètoun enswmatwmènh kai qarakthrÐzoun th statistik  twn swmatidÐwn sta opoÐa
anafèrontai:

1. [α†(ϕ1), α†(ϕ2)]−ζ = 02

2. [α(ϕ1), α(ϕ2)]−ζ = 0

3. [α(ϕ1), α†(ϕ2)]−ζ = 〈ϕ1|ϕ2〉

ìpou exìrismoÔ [A,B]−ζ = AB − ζBA.3.
Apì ton orismì twn telest¸n aut¸n prokÔptoun kai ta akìlouja sumper�smata. Pr¸ton,
h dr�sh tou telest  katastrof c sthn kat�stash kenoÔ |0〉 thn mhdenÐzei

α(ϕ) |0〉 = 0 me 〈0|0〉 = 1 (2.26)

Epiplèon, ta dianÔsmata tou q¸rou Fock kataskeu�zontai apl� dr¸ntac me touc telestèc
dhmiourgÐac sthn antÐstoiqh idiokat�stash p�nw sthn kat�stash kenoÔ

|n1, n2, n3, ..〉 = [α†(u1)]n1 [α†(u2)]n2 [α†(u3)]n3 .. |0〉 (2.27)

Me th bo jeia twn Ex.(2.23) kai Ex.(2.27) mporeÐ eÔkola na deiqjeÐ ìti o telest c
arijmoÔ kat�lhyhc gr�fetai sunart sei twn telest¸n dhmiourgÐac kai katastrof c sth
morf 

n̂j = α†(uj)α(uj) (2.28)

2Apì thn idiìthta aut  me thn antikat�stash ϕ1 = uj kai ϕ2 = uj prokÔptei h apagoreutik  arq 
Pauli kat� thn opoÐa gia fermiìnia mìno dÔo eÐnai oi dunatèc timèc gia thn k�je idiotim  nj , oi timèc 0 kai 1

3Gia mpozìnia orÐzetai o metajèthc [A,B]− = AB − BA en¸ gia fermiìnia orÐzetai o antimetajèthc
[A,B]+ = AB + BA. Apì ed¸ kai sto ex c ja qrhsimopoi soume gia eukolÐa tic isodÔnamec morfèc
[A,B]− = [A,B] kai [A,B]+ = {A,B}
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apì ìpou prokÔptei kai h morf  tou telest  arÐjmhshc, dhlad  tou telest  pou dÐnei ton
olikì arijmì swmatidÐwn

N̂ =
∑
j

α†(uj)α(uj) (2.29)

An jewr soume thn b�sh twn entopismènwn katast�sewn {|xσ〉}, ìpou h |xσ〉 perigr�fei
thn kat�stash entopismoÔ tou swmatidÐou sth jèsh x me spin σ, tìte oi telestèc dhmiourgÐac
kai katastrof c

c†σ(x) ≡ α†(xσ)

cσ(x) ≡ α(xσ)
(2.30)

onom�zontai telestèc pedÐou.4

EÐmaste se jèsh t¸ra na deÐxoume [1, Sec 3.6] ìti oi telestèc enìc s¸matoc kai dÔo
swm�twn pou orÐsthkan sthn prohgoÔmenh par�grafo gr�fontai sunart sei twn telest¸n
dhmiourgÐac kai katastrof c

AN =
∑
i,j

Aijα
†(ui)α(uj) me Aij = 〈ui|A1|uj〉 (2.31)

kai antÐstoiqa

BN =
1

2

∑
i,j,k,l

Bi,j,k,lα
†(ui)α

†(uj)α(ul)α(uk) (2.32)

me
Bi,j,k,l = 〈ui, uj |B2|uk, ul〉

dhlad  sunart sei twn telest¸n dhmiourgÐac kai katastrof c sthn monoswmatidiak  tu-
qoÔsa b�sh |ui〉 kai twn suntelest¸n tou antÐstoiqou telest  ston q¸ro tou enìc   twn
dÔo swmatidÐwn.

Me th bo jeia twn ex.(2.31) kai ex.(2.32) eÐnai dunat  h èkfrash thc olik c Qamilto-
nian c enìc sust matoc tautìshmwn swmatidÐwn ta opoÐa kinoÔntai me kinhtik  enèrgeia pou
ekfr�zetai mèsw tou telest  T parousÐa enìc exwterikoÔ dunamikoÔ pou perigr�fetai mè-
sw tou telest  V (ston q¸ro tou enìc swmatidÐou) kai allhlepidroÔn mèsw enìc telest 
dunamikoÔ U (ston q¸ro twn dÔo swmatidÐwn)

H =
∑
i,j

εijα
†(ui)α(uj) +

1

2

∑
i,j,l,m

Uijlmα
†(ui)α

†ujα(um)α(ul) (2.33)

ìpou:
εi,j = 〈ui|(T + V )|uj〉 (2.34)

Uijlm = 〈ui, uj |U |ul, um〉 (2.35)

4Sth sunèqeia ja mac endiafèrei h perÐptwsh ìpou fermiìnia mporoÔn na brejoÔn se diakritèc jèseic
se shmeÐa enìc plègmatoc, opìte o sumbolismìc gia touc telestèc pedÐou aplopoieÐtai wc

c†iσ ≡ α
†(x = Ri, σ)

ciσ ≡ α(x = Ri, σ)
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2.2 UpenjÔmish gia to Megalokanonikì sÔnolo

H anapar�stash Fock eÐnai idiaÐtera praktik  gia thn antimet¸pish susthm�twn sto me-
galokanonikì sÔnolo exaitÐac thc dunatìthtac je¸rhshc metablhtoÔ sunolikoÔ arijmoÔ
swmatidÐwn.

SumbolÐzontac me {|Ψj〉} to sÔnolo twn idiokatast�sewn thc Qamiltonian c Ĥ tou su-
nolikoÔ sust matoc, to opoÐo tautÐzetai kai me to sÔnolo twn idiokatast�sewn tou telest 
arÐjmhshc efìson antimetatÐjetai me thn Qamiltonian ,

Ĥ |Ψj〉 = Ej |Ψj〉
N̂ |Ψj〉 = Nj |Ψj〉

(2.36)

gnwrÐzoume ìti h pijanìthta emf�nishc sto sÔsthma thc idiokat�stashc |Ψj〉 isoÔtai me

Pj =
1

Z
exp{−β(Ej − µNj)} (2.37)

ìpou β = (kT )−1 me k thn stajer� tou Boltzmann, µ to qhmikì dunamikì 5 kai Z h sun�rthsh
epimerismoÔ gia to megalokanonikì sÔnolo pou dÐnetai apì th sqèsh

Z =
∑
j

exp{−β(Ej − µNj)}

= Tr{e−β(Ĥ−µN̂)}
= Tr{ρ̂}

(2.38)

To Ðqnoc tou telest  puknìthtac ρ̂ = e−β(Ĥ−µN̂), ìpwc kai k�je telest , eÐnai anex�r-
thto thc b�shc pou qrhsimopoioÔme, opìte mporoÔme k�je for� na qrhsimopoi soume thn
perissìtero bolik .

H mèsh tim  enìc tuqaÐou telest  Â sthn kat�stash jermodunamik c isorropÐac upolo-
gÐzetai

< Â >=
1

Z
Tr{ρ̂Â} (2.39)

GnwrÐzontac thn sun�rthsh epimerismoÔ kai ton telest  puknìthtac eÐnai dunat  h eÔresh
enìc meg�lou pl jouc jermodunamik¸n megej¸n tou sust matoc, metaxÔ twn opoÐwn qr sima
eÐnai

• to meg�lo dunamikì: Ω = kT lnZ

• h eswterik  enèrgeia: U =< Ĥ >

• to pl joc swmatidÐwn: N =< N̂ >

• h eleÔjerh enèrgeia: F = Ω + µN

5To qhmikì dunamikì eis�getai wc periorismìc gia to gegonìc ìti o sunolikìc arijmìc swmatidÐwn tou
sust matoc kai thc dexamen c diathreÐtai stajerìc kai fusik�, se antistoiqÐa me to hlektrikì dunamikì,
perigr�fei thn enèrgeia pou apaiteÐtai gia thn metafor� apì to �peiro mèsa sto sÔsthma enìc epiplèon
swmatidÐou
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Gia to megalokanonikì sÔnolo isqÔei: Upì sunj kec stajer c jermokrasÐac T, sta-
jeroÔ ìgkou V kai stajeroÔ qhmikoÔ dunamikoÔ µ to sÔsthma epitugq�nei thc kat�stash
eustajoÔc jermodunamik c isorropÐac prosarmìzontac tic eleÔjerec paramètrouc tou ètsi,
¸ste na elaqistopoi sei thn tim  tou meg�lou dunamikoÔ W.
AntÐjeta, an prìkeitai gia sunj kec stajeroÔ arijmoÔ swmatidÐwn kai ìqi stajeroÔ qhmikoÔ
dunamikoÔ to sÔsthma anafèretai sto kanonikì sÔnolo ki ètsi to mègejoc pou elaqisto-
poieÐtai kat� thn kat�stash thc eustajoÔc isorropÐac eÐnai to antÐstoiqo jermodunamikì
dunamikì tou sugkekrimènou sunìlou, dhlad  h eleÔjerh enèrgeia.

Mh allhlepidr¸nta swmatÐdia: Ston formalismì thc deÔterhc kb�ntwshc o tele-
st c Ĥ −µN̂ enìc sust matoc tautìshmwn swmatidÐwn pou den allhlepidroÔn metaxÔ touc
(opìte h antÐstoiqh Qamiltonian  perièqei mìno kinhtikoÔc ìrouc) gr�fetai me th bo jeia
thc Ex.(2.31) wc

Ĥ − µN̂ =
∑
i,j

〈ui|Ĥ1|uj〉α†(ui)α(uj)− µ
∑
i,j

α†(ui)α(uj)

=
∑
i,j

〈ui|εj |uj〉α†(ui)α(uj)− µ
∑
i,j

α†(ui)α(uj)

=
∑
i

(εi − µ)α†(ui)α(ui)

(2.40)

ìpou {|ui〉} to sÔnolo twn idiodianusm�twn thc Qamiltonian c enìc swmatidÐou Ĥ1 kai εi h
antÐstoiqh idiotim . H jemeli¸dhc kat�stash tou sust matoc ston formalismì thc deÔterhc
kb�ntwshc wc proc thn b�sh {|ui〉} 6 eÐnai h |1, .., 1, 0, ..〉, en¸ mia stoiqeiwd¸c diegermènh
kat�stash |Φexc〉 = |1, 1, .., 1, 0, 1, .., 0, .., 0, 1, 0, ..〉

O telest c autìc, ìpwc faÐnetai apì thn Ex.(2.40), eÐnai diag¸nioc kai eÐnai eÔkolh
h exagwg  qr simwn jermodunamik¸n posot twn, mÐa apì tic opoÐec [1, Sec 4.4.1] eÐnai h
sun�rthsh katanom c twn swmatidÐwn stic monoswmatidiakèc idiokatast�seic thc Qamilto-
nian c

n(ui) =< n̂i >=
1

eβ(εi−µ) − ζ
(2.41)

Apì thn parap�nw sqèsh prokÔptei �mesa o mèsoc arijmìc swmatidÐwn

N =
∑
i

1

eβ(εi−µ) − ζ
(2.42)

ap�opou eÐnai dunat  h èkfrash tou qhmikoÔ dunamikoÔ sunart sei thc jermokrasÐac kai tou
arijmoÔ twn swmatidÐwn tou sust matoc.

6gia eleÔjera swmatÐdia to sÔnolo twn idiokatast�sewn thc Qamiltonian c enìc swmatidÐou tautÐzetai
me to sÔnolo {|k〉} tou telest  thc orm c. SumbolÐzontac touc antÐstoiqouc telestèc dhmiourgÐac kai ka-
tastrof c swmatidÐou me orm  k kai spin σ wc c†kσ kai ckσ h sqèsh (2.40) gr�fetai H−µN =

∑
k,σ εkc

†
kσckσ

me εk = |k|2
2m
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ShmeÐwsh gia allhlepidr¸nta swmatÐdia: Sthn genikìterh kai shmantikìterh
aut  perÐptwsh h Qamiltonian  den mporeÐ na ekfrasteÐ wc diag¸nia sthn b�sh {|ui〉}.
Epomènwc, ektìc apì lÐga kai apl� montèla sth mÐa   stic dÔo diast�seic o oloklhrwmènoc
upologismìc den eÐnai dunatìc se sust mata allhlepidr¸ntwn swmatidÐwn. Autì eÐnai to
legìmeno prìblhma thc Fusik c Poll¸n SwmatidÐwn.

Gia na upologÐsoume thn jemeli¸dh kat�stash kai thn antÐstoiq  thc idioenèrgeia, all�
kai diegermènec katast�seic kaj¸c epÐshc kai jermodunamik� megèjh pou prokÔptoun, èqoun
protajeÐ arketèc proseggistikèc mèjodoi. Oi pio qr simec apì autèc eÐnai di�forec mèjodoi
diataraq¸n, mèjodoi mèsou pedÐou (me thn opoÐa ja asqolhjoÔme se epìmeno kef�laio) kai
h arijmhtik  mèjodoc Monte-Carlo, h epituqÐa twn opoÐwn exart�tai kurÐwc apì to mègejoc
twn allhlepidr�sewn kai to pìso kal  prosèggish èqei gÐnei.

2.3 Krustallik  dom  stereoÔ s¸matoc

Mil¸ntac austhr�, h melèth enìc stereoÔ s¸matoc kai eidikìtera enìc krustallikoÔ ste-
reoÔ odhgeÐ sth melèth enìc sust matoc apoteloÔmenou apì ènan meg�lo arijmì noukleo-
nÐwn kai hlektronÐwn. H dom  kai h sumperifor� enìc stereoÔ kaj¸c kai oi hlektronikèc,
optikèc kai plegmatikèc idiìthtec tou kajorÐzontai kat� kÔrio lìgo apì ta hlektrìnia pou
perièqei. De summetèqoun, wstìso, ìla ta hlektrìnia tou sust matoc me ton Ðdio trìpo. Oi
kumatosunart seic twn eswterik¸n hlektronÐwn twn atìmwn epekteÐnontai se apost�seic
polÔ mikrìterec twn plegmatik¸n apost�sewn kai sunep¸c ta hlektrìnia aut� eÐnai sjenar�
sundedemèna me ta noukleìnia tou pur na tou antÐstoiqou atìmou sunapotel¸ntac me aut�
ta iìnta. AntÐjeta, ta exwterik� hlektrìnia (sjènouc) diajètoun kumatosunart seic oi o-
poÐec epikalÔptontai se megalÔtero   mikrìtero bajmì me tic antÐstoiqec diplan¸n atìmwn
epitrèpontac ètsi thn sÔnayh desm¸n, thn allhlepÐdras  touc kai thn eukolìterh metakÐnh-
sh. Apì ed¸ kai pèra ja jewr soume pwc to stereì apoteleÐtai apì iìnta -noukleìnia kai
eswterik� hlektrìnia- kai hlektrìnia sjènouc   apl� hlektrìnia.

2.3.1 Genik  morf  Qamiltonian c stereoÔ s¸matoc

Lamb�nontac upìyh thn parap�nw je¸rhsh, gia thn perigraf  tou stereoÔ s¸matoc ei-
s�getai h Qamiltonian 

Ĥ = T̂el + T̂ion + V̂el−el + V̂ion−ion + V̂el−ion (2.43)

ìpou oi dÔo pr¸toi ìroi perigr�foun thn kinhtik  enèrgeia twn hlektronÐwn kai twn iìntwn
antÐstoiqa, o trÐtoc ìroc thn allhlepÐdrash metaxÔ twn hlektronÐwn kai o tètartoc thn
allhlepÐdrash metaxÔ twn iìntwn. Tèloc, o teleutaÐoc ìroc anafèretai sthn allhlepÐdrash
metaxÔ hlektronÐwn kai iìntwn.

An sumbolÐsoume me ri,pi kai m th jèsh, thn orm  kai th m�za enìc hlektronÐou kai
antÐstoiqa me Ri,Pi kai M th jèsh, thn orm  kai th m�za enìc iìntoc, tìte h Qamiltonian 
tou sust matoc twn hlektronÐwn kai twn iìntwn (2.43) gr�fetai pio analutik� wc

Ĥ =
∑
i

p̂2
i

2m
+
∑
l

P̂ 2
l

2M
+

1

2

∑
i,j
i 6=j

e2

4πε0|r̂i − r̂j |
+
∑
l,n

V̂ (Rl −Rn) +
∑
i,l

V̂ (ri −Rl) (2.44)
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'Opwc faÐnetai kai apì thn parap�nw sqèsh, oi allhlepidr�seic pou jewr same eÐnai hlektri-
kèc allhlepidr�seic Coulomb metaxÔ hlektronÐwn, iìntwn kai hlektronÐou-iìntoc antÐstoiqa.

2.3.2 Prosèggish Qamiltonian c kai di�fora montèla

H Qamiltonian  (2.43) mporeÐ na grafeÐ me k�pwc diaforetikì trìpo an deqjoÔme pwc ta
iìnta talant¸nontai gÔrw apì tic jèseic isorropÐac touc oi opoÐec sqhmatÐzoun èna periodikì
plègma. Oi talant¸seic autèc mporoÔn na jewrhjoÔn armonikèc kai na perigrafoÔn me
th bo jeia mpozonÐwn pou onom�zontai fwnìnia. An Elatt

7 h enèrgeia twn iìntwn ìtan
brÐskontai sth jèsh isorropÐac touc, tìte

Ĥ = T̂el + (Elatt + Ĥph) + V̂el−el + (V̂el−latt + V̂el−ph) (2.45)

O Ĥph ìroc anafèretai sto mh allhlepidrìn mèroc twn fwnonÐwn, en¸ ta V̂el−latt kai V̂el−ph
perigr�foun tic allhlepidr�seic twn hlektronÐwn me to statikì kai fwnonikì mèroc twn
iìntwn.

To dunamikì V̂el−latt apì ton orismì tou gÐnetai fanerì pwc eÐnai periodikì sto q¸ro
me thn periodikìthta Rn tou plègmatoc twn iìntwn, V̂el−latt(r +Rn) = V̂el−latt(r) gia k�je
di�nusma plègmatoc Rn.

Qrhsimopoi¸ntac jermodunamik� epiqeir mata, ta hlektrìnia kai ta iìnta mporoÔn na
jewrhjoÔn san dÔo xeqwrist� uposust mata ta opoÐa èrqontai se epaf  dia mèsou tou te-
leutaÐou ìrou thc Qamiltonian c (2.43). Upojètontac jermik  isorropÐa se ìlo to sÔsthma
mporoÔme na gr�youme gia ton k�je bajmì eleujerÐac

<
p̂2
i

2m
>=<

P̂ 2
l

2M
> (2.46)

kai kaj¸c m/M ≈ 10−4 prokÔptei ìti ta hlektrìnia eÐnai kat� polÔ taqÔtera twn iìntwn.
Autì èqei san sunèpeia ta hlektrìnia na �blèpoun� statik� ta iìnta kai to dunamikì pou
aut� prokaloÔn. 'Etsi, eÐnai logikì na jewr soume ta iìnta akÐnhta stic jèseic isorropÐac
tou plègmatoc pou apoteleÐ thn kat�stas  touc me thn mikrìterh dunat  enèrgeia. Autì
me th seir� tou sunep�getai pwc ameloÔme k�je ìro pou perigr�fei dr�sh fwnonÐwn sthn
Qamiltonian .

Oi dÔo autoÐ periorismoÐ, h periodikìthta tou exwterikoÔ proc ta hlektrìnia dunamikoÔ
tou plègmatoc kai h statikìthta twn iìntwn, kajorÐzoun to montèlo plègmatoc (lattice
model)tou opoÐou h Qamiltonian  gr�fetai

H = Tel + Vel−el + Vel−latt (2.47)

An epiplèon proseggÐsoume th diakrit  kai periodik  fÔsh tou sust matoc twn iìntwn
apì èna suneqèc, omogenèc kai jetik� fortismèno reustì to nèo autì sÔsthma perigr�fetai
apì thn

H = Tel + Vel−el (2.48)

H parap�nw Qamiltonian  orÐzei to jellium model.

7H enèrgeia Elatt eÐnai stajer  kaj¸c anafèretai se èna sÔsthma akÐnhtwn iìntwn. Pèra apì ton
upologismì thc akriboÔc tim c thc enèrgeiac tou sust matoc, to stajerì mèroc thc Qamiltonian c den
paÐzei idiaÐtero rìlo sthn epÐlush tou probl matoc kai k�je for� pou ja emfanÐzetai èna stajerì mèroc
ja to agnooÔme
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Energì dunamikì: Kai stic dÔo peript¸seic h akrib c epÐlush thc antÐstoiqhc Qamil-
tonian c eÐnai èna dÔskolo prìblhma lìgw thc Ôparxhc tou ìrou twn allhlepidr�sewn twn
hlektronÐwn kai gÐnetai akìma duskolìterh ìtan lamb�noume upìyh to periodikì dunamikì
twn iìntwn. Mia polÔ kal  prosèggish pou odhgeÐ sthn ex ghsh meg�lou mèrouc thc sum-
perifor�c tou stereoÔ eÐnai na jewr soume èna energì dunamikì Veff to opoÐo enswmat¸nei
ìlec tic allhlepidr�seic twn hlektronÐwn me ta upìloipa hlektrìnia kai me to plègma ètsi,
¸ste h Qamiltonian  na grafeÐ

H ≈
∑
i

(
p2
i

2m
+ Veff (ri)

)
(2.49)

Sthn perÐptwsh aut  èqei proseggisjeÐ to prìblhma poll¸n swmatidÐwn apì èna prìblhma
enìc swmatidÐou to opoÐo eÐnai eukolìtera epilÔsimo. To prìblhma, loipìn, an�getai sthn
epÐlush thc exÐswshc idiotim¸n tou enìc swmatidÐou:(

p2
a

2m
+ Veff (ra)

)
ψa = εaψa (2.50)

Se k�je perÐptwsh h Qamiltonian  (2.49) ston formalismì thc deÔterhc kb�ntwshc
paÐrnei th morf 

H ≈
∑
a

ε(a)c†aca (2.51)

Oi timèc tou ε(a) mporoÔn na idwjoÔn wc oi energeiakèc kat�staseic enìc sust matoc e-
leÔjerwn oioneÐ-swmatidÐwn pou enswmat¸noun tic allhlepidr�seic. Gia to jellium model,

eidikìtera, èqoume Hjell ≈
∑

kσ εkσc
†
kσckσ, en¸ gia to genikìtero montèlo plègmatoc

Hlatt ≈
∑
n,k,σ

εn(k, σ)c†kσckσ (2.52)

To teleutaÐo mporeÐ na exhg sei thn jewrÐa zwn¸n sta stere�, k�ti pou faÐnetai me thn
prosj kh tou deÐkth z¸nhc n, en¸ h genik  monoswmatidiak  lÔsh eÐnai thc morf c

ψnkσ(r) = unk(r)e
jkrχσ me


k ∈ FBZ
unk(r +Rn) = unk(r)

n: deÐkthc z¸nhc

(2.53)

To prìblhma ègkeitai plèon ston upologismì twn sunart sewn unk(r). 'Eqoun anaptu-
qjeÐ arketèc mèjodoi, oi spoudaiìterec twn opoÐwn eÐnai:

• Montèlo Sqedìn EleÔjerwn HlektronÐwn: efìson oi sunart seic unk(r) eÐnai perio-
dikèc mporoÔn na anaptuqjoÔn kat� Fourier,

ψnk(r) =
∑
G

Cnk(G)
1√
V
ej(k+G)r (2.54)

Opìte to prìblhma plèon metafèretai ston upologismì twn suntelest¸n Cnk. H
mèjodoc aut  eÐnai epituq c kurÐwc ìtan oi kinhtikoÐ ìroi epikratoÔn se sqèsh me touc
antÐstoiqouc dunamikoÔc ìrouc. Sthn perÐptwsh aut , to periodikì dunamikì mporeÐ
na jewrhjeÐ wc diataraq .
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• Montèlo LCAO (linear combination of atomic orbitals): Sto montèlo autì qrhsi-
mopoioÔme ta atomik� troqiak� φν twn atìmwn pou apartÐzoun to stereì ìtan aut�
brÐskontai apomonwmèna kai upojètoume pwc ta troqiak� ψnk(r) gr�fontai wc gram-
mikìc sunduasmìc aut¸n

ψnk(r) =
∑
ν

Cnνψνk(r) (2.55)

me ta teleutaÐa na èqoun th morf  twn epikalummènwn atomik¸n troqiak¸n, ¸ste na
sumbadÐzoun me thn morf  tou Bloch

ψνk(r) =
1√
N

∑
n

ejkRnφν(r −Rn) (2.56)

Kai sthn perÐptwsh aut  to prìblhma an�getai ston upologismì twn suntelest¸n.
Peraitèrw aplopoÐhsh mporeÐ na epiteuqjeÐ an jewr soume pwc h allhlepÐdrash meta-
xÔ twn atomik¸n troqiak¸n periorÐzetai mìno metaxÔ twn kontinìterwn geitìnwn. K�ti
tètoio dikaiologeÐtai mìno gia epark¸c qwrik� periorismèna troqiak�. H prosèggish
aut  onom�zetai montèlo isquroÔ desmoÔ (’tight-binding’).

2.4 Katast�seic t�xewc

Metab�seic F�shc: 'Ena di�gramma to opoÐo perigr�fei ston q¸ro twn fusik¸n para-
mètrwn pou ephre�zoun to sÔsthma (jermokrasÐa, magnhtikì pedÐo k.a.) thn kat�stash pou
autì brÐsketai gia k�je tim  twn paramètrwn onom�zetai di�gramma f�shc tou sust matoc.
Perioq  f�shc eÐnai mÐa perioq  shmeÐwn sto di�gramma f�shc tou ulikoÔ sthn opoÐa to an-
tÐstoiqo jermodunamikì dunamikì kai ìlec oi jermodunamikèc posìthtec pou exarti¸ntai apì
autì eÐnai analutikèc sunart seic. Epomènwc, ìtan to sÔsthma brejeÐ kont� se mÐa krÐsimh
kampÔlh tìte mÐa polÔ mikr  metabol  thc tim c miac fusik c paramètrou tou sust matoc
odhgeÐ se meg�lec poiotikèc metabìlèc twn fusik¸n tou qarakthristik¸n. Mia tètoia pe-
rÐptwsh onom�zetai allag  f�shc tou sust matoc. UpeÔjunec gia aut  thn asunèqeia  
ton apeirismì eÐnai oi allhlepidr�seic metaxÔ twn swmatidÐwn. Gia na melet soume, loipìn,
tic allagèc f�shc eÐmaste upoqrewmènoi na l�boume upìyh mac tic allhlepidr�seic autèc
qwrÐc na mporoÔme, lìgw eukolÐac, na tic amel soume. Basikìc stìqoc thc èreunac apoteleÐ
s mera h exagwg  tou diagr�mmatoc f�shc gia leitourgik� ulik�, k�ti ìqi idiaÐtera eÔkolo
kaj¸c se orismènec peript¸seic den mporeÐ na gÐnei pl rhc tautopoÐhsh twn antÐstoiqwn
f�sewn.

O Ehrenfest prìteine mia kathgoriopoÐhsh twn metab�sewn sÔmfwna me to poiec fusikèc
posìthtec (kai th sqèsh touc me to jermodunamikì dunamikì) emfanÐzoun asunèqeia kat� th
met�bash:

An ìlec oi par�gwgoi mèqri n − 1 t�xhc, opìte kai ta megèjh pou sqetÐzontai me autèc,
tou jermodunamikoÔ dunamikoÔ eÐnai suneqeÐc kai h par�gwgoc n t�xhc asuneq c, h met�ba-
sh ja eÐnai t�xhc n.
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Katast�seic T�xewc: Mia makroskopik  kat�stash tou sust matoc sthn opoÐa em-
fanÐzetai t�xh se èna fusikì mègejoc pou den up rqe sthn kanonik  kat�stash onom�zetai
kat�stash t�xhc. Tètoiec katast�seic parousi�zoun dÔo basik� qarakthristik� gnwrÐsma-
ta. To èna gn¸risma eÐnai h t�xh makr�c embèleiac pou emfanÐzei. Akìma kai sthn kanonik 
kat�stash tou sust matoc parousi�zetai mia t�xh, all� aut  eÐnai mikr c embèleiac ìpou se
meg�lh klÐmaka den gÐnetai parathr simh, antÐjeta apì ì,ti sumbaÐnei sthn kat�stash t�xhc.
To deÔtero gn¸risma apoteleÐ to aujìrmhto sp�simo summetri¸n pou emfanÐzontai kat� thn
kat�stash ataxÐac. Stic katast�seic autèc to sÔsthma paÔei na paramènei analloÐwto k�tw
apì metasqhmatismoÔc summetrÐac, oi pio sunhjismènec apì tic opoÐec eÐnai:

• summetrÐa metafor�c ston q¸ro

• summetrÐa peristrof c ston q¸ro

• summetrÐec pou sqetÐzontai me thn krustallik  dom  tou plègmatoc

• summetrÐa antistrof c tou qrìnou

• summetrÐa bajmÐdac, gia genikeumèna fortÐa

Bohjhtik  ènnoia gia tic metab�seic f�shc se katast�seic t�xhc apoteleÐ h par�metroc
t�xhc. Oi par�metroi autèc eÐnai fusikèc posìthtec pou orÐzontai kat� perÐptwsh, an�loga
me tic idiaiterìthtec thc sugkekrimènhc f�shc kai qarakthrÐzoun thn allag  thc summetrÐac
pou sumbaÐnei sto shmeÐo thc met�bashc. Mia par�metroc t�xhc ja prepei na èqei mhdenik 
tim  ìtan to ulikì brÐsketai sth sunhjismènh tou kat�stash, mh mhdenik  ìtan brÐsketai
sthn kat�stash t�xhc kai na aux�netai ìso proqwr�me pio 'baji�' sth nèa f�sh.

Sthn perÐptwsh pou oi par�metroi t�xhc dÔo   perissìterwn f�sewn eÐnai mh mhdenikèc
gia sugkekrimèno shmeÐo tou diagr�mmatoc f�shc, ja èqoume sunÔparxh twn f�sewn aut¸n
sto ulikì.

H kathgoriopoÐhsh tou Ehrenfest me qr sh thc paramètrou t�xhc gÐnetai wc ex c: An h
par�metroc t�xhc eÐnai asuneq c sto shmeÐo met�bashc tìte prìkeitai gia met�bash pr¸thc
t�xhc. Sthn perÐptwsh aut  mporoÔme na èqoume sunÔparxh f�sewn stic krÐsimec timèc
twn paramètrwn. An h par�metroc t�xhc eÐnai suneq c sto shmeÐo thc met�bashc me asu-
neq  pr¸th par�gwgo, prìkeitai gia met�bash f�shc deÔterhc t�xhc k.t.l. Se autèc tic
peript¸seic den eÐnai dunat  h sunÔparxh f�sewn stic krÐsimec timèc twn paramètrwn.
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Kef�laio 3

To Extended Hubbard Model kai
h mèjodoc Bogoliubov-de Gennes

3.1 Sust mata isqur� allhlepidr¸ntwn swmatidÐwn

Sto prohgoÔmeno kef�laio perigr�fhke h eisagwg  enìc energoÔ dunamikoÔ sto montèlo
plègmatoc kai h metatrop  tou probl matoc tou stereoÔ se anex�rthth perigraf  oioneÐ-
swmatidÐwn gia ton sqhmatismì energeiak¸n zwn¸n pou aut� ja katal�boun. To montèlo
autì, ìpwc kai ìsa montèla agnooÔn tic allhlepidr�seic   tic qeirÐzontai perissìtero pro-
seggistik�, adunateÐ na perigr�yei sugkekrimènec sumperiforèc -peiramatik� fainìmena kai
metab�seic f�shc - pou emfanÐzontai se di�fora leitourgik� ulik�, prìsfata anakalummè-
na, sta opoÐa oi allhlepidr�seic metaxÔ hlektronÐwn faÐnetai na paÐzoun spoudaiìtero tou
sunhjismènou rìlo. ParadeÐgmata tètoiwn fainomènwn eÐnai h met�bash apì mètallo se
Mott monwt , h met�bash enìc paramagnhtikoÔ ulikoÔ se antisidhromagnhtikì kaj¸c kai h
emf�nish uperagwgimìthtac uyhl c krÐsimhc jermokrasÐac.

Gia touc lìgouc autoÔc eÐnai aparaÐthth h melèth susthm�twn allhlepidr¸ntwn swmati-
dÐwn. Apì thn Ex.(2.33) mporoÔme na gr�youme thn Qamiltonian  enìc tètoiou sust matoc
sthn b�sh {|kσ〉} twn dunat¸n kumatanusm�twn1 tou enìc swmatidÐou

Ĥ =
∑
k,σ

εkc
†
kσckσ +

∑
k,k′,q∈BZ

∑
σ,σ′

U(q)c†k+q,σc
†
k′−q,σ′ck′σ′ckσ (3.1)

Oi suntelestèc εk pou qarakthrÐzoun to eleÔjero mèroc thc Qamiltonian c perilamb�noun
touc kinhtikoÔc ìrouc twn hlektronÐwn kaj¸c epÐshc kai thn suneisfor� tou periodikoÔ
dunamikoÔ twn iìntwn kai èna energì dunamikì allhlepÐdrashc twn hlektronÐwn stic qamh-
lìterec energeiak� z¸nec pou eÐnai pl rwc kateilhmmènec, en¸ gia touc suntelestèc tou
allhlepidr¸ntoc tm matoc thc (3.1) isqÔei

U(q) =

{
4πe2

2V |q|2 , q 6= 0

0, q = 0
(3.2)

1basik  proôpìjesh eÐnai na jewr soume pwc h orm  kai to spin diathroÔntai wc kaloÐ kbantikoÐ arijmoÐ
tou sust matoc pou melet�me
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me V ton ìgko tou sust matoc. Ousiastik�, oi suntelestèc U(q) eÐnai oi suntelestèc Fou-
rier tou dunamikoÔ allhlepÐdrashc metaxÔ hlektronÐwn thc sqèshc (2.44). H mình diafor�
thc Qamiltonian c (3.1) se sqèsh me th genik  Ex(2.33) eÐnai h Ôparxh tri¸n diaforeti-
k¸n deikt¸n pou perigr�foun touc kbantikoÔc arijmoÔc ènanti tess�rwn kai ofeÐletai sto
gegonìc pwc sthn perÐptwsh pou exet�zoume to komm�ti thc Qamiltonian c perigr�fei al-
lhlepidr�seic hlektronÐwn ìpou h sunolik  orm  diathreÐtai. Posì q orm c metadÐdetai apì
to èna hlektrìnio sto �llo kat� thn allhlepÐdrash.

Upojètontac periodikèc sunj kec sta ìria tou sust matoc, oi telestèc dhmiourgÐac kai
katastrof c swmatidÐwn se katast�seic Bloch mporoÔn na grafoÔn wc grammikìc sundua-
smìc twn telest¸n pedÐou:

ckσ =
1√
N

∑
i

ejkRiciσ kai c†kσ =
1√
N

∑
i

e−jkRic†iσ (3.3)

Me antikat�stash twn sqèsewn (3.3) sto eleÔjero mèroc thc Qamiltonian c (3.1) èqoume∑
kσ

εkc
†
kσckσ =

∑
kσ

εk
1

N

∑
i

e−jkRic†iσ
∑
j

ejkRicjσ

=
∑
i,j,σ

1

N

∑
k

εke
jk(Rj−Ri)c†iσcjσ

=
∑
i,σ

εatc
†
iσciσ +

∑
i,j,σ
i 6=j

tijc
†
iσcjσ

(3.4)

me2 εat = 1
N

∑
k εk kai tij = 1

N

∑
k εke

jk(Rj−Ri). O pr¸toc ìroc thc parap�nw isìthtac
apoteleÐ thn enèrgeia pou èqei èna hlektrìnio ìtan brÐsketai mìno tou se èna shmeÐo tou
plègmatoc, en¸ o deÔteroc anafèretai sto kèrdoc enèrgeiac pou prokÔptei apì ton apen-
topismì twn hlektronÐwn kai thn kÐnhs  touc mèsa sto plègma metaxÔ twn shmeÐwn Ri kai
Rj .

Me ton Ðdio trìpo to allhlepidrìn mèroc thc exÐswshc (3.1) mporeÐ na grafeÐ∑
k,k′,q

∑
σ,σ′

U(q)c†k+q,σc
†
k′−q,σ′ck′σ′ckσ =

∑
i,σ,σ′

Uic
†
iσc
†
iσ′ciσ′ciσ +

∑
i,j,σ,σ′

Vijc
†
iσc
†
jσ′cjσ′ciσ (3.5)

ìpou Ui eÐnai to stoiqeÐo pÐnaka thc allhlepÐdrashc Coulomb metaxÔ dÔo kumatosunart -
sewn hlektronÐwn pou brÐskontai kentrarismènec sto Ðdio plegmatikì shmeÐo Ri, en¸ Vij to
stoiqeÐo pÐnaka thc allhlepÐdrashc Coulomb metaxÔ enìc hlektronÐou sto shmeÐo Ri kai
enìc sto shmeÐo Rj .

3.2 To Aplì Montèlo Hubbard

H akrib c epÐlush thc Qamiltonian c (3.1)   isodÔnama thc (3.4) eÐnai dÔskolh an ìqi adÔ-
nath. To montèlo Hubbard eÐnai to aploÔstero montèlo poll¸n swmatidÐwn pou epitrèpei
thn perigraf  dÔo antÐjetwn t�sewn:

2Apì ed¸ kai pèra ja jewr soume wc shmeÐo anafor�c εat = 0. Me �lla lìgia, to atomikì epÐpedo sto
opoÐo h z¸nh kentr�retai epilègetai wc enèrgeia mhdèn
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• thn kinhtik  enèrgeia, pou odhgeÐ ston apentopismì twn hlektronÐwn (katast�seic
Bloch)

• thn allhlepÐdrash hlektronÐou-hlektronÐou pou odhgeÐ ston entopismì twn hlektro-
nÐwn sta shmeÐa tou plègmatoc

kai sqedi�sthke arqik� gia na exhg sei thn peiramatik  parat rhsh ìti oxeÐdia pou me b�-
sh thn hlektroniak  touc dom  h jewrÐa zwn¸n ta katat�ssei wc mètalla, sthn pr�xh
prokÔptoun na sumperifèrontai wc monwtèc (Mott insulators).

To montèlo Hubbard orÐzetai apì tic ex c aplopoi seic:

• H enèrgeia metap dhshc tij , h opoÐa jewreÐtai sunart sei mìno thc sqetik c jèshc
twn shmeÐwn Ri kai Rj , kajorÐzetai apì thn epik�luyh twn kumatosunart sewn tou
zeÔgouc twn shmeÐwn tou plègmatoc. Kaj¸c oi kumatosunart seic exasjenoÔn ek-
jetik�, mìno gia kontin� shmeÐa tou plègmatoc up�rqei met�bash hlektronÐwn. Sto
montèlo Hubbard gia èna kubikì plègma, mìno metaxÔ kontinìterwn geitonik¸n shmeÐ-
wn jewreÐtai mh mhdenik  tim  thc enèrgeiac tij kai exaitÐac thc stajer c apìstashc
metaxÔ twn geitonik¸n shmeÐwn ja eÐnai

tij =

{
−t, an Ri kai Rj kontinìteroi geÐtonec

0, diaforetik�

• 'Omoia h ap¸jhsh Coulomb metaxÔ dÔo hlektronÐwn exasjeneÐ an�loga me thn apì-
stash ki ètsi jewroÔme mh mhdenik  allhlepÐdrash mìno metaxÔ hlektronÐwn sto Ðdio
shmeÐo tou plègmatoc (mikr c klÐmakac allhlepÐdrash), Ui = U kai Vij = 0.

• Upojètei mia mh ekfulismènh, sten  z¸nh energei¸n sthn opoÐa brÐskontai ta hlektrì-
nia pou mac endiafèroun kai perigr�fontai apì to sugkekrimèno montèlo. Gia plègmata
Bravais to montèlo perilamb�nei mìno mÐa z¸nh kai se k�je shmeÐo tou plègmatoc an-
tistoiqeÐ èna monadikì troqiakì. Sunep¸c èna �tomo mporeÐ na deqjeÐ dÔo to polÔ
hlektrìnia.

Apì ta parap�nw gÐnetai fanerì pwc to sugkekrimèno montèlo èqei thn Ðdia afethrÐa me
to montèlo tou isquroÔ desmoÔ, jewr¸ntac epikalÔyeic metaxÔ troqiak¸n mìno se mikr c
klÐmakac apost�seic. JewreÐtai, ìmwc wc mia beltÐwsh thc prosèggishc ’tight binding’
kaj¸c pèra apì ton kinhtikì ìro metap dhshc hlektronÐwn se geitonik� shmeÐa tou plègma-
toc perilamb�nei kai mia topik  allhlepÐdrash Coulomb pou agnoeÐtai apì thn prohgoÔmenh
prosèggish.

'Ustera apì tic parap�nw aplopoi seic to aplì montèlo Hubbard sto megalokanonikì
sÔnolo perigr�fetai apì thn

H − µN = −t
∑
<i,j>

∑
σ

c†iσcjσ + U
∑
i

c†i↑ci↑c
†
i↓ci↓ − µ

∑
i,σ

c†iσciσ
3 (3.6)

3Sto montèlo autì den perièqontai allhlepidr�seic metaxÔ twn spin twn hlektronÐwn kai diadikasÐec
pou perilamb�noun metabib�seic spin, kaj¸c epÐshc kai metabib�seic hlektronÐwn pou bohjoÔntai apì to
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ìpou o sumbolismìc < i, j > dhl¸nei �jroisma wc proc touc kontinìterouc geÐtonec.

To arnhtikì prìshmo ston ìro thc kinhtik c enèrgeiac HT = −t
∑

<i,j>,σ c
†
iσcjσ dhl¸-

nei kèrdoc enègeiac kat� thn met�bash twn hlektronÐwn metaxÔ shmeÐwn. H par�metroc t
jewreÐtai jetik . An, wstìso, to plègma eÐnai 'bipartite', dhlad  mporeÐ na qwristeÐ se dÔo
upoplègmata me tètoion trìpo, ¸ste o ìroc metap dhshc na sundèei èna shmeÐo tou enìc

upoplègmatoc mìno me shmeÐa tou �llou, tìte k�tw apì ton metasqhmatismì c†jσ → −c
†
jσ

gia ta shmeÐa tou enìc upoplègmatoc kai c†iσ → c†iσ gia ta shmeÐa tou �llou, prokÔptei
HT → −HT . Aut  h allag  den metab�llei tic fusikèc idiìthtec tou sust matoc (Ðdia je-
meli¸dhc kai diegermènec enèrgeiec), metab�llei ìmwc to prìshmo thc paramètrou t, k�nontac
to adi�foro.

To dunamikì U gia thn apwjhtik  dr�sh metaxÔ hlektronÐwn prèpei na èqei jetik  tim .
Parìla aut�, eÐnai qr simec kai arnhtikèc timèc kaj¸c dÐnoun thn dunatìthta perigraf c
èmmeswn elktik¸n allhlepidr�sewn metaxÔ hlektronÐwn, ìpwc h allhlepÐdrash hlektronÐou-
fwnonÐou, pou mporoÔn na perigr�youn uperag¸gimec katast�seic.

O teleutaÐoc ìroc, wc gnwstìn, apoteleÐ to qhmikì dunamikì kai elègqei to gèmisma tou
sust matoc me hlektrìnia. An sumbolÐsoume me N ton arijmì twn shmeÐwn tou plègmatoc
kai me L ton sunolikì arijmì twn hlektronÐwn tou sust matoc, tìte o arijmìc apì ta
teleutaÐa pou antistoiqoÔn kat� mèso se k�je shmeÐo tou plègmatoc onom�zetai par�gontac
gemÐsmatoc ff

ff =
L

N
=

1

N

∑
i,σ

c†iσciσ (3.7)

Gia ff = 1 jewroÔme oudeterìthta tou fortÐou pou antistajmÐzetai apì to jetikì upìbajro
twn iìntwn. O par�gontac gemÐsmatoc, mazÐ me thn par�metro U/t kai thn jermokrasÐa
kajorÐzoun th sumperifor� tou montèlou.

To montèlo Hubbard eÐnai èna tess�rwn katast�sewn montèlo, me thn ènnoia ìti k�je
shmeÐo tou plègmatoc mporeÐ na brejeÐ se k�poia apì tic ex c idiokatast�seic

|0〉j to shmeÐo j eÐnai �deio apì hlektrìnia

|↑〉j = c†j↑ |0〉j to shmeÐo j katalamb�netai apì èna hlektrìnio me spin ↑
|↓〉j = c†j↓ |0〉j to shmeÐo j katalamb�netai apì èna hlektrìnio me spin ↓
|↑↓〉j = c†j↑c

†
j↓ |0〉jto shmeÐo j eÐnai dipl� kateilhmmèno

Oriak  perÐptwsh montèlou: U=0 Sthn perÐptwsh aut  to sÔsthma apoteleÐtai
apì anex�rthta hlektrìnia, dedomènou ìti den askoÔn dun�meic Coulomb to èna sto �llo,

dunamikì Coulomb. Mia genikìterh Qamiltonian  pou ja periègrafe tètoiec diadikasÐec eÐnai

H =− t
∑
<i,j>

∑
σ

c†iσcjσ + U
∑
i

c†i↑ci↑c
†
i↓ci↓ + V

∑
i

c†i↑ci↑c
†
j↓cj↓+

X
∑
<i,j>

∑
σ

c†iσcjσ(c†i,−σci,−σ + c†j,−σcj,−σ)− Jz
∑
<i,j>

SziS
z
j − Jxy

∑
<i,j>

(Sxi S
x
j + Syi S

y
j )

ìpou o tètartoc ìroc anafèretai se allhlepidr�seic z¸nhc - fortÐou en¸ oi teleutaÐoi se allhlepidr�seic
Heisenberg metaxÔ twn spin twn hlektronÐwn.
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kai apì to prohgoÔmeno kef�laio prokÔptei ìti aut� brÐskontai se katast�seic Bloch. H
Qamiltonian  tou megalokanonikoÔ sunìlou gr�fetai sunart sei twn telest¸n dhmiourgÐ-
ac/katastrof c katast�sewn |kσ〉:

H =
∑
k,σ

(εk − µ)c†kσckσ (3.8)

me sqèsh diaspor�c εk = −2t(cos kxα+cos kyα+cos kzα), me to k na paÐrnei diakritèc timèc
sÔmfwna me th dom  tou plègmatoc. Ta hlektrìnia katalamb�noun tic katast�seic |kσ〉
enìc hlektronÐou akolouj¸ntac thn apagoreutik  arq  tou Pauli.

Ston pragmatikì q¸ro, parathr¸ntac thn an�ptuxh (3.3) ìla ta diaforetik� shmeÐa tou
plègmatoc brÐskontai se sÔndesh metaxÔ touc: An èna hlektrìnio xekin sei apì èna shmeÐo
den ja parameÐnei ekeÐ. H kinhtik  tou enèrgeia ja to metakineÐ se geitonik� shmeÐa. AntÐjeta,
ston q¸ro twn orm¸n oi katast�seic aposusqetÐzontai: 'Ena hlektrìnio sthn kat�stash
|kσ〉 paramènei se aut .

Me epiqeir mata stastistik c mhqanik c kai qr sh thc sqèshc (2.38) prokÔptei h su-
n�rthsh epimerismoÔ

Z =
∏
k

(1 + e−β(εk−µ)) (3.9)

H oriak  aut  perÐptwsh, ìpwc kai h perissìtero pragmatopoi simh perÐptwsh U << t
qarakthrÐzetai sth bibliografÐa wc perioq  asjen¸n susqetÐsewn (weak coupling).

Oriak  perÐptwsh: t = 0 Sth deÔterh akraÐa perÐptwsh ta hlektrìnia den èqoun th
dunatìthta na kinhjoÔn metaxÔ twn shmeÐwn tou plègmatoc. To gegonìc autì odhgeÐ se N
apomonwmèna �toma ta opoÐa den allhlepidroÔn metaxÔ touc.

Epanafèrontac thn enèrgeia εat, h Qamiltonian  gr�fetai

H =
∑
j

(εat
∑
σ

c†jσcjσ + Uc†j↑cj↑c
†
j↓cj↓) (3.10)

wc �jroisma L epimèrouc Qamiltonian¸n, mia gia k�je shmeÐo. To montèlo autì lÔnetai
eÔkola ston pragmatikì q¸ro, èqontac wc idiokatast�seic |a〉 = {|0〉 , |↑〉 , |↓〉 , |↑↓〉} me
antÐstoiqec idiotimèc {0, εat, εat, 2εat + U}. MporoÔme na jewr soume, loipìn, pwc to k�je
èna sÔsthma èqei trÐa energeiak� epÐpeda:

• mhdenik  enèrgeia an den up�rqei hlektrìnio sto �tomo

• to pr¸to hlektrìnio èqei enèrgeia εat

• to deÔtero hlektrìnio èqei enèrgeia εat + U

me th diafor�, se sqèsh me thn jewrÐa zwn¸n, ìti to an¸tero epÐpedo enèrgeiac εat +U den
mporeÐ na katalhfjeÐ apì hlektrìnio an den eÐnai kateilhmmèno to epÐpedo enèrgeiac εat. H
sun�rthsh epimerismoÔ gia to k�je �tomo sthn perÐptwsh aut  gÐnetai

Z =
∑
a

〈a|e−β(H−µN)|a〉 = 1 + 2eβµ + e2βµ−βU (3.11)

'Otan briskìmaste sto ìrio autì,   genikìtera gia t << U lème pwc briskìmaste sthn
perioq  isqur¸n susqetÐsewn.
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Genik  perÐptwsh: t 6= 0 kai U 6= 0 Sthn genik  aut  perÐptwsh h Qamiltonian  den
mporeÐ na lujeÐ akrib¸c. Poiotik�, wstìso, mporoÔme na perigr�youme ti sumbaÐnei kaj¸c
prostÐjetai ènac mh mhdenikìc ìroc kinhtik c enèrgeiac sthn prohgoÔmenh perÐptwsh.

Gia t = 0 to k�je èna apì ta N antÐgrafa èqei energeiak� epÐpeda {εat, 2εat + U}.
'Otan t 6= 0 ta atomik� aut� epÐpeda gÐnontai pio plati� sqhmatÐzontac upoz¸nec (Hubbard
subbands) pl�touc analìgou thc tim c tou t. Wstìso, oi upoz¸nec autèc èqoun diaforèc
se sÔgkrish me tic z¸nec sth jewrÐa plègmatoc:

• O diaqwrÐsmoc se subbands eÐnai fainìmeno pou prokÔptei apì tic susqetÐseic twn
hlektronÐwn.

• H Ôparxh thc an¸terhc z¸nhc exart�tai apì thn parousÐa hlektronÐwn sthn kat¸terh
z¸nh.

• H k�je upoz¸nh mporeÐ na perièqei mèqri N hlektrìnia.

Shmantikì eÐnai epÐshc na tonÐsoume ìti o diaqwrismìc se upoz¸nec den sqetÐzetai me ton
q¸ro twn orm¸n: oi upoz¸nec èqoun to Ðdio sÔnolo kumatodianusm�twn me thn arqik  z¸nh
enìc hlektronÐou sthn perÐptwsh U = 0.

3.3 To Extended Hubbard Model

H ex ghsh thc sumperifor�c twn ulik¸n pou sqetÐzontai me sust mata me meg�lo jew-
rhtikì kai peiramatikì endiafèron mporeÐ na dojeÐ mìno an jewr soume ektìc apì tic mikr c
klÐmakac allhlepidr�seic sto Ðdio plegmatikì shmeÐo kai dun�meic megalÔterhc klÐmakac.
'Ena tètoio par�deigma apoteleÐ h emf�nish d-wave uperagwgimìthtac se mia om�da ulik¸n
pou onom�zontai Cuprates se sqetik� uyhlèc jermokrasÐec. 'Enac �mesoc trìpoc eÐnai na
jewr soume to Extended Hubbard Model sto opoÐo prostÐjentai mh mhdenikèc timèc gia
thn sÔzeuxh metaxÔ pio apomakrusmènwn geitìnwn:

• H allhlepÐdrash Coulomb eÐnai peperasmènh gia hlektrìnia kai sta kontinìtera gei-
tonik� shmeÐa tou plègmatoc mèsw dunamikoÔ V .

• Ta hlektrìnia mporoÔn na metaboÔn kai stouc amèswc kontinìterouc geÐtonec tou
kubikoÔ plègmatoc, me enèrgeia met�bashc t′.

'Oson afor� thn allhlepÐdrash metaxÔ swmatidÐwn sta geitonik� shmeÐa ja agno soume
thn emf�nish dunamikoÔ metaxÔ hlektronÐwn me par�llhla spin. H fusik  ex ghsh pÐsw
apì autì ofeÐletai sto gegonìc ìti anamènetai mia polÔ mikr  puknìthta pijanìthtac na
brejoÔn dÔo hlektrìnia me par�llhla spin kai se polÔ mikr  apìstash metaxÔ touc exaitÐac
thc apagoreutik c arq c tou Pauli. Me �lla lìgia, h apagoreutik  arq  prokaleÐ susqe-
tismì sth qwrik  kÐnhsh dÔo hlektronÐwn me par�llhla spin kai to apotèlesma moi�zei san
na èqoume mia isqur  �pwsh metaxÔ twn dÔo swmatidÐwn se mikrèc apost�seic. Sthn perÐ-
ptwsh tou Extended Hubbard model èqoume l�bei upìyh mac mìno allhlepidr�seic mikr c
klÐmakac (sto Ðdio shmeÐo   se kontinìterouc geÐtonec) ki ètsi mporoÔme na jewr soume pwc
h allhlepÐdrash metaxÔ hlektronÐwn me antipar�llhla spin eÐnai shmantikìterh, agno¸ntac
thn �llh perÐptwsh.
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H Qamiltonian  enìc tètoiou montèlou gr�fetai

H − µN = −t
∑
i,j

∑
σ

δi,j+ρc
†
iσciσ + t′

∑
i,j

∑
σ

δi,j+ρ′c
†
iσciσ − µ

∑
i,j

c†iσciσ

+ U
∑
i

c†i↑c
†
i↓ci↓ci↑ + V

∑
i,j

δi,j+ρc
†
i↑c
†
j↓cj↓ci↑

(3.12)

qrhsimopoi¸ntac tic metablhtèc:

ρ = {(±1, 0, 0), (0,±1, 0), (0, 0,±1)}
ρ′ = {(±1,±1, 0), (±1, 0,±1), (0,±1,±1)}

Me to Ðdio skeptikì me thn par�metro U mporoÔme na jewr soume V > 0   V < 0. Oi
par�metroi pou kajorÐzoun sto montèlo autì thn sumperifor� tou sust matoc kai thn f�sh
sthn opoÐa ja brejeÐ to ulikì eÐnai o par�gontac gemÐsmatoc ff , oi ìroi metap dhshc t, t′,
ta dunamik� U kai V kaj¸c kai h jermokrasÐa T. To ìrio |U | � t kai |V | � t apoteleÐ
thn perioq  isqur¸n susqetÐsewn, en¸ antÐstoiqa gia |U | � t kai |V | � t mil�me gia thn
perioq  asjen¸n susqetÐsewn.

Sth graf  aut  thc Qamiltonian c, h kat� to  misu gem�th z¸nh (half-filled band,
ff = 1) antistoiqeÐ se qhmikì dunamikì µ = 1

2U + 2V .
Me thn prosj kh twn paramètrwn aut¸n sthn perigraf  thc Qamiltonian c emfanÐzetai

ènac ploÔtoc apì f�seic pou eÐnai dunatìn na parousiastoÔn wc jemeli¸dhc kat�stash tou
sust matoc an�loga me ton sunduasmì twn tim¸n touc, eÐte mìnec touc eÐte se sunÔparxh.
Se genikèc grammèc, kaj¸c perissìtera ja eipwjoÔn sth sunèqeia, oi pijanèc katast�seic
t�xhc pou problèpei to montèlo kai mporeÐ na exhg sei, efìson èqoume agno sei tic allhle-
pidr�seic hlektronÐwn-fwnonÐwn, eÐnai h uperagwgimìthta (s-wave SC, d-wave SC, π-wave
SC), o sidhromagnhtismìc kai o antishdiromagnhtismìc, kÔmata puknìthtac fortÐou kai spin.

Par� thn aplìtht� tou kai thn ektetamènh melèth pou èqei gÐnei, to Extended Hubbard
model den eÐnai pl rwc katanohtì. H jemeli¸dhc kat�stash tou sust matoc pou perigr�fei
den èqei gÐnei entel¸c gnwst  sunart sei twn paramètrwn pou to qarakthrÐzoun, kurÐwc
sthn perioq  twn mèswn allhlepidr�sewn kai pèra apì mejìdouc diataraq¸n. Parìla aut�,
proseggistikèc mèjodoi, ìpwc h jewrÐa mèsou pedÐou, èqoun anaptuqjeÐ kai mèsw aut¸n
èqoun exaqjeÐ apotelèsmata pou sumbadÐzoun se meg�lo bajmì me ta peiramatik� eur mata.

Sth sunèqeia ja endiaferjoÔme kurÐwc gia thn perioq  twn mesaÐwn kai isqur¸n allh-
lepidr�sewn. Sthn perioq  aut  endeÐknutai o qarakthrismìc twn parap�nw f�sewn ston
pragmatikì q¸ro kaj¸c epikrateÐ h isqur  sÔndesh twn hlektronÐwn sta shmeÐa tou plèg-
matoc se sqèsh me thn t�sh apentopismoÔ touc. To di�gramma f�sewn mèsw thc jewrÐac
mèsou pedÐou èqei melethjeÐ arket� kai parak�tw parousi�zoume en suntomÐa k�poia apì ta
apotelèsmata.

Sto Sq ma 3.1 faÐnetai h perÐptwsh tou monodi�statou montèlou gia ff = 1 kai t′ =
0. Apì to di�gramma autì mporoÔn na exaqjoÔn k�poia genikìtera qarakthristik� tou
diagr�mmatoc f�shc gia sust mata megalÔterhc di�stashc:

• H uperagwgimìthta emfanÐzetai gia elktikì dunamikì kontinìterwn geitìnwn kai euno-
eÐtai epÐshc apì elktikì dunamikì sto Ðdio plegmatikì shmeÐo.
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• Gia jetikèc timèc twn dunamik¸n antagwnÐzontai oi CDW kai SDW f�seic. H sunÔ-
parxh touc exart�tai apì thn di�stash tou sust matoc kai apì tic timèc twn �llwn
paramètrwn. Gia V arket� mikrìtero tou U eunoeÐtai h emf�nish kÔmatoc puknìth-
tac spin, en¸ apì mÐa tim  tou lìgou touc kai p�nw h kat�stash antistrèfetai kai
eunoeÐtai h f�sh SDW.

Sq ma 3.1: Di�gramma f�shc gia monodi�stato sÔsthma me th mèjodo tou mèsou pedÐou gia ff = 1 (ff : par�gontac

gemÐsmatoc) kai t′ = 0 se mhdenik  jermokrasÐa. Wc SC onom�zoume thn uperag¸gimh f�sh, me CDW to kÔma

puknìthtac fortÐou kai me SDW to kÔma puknìthtac spin. H SP apoteleÐ f�sh me t�xh mikr c embèleiac. Phg : [5]

H perÐptwsh tou didi�statou plègmatoc faÐnetai sto Sq ma 3.2 gia ff = 0.9, èqontac
eis�gei, dhlad , prosmÐxeic. Ta basik� qarakthristik� pou anafèrjhkan parap�nw mporoÔn
na diakrijoÔn kai sto sugkekrimèno di�gramma. Sthn perÐptwsh aut  diakrÐnontai kai sunu-
p�rqonta sumpukn¸mata, ìpwc h sunÔparxh metaxÔ kÔmatoc puknìthtac fortÐou, kÔmatoc
puknìthtac spin kai sidhromagnhtismoÔ. 'Ena �llo tètoio sumpÔknwma apoteleÐtai apì thn
f�sh thc d-wave uperagwgimìthtac, thc π − triplet uperagwgimìthtac kai tou antisidhro-
magnhtismoÔ.

'Ena �llo qarakthristikì pou emfanÐzetai sta diagr�mmata f�shc enìc tètoiou montè-
lou kai èrqetai se sumfwnÐa me peiramatik� dedomèna apoteleÐ to gegonìc pwc gia elktikì
dunamikì allhlepÐdrashc gia mh ntoparismèna (ff = 1) sust mata emfanÐzetai antisidhro-
magnhtik  f�sh sthn jemeli¸dh touc kat�stash me kat�llhlo sunduasmì twn upoloÐpwn
paramètrwn. O antisidhromagnhtismìc eÐnai èna SDW me periodikìthta Ðsh me thn perio-
dikìthta tou plègmatoc. Eis�gontac prosmÐxeic sto sÔsthma kai sp�zontac th summetrÐa
hlektronÐwn-op¸n h antisidhromagnhtik  f�sh dÐnei th jèsh thc se uperagwgimìthta. To
gegonìc autì faÐnetai sto Sq ma 3.3

Tèloc, prin prospaj soume na epilÔsoume proseggistik� to Extended Hubbard mo-
del mÐac z¸nhc pou perigr�fetai apì th Qamiltonian  (3.12) kalì ja  tan na anaferjoÔme
sth qrhsimìthta tou na perigr�fei sÔgqrona leitourgik� ulik� twn opoÐwn h sumperifo-
r� èqei proselkÔsei to endiafèron thc èreunac. Tètoia ulik� eÐnai ta Cuprates, dhlad 
en¸seic oxeidÐwn qalkoÔ, h gonik  ènwsh twn opoÐwn emfanÐzei monwtik  antisidhromagnh-
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Sq ma 3.2: Di�gramma f�shc gia didi�stato tetragwnikì plègma me thn prosèggish tou mèsou pedÐou gia ff = 0.9

kai t′ = 0.2t se mhdenik  jermokrasÐa. H arister  eikìna antistoiqeÐ se elktikì dunamikì V < 0, en¸ h dexi� se

apwstikì V > 0. Kai stic dÔo peript¸seic eÐnai U > 0. Wc AF qarakthrÐzetai h antisidhromagnhtik  f�sh.

Sq ma 3.3: Di�gramma f�shc gia didi�stato tetragwnikì plègma me thn prosèggish tou mèsou pedÐou gia di�forec

timèc thc elktik c allhlepÐdrashc kontinìterwn geitìnwn kai tou par�gonta gemÐsmatoc. To dunamikì U diathreÐtai

stajerì kai Ðso me 4t. Oi dxy kai dx2−y2 eÐnai uperag¸gimec f�seic kai ja exhghjoÔn sth sunèqeia. Phg : [6]

tik  sumperifor� kai di�fora �lla oxeÐdia pou ja mac apasqol soun sth sunèqeia ìpwc ta
LAO-LTO-LVO-STO.

Qr sh tou montèlou sthn perigraf  twn cuprates: H kathgorÐa aut  twn
ulik¸n moir�zetai mia koin  atomik  dom : perièqoun uperag¸gima str¸mata CuO2 qwrizì-
mena apì monwtik� epÐpeda. Peir�mata èqoun deÐxei pwc ta ulik� aut� emfanÐzoun idiìthtec
perissìtero   ligìtero isotropikèc sto epÐpedo twn strwm�twn aut¸n all� idiaÐtera ani-
sotropikèc k�jeta se aut�. Oi hlektronikèc kai magnhtikèc idiìthtec twn en¸sewn aut¸n
kajorÐzontai kurÐwc apì thn hlektronik  dom  twn CuO2 strwm�twn.

Sth gonik  ènwsh h sÔnjesh thc z¸nhc sjènouc gia ta �toma tou qalkoÔ Cu2+ eÐnai
3d9, en¸ aut  twn atìmwn oxugìnou O2− antistoiqeÐ se gem�ta 2p troqiak�. Apì ta 3d

33



troqiak� tou qalkoÔ, lìgw thc Ôparxhc twn kontin¸n atìmwn pou odhgeÐ sthn katastrof 
tou ekfulismoÔ, to dx2−y2 troqiakì eÐnai autì me th megalÔterh enèrgeia kai sunep¸c eÐnai
kat� to  misu kateilhmmèno4. Gia k�je oxugìno, wstìso, ta dÔo apì ta trÐa 2p troqiak� eÐnai
k�jeta me to hmikateilhmmèno troqiakì tou qalkoÔ kai mporoÔn na agnohjoÔn. Sunep¸c,
sth jemeli¸dh kuyelÐda tou str¸matoc emfanÐzontai trÐa troqiak� (to 3dx2−y2 tou Cu kai
èna 2px   2py apì k�je oxugìno) opìte to sÔsthma pou melet�me mporeÐ na perigrafeÐ
apì èna montèlo tri¸n zwn¸n. To gegonìc ìti epik�luyh jewreÐtai mìno metaxÔ troqiak¸n
geitonik¸n atìmwn epitrèpei èna ’tight-binding’ montèlo, ìpwc eÐnai to Hubbard model tri¸n
zwn¸n.

Sq ma 3.4: Dom  tou CuO2 plègmatoc.

QwrÐzontac to epÐpedo CuO2 se mikr� sumplègmata, ìpwc faÐnetai sto aristerì mèroc
tou Sq matoc 3.5 kai upologÐzontac thn Qamiltonian  k�je enìc apì aut� Hi sto montèlo
twn tri¸n zwn¸n mporoÔme na gr�youme

H =
∑
i

Hi +
∑
i,j

Hij (3.13)

ìpou Hij h Qamiltonian  allhlepÐdrashc metaxÔ twn sumplegm�twn. Sth sunèqeia, ako-
louj¸ntac thn poreÐa pou perigr�fetai analutik� sto [7, chapter 5] mporoÔme na antikata-
st soume to k�je sÔmplegma apì èna monadikì shmeÐo plègmatoc, h kat�stash tou opoÐou
antikajist� thn kat�stash tou sumplègmatoc. K�ti tètoio mporeÐ na sumbeÐ an agno soume
tic katast�seic uyhl c enèrgeiac thc Qamiltonian c tri¸n zwn¸n. H fusik  shmasÐa pÐsw
apì aut  thn prosèggish antistoiqeÐ sto na amel soume thn diaspor� twn zwn¸n tou oxu-
gìnou. Oi Zhang kai Rice [8] èdeixan ìti mia op  pou prostÐjetai stic z¸nec tou oxugìnou
dhmiourgeÐ isqurì desmì me thn op  tou atìmou tou qalkoÔ sqhmatÐzontac mia singlet kat�-
stash panw sto shmeÐo. Aut  h kat�stash mporeÐ na idwjeÐ wc kinoÔmenh sto plègma ìpwc
mia op  se antisidhromagnhtikì upìbajro. 'Etsi h fusik  sumperifor� mporeÐ na perigrafeÐ
apì èna montèlo Hubbard miac z¸nhc pou perièqei ton kinhtikì ìro o opoÐoc antistoiqeÐ
ston ìro metap dhshc aut c thc singlet kat�stashc sto montèlo twn tri¸n zwn¸n.

4eÐnai eukolìtero na jewr soume pwc sto ìlo sÔsthma emfanÐzetai apl� mÐa op  sto troqiakì tou
qalkoÔ
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Sq ma 3.5: Diaqwrismìc tou plègmatoc se mikr� sumplègmata kai prosèggish aut¸n apì shmeÐa tou plègmatoc

se èna montèlou mÐac z¸nhc. Phg : [7]

'Ena shmantikì prìblhma pou antimetwpÐzei to montèlo Hubbard miac z¸nhc apoteleÐ to
gegonìc pwc den mporeÐ na exhg sei thn asummetrÐa pou emfanÐzetai sto di�gramma f�shc
ntoparismènwn me hlektrìnia kai opèc qalkidÐwn. Prosjètontac sÔzeuxh peraitèrw geitìnwn
sto montèlo autì sp�zei h summetrÐa hlektronÐou-op c. K�ti tètoio mporeÐ na sumbeÐ me
epituqÐa an l�boume upìyh kai ta 4s troqiak� twn Cu. Sthn perÐptwsh aut , eÐnai gnwstì
[9] ìti se ntoparismèna me opèc qalkÐdia ta oxugìna pou den an koun sto str¸ma CuO2

diamorf¸noun ta 4s troqiak� kai ètsi metab�lloun ton lìgo t′/t shmantik� se sqèsh me ta
ntoparismèna me hlektrìnia qalkÐdia. Sta teleutaÐa den up�rqoun �toma oxugìnou ektìc
str¸matoc pou na metab�lloun ta 4s troqiak� prokal¸ntac thn parathroÔmenh asummetrÐa
hlektronÐou-op c.

Qr sh tou montèlou sthn perigraf  twn oxeidÐwn LAO-LTO-LVO-STO:
Kai ta tèssera aut� ulik� apoteloÔn stoiqeÐa miac meg�lhc kathgorÐac qhmik¸n en¸sewn
me qhmikì tÐtlo ABO3, ìpou sun jwc to A eÐnai èna stoiqeÐo twn alkalÐwn   twn alkalik¸n
gai¸n kai to B èna metabatikì mètallo. Oi en¸seic autèc krustall¸nontai sth dom  tou
kubikoÔ   tetragwnikoÔ perobskÐth pou faÐnetai sto Sq ma 3.6. Sth monadiaÐa kuyelÐda
enìc perobskÐth èna �tomo B katalamb�nei to kèntro tou kÔbou, �toma A tic korufèc tou
kai �toma oxugìnou brÐskontai sta kèntra twn edr¸n tou. 'Opwc  dh perigr�fthke kai sto
pr¸to kef�laio h dom  twn oxeidÐwn aut¸n mporeÐ na idwjeÐ kai isodÔnama wc diadoqik 
epallhlÐa epipèdwn AO kai BO2. Mia shmantik  parat rhsh pou ja faneÐ qr simh eÐnai h
oktaedrik  summetrÐa pou emfanÐzetai stouc perobskÐtec kai h opoÐa faÐnetai sto Sq ma 3.6
wc to okt�edro me kèntro to �tomo tou titanÐou kai me ta èxi oxugìna wc touc kontinìterouc
geÐtonec.

Sth sunèqeia ja perigrafeÐ h perÐptwsh tou LTO miac kai eÐnai h eukolìtera katanoht .
Parìmoia epiqeir mata mporoÔn na diatupwjoÔn kai gia ta �lla trÐa ulik� thc kathgorÐac.
Koit�zontac prosektik�, h jemeli¸dhc kuyelÐda tou LTO apoteleÐtai apì èna katiìn lan-
janÐou tou opoÐou eÐnai pl rhc h exwterik  stib�da, èna katiìn titanÐou me èna hlektrìnio se
exwterikì 3d troqiakì kai trÐa aniìnta oxugìnou me sumplhrwmènh thn exwterik  touc sti-
b�da (LaTiO3 = La3+Ti3+O2−

3 ). Epomènwc, h k�je kuyelÐda diajètei èna hmi-kateilhmmèno
troqiakì pou proèrqetai apì to �tomo tou titanÐou.
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Sq ma 3.6: Dom  perobskÐth gia to LTO.

Lamb�nontac upìyh thn oktaedrik  summetrÐa tou plègmatoc mporeÐ eÔkola na apodei-
qjeÐ mèsw thc jewrÐac om�dwn pwc ta pènte 3d troqiak� tou titanÐou qwrÐzontai se dÔo
kathgorÐec - 3dxy, 3dxz, 3dyz apì th mÐa kai 3dx2−y2 , 3d3z2−r2 apì thn �llh - ètsi, ¸ste na
sp�sei o energeiakìc ekfulism¸n metaxÔ aut¸n twn dÔo. Lìgw diaforetik c epik�luyhc
mporoÔme na diapist¸soume pwc h enèrgeia thc pr¸thc kathgorÐac troqiak¸n eÐnai qamh-
lìterh. Ex�llou, sthn perÐptwsh twn ulik¸n aut¸n faÐnetai peiramatik� na ikanopoieÐtai
to je¸rhma Jahn − Teller, sÔmfwna me to opoÐo ìtan se èna sÔsthma emfanÐzetai ekfu-
lismìc dhmiourgeÐtai kai h t�sh paramìrfwshc gia thn �rsh autoÔ. Sthn perÐptwsh tou
LTO h paramìrfwsh tou plègmatoc sumbaÐnei kat� thn z-kateÔjunsh metatrèpontac th
dom  tou kubikoÔ perobskÐth se tetragwnikì. H paramìrfwsh aut  èqei wc sunèpeia to
troqiakì dxy pou brÐsketai sto xy-epÐpedo na apokt sei mikrìterh enèrgeia twn �llwn dÔo
thc kathgorÐac.

Me ìla ta parap�nw mporoÔme na poÔme pwc sto LTO emfanÐzetai èna hmikateilhmmèno
troqiakì 3dxy an� jemeli¸dh kuyelÐda thc dom c twn tetragwnik¸n perobskit¸n. ArkeÐ
loipìn wc mia kal  prosèggish h perigraf  tou ulikoÔ apì èna montèlo miac z¸nhc se èna
tetragwnikì plègma. Endiafèron emfanÐzei epÐshc to gegonìc pwc oi summetrÐec shmeÐou
pou ikanopoieÐ h dom  tou perobskÐth eÐnai oi Ðdiec me autèc tou tetragwnikoÔ plègmatoc.
Me �lla lìgia, oi di�forec f�seic pou ja emfanisjoÔn se ènan perobskÐth mporoÔn na
anazhthjoÔn kai se èna tetragwnikì plègma.

3.4 Prosèggish mèsou pedÐou

'Hdh èqoun suzhthjeÐ oi lìgoi gia touc opoÐouc prèpei na prostejoÔn oi allhlepidr�seic
metaxÔ twn hlektronÐwn sth melèth twn f�sewn twn ulik¸n. To Extended Hubbard model
eÐnai èna montèlo pou perièqei allhlepidr�seic metaxÔ hlektronÐwn sto Ðdio   se kontin�
shmeÐa tou plègmatoc. Akìma kai autì to aplì montèlo, wstìso, perièqei ènan ìro sthn
Qamiltonian  me tèsseric telestèc Fermi kai sunep¸c den eÐnai akrib¸c epilÔsimo.
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Mia sunhjismènh prosèggish tou ìrou allhlepidr�sewn thc Qamiltonian c eÐnai aut 
tou mèsou pedÐou. H sunolik  Qamiltonian  pou prokÔptei me thn efarmog  thc jewrÐac
mèsou pedÐou perièqei mìno telestèc enìc s¸matoc kai ètsi to arqikì prìblhma poll¸n
swm�twn proseggÐzetai apì èna prìblhma enìc s¸matoc to opoÐo eÐnai ek twn pragm�twn
epilÔsimo.

Ac upojèsoume dÔo fermionikoÔc telestèc A kai B oi opoÐoi mporoÔn na grafoÔn wc

A = (A− < A >)+ < A >

B = (B− < B >)+ < B >

wc to �jroisma, dhlad , thc mèshc tim c touc kai thc diakÔmanshc gÔrw apì thn mèsh tim .
O telest c AB me th qr sh thc parap�nw graf c paÐrnei th morf 

AB = [(A− < A >)+ < A >][(B− < B >)+ < B >]

= (A− < A >)(B− < B >) + (A− < A >) < B >

+ < A > (B− < B >)+ < A >< B >

= (A− < A >)(B− < B >) +A < B > − < A >< B >

+ < A > B− < A >< B > + < A >< B >

= (A− < A >)(B− < B >) +A < B > + < A > B− < A >< B >

H prosèggish tou mèsou pedÐou ègkeitai sto na agno soume ton pr¸to ìro thc prohgoÔmenhc
sqèshc pou eÐnai tetragwnikìc wc proc tic diakum�nseic kai sunep¸c anamènetai amelhtèoc:

AB ≈ A < B > + < A > B− < A >< B > (3.14)

H prosèggish aut  tou ginomènou twn dÔo telest¸n ousiastik� apoteleÐ th sÔzeuxh tou
enìc ìrou me to mèso pedÐo tou �llou kai th sÔzeuxh tou deÔterou telest  me to mèso pedÐo
tou pr¸tou. Telik� afaireÐtai to ginìmeno twn mèswn tim¸n gia na mhn prosmetrhjeÐ dÔo
forèc.

H efarmog  thc prosèggishc (3.14) ston ìro allhlepidr�sewn thc Qamiltonian c eÐnai
�mesh. ExaitÐac twn antimetajetik¸n sqèsewn twn fermionik¸n telest¸n ston ìro autì

c†i↑c
†
j↓cj↓ci↑ = c†i↑ci↑c

†
j↓cj↓

= −c†i↑cj↓c
†
j↓ci↑

(3.15)

mporoÔme na efarmìsoume thn prosèggish mèsou pedÐou gia k�je dunatì zeÔgoc telest¸n
tou ìrou allhlepidr�sewn, apì th stigm  pou k�je sunduasmìc mporeÐ na èqei k�poia sh-
mantik  summetoq  sto mèso pedÐo:

c†i↑c
†
j↓cj↓ci↑ ≈< c†i↑ci↑ > c†j↓cj↓ + c†i↑ci↑ < c†j↓cj↓ > − < c†i↑ci↑ >< c†j↓cj↓ >

− < c†i↑cj↓ > c†j↓ci↑ − c
†
i↑cj↓ < c†j↓ci↑ > + < c†i↑cj↓ >< c†j↓ci↑ >

+ < c†i↑c
†
j↓ > cj↓ci↑ + c†i↑c

†
j↓ < cj↓ci↑ > − < c†i↑c

†
j↓ >< cj↓ci↑ >

(3.16)

ìpou ta prìshma ofeÐlontai ston par�gonta -1 pou upeisèrqetai gia k�je met�jesh metaxÔ
dÔo telest¸n. Ta ginìmena mèswn tim¸n pou emfanÐzontai sthn Ex.(3.16) lègontai ìroi ke-
noÔ kai parìti diadramatÐzoun shmantikì rìlo ston upologismì thc jemeli¸douc kat�stashc

37



tou sust matoc, se autì to st�dio den ephre�zoun th melèth tou montèlou opìte kai ja
paralhfjoÔn.

Sthn parap�nw proseggistik  Qamiltonian  o k�je telest c c†µcµ′ -  ìmoia o c†µc
†
µ′ me

m,m' katast�seic {|iσ〉 , |jσ′〉}- eÐnai shmantikìc mìno ìtan h mèsh tou tim  eÐnai mh mhdenik .

OrÐzoume, loipìn tic paramètrouc:

< ni↑ >=< c†i↑ci↑ > perigr�fei ton mèso arijmì hlektronÐwn me spin ↑ sto
shmeÐo Ri

< ni↓ >=< c†i↓ci↓ > perigr�fei ton mèso arijmì hlektronÐwn me spin ↓ sto
shmeÐo Ri

Φij =< cj↓ci↑ > perigr�fei zeÔgoc op¸n sta shmeÐa Ri kai Rj
Φ∗ij =< c†i↑c

†
j↓ > perigr�fei zeÔgoc hlektronÐwn sta shmeÐa Ri kai Rj

H par�metroc Φij mporeÐ na analujeÐ peraitèrw5 se summetrikì mèroc ∆ij sthn antallag 
twn shmeÐwn i kai j kai se antisummetrikì Πij , Φij = ∆ij + Πij , me

• ∆ij =< cj↓ci↑ > + < ci↓cj↑ >

• Πij =< cj↓ci↑ > − < ci↓cj↑ >

AntÐjeta me to ti sumbaÐnei kat� thn enallag  twn deikt¸n thc jèshc, exaitÐac twn metaje-
tik¸n sqèsewn pou isqÔoun gia touc fermionikoÔc telestèc, kat� thn enallag  twn spin h
par�metroc ∆ij einai antisummetrik , en¸ h Πij summetrik .

Oi dunatèc timèc pou mporeÐ na p�rei to olikì spin enìc zeÔgouc op¸n (  hlektronÐwn)
eÐnai S = 1 kai S = 0. Gia tic katast�seic autèc èqoume

S = 0→ |↑↓〉 − |↓↑〉

S = 1→ Sz =


1 → |↑↑〉
0 → |↑↓〉+ |↓↑〉
−1 → |↓↓〉

(3.17)

Oi katast�seic zeÔgouc op¸n me S = 0 lègontai singlet katast�seic, en¸ autèc me sunolikì
spin S = 1 triplet.

'Eqontac apokleÐsei allhlepidr�seic metaxÔ hlektronÐwn me to Ðdio spin, parathroÔme ìti
prokÔptoun katast�seic me zeÔgh op¸n antisummetrik� wc proc thn enallag  pou perigr�-
fontai mèsw thc paramètrou ∆ij -h opoÐa èqei th summetrÐa thc kat�stashc tou zeÔgouc gia
S = 0- kai katast�seic me zeÔgh hlektronÐwn summetrik� sthn enallag  -me thn Ðdia sum-
metrÐa me to zeÔgoc gia S = 1 kai Sz = 0. MporoÔme na poÔme sunep¸c, pwc h par�metroc
∆ij perigr�fei singlet uperag¸gimec katast�seic, en¸ h Πij triplet katast�seic.

'Oson afor� ton ìro < c†i↑cj↓ > (kai ton antÐstoiqo < c†i↓cj↑ >) perigr�fei metakÐnhsh
hlektronÐou apì èna shmeÐo tou plègmatoc se èna �llo me tautìqronh enallag  tou spin

5Mia tètoia peraitèrw an�ptuxh den èqei nìhma sthn perÐptwsh i = j opìte orÐzoume apl� ∆ii =<
ci↓ci↑ >
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tou. Wstìso, èqoume apokleÐsei tètoiec metabolèc tou spin opìte oi par�metroi < c†i↑cj↓ >

kai < c†i↓cj↑ > jewroÔntai ex arq c mhdenikèc.
H Qamiltonian  mèsou pedÐou pou prokÔptei apì thn prosèggish pou k�name gr�fetai

HMF − µN = −t
∑
i,j

∑
σ

δi,j+ρc
†
iσcjσ + t′

∑
i,j

∑
σ

δi,j+ρ′c
†
iσcjσ − µ

∑
i,j

c†iσciσ

+ U
∑
i

[< ni↑ > c†i↓ci↓+ < ni↓ > c†i↑ci↑− < ni↓ >< ni↓ >

+ ∆iici↓ci↑ + ∆∗iic
†
i↑c
†
i↓ −∆ii∆

∗
ii]

+ V
∑
i

δi,j+ρ[< ni↑ > c†j↓cj↓+ < ni↓ > c†j↑cj↑− < ni↓ >< nj↓ >

+ (∆ij + Πij)cj↓ci↑ + (∆∗ij + Π∗ij)c
†
i↑c
†
j↓ − (∆ij + Πij)(∆

∗
ij + Π∗ij)]

(3.18)

Gia ton upologismì twn mèswn tim¸n pou emfanÐsthkan sthn Qamiltonian  mèsou pedÐou
dÔo eÐnai oi kat�llhlec mèjodoi:

• ProsdiorÐzont�c tec autosunep¸c qrhsimopoi¸ntac th Qamiltonian  mèsou pedÐou:

< c†µcµ′ >=
1

ZMF
Tr{e−β(HMF−µN)c†µcµ′}

• Wc oi timèc pou elaqistopoioÔn to meg�lo dunamikì tou sust matoc me thn prosèggish
tou mèsou pedÐou:

∂ΩMF

∂c†µcµ′
= 0

Kai me tic dÔo mejìdouc prokÔptoun exis¸seic autosunèpeiac wc proc thn par�metro pou
melet�me kai oi dÔo mèjodoi autèc eÐnai isodÔnamec6.

Gia na mporèsoume na upologÐsoume tic paramètrouc ∆ij ,Πij , < ni↑ > kai < ni↓ > mèsw
twn exis¸sewn autosunèpeiac prèpei na diagwnopoi soume thn Qamiltonian  mèsou pedÐou
kai na upologÐsoume tic idioenèrgeièc thc.

3.5 Formalismìc Bogoliubov - de Gennes

Prìtash: Gia thn epÐlush opoiasd pote Qamiltonian c pou paÐrnei th morf 

H =
∑
ij

α†ihijαj (3.19)

me h ènan tetragwnikì pÐnaka, arkeÐ h diagwnopoÐhsh tou h kai sth sunèqeia to gèmisma twn
energeiak¸n epipèdwn pou prokÔptoun wc idioenèrgeiec me oioneÐ swmatÐdia, me trìpo pou
ikanopoieÐ thn apagoreutik  arq  Pauli.

6An h jewrÐa mèsou pedÐou den dÐnei 'swst�' apotelèsmata tìte eÐte den epilèqjhkan oi swstèc par�metroi
gia to mèso pedÐo   h mèjodoc apotugq�nei kai �lla ergaleÐa apaitoÔntai
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3.5.1 Spinoriakìc Formalismìc kat� Nambu

H Qamiltonian  mèsou pedÐou plèon perièqei mìno telestèc enìc s¸matoc kai mporeÐ su-
nep¸c na diagwnopoihjeÐ mèsw enìc kanonikoÔ metasqhmatismoÔ. Pr¸toc stìqoc apoteleÐ
h graf  thc proseggistik c Qamiltonian c (3.18) sthn parap�nw morf  (3.19), ¸ste na
mporèsoume sth sunèqeia na th diagwnopoi soume kai na katal xoume se ènan enopoihmè-
no formalismì gia thn perigraf  katast�sewn zeug¸n hlektronÐou-hlektronÐou, zeug¸n
hlektronÐou-op c kai gia th sunÔparx  touc.

Gia ton lìgo autì eis�getai o spÐnorac

Ψ†i = (c†i↑ ci↓) (3.20)

kai o anastrofosuzug c tou

Ψi =

(
ci↑
c†i↓

)
(3.21)

me qr sh tou opoÐou h Qamiltonian  mèsou pedÐou gr�fetai

HMF − µN =
∑
i,j

Ψ†i

(
εij +Nij↓ Wij

W ∗ij −εji −Nji↑

)
Ψj (3.22)

ìpou7

εij = −tδi,j+ρ + t′δi,j+ρ′ − µδij (3.23)

Nijσ = U < niσ > δij + V < ni+ρ,σ > δij (3.24)

kai
Wij = Uδi,jΦij + V δi,j+ρΦij (3.25)

FaÐnetai amèswc h shmasÐa thc eisagwg c tou spÐnora (3.20) kaj¸c h Qamiltonian  paÐrnei

plèon thn prosdok¸menh morf 
∑

ij Ψ†ihijΨj me ton h na eÐnai ènac 2N tetragwnikìc pÐnakac

h =

(
T ∆
∆∗ −T ∗

)
pou apoteleÐtai apì:

• ènan N × N upopÐnaka T (kai ton suzug  tou) pou perièqei tic enèrgeiec met�bashc
metaxÔ ìlwn twn dunat¸n shmeÐwn tou plègmatoc kai ta mèsa fortÐa sta shmeÐa aut�

• ènan N × N upopÐnaka D (kai ton suzug  tou) pou perièqei tic paramètrouc pou
perigr�foun zeÔgh op¸n (kai hlektronÐwn).

7ta arnhtik� prìshma sto teleutaÐo stoiqeÐo proèkuyan lìgwn twn antimetajetik¸n sqèsewn pou isqÔ-
oun stouc fermionikoÔc telestèc ciσc

†
jσ′ = −c†jσ′ciσ
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3.5.2 DiagwnopoÐhsh Qamiltonian c - metasqhmatismìc
Bogoliubov-de Gennes

H diagwniopoÐhsh thc Qamiltonian c h epitugq�netai eis�gontac ton parak�tw metasqh-
matismì, gnwstìc kai wc metasqhmatismìc Bogoliubov-de Gennes:

ci↑ =
∑
n

(γn↑uni − γ†n↓v
∗
ni)

ci↓ =
∑
n

(γn↓uni + γ†n↑v
∗
ni)

(3.26)

kai gia touc antÐstoiqouc telestèc dhmiourgÐac:

c†i↑ =
∑
n

(γ†n↑u
∗
ni − γn↓vni)

c†i↓ =
∑
n

(γ†n↓u
∗
ni + γn↑vni)

(3.27)

ìpou oi gnwstoÐ telestèc dhmiourgÐas-katastrof c swmatidÐwn sth jèsh Ri me spin σ gr�-
fontai wc grammikoÐ sunduasmoÐ 2N nèwn telest¸n dhmiourgÐac kai katastrof c antÐstoiqa
oioneÐ swmatidÐwn stic katast�seic n, en¸ oi uni, vni kai oi suzugeÐc touc apoteloÔn mi-
gadikoÔc suntelestèc proc eÔresh gia na epiteuqjeÐ h diagwniopoÐhsh thc Qamiltonian c
wc8:

HMF − µN = E0 +
∑
n,σ

Enγ
†
nσγnσ (3.28)

Me �lla lìgia, oi katast�seic n eÐnai oi idiokatast�seic thc Qamiltonian c mèsou pedÐou
kai oi γnσ† , γnσ oi telestèc dhmiourgÐac - katastrof c sthn b�sh twn idiokatast�sewn thc
HMF .

Oi telestèc autoÐ ofeÐloun na diathr soun ton fermionikì qarakt ra twn telest¸n
ciσ† kai ciσ kaj¸c h morf  touc prèpei na parameÐnei amet�blhth k�tw apì kanonikoÔc
metasqhmatismoÔc

{c†iσcjσ′} = δijδσσ′ {γ†nσγmσ′} = δmnδσσ′

{c†iσc
†
jσ′} = 0 {γ†nσγ†mσ′} = 0

{ciσcjσ′} = 0 {γnσγmσ′} = 0

Sth sunèqeia ja upologÐsoume touc suntelestèc uni, vni:

• Arqik� upologÐzoume ton metajèth thc Qamiltonian c (3.18) me ton telest  katastro-

8E0 eÐnai h enèrgeia thc jemeli¸douc kat�stashc kai En h enèrgeia miac stoiqei¸douc diègershc enìc
oioneÐ swmatidÐou sthn kat�stash n me spin σ
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f c ci↑

[HMF − µN, ci↑] = [
∑
l,j,σ

εljc
†
lσcjσ +

∑
l,j,σ

Nljσc
†
j,−σcj,−σ

+
∑
l,j

W ∗ljc
†
l↑c
†
j↓ +

∑
l,j

Wljcl↓cj↑, ci↑]

= [
∑
l,j,σ

εljc
†
lσcjσ, ci↑] + [

∑
l,j,σ

Nljσc
†
j,−σcj,−σ, ci↑]

= [
∑
l,j

W ∗ljc
†
l↑c
†
j↓, ci↑] + [

∑
l,j

Wljcl↓cj↑, ci↑]

=
∑
l,j,σ

εlj [c
†
lσcjσ, ci↑] +

∑
l,j,σ

Nljσ[c†j,−σcj,−σ, ci↑]

+
∑
l,j

W ∗lj [c
†
l↑c
†
j↓, ci↑] +

∑
l,j

Wlj [cl↓cj↑, ci↑]

K�nontac qr sh thc genik c idiìthtac gia treic telestèc [AB,C] = A{B,C} −
{A,C}B èqoume telik�

[HMF − µN, ci↑] =
∑
l,j,σ

εlj(c
†
lσ{cjσ, ci↑} − {c

†
lσ, ci↑}cjσ)

+
∑
l,j,σ

Nljσ(c†j,−σ{cj,−σ, ci↑} − {c
†
j,−σ, ci↑}cj,−σ)

+
∑
l,j

W ∗lj(c
†
l↑{c

†
j↓, ci↑} − {c

†
l↑, ci↑}c

†
j↓)

+
∑
l,j

Wlj(cl↓{cj↑, ci↑} − {cl↓, ci↑}cj↑)

kai me th bo jeia twn antimetajetik¸n sqèsewn gia touc telestèc dhmiourgÐac - kata-
strof c katal goume sthn

[HMF − µN, ci↑] = −
∑
j

εijcj↑ −
∑
j

Nji↓ci↑ −
∑
j

W ∗ijc
†
j↓ (3.29)

an eis�goume ton metasqhmatismì (3.26)-(3.27) h parap�nw metajetik  sqèsh gr�fetai
telik�

[HMF − µN, ci↑] = −
∑
n

γn↑

∑
j

εijunj + uni
∑
j

Nji↓ +
∑
j

W ∗ijvnj


+ γ†n↓

−∑
j

εijv
∗
nj − v∗ni

∑
j

Nji↓ +
∑
j

W ∗iju
∗
nj

 (3.30)
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• Me thn Ðdia akrib¸c diadikasÐa brÐskoume thn metajetik  sqèsh metaxÔ thc Qamilto-

nian c me ton telest  dhmiourgÐac c†i↑. ProkÔptei

[HMF − µN, c†i↑] = −
∑
j

εjic
†
j↑ − c

†
i↑

∑
j

Nji↓ −
∑
j

Wjicj↓

= −
∑
n

γn↓

−∑
j

εjivnj − vni
∑
j

Nji↓ +
∑
j

Wjiunj


+ γ†n↑

∑
j

εjiu
∗
nj + u∗ni

∑
j

Nji↓ +
∑
j

Wjiv
∗
nj


(3.31)

• Sth sunèqeia, upologÐzoume ton metajèth thc diagwnopoihmènhc morf c thc Qamilto-
nian c me ton telest  katastrof c ci↑

[HMF − µN, ci↑] = [
∑
n,σ

Enγ
†
nσγnσ, ci↑]

= [
∑
n,σ

Enγ
†
nσγnσ,

∑
m

(γm↑umi − γ†m↓v
∗
mi)]

=
∑
n,m,σ

(
Enumi[γ

†
nσγnσ, γm↑]− Env∗mi[γ†nσγnσ, γ

†
m↓]
)

=
∑
n,σ,m

(
Enumi(γ

†
nσ{γnσ, γm↑} − {γ†nσ, γm↑}γnσ

)
− Env∗mi

(
γ†nσ{γnσ, γ

†
m↓} − {γ

†
nσ, γ

†
m↓}γnσ

)
= −

∑
n

(
Enuniγn↑ − Env∗niγ

†
n↓

)

(3.32)

kai me ton telest  dhmiourgÐac c†i↑

[HMF − µN, c†i↑] = [
∑
n,σ

Enγ
†
nσγnσ, c

†
i↑]

= −
∑
n

(
Enu

∗
niγ
†
n↑ − Envniγn↓

) (3.33)

• Oi antimetajetikèc sqeseic twn telest¸n dhmiourgÐac - katastrof c me thn Qamil-
tonian  prèpei na eÐnai anex�rthtec thc b�shc sthn opoÐa ekfr�zetai h teleutaÐa.
Epomènwc exis¸nontac touc antÐstoiqouc suntelestèc twn sqèsewn (3.30)-(3.31) kai
(3.32)-(3.33) èqoume∑

j

εijunj + uni
∑
j

Nji↓ +
∑
j

W ∗ijvnj = Enuni∑
j

εjivnj + vni
∑
j

Nji↓ −
∑
j

Wjiunj = Envni

43



  se mhtrik  morf  (
T ∆
∆∗ −T ∗

)(
un
vn

)
= En

(
un
vn

)
(3.34)

To prìblhma tou prosdiorismoÔ twn suntelest¸n uni, vni metatrèpetai, ìpwc faÐnetai apì
thn (3.34) sthn epÐlush enìc probl matoc idiotim¸n kai idiodianusm�twn gia ton arqikì
pÐnaka h thc Qamiltonian c ston spinariakì formalismì.

H Qamiltonian  mèsou pedÐou gr�fetai

HMF =
∑
n

(γ†n↑ γn↓)

(
En 0
0 −En

)(
γn↑
γ†n↓

)
(3.35)

ìpou to −En ofeÐletai sto gegonìc oti γn↓γ
†
n↓ = −γ†n↓γn↓

3.5.3 Upologismìc twn paramètrwn mèsou pedÐou-
Exis¸seic autosunèpeiac

Oi par�metroi pou proèkuyan apì thn prosèggish tou mèsou pedÐou Φij kaj¸c kai < ni↑ >
kai < ni↓ > mporoÔn na upologisjoÔn me th qr sh tou metasqhmatismoÔ Bogoliubov-de
Gennes kai tic exis¸seic pou proèkuyan gia tic �gnwstec stajerèc uni kai vni

< niσ > =< c†iσciσ >

=<
∑
n

(γ†nσu
∗
ni − γn,−σvni)

∑
m

(γmσumi − γ†m,−σv∗mi) >

=<
∑
m,n

(u∗niumiγ
†
nσγmσ − u∗niv∗miγ†nσγ

†
m,−σ

− vniumiγn,−σγmσ + vniv
∗
miγn,−σγ

†
m,−σ) >

=
∑
m,n

(u∗niumi < γ†nσγmσ > −u∗niv∗mi < γ†nσγ
†
m,−σ >

− vniumi < γn,−σγmσ > +vniv
∗
mi < γn,−σγ

†
m,−σ) >

=
∑
n

[
|uni|2nF (En) + |vni|2(1− nF (En))

]

(3.36)

ìpou nF (En) h katanom  Fermi-Dirac kai h parousÐa thc prokÔptei apì to gegonìc ì-

ti h kat�llhlh antimetajetik  sqèsh se peperasmènh jermokrasÐa eÐnai < γ†nσγmσ′ >=
δnmδσσ′nF (En).
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'Omoia gia tic ∆ij kai Πij èqoume

∆ij =< cj↓ci↑ > + < ci↓cj↑ >

=<
∑
n

(γn↓unj + γ†n↑v
∗
nj)
∑
m

(γm↑umi − γ†m↓v
∗
mi) >

+ <
∑
n

(γn↓uni + γ†n↑v
∗
ni)
∑
m

(γm↑umj − γ†m↓v
∗
mj) >

=
∑
m,n

(
(unjumi + uniumj) < γn↓γm↑ > −(unjv

∗
mi + univ

∗
mj) < γn↓γ

†
m↓ >

+ (v∗njumi + v∗niumj) < γ†n↑γm↑ > −(v∗njv
†
mi + v∗niv

∗
mj) < γ†n↑γ

†
m↑ >

=
∑
n

(
−(unjv

∗
ni + univ

∗
nj) < γn↓γ

†
n↓ > +(v∗njuni + v∗niunj) < γ†n↑γn↑ >

)
=
∑
n

(
(unjv

∗
ni + univ

∗
nj)(< γ†n↓γn↓ > + < γ†n↑γn↑ >)

)
= 2

∑
n

(unjv
∗
ni + univ

∗
nj)nF (En)

(3.37)

kai antÐstoiqa Πij = 2
∑

n(unjv
∗
ni − univ∗nj)nF (En).

Oi parap�nw sqèseic (3.36) kai (3.37) ekfr�zoun tic paramètrouc tou mèsou pedÐou Φij

kai < niσ > sunart sei twn suntelest¸n uni kai vni oi opoÐoi èqoun mèsw thc (3.34)
ex�rthsh apì tic pr¸tec, apotel¸ntac ètsi exis¸seic autosunèpeiac oi opoÐec mporoÔn na
lujoÔn me arijmhtikì trìpo.

Me b�sh ta parap�nw, gia thn eÔresh twn paramètrwn:

• Upojètoume arqik� tuqaÐec timèc gia tic Φij kai < niσ >

• EpilÔoume to prìblhma idiotim¸n prosdiorÐzontac tic idioenèrgeiec En kai ta 2N idio-

dianÔsmata

(
uni
vni

)
diast�sewn 2N × 1

• Mèsw twn exis¸sewn autosunèpeiac upologÐzoume tic nèec timèc twn paramètrwn

H diadikasÐa aut  epanalamb�netai mèqri th sÔgklish twn paramètrwn stic swstèc touc,
peperasmènec   mhdenikèc, timèc.

3.6 Meg�lo dunamikì ston formalismì Bogoliubov-de
Gennes

Sthn par�grafo aut  ja upologisjeÐ analutik� to meg�lo dunamikì tou sust matoc pou
perigr�fetai apì th Qamiltonian  mèsou pedÐou (3.18) kaj¸c sÔmfwna me thn prìtash thc
paragr�fou 2.2 aut  eÐnai h posìthta pou ja prèpei na elaqistopoihjeÐ k�tw apì stajerì
qhmikì dunamikì gia thn eÔresh twn paramètrwn tou mèsou pedÐou.
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Xekin¸ntac apì th sqèsh thc paragr�fou ekeÐnhc pou dÐnei th genik  morf  tou meg�lou
dunamikoÔ sto megalokanonikì sÔnolo èqoume

Ω = − 1

β
lnZ

= − 1

β
ln
(
Tr
{
e−β(HMF−µN)

}) (3.38)

Antikajist¸ntac thn diagwnopoihmènh Qamiltonian  Ôstera apì ton metasqhmatismì Bogoliubov-
de Gennes (3.28)

Ω = − 1

β
ln
(
Tr
{
e−β(E0+

∑
n Enγ

†
nγn)

})
= − 1

β
ln
(
Tr
{
e−βE0e−β

∑
n Enγ

†
nγn
})

= − 1

β
ln
(
e−βE0Tr

{
e−β

∑
n Enγ

†
nγn
})

= E0 −
1

β
ln
(
Tr
{
e−β

∑
n Enγ

†
nγn
})

(3.39)

ìpou E0 h enèrgeia thc jemeli¸douc kat�stashc pou onom�same kai ìro kenoÔ. Perilamb�nei
de ìlouc touc stajeroÔc ìrouc thc Qamiltonian c mèsou pedÐou pou agno jhkan kat� thn
an�lush sthn antÐstoiqh par�grafo. H enèrgeia aut  eÐnai h enèrgeia pou apaiteÐtai gia th
dhmiourgÐa twn mèswn pedÐwn kai dÐnetai apì th sqèsh

E0 = V
∑
i,j

(
∆∗ij + Π∗ij

)
(∆ij + Πij) δi,j+ρ + U

∑
i

(∆∗ii∆ii+ < ni↑ >< ni↓ >) (3.40)

Sth sunèqeia, qrhsimopoi¸ntac idiìthtec ekjetik¸n kai logarijmik¸n sunart sewn h
(3.39) gr�fetai

Ω = E0 −
1

β
ln

(
Tr

{∏
n

e−β
∑
n Enγ

†
nγn

})

= E0 −
1

β
ln

(∏
n

Tr
{
e−β

∑
n Enγ

†
nγn
})

= E0 −
1

β

∑
n

ln
(
Tr
{
e−β

∑
n Enγ

†
nγn
})

(3.41)

O telest c γ†nγn apoteleÐ ton telest  tou arijmoÔ kat�lhyhc thc kat�stashc n twn oioneÐ
swmatidÐwn kai lìgw tou fermionikoÔ qarakt ra twn telest¸n dhmiourgÐac kai katastrof c
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oi idiotimèc tou, Nm, eÐnai 0 kai 1. Telik�:

Ω = E0 −
1

β

∑
n

ln

(∑
m

e−βEnNm

)
= E0 −

1

β

∑
n

ln
(
e−βEn0 + e−βEn1

)
= E0 −

1

β

∑
n

ln
(

1 + e−βEn
) (3.42)

H sqèsh (3.42) eÐnai aut  pou ja qrhsimopoihjeÐ gia thn elaqistopoÐhsh tou meg�lou duna-
mikoÔ kat� th diadikasÐa epÐlushc twn exis¸sewn autosunèpeiac.
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Kef�laio 4

Katast�seic t�xewc sto
Extended Hubbard Model kai h
anaz ths  touc

4.1 To Extended Hubbard Model ston q¸ro twn orm¸n

Gia thn eÔresh twn pijan¸n katast�sewn t�xhc pou eÐnai dunatìn na prokÔyoun kai na
exhghjoÔn mèsw tou Extended Hubbard Model eÐnai bolikì na metafèroume thn Qamilto-
nianh tou montèlou (3.18) ston q¸ro twn orm¸n. K�ti tètoio mporeÐ na epiteuqjeÐ me thn
qr sh twn antistrìfwn sqèsewn twn (3.3), dhlad  twn

ciσ =
1√
N

∑
i

ejkRickσ kai c†iσ =
1√
N

∑
i

e−jkRic†kσ (4.1)

kai thn antikat�stas  touc sthn Qamiltonian  mèsou pedÐou.
Me thn qr sh twn parap�nw sqesewn stouc kinhtikoÔc ìrouc thc Qamiltonian c brÐ-

skoume

• O kinhtikìc ìroc pou antistoiqeÐ stouc kontinìterouc geÐtonec metasqhmatizètai wc

− t
∑
i,j

∑
σ

δi,j+ρc
†
iσcjσ =

=
−t
N

∑
i,j

∑
σ

∑
k,k′

δi,j+ρe
−jkRiejk

′Rjc†kσck′σ

=
−t
N

∑
i

∑
σ

∑
k,k′

e−jkRi

(∑
ρ

δi,j+ρe
jk′(Ri+ρ)

)
c†kσck′σ

= −t
∑
σ

∑
k,k′

(∑
i

1

N
e−j(k−k

′)Ri

)
2(cos k′x + cos k′y + cos k′z)c

†
kσck′σ

= −2t
∑
k′,σ

(cos kx + cos ky + cos kz)c
†
kσckσ

(4.2)
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ìpou1 sto teleutaÐo b ma qrhsimopoi jhke h sqèsh plhrìthtac∑
i

e−jRi(k−k
′) = Nδkk′

en¸ sto prohgoÔmeno b ma ègine h antikat�stash∑
ρ

ejk
′ρ = ejk

′(1,0,0) + ejk
′(−1,0,0) + ..+ ejk

′(0,0,−1)

= 2(cos k′x + cos k′y + cos k′z)

• Me thn Ðdia logik  gia touc amèswc kontinìterouc geÐtonec:

t′
∑
i,j

∑
σ

δi,j+ρ′c
†
iσcjσ

=
t′

N

∑
i,j

∑
σ

∑
k,k′

δi,j+ρ′e
−jkRiejk

′Rjc†kσck′σ

= 4t′
∑
k′,σ

(cos kx cos ky + cos kx cos kz + cos ky cos kz)c
†
kσckσ

(4.3)

me th bo jeia thc parap�nw sqèshc plhrìthtac kaj¸c kai thc sqèshc∑
ρ′

ejk
′ρ′ = ejk

′(1,1,0) + ejk
′(−1,1,0) + ..+ ejk

′(0,−1,−1)

= 2(cos(k′x + k′y) + cos(k′x − k′y) + cos(k′x + k′z)

+ cos(k′x − k′z) + cos(k′y + k′z) + cos(k′y − k′z))
= 4(cos k′x cos k′y + cos k′x cos k′z + cos k′y cos k′z)

• O ìroc tou qhmikoÔ dunamikoÔ gr�fetai

−µ
∑
i

∑
σ

c†iσciσ = −µ
∑
k

∑
σ

c†kσckσ (4.4)

Epomènwc, to eleÔjero mèroc thc Qamiltonian c mèsou pedÐou ston q¸ro twn orm¸n paÐrnei
thn diag¸nia morf 

H =
∑
k,σ

εkc
†
kσckσ (4.5)

me

εk = −2t(cos kx+cos ky +cos kz)+4t′(cos kx cos ky +cos kx cos kz +cos ky cos kz−µ (4.6)

Gia touc ìrouc allhlepÐdrashc thc Qamiltonian c mporoÔme na gr�youme

1An o ìroc metap dhshc eÐnai diaforetikìc se mÐa   perissìterec kateujÔnseic, k�ti idiaÐtera qr simo
gia thn melèth anisotropik¸n ulik¸n, tìte o arqikìc ìroc qwrÐzetai se ajroÐsma gia thn k�je kateÔjunsh
kai efarmìzetai h Ðdia diadikasÐa. Sun jwc ta ulik� pou mac endiafèroun eÐnai anisotropik� sthn mÐa
dieÔjunsh kai mporoÔn na jewrhjoÔn didi�stata me polÔ kal  prosèggish. Se aut  thn perÐptwsh o ìroc
met�bashc kat� thn mÐa dieÔjunsh, èstw z, jewreÐtai suqn� amelhtèoc kai ètsi mporoÔn na agnohjoÔn oi
sunist¸sec stic opoÐec suneisfèrei
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• O ìroc allhlepÐdrashc sto Ðdio shmeÐo tou plègmatoc metasqhmatÐzetai:

U
∑
i

c†i↑c
†
i↓ci↓ci↑

= U
1

N2

∑
i

∑
k,k′,k′′,k′′′

e−jRi(k+k′−k′′−k′′′)c†k↑c
†
k′↓ck′′↓ck′′′↑

= U
∑

k,k′,k′′,k′′′

(
1

N2

∑
i

e−jRi(k+k′−k′′−k′′′)

)
c†k↑c

†
k′↓ck′′′↓ck′′′↑

= U
∑

k,k′,k′′,k′′′

(
δk+k′,k′′+k′′′ + δk−k′′,k′′′−k′ + δk−k′′′,k′′−k′

)
c†k↑c

†
k′↓ck′′↓ck′′′↑

= U
∑
k,k′,q

c†k↑c
†
−(k+q)↓c−(k′+q)↓ck′↑

+ U
∑
k,k′,q

c†k↑c
†
(k′+q)↓c(k+q)↓ck′↑

+ U
∑
k,k′,q

c†k↑c
†
k′↓c(k′+q)↓c(k+q)↑

(4.7)

ìpou tèjhke Ðsoc me −q o k�je ìroc thc k�je isìthtac pou ofeÐloun na ikanopoioÔn
ta k, k′, k′′, k′′′ gia na mhn mhdenÐzetai o antÐstoiqoc ìroc tou ajroÐsmatoc.

• O ìroc allhlepÐdrashc sta geitonik� shmeÐa tou plègmatoc metasqhmatÐzetai:

V
∑
i,j

δi,j+ρc
†
i↑c
†
j↓cj↓ci↑

= V
1

N2

∑
i,j

∑
k,k′,k′′,k′′′

δi,j+ρe
−jkRie−jk

′Rjejk
′′Rjejk

′′′Ric†k↑c
†
k′↓ck′′↓ck′′′↑

= V
1

N2

∑
i,j

∑
k,k′,k′′,k′′′

δi,j+ρe
−jRi(k−k′′′)e−jRj(k

′−k′′)c†k↑c
†
k′↓ck′′↓ck′′′↑

= V
1

N2

∑
i,j

∑
k,k′,k′′,k′′′

e−jRi(k−k
′′′+k′−k′′)

∑
ρ

e−jρ(k′−k′′)c†k↑c
†
k′↓ck′′↓ck′′′↑

= V
∑

k,k′,k′′,k′′′

 1

N2

∑
i,j

e−jRi(k−k
′′′+k′−k′′)

 f(k′, k′′)c†k↑c
†
k′↓ck′′↓ck′′′↑

= V
∑
k,k′,q

f(−(k + q),−(k′ + q))c†k↑c
†
−(k+q)↓c−(k′+q)↓ck′↑

+ V
∑
k,k′,q

f(k + q, k′ + q)c†k↑c
†
(k′+q)↓c(k+q)↓ck′↑

+ V
∑
k,k′,q

f(k′ + q, k′)c†k↑c
†
(k′+q)↓ck′↓c(k+q)↑

(4.8)
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Kat� th di�rkeia twn pr�xewn orÐsthke to mègejoc

f(k, k′) =
∑
ρ

e−jρ(k−k′)

= e−j(1,0,0)(k−k′′) + e−j(−1,0,0)(k−k′) + ...+ e−j(0,0,−1)(k−k′)

= 2
(
cos(kx − k′x) + cos(ky − k′y) + cos(kz − k′z)

) (4.9)

'Ustera apì pr�xeic eÐnai èukolo na deiqjeÐ ìti to f(k, k′) mporeÐ na diaqwrisjeÐ wc proc k
kai k′ paÐrnontac thn morf :

f(k, k′) =
∑
n

fn(k)fn(k′) (4.10)

gia peperasmèno arijmì n pou exart�tai apì tic diast�seic kai thn summetrÐa tou sust matoc.
Se k�je perÐptwsh, oi ìroi allhlepÐdrashc paÐrnoun thn eniaÐa morf 

Hint =
∑
k,k′,q

[V q
1 (k, k′)c†k↑c

†
−(k+q)↓c−(k′+q)↓ck′↑ + V q

2 (k, k′)c†k↑c
†
k′↓c(k′+q)↓c(k+q)↑

+ V q
3 (k, k′)c†k↑c

†
(k′+q)↓c(k+q)↓ck′↑]

(4.11)

me

V q
1 (k, k′) =

∑
n

V q
1,n(k, k′) =

∑
n

V fn(−(k + q))fn(−(k′ + q))

V q
2 (k, k′) =

∑
n

V q
2,n(k, k′) =

∑
n

V fn(k + q)fn(k′ + q)

V q
3 (k, k′) =

∑
n

V q
3,n(k, k′) =

∑
n

V fn(k′ + q)fn(k′)

an prìkeitai gia allhlepÐdrash se geitonik� shmeÐa tou plègmatoc, alli¸c ta dunamik� aut�
gÐnontai mon�da. Ta megèjh V q

i (k, k′) ta onom�zoume energ� dunamik� thc Qamiltonian c.
Oi sunart seic fn(k) kajorÐzoun th morf  tou energoÔ dunamikoÔ kai gia ton lìgo autì
onom�zontai par�gontec morf c. H morf  twn pijan¸n paragìntwn morf c kajorÐzetai apì
thn om�da metasqhmatism¸n pou antistoiqoÔn sto ek�stote sÔsthma pou melet�me.

Qrhsimopoi¸ntac th jewrÐa tou mèsou pedÐou pou perigr�fhke sto prohgoÔmeno kef�-
laio proseggÐzoume ton ìro allhlepÐdrashc:

Hint ≈
∑
k,k′,q

∑
n

V q
1,n(k, k′)(< c†k↑c

†
−(k+q)↓ > c−(k′+q)↓ck′↑

+ c†k↑c
†
−(k+q)↓ < c−(k′+q)↓ck′↑ >)

+ V q
2,n(< c†k↑c(k+q)↑ > c†k′↓c(k′+q)↓ + c†k↑c(k+q)↑ < c†k′↓c(k′+q)↓ >)

+ V q
3,n(< c†k↑c(k+q)↓ > c†(k+q)′↓ck′↑ + c†k↑c(k+q)↓ < c†(k′+q)↓ck′↑ >)

(4.12)

agno¸ntac xan� touc ìrouc kenoÔ.
GÐnetai plèon fanerìc mèsw thc parap�nw exÐswshc o orismìc twn paramètrwn t�xhc

twn pijan¸n katast�sewn pou mporoÔn na emfanistoÔn wc:
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• Φ∗k,q,σ,σ′,n =
∑

k′ V
q

1,n(k, k′) < c†k′σc
†
−(k′+q)σ′ >

• Φk,q,σ,σ′,n =
∑

k′ V
q

1,n(k, k′) < c−(k′+q)σ′ck′σ >

• Mk,q,σ,σ′,n =
∑

k′ V
q

2,n(k, k′) < c†k′σc(k′+q)σ′ >

• M ′k,q,σ,σ′,n =
∑

k′ V
q

3,n(k, k′) < c†(k′+q)σck′σ′ >

4.2 Uperag¸gimec katast�seic t�xhc

'Opwc faÐnetai kai apì th morf  touc sthn prohgoÔmenh enìthta oi par�metroi Φ∗kq↑↓n
perigr�foun zeÔgh swmatidÐwn (gnwst� wc zeÔgh Cooper) me sunolik  orm  q kai apoteloÔn
paramètrouc t�xhc gia tic antÐstoiqec uperag¸gimec katast�seic.

To dunamikì V q
1,n(k, k′) sthn perÐptwsh aut  perigr�fei mia elktik  allhlepÐdrash h-

lektronÐou - hlektronÐou, h akrib c proèleush thc opoÐac den eÐnai en gènei gnwst  kai de
ja mac aposqol sei sto parìn, kai odhgeÐ se ast�jeia sthn epif�neia Fermi anoÐgontac
èna energeiakì q�sma. To q�sma autì eÐnai apotèlesma tou ubridismoÔ metaxÔ twn arqik¸n
hlektronÐwn kai op¸n se nèa swmatÐdia ta opoÐa eÐnai mia upèrjesh twn pr¸twn. Kat� thn
met�bash sthn uperag¸gimh kat�stash apì thn kanonik  sp�ei toul�qiston h summetrÐa
bajmÐdac U(1).

Oi uperag¸gimec katast�seic diakrÐnontai:

• an�loga me th summetrÐa pou emfanÐzei to spin twn zeug¸n. H kumatosun�rthsh tou
spin enìc tètoiou zeÔgouc mporeÐ na eÐnai summetrik    antisummetrik  sthn enallag 
twn hlektronÐwn. Sthn pr¸th perÐptwsh ta spin brÐskontai se triplet di�taxh en¸
sthn deÔterh se singlet di�taxh. Efìson èqoume aporrÐyei tic allhlepidr�seic metaxÔ
hlektronÐwn me par�llhlo spin mporoÔme na doÔme thn emf�nish singlet kai triplet
katast�sewn analÔontac tic paramètrouc Φ∗k,q,↑,↓′ se summetrikì kai antisummetrikì
sthn enallag  mèroc

∆∗kqn =
∑
k′

V fn(k)fn(k′) < c†k′↑c
†
−(k′+q)↓ − c

†
k′↓c
†
−(k′+q)↑ >

Π∗kqn =
∑
k′

V fn(k)fn(k′) < c†k′↑c
†
−(k′+q)↓ + c†k′↓c

†
−(k′+q)↑ >

(4.13)

• an�loga me thn sunolik  orm  tou zeÔgouc se katast�seic me mhdenik  sunolik  orm 
(q = 0) kai katast�seic (FFLO   uperag¸gima kÔmata puknìthtac zeÔgouc2)oi opoÐec
eÐnai diamorfwmènec kat� èna kumat�nusma q. ApousÐa isquroÔ magnhtikoÔ pedÐou eu-
nooÔntai kurÐwc katast�seic mh diamorfwmènou kumatanÔsmatoc me sunolik  orm  Ðsh
me to mhdèn. 'Enac tètoioc isqurismìc mporeÐ na apodeiqjeÐ me mejìdouc jewrÐac pedÐou
kai diaisjhtik� mporeÐ na gÐnei katanohtìc me epiqeir mata ìpwc autì pou sunodeÔei
thn eikìna 4.1.

2oi katast�seic FFLO prokÔptoun lìgw thc Ôparxhc enìc isquroÔ magnhtikoÔ pedÐou pou dhmiourgeÐ
peperasmènh orm  sto zeÔgoc, en¸ ta uperag¸gima kÔmata puknìthtac zeÔgouc èqoun peperasmènh sunolik 
orm  Q apousÐa magnhtikoÔ pedÐou me to Q na sqetÐzetai me tic idiìthtec sunarmog c thc epif�neiac Fermi.
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Sq ma 4.1: Sto aristerì mèroc faÐnetai h epif�neia Fermi kai ta kontin� shmeÐa gÔrw apì aut  tou eleÔjerou

sust matoc sthn perÐptwsh tou didi�statou plègmatoc ìtan µ = 0 (half-filling) kai t′ = 0. Apì thn sqèsh (4.6)

prokÔptei εk = −2t(cos kx + cos ky) opìte h epif�neia Fermi pou orÐzetai mèsw thc sqèshc εk = 0 odhgeÐ sthn

|kx + ky | = π. To zeug�rwma swmatidÐwn gia ton sqhmatismì uperag¸gimwn zeug¸n sumbaÐnei kont� sthn epif�neia

Fermi. Sto dexiì mèroc parousi�zetai mia gewmetrik  katakeu  pou deÐqnei thn puknìthta (skiasmènh perioq  thc

epif�neiac) twn zeug¸n hlektronÐwn me dedomènh sunolik  orm  q 6= 0. H antÐstoiqh puknìthta gia q = 0 deÐqnetai

sto pr¸to sq ma. GÐnetai fanerì pwc o arijmìc twn zeug¸n me mhdenik  sunolik  orm  eÐnai apeÐrwc megalÔteroc

kai sunep¸c lamb�noume upìyh mac mìno tètoia zeÔgh hlektronÐwn.

• an�loga me th morf  tou dunamikoÔ allhlepÐdrashc V q
1,n(k, k′). Melet�me thn su-

nhjismènh perÐptwsh me q = 0, en¸ jewroÔme ìti to dunamikì eÐnai diaqwrÐsimo. Oi
sunart seic fn(k), ìpwc eip¸jhke prohgoumènwc, kajorÐzoun th morf  thc allhle-
pÐdrashc kai onom�zontai par�gontec morf c. Sthn genikìterh perÐptwsh (4.9) to
dunamikì allhlepÐdrashc apoteleÐtai apì to �jroisma dunamik¸n gia diaforetikoÔc
par�gontec dom c kai antistoiqeÐ ston antagwnismì kai th sunÔparxh uperag¸gimwn
katast�sewn. Gia fn(k) = 1 antistoiqeÐ h isotropik  uperag¸gimh kat�stash (gnw-
st  me thn onomasÐa s-wave) sthn opoÐa to dunamikì allhlepÐdrashc eÐnai stajerì kai
anex�rthto twn kumatanusm�twn. 'Olec oi upìloipec katast�seic apoteloÔn aniso-
tropikèc uperag¸gimec katast�seic. Oi dunatoÐ par�gontec morf c pou eÐnai dunatìn
na emfanisjoÔn exart¸ntai apì tic summetrÐec tou plègmatoc.

Sth sunèqeia, ja endiaferjoÔme gia sqedìn didi�stata kubik� plègmata ìpou o ìroc meta-
p dhshc kai oi allhlepidr�seic eÐnai arket� megalÔtera sto epÐpedo xy apì ì,ti sthn trÐth
di�stash kai idiaÐtera gia th singlet d-wave kai tic triplet px kai py katast�seic.

Fusik  ermhneÐa twn uperag¸gimwn paramètrwn t�xhc: H pr¸th mikrosko-
pik  ermhneÐa gia thn uperagwgimìthta dìjhke apì touc Bardeen, Cooper, Schrieffer kai
aforoÔse isotropikoÔc, qamhl c jermokrasÐac uperagwgoÔc pou t¸ra onom�zoume s-wave.
H uperagwgimìthta sthn perÐptwsh aut , kai eÐnai h mình apodekt  ermhneÐa mèqri stig-
m c, ofeÐletai sthn allhlepÐdrash twn hlektronÐwn me ta fwnìnia tou plègmatoc pou me th
seir� thc odhgeÐ se mÐa èmmesh elktik  allhlepÐdrash metaxÔ twn hlektronÐwn. H s-wave
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uperagwgimìthta antistoiqeÐ sthn par�metro t�xhc

∆s
k = Φk,q=0,↑,↓,n=s =

∑
k′

V q=0
1,s (k, k′) < c†k′σc

†
−k′σ′ >

=
∑
k′

< c†k′σc
†
−k′σ′ >

(4.14)

Sth genikìterh perÐptwsh to energì dunamikì eÐnai k−exart¸meno kai antistoiqeÐ se
paramètrouc t�xhc anisotropik¸n uperag¸gimwn katast�sewn. An jewr soume sthn Qa-
miltonian  (4.12) mh mhdenik  mìno thn par�metro pou antistoiqeÐ se uperagwgimìthta gia
q = 0 kai gia sugkekrimèno all� tuqaÐo n, Φk,q=0,↑,↓,n = Φn

k , kai qrhsimopoi¸ntac spinoria-
kì formalismì parìmoio autoÔ tou kefalaÐou 3.5.1 all� gia ton q¸ro twn orm¸n èqoume:

H = E0 +
∑
k

(c†k↑ c−k↓)

(
εk Φn

k

(Φn
k)∗ εk

)(
ck↑
c†−k↓

)
(4.15)

Diagwnopoi¸ntac thn Qamiltonian  (4.15) prokÔptoun oi idioenèrgeiec

Ek =
√
ε2k + |Φn

k |2 (4.16)

Wc E0 jewr same tou sust matoc ìtan brÐsketai sthn jemeli¸dh uperag¸gimh kat�stash
ìpou ta swmatÐdia sthn epif�neia Fermi sqhmatÐzoun zeÔgh Cooper, en¸ h Ek apoteleÐ mia
stoiqei¸dh diègersh tou sust matoc. Me �lla lìgia, Ek eÐnai h enèrgeia pou apaiteÐtai gia
na sp�sei èna zeÔgoc Cooper kai na emfanisjeÐ èna swmatÐdio sthn kat�stash k. Apì th
morf  (4.16) pou èqei h enèrgeia Ek gÐnetai eÔkola katanohtì pwc h par�metroc t�xhc |Φn

k |
apoteleÐ to energeiakì q�sma aut¸n twn dÔo katast�sewn. Sthn epìmenh eikìna faÐnetai
to k−exart¸meno q�sma sthn perÐptwsh tou d− wave uperagwgoÔ.

Sq ma 4.2: H epif�neia Fermi kai to uperag¸gimo q�sma gia k�poia shmeÐo p�nw se aut . ParathroÔntai shmeÐa

me mhdenikì q�sma. Ta shmeÐa aut� onom�zontai nodes kai se aut� h uperagwgimìthta exafanÐzetai.

4.2.1 TautopoÐhsh uperag¸gimwn katast�sewn sto Extended Hub-
bard model ston pragmatikì q¸ro

EpilÔontac tic exis¸seic autosunèpeiac (3.36)-(3.37) brÐskoume tic swstèc paramètrouc
Φij pou ikanopoioÔn to sÔsthma. Jèloume na diapist¸soume poi� h sqèsh aut¸n me tic
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paramètrouc t�xhc twn uperag¸gimwn katast�sewn thc prohgoÔmenhc prapagr�fou. Gia
ton lìgo autìn anaptÔssoume tic Φij kat� Fourier kai tic eis�goume ston antÐstoiqo ìro
thc Qamiltonian c:∑

i,j

Φijc
†
i↑c
†
j↓ =

=
∑
i,j

∑
k,k′

φkk′e
j(kRi+k

′Rj)

( 1√
N

∑
k′′

ejk
′′Ric†k′′↑

)(
1√
N

∑
k′′′

e−jk
′′′Rjc†k′′′↓

)

=
∑

k,k′,k′′,k′′′

∑
i,j

φkk′e
j(k−k′′)Riej(k

′−k′′′)Rjc†k′′↑c
†
k′′′↓

=
∑

k,k′,k′′,k′′′

(
1√
N

∑
i

ej(k−k
′′)Ri

) 1√
N

∑
j

ej(k
′−k′′′)Rj )

φkk′c
†
k′′↑c

†
k′′′↓

=
∑

k,k′,k′′,k′′′

δk,k′′δk′,k′′′φkk′c
†
k′′↑c

†
k′′′↓

=
∑
k,k′

φkk′c
†
k↑c
†
k′↓

(4.17)

ìpou ta k, k′ an koun sthn pr¸th z¸nh Brillouin. Epomènwc gia k�je tètoio sunduasmì
kumatanusm�twn up�rqei èna kumat�nusma q to opoÐo an kei kai autì sthn pr¸th z¸nh
Brillouin kai gia to opoÐo isqÔei k + k′ = −q. SÔmfwna me autì mporoÔme na gr�youme∑

i,j

Φijc
†
i↑c
†
j↓ =

∑
k,q

φk,qc
†
−(k+q)↑c

†
k↓ (4.18)

me φk,q na sumbolÐzoume touc suntelestèc Fourier twn Φij .
Apì thn �llh, apomon¸nontac ton uperag¸gimo ìro apì thn Qamiltonian  ston q¸ro

twn orm¸n (4.12), autìc gr�fetai

∑
k,q

[∑
n

Φk,q,↑,↓,n

]
c†−(k+q)↑c

†
k↓ (4.19)

SugkrÐnontac tic sqèseic (4.18) kai (4.19) prokÔptei eÔkola ìti oi suntelestèc φk,q
den eÐnai tÐpota �llo par� to �jroisma twn paramètrwn t�xhc twn uperag¸gimwn f�sewn
diamorfwmènwn kat� q gia ìlouc touc dunatoÔc par�gontec morf c.

4.2.2 AnÐqneush uperag¸gimwn katast�sewn

Sth sunèqeia, èqontac upologÐsei thn tim  thc paramètrou Φij gia k�je sunduasmì shmeÐwn,
ja anazht soume tic uperag¸gimec katast�seic pou aut  perièqei kai poièc eÐnai dunatìn na
emfanisjoÔn se k�je perÐptwsh. EÐnai shmantikì pwc h anaz thsh k�je kat�stashc gÐnetai
xeqwrist� kai den eÐnai dunatìn na katal xoume sthn Ôparxh miac kat�stashc qwrÐc na thn
y�xoume.
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H uperag¸gimh kat�stash Φn
k gia mhdenikì kumat�nusma diamìrfwshc q = 0 me energì

dunamikì V q=0
1,n (k, k′) = V1,n(k, k′) mpìreÐ na anaptuqjeÐ kat� Fourier wc ex c

Φn
k =

∑
i

ejkRiΦn
Ri   Φn

Ri =
∑
k

e−jkRiΦn
k (4.20)

Qrhsimopoi¸ntac ton orismì gia thn par�metro t�xhc thc uperag¸gimhc kat�stashc Φn
k kai

anaptÔssontac to energì dunamikì kat� antÐstrofo Fourier èqoume

Φn
Ri =

∑
k

e−jkRiΦn
k

=
∑
k

(∑
k′

Vn(k, k′) < ck′↑c−k′↓ >

)
e−jkRi

=
∑
k

(∑
k′

fn(k)fn(k′) < ck′↑c−k′↓ >

)
e−jkRi

=
∑
k

fn(k)e−jkRi

∑
k′

fn(k′) <
∑
i′

ejk
′Ri′ ci′↑

∑
j

e−jk
′Rjcj↓ >


=
∑
k

fn(k)e−jkRi

∑
k′

fn(k′)
∑
i′

∑
j

ejk
′(Ri′−Rj)Φi′j


=
∑
k

fn(k)e−jkRi
∑
i′,j

fi′jΦi′j

= fi
∑
i′,j

fi′jΦi′j

=
1

d

∑
j

fijΦij

(4.21)

ìpou kat� to teleutaÐo b ma lamb�noume upìyh mac pwc h �jroish gÐnetai tìsec forèc ìsoi
oi mh mhdenikoÐ ìroi, d, tou fij gia stajerì i.

ProkÔptei sunep¸c h shmantik  gia thn anÐqneush twn uperag¸gimwn katast�sewn t�xhc
sqèsh:

Φn
Ri =

1

d

∑
j

fijΦij (4.22)

H parap�nw sqèsh sundèei th metasqhmatismènh kat� antÐstrofo Fourier par�metro t�xhc
thc Ôperag¸gimhc kat�stashc me ton par�gonta morf c thc (sthn metasqhmatismènh tou
ston pragmatikì q¸ro morf ) kai me thn par�metro thc Qamiltonian c Φij . GnwrÐzontac,
sunep¸c, ton par�gonta dom c miac sugkekrimènhc uperag¸gimhc paramètrou t�xhc èÐmaste
se jèsh na aniqneÔsoume thn Ôparxh thc f�shc aut c. Sugkekrimèna, ja mac apasqol soun
oi parak�tw uperag¸gimec f�seic:

s-wave: fs(k) = 1→ fsij = δi,j → Φs
Ri

= ∆ij
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d-wave: fd(k) = cos(kx) − cos(ky) → fdij = δi,j+x + δi,j−x − δi,j+y − δi,j−y → Φd
Ri

=
1
4(∆i,i+x + ∆i,i−x −∆i,i+y −∆i,i−y)

Sextended-wave: fsext(k) = cos(kx) + cos(ky) → fsijext = δi,j+x + δi,j−x + δi,j+y +

δi,j−y → ΦsextRi = 1
4(∆i,i+x + ∆i,i−x + ∆i,i+y + ∆i,i−y)

4.3 KÔmata puknìthtac fortÐou kai spin

AntÐstoiqa me tic uperag¸gimec katast�seic orÐzontai kai katast�seic spasmènhc summe-
trÐac me paramètrouc t�xhc

Mk,q,σ,σ′,n =
∑
k′

V q
2,n(k, k′) < c†k′σc(k′+q)σ′ >

M ′k,q,σ,σ′ =
∑
k′

V q
3,n(k, k′) < c†(k′+q)σck′σ′ >

(4.23)

Stìqoc tou k�je sust matoc eÐnai na epitÔqei thn elaqistopoÐhsh thc enèrgei�c tou.
MeÐwsh thc enèrgeiac mporeÐ na epiteuqjeÐ me th dhmiourgÐa enìc q�smatoc enèrgeiac sthn
epif�neia Fermi tou sust matoc sthn kanonik  tou kat�stash. Oi kat�llhlec allhle-
pidr�seic mporoÔn na dhmiourg soun tic sunj kec gia thn emf�nish q�smatoc stic mono-
swmatidiakèc diegèrseic tou sust matoc. Oi parap�nw par�metroi t�xhc perigr�foun ka-
tast�seic spasmènhc summetrÐac pou proèrqontai apì thn allhlepÐdrash hlektronÐwn kai
op¸n emfanÐzontac sullogikèc diegèrseic zeug¸n hlektronÐwn-op¸n diamorfwmènwn kat� to
kumat�nusma q.

H epidektikìthta tou hlektronikoÔ sust matoc X(q), dhlad  h sun�rthsh susqètishc
thc puknìthtac twn hlektronÐwn, eÐnai an�logh thc posìthtac

X(q) ∼
∑
k

fn(k)2nF (εk+q)− nF (εk)

εk+q − εk
(4.24)

Sthn perÐptwsh pou h epidektikìthta apoklÐnei emfanÐzetai ast�jeia tou sust matoc se
diataraqèc tou kumatanÔsmatoc q kai epomènwc eÐnai dunatì to aujìrmhto sp�simo sum-
metrÐac   summetri¸n gia th dhmiourgÐa miac f�shc me qamhlìterh enèrgeia thc kanonik c
kat�stashc. Apì th morf  thc epidektikìthtac eÐnai fanerì pwc ta kumatanÔsmata q ta
opoÐa paÐzoun ton spoudaiìtero rìlo kai eunooÔntai sthn emf�nish miac tètoiac kat�stashc
spasmènhc summetrÐac eÐnai aut� ta opoÐa:

• sundèoun shmeÐa thc epif�neiac Fermi me apoklÐnousa puknìthta katast�sewn (shmeÐa
van Hove)

• ikanopoioÔn th sqèsh εk+q ≈ εk gia shmeÐa thc epif�neiac Fermi

Epiplèon, gÐnetai fanerì pwc to kumat�nusma q prèpei na sundèei kateilhmmènec me kenèc
energeiakèc katast�seic (hlektrìnia me opèc), opìte apaitoÔme εk+q = −εk. Sthn perÐ-
ptwsh pou melet�me εk = −2t(cos kx + cos ky + cos kz) + 4t′(cos kx cos ky + cos kx cos kz +
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cos ky cos kz) − µ. EÐnai sun jhc kai kurÐwc eunooÔmenh gia thn dhmiourgÐa tètoiwn kata-
st�sewn h perÐptwsh kat� thn opoÐa ta sust mata emfanÐzoun isqur  anomoiogèneia em-
fanÐzontac polÔ asjenèsterouc ìrouc metap dhshc kai dunamik� allhlepÐdrashc kat� thn
dieÔjunsh z apì ì,ti sto xy epÐpedo. Me �lla lìgia, ìso mikrìterh h di�stash tou sust ma-
toc tìso perissìtero eunoeÐtai h emf�nish puknìthtac fortÐou kai spin. K�ti tètoio mporeÐ
na exhghjeÐ apì to gegonìc pwc se qamhlodi�stata sust mata o arijmìc twn shmeÐwn thc
epif�neiac Fermi pou odhgoÔn se apìklish eÐnai polÔ megalÔteroc. Sthn perÐptwsh aut 
proseggÐzoume:

εk = −2t(cos kx + cos ky) + 4t′ cos kx cos ky − µ (4.25)

Gia t′ = 0 kai µ = 03 mporeÐ eÔkola na deiqjeÐ ìti gia q = Q = (π, π, 0) emfanÐzetai h
summetrÐa εk+q = −εk,∀k ∈ B.Z.. 'Otan sumbaÐnei k�ti tètoio epitugq�netai tèleia sunar-
mog , en¸ to di�nusma Q onom�zetai di�nusma sunarmog c (nesting vector). Epomènwc, gia
k�je shmeÐo thc epif�neiac Fermi me enèrgeia εk up�rqei èna �llo shmeÐo thc epif�neiac me
enèrgeia −εk. Fusik� autì ermhneÔei thn parousÐa zeug¸n hlektronÐwn-op¸n.

Gia t′ 6= 0 sp�ei h summetrÐa hlektronÐou-op c all� ìso autì paramènei arkoÔntwc mikrì
mporoÔme na jewr soume thn Ôparxh sunarmog c mèsw tou kumatanÔsmatoc Q.

Sth sunèqeia upologÐzoume thn puknìthta fortÐou sto tuqaÐo plegmatikì shmeÐo Ri:

ρ(Ri) =< ni >=< ni↑ > + < ni↓ >

=< c†i↑ci↑ > + < c†i↓ci↓ >

=<
∑
k,k′

e−jkRic†k↑e
jk′Rick′↑ > + <

∑
k,k′

e−jkRic†k↓e
jk′Rick′↓ >

=
∑
k,k′

e−j(k−k
′)Ri < c†k↑ck′↑ + c†k↓ck′↓ >

kai k�nontac allag  metablht c k = k′ − q prokÔptei

ρ(Ri) =
∑
k,q

ejqRi < c†k↑ck+q,↑ + c†k↓ck+q,↓ > (4.26)

Exhg same, ìmwc, parap�nw ìti apì ìta ta kumatanÔsmata q autì pou epikrateÐ eÐnai to
kumat�nusma sunarmog c, opìte apì to �jroisma wc proc q krat�me mìno autì ton ìro
kaj¸c epÐshc kai ton stajerì gia q = 0

ρ(Ri) =
∑
k

ejQRi < c†k↑ck+Q,↑ + c†k↓ck+Q,↓ > + < c†k↑ck↑ + c†k↓ck↓ >

= ejQRi
∑
k

< c†k↑ck+Q,↑ + c†k↓ck+Q,↓ > +
∑
k

< c†k↑ck↑ + c†k↓ck↓ >
(4.27)

'Otan,sunep¸c, h par�metroc t�xhc < c†kσck+Q,σ > emfanÐzei mia mh mhdenik  tim  h pu-
knìthta fortÐou gia thn mp�nta me spin σ parousi�zei periodikìthta wc proc thn jèsh tou

3oi timèc autèc antistoiqoÔn sto half-filling kai se epif�neia Fermi pou apeikonÐzetai sto sq ma 3.1.
'Opwc faÐnetai kai me algebrik  antikat�stash, all� kai sqhmatik�, ana dÔo oi pleurèc thc epif�neiac sun-
dèontai mèsw tou kumatanÔsmatoc Q = (π, π, 0) (kai tou isodÔnamoÔ tou Q′ = (π,−π, 0) kaj¸c diafèroun
kat� èna di�nusma ou antistrìfou plègmatoc)
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plegmatikoÔ shmeÐou diamorfwmènh kat� to kumat�nusma sunarmog c Q. H kat�stash aut 
me periodik  diamìrfwsh puknìthtac hlektronÐwn kai gia tic dÔo mp�ntec tou spin se f�sh
onom�zetai kÔma puknìthtac fortÐou (CDW). H summetrÐa pou sp�ei kat� thn emf�nish tou
CDW eÐnai h metaforik  kaj¸c to sÔsthma paÔei na eÐnai qwrik� omogenèc.

Me ton Ðdio trìpo mporoÔme na upologÐsoume thn magn tish   alli¸c thn puknìthta
sunolikoÔ spin ston tuqaÐo shmeÐo Ri

m(Ri) =< ni↑ > − < ni↓ >

=< c†i↑ci↑ > − < c†i↓ci↓ >

=<
∑
k,k′

e−jkRic†k↑e
jk′Rick′↑ > − <

∑
k,k′

e−jkRic†k↓e
jk′Rick′↓ >

=
∑
k,k′

e−j(k−k
′)Ri < c†k↑ck′↑ − c

†
k↓ck′↓ >

Gia touc Ðdiouc lìgouc to kumat�nusma pou epikrateÐ eÐnai to kumat�nusma sunarmog c,
opìte k�nontac thn allag  metablht c k = k′−q kai apì to �jroisma krat¸ntac mìno touc
ìrouc gia q = 0 kai q = Q èqoume

m(Ri) =
∑
k

ejQRi < c†k↑ck+Q,↑ − c†k↓ck+Q,↓ > + < c†k↑ck↑ − c
†
k↓ck↓ >

= ejQRi
∑
k

< c†k↑ck+Q,↑ − c†k↓ck+Q,↓ > +
∑
k

< c†k↑ck↑ − c
†
k↓ck↓ >

(4.28)

Oi par�metroi pou paÐzoun spoudaÐo rìlo sthn perÐptwsh aut  kai apoteloÔn tic enalla-
ktikèc paramètrouc t�xhc eÐnai oi

• M =< c†k↑ck+Q,↑ − c†k↓ck+Q,↓ >

• F =< c†k↑ck↑ − c
†
k↓ck↓ >

H pr¸th, ìtan antistoiqeÐ se peperasmènh tim , perigr�fei mia periodik  kat� Q diamìr-
fwsh thc puknìthtac tou spin stic jèseic twn plegmatik¸n shmeÐwn kai antistoiqeÐ se mia
kat�stash pou onom�zetai (se antistoiqÐa me to CDW) wc kÔma puknìthtac spin (SDW).
Gr�fontac lÐgo diaforetik� thn par�metro t�xhc èqoume

M =< c†k↑ck+Q,↑ − c†k↓ck+Q,↓ >=< c†k↑ck+Q,↑ > +ejπ < c†k↓ck+Q,↓ >

apì ìpou mporoÔme na jewr soume,enallaktik�, èna SDW wc mia upèrjesh enìc CDW sthn
p�nw spin mp�nta kai enìc sthn k�tw spin mp�nta, ta opoÐa parousi�zoun metaxÔ touc mia
diafor� f�shc π. Kat� sunèpeia, sthn f�sh tou SDW h olik  puknìthta fortÐou paramènei
stajer  ston q¸ro, en¸ h magn tish enall�ssetai periodik�.

H deÔterh, ìtan antistoiqeÐ se peperasmènh tim , perigr�fei mÐa mh mhdenik  stajer  tim 
magn tishc gia ìla ta shmeÐa Ri kai epomènwc antistoiqeÐ se sidhromagnhtik  kat�stash
tou sust matoc.
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Kef�laio 5

Arijmhtik  ProsomoÐwsh twn
Diepaf¸n

5.1 H Mèjodoc pou Qrhsimopoi jhke

Akolouj¸ntac thn logik  kai touc sumbolismoÔc twn prohgoÔmenwn kefalaÐwn ja pe-
rioristoÔme sthn perigraf  enìc sust matoc mÐac diepaf c. H epèktash sthn perÐptwsh
perissìterwn thc mÐac diepaf¸n eÐnai �mesh. QwrÐc na elatt¸netai h genikìthta, epÐshc, ja
jewr soume pwc h diepaf  sumbaÐnei kat� ton z-�xona. Se aut  thn perÐptwsh h Qamilto-
nian  tou sunolikoÔ sust matoc èqei thn akìloujh morf 

H = Hup +Hdn +HT (5.1)

ìpou HA -A = {up, dn}- eÐnai oi Qamiltonianèc pou perigr�foun to p�nw kai k�tw uposÔ-
sthma antÐstoiqa kai HT eÐnai h Qamiltonian  sÔzeuxhc twn dÔo.

Oi HA, qrhsimopoi¸ntac to Extended Hubbard model èqoun th morf  pou suzht jhke
sta prohgoÔmena:

HA =
∑
i,j,σ

εijAc
†
iσA

cjσA +
∑
i,j

VijAc
†
i↑Ac

†
j↓Acj↓Aci↑A (5.2)

me

εijA = −txAδi,j+(±1,0,0) − tyAδi,j+(±0,±1,0) − tzAδi,j+(0,0,±1)

+ t′xyAδi,j+(±1,±1,0) + t′xzAδi,j+(±1,0,±1) + t′yzAδi,j+(0,±1,±1)

(5.3)

kai

VijA = UAδi,j + VxAδi,j+(±1,0,0) + VyAδi,j+(0,±1,0) + VzAδi,j+(0,0,±1) (5.4)

H Qamiltonian  sÔzeuxhc paÐrnei th morf 

HT =
∑
i,j,σ

∑
A,B

tmij c
†
iσA

cjσB +
∑
i,j

∑
A,B

V m
ij c
†
i↑Ac

†
j↓Bcj↓Bci↑A (5.5)
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ìpou antÐstoiqa me prin isqÔoun

tmij = −tmz δi,j+(0,0,±1) + t′xz
mδi,j+(±1,0,±1) + t′yz

mδi,j+(0,±1,±1) (5.6)

kai
V m
ij = V m

z δi,j+(0,0,±1) (5.7)

Sthn teleutaÐa perÐptwsh h �jroish wc proc i, j gÐnetai gia ìla ta shmeÐa pou brÐskontai
sthn diepif�neia. Fusik�, autì shmaÐnei ìti èna hlektrìnio (  antÐstoiqa mÐa op ) mporeÐ na
metaphd sei apì to èna uposÔsthma sto �llo mìno mèsw twn shmeÐwn pou brÐskontai sthn
diepif�neia.

H upìloiph diadikasÐa eÐnai ìmoia me thn perÐptwsh tou enìc sust matoc pou melet jhke
sta prohgoÔmena kef�laia qwrÐc thn Ôparxh diepaf c

• prosèggish mèsou pedÐou sthn parap�nw Qamiltonian  (5.1)

• diagwnopoÐhsh thc proseggistik c Qamiltonian c mèsw twn exis¸sewn Bogoliubov -
de Gennes

• elaqistopoÐhsh thc eleÔjerhc enèrgeiac tou sunolikoÔ sust matoc

O basikìc k¸dikac ston opoÐo basist kame anaptÔqjhke apì ton kÔrio G. Liban� sta
plaÐsia thc Didaktorik c tou diatrib c h opoÐa eÐnai se exèlixh kai aforoÔse dÔo sust mata
dÔo diast�sewn se epaf  kat� th dieÔjunsh (1,0,0). Sta plaÐsia thc ergasÐac aut c ègine
epèktash tou k¸dika gia tic ex c peript¸seic:

• diepafèc susthm�twn tri¸n diast�sewn kat� tic kateujÔnseic (1,0,0) kai (0,0,1).

• perissìterec thc mÐac diepafèc (me par�metro pou ja kajorÐzetai apì ton qr sth)
tridi�statwn susthm�twn gia thn prosomoÐwsh eterodom¸n.

• didi�statec diepafèc kat� th diag¸nia kateÔjunsh (1,1,0)

gia th melèth diepaf¸n pou emplèkoun CDW , SDW kai FM kai uperagwgimìthta. O
kÔrioc algìrijmoc perigr�fetai sto di�gramma ro c 5.1, en¸ sto 5.2 analÔetai peraitèrw
to k�je tm ma tou. Perigr�fetai ed¸ kurÐwc h perÐptwsh tou trisdi�statou sust matoc me
aujaÐreto arijmì diepaf¸n kat� ton x   z �xona. H perÐptwsh thc diag¸niac didi�stathc
tom c akoloujeÐ ton Ðdio algìrijmo sthn genik  tou morf . Ta shmeÐa sta opoÐa autìc
diaforopoieÐtai perigr�fontai sto par�rthma B.

'Opwc faÐnetai kai apì to di�gramma 5.1 to pr¸to b ma eÐnai na kajoristeÐ to sÔsthma.
Me autì ennooÔme na kajorÐsoume thn topologÐa tou -arijmìc diepaf¸n, arijmìc shmeÐwn,
kateÔjunsh diepaf¸n - tic timèc twn paramètrwn - qhmik� dunamik�, ìroi metap dhshc kai
allhlepÐdrashc - kai tic epilogèc gia thn arqik  tim  thc Qamiltonian c p�nw sthn opoÐa ja
gÐnoun oi epanal yeic. Sth sunèqeia upologÐzontai ta stajer� tm mata thc Qamiltonian c
mèsou pedÐou kai akoloÔjwc b�sei twn epilog¸n pou èqoun gÐnei dhmiourgeÐtai h arqik  Qa-
miltonian  p�nw sthn opoÐa ja gÐnoun oi epanal yeic. H arqik  aut  Qamiltonian  mporeÐ na
perièqei opoiesd pote apì tic f�seic pou ja anazhthjoÔn sto tèloc me isqÔ mou kajorÐzetai
stic paramètrouc eisìdou kai me opoiad pote diamìrfwsh ston q¸ro   tuqaÐec.
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Sq ma 5.1: Di�gramma ro c gia thn perigraf  tou algorÐjmou epÐlushc autosunep¸c tou probl matoc diepaf¸n

AfoÔ epilegeÐ h arqik  Qamiltonian  to prìgramma mpaÐnei sto kurÐwc tm ma tou pou den
eÐnai �llo apì thn epanalhptik  diadikasÐa. EkeÐ upologÐzetai h nèa Qamiltonian  gia thn
kainoÔria ektèlesh qrhsimopoi¸ntac ta dedomèna tou prohgoÔmenou b matoc. AkoloÔjwc,
upologÐzontai oi nèec idiotimèc thc kai ta kainoÔria idiodianÔsmata kai mèsw aut¸n to nèo
meg�lo dunamikì. An to teleutaÐo diafèrei apì thn antÐstoiqh tim  tou kat� to prohgoÔmeno
b ma ligìtero apì to krit rio pou èqoume jèsei ex arq c tìte h diadikasÐa sugklÐnei. Se
antÐjeth perÐptwsh, oi epanal yeic suneqÐzontai mèqri th sÔgklish. An o arijmìc twn epa-
nal yewn xeper�sei to ìrio pou tou èqoume jèsei tìte èna m numa mh sÔgklishc emfanÐzetai.
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Sq ma 5.2: Diagr�mmata ro c gia to k�je st�dio tou diagr�mmatoc 5.1
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Kef�laio 6

Qarakthristik� Arijmhtik�
Apotelèsmata

Sto kef�laio autì ja parousiasjoÔn ta apotelèsmata pou proèkuyan apì thn epÐlush
thc epanalhptik c diadikasÐac twn exis¸sewn autosunèpeiac gia tic peript¸seic pou exet�-
same. Gia ìlec tic peript¸seic jewr jhke wc mon�da sÔgkrishc o ìro metap dhshc metaxÔ
kontinìterwn geitìnwn sto xy-epÐpedo kai b�sei autoÔ diamorf¸jhkan oi timèc twn upoloÐ-
pwn paramètrwn gia thn epÐteuxh twn diafìrwn katast�sewn t�xhc pou prosomoi¸jhkan.
Sto pr¸to mèroc perigr�fontai kai parousi�zontai ta apotelèsmata gia diepafèc triwn dia-
st�sewn kat� th dieÔjunsh (0 0 1) gia ulik� pou brÐskontai se f�seic kÔmatoc puknìthtac
fortÐou, kÔmatoc puknìthtac spin kai sidhromagnhtismoÔ. Exet�same ìlouc touc dunatoÔc
sunduasmoÔc metaxÔ aut¸n twn f�sewn. Sto deÔtero mèroc parousi�zontai didi�statec
diapafèc kat� thn (1 1 0) dieÔjunsh metaxÔ uperagwgimìthtac kai kum�twn puknìthtac for-
tÐou/spin kaj¸c kai metaxÔ kÔmatoc puknìthtac fortÐou me kÔma puknìthtac spin. Sto
trÐto mèroc parousi�zetai h ex�rthsh thc emf�nishc antisidhromagnhtismoÔ (kÔma puknìth-
tac spin) apì ton ìro metap dhshc metaxÔ plhsièsterwn geitìnwn kat� th z-dieÔjunsh (tz)
kai apì ton arijmì twn epipèdwn apì ta opoÐa apoteleÐtai to sÔsthma. Ta apotelèsmata
aut� twn prosomoi¸sewn ja mac bohj soun na exhg soume ta fainìmena pou perigr�fhkan
kat� to pr¸to kef�laio gia tic diepafèc LTO/STO, LV O/STO kai LAO/STO.

6.1 Diepafèc kat� thn (0 0 1) se fulloeid  sust mata

'Opwc analÔetai kai sto [1] èna prìtupo tri�dac katast�sewn t�xhc ìpou den eÐnai duna-
t  h sunÔparxh twn dÔo qwrÐc thn tautìqronh emf�nish kai thc trÐthc parousÐa kinhtikoÔ
ìrou eÐnai aut  thc sunÔparxhc sidhromagnhtismoÔ - kÔmatoc puknìthtac fortÐou (CDW)
- kÔmatoc puknìthtac spin(SDW) parousÐa asummetrÐac hlektronÐwn-op¸n. Sth sunèqeia
prosomoi¸noume tri¸n eid¸n diepafèc pou emplèkoun h kajemÐa èna zeÔgoc apì tic parap�nw
treÐc katast�seic t�xewc. ApodeiknÔetai ìti pr�gmati eÐnai adÔnath h sunÔparxh sth diepi-
f�neia opoioud pote zeÔgouc katast�sewn apì tic SDW, CDW, kai FM qwrÐc thn emf�nish
kai thc trÐthc kat�stashc.
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6.1.1 Diepaf  CDW - SDW

Gia thn ulopoÐhsh tou kÔmatoc puknìthtac fortÐou CDW qrhsimopoi same tic parak�tw
paramètrouc sto epektamèno prìtupo Hubbard:

• tx = ty = 1

• tz = 0.3

• t′xy = t′xz = t′yz = 0.2

• U = 0

• Vx = Vy = 0.7

• Vz = 0

• µ = 2

en¸ antÐstoiqa gia thn ulopoÐhsh tou kÔmatoc puknìthtac spin SDW tic paramètrouc:

• tx = ty = 1

• tz = 0.3

• t′xy = t′xz = t′yz = 0.2

• U = 3

• Vx = Vy = 0

• Vz = 0

• µ = 1

Sto Sq ma 6.1 faÐnontai ta plhsièstera str¸mata sthn diepif�neia miac eterodom c
CDW-SDW me tèssera str¸mata CDW p�nw apì tèssera str¸mata SDW. FaÐnontai oi
timèc twn paramètrwn ston pragmatikì q¸ro pou proèkuyan apì thn epanalhptik  diadikasÐa
twn exis¸sewn autosunèpeiac. Me kÐtrino parousi�zetai h puknìthta fortÐou se k�je
shmeÐo tou k�je str¸matoc kai me mwb h antÐstoiqh puknìthta spin. Sthn arister  st lh
den up�rqei sÔzeuxh an�mesa sta p�nw epÐpeda SDW (z < 4) kai ta k�tw epÐpeda CDW,
en¸ sth dexi� thn perÐptwsh me sÔzeuxh ìrou metap dhshc tm = 0.8.

ParathroÔme ìti sthn diepaf  eisqwreÐ h mÐa f�sh sthn �llh kai emfanÐzetai sunÔparxh.
Den eÐnai perÐergo, loipìn, sÔmfwna me thn prohgoÔmenh suz thsh, to gegonìc ìti emfanÐ-
zetai mia mh mhdenik  mèsh tim  sto kÔma puknìthtac spin pou den eÐnai tÐpota
�llo apì thn magn tish pou ep�getai lìgw aut c thc sunÔparxhc CDW/SDW.

Sth sunèqeia exet�zoume thn epÐdrash pou èqei to mègejoc thc sÔzeuxhc metaxÔ twn dÔo
ulik¸n. ParathroÔme ìti h allag  tou ìrou metap dhshc metaxÔ shmeÐwn kat� thn diepi-
f�neia (0,0,1) odhgeÐ se metabol  tou megèjouc tou epagìmenou sidhromagnhtismoÔ kai se
diaforetik  eisq¸rhsh thc miac up�rqousac f�shc mèsa sthn perioq  thc �llhc. AntÐjeta,
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Sq ma 6.1: Diepaf  CDW-SDW kat� to (0 0 1) epÐpedo. Diast�seic sust matoc 10 × 10 × 8 shmeÐa. Diepaf 

metaxÔ twn epipèdwn z = 4 kai z = 5. Ed¸ sqedi�zontai ta dÔo kontinìtera sth diepaf  str¸mata kat� ton z-�xona

gia to SDW (ta dÔo pr¸ta epÐpeda) kai to CDW (ta dÔo epìmena). Arister� faÐnetai h perÐptwsh qwrÐc sÔzeuxh twn

uposusthm�twn, tm = 0, en¸ dexi� pwc metab�lletai h kat�stash ìtan prostejeÐ sÔzeuxh tm = 0.8. ParathreÐtai

me thn prosj kh thc sÔzeuxhc h emf�nish sunÔparxhc CDW+SDW+FM sta dÔo kontinìtera str¸mata wc proc th

diepaf . O sidhromagnhtismoc antiproswpeÔetai apì thn mèsh tim  thc puknìthtac spin.

h metabol  tou dunamikoÔ metaxÔ kontinìterwn geitìnwn kat� th diepaf  (0,0,1) de faÐne-
tai na ephre�zei th dunhtik  sunÔparxh twn f�sewn kont� sth diepaf . Ta apotelèsmata
faÐnontai sto Sq ma 6.2.

H emf�nish tou aerÐou hlektronÐwn sthn perioq  thc diepif�neiac faÐnetai an koit�xoume
thn puknìthta katast�sewn tou sust matoc. Sto sq ma 6.3 faÐnetai h topik  puknìthta
katast�sewn se shmeÐa diaforetik¸n epipèdwn gia ta spin-up hlektrìnia. ParathroÔme to
klèisimo tou q�smatoc sta epÐpeda amèswc p�nw kai amèswc k�tw apì thn diepaf . K�ti
tètoio antistoiqeÐ se metallik  sumperifor� sta shmeÐa aut� tou plègmatoc. AntÐjeta, an
koit�xoume thn eikìna 6.4 pou parist�nei thn topik  puknìthta katast�sewn gia ta spin-
down swmatÐdia den entopÐzoume to kleÐsimo tou q�smatoc oÔte gia ta shmeÐa kont� sth
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Sq ma 6.2: Metabol  thc kat�stashc twn plhsièsterwn strwm�twn sthn diepaf  sunart sei tou ìrou metap -

dhshc tm gia to sÔsthma thc prohgoÔmenhc eikìnac. Arister� sto plhsièstero sthn diepaf  str¸ma sthn perioq 

tou CDW . Dexi� to Ðdio di�gramma gia to plhsièstero str¸ma apì thn pleur� tou SDW . ParathreÐtai h emf�nish

sunÔparxhc gia timèc tou nearest-neighbor hopping-term megalÔterec apì 0.6.

Sq ma 6.3: H topik  puknìthta katast�sewn gia ta spin-up swmatÐdia se di�fora shmeÐa tou sust matoc dia-

st�sewn 15 × 15 × 6 shmeÐwn me thn diepaf  CDW-SDW kat� ton �xona z metaxÔ twn epipèdwn z = 3 kai z = 4.

Sugkekrimèna, apeikonÐzetai h local DOS p�nw sthn eujeÐa (x = 6, y = 5) gia ìlec tic timèc tou z. ParathreÐtai h

èlleiyh katast�sewn me mhdenikèc enèrgeiec gia ta epÐpeda tou CDW makri� apì thn diepaf . Gia ta shmeÐa pou eÐnai

dipl� kateilhmmèna emfanÐzontai katast�seic me meg�lh pijanìthta kat�lhyhc gia arnhtikèc enèrgeiec. AntÐjeta, gia

mh kateilhmmèna shmeÐa oi meg�lhc pijanìthtac katast�seic emfanÐzontai gia jetikèc meg�lec timèc thc enèrgeiac.

Gia z = 3 emfanÐzontai katast�seic sto mhdèn. 'Omoia, sthn perioq  tou SDW makri� apì th diepaf  emfanÐzetai to

antÐstoiqo q�sma, en¸ sto str¸ma me z = 4 parathroÔme to kleÐsimo tou q�smatoc.

diepif�neia. K�ti tètoio eÐnai sÔmfwno me touc prohgoÔmenouc jewrhtikoÔc upologismoÔc
[1] kai deÐqnei hmimetallik  sumperifor� tou sust matoc kont� sth diepif�neia gia ta spin-
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p�nw.

Sq ma 6.4: H topik  puknìthta katast�sewn gia ta spin-down swmatÐdia se di�fora shmeÐa tou sust matoc

diast�sewn 15×15×6 shmeÐwn me thn diepaf  kat� ton �xona z metaxÔ twn epipèdwn z = 3 kai z = 4. Sugkekrimèna,

apeikonÐzetai h local DOS p�nw sthn eujeÐa (x = 6, y = 5) gia ìlec tic timèc tou z. EmfanÐzetai h Ðdia èlleiyh

katast�sewn me thn perÐptwsh twn spin-up sthn perioq  tou CDW makri� apì thn diepaf . M�lista parathreÐtai

ìti sta shmeÐa ìpou h pijanìthta kat�lhyhc eÐnai meg�lh gia ta p�nw spin eÐnai exÐsou meg�lh kai gia ta k�tw spin kai

antÐjeta. Me �lla lìgia ta shmeÐa   ja eÐnai dipl� kateilhmmèna   �deia. Sthn perioq  thc diepaf c den emfanÐzontai

sthn perÐptwsh aut  katast�seic sto mhdèn. Me �lla lìga o sidhromagnhtismìc pou emfanÐzetai antistoiqeÐ se

swmatÐdia me spin p�nw. Autì gÐnetai fanerì kai apì thn perioq  tou FM ìpou blèpoume ìti emfanÐzei monwtik 

sumperif� gia ta spin-down swmatÐdia.

70



6.1.2 Diepaf  CDW - FM

Gia thn ulopoÐhsh tou sidhromagn th (sthn perÐptws  mac hmimetallikìc) qrhsimopoi same
tic akìloujec paramètrouc:

• tx = ty = 1

• tz = 0.3

• t′xy = t′xz = t′yz = 0.2

• U = 10

• Vx = Vy = 0

• Vz = 0

• µ = 1

en¸ gia to CDW qrhsimopoioÔme tic Ðdiec me tic prohgoumènwc timèc.
Sthn eikìna 6.5 faÐnontai ta kontinìtera epÐpeda thc diepaf c metaxÔ tou CDW kai tou

sidhromagn th. 'Omoia me thn prohgoÔmenh perÐptwsh, me kÐtrino anaparist�tai h puknìthta
fortÐou sta di�fora shmeÐa tou plègmatoc kai me mwb h puknìthta tou spin. O sidhroma-
gn thc emfanÐzei stajer  gia ìla ta shmeÐa puknìthta spin, Ðsh me 0.7. QwrÐc th sÔzeuxh
metaxÔ twn dÔo uposusthm�twn, h k�je f�sh up�rqei xeqwrist� sto antÐstoiqo tm ma kai
sth fantastik  diepaf  den emfanÐzetai kanenìc eÐdouc sunÔparxh. AntÐjeta, me thn pro-
sj kh enìc ìrou metap dhshc metaxÔ twn dÔo uposusthm�twn h kat�stash metab�lletai
ìpwc faÐnetai sto dexiì mèroc thc eikìnac 6.5. H stajer  magn tish paÔei na isqÔei kai
dÐnei th jèsh thc se mÐa periodik  diamìrfwsh gÔrw apì thn prohgoÔmenh stajer  tim .
Sunep¸c, prokÔptei h emf�nish mazÐ me th magn tish enìc kÔmatoc puknìthtac spin. Tau-
tìqrona, kai sÔmfwna me ta prohgoÔmena, eisèrqetai sthn perioq  tou sidhromagn th to
CDW kai eÐnai aut  h eisq¸rhsh pou prokaleÐ thn emf�nish tou kÔmatoc puknìthtac spin
pou parathr same prohgoumènwc.

O sidhromagn thc pou par�getai me tic sugkekrimènec paramètrouc tou montleouHubbard
eÐnai hmimetallikìc, k�ti pou shmaÐnei pwc sthn metallik  tou sumperifor� suneisfèroun
hlektrìnia me sugkekrimèno spin. Sthn perÐptwsh pou exet�zoume mìno ta spin-up hle-
ktrìnia suneisfèroun sthn ro  reÔmatoc me thn efarmog  enìc pedÐou. Sta sq mata 6.6 kai
6.7 faÐnetai h topik  puknìthta katast�sewn gia ta swmatÐdia me spin p�nw kai k�tw an-
tÐstoiqa. ParathroÔme ìti sthn pr¸th perÐptwsh brÐskontai pollèc katast�seic gÔrw apì
thn enèrgeia Fermi, emfanÐzontac ètsi me eukolÐa agwgimìthta gia ta spin p�nw swmatÐdia.
Diaforetik  eÐnai h perÐptwsh sto sq ma 6.7. 'Opwc faÐnetai, ta spin k�tw swmatÐdia èqoun
th dunatìthta na katal�boun eÐte energeiakèc katast�seic me enèrgeia qamhlìterh tou mh-
denìc, opìte kai sto antÐstoiqo shmeÐo anamènetai na broÔme to swmatÐdio, eÐte energeiakèc
katast�seic me enèrgeia arket� uyhlìterh tou mhdenìc, opìte prìkeitai gia diegermènec ka-
tast�seic kai anamènetai na broÔme mia èlleiyh tou antÐstoiqou swmatidÐou sto shmeÐo pou
melet�me.

Kat� th sÔzeuxh twn dÔo ulik¸n parathreÐtai h emf�nish tou aerÐou hlektronÐwn sto
epÐpedo tou CDW akrib¸c p�nw apì th diepif�neia. Katast�seic sth kontin  perioq  thc
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Sq ma 6.5: Diepaf  CDW-FM kat� to (0 0 1) epÐpedo. Diast�seic sust matoc 10 × 10 × 8 shmeÐa. Diepaf 

metaxÔ twn epipèdwn z = 4 kai z = 5. Sthn eikìna aut  faÐnontai ta dÔo kontinìtera sth diepaf  str¸mata kat�

ton z-�xona gia to CDW (ta dÔo pr¸ta epÐpeda) kai ton sidhromagnhtismì (ta dÔo epìmena). Arister� faÐnetai

h perÐptwsh qwrÐc sÔzeuxh twn uposusthm�twn, tm = 0, en¸ dexi� pwc metab�lletai h kat�stash ìtan prostejeÐ

sÔzeuxh tm = 1. Kat� thn prosj kh thc sÔzeuxhc emfanÐzetai kÔma puknìthtac spin sthn pleur� tou CDW me

peperasmènh mèsh tim  (sidhromagnhtismìc). Sthn perioq  tou sidhromagnhtismoÔ h epaf  prokaleÐ thn qwrik 

kum�twsh tou spin prokal¸ntac emf�nish kÔmatoc fortiou kai spin. To qarakthristikì eÐnai pwc oi kumat¸seic tou

spin kai tou fortÐou eÐnai parìmoiou eÔrouc kai brÐskontai se f�sh.

mhdenik c enèrgeiac k�noun thn emf�nis  touc mèsa sto energeiakì q�sma tou kÔmatoc
puknìthtac fortÐou.

'Ena shmantikì apotèlesma thc sugkekrimènhc diepaf c eÐnai to gegonìc ìti to kÔma
puknìthtac fortÐou kai kÔma puknìthtac spin èqoun parapl sia eÔrh sthn pleur� tou FM .
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Sq ma 6.6: H topik  puknìthta katast�sewn gia ta spin-up swmatÐdia se di�fora shmeÐa tou sust matoc dia-

st�sewn 15 × 15 × 6 shmeÐwn me thn diepaf  CDW-FM kat� ton �xona z metaxÔ twn epipèdwn z = 3 kai z = 4.

Sugkekrimèna, apeikonÐzetai h local DOS p�nw sthn eujeÐa (x = 6, y = 5) gia ìlec tic timèc tou z. ParathreÐtai h

èlleiyh katast�sewn me mhdenikèc enèrgeiec gia ta epÐpeda tou CDW makri� apì thn diepaf . Gia ta shmeÐa pou eÐnai

dipl� kateilhmmèna emfanÐzontai katast�seic me meg�lh pijanìthta kat�lhyhc gia arnhtikèc enèrgeiec. AntÐjeta, gia

mh kateilhmmèna shmeÐa oi meg�lhc pijanìthtac katast�seic emfanÐzontai gia jetikèc meg�lec timèc thc enèrgeiac.

Gia z = 3 emfanÐzontai katast�seic sto mhdèn. Apì thn �llh pleur�, sthn perioq  tou sidhromagn th up�rqei plei�-

da katast�sewn gÔrw apì thn enèrgeia Fermi. O sidhromagn thc emfanÐzei metallik  sumperifor� gia ta spin-up

swmatÐdia.
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Sq ma 6.7: H topik  puknìthta katast�sewn gia ta spin-down swmatÐdia se di�fora shmeÐa tou sust matoc thc

prohgoÔmenhc eikìnac. Sugkekrimèna, apeikonÐzetai h local DOS p�nw sthn eujeÐa (x = 6, y = 5) gia ìlec tic timèc

tou z. EmfanÐzetai h Ðdia èlleiyh katast�sewn me thn perÐptwsh twn spin-up sthn perioq  tou CDW makri� apì

thn diepaf . M�lista parathreÐtai ìti sta shmeÐa ìpou h pijanìthta kat�lhyhc eÐnai meg�lh gia ta p�nw spin eÐnai

exÐsou meg�lh kai gia ta k�tw spin kai antÐjeta. Me �lla lìgia ta shmeÐa   ja eÐnai dipl� kateilhmmèna   �deia.

Sthn perioq  thc diepaf c den emfanÐzontai sthn perÐptwsh aut  katast�seic sto mhdèn. O sidhromagnhtismìc pou

emfanÐzetai antistoiqeÐ se swmatÐdia me spin p�nw. Autì gÐnetai fanerì kai apì thn perioq  tou FM ìpou blèpoume

ìti emfanÐzei monwtik  sumperif� gia ta spin-down swmatÐdia.
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6.1.3 Diepaf  SDW - FM

Qrhsimopoi¸ntac tic Ðdiec timèc gia tic paramètrouc me tic prohgoÔmenec peript¸seic pro-
somoi¸noume th diepaf  metaxÔ SDW kai sidhromagnhtismoÔ.

Ta epÐpeda gÔrw apì thn diepaf  faÐnontai sto sq ma 6.8. Ta apotelèsmata èqoun
thn Ðdia logik  me tic prohgoÔmenec peript¸seic. Ki ed¸ parathreÐtai h emf�nish tou aerÐou
hlektronÐwn me th metallik  sumperifor� sth diepif�neia apì thn pleur� tou monwt  kaj¸c
kai h sunÔparxh twn tri¸n f�sewn sth diepaf .

Sq ma 6.8: Diepaf  SDW-FM kat� to (0 0 1) epÐpedo. Diast�seic sust matoc 10×10×8 shmeÐa. Diepaf  metaxÔ

twn epipèdwn z = 4 kai z = 5. Ed¸ sqedi�zontai ta dÔo kontinìtera sth diepaf  str¸mata kat� ton z-�xona gia

to SDW (ta dÔo pr¸ta epÐpeda) kai ton sidhromagnhtismì (ta dÔo epìmena). Arister� faÐnetai h perÐptwsh qwrÐc

sÔzeuxh twn uposusthm�twn, tm = 0, en¸ dexi� pwc metab�lletai h kat�stash ìtan prostejeÐ sÔzeuxh tm = 1.

Kat� thn prosj kh thc sÔzeuxhc emfanÐzetai kÔma puknìthtac fortÐou sthn pleur� tou SDW en¸ par�llhla

metatopÐzetai to kÔma puknìthtac spin emfanÐzontac peperasmènh mèsh tim  (sidhromagnhtismìc). Sthn perioq  tou

sidhromagnhtismoÔ h epaf  prokaleÐ thn qwrik  kum�twsh tou spin prokal¸ntac emf�nish kÔmatoc fortiou kai spin.

Xan�, parìmoia me thn perÐptwsh thc diepaf c CDW-FM, parathreÐtai pwc pwc oi kumat¸seic tou spin kai tou

fortÐou eÐnai parìmoiou eÔrouc kai brÐskontai se f�sh.

Sta sq mata 6.9 kai 6.10 deÐqnetai h puknìthta katast�sewn gia ta spin p�nw kai ta
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spin k�tw swmatÐdia antÐstoiqa.

Sq ma 6.9: H topik  puknìthta katast�sewn gia ta spin-up swmatÐdia se di�fora shmeÐa tou sust matoc diast�-

sewn 15 × 15 × 6 me thn diepaf  SDW-FM kat� ton �xona z metaxÔ twn epipèdwn z = 3 kai z = 4. Sugkekrimèna,

apeikonÐzetai h local DOS p�nw sthn eujeÐa (x = 6, y = 5) gia ìlec tic timèc tou z. ParathreÐtai kai sthn perÐptwsh

aut  èlleiyh katast�sewn me mhdenikèc enèrgeiec gia ta epÐpeda tou SDW makri� apì thn diepaf . H SDW kat�sta-

sh èqei monwtik  sumperifor�. Gia z = 3 emfanÐzontai katast�seic sto mhdèn, pr�gma pou anadeiknÔei thn emfanish

sidhromagnhtik c f�shc sto sugkekrimèno epÐpedo. Apì thn �llh pleur�, sthn perioq  tou sidhromagn th up�rqei

plei�da katast�sewn gÔrw apì thn enèrgeia Fermi dedomènou ìti o sidhromagn thc emfanÐzei metallik  sumperifor�

gia ta spin-up swmatÐdia me tic sugkekrimènec paramètrouc tou epektamènou prìtupou Hubbard.
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Sq ma 6.10: H topik  puknìthta katast�sewn gia ta spin-down swmatÐdia se di�fora shmeÐa tou sust matoc

diast�sewn 15 × 15 × 6 me thn diepaf  kat� ton �xona z metaxÔ twn epipèdwn z = 3 kai z = 4. Sugkekrimèna,

apeikonÐzetai h local DOS p�nw sthn eujeÐa (x = 6, y = 5) gia ìlec tic timèc tou z. EmfanÐzetai h Ðdia èlleiyh

katast�sewn me thn perÐptwsh twn spin-up sthn perioq  tou SDW makri� apì thn diepaf . En¸, ìmwc, gia ta

swmatÐdia me spin p�nw h pijanìthta kat�lhyhc energeiak¸n katast�sewn me arnhtik  enèrgeia eÐnai se ìla ta

shmeÐa meg�lh, sthn perÐptwsh twn swmatidÐwn me spin k�tw h pijanìthta aut  exart�tai apì to shmeÐo thc perioq c

tou SDW prokal¸ntac ètsi thn kum�twsh tou spin kai tou fortÐou. Sthn diepaf  den dhmiourgoÔntai katast�seic sto

mhdèn, en¸ kai sthn perioq  tou sidhromagn th tètoiec energeikèc katast�seic den emfanÐzontai k�nontac hmimetallik 

th sumperifor� tou sidhromagn th.
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6.2 Diepafèc kat� th diag¸nia dieÔjunsh (1 1 0)

Sto ed�fio autì ja parousi�soume qarakthristik� apotelèsmata apì thn prosomoÐwsh
diepaf¸n kat� th diag¸nio tom  (1 1 0) se fulloeid  sust mata. DÐnontai mìnon ta apote-
lèsmata mèsa sa èna sugkekrimèno epÐpedo.

Sq ma 6.11: Diepaf  kat� th diag¸nio sto epÐpedo xy metaxÔ CDW kai d-wave singlet uperagwgimìthtac. To

sÔsthma eÐnai 20× 18 shmeÐwn. H sÔzeuxh twn dÔo aut¸n f�sewn èqei wc apotèlesma thn epagwg  f�sewn pou den

proôp�rqoun ìpwc èna kÔma puknìthtac spin sth diepaf  kai mia diamorfwmènh s-wave uperagwgimìthta.

Sq ma 6.12: Xeqwrist  eikìna gia thn k�je par�metro pou emfanÐzetai kat� th diag¸nio epaf  metaxÔ CDW kai

d-wave singlet uperagwgimìthtac. H sunÔparxh dSC-CDW ep�gei upoqrewtik� k�tw apì thn Ôparxh kai asummetrÐac

hlektronÐou-op c kai th f�sh η pou den eÐnai tÐpota �llo apì mia diamorfwmènh kat� Q s-wave uperagwgimìthta. H

emf�nish SDW sth diepif�neia odhgeÐ sthn epagwg  tou magnhtismoÔ sthn pleur� tou CDW. Parìmoia, h emf�nish

SDW odhgeÐ sthn epagwg  Πx(Πy) uperagwgimìthtac sthn pleur� thc dSC.
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Sto sq ma 6.11 dÐnetai to apotèlesma thc prosomoÐwshc diepaf c metaxÔ CDW kai
d − wave uperagwgimìthtac, en¸ sto 6.12 faÐnetai h k�je f�sh xeqwrist�. 'Opwc ana-
menìtan emfanÐzetai sth diepaf  s − wave uperagwgimìthta [1]. 'Omoia, sto sq ma 6.13
prosomoi¸netai h diepaf  metaxÔ SDW kai d − wave uperagwgimìthtac, en¸ sto 6.14 h
k�je f�sh anaparist�tai xeqwrist� gia eukrÐneia.

Sq ma 6.13: Diepaf  kat� th diag¸nio sto epÐpedo xy metaxÔ SDW kai d-wave singlet uperagwgimìthtac. To

sÔsthma eÐnai 20× 18 shmeÐwn. H sÔzeuxh twn dÔo aut¸n f�sewn èqei wc apotèlesma thn epagwg  f�sewn pou den

proôp�rqoun ìpwc èna kÔma puknìthtac fortÐou sth diepaf  kai Πx(Πy) uperagwgimìthta.

Sq ma 6.14: Xeqwrist  eikìna gia thn k�je par�metro pou emfanÐzetai kat� th diag¸nio epaf  metaxÔ SDW kai

d-wave singlet uperagwgimìthtac. H sunÔparxh dSC-SDW ep�gei upoqrewtik� k�tw apì thn Ôparxh kai asummetrÐac

hlektronÐou-op c kai th f�sh Π triplet SC. AxioshmeÐwth eÐnai h periodikìthta pou emfanÐzei h f�sh aut  me thn

periodikìthta kat� th diag¸nio. AntÐstoiqa me thn prohgoÔmenh perÐptwsh, h emf�nish CDW sth diepif�neia odhgeÐ

sthn epagwg  tou magnhtismoÔ sthn pleur� tou kÔmatoc puknìthtac spin. Parìmoia, h emf�nish CDW odhgeÐ sthn

epagwg  η uperagwgimìthtac apì thn pleur� thc dSC.
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Tèloc, sthn eikìna 6.15 parousi�zetai to apotèlesma thc diag¸niac diepaf c metaxÔ
kÔmatoc puknìthtac fortÐou kai kÔmatoc puknìthtac spin. 'Opwc faÐnetai (kai anamènetai
sÔmfwna me to [1]) ep�getai kai sthn perÐptwsh aut  sidhromagnhtik  f�sh kat� m koc thc
diepaf c.

Sq ma 6.15: Diepaf  kat� th diag¸nio sto epÐpedo xy metaxÔ CDW kai SDW uperagwgimìthta. To sÔsthma

eÐnai 20× 18 shmeÐwn. ParathreÐtai h epagwg  sidhromagnhtismoÔ sth diepif�neic sthn pleur� kai tou CDW kai tou

SDW.

Se ìlec tic parap�nw peript¸seic paÐrnoume ta anamenìmena apotelèsmata me b�sh tic
prohgoÔmenec melètec apì thn om�da mac sto q¸ro twn orm¸n. ProkÔptoun ìmwc kai mh
anamenìmena apotelèsmata ìpwc h diafor� kata mia f�sh π/2 an�mesa se sunup�rqousec
d−wave−triplet kai π−wave uperag¸gimec katast�seic tic opoÐec ja prèpei na melet soume
kalÔtera.

6.3 Melèth thc emf�nishc thc f�shc tou antisidhro-
magnhtismoÔ

6.3.1 Bulk antisidhromagnhtismìc

Sto teleutaÐo ed�fio tou kefalaÐou twn apotelesm�twn pou proèkuyan apì tic prosomoi¸-
seic me th bo jeia tou k¸dika pou gr�fthke ja melethjeÐ k�tw apì poiec sunj kec kai me
poion trìpo emfanÐzetai h f�sh tou antisidhromagnhtismoÔ (SDW ). 'Opwc  dh èqei grafteÐ,
Ôstera apì anaz thsh brèjhkan oi par�metroi pou odhgoÔn sth f�sh tou SDW . Wstìso,
h f�sh aut  ephre�zetai me th metabol  k�poiwn apì tic paramètrouc kai enisqÔetai   exa-
fanÐzetai dÐnontac th jèsh thc se �llec katast�seic t�xhc (ìpwc o sidhromagnhtismìc)   se
mh katast�seic t�xhc (ìpwc h kanonik  metallik  kat�stash). Em�c ja mac apasqol sei h
metabol  thc f�shc sunart sei thc paramètrou tz (ìroc metap dhshc metaxÔ plhsièsterwn
geitìnwn kat� th z-dieÔjunsh - ìroc sÔzeuxhc twn epipèdwn) kaj¸c epÐshc kai tou arijmoÔ
twn epipèdwn (n) pou apoteloÔn to sÔsthma pou melet�me.

Pr¸ta apì ìla, prèpei na parathrhjeÐ to gegonìc pwc h metabol  thc tim c thc pa-
ramètrou U (dhlad  tou on − site dunamikoÔ sto ektetamèno montèlo Hubbard) mporeÐ na
odhg sei sthn allag  thc morf c ston pragmatikì q¸ro thc diamìrfwshc tou antisidhroma-
gnhtismoÔ kat� th z-dieÔjunsh. K�ti tètoio mporeÐ na faneÐ sta sq mata 6.16 kai 6.17 ìpou
sqedi�zetai to pl�toc tou antisidhromagnhtismoÔ gia to k�je epÐpedo. Prèpei na tonisjeÐ
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pwc mèsa se èna epÐpedo h antisidhromagnhtik  f�sh eÐnai kal� egkatasthmènh.

Sq ma 6.16: Pl rhc antisidhromagnhtismìc kat� thn kateÔjunsh (1,1,1). H antisidhromagnhtik  sumperifor�

mporeÐ na parathrhjeÐ kat� th dieÔjunsh x, kat� th dieÔjunsh y kai kat� th dieÔjunsh z. H f�sh aut  emfanÐzetai

gia U = 3 kai gia di�forec timèc tou tz kai tou n. Sth sugkekrimènh perÐptwsh tz = 0.7 kai n = 4.

Sq ma 6.17: Antisidhromagnhtik  f�sh gia U = 4. tz = 0.7, n = 12. Mèsa se k�je xy-epÐpedo o antisidhroma-

gnhtismìc eÐnai akrib c. Kat� th dieÔjunsh-z emfanÐzetai mÐa diamìrfwsh. Sto (a) faÐnetai to pl�toc tou AF gia ta

diadoqik� epÐpeda en¸ sto (b) to spin twn atìmwn kata m koc miac gramm c sth z-dieÔjunsh. To sq ma antistoiqeÐ

gia èna sÔsthma me n = 12 epÐpeda. Qarakthristikì thc parap�nw diamìrfwshc, pou eÐnai anex�rthto tou arijmoÔ

twn epipèdwn, eÐnai h megistopoÐhsh tou pl�touc sta akraÐa epÐpeda tou sut matoc.
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Sth sunèqeia, ja melethjeÐ h sumperifor� tou tri¸n diast�sewn SDW ston pragma-
tikì q¸ro gia tic peript¸seic me U = 3 kai U = 4 gia tic di�forec timèc twn tz kai n.
Sthn eikìna 6.18 perigr�fetai h pr¸th perÐptwsh (U = 3). ParathroÔme ìti gia to kal�
egkatasthmèno (1,1,1) antisidhromagnhtismì o arijmìc twn strwm�twn den paÐzei ousiasti�
k�poio spoudaÐo rìlo. Apì mÐa krÐsimh tim  tou tz kai pèra h antisidhromagnhtik  f�sh
exafanÐzetai anexart twc tou arijmoÔ twn epipèdwn pou apoteloÔn to sÔsthma.

Sq ma 6.18: Ex�rthsh thc emf�nishc antisidhromagnhtik c f�shc apì ton ìro metap dhshc tz kat� th dieÔjunsh-

z gia sust mata diaforetikoÔ arijmoÔ epipèdwn n me U = 3. ParathreÐtai mia krÐsimh tim  (tz ≈ 1.1) p�nw apì thn

opoÐa o antisidhromagnhtismìc exafanÐzetai. H mình exaÐresh eÐnai gia n = 2 ìpou h krÐsimh aut  tim  gÐnetai

mikrìterh se sqèsh me sust mata perissìterwn epipèdwn.

AntÐjeth eÐnai h perÐptwsh me U = 4, ìpwc perigr�fetai kai sto sq ma 6.19. Ed¸ h
krÐsimh tim  tou tz p�nw apì thn opoÐa h antisidhromagnhtik  f�sh exafanÐzetai exart�tai
apì ton arijmì twn epipèdwn pou apoteloÔn to sÔsthma. H aÔxhsh tou arijmoÔ twn epipèdwn
odhgeÐ sthn aÔxhsh thc krÐsimhc tim c tou ìrou metap dhshc metaxÔ aut¸n.

Sq ma 6.19: Ex�rthsh thc emf�nishc antisidhromagnhtik c f�shc apì ton ìro metap dhshc tz kat� th dieÔjunsh-

z gia sust mata diaforetikoÔ arijmoÔ epipèdwn n me U = 4. H krÐsimh tim  (tz ≈ 1.1) p�nw apì thn opoÐa o

antisidhromagnhtismìc exafanÐzetai eÐnai sthn perÐptwsh aut  aÔxousa sun�rthsh tou arijmoÔ twn epipèdwn pou

apoteloÔn to sÔsthma.

Qr simo ja mac faneÐ kai to parak�tw di�gramma 6.20 sto opoÐo sqedi�zetai to pl�toc
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tou antisidhromagnhtismoÔ sunart sei tou arijmoÔ twn epipèdwn gia sugkekrimènec timèc
tou tz.

Sq ma 6.20: Grafik  par�stash tou pl�touc tou SDW sunart sei tou arijmoÔ twn epipèdwn tou sust matoc

n gia tz = 1.3 kai tz = 1.6. Sthn pr¸th perÐptwsh apaitoÔntai toul�qiston 4 epÐpeda kat� th z-dieÔjunsh ¸ste na

egkatastajeÐ h antisidhromagnhtik  f�sh sta epÐpeda, en¸ sth gia tz = 1.6 apaitoÔntai toul�qiston 5 epÐpeda.

6.3.2 Str¸ma antisidhromagn th se epaf  me mh magnhtikì ulikì

Sthn upoenìthta aut  ja melet soume thn perÐptwsh thc stajeropoÐhshc thc antisidhro-
magnhtik c f�shc se èna str¸ma ulikoÔ me tic kat�llhlec paramètrouc ìtan to b�loume se
epaf  me èna mh magnhtikì ulikì metablhtoÔ arijmoÔ strwm�twn. Sugkekrimèna, ja elèg-
xoume thn ex�rthsh thc emf�nishc   thc exaf�nishc thc antisidhromagnhtik c f�shc sto
kat¸tero str¸ma apì ton arijmì twn strwm�twn tou mh magnhtikoÔ ulikoÔ.

Gia to str¸ma tou antisidhromagnhtikoÔ ulikoÔ ja epilèxoume U = 3 gia lìgouc pou ja
fanoÔn sto epìmeno kef�laio twn sumperasm�twn. Oi upìloipec par�metroi eÐnai oi Ðdiec me
autèc pou qrhsimopoi jhkan stic prohgoÔmenec prosomoi¸seic. Sthn arister  st lh thc
eikìnac 6.21 faÐnetai h perÐptwsh tou antisidhromagnhtikoÔ str¸matoc kai to mh magnhtikì
ulikì apoteloÔmeno apì trÐa str¸mata. Ta dÔo ulik� de brÐskontai se epaf  (tm = 0).
Akrib¸c h Ðdia eikìna parathreÐtai kai sthn arister  st lh tou sq matoc 6.22. To mìno pou
èqei all�xei se sqèsh me prohgoumènwc eÐnai pwc plèon to mh magnhtikì ulikì apoteleÐtai
apì okt¸ str¸mata kai ìqi trÐa (h apeikìnish mìno twn tri¸n teleutaÐwn apì ta okt¸ ègine
gia lìgouc oikonomÐac tou q¸rou). Sth dexi� st lh twn dÔo aut¸n sqhm�twn faÐnetai h
metabol  thc f�shc twn ulik¸n ìtan ta fèroume se epaf  (me èna m�llon meg�lo hopping
tm = 2.3). ParathroÔme pwc me tic Ðdiec akrib¸c timèc ìlwn twn paramètrwn kai gia tic
dÔo peript¸seic h sumperifor� den eÐnai h Ðdia. Sugkekrimèna, ìtan to mh magnhtikì ulikì
apoteleÐtai apì trÐa str¸mata tìte h epaf  tou me to AFM str¸ma odhgeÐ to deÔtero sthn
exaf�nis  tou. AntÐjeta, ìtan o arijmìc twn strwm�twn tou p�nw ulikoÔ metatrapeÐ apì
trÐa se okt¸ tìte parathroÔme ìqi mìno th diat rhsh kai th stajeropoÐhsh tou antisidhro-
magnhtismoÔ sto k�tw ulikì all� kai thn epagwg  thc f�shc aut c kai sto kat� ta �lla
mh magnhtikì ulikì.

Sto sq ma 6.23 faÐnetai h ex�rthsh tou pl�touc tou AFM str¸matoc apì ton arijmì
n twn strwm�twn tou mh magnhtikoÔ ulikoÔ. 'Opwc mporeÐ na parathr sei kaneÐc, apì ènan
arijmì strwm�twn kai k�tw h antisidhromagnhtik  f�sh exafanÐzetai. Sthn perÐptwsh me
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Sq ma 6.21: 'Ena str¸ma antisidhromagn th k�tw apì trÐa str¸mata mh magnhtikoÔ ulikoÔ. Sthn arister  st lh

faÐnetai h perÐptwsh qwrÐc epaf  twn dÔo ulik¸n. To k�tw ulikì diathreÐ antisidhromagnhtik  f�sh ìtan brejeÐ

mìno tou. Sth dexi� st lh èqoume prosjèsei èna hopping-term tm = 2.3 metaxÔ tou kat¸terou str¸matoc tou

mh magnhitkoÔ ulikoÔ kai tou prohgoumènwc antisidhromagn th. ParathreÐtai h exaf�nish thc antisidhromagnhtik c

f�shc.

tm = 2.3 to kat¸fli autì eÐnai ta 5 epÐpeda. AntÐjeta, apì n = 6 kai p�nw to SDW
faÐnetai na stajeropoieÐtai kai na ep�getai kai sto p�nw ulikì.
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Sq ma 6.22: 'Ena str¸ma antisidhromagn th k�tw apì okt¸ str¸mata mh magnhtikoÔ ulikoÔ. Sthn eikìna faÐ-

nontai mìno ta trÐa qamhlìtera apì ta okt¸ str¸mata. Sthn arister  st lh faÐnetai h perÐptwsh qwrÐc epaf  twn

dÔo ulik¸n. To k�tw ulikì diathreÐ antisidhromagnhtik  f�sh ìtan brejeÐ mìno tou. Sth dexi� st lh èqoume pro-

sjèsei èna hopping-term tm = 2.3 metaxÔ tou kat¸terou str¸matoc tou mh magnhitkoÔ ulikoÔ kai tou prohgoumènwc

antisidhromagn th. ParathreÐtai h diat rhsh thc antisidhromagnhtik c f�shc sto kat¸tero ulikì kai h epagwg 

antisidhromagnhtik c f�shc diamorfwmènhc kat� th z-kateÔjunsh kai sto prohgoumènwc mh magnhtikì ulikì.

Sq ma 6.23: To pl�toc thc antisidhromagnhtik c f�shc tou k�tw str¸matoc ìtan èrjei se epaf  me to mh

magnhtikì ulikoÔ sunart sei tou arijmoÔ twn strwm�twn tou teleutaÐou gia tm = 2.3.
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Kef�laio 7

Sumper�smata

Epibebai¸jhke ìti h diepaf  an�mesa se dÔo apì ta CDW , SDW kai FM epib�llei kai
thn parousÐa thc trÐthc kat�stashc sthn perioq  thc diepaf c. To apotèlesma autì  -
tan anamenìmeno me b�sh th melèth antagwnismoÔ kai sunÔparxhc kbantik¸n katast�sewn
t�xewc sto q¸ro twn orm¸n pou èqei pragmatopoihjeÐ apì thn om�da mac kat� to parel-
jìn [1,2,3]. IdiaÐterh shmasÐa èqei h emf�nish metallikoÔ sidhromagnhtismoÔ sth
diepaf  an�mesa stic monwtikèc katast�seic CDW kai SDW . Skopìc thc ergasÐac au-
t c  tan na anadeÐxei thn pijan  sÔndesh thc epagìmenhc aut c metallik c kat�stashc
me tic metallikèc katast�seic pou parathroÔntai se diepafèc monwt¸n LaTiO3/SrT iO3,
LaV O3/SrT iO3 kaj¸c kai LaAlO3/SrT iO3.

Pr�gmati, to LaTiO3 eÐnai ènac antisidhromagnhtikìc monwt c o opoÐoc mporeÐ na an-
tistoiqeÐ sthn kat�stash sÔmmetrou SDW pou jewroÔme. M�lista to kumat�nusma tou
antisidhromagnhtismoÔ sto LaTiO3 eÐnai to π/2, π/2, π/2 [4] akrib¸c to Ðdio me autì pou
parathreÐtai kai stic antisidhromagnhtikèc f�seic SDW pou upologÐzoume sta fulloeid 
sust mata. Antisidhromagnhtik  sumperifor� parathreÐtai kai sto LaV O3 [5].

Oso gia to SrT iO3, jewreÐtai en gènei apì thn ereunhtik  koinìthta ìti eÐnai ènac aplìc
monwt c z¸nhc me q�sma perÐpou 3eV an kai upologismoÐ tou q�smatoc sth b�sh jewri¸n
eleujèrwn hlektronÐwn den eÐnai epituqeÐc. SÔmfwna me th jewrhtik  mac prosèggish to
SrT iO3 ja prèpei na antistoiqhjeÐ sthn kat�stash CDW . Gia to lìgo autì sta plaÐsia
thc ergasÐac aut c jewr same èna idiaÐtero tÔpo CDW , to opoÐo ja mporoÔse na antistoi-
qeÐ se èna isqurì monwt . Pr�gmati h kat�stash CDW pou perigr�foume sundÔazei ta
qarakthristik� enìc kÔmatoc puknìthtac fortÐou me sÔmmetro kumat�nusma kai enìc monwt 
metabÐbashc fortÐou (Charge Transfer Insulator) tou opoÐou to q�sma mporeÐ na eÐnai
pollapl�sio tou eÔrouc thc z¸nhc agwgimìthtac. H kat�stash aut  prokÔptei ìtan sto
aplì prìtupo Hubbard prosjètoume èna qhmikì dunamikì perÐpou 4, 5t < µ < 5, 3t ètsi
¸ste na metatopÐzetai h enèrgeia Fermi mìlic p�nw apì th z¸nh agwgimìthtac.

Prìsfata, diapist¸jhke peiramatik� ìti oi metallikèc katast�seic pou prokÔptoun sth
diepif�neia twn monwt¸n eÐnai sidhromagnhtikèc pr�gma pou sumfwneÐ apìluta me ton qara-
kt ra thc kat�stashc pou problèpoume. H tuqìn peiramatik  diapÐstwsh thc Ôparxhc tou
idiaÐterou CDW pou proteÐnoume sto SrT iO3 sÐgoura ja apodeÐknue apìluta to swstì
thc jewrhtik c mac prosèggishc. Dustuq¸c k�ti tètoio den eÐnai eÔkolo peiramatik� mia
kai to CDW eÐnai sÔmmetro kai h diakÔmansh tou fortÐou sthn opoÐa antistoiqeÐ sumpÐptei
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me thn periodikìthta tou plègmatoc. Prosektik� sqediasmèna peir�mata me sugkekrimènh
stìqeush eÐnai aparaÐthta.

Omwc h jewrhtik  mac prosèggish èqei shmantik� pleonekt mata se sqèsh me thn epi-
kratoÔsa jewrÐa thc 'katastrof c pìlwshc ' pou perigr�fetai sto kef�laio 1. Kat' arq�c
exhgeÐ tautìqrona ìqi mìno ton metallikì qarakt ra twn katast�sewn sth diepaf  twn
monwt¸n all� kai ton sidhromagnhtikì touc qarakt ra qwrÐc prìsjetec upojèseic. To se-
n�rio thc 'katastrof c pìlwshc ' den exhgeÐ apì mìno tou ton sidhromagnhtikì qarakt ra
twn metallik¸n katast�sewn. Epiplèon, to sen�rio thc 'katastrof c pìlwshc ' problèpei
metallikèc katast�seic mìnon se diepafèc kat� ton (0,0,1) kai ìqi se diag¸niec diepafèc
kat� thn (1,1,0). PolÔ prìsfata [6] epiteÔqjhke h emf�nish twn metallik¸n f�sewn se
diepafèc kat� thn (1,1,0) se antÐjesh me tic problèyeic tou senarÐou thc 'katastrof c pì-
lwshc '. Sthn perÐptws  mac ìmwc h metallik  sidhromagnhtik  kat�stash ofeÐletai se
lìgouc sunÔparxhc f�sewn kai summetri¸n, opìte anamènetai kai sth diag¸nio epaf  ìpwc
apodeiknÔetai �llwste kai apì touc upologismoÔc se diag¸niec diepafèc kat� thn (1,1,0)
pou parajètoume sto upokef�laio 6.2.

H melèth sto ed�fio 6.3 sqetik� me thn ex�rthsh thc emf�nishc antisidhromagnhtik c
f�shc apì ton arijmì twn epipèdwn pou apoteloÔn to sÔsthma mporeÐ poiotik� na exhg sei
thn emf�nish enìc katwflÐou ston arijmì twn epipèdwn pou qrei�zontai ¸ste na emfani-
sjeÐ to metallikì kai sidhromagnhtikì aèrio hlektronÐwn sth diepif�neia twn LV O/STO
kaj¸c kai LAO/STO. 'Opwc perigr�fetai kai sto [7] apaitoÔntai toul�qiston 5 str¸mata
LV O p�nw apì to STO kai 4 str¸mata LAO p�nw sto STO ètsi, ¸ste na emfanisjeÐ
to aèrio hlektronÐwn sth diepif�neia. Diapist¸same (sta sq mata 6.18, 6.19 kai 6.20) ìti
h emf�nish tou ìrou sÔzeuxhc kat� th z-dieÔjunsh mporeÐ na odhg sei sth stajeropoÐhsh
  thn exaf�nish thc SDW f�shc. An�loga me thn tim  twn �llwn paramètrwn br kame
ìti h emf�nish tou antisidhromagnhtismoÔ mporeÐ na exart�tai   kai ìqi apì ton arijmì
twn epipèdwn. H pr¸th perÐptwsh (sq mata 6.19 kai 6.20) -gia th stajeropoÐhsh tou bulk
antisidhromagnhtismoÔ- jewroÔme ìti antistoiqeÐ sthn perigraf  tou LV O, en¸ h deÔterh
(sq ma 6.18) sthn perigraf  tou LTO. Poiotik� mporoÔme na poÔme ìti oi par�metroi pou
kajorÐzoun to LV O pisteÔoume ìti eÐnai tètoioi, ¸ste na prokaloÔn thn kat�llhlh ex�r-
thsh apì ton arijmì twn epipèdwn kai brÐskontai sth 'mple' z¸nh tou epìmenou sq matoc.
Me �lla lìgia, pisteÔoume ìti h Ôparxh elaqÐstou arijmoÔ strwm�twn gia thn emf�nish
tou aerÐou hlektronÐwn sth diepif�neia ofeÐletai sth stajeropoÐhsh   ìqi tou SDW sthn
pleur� tou LV O.

H an�lush sto ed�fio 6.3.2 mac epitrèpei na exhg soume kai to endiafèron fainìmeno thc
emf�nishc metallik c sidhromagnhtik c f�shc kat� th diepaf  dÔo mh magnhtik¸n ulik¸n
ìpwc eÐnai ta LAO kai STO. Sto sq ma 7.2 deÐqnetai xan� h dom  thc diepaf c LAO/STO.
'Opwc faÐnetai kai ekeÐ mÐa apì tic dÔo diepafèc pou mporoÔn na kataskeuasjoÔn metaxÔ twn
dÔo ulik¸n eÐnai h LaO/TiO2. H diadoq , wstìso, twn dÔo aut¸n epipèdwn isodunameÐ me
ton sqhmatismì enìc str¸matoc LTO metaxÔ tw dÔo ulik¸n pou apì ìso eÐnai plèon gnwstì
eÐnai antisidhromagn thc. Sto 6.3.2 melet same th stajeropoÐhsh enìc str¸matoc antisi-
dhromagnhtikoÔ ulikoÔ k�tw apì èna mh magnhtikì ulikì kai diapist¸same thn ex�rthsh
aut c apì ton arijmì twn epipèdwn tou p�nw ulikoÔ. H epilog  U = 3 pou eÐqe gÐnei tìte
ofeÐletai se aut  thn antistoÐqish, sÔmfwna kai me ta parap�nw.

SunoyÐzontac, proteÐnoume pwc h emf�nish tou didi�statou metallikoÔ str¸matoc stic
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Sq ma 7.1: 'Otan h tim  tou ìrou metap dhshc kat� th z-dieÔjunsh antistoiqeÐ se shmeÐa mèsa sto 'mplè' perij¸rio

tìte h SDW f�sh emfanÐzetai gia toul�qiston 5 str¸mata. AntistoiqeÐ sthn perÐptwsh tou LV O.

Sq ma 7.2: Dom  thc diepaf c LAO/STO.

diepif�neiec twn monwt¸n pou melet same ofeÐletai sth sunÔparxh twn katast�sewn SDW
kai CDW pou emfanÐzontai   proteÐnoume pwc emfanÐzontai sta ulik� aut�. H ex�rthsh
thc emf�nishc autoÔ tou aerÐou hlektronÐwn apì tic di�forec sunj kec pou ikanopoioÔn ta
ulik� ofeÐletai sth stajeropoÐhsh   ìqi thc f�shc tou SDW .
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Par�rthma Aþ

Puknìthta katast�sewn

H puknìthta katast�sewn se èna sÔsthma eÐnai apì ta pio shmantik� megèjh ston trìpo
sumperifor�c autoÔ, kurÐwc sthn agwgimìthta hlektrikoÔ reÔmatoc kat� thn efarmog  enìc
pedÐou. Sust mata pou emfanÐzoun èlleiyh katast�sewn gÔrw apì thn epif�neia Fermi
parousi�zoun monwtik    hmiag¸gimh sumperifor� - an�loga me to mègejoc tou q�smatoc -
en¸ h Ôparxh plei�dac katast�sewn sthn perioq  aut  dhl¸nei ag¸gimh sumperifor�.

Wc topik  puknìthta katast�sewn sto plegmatikì shmeÐo Ri gia thn enèrgeia E orÐzetai
to mègejoc ρ(Ri, E) to opoÐo antistoiqeÐ ston sunolikì arijmì twn katast�sewn sto shmeÐo
Ri pou qarakthrÐzontai apì enèrgeia E1. H parap�nw diatÔpwsh eÐnai isodÔnamh me thn
akìloujh: topik  puknìthta katast�sewn sto shmeÐo Ri gia thn enèrgeia E eÐnai to sÔnolo
twn pijanot twn gia ìlec tic pijanèc katast�seic tou sust matoc - idiokatast�seic thc
Qamiltonian c - na brejeÐ to swmatÐdio sto shmeÐo Ri me diegermènh enèrgeia E

ρ(Ri, E) =
∑
α,σ

| 〈Eα|c†iσ|0〉 |
2δ(E − Eα) (Aþ.1)

ìpou |Eα〉 mia idiokat�stash me enèrgeia Eα, h �jroish gÐnetai p�nw se ìla ta idiodianÔsmata
thc Qamiltonian c kai se ìla ta spin kai |0〉 h jemeli¸dhc kat�stash kenoÔ tou sust matoc.

Sthn perÐptwsh pou mac endiafèrei na melet soume thn puknìthta katast�sewn gia
spin-p�nw katast�seic kai xeqwrist� gia spin-k�tw katast�seic tìte orÐzontai antÐstoiqa:

ρ↑(Ri, E) =
∑
α

| 〈Eα|c†i↑|0〉 |
2δ(E − Eα)

ρ↓(Ri, E) =
∑
α

| 〈Eα|c†i↓|0〉 |
2δ(E − Eα)

(Aþ.2)

AjroÐzontac ìlec tic topikèc puknìthtec gia ìlec tic jèseic tou plègmatoc orÐzetai h
sunolik  puknìthta katast�sewn tou sust matoc

ρ(E) =
∑
i

ρ(Ri, E) (Aþ.3)

1Sthn perÐptwsh apeÐrou pl jouc dunat¸n kumatanusm�twn -h opoÐa de ja mac apasqol sei- ìpou o
q¸roc twn k gÐnetai suneq c, wc topik  puknìthta katast�sewn orÐzetai o sunolikìc arijmìc katast�sewn
pou antistoiqoÔn se èna di�sthma energei¸n metaxÔ E kai E+ dE an� mon�da enèrgeiac dE kai an� mon�da
ìgkou
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Sth sunèqeia, parousi�zetai o k¸dikac gia thn sqedÐash thc topik c kai thc olik c
puknìthtac katast�sewn. SÔmfwna me autìn, fort¸nontai ta dedomèna pou proèkuyan apì
ton kurÐwc k¸dika -telikèc timèc idiotim¸n kai idiodianusm�twn- en¸ epitrèpei na epilegoÔn
ta shmeÐa tou plègmatoc sta opoÐa ja sqediastoÔn oi topikèc puknìthtac katast�sewn

nx print = [3, 3, 3, 2];

ny print = [3, 4, 4, 8];

nz print = [3, 3, 4, 1];

ìpou k�je katakìrufh tri�da shmeÐwn (èna shmeÐo apì k�je di�nusma apì ta parap�nw)
apoteleÐ èna shmeÐo tou plègmatoc sto opoÐo zhteÐtai o sqediasmìc thc topik c puknìthtac
katast�sewn. O basikìc algìrijmoc èqei wc ex c:

• Koit�zontac prosektik� thn diagwnopoihmènh Qamiltonian 

∑
n

(γ†n↑ γn↓)

(
En 0
0 −En

)(
γn↑
γ†n↓

)
(Aþ.4)

prokÔptei ìti oi N pr¸tec idiotimèc antistoiqoÔn sta spin-up oioneÐ swmatÐdia, en¸
oi epìmenec N sta spin-down. 'Etsi, mporoÔme na dhmiourg soume duo diadikasÐec,
anex�rthtec kai isodÔnamec, gia thn puknìthta twn katast�sewn twn spin-up kai twn
spin-down oioneÐ swmatidÐwn.

• Gia k�je mia apì tic parap�nw peript¸seic kataskeu�zontai dÔo pÐnakec, ènac pÐnakac
gramm c e up (e dn) me ìlec tic diaforetikèc idiotimèc enèrgeiac kai ènac pÐnakac
LDOSup (LDOSdn) tou opoÐou oi st lec antistoiqoÔn stic enèrgeiec tou proh-
goÔmenou pÐnaka en¸ oi grammèc sta shmeÐa tou plègmatoc. To stoiqeio (i, j) perièqei
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thn sunolik  pijanìthta emf�nishc thc enèrgeiac e up(1, j) sth jèsh i.

Pni help = zeros(NN, 2 ∗NN);

Pni = zeros(NN, 2 ∗NN);

for ii = 1 : NN

forjj = 1 : 2 ∗NN
Pni help(ii, jj) = abs(EV (ii, jj) + EV (ii+NN, jj));

end

end

Pni = Pni help. ∗ Pni help; %grammèc =shmeÐa, st lec =pijanìthta

%gia k�je mÐa apo tic idioenèrgeiec eÐte eÐnai Ðdiec, eÐte diaforetikèc

for ii = 1 : NN

Eup(ii) = E(ii, ii);

end

LDOSup = Pni(:, 1 : NN);

eup = Eup;

for ii = NN : −1 : 1

for jj = ii− 1 : −1 : 1

if Eup(jj) == Eup(ii)

LDOSup(:, jj) = LDOSup(:, jj) + LDOSup(:, ii);

LDOSup(:, ii) = [];

eup(ii) = [];

break;

end

end

end

• SqedÐash thc katanom c twn pijanot twn sunart sei thc antÐstoiqhc idioenèrgeiac
gia ta epilqjènta shmeÐa gia spin p�nw kai spin k�tw xeqwrist�.

• SqedÐash thc sunolik c puknìthtac katast�sewn.

Jewrhtik  prìbleyh thc morf c thc puknìthtac twn katast�sewn stic di�forec f�seic
pou melet¸ntai:

kanonik  kat�stash-metallik : ìpwc eÐnai eÔkola katanohtì èna mètallo emfanÐ-
zei meg�lo arijmì katast�sewn gÔrw apì thn epif�neia Fermi.

uperag¸gimec katast�seic: emf�nish q�smatoc pou diaforopoieÐ thn jemeli¸dh ka-
t�stash thc uperagwgimìthtac apì tic diegermènec katast�seic kai to sp�simo twn zeug¸n
hlektronÐwn. To mègejoc tou q�smatoc eÐnai an�logo thc tim c thc paramètrou t�xhc.
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kÔma puknìthtac fortÐou/spin: emfanÐzetai sun jwc gia èna sugkekrimèno pa-
r�gonta prìsmixhc (kont� sto half-filling) par�llhla sun jwc me thn paramìrfwsh tou
plègmatoc, ¸ste na diplasiasteÐ h jemeli¸dhc kuyelÐda tou teleutaÐou. Autì èqei wc a-
potèlesma na emfanisjeÐ q�sma se mikrìterec timèc twn kumatanusm�twn kai ìtan oi timèc
autèc sumpèsoun me thn epif�neia Fermi tìte emfanÐzetai to kÔma puknìthtac me èna q�sma
-monwtik  sumperifor�.
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Par�rthma Bþ

DiaforopoÐhsh k¸dika kat� thn
diag¸nia tom 

'Otan fèroume dÔo ulik� (pou ja ta onom�zoume uposust mata) se epaf  kat� thn (1 1
0) dieÔjunsh, ìpwc faÐnetai sto sq ma (B'.1), emfanÐzontai orismèna probl mata kat� thn
prosomoÐwsh thc diepaf c se sqèsh me ton algìrijmo pou akolouj jhke gia diepafèc kat�
to (1 0 0)   to (0 0 1) epÐpedo. Oi duskolÐec autèc èqoun na k�noun kurÐwc me thn arÐjmhsh
twn shmeÐwn tou k�je uposust matoc kai thn kwdikopoihmènh eÔresh twn geitìnwn tou
k�je shmeÐou tou plègmatoc. H arÐjmhsh twn shmeÐwn epilègetai na gÐnei ana uposÔsthma
sÔmfwna me touc palioÔc x kai y �xonec, pr¸ta diatrèqontac ton x-�xona kai akoloÔjwc
ton y-�xona, ìpwc kai sthn perÐptwsh tou plègmatoc stic treic diast�seic.

Gia thn eÔresh twn geitonik¸n shmeÐwn pou suzeÔgontai mèsa se k�je uposÔsthma all�
kai sthn diepif�neia kai thn eisagwg  twn ìrwn sÔzeuxhc ston pÐnaka thc olik c Qamil-
tonian c, jewr jhke bolikìterh h strof  twn axìnwn kat� 45 moÐrec ètsi, ¸ste o nèoc
x′-�xonac na gÐnei par�llhloc sthn diepaf . Oi nèoi �xonec faÐnontai sto sq ma (B'.1).

Sq ma Bþ.1:

H ìlh diadikasÐa eÔreshc twn kontinìterwn kai twn amèswc kontinìterwn geitìnwn tou
k�je shmeÐou, se genikèc grammèc, epitugq�netai mèsw twn pin�kwn INTERACTIONS L,
INTERACTIONS R, INTERACTIONS T kai INTERACTIONS T2 gia to aristerì upo-
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sÔsthma, to dexiì kai thn diepaf  antÐstoiqa. Stouc dÔo pr¸touc pÐnakec apojhkeÔontai
kat� gramm  ta shmeÐa tou antÐstoiqou uposust matoc se mia katoptrik  dom , ¸ste na
eÐnai eÔkolh h susqètis  touc. An sumbolÐsoume me nxLup(nxRup) kai nxLdn(nxRdn)
ton arijmì twn shmeÐwn sthn pr¸th kai thn teleutaÐa gramm  tou L(R) uposust matoc h
katoptrik  aut  dom  faÐnetai stic epìmenec grammèc:

INTERACTIONS L = zeros(ny, nxLdn);

kk = 0;

ii = 0;

for jj = nxLup : nxLdn

nn = 0;

ii = ii+ 1;

for mm = 1 : jj

nn = nn+ 1;

kk = kk + 1;

INTERACTIONS L(ii,mm) = kk;

INTERACTIONS L(ii, 2 ∗ jj − nn) = kk;

end

end

To poi� shmeÐa eÐnai geitonik� metaxÔ touc prokÔptei me kat�llhlec susqetÐseic twn stoi-
qeÐwn twn parap�nw pin�kwn. Gia par�deigma, stoiqeÐa pou brÐskontai sthn Ðdia gramm  tou
parap�nw pÐnaka kai diafèroun kat� mia st lh suggeneÔoun kat� ton x-�xona. K�ti tètoio
gr�fetai wc ex c:

MTX = zeros(nL);

for ii = 1 : ny

for jj = 1 : 2 ∗ (nxLup+ ii− 1)− 2

mm = INTERACTIONS L(ii, jj);

nn = INTERACTIONS L(ii, jj + 1);

if nn = 0

MTX(mm,nn) = 1;

MTX(nn,mm) = 1;

end

end

end

AntÐjeta, stouc pÐnakec pou eÐnai upeÔjunoi gia thn diepaf  apojhkeÔoume kat� grammèc
ta shmeÐa pou brÐskontai sta dÔo mèrh thc diepif�neiac kat� ton nèo x′-�xona ètsi, ¸ste
stoiqeÐa pou brÐskontai sthn Ðdia st lh na sqetÐzontai wc geitonik� shmeÐa sthn diepaf 
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(kontinìteroi geÐtonec gia ton pÐnaka INTERACTIONS T kai amèswc kontinìteroi geÐtonec
gia ton INTERACTIONS T2).

INTERACTIONS T = zeros(2, ny);

for ii = 1 : ny

INTERACTIONS T (1, ii) = INTERACTIONS L(ii, nxLup+ ii− 1);

INTERACTIONS T (2, ii) = INTERACTIONS R(ii, 1);

end

INTERACTIONS T2 L = zeros(1, ny − 1);

INTERACTIONS T2 R = zeros(1, ny − 1);

for ii = 2 : ny

INTERACTIONS T2 L(1, ii− 1) = INTERACTIONS L(ii, nxLup+ ii− 2);

end

for ii = 1 : ny − 1

INTERACTIONS T2 R(1, ii) = INTERACTIONSR(ii, 2);

end

'Ena �llo shmeÐo kat� thn diadikasÐa epÐlushc tou probl matoc sto opoÐo prèpei na dojeÐ
prosoq  eÐnai h epilog  thc arqik c Qamiltonian c panw sthn opoÐa ja gÐnoun oi epanal yeic.
Sthn perÐptwsh pou jèloume na efarmìsoume mia diamìrfwsh sto èna uposÔsthma tìte h
diadikasÐa èqei wc ex c:

• jewroÔme èna upojetikì tetragwnikì plègma di�stashc Ðshc me th megalÔterh di�sta-
sh tou uposust matoc sto opoÐo anaferìmaste.

• efarmìzoume thn apaitoÔmenh diamìrfwsh sto tetragwnikì plègma.

• afairoÔme ta epiplèon shmeÐa tou tetragwnikoÔ pÐnaka (perittèc st lec kai grammèc)
anadiat�ssontac kai all�zontac thn arÐjmhsh sta enapomeÐnanta shmeÐa pou den eÐnai
�lla apì ta shmeÐa ou arqikoÔ uposust matoc.
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