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ITepixndm

Y aUTH TNV OLIAOUATIXY) HENETAUE TOGO AmOdOTIXd UToPOUUE Vo NOGOLUE TEOPNYUaTa OTIWE TO
Yoxidlo 1) 10 LUVTOUOTERO HOVOTIATL , GTNV GTOXAC TLXY) TOuG op®t| . Meketdue 800 TOnOUC AUTHOY
Tov mpofanudtov. Indyk et al, yehétnooav to mpdPAnua Tou cTOXACTIXO) CoxdloL UE BLdPOopES
napaharyéc xou émerta 1 Nikolova yehétnoe 1o otoxacTixd Xiviopo povondtt. Ko ol duo detlav
ot 6ty Tor Bipm axoloubolv bernoulli xatavour| tote undpyel évac QPTAS . Euelc oe avtifeon
delyvouue mwe unopeic vo enextelvelc Tov oNyoplduo xar vor BENTIOCELC To ATOTENECUATO OE EVOLY
EPTAS.Ku enione eldope mo yevixég maparkayéc 6mwg xoplc vo éxelc undbeon yia eldog xatavounc.
YNy ouvéyelo uehetioaue TNy douleld Tou Gupta et al émou divouv alyoplbuouc tou pobalvouv
v BéXTiotn Noon oe cuvduaoTixd tpofAfuata o afféBato mepBAANOV oL YENOLWOTOLOUUE TOUG
Ny ORLOUOUC TOUC GTO GUVTOUOTERO UOVOTTL VLol TO YEVIXEG CUVIPTHACELS XOC TOUC.

Aé€eic xredid: Mdbnon, Etoyaotixr) Bextiotonoinor , Poisson mpooéyyion,Asvypotorndio



Abstract

In this thesis, we study how efficiently we can solve certain problems like Knapsack or Shortest
Path ,in their stochastic variation.We study two variants of these problems. Indyk et al, studied
the Stochastic Knapsack with several configurations and Nikolova studied the Stochastic Shortest
Path problem.Both of them showed that when the weights follows Bernoulli Random variables
there exists a QPTAS. We on the other hand find an extension of their algorithm which can
improve their results to an EPTAS algorithm. After we extend our configuration to a more
general where we can have every probability distribution for our weights where we prove similar
results.After that we study the work of [Gupta et al] where they give sampling algorithms for
combination pure exploration and we use this work to develop algorithms when the weights are
unknown Random Variables.

Keywords:Learning, Sampling, Stochastic Optimization, Poisson Approximation
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Evyopioticg

Ou Aela va euxaploThiow Tov X. PwTdxn dmou Ye Exave va ayamhown TNV BewenTind TANEOQO-
o). Mou €8eie évav véo dpbpo otny emoTAUN xan ue Bordnoe va Eexvion Vo TEOYUXTOTIOWD Tt
ovelpa pou.Katd tnv dudpxeta Tng SImAoUatixc Lou tpocépepe xaodryno, dneipec cuUPouNée ,
o ThREY OE TEOCKTUIXO ETUTEDO XATA TIC DLAPOPES BUGKONES TEPLODOUG Xl 0L APLEPWTE TOND YEOVO.
Me Bordnoe va avamtuy e emioTnuovind xu va efpan ofjuepa €TOWOS VoL ETITUX® TOUC GTOYOUS UOU.

Ou fdeda va euyaploTHoW enioNg TNV owoyévela You mou Ue oThple, xou agiépwoay TNV Lwh
TOUG Lol VoL 6TIoLdAow Ywelc v pou Nelder timota. Toug gihouc wou xau xovTvois you avbpdroug
, oL éxavay TV (wh Uou opop@oTERN Xou HTay XOvTd Hou oTig duaxoXieg,{fooue atolRheuteg
eunelplec , oTyuég mou Bev B Eexdow TOTE XL OTME NEEL XL OE ULl Ao TNG AYATNUEVES LOL Tavieg
it’s a wonderfull life: "no man is a failure who has friends” , toug (tuyala oewd,cuyvodun av
Eéyaoa xdmowov): Nixo K,Boaoian K, Zavtpa X, Idvvn O,Baciin I' Katepiva K,Anurten K, Tideyo
A, Apyopn O,Xproto A/Aora X, Yotnela X, Evoryyehia I', ANéEavdpo T, Kovotavtiva A Mnéttu
' II¢tpo xou Anurten I',Nixo H,I'enyoen I Meixov X xouw Avva x Eun A. Koafog x toug gihoug
wou amd to MOII-corelab Xtpatn xt Aobxo yia Tic weaieg weeg épeuvag i oulATnone. Puoixd dev
TpémeL vau EeVAPE L Toug avBpmnoug Tou ywelg auTolg dev Ba RuacTay €8, YLWTO EUYAPLO TG TOV
x. Adoxo. Ki oov autdg o xdxhog tne Lofe Hou €xheloe e To TéN0C auTtic Tng epyaciog, €vag VEog
apyilet.Elpon seuyvoumy oe dhoug, yiatl ywelc Tov xdbe éva Eeywplotd timota dev Ba Rtav To (Bio.

Téxog Ba beha var euyaploTiow Tov x. Aouldxn yia TV Borbela Tou pou mpocépepe xal yia
TNV EUTOTOOUVY TOU Pe Toug dlarywviopols wobnuatixdyv. Tov x Ioyovptlh xou x. Zdyo yio tnv
%0081y Nom,Tic cUPPOUNEC TOUC TTOU LoV TEOGEPEQUY Xal Yiol TNV TEOOTAbELL TOUG Vol XdvouvY To
gpyaothplo wa owxoyéveta. Kau tov x. Hanaondpou yio tic ougfouléc tou, Borbeia xan ypdvo mou
APLEPWOE.
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Ewocoyoyvn

1.1 3¥x0ondg aLTAG TNG ALTAOUATIXNAS

Ano éva eloaywyixd udbnuo v akyoplbuous o xobévag etvan opxetd PéPotoc ,ue tov oploud
¢ Behtiotomoinong. Iloakd mpoPiAuata unopodv vo Bewendolv we Bepeliddeg tng doxpltric Pek-
totononone. To mpddto medfAnua mou Bu €pbel 6To YU cag, Oa elvon To cUVTOUGTERO TEOBANUA
povordtl. Autéd oplleTol WS N ETAOYT OPLOUEVWY AXUOV UE EVOY TPOTO YLl VO XUTOUOXEVAOEL (Lol Blat-
dpopr| and s €ng t xou vo exaryloTomoleiton. Av xou autd To TEOPANU avaryveopllel uior e0xoAT AUoT
otav T Bdipn etvon Betixol apLBuol, yiveton duoxordtepo xabwe dlarypdgovton ol utobéoeic. o var ma-
pdoyoupe Tapadelyuata , av darypddouue Ty utdbeon 6t Ta Pdien elvon BeTinée Tée, To TEOBANU
vivetan BuoxonoTeERO, aTny mparypotixdtnTa elvan éva NP-HARD npofinuo. Xtnv mporypotixr Lw,
av yvopillovye TNV andotooy and €va ONUED 0TO GANO BEV UTOPOUUE Vo E(UACTE GlyoUPOL YL TO
%e06vo Tou ypeeldletan yia v dlaoyloet. YTdpyouv didpopes YeTofSANTES TOU xdvouv To TEpLBAANOV
BopuPidec. T mopdderyua, av 1 axpn ebvar o dpduog, Tote Eépete OTL Unopelte va To dlaoyloete oe
1 XpOVO TIC TEPLOCOTERES POPES, AN LUTEEYOLY PopES Tou 1 xivnor elvan Wiaitepo auEnuévn tou
awEEVouV To YpbVo Tou amouTelTal yior Vo Slaoyloel. Ol T THUOVES UTopoUY Vo SLopPOCOUY AUTOV
Tov B6pufo Tou mepdANovtog pe TN xenon Twv mhavotiTev. Autd odnyel o €va véo dpduo Tng
€QELVUC X0 OYL TNV VIETEQUIVIOTLXY| €VaL OTIOL €XETE TIATET) ETtly VWoT) Tou TEpLBANNOVTOC OE €vay TTou
€YETE MEQLOPLOUEVES TIANPOYOPiES. AUTO emexTelvVEL TOV OPIGUO TOL TEOGBLOELo TIXOV BeTio TOTOINONG
otn otoyac T PerTioTomoinon.

H otoyactixn Behtiotonolnon avagépeton oe wa GUNNOYT UeBodwv i Tn BerTio Tonoinon wag
AVTIXEWEVIXAG ouvdpTnoNng oTtay 1 TuyaotnTa ebvan togodoa. H tuyodtnta cuvibog eloépyetar oto
TeoPANua elte oto meplBdihov elte oty avixeeviny cuvdptnon. ‘Omwg xou 1 VIETEPULO TIXN
Bextiotonoinon dev umdpyer undpyel wio evialor Abom 1) uéfodog yio Ty emiiuorn xdbe mEodBANuUa,
OANG i €pyoNeloBYxn avamtOooETAL 1) OTtolor Exave AUTE T TEOBAAUATOL ETADGUIAL.

‘Eval xow6 nopddelryyo otoyactxrc Pertiotonoinong eivoaw To bandit npéfAnua, to omolo eivan
€Vl YEVIXO UOVTENO Ylot 0TOXaoTXd TeofBAfAuata. Mo xowy| eqapuoyy mou xabotd euxoldtepn
TNV XoTAvONoT| Elvol, QUVTAOTEITE évay TolXTr OE Wa OELRd amd XOUNOYXEENOEC , O omolog MEETEL
vo anogooioel ol var taéel pe Bdon anepldpioteg TANEogopiec xou BENEL Vo uEYIOTOTOACEL TIC
avtapolBéc Tou. Xe autéd To TEOPANUe Bo meénel va anogacioete mowa Ba maléel xou méoES popéc.
Apxetol emotAuoveg dpyroav vo e€etdlouy autd To TEOPANU, xabde elvon xovtd ot axoloubio
doxipov [1].



To otoyaoTtind cuvtoudtepo tedPANUa dradpouny (tou opiletar apyxd oto [2]) opileton wg
oY) cuvtoudtepr dladpoun arNd dev Eépoupe apriori Ta Bden pag, pévo éva mpdTuTo Yiow Bdem
toug. Emlong, umopolue va oploouye 10 0T0Xa0TIXG coxidlo avahoyxd. Xe auTh TN Slaudppno
vvwpetlovpe povo €va povtéro tou Bdpouc Tov aTtoyelwv xat yvoplloupe Ty ol Toug Tou BéNouue
VoL Ueylotomotioouy. Autd o 800 mpofAAuata elvon TOND mapduola xafne xaL oL 500 avdyouv évay
oNY6pL0u0 PELBO-TONLWVLULXOL YEOVOU.

Mia yevixeuon Tov tpofAnudtwy ctoyac g PerTio tomoinong eivar 1 duvatdTnTa var PAéneTe TO
oTou elo OTaY TO EMAEYETE XU OTN CUVEYELDL VO TPOoCapUOLETE TIC EVERYELEC oag. AuTo To TEOPATUA
xou méht NP-hard 6nwg etvan nopduoa ue Markov Siadixaota Mng anogdoenv Lo [3],[4] xou [5]
xdmolog unopel va Beel didpopa amoteNEcUAT O AUTAY TNV XaATeVBUVOT Y10l TO GTOY UG TS TEOPAN U
oawadimwv.Kow oto [6] yio utility maximization.

Ag 7 evog éva dANO TeOPATA Tou avTiueTwriCouue elval TL UTORE(S Vo XAVELS OTaV UTopelc udvo
Vo tdpelg delypota amd TiC dxpeg xar vor unv E€pelc timota yior o meptdAhov. Autd to mpdfanua
elvon XAeloTo yioe Ty e&étaon unobéoewv. Ye autd ta tpoPAApaTa €xete €va oUvoro Yrobécewy xou
éva pavtelo mou ypnowonote(te yiar vo delypota. O otoyog etvon vo Peebel €va péhog tng undbeong
Tou elval T0 TANCLECTERO G UTO ToU EXTHIAUE. AuTtd Tor TEoBAAUNTA €YOUV TdEEL TNV TEOCOYN
TOAN®Y ETUCTNUOVOV OTIC P€peg pag. TToNNG xevTtpuxd dpta Bewpruarta éxouy auvénbel otny enupdvela
Tou Belyvouv €vay TEOTO YLo TNV AMOTENECUATIXY TPOCEYYIOT dpxeTég Blavopés. Eva and ta tpota
Bewphuarta ota xevipixd dpto ity autd Tou avarntlybnxe and Barry-Essen [[7] [8] nov €deile 6T to
dBpoiouo apxeTOY TUXUWY HETABANTOY UTopel Vo TpoceyyloTel amd wa xatavour Gauss. Av xou autd
ATAY TO TEWTO XEVIEIXO OpLo, aEXETOL dANOL €xouv Tpoxldel. Metd and autolc évag ETOTHUOVIS
mou ovoudletar Charles Stein napeiye wa moé enlonun uébodo yior Ty anddelEn TV XEVTEIXGY Oplwvy
Dewpruata mou elvar To oNUAVTIXOTERO EpYaAElo TOL YeNoldoTolelTon and Toug wabnuatixois. XTig
[9] uropel xavelc va Bpet TONNE Bewphpota i TRy Steins pébodo, xuplog éva amd tar oryamnuéva
wou elvon 6t éva dBpotopa Twv Tuyainv yetafintov X = Y X; elvan xovtd oe Gauss pe opirpo
1/var(X).Ou Paul xau Gregory Valiant [[L0] topouciooay éva yevixdtepo xevipixd Bemprnua dplo yia
tic multidimentional xatavopéc xou [Daskalakis et All] [11]Behtivocav ta dpid Touc.

T\¢ nepiocdtepes Qopéc unopel va paiveton 6TL 1 extiunorn Gauss elva ETaEXAC yia TO YeYONUTERO
H€POC TNG BOLNElNG Hag, OANG umtopel Hovo Vo Bondfcel OTaY TO LOVTEND UG EYEL AVONOYLXA UEY AT
otaxdpavon. Ag 7 evog xdmolog umopel vor poThoeL edv UTdEYEL Eva Bedpnuo yior ToL uixed TpodTUTAL
Soxdpavone. To 1960 n L.Cam [12] anédeile 6t unopel xavelc vo npooeyyloet Simvugx| xotavoun
e Wi poisson. Metd, pe t xphion e nebddou Stein,A. D. Barbour, L. Holst and S. Janson [13]
amédellov OTL unopelc vor Tpooeyyioelg To WoVTEN Uixpng SLoOUOVONG HE XPHOY XATAVOUNC Poisson
. X peténerta epyooio Tov Acoxandxn xou Hanadnunreiou [L4] yxenowwonoinoav ta mponyoluevo
Dewphuata xevtpdv oplwv yLo var Topéyouy uwot epsilon-xé\udn yio PBDs. [Aaoxahdxn et Alll
[11] avéntue enione pa mo I'evixd mhaioto yio tnv tpooéyyion yenodorowdvtog to Poisson dtav
TO WOVTENO elvan €va BLEVUCUAL..

3TN CUVEYELD, Ol OTUATICTIXEG TEYVIXEC TIOU XENOLLOTOOUVTAL YO TNV ENIAUGT] TONAGDYV laxpLtd
TEOPBNNUOTA XENOLLOTOLWVTAS TOV EXAXLOTO 0ptbud Twv detyudtwy. Autol ol akyodplBuol ovoudlovton
«puowol» o ToTEDETL OTL €lvon oL PovoL Tou O emPUOCOLY NOYW TV UEYIAWY BEBOUEVOV. €
auTtég T pubuioelg éxouue Eva cUVONO xatavouy xou BENoupe va Beolue aut Tou elvon o xovTd
oe pa yvoo . Av xou, umdpyel W oA NOon ue T xeon g wéyiotng mbavotnTog, undeyouv
TONNG GANGL TTOU ETUTUYYAVOUV EVOL XONVTERO GUVONLXO anoTéNecpa. To mpwto TEdPANua Tou xdnotog
umopel vo meprypdder ebvan 1 e€eldpeon Tou o UeponmTIXOL xépuatoc. Autd To mpoPANua eivon
évae amd o evplTeEn cUANOYY Ttov bandit mpofAnudtwy . To mpoéPAnua mou eletdleton apyixd
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ot dexaetion Tov ' 50, 6N douleld tou Robbins[l] mou avthel Tic otpatnyIXéC TOU ACUPTTOTIXG
emTUYOLY Lol LEOT avTopolf) Tou cUYXAIVEL GTO 6pLo Yo TNV avTopolBr) Tou xohUtepou arm. Kotomy
[15] mopeixe wor avabemenomn Tov x\aoxdy anoteeoudtov oto multi armed bandit npdfinuoa.
Ta younhdtepa dplor yLor TiC dlapopeTinée moapodharyéc tou multi armed bandit medfinuo €yxouv
uexetnoel amd apxetolg ouyypagpels. Ia To avopevéuevo poviéo regret, To ceuvaplaxd €Yo TOU
Lai xou Robbins [L6] napéyer oguytd dpla and v drodn tne Kullback-Leibler andxhiorn petadd
TV XATAVOUWY TOV avTadolBey Tov dlagdpwy arms. IIoxNd anoteNéopato oc multi armed bandit
ota omola dev UTdEyoLY TBUVOTIXES TopadoyEc EEETACTNXE Yl TEMTN Yopd oto [17] L8], xo n
regret avomtOooETUL AvONOYXE pe TNV TeTpaywvixh ello Tev Prudtov. 3tn ocuvéyew, oto [19]
édeile o1t oo bandit mpdBAnua e mhavdtee Yperdlovton O(n/e? log(1/8)) delypora yio va Beetc
T0 epsilon-BéxTioTov arm ye mbavotnta delta ,mou Pertiwoe o mponyoluevo YvooTé anotéNeoua
:0(n/e?log(n/d)). Mpktov,o. Martin et al [20] mopéyouv éva xaun\étepo 6pto Twv 2 bandit mou
unopet vo Ocwpndel we To xaunAdTEPD PEdryua Yo va Stoxpivel 2 xépuata Tou ebvar Q(log(671)/€2).
EmunXéov, o Tsitsiklis et al, oto [21] anddeilov mo anoteNeouatind yaUnAOTERR QEdryHoTaL oTd
v drodn twv arms Q(log(1/8) >, 1/A?) érou to Delta; eivon 1) anbéotaon peteld tou BENTIOTOU
arm xot tou i-otou. O Richard Karp xoaw Chandrasekaran édwoov otn cuvéyela éva utoféNTioTo
oaNybpuo v v e€elpeon tov mo biased xéppatwv[22]. Metd and autév to [23] Bertinoe to
TEOTYOUUEVO AMOTENEGUAT OF WLl YEVIXOTERT eVBUIoT. Metd and autd apxetéc epyaoieg €xel yivel
v v eedpeon e Top-k arm, oe [24]. Apxetéc epyaociec €xouv yiver yua v eZelpeorn tou
xo\UTepou arm [25] xar otn cuvéyelo Beltiwoay Tol amOTENEGUATE TOUS GTO TO YVOO TO OHUERA G TO
[26].

21N cuvEyEw, €va epTNHa Tou €bEoE elvon oV AUTE TO ATOTENECUATA UTOPOLY VA YETCLLOTOL-
nBovv oe cuvbuaoTxd teoPAfuata Pertiotonoinone. Xe [27] Perxav tpémo v xdnoov va eEdyel
v xo\UTeeT Bdon ot éva matroid mpdBAnua pe T yerion 660 Tov duvaTOY AydTERY BElYUAUTA, GTNV
CUVEYELX EMEXTELVOY TIC TEXVIXES TOUC OF TLO YEVIXA TpoPAAuata [28] mou Ba yprnowonoticouue ota
meoPNuatd poc. ITpdxettan vo avohbooupe to cuVTOUOTERO Uovordtt TedPanua oe woper PAC.
Epelc Oo 8eler node va uno-Bértiotn Peeite povomdtior tou PelTtiotonololy oploUéves Aettoupyiec.

1.1.1 Opopdg TV TEoPANUATOV Kag

Ytol TR TA XEPANLA BEWEOVHE ULl TURAUANAYT) XATOLWY Y VWO TMY TEOPANUATOY And TNV GUVOUN-
oY) Bertiotomoinon . To mpdto elvar To cUVTOUOTERO POVOTATL. 2TO dEYIXO TEOPANUL TEETEL Vo
Beolue éva povomdtt mou ehayloTomolel To Bdpog xan GUVOEEL BUO XOPLYES S Xal t. LTNV ToEoANaY N
wog o Béien Bev elvon yvwoté apriori odA& tédpa Eéva povtélo touc. To povtéNo unopel va elvon and
™ yvoon e xatovouhc B yvopillovtag T dtaxdpaveon xou tn wéon Tr tou xdbe dxpou. Ymobé-
ToupE OTL elvon aveldpTNTeg UETOUBAATES AV XL EXOLV OELYTEL TEOTOL VLol HETATEOTY| EEUPTNUEVWY OE
aveldotntwv. Opletar og:

'Eoto evag ypdgoc G(V,E,W) 6nov W = {E}, ... E,} eivou ta Bdpn xdbe oxunic oto E, e |E| ave-
Edptnreg tuyaleg uetafAnTéc xou Wi mhavotnTa utepyeihione J, mpénel vo Sloké€ouue éva P C W
OTOL Vo YT VEL YovoTdTL Ty (S, v, V2, ....t) T.or P[Y) E; > 1] <§

ieP
e dNNN xotevBuvor ,BAEmouPE wL o ToEoANoY T 'toi TeoPNuatog Tou coxidlou 6oL TEETEL Vo
TAEOUKE aVTIXElUEVR UEYONDTEPOU XE€pDOUG Ywelc va mepvdve éva Bdpog ue xdmola mbavotnta. To
#€E00C €xEL Uil T YVOO TN eV To Pdpog ebvan Wi Tuyadar petafintr. Opllouue to mpdfAnua og:



Aooyévou gvoc cuvorou S pe n aveldptntee petofintéc {Xi,. .., X} axoloubdvroc xdnoto xo-
Tovopn %t o avtiotora x€pdn Toug {p1 ..., pn} xou pa mbavéTnTo LnEPYEINIoNS J, TEETEL Vo Bto-
Né€ouye éva unocivoro S’ C S mou Ba Beltiotonoéioel To xépdoc (Profit(S’) > Profit(S")) xou
Py X;>1] <.

ies!

Y10 televtalo xe@dhono npocnafolue va NOcoupe To (Blo TEOBANUA OAN XWElE TNV YVOOCT LOVTE-
Nou. B8 éxouue evav ypago xdmoteg axuéc xt mpdoPaom oe éva pavteio O(e) mou devyuotornmreito
N T TS oxpng. Ltoyoc pog elvon va fpolue To povondti mou and tny s, t mou PeltioTomolel Ty
OVOEVOUEVT] a0l TNG AVTIXEWWEVIXAC KOG CUVAPTNOTNG. LUYXEXPLUEVL:

Aoopévou evoe yedgou G(V,E,W) ,6mov W = {E}, ... E,} eivou ta Bdon xdbe axuhc oto E, ye |E|
aveldptnteg peTafANTES axolouBdvTag xdmolo xatavour xou Ue mpdofacn oe xdmolo yovieio O
npénet va dtanéEoupe eva P C W émou oyxnuatilet povormdr wy: (s, v1, v, ....t) T.0 vo BENTUOOOUUE
v tiun E(f(P)) pe doa Aybtepa delypoto.

1.1.2 Contribution

IMogéyouvpe éva EPTAS v to otoyactixd cuvtoudtepo UoVOTdTL TEOPANUA %ol O TOYACTIXNG
caxidio. ANN&Loupe tov oy bpuo tou Indyk,Goel [29] xou yenowonooye tnv Poisson tpocoeyyion
v Vo oTpoyyulonotiooupe Tic mhavotntéc poc. Hdpopola pe epac [30] édwoay éva PTAS .

H doukeio pog ooy dudrypopua:

Original Distrubution Space %0 —{ Discrete values )»0 4{ Discrete probabilities }* o

Final e-Distribution Space

Find Min value ‘ Bound number of different distrubutions
Poisson Approximation

MeXetdye enione 1o mpoPAnuo udbnong tne otoyacTxrg Sladpounc xan BelyVOUUE KoUNNOTERX

OpLOL 0TV TONUTIAOXOTNTA Tou Belyuatog tou anawtnté. Ilpoonabolue va emextelvel Ta amoteNéopota
TV [28] 6tav éxoupe SlopopeTind daxOUavon PETOED TOV AXPOV XL TOPEYOUUE OpLaL YLoL TOUG Loy U-
ptopolg pog. Ilogéyouue emlong évay Tpémo Vo BEXTIOTOTOACOUYE TIC YEVIXOTEPES UVTIXELUEVIXES
Aeltovpyleg ue TN xpron evog pavieiov. Aclyvoupe 6Tl UTdEYEL Eva PEAYUN TV BELYUAT®Y Tou BeV
uTdiEEL ANy OpldUog TTou Vo umtopel var Kol BENTIoTN ADom pe T NN Aydtepwv. Apxetol emoTh-
Hoveg mpwv €xouv amodetydel youn\otepa dpta yiar autd tor tpoPhfuato. Tsitsiklis et al [B1] mopeiyay
éva TOND wpodo xdTe @pdrypa ue Pdorn t Swopopd ot Méon tuf touc. Xtn cuvéyeio oto [23]
anédelEay OTL TO YOUNAOTELO OPLO TV BELYUATWY TOU ATOLTOUVTOL Yo TNV ToEVOUNoN Wiag Tuyaiac
ueTaANTC o wla and Tig 2 xotnyopleg mou xuplapyelton and to log-mbavdtnTa yoaunidtepo bplo,
anédelav ot ypetdlovion TepLocOHTEPA And m.
Remark:ITopd\Anha e autéd to €pyo, spyactrhixoue o éva mpofinua yio tnv online PelticTo-
nolnon. Yuyxexpéva, epyacthixaue otn Pektiotomoinon tne 0éong eyxatac TdoEWY UE TO *XOGTOC
ooy g Béomng. Av xou, €xouue PepXd TOND EVOLPEROVTA ATOTENEGUATA OEV Tol TEQINIWPAVOUUE EBC)
¢ mpog Toug meploptopole ueyéBouc. To épyo autd Bu avePdoet oto ArXiv Tic emdueves nNuépec.
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1.2 Opydvowon tng otateiBng

Y10 xepddano 2 i nupéyouye o uadnuotins uTHBadeo Tou amaTelToL Yo THY XaTAVGNON TN Ep-
yoota pag. Hoapéyouue apxetéc amodelleic yio didpopa NupaTo,xan par u€hodo yior xdte edryota.
Y10 xepddano 3 fi delyvouue o anoteNéopara. Mopéyoupe tnv anddeln tou EPTAS yia to otoyo-
6T Gox(Blo X0t T0 GUVTORGTERD povordL. Yo xepdhono 4 B opiloupe to TE6PANuY X Topéyouue
ot pé€hodo amo touc Gupta et al [28] xou Topéyoupe xdmoto anoTENECUATA VLol DLAPOPES TUPOANALYEC.






Kegpdloo 2

MoOnpatixd Yropobeo

2.1 Ewoayoyn

‘ONot yoc Umopolue vor atTloNOYRooLPE OTL Ywelc TNV YeHor Tov wobnuatixdy tiroto dev elvan
e@t6.Ileplocdtepol ano epag Yvopllouy 6Tl TOANEC Qopég oL To peydNeg anodeilelc otnpilovta oe
Bepenioddn pobnuatixés eglowoeic.Xe autn TV Simhwpatixy Oo anodel&oupe ta nepiocdtepa Bewpn-
potar pog e omhég xu xolpéc amodelEeic. Mtnv apxn Ba Sellouue xdmota Poaoixd Nuorta xi Bewpruata
Ta oot xpeldlovTal Yo Tic amodeilelc wog.Oa meprypddouue Poaoixéc anoctdoelg ano Ty Bewplo
ThavoTATLY %L TONNEG WBLOTNTEC TOL €YOUV Tou Uog elvon ypnoeg oTtnv ouvéyela. BOo dellouue
eneloelc xu TNV TEXVLXY poisson npocceyyior . Téhog Ba deilouye v doukeia Tne Kauffman otnv
am6delln xdtw peayudtov oe bandit TeofNAuaTa.

2.2 XPpNOLULES AVICOTNTES
Ou Eexwvrioovye pe TNV mo Poaowery avicdtnTa oty Bewpelor mbavothTwy .
Proposition 1. Markov inequality : 'Eotw X ua pn-agvnren tvyaia petafiney ,xact > 0 tore

Pr[X >t < E[t]

Oa 1o anodeifouue ot pla ypauurn yiatl etvon opxétor SBaxTIXN 1) AmOdEEN.
Andbesn. T xdbe un apvnixd tuyodo petofAnts wylet 1 x>y < X xpNoylonoumviag Ty ypeu-
UXOTNTOL TNG AVOUEVOUEVTS TWHAS EYOVUE:

PriX >t < E[tX]

O]

Av xou n avicotnta Markov efvon pioe Osgeicdong avicdtnta, dev elivar 1600 oyueY| 660 unopet
xavelg vor ovopével. Autd odnyeloon toug pabnuatixolc oe o véa epyanelofixn avicottwy mou
ovoudCovtar Chernoff 6pia. To mpdto eldog mou mpdxeTon va xenoidonoicoupe etvar To e€ng.
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Proposition 2. [32] Chernoff Bounds : Eotw X; a avebdotnrn tvyala petafnci, xar woyvoet
n

X; <M,¥0<i<n. Eotw X =) X,. Tore
i=1

P> X, < BIX] + N < exp(— )

i=1 2(3° E[X2]+ M)\/3)
i=1

To deltepo ldog mou Ou yenoiwonoticoupe etvau:

Proposition 3. [34] Chernoff Bounds : 'Eotw X; eivar un agynraey avebdotnen tvyaia petafinty,
n

Eovue ta axdlovda dowa ypa to ddgoopa X = Y X;:
i=1

n 2
P X, < B[X] - A] < exp(—— )
=1

2.3 Poisson Approximation

2.3.1 Metrics

Mo onuoavTiny| €pTNoT TOU XATOLOG UTOREL VoL p0THOEL elval TS UTOPEL XATOLOG VoL AVaNUGCEL
1660 x0ovTd 2 xatovoués mhavotntag elvon. ‘OXa tor yeteixd ahvora €xouv Wwa UeTEXr Tou eppavilel
Vv "améotaon 7 puetadd 2 otoxelov. ANNG o unopel xdmolog va xaboploel autd oe mo clvlheTeg
O0oUES, OTWE XuTAVOUES TOHAVOTNTUG. TNV TEAYUATIXOTNTO UTAEYOUY JEXETEC "UETEIXES 7 Yl Vol
oel€el méoo xovtd etvon 2 pétpa.Ou e&nynoovue 3 anoctdoelg. H andotaon KL, n Total Variation
xau 1 Kolmogorov améotaon.

Definition 1. Total Variation distance: 'Eotw Py ,Py elvar 2 uéroa miavornras. Opilovue tny Total
Variation andotaon we:
dtv(Pl,Pg) = Sup |P1(A) - P2(A)|
AeQ)
Kdmnotog umopel va del ) total variation amdéotaon we 1 dpopd Yetold TwV LOTOYRUUUATOV
Twv 600 xatavopwy mbavotnroc. Kdmowog uropel va ioyuplotel 6Tl dry elvon To TANCLEGTERO GTNV
TEOGEYYLON TWV BLOXELTAOY TEOBANUATWY TOU TUEEYEL TO UEYIOTO GPANUO OE OPLOUEVAL YEYOVOTA.

Definition 2. Kolmogorov distance: 'Eorw Py,Py elvar 2 péroa miavornras. ' Eotw Fi,Fy eivar ol
cdf. Opilovue tyy Kolmogorov amdotaon we:

di(P1, P2) = sup |F1(A) — F>(A)]
A€R
Kolmogorov andctacr delyvel tn uéyiotn dSwapopd uetoll cdf Tov Tuyalwy yetafAntov. Authn
ATOCTACT] EXEL APXETEC EPOUPUOYES OE OTOXUC TIXES DLaPOpIXEC EELOWOELS Xou o cuo Tt ‘Omng
unopel xdmolog vo BeXrioel Vo BEATICTOTOACEL Ylol GTOYACTIXY) CUVERTNOT XATK and TOUG TEPLOPL-
ouole omwg X <1 % 10 Y a;X; < 1, €dv ol neplopiopol elvan exBetind peydhol xdmolog umopel vo
Beel pior xAUdN KENOLLOTOLWOVTASC AUTAY TNV ATOCTAGT] YLOL VO TS XAVEL TONUOVOULXEG.
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Lemma 1. Eorw P;,P eivar 2 uéroa miavérnrag.loyvel ow:
di(Pr, P2) < di(P1, P2)

Anédeién. To olvolo yeyovotov A’ = {ili € R, X < i} elvou éva utocivoro G oV Twv YEYOVOTOY
mhavotiTey oTo (2 .

diy(P1; Po) = sup [P1(A) — Po(A)[ > sup [Pi(A) = Po(A)| = sup [F1(A) — F2(A)| = di(P1, P2)
A€Q AeAr AR

O]

Definition 3. Kullback—Leibler divergence: Eotw Pi,Py eivar 2 péroa miavérnras. Opiovue KL
anmorAon we:

du (P || ) = /Xlog jgdP du(Py || ) = /Rp(l") log gg;diﬁ

Tpo TapoUGLECOUPE Ylat CNUAVTLXY AVIOOTNTA YLl TIG oo Tdoel Tou ovoudloton data process
inequality.

Lemma 2. Forwy X,Y 6vo tvyaies puerapntés oro S. Eorw f ua ovvdornon ovo S.Torte :
dtv(f(X)vf(Y)) < dtU(X’Y)

Trdpyouv moXhol tpémoL va amodetybel autd, oG évag ebxolog elvan va oxeptel 6Tl To f Ou
HELWOEL TNV LTOC THRIEN TN Tuyalag UETABANTAC €ToL 1) Blopopd umopel var efvan UixpdTeET OANS TOTE
HEYONUTERT).

Lemma 3. Pinsker’s inequality: 'Eotw Py, Py eivar 2 péroa miavérnras. tove woyvel

dr(Py || Py) < 2d7,(P1, Py)

Lemma 4. Eotw Py, Py 2 xavovixés tvyales puetafntés pe my, mo péon wun xat o1, 0z daomogd.
Tére:

o3 —o? mg — my |2
(P | By) < 1/2(( 727y el
g1 g1
Anodelbn.
Img — mq|? + o2 o3 o2 |mg — mq|?
du(Py || P) = (—log(o2/01) —1/2 + 552 1)§1/2(U%—10g0%—1)T
2 1 i 2
03 — 0ty | Im2 —mf?
<12((5—)" + ;) (21)
g1 g1
670 Téhoc ypnotponotfoape 6t z — logz — 1 < (1 — z)? O
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2.4 Poisson Approximation

Theorem 1. Poisson Approzimation : Let X1, ..., X, be independent Bernoulli Random Variables
n n
Be(p;).Let X = > X; and A\ = > p; Then
i=1 i=1
9
Z b;
di(X, Poi(N)) < TL
> Di

1

-
Il

Auté 1o weaio @edyuo amodewvietan pe ) pébodo Steins. Mag Aéel 6TL av oL TapdueTEOL P;
elvol oPXETA WXEEC TOTE UTOPOUUE VO OXEQPTOUUE Tuyolor HETOUPANTA pac wg éva poisson Tuyodo
HeTUANTA. AV xou autod elvan €var YEVIXO EPYONEIO TOU UTOPEl VoL Vol YEVIXEUPEVO YLoL ONEC TIG
tuyaieg petafAnTéc e wxpd péoo. Xtn dimhouatixy pog Bo xenowwonojoouue éva o oNUOVTIXO
gpyareio mou etvon yioo PMD tuyaiec petafintéc.

Lemma 5. [11] Ia xdde ¢ < o , éyovrac mgdofaon oe éva mvdxa nagauérowy R ya ua (n,k) —

PMD MR umogotue va gudéovue amodoried ma (n,k) — PMD MR, étor wote pa ola 1,5
R(i,7) ¢ (0,¢) , xa

i (M, MP) < O(c' k7 10g!/* =)
C

2.5 ATmO06ellrn ®xATO PeAYUATOV

‘Eva Oepehiwdeg mpofAnua ot Bewpla exuddnone eivan mae unopel xdmolog vor avtAfioeL to Y-
UNAOTEROL QEdrypaTo oTOV aElud Beryudtwy yia didpopa TeofAAuata. Av xon auTd Elvon €vol TOND
0UOXONO TEOPBANUA XoTd TaL TEOTYOUUEVA ETT) €XEL UTHPEEL TONNY| ETLO THOVIXT] EPEUVAL TIOL oG 001 YEl
oe dudpopa Bewpruotar xar TAXLGL TOL uTopolY va Yog Bondricouy yio var avTARooUY ToL YAUNNOTER
bpta. Bty epyaoia pag Bo ddoouue xuplng tpocoyh oto épyo tou [Kauffman, et All] [33]. Autr n
gpyooia E0woe UEPIXA EVOLUPEROVTA OPLA GTO TEOPAAUATH ANCTMY TOU EIVOL ULd YEVIXEUGT] TOANDV
NV TeofAnudtey. Oo tapouctdcouue T anodelln g cuvtoua. And thpa xou 6to e€¥ig o On-
Aooet d(a,b) = alog(a/b) + (1 — a)log((1 —a)/(1 — b)) Eoto a, a’ va elvor Vo povtéla badit
1 OTwe 6T0 TEOPANUA pog, elvar éva cOvolo dxpwy. Xe xdbe Priua t o alydplbuoc pog Bo emlé€el
Vo OElYUOL YLoL Jiot OXUT) 1 X0 TEOXELTOL VO OVOUBGOUUE auThY TNy evépyelar Ay = @ xou Z; elvan To
anotéreoya xdle Priwatoc. TéNog, ac to fu xan for elvon 1 muxvoTnTa TG %80 oxurc. Kdmolog unopel
va eloorydyel tny log-likelihood ratio wc:

t

K
— ZZ Au—iy log( j: EZ%) (2.2)

‘Eva Baoixd Npuor yior Ty ooy Tne xotavounic etvon tar oxdxoubo:

Lemma 6. Fotw o be a stopping time otupwva ue Fy . I'a xdde yeyovic E € Fy 1oyvel

fv’,r(E) = Ey[1gexp(—Le)]
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Lemma 7. Eotw A évac alydoibuos mov toéyer oe n arms xat éotw C = (a;)y xar C' = (ah),
elvar Yo axolovldies twy n arms. Ac tn tvyaia petafintn t; dnidvovy tov apuiud twy Seyudrtwy mov
Aappdvovrar and to i-th arm. I'a xdde E oe Fy omov t elvar évac yodvos Staxomnc pe ogfaoud tng
Fii>0, oyve

n

> EacltilK L(ai,a}) > d(Pacr[E], PaclE])

i=1
Anddeién. Me g TpddTn Yotid auTO TO AU OVOPEREL OTL OTAY 1) EVTIPOTIA TATPOPORLWY antd 500
XATOUVOUES €Vl XOVTE 1) Wlot TNV GANT), (el OUaC TE TEPLOCOTERA DElY AT YLoL VoL Tat SLotywElCOUUE.
Avuto mpoxintel and 1o yeyovdg dtL o akyodelbuog uéyiotn mbavogaveiag yperdletar auTd T TOANS
delyparto vl v ebvon o Béon va mopdryer ™ cwoth Noon. Eneldy n avopevouevn tr tou log-
likelihood ratio twv 8Y0 TuyAlWY PETABANTOVY elvon otV TparypaTixéTNTA N anootaon KL. Oa to
del€oupe auTd YpnowonoldvTag To Auuo tou Wald.

K Na(t)

g g log( Ya’s
Ya S
a=1 s=1 ’
Axdpa éxoupe
fa(Ya,s) ,
FE|log : = KL(V,,V,

N
Lemma 8. Wald’s Lemma: Eotw X = Y, X; dnov X; elvar iid xar N a un agryuxn tvyala
i=1
petapinn:
E[X] = E[N]E[X1]

BX\énouye pe 1o E ot
ZN K L(V,, V) (2.3)

EuxoXd BXémoupe 6t woyvel v Pry, (E ) = {0,1} agou 1 de&id uepLd evon undev xu 1 aploTeEn
Betunn .

Pr(F) = Ey[lgexp(—Ly)| = Ey[1gEy[exp(—Lo)|1E]]  (using Jensen inequality)

< Ey[lgexp(E,[—Ly|1g])] = Ey[1gexp(Ey[— Lo |1g]|1g)]
= Ev[]lEexp( [L ’E])] - exp(_Ev[LU‘E])Pv[E]
Axépa, woylel yio tny avapevopevn i 6t E[E[X Y]] = E[X]
To (8o woybel yioo E€ dpa

P,[E] P,[E°]

E,[Ly;|E] > log Py [E] E,[Ls|E] >1 P (2.4)
Me tov tUmo oXux¥ic mbavotnToc:
BulLel = ELEIPE] + BolLo| EVPE] 2 PulBllog £ + Po{Eog 7o
= d(Py[E], Py[E])
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Kegpdloo 3

Enizvon npofAnuatoy
o ToYAo TG PelTioTOtOINOMG

3.1 EPTAS yia ctoyacTixd caxidlo

3.1.1 IIpormyoOluevn douleld

Yo [B4] [Tardos et All] opiotnxe n otoyac1xy e€looppdnnon goptiou, N cuoxevacia 6TOYAC Ti-
%WV Soyelwv xau 0 otoxuoTiXds odxoc. ‘EXafov évav oakybeBuo émov Arav O(1)-mpooeyyiouxde
yioe auBodpetec xotavopée, unéd v mpolndleon 1 B = [mX] opileton (ouyxhiver). O teyvixée
Toug TephauPdvouy va deilouv e va tpoceyyicouy xdtw and Ty undbeon twv bernoulli Soxuunv.
Emmiéov €deilav 6Tl edv umopolv var AUGouy To TeoPAnue 6Tl unopoly Vo HeTateédouy Tig awbal-
PETEC XATAVOUES OF €Val LooBUVOUO TEOPANUA Ue Tic doxés Mrepvolhl to amotéheoua axoloubet.
Emniéov ,0 Indyk xou Goel [29], édei&av mede va xataoxevaotel éva PTAS yio otoyaotixd coxidio
uno v undbeon tng exbetinic epyaoiag, emmhéov mapeliyoy QPTAS vyia tic Soxwwée bernoulli. Ou
TEXVIXES TOUC TEPIAUPavovTOL Yo Vo Topéy oLV €V TONLWVOULIXO 1} subexpomential yhpo xatavo-
uov. Ipooappdloupe ToANéS and Tic teYVIXéS Toug oTo épyo pac.H Nikolova otn Swtelfr) tne [35]
Tapelye éva véo TpdTo Yol TNV emAUOT auTOY TV TpofAnudtov. Ilpdhta arn * 6\a, Tpocdbploe ToO
OTOYACTXO GUVTOUOTERO TEOBANUA povordTt Tou delyvel 6Tt ebvan NP-hard va Nooet. Xenowwonouw-
vtog sublevel cOvola €6eile 6Tl av uTdEyEL Evar YavTelo TOU UTOREL VoL AMAVTHOEL GTO oV UTEEYEL
wot Aoom oe autd To uno-eninedo toTE unopel va xataoxeudoel éva FPTAS, €6eile autd yio €va
vevixdTepo eldog Tov TpofAnudtey. Autd ta tpofAuata elvar quasi-xueTy peyloTononon 1 omola
elva yvoo 16 6t elvon NP-hard. Xenowomnoinoe 1o épyo tou Yannakakis kai Papadimitrioy [36] xou
épTiage Evay anyopiluo yio T cuvTtoudTEEN Bladpour| UT TNV TEolUTOBEsT TNG XUVOVLXNG XUTUVOURS.
Xenowwonoinoe epsilon—Pareto xaumiNeg yio va tpooeyyioel to oracle. Emn\éov, nopelye eniong
éva QPTAS yia T cuvtopdtepn nopela xdto and Ty undbeorn twv Bernoulli Soxyucv.

Y& wa TopdAANAN doukeld pe pac,[30] Lin, Yuan, npbtewvay évo PTAS yio tic auboipetec tuyaiec
HETAPANTES YLoL TN CUVTOUOTERT Bladpoun xou To TEOPBANU caadiny. Ot texvixéc Toug TepihauBdvouy
cov TN Or Yog TNV TEocEyyior poisson xou apxetég tail avicdtnteg . Amo Ty GAAT mAevpd Ta
amoteNéopotd pag Topéyouy éva EPTAS mou eivar to xokbtepo duvato. Av dev P = NP dev undipoyel
évac o\yoplbuoc FPTAS yio autd to npdfAnuo.
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3.1.2 Ewoayoyn

YTic mapoxdTw evotnTes Oo mapdoyouue PEEXOUS aNyYoplBoUC TOU AUVOUV OTOTENECUATIXG TO
TEOPBANUO TOL GTOXACTLXOU GAXOL XOL T OTOXACTIXY GUVTOUOTERT) Sladpouy|. O Eextvicouue Oei-
YVYOVTOG TG UTORPOVUE VoL DLUXPLITOTIOLNGOUUE TO YWEO XAk VO TUEAYOUUE EVOL XWOEO TOAUWVUULXO UE
v xerion duvouxol anyoetbuou . Ilpdta am * dXa mpdxelrton vo amodeilel 6Tl av 1 Tuyalo uETA-
BANTH €xel pixen| avouevouevn adio TOTE UTOPOUUE VoL TO YENOWOTOINCETE WS TEOCOLOPIo TES o&laL,
OTWC TO OQANUa Elvon Uixpd. 3TN GUVEXELX, TEOXELTAL VO DLUXQELTOTONOOUUE TIC UTONOLTEG TUXLES
vetapintéc ye O(poly(1/e)) nuéc. Tote Ba yenowonotjoouye TNV Tpocéyylon yia va anodel&ouue
OTL BloxpLtég Tuyaleg YETABANTES Tou oL Uixpéc THAVOTNTES UToPOLY Vol TEOCEYYIGTOOY UE Lot UE-
TaPAnTy) mou Ou 0dnyRoEL ©g XaUNNG bpto Yo TNV ThavoTNTA ToL O aC OONYAOEL GE ULl EUXONT)
dlaxpitontotnom. TéNog, mEdxeLTUL VO GUVOUBGOUUE AUTA TOL AMOTENEGUATOL YIol VO DLOXELTOTIOLNCOUIUE
TO Y WO xatacTdoewy xat Bo det€oupe dapopeTinols akyoplbuoug Tou anartodvTaL Yo TNV eniAuoT
TOU TEOBAAUATOC HaC.

Definition 4. Forw éva ovwolo S amb n avebdornres tvyales perapintés {Xi,..., X} nov axo-
Aovioty xdmowa xaravour) x ta avtiotoya xé0dn tovs {p1...,pn} xa wa mdavdryra vaegyeilione
d, moémer va darébovue éva vmootwolo S C S om0t $a Pedriotomowel o axdlovio modpinua:

mazximize Y p;
€S’

s.t. P[ZX1>1]§5
€8’

Definition 5. Fotw évac yodpoc G(V,E,W) émov W = {En,... E,} ané n n avebdornres tvyaies
petafintéc mov axoroviovy xdmowa xaravoun xat ja mdavérnra vaegyeilions &, noéner va daiésovue
eva ovodo axuwy mov va evar povordnt P C W t.w:

P> E >1]<6
ieP

3.2 Anotelécpatou

Apyd amodeevbouue OTL xpnoyonownvtoag to Poisson Approximation pyrnopodue va npocoey-
YIOOUUE OTOLUOATOTE XATAVOUT] TOU €XEL TOND XoUNAY U€oT TWH , auTO elvon €val TOND ONUAVTIXO
OLOTUTIXG OTNY AMOBELEN HOG , LAS XL OL TEOTYOUMEVOL UTOPECAY VoL TO TpOoeYYioouy pe 1/n ot avti-
feon ue eudc mou éxoupe €2 o omolo eivon aveEdpTNTO TNE E166B0U. XENOULOTOLOVTUC GUYXEXPUEVES
e VIXEC antd To [29] xou xdmolov dixd poc Aupdtov delyvoude 6Tl UTOPOVUE VoL OTEOYYUNOTIOLGOVUE
0 support oe éva oivoro pe O(log(1ed)/ed) drapopetinée Tiwée , otV cuVEYEL delVOUPE OTL UTto-
poUUE Vo oTpoyyuhomolooupe TNy Thavétntes oe O(poly(log(led),1/ed)) xou @pdlovue v péon
T amo 1o clogl/e. Yuvdudloviac Gha autd xatahfyouue oe (1/(e8)POWA/(€))n2) Fuagopetind
solution. Yuyxexpiuéva, €tol éxouue to tewto EPTAS pioc %t o oydptbuog amhd ddyver pia Noon
Tou var Lxavorolel T xatavopés mou dlanégaue. 2to knapsack xi oto shortest path yvwpiloupe
T€T0l0UC aNYOplUouS cuyxexpEva Yo To 0elTepo o Bellman-Ford eivan évac amo autolc. Mtnv
ouvéyela pog xortd&oue yioo General Packing Problems xu eldaue 6Tl umopolue var xonoHlonTol |COUUE
NV Bl Sadixacio yia mo cuvletéc e€ilomaoeic. Mo xatetBuvor yio uetémerta épeuva etvan vor So0UE
oV UTOPOVUE VA XENOLOTOCOUNE To construction wg éva oracle yia mo oOvbeTa TpoPAruaTa.
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Kepdiowo 4

MdOnorn draxpirtwv teoPAnudTtoy
o AYVWo Ta TEELPAANOYV

Yty npornyoluevn evotnta, delaue mog o mpooeyyicoupe T NUoN TOU GTOYACTINOV GUVTO-
©6TEEOL HovoTaTIoN, oV YVwElloude TS Slopop@@veTal To TepLBdANov. Xtny mporyuotixdTnta eivon
dUoXONO Vo YVwpellovpe TR To TEPIBINNOV Elval LOVTENOTIONUEVO, oV X0 UTOPOVUE TEVTA VAL TO
npooeyyiooupe. Tndoyouv ToXNol TpdToL Yo var BelTe auTd To €00¢ TV TEOPANUITWY. YXT0 €pY0 pag
TEOXELTOL VO TOUG BOVUE w¢ pavteio 6mou Bo malpvel Eva Belyua, Ty a&lo Toug oE €va GUYXEXPWEVO
novtého. ‘Ocov agopd €va TopddELYU GTT) GTOYAC TIXT) CUVTOUOTERY) OLUBEOWUY| UTOROUUE Vol DOUUE
TO UOVTEID S TO (POVO TOU XEELICTNXE €V AUTOXIVNTO YLl VO TEQAGEL ATO UL GUYXEXPUIEVY) OXUTN
1 8pouo xou vo Aafer Ty o&io oamd to GPS. Autd pnopel vo fondroel vo opiotel éva véo TOTO oh-
vopiBuwyv Tou ovopdlovtar PAC. Euelc npdxeiton va xofoploet delta—onatov aryoplbuwy xou 6Tt ot
ayopLduol elvar cwotol ue Ty eumotoolvn 1 — delt autd onuobvel ot ue mboavotnTa uixpdtepn and
delta o a\ybpBuoc éxel e€600u éva Adboc anotéeopa. Ernione, undpyet to (delta, epsilon) —cwotov
oa\yopiBuwy Tou etvon ahyptbuot mou npoceyyilouv T NOon pE €Vo T0OGOGTO GYANUATOS TV epsilon
xou 1) mlavoTnTa Vo etvan AdBog elvan To oAU delta. Xtny mpoyHaTiXOTNTA, O TEAYUUTIXO XOCUO OE-
dopévwv xdbe Ty npooeyyileton Yetoll EVOC TOGOGTOU GRANUATOS, OTIWS OEV UTOPOVUE VoL EYOUUE
arepo aplud tov bits mou anartolvToL Yl TOV UTONOYIOUS TNG axplPelag Tov HETPwY oTNY Tpary-
potixdtnta ye log(1l/€) unopolue va éyxoupe to TONY epsilon o@dipo. O tpdmog mou mpdxelton Vo
unobécouue OTL Tar Oelypatd pog elvon tor mporylaTixd, dnhadt xwelc To o@diua tpocéyyione To
HEYONUTEPO pépoc authc TNe epyaoiac Paoileton oe xdmown anoteléopata tou [Gupta et all][2§]
XOUL TIPOXELTOL VOL YEVIXEUGOUUE XATOLOL ATOTENECUOTOL YLOL TIC G TOXAO TIXES OLUOPOUES YIal TO YEVIXES
Aettoupryleg Tou xdoToUC, YeNnotwonowwvtac tne Nikolova ta amoteléoparta.

Definition 6. Aéue dtt 0 Adydoiduoc A eivar évac §-owotdc alydpidios yia tn oroyaotien ovvtopdteen
Stadooun) oe éva yodopnua G(V, E) av dedouévov wa ovvdgrnons f : R — R Jélovue va footue éva
povordtt P:(s,t) térowo dote pa xdle dAdo povomdry P':(s,t):

PrE[f(3 E)) < B[S B = 1 -6

ieP icP’

Av BéNaue va xdvouyue Beltiotonoinon we mpog TV uéor Ty o Sloéyoue wg cuvdpTtnon TNy

flx) ==
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4.1 Amoteléopota

Yy opyh BNémoupe tov alyoplbuo twv [2§] omou yenowomolel yio mpwtoéTuny WEBOBO Yot
VoL OElYVEL HATW QPEAYUATO GTO VAL XAVOUUE OLoywEOTOOT AUCE®MY, XL ATOBEXVIOLY OTL TO XATK
pedrypa umopel va oploTel wg €var convex mpdypouua To 6Tolo e€apTtdTon ato To instance, étol umo-
EOUUE VoL €YOUUE AUOTNEA PEdrypaTa avdhoya TNy elcodo.Eueic xoutdue i mo yevixée mepintedoelg
onwe 1 UnoEén BlaoToEdE OANE XL O YEVIXEUUEVES cuvapThoel x6ctouc.H Paocuxn 0éa o6t mep-
vouue oTadloxd delypata avidvovtog Ty axpifela xi Suyyvouue suboptimal Adoeig. ‘Otav €youue
wot HeTafANTA auTo elvan eUxONO, OTaY OUKS EXOULUE BLO %I TOETAVK £lvol BUGKONO VoL OPLOOUUE
suboptimality wiog xu n xdbe petafAnt ennpedlet Siapopetind TNy xdbe Abon yioawtd yenowonotovue
v €vola TV sublevel sets it breakpoints 6mw¢ 1 Nikolova yia va oplcouue to mpdypopua mou To
dloywelilel. Xtny ouveyela delyvouue mwg 6Tay UTOPOVUE Vol TEOCEYYICOUUE UE 2 ToEoytYOoUg [Lot
CLVEETNOM,UTOPOVUE Vo Tpoceyyicouue Xt TNV BENTIOTN ADoT HE TOUC Topamdve oy opLlfuous. Avol-
%8 TeoPNYjuata Tou efvor cuPAVTIXG Vo BOUUE GTNY CLUVEYELX Efvol TS UTOEOVUE var BENTLOCOUUE
TOL AMOTENEOUOTA XL OANO UE TNV Xprion xdmotou combinatorial property, enlong av pe v xeron
Distance oracles ynopolue va TeTO OUVUE XANVTEQU ATOTENEGUATO.
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Kegpdhoto 5

Introduction

Computer science is no more about
computers than astronomy is about
telescopes

E.Dijkstra

5.1 Purpose of this thesis

From an introductory class on Algorithms everyone is confident enough with the definition of
optimization . Several problems can be thought as the fundamental of the discrete optimization.
The first problem that it will come in your mind, it will be the shortest path problem. This is
defined as the choice of certain edge in a way to construct a path from s to ¢ and their weigh is
minimized. Although this problem admits an easy solution when the weights are positive numbers
,it becomes harder as we erased assumptions.To provide an examples as pertinent evidence , if we
erased the assumption that the weights are positive values , the problem becomes harder, in fact
it is a NP-HARD problem. In real life if we know the distance from a point to another we can
not be sure about the time that it is needed to cross it.There are several variables that makes the
environment noisy.For example if the edge is the road ,then you know that you can cross it in ¢
time most of the times, but there are times when the traffic is highly increased which increase the
time that needed to cross it. Scientist can modeled this distortion of the environment with the
use of probabilities. This leads to a new road of research rather than the deterministic one where
you are fully aware of the environment to one that you have unlimitless information. This extend
the definition of the deterministic optimization to the stochastic optimization.

Stochastic optimization refers to a collection of methods for optimizing an objective function
when randomness is present.Randomness usually enters the problem either in the environment or
in the objective function. Like the deterministic optimization there does no exist a single solution
or method to solve every problem, but a toolbox is developed which made this problems tractable.

One common example of stochastic optimization is the bandit problem which is a general
model for stochastic problems.A common implementation which makes it easier to understand is,
imagine a gambler at a row of slot machines(arms) who has to decide which ones to play based on
limitless information and he wants to maximize his rewards.In this problem you have to decide
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which one to play and how many times.Several scientists started to consider this problem as it is
close to sequence testing [1].

Stochastic shortest path problem(first defined in [2]) is defined as the original shortest path
but we do not know apriori our weights ,only a model for them.Also, we can also define Stochastic
Knapsack proportionally . In this configuration we only know a model of the weights of the items
and we know their value which we want to maximize. This two problems are very similar as they
both admit a pseudo-polynomial algorithm.

One generalization of the stochastic optimization problems is the ability to see the item when
you choosing it and then adapt your actions.This problems in again NP-hard as it is similar to
Markov Decision process.In [B],[4] and [b] one can find several results in this direction for the
stochastic knapsack problem.And in [6] several results were made in utility maximization.

On the other hand another problem that we face is what you can do when you can only
sample the edges and know nothing about the environment. This problem is closed to hypothesis
testing. In these problem you have a set of hypothesis and an oracle which you use to sample. The
objective is to find a member of the hypothesis which is the closest to the one you sample. These
problems have got the attention of many scientists nowadays. Several central limits theorems
have risen in the surface which show a way to efficiently approximate several distributions.One of
the first papers in central limits was the one developed by Barry-Essen 7] [8] which showed that
the sum of several random variables can be approximated by a Gaussian distribution.Although
this was the first central limit , several others have arisen.After that a scientist named Charles
Stein provided a more formal method for proving central limits theorems which after the years
turn to be the most important tool used by mathematicians. On [9] one can find several theorems
about steins method, notably one of my favorites is that a sum of random variables X = > X;
is close to a Gaussian which error rate of 1/Var(X).Paul and Gregory Valiant [10] showed a
more general central limit theorem for multidimentional distributions and [Daskalakis et all| [L1]
improved their bounds.

Most of the times it may seem that Gaussian estimation are adequate for most of our
application but they only help when your model has proportionally big variance.On the other
hand one may ask if there exist a theorem for small variance models.In 1960’s L.Cam [12]
proved that one can approximate binomial distribution with poisson ones. After,by the use of
Stein’s method A. D. Barbour, L. Holst and S. Janson [L3] proved that you can approximate
small variance model using Poisson distribution who provide a sub-optimal bound.In later work
Daskalakis and Papadimitriou [14] used the previous central limits theorems to provide an e-Cover
for PBDs.[Daskalakis et all| [11] also developed a more general framework to approximate using
Poisson when the model is a vector.

Afterwards, statistical techniques used to solve several discrete problems using the minimum
number of samples. This algorithms called 'natural’ and it is believed that they are the only ones
that will survive due to big data.In this settings we have a set of distributions and we want to
find the one that is more closed to a known one.Although, there is a straightforward solution
by using maximum likelihood, there are plenty of other which achieve a better overall result.The
first problem that someone can describe is Finding the most biased coin. This problem is one of a
wider collection of bandit problems.The problem first considered in 50s, in a work of Robbins|ll|
which derives strategies that asymptotically attain an average reward that converges in the limit
to the reward of the best arm.Then [L5] provided a review of the classical results on multi armed
bandit problem. Lower bounds for different variants of the multi-armed bandit have been studied
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by several authors. For the expected regret model,the seminal work of Lai and Robbins [L6]
provides tight bounds in terms of the Kullback-Leibler divergence between the distributions of
the rewards of the different arms.For several results in adversarial multi-armed bandit problem
in which there are no probabilistic assumptions was first considered in [17] [L8], and the regret
grows proportionally to the square root of steps.Then in [19] it is showed in the probabilistic
bandit problem that there are needed O(n/e?log(1/5)) samples to find the e-optimal arms with
probability § which improved the previous known bound of:O(n/e?log(n/§)) .First , Martin et al
[20] provide a lower bound of 2 bandits which can be viewed as the lower bound to distinguishes 2
coins which is Q(log(6~!)/€?). Furthermore, Tsitsiklis et al , in [21] proved a more efficiently lower
bound in terms of the arms Q(log(1/6) Y, 1/A?) where the A; is the gap between the optimal
arm and the ith.Richard Karp and Chandrasekaran then provided an suboptimal algorithm for
finding the most biased coin [22|.After that the [23] improved the previous results in a more
general setting.After that several work has been done into finding the top-k arms,in [24].Several
work has been done into finding the best arm [25] and then they improved their results in the
best known today in [26].

Afterwards, one question that raised is if this results can be used in combinatorial optimization
problems. In [27] [Gupta et all] studied the way for someone to export the best basis in a matroid
problem using as less samples as needed, after they extend their techniques in more general
problems [28] which we are going to use in our problems.We are going to analyze the shortest
path problem in a PAC module. We will show how to sub-optimal find paths that are optimize
certain functions.

5.1.1 Formal definition of our problems

In the first sections we consider an variant of some well known problems from combination
optimization.The first one is the shortest path . In the original problem we need to find a path
that minimizes the weight and connects two vertices s and t. In our variation the weights are not
known apriori but we now a model for them.The model may be from knowing the distribution
or knowing the variance and the mean value of each edge.We assume that the variables are
independent, if not nikolova [35] describes a way to transform dependent random variables to
independent ones using covariance.Formally it is defined as:

Given a graph G(V,E,W) ;where W = {Ey, ... E,} is the weights of each edge E, of |E| independent
random variables following some distribution and an overflow probability d, we have to choose a
P C W which forms a path eg: (s,v1,v9,....t) s.t: P[> E; > 1] <6
P

On the other hand, we also consider a variation of tzlfe knapsack problem which is the ability to
find a set of items that maximizes our profit and it is less than a threshold value of weight. In
our version the profit is a deterministic variables (we know apriori the values of the profit) and
we only know a model of the weigh values. We can define the problem as:

Given a set S of n independent random variables { X7, ..., X,,} following some distribution with
associated profits {p; ...,p,} and an overflow probability §, we have to choose a S C S which

will maximize out profit (Profit(S’) > Profit(S”)) and P[Y  X; > 1] <.
€S’
In our final section we are trying to solve the same problem but without knowing the model of
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our weights. In this setting we have a graph and we have an access to an oracle O(e) which given
an edge e it return the weight of the edge in this particular moment(sampling). Our goal is to find
the path that from s,t which optimizes the expected value of our objective function. Formally:

Given a graph G(V,E,W) ;where W = {E}, ... E,} is the weights of each edge E, of |E| independent
random variables following some distribution and given access to a sampling oracle O , we have
to choose a P C W which forms a path eg: (s,v1,v9,....t) s.t we optimizes the E(f(P)) and we
use the minimum number of samples.

5.1.2 Contribution

We provide a EPTAS for the stochastic shortest path problem and stochastic knapsack.We
use a modification of Indyk,Goel [29] algorithm and we will use the Poisson approximation to
round our values. Similar with us [30] provided a PTAS for the same problems using again the
poisson approximation technique.

The work can be viewed as a diagram:
Original Distrubution Space %0 —{ Discrete values )»O —{ Discrete probabilities }— 0{ Final e-Distribution Space

Find Min value ‘ Bound number of different distrubutions
Poisson Approximation

We also study the learning problem of stochastic path and we show lower bounds on their sample
complexity.We trying to extend the results of [28] when we have different variance between the
edges and we provide bounds for our claims.We also provide a way to optimize more general
objective functions with the usage of an oracle. We are going to show that there exist a bound
that of samples that no algorithms can be optimal by taking less. Several scientists before have
proved lower bounds for these problems .Tsitsiklis et al [31] provided a very nice lower bound
based on the difference on their mean value . Afterwards in [23] it proved that the lower bound
of samples needed to classify a random variable to one of 2 categories in dominated by the log-
likelihood lower bound , they proved that they need more than m.Other works include
the ones from : [37] and [3§].

Remark:Parallel to this work, we worked on online optimization. Specifically, we worked on
optimizing facility location with switching cost.Although , we have some very interesting results
we do not include them here as for the size limitations.This work will be uploaded to the arxiv
in the following days.

5.2 Organisation of this thesis

In the chapter 2 E we provide the mathematical background needed to understand our work.
We provide several proofs for a variety of lemmas. Also , we provide a method for proving lower
bounds due to [33].

In chapter 3 ﬁ we show our results. We provide the proof of the EPTAS for the stochastic knapsack
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and shortest path. In chapter 4 E we define the learning problem and we present a method by
Gupta et al [28] and we provide several results for more general settings.
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Kepdiawo 6

Mathematical Background

6.1 Introduction

Everyone can argue that without mathematics nothing is possible.Most of us are aware that
most of rigorous proofs needs simple and fundamental mathematical equations.In these thesis we
are going to prove most of our theorems with simple and most of the times elegant proofs.
Therefore we are gonna introduce some basic lemmas and theorems which are vital to our
proofs.We are going to describe the basic distances in probability theorem and several properties
of them. Also we are going to describe the poisson approximation technique .Lastly we are going
to describe Kaufman’s work on the lower bound of bandit problem.

6.2 Useful Inequalities
We are going to start with the most basic inequality in probability theory.

Proposition 4. Markov inequality : Let X be a no-negative Random Variable and t > 0 then

E
Pr[X > ] < [t]
We are going to provide an one line proof as it shows some interesting facts about Random

Variables.

Andbeisn. For every non-negative Random Variable it holds {1 (x> < X by using the linearity

of expectation we get

PriX >t < E[t]

O
Although Markov inequality is a fundamental inequality , it is not as strong as someone

can expect. This lead mathematicians to a new toolbox of inequality which are called Chernoff
Bounds.The first kind that we are going to use is the following.
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Proposition 5. [32] Chernoff Bounds : Let X; be independent Random Variable satisfying X; <
n

M,¥0<i<mn.Let X =5 X;. Then
i=1

)\2
2(% E[X?] + M)/3)
=1

Pr[zn: Xi <E[X]+ A <exp(— )
=1

The second kind that is needed is:

Proposition 6. [32/ Chernoff Bounds : Let X; be non-negative independent Random Variable,we
n

have the following bounds for the sum X = > X;:
=1

n 2
P X, < E[X] A < exp(-—>—)
=1

23 E[X7]

6.3 Poisson Approximation

6.3.1 Metrics

One important question someone may ask is how can someone determinate how close 2
probability distributions are.All metric spaces have a metric that show the ”distance” between
2 elements. But how can someone define this to more complex structures such as probability
distributions.In fact there exists several "metrics” to show how close are 2 measures. We are going
to explain 3 distances. The KL distance, Total Variation and the Kolmogorov distance.

Definition 7. Total Variation distance: Let Py,Ps be 2 probability measures. We define Total
Variation distance as:

diy(P1, Po) = sup |Pi(A) — Pa(A)|
AeQ

One can see the total variation distance as the difference between the histograms of the two

probability distributions.One can argue that dy, is the closest one in approximation of the discrete
problems as it provides the maximal error in some events.

Definition 8. Kolmogorov distance: Let P1,Ps be 2 probability measures. Let Fy,F> be the cdf. We
define Kolmogorov Distance as:

dk(P]_,PQ) = sup ‘Fl(A) — FQ(A)|
A€eR

Kolmogorov distance shows the maximal difference between cfd of the random variables.This
distance have several application in stochastic differential equations and in systems. As one may
want to optimize a stochastic function under the constraints that X < 1 or the Y a;X; < 1, if the
constraints are exponentially large one can find a cover using this distance to make a polynomial
one.

24



Lemma 9. Let P;,P> be 2 probability measures. Then it holds that:
di(Pr, P2) < dy(Pr, P2)

Anébeién. One can argue that the set of events A’ = {i|i € R, X < i} is a subset of all probability
events in €2 .

diy(Pr, Pr) = sup [P1(A) — Po(A)[ = sup |Pi(A) = Po(A)| = sup [F1(A) — F2(A)| = di (P, P2)
AeQ) AcA’ AceR

O]

Definition 9. Kullback—Leibler divergence: Let Py,Ps be 2 probability measures. We define KL
divergence as:

du(Py || ) = /Xlog jlgdp du(Py || P2) = /RP(.’E) log gg;dw

We are now present one important inequality for the distances which called data process
inequality.

Lemma 10. Let X,Y be two random variables on S. Let f be a function on S.Then :
dtv(f(X)af(Y)) < dtﬂ(Xay)

There are a lot of ways to prove this, but one easy is to think that f will decrease the support
of the random variable thus the difference may be smaller but never bigger.

Lemma 11. Pinsker’s inequality: Let Py,Ps be 2 probability measures then it holds:
di(Py || Po) < 2d3,(Py, P2)

Lemma 12. Let P;, Py be 2 normal random variables each with m1, mo mean and o1, 09 variance.
Then:

05—ty lma—m|?

d(Py || P2) <1/2((=—=—)"+ 5—)
71 71
Anbdeén.
mo — mMm 2—|—02 o2 o2 ma — my|?
(P | P2) = (= logloa/on) — 1/2+ 2= 25 < 1o %2 —10g 2 -2l
op o7 o7 205
e D
<122y g e ol gy
g1 g1
where in last inequality we used that x —logz — 1 < (1 — x)? O
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6.4 Poisson Approximation

Theorem 2. Poisson Approximation : Let X1, ..., X, be independent Bernoulli Random Variables

Be(p;).Let X = Y X; and A= ) p; Then
i=1 i=1

dy (X, Poi(\)) < =
Z Di
=1

This nice bound is proved using Steins Method. It tells us that if the parameters p; are small
enough then we can think our random variable as a Poisson random variable.Although this is a
general tool which can be generalized for all random variables with small mean. In our sections
we will use a more important tool which is for PMD random variables.

Lemma 13. [11] For any ¢ < ﬁ , given access to the parameter matrix R for an (n,k) — PMD

M*® we can efficiently construct another (n, k) — PM D MR, such that ,for alli,j , R(i,j) ¢ (0,¢)
, and

; 1
iy (MH, M) < O(c! 212 1og!? =)
C

6.5 Proving Lower Bounds

A fundamental problem in Learning theory is how can someone derive lower bounds on the

number of samples for several problems. Although this is a very difficult problem in the previous
years there has been a lot of scientific research which lead us to several theorem and frameworks
that can help us to derive lower bounds. In our work we will mostly pay attention to the work
of [Kauffman, et all] [33]. This work gave some interesting bounds in bandit problems which is a
generalization of many other problems. We are going to present her proof shortly. From now on
we will denote d(a,b) = alog(a/b) + (1 — a)log((1 —a)/(1 — b))
Let a,a’ be two bandit models or as in our problem , be a set of edges. In each time step ¢ our
algorithm will choose to sample for an edge i and we are going to name this action A; = i and
Z be the outcome of each step. Lastly, let the f, and f,» be the density of each edge. One can
introduce the log-likelihood ratio by:

K t
Lt = Z Z ]I(AS:Z') log(

a=1s=1

Ja(Zs
faZs

~—

) (6.2)

~—

One key lemma to the change of distribution is the following;:
Lemma 14. Let o be ant stopping time with respect Fy; . For every event E € F, then

Pr(E) = By [Lpep(~Lo)
This lemma shows a way to connect the 2 different distributions.
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Lemma 15. Let A be an algorithm that runs in n arms and let C' = (a;)!; and C' = (a})?_, be
two sequences of n arms. Let the Random Variable t; denote the number of samples taken from
i-th arm. For any event E in Fy where t is a stopping time with respect the filtration {Fi}i>o , it
holds

n
Y Eaclti)KL(ai, a}) > d(Pacr[E], Pac[E])
i=1
Anédeién. With a first glance this lemma states that when the information entropy of two
distribution is close to each other , we need more samples to separate them. This derives from the
fact that the Maximum Likelihood algorithm needs these much samples to be able to output the

correct solution. Because the Expected value of of the log-likehood ratio of two random variables
is in fact the KL distance. We are going to show this using the Wald’s lemma.

K Na(t)
fa(Yas)
= 1 »
2 2 ey )

)

Also we have that

fa(Ya,s)
N

Lemma 16. Wald’s Lemma: Let X = Y  X; where X; are iid and N is a non negative random
i=1

variable then:

E[X] = E[N]E[X{]
It is easy to see that using E we have that

ZN K L(V,, V) (6.3)

It is clear that our statements holds if Pr,(E) = {0,1} as the right hand side is equal to zero
and the left hand size is non negative (KL distance is non negative and the samples are a positive
number).

Pr(E) = Ey[1gexp(—Ly)] = E,[1g Eylexp(—L,)|1g]]  (using Jensen inequality)

< E,[1gexp(Ey[—Ls|1E])] = Ey[1pexp(Ey[— Lo 1] 1g)]
= Ey[lpexp(—Ey[Lo|E])] = exp(— Ey[Lo|E]) Py E]
We also used the very important property of expected value that is E[E[X Y]] = E[X]
And the same holds for E¢ hence :

P’U[E] PW[EC]

E,[Ls|E] > 1 E,[L,|E] > 1 A
Lol ) 2 log 5y BulLolE¥] 2 log 5 (64)
Therefore,using the total probability equality:
P,[E] P,[E°]
Ey[Ls| = Ey[Lo|E E,[Ls|E|P,[E€] > P,[F]log P,[E°]1
[Le] = Bul Lo EJP(E] + EulLo| | P (E) 2 PlE]log 5 + Pl log 5
= d(Py[E], Py[E])

27



28



Kepdlowo 7

Solving stochastic optimization
problems

A straight line may be the shortest
distance between two points, but it
is by no means the most interesting

Doctor who (1971)

7.1 EPTAS for Stochastic Knapsack
7.1.1 Previous Work

At [B4] [Tardos et all] defined the stochastic load balancing,stochastic bin packing and stochastic
knapsack.They obtained an O(1) - approximation algorithm for arbitrary distributions, under
the assumption that E = [m:"] is defined (Converges).Their techniques include showing how to
approximate under the assumption of Bernoulli trials .Furthermore they showed that if they can
solved that they can transform arbitrary distributions on an equivalent problem with Bernoulli
trials and the result follows. Moreover Indyk and Goel [29], showed how to construct a PTAS
for stochastic knapsack under the assumption of Exponential Jobs, furthermore they provided a
QPTAS for the bernoulli trials. Their techniques included to provide a polynomial or subexpomential
distribution space. We adapt many of their techniques in our work. Nikolova at her thesis [35]
provided a new way to solve these problems. First of all , she defined the stochastic shortest
path problem which she show that it is NP-Hard to solve.Also, she showed a way to find the
optimal solution in more general problems using the work of Cartensen[39] and showed some
problems that are easy to find a solution. Using sublevel sets she showed that if there exist an
oracle that can answer if there exists a solution in this sublevel set then she can construct an
FPTAS, she showed this for a more general type of problems.These problems were quasi-convex
maximization which is know to be NP-Hard. She used the work of Yannakakis and Papadimitrioy
[36] to provide an algorithm for the shortest path under the assumption of Normal Distribution;
she used e—pareto curves to approximate the oracle.Moreover , she also provided a QPTAS for
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the shortest path under the assumption of Bernoulli Trials.

In a parallel work with us, [30| Lin,Yuan , proposed a PTAS for Arbitrary random variables
for the shortest path and knapsack problem. Their techniques involves like ours the poisson
approximation and several tail inequalities . On the other hand our results provide an EPTAS
which is the best possible .Unless P=NP there does not exists a FPTAS algorithm for this problem.

7.1.2 Introduction

In the following sections we are going to provide some algorithms which solve efficiently the
Stochastic Knapsack problem and the Stochastic Shortest Path. We are gonna start by showing
how we can discretize the space and build a polynomial state space for our dynamic programming
algorithm.First of all we are going to prove that if the random variable has small expected value
then we can use it as a deterministic value as the error is small.Then we are going to discretize
the remaining random variables in a O(poly(1/¢€)) values. Then we are going to use the poisson
approximation to prove that discrete random variables we small probabilities can be approximate
by a poisson variable which will lead as an low bound for the probability which will lead us to
an easy discretization. Lastly we are going to combine this results to build the state space and
we will show the different algorithms that are needed to solve its problem.Furthermore it is easy
to see that we can normalize our sum and if a value is bigger than 1 transform it to 1 + o which
will lead to an overflow. We are going to start with some basic definitions of our problems.

Definition 10. Given a set S of n independent random variables {X1,..., X} following some
distribution with associated profits {p1 ...,pn} and an overflow probability §, we have to choose a
S" C S which will optimize the program:

maximize Y, p;
€S’

s.t. PIY X, >1]<6
€S’

Definition 11. Given a graph G(V,E,W) where W = {E1,...E,} of n independent random
variables following some distribution and an overflow probability §, we have to choose a P C W
which form a Path s.t:

P> E>1<6
ieP
These problems are NP-Hard to solve which is the reason that we are going to show a way to
approximate efficiently.

Definition 12. Given a set S of n independent random variables {X1,...,X,} following some
distribution with associated profits {pi...,pn}, an overflow probability 6 and a constant € > 0,
we have to choose a S C S which will optimize the program:

mazximize Y p;
€S’

s.t. P[> Xi>1+4+¢€¢ <d§(1+¢)
€S’
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Definition 13. Given a graph G(V,E,W) where W = {Ei,...E,} of n independent random
variables following some distribution , an overflow probability § and a constant € > 0, we have to
choose a P C W which form a Path s.t:

P> Ei>1+d<(1+e)
iEP
In the following sections we are going to show how to construct EPTAS algorithms for these
problems.We are going to define what is an EPTAS algorithm.

Definition 14. We say that the algorithm is an Efficient PTAS when it is a PTAS and its
running time is O(n¢) for some constant ¢ and independent of €.

This ensures that an increase in problem size has the same relative effect on runtime regardless
of what € is being used; however, the constant under the big-O can still depend on e arbitrarily.

7.1.3 EPTAS Knapsack and SSP with Bernoulli Trials

In this section we are going to assume that our random variables are Bernoulli Trials. These
variables takes a certain value a; with some probability and zero otherwise, wlog values are non
negative.Let all a; € [0,1 4+ o] where « is a small constant.Therefore when we get 1 + « we
have overflow our weight. Our techniques involve on how we can create an efficient cover for our
variables and using this to find the optimal solution of our problem.

We are going to show that when our a; are small enough we can assume that the wight is
deterministic and its value is its expected value.

Lemma 17. Let t = ﬁ and let A be a subset of X; where which o; <t and m = %E[Xi]
then Z
Pr[z Xi>1+4+€¢m]<ed (7.1)
i€A

Anébeién. Using chernoff bounds [ , we set A = eE[X] and we have:

(eE[X])?
203" E[X?] + eE[X|M/3)

Pr[ " X; > (14 €)E[X]] < exp(— )

€A
Using that M = t,we have to prove that :
ol (EIX)
2 BIX7] + ctB[X1/3)
(eB[X])?
2 E[X?] + et E[X]/3)

)< e =

> log1/ed

1 log1/ed
P B e ) © @

We also have that :

1 1
S e EN w3 - PR e

EIX];
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Using (7.2) and (7.3) it is clear that we have to find a value t such as:

1 < log1/€d
2t(1+¢€/3) — €2

E[X]

Using the fact that E[X] > e we have:

1 log1/ed
€ >
2t(1+¢€/3) €2
2¢3
log1/ed

t <

O]

Now we have to deal with the other values. We are going to truncate them to a value of
the form (1 + €)* for some k. Let X! be the truncate random variable of X; where if a; €
[t(1+ €)%, (1 + €)k*1) then a] = t(1 + €)* . It is clear that for a subset A

Y X[ <(14) X, (7.4)
€A €A

Thus the number of different a} is order of O(log1/t/€).
Now we are going to use Poisson Approximation E to bound the smallest probability. First of
all we start we a simple lemma.

Lemma 18. Let a,b >0 :

dyo(Poi(a), Poi(b)) < = (ela= — ¢~la=bly

DN |

Let’s say we have a set A of the chosen X; . We denote X,, = > X;/oi. We
JEAPI[Xj=0;]>0
are going to prove that if the probability of a non zero event is small enough then we can think
our variable as a Poisson with a parameter our expected value. Let C; be a set of indexes where
Pr[X; > 0] < 1/k. Using f] we have:

If we set S = Zé pj and r = LI/%J then we set p, = 1/k Vi <r and the rest p, = 0.
7€y
From @, we can bound the distance by:

di(Poi( S py), Poi( 3 1) < 1/2(eM/¥ — e~ 1/k)

jeC; Jj€C;
< 1.5/k
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Then we use the triangle inequality and we have:

dew(Y X3, ) X]) <35/k (7.8)

If we set k = % we have out result.

Our last step is to bound the number of different probabilities p;. We again are going to round
the values in a form of €d(1+L)* . which means that p} = e§(1+L)* if p; € [e6(1+L)*, e (14+L)F+1).
We have to find a value of L that is sufficient for our bounds. First of all we can easily see that
if A is a feasible solution then :

P> X;>1<5<1/(1+¢) (7.9)
€A

The last inequality is from the fact that (1 + €)d < 1, if not then every solution will be feasible.
We are going to prove a useful lemma that bounds the expected number of a feasible solution
in terms of e.

Lemma 19. Let E[X] be the mean value of X = > X; then for any feasible solution it holds
1€EA
that :
E[X] < clog(1/e)

Anébeién. Using chernoff bounds [ by setting A = E[X] — 1 we have:

(EX]-1)?
Pr[ Xi<1]<exp(———=moo)
2 RIS

And using (7.9) we get:

€

(E[X]—1)?

Toe < Pr[iGZAXi <1< exp(—m)
i€A
(B[X]—1)?
~ e <P gy
€A
e+1 _ (B[X] - 1)
Sl =y By
(BX]-1)* 1
Zsrns By - A EX - g Y
= clogl/e > E[X] (7.10)
O

And now we are going to use the previous lemmas to prove our last lemma that will complete
our cover.
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Lemma 20. Let X = Y X; be a feasible solution, and E[X] < T . Then for every other sequence
€A
X' =3 X] such that p; < p;(1+ L) we have
€A
PIX'>1+¢ < P[X > 1]+ LT/e (7.11)

Andbei&n. Let X! =p X; + X! ,(This means that they have identical distributions).And we set
X" to be a random variable such as P[X] = a;|X; = 0] = pf_;;: and P[X! = a;|X; = a;] = 0.
Then P[X! = a;] = p} — pi < Lp;. From union-bound inequality we have :

P[X'>14¢ < P[X>1]+P[X" > ¢
Then using Markov inequality we have :
PIX"> e <E[X"]Je < LT/e
O

We need LT /e < €6 thus we set L = €25/T = %(‘15/6) . The order of different values of p; is
O(log(l/e) log(l/e&))
€26

Now we have all that we need to build our algorithm by showing how the DP table is
constructed. We are going to start with the shortest path case. We are going to fill the dynamic
programming table with rows correspond to the weight of small edges S , all the different types
of large edges L. and the poisson variables P. The columns of DP will correspond to vertices.We
observe that €/n can be an addictive error of the small variables as it increase the error rate by
€ thus let S = ie/n where i = 0...n/e .For the poisson variables we are going to set P; = je/n
where j = 0...n/e and the i correspond to a different value of a; .Now we are going to calculate
the different types of Large edges. By @ we have that our large variables can not exceed a certain
threshold of expected value.

(10g(1/€1i%g(1/65) )

Lemma 21. For a chosen value of € and § we can have at most O large edges.

Anddeisn. From [L9l3and poison method we have that if we have A different values it should at
worst satisfy the following inequality

A stk prin < Clog(l/ﬁ)

log(1/€) log(1/€d) ) (7.12)
)

S A<e

O]

We also need the number of different tuples («;,p;) which is with a simple combinatorial

argument B = O(bg(l/e);%) .

Finally we conclude that the number of different types is B4 = f(e, ).
The algorithm is using a similar idea from Bermann Ford Algorith. [40] [41]
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Algorithm 1: Shortest Path algorithm

Data: G = (V, E) , constant ¢ , constant €, start node u,end node v .
1 begin

2 Let G' = (V, E’) be the discetized graph.

3 for 1 =1 ton do

4 for (u,v) € E do

5 foreach ({S,L, P},u) do

6 if (u,v) is a small edge then

7 if DP({S —e, L, P},v) is non empty then
8 \ (DP({S,L,P},u)) +— v

9 end

10 end

11 if (u,v) is a small propability edge a; then

12 if DP({S,L,P — e},v) is non empty then
13 | (DP({S,L, P}, u)) +— v

14 end

15 else

16 if DP({S,L — e, P},v) is non empty then
17 | (DP({S,L, P}, u)) +— v

18 end

19 end

20 end
21 end
22 end
23 output «— Calculate Path(DP)
24 end
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Theorem 7.1.1. Given a constant € > 0 there exist a EPTAS for finding a set P for the stochastic
shortest path such as:

P[Z E; > 14 cre] <6(1+ cge)
eP

AnéSeién. Tt is easy to see that the loop in (3) and (4) will run n? and update f(e, §)P(e) * n?
values where P(¢) is the poisson and smallest variable space thus we have n’g(ed) running time
which lead us to a EPTAS. O

We observe that for the Knapsack problem we can use the idea for DP but with different
columns.

Algorithm 2: Knapsack algorithm

Data: (W, Z;) item values, constant § , constant e.
1 begin

2 Let (W}, Z;) be the discetized values.
3 for i =1 ton do
4 foreach {S, L, P} do
5 if W/ is a small item then
6 if DP({S — W/, L, P}) is non empty then
7 (DP({S,L,P},u)) «—
max(DP({S —W/,L,P})+ Z;, DP({S, L, P}))
8 end
9 end
10 if W/ is a small propability item a; then
11 if DP({S,L,P — W/}) is non empty then
12 (DP({S,L,P})) «—
max(DP({S,L,P —W/})+ Z;, DP({S, L, P}))
13 end
14 else
15 if DP({S,L — W/, P}) is non empty then
16 (DP({S,L, P},u)) «—
max(DP({S,L — W/ P})+ Z;, DP({S, L, P}))
17 end
18 end
19 end
20 end
21 output «— Calculate Knap(DP)
22 end
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Theorem 7.1.2. Given a constant € > 0 there exist a EPTAS for finding a set S’ such as:

mazximize Y p;
€S’

s.t. P[Y X;>14+€¢ <d(l+e)
€8’

Anddeln. Tt is easy to see that the loop in (3) will run nand update f(e, §)P(€) x n? (4) values
where P(¢) is the poisson and smallest variable space thus we have n3g(ed) running time which
lead us to a EPTAS. O

7.2 EPTAS Knapsack and SSP with General Random
Variables

In this section we are going to show how to extend our results to a more general problem.In
reality , we may have more complex models than simple bernoulli variables. Also there are case
where the model of distribution is different for each weight as for example one way may be a
poisson random variable and the other be a gamma distributed random variable. We are going
to show that we can extend most of our proofs to work on this case.

First we are going to show how we can round all the variables in a way that the error will be
small. For every random variable X let fx(x) be the pdf this means that fx(A) = [, fx(2)dz.

x

Our rounding scheme assumes that we can create variables X’ such that px/(x) = fx_e /n fx(y)dy.
This rounding increase the error with e. This means that for a subset A we have

ZXl{SZXi—i_E

i€A i€A

Although we have created a discrete distribution for every variable with at most n/e support
it’s clear that this is not enough to solve the entire problem.

It is clear that in this environment is not as easy as before to decrease the support . This is
because there are two many options for every mean in the small support. Lucky for us there exist
a way to transform the variable to a variable with smaller support.

Again we choose t as in @ We are going to split the support in two spaces one where X; < ¢
which we are gonna symbolize C' and U where U = (support(X) — C) U {0}.

Also we are gonna denote X;|¢ the projection of the variable X; in C' resp. Xi[c =p Xil(x,<¢)-

Now we are going to prove one important lemma.

Lemma 22. Let X; be a random variable. Let X] be a random variable such as X[|c = 0,t and
Pr[X!|c =t] = E[X!|c]/t. Then:

Prd X;>1+¢ <Pr> Xi>1+¢+ef
€A €A
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Anobeln.

Prd X/ >1+e= > PAP(Y Xi+> Xlc>1+e)

i€A AC|n] [n]—A A

< DY (PAP[Y . Xi+ > Xilo>1+¢€ +€)

AcC|n] [n]—A A
=P Xi>1+¢+es
O
And we round the remaining support by ¢(+1¢)* as previous and we again have O(log1/t/¢)
Now we have to bound the lowest probability. We are going to think our random variables as
vector which will allow us to random them as PMD and then using data processing inequality we

are going to have the same result for our setting.

Lemma 23. There exist a constant ¢ > 0 such that for every discrete random variable X; with
support k there exist a X| which has as the smallest probability the value of ¢ and also

dtv(Xi; X{) < O(Cl/2k5/2 10g1/2 ik)
C

Andédebn. Let V; be a vector which take with probability p;; the canonical vector e; of RF . Then
by @ we can create a vector V/ such that

du(Vi, Vi) < O 2122 10g1/? %) (7.13)

Then let f(z) = ¢’z where ¢ = (a;)%_; then by [L] we have

dio (f(Vi), f(V})) < duo(Vi, V) (7.14)
But we see that f(V;) = X;, so by (F.13) and (7.14) we conclude our proof. O
We choose as ¢ = (66;2;% where ¢; is a small non zero positive value, we have proved that

k=0(logl/t/e) .

We are gonna again round the probability of every value with the following way. We gain
are going to round the values in a form of ¢d(1 + L)/ . which means that p; = c¢(1 + L)? if
pi € [e(14 L)7,¢(1 + L)Y *1). So we need to prove our last lemma which is analogous to the 0.

Lemma 24. Let X = Y X; be a feasible solution, and E[X] < T . Then for every other sequence
€A
X' =3 X] such that p; < p;(1+ L) we have
€A

PIX'>1+¢ <P[X>1]+LT/e (7.15)
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Andbeikn. Let X! =p X;+ X! .And we set X/ to be a random variable such as P[X! = ;| X; =
’ . k
0] = 222 and PIX] = a;|X; = aj] = 0 for all jWe set py = 1 — Zl pij. Then P[X! = a;] =
J:
p; — pi < Lp;. .From union-bound inequality we have :

PX'>1+¢ < P[X >1]+ P[X" > ¢
Then using Markov inequality we have :
PIX" > €] < E[X"]Je < LT/e
O]

And now from [I we have that we can set L = O(loge(Q%)' This lead us with O(log1/c/L)

different values for the p; of each Xj.

Now we are going to calculate the cardinality of large variables.

Lemma 25. For a chosen value of € and § we can have at most O(log(l{g)%) large edges.

Anédeisn. From 1917 and P3 we have that if we have A different values it should at worst satisfy
the following inequality

At * pin < ' log(1/e)

o 4 <ol i)

O

Now we have to find the different number of vectors, which are B = k'°8(1/9)/L Which lead
us to the that all the different values of large vectors are f(e, ) = B4,

The algorithm is similar to the one in the previous section. The difference is the line (3) where
we change our values to adapt the smallest value , this means that we change every value to one
that allows one to approximate with small error like the lemma .

Theorem 7.2.1. Given a constant € > 0 and a set S with Random Variables there exist a EPTAS
for finding a set P for the stochastic shortest path such as:

P[> E;>1+ciel <6(1+ cae)
ieP

AnéSeién. Tt is easy to see that the loop in (6) and (7) will run n® and update f(e,§)P(e) * n?

values where P(e) is the poisson and smallest variable space ,moreover, the line (3) runs on the
edges which means n? thus we have n3g(ed) running time which lead us to a EPTAS. O

Again the algorithm is quite similar to the previous section but with the adaption of the @
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Algorithm 3: Shortest Path algorithm

Data: G = (V, E) , constant  , constant €, start node u,end node v .
1 begin
Let G' = (V, E') be the discetized graph.
foreach e € E' do
| Set Pr(X|o = 1] = B[X!|c]/t
end
for i =1 ton do
for (u,v) € E do
foreach ({L, (P)%_ ,},u) do
if (u,v) is a small propability edge a; then
if DP{L,P=(...,P,—e,Pi1,...)},v) is non empty then
| (DP({L,P},u)) — v
end
end
if DP({L — e, P},v) is non empty then
| (DP({L,P},u)) — v
end

© 0 N O o A W N

P S S S S S
S A W N = O

end

[y
3

end

[u—y
oo

end
20 output «— Calculate Path(DP)
21 end

-
©
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Algorithm 4: Knapsack algorithm

Data: (W, Z;) item values, constant § , constant e.

1 begin

2 Let (W!, Z;) be the discetized values.

3 foreach i € W’ do

4 | Set Pr[X]|c = t] = E[X]|c]/t

5 end

6 for : =1 ton do

7 foreach {L, P} do

8 if W/ is a small propability item a; then

9 if DP{L,P=(...,P,— W/, Pij1,...)},v) is non empty then
10 (DP({L,P})) — max(DP({L,P =

(...,P,=W! Pi1,...)})+ Z;, DP({L, P}))

11 end

12 end

13 if DP({L — W/, P}) is non empty then

14 ‘ (DP({L, P},u)) «— max(DP({L — W/, P})+ Z;, DP({L, P}))
15 end

16 end
17 end
18 output <— Calculate Knap(DP)
19 end
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Theorem 7.2.2. Given a constant € > 0 and a set S of Random Variables there exist a EPTAS
for finding a set S’ such as:

mazximize Y p;
€S’

s.t. Pl Xi>1+€¢<6(1+¢)
€S’
Anbdein. Same idea as the previous theorem. It is clear that the loop in (6) will run n times and

the line (3) will also run n times, and update f(e, ) P(¢) * n%(7) values where P(¢) is the poisson
and smallest variable space thus we have n?g(e§) running time which lead us to a EPTAS O

7.3 An Easy and Optimal Algorithm for Small Probability
Events

In the previous section we saw that if the probability of a non zero event is small we can think
our random variables as a Poisson process.This leads to a very nice algorithm that can provide a
constant error and it’s complexity time is as small as it can be. In fact poisson random variables
are very special because they have some nice properties . One is the additive which states that
the sum of two poisson is a poisson random variable with the sum of their parameters and the
other one is stochastic dominance which is a way to say that a path is better than another one.

Definition 15. We say that a distribution satisfies stochastic dominance if for parameters A1 Ao
we have :
PI"[D()\l) < t] < PT[D()\Q) < t] S A< A

Also for poisson random variables we have the additive property which is:
Lemma 26. Let X1 ,Xo be poisson random variables with parameters A1 Ao then we have that
X =X1+ Xy = X = Poi(\ + o)

Anibdeitn. We know that the Moment generating function of a poisson random variable is Mx, () =
exp(A1(e! — 1)) and also that Mx(t) = Mx, (t)Mx,(t) = exp(()A1 + A2)(e! — 1)) and the prove
completes with the inversion transform. ]

Lemma 27. Poisson Variables satisfy stochastic dominance.
Anoébeién. content... ]

Using these 2 properties it is easy to prove that the best set is always the one with the lowest
mean . This is proved in case of SSP as:

Pr[} W; <t] =Pr[y _ Poi(\i) < t] = Pr[Poi()_ ) < 1] > Pr[Poi(X) < 1] (7.16)
€S ieS 1€S
Where X' > 3~ \;. This leads as that the Dijkstra algorithm using as weights the mean of each edge
€S

give us the optimal solution. Also from the previous section E we showed that if the probability
of a non zero event is less than e then we can assume that our variable is Poisson with error rate
of €2.
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Theorem 7.3.1. Let A = marxepE[X] then there exist an A-approzimate algorithm to find the
optimal path which complexity is dominated by Dijkstra algorithm.

Anobeién. Using E , we have that the dy, error of using Poisson approximation is A. Using the
fact that
diw(A,B) <0=Pr[Ae X|<Pr[Be X]+0

This leads to
Prd X;>1+e<Pr[d Xi>1+¢+4
€S €S’
So we solve the deterministic problem with weights the mean values and the Path we get is the
best within an error rate of A. The algorithm only runs Dijkstra algorithm that means that the
complexity time is dominated by Dijkstra. O
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Kegpdloo 8

Learning Discrete Settings in
Unknown Environments

In the previous section , we showed how we will approximate the solution of the Stochastic
Shortest Path if we know how the environment is modeled.In reality it is difficult to know how
the environment is modeled although we can always approximate it.There are many ways to see
this kind of problems. In our work we are going to see them as oracles where we sample their
value in a particular model. As for an example in stochastic shortest path we can see the oracle
as the time that it took a car to go through a particular edge or road and take the value from
the GPS. This can help as to define a new type of algorithms called PAC. We are going to define
d—correct algorithms and algorithm that it is correct with confidence 1 — § this means that with
probability less than § the algorithm has output a wrong result. Also there exists the (0, €)—correct
algorithms which are the algorithms that approximates the solution with in an error rate of ¢ and
the probability to be wrong is at most §. In fact in real world data every value is approximated
between an error rate as we can not have infinity number of bits that needed to calculate the
precision of measures in fact with log(1/€) we can have at most € error. Either the way we are
gonna assume that our samples are the real ones without the approximation error that may or
may not have. Most of this work is based on some results of [Gupta et all|[28] and we are gonna
generalize some results for the stochastic paths for more general costs functions using Nikolova’s
[B5] results.

We are going to start with some basic definitions.We start by define d—correct algorithm for
shortest path.

Definition 16. We say Algorithm A is a §-correct algorithm for stochastic shortest path on a
graph G(V, E) if given a function f : R — R we want to find a path P:(s,t) such for any other
path P':(s,t):

Pr(E[F(Y B < BIF(S. B 214

icP i€pP’

As for example f may be just the sum of edges or it may define the value at risk or even more
complex functions. At first we are going to start with the function f(z) = .
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8.1 Lower Bound for the Expected Value

Given an instance of the shortest path problem G(V, E) and let P be the set of all paths from
s,t. We will assume that all paths have are following Gaussian distribution with mean m,; and
variance 1.

Now we are going to prove that give the optimal solution O the Lower bound (Low (G(V.E)))is
the solution of the following program:

n
minimize Y ¢;
i=1

(8.1)
s.t. S 1/t; < (E[A] — E[O])’VA € P

1€EANO

t; >0

Theorem 3. Let C be an instance of the shortest path problem and let P be all the paths from (s,t)
. For any §(0,0.01) and any 6-correct algorithm A for the problem , A takes Q(Low(C)log1/d)
samples on Ezxpectation on C.

Anobeién. Fix § , an instance C and an algorithm A. Let n; be the expected number of samples
drawn for the i-th Path. Let a = d(6,1—0)/2 and t; = n;/a. We have to show that it is a feasible
solution for B.1] .

Zni = aZti > aLow(C) € Q(Low(c)log(1/4))
i=1 i=1

Now we fix a path A and let A; = ¢/n; where

_ 2(E[0] - E[4])
> A/
1I€EANO

Now we change our path such that each mean of edge in O\ A is decreased by A; while the mean
of edges in A\ O is increased by A; . So we have that

E[0-E[A] = (E[0]- Y )A)—(E[A]+ ) )A) = E[O]—[A]-c Y 1/n;=—E[O]+E[A] <0
i€O\A i€A\O iEANO

This means that the O is no longer optimal in C’. Let E be the event that the algorithm returns
O as the optimal solution.Now using the @ and that A is a d-correct algorithm we have that
PA70[E] >1-—¢ and PA’C/[E] <6:

> niKL(eie}) = Y ni/2A7 > d(PaclE], Pac|E]) > d(1-6,5)

1€EANO 1€ ANO
- ? O] - B[4])
nic/n? = A(EL0] — ElA)) 1/n; = AE| > 2d(0,1 —0)
ie%o (ieAZAO ma)? ie;o ieAZAO t/ms

which follows

Y 1/t < (B[A] - E[0])?

1EANO
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8.1.1 Finding the optimal path

In order to find to find a Path that minimizes an objective function , we have to use some sort
of binary search . But when our weights are random variables it is difficult to say that this path is
better than the other. For this reason we can create confidence intervals for each path and cross
out the ones that with high probability are not bellow a threshold.A high level idea is that in each
step we are going to decrease the range of our confidence interval while we are going to increase
our probability of be correct. In fact in every step we have the intervals that are approximately
correct within an error rate.This means that if we stop the algorithm in a particular moment
we are going to have an approximately correct solution.One problem that we have is that the
paths of a graph are expomential at a rate of n” while the edges are at most n? . There comes
the pareto curves which is a framework developed by Yianakakis and Papadimitriou [36] where
we can create a FPTAS to find a path for a combination optimization problem. Combining all
of them we have our algorithm . We are now briefly describe the main function of their method.
Remark:In the following section we are not going to present the verify method as it is technical
and it does not needed to prove our claims. The verify function adds a logd~! in our algorithms.
The proof of this method is in [28] and it is the same proof in all the situations here.

Algorithm 5: SimulEst

Data: U, accurancy parameter ¢ and confidence level ¢§

Result: A vector m indicating the number of samples of each edge
1 Let m = (my,...,mg) be the optimal solution of this program:
2

E
minimize Y m;
=1

s.t. > 1mi < poEVA,BeU
i€AAB

3 return m
a |

This function provides a way to minimize the samples we needed to be able to distinguish
between sub-optimal ones and not.
In high level this algorithm does a binary search until only one set remains. It is clear that if

we stop in the step r we get accuracy 27".
We are going to explain the basic ideas which show why this works. We omit the verify

procedure and the correctness proof . First of all we are going to explain the choice of ﬁé/é) in

Algorithm .

Lemma 28. Given a set of Gaussian random variables a1, as, . . . ap with unit variance and means
mi,Ma,..., M suppose we take t; samples from the i-th variable , and let X; be its empirical
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Algorithm 6: NaiveGapElim

Data: Instance (C, F') and confidence level &
Result: Best Path

1 Fy « F, 0« 0.01, A <10

2 for r =1 to co do

3 if |F.| =1 then

4 Verification

5 return £,

6 end

7 € 277, 8, < 6o/ (10r%| F|?)

8 m” « Simul Est(F,, e, /), 0,) m" < samples(m”)
9 opt, < minaepm’ (A)

10 Fopn<—{AecF.:m"(A) <opt, +¢€/2+ 2. /\}
11 end

mean. Then we have
k 62

k
Pr[|ZXi — Zmz| > €l <2exp————
i=1 i=1 23 1/t;
i=1

k k

Anbdeikn. The variable X = > X; follows a Gaussian distribution with mean m = ) m; and

i=1 i=1
k
variance Y 1/t; thus we can use the tail bound of Gaussian distribution and the result follows. [

i=1
Now it is clear that we need to get enough samples to lower our variance and then we can
have enough error. It is clear that SimulEst outputs the number of samples that is needed to
have +-€ error in the mean value. One problem that we have is that our failure probability is

k
independent in each Path. This means that >, Pr[| >° X; — > m;| > €] < [F|d thus we need to
i=1; =1
tweak the delta by setting § = §/|F| to have our result. Also the |F| can be exponentially large,
but as the ¢ is in a logarithm it increase our samples polynomially (around nlogn).

)
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8.1.2 Learning for general functions

We have seen a general method of how to find the path with the lowest mean using sub-optimal
samples. Now we are going to see how to find paths with more objectives such as: minimization
of tail objective , portfolio maximization and and minimization of polynomials of degree 3. First
of all the problem that we have here is that variance effects the cost function , so we need to
develop a method that also takes as an input the variance. We are going to show a sub optimal
algorithm in a case where we have Normal Random variable. We are going to show that in fact
we have to find to separate the sub-level sets until there exists only one Path which can be done
with the use of Pareto curves [36].

First of all we see that when our random variables are following Normal distribution , we
have that by additive property that

- t— E[X]
Pr X; <t = (—=
3%t =8 —r)
So we have the following program:
. —E[X]
maximize
var[X]
(8.2)
s.t. XeP

This program is quasi-convex maximization which is NP-Hard to solve. Although we will try to
find some methods to approximate .It is known by [35] that we can efficiently approximate the
solution. We are going to use some of her methods to solve the problem when the mean and the
variance are unknown . In fact we are going to show that this problem is equivalent to portfolio

minimization @
minE[X] + ky/Var[X]

s.t. XeP

To show the equivalence we see that if we have an oracle for B.9 then we can answer the

(8.3)

question:

t — E[X]
var[X]

> ke t— (E[X]+kyvar[X]) >0

Now we are going to solve the problem in steps. First we are going to solve it when the
variance of each edge is known and then when it is not.

8.1.2.1 Unknown mean and known variance

In this section we are going to show how we can efficiently sample our distributions in a way
that it will help us to find the optimal distribution.
The following lemma is essential to our proof:

Lemma 29. Let Y be a random variable with variance o2 , there exist an estimator Y which
with O(log(1/5)/€?) samples satisfies:

|E[Y]-Y]|<eo
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A n A
Anédeién. Let Y = ) Y;/n where Y; is the i-th sample of Y. It is clear that E[Y] = E[Y] and
i=1

also that Y ~ N(E[Y],02/n). Using tail bounds for Normal Variables we have that:

2

Pr(|V — E[Y]| > d < %mﬁ)

By setting n = ‘67—22 log(1/§) we complete the proof. O

Now we are going to define the sublevel sets which we are going to use to do our binary search
in our set.

Definition 17. We define Ly as the sublevel set of the function f which is Ly = {x € P|f(z) < A}

Definition 18. We define the set of breakpoints V' as the values of A that separates two solutions.
V= {)‘Z S RHLMJ&’ - |L>\i‘ < 0}
This notation helps as to provide a way to compare two different solutions.In fact if we have
a way to find all the set V then easily we will have a way to find the optimal solution. We argue
that every algorithm that finds the optimal solution must have enough samples to separate two
different values of breakpoints. Using the previous technique one can prove that the minimum
samples that are required to find the optimal solution are the solution of the Program Pj @

n
minimize ) t;
i=1

st S o2/t < (f(0) — f(A)VA € P (&4
i€ ANO
t; >0

Now we have to prove that this program is the Lower bound that we need. We are going to
use the same method proposed by Gupta. To prove following:

Theorem 4. Let C be an instance of the shortest path problem and let P be all the paths from (s,t)
. For any §(0,0.01) and any d-correct algorithm A for the problem , A takes Q(P3(C))log1/6)
samples on Expectation on C.

Anobeién. Fix ¢ , an instance C and an algorithm A. Let n; be the expected number of samples
drawn for the i-th Path. Let a = d(6,1 —¢6)/2 and ¢; = n;/a. We have to show that it is a feasible
solution for B.3 .

Zni = aZti > aLow(C) € Q(Low(c)log(1/0))
i=1 i=1
Now we fix a path A and let A; = caf /n; where

_2(£(0) - f(4))
> af/n

1I€EANO
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Now we change our path such that each mean of edge in O\ A is decreased by A; while the mean
of edges in A\ O is increased by A; . So we have that

FO)=F(A) = (F(O)= D )A)=(fIAI+ D" )A)) = F(O)—f(A)—c Y o?/n; = —f(O)+f(A)

i€O\A 1€ A\O 1€EANO

This means that the O is no longer optimal in C’. Let E be the event that the algorithm returns
O as the optimal solution.Now using the @ and that A is a d-correct algorithm we have that
PA@[E] >1-—¢ and PA’C/[E] <d:

Z niKL(ei,e;) = Z nZA?/20'12 > d(PA,C[ELPA,C/ [E]) > d(l — 5, (5)
1€EANO 1I€EANO

_4(f(0) — f(4))? 2 A(f(0) = f(A))?
Z n; x o’ 20 = 2/n Z of/n; = oy > 2d(6,1—19)
i€ANO / (iego /m)? i€ANO ie,;Ao i/ni

which follows

S 02/t < (f(A) - £(0))?

1I€EANO

Now we present our algorithms.

Algorithm 7: SimulEstP

Data: U, accurancy parameter € and confidence level §
Result: A vector m indicating the number of samples of each edge
Let m = (my,...,mg) be the optimal solution of this program:

[y

minimize > m;

s.t. > 07/m; < 5 2/6)‘V’A BeU
i€AAB
m; >0
3 return m
1 |

ol

<0



Algorithm 8: NaiveGapElimPortfolio

Data: Instance (C, F)
Result: Best Path

1 B+ F, 6y« 0.01, A< 10

2 for r =1 to oo do

3 if |F.| =1 then

4 Verification

5 return £,

6 end

7 € 277, 8, < 6o/ (10r%| F|?)

8 m" < Stmul EstP(F,, €./, 0,)
9 mr < samples(m”)

10 opt, < minacp.m"(A) + koy
11 Fopn<—{AecF.:m"(A) +kos <opt, + €./2 + 2¢,./\}
12 end

It is clear that with probability 1 — 9, in each round r , we know the items with approximation
ratio +¢, due to Y. The rest of the proof follows like in [29] .

Theorem 8.1.1. For cvery instance C, NaiveGapPortfolio takes
O(P3(C)(log 6™t +log A~  (loglog A™! 4 log P))
where P is the number of paths and A = f(O) — maz s¢(p—o)f(A).
AnéSeién. In each step r let a = 1672 log(2/6,) and m; = at; and firA, B € P, SimulEstP takes

Yoooimi<a'(> o+ Y oi/t)

i€EAAB i€EANO i€BAO
< a”((F(O) = F(A)* + (F(O) = £(B)))
< 2a_163_1

62

< T
— 2In(2/6,)
Where in the second line we used the fact that due the step of our algorithm, every path that is
still inside the set F has f(O) — f(X) < e—1
So we have that : Y ..pm; =a) . pt; = O(P3(C)logl/d,) = O(P3(C)(logr + log F)) .
Now we sum through r and we have that :

O(Z P3(C)(logr + log F)) < O(r*P3(C)(log r* + log F))
r=1

Then we now that our algorithm stops when we are at a distance A~ and we need log A™! to
get there. This means that:

O(r*P3(C)(logr* + log F')) < O(log A~ P3(C)(loglog A~ + log F))
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8.2 Unknown Variance

The ability to know the variance of each edge is very advantageous as any estimator that
learns the variance needs a lot of samples. In this section we will show how to optimize functions
of random variables that are polynomials of third degree.

Lemma 30. Let f be a polynomial of third degree and X a random variable then :
E[f(X)] = f[BIX]] + 1/2f"(E[X])Var[X]
Anribdetn. By expanding f using Taylor in the point E[X] series we have:
F(X) = F(BIX]) + f(BIX)(X - BIX]) + 1/2f"(E[X])(X — B[X])”
By taking the expected value the proof concludes. O

This lemma show that we do not need an estimator for f to find its mean value but we only
need an estimator for X.

Lemma 31 (from [42] Lemma 6). There exist an algorithm A that takes O(log(1/68)/e?) samples
and gives with probability 1 — 0 outputs estimates m, o2 such that:

|m — 1| < er  |o* — 62| < 2e0?

This is slightly modified as excess kurtosis for normal distributions is 0. So the question which
remains is how many samples do we want for finding the best path.
As our functions are polynomials of third degree their derivative is has at most 2 roots. We also
have that

FEIX]) = F(ENT) = f(OEX] - E[Y])

This means that we can assume that for small differences the sign for f(E[X])— f([E[Y]]) depends
on F[X] — E[Y] this leads us that the previous bounds for mean value still holds.
Now we are going to prove bounds for variance. We argue that the program Pj:

n
minimize ) t;
i=1

s.t. S o/t < (f/(B[O])(Var(0) — Var(A))? VA€ P
i€EANO ) ) (8.5)
>, o/t < (f"(0)—f"(A))* VAeP
1€ANO

> o2/t < (f(O)— f(A)? VAeP
1€EANO
t; >0

Lemma 32. Let C be an instance of the shortest path problem and let P be all the paths from (s,t)

. For any §(0,0.01) and any d-correct algorithm A for the problem , A takes Q(Ps(C))log1/6)
samples on FExpectation on C.
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Anodeién. Fix ¢ , an instance C and an algorithm A. Let n; be the expected number of samples
drawn for the i-th Path. Let a = d(6,1 —§)/2 and ¢; = n;/a. We have to show that it is a feasible
solution for @ .

D ni=a) t;>aPy(C) € QPy(c)log(1/5))
=1 =1

Now we fix a path A and let A; = co?/n; where

_ 2"EX](Var(0) — Var(A))
> of/ni

i€ AUO

Cc

Now we change our path such that each variance of edge in O \ A is decreased by A; while the
mean of edges in A\ O is increased by A; . So we have that

FON=FA) = (£(O)= D A)=(flA]+ D A)) = FO)—f(A)—c Y o7/ni=—f(O)+f(A) <0

1€O\A 1€ A\O 1€EAANO

This means that the O is no longer optimal in C’. Let E be the event that the algorithm returns
O as the optimal solution.Now using the @ and that A is a J-correct algorithm we have that
Pyc[E] >1—06 and Py o/ [E] < § ,using 12 we have:

> niKL(eief) = Y nmil}/o} > d(PaclE], Pacr[E]) > d(1 - 6,6)
1€EANO 1€EANO

S eot O AERVarO) —Var)? s~y

IEANO n?/af B (z‘e,;:AO Ug/ni)Q 1€EANO
_ 4(f”(E[X])(‘§T(§72)/; Var(ADZ S o451 — 6)
1€EANO ’ '

which follows

Y. i/t < (f"(E[O])(Var(0) — Var(4)))?

i€EANO
O

This means that the variance dominates the sample complexity. We are going to propose the
two algorithms that needed.
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Algorithm 9: SimulEstG

Data: U, accurancy parameter ¢ and confidence level ¢§

Result: A vector m indicating the number of samples of each edge
1 Let m = (my,...,mg) be the optimal solution of this program:
2

E
minimize > m;
i=1

~ 2 €2
s.t. iEAZAB g; /m, S WVA, BeU
~ 4 €2
ieAZAB i fm; < 2In(2/9)

3 return m
a |

Algorithm 10: NaiveGapElimGeneral

Data: Instance (C, F')
Result: Best Path
Fy < F, )y <+ 0.01, A < 10
Let 62 be a 2-approximation vector of the vector o of variances
for r =1 to oo do
if |F.| =1 then
Verification
return £,
end
€ 277, 8, « &/ (10r%| F|?)
m" < Simul EstG(F,, ¢, /X, 6,/2,52)
mr < samples(m”)
opty = minaer, f(m"(A)) + f"(m"(A))(67(A))
Fopa<—{AecF.:fim"(A)+ f"(m"(A))(6"(A)) < opt, + €,/2 + 2¢,./ A}
end

© 00 N o vtk W N =

-
- o

=
[Z-2N )
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First of all it is clear by @ that SimulEstG outputs an + — € approximation of the mean
value and the variance. This is done because we get a 2-approximation of the variance. That
only increase our samples by a factor 8. Furthermore , this means that we can always have a good
approximation of our mean value.

Theorem 8.2.1. For every instance C, NaiveGapPortfolio takes
O(P4(C)(log A~ (loglog A~ + log P))
where P is the number of paths and A = minV which means that A is the minimum break point.

Anddeln. Using the same ideas as before . In each step 1 let a = 16A\% log(2/d,.) and m; = at; and
fizA, B € P, SimulEstPE takes

Yo ool/mi<a'() olfti+ Y oi/h)

i€cANAB 1€ANO 1i€EBAO
<a”'((f"(E[O)(Var(0) — Var(A))* + (f"(E[0]))(Var(O) — Var(B))?)
<247 ',
&
= 2m(2/5,)

Also we have that :

Yo ooi/mi<aTl( ) oifti+ Y ai/t)

iI€AAB 1I€AANO 1€BAO
<a ' ((f(0) = f(A)* + (F(0) = £(B))*)
< 2(L_1€Z_1
€
~ 2In(2/6,)

And the same equation for f”(O) .
So we have that : >, cpm; =a) ;cpt; = O(P3(C)log1/d,) = O(Py(C)(logr +log F)) .
Now we sum through r and we have that :

O(Z Py(C)(logr + log F)) < O(r*Py(C)(log r* + log F))
r=1

Then we now that our algorithm stops when we are at a distance A~! of our error as there we
will only have on solution ahead thus we need log A™! to get there. This means that:

O(r*Py(C)(logr* + log F')) < O(log A~ Py(C)(loglog A~ + log F))
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