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Abstract

Since the failure of Dennard scaling, energy efficiency has become a first-
class design concern in computer systems. Recently, exploiting the intrinsic
error resilience of a large number of application domains, approximate com-
puting has emerged as a design alternative for energy efficient system design,
trading accuracy for significant energy gains. In this thesis, we focus on the
design of hardware approximate accelerators. Existing hardware approx-
imation techniques mainly apply single-level approximation, limiting thus
the potential energy-savings of the approximate computing application. In
this dissertation, in order to max out the benefits of approximate computing
application, we examine, introduce, and enable multi-level approximation
in the design of hardware arithmetic circuits as well as hardware accelera-
tors. In order to enable straightforward and seamless application of approx-
imate computing and multi-level approximation on hardware circuits, we
propose four automated frameworks, i.e., VOSsim, Partial Product Perfo-
ration framework, HAM, and METHADONE. All the proposed frameworks
were extensively experimentally evaluated. We demonstrated their efficiency
and optimality through comparisons against exhaustive design space explo-
ration and related state-of-the-art works. Specifically, we showed that all
the approximate designs produced by the proposed frameworks, outperform
existing state-of-the-art designs in terms of both induced error as well as
power reduction.

Keywords: Approximate Computing, Approximate Synthesis, Arithmetic
Circuits, Design Automation, Hardware Accelerators, Multi-Level Approx-
imation, Voltage Over-Scaling
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Περίληψη

Οι τεχνολογίες πληροφορικής βρίσκονται πλέον σε μια εποχή που για να δια-

τηρηθεί αλλά και να βελτιωθεί η απόδοση και αποτελεσματικότητα των υπο-

λογιστικών συστημάτων είναι αναγκαίες ριζικές αλλαγές συγκριτικά με τις

παραδοσιακές τεχνικές. Ο προσεγγιστικός υπολογισμός αποτελεί ένα χαρα-

κτηριστικό πρότυπο ριζικής μεταβολής που έχει εισέλθει στο σχεδιασμό και τη

λειτουργία των σύγχρονων συστημάτων. Η διατριβή αυτή επικεντρώνεται στην

μελέτη και σχεδίαση προσεγγιστικών επιταχυντών υλικού. Οι υπάρχουσες με-

θοδολογίες σχεδίασης προσεγγιστικών κυκλωμάτων εφαρμόζουν κατά κύριο

λόγο μονο-επίπεδες προσεγγιστικές τεχνικές, περιορίζοντας έτσι σημαντικά

τα ενεργειακά οφέλη από την εφαρμογή του προσεγγιστικού υπολογισμού. Ο

στόχος αυτής της διατριβής είναι να μεγιστοποιήσει τα ενεργειακά οφέλη των

προσεγγιστικών κυκλωμάτων και να προτείνει συστηματικές μεθοδολογίες για

την εφαρμογή του προσεγγιστικού υπολογισμού, έτσι ώστε να επιτρέψει την

αξιοποίησή του στον τομέα της σχεδίασης ψηφιακών συστημάτων. Για να

μεγιστοποιήσουμε την απόδοση των προσεγγιστικών κυκλωμάτων μελετάμε,

προτείνουμε, και καταστούμε δυνατή την εφαρμογή πολυ-επίπεδων προσεγ-

γιστικών τεχνικών για την παραγωγή τόσο προσεγγιστικών αριθμητικών κυ-

κλωμάτων όσο και επιταχυντών υλικού. Τα ανωτέρω επιτυγχάνονται μέσα από

τα τέσσερα αυτοματοποιημένα πλαίσια σχεδίασης και σύνθεσης που προτείνου-

με: VOSsim, Partial Product Perforation, HAM, και METHADONE. Τα

πλαίσια αυτά αξιολογήθηκαν διεξοδικά μέσω εκτενούς πειραματικής διαδικα-

σίας και συγκρίθηκαν με τις εκάστοτε βέλτιστες υπάρχουσες μεθοδολογίες και

τεχνικές αποδεικνύοντας την αποδοτικότητά τους.

Λέξεις Κλειδιά: Αριθμητικά Κυκλώματα, Αυτοματοποιημένη Σχεδίαση

Κυκλωμάτων, Επεξεργαστής Υλικού, Πολυ-επίπεδος Προσεγγισμός, Προ-

σεγγιστικός Υπολογισμός, Σύνθεση Προσεγγιστικών Κυκλωμάτων, Υπερ-

κλιμάκωση της Τάσης
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Extended Abstract

Since the failure of Dennard scaling, energy efficiency has become a first-
class design concern in computer systems. Its potential benefits go beyond
reduced power demands in servers and longer battery life in mobile devices,
since improving energy efficiency has become a requirement due to limits
of device scaling and the well-known “dark silicon” or “power wall” prob-
lem. Recently, exploiting the intrinsic error resilience of a large number of
application domains, approximate computing has emerged as a design al-
ternative for energy efficient system design, trading accuracy for significant
energy gains. In this thesis, we focus on the design of hardware approximate
accelerators. Approximate hardware circuits, on the contrary to software
approximations, offer also transistors reduction, lower dynamic and leak-
age power, lower circuit delay and opportunity for down-sizing. Existing
hardware approximation techniques mainly apply single-level approxima-
tion, limiting thus the potential energy-savings of the approximate com-
puting application. Moreover, the increased requirements for verifying the
circuit’s functionality, as well as operating within the error bounds, greatly
increase the design time cycle of approximate hardware accelerators. In this
dissertation, in order to max out the benefits of approximate computing ap-
plication, we examine, introduce, and enable multi-level approximation in
the design of hardware arithmetic circuits as well as hardware accelera-
tors. Multi-level approximation refers to applying an approximation tech-
nique in every design layer, i.e., the algorithmic, the logic, and the physical
ones. However, multi-level approximate architectures exacerbate the design
complexity due to the diversity of inexact techniques and their impact on
final circuit implementations. In order to enable straightforward and seam-
less application of approximate computing and multi-level approximation
on hardware circuits, we propose four automated frameworks, i.e., VOS-
sim, Partial Product Perforation framework, HAM, and METHADONE.

xi



VOSsim enables very fast and accurate quantification of the power-error
characteristics of approximate circuits under voltage over-scaling. Partial
Product Perforation is a generalized technique that can be, out-of-the-box,
applied to any multiplier circuit, providing known a priori and bound out-
put error values. HAM exploits Partial Product Perforation and introduces
multi-level approximation in the design of approximate multipliers, showing
that multi-level approximation, compared to single-level one, delivers more
efficient solutions in terms of both power and error. Finally, we present
METHADONE an approximate accelerator synthesis framework which en-
ables efficient inexact circuits implementations by leveraging the incorpo-
ration of diverse multi-level approximate techniques. METHADONE in-
corporates all the aforementioned frameworks and given the behavioral de-
scription of a hardware accelerator and an error bound, quickly produces
its power-optimal multi-level approximate counterpart that satisfies the er-
ror bound. METHADONE can be applied to any accelerator circuit and
seamlessly extends typical behavioral and/or RTL synthesis tools by op-
erating on the accelerator’s scheduled data flow graph. The approximate
accelerators produced by METHADONE deliver energy savings that range
from 10% (for 1% error bound) to 70% (for 10% error bound). Compared
to an exhaustive design space exploration METHADONE produces close to
Pareto-optimal multi-level approximate accelerators, while delivering more
than 589× speedup in finding the Pareto-front designs. All the proposed
frameworks were extensively experimentally evaluated. We demonstrated
their efficiency and optimality through comparisons against exhaustive de-
sign space exploration and related state-of-the-art works. Specifically, we
showed that all the approximate designs produced by the proposed frame-
works, outperform existing state-of-the-art designs in terms of both induced
error as well as power reduction.

Keywords: Approximate Computing, Approximate Synthesis, Arithmetic
Circuits, Design Automation, Hardware Accelerators, Multi-Level Approx-
imation, Voltage Over-Scaling
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Εκτεταμένη Περίληψη

Οι τεχνολογίες πληροφορικής βρίσκονται πλέον σε μια εποχή που για να δια-

τηρηθεί αλλά και να βελτιωθεί η απόδοση και αποτελεσματικότητα των υπο-

λογιστικών συστημάτων είναι αναγκαίες ριζικές αλλαγές συγκριτικά με τις

παραδοσιακές τεχνικές. Ο προσεγγιστικός υπολογισμός αποτελεί ένα χαρα-

κτηριστικό πρότυπο ριζικής μεταβολής που έχει εισέλθει στο σχεδιασμό και τη

λειτουργία των σύγχρονων συστημάτων. Βασίζεται στην ιδέα ότι περιορίζου-

με την απόδοση των υπολογιστικών συστημάτων εξαναγκάζοντάς τα να επι-

τελούν υπολογισμούς μεγαλύτερης ακρίβειας απ’ όσο πραγματικά χρειάζεται.

Είναι γεγονός ότι ακριβείς απαντήσεις δεν είναι εφικτές/απαραίτητες σε πλη-

θώρα εφαρμογών, όπως για παράδειγμα στους τομείς βαθιάς μάθησης, όρασης

υπολογιστών, μηχανικής μάθησης κ.λ.π. ΄Ομως, ο προσεγγιστικός υπολογι-

σμός πρέπει να εφαρμόζεται μέσω μιας αυστηρής και τυπικής μεθοδολογίας.

Για το λόγο αυτό είναι αναγκαία υπολογιστικά επίπεδα αφαίρεσης που να ε-

πιτρέπουν την μεθοδική μείωση της υπολογιστικής ακρίβειας κερδίζοντας σε

άλλες μετρικές όπως επίδοση και ενέργεια.

Η διατριβή αυτή επικεντρώνεται στην μελέτη και σχεδίαση προσεγγιστικών

επιταχυντών υλικού. Τα προσεγγιστικά κυκλώματα προσφέρουν χαμηλότερη

δυναμική αλλά και στατική κατανάλωση ισχύος, μικρότερη κυκλωματική κα-

θυστέρηση, καθώς επίσης και δυνατότητα σμίκρυνσης. Οι υπάρχουσες με-

θοδολογίες σχεδίασης προσεγγιστικών κυκλωμάτων εφαρμόζουν κατά κύριο

λόγο μονο-επίπεδες προσεγγιστικές τεχνικές, περιορίζοντας έτσι σημαντικά

τα πιθανά ενεργειακά οφέλη από την εφαρμογή του προσεγγιστικού υπολο-

γισμού. Επιπροσθέτως, οι υπάρχουσες μεθοδολογίες εφαρμόζουν, ως επί το

πλείστον, προσεγγιστικές τεχνικές ειδικευμένες για την εκάστοτε εφαρμογή

και με μη αυτοματοποιημένο τρόπο. Η σχεδίαση προσεγγιστικών κυκλωμάτων

και οι εφαρμογο-κεντρικές μεθοδολογίες που ακολουθούνται δυσχεραίνουν α-

κόμα περισσότερο το ήδη εξαιρετικά πολύπλοκο έργο της σχεδίασης ψηφιακών
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συστημάτων, καθώς ο σχεδιαστής πρέπει να ελέγχει τόσο τη λειτουργία και

τη βελτιστοποίηση του κυκλώματος όσο και να τηρεί τα όρια του σφάλματος.

Ο στόχος αυτής της διατριβής είναι αφενός να μεγιστοποιήσει τα ενεργειακά

οφέλη των προσεγγιστικών κυκλωμάτων και αφετέρου να προτείνει συστη-

ματικές μεθοδολογίες για την εφαρμογή του προσεγγιστικού υπολογισμού,

έτσι ώστε να επιτρέψει την αξιοποίηση αλλά και εγκαθίδρυσή του στον τομέα

της σχεδίασης ψηφιακών συστημάτων. Για να μεγιστοποιήσουμε την απόδο-

ση των προσεγγιστικών κυκλωμάτων μελετάμε, προτείνουμε, και καταστούμε

δυνατή την εφαρμογή πολυ-επίπεδων προσεγγιστικών τεχνικών για την παρα-

γωγή τόσο προσεγγιστικών αριθμητικών κυκλωμάτων όσο και επιταχυντών

υλικού. Με τον όρο πολυ-επίπεδες προσεγγιστικές τεχνικές αναφερόμαστε

στην εφαρμογή μιας προσεγγιστικής τεχνικής σε κάθε ένα από τα τρία επίπε-

δα σχεδιασμού, δηλαδή το αλγοριθμικό, το λογικό, και το κυκλωματικό. Για

να αντιμετωπίσουμε την αυξημένη σχεδιαστική δυσκολία των προσεγγιστικών

κυκλωμάτων, που δυσχεραίνεται ακόμα περισσότερο στον χώρο των πολυ-

επίπεδων προσεγγιστικών επιταχυντών υλικού, προτείνουμε γενικευμένες και

αυτοματοποιημένες μεθοδολογίες για τη σχεδίαση και σύνθεση αυτών. Τα

ανωτέρω επιτυγχάνονται μέσα από τα τέσσερα αυτοματοποιημένα πλαίσια σχε-

δίασης και σύνθεσης που προτάθηκαν και υλοποιήθηκαν κατά την εκπόνηση

της διατριβής: VOSsim, Partial Product Perforation, HAM, και METHA-
DONE.

Το VOSsim είναι το πρώτο και μοναδικό εργαλείο προσομοίωσης κυκλωμάτων

σε υψηλό επίπεδο (επίπεδο πυλών) που λαμβάνει υπόψη του την τάση λειτουρ-

γίας και παρέχει τη δυνατότητα αλλαγής της τιμής της. Το VOSsim, λοιπόν,
επιτρέπει να προσδιοριστούν πολύ γρήγορα και με μεγάλη ακρίβεια τα χαρακτη-

ριστικά (κατανάλωση, σφάλμα) των κυκλωμάτων υπερ-κλιμακούμενης τάσης.

Το Partial Product Perforation είναι ένα αυτοματοποιημένο πλαίσιο παραγω-

γής προσεγγιστικών πολλαπλασιαστών που εισάγει την εφαρμογή προσεγγι-

σμών στην παραγωγή των μερικών γινομένων. Μπορεί να εφαρμοστεί σε κάθε

κύκλωμα πολλαπλασιαστή ανεξάρτητα από την αρχιτεκτονική του και παρέχει

εκ των προτέρων γνώση του παραγόμενου σφάλματος. Στη συνέχεια προ-

τείνεται το πλαίσιο HAM, το οποίο χρησιμοποιεί το Product Perforation και

εφαρμόζει για πρώτη φορά πολυ-επίπεδες προσεγγιστικές τεχνικές στη σχεδία-

ση προσεγγιστικών αριθμητικών κυκλωμάτων. Με το HAM, δείχνουμε επίσης

και την πολύ υψηλή ενεργειακή αποδοτικότητα του πολυ-επίπεδου προσεγγι-

xiv



σμού συγκριτικά με τον παραδοσιακά εφαρμοζόμενο μονο-επίπεδο. Τέλος,

προτείνουμε το πλαίσιο METHADONE, ένα αυτοματοποιημένο πλαίσιο σύν-

θεσης προσεγγιστικών επιταχυντών υλικού το οποίο καθιστά δυνατή την α-

ποδοτική εφαρμογή πολυ-επίπεδου προσεγγισμού στο σχεδιασμό πολύπλοκων

κυκλωμάτων. Το METHADONE το επιτυγχάνει αυτό ενσωματώνοντας όλα

τα προαναφερθέντα προτεινόμενα πλαίσια. Δεδομένης της συμπεριφορικής πε-

ριγραφής ενός επεξεργαστή υλικού (ή αλλιώς επιταχυντή) και ενός ορίου σφάλ-

ματος, το METHADONE παράγει πολύ γρήγορα τον αντίστοιχο ενεργειακά-

βέλτιστο πολυ-επίπεδο επεξεργαστή υλικού που ικανοποιεί το όριο αυτό. Το

METHADONE λειτουργεί πάνω στον γράφο ροής δεδομένων του επιταχυντή

και έτσι α) μπορεί να εφαρμοστεί σε κάθε κύκλωμα/επιταχυντή υλικού και β)

είναι ικανό να επεκτείνει και να ενσωματωθεί αδιαφανώς στις τυπικά χρησιμο-

ποιούμενες διαδικασίες σύνθεσης και σχεδίασης ψηφιακών συστημάτων. Τα

κυκλώματα που παράγονται από το METHADONE χαρακτηρίζονται από πολύ

υψηλά ενεργειακά οφέλη. Συγκριτικά με το ορθό κύκλωμα, χαρακτηρίζονται

από 10% χαμηλότερη κατανάλωση ισχύος για μόλις 1% σφάλμα και 70% χα-

μηλότερη κατανάλωση για 10% σφάλμα. Η πειραματική αξιολόγηση δείχνει

ότι το METHADONE παράγει πολύ γρήγορα λύσεις (περισσότερο από 589×)
οι οποίες βρίσκονται πολύ κοντά στις Pareto-βέλτιστες. ΄Ολα τα προτεινόμενα

πλαίσια αξιολογήθηκαν διεξοδικά μέσω εκτενούς πειραματικής διαδικασίας και

συγκρίθηκαν με τις εκάστοτε βέλτιστες υπάρχουσες μεθοδολογίες και τεχνι-

κές αποδεικνύοντας την αποδοτικότητά τους.
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Chapter 1

Introduction

1.1 Energy Efficiency: “Sine Qua Non”

A prominent example of the importance of energy efficiency are data cen-
ters. Data centers are basically computer warehouses that store very large
amounts of data and support a multitude of applications, systems, and
functions [1] (e.g., streaming media, email, internet content, e-commerce,
social networking [2]). Today, these applications are used more and more
by our computers, mobile devices, sensors, and networks through the ever-
growing cloud [3]. Because of the need to run incessantly [4], data centers
require huge amounts of energy to operate (typical power densities of 538-
2153 W/m2, up to 10 KW/m2 [5,6]). A 2013 example shows that U.S. data
centers consumed an estimated 91 billion kWh of electricity [7] (Table 1.1),
a trend that’s only going to grow to an estimated 140 billion kWh by 2020;
to put things into perspective, this translates to the the annual output of 50
power plants, costing American businesses $13 billion annually in electric-
ity bills and emitting nearly 100 million metric tons of carbon pollution per
year. In Europe the respective numbers are 72.5 billion kWh for 2010 and a
projection of 104 billion kWh for 2020 [6]. If we also consider the amount of
data these centers are handling (350m terabytes of data as of 2015 [3]) and
the consequent power consumption (over 100TWh of electricity annually by
2020, the amount of public attention power-hungry data centers have drawn
comes as no surprise.
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Table 1.1: Data centres Energy consumption estimations and projections in TWh
from a European, American and Global perspective. Source [6].

Consumption (TWh) Reporting Year
EU consumption

18.3 2000
41.3 2005
56 2007
72.5 2010
104 2020

US consumption
91 2013
140 2020
Global consumption

216 2007
269 2012

In addition to data centers, there is another major domain of the infor-
mation and communication technology (ICT) sector that exhibits increased
energy efficiency demands: embedded systems. An embedded system is
an engineering artifact involving computation that is subject to physical
constraints. These constraints affect available processor speeds, power, and
hardware failure rates [8]. Many embedded systems feature very tight power
budget (an order of some Watts) while ultra low-power ones (e.g. wearable
systems) only a few milli watts [9]. The importance of energy efficiency for
embedded systems becomes apparent if we consider the example of mobile
or wearable systems. Although their small size comes with a tight power
budget, they need to perform high performance functions, such as 3G/4G.
If we add into the mix the ever-growing number (Figure 1.1) of embedded
and internet-connected (IoT) devices (15 billion in 2015, est. 75 billion
by 2025), it becomes obvious that the systems’ ability to perform efficient
computations will be absolutely essential.

Lastly, there is also an environmental reason behind the significance of en-
ergy efficiency. Close to 2% of the global CO2 emissions comes from the

2



1.2 Moore’s Law and Dennard’s Scaling

Figure 1.1: Internet of Things (IoT) connected devices (in billions) installed base
worldwide from 2015 to 2025 (in billions). Source: IHS white paper
https://cdn.ihs.com/www/pdf/enabling-IOT.pdf.

Information and Communication Technology (ICT) sector (including data
centers), a percentage which is only projected to grow due to technologi-
cal advances such as the cloud computing, as well as the rapid growth of
the use of Internet services and IoT/internet-connected devices [6]. To put
it into numbers, the ICT industry is forecasted to use 20% of the world’s
electricity by 2025, which also translates to 5.5% of the world’s carbon emis-
sions by then. Therefore, we can easily support that this is an issue that
extends far beyond the ICT sector; it has a global effect on countries and
communities. For example, this is well reflected on EU energy policies [10]
that aim to improve energy efficiency in virtually every sector of the econ-
omy.

1.2 Moore’s Law and Dennard’s Scaling

Moore’s Law [11] has been a fundamental driver of computing for more than
four decades [12]. For the last forty years, industry’s unrelenting focus on
Moore’s Law transistor scaling has constantly delivered increased transistor

3
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performance and density. Throughout all these years of technology advance-
ments and computer science evolution, leading researchers and technologists
have awaited and forecast the “end of scaling” within one or two next genera-
tions. Nevertheless, every time the technology reached the anticipated tran-
sistor scaling break off, scaling continued (Figures 1.2 and 1.3) [13]. Inspired
and innovative new solutions were developed to further prolong Moore’s Law
and maintain the transistor scaling roadmap [14].

Moore’s law is the observation that the number of transistors in
a dense integrated circuit doubles approximately every two years.
The period is often quoted as 18 months because of Intel executive
David House, who predicted that chip performance would double
every 18 months. — G. E. Moore, 1965 [11].

One of the main challenges of doubling the number of transistors on the
chip is powering them without melting the chip and incurring excessively
expensive cooling costs [12]. Although, considering the Moore’s Law, the
number of transistors in a dense integrated circuit (Figure 1.3) has im-

Figure 1.2: Transistor density improvements continue at a rate of doubling every
2 years. Source [15].

4
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mensely increased, in the past 40 years, the chip power consumption has
slightly increased. It is remarkable that with the same amount of power
two times more transistors can be driven. In 1974, Robert Dennard [16],
formulated how the transistor fabrication process technology can provide
such physical properties. In fact, Dennard’s theory of scaling is the main
force behind Moore’s Law [12].

Dennard scaling is a scaling law originally formulated for MOS-
FETs (also known as MOSFET scaling). It states, roughly, that
as transistors get smaller their power density stays constant,
so that the power use stays in proportion with area: both volt-
age and current scale (downward) with length.— R. H. Dennard
1974 [16].

With Dennard’s scaling rules, the total chip power for a given area size re-
mained the same from process generation to process generation. Hence, a
new process technology could double the transistors’ count in a fixed chip

Figure 1.3: Number of transistors with fit into a microprocessor. Source: Karl
Rupp, 42 Years of Microprocessor Trend Data https://github.com/
karlrupp/microprocessor-trend-data.

5
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size without increasing the power dissipation of the chip. Dennard’s formu-
lation [16] provided to our industry a concrete guide to the future, a way
for setting goals and expectations for the next process technology genera-
tions. This paper, [16], provided a specific transistor scaling formula, needed
to continue Moore’s Law, which was first articulated by Gordon Moore in
1965 and was in effect being followed by the semiconductor industry since
the early 1960’s [17]. Moore’s and Dennard’s papers gave a roadmap to our
industry on how to develop new integrated circuits on a constant pace, that
deliver regularly improved performance and power. Reducing the critical
dimensions while keeping the electrical field constant, yields higher speed
and a reduced power consumption of a digital MOS circuits [16]. Every new
process technology generation was expected to reduce minimum feature size
by approximately 0.7× and it provided roughly a 2× increase in transistor
density [17]. Starting in the mid-1990’s our industry started introducing new
technology generations once every 2 years. The trend of increasing chip size
has slowed due to cost constraints, so we have settled into a trend of doubling
transistor density and count every 2 years [17].

Moore’s law gives us more transistors... Dennard scaling made
them useful. — Bob Colwell, DAC 2013.

1.3 The end of Dennard’s scaling

Voltage scaling was a crucial component of Dennard’s scaling because it
maintains constant electric field, which is important for reliability, and it
lowers transistor power, which is needed to maintain constant power den-
sity [17]. However, voltage scaling has run into lower limits imposed by
threshold voltage (VT ) scaling limits [18]. Dennard’s scaling law assumed
that VT would scale along with operating voltage, and thus provide im-
proved performance and power [16]. Nevertheless, Dennard’s scaling did
not consider the impact of sub-threshold leakage. By 1970, sub-threshold
leakage was quite small and its contribution to the total power consump-
tion of the chip was negligible. However, by 2005 VT has scaled to the
point where sub-threshold leakage has increased more than 10,000× (from

6
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Figure 1.4: Scaling of processor power over years. Source: Karl Rupp, 42
Years of Microprocessor Trend Data https://github.com/karlrupp/
microprocessor-trend-data.

< 10−10amps/mm to > 10−7amps/µm) and further reduction in VT was not
feasible anymore. Therefore, voltage scaling slowed down, since it was no
longer possible to scale further the threshold voltage due to rising leakage
currents [19]. Furthermore, another limiting factor in Dennard’s scaling law
was the assumption that the ability to scale gate oxide thickness would be
retained. On the contrary, gate oxide thickness scaling reached the point of
five atomic layers and the contribution of direct tunnel leakage current to
the overall chip power highly increased [20,21]. The underlying cause of the
provisioned power growth (Figure 1.4) can be traced to two factors: the fact
that we did not scale power supply voltages at the constant field rate [22],
and the fact that in our quest for performance, we scaled clock frequencies
faster than dictated by constant-field scaling [19].

As long as Dennard’s scaling was still in the spotlight, computer science
leveraged the transistors’ increase to produce higher frequency processors
and equip them with more capabilities to further improve their perfor-
mance [12]. With the end of Dennard’s scaling, power densities in today’s
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Introduction

integrated circuits are rapidly reaching unmanageable levels. Future tech-
nology generations can sustain the doubling of devices every generation,
but with significantly less improvement in energy efficiency at the device
level. This device scaling trend presages a divergence between energy-
efficiency gains and transistor-density increases [23]. Driven by the reg-
ularly maintained 2× increase in transistors’ count and the failure of Den-
nard scaling power management and efficiency emerges as a primary issue
across most domains of the computing industry and is now essential for
practical realizations. Therefore, the computing industry is forced to ex-
plore and adopt new computing alternatives in order to maintain the power
scaling and increase the energy efficiency of the modern computing sys-
tems.

1.4 Approximate Computing

We are at the threshold of an explosion in new data, produced not only by
large, powerful scientific and commercial computers, but also by the billions
of low-power devices of various kinds [24]. Energy efficiency is now a first-
class design constraint in computer systems. Its potential benefits go beyond
reduced power demands in servers and longer battery life in mobile devices,
since improving energy efficiency has become a requirement due to limits
of device scaling and the so called “dark silicon” [25] or “power/utilization
wall” problem. Computing and information technologies have entered now
the “no-free lunch” era, meaning that radical departures from conventional
approaches are needed to sustain and further improve the performance and
efficiency of the computing systems.

Guaranteed numerical precision of each elementary step in a complex com-
putation has been the mainstay and the fundamental principles of tradi-
tional computing systems for many years. But abstractions with perfect
accuracy come at a cost. This era, fueled by Moore’s law and the constant
exponential improvement in computing efficiency, is at its twilight: from
tiny nodes of the Internet-of-Things, to large-scale HPC computing nodes
and data-centers, energy efficiency has become the paramount concern in
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design of computing systems [26]. To overcome the “power wall”, a shift
from traditional computing paradigms is now mandatory and imposes the
computing society to re-think these principles and investigate new comput-
ing alternatives. While precision is crucial for some tasks, many modern
applications are fundamentally approximate. Recent research by Intel [27],
IBM [28], and Microsoft [29,30] has demonstrated that there is a large body
of resource-hungry applications that exhibit an intrinsic resilience to approx-
imation errors and a significant portion of their functions/computations still
produce outputs that are useful and of acceptable quality for the users.
They observed that, in many modern online services it is acceptable to
approximate rather than produce accurate outputs. Such services include
search engines (Google, Microsoft Bing, Yandex, and Yahoo search), rec-
ommendation systems (Youtube, Facebook, Amazon, and Netflix), speech
recognition (Apple Siri and Google voice search), and computer vision (on-
line games). The “correctness” or quality of output of these services is
defined as providing good enough or sufficient quality of results for users
satisfaction [31]. Perfect answers are unnecessary or even impossible in
several application domains [32, 33]. Today’s systems waste time, energy,
and complexity to provide uniformly precise operations for applications that
eventually do not require it. For example, based on the work of Misailovic
et al. [34], the preferred quality loss range is between 0-10% for applications
such as video decoding. Moreover, another research by Park et al. [35], that
recruited 700 users, showed that the level of acceptable quality loss signif-
icantly varies across applications, e.g., to satisfy the 90% of the users, 8%
quality loss is acceptable for jpeg while they tolerate 26% accuracy loss for
audio-enc.

Approximate computing forms a radical paradigm shift in systems design
and operation, based on the idea that we are hindering computer systems’
efficiency by demanding too much accuracy from them [36]. Approximate
computing trades accuracy of computation for savings in execution time
and/or energy by leveraging the error tolerance of the respective applica-
tions and by exploiting approximation opportunities across the comput-
ing stack [37]. Computing workloads with intrinsic error resilience are all
around us, both in the embedded and cloud worlds, and they include dig-
ital signal processing, multimedia processing (image, video, audio), net-
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work processing, wireless communications, web search and recognition and
data mining [38]. As discussed in [38], the error forgiving nature of these
applications may be attributed to a variety of factors (Figure 1.5), such
as:

• Applications that process data from real world (e.g., inputs from sen-
sors) feature and intrinsic error resilience. The input of those appli-
cations is innately noisy, and thus, they are designed in such a way
to encompass and tolerate this noise in the performed tasks. Hence,
they can be also resilient to inaccuracies in their computations.

• Applications that deal with large input data that feature high redun-
dancy. The nature of such applications enables them to accommodate
errors in their calculations without deteriorating their output quality.

• Applications that feature several satisfactory outputs. In such appli-
cations a perfect output, i.e., single unique result, is not mandatory
or even impossible and multiple results are equivalently adequate.

• Applications that produce outputs for human consumption, e.g., audio
and video media applications. The perceptual systems of the human
exhibit a limited ability in detecting slight degradation in the digital
content produced by such applications. As a result, small inaccuracies
in their calculations produce results of acceptable quality.

• Applications that perform statistical and/or probabilistic computa-
tions. Such applications can mainly tolerate errors in their numerical
calculations due to the nature of the implemented algorithms.

• Applications that perform self-healing computations. Such applica-
tions implement iterative computations where the result in every iter-
ation is refined until meeting a certain threshold or satisfaction test.
In these applications errors occurred in early computations can be
corrected/refined in the later ones.

In the past years significant research activities have been performed in the
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Redundant Input Data
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Input
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Systems/End Users
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Self-Healing Systems
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Intrinsic Error Tolerant Applications  

Figure 1.5: Various sources of inherently error resilient applications.

field of Stochastic/Probabilistic computing [39, 40]. However, approximate
computing should not be confused with them. Stochastic computing uses
random binary bit streams for computation and Probabilistic computing
exploits the intrinsic probabilistic behavior of the underlying circuit fab-
ric. The distinctive feature of Approximate computing is that it does not
involve assumptions on the stochastic nature of any underlying processes im-
plementing the system. It does, however, often utilize statistical properties
of data and algorithms to trade quality for energy reduction. Approximate
computing, hence, employs deterministic designs that produce imprecise
results [37].

Our present treatment of error is unsatisfactory and ad hoc...
Error is viewed (in this work), therefore, not as an extraneous
and misdirected or misdirecting accident, but as an essential part
of the process under consideration—J. von Neumann [40]

Resilient applications are not, however, a license for computers to aban-
don predictability in favor of arbitrary errors. We need abstractions that
incorporate approximate operation in a disciplined way. Applications and
runtime systems should be able to exploit these richer abstractions to treat
accuracy as a resource and trade it of for more traditional resources such as
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Figure 1.6: Adding the error dimension in the Pareto front of systems design. The
produced Power-Area-Error Pareto front of the 16-bit approximate
hardware multipliers is depicted (Chapter 4).

time, space, or energy. Different applications feature varying error resilience
and exhibit different quality requirements [35]. Approximation needs to be
done carefully as it can lead to unacceptable outputs and/or system fail-
ure. Hence, a primary target of approximate computing is to determine
what degrees of approximations are feasible so that the delivered results
are acceptable, albeit possibly different from those obtained using precise
computation [24]. Approximate computing adds a new dimension in the
modern systems design, i.e., the one of the error (Figure 1.6). As shown in
Figure 1.6, the power-area trade-off changes with respect to the error bound.
Under iso-area (iso-power) conditions, increasing the error value results in
a decrease in the power consumption (area complexity). The addition of
this extra dimension induces an extra overhead to the already increased
complexity of efficient systems design, since the design space may increase
exponentially [24,41]. Moreover, the designers have to find the Pareto front
points that optimize the efficiency but also guarantee that the output quality
constraints are satisfied. Therefore, systematic approaches with predictable
(and bound) error characteristics are mandatory in order to enable and ex-
pand the application of approximate computing.

The potential benefits of approximate computing, as previously discussed,
have attracted significant research interest in almost all the computer science
domains. Notably, approximate computing research targets programming
languages, compilers, runtime systems, software applications [30,34,42–55],
hardware circuits/accelerators [56–79], and processor micro-architectures
[29,48]. Hardware level approximation mainly targets arithmetic units, such
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as adders and multipliers and/or accelerator synthesis. Approximate hard-
ware circuits, contrary to software approximations, offer transistors reduc-
tion, lower dynamic and leakage power, lower circuit delay and opportunity
for down-sizing. Moreover, another significant research domain in approxi-
mate computing is the Approximate Software–Hardware Co-design, i.e., how
approximations in the hardware level can be exposed at the software level
and how this synergetic nature of software and hardware approximations
can be efficiently exploited.

1.5 Thesis Scope

In this thesis, we focus on the design of hardware approximate accelera-
tors. In addition to the increased benefits of approximate circuits, it is
also shown that using higher software accuracy and approximate hardware
leads to more efficient solutions in terms of both energy consumption and
delivered output accuracy [80]. With this work, we aim to address the
main inefficiencies and limitations in the field of approximate computing
circuits. The majority of related hardware approximate computing works
provide ad-hoc (per circuit and/or application) solutions, limiting, thus, the
exploitation of these techniques in several circuit implementations and/or
application domains. Moreover, almost all of the proposed techniques do
not leverage the full spectrum of approximate computing. As a result, the
potential gains that could be delivered are limited. Finally, another impor-
tant factor in approximate computing is the satisfaction of the application’s
quality constraints. Increased requirements for verifying functionality, as
well as operating within the error bounds greatly increase design time cycle
of approximate hardware accelerators.

The scope of this thesis is to provide generalized approximation techniques
to enable the automatic generation of efficient hardware approximate accel-
erators that satisfy provided error requirements. Moreover, we aim to utilize
the full potential of approximate computing and, hence, maximize the de-
livered gains while considering the specified error bound. Specifically, in
this dissertation, we employ voltage over-scaling as an ubiquitous approxi-
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mation technique and present a framework to enable very fast and accurate
quantification of the power-error characteristics of voltage over-scaled ap-
proximate circuits. Targeting the generation of efficient approximate arith-
metic circuits, we focus on the exploration of generalized and architecture-
independent techniques for the generation of approximate multipliers (in
contrast to research activities that mainly target approximate adders). In
order to leverage the full spectrum of approximate computing, we exam-
ine multi-level approximation and build an arithmetic library comprising of
multi-level approximate multipliers and adders/subtractors. The proposed
circuits apply approximation techniques at the algorithmic, logic, and cir-
cuit levels, i.e., all the design layers of hardware circuits. In order to enable
and automate the generation of such a library, we present a design frame-
work that uses an heuristic algorithm along with power-error proxies to
rapidly produce close to Pareto-optimal multi-level approximate arithmetic
circuits. Finally, on the basis of the proposed simulator and the multi-
level approximate arithmetic library, we present an automated synthesis
framework that produces multi-level approximate hardware accelerators in
a time efficient manner. The proposed framework seamlessly extends typical
behavioral and/or RTL synthesis tools and, given an error constraint, gen-
erates approximate accelerators that closely follow the power-error Pareto
front. Detailed information regarding the major contributions of this thesis
can be found in Section 2.1.

14



1.6 Thesis Organization

1.6 Thesis Organization

The rest of this thesis is organized as follows:

• Chapter 2 briefly summarizes the major contributions of this thesis
and reviews the related state-of-the-art approximate computing re-
search works.

• Chapter 3 presents VOSsim, a framework that enables high level and
very fast simulation of voltage over-scaled approximate computing cir-
cuits for rapidly quantifying their power and error characteristics.

• Chapter 4 introduces efficient approximate hardware multiplier de-
signs by applying for the first time approximations on the partial
product generation.

• Chapter 5 demonstrates the efficiency of multi-level approximation in
the design of approximate circuits and presents HAM, a framework
for generating very fast close to optimal multi-level approximate mul-
tipliers.

• Chapter 6 extends the multi-level approximation for arithmetic cir-
cuits as introduced in Chapter 5 and, by exploiting the techniques
proposed in Chapters 3 and 4, presents METHADONE, a synthesis
framework for generating multi-level approximate hardware accelera-
tors that satisfy a given error bound.

• Chapter 7 concludes this thesis by summarizing the presented results
and discusses the future extensions of this work.
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Chapter 2

Contribution

In this chapter an overview of the respective research activities on approx-
imate computing are presented as well as the major contribution of the
proposed solutions is discussed.

2.1 Ph.D. Thesis Contribution

Two major principles govern the work presented in this thesis for design-
ing hardware approximate accelerators. These principles that guided our
research activities are as follows:

1. Maximize the energy savings delivered by the approximate computing
application while satisfying the error constraints.

2. Propose generalized approximation techniques and automated approx-
imate design frameworks that enable the straightforward application
of approximate computing and require minimum user effort for their
exploitation.

In order to achieve our first goal (principle 1), we examine, demonstrate, and
exploit the efficacy of multi-level approximate accelerators, which are de-
signs that simultaneously apply approximation techniques to all the design
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layers, i.e., the accelerator’s algorithm, the logic implementing the accelera-
tor (truth table), and the circuit implementation of the accelerator (voltage
supply). In regards to our second objective (principle 2), we present the
following automated frameworks (Figure 2.1):

• VOSsim: A very fast high-level voltage-aware simulator that extends
industry strength tools. VOSsim can be seamlessly integrated in any
RTL design flow and enable simulation of Voltage Over-scaled approx-
imate circuits at gate-level.

• Partial Product Perforation: A generalized technique for gener-
ating approximate multipliers that can be easily and out-of-the-box
applied to any multiplier architecture. In addition to this technique
we propose a framework that, given an error constraint, extracts the
power-area Pareto-front comprising the multiplier’s architecture and
perforation configuration.

• Hybrid Approximate Multipliers (HAM): A novel design frame-
work that exploits multi-level approximation for designing power opti-
mized hybrid approximate multiplier architectures. Given a multiplier
architecture and an error bound, HAM generates the power-optimal
multi-level configuration requiring a small number of syntheses and
simulations. HAM applies the proposed partial product perforation
at the algorithmic level, approximate 4:2 compressors at logic level,
and Voltage Over-Scaling at circuit level. HAM is then extended to
support adders and subtractors, creating thus, a multi-level approxi-
mate library for arithmetic circuits.

• Multi-lEvel approximaTe HArDware acceleratOr syNthEsis
(METHADONE): An approximate accelerator synthesis framework
that, given the behavioral description of the hardware accelerator and
an error bound, quickly produces its power-optimal approximate coun-
terpart that satisfies the error bound. METHADONE operates on the
scheduled data-flow graph (DFG) graph of the accelerator and applies
multi-level approximation to the arithmetic nodes of the DFG to build
the final inexact accelerator by exploiting the proposed multi-level ap-
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Figure 2.1: Taxonomy of the design automation and synthesis approximate frame-
works presented in this thesis.

proximate library (HAM) and VOSsim. Moreover, METHADONE ef-
ficiently tackles the Voltage Islands Grouping problem that can occur
when applying voltage over-scaling in such a fine granularity.

Figure 2.2 presents in a qualitative and visual manner the positioning of
this thesis’ contributions in the space of approximate hardware design. In
this figure it is shown how the proposed frameworks advance the respective
research domain and how this thesis overcomes the deficiencies of the exist-
ing state-of-the-art research works. The major contributions of this thesis
are summarized in the following subsections.
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Figure 2.2: Thesis positioning in the space of approximate hardware design. The
black dot refer to existing state-of-the-art works and the red ones
refer to the contributions of this thesis. Next to every black dot a
representative example is cited.

2.1.1 VOSsim

Addressed problem: Increased complexity of quantifying the power-error
characteristics of circuits under VOS.

The increased complexity of performing Spice-level voltage-aware simula-
tions as well as the high simulation time required, prohibit researchers from
incorporating Voltage Over-Scaling in their approximate design works, thus
nullifying the exploitation of its benefits. In order to tackle this inefficiency,
we propose VOSsim.
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VOSsim:

• seamlessly extends typical digital design flows operating over com-
monly used industry strength tools.

• operates at gate-level and hence, it relieves the designer from the
increased complexity of performing SPICE-level simulations.

• is experimentally evaluated under stressed operating conditions, i.e.,
pipelined designs and operation at critical path delay, in order to
examine the accuracy of proposed framework at a worst-case scenario.

• attains 99.2% output and 98.4% power accuracy on average, with an
average speedup of 32× in simulation time compared to high precision
SPICE simulations.

2.1.2 Partial Product Perforation
Addressed problem: Limited research on approximate multipliers.

Motivated by the limited research on approximate multipliers and explicitly
by the fact that approximate multipliers apply logic-level approximations
and target the accumulation of partial products, we introduce approxima-
tions in the partial product generation and propose the Partial Product
Perforation method that is applied at the algorithmic level of the multi-
plier.

Partial Product Perforation:

• can be seamlessly applied to any multiplier architecture.

• is the first technique that applies approximations at the partial prod-
uct generation.

• delivers optimized design solutions regarding the power–area–error
trade-offs.

21



Contribution

• features predictable and a priori known output error that does not de-
pend on the multiplier’s architecture and is analyzed in a mathemati-
cally rigorous manner. Such a rigorous error analysis for approximate
arithmetic circuits is presented for a first time and enables precise
error estimation over input data distributions.

• is extensively evaluated over several multiplier schemes exposing its
power–area impact on different architectures. This is the first time
that such an exploratory analysis over different approximate multiplier
architectures is offered to the designer.

• and the presented framework enable the selection of the optimum
architecture–perforation configuration for given error constraints.

• outperforms, in terms of power consumption and error, related state-
of-the-art works that target logic-level and circuit-level approxima-
tions.

• outperforms related state-of-the-art works that apply approximations
at the partial product generation and were published beyond the pub-
lication of partial product perforation.

2.1.3 HAM
Addressed problem: Enable and exploit muli-level approximation in the
design of approximate arithmetic circuits.

Aiming to maximize the power savings derived by the approximate comput-
ing application on the design of hardware circuits, we examine multi-level
approximation. With the HAM framework we target approximate multi-
plier designs that, given the error bounds, push power gains to the limits.
However, applying multi-level approximation heavily increases the design
complexity since the number of possible configurations grows exponentially.
HAM tackle this limitation by using an heuristic algorithm and employing
power-error proxies.

22



2.1 Ph.D. Thesis Contribution

HAM:

• introduces multi-level approximation in the design of approximate
arithmetic circuits by incorporating voltage reduction as an approxi-
mation method.

• demonstrates the efficiency of multi-level approximation. By perform-
ing an exhaustive design space exploration, it is shown that applying
multiple techniques simultaneously produces more power-efficient ap-
proximate multiplier designs for same error values.

• can be applied to any multiplier architecture.

• produces multi-level approximate multipliers that closely follow the
power-error Pareto-front derived by the exhaustive design space ex-
ploration.

• requires only a small number of syntheses and simulations, delivering
a speedup of more than 140× compared to the exhaustive exploration.

• is compared with state-of-the-art approximation techniques when ap-
plied in isolation, showing that it outperforms them in terms of power
consumption, area complexity, and output error.

2.1.4 METHADONE
Addressed problem: Enable and exploit muli-level approximation in the
design of complex circuits, e.g., accelerators.

Despite the increased benefits of multi-level approximation, as demonstrated
in HAM for arithmetic circuits, the production of multi-level approximate
accelerators that satisfy a given error bound has not been efficiently ad-
dressed in the related literature. The latter is verified by the limited re-
search in multi-level approximate accelerator synthesis (especially the lack
of voltage over-scaling application) and is partially justified by the vast size
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of the respective design space. In order to address this issue, we present
METHADONE.

METHADONE:

• can seamlessly extend typical behavioral and/or RTL synthesis tools
by operating on the accelerator’s DFG.

• applies for the first time multi-level approximation in very fine gran-
ularity in complex hardware accelerator synthesis.

• produces close to power-error Pareto-optimal solutions with respect
to the exhaustive design space exploration.

• provides multi-level approximate accelerators in a time efficient man-
ner. It is noteworthy that, compared to the exhaustive design space
exploration, it delivers more than 589× speedup.

• outperforms single-level state-of-art approximate techniques when ap-
plied in isolation and demonstrates the efficacy of multi-level approx-
imation in the design of approximate hardware accelerator circuits.

2.2 Related Work

2.2.1 Software-level Approximate Computing

A wide research has been conducted in the field of software approximate
techniques, comprising approximate computing languages, compilers, algo-
rithmic transformations as well as quality-aware runtime systems. However,
all the existing state-of-the-art works exhibit intrinsic limitations that pro-
hibit them from fully exploiting the benefits of the approximate computing
application. Approximate programming languages such as EnerJ [42] and
Rely [43] expose approximation to the programmer through language syn-
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tax. EnerJ and Rely let a programmer annotate their program with ap-
proximate type information. In EnerJ, programmer must explicitly delin-
eate flow from approximate data to precise data, while in Rely the compiler
tries to reason statically about how an approximate type flows through to
others. EnerJ automatically maps approximate variables to low-power stor-
age and operations. Rely is an imperative language that enables developers
to specify and verify quantitative reliability specifications for programs that
allocate data in unreliable memory regions and incorporate unreliable arith-
metic/logical operations. Approximate compilers use approximations and
algorithm analyses, to transform and the semantics of programs to trade ac-
curacy for performance and/or energy consumption. Loop perforation is a
software-only technique that modifies the algorithm loops and skips the ex-
ecution of some iterations [34]. A compiler can also automate the placement
of operations that execute on approximate hardware [44]. Moreover, [45,46]
reduce the bit width of floating-point operations at compile increasing the
program’s performance. In [47] the authors lift the semantics of a program
from its concrete operations on values to operations over distributions of
values. In [48] the most intensive part of the algorithm is replaced by an
artificial neural network. The compiler automatically performs the neu-
ral transformation and replaces this part with an invocation of a neural
hardware accelerator. However, all these works apply do not exploit the
synergetic cooperation of multiple approximation techniques. They either
operate over unreliable hardware, lower the operations voltage, simplify the
computations complexity, or reduce the operations’ precision. Moreover,
they are statically applied at compile time and no run-time quality guar-
antees are proposed. Targeting to tackle this inefficiency, several software
approximate techniques are proposed that incorporate a runtime system to
monitor the output quality. In [49] data approximation is proposed and
Spark streaming is extended to operate over representative small samples of
the input data. Similarly, [50] approximates Hadoop MapReduce by operat-
ing over samples of data and/or by not executing some tasks. Nevertheless,
these frameworks are specific to Spark streaming and Hadoop MapReduce.
The Green system [51] supports energy-conscious programming using loop
and function approximations, but it is targeted for streaming applications
in which the system is given a sequence of inputs such as a sequence of
video frames, and the results from processing an input can be used to ad-
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just the approximation settings for succeeding inputs. Uncertain<T> [30],
provide abstractions that encapsulate approximate data within standard
object-oriented programming languages and propagates approximate data
through a program’s variables at runtime. When a program needs to act on
that approximate data (i.e., at a conditional) the Uncertain<T> runtime
uses hypothesis tests to make statistically correct branch choices. Sage [52]
produce approximate CUDA kernels with varying levels of approximation
for applications running on GPUs, by applying selective discarding of atomic
operations, data packing, and thread fusion. Similarly, Paraprox [53] pro-
duces approximate kernels of varying accuracy for OpenCL or CUDA paral-
lel applications kernels by substituting common computation idioms found
in data-parallel programs with approximate ones. At runtime Sage and
Paraprox check the output quality once in every N invocations of the ap-
proximate kernel, in which they compare the quality between approximate
computation and exact computation and adjust the approximate modes for
the subsequent computations accordingly. However, checking the accuracy
every N cycles may lead to unacceptable errors in the meantime, a proper
value of N is application dependent and its selection is not comprehen-
sively examined, remaining unclear. [54] proposed the fuzzy memoization
technique, which records previous inputs and outputs of a code segment
and predicts the output of its current execution with respect to the past
executions with similar inputs. Finally, Capri [55] uses machine learning
to learn cost and error models for a program, and uses these models to
determine, for a desired level of approximation, knob settings that opti-
mize metrics such as running time or energy usage. The error and cost
behaviors are substantially different for different inputs. Nevertheless, al-
though these approximate runtime systems deliver better output quality
and with higher confidence levels the delivered power/performance are still
limited since they apply software-only techniques and do support execution
over approximate hardware and/or voltage over-scaled systems. Moreover,
apart from Capri, the decisions made by these systems are not input-driven,
limiting even further the potential benefits originated by the approximate
computing application.
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2.2.2 Hardware-level Approximate Computing

In this section, related research in the field of hardware approximate com-
puting is discussed [56–69, 76–79, 81–87]. Both general-purpose approxi-
mation techniques [56–58] applied to any arithmetic circuit, as well as
circuit-specific approximation either to adder [59–61, 82–84] or multiplier
designs [62–66, 86, 87], have been presented. Finally, approximate design
automation frameworks [58, 76–79, 81] are also proposed targeting to fa-
cilitate the generation approximate circuits that satisfy the quality con-
straints.

Regarding to the general approximation techniques, VOS [57, 67, 85] and
truncation [56,68,69] have been proposed. VOS is applied in any circuit by
lowering the supply voltage below its nominal value. Decreasing the sup-
ply voltage reduces the circuit’s power consumption, but produces errors
caused by the number of paths that fail to meet the delay constraints [67].
In [68], the authors proposed an automated generation of large precision
floating point multipliers in FPGAs, using sophisticated truncation over
underutilized DSPs. In [69], a truncated multiplier with a constant correc-
tion term is proposed, significantly decreasing the error imposed by typical
truncation. [56] proposed a truncated multiplier with variable correction
that outperforms [69] in terms of error.

Extensive research has been conducted targeting the implementation of ap-
proximate adders and multipliers. In [59], the authors developed a prob-
ability proof, estimating that the longest carry chain in an n-bit adder is
logn, and produced a fast inexact adder limiting the carry propagation.
Similarly, in [82], limiting the carry propagation and exploiting several sub-
adder, the authors propose GeAR a quality configurable adder, along with
its associated error probability model, that allows dynamic approximation
according the expected output quality. In [60], approximation is performed
by decomposing the addition circuit in an accurate and an approximate in-
accurate part. In [61] and [83], the authors build imprecise full adder cells,
requiring fewer transistors, by approximating their logic function and then
use them to build imprecise adders. Targeting the generation of approxi-
mate adders optimized for FPGAs, [84] applies logic approximation at the
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full adder’s truth table and proposes a generic methodology to design ap-
proximate adder architectures by analyzing the architectural features and
resources of the target FPGA. Approximate adders are generated in [71] by
reducing the carry chains and then decreasing accordingly the voltage value.
Although the authors propose the use of such adders targeting to build ap-
proximate multipliers, it is not clear how they can be used in different tree
architectures and how their error scales in the case of multi-operand addi-
tion. Targeting the creation of approximate multipliers, [62,86,87] proposed
a simplified approximate 2× 2 multiplier cells and then use them as build-
ing blocks in larger designs. [63] presented two approximate 4:2 compressors
by modifying the respective accurate truth table, which were then used to
build two approximate multipliers outperforming [62]. The approximate
compressors of [63] are used in Dadda tree with 4:2 reduction. However,
different multiplier architectures were not explored. Based on an approx-
imate adder that limits the carry propagation, [64] presented a fast and
low-power multiplier scheme with higher error than [63]. However, in all
the aforementioned approaches, the imposed error cannot be predicted as it
depends on carry propagation and the circuits’ implementation and requires
simulations over all possible inputs in order to be calculated. The authors
in [72] proposed a multiplier that rounds the input operands into the nearest
exponent of two. [73] replaces the floating-point operations with fixed-point
ones, and by applying the proposed stochastic rounding, achieve good accu-
racy results in training deep neural networks, while delivering high energy
savings by limiting the data precision representation. [65, 66] proposed the
use of m×m multipliers to perform an n× n multiplication (with m < n).
In [65] the authors statically split the multiplicand in three m-bit segments
and perform the multiplication utilizing the segment containing the most
significant ‘1’ (leading one). However, as stated in [66], m needs to be at
least n/2 to attain acceptable accuracy, thus limiting the energy savings
and the scalability of this approach. In [66] the authors extended the idea
of leading-one segments to enable dynamic range multiplication and added
a correction term. Although [66] delivers higher accuracy designs than [65]
using smaller values for m, their approach requires the allocation of extra
complex circuitry, i.e. two leading one detectors, two complex multiplexers
for segment selection, one log(n)-bit comparator, a log(n)-bit adder, and
one 2n-bit barrel shifter. These extra components are expected to highly
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increase the circuit’s complexity introducing non trivial delay, area, and
energy overheads that may considerably decrease the approximation ben-
efits [65]. This is expected to be more evident in designs targeting very
small error values, in which the need of larger m values is required. The
modified Booth encoding is commonly used in signed multipliers [74, 75].
Jiang et al. [74] propose an approximate radix-8 booth multiplier that uses
an approximate adder for producing 3×A, and combine this idea with the
truncation method. Liu et al. [75] designed approximate modified Booth en-
coders by modifying its K-Map, and combined them with the approximate
compressors of [63].

Several recent research works have proposed techniques for automating the
generation of approximate circuits. Probabilistic pruning and logic mini-
mization techniques have been presented in [58], using a greedy approach
to generate approximate circuits. These techniques systematically elimi-
nate circuit’s components and simplify logic complexity according to the
circuit’s activity profile and output significance. Both techniques heavily
depend on the application’s characteristics, and in addition the induced ap-
proximation error are not rigorously bounded. In [76] and [77] the authors
systematically synthesize logic approximate circuits by exploiting the “don’t
care” conditions. [78] applies several approximate transformation operators
on the circuit’s behavioral description and through a greedy approach iden-
tifies their optimal combination. The authors in [79] propose approximate
accelerator synthesis through precision scaling using an integer linear pro-
gramming problem formulation. [81] extends [79] and incorporates also volt-
age scaling to leverage the critical path delay reduction. However, in [71,81]
voltage reduction is not used as an approximation method, mainly due to
the increased complexity of modeling-quantifying errors due to VOS, limit-
ing thus, the potential energy savings obtained by aggressively decreasing
the voltage value. All the aforementioned state-of-the-art works exhibit
several limitations since they are either very time consuming and/or do
not leverage the full spectrum of approximate computing techniques. They
mainly focus on the application of a single type of approximation to avoid
design complexity, neglecting, thus, the potential benefits originated by the
synergetic incorporation of multiple approximation techniques to structure
the final accelerator circuit, e.g., none of these works incorporates logic and

29



Contribution

algorithmic approximations as well as VOS.
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Chapter 3

High-Level and Fast Voltage-Aware
Simulation for Voltage Over-Scaled
Approximate Computing Circuits

Approximate computing emerges as a new design paradigm for generating
energy efficient computing systems. Voltage Over-scaling (VOS) forms a
very promising technique to generate approximate circuits and its applica-
tion in cooperation to other approximate techniques is proven to lead to more
efficient solutions. However, the existing design tools fail to provide effective
voltage-aware simulation for early exploration of power-error approximate
design trade-offs. In this chapter, we present VOSsim, a framework that ex-
tends state-of-art industry strength tools to enable fast and accurate simula-
tions of voltage over-scaled circuits. We extensively evaluate VOSsim show-
ing that it attains 99.2% output and 98.4% power accuracy, with an average
speedup of 32× in simulation time compared to high precision SPICE sim-
ulations, i.e., the only available solution today for VOS-aware simulation.
This chapter is based on our publication in [88].
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3.1 Introduction

Since the failure of Dennard scaling [23], power consumption has become
a first class concern in the design of integrated circuits. Recently, approx-
imate computing has emerged as a design alternative for energy efficient
system design, trading accuracy for significant energy gains [89]. Exploit-
ing the intrinsic error resilience of a large number of application domains,
e.g., DSP, statistical or probabilistic computations, and applications related
to the limited human perception [38], approximate computing aggressively
decreases power consumption by relaxing the computations’ numerical cor-
rectness.

In hardware design, approximate computing can be applied in three distinct
layers [41, 58, 86], i.e., the algorithmic level, e.g., omit computations [58],
the logic level, e.g., truth table altering [63], and the circuit level, e.g., Volt-
age Over-scaling [85]. Voltage Over-Scaling (VOS) is one the most widely
used techniques to generate energy efficient approximate circuits. VOS is
applied to any circuit by keeping the operating frequency constant and
decreasing the supply voltage below its nominal value [41]. The voltage
decrease reduces the power consumption significantly, but erroneous out-
puts can be generated due to the circuit paths that fail to meet the time
requirements [85].

Driven by the potential of approximate computing for energy reduction,
high interest is shown in the design of hardware approximate accelera-
tors [41, 58, 76–79, 86]. Recent works [41, 86, 89] indicate the benefits origi-
nated by the synergistic incorporation of multiple approximate techniques
to construct the final accelerator circuit. Notably, it is demonstrated that
applying VOS in cooperation to other approximate techniques leads to more
efficient solutions. When applying approximations from the logic and algo-
rithmic layers the circuit becomes simpler and usually the number of its crit-
ical paths is reduced and/or its critical path delay decreases [41,58,71,86,89].
Hence, by operating the approximate circuit at the frequency of the respec-
tive accurate one, decreasing the voltage value, can further reduce the power
consumption, at the cost of a small (or zero) error increase, as fewer paths
are affected by this voltage decrease [41, 71, 77]. Figure 3.1 depicts an in-
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Figure 3.1: Qualitative example of applying Voltage Over-Scaling to a circuit with
and without logic approximation.

tuitive example of this synergetic cooperation of VOS with approximation
techniques from the other layers. In Figure 3.1a the accumulation tree us-
ing 4:2 compressors and final addition of a 6 × 6 multiplier is presented.
In this case all the full adders (FA) are accurate ones. As shown, when
the voltage value is decreased, six output bits are affected. On the other
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hand, Figure 3.1b depicts the same circuit but two of the full adders are
replaced with approximate ones (FA*) from [61]. In these FA* the output
carry is equal to the full adders input A, therefore the delay of the output
carry is zero. Hence, when the same voltage decrease is applied, as qualita-
tively shown in Figure 3.1b, only four output bits are affected by the voltage
decrease.

In order to maximally exploit VOS capabilities, i.e., achieve the highest
power reduction for given error constraint, the power-error trade-off has to
be computed for every circuit architecture and every voltage assignment.
Typically, time consuming Spice simulations are performed in order to com-
pute the circuits’ power consumption and the output errors when applying
VOS [77, 85, 90]. The errors due to VOS are deterministic in nature: if
the very same computation is performed in the very same context, the very
same faulty result will be produced [91]. In other words, if an error occurs
due to VOS under exactly the same context it is expected to obtain the same
output. The same context refers to all the parameters that may affect the
output value, i.e., voltage value, voltage threshold value, frequency, current
and previous inputs, state of the registers, temperature as well as noise orig-
inated by external sources etc. Therefore, in order to have a good estimation
of a circuit’s error statistics when VOS is applied, large input datasets have
to be used trying to cover all the possible input combinations and transi-
tions (errors due to VOS errors depend on both the current and the previous
inputs). However, the increased time needed to perform Spice simulations
and the vast size of the input datasets make VOS simulation to quickly
become a bottleneck in approximate design tool flows, especially during the
design phase where several architectures with varying configurations are ex-
plored. Moreover, the required designer effort to perform Spice simulations
increases as the system complexity scales up [92].

In [57, 92], the authors perform statistical analysis and apply probabilistic
models to calculate computation errors due to VOS, obtaining moderate ac-
curacy results. However, they do not provide a power estimation and cannot
directly extend existing hardware design flows. Furthermore, these models
fail to capture errors originated by other approximation techniques and thus,
cannot be used in multi-level approximation. In the approximate computing
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community, it is more than evident that there is a lack of a VOS specific
methodology that rapidly quantifies VOS errors and power savings, thus
limiting the potential benefits of standalone VOS as well as its cooperation
with other approximation techniques [76,78,79].

In this chapter, we propose VOSsim, a framework that seamlessly extends
typical hardware design flows, enabling for the first time, very fast (an
order of magnitude) and accurate voltage-aware circuit simulation at gate-
level. VOSsim operates over widely used industry strength tools, i.e., Design
Compiler, PrimeTime, and Questasim, and performs voltage dependent gate
level timing simulations, extending Questasim, to produce the circuit’s out-
put and power consumption at the desired voltage value. However, the pro-
posed framework is not bound to these tools and with slight modifications
can be adapted to any tool with similar functionality. Extensive experi-
mental evaluation compared to high precision SPICE simulations, showed
that for 1%-20% voltage decrease, the proposed VOSsim framework achieves
99.2% output and 98.4% power accuracy on average, while achieving an av-
erage speedup of 32× in simulation time. Hence, VOSsim can be used as
an alternative to the traditionally performed SPICE simulations, to extract
very fast but with high confidence the power-error characteristics of circuits
under VOS.

The rest of this chapter is organized as follows: in Section 3.2 we discuss
the limitations of the existing hardware design industry tools that inher-
ently limit high level voltage-aware simulations. Next, in Section 3.3 the
proposed VOSsim framework is described in detail and a discussion on how
it tackles the aforementioned limitations is presented. In addition, this
Section presents an evaluation of the flip flop behavior in the case of tim-
ing violations with respect to varying voltage values. Section 3.4 provides
a qualitative comparison regarding the complexity of performing voltage-
aware simulations with VOSsim against performing SPICE-level ones. In
Section 3.5 the proposed VOSsim framework is experimentally evaluated by
examining i) its accuracy in estimating a circuits power and error values
and ii) the attained simulation time speedup compared to the tradition-
ally performed SPICE-level simulations. Finally, Section 3.6 concludes this
chapter.
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3.2 Limited VOS Support in RTL Design Flows

In this section we identify and discuss the limitations of the existing state-
of-art hardware design tools, that inherently limit non-SPICE VOS simula-
tions.

The existing circuit synthesis tools, e.g., Synopsys Design Compiler and Ca-
dence Encounter RTL compiler, given the hardware description of a circuit
and the design constraints (e.g., frequency and voltage value) synthesize
the circuit and produce its gate level netlist based on a provided technol-
ogy library. However, altering the voltage supply before synthesizing the
circuit can lead to different synthesis implementation and as a result, the
voltage decrease must be applied after the synthesized netlist of the circuit
is produced.

The existing circuit simulators, e.g., Mentor Questasim and Synopsys VCS,
perform behavioral circuit simulations at RTL-level and timing accurate
simulations at gate-level (post-synthesis). However, by default, these tools
do not support the option of voltage (over-)scaling, i.e., only frequency scal-
ing is supported. Therefore, the circuit’s cell delays when VOS is applied,
have to be pre-computed and provided to them before performing a post-
synthesis timing simulation.

Finally, another limiting factor for enabling effective VOS simulation at
gate-level is the flip flop timing violations. These violations occur when the
flip flop input value is not stable during its setup and hold times around the
clock positive edge (Figure 3.2). When applying VOS, the circuit becomes
slower and the paths’ delays increase. Therefore, it is possible that timing
violations occur at the circuit flip flops. In this case, the circuit simulators
will report a timing violation, the flip flop output value will become un-
known and the simulator will produce a “x”. These unknown states cannot
be further interpreted by the simulator and the “x” will be propagated to
all following computations that depend on the flip flop output. The “x”
propagation affects both the simulation output and the switching activity
(e.g., ‘0’ to ‘1’ transitions) and thus, the circuit power consumption calcu-
lation. Hence, during the simulations, special care must be provisioned for
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Figure 3.2: Flip flop setup and hold times. Source [93].

the setup and hold violations.

3.3 High-level VOS-Aware Simulator

3.3.1 The proposed VOSsim Framework

In this section, the proposed framework is described and we demonstrate
how the aforementioned limitations are tackled and how typical hardware
design tools (that initially do not support this functionality) are extended
to enable “precise enough” VOS simulations at gate-level. Note that, all
the tools in our framework are industry strength tools and are widely used
in standard hardware design flows. However, the proposed methodology is
tool agnostic and can straightforwardly be adapted to any RTL synthesis
and gate-level simulation tool-flows.

The proposed framework is illustrated in Figure 3.3 and operates as follows:
the circuit is synthesized at the desired frequency and nominal voltage, and
then its cells delays are calculated for the desired voltage supply. Next, the
circuit’s gate-level netlist and the obtained voltage over-scaled path delays
are fed to the circuit simulator and a violation-aware post-synthesis timing
simulation is performed. Hence, the circuit’s outputs and switching activity
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results, when VOS is applied, are produced. Lastly, using the synthesized
netlist and the obtained switching activity, the circuit’s power consumption
for the respective voltage value is calculated. The proposed framework
is divided in two parts, i.e., the offline and the online. The offline part
comprises the library re-characterization and the flip flop characterization
components and is executed only once per library. The overall VOSsim flow
is described in detail next:

Circuit synthesis: This module is responsible for synthesizing the circuit
and producing its gate-level netlist that is required by the other compo-
nents. Given the circuit’s hardware RTL description and a technology li-
brary (characterized at its nominal voltage value), it uses Synopsys De-
sign Compiler (M-2016.12) to synthesize the circuit at the desired clock
period.

Calculate cell delays under VOS : After synthesis, the gate-level netlist is
obtained and the path delays have to be calculated for the desired volt-
age value. In order to evaluate the delay of all the circuit’s paths when
lowering the voltage supply, we utilize Synopsys Composite Current Source
(CCS) timing model [94]. CCS model is current-based and it is designed
with the intention to be scalable for voltage, temperature and process. It
is proven to deliver very high accuracy (within 2%) compared to HSPICE.
Having a technology library characterized at two different voltage values,
using the CCS model we can sweep at any voltage value in between and
extract timing and power information for the library cells [94]. For more
information regarding the CCS model refer to Section 3.3.3. So, by char-
acterizing the technology library at the minimum and maximum voltage
values that will be used in the VOS analysis, using the CCS model we
obtain the respective information for any voltage in between. The Li-
brary voltage re-characterization component performs this task by using
Synopsys SiliconSmart (L-2016.06) to re-characterize a technology library
at the desired voltage value and Synopsys Library Compiler (L-2016.06)
to compile it. During the re-characterization procedure we instruct Sil-
iconSmart to use the CCS model for the output library. Hence, having
available a technology library characterized at two border voltage values,
Vmax and Vmin, this component uses Synopsys PrimeTime (M-2016.12) and
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Algorithm 1 Flip Flop VOS Characterization
1: for all v ∈ [Vmin, Vmax] # all voltage values
2: for all F ∈ {Library′s F lip F lops} # all flip flop types
3: for all TT ∈ [0, 1] # all transition types (i.e., 0→1 and 1→0)
4: for all t ∈[-setuptime, holdtime] # all violation times
5: x = enforceTimingViolation(TT →(1-TT ), t)
6: (FFout, Clk-to-Q) = SpectreSimulation(F , v, x)
7: lookupTableModel(v, F , t, TT ) = (FFout, Clk-to-Q)
8: return lookupTableModel

by exploiting the scalability of CCS model, performs a timing analysis on
the synthesized netlist and calculates the circuit’s cell delays at the se-
lected voltage value. The define_scaling_lib_group, set_voltage, and
update_timing commands are used, to create the voltage-dependent scaling
space, select the desired voltage value, and extract the circuit’s timing in-
formation at the respective value. Finally, the Unified Power Format (UPF)
is used to express the voltage related circuit parameters and the cells’ VOS
timing information is stored in Standard Delay Format (SDF), in order to
be used in the circuit simulation.

Flip flop VOS characterization: In Section 3.2, the significance of special
consideration for the flip flop timing violations, during the circuit simula-
tion, is discussed. Hence, a core module of the proposed framework is the
characterization of the flip flop behavior when these violations occur. Al-
gorithm 1 is used to model the flip flop’s output in case of setup and hold
violations. When a timing violation occurs, it is not guaranteed that the
flip flop will latch the new value and the clock to output (clock-to-Q) time
increases. Therefore, by modeling the flip flop we refer to estimating both
the value that the flip flop will produce and the clock to output time. We
model the flip flop output with respect to the voltage value, the flip flop
input transition type (‘0’→‘1’ or ‘1’→‘0’), and the time that the violation
occurred. As time, we refer to the relative time with reference to the clock
positive edge. Therefore, the setup violations have negative relative time.
In Algorithm 1, for every library’s flip flop, for each examined voltage value,
and for every transition type, we produce timing violations every 1ps in the
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range of [-setup time, hold time] and using Cadence Spectre (14.1.0), i.e.,
SPICE-level accuracy, we compute the flip flop output and the time that it
is produced. The outcome of Algorithm 1 is a model in terms of a lookup
table that given the voltage value, the transition type and the relative time
of the violation, returns the flip flop’s output value as resulted by the Spec-
tre simulation. The produced model is used in VOS simulation to guide
Questasim to produce an appropriate value for the replacement of the “x”,
i.e., unknown values that the simulator generates by default in case of a
timing violation. Studying flip flop meta-stability issues is out of the scope
of VOSsim and other flip flop models can be also seamlessly adopted by our
framework. Using Algorithm 1, we characterize the flip flop’s behavior for
clock periods from 0.1ns up to 1ns. We observed that for periods higher
than 0.25ns we obtained similar results regarding the flip flop output value
and the time that it is produced. Hence, since clock periods less than 0.25ns
are considered very small, we use the results obtained at 0.25ns as our flip
flop model. However, this component can also be used in the online part
and extract the flip flop model for a specific period and voltage value with
a negligible time overhead. In general, this component can be moved in the
online part and it can be executed in parallel to the Calculate cell delays
under VOS component. The only reason that the Flip Flop VOS character-
ization component is added in the offline part is based on our observation
that for periods higher than 0.25ns we obtained similar results. Therefore,
without any loss of optimality, the Flip Flop VOS characterization com-
ponent can used in the online part. The user can run the Flip Flop VOS
characterization component for the desired voltage value and period and
extract the respective model with respect to those parameters. Then this
model can be straightforwardly used in the VOS aware gate-level simulation
performed by the proposed framework. The execution of the Flip Flop VOS
characterization component for a voltage value and a specific period requires
about 25 seconds. As a result the induced time overhead is insignificant and
equal to: ⌈number of different flip flop types in the design

number of CPU threads
⌉
× 25s.

VOS aware gate-level simulation: This component performs the actual cir-
cuit simulation, at the desired voltage value, based on the outputs of the
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previous components. In the proposed framework, VOS aware simulation
is conducted at gate-level by performing post-synthesis timing simulation
using Questasim (10.4c_5) and a user provided testbench. Questasim simu-
lates the gate netlist produced by the circuit synthesis component and uses
as its timing information the SDF file produced by the module calculate
cell delays under VOS. This SDF file is produced for the desired voltage
value, enabling Questasim to simulate the circuit’s behavior at this voltage.
Moreover, the performed simulation uses the lookup table produced by the
flip flop VOS characterization module, in order treat accordingly the flip
flop timing violations. Before performing the timing simulation, this com-
ponent parses the gate-level netlist and finds all the flip flop instances. For
every flip flop instance, it also parses the SDF file and extracts its setup and
hold times. A tcl script is automatically generated that monitors (at every
period) each flip flop’s input value in the segment [-setup time, hold time]
(around the clock positive edge) every 1ps and detects if a timing violation
occurs based on the input’s previous and current values. In the case of a
violation, it estimates the flip flop’s output value using the previously com-
puted flip flop lookup table. The flip flop type, the input transition type and
the relative time of the violation are used as arguments to fetch a value from
the lookup table. Then, this component sets the flip flop’s output value to
the one obtained from the lookup table, overriding the “x” value that Ques-
tasim would otherwise produce. To monitor a flip flop’s input value we use
the examine command and to set its output the force one. Using force, we
can specify the time that the change will take effect. The generated script
replaces the Questasim run command and therefore, it seamlessly extends
Questasim timing simulation and no testbench modifications are required.
This script is circuit and voltage specific, and is re-generated every time one
of them changes. Having produced the circuit’s timing information under
VOS and the aforementioned script that monitors for setup-hold violations,
we perform a post-synthesis timing simulation with Questasim. Hence, the
circuit’s VOS output and its switching activity for the respective voltage
value are produced. The simulation is normally performed, with the excep-
tion of the [-setup time, hold time] time segments where the flip flops are
monitored.

Calculate power under VOS : The final step of the proposed framework es-
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timates the circuit’s power consumption when VOS is applied. This com-
ponent uses Synopsys PrimeTime and the CCS model to calculate, at the
desired voltage value, the cells’ power consumption of the previously syn-
thesized netlist. Then it reads the switching activity from the conducted
post-synthesis simulation and performs a power analysis to calculate the
circuit’s power consumption at this voltage value.

The proposed framework is divided in two parts, i.e., the online and offline
ones. The online part consists of: i) the circuit’s synthesis, ii) the re-
evaluation of the cells delays when VOS is applied, iii) the VOS aware
post-synthesis timing simulation, and iv) the circuit’s power consumption
calculation. Among these online components the circuit’s synthesis (i) is
performed only once per circuit and the rest (ii-iv) are executed for every
desired voltage value. The offline part comprises the (optional) library re-
characterization and the flip flop VOS characterization modules and has to
be executed only once per technology library. The cell re-characterization
at a voltage value can be executed independently for every library cell.
Similarly, the flip flop VOS characterization can run in parallel for every
flip flop type and/or voltage value. Hence, the Library Re-characterization
and the Flip Flop Characterization components are scalable with respect
to the number of executors (CPU threads). Therefore, the time required
by the offline part is determined by i) the number of the available CPU
threads, ii) the library size, iii) the number of different flip flops types in the
library, and iv) the voltage decrease range. In this evaluation we assigned
16 CPU threads to every one of these components. The re-characterization
of the Nangate 45nm library required 7 minutes, while the characterization
of all the Nangate’s flip flops (16 in total) for 20 voltage values at a specific
clock period required about 8 minutes. In our evaluation we executed the
flip flop characterization for 10 clock periods, resulting in a total time of
80 minutes. Concluding, note that the time required for these processes
can scale down if more CPU threads are available. Moreover, this time is
insignificant compared to the increased time required to perform a SPICE-
accurate simulation, e.g., the SPICE-accurate simulation of the smallest
benchmark (MAC) examined in Section 3.5 required 508 minutes. Finally,
detailed information regarding the time requirements of the online part are
presented in Section 3.5.
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3.3.2 Evaluation of Flip Flops under VOS

In this Section the Flip Flop VOS characterization component of VOSsim
is used to explore the flip flop’s operation and behavior when the voltage
supply is decreased as well as when timing violations occur. The flip flop
setup and hold times depend on the supply voltage, however the setup time
is more sensitive to it and the hold time at nominal voltage is reasonably
pessimistic [93,95].

In Figure 3.4, targeting to examine the impact of the voltage supply on
the flip flop operation, the setup time and Clock-to-Q delay variation with
respect to the voltage value is presented. In order to measure the setup
time and the clock-to-Q delay for different voltage values, we follow the
approach described in the HSPICE Applications Manual and referenced
as “pushout” of the Clock-to-Q delay and state [96]. For every voltage
value, a flip flop simulation is performed where the D input value is altered
half clock cycle before the positive clock edge and the Clock-to-Q delay is
measured. The obtained value is considered to be the nominal Clock-to-
Q delay for the respective voltage value. Following, the input transition
time is moved closer and closer (every 1ps) to the clock’s positive edge.
As a result, a Clock-to-Q delay increase is observed. At the point where
the Clock-to-Q delay becomes 5% greater than the previously measured
nominal value, the segment from the input transition time to the clock’s
positive edge is considered to be be the flip flop’s setup time. In Figure
3.4 both transition types (‘1’→‘0’ and ‘0’→‘1’) are considered and two D-
type positive edge Flip-Flops with active low reset of the Nangate 45nm
library are examined, i.e, one with driving strength 1 (DFFR_X1) and
another with strength 2 (DFFR_X2). The increment of Clock-to-Q delay
and setup time is reported as percentage increase with respect to their values
measured at the nominal voltage value (1.10V). As expected, as the voltage
value scales down, the flip flop becomes slower and the Clock-to-Q delay
as well as the setup time increase significantly. The setup time increase
depends on both the transition and the flip flop type. The DFFR_X2 flip
flop features higher percentage setup time increase than the DFFR_X1 for
both transition types. However, the DFFR_X1 features higher setup time
increase for the ‘1’→‘0’ transition, whereas the DFFR_X2 exhibits higher
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(a) Setup Time Increment w.r.t to Voltage Value

(b) Clock-to-Q delay Increment w.r.t to Voltage Value

Figure 3.4: The a) setup time increase and b) the clock-to-Q delay increase as
the voltage value decreases.

setup time increase for the ‘0’→‘1’ transition type. As a result, regarding
the transition type, the setup time of different types of flip flops exhibits
different behavior when lowering the voltage value. On the other hand, the
percentage Clock-to-Q delay increase is almost proportional to the voltage
value and depends more on the transition type and less on the flip flop type.
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Figure 3.5: The probability that the flip flop latches the new value when a timing
violation occurs.

Figure 3.5 presents, for varying voltage values, the probability that the flip
flop latches the new value despite the occurrence of a timing violation. For
every voltage value, we calculate this probability by producing timing vio-
lations every 1ps and measuring the number of violations where the flip flop
latched the new value. On average, the ‘0’→‘1’ transition exhibits lower
probability for both flip flop types. As shown in Figure 3.5, despite the oc-
currence of a timing violations, there is a 36% possibility, on average, that
the flip flop latches the new value. These considerable latching probability
values presented in Figure 3.5, highlight the importance of monitoring the
flip flops for timing violations and estimating precisely their output value
when VOS is applied. Moreover, Figure 3.4 and Figure 3.5 justify the ap-
proach followed in the proposed framework to consider the voltage value,
the transition type, and the flip flop type when estimating the flip flop’s
output value.

Finally, targeting to examine the flip flop’s behavior in case of a timing
violation, Figure 3.6 and Figure 3.7 depict the variation of the Clock-to-Q
delay with respect to the relative time of a setup violation. In Figure 3.6
the DFFR_X1 flip flop is considered and in Figure 3.6 the DFFR_X2 one.
In both figures, five different voltage values are examined, corresponding
to 0%, 5%, 10%, 15%, and 20% voltage decrease, respectively. For every
voltage value, the Clock-to-Q delay increase is reported as a percentage in-
crease with respect to its respective nominal value (measured at the nominal
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(a) DFFR_X1 ‘1’→‘0’ transition

(b) DFFR_X1 ‘0’→‘1’ transition

Figure 3.6: The Clock-to-Q delay increase with respect to the normalized rel-
ative violation time for a) ‘1’→‘0’ and b) ‘0’→‘1’ transition. The
DFFR_X1 flip flop is examined.
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(a) DFFR_X2 ‘1’→‘0’ transition

(b) DFFR_X2 ‘0’→‘1’ transition

Figure 3.7: The Clock-to-Q delay increase with respect to the normalized rel-
ative violation time for a) ‘1’→‘0’ and b) ‘0’→‘1’ transition. The
DFFR_X2 flip flop is examined.
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voltage value and when no violations occur). As the setup time varies with
respect to the voltage value and flip flop type, in Figures 3.6 and 3.7 the
normalized relative time is reported, i.e., the ratio of the relative violation
time over the respective setup time. Hence, the smaller the normalized rela-
tive time is, the closer to the clock’s positive edge the violation occurs. The
Clock-to-Q delay value defines if the flip flop latches the new input value
in the case of a timing violation and becomes infinite when the flip flop
malfunctions (due to the voltage decrease and/or the setup violation) and
is not able to latch it. In both figures, for all the examined voltage values,
as the normalized relative time decreases (the violation occurs closer to the
clock edge) the Clock-to-Q delay increases significantly. For every voltage
value and transition type, it exists a relative time threshold after which,
if a setup violation occurs, the flip flop fails to latch the new value. As
shown in Figures 3.6 and 3.7, this failure threshold depends the flip flop
type, the transition type, and the voltage supply value. For both flip flop
types, the Clock-to-Q delay of the ‘1’→‘0’ transition is more affected by
the violation time, i.e., features higher increase compared to the respective
increase of the ‘0’→‘1’ transition. Among all the examined flip flops and
transition types, the Clock-to-Q delay value of the ‘1’→‘0’ transition of the
DFFR_X2 flip flop is the most sensitive one, featuring the highest increase
for every examined voltage value. On the contrary, the Clock-to-Q delay of
the ‘0’→‘1’ transition of the same flip flop is the least sensitive one. This
behavior is also confirmed by the latching probabilities presented in Figure
3.5. Concluding, Figures 3.6 and 3.7 justify the significance of consider-
ing the relative violation time when estimating the flip flop’s output under
VOS.

3.3.3 Brief Description of CCS Timing Model

In this Section a brief description of the CCS model (one of the core mod-
ules of the proposed VOSsim framework) is presented. For more detailed
and technical information refer to [97] and [94]. CCS Timing consists of a
driver model and a receiver model. The driver model describes how a tim-
ing arc propagates a transition from input to output, and how it can drive
arbitrary RC networks. The receiver model describes the capacitance that
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an input pin presents to driving cells. The CCS Timing driver model is a
time and voltage dependent current source with an essentially infinite drive-
resistance, which provides high accuracy even when the drive resistance Rd

is much less than the network impedance Znet. The model achieves this
accuracy not by modeling the transistor behavior, but by mapping the arbi-
trary transistor behavior for lumped loads to the behavior for an arbitrary
detailed parasitic network. CCS Timing delay calculation uses advanced
interpolation technology to determine a current waveform when the input
slew and/or output load values do not match those used during cell char-
acterization. Additionally, interpolation is used for intermediate values of
VDD and temperature by using data from multiple libraries. CCS Timing
delay calculation provides a high accuracy response for cell delay, inter-
connect delay, and pin slew. The CCS Timing receiver model produces
excellent results on single-stage cells with large Miller effect. CCS Timing
stage delay and slew results are typically within 2% of the golden circuit
simulation values. Figure 3.8 shows a comparison of CCS Timing versus
HSPICE for a large number of test cases, including highly-resistive nets.
CCS Timing enables scaling for intermediate VDD and temperature values.
Library characterization is done for a small number of VDD values, with
advanced current waveform interpolation at runtime. Calculation can be
done for any instance-specific value in a continuous range of VDD. This is
a key element of flows considering the timing effect of IR drop, and also
supports multi-VDD and DVFS (Dynamic Voltage and Frequency Scaling)
designs. CCS Timing scaling also supports delay calculation for arbitrary
temperature values between characterization points. Driver model and re-
ceiver model data are both scaled. In addition, timing check arcs such as
setup, hold, recovery and removal are also scaled.

3.4 VOSsim vs SPICE complexity

In this Section a qualitative discussion regarding the complexity of using
VOSsim as an alternative to SPICE-tools in performing voltage-aware sim-
ulations is presented. The proposed method to perform high level VOS-
aware simulations comprises two parts, i.e., the offline and online ones.
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(a) Stage Delay comparison

(b) Slew comparison

Figure 3.8: CCS timing results vs HSPICE. Source [97].
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The first produces all the necessary libraries and models for the opera-
tion of the proposed framework and the latter performs the actual simu-
lation. As aforementioned, the VOSsim’s offline part, i.e., Library Voltage
Re-characterization and Flip Flop VOS Characterization, needs to be exe-
cuted only one time per technology library. Therefore, if the user initially
executes the offline part for all the available libraries, he can seamlessly
change the technology library during the design and simulation phase. The
latter is easily performed by specifying the path to the folder containing
the outputs of the framework’s offline part (re-characterized library and flip
flop model) for the desired library.

In our opinion and based on our experience, re-characterizing a library using
SiliconSmart is not complex, or at least, it is less complex than performing
SPICE-level simulations. Characterizing a new library can be a very com-
plex task. However, if the user has an already characterized library at a spe-
cific voltage value (Liberty Timing File), re-characterizing it at a different
voltage value using SiliconSmart is not a complex task. Using SiliconSmart,
the re-characterization process is performed as follows: is i) create the new
operating conditions (e.g., specify the voltage value) ii) read the existing
library in liberty format and the spice netlists of the library’s cells, iii) run
the characterize command, and iv) write the new library specifying the CCS
model. Note that all these steps are automated in the VOSsim framework
and performed by executing a single script.

Furthermore, the complexity of the flip flop modeling component is insignif-
icant. The flip flop characterization component executes a bash script that
i) generates the timing violations input file, ii) runs the Spectre simulation
using that file and the flip flop’s SPICE netlist, and iii) gathers the results
to create the lookup table. This script is executed for every voltage value
and flip flop type. Regarding the time complexity of the offline part, (as
mentioned in the previous section) we note that both components are scal-
able with respect to the number of executors (CPU threads). SiliconSmart
re-characterizes the library’s cells in parallel, leveraging the fact that this
process is independent for every cell. Similarly, the flip flop characterization
is also executed in parallel for every voltage value and/or flip flop type. Us-
ing 16 threads, the re-characterization of the Nangate 45nm library required
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7 min and the characterization of all the Nangate’s flip flops (16 in total)
for 20 voltage values at a specific clock period required 8min. Therefore,
considering that the offline part needs to be executed only once per library,
its complexity (both from user and time perspective) can be considered
insignificant.

The complexity of the VOSsim’s online part is negligible. The circuit
and voltage specific simulation script generated by VOSsim replaces Qu-
estasim’s run command and therefore, it seamlessly extends the non-VOS
gate-level simulations traditionally performed up to now. No testbench
modifications are required and thus, it induces zero overhead to the user
when switching from non-VOS to VOS-aware simulations. Regarding the
timing complexity of VOSsim’s online part, a detailed discussion is pro-
vided in Section 3.5 showing the high simulation time speedup attained
by VOSsim, compared to SPICE-accurate simulations performed with the
fast SPICE simulator CustomSim. Moreover, for complicity reasons, in
Section 3.5, a discussion on VOSsim’s simulation time overhead with re-
spect to traditional non-VOS simulations Questasim simulations is also pro-
vided.

In addition, SPICE-level simulation also requires an offline part. Every time
the technology library changes, the designer has to reproduce the SPICE-
level netlist that will be simulated. Note that, the required designer effort
to perform SPICE-level simulations increases significantly as the system
complexity scales up [92]. Moreover, the offline part of the SPICE-level
simulations needs to be performed for every new design, as well as every
time a design is modified. One of the major advantages of the proposed
framework is that it extends typical digital design flows and it operates at
gate-level, i.e., relieves the designer from the increased complexity of per-
forming SPICE-level simulations. This advantage of VOSsim (i.e., operat-
ing at gate-level) becomes even more significant during the design phase of
hardware approximate accelerators, where several architectures with vary-
ing configurations are explored [41,77].

Concluding, considering that the offline part of the proposed framework
needs to be executed only once per library, while the offline part of SPICE-
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Table 3.1: Benchmark Implementation Characteristics

Benchmark
Area
(um2)

Transistors
Count

Flip Flop
Monitored

MAC 829 5097 33
Matrix Multiplication 2279 13160 82

1-D DCT 5705 33200 128

level simulations must be executed for every new design, design configura-
tion modification, and every time the library changes, we claim that its com-
plexity (compared to the SPICE one) is negligible.

3.5 Experimental Evaluation

In this Section, we experimentally evaluate the accuracy of VOSsim in com-
puting a circuit’s output and power consumption when VOS is applied.
Voltage reduction of 1% to 20% is considered, i.e., typical values in approx-
imate computing [57,92]. Examining near threshold operation is out of the
scope of VOSsim and the proposed framework does not support consider-
ing external parameters (e.g., temperature) nor within-die variability in the
performed simulations. Three different benchmarks are considered, i.e., a
2-stage pipeline Multiply-Accumulate (MAC), a 3-stage pipeline 3×3 ma-
trix multiplication, and an 8-stage pipeline 1-D Discrete Cosine Transform
(DCT). As shown in Table 3.1, these designs feature increased area complex-
ity and transistor count as well as increased number of flip flops that have
to be monitored by the proposed framework. We examine stressed operat-
ing scenarios, i.e., all the designs are pipelined and synthesized-simulated
at their critical path delay. Pipelining a design may increase the number
of critical paths [92] and operating at critical path delay makes the circuit
more prone to small voltage decreases. Furthermore, increasing the number
of flip flops increases the possibility of timing violations under VOS. The
45nm Nangate standard cell library is used in our evaluation. Nangate is
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Table 3.2: The version of all the tools used in our evaluation

Tool Version
Synopsys Design Compiler M-2016.12
Synopsys SiliconSmart L-2016.06

Synopsys Library Compiler L-2016.06
Synopsys PrimeTime M-2016.12
Cadence Spectre 14.1.0
Mentor Questasim 10.4c_5
Mentor Calibre v2015.4 16.11

Synopsys CustomSim M-2017.03

characterized at 1.1V and thus, the Library re-characterization component
is used to characterize Nangate at 0.88V. Finally, the library’s flip flops
are modeled for 1%-20% voltage decrease. Using 16 threads, Library re-
characterization requires 7 min, while the flip flop modeling for 20 voltage
values at a specific period requires 8 min. In order to perform SPICE-level
simulation we follow typical design flows as described in the Synopsys and
Cadence manuals. We use i) Synopsys Design Compiler to synthesize the
design and produce the gate-level netlist, ii) Mentor Calibre to produce the
SPICE-level netlist from the respective gate-level one, and iii) Synopsys
CustomSim to perform the SPICE-level simulation. In Spice simulations,
the logical ‘1’ threshold is set to 0.77V and the logical ‘0’ to 0.33V. 50,000
random generated 8-bit inputs are considered for every benchmark and all
experiments run on a Xeon E5-2650 server with 64GB RAM. The tools and
their respective version that are used in our evaluation are summarized in
Table 3.2

In order to highlight the importance of monitoring the flip flops for timing
violations, we examine the possibility of their occurrences when applying
VOS. In Figure 3.9 the error rate and the violation rate of the examined
benchmarks are explored. As error rate, we denote the number of inputs
that produce erroneous outputs over the total number of inputs when ap-
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(a)

(b)

Figure 3.9: The a) error rate and b) violation rate of the examined benchmarks
when applying VOS.

plying VOS. Similarly, as violation rate we denote the number of inputs
where at least one flip flop timing violation occurs over the total number
of inputs. As the voltage decreases the error and violation rate increases.
Even for small voltage decrease, erroneous outputs are produced, e.g., at
1% voltage decrease the average error rate of the three benchmarks is 0.5%.
At 20% voltage decrease, the average error rate is 74%. The violation rate
behaves the same way as the error rate but it is possible to have erroneous
outputs without having timing violations. However, it also possible to have
violation rate higher than the error rate. In this case, although a timing
violation occurs, an erroneous output is not necessarily produced. For exam-
ple, at 13% voltage decrease the 1D-DCT benchmark features 21% violation
rate, while the respective error rate is 19%, i.e., 2% smaller. Moreover, it
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is also possible to have erroneous outputs without the occurrence of flip
flop timing violations. For example, for all the examined benchmarks, when
voltage is decreased by 2%, errors are produced but the violation rate is
0%. The high violation rate values in Figure 3.9b (e.g., 65% at 20% voltage
decrease) show the significance of monitoring the circuit’s flip flops for tim-
ing violations and justifies their special consideration implemented in our
framework.

In Figure 3.10, we evaluate the efficacy of the proposed framework and ex-
amine its accuracy in estimating a circuit’s output and power consumption
when when performing VOS simulations. The output and power accuracy
of VOSsim is reported with respect to the simulation outputs and power
consumption obtained by performing SPICE-level simulations using Cus-
tomSim. CustomSim supports several simulation levels (described in Table
3.3) that feature varying performance as well as accuracy. To examine
VOSsim’s efficacy in producing SPICE accurate results, the CustomSim
precision is set to its highest value (level 6). On average, for all the exam-
ined benchmarks and voltage values, the proposed framework attains 98.7%
output and 98.4% power accuracy. As shown in Fig. 3.10a, for small volt-
age decrease the output accuracy is almost 100%, i.e., produces the same
results compared to CustomSim. For voltage decrease up to 12%, where
the violation rate is small, the output accuracy is more than 99%. For
higher voltage decrease, the output accuracy decreases slightly, but even
in the extreme case of 20% voltage decrease, where the average violation
rate is 65%, the attained accuracy is more than 95%. On the other hand,
the power accuracy is less affected by the voltage value and as the voltage
decreases it tends to be constant for every benchmark, i.e, 99.6% for the
MAC, 96.21% for the Matrix Multiplication, and 95.3% for the 1-D DCT.
Therefore, the power accuracy depends more on the cells’ power consump-
tion calculation under VOS and less on the violation rate. The accuracy
of the proposed framework depends on both the re-characterization of the
circuit’s cells (performed using the CCS model) when lowering the voltage
value and on the flip flop’s VOS modeling. However, although the examined
benchmarks feature different number of monitored flip flops and violation
rate, their accuracy values are very high and close enough. The latter shows
with high confidence that the flip flop timing violations are modeled pre-
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(a)

(b)

Figure 3.10: The a) output and b) power accuracy of VOSsim with respect to
SPICE simulations with CustomSim (level 6).

cisely enough and that the output accuracy is more affected by the cells’
delay calculation at low voltage values. Finally, Figure 3.11 presents the effi-
cacy of VOSsim in estimating the error-power trade-off curve when applying
VOS. As an error metric, we consider the Normalized Mean Error Distance
(NMED) [98] and as power savings metric, the percentage power reduction.
NMED is proven to be an effective metric for quantifying the accuracy of
approximate circuits and also enables the evaluation of different bit-width
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Table 3.3: CustomSim Simulation Levels

CustomSim Level Description

3
Specifies a functional and timing verification of digital,memory,
low-sensitivity analog, mixed-signal, and full-chip circuits.

4
Specifies a functional, timing and power verification of all circuits,
especially for small current or low voltage applications.

5
Specifies an accurate timing and power simulation of all circuits,
and block characterization.

6
Specifies a SPICE-like accuracy for timing and power simulation of
all circuits, and cell characterization.

designs [98]. NMED is calculated as follows:

NMED = 1
max

∑N
i=1

(
accurateOutputi − approximateOutputi

)
N

,

where N is the number of inputs (outputs) and max is the circuit’s max-
imum possible output. accurateOutput is the circuit’s output at nominal
voltage and approximateOutput is the circuit’s output when applying VOS.
The Percentage power reduction is obtained from:

Power Reduction(%) = Power(accurate)-Power(approximate)
Power(accurate) × 100.

For every benchmark, we depict the respective error-power curves produced
by simulations using CustomSim with high precision (simulation level 6)
and VOSsim. As shown in Figure 3.11, for all the examined benchmarks,
the curve produced by VOSsim closely follows the one produced by Custom-
Sim. This is also confirmed by the low Mean Square Error (MSE) values
delivered. The MSE (for the 20 examined voltage values) is calculated
by:

MSE = 1
20
∑
∀V

((
NMEDVOSsim(V )−NMEDCustomSim(V )

)2+

(
PowerReductionVOSsim(V )− PowerReductionCustomSim(V )

)2)
.
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Figure 3.11: The error-power trade-off obtained by VOSsim and SPICE simula-
tions with CustomSim (level 6).

The MSE for the MAC, Matrix Multiplication and 1-D DCT benchmarks
is 0.00260, 0.00239, and 0.00245, respectively. Therefore, Figure 3.10 and
Figure 3.11 show with high confidence that, for 1%-20% voltage reduction,
VOSsim can be used to obtain a very accurate estimation of the error-
power trade-off delivered by the VOS application on approximate computing
circuits.

As shown in Figure 3.10a the 1-D DCT benchmark features the lowest av-
erage output accuracy among the examined benchmarks. Moreover, it is
observed a small output accuracy decrease, i.e., 96% from 99.5%, at 13%
and 14% voltage reduction. At these voltage values, for some input values,
the proposed framework failed to precisely estimate circuit’s VOS output,
leading to lower output accuracy. As aforementioned, the proposed frame-
work uses two models to perform the VOS-aware simulation. The first one
is the CCS model and is used to re-calculate the cells’ delays (and power)
for the desired voltage value. The second one is the proposed flip flop model
and is used to estimate a flip flop’s output when a timing violation occurs.
The accuracy of both models affects the final VOSsim accuracy. However,
the accuracy of our framework is more affected by the cells’ delays (and
power) re-calculation. The flip flop model, to produce its output, considers
the flip flop type, the transition type and the relative time of the timing
violation. Therefore, errors at the CCS-based delay re-calculation may lead
to erroneous estimations by the flip flop model. At these voltage values, the
delay inaccuracies due to the scaling performed by the CCS models led to
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Figure 3.12: The output accuracy of VOSsim and CustomSim with low precision
for the 1-D DCT benchmark.

some mispredictions by the flip flop model (with respect to high precision
SPICE simulation with CustomSim). This accuracy loss is input (previous
and current) and voltage depended. For this reason, we try to cover all
the possible cases, by using large randomly generated input datasets and
by evaluating the accuracy of VOSsim every 1% voltage decrease. Finally,
it is noteworthy that identical results are obtained when performing low
precision CustomSim simulations (simulation level 3). In Figure 3.12, the
output accuracy of VOSsim and CustomSim with simulation level 3 is pre-
sented. As shown both curves are very close (almost identical) and exhibit
the same accuracy drop at the same voltage values, i.e., the output accu-
racy of both drops to 96% and then increases again. At these voltage values,
both gate-level simulation with VOSsim as well as low precision SPICE sim-
ulation with CustomSim fail to precisely estimate the increased accuracy of
high precision (level 6) CustomSim simulations and deliver lower, but still
very high, output accuracy. High accuracy SPICE simulations may increase
the precision of the performed computations or use more precise models to
reach convergence. Therefore, since both VOSsim and CustomSim with
simulation level 3 feature lower accuracy at 13%/14% voltage decrease, it
might be the case that CustomSim with level 6 used more precise models
and/or computations at these voltage values to overcome convergence is-
sues. Hence, the less accurate simulations (VOSsim and CustomSim with
level 3) fail to precisely estimate this very high computations’ precision, at
some input values, resulting to reduced output accuracy. However, since
in CustomSim’s log files this information (regarding the computations’ ac-
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curacy and models used) is not provided, we cannot determine with high
confidence that this is the case.

The efficacy of VOSsim for 21%-40% voltage decrease is also examined.
Targeting to enable VOS-aware simulation at the RTL level of design ab-
straction, the proposed framework operates on digital standards cell libraries
and uses high-level models such as the CCS and the flip flop ones. Hence,
the accuracy of our framework highly depends on the accuracy of these
models. As a result, since such high-level models are unable to capture
the transistors’ analog behavior at very low voltage values, the accuracy of
the proposed framework drops significantly, especially as we approach the
threshold voltage, i.e., approximating the near-threshold operating region.
This is something already acknowledged by the industry, being already in
a way to extend the Liberty modeling standard to support ultra-low volt-
age ICs. However, we must note that similar results are obtained when
performing low precision simulations using CustomSim (simulation level 3).
Specifically, for 21%-30% decrease, the average output accuracy of VOSsim
drops to 81%, 83%, and 82% for the MAC, Matrix Multiplication, and 1-D
DCT, respectively. For low precision CustomSim, the respective values are
85%, 91%, and 84%. For voltage decrease 31%-40%, the output accuracy
drops even further to 53%, 34%, and 48% for VOSsim and 68%, 25%, and
46% for low precision CustomSim. As a result, in VOS simulations with
voltage decrease higher than 20%, VOSsim and low precision CustomSim
cannot be used as alternatives to high precision SPICE simulations (Cus-
tomSim with level 6).

Finally, we examine the efficiency of VOSsim in terms of simulation time.
Figure 3.13 depicts i) the speedup of VOSsim with respect to SPICE-level
simulation using CustomSim and ii) its slowdown with respect to typical
gate-level simulation using Questasim. Gate-level simulation with Ques-
tasim does not support, by default, VOS and thus it is performed at the
nominal voltage value. Therefore, the slowdown compared to Questasim is
provided only to examine the overhead induced by monitoring the circuit’s
flip flops for timing violations. To evaluate the performance of VOSsim,
we examine the attained speedup compared to both high as well as lower
precision CustomSim simulations. The reported speedups refer to the aver-
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Figure 3.13: The average speedup/slowdown attained by the proposed framework
compared to CustomSim Simulation/non-VOS Questasim simula-
tion.

age speedup over all the examined voltage values. During the experimental
evaluation, we observed a minor time variation for both the CustomSim and
VOSsim simulation time. However, this time variation is not proportional
to the voltage decrease. In other words, as the voltage value decreases, the
simulation time does not necessarily increase. The simulation time coeffi-
cient of variation is 2.6% on average for the CustomSim simulations and
4.4% for the VOSsim ones. The observed time variations are attributed to
the context switch of the running processes by the operating system and to
compensate for this induced random delay, the simulations were repeatedly
evaluated. As the simulation time of VOSsim is significantly smaller than
the CustomSim’s one and as VOSsim operates over several tools (that are
executed at every simulation), its simulation time is slightly more affected.
For every voltage value, the experiments are conducted 3 times and their
average value is the speedup obtained for this voltage value. As shown, the
proposed framework introduces an average overhead of 15× slower simula-
tion compared to the non-VOS typical Questasim simulation. However, as
the circuit complexity increases, this slowdown decreases (even though more
flip flops are monitored). This is explained by the fact that for more com-
plex circuits the time spent at monitoring for timing violations becomes
less significant with respect to the total simulation time. Compared to
high precision CustomSim simulations (level 6), VOSsim attains an average
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32× speedup, while compared to low precision ones (level 3), the average
speedup is 7.6×. As the circuit’s transistor count increases, the CustomSim
simulation becomes significantly slower and thus, VOSsim achieves higher
speedups. The simulation of the MAC, Matrix Multiplication, and 1-D DCT
with VOSsim requires 30 min, 46 min, and 76 min, respectively. Compared
to high precision CustomSim simulations, the delivered speedup scales from
17× for a small circuit as the MAC, to 45× for a quite larger one as the 1-D
DCT. Setting the CustomSim simulation level to 3 or 4, results in signifi-
cantly faster execution compared to level 6 but reduced output and power
accuracy. For the examined benchmarks, simulation level 3 and 4 produced
similar results, regarding both the accuracy and simulation time. For 1%-
20% voltage decrease, compared to CustomSim with level 3 or 4, VOSsim
delivers more than 10% higher power accuracy (lower precision Custom-
Sim considers less circuit detail) and similar output accuracy, i.e., within
2%. For higher voltage decrease (21%-40%), both VOSsim and Custom-
Sim with level 3 or 4 deliver low output accuracy but still VOSsim attains
significantly higher power accuracy. Finally, for 1%-40% voltage decrease,
CustomSim with simulation level 5 delivers very high output and power ac-
curacy (higher than VOSsim). The average speedup of VOSsim compared
to CustomSim with level 3 is 6.0×, 7.7×, and 9.0× for the MAC, Matrix
Multiplication, and 1-D DCT benchmarks, respectively. The respective val-
ues for VOSsim compared to CustomSim with level 4 are 5.8×, 8.0×, and
10.6×. Compared to CustomSim with simulation level 5, VOSsim achieves
an average speedup of 12.3×, 18.8×, and 24.8×, respectively. Therefore,
even when we lower the simulation precision of CustomSim, we still obtain
significant simulation speedup. Moreover, in the case of simulation level 3 or
4 VOSsim attains higher power accuracy and comparable output accuracy
for more than 5.8× speedup. We would like to underline that CustomSim
is a Fast SPICE simulator and this is the reason why we compare VOS-
sim with CustomSim and not with Spectre or HSPICE. With respect to
Spectre simulation, the delivered speedup by VOSsim is more than 100×
on average.

Concluding, compared to SPICE-level simulation, VOSsim delivers very
high simulation time speedup for very accurate output and power estima-
tion. The accuracy of VOSsim does not depend on the circuit’s complexity
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and the speedup is expected to scale significantly for larger designs. How-
ever, its output accuracy depends on the voltage decrease, dropping from
99% to 95% for voltage decrease scaling from 12% to 20%. For very low
voltage values, VOSsim fails to capture the transistors behavior, delivering
poor output accuracy.

3.6 Conclusion

Approximate computing emerges as a promising paradigm for energy ef-
ficient design by aggressively decreasing power consumption of inherently
error resilient applications. Recent research has pointed out the synergistic
nature of Votage Over-Scaling (VOS) with other approximate techniques.
Approximate techniques from the logic and algorithmic layers produce sim-
pler circuits and can reduce the circuit’s delay and decrease the number
of critical paths. Hence, applying VOS, can further reduce the power con-
sumption, at the cost of a small error increase, as fewer paths are affected
by the voltage decrease. However, the lack of a methodology that rapidly
quantifies the errors and power savings due to VOS (traditionally performed
SPICE-level simulations are very time consuming), restricts it exploitation
in the respective approximate computing works. In this chapter, we propose
VOSsim, a framework that can be seamlessly integrated in typical hardware
design flows and enables very fast VOS-aware simulation. One of the ma-
jor advantages of the proposed framework is that it extends typical digital
design flows and it operates at gate-level, i.e., relieves the designer from the
increased complexity of performing SPICE-level simulations. Compared to
SPICE simulations, for 1%-20% voltage decrease, VOSsim delivers very high
output and power accuracy (more than 98% on average) and reduces the
simulation time from 6× to 45×. All the reported experimental evaluations
examine stressed operating conditions, i.e., pipelined designs and opera-
tion at critical path delay, in order to evaluate the accuracy of proposed
framework at a worst-case scenario. At very high voltage decrease (more
than 20%), the accuracy of VOSsim is very sensitive to small inaccuracies
originated by the cell delay re-calculation under VOS; leading to a notable
output accuracy drop at very low voltage values. However, we underline
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that although VOSsim uses the CCS and the proposed flip flop models, it
is not bound to them. The models used by the proposed framework can be
easily changed without any particular modifications in the rest of the com-
ponents. Therefore, if a more accurate power-delay model and/or a more
sophisticated flip flop model is published, they can be straightforwardly used
by VOSsim in order to improve its accuracy.
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Chapter 4

Efficient Approximate Multiplication
Circuits Through Partial Product
Generation Approximation

Approximate computing has received significant attention as a promising
strategy to decrease power consumption of inherently error tolerant appli-
cations. In this chapter, we focus on hardware level approximation by in-
troducing the Partial Product Perforation technique for designing approxi-
mate multiplication circuits. We prove in a mathematically rigorous man-
ner that in partial product perforation the imposed errors are bounded and
predictable, depending only on the input distribution. Through extensive
experimental evaluation, we apply the partial product perforation method
on different multiplier architectures and expose the optimal architecture–
perforation configuration pairs for different error constraints. We show that,
compared with the respective exact design, the partial product perforation de-
livers reductions of up to 50% in power consumption, 45% in area and 35%
in critical delay. Also, the product perforation method is compared with
state-of-the-art approximation techniques, i.e. truncation, Voltage Over-
Scaling and logic approximation, showing that it outperforms them in terms
of power dissipation and error. This chapter is based on our publications
in [99–101].
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4.1 Introduction

In modern embedded electronic devices, power consumption is a first class
design concern. Considering that a large number of application domains
are inherently tolerant to imprecise calculations, e.g. Digital Signal Pro-
cessing (DSP), data analytics and data mining [32] approximate computing
appears as a promising solution to reduce their power dissipation. Such
applications a) process large redundant data sets or noisy input data de-
rived from the real world, b) do not have a “golden" result, c) perform sta-
tistical/probabilistic computations and/or d) demand human interaction,
thus, their exactness is relaxed due to limited human perception [38, 67].
Approximate computing can be applied at both software and hardware
level.

Hardware level approximation mainly targets arithmetic units, such as adders
and multipliers widely used in portable devices to implement multimedia
algorithms, e.g., image and video processing. Both general-purpose ap-
proximation techniques [56–58] applied to any arithmetic circuit, as well
as circuit-specific approximation either to adder [59–61] or multiplier de-
signs [62–66], have been presented. The most commonly used techniques
for the generation of approximate arithmetic circuits are truncation [56,69],
Voltage Over-Scaling (VOS) [57, 67] and simplification of logic complexity
(i.e., alteration of the truth table) [61–63]. Regarding to the general ap-
proximation techniques, VOS [57, 67] and truncation [56, 68, 69] have been
proposed. VOS is applied in any circuit by lowering the supply voltage below
its nominal value. Decreasing the supply voltage reduces the circuit’s power
consumption, but produces errors caused by the number of paths that fail to
meet the delay constraints [67]. In [69], a truncated multiplier with a con-
stant correction term is proposed, significantly decreasing the error imposed
by typical truncation. [56] proposed a truncated multiplier with variable cor-
rection that outperforms [69] in terms of error. Extensive research has been
conducted on approximate adders [57, 59–61] providing significant gains in
terms of area and power while exposing small error. Although the authors
propose the use of such adders targeting to build approximate multipli-
ers, it is not clear how they can be used in different tree architectures and
how their error scales in the case of multi-operand addition. Despite the
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extensive research on approximate adders, research activities on approxi-
mate multipliers are still very limited. Efficient approximate multipliers
introduced in [62–64, 68] target the approximation of the partial product
accumulation but do not examine approximations on the partial product
generation. Targeting, approximate accumulation of the partial products,
Momeni et al. [63] presented two approximate 4:2 compressors by modify-
ing the respective accurate truth table. These compressors are used in a
Dadda tree with 4:2 reduction and different multiplier architectures were
not explored. In all the proposed approximate multipliers, the imposed er-
ror cannot be predicted as it depends on carry propagation and the circuits’
implementation and requires simulations over all possible inputs in order to
be calculated Targeting to tackle the limited research on approximate mul-
tipliers, in this chapter, we design of power–error efficient multiplication
circuits. We differentiate from previous works by exploring approximation
on the generation of the partial products. The proposed method can be
easily applied in any multiplier architecture without the need of a special
design, in contrast to related works. In addition, the error imposed by per-
foration depends only on the configuration parameters and, in contrast to
existing work, can be analytically calculated without the need of exhaus-
tive simulations. The latter is critical as, given the input distribution of
the application, a precise estimation of the output quality can be extracted.
Finally, the a priori knowledge of the induced error enables the selection of
the optimal configuration in order maximize the power savings with respect
to the error bound and input distribution.

Approximate hardware circuits, contrary to software approximations, of-
fer transistors reduction, lower dynamic and leakage power, lower circuit
delay and opportunity for down-sizing. Motivated by the limited research
on approximate multipliers, compared to the extensive research on approx-
imate adders, and explicitly the lack of approximate techniques targeting
the partial product generation, we introduce the Partial Product Perfora-
tion method for creating approximate multipliers. Inspired from [102], we
omit the generation of some partial products, thus, reducing the number of
partial products that have to be accumulated, we decrease the area, power
and depth of the accumulation tree. The major contributions of this work
are summarized as follows:
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• We adopt and apply, for the first time, the software based perforation
technique [102], on the design of hardware circuits, obtaining opti-
mized design solutions regarding the power–area–error trade-offs.

• We analyze in a mathematically rigorous manner the arithmetic ac-
curacy of partial product perforation and prove that it delivers a
bounded and predictable output error. Our error analysis is not
bound to a specific multiplier architecture and can be applied with
error guarantees to every multiplication circuit regardless of its archi-
tecture. Such a rigorous analysis enables precise error estimation over
input data distributions.

• We explore and characterize the efficiency of the product perforation
method on several multiplier schemes exposing its power–area impact
on different architectures. This is the first time that such an ex-
ploratory analysis over different approximate multiplier architectures
is offered to the designer, enabling also, the selection of the optimum
architecture–perforation configuration for given error constraints.

• We show that partial product perforation outperforms related state-
of-the-art works in terms of power consumption and error, as well as
output quality, when applied to image processing and data analytics
algorithms.

More specifically, we apply the partial product perforation on 16 differ-
ent multiplier architectures, using industrial strength tools, i.e. Synopsys
Design Compiler and PrimeTime. Through extensive experimental eval-
uation, we present the optimal approximate multiplier configurations for
various error constraints. We show that, compared to the accurate mul-
tiplier, product perforation offers reductions of up to 50% in power con-
sumption, 45% in area and 35% in critical delay for 0.1% normalized mean
error distance [98]. Moreover, it is compared with state-of-the-art approxi-
mate computing works that use either VOS [57], logic approximation [63],
or truncation [56], outperforming them significantly in terms of power dis-
sipation and error. Finally, we examine the scalability of our technique by
applying it on different bit-width multipliers and show that the delivered
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savings increase with the width increase.

The rest of this chapter is organized as follows: Section 4.2 introduces
the partial product perforation technique providing the corresponding error
analysis error and error correction methods. In Section 4.3, we examine
product perforation on different multiplier architectures, exposing the opti-
mal architecture–perforation configuration pairs under differing error con-
straints. Finally, Section 4.4 evaluates the product perforation method by
comparing it with related state-of-the-art works and Section 4.5 concludes
this chapter.

4.2 Analyzing Partial Product Perforation

4.2.1 Method Analysis

In this section, the partial product perforation method for the design of
approximate hardware multipliers is described. Consider two n-bit num-
bers A and B. The result of their multiplication A × B is obtained af-
ter summing all the partial products Abi, where bi is the ith bit of B.
Thus,

A×B =
n−1∑
i=0

Abi2i, bi ∈ {0, 1}. (4.1)

The partial product perforation technique omits the generation of k suc-
cessive partial products starting from the jth one. A perforated partial
product is not inserted in the accumulation tree and hence, n full adders
can be eliminated. Applying product perforation with j and k configu-
ration values on the multiplication A × B produces the approximate re-
sult

A×B|j,k =
n−1∑
i=0,

i/∈[j,j+k)

Abi2i, bi ∈ {0, 1}. (4.2)

Note that j ∈ [0, n− 1] and k ∈ [1,min(n− j, n− 1)].
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Similarly, when Modified Booth Encoding (MBE) [103] is used for gener-
ating the partial products, the result of the approximate multiplication is
given by:

A×B|j,k =
n/2−1∑

i=0
i/∈[j,j+k)

AbMB
i 4i, bMB

i ∈ {0,±1,±2}. (4.3)

Figure 4.1 depicts an example of applying the partial product perforation
method on different 8-bit multipliers with j=2 and k=2 configuration val-
ues. For each architecture, the dot diagrams [103] of the accurate and the
respective perforated tree are presented. The “dots” represent the bits of
the partial products that have to be accumulated, while the “stages” the de-
lay of the reduction process followed by each tree. The dashed boxes with
four dots are 4:2 compressors, those with three are full adders and those
with two are either full- or half-adders. Through the proposed approxima-
tion technique, the power, area and delay of the multiplication circuit are
decreased, making though the computation imprecise. The higher the order
of a perforated partial product, the greater the error imposed at the final
result. Also, since the addition is an associative and commutative opera-
tion, when more than one partial products are perforated, the total error
results from the addition of the errors produced from the perforation of each
partial product separately.

We use the notation D[j,k,c] to label the different approximate multiplier
architectural configurations. The parameter “D" refers to the tree architec-
ture, j is the order of the first perforated partial product and k the number of
the perforated partial products. If no j and k are specified, the respective no-
tation refers to the exact design. Finally, c corresponds to the partial prod-
uct generation technique and takes the values “s” for Simple Partial Prod-
ucts (SPP) or “m” for MBE. For example, Figure 4.1a depicts the array[s]
configuration, while Figure 4.1b the array[2,2,s].

Partial product perforation should not be confused with the truncation tech-
nique. Truncation eliminates the circuit that produces specific least sig-
nificant bits (LSB) of the accumulation tree, while perforation skips the
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Figure 4.1: The partial product reduction process for 8×8 multiplication with a)
Accurate Array, b) Approx. Array c) Accurate Wallace, d) Approx.
Wallace, e) Accurate Compressor 4:2, f) Approx. Compressor 4:2,
g) Accurate Dadda 4:2 h) Approx. Dadda 4:2. Approximation is
performed by perforating the 3rd and 4th partial products. The boxes
with 4 dots are 4:2 compressors, those with 3 are full adders and those
with 2 are full or half adders.

generation of partial products and thus, decreases the number of operands
to be accumulated. For example, in an 8-bit array multiplier, perforating
a partial product removes 8 full adders from the accumulation tree and re-
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duces its delay. In order to attain similar circuit reduction using truncation,
the 6 LSB have to be truncated. However, truncating the 6 LSB does not of-
fer any delay reduction. Moreover, in this example, truncation delivers in all
cases incorrect results, whereas the outputs of perforation are 50% correct.
Finally, perforating one partial product (out of eight) results in a 12.5% loss
of information while truncating the 6 LSB (out of 16) results in a 37.5% in-
formation loss. In Section 4.4, the perforation and truncation techniques are
quantitatively compared in greater detail regarding error and power metrics,
in order to further expose their differences.

4.2.2 Error Analysis

A critical issue for the approximate computing is the error imposed during
computations and how it affects the final result. In this section, an error
evaluation analysis of the partial product perforation technique is presented.
We evaluate error utilizing the error metrics proposed in [98], i.e., Error Dis-
tance (ED), Mean Error Distance (MED) and Normalized MED (NMED),
as effective metrics for quantifying the accuracy of approximate arithmetic
circuits. ED is defined as the absolute distance of the fully accurate product
P and the approximate one P ′:

ED = |P − P ′|.

The MED is the average of EDs for all inputs:

MED = 1
M

M∑
i=1
|Pi − P ′i |,

where M is the number of inputs.

The Normalized Mean Error Distance (NMED) is defined as the ratio:

NMED = dm

D
[98],

where dm = MED and D is the maximum possible error that an approxi-
mate circuit can produce. Therefore in the case of n×n multiplication, the
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maximum possible error is (2n − 1) × (2n − 1). For example, consider an
approximate multiplier that always returns zero. In this case multiplying
(2n − 1) by (2n − 1) will return 0 and therefore ED = (2n − 1)2 and as a
result, D = (2n − 1)2 Hence, in the case of n-bit multiplication NMED is
calculated by:

NMED = MRED

(2n − 1)2 ,

Finally, the Relative Error Distance (RED) is defined as:

NMED = ED

P
,

and the Mean RED (MRED) is obtained by:

MRED = 1
M

M∑
i=1

EDi

Pi
[64].

In this chapter, we try to provide a broad analysis for approximate multi-
plication circuits focusing on more than one error metrics, both for com-
pleteness but also to enable direct comparison with previously published
related research. Note that an error metric may be optimal for an applica-
tion domain but suboptimal for another one. More specifically, in Section
4.2.2 we provide error analysis both on NMED and MRED. In Section
4.3, where we explore the efficiency of partial product perforation technique
(Figure 4.6), we use the NMED metric in order to be in compliance with
the error metrics used in [63] and [98]. However, the respectiveMRED val-
ues of Figure 4.6 can be straightforwardly derive using the provided designs
configuration. Finally, in Section 4.4, where we compare partial product
perforation with state-of-the-art works, we provide an extensive discussion
considering both the NMED and MRED values of all the examined ap-
proximate technique.
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Error Evaluation

When applying the product perforation on a n-bit multiplier using SPP
generation, the ED of multiplying two numbers A, B is calculated as fol-
lows:

ED(A,B) =
∣∣P − P ′∣∣

= A
n−1∑
i=0

bi2i −A
n−1∑
i=0,

i/∈[j,j+k)

bi2i

= A
j+k−1∑

i=j

2ibi

= A2jxB,

(4.4)

where xB ∈ [0, 2k) and

xB =
k−1∑
i=0

2ibj+i = bB/2jc mod 2k. (4.5)

If pA and pB are the probability density functions of A and B, respectively,
then the MED is calculated from:

MED =
∑
∀A,B

pA(A)pB(B)ED(A,B). (4.6)

Without loss of generality, the rest of our analysis considers a uniform dis-
tribution over the overall n-bit numbers, i.e., (A,B) ∈ [0, 2n)2. Hence,
pA(A) = 1/2n ∀A and pB(B) = 1/2n ∀B. Therefore, MED is given
from:

MED =
∑
∀A,B

ED(A,B)
2n2n

= 1
22n

∑
∀A

∑
∀B

ED(A,B).
(4.7)
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Assuming that EDA is the sum of EDs ∀B for a givenA, then:

EDA =
∑
∀B

ED(A,B)

= 2n−k
∑
∀xB

xB2jA

= 2n2j(2k − 1)A
2

(4.8)

and the sum of all EDs is:

∑
∀A

EDA =
∑
∀A

2n2j(2k − 1)A
2

= 2n2j(2k − 1)
2

( 2n−1∑
A=0

A
)

= 2j22n(2k − 1)(2n − 1)
4 .

(4.9)

Using (4.9), (4.7) equals:

MED = 2j22n(2k − 1)(2n − 1)
22n4

= 2j(2k − 1)(2n − 1)
4 .

(4.10)

Thus,

NMED = MED

(2n − 1)2 = 2j(2k − 1)
4(2n − 1) . (4.11)

Similarly,

RED(A,B) = ED(A,B)
A×B

= xB2j

B
(4.12)

and

MRED = 2n

22n

∑
∀B

xB2j

B
=
∑
∀B

xB2j

2nB
. (4.13)
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Previous analysis provide rigorous expressions of error metrics, enabling
fast error analysis of differing product perforation configurations. As shown
later in Section 4.3, these analytical error expressions are used in an ex-
ploration loop for deriving optimized approximate design solutions. The
analytical equations (4.11) and (4.13) consider uniform distribution, thus in
case of differing distributions1 they should be adjusted according to the new
probability density functions (PDF), since the power–error efficiency of ap-
proximate designs highly depends on the multiplier’s operands distribution.
Using (4.6) and the input distribution we can calculate the configurations
(j, k) that minimize the error for the respective distribution. In most ap-
plications, e.g. multimedia, the inputs are highly correlated [58]. In order
to provide an initial insight on how the error metrics scale when the in-
puts are correlated (such as in multimedia applications [58]), we assume
the case of differing approximate multipliers adopting correction Method 1
(see Section 4.2.2) with inputs A and B following the same distribution. In
Table 4.1, we evaluate the NMED and MRED metrics when considering
various Normal distributions (N(µ, σ)) as inputs, usually characterizing the
multimedia applications [58]. For comparison reasons, we also provide the
respective error metrics when the inputs follow a uniform distribution (i)
over all possible inputs and (ii) in the segment [µ − 3σ, µ + 3σ]. Table 4.1
shows that the NMED andMRED error metrics are highly affected by (i)
the type of the distribution, i.e. the input normal distribution derives lower
error values than the uniform, (ii) the distribution’s mean, and (iii) in case
of uniform distribution, the distribution’s range. As an intuitive example,
Figure 4.2a depicts the power–NMED Pareto graph for a 16-bit Dadda 4:2
multiplier when A, B follow the uniform distribution over the overall range
of n-bit numbers, while Figure 4.2b presents the same graph with inputs
derived from the GSM 06.10 audio benchmark [104]. As shown, increas-
ing k values result to lower power consumption but increased error values,
while the selection of the j value mostly depends on the input distribution.
Intuitively, for a uniform distribution over all possible n-bit numbers (Fig-
ure 4.2a), where all the bits have equal probability of being one or zero,
j should be kept small to minimize the error. This is also confirmed from
Figure 4.2a where the 58% of the Pareto configurations feature j = 0 and

1In case of different input distributions, starting from equation (4.6) we apply the
same steps given the respective PDFs of the input operands.
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Table 4.1: Evaluation of the NMED and MRED for Correlated Input Distribu-
tions

j k Distribution NMED MRED
0 5 Uniform in [0, 65535] 7.762× 10−5 1.640× 10−3

0 5 N(4791, 30) 1.128× 10−5 2.110× 10−3

0 5 Uniform in [4701, 4881] 1.093× 10−5 2.045× 10−3

0 5 N(61234, 300) 1.443× 10−4 1.652× 10−4

0 5 Uniform in [60334, 62034] 1.455× 10−4 1.667× 10−4

1 3 Uniform in [0, 65535] 3.338× 10−5 7.228× 10−4

1 3 N(32767, 7000) 3.320× 10−5 1.396× 10−4

1 3 Uniform in [11767, 53767] 3.338× 10−5 1.583× 10−4

6 2 Uniform in [0, 65535] 4.281× 10−4 6.310× 10−3

6 2 N(19250,17) 1.230× 10−5 1.501× 10−4

6 2 Uniform in [19199, 19301] 4.205× 10−5 4.859× 10−4

6 4 Uniform in [0, 65535] 2.384× 10−3 3.161× 10−2

6 4 N(48383,255) 2.555× 10−3 4.682× 10−3

6 4 Uniform in [47618, 49148] 4.566× 10−3 8.370× 10−3

the 42% j = 1. However, as presented in Figure 4.2b, when the inputs
are correlated without following a uniform distribution, we observe that the
Pareto front is formed by configurations featuring many different j values,
i.e., 0, 2, 6, and 15. Previous example shows that there is not a “golden”
value for the j and k perforation variables but their selection highly depends
on the error constraints and the inputs PDF. Thus, (4.6) should be used to
extract the appropriate value for j and k.

Error Correction Methods

In this section, we introduce two methods to decrease the error induced
from the application of partial product perforation. They are implemented
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(a)

(b)

Figure 4.2: The Pareto power–NMED graph of a 16-bit Dadda 4:2 multiplier with
a) uniform input distribution in [0, 216) and b) inputs obtained from
audio benchmarks. All the configurations that feature NMED <
5× 10−5 are presented. Next to each point is denoted the respective
(j, k) configuration.
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as extra components complementing the multiplication circuit, thus their
area, power and delay overheads as well as the error reduction they offer, do
not depend on the architecture of the multiplier. Although multiplication
is commutative, i.e. A × B = B × A, this does not apply in perforated
multipliers. From (4.4), when multiplying A × B, the imposed error is
proportional to the multiplicand A and the term xB and thus, decreasing
one of these operands decreases the error delivered to the output. As a
result, comparing A,B or xA, xB before the multiplication and swapping
accordingly A,B can reduce the error.

• Method 1: Comparing xA, xB

In this method xA, xB are compared before the multiplication and, if xB >
xA, A and B are swapped. Therefore, the imposed error is ED(A,B) =
A2jxB, when xA ≥ xB, and ED(A,B) = B2jxA, when xB > xA. Hence,
MED equals:

MED =
∑
∀A,B

pA(A)pB(B)ED(A,B)

= 2j
( ∑
∀A,B:

xA≥xB

pA(A)pB(B)xBA+
∑
∀A,B:

xA<xB

pA(A)pB(B)xAB
)
.

(4.14)

IfA, B follow the uniform distribution in [0, 2n) (4.14) equals:

MED = 2j
( ∑
∀A,B:

xA≥xB

xBA

2n2n
+

∑
∀A,B:

xA<xB

xAB

2n2n

)

= 2j

22n

( ∑
∀A,B:

xA=xB

xBA+ 2
∑
∀A,B:

xA<xB

xAB
)
.

(4.15)

Every number A can be written in the form:

A = MA2j+k + xA2j + LA,
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where MA ∈ [0, 2n−(j+k)) , xA ∈ [0, 2k) and LA ∈ [0, 2j).
MA and LA are computed similarly to xA.

The sum (S1(y)) of all numbers A that have xA = y, where y is a constant
and y ∈ [0, 2k), is given by:

S1(y) =
∑
∀A:

xA=y

A

=
∑
∀A:

xA=y

(
MA2j+k + xA2j + LA

)
=
∑
∀MA

∑
xA=y

∑
∀LA

(
MA2j+k + xA2j + LA

)
= 2j (2n−(j+k) − 1)2n−(j+k)

2 2j+k+

+ 2n−(j+k)2jy2j+

+ 2n−(j+k) (2j − 1)2j

2 .

(4.16)

Supposing that B is fixed and xB = z, we get that:

2×
∑
∀A:

xA<z

xAB = 2n−k2B
∑

xA<z

xA

= 2n−kz(z − 1)B
(4.17)

and

∑
∀A:

xA=z

zA = z
∑
∀A:

xA=z

A

= zS1(z).
(4.18)
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By evaluating (4.17) for all B, we obtain:

2
∑
∀A,B:

xA<xB

xAB =
∑
∀B

2n−kz(z − 1)B

= 2n−k
2j−1∑
z=0

z(z − 1)S1(z).

(4.19)

By evaluating (4.18) for all B, we obtain:

∑
∀A,B:

xA=xB

xBA =
∑
∀B

xBS1(xB)

= 2n−k
2j−1∑
z=0

zS1(z).

(4.20)

Using (4.19) and (4.20), (4.15) is equal to:

MED = 2j2n−k

22n

( 2j−1∑
z=0

z2S1(z)
)

(4.21)

and NMED = 2j2n−k

22n(2n − 1)2

( 2j−1∑
z=0

z2S1(z)
)
. (4.22)

The sum of all REDs is given by:

∑
∀A,B

RED(A,B) = 2j
( ∑
∀A,B:

xA≥xB

xB

B
+

∑
∀A,B:

xA<xB

xA

A

)

= 2j
( ∑
∀A,B:

xA=xB

xB

B
+ 2

∑
∀A,B:

xA>xB

xB

B

)
.

(4.23)
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Denoting CI = 2k − 1 and using that

∑
∀A,B:

xA>xB

xB

B
=
∑
∀B

∑
∀A:

xA>xB

xB

B

=
∑
∀B

(xB

B
2n−k(CI − xB)

) (4.24)

and

∑
∀A,B:

xA=xB

xB

B
=
∑
∀B

∑
∀A:

xA=xB

xB

B

=
∑
∀B

(
xB

B
2n−k

)
,

(4.25)

(4.23) is equal to:

∑
∀A,B

RED(A,B) = 2j2n−k
∑
∀B

(
xB

B

(
1 + 2(CI − xB)

))

= 2j2n−k
2n−1∑
B=1

(
xB

B

(
1 + 2(CI − xB)

)) (4.26)

andMRED is calculated as a relation of j and k from:

MRED = 2j

2n+k

2n−1∑
B=1

(
xB

B

(
1 + 2(CI − xB)

))
. (4.27)

• Method 2: Comparing A,B

In this method A,B are compared before the multiplication and, if A > B,
A and B are swapped. As a result the induced error ED(A,B) = A2jxB,
whenA ≤ B and ED(A,B) = B2jxA, whenA > B.
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Similarly to Method 1:

MED = 2j

22n

( ∑
∀A,B:
A≤B

xBA+
∑
∀A,B:
A>B

xAB
)

= 2j

22n

( ∑
∀A,B:
A=B

xAA+ 2
∑
∀A

∑
∀B:

B<A

xAB
)

= 2j

22n

2n−1∑
A=1

xAA
2,

(4.28)

NMED = 2j ∑2n−1
A=1 xAA

2

22n(2n − 1)2 , (4.29)

and MRED = 2j

22n

2n−1∑
B=1

(xB

B
+ 2xB

)
. (4.30)

Figure 4.3 depicts the error improvement achieved by Methods 1 and 2, for
a 16-bit (n=16) multiplier and all the product perforation configurations
(j,k). Figure 4.3a presents the NMED reduction attained by the correc-
tion methods with respect to the NMED of product perforation without
an error correction method. Figure 4.3b illustrates the respective graph for
the MRED metric. The proposed corrective methods offer both NMED and
MRED reduction. Method 1 offers higher NMED reduction, while Method 2
achieves higher MRED reduction. On average, Method 1 offers 30% NMED
and 24% MRED reduction, while Method 2 offers 26% and 50% reduction,
respectively. As a result, the selection of a corrective method depends on
the application in which the perforated multiplier will be used. If the mag-
nitude of the error is more important than its absolute distance from the
accurate result, then Method 2 should be preferred; if not, then Method 1
should be selected. However, the implementation of Method 1 requires a
k-bit comparator, while Method 2 requires a n-bit one and thus, Method
1 induces smaller area and power overheads. As a result, since both meth-
ods offer significant NMED and MRED reductions and Method 1 induces
less power overhead, it should be preferred in the case the application is
unknown.
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(a)

(b)

Figure 4.3: The percentage reduction of a) NMED and b) MRED achieved by the
correction Methods 1 and 2 with respect to the NMED and MRED
values obtained by product perforation without correction. The x-
axis contains all the [j, k] configurations.
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Figure 4.4: The normalized delay, power and area metrics achieved by applying
product perforation with correction and with j=1 and k=1..8 on a
Dadda 4:2 multiplier, with respect to those of the accurate design.

Methods 1 and 2 decrease the error metrics, but their implementation re-
quires an additional comparator. Figure 4.4 presents the impact of cor-
rection Method 1 or 2 on the delay, power, and area on the Dadda 4:2
multiplier, in respect to the accurate design. Since the complexity of the
comparator is mainly affected by the perforation variable k, Figure 4.4 de-
picts perforation configurations that feature j=1 and k= 1 to 8 (similar
results are obtained for other j and for MBE designs). As expected, using
Method 1 with perforation induces 13% overhead on critical delay, but also
retains 26% and 20%, on average, power and area saving. The respective
values for Method 2 are 20%, 26%, and 17%.

The NMED and MRED analytical relations show that the error imposed by
the product perforation method is bounded and predictable. Therefore, when
the application’s input dataset is determined, it can be used to calculate the
optimal combination of j and k that produce an error less than a desired
upper bound.
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4.3 Exploring the Efficiency of Partial Product
Perforation

In this section, the partial product perforation method is applied to vari-
ous multiplier architectures in order to explore how their power consump-
tion, area, delay, and accuracy behave considering the perforation con-
figuration variables j and k. This analysis targets to expose the optimal
architecture–configuration pair for determined error values regarding both
power dissipation and area complexity. This is critical, since different con-
figurations may not have the same impact on a multiplier architecture,
e.g. an architecture may be the power optimal one when accurate cal-
culations are performed, but suboptimal when partial product perforation
is applied.

Both SPP and MBE techniques are considered in our analysis. Regarding
the accumulation tree, the most common architectures are used: 1) Array,
2) Balanced delay, 3) Compressor 4:2, 4) Counter 7:3, 5) Dadda, 6) Dadda
with 4:2 compressors, 7) Redundant binary and 8) Wallace [103, 105, 106].
The Array is the simplest way to accumulate the partial products. It con-
sists of successive Carry-Save Adders (CSA) and has the least complexity
but the highest delay. The Wallace tree reduces to the least possible the
number of partial products in each layer and is theoretically the fastest
multi-operand adder. However, it has very complex interconnections that
do not permit practical implementations. The Balanced delay tree provides
a more regular routing and minimizes the number of wiring trucks. The
Compressor 4:2 tree has also a regular structure and sums the partial prod-
ucts as a binary tree does, using 4:2 compressors instead of CSAs. Unlike
the Wallace tree, Dadda makes the fewest reductions needed in each layer
and can achieve similar overall delay, but requires less gates. The Dadda
tree is based on 3:2 counters (full adders) but also 2:2 counters (half adders)
to reduce the hardware complexity. The Dadda 4:2 and Counter 7:3 trees
use the same reduction strategy with the Dadda tree using though 4:2 and
7:3 compressors, respectively. In the Redundant binary tree, the partial
products are in a redundant representation and the addition is performed
by redundant binary adders [107] in the form of a binary tree. A Carry
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Look-Ahead adder is used as the final adder in all multipliers. Figure 4.1
depicts some typical reduction schemes of the aforementioned tree architec-
tures and the respective perforated trees with configuration j=k=2. Using
the unit gate model [108], where the area/delay of a full adder is 7 area units
(au)/ 4 time units (tu), of a half adder 3au/2tu and of a 4:2 compressor
14au/6tu, the area of the Array is decreased by 112au and its delay by 8tu.
The respective values for the Wallace tree are 115au and 4tu. The delay of
the Dadda 4:2 and Compressor 4:2 is not decreased but their area decrease
is 127au and 112au, respectively.

Exploration and analysis: The flow used for our evaluation is summa-
rized in Figure 4.5. For our analysis, 16-bit unsigned multiplier architectures
are considered. Note that applying product perforation to signed multipli-
cation is performed similar to the unsigned one, except that we do not
perforate the last partial product. Therefore, no extra circuit is needed and
similar results are expected. They examined multipliers implemented in
structural Verilog and synthesized using Synopsys Design Compiler and the
TSMC 65nm standard cell library. We simulate the designs using Modelsim
and calculate their power consumption with Synopsys PrimeTime trigger-
ing the average mode of calculation. All the possible combinations of j and
k are explored and 1376 architectural configurations are examined in total.
The metrics measured for each design are the NMED, MRED, minimum
delay and, at the relaxed period of 2ns, its power consumption and area
complexity. In [101], a detailed power, area and delay characterization and
analysis of the examined perforated multiplier architectures has been per-
formed showing that the aforementioned metrics are scaling gracefully, i.e.
average slope -0.16%, -242% and -0.03% respectively, for increased values of
k.

Since power, area, and delay metrics scale differently for each multiplier
architecture when different error values are considered, we illustrate in Fig-
ure 4.6 the power–area Pareto curves for different NMED values in order
to distinguish the optimal designs. Pareto optimality is used for multi-
objective optimization of either synergetic or conflicting objectives. In this
case, the power and the area objectives are synergetic. However, as dif-
ferent multiplier architectures exhibit different gains when partial prod-
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Figure 4.5: The flow used to evaluate the Partial Product Perforation method on
different multiplier architectures.

uct perforation is applied to them, we plot Figure 4.6 that presents the
power–area Pareto optimal points under differing error bounds, consider-
ing as parameters the applied perforation configuration and the multiplier
architecture. As a result, for the presented error constraints, Figure 4.6
enables the selection of the optimal perforation configuration—multiplier
architecture pair concerning the desired metric (power or area). We con-
sider the NMED values of 10−4, 5× 10−4 and 10−3 which enclose a large
set of different partial product perforation configurations while keeping the
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Figure 4.6: The Power–Area Pareto curves for different NMED values.

error small. The respective MRED values of the designs can be derived
in a straightforward manner from the error equations presented in Section
4.2.2 utilizing the annotated j and k parameter values. The Dadda4:2[m]
architecture appears in all curves but with different product perforation con-
figuration (i.e., different j and k values), depending on the NMED bound.
The Dadda[0,2,m], Dadda4:2[0,3,m] and Dadda4:2[0,4,m] designs offer the
best power-area tradeoff when NMED takes the values 10−4, 5×10−4, and
10−3, respectively.

The partial product perforation method offers significant power, area, and
delay savings depending on the error bound and the multiplier architecture.
It can achieve up to 50% power, 45% area and 35% delay reductions for
only 0.1% error (i.e., NMED < 10−3). For example, when concerning the
Dadda4:2[m] architecture, the configurations appearing in the Pareto curves
(Figure 4.6) have area and power savings of 20% and 26% for NMED <
10−4, 32% and 37% for NMED < 5×10−4 and 44% and 49% for NMED <
10−3, respectively.

Aiming to elucidate the impact of partial product perforation on each multi-
plier architecture, we examine their power variation (i.e., the range of power
values) for a bounded error. Figure 4.7 presents the box plot diagram for all
the architectures with regard to power, considering all the product perfora-
tion configurations that result to NMED < 5×10−4. We plot Figure 4.7 in
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Figure 4.7: Box plots of power consumption for NMED < 5× 10−4.

order to characterize the impact of product perforation, i.e., differing perfo-
ration levels, in each multiplier architecture through its power distribution.
For presentation reasons, in the specific boxplot graph we excluded designs
considered as outliers. However, the outliers that are located lower than the
minimum whisker line, are forming the actual optimal design configurations.
The MBE-based architectures exhibit smaller variation and lower median
than the respective SPP-based ones. The lowest median and variation values
are observed for the counter7:3[m] architecture. Thus, its power consump-
tion for various perforation configurations is concentrated in a smaller range,
making its power behavior more predictable. The same conclusion is con-
firmed in Figure 4.6 where the counter7:3[m] for NMED values 5×10−4 and
10−3 is the Pareto optimal point with the lowest power. In Sections 4.4.1
and 4.4.1, the analysis considers the Dadda 4:2 architecture. The Dadda
4:2 appears in all the Pareto curves of Fig. 4.6 and achieves the lowest (or
close to the lowest) power consumption, among all the tree architectures
examined, for all perforation configurations.
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4.4 Experimental Evaluation

In this section, we extensively evaluate the efficacy of partial product perfo-
ration regarding both the circuit level implementation of approximate multi-
pliers as well as its application on real-life use cases.

4.4.1 Comparative Study on Circuit Level

In this section, we evaluate the efficiency of partial product perforation in
terms of power, area, and error, and we compare it with state-of-the-art
approximation techniques, which apply either truncation [56], logic approx-
imation [63] or the VOS technique [57]. Using the two inexact 4:2 com-
pressors of [63] at the 16 LSB columns, two approximate 16-bit multipliers
ACM1 and ACM2 are implemented in structural Verilog and synthesized
at 2ns using Synopsys Design Complier and PrimeTime. Error metrics cal-
culation is performed through exhaustive Matlab simulation. In order to
compare the partial product perforation with the VOS technique, we use
the Synopsys Composite Current Source model (CCS) [94]. CCS models are
proven to deliver signoff-level accuracy to within 2% of HSPICE simulation,
are designed to be scalable for voltage, temperature and process, and offer
better accuracy than the Non-Linear Delay and Power Models [94]. For
the exact multiplier architectures of Section 4.3, we scale the supply volt-
age from 1V (nominal) to 0.80V and measure their power consumption and
error metrics using 105 randomly generated inputs. Regarding truncation,
two truncated multipliers with variable correction [56] that use the Dadda
4:2 tree to accumulate the partial products are implemented. In the first
one (TR10) the 10 LSBs are truncated while in the second (TR16) the 16
ones. For the perforated multipliers, the error correction Method 1 (Section
4.2.2) is used.

Figure 4.8 presents comparative results on the power, area, NMED, and
MRED metrics after applying: i) the four different partial product perfora-
tion configurations, ii) the approximate compressors according to the tech-
nique presented in [63] (ACM1 and ACM2), iii) the VOS technique and iv)
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(a)

(b)

Figure 4.8: Comparison of partial product perforation with ACM1, ACM2 [63],
TR10, TR16 [56], and VOS [57] for (a) SPP and (b) MBE architec-
tures.
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the truncation (TR10 and TR16) on a 16-bit Dadda 4:2 multiplier using SPP
(Figure 4.8a) and MBE (Figure 4.8b). The examined perforated designs ex-
hibit different order of perforation (j variable) and they are on (designs
Dadda4:2[0,8,s] and Dadda4:2[1,5,s]) or close to (designs Dadda4:2[2,2,s]
and Dadda4:2[3,4,s]) the power-NMED Pareto optimal curve of the Dadda
4:2 architecture. Similar selection has been performed for the MBE-based
designs.

The proposed Partial Product Perforation for the SPP-based de-
signs, included in Figure 4.8a, delivers power savings of up to 49% and
area reduction of up to 40% compared to the respective accurate design,
while the NMED value is 6.5×10−4 at most and the MRED one goes up
to 1.1×10−2. The respective values for MBE-based configurations (Figure
4.8b) are 47% power savings, 38% area reduction, NMED 1.8×10−3, and
MRED 2.5×10−2. The approximate compressors multipliers ACM1,
ACM2 [63] with SPP (Figure 4.8a) have 15%, 20% power and 15%, 18% area
savings, respectively, over the accurate Dadda 4:2 multiplier. Their NMED
values are 2×10−5 and 1.5×10−5, while their MRED ones are 5.3×10−3

and 5.6×10−3, respectively. For the MBE (Figure 4.8b), ACM1, ACM2
have 16%, 23% power savings and 8%, 11% area reduction, respectively,
over the accurate Dadda 4:2 multiplier. Their NMED values are 2.4×10−4

and 1.6×10−4 while their MRED ones are 17 and 24 respectively. Regard-
ing the MBE-based designs, [63] is less efficient since less partial products
compared to the SPP technique are accumulated in the tree and and an
error occurring in one column has a greater impact on the output. VOS
does not deliver any area reduction, offering though significant power sav-
ings compared to the accurate design. When decreasing the supply voltage
of the SPP-based design to 0.80V (Figure 4.8a), the power consumption
is 1.06mW (i.e., 37.9% less than the accurate one). Similarly, the power
consumption of the MBE-based design (Figure 4.8b) is 0.94mW (i.e., 37.7%
less than the precise design). However, even for small power savings (10%
at 0.95V), the NMED and MRED values of VOS are too large, more than
0.65 and 10 respectively, as VOS errors are mainly impacting MSBs, re-
sulting to large ED. The truncated multipliers TR10 and TR16 [56],
when SPP is used, offer 14%, 46% power savings and 18%, 44% area re-
duction for 1.1×10−7, 1.2×10−1 NMED and 0.4, 0.8 MRED, respectively.
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(a)

(b)

Figure 4.9: a)The Probability Density Function of the ED for the ACM2 [63] and
the partial product perforation Dadda 4:2 multiplier with j = 1 and
k = 5. ED is in the Q0.32 number format (fixed point representation
of 32-bit integers in the range [0:1)). b) The respective Probability
Density Function of the RED.

The respective values for the MBE-based designs are 15%, 44% power sav-
ings, 20%, 46% area reduction, 2 × 10−5, 5.0×10−4 NMED and 4.2, 4.3
MRED.

On average, the partial product perforation configurations, illustrated in
Figure 4.8, exhibit lower MRED values than ACM2, but higher NMED.
The large NMED value of partial product perforation implies that it may
produce large ED. However, the small value of MRED shows that such
large ED is insignificant compared to the accurate result. The aforemen-
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Table 4.2: Ranking of the Savings and Errors of the Approximate Multipliers

Design Power Gain Area Gain NMED MRED
SPP MBE SPP MBE SPP MBE SPP MBE SPP MBE
[0,8,s] [0,4,m] 1 1 2 2 8 7 6 3

TR16 2 2 1 1 11 8 11 9
VOS 0.80 3 3 11 11 10 11 9 7
VOS 0.85 4 5 11 11 9 9 8 6

[1,5,s] [1,2,m] 5 6 3 6 5 3 2 2
ACM2 6 8 5 7 2 4 5 11

[3,4,s] [0,2,m] 7 7 7 5 6 1 3 1
ACM1 8 9 6 8 3 5 4 10
TR10 9 10 4 3 1 2 10 8

[2,2,s] [2,3,m] 10 4 8 4 4 10 1 4
VOS 0.95 11 11 11 11 7 6 7 5

tioned points can be further explained based on the error analysis of Section
4.2.2. As shown, the ED is proportional to the inputs and, thus, it can be as
large as the input numbers. However, RED = xB2j/B and since few par-
tial products are removed, the nominator is much smaller than B, resulting
to small relative error values. On the other hand, [63] produces smaller
ED, but its errors are of greater significance compared to the exact results.
This behavior is also captured by Figure 4.9 where the Probability Den-
sity Function (PDF) of the ED and RED for ACM2 and Dadda4:2[1,5,s]
is presented. ACM2 exhibits lower NMED but higher MRED compared
with Dadda4:2[1,5,s]. Figure 4.9a depicts the PDF of the ED for the afore-
mentioned multipliers. ACM2 has significantly greater error probability,
but its probable error values are concentrated in a smaller range. In con-
trast, the Dadda4:2[1,5,s] errors are spread to a wider range and have al-
most equal, but very low, probability to appear. Figure 4.9b depicts the
same graph for the RED metric. As presented in Figure 4.9b, ACM2[s]
produces larger RED values than Dadda4:2[1,5,s] and with greater proba-
bility.

97



Partial Product Perforation

To summarize, the partial product perforation technique shows significant
gains compared to the accurate design and state-of-the-art approximate
techniques. On average, compared to VOS, partial product perforation
configurations attain 3% lower power consumption and 96% lower MRED,
when SPP is used, and 9% and 99%, respectively, when MBE is used. Com-
pared to [63] for SPP schemes, their power consumption and their MRED
are 6% and 9% lower, respectively. For MBE schemes, the respective values
are 17% lower power and 3 orders of magnitude lower MRED. Compared
with the SPP truncation [56], the perforated multipliers of Figure 4.8 de-
liver on average 3% higher power for 99% lower MRED, while for MBE
the respective values are 4% lower power and 2 orders of magnitude lower
MRED. Finally, Table 4.2 offers a more straightforward comparison among
the examined approximation schemes, by ranking them according to their
savings and error metrics. The examined designs have been grouped in four
sub-groups each one with designs exposing similar power and/or error char-
acteristics. In each sub-group, the perforated multipliers deliver the lowest
power and MRED values and, in most cases, the lowest NMED and area as
well.

4.4.2 Comparative Study on Real Life Applications

In this section, we evaluate the efficiency of the proposed technique on real-
life use cases from the image processing and data analytics domains. For our
analysis, we consider the Canny edge detection [109] and Geometric Mean
filters from the image processing domain and the K-means clustering [110]
from the data analytics domain, respectively. All the examined algorithms
are implemented in C++, while for the image processing ones, OpenCV
library is used.

Geometric mean filter removes noise from images, offering better results
than the arithmetic mean filter for Gaussian type noise. The geometric
mean filter with parameter r filters an image by replacing each pixel’s value
by the geometric mean of the values of all the neighboring pixels that are in-
side a (2r+1)×(2r+1) block centred on that pixel. For our evaluation, the r
parameter is set to 3. We approximate the Geometric mean by replacing the
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(a) (b) (c)

(d) (e) (f)

(g)

Figure 4.10: The a) 16-bit input image and the result of the geometric mean fil-
ter using the b) accurate multiplier Dadda4:2[s], c) Dadda4:2[1,5,s]
w/o correction, d) Dadda4:2[1,5,s] w/ correction Method 1, e)
Dadda4:2[3,4,s] without correction, f) Dadda4:2[3,4,s] with correc-
tion Method 1 and g) ACM2.
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(a) (b) (c)

(d) (e) (f)

(g)

Figure 4.11: The a) 16-bit input image and the result of the Canny edge detec-
tion using the b) accurate multiplier Dadda4:2[s], c) Dadda4:2[1,5,s]
w/o correction, d) Dadda4:2[1,5,s] w/ correction Method 1, e)
Dadda4:2[3,4,s] without correction, f) Dadda4:2[3,4,s] with correc-
tion Method 1 and g) ACM2.
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multiplication between the pixels with an approximate 16 × 16 multiplier.
We used as input the 16 bits (16 bits/pixel) grayscale image depicted in Fig-
ure 4.10a. To evaluate the accuracy of the output images of the Geometric
mean we use the Peak Signal Noise Ratio (PSNR).

Canny edge detection [109] filter, is considered to be an optimal edge de-
tector. Specifically, i) it masks the image by applying a Gaussian filter
to remove the noise, ii) it calculates the gradient of the image to find the
edge strength, iii) it applies a non-maximum suppression to keep only the
local maxima, iv) it determines the potential edges by thresholding, v) and,
finally, it tracks edges by hysteresis, i.e, suppresses all the edges that are
weak and not connected to strong edges. The size of the Gaussian kernel
is 7× 7 with 1.1 standard deviation value and uses 16-bit fixed point arith-
metic. We approximate Canny edge by replacing the multiplication in the
Gaussian filter with an approximate 16 × 16 multiplier. We used as input
the 16 bits grayscale image depicted in Figure 4.11a. The percentage of the
edges detected using the approximate multiplier over those detected using
the accurate one is used as our quality metric.

K-means is a popular algorithm for clustering data points from a multi-
dimensional space into k clusters. It uses a two phase iterative method and
aims to partition the data points into sets, so as to minimize the within-
cluster sum of distance functions of each point in the cluster to the center.
We use the Euclidean distance as a distance function. We approximate the
K-means algorithm by replacing the multiplications in the calculation of
the Euclidean distance with an approximate 16 × 16 multiplier. We use a
random generated input dataset of 100,000 4-dimensional points with 16
bits per dimension. The input dataset is clustered in 100 clusters. To
evaluate the accuracy of the K-means algorithm we use the average relative
L2-Norm, i.e.,

〈 |xacc−xapprox|2
|xacc|2

〉
.

Similar to [60, 63], the approximate multiplier is considered as part of a
general processing system that implements the aforementioned algorithms.
The rest of hardware components (except the multiplier) are considered to
deliver accurate results and thus, any applications inaccuracy and energy
savings result from the usage of the approximate multiplier. The energy
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values of each multiplication operation are delivered by post-synthesis sim-
ulations of the approximate multipliers on the input data traces extracted
by the applications execution. Note that in the Canny edge detection and
Geometric mean algorithms the number of the multiplications depends only
on the image size and thus, it is the same for the accurate as well as the
approximate version of the algorithm. On the other hand, the iterations
performed by the K-means algorithm are not constant and as a result, the
number of multiplications in the accurate may differ from the ones in the
approximate version.

Figure 4.10 depicts both the input image and the output image of the ge-
ometric mean filter when using the accurate multiplier Dadda4:2[s], the
perforated multipliers Dadda4:2[1,5,s] and Dadda4:2[3,4,s] with and with-
out any correction method, and the approximate multiplier ACM2. Figure
4.11 shows the same images for the Canny edge detection. Table 4.3 summa-
rizes the values of the energy savings and quality metrics of each application
when using the aforementioned multipliers.

The use of the Dadda4:2[1,5,s] multiplier results in 85.95 dB PSNR for the
geometric mean and 91.04% edges detected for the Canny edge detection.
The application of the corrective Method 1 with the Dadda4:2[1,5,s] results
in a small decrease of the energy savings (7.41%), but delivers better out-
puts as the PSNR increases by 2.9% and the edges detected by 7.6%. The
Dadda4:2[3,4,s] multiplier detects the 84.79% of the edges and its PSNR is
89.93 dB. The use of correction Method 1 with the Dadda4:2[3,4,s] decreases
the energy reduction by 10%, detects 16.6% more edges, and increases its
PSNR by 3.1%. When ACM2[s] [63] is used, the output image has 86 dB
PSNR and 97.85% edges detected. When we compare Dadda4:2[1,5,s] with
ACM2, we observe that the former offers 25.6% higher energy reduction,
detects 7% less edges, and has the same PSNR as the latter. When we
compare ACM2[s] with Dadda4:2[3,4,s] using Method 1, we find that the
latter delivers 18.6% lower energy savings, detects 1.8% more edges, and
has 7.8% higher PSNR. Finally, when we compare Dadda4:2[1,5,s] using
Method 1 with ACM2[s], the former achieves 16.3% higher energy reduc-
tion, detects 0.5% more edges, and has 2.8% higher PSNR. Regarding to
the K-means algorithm, using a correction Method with product perfora-

102



4.4 Experimental Evaluation

Table 4.3: Evaluation of Partial Product Perforation in Image Process-
ing and Data Analytics Algorithms

Multiplier
Canny Edge

PSNR Energy Gain
(dB) (mJ)

Accurate Dadda4:2[s]a Inf. 0
Dadda4:2[1,5,s] 85.95 1.18× 10−3

Dadda4:2[1,5,s] - Meth. 1 88.45 1.09× 10−3

Dadda4:2[3,4,s] 89.93 8.51× 10−4

Dadda4:2[3,4,s] - Meth. 1 92.75 7.63× 10−4

ACM2[s] 86.00 9.38× 10−4

Geometric Mean
Edges Detected Energy Gain

(%) (mJ)
Accurate Dadda4:2[s] 100.00 0
Dadda4:2[1,5,s] 91.04 1.94× 10−2

Dadda4:2[1,5,s] - Meth. 1 98.33 1.79× 10−2

Dadda4:2[3,4,s] 84.79 1.40× 10−2

Dadda4:2[3,4,s] - Meth. 1 99.58 1.25× 10−2

ACM2[s] 97.85 1.54× 10−2

K-Means
avg. Relative L2-Norm Energy Gain

(%) (mJ)
Accurate Dadda4:2[s] 0 0
Dadda4:2[1,5,s] 5.08 18.94
Dadda4:2[1,5,s] - Meth. 1 5.08 18.04
Dadda4:2[3,4,s] 7.18 9.13
Dadda4:2[3,4,s] - Meth. 1 7.18 8.04
ACM2[s] 8.97 -6.06

aThe energy required for the accurate multiplication process in the Canny
Edge, the Geometric mean, and the K-means algorithm is 3.73 × 10−3mJ,
6.13× 10−2mJ, and 45.14mJ, respectively.
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tion does not deliver any quality improvement. This is explained by the
fact that in the Euclidean distance the multiplier is used as a squarer and
as a result swapping the multiplicands does not decrease the multiplica-
tion’s error. Moreover, we observe that using ACM2[s] in the K-means
algorithm does not offer any energy reduction. The implementation of the
K-means algorithm with ACM2[s] fails to converge and exits after reaching
a maximum number of allowed iterations. As a result, although ACM2[s]
has lower power consumption compared with the accurate multiplier, the
increased number of multiplications results in an energy increase of the K-
means algorithm.

4.4.3 Impact of Bit-width Scaling

In this section, we examine the scalability of the proposed technique in terms
of increased multiplier’s bit-width. More specifically, we study the impact
of scaled bit-widths, i.e. 16- up to 128-bits, on the proposed perforation
technique focusing on the delivered accuracy (NMED, MRED) and power
and area gains. We consider the Dadda 4:2 as our driver architecture solu-
tion and NMED ≤ 10−4 as our quality constraint. Figure 4.12a depicts for
each of the examined bit-widths the power and area reduction delivered by
the perforated Dadda 4:2 solutions in respect to their accurate designs. In
a complementary manner and for the same scaled bit-widths, Figure 4.12b
presents the NMED and MRED values when targeting 50% power reduc-
tion. Specifically, for NMED ≤ 10−4, the power and area gains for 16-bit
width is 21% and 31%, respectively. The respective gains in the case of 128-
bit width design scales up to 74% and 91% regarding to power and area,
respectively. Similarly, Figure 4.12b shows that for the same relative power
gain, i.e. 50%, the 16-bit solution delivers an NMED and MRED value of
1.95× 10−3 and 2.61× 10−2, respectively. For the 128-bit solution, NMED
and MRED reduce to 1.73 × 10−18 and 2.05 × 10−16, respectively. Thus,
partial product perforation offers better results as the multiplier’s bit-width
increases, i.e., higher power and area reduction for the same error constraints
or lower error values for the same power savings.

This good scaling behavior for increased multiplier’s bit-widths can be also
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(a)

(b)

Figure 4.12: Impact of multiplier’s bit-width scaling on partial product perfora-
tion. a) Power and area gains for NMED ≤ 10−4, and b) NMED
and MRED values when targeting 50% power savings.
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theoretically confirmed utilizing the error analysis of Section 4.2.2. Let
us assume two multipliers M1,M2 with different bit-widths n1, n2 with
n1 < n2 having the same j value for the partial product perforation. For
both multipliers to achieve the same NMED the following relation should
hold, according to Eq. (4.11):

2j(2k1 − 1)
4(2n1 − 1) = 2j(2k2 − 1)

4(2n2 − 1) =⇒ (2n2 − 1)
(2n1 − 1) = (2k2 − 1)

(2k1 − 1) . (4.31)

Given that n1 < n2 =⇒ k1 < k2. High k values imply the perforation
of more partial products. Thus, for two approximate multipliers with the
same NMED but different bit-widths, the higher the multiplier’s bit-width
the higher the the number of partial products that should be perforated,
and thus the higher the power gains achieved in respect to their accurate
counterparts.

4.4.4 Comparison with Approximate Partial Product Generation
Multipliers

In our publication in [101] we introduced the generation of approximate
multipliers by altering the multiplication algorithm and approximating the
partial product generation. Beyond our publication in [101], several works
were published that applied approximations on the partial products in or-
der to produce power-efficient approximate multipliers. In this section we
compare partial product perforation with the most notable and efficient (ac-
cording to the respective scientific literature) among them, i.e., [74,75,100].
For complicity reasons, we also incorporate in our comparison [66] that
similar to our technique modifies the multiplication algorithm to produce
approximate designs. Jiang et al. [74] proposed the R8ABM imprecise mul-
tipliers. [74] presented an approximate radix-8 booth multiplier that uses
an approximate adder for producing the 3×A partial product and uses the
truncation technique in the accumulation tree. Liu et al. [75], in order to
build the R4ABM approximate multiplier, designed approximate modified
(radix-4) Booth encoders by altering accordingly the respective K-Map and
used the approximate 4:2 compressors [63] in the accumulation tree. Since
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Figure 4.13: Comparison of 16-bit approximate multipliers that apply approxi-
mations on the partial product generation and/or the multiplication
algorithm. Several configurations per approximate multiplier are
considered. A color code is used to distinguish the configuration of
the different architectures.

approximations in partial product generation and in the partial product ac-
cumulation are synergetic, in the following comparative evaluation we focus
only on the approximations related to the generation of the partial products.
In [66] the DRUM multiplier is presented extending the idea of [65]. DRUM
modifies the multiplication algorithm and performs 6-bit multiplication in-
stead of 16-bit one. The latter is achieved by multiplying the multiplicand’s
and multiplier’s 6-bit segments that contain (and start with) the most sig-
nificant ‘1’ (leading one). In [100] we introduced a novel approximate hybrid
high radix encoding and proposed the imprecise RAD multipliers. In the
RAD multipliers the Most Significant Bits of the multiplicand are encoded
using the radix-4 encoding, whereas the k Least Significant Bits are encoded
using a radix-2k (with k > 4) encoding and we approximate the latter by
modifying accordingly its truth table. For more detailed information re-
garding these approximate multipliers [66, 74, 75, 100] and their evaluation
refer to our publication in [100]. In Figure 4.13 the energy–error trade-off
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of the examined multipliers is presented. As an error metric the MRED is
used and as an energy savings metric the relative energy with respect to the
accurate design. For every multiplier architecture several different config-
urations are considered with varying energy and error characteristics. All
the different configurations of every approximate multiplier (that refer to
the same technique) are color coded and depicted with the same color. For
example, the partial product perforation multipliers are colored in green.
The dashed grey line represents the Pareto front of the examined config-
urations, i.e., the configurations that feature the best energy savings-error
tradeoff. As shown in Figure 4.13, the Pareto front comprises only the par-
tial product perforation configurations and two of the RAD multipliers that
we proposed in [100]. Therefore, even compared with multipliers published
beyond our publication in [101] that also target the approximation of the
partial product generation, the proposed product perforation multipliers
constitute the most efficient approximate multiplier solutions in terms of
energy and error.

4.5 Conclusion

In this chapter, we presented the partial product perforation technique for
producing approximate hardware multiplier circuits. The proposed tech-
nique, by omitting the generation of a number of partial products, delivers
high area and power savings, while retaining high accuracy. Although the
code perforation is a well-known technique for software approximation, it is
applied for the first time on the design of hardware circuits, delivering, as
presented, very satisfactory and interesting results regarding to the power-
area-error trade-offs. Moreover, to the best of our knowledge, targeting
to create hardware approximate multipliers, our technique explored for the
first time approximations at the partial product generation. Through an er-
ror analysis, we analytically characterised the induced error metrics proving
that the error is bounded and predictable and we proposed two error correc-
tion methods that trade a small increase in power for high error reduction.
Regarding to the introduced error analysis, we manage to rigorously model
and analyze the induced perforation error for any input dataset-distribution,
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perforation configuration, and multiplier size. To the best of our knowledge,
such a rigorous analysis enabling error estimation over input data distribu-
tions, is presented for the first time. On top of that we can accurately
predict, for the first time, the output error (i.e., maximum, average, and
each multiplication’s separately) in an approximate multiplier circuit with-
out the need of simulation. In addition, the introduced error analysis is
not bound to a specific multiplier architecture and thus, it can be trans-
parently applied to every hardware multiplication scheme. This forms an
extremely important feature of product perforation technique, which un-
like other state-of-art approximation techniques, can be applied with error
guarantees to every multiplication circuit regardless of its architecture. Fur-
thermore, we provide an extensive experimental power-area analysis, on the
impact of the proposed product perforation technique over the design space
of the various multiplication architectures. To the best of our knowledge,
his is the first time that such an exploratory analysis over different approx-
imate multiplier architectures is offered to the reader/designer. Such an
exploration campaign, allows the designer not only to evaluate the tech-
nique and explore the savings it offers in each multiplier, but also to select
the optimum architecture – partial product perforation configuration com-
bination – for given error constraints. Moreover, this chapter offers a direct
comparison among a large set of the state-of-art different-level approxima-
tion techniques. We consider that through this extensive comparative study,
we offer to the prospective reader/designer the possibility to cross-validate
the efficiency of the currently available approximation techniques. Partial
product perforation is applied at the algorithmic level of the multiplica-
tion and more specifically at the generation of the partial products. In our
experimental evaluation we compare it with both techniques that target
the accumulation of the partial products (logic level [63], [69]) and tech-
niques that are applied at the circuit level (VOS [57]). We also compare
partial product perforation with approximate computing works published
beyond our publication in [101] that also target the approximation of the
partial product generation (i.e., [74, 75, 100]). In our experimental evalua-
tion, we showed that the proposed approach outperforms these state-of-the-
art works, achieving significant gains in power, area, and quality metrics of
image processing and data analytics algorithms. Finally, we showed that
partial product perforation is a scalable approximation technique, delivering
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better results as the multiplier’s size increases.
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Chapter 5

Multi-Level Approximate Arithmetic
Library: Hybrid Approximate
Multipliers

Approximate computing forms a promising design alternative for inherently
error resilient applications, trading accuracy for power savings. In this chap-
ter, we exploit multi-level approximation, i.e. at the algorithmic, the logic
and the circuit levels, to design low power approximate arithmetic architec-
tures for hardware multipliers. Motivated from the limited power savings
that approximation techniques can achieve in isolation, we explore hybrid
methods that apply simultaneously more than one techniques from different
layers. We apply partial product perforation for approximations at the mul-
tiplier’s algorithmic layer and we explore the newly defined design space of
hybrid approximate multipliers (HAM) showing that it leads to lower power
consumption at every examined error range. To address the increased com-
plexity of the target design space, we introduce an heuristic optimization
technique and the corresponding design HAM framework that automatically
generates hybrid approximate multipliers requiring a small number of design
evaluations, i.e. synthesis, simulation, power and timing analysis. Through
extensive experimentation, we show that HAM converges towards optimal
solutions and delivers approximate designs that are always more efficient
with respect to state-of-art approaches. Power savings of more than 30%
are reported moderate error bounds. This chapter is based on our publica-
tions in [41,99,101].
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5.1 Introduction

Power consumption is considered as a first class design concern of mod-
ern embedded electronic devices. Digital Signal Processing (DSP) units are
widely used in portable devices to implement multimedia algorithms, e.g.
image and video processing. Given that such applications produce outputs
for human consumption, their exactness is highly relaxed due to limited
human perception [67]. This inherent error resilience of these applications
allow approximate calculations to be performed by relaxing the numerical
exactness of such applications, thus significantly reducing their power dissi-
pation.

Arithmetic units such as adders and multipliers constitute the main units of
DSPs. Up to now, extensive research has been conducted on approximate
adders [57,59–61]. In [59], the authors showed that the statistically longest
carry chain in an n-bit adder is log2n, and produced a fast approximate
implementation limiting the carry propagation. An approximate adder de-
sign has been proposed in [60] comprising two partitions, an accurate and
an inaccurate one. However, research activities on approximate multipliers
are limited mainly due to their increased circuit complexity. Recently, [111]
proposed a systematic method to compensate the error of approximate arith-
metic circuits and applied it on a truncated multiplier, improving its error
metrics compared with related truncation schemes. [62] proposed an im-
precise 2x2 multiplier cell used as the basic block for constructing larger
multiplier architectures. In [63], the authors presented approximate 4:2
compressors, by modifying the respective accurate truth table, which were
then used to build two approximate multipliers outperforming [62]. Utilizing
approximate adders that limit carry propagation, [64] proposed a fast low-
power multiplier but with higher error than [63].

In this chapter, we target approximate multiplier designs that, given the
error bounds, push power gains to the limits. We introduce the adoption
of perforation technique [102], originally used in software, for approximate
multiplier design and then, we present HAM, a novel design framework,
that exploits multi-level approximation for designing power optimized hy-
brid approximate multiplier architectures. We show that even when ap-
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plying state-of-the-art approximation techniques in isolation, limited power
reductions are delivered. Motivated by this fact, we propose the explo-
ration of hybrid approximation techniques that apply simultaneously more
than one techniques. Through extensive experimentation, we prove that
for any given error range, the usage of the proposed hybrid approxima-
tion techniques delivers, in all cases, approximate multiplier circuits with
smaller power consumption than multiplier designs following the state-of-
art approximation strategies. We define the design problem of finding the
power-optimal hybrid approximate multiplier architecture subject to max-
imum error constraint and we show that its complexity is equivalent to
the “nonlinear nonseparable bounded integer” KNAPSACK [112]. We de-
vised an heuristic optimization procedure that exploits power-error ana-
lytical fitting models to produce optimized hybrid approximate multiplier
designs without resorting to costly synthesis, simulation and power calcula-
tion steps. For small error values, the designs produced by HAM consume
up to 11% less power than those with a single state-of-art approximation
technique, while for relaxed error values they deliver more than 30% power
savings.

The rest of this chapter is organized as follows: In Section 5.2, we intro-
duce the adaptation of perforation technique for approximate multiplier
design and we provide an overview of approximation techniques. In Sec-
tion 5.3, the problem of designing power efficient approximate arithmetic
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Figure 5.1: The approximation layers.
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circuits subject to error constraints is defined and the proposed cross-layer
design framework (HAM) for optimized hybrid multiplier architectures is
analysed. In Section 5.4, we experimentally evaluate our techniques prov-
ing their significance on moving towards more optimized solutions, exhibit-
ing better power-error trade-offs in respect to state-of-art approximation
approaches available in the literature. Finally, Section 5 summarizes this
chapter.

5.2 Analyzing the Design Space of Approximation
Techniques for Arithmetic Circuits

Approximation techniques can be applied over a set of different design lev-
els (Figure 5.1), i.e. (i) algorithmic-architectural, (ii) bit-structural and (iii)
circuit. Lower layers are enclosed in the upper ones, since the application of
approximate techniques in the former depends on decisions made in the lat-
ter. Algorithmic-architectural level approximation is achieved by modifying
the algorithm accordingly, namely by substituting some instructions with
simpler ones or even by avoiding to execute them [102]. In the bit-structural
level, the correctness of some circuits’ components is relaxed, thus, lower-
ing their power consumption, but producing imprecise outputs [60, 61, 63].
Approximation techniques at circuit level can be applied once the circuit
is implemented, i.e. the approximation is achieved by over-clocking or by
voltage over-scaling [57, 67]. The rest of the section analyses the approxi-
mation techniques associated with each of the aforementioned design lev-
els.

Driver circuit design: Without loss of generality, we considered the cir-
cuit of a Dadda multiplier implemented with 4:2 compressor tree [103] and
a carry look-ahead adder as the final adder (Figure 5.2). Both Simple Par-
tial Product (SPP) and Modified Booth Encoding (MBE) are considered
in our analysis. All the designs discussed hereafter are synthesized using
the Synopsys Design Compiler and the TSMC 65nm standard cell library
at a 500Mhz frequency. The designs are simulated using Modelsim and
their power consumption is calculated by Synopsys PrimeTime. For the
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Stage 1

Stage 2

Figure 5.2: Reduction strategy of an accurate 8-bit Dadda tree using 4:2 com-
pressors. The boxes with four dots are the 4:2 compressors, while
those with two are either full or half adders. The arrows represent
the output carries.

error evaluation, the metrics of Error Distance (ED)1, Mean Error Dis-
tance (MED)2 and Normalized MED (NMED)3 are considered as effective
metrics for quantifying the accuracy of approximate circuits [98]. Finally,
for the error calculation, an exhaustive simulation of all possible inputs is
performed.

5.2.1 Algorithmic Approximation

At the algorithmic level, approximation is performed through the omission
of instructions, i.e. the execution of a subset of the original operations. Tar-
geting this method of approximation, [102] proposed the loop perforation
technique which skips a number of loop iterations and results in executing

1The ED metric is defined as the absolute distance of the accurate product P and the
approximate one P ′, ED = |P − P ′|.

2The MED is the average of all EDs.
3NMED = MED/Pmax, where Pmax = (2n − 1)2 in the case of an n-bit multiplier

[64].
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Stage 1

Figure 5.3: The Dadda 4:2 accumulation tree after perforating the 2nd and 4th

partial products.

less computations, thus saving time and power, but producing inaccurate
outputs. Driven by the fact that hardware multiplication algorithms are
inherently iterative, we propose the adaptation of perforation techniques
for approximate multiplier design [101]. The result A × B of multiplying
two n-bit numbers A and B, is obtained after summing all the partial prod-

ucts Abi, where bi is the ith bit of B, thus A × B =
n−1∑
i=0

Abi2i. Inspired

from [102], we apply the perforation technique on a hardware multiplier. A
first approach would be to examine the removal of some bits from the par-
tial products (remove some dots from stage 1 in Figure 5.2) and to explore
all the possible combinations. However, this approach leads to an explosion
of the solution space. Therefore, we select and explore a more coarse grain
method, the perforation on entire partial products, in which the generation
of some products is omitted. If the jth, kth andmth partial products are per-

forated, the approximate multiplication result is A×B =
n−1∑
i=0

i/∈{j,k,m}

Abi2i. In

Figure 5.3 the accumulation tree of a Dadda 4:2 multiplier after perforating
the 2nd and 4th partial products is illustrated. The minimum order of the
perforated partial products is the order of perforation and their cardinality
is the length of perforation. A perforated partial product is not inserted in
the accumulation tree and, as a result, n full adders can be removed from
the tree, reducing its power consumption while producing approximate re-
sults. The greater the length of perforation, the greater the power decreases
and the error increases. Moreover, as the order of a perforated partial prod-
uct increases, so does the imposed error, as it affects more significant bits.
Trying to minimize the induced error when perforating with length more
than one, we perforate on successive partial products. There is no upper
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(a) Algorithmic level (product perforation)

(b) Logic level (approximate 4:2 compressors)

(c) Circuit level (VOS)

Figure 5.4: The variation of the power consumption with respect to NMED of
the approximate Dadda 4:2 multiplier when applying a) perforation,
b) the approximate 4:2 compressors, and c) VOS. The power of the
accurate multiplier with SPP and MBE is 2.24mW and 2.92mW, re-
spectively.
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bound on the power reduction that can be achieved using the perforation
method (all the partial products can be perforated), however, perforating
on many partial products makes the error enormous, rendering it infeasi-
ble. In Figure 5.4a the variation of the power consumption respectfully to
NMED when applying the perforation technique on the Dadda 4:2 multi-
plier is depicted. All the possible combinations of perforation that lead to
NMED < 10−3 are presented. The spikes in the graph are caused by the
increase in the order of perforation while its length is one and, at these
points, the power and error are greater than those at the previous adjacent
points. For this reason, for the rest of this chapter we consider an order of
perforation as reference and vary its length in order to retain the monotony
of the power-error curve. For more information regarding partial product
perforation refer to Chapter 4

5.2.2 Logic Approximation

A widely used technique is the logic approximation applied to the structural
level. This method targets mainly the simplification of a component’s logic
complexity (i.e. alteration of the truth table). The simplification of a unit’s
complexity reduces its power consumption, but induces computational er-
rors. In order to apply the logic approximation on a multiplier, we use
the approximate 4:2 compressor of [63]. Figure 5.5 depicts the gate level
representation of both the accurate [113] as well as the approximate [63]
4:2 compressor. Note that in the approximate one the output carry is not
calculated and is always ‘0’. Moreover, the accurate compressor features 52
transistors while the approximate one 26 [63], i.e., 50% transistor reduction.
The carry and sum values of the approximate 4:2 compressor are calculated
by:

sum = x1⊕ x2 + x3⊕ x4 (5.1)

carry = x1x2 + x3x4 (5.2)

By replacing the accurate compressors (the boxes containing four dots in
Figure 5.2) in a column of the Dadda 4:2 with imprecise ones, its power
consumption decreases, however so does the accuracy of the multiplier; the
more significant the column in which the compressors are replaced, the
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Figure 5.5: The gate level implementation of the a) accurate [113] and b) approx-
imate [63] 4:2 compressor

larger the error in the output. As a result, increasing the approximated
columns decreases the power by increasing the error. Figure 5.4b illustrates
the variation of the power consumption with respect to NMED and confirms
that the NMED increases and the power decreases with the increase of the
approximated columns. At lower error values of Figure 5.4b, the power de-
crease is faster than the error increase. This is explained by the architecture
of the Dadda 4:2 tree. Moving from the right to the center of the tree, the
number of the 4:2 compressors increases, while only the Least Significant
Bits (LSB) are affected. As a result, the power reduction benefits more than
the error increase. In contrast, moving from the center to the left, the num-
ber of the compressors in the columns decreases while the Most Significant
Bits (MSB) are approximated. Thus, the error increase is more significant
than the achieved power reduction. Finally, the power reduction attained
by the application of approximate compressors is bounded. Even when all
columns are approximated, the power consumption is 1.11 and 1.57 mW for
the SPP and MBE designs respectively.
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5.2.3 Voltage Over-Scaling

Voltage over-scaling (VOS) is applied at the circuit level. Unlike the other
two techniques, VOS can be applied to every circuit without the need of
special design or algorithm modification. VOS lowers the supply voltage
below its nominal value. Decreasing the supply voltage reduces the circuit’s
power consumption, but produces errors caused by the number of paths that
fail to meet the delay constraints [67], as qualitatively shown in Figure 5.6.
The number of paths that violate these constraints varies and depends on
the circuit’s architecture. However, the paths that cannot reach the delay
constraints are the longest ones and usually those that affect the MSBs of
the output. As a result, when errors are produced by the application of
VOS, they are of great significance compared to the accurate output. We
implemented the VOS technique on the Dadda 4:2 multiplier, by using the
Synopsys Composite Current Source model (CCS) [94]. CCS models have
been proven to deliver signoff-level accuracy to within 2% of HSPICE simu-
lation and are designed to be scalable for voltage, temperature and process
parameters. In addition, they offer better accuracy than the Non-Linear De-
lay and Power models [94]. Retaining the original path timing constraints,
we use CCS model to scale the supply voltage from 1V (nominal) to 0.80V
and measure its power consumption and error metrics. Figure 5.4c shows
the variation of the power consumption with respect to NMED. In average,
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Figure 5.6: Example of path violation when applying VOS.
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VOS delivers around 95% accurate results. However, whenever an error
occurs its magnitude is high. Finally, the power reduction is bounded by
the fact that the voltage supply cannot take lower values than the threshold
voltage.

5.2.4 The need for hybrid approximation techniques

Previous analysis indicated that the approximation methods described above
exhibit a variety of characteristics and power optimization potentialities.
More specifically:

• The VOS technique, despite delivering more than 95% exact results,
requires high decrease of the supply voltage in order to attain high
power reduction, inducing high error in the output.

• Logic approximation offers moderate, though considerable, power re-
duction for small error values when some LSB columns are approxi-
mated. However, approximating more than the half columns is prof-
itless, because it results in much faster error increase than the power
decreases. As a result, despite the fact that the approximate com-
pressors technique delivers small error, the achieved power reduction
is limited. Furthermore, the logic approximation shows worse be-
havior when the MBE technique is preferred for the partial product
generation.

• Finally, the introduced perforation method delivers significant power
reduction in exchange for a considerable error. More specifically,
for the MBE designs, it offers better results than the approximate
4:2 compressors. However, for the SPP designs and at smaller error
bounds, the approximate 4:2 compressors achieve lower power values.

Taking into consideration the limited power reduction offered by the afore-
mentioned approximation techniques, when they applied in isolation, we
have been highly motivated to examine the power optimization potential
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of hybrid designs generated by effective coordination of the aforementioned
techniques.

5.3 HAM: Design Optimization Framework for Hybrid
Approximate Multipliers

In this section we describe HAM, the proposed design framework that ex-
ploits multi-level approximation techniques to produce hybrid, low power
approximate multipliers. The target design optimization problem can be
formulated as follows:

min
x∈D

[
Power(x)

]
(5.3)

subject to [
NMED(x)

]
≤
[
Max_NMED

]
, (5.4)

where the optimization goal is to find the configuration x, i.e. combination
of approximation techniques that defines the overall design space D, that
minimizes power consumption for a given error constraint.

The computational complexity of our optimization problem increases signif-
icantly due to the need for an exhaustive search of all possible configurations
of each technique. To assess its complexity, our problem can be viewed as
a generalization of the well-known NP-complete KNAPSACK problem, i.e.
the “nonlinear nonseparable bounded integer” KNAPSACK [112]. We can
re-formulate the combinatorial problem of Eq. (1)-(2), by considering the
maximization of power reduction rather than the minimization of power.
The problem can be re-formulated as follows: given a knapsack (multiplier),
select an integer number of objects (each object maps to a specific configura-
tion of an approximation technique from each layer), each one with distinct
cost (multiplier error) and gain (power savings), such that their collection
will maximize the multiplier’s power savings under a given constraint on its
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output error. We consider that each object belongs to one of three categories
(VOS, perforation and imprecise compressors) and that when applied to the
multiplier (added to our knapsack), it has its own distinct effect on power
and accuracy. In contrast to the conventional KNAPSACK, the cost/gain
of each object is not constant and depends on the objects already placed in
the knapsack. Thus, we use:

x =< x1, x2, x3 >∈ N 3

to denote the objects selected and we formulate:

max
x∈D

[
Power_Reduction(x)

]
(5.5)

subject to [
NMED(x)

]
≤
[
Max_NMED

]
, (5.6)

where the nonlinear Power_Reduction(x) ∈ R denotes the total power re-
duction and the nonlinear NMED(x) ∈ R the total error. This formulation
corresponds to the definition of the nonlinear KNAPSACK problem. We
note that the functions Power_Reduction(x) and NMED(x) are not sep-
arable, as they depend on the combination of xi’s. Overall, the increased
complexity of this little-studied version of KNAPSACK problem mandates
the use of heuristic algorithms in practice [112].

In order to tackle the high computational cost, we developed an heuris-
tic optimization algorithm that approximates the optimal solutions after
a small number of synthesis/simulation runs. The proposed heuristic ex-
ploits/devises problem specific models to capture the behavior of the pa-
rameter space, i.e., configurations of approximation techniques, which are
subsequently used during iterative optimization. The goal of the regressive
models is to form an estimation proxy of the error and power to be further
used during optimization search and not to be an accurate calculation of
the error/power.

Error proxy of hybrid multipliers: Let us assume EP , EC , EV and OP ,
OC , OV to be the error functions and the multiplier output after applying
the perforation, the approximate compressors, and the VOS techniques. OA
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refers to the output of an accurate design, while EH refers to the error of the
hybrid design when the three approximation techniques are applied. The
perforation of some of the partial products results in skipping their genera-
tion and thus, they are not inserted in the accumulation tree. As a result a
new, smaller tree that performs correct calculations is used to accumulate
the remaining partial products and hence:

OA = OP + EP . (5.7)

Applying logic approximation to the new tree, i.e., replacing its exact 4:2
compressors with the approximate ones in some of its columns, induces a
new error to the accurate output of the new tree andOA becomes:

OA = (OC + EC) + EP . (5.8)

As mentioned in Section 5.2.3, VOS produces errors that mainly affect the
critical paths, which in multipliers are formed at the MSBs, while logic
approximation and perforation mainly affect the LSBs. Under this heuris-
tic assumption that VOS generates errors in higher bit-rankings, we can
write:

OA = (OV + EV ) + EC + EP . (5.9)

Hence, the final error EH of the hybrid design with the three techniques,
can be estimated by:

EH = OA −OV

= EP + EC + EV .
(5.10)

Power proxy of hybrid multipliers: Assume that RPP , RPC and RPV

are the respective Relative Power (RP) functions of applying the perfo-
ration, the approximate compressors, and VOS. For example the relative
power when applying only perforation is:

RPP = PP

PA
,

where PP is the power of the design when applying perforation and PA the
power of the accurate one.
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Similarly, for the RP, the perforation of some of the partial products re-
duces the power of the tree by a percentage that depends on the length of
the perforation. The application of logic approximation on the new tree
further reduces its power by a percentage that depends on the number of
the compressors that are replaced, i.e., for λ approximated compressors over
N compressors in total:

PC = PP ×
λ

N
(5.11)

and thus:

RPH = PC

PA

= RPP ×
λ

N
.

(5.12)

Finally, applying VOS on a circuit decreases its power consumption by a
factor k:

k = (V1/V0)2,

where V0 is the nominal voltage and V1 is the decreased voltage, that de-
pends only on the percentage of its supply voltage decrease.

Therefore, applying VOS on the previous approximated tree with perfora-
tion and logic approximation will deliver a relative power for the hybrid
design:

PH = k × PC . (5.13)

Hence,

RPH = k × λ

N
×RPP

= RPV ×RPC ×RPP .
(5.14)

Validation of error and power proxies: In order to evaluate the accu-
racy of our regressive estimators, we calculate through synthesis and simu-
lations the error and power of every hybrid model and compare it with the
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Figure 5.7: The proposed HAM framework. Its inputs are the multiplier archi-
tecture and the error bound W.
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values obtained from the proposed estimators. The resulting mean square
error (MSE) for the error estimator EH is 1.2 × 10−9 and that of the RP
estimator RPH is 6.7 × 10−4. Taking into account that the error of all
hybrid designs is greater than 3.8 × 10−6 and their RP is greater than
2× 10−1, the proposed estimators are considered to offer satisfactory accu-
racy.

Design exploration and optimization: In Figure 5.7 the proposed
framework is presented. The first step of HAM is to calculate the error
and the RP functions of each approximation technique. We synthesize and
simulate the accurate multiplier and four different configurations for each
(single) technique and measure their power consumption and error. Using
the points created, a regression curve is calculated to estimate each of the
aforementioned functions. Since each of the examined approximation tech-
niques preserves monotony and convexity regarding to the error and power
values, the four points sampling is considered enough to produce accurate
regression. For a 16-bit Dadda 4:2 multiplier with SPP, Figure 5.8 illus-
trates the measured points (black dots) and the regression lines (red ones)
for each function . Table 5.1 presents the resulted regression lines and their
respective MSEs. The MSE of each regression line is very low, verifying
that the error and RP of each technique can be estimated precisely with
only four points.

In Table 5.2 the accuracy of the proposed error/power estimators using as
inputs the resulted regression lines from Table 5.1 are evaluated in compar-
ison with: i) the same estimators trained with the overall design space, and
ii) with well known regression techniques, i.e. Quadratic and Linear Re-
gression, Regression Trees and a Neural Network with 10 neurons, trained
with 13 points. As expected, the proposed estimators, have larger MSE
when they use the regression lines than when they use the real measured
power and error of the single technique approximate multipliers. Neverthe-
less, their MSE is still very small. Moreover, estimators using the regression
lines require only 13 synthesis/simulation runs for training. In comparison
with the rest estimators, trained with 13 hybrid designs, it is shown that
these generalized regression models attain worse accuracy than the proposed
estimators using the regression lines. Finally, we have to note that in order
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(a) (b)

(c) (d)

(e) (f)

Figure 5.8: The computed regression lines of the perforation a) error b) Rela-
tive Power (RP), the approximate compressors c) error d) RP and
VOS e) error f) RP. The black dots are the points resulted from the
simulations performed by HAM in step 1.
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to solve the hybrid approximate multipliers’ optimization problem, retain-
ing the relative order (in terms of power-error) of the hybrid designs is more
important than precisely estimating their exact error and power values. The
Pearson correlation coefficient of the proposed error and power estimators
(using the regression lines as inputs) is 0.86 and 0.97, respectively. These
very high correlation values show that our estimators exhibit a strong uphill
linear relationship with the estimated values and that they efficiently cap-
ture the power-error ranking of the hybrid designs.

Table 5.1: Regression Lines of a 16-bit Dadda 4:2 Multiplier

Regression Lines MSE
E′P (p)a = 2× 10−6e0.79p 1.3× 10−10

RP ′P (p) = −0.057p+ 1.003 7.5× 10−5

E′V (v)b = 2× 10−4e0.16v 7.4× 10−7

RP ′V (v) = −0.019v + 0.9826 1.6× 10−5

E′C(c)c = 6× 10−11e0.74c 5.5× 10−8

RP ′C(c) = −0.0015c2 + 0.013c+ 0.97 1.4× 10−3

ap is the length of the perforation.
bv is the percentage decrease of the voltage vupply.
cc is the number of columns where logic approximation is applied.

Table 5.2: Comparison of the Error and RP Estimators

Estimator Error-MSE RP-MSE
Proposed Estimators using
measured power/error

1.2× 10−9 6.7× 10−4

Proposed Estimators using
regression lines

5.9× 10−7 1.0× 10−3

Quadratic regression 1.3 6.1
Linear regression 7.2× 10−1 1.0× 10−1

Regression Trees 2.4× 10−1 1.1
Neural Network 6.5× 10−1 5.6× 10−1
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Algorithm 2 is an heuristic optimizer used to find the quasi-optimal configu-
ration of approximation techniques for the specified error bound. This algo-
rithm estimates the power and error of all the possible configurations of the
hybrid designs using the proposed estimators and the previously calculated
regression lines. The evaluation of their power and error characteristics is
performed over the analytical RPH and EH proxies, and thus is performed
very fast (i.e., a matter of seconds using Matlab). Then having estimated
the error and power values of all the designs, Algorithm 2 sorts them in
ascending error values. After the sort procedure, te first hybrid design with
estimated error less than or equal to the error bound is extracted. This
design is synthesized and simulated in order to evaluate its “real” error. In
the case that its “real” error is not less than the upper bound, an iterative
modified binary search procedure is invoked, in order to efficiently find the
first hybrid design F that features “real” error (calculated through simula-
tion) less than or equal to the error bound. Then, among the hybrid designs
with estimated error less than or equal to the estimated error of F , those
with the least estimated RP (if more than one) are synthesized and simu-
lated. Finally, among all the synthesized and simulated hybrid designs (with
“real” error less than the error bound) during this procedure, the one with
the the minimum “real” power is the output of the algorithm/framework.

The proposed HAM framework does not depend on the multiplier’s archi-
tecture nor the multiplier’s width. The perforation and VOS techniques are
directly applied on any architecture while the 4:2 compressors can replace
any two successive full adders of the accumulation tree. The multiplier’s
width affects only the number of different configurations, and the only in-
teraction between HAM and the input architecture is during the performed
syntheses-simulations. In addition, the proposed optimization is scalable
since searching is performed over analytical regression models. The sam-
pling for training the models could be amenable to scalability issues. How-
ever, the error and power functions of each technique are strictly monotone
retaining convexity independently from the bitwidth, thus, accurate regres-
sion can still be performed with a limited number of samples. Hence, the
proposed HAM framework can be applied to any multiplier architecture and
size without any efficiency loss.
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Algorithm 2 Returns quasi-optimal hybrid designs for specified error
bounds
INPUT: Estimator Functions: EH(p, c, v), RPH(p, c, v)

perforation values: p ∈ [pmin, pmax]
logic approximation values: l ∈ [lmin, lmax]
VOS values: v ∈ [vmin, vmax]
Error Bound: MaxError

# Estimate the error and RP of every hybrid design
1: for all p, c, v do
2: AllHybrids←add(new Hybrid(p, c, v, EH(p, c, v), RPH(p, c, v)))
3: end for

# Sort the hybrid designs for ascending error
4: SortedError ← sort(AllHybrids, error)

# Find the first hybrid design with estimated error ≤ MaxError
5: f ← search(SortedError, MaxError)

# Among the hybrid designs with estimated error ≤ MaxError,
# find the first design F with “real” error ≤ MaxError

6: SimT ← synth&sim(SortedError[f])
7: if SimT.Error > MaxError then
8: imin ← 0, imax ← f
9: while imin < imax do
10: imid ← (imin+imax)/2
11: SimR ← synth&sim(SortedError[imid])
12: (SimR.Error ≤ MaxError)? imin ← imid + 1:imax ← imid - 1
13: end while
14: f ← imid
15: end if

# Among the designs with estimated error ≤ estimated error of F,
# find those with the minimum RP and synthesize-simulate them

16: SortedPower ← sort(SortedError[0:f], power)
17: for i←0 to f do
18: if SortedPower[i].RP = SortedPower[0].RP then
19: powerCandidates.add(synth&sim(SortedPower[i]))
20: end if
21: end for
22: return min (powerCandidates, power)
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5.4 Experimental evaluation

In this section we experimentally evaluate the efficiency of the proposed
techniques, by providing comparative results against an exhaustive full-
search exploration of all the possible hybrid designs, thus, proving the ne-
cessity and optimization potentials exposed by the adoption of hybrid ap-
proximation solutions. Moreover, we examine the efficacy of the proposed
methodology to fastly extract (close to) Pareto optimal hybrid multipliers.
Finally, we evaluate the efficacy of multi-level approximate multipliers by
comparing them with the single-technique ones for specific error bounds. In
the full-search exploration, more than 7000 hybrid designs in total (includ-
ing both the SPP and MBE designs) have been evaluated, which translate
to more than 3 weeks of experiments on an intel i7-2600k workstation with
16GB of RAM.

To create a hybrid approximate multiplier, first we select the perforation
configuration, we perforate the selected partial products and generate the
new accumulation tree. Then, we select the number of columns to be further
approximated with logic approximation and in these columns we replace all
the exact 4:2 compressors with the approximate ones. Finally, we synthesize
the circuit that resulted from the previous two steps and decrease the supply
voltage to the desired value. If only two approximate techniques of the
possible three are applied, the respective step from the previous ones is
omitted.

Figure 5.9 depicts the power - error (NMED) results of: i) all the explored
hybrid designs, and ii) all the designs with only one approximate tech-
nique, that feature NMED < 10−2. Each point in the graph represents a
design with different configuration for each approximate method, grouped
through the use of different colors. The points with the same color cor-
respond to the application of the same approximate techniques, e.g. the
yellow point constitute the application of both the perforation and the ap-
proximate 4:2 compressors on the multiplier. Different yellow points repre-
sent approximate hybrid designs with different configuration for either the
perforation or the number of columns in which the imprecise compressors
are used.
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(a)

(b)

Figure 5.9: The relative power and error of all the single technique and hybrid
approximate designs with NMED < 0.01 when a) SPP and b) MBE
is preferred.
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The blue line is the output of HAM. As shown in Figure 5.9, for both the
SPP and the MBE designs, the application of hybrid approximate techniques
exhibits higher quality design solutions. For the same error value, the lowest
power is achieved by a hybrid design and there is no error region in which
a single approximate technique achieves a (local) minimum. The hybrid
designs produced by the framework are close to the optimal ones (Pareto
points of Figure 5.9) that resulted from the conducted exploration, and are
always below (or equal to) the approximate design with only one technique.
For example, for the SPP designs and for error bound NMED = 3× 10−5

the hybrid multiplier produced from HAM, consumes 11% less power than
the single-technique design with the least power. For NMED = 3 × 10−4

and NMED = 7 × 10−3 the power savings are 30% and 48% respectively.
When the MBE is preferred, for error bound NMED ≥ 5×10−4 the power
savings are more than 41%. For the error bounds examined in Figure 5.9
the proposed framework required 13 syntheses-simulations to calculate the
regression lines and then an average of 4.71 syntheses-simulations to pro-
duce its output. The latter translates to an average speedup of 254× for the
SPP hybrid designs and 140× for the MBE ones. The delivered speedup
is defined by the different number of configurations that have to be ex-
plored in the exhaustive exploration, i.e., multiplier’s width and the partial
product generation method. For larger, multiplier sizes this speedup is ex-
pected to increase significantly. Finally, for low error values, hybrid models
with two approximate techniques exhibit the lowest power values, while
for larger ones, the hybrid designs that apply all three techniques attain
the minimum power consumption. In conclusion, for small error values,
the hybrid designs achieve lower power values than those with only one
technique and for larger error values, they can offer further power reduc-
tion.

In Table 5.3, for two different error bounds, the hybrid designs produced
by HAM are directly compared with the approximate designs that apply
the state-of-art techniques of [63] and [57]. For maximum error 3.0× 10−5,
among the single-technique designs, logic approximation on 17 columns of-
fers lower area and power than perforation (with length 3), while VOS is
not applicable as it cannot offer error less than this bound. The output of
HAM is a hybrid design that applies perforation with length 3 and logic
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Table 5.3: Evaluation of the Hybrid Designs at 500Mhz

Error Bound Design Area (um2) Power (mW)

3.0× 10−5

Hybrid (3,16,1.00) 2340 1.46
Logic Approx. (17) 2737 1.64

Product Perforation (3) 2842 1.86
VOS - -

4.0× 10−3

Hybrid (7,17,0.85) 1615 0.72
Logic Approx. (25) 2261 1.17

Product Perforation (10) 1507 0.92
VOS (0.82) 3401 1.12

approximation on 16 columns but does not apply VOS. This hybrid design
attains 15% and 18% lower area than logic approximation and perfora-
tion and its power consumption is 11% and 22% lower, respectively. For
higher error bound (4.0 × 10−3), among the single-technique designs, VOS
with 0.82V supply voltage achieves lower power than logic approximation
on 25 columns, while perforation with length 10 delivers the lowest area
and power. The hybrid design resulting from HAM applies perforation with
length 7, logic approximation on 17 columns and VOS with 0.85V. Compar-
ing this hybrid design with VOS and logic approximation, it achieves 53%
and 29% lower area and 36% and 38% lower power respectively. Finally,
compared with perforation, the hybrid design delivers 22% lower power but
7% more area.

Concluding, as shown in Figure 5.9 and Table 5.3 the hybrid multipliers
constitute more efficient approximate design solutions compared to the sin-
gle technique ones, delivering more energy and area efficient solutions for
the same error bounds. The attained power and area savings depend on
the error bound and as the quality requirements become more relaxed the
hybrid multipliers are expected to deliver significantly higher gains. How-
ever, as shown, the induced complexity of generating optimal multi-level
approximate multiplication circuits that satisfy an error bound is very high.
The proposed methodology and the proposed power and error proxies tackle
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this limitation and deliver very fast (more than 140× faster) close to opti-
mal solutions. Finally, this delivered speedup is expected scale up as the
multipliers size increases.

5.5 Conclusion

In this chapter, we address the problem of power-optimal approximate hard-
ware multipliers that, for given error bounds, push power gains to the limits.
We introduce multi-level approximation in the design of approximate com-
puting arithmetic circuits and explore hybrid techniques that apply more
than one approximate methods. The proposed hybrid approximate mul-
tipliers apply partial product perforation at the algorithmic level, approx-
imate 4:2 compressors at the logic level, and voltage over-scaling at the
circuit level. The design efficiency of the hybrid multipliers is evaluated by
performing an exhaustive design exploration of all the hybrid and single-
technique designs; showing that multi-level approximation (based on the
error bound, applying two or three techniques simultaneously) produces
more efficient approximate multiplier solutions. For the same error values,
compared to the single-technique ones, the hybrid multipliers feature less
power consumption as well as area complexity. Moreover, the delivered
gains of the hybrid multipliers are expected to scale up as the multiplier’s
size and/or the error bound increase. Although the multi-level approximate
multipliers are proven to constitute more efficient solutions, the design com-
plexity of generating optimal approximate hybrid multipliers that satisfy an
error constraint is very high. As shown, the size of the design space of hy-
brid multipliers (i.e., the number of the all the possible combinations of per
technique configuration) is vast, even for a small 16-bit multiplier. Further-
more, the size of the design space increases significantly with respect to the
circuit’s (multiplier’s) width. In this chapter, we presented the HAM frame-
work, a design optimization framework that requires only a small number
of synthesis and simulation runs to provide quasi-optimal solutions. We
extensively evaluated the proposed heuristic framework and showed that
it produces hybrid multiplier designs that closely follow the Pareto-front
curve. HAM operates over analytical models using the proposed power-
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error proxies and thus, all the evaluations are performed very fast. Com-
pared to the exhaustive exploration, the HAM delivers very high speedup
(more than 140×) in producing quasi-optimal hybrid designs. Our method-
ology can be applied to any multiplier architecture and, as presented in our
experimental evaluation, produces hybrid designs that feature significantly
less power consumption compared to existing state-of-the-art approximate
multipliers. Finally, in a similar manner, HAM can be extended to sup-
port other arithmetic operators such as adders and subtractors (refer to
Chapter 6) enabling the generation of a multi-level approximate arithmetic
library.
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Chapter 6

Multi-Level Approximate Hardware
Accelerator Synthesis

Approximate computing forms a promising paradigm shift for energy ef-
ficient design by aggressively decreasing power consumption of inherently
error tolerant applications. However, approximate computing architectures
exacerbate the design complexity due to the diversity of inexact techniques
and their impact on final circuit implementations. In this chapter, we intro-
duce approximate accelerator synthesis which enables efficient inexact cir-
cuits implementations by leveraging the incorporation of diverse multi-level
approximate techniques. We show the high efficiency of multi-level approx-
imate accelerators and present METHADONE, a systematic approach for
integrating multi-level approximation in accelerator synthesis under error
and voltage island constraints. METHADONE applies multi-level approxi-
mation in very fine granularity in complex accelerator synthesis and, com-
pared to the exhaustive exploration, produces, more than 589× faster, close
to Pareto-optimal solutions. Additionally, METHADONE provides an ef-
ficient solution to the Voltage Islands Grouping problem originating from
applying voltage over-scaling in such a fine granularity. METHADONE
seamlessly extends typical behavioral/RTL synthesis tools and automatically
selects the optimal multi-level configuration, relieving the programmer of
this burden. The optimality and efficiency of METHADONE is evaluated
against exhaustive design space exploration, showing, also, that it outper-
forms related state-of-the-art single-level techniques. This chapter is based
on our publication in [88,114,115].
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6.1 Introduction

Approximate computing has gained a lot of attention for energy efficient sys-
tem design. Considering that a large number of application domains exhibit
an intrinsic error resilience, approximate computing appears as a promising
solution to improve their energy profile [86]. In such applications the 70%,
on average, of their energy consumption is spent in amenable to approxi-
mation computations [116]. The key idea of approximate computing is to
exploit this intrinsic error resilience and relax the accuracy of those compu-
tations to attain significant energy savings [117]. Recently, high interest is
shown in the design of hardware approximate accelerators [41,58,76–79,86].
It is demonstrated that applying multiple approximation techniques in a co-
ordinated manner leads to extremely improved circuit implementations in
terms of energy efficiency [41, 86]. Notably, applying Voltage Over-Scaling
(VOS) in cooperation to other approximate techniques leads to more ef-
ficient solutions [41]. The logic and algorithmic approximate techniques
reduce the circuit’s delay and decrease the number of critical paths [71].
Hence, applying VOS can further reduce the power consumption, at the
cost of a small error increase, since fewer paths are affected by the voltage
decrease [41,81]. Despite the high efficiency of multi-level approximation, its
exploitation in the hardware approximate accelerator synthesis still remains
an open issue due to the increased complexity and non-trivial interference
effects among the differing approximations.

Hardware approximation mainly targets arithmetic circuits [41, 61, 63, 86,
117, 118], while research activities on more complex circuits, e.g., accelera-
tors, are limited. Designing approximate hardware accelerators under error
constraints heavily increases design time cycle due to the increased require-
ments for verifying both functionality as well as operating within the error
bounds. To address this complexity, recent research focuses on automating
the generation of approximate circuits. Given a set of feasible approxima-
tions, an approximate synthesis framework has to solve the optimization
problem of assigning to the circuit components the respective approximate
techniques and their configuration that minimize the energy, while satisfy-
ing the overall error bound. In example, when considering precision scaling,
approximate synthesis has to annotate every arithmetic operation with the
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respective numerical accuracy so that the energy is minimized and the er-
ror constraint is respected. Probabilistic pruning and logic minimization
techniques are presented in [58], using a greedy algorithm to generate ap-
proximate circuits. These techniques eliminate circuit’s components and
simplify logic complexity according to the circuit’s activity profile and out-
put significance. Approximate adders are generated in [71] by reducing the
carry chains and then decreasing accordingly the voltage value. In [99] the
authors build architecture independent approximate multipliers by skipping
the generation and addition of some partial products. In [76] and [77] the
authors systematically synthesize logic approximate circuits by exploiting
the “don’t care” conditions. [78] applies several approximate transforma-
tion operators on the circuit’s behavioral description and through a greedy
approach identifies their optimal combination. The authors in [79] propose
approximate accelerator synthesis through precision scaling using an integer
linear programming problem formulation. [81] extends [79] and incorporates
also voltage scaling to leverage the critical path delay reduction. However,
in [71,81] voltage reduction is not used as an approximation method, mainly
due to the increased complexity of modeling-quantifying errors due to VOS,
limiting thus, the potential energy savings obtained by aggressively decreas-
ing the voltage value. All the aforementioned state-of-the-art works exhibit
several limitations since they are either very time consuming and/or do
not leverage the full spectrum of approximate computing techniques. They
mainly focus on the application of a single type of approximation to avoid
design complexity, neglecting, thus, the potential benefits originated by the
synergetic incorporation of multiple approximation techniques to structure
the final accelerator circuit, e.g., none of these works incorporates logic and
algorithmic approximations as well as VOS.

In this chapter, we leverage multi-level approximation to be effectively ex-
ploited in accelerator synthesis, thus drastically extending its scope. We
present METHADONE, a framework for approximate accelerator synthesis,
that given a behavioral specification and an error constraint produces the re-
spective power-optimal multi-level approximate accelerator. The major con-
tributions of this chapter are summarized as follows:

• We show that in the design of hardware approximate accelerators,
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multi-level approximate designs constitute more efficient solutions com-
pared to single-level ones in terms of both power and error solutions.

• We extend multi-level approximate arithmetic library of [41] to sup-
port addition and subtraction operators.

• We introduce fast and efficient techniques for fine-grained exploration
and synthesis of multi-level approximate accelerators.

• We enable optimized accelerator implementations under voltage island
constraints.

The proposed framework seamlessly extends typical behavioral and/or RTL
synthesis tools by operating on the scheduled Data Flow Graph. We show
that it provides significant speedup in synthesis time, more than 589×, de-
livering approximate accelerator solutions that follow closely the “exact”
Power-Error Pareto-optimal design curve. Moreover, for the same error
bounds, it delivers more power efficient solutions, 34% on average, compared
to single level state-of-the-art approximate techniques.

The rest of this chapter is organized as follows: Section 6.2 describes the ap-
proximate arithmetic library that is used in the proposed METHADONE
framework. Section 6.3 discusses the optimization problem of generating
multi-level approximate accelerators, presents METHADONE and describes
the approach we followed to address this problem. In Section 6.4 we ex-
perimentally evaluate the proposed framework in terms of optimality and
performance in generating Pareto-optimal solutions as well as examining
the efficiency of multi-level approximate solutions. Finally, Section 6.5 con-
cludes this chapter, summarizing our findings and the major contributions
of the proposed framework.
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6.2 Multi-Level Approximate Arithmetic Library

At the core of the proposed approximate accelerator synthesis framework
is a library of approximate arithmetic components. For each arithmetic
module, the library contains a set of feasible implementations with differing
power-error characteristics. To generate the library components, we extend
the approach presented in [41] and given the accurate circuit description
of an arithmetic operator and an error constraint, we return the respective
power-optimal multi-level approximate design that satisfies the error bound.
The approximate library supports also adders and subtractors, in addition
to multipliers [41]. Approximation is applied in three distinct layers, i.e.,
the algorithmic, the logic, and the circuit. For the approximate multipliers,
partial product perforation [99] is applied in the algorithmic level, while
in logic level, inexact 4:2 compressor of [63] is used. For the approximate
adders/subtractors, truncation is used in the algorithmic level and the ap-
proximate full adder of [61] is used in the logic level. In both cases, VOS is
applied for approximations in the circuit level. VOS is applied to any circuit
by keeping the operating frequency constant and decreasing the supply volt-
age below its nominal value [41]. The voltage decrease reduces the power
consumption significantly, but erroneous outputs are generated due to the
circuit paths that fail to meet the time requirements [92]. Figure 6.1a depicts
the transistor implementation of the accurate full adder and Figure 6.1b the
respective one of approximate full adder used in our library. As shown, the
accurate full adder requires 24 transistors while the utilized approximate one
only 11, i.e., 54% transistors reduction. The accurate outputs (Sum and
Cout) of a full adder (Figure 6.1a) are given by:

Sum = A⊕B ⊕ Cin (6.1)

and
Cout = AB +BCin +ACin. (6.2)

On the other hand, the Sum and Cout of the approximate full adder (Figure
6.1b) are calculated as follows:

Sum′ = ĀCin +BCin (6.3)
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and

C ′out = A. (6.4)

Equations 6.3 and 6.4 result to three errors in the calculation of the Sum
output and two errors in the Cout computation.
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Figure 6.1: The transistor level implementation of the a) accurate [61] and b)
approximate [61] full adder.
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In the proposed METHADONE framework, to avoid the design space ex-
plosion of the possible approximate configurations, only one state-of-the-art
technique is used at every layer to build the final approximate accelerator.
However, in a similar manner and without loss of optimality, METHADONE
can be extended to support more than one approximate techniques at every
layer. Note that the approximate techniques adopted in our library can be
straightforwardly applied to any multiplier and adder/subtractor architec-
tures. Partial product perforation [99] and truncation [56] are independent
of the circuit’s architecture and can be applied out-of-the-box to the re-
spective circuit. The approximate full adders [61] can be seamlessly used
instead of any accurate full adder and the approximate 4:2 compressors [63]
can replace any accurate 4:2 compressors or two consecutive full adders.
Finally, Voltage Over-Scaling [88] is a general approximate technique that
can be transparently applied to any circuit.

Similar to the analysis presented in Chapter 5 for the hymbrid approxi-
mate multipliers (Figure 5.9), Figure 6.2 depicts, for a 16-bit ripple carry
adder, the power - error (NMED) results of: i) all the hybrid adder designs,
and ii) all the designs with only one approximation technique, that feature
NMED < 10−2. Each point in the graph represents a design with differ-
ent configuration for each approximate method, grouped through the use of
different colors. Furthermore, the blue line is the output of the proposed
framework. As shown in Figure 6.2, similar to the hybrid approximate
multipliers (Figure 5.9), the application of multi-level approximation tech-
niques in the design of approximate adders produces higher quality design
solutions. For the same error value, the lowest power is achieved by a hybrid
approximate adder and there is no error region in which a single approxi-
mate technique achieves a (local) minimum. Moreover, as illustrated, the
proposed framework (blue line) efficiently captures the power-error Pareto
front derived by the exhaustive design space exploration. In the case of the
approximate adders (Figure 6.2), the Mean Square Error value of the error
(NMED) and power estimators is 2.95× 10−5 and 2.19× 10−3, respectively.
Finally, the respective Pearson correlation coefficients are 0.87 and 0.99,
showing that the proposed estimators efficiently capture the power-error
ranking of the hybrid approximate adders.
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Figure 6.2: The power and error of all the single technique and hybrid approxi-
mate designs with NMED < 0.01 for a 16-bit ripple carry adder.

Figure 6.3 shows the derived Pareto optimal configurations with Mean Rel-
ative Error Distance [99] (MRED)≤10%, for an 8-bit Dada multiplier [63]
and a 16-bit ripple carry adder. For readability reasons, in every segment
(e.g. between 5% and 6%), if more than one configurations exist, only the
one with the lowest relative power is depicted. The vector [L, A, V ] de-
clares the approximate configuration, i.e. L: number of columns (starting
from the Least Significant Bit (LSB)) where logic approximation is ap-
plied, A: number of the perforated LSB partial products (truncated LSB)
in multiplication (addition), and V : Voltage supply (Vdd) applied, with
1V being the nominal Vdd. As shown, the majority of the Pareto con-
figurations apply approximations in every approximate computing layer,
i.e., proving the importance of multi-level approximation in circuit effi-
ciency.

The approximate arithmetic library of METHADONE supports adder, sub-
tractor, and multiplier circuits. However, in similar manner, it can be ex-
tended to support also dividers. Adders, subtractors, multipliers, and di-
viders constitute the core and most complex components of all the Digital
Signal Processing (DSP) applications [119] and, considering that DSPs are
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perfect candidates for applying approximate computing [86], we cover a wide
range of approximate computing applications.

Figure 6.3: Pareto optimal configurations for MRED≤ 10%, of a) an 8-bit Dada
multiplier and b) a 16-bit ripple carry adder. The vector [L, A, V ]
denotes the multi-layer approximate configuration, i.e., level of logic,
algorithmic approximation (L, A) and Voltage supply (V ) (nominal
Voltage: 1V).
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6.3 METHADONE: Multi-lEvel approximaTe
HArDware acceleratOr syNthEsis framework

The proposed framework, presented in Figure 6.4, accepts i) the behavioral
specification of the kernel, ii) the global error bound of the accelerator, and
iii) the number of the supported voltage islands and produces a power op-
timized approximate accelerator design operating within the specified error
bounds.

Given the hardware description of the accelerator, METHADONE operates
on its scheduled Data Flow Graph (DFG), that can be provided either man-
ually by the designer or produced by HLS tools [120] after the scheduling
and biding is performed. Each node of the DFG corresponds to a potential
hardware operator. At first, the global error constraint of the the overall
accelerator is distributed to the different nodes of the DFG. Targeting to
exploit the efficiency of multi-level approximation, after the completion of
the error distribution phase, a selection of the approximation techniques
and their configuration is applied to every DFG node. Finally, a voltage is-
land formation step is performed delivering a power optimized approximate
accelerator design compliant with the respective error and voltage island
constraints. The proposed framework is described more comprehensively as
follows:

Error Distribution and Multi-Level Approximation Selection: In
METHADONE, we combine the tasks of error distribution and selection of
the multi-level approximation. Algorithm 3 assigns an approximate multi-
level configuration to every node so that the DFG error bound is satisfied
and its power dissipation is minimized. Each node’s approximate configu-
ration defines the node’s unbiased error value, i.e., the node’s error value
when its inputs are accurate. Therefore, having assigned an error value to
every node, we estimate how the error is propagated in the DFG by gener-
ating a DFG specific analytical error model, ErrorDF G. The output error
of a node is related to its own unbiased error (the error produced by the
node when its inputs are accurate, i.e., unbiased from the error propagated
to the node by its inputs) and to the error value of its inputs (error gener-
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Figure 6.4: The proposed framework for multi-level approximate accelerators.
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ated by previous approximate nodes). For this reason, to model the error
propagation among the DFG nodes, we train an Artificial Neural Network
(ANN), exploiting its ability to capture efficiently both linear and non-linear
error distributions. In order to accomplish this, we leverage the fact that,
after assigning a multi-level approximate configuration to a DFG node, we
know its error when its inputs are accurate (form the approximate library).
Therefore, to estimate the error propagation in the DFG, we generate sev-
eral (but a limited number) different DFG configurations (aka nodes with
differing multi-level approximation configurations) and calculate the overall
DFG output error. The ANN model is trained on realistic DFG output
errors, produced by first synthesizing the approximate (algorithmic, logic)
DFG configuration and then applying a VOS-aware simulation on the post-
synthesis gate-level netlist. The obtained results in coordination with the
unbiased error value of every node are used to train the ANN to predict the
DFG output error with respect to the unbiased error of every node. In order
to fast and accurately estimate the power and error characteristics of circuits
under VOS, we use the Synopsys Composite Current Source model (that
delivers within 2% HSPICE accuracy) and our proposed simulator in [88]
and extensively described in Chapter 3. The latter enables VOS-aware cir-
cuit simulations at gate-level and compared to SPICE accurate simulations
delivers very high power/error accuracy (more than 98% on average) while
attaining significant simulation time speedup (32× on average). Consider-
ing the vast variety of the different multi-level approximate configurations
and high latency SPICE simulations [92], using [88] is mandatory in the
implementation of METHADONE.

Generalized error distribution techniques [44] can be utilized straightfor-
wardly. However, in this work, we leverage the basic principle of Pareto
optimality found in multi-level approximate arithmetic library1 to further
reduce the execution runtime by pruning (without loss of optimality) the
design space of approximate DFG configurations. The latter is achieved by
limiting each DFG node to be configured only with an error-power Pareto
configuration of the corresponding multi-level approximate arithmetic li-
brary generated using [41].

1Pareto optimality ensures no other configuration to exhibit lower power consumption
for the same error constraint
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In more detail, Algorithm 3 generates the multi-level approximate arith-
metic library [41] of every DFG arithmetic node. It then produces K dif-
fering DFG instances by randomly sampling separately the configuration of
each DFG node over the Pareto frontier associated with the respective DFG
node. Each of the K DFG instances is synthesized and simulated using VOS-
sim [88] to obtain its ‘power and error values. Then, the aforementioned
ANN is trained to model the overall DFG’s output error as a function of the
DFG’s nodes unbiased error values (which are obtained from the arithmetic
library). For estimating the overall DFG’s power consumption, Pp =

∑
i(Pi)

is used as a power proxy, where Pi is the power dissipation of DFG node i,
taken from the arithmetic library. The approximate power-error Pareto set
of the overall DFG is derived by iteratively searching over the ErrorDF G

and Pp analytical models. Specifically, a binary search is employed on this
power-error Pareto front to identify the configuration with error less or

Algorithm 3 Power optimized DFG nodes error annotation and multi-level
approximation assignment

Input: 1. DFG,
2. Error Bound eB,
3. Power model Pp

4. Training size K
1: ArithmeticLibrary ← For every DFG node generate the power-error

Pareto-optimal multi-level approximate configurations according to [41]
2: TrainConfigurations ← generate K random DFG configurations by as-

signing to every node a Pareto configuration from the ArithmeticLibrary
3: DFGsimulation ← Synthesize & Simulate TrainConfigurations to com-

pute the DFG error and power.
4: ErrorDF G ← train ANN over [TrainConfigurations, DFGsimulation]
5: Estimate power & error of all DFG configurations using (ErrorDF G,Pp)
6: DFGParetoCurve← extract the Pareto front using the estimated values
7: DFGopt ← Binary search over the DFGParetoCurve. Find the DFG

configuration with highest error eo s.t. eo ≤ eB. In each step of the
binary search, the DFG is synthesized and simulated to compute its
“exact” error.
return DFGopt

151



METHADONE

equal to the error bound. Convergence towards optimality of the proposed
algorithm is guaranteed through the inherent monotonicity of Pareto spaces
and the high accuracy of the utilized models. During the binary search, a
SPICE-accurate simulation of the DFG configuration under investigation is
performed to accurately compute its error value.

Finally, we note that syntheses and simulations are invoked only for gener-
ating the approximate library, for training the ANN, and during the binary
search. All the rest of the evaluations are performed over the analytical
models, being thus, very fast.

Voltage island formation: Supporting operators with VOS approxima-
tion introduces voltage heterogeneity, since different inexact components
may feature different Vdd values. However, the maximum number of al-
located voltage islands is usually constrained by either technological or
area/power efficiency constraints. Voltage Island Grouping (VIG) forms
the final step of METHADONE aiming to limit the number of accelerator’s
voltage islands in a power efficient manner. Considering that decreasing
the Vdd of a component increases its assigned error (i.e., violating the error
constraint), VIG is only allowed to increase a component’s Vdd. Thus, VIG
solves the optimization problem of grouping and assigning the Vdd of the
different approximate arithmetic units in voltage islands, while minimizing
the power increase due to their Vdd increase. The VIG optimization problem
is formulated as follows:

min
(
PDF G(V ′1 , ..., V ′n)− PDF G(V1, ..., Vn)

)
(6.5)

subject to: ∣∣{V ′1 , ..., V ′n}∣∣ ≤ IC and V ′i ≥ Vi, (6.6)

where n is the number of the DFG nodes, IC is the voltage island constraint,
PDF G is the power consumption of the DFG, Vi is the known Vdd of node
i given from Algorithm 3, and V ′i is the decision variable, i.e., the new Vdd

assigned to the node i for the grouping process. In order to reduce the
time-complexity of this optimization problem, we reformulate it as follows:
the power proxy of Algorithm 3 Pp =

∑
i(Pi) is reused in order to prohibit

the optimizer to resort to costly syntheses, simulations, and power analyses.
However, although Pi(Vi) has been computed in the first step of Algorithm 3
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Algorithm 4 Power optimized VIG under error constraints

Input: IC: Voltage island constraint,
2. V1, ..., Vn: Vdd assigned to the DFG nodes from Algorithm 3,
n: number of the DFG nodes

/*I is the set of all the possible Vdd values*/
1: I ← {distinct(V1, ..., Vn)}

/*S is the set of the Vdd values after VIG. S ⊆ I.
2: S ← {max(I)}
3: for r=1; r < IC; r++ do

/*IC Vdd values can be selected in total*/
4: for all v∈I do

/*examine if v will be included in the solution*/
5: for i=1; i ≤ n; i++ do
6: V ′i =min(t∈S ∪{v} s.t. t≥Vi)

/*since max(V1, ..., Vn)∈S there is always a valid value for V ′i */
7: end for
8: evaluate P est

DF G(V ′1 , ..., V ′n)
9: end for

/*select the v that minimizes P est
DF G*/

10: k ← v that minimizes P est
DF G

/*add it to the solution set*/
11: S ← S∪{k}

/*remove it from the next iteration’s possible values*/
12: I ← I/{k}
13: end for

return S, V ′i =min(t∈S s.t. t≥Vi)

(arithmetic libraries generation), Pi(V ′i ) is unknown. Therefore, Pi(V ′i ) is
approximated by the model used in [41] for estimating a circuit’s power
consumption under VOS, i.e., Pi(V ) = ci × V 2. Hence, PDF G(V ′1 , ..., V ′n) is
estimated by:

P est
DF G(V ′1 , ..., V ′n) =

∑
i

(ci × V ′2i ). (6.7)
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Finally, ci is replaced by Pi(Vi)/V 2
i and (6.5) is written as:

min
(∑

i
Pi(Vi)×

(V ′i
Vi

)2
−
∑

i
Pi(Vi)

)
. (6.8)

Since V ′i ≥ Vi, (6.5)-(6.6) are reformulated as follows:

min
∑

i
Pi(Vi)×

(V ′i
Vi

)2
(6.9)

subject to: ∣∣{V ′1 , ..., V ′n}∣∣ ≤ IC and V ′i ≥ Vi. (6.10)

We solve this optimization problem using the greedy Algorithm 4 where
we have to select IC different Vdd values and the cost of the selection is
given by P est

DF G. The output of Algorithm 4 is a set S of IC distinct values
and the voltage value of every DFG node i (V ′i ) after VIG is given by
V ′i = min(t ∈ S s.t. t≥ Vi). Briefly, Algorithm 4 iterates IC times (line 3)
and in each iteration evaluates the selection cost (6.9) for all the possible
voltage values, i.e., ∀v ∈ I (line 4). In every iteration, it selects the element
k that minimizes the selection cost (line 10), adds k to the solution set and
removes it from the possible voltage values of the next iteration (lines 11-
12). Solving the VIG optimization problem using exhaustive exploration, in
the worst case where all the nodes feature a different Vdd value, requires n!
circuit simulations. On the other hand, Algorithm 4 requires, in the worst
case, (n−1)×...×(n−IC+1) evaluations of P est

DF G.

6.4 Experimental Evaluation

In this section, we experimentally evaluate the efficiency and optimality
of METHADONE by providing comparative results with respect to both
i) conventional approximate accelerator design considering only single-level
approximation, as well as ii) multi-level approximate accelerators derived
by exhaustive full-search exploration strategy.
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The following benchmarks are considered: i) a 3 stage pipelined 3×3 matrix
multiplication [63], ii) a 5 stage pipelined sobel filter [116], and iii) a 8 stage
pipelined 1-D Discrete Cosine Transform (DCT) [61]. These benchmarks are
representative approximate computing use cases, widely used in state-of-the-
art works [86,116]. Matrix multiplication is a core kernel of machine learning
and digital signal processing [63, 116], while sobel and DCT are typical
image processing benchmarks [61, 116]. These domains exhibit high error
resilience [86], being thus, perfect candidates for approximate computing.
For every benchmark, two random generated input datasets of 50,000 inputs
are used (one for the training and one for the evaluation of our framework).
All the experiments are conducted on a cluster of 3 dual Intel Xeon E5-
2658A servers with 128GB RAM each. The logical ’1’ is set to 0.7V, the
logical ’0’ to 0.3V and voltage related information (e.g., voltage islands and
value) is described using the Unified Power Format (UPF). Although UPF
supports level shifters, they are not used in our implementations in order
to avoid the induced overhead. Approximate configurations that result to
unknown states due to VOS, are considered to have infinite error value.
Industrial strength tools are used for the syntheses and simulations, i.e.,
Synopsys Design Compiler and Prime Time, Mentor Questasim, and the
TSMC 65nm standard cell library. For every design, its relative power is
reported with reference to the respective accurate one and its error value
is calculated through exhaustive VOS-aware simulation. All the designs
are synthesized and simulated at the critical path delay of the respective
accurate one and the compile ultra command is used for the synthesis. When
applying VOS the voltage value (Vdd) is decreased by 1%-20%, i.e, typical
values in approximate computing [92].

In order to evaluate the optimality of the proposed framework, we compare
the designs produced by METHADONE with the “exact” Pareto-optimal
designs derived through exhaustive full-search design space exploration, i.e.,
solving the optimization problem of finding the power optimal multi-level
approximate configuration that satisfies the error bound with brute force.
For error bounds ranging from 1% up to 10%, Figure 6.5 compares in a
graphical manner the DFG configurations produced by METHADONE with
the Pareto-optimal ones provided by exhaustive design space exploration
for the sobel filter and matrix multiplication benchmarks. In the exhaus-
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Figure 6.5: The power-error Pareto optimal DFG configurations, for error bounds
from 1% to 10%, produced by the proposed framework and by exhaus-
tive design space exploration for the Sobel and matrix multiplication
benchmarks.

tive exploration, the designs’ power and error characteristics are obtained
by performing SPICE-accurate simulations (i.e., golden result) [71, 81, 92]
using Synopsys CustomSim. In our optimization framework, we precisely
estimate the power and error values of the examined designs by performing
post-synthesis VOS-aware timing simulations using [88]. Then the designs
extracted by METHADONE are simulated using CustomSim to obtain their
“exact” power and error values. In order to perform SPICE simulations the
gate-level netlist produced by Design Compiler is fed to Mentor Calibre to
generate the SPICE netlist and the latter is simulated using CustomSim.
To focus on the effectiveness of the optimization Algorithm 3, no voltage
island constraints are considered in Figure 6.5. It is observed that for both
benchmarks the designs produced by the proposed METHADONE frame-
work are very close to the ones derived by exhaustive exploration. This is
also confirmed by the low Mean Square Error (MSE) values of the utilized
error and the power analytical models, i.e., 9× 10−5 and 6× 10−7 and the
respective Pearson correlation coefficients are 0.90 and 0.98. The MSE and
Pearson values of the error and power models of the proposed framework are
evaluated over the overall design space of the exhaustive exploration. Com-

156



6.4 Experimental Evaluation

pared to the exhaustive exploration, for the matrix multiplication bench-
mark, METHADONE trained with 120 configurations attained a speedup
of 589×. The respective speedup for the the Sobel filter, trained with 200
configurations, is 1827×. The speedup gain mainly depends on the DFG
size (i.e., DFG configurations that must be synthesized and simulated in
the exhaustive exploration), the number of the configurations used to train
the ANN, and the simulation time speedup delivered by [88]. As a result,
for accelerators with larger DFGs, higher speedups are expected. Selecting
the size of the ANN training dataset is subject to machine learning the-
ory, but we show that even for small training sizes (120 configurations in
matrix multiplication and 200 configurations in the Sobel filter) the MSE
values of the error estimator are very small. Note that without using [88] to
perform VOS-aware simulations, the delivered speedups would drop to 34×
and 63×, respectively. Considering the increased time needed to perform
SPICE-accurate simulations for the DCT benchmark (58h per simulation)
and the large number of its possible multi-level approximate configurations,
we haven’t performed an exhaustive design space exploration for this bench-
mark.

In Figures 6.6 and 6.7, the efficiency of applying multi-level approximation
for inexact accelerator design is evaluated by comparing it with existing
state-of-art single level techniques, i.e., logic approximation (approximate
full adders [61], approximate 4:2 compressors [63]), algorithmic approxima-
tion (perforation [99], truncation), and VOS, when applied in isolation. We
note that among these techniques, only the algorithmic approximation can
be applied directly on the circuit’s DFG without the need of our frame-
work. In Figure 6.6, for the matrix multiplication and sobel benchmarks,
we depict all the multi-level configurations as well as the single-level ones
that resulted from the exhaustive exploration and feature an error value of
5% ≤ MRED ≤ 10%. As shown, for both benchmarks, the multi-level ap-
proximate designs (coloured in grey) constitute far more efficient solutions
compared to the single-technique ones (coloured in black). In Figure 6.6,
for every error value it always exists a multi-level approximate design that
features at least 10% less power consumption compared to the most effi-
cient single-technique one. In Figure 6.6, similar to Figure 6.5, no voltage
islands constraint is considered. On the other hand, in Figure 6.7, different
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(a) Matrix Multiplication

(b) Sobel

Figure 6.6: The approximate multi-level (in grey) and single-technique (in black)
configurations of the a) matrix multiplication and b) sobel bench-
marks that exhibit error value (MRED) between 5% and 10%.
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Figure 6.7: Comparison of METHADONE (with varying IC values) with state-
of-art single layer techniques for error bounds 5% and 10%. The pro-
posed solutions apply inexact techniques from every approximation
layer.

voltage island constraints are examined. For error bounds 5% and 10%, the
relative power (power of approximate/power of accurate) of the designs pro-
vided by METHADONE is compared against the single level approximation
techniques. In single level approximation, an exhaustive exploration is per-
formed in order to find the best single-level DFG configuration, i.e., satisfies
the error bound and delivers the highest power reduction. As shown, for
every benchmark and error bound, the solutions provided by the framework
outperform the single-level techniques even in the worst case, where only
one voltage island is permitted (IC=1). For example, for error bound 5%
and when no island constraint is applied, the designs produced by METHA-
DONE exhibit 61%, 40%, and 49% less power consumption compared to the
accurate design for the Sobel, matrix multiplication and DCT benchmarks,
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respectively. Compared to the most efficient single-level approximate tech-
nique the respective values are 24%, 9%, and 20% less power consumption.
When IC=1 the respective power gains slightly decrease, attaining the val-
ues of 60%, 39%, 48.5% and 22%, 8%, 19%. For error bound 10% and for no
IC contain, the proposed framework produces solutions with 71%, 57%, and
57% lower power consumption than the accurate design and 43%, 21%, and
30% less power consumption compared with the most efficient single-level
approximation. Finally, note that even for very small DFG graphs, e.g.,
graphs with only one node, the proposed METHADONE framework pro-
duces more efficient solutions, e.g., as shown in Figure 6.3 the Pareto front
of both the approximate adders as well as multipliers consists of multi-level
approximate configurations.

The Sobel filter, that mainly uses adders and subtractors, achieves higher
power reduction compared to the other two benchmarks. This is because ad-
dition attains higher power savings compared to multiplication when multi-
level approximation is applied, as presented in Figure 6.3. Finally, Sobel and
DCT that feature larger DFGs than matrix multiplication, exhibit higher
power reduction compared to the single-level approximation techniques. As
shown in Figure 6.3, multi-level approximation of arithmetic components
is more efficient than the single-level one and for the same error bounds
achieves higher power reduction. Therefore, the more arithmetic nodes in
a DFG, the more efficient solutions METHADONE can produce compared
to single-level approximation.

Finally, for the matrix multiplication benchmark, Table 6.1 presents an
example of the Vdd values assigned from VIG (Algorithm 4) to every DFG
node. Compared with the exhaustive exploration for solving the voltage
islands grouping problem, the MSE value of P est

DF G used in VIG is 7.81×10−7.
Furthermore, for the specific benchmark and the error bounds, Algorithm
4 returned exactly the same solutions with the exhaustive exploration. For
error bound 10%, Algorithm 3 produced a solution with 4 different Vdd

values (in 5 nodes). Applying VIG with IC 3 down to 1 increases the
power consumption by 0.2%, 1%, and 3%, respectively, compared to the
design with no voltage islands constraint. Similarly, for error bound 5%,
the initial solution comprises 3 voltage islands and when VIG is applied
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Table 6.1: Vdd assigned from VIG to the Matrix Multiplication DFG.

Error Bound IC M1a M2 M3 A1 A2 Power Overhead

5%

no 0.98 0.98 0.98 0.92 0.94 -
3 0.98 0.98 0.98 0.92 0.94 0%
2 0.98 0.98 0.98 0.94 0.94 0.5%
1 0.98 0.98 0.98 0.98 0.98 2%

10%

no 0.97 0.97 0.95 0.91 0.93 -
3 0.97 0.97 0.95 0.93 0.93 0.2%
2 0.97 0.97 0.97 0.93 0.93 1%
1 0.97 0.97 0.97 0.97 0.97 3%

aM1-M3 are multipliers and A1-A2 adders. Power Overhead is reported with respect
to the configuration with no island constraint.

with IC 2 and 1, the power consumption is increased by 0.5% and 2%,
respectively.

6.5 Conclusion

In this chapter we propose METHADONE, an approximate synthesis frame-
work that leverages the efficiency of multi-level approximation for producing
energy optimal hardware accelerators. The proposed framework takes into
consideration both error and voltage island constraints, exploits analytical
power and error models to distribute the error budget to the data flow graph
(DFG) nodes, and produces their approximate counterpart. METHADONE
extends the approximate framework HAM, presented in [41], to support also
multi-level approximate addition and subtraction besides the originally tar-
geted multiplication. However, and most importantly, this does not form
the main contribution of this chapter. Specifically, even though multi-level
approximation is proposed in [41] for a specific family arithmetic circuits, i.e.
multiplier, its possible benefits haven’t been yet explored in larger and more
complex hardware designs like accelerators. The application of multi-level
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approximation in the hardware accelerator design is not trivial and hasn’t
been comprehensively analyzed in the related literature. Although some-
one could make assumptions regarding the possible benefits of multi-level
approximate accelerators, the production of multi-level approximate accel-
erators that satisfy a given error bound has not been efficiently addressed.
The latter is verified by the limited research in multi-level approximate ac-
celerator synthesis (especially the lack of VOS application) and by the size
of the design space of multi-level approximate accelerator synthesis. We
further note that the design space size can explode according to the acceler-
ator’s DFG size, thus we strongly believe that the introduction of automated
exploration, optimization and synthesis techniques for efficient approximate
accelerator architectures are considered of great importance in the design
and approximate computing community. The main novelties and contri-
butions of this work can be summarized as follows: We apply for the first
time multi-level approximation in very fine granularity in complex hardware
accelerator synthesis and demonstrate its efficiency. Furthermore, we pro-
vide a synthesis framework (METHADONE) to support efficient multi-level
approximation in accelerator design, producing very fast (more than 589×)
close to optimal solutions (with respect to the exhaustive design space explo-
ration). Additionally, we propose an efficient solution to the Voltage Islands
Grouping problem originating from the VOS application in such a fine gran-
ularity. Finally, the proposed framework can seamlessly extend typical be-
havioral and/or RTL synthesis tools (it operates on the circuit’s DFG) and
automatically selects the optimal approximate configuration, relieving the
programmer of this burden. The optimality and efficiency of the proposed
framework is compared with respect to exhaustive design space exploration,
showing, also, that it outperforms single-level state-of-art approximate tech-
niques and proving the efficacy of multi-level approximation in the design
of approximate hardware accelerator circuits.
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Chapter 7

Conclusions

This chapter discusses the conclusions derived from this Ph.D. Thesis. It
also summarizes the novelties and presents the future extensions of the
dissertation.

7.1 Summary of Ph.D. Thesis

We are at the threshold of an explosion in new data, produced not only by
large, powerful scientific and commercial computers, but also by the billions
of low-power devices of internet connected devices. Energy efficiency is now
a first-class design constraint in the ICT domain and radical departures
from conventional approaches are needed to sustain and further improve
the performance and efficiency of the computing systems. Approximate
computing forms a radical paradigm shift in systems design and operation,
based on the idea that we are hindering computer systems’ efficiency by
demanding too much accuracy from them. Considering that a large num-
ber of application domains are inherently tolerant to imprecise calculations,
approximate computing appears as a promising solution to reduce their
power dissipation. This inherent error resilience of these applications allows
approximate calculations to be performed by relaxing the numerical exact-
ness of such applications, thus significantly reducing their energy profile.
However, resilient applications are not a license for computing systems to
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abandon predictability in favour of arbitrary errors. Approximate comput-
ing should be carefully applied, in a disciplined manner, delivering accuracy
guarantees. In this thesis, we focus on the design of hardware approximate
accelerators and our goal is to efficiently address some of the major problems
and limitations of the respective field:

• Limited research on energy efficient approximate multiplication cir-
cuits.

• Provide architecture/circuit independent approximation techniques.

• Maximize the energy savings of an approximate accelerator with re-
spect to satisfying the error constraints.

• The increased requirements for verifying functionality, as well as op-
erating within the error bounds greatly increase the design time cycle
of approximate hardware accelerators.

• Design automation of power-optimal approximate hardware accelera-
tors under error constraints.

In this thesis, motivated by these limitations and having as our main objec-
tive to provide automated solutions that enable efficient and straightforward
application of approximate computing in the design of imprecise hardware
accelerators; we presented a general approximation technique for generating
approximate multipliers, i.e., Partial Product Perforation, and four auto-
mated frameworks, i.e., VOSsim, Partial Product Perforation framework,
HAM, and METHADONE.

Hereafter, we present a brief summary of our work, the introduced nov-
elties and how through the proposed frameworks we addressed the afore-
mentioned problems. VOSsim operates over widely used, industry strength
tools and can seamlessly extend typical hardware design flows. VOSsim can
be used as an alternative to SPICE-level simulations, and by performing
voltage-aware simulations at gate-level, it delivers very fast (34× faster on
average) and accurate quantification of the power-error characteristics of
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voltage over-scaled approximate circuits. Applying logic and algorithmic
approximations leads to simpler circuits with fewer critical paths and de-
creased critical path delay, hence, applying also voltage over-scaling, can
further reduce the power consumption, at the cost of a small error increase,
as fewer paths are affected by this voltage decrease. However, the increased
complexity of performing a SPICE simulation and the high simulation time
it requires, restrict the voltage over-scaling application as an approximation
method. VOSsim enables the approximate computing research community
to incorporate voltage over-scaling in their works and exploit its synergetic
cooperation with approximation techniques from the logic and algorithmic
layers to produce more efficient approximate circuits. In order to address
the limited research activity on approximate multipliers we proposed Par-
tial Product Perforation and HAM. Partial Product Perforation is a general
approximation technique for generating imprecise multipliers and can be
applied with error guarantees to any multiplier architecture. Product Per-
foration is applied to any multiplication circuit in exactly the same way,
without depending on its architecture, and the imposed error depends only
on the perforation configuration. A significant advantage of this technique
is that the produced error is analyzed in a mathematically rigorous man-
ner, being predictable and bounded. However, although the output error
is independent of the multiplier architecture, the delivered power-area sav-
ings vary. For this reason, we proposed the Partial Product Perforation
framework that, given an error bound, extracts the power-area Pareto opti-
mal multiplier architecture-perforation configurations that satisfy this error
bound. Similar to the Partial Product Perforation, HAM is an automated
framework that generates approximate multipliers that satisfy user provided
error constraints and can be applied to any multiplier circuit. HAM aims
to maximize the power gains of the approximate hardware multipliers by
examining and applying multi-level approximation. HAM introduces the
Hybrid Approximate Multipliers that apply Partial Product Perforation at
the algorithmic level, approximate compressors at the logic level, and volt-
age over-scaling at the circuit level. HAM demonstrates that, for the same
error bounds, multi-level approximate multipliers are more power efficient
solutions compared to the single-level ones, demonstrating, thus, the effi-
ciency of multi-level approximation. Considering the vast number of differ-
ent multi-level approximate configurations, the design complexity of power
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optimal hybrid multipliers under error constraints increases significantly.
The HAM framework exploits power-error proxies and uses an heuristic algo-
rithm to produce close to optimal (compared to an exhaustive design space
exploration) hybrid multipliers, requiring only a small number of syntheses
and simulations. Following the impressive results of multi-level approxi-
mation for generating approximate multipliers (demonstrated in HAM), we
extended the proposed framework to also support the addition and subtrac-
tion operations and we produce a multi-level approximate arithmetic library.
The METHADONE synthesis framework uses this library and VOSsim to
enable the application of multi-level approximation in more complex cir-
cuits, i.e., hardware accelerators. METHADONE operates on the data flow
graph of the accelerator and thus, it can be applied to any accelerator circuit.
The proposed framework seamlessly extends typical behavioral and/or RTL
synthesis tools and given the behavioral specification of an accelerator, it
applies multi-level approximation in a very fine granularity. METHADODE
uses power-error proxies and trains an error propagation model in order to
distribute the overall error budget to the data flow graph arithmetic nodes.
Then, using the proposed approximate multi-level library, it assigns an ap-
proximate multi-level configuration to every node. METHADONE produces
close to power-optimal multi-level approximate accelerators, achieving more
than 589× speedup compared to the exhaustive design space exploration.
As shown, the multi-level accelerators produced by METHADONE out-
perform the state-of-the-art single-level ones, regarding both output error
as well as power consumption. Moreover, the METHADONE’s attained
speedup as well as the power gains of multi-level accelerators (compared to
the single-level ones) are expected to significantly increase as the size of the
data flow graph (i.e., the accelerator’s complexity) increases. Concluding,
all the proposed frameworks operate in an automated manner, extending
typical hardware design tools and/or flows, and require minimum user effort
for their application. Furthermore, in order to maximize the benefits of the
approximate computing application, we introduce and enable the applica-
tion of multi-level approximation in the design of approximate arithmetic
circuits and accelerators. Additionally, all the proposed design frameworks
are compared against the respective exhaustive design space exploration to
demonstrate their efficacy and it is shown that they produce, very fast, close
to Pareto optimal solutions. Finally, all the approximate designs produced
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by the proposed frameworks are extensively evaluated against related state-
of-the-art works demonstrating, their efficiency in terms of induced error as
well as power reduction.

7.2 Future Extensions

The increased benefits of approximate computing in energy efficient systems
design have attracted significant research interest in almost all the com-
puter science domains. Approximate computing research targets program-
ming languages, compilers, runtime systems, software applications, hard-
ware circuits/accelerators, and processor micro-architectures. In this the-
sis, through the proposed frameworks and especially METHADONE that
incorporates all the other ones, we have efficiently addressed the design
of energy-optimal approximate hardware accelerators that satisfy provided
error constraints. However, in order to exploit the full potential of approx-
imate computing and maximize its delivered energy reduction, a system-
level holistic approach is required. In order to address this problem, an
extension of this work would be to adopt and apply the methodology fol-
lowed in METHADONE at application level. Given a software application
and an error bound, distribute the error budget to the application’s data
flow graph nodes and apply state-of-the-art software approximations at the
nodes that are executed at software-level and use METHADONE to produce
the respective approximate accelerators of the hardware accelerated nodes.
Moreover, we propose to leverage the fact that, in approximate computing,
the imposed error highly depends on the input characteristics. Although,
some inputs distributions may tolerate higher degrees of approximation,
approximate computing is usually applied based on mean or worst–case
scenarios, limiting the potential energy saving and performance speedup.
In approximate computing research area, there is a significant lack of run-
time systems that apply dynamic and input-driven approximations. Such a
runtime system could exploit the ability of METHADONE to produce very
fast energy-optimal approximate accelerators that satisfy error bounds and
thus, produce hardware accelerators with varying error characteristics based
on the requirements of the input distribution.
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Figure 7.1: An abstract overview of the proposed extension of this thesis. Re-
search Project “A Framework for Input-Specific Multi-level Approxi-
mate Computing on Heterogeneous Platforms”, MIS: 5005377.

A holistic approach to address energy-optimal approximate application ex-
ecution under error guarantees is a framework that would extend the ME-
THADONE’s methodology and comprise the following components:

• Extract the application Data Flow Graph (DFG).

• Application profiling and software-hardware partitioning of the DFG
nodes.

• Application error-power modeling and then error distribution to the
DFG nodes.

• Generate varying software approximate knobs of the software nodes
based on the assigned error values.

• Generate varying approximate accelerator kernels, using the proposed
METHADONE framework, of the hardware nodes based on the as-
signed error values.

• A runtime system that based on the input distribution will select for
execution the appropriate software knobs and hardware kernels.
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An abstract overview of such a framework is presented in Figure 7.1. The
proposed extension of this thesis, as described in this section, has been
accepted for granting by the Operational Program “Human Resources De-
velopment, Education and Lifelong Learning” and is co-financed by the Eu-
ropean Union (European Social Fund) and Greek national funds under the
name “A Framework for Input-Specific Multi-level Approximate Computing
on Heterogeneous Platforms” and MIS: 5005377.
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Chapter 8

Συνοπτική Περιγραφή των

Προτεινόμενων Μεθοδολογιών

στα Ελληνικά

8.1 Εισαγωγή

Από τα μέσα της δεκαετίας του 2000 όταν σταμάτησε να ισχύει η κλιμάκω-

ση του Dennard, η ενεργειακή απόδοση των υπολογιστικών συστημάτων

αποτέλεσε πρώτης τάξης σχεδιαστικό περιορισμό. Λαμβάνοντας επίσης υ-

πόψη το χαρακτηριστικό παράδειγμα του Dark Silicon («σκοτεινό πυρίτιο»)

που εισήχθηκε στα σύγχρονα υπολογιστικά συστήματα, ριζικές αλλαγές (σε

σχέση με τις παραδοσιακές τεχνικές που ακολουθούνται σήμερα) είναι πλέον

αναγκαίες για να διατηρηθεί και να βελτιωθεί η απόδοση των υπολογιστικών

συστημάτων. Για το λόγο αυτό, η βιομηχανική και επιστημονική κοινότη-

τα έχει στραφεί στη μελέτη και χρησιμοποίηση εναλλακτικών αρχιτεκτονικών

και τεχνικών υπολογισμού. Πρόσφατα, μεγάλο ενδιαφέρον εμφανίζει η έρευνα

που διεξάγεται στον τομέα των τεχνικών του προσεγγιστικού υπολογισμού. Ο

προσεγγιστικός υπολογισμός μπορεί να εφαρμοστεί τόσο στο λογισμικό όσο

και στο υλικό, και χαλαρώνοντας την ακρίβεια των υπολογισμών (σε αποδε-

κτά ανά εφαρμογή πλαίσια), προσφέρει εξαιρετικά αποτελέσματα (μεγαλύτερα

του 30%) τόσο στην επιτάχυνση όσο και στην μείωση της κατανάλωσης των

εφαρμογών και των κυκλωμάτων.
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Η έρευνα που εκπονήθηκε σε αυτή τη διατριβή, επικεντρώνεται στη μελέτη και

σχεδίαση προσεγγιστικών επιταχυντών υλικού (Approximate Hardware Ac-
celerators). Τα προσεγγιστικά κυκλώματα προσφέρουν χαμηλότερη δυναμική

αλλά και στατική κατανάλωση ισχύος, μικρότερη κυκλωματική καθυστέρηση,

καθώς επίσης και δυνατότητα σμίκρυνσης. Οι προσεγγίσεις, στη σχεδίαση

προσεγγιστικών κυκλωμάτων, μπορούν να εφαρμοστούν σε τρία ανεξάρτητα

επίπεδα:

• Αλγοριθμικό επίπεδο: τροποποίηση του αλγορίθμου που υλοποιεί ο επι-

ταχυντής υλικού.

• Λογικό επίπεδο: τροποποίηση του πίνακα αλήθειας του κυκλώματος.

• Κυκλωματικό επίπεδο: υπερκλιμάκωση της τάσης και υπερκλιμάκωση

της συχνότητας λειτουργίας

Οι υπάρχουσες μεθοδολογίες σχεδίασης προσεγγιστικών κυκλωμάτων εφαρ-

μόζουν κατά κύριο λόγο μονο-επίπεδες προσεγγιστικές τεχνικές, περιορίζο-

ντας έτσι σημαντικά τα πιθανά ενεργειακά οφέλη από την εφαρμογή του προ-

σεγγιστικού υπολογισμού. Επιπροσθέτως, οι υπάρχουσες μεθοδολογίες εφαρ-

μόζουν, ως επί το πλείστον, προσεγγιστικές τεχνικές ειδικευμένες για την

εκάστοτε εφαρμογή και με μη αυτοματοποιημένο τρόπο. Η σχεδίαση προσεγ-

γιστικών κυκλωμάτων και οι εφαρμογο-κεντρικές μεθοδολογίες που ακολου-

θούνται, δυσχεραίνουν ακόμα περισσότερο το ήδη εξαιρετικά πολύπλοκο έργο

της σχεδίασης ψηφιακών συστημάτων, καθώς ο σχεδιαστής πρέπει να ελέγ-

χει τόσο τη λειτουργία και τη βελτιστοποίηση του κυκλώματος όσο και την

τήρηση των ορίων του σφάλματος. Σε αντίθεση με τις υπάρχουσες μεθοδολο-

γίες στην επιστημονική βιβλιογραφία, η προτεινόμενη μεθοδολογία εφαρμόζει

πολύ-επίπεδες, γενικευμένες, και αυτοματοποιημένες προσεγγιστικές τεχνικές.

Ο στόχος αυτής της διατριβής είναι να μεγιστοποιήσει αφενός τα ενεργειακά

οφέλη των προσεγγιστικών κυκλωμάτων και αφετέρου να προτείνει συστημα-

τικές μεθοδολογίες για την εφαρμογή του προσεγγιστικού υπολογισμού, ώστε

να επιτρέψει την αξιοποίηση αλλά και εγκαθίδρυσή του στον τομέα της σχεδία-

σης ψηφιακών συστημάτων. Για να μεγιστοποιήσουμε την απόδοση των προ-

σεγγιστικών κυκλωμάτων μελετάμε, προτείνουμε, και καταστούμε δυνατή την

εφαρμογή πολυ-επίπεδων προσεγγιστικών τεχνικών για την παραγωγή τόσο
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προσεγγιστικών αριθμητικών κυκλωμάτων όσο και επιταχυντών υλικού. Με

τον όρο πολυ-επίπεδες προσεγγιστικές τεχνικές αναφερόμαστε στην εφαρμογή

μιας προσεγγιστικής τεχνικής σε κάθε ένα από τα τρία επίπεδα σχεδιασμού, δη-

λαδή το αλγοριθμικό, το λογικό, και το κυκλωματικό. Για να αντιμετωπίσουμε

την αυξημένη σχεδιαστική δυσκολία των προσεγγιστικών κυκλωμάτων, που

δυσχεραίνεται ακόμα περισσότερο στον χώρο των πολυ-επίπεδων προσεγγι-

στικών επιταχυντών υλικού, προτείνουμε γενικευμένες και αυτοματοποιημένες

μεθοδολογίες για τη σχεδίαση και σύνθεση αυτών. Τα ανωτέρω επιτυγχάνο-

νται μέσα από τα τέσσερα αυτοματοποιημένα πλαίσια σχεδίασης και σύνθεσης

που προτάθηκαν και υλοποιήθηκαν κατά την εκπόνηση της διατριβής: VOS-
sim, Partial Product Perforation, HAM, και METHADONE. Σε αυτό το

κεφάλαιο παρουσιάζεται μια συνοπτική περιγραφή της κάθε προτεινόμενης με-

θοδολογίας, του προβλήματος που καλείται να αντιμετωπίσει καθώς επίσης,

και τα αποτελέσματα της εκτενούς πειραματικής αξιολόγησης που διεξήχθη

για κάθε ένα από τα προτεινόμενα αυτά πλαίσια.

8.2 Πλαίσιο VOSsim
Η ενόητα αυτή βασίζεται στη δημοσίευση μας [88] στο περιοδικό Trans. on
VLSI 2018.

Η υπερκλιμάκωση της τάσης (Voltage Over-Scaling ή VOS) είναι μια γενικού

σκοπού κυκλωματικού επιπέδου προσεγγιστική τεχνική και μπορεί να εφαρμο-

στεί σε κάθε κύκλωμα. Η υπερκλιμάκωση της τάσης (εφεξής θα αναφέρεται

ως VOS) εφαρμόζεται χωρίς να τροποποιηθεί το κύκλωμα, διατηρώντας την

συχνότητα λειτουργίας σταθερή και μειώνοντας την τάση κάτω απ’ την ονο-

μαστική της τιμή. Μειώνοντας την τιμή της τάσης επιτυγχάνεται χαμηλότερη

κατανάλωση ισχύος αλλά το κύκλωμα γίνεται πιο αργό και έτσι παράγονται

λάθη στην έξοδο λόγω των μονοπατιών του κυκλώματος που παραβιάζουν

τις χρονικές απαιτήσεις. Αξίζει να σημειωθεί ότι το VOS επιδεικνύει μια συ-

νεργατική σχέση με τις προσεγγιστικές τεχνικές των άλλων επιπέδων. Οι

προσεγγίσεις αλγοριθμικού και λογικού επιπέδου μειώνουν την καθυστέρηση

του κρίσιμου μονοπατιού του κυκλώματος καθώς επίσης και τον αριθμό των

κρίσιμων μονοπατιών. Ως εκ τούτου, εφαρμόζοντας επιπλέον αυτών και VOS,
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μπορούμε να μειώσουμε περαιτέρω την κατανάλωση ισχύος αυξάνοντας ελάχι-

στα το παραγόμενο σφάλμα καθώς λιγότερα μονοπάτια επηρεάζονται από την

μείωση της τάσης (σε σχέση με το ακριβές κύκλωμα). Για παράδειγμα εφαρ-

μόζοντας VOS σε έναν ήδη προσεγγιστικό αθροιστή 16-bit μπορεί να μειώσει

την κατανάλωση ισχύος κατά 15% αυξάνοντας το παραγόμενο σφάλμα κατά

μόλις 0.1% [115].

Μολονότι το VOS είναι μια από τις πιο αποτελεσματικές προσεγγιστικές τε-

χνικές στην μείωση της κατανάλωσης ισχύος ενός κυκλώματος, η εφαρμογή

του VOS στον προσεγγιστικό υπολογισμό είναι πολύ περιορισμένη. Ο λόγος

που συμβαίνει αυτό αφορά ως επί τω πλείστον την πολύ αυξημένη δυσκολία

να προσδιοριστούν και να ποσοτικοποιηθούν τα λάθη που παράγονται από την

εφαρμογή του VOS. Η μόνη διαθέσιμη λύση που υπάρχει σήμερα για να με-

τρήσουμε την κατανάλωση και το σφάλμα των κυκλωμάτων στα οποία έχει

εφαρμοστεί VOS, είναι να εκτελέσουμε προσομοιώσεις SPICE. ΄Ομως, η ε-

κτέλεση SPICE προσομοιώσεων είναι ένα πολύ πολύπλοκο και πολύ χρονο-

βόρο έργο που περιορίζει και δυσχεραίνει σημαντικά την εφαρμογή και αξιοπο-

ίηση τουVOS στον σχεδιασμό προσεγγιστικών κυκλωμάτων.

Το προτεινόμενο πλαίσιο VOSsim αντιμετωπίζει αυτά τα μειονεκτήματα καθι-

στώντας δυνατή την εκτέλεση προσομοιώσεων σε επίπεδο πυλών (gate-level)
που λαμβάνουν υπόψιν την τάση. Η εκτέλεση προσομοιώσεων σε επίπεδο πυ-

λών είναι πολύ πιο γρήγορη και πολύ πιο εύκολη από τη διεξαγωγή SPICE
προσομοιώσεων. Μολαταύτα τα υπάρχοντα εργαλεία σχεδιασμού κυκλωμάτων

διέπονται από κάποιους περιορισμούς που δεν επιτρέπουν την απευθείας ε-

κτέλεση προσομοιώσεων σε επίπεδο πυλών που λαμβάνουν υπόψιν την τάση.

Οι κυριότεροι περιορισμοί είναι ότι εξ΄ ορισμού η μείωση της τάσης πρέπει να

εφαρμοστεί μετά τη σύνθεση του κυκλώματος και επίσης ιδιαίτερη μεταχείριση

χρειάζονται οι παραβάσεις χρονισμού των καταχωρητών (Flip-flop timing vio-
lations). ΄Οταν μειώνεται η τάση λειτουργίας τα κυκλώματα γίνονται πιο αργά

κι έτσι, κατά τη διάρκεια της προσομοίωσης, θα συμβούν Flip-flop timing
violations. ΄Ομως οι προσομοιωτές σε επίπεδο πυλών (π.χ. Questasim) εξ΄

ορισμού δεν διαχειρίζονται τέτοιες περιπτώσεις και αντ΄ αυτού τυπώνουν ένα

μήνυμα λάθος και θέτουν την τιμή του σήματος σε μια άγνωστη κατάσταση

“x”. Αυτή η άγνωστη κατάσταση διαδίδεται σε όλους του υπόλοιπους υπολο-

γισμούς και έχει ως αποτέλεσμα να μην είναι δυνατό να υπολογιστεί η έξοδος
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Σχήμα 8.1: Το προτεινόμενο πλαίσιο VOSsim. Με κόκκινο χρώμα φαίνονται οι

είσοδοι του πλαισίου.

και η κατανάλωσης ισχύος του κυκλώματος.

Το προτεινόμενο πλαίσιο VOSsim αντιπαρέρχεται αυτούς τους περιορισμούς

χρησιμοποιώντας δύο μοντέλα υψηλού επιπέδου. Το πρώτο είναι το Synopsys
CCS μοντέλο [94] που χρησιμοποιείται για να χαρακτηρίσει το κύκλωμα σε μια

επιθυμητή τιμή τάσης. Το δεύτερο είναι το προτεινόμενο Flip-flop μοντέλο

το οποίο χρησιμοποιείται για να αντικαταστήσει τις άγνωστες καταστάσεις

“x” που παράγονται κατά την προσομοίωση. Το Flip-flop μοντέλο είναι ένας

πίνακας αναζήτησης που δέχεται σαν είσοδο: i) την τιμή της Τάσης, ii) τον

τύπο του Flip-flop, iii) τη σχετική χρονική στιγμή ως προς την θετική ακμή

του ρολογιού που συνέβη η παράβαση, και iv) τη μετάβαση 0 σε 1 ή 1 σε 0 και

επιστρέφει μια κατάλληλη δυαδική τιμή 0 ή 1 για να αντικαταστήσει την τιμή

“x”. Για να παραχθεί το Flip-flop μοντέλο, εκτελούμε SPICE προσομοιώσεις

για κάθε τύπο Flip-flop στη βιβλιοθήκη και για κάθε εξεταζόμενη τιμή τάσης.

Στο Σχήμα 8.1 απεικονίζεται το προτεινόμενο πλαίσιο VOSsim. Το VOSsim
χωρίζεται σε δύο μέρη. Το πρώτο εκτελείται μόνο μια φορά για κάθε βιβλιο-

θήκη και είναι υπεύθυνο για να προετοιμάσει τα μοντέλα που χρησιμοποιεί

το VOSsim. Το δεύτερο μέρος είναι αυτό που επιτελεί την προσομοίωση και

εκτελείται για κάθε κύκλωμα και τιμή τάσης. Εν συντομία το δεύτερο μέρος

συνθέτει το κύκλωμα στην επιθυμητή συχνότητα λειτουργίας και στην συ-

νέχεια επιτελεί ανάλυση χρονισμού του συνθεμένου κυκλώματος (Static Tim-
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Σχήμα 8.2: Η καμπύλη σφάλματος-κατανάλωσης ισχύος των κυκλωμάτων υπερ-

κλιμακούμενης τάσης όπως παρήχθησαν από το VOSsim και το Cus-
tomSim.

ing Analysis) χρησιμοποιώντας το μοντέλο CCS και ξανα-χαρακτηρίζει την

καθυστέρηση των κελιών του κυκλώματος στην επιθυμητή τάση. ΄Επειτα επι-

τελεί προσομοίωση σε επίπεδο πυλών χρησιμοποιώντας τις νέες καθυστερήσεις

και σε κάθε κύκλο ελέγχει για Flip-flop timing violations. Σε περίπτωση που

μια παράβαση συμβεί χρησιμοποιεί το μοντέλο Flip-flop και αντικαθιστά την

άγνωστη τιμή “x” με αυτή που επιστρέφει το μοντέλο. Μετά από αύτο το

στάδιο έχει παραχθεί η έξοδος του κυκλώματος στην επιθυμητή τάση. Τέλος,

εκτελεί μια ανάλυση ισχύος του συνθεμένου κυκλώματος (Power Analysis)
χρησιμοποιώντας το μοντέλο CCS και ξανα-χαρακτηρίζει την κατανάλωση των

κελιών του κυκλώματος στην επιθυμητή τάση.

Αξιολογήσαμε το πλαίσιο VOSsim χρησιμοποιώντας τρία κυκλώματα σαν ση-

μεία αναφοράς τα οποία χαρακτηρίζονται από αύξον αριθμό τρανζίστορ και

Flip-flop. Τα κυκλώματα που χρησιμοποιήσαμε στην ανάλυσή μας είναι τα

MAC, Πολλαπλασιασμός Πινάκων, και 1-D DCT. Τα κυκλώματα αυτά είναι

χαρακτηριστικά παραδείγματα προσεγγιστικού υπολογισμού και χρησιμοποιού-

νται ευρέως στην αξιολόγηση προσεγγιστικών τεχνικών. Κατά την ανάλυση

του VOSsim μελετήσαμε τόσο την ακρίβειά του στον υπολογισμό της εξόδου

και της κατανάλωσης ισχύος κυκλωμάτων με υπερκλιμακούμενη τάση όσο και

την επιτάχυνση του χρόνου προσομοίωσης που επιτυγχάνει. Για τον λόγο αυτό

το συγκρίνουμε με τα αποτελέσματα του γρήγορου SPICE προσομοιωτή Cus-
tomSim. Στο Σχήμα 8.2 απεικονίζεται, για όλες τις εξεταζόμενες εφαρμογές,

η καμπύλη σφάλματος-κατανάλωσης ισχύος των κυκλωμάτων υπερκλιμακούμε-
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(αʹ)

(βʹ)

Σχήμα 8.3: Η ακρίβεια του VOSsim στο να υπολογίζει α΄) την έξοδο και β΄) την κα-

τανάλωση κυκλωμάτων υπερκλιμακούμενης τάσης σε σύγκριση με την

εκτέλεση υψηλής ακρίβειας SPICE προσομοιώσεων με το CustomSim
(level 6).

νης τάσης όπως παρήχθησαν από το VOSsim και το CustomSim. Αντίστοιχα,

στο Σχήμα 8.3 απεικονίζεται η ακρίβεια του VOSsim στο να υπολογίζει την

έξοδο και κατανάλωση ισχύος των κυκλωμάτων υπερκλιμακούμενης τάσης.

΄Οπως βλέπουμε η καμπύλη που παράγει το VOSsim είναι πολύ κοντά σε αυτή

που παράγει το CustomSim δείχνοντας την ικανότητα του VOSsim να υπο-

λογίζει με μεγάλη ακρίβεια τα χαρακτηριστικά σφάλματος και κατανάλωσης

των κυκλωμάτων υπερκλιμακούμενης τάσης. Πιο συγκεκριμένα (Σχήμα 8.3)

το VOSsim υπολογίζει το σφάλμα με ακρίβεια περίπου 99% και την κατανάλω-
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Σχήμα 8.4: Η επιτάχυνση του χρόνου προσομοίωσης που επιτυγχάνεται από το

VOSsim σε σύγκριση με το CustomSim. Επίσης, για λόγους πλη-

ρότητας, απεικονίζεται και η επιβράδυνση σε σχέση με τις προσομοι-

ώσεις με το Questasim που δεν υποστηρίζουν όμως υπερκλιμάκωση

της τάσης (gate-level non-VOS simulations).

ση ισχύος με ακρίβεια 98%. Τέλος αξιολογήσαμε την επιτάχυνση του χρόνου

προσομοίωσης που επιτυγχάνει το VOSsim σε σχέση με την εκτέλεση υψηλής

ακρίβειας SPICE προσομοιώσεων με το CustomSim. ΄Οπως απεικονίζεται στο

Σχήμα 8.4 η προσομοίωση με το VOSsim είναι 35 φορές γρηγορότερη, κατά

μέσο όρο, σε σχέση με το CustomSim. Η επιτάχυνση αυτή κυμαίνεται από

17× για το πολύ μικρό MAC κύκλωμα μέχρι 45× για το λίγο μεγαλύτερο

1-D DCT και αναμένεται να είναι πολύ μεγαλύτερη όσο η πολυπλοκότητα του

κυκλώματος αυξάνει.
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8.3 Πλαίσιο Partial Product Perforation

Η ενότητα αυτή βασίζεται στη δημοσίευση μας [99] στο περιοδικό Trans. on
VLSI 2016.

Οι αθροιστές και πολλαπλασιαστές αποτελούν τις βασικές μονάδες των επιτα-

χυντών υλικού και καθορίζουν επί το πλείστον την κατανάλωση και την κυκλω-

ματική τους καθυστέρηση. Μολονότι υπάρχει εκτενής έρευνα σε προσεγγιστι-

κούς αθροιστές, η αντίστοιχη έρευνα σε προσεγγιστικούς πολλαπλασιαστές

είναι πολύ περιορισμένη, κατά βάση λόγω της αυξημένης κυκλωματικής πο-

λυπλοκότητας του πολλαπλασιαστή. ΄Ενας πολλαπλασιαστής αποτελείται από

τρία στάδια: την παραγωγή των μερικών γινομένων (partial product gener-
ation), τη συσσώρευση των μερικών γινομένων (partial product accumula-
tion), και την τελική άθροιση (final addition). Οι υπάρχουσες προσεγγιστικές

τεχνικές εφάρμοζαν προσεγγίσεις στο στάδιο της συσσώρευσης των μερικών

γινομένων και κατά πλειονότητα ήταν άρρηκτα συνδεδεμένες με την αρχιτεκτο-

νική του πολλαπλασιαστή τον οποίο εξέταζαν. Επίσης, όλες αυτές οι τεχνικές

χρειάζονταν χρονοβόρες συνθέσεις και προσομοιώσεις ώστε να χαρακτηρίσουν

στατιστικά το σφάλμα του προσεγγιστικού πολλαπλασιαστή. Σε αυτή την

ενότητα παρουσιάζουμε την τεχνική Partial Product Perforation. Με την

τεχνική Partial Product Perforation προτείναμε και εφαρμόσαμε για πρώτη

φορά προσεγγίσεις στο στάδιο της παραγωγής των μερικών γινομένων. Το

Partial Product Perforation είναι μια αλγοριθμική προσεγγιστική τεχνική κα-

θώς τροποποιεί τον αλγόριθμο του πολλαπλασιασμού παραλείποντας την παρα-

γωγή ορισμένου αριθμού συνεχόμενων μερικών γινομένων. Ως αποτέλεσμα το

Partial Product Perforation μπορεί να εφαρμοστεί σε κάθε πολλαπλασιαστή

ανεξάρτητα από την αρχιτεκτονική. Επιπροσθέτως, το σφάλμα που παράγεται

λόγω της εφαρμογής του Partial Product Perforation μπορεί να χαρακτηρι-

στεί αυστηρά μαθηματικά. Για παράδειγμα, ενώ ο ακριβής πολλαπλασιασμός

δίνεται από την σχέση:

A×B =
n−1∑
i=0

Abi2i, bi ∈ {0, 1}. (8.1)

όταν εφαρμόζουμε Partial Product Perforation με μεταβλητές j και k το
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γινόμενο A×B δίνεται από:

A×B|j,k =
n−1∑
i=0,

i/∈[j,j+k)

Abi2i, bi ∈ {0, 1}. (8.2)

΄Οπου j είναι το πρώτο μερικό γινόμενο που θα απαλείψουμε και k είναι το

πλήθος των μερικών γινομένων που δεν παράγονται. Το απόλυτο σφάλμα,

λοιπόν, του Partial Product Perforation ισούται με:

ED(A,B) =
∣∣P − P ′∣∣

= A
n−1∑
i=0

bi2i −A
n−1∑
i=0,

i/∈[j,j+k)

bi2i

= A
j+k−1∑

i=j

2ibi

= A2jxB,

(8.3)

όπου xB ∈ [0, 2k) και

xB =
k−1∑
i=0

2ibj+i = bB/2jc mod 2k. (8.4)

΄Εστω λοιπόν ότι A και B ακολουθούν την ομοιόμορφη κατανομή, το μέσο

απόλυτο σφάλμα δίνεται από:

MED = 2j22n(2k − 1)(2n − 1)
22n4

= 2j(2k − 1)(2n − 1)
4 .

(8.5)

και το μέσο σχετικό σφάλμα από:

MRED = 2n

22n

∑
∀B

xB2j

B
=
∑
∀B

xB2j

2nB
. (8.6)

΄Οπως φαίνεται στις ανωτέρω εξισώσεις, το σφάλμα από την εφαρμογή του Par-
tial Product Perforation εξαρτάται αποκλειστικά και μόνο από τις μεταβλητές
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Σχήμα 8.5: Το πλαίσιο Partial Product Perforation.

j και k. ΄Ενας τέτοιος απόλυτος μαθηματικός χαρακτηρισμός επιτρέπει εκ των

προτέρων γνώση του σφάλματος της τεχνικής του Partial Product Perfora-
tion αλλά και επιλογή της βέλτιστης διαμόρφωσης (configuration) του Partial
Product Perforation δεδομένης της κατανομής εισόδου.

Μολονότι το σφάλμα που προκύπτει από την εφαρμογή του Partial Product
Perforation εξαρτάται μόνο από τις μεταβλητές j και k, τα παραγόμενα κέρδη

(κατανάλωση, καθυστέρηση, χωρική πολυπλοκότητα) εξαρτώνται από την αρ-

χιτεκτονική του πολλαπλασιαστή. Για τον λόγο αυτό προτείνουμε το πλαίσιο
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Σχήμα 8.6: Το Pareto μέτωπο για διάφορες τιμές κανονικοποιημένου απόλυτου

σχετικού σφάλματος NMED. Στον άξονα y απεικονίζεται η κατα-

νάλωση ισχύος και στον άξονα x η χωρική πολυπλοκότητα. Δίπλα

σε κάθε Pareto σημείο αναγράφεται ο συνδυασμός αρχιτεκτονικής

πολλαπλασιαστή-διαμόρφωσης της τεχνικής Partial Product Perfora-
tion.

Partial Product Perforation που δεδομένου ενός ορίου σφάλματος παράγει το

βέλτιστο συνδυασμό διαμόρφωσης του Partial Product Perforation - αρχιτε-

κτονικής πολλαπλασιαστή. Το προτεινόμενο πλαίσιο απεικονίζεται στο Σχήμα

8.5 και εν συντομία λειτουργεί ως εξής: Επιλύει τις εξισώσεις σφάλματος του

Partial Product Perforation και υπολογίζει τους συνδυασμούς των μεταβλη-

τών j και k που ικανοποιούν το όριο σφάλματος. Στη συνέχεια, δοσμένης μιας

βιβλιοθήκης αρχιτεκτονικών πολλαπλασιαστών, συνθέτει και προσομοιώνει

τους συνδυασμούς που υπολογίστηκαν προηγουμένως, για να μετρήσει την

κατανάλωση, την καθυστέρηση, και την χωρική τους πολυπλοκότητα. Τέλος,

επιτελεί μια Pareto ανάλυση για να υπολογίσει το αντίστοιχο Pareto μέτωπο.

Για παράδειγμα, στο Σχήμα 8.6 φαίνονται τα Pareto μέτωπα που παρήχθη-

σαν από το πλαίσιο Partial Product Perforation για τρία διαφορετικά όρια

σφάλματος. ΄Οπως φαίνεται στο Σχήμα 8.6, ανάλογα με το όριο σφάλματος

διαφορετικοί πολλαπλασιαστές με διαφορετική Partial Product Perforation
διαμόρφωση εμφανίζονται σε κάθε Pareto μέτωπο.

Αξιολογήσαμε πειραματικά την τεχνική Partial Product Perforation χρησιμο-

ποιώντας έναν 16-bit DAdda 4:2 πολλαπλασιαστή (Σχημα 8.7) και την συ-

γκρίναμε με i) τον ορθό πολλαπλασιαστή, ii) με δύο υπάρχουσες προσεγγι-
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(αʹ)

(βʹ)

Σχήμα 8.7: Σύγκριση της τεχνικής Partial Product Perforation με ACM1, ACM2
[63], TR10, TR16 [56] και VOS [57]
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(αʹ) (βʹ)

Σχήμα 8.8: Εφαρμογή της τεχνικής Partial Product Perforation σε κλιμακούμε-

νου μεγέθους πολλαπλασιαστές. α΄) Η μείωση της κατανάλωσης ι-

σχύος και επιφάνεια για σφάλμα NMED ≤ 10−4
, και β΄) οι τιμές

σφάλματος NMED και MRED για 50% μείωση της κατανάλωσης.

στικές τεχνικές που εφαρμόζουν προσεγγίσεις στο στάδιο της συσσώρευσης

των μερικών γινομένων: την τεχνική της αποκοπής [56] (truncation) και την

τεχνική των προσεγγιστικών 4:2 συμπιεστών [63] (approximate 4:2 compres-
sors), και iii) με την υπάρχουσα κυκλωματική προσεγγιστική τεχνική VOS.
Επίσης, μελετήσαμε την επεκτασιμότητα (Σχήμα 8.8) αλλά και διατηρησιμότη-

τα (Σχήμα 8.9) της προτεινόμενης τεχνικής. Συγκριτικά με τον ορθό πολ-

λαπλασιαστή η τεχνική Partial Product Perforation επιτυγχάνει 50% μείωση

της κατανάλωσης ισχύος και 40% μείωση της χωρικής επιφάνειας για μόλις

1% μεσο σχετικό σφάλμα (MRED ≤ 1%). ΄Οπως φαίνεται στο Σχήμα 8.7,

σε σύγκριση με τις υπάρχουσες τεχνικές truncation και VOS, η προτεινόμε-

νη τεχνική Partial Product Perforation επιτυγχάνει ίδιες τιμές κατανάλω-

σης ισχύος και επιφάνειας αλλά το παραγόμενο σφάλμα του (NMED και

MRED) είναι τάξεις μεγέθους μικρότερο από αυτό των truncation και VOS.
Σε σύγκριση με την υπάρχουσα τεχνική ACM [63], το Partial Product Perfo-
ration είναι λιγότερο αποδοτικό για πολύ μικρές τιμές σφάλματος, αλλά μέσο

σχετικό σφάλμα (MRED = 1%) επιτυγχάνει 30% χαμηλότερη κατανάλωση.

Στη συνέχεια, μελετήσαμε την επεκτασιμότητα της προτεινόμενης τεχνικής

Partial Product Perforation εξετάζοντας την εφαρμογή της σε διαφορετικού

μεγέθους πολλαπλασιαστές. ΄Οπως φαίνεται στο Σχήμα 8.8 η τεχνική Partial
Product Perforation είναι επεκτάσιμη καθώς α) για σταθερή τιμή σφάλματος
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Σχήμα 8.9: Σύγκριση 16-bit προσεγγιστικών πολλαπλασιαστών που, όπως και το

Partial Product Perforation, εφαρμόζουν προσεγγίσεις στο στάδιο

παραγωγής των μερικών γινομένων και/ή στον αλγόριθμο του πολ-

λαπλασιασμού. Πολλαπλασιαστές με ίδιο χρώμα εφαρμόζουν την ίδια

τεχνική με διαφορετική διαμόρφωση.

όσο αυξάνεται το μέγεθος του πολλαπλασιαστή αυξάνουν και τα παραγόμενα

κέρδη (μείωση κατανάλωσης κι επιφάνειας) και β) για σταθερή μείωση κατα-

νάλωσης όσο αυξάνεται το μέγεθος του πολλαπλασιαστή μειώνεται η τιμή του

σφάλματος (NMED και MRED). Τέλος, συγκρίναμε την τεχνική Partial
Product Perforation με προσεγγιστικές τεχνικές που δημοσιεύτηκαν μετά το

Partial Product Perforation [66, 74, 75, 100] και επίσης εφαρμόζουν προσεγ-

γίσεις στο στάδιο της παραγωγής των μερικών γινομένων ή/και τροποποιούν

τον αλγόριθμο του πολλαπλασιασμού. ΄Οπως φαίνεται στο Σχήμα 8.9 όλοι οι

προσεγγιστικοί πολλαπλασιαστές που ανήκουν στο Pareto μέτωπο είναι πράσι-

να και μπλε σημεία. Τα πράσινα σημεία εφαρμόζουν την προτεινόμενη Partial
Product Perforation τεχνική και τα μπλε σημεία είναι οι RAD πολλαπλασια-

στές που προτείναμε στο [100]. Συνεπώς, το Σχήμα 8.9 δείχνει την αποδο-

τικότητα αλλά και διατηρησιμότητα του Partial Product Perforation σχετικά

με τη δημιουργία ενεργειακά αποδοτικών προσεγγιστικών πολλαπλασιαστών.
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8.4 Πλαίσιο Hybrid Approximate Multipliers (HAM)

Η ενότητα αυτή βασίζεται στη δημοσίευση μας [41] στο συνέδριο ISLPED.

΄Οπως είδαμε στην πειραματική αξιολόγηση της τεχνικής Partial Product Per-
foration, στον σχεδιασμό προσεγγιστικών πολλαπλασιαστών μπορούμε να ε-

φαρμόσουμε α) Partial Product Perforation στο αλγοριθμικό επίπεδο, β) να

χρησιμοποιήσουμε του προσεγγιστικούς 4:2 συμπιεστές (4:2 compressors)
[63] στο λογικό επίπεδο, και γ) να εφαρμόσουμε VOS στο κυκλωματικό επίπε-

δο. Οι τεχνικές αυτές εφαρμόζονται σε διαφορετικά προσεγγιστικά επίπεδα

και μοιάζουν να είναι «ορθογώνιες» αλλά και να μπορούν να εφαρμοστούν συ-

νεργατικά. Μολαταύτα, οι υπάρχουσες προσεγγιστικές τεχνικές εφαρμόζουν

κατά κύριο λόγο προσεγγίσεις σε ένα προσεγγιστικό επίπεδο οδηγώντας σε

περιορισμένη μείωση της κατανάλωσης ισχύος. Με στόχο να αυξήσουμε την

ενεργειακή απόδοση του προσεγγιστικού υπολογισμού εξετάζουμε την εφαρ-

μογή προσεγγιστικών τεχνικών σε κάθε επίπεδο και προτείνουμε τους υβρι-

δικούς προσεγγιστικούς πολλαπλασιαστές (Hybrid Approximate Multipliers
or HAM). ΄Οπως απεικονίζεται ενδεικτικά στο Σχήμα 8.10, δεδομένου ενός

ορθού πολλαπλασιαστή, εφαρμόζουμε Partial Product Perforation στο αλ-

γοριθμικό επίπεδο. Στο δέντρο που προκύπτει, αντικαθιστούμε τους ορθούς

4:2 compressors ή δύο συνεχόμενους πλήρεις αθροιστές (full adders) με τους

προσεγγιστικούς 4:2 compressors. Τέλος, στο προκύπτον κύκλωμα από αυ-

τό το στάδιο, εφαρμόζουμε VOS σαν προσεγγιστική τεχνική στο κυλωματικό

επίπεδο.

Το πρόβλημα που καλούμαστε να λύσουμε είναι να βρούμε το βέλτιστο συν-

δυασμό αναφορικά με τη διαμόρφωση του Partial Product Perforation, το

πλήθος των στηλών που θα χρησιμοποιήσουμε τους προσεγγιστικούς 4:2
compressors, και την τιμή της μείωσης τάσης. Αυτό το πρόβλημα βελτι-

στοποίησης μπορεί να μοντελοποιηθεί ως εξής: Βρες τον συνδυασμό x ο

οποίος ελαχιστοποιεί την κατανάλωση ισχύος και σέβεται το όριο σφάλμα-

τος.

min
x∈D

[
Power(x)

]
subject to: [

NMED(x)
]
≤
[
Max NMED

]
,
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Ισοδύναμα μπορεί να γραφτεί ως εξής:

x =< x1, x2, x3 >∈ N 3

max
x∈D

[
Power Reduction(x)

]
subject to: [

NMED(x)
]
≤
[
Max NMED

]
,

όπου η μη γραμμική συνάρτηση Power Reduction(x) ∈ R υποδηλώνει την

ολική μείωση της κατανάλωσης του υβριδικού πολλαπλασιαστή και η μη γραμ-

μική συνάρτηση NMED(x) ∈ R το ολικό του σφάλμα. Το πρόβλημα αυ-

τό είναι ένα συνδυαστικό πρόβλημα και είναι ισοδύναμο με το NP-πλήρες

πρόβλημα του ακέραιου μη γραμμικού σακιδίου (integer non-linear KNAP-
SACK problem) [112]. Η αυξημένη πολυπλοκότητα αυτής της έκδοσης του

προβλήματος του σακιδίου καθιστά απαραίτητη τη χρησιμοποίηση ευριστικών

αλγορίθμων. Επίσης, πρέπει να αναφερθεί ότι η αξιολόγηση κάθε σημείου του

χώρου σχεδιασμού είναι πολύ χρονοβόρα διαδικασία καθώς απαιτεί σύνθεση

του κυκλώματος και προσομοίωση με υπερκλιμακούμενη τάση. Για την επίλυ-

σή του χρησιμοποιήσαμε δύο μοντέλα για να εκτιμήσουμε το σφάλμα και την

σχετική κατανάλωση (λόγος της κατανάλωσης του προσεγγιστικού πολλαπλα-

σιαστή ως προς την κατανάλωση του ορθού πολλαπλασιαστή) των προτεινόμε-

νων υβριδικών πολλαπλασιαστών. Το μοντέλο EH = EP +EC +EV χρησιμο-

ποιείται για την εκτίμηση του σφάλματος όπου EP , EC , και EV είναι οι τιμές

σφάλματος όταν εφαρμόζουμε ξεχωριστά την κάθε μια προσεγγιστική τεχνική

με ακριβώς την ίδια διαμόρφωση. Το μοντέλο RPH = RPP × RPC × RPV

χρησιμοποιείται για την εκτίμηση της σχετικής κατανάλωσης του υβριδικού

πολλαπλασιαστή όπου RPP , RPC και RPV είναι η σχετική κατανάλωση όταν

εφαρμόζεται ξεχωριστά η κάθε μια προσεγγιστική τεχνική με ακριβώς την ίδια

διαμόρφωση. Τέλος χρησιμοποιούμε παλινδρόμηση (regression) για να εκτι-

μήσουμε τις τιμές των EP , EC , EV , RPP , RPC και RPV . Δεδομένου ότι οι

συναρτήσεις του σφάλματος και της σχετικής κατανάλωσης είναι μονότονες

και διατηρούν κυρτότητα, μόνο λίγα σημεία χρειάζονται για να εκπαιδευτούν

τα προτεινόμενα μοντέλα. Για παράδειγμα στην περίπτωση ενός 16-bit πολλα-

πλασιαστή χρησιμοποιήσαμε μόνο 4 σημεία ανά τεχνική. Πρέπει να σημειωθεί

ότι στο πρόβλημα βελτιστοποίησης που καλούμαστε να λύσουμε, η εκτίμηση

της κατάταξης των υβριδικών πολλαπλασιαστών είναι πιο σημαντική από την

ακριβή εκτίμηση των τιμών σφάλματος και κατανάλωσής τους. Σε σύγκριση
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Σχήμα 8.11: Το προτεινόμενο πλαίσιο HAM.

189



Brief Description of the Proposed Frameworks in Greek

με την πλήρη εξερεύνηση του χώρου των υβριδικών πολλαπλασιαστών, τα προ-

τεινόμενα μοντέλα χαρακτηρίζονται από πολύ υψηλό δείκτη Pearson(Pearson
correlation coefficient). Ο δείκτης Pearson του εκτιμητή EH είναι 0.86 και

ο αντίστοιχος του RPH είναι 0.97. Οι πολύ υψηλές αυτές τιμές (μέγιστο 1)

δείχνουν ότι τα προτεινόμενα μοντέλα μπορούν να εκτιμήσουν με πολύ μεγάλη

ακρίβεια τη διάταξη των υβριδικών πολλαπλασιαστών. Επίσης, η ακρίβεια των

EH και RPH στο να εκτιμούν την τιμή του σφάλματος και της σχετικής κα-

τανάλωσης των υβριδικών πολλαπλασιαστών είναι εξίσου υψηλή, καθώς το

μέσο τετραγωνικό σφάλμα (MSE) του EH είναι 5.9× 10−7
και του RPH είναι

1.0× 10−3
.

Το προτεινόμενο πλαίσιο HAM για την παραγωγή ενεργειακά-βέλτιστων υ-

βριδικών προσεγγιστικών πολλαπλασιαστών απεικονίζεται στο Σχήμα 8.11

και λειτουργεί ως ακολούθως. Δεδομένου ενός ορθού πολλαπλασιαστή ε-

φαρμόζουμε κάθε προσεγγιστική τεχνική ξεχωριστά και πραγματοποιούμε μια

δειγματοληψία για να εκπαιδεύσουμε τα προτεινόμενα μοντέλα σφάλματος και

σχετικής κατανάλωσης. Στη συνέχεια εκτελούμε μια ευριστική διαδικασία για

να εξάγουμε τον υβριδικό πολλαπλασιαστή. Κατά τη διάρκεια της ευριστικής

διαδικασίας χρησιμοποιείται μια τροποποιημένη δυαδική αναζήτηση στον χώρο

λύσεων που καθορίζεται από τα προτεινόμενα αναλυτικά μοντέλα EH και RPH

έτσι ώστε να εξαχθεί γρήγορα η διαμόρφωση του υβριδικού πολλαπλασιαστή.

΄Επειτα, επαληθεύεται η λύση αυτή συνθέτοντας και προσομοιώνοντας τον α-

ντίστοιχο υβριδικό πολλαπλασιαστή που εξήχθη έτσι ώστε να μετρηθεί το

πραγματικό του σφάλμα. Σε περίπτωση που παραβιάζεται το όριο του σφάλ-

ματος, ξανα-εκτελείται η ευριστική διαδικασία.

Το προτεινόμενο πλαίσιο αξιολογήθηκε πειραματικά εκτενώς μελετώντας τόσο

την αποδοτικότητα των πολυ-επίπεδων προσεγγίσεων όσο και την ικανότητα

του HAM να βρίσκει βέλτιστες λύσεις. Στην πειραματική διαδικασία που ε-

κτελέστηκε, το πλαίσιο HAM συγκρίθηκε τόσο με υπάρχουσες μονο-επίπεδες

τεχνικές όσο και με την εξαντλητική εξερεύνηση του χώρου σχεδιασμού μέσω

της τεχνικής της πλήρους αναζήτησης (full search design space exploration).
Για την πειραματική αξιολόγηση χρησιμοποιήθηκε ένας 16-bit Dadda 4:2 πολ-

λαπλασιαστής. Στο Σχήμα 8.12 απεικονίζονται όλοι οι μονο-επίπεδοι και πολυ-

επίπεδοι υβριδικοί πολλαπλασιαστές που εξήχθησαν από την πλήρη εξερεύνη-

ση του χώρου σχεδιασμού και έχουν κανονικοποιημένο μέσο απόλυτο σφάλμα
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Σχήμα 8.12: Το σφάλμα και η σχετική κατανάλωση ισχύος όλων των μονο-

επίπεδων και πολυ-επίπεδων υβριδικών πολλαπλασιαστών με τιμή

σφάλματος NMED < 0.01.

NMED < 0.01. ΄Ολα τα σημεία του Σχήματος 8.12 είναι ομαδοποιημένα με

χρώμα με βάση τις προσεγγιστικές τεχνικές που εφαρμόζουν. Για παράδειγ-

μα οι μαύρες κουκίδες είναι οι υβριδικοί πολλαπλασιαστές που εφαρμόζουν

και τις τρεις τεχνικές ενώ τα γκρι, μωβ, και ροζ σημεία είναι οι υπάρχοντες

μονο-επίπεδοι προσεγγιστικοί πολλαπλασιαστές. Επίσης, η μπλε γραμμή είναι

η έξοδος του προτεινόμενου πλαισίου HAM. ΄Οπως απεικονίζεται στο Σχήμα

8.12 οι υβριδικοί πολυ-επίπεδοι πολλαπλασιαστές σχηματίζουν το Pareto μέτω-

πο αποτελώντας τις βέλτιστες λύσεις. Επίσης, παρατηρείται ότι η έξοδος του

προτεινόμενου πλαισίου συγκλίνει στο ακριβές Pareto μέτωπο που παράχθη-

κε από την πλήρη εξερεύνηση του χώρου σχεδιασμού. Συγκρινόμενο με την

πλήρη εξερεύνηση το προτεινόμενο πλαίσιο πετυχαίνει 254 φορές γρηγορότερη

αναζήτηση και οι λύσεις που εξάγει είναι στο 97% των βέλτιστων λύσεων. Σε

σύγκριση με τον ορθό πολλαπλασιαστή οι πολλαπλασιαστές που παράγονται

από το HAM έχουν από 35% μέχρι και 72% χαμηλότερη κατανάλωση. Σε

σύγκριση με τους υπάρχοντες μονο-επίπεδους προσεγγιστικούς πολλαπλασια-

στές, οι αντίστοιχες τιμές είναι 11%-48%.
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8.5 Πλαίσιο METHADONE
Η ενότητα αυτή βασίζεται στη δημοσίευση μας [115] στο περιοδικό Trans. on
Circuits and Systems II 2018.

΄Οπως προαναφέραμε ο προσεγγιστικός υπολογισμός εισάγει τη διάσταση του

σφάλματος και δυσχεραίνει το ήδη δύσκολο έργο του σχεδιασμού κυκλω-

μάτων. Η πολυπλοκότητα αυτή αυξάνει ακόμα περισσότερο όταν εφαρμόζουμε

πολυ-επίπεδες προσεγγίσεις καθώς το μέγεθος του χώρου σχεδίασης γιγα-

ντώνεται. Μολονότι ο σχεδιασμός προσεγγιστικών αριθμητικών μονάδων έχει

κεντρίσει το ερευνητικό ενδιαφέρον, ερευνητικές δραστηριότητες που στοχε-

ύουν στη δημιουργία προσεγγιστικών επιταχυντών υλικού είναι πολύ περιο-

ρισμένες λόγω της αυξημένης πολυπλοκότητας. Επιπροσθέτως, καμία από

τις υπάρχουσες μεθοδολογίες και τεχνικές δεν εφαρμόζει πολυ-επίπεδες προ-

σεγγίσεις σε επιταχυντές υλικού. ΄Ομως, όπως είδαμε στην πειραματική αξιο-

λόγηση του HAM, οι βέλτιστες λύσεις εξασφαλίζονται όταν χρησιμοποιούνται

πολυ-επίπεδες προσεγγίσεις. Με στόχο να καλύψουμε αυτές τις ελλείψεις,

προτείνουμε το πλαίσιο METHADONE το οποίο, δεδομένης της συμπεριφορι-

κής περιγραφής ενός επιταχυντή υλικού και ενός ορίου σφάλματος, παράγει με

ένα αυτοματοποιημένο τρόπο τον αντίστοιχο προσεγγιστικό επιταχυντή που

τηρεί το δοσμένο σφάλμα και εφαρμόζει πολυ-επίπεδες προσεγγίσεις για να με-

γιστοποιήσει τα ενεργειακά οφέλη. Το προτεινόμενο πλαίσιο λειτουργεί πάνω

στο γράφο ροής δεδομένων του επιταχυντή και εφαρμόζει πολυ-επίπεδες προ-

σεγγίσεις στις αριθμητικές του μονάδες. Με αυτό τον τρόπο, το προτεινόμενο

πλαίσιο μπορεί να εφαρμοστεί σε κάθε κύκλωμα.

Για την υλοποίηση του METHADONE το πρώτο πράγμα που κάναμε ήταν να

επεκτείνουμε το προτεινόμενο πλαίσιο HAM και να δημιουργήσουμε το HAMA
(Hybrid Approximate Multipliers & Adders) το οποίο εκτός από πολλαπλα-

σιαστές υποστηρίζει αθροιστές και αφαιρέτες. Παρόμοια με το HAM, στο

σχεδιασμό πολυ-επίπεδων αθροιστών εφαρμόζουμε αποκοπή στο αλγοριθμικό

επίπεδο, χρησιμοποιούμε τον προσεγγιστικό πλήρη αθροιστή [61] στο λογι-

κό επίπεδο, και εφαρμόζουμε VOS στο κυκλωματικό επίπεδο. ΄Οπως φαίνεται

στο Σχήμα 8.13, όπως και στους υβριδικούς πολλαπλασιαστές, πήραμε τα ίδια

αποτελέσματα. Οι υβριδικοί αθροιστές σχηματίζουν το Pareto μέτωπο και

αποτελούν τις βέλτιστες λύσεις. Το πλαίσιο HAMA συγκλίνει στο Pareto
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Σχήμα 8.13: Το σφάλμα και η σχετική κατανάλωση ισχύος όλων των μονο-

επίπεδων και πολυ-επίπεδων υβριδικών αθροιστών (16-bit) με τιμή

σφάλματος NMED < 0.01.

μέτωπο της πλήρους εξερεύνησης του χώρου σχεδιασμού και προσφέρει επι-

τάχυνση στο χρόνο αναζήτησης κατά 250 φορές. Αντίστοιχα με το HAM ο

εκτιμητής σφάλματος του υβριδικού αθροιστή έχει δείκτη Pearson 0.87 και

μέσο τετραγωνικό σφάλμα 2.95 × 10−5
. Οι αντίστοιχες τιμές για τον εκτι-

μητή της σχετικής κατανάλωσης είναι 0.99 και 2.19 × 10−5
. Σε σύγκριση με

τον ορθό αθροιστή οι αθροιστές που παράγονται από το HAMA έχουν από

36% μέχρι και 80% χαμηλότερη κατανάλωση. Σε σύγκριση με τους υπάρχο-

ντες μονο-επίπεδους προσεγγιστικούς αθροιστές, οι αντίστοιχες τιμές είναι

6%-40%.

Εκμεταλλευόμενοι το πλαίσιο HAMA, μπορούμε, αφου ανιχνεύσουμε όλους

τους πολλαπλασιαστές και αθροιστές/αφαιρέτες στο γράφο ροής δεδομένων

του επιταχυντή, να το χρησιμοποιήσουμε για να παράξουμε μια πολυ-επίπεδη

προσεγγιστική βιβλιοθήκη για κάθε αριθμητικό κόμβο του γράφου. Το πρόβλη-

μα βελτιστοποίσης που καλούμαστε να λύσουμε, είναι να βρούμε τη διαμόρφω-

ση του γράφου (πολυ-επίπεδη προσεγγιστική διαμόρφωση του κάθε κόμβου)

η οποία ελαχιστοποιεί την κατανάλωση ισχύος όλου του γράφου ενώ παράλ-

ληλα τηρεί και το όριο του σφάλματος. Χρησιμοποιώντας το HAMA ξέρουμε
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για κάθε κόμβο το σφάλμα και την κατανάλωση ισχύος του, αλλά δεν μας

παρέχει καμία πληροφορία για το ολικό σφάλμα και την ολική κατανάλωση του

γράφου. Για το λόγο αυτό προτείνουμε να εκτιμήσουμε το σφάλμα και την

κατανάλωση του γράφου με βάση τα αντίστοιχα των κόμβων. Η κατανάλωση

ισχύος του γράφου μπορεί να εκτιμηθεί από ένα γραμμικό συνδυασμό της κα-

τανάλωσης των κόμβων καθώς δεν παράγεται ισχύς μέσα στο κύκλωμα και η

ολική κατανάλωση προσεγγίζεται από το άθροισμα των καταναλώσεων των υ-

ποκυκλωμάτων. Ως εκ τούτου χρησιμοποιούμε γραμμική παλινδρόμηση για να

εκτιμήσουμε την ολική κατανάλωση του γράφου με βάση την κατανάλωση του

κάθε κόμβου. Για το σφάλμα του γράφου όμως δεν έχουμε καμία εκτίμηση για

το πώς διαδίδεται στο γράφο και πώς αντισταθμίζεται στους διάφορους προσεγ-

γιστικούς κόμβους και για αυτό χρησιμοποιούμε ένα νευρωνικό δίκτυο για να

εκτιμήσουμε το ολικό σφάλμα με βάση το σφάλμα του κάθε κόμβου. Εκτελέσα-

με μια τυχαία δειγματοληψία διαμορφώσεων του γράφου τις οποίες συνθέσαμε

και προσομοιώσαμε για να μετρήσουμε το σφάλμα και την κατανάλωση του

γράφου και εκπαιδεύσαμε τους προτεινόμενους εκτιμητές. Ο εκτιμητής του

σφάλματος του γράφου έχει Pearson δείκτη 0.90 και μέσο τετραγωνικό σφάλ-

μα 9× 10−5
. Οι αντίστοιχες τιμές για τον εκτιμητή της κατανάλωσης ισχύος

του γράφου είναι 0.98 και 6×10−7
. Οι πολύ υψηλές τιμές δείχνουν ότι τα προ-

τεινόμενα μοντέλα μπορούν να εκτιμήσουν με μεγάλη ακρίβεια τόσο το σφάλμα

όσο και την κατανάλωση καθώς και τη διάταξη των πολυ-επίπεδων προσεγ-

γιστικών γράφων. Το προτεινόμενο πλαίσιο απεικονίζεται στο Σχήμα 8.14.

Δεδομένου του γράφου ροής δεδομένων, εξάγει τους αριθμητικούς κόμβους

και χρησιμοποιεί το HAMA για να παράξει μια πολυ-επίπεδη προσεγγιστική

βιβλιοθήκη για τον καθένα. Στην συνέχεια εκτελεί μια τυχαία δειγματοληψία

και εκπαιδεύει τους εκτιμητές σφάλματος και κατανάλωσης. Κατά τη διάρκεια

της εκπαίδευσης, το πλαίσιο VOSsim χρησιμοποιείται για την εκτέλεση όλων

των προσομοιώσεων υπερκλιμακούμενης τάσης. Στη συνέχεια εκτελείται μια

ευριστική διαδικασία (τροποποιημένη δυαδική αναζήτηση και Pareto ανάλυση)

στον χώρο σχεδιασμού που ορίζεται από τα προτεινόμενα αναλυτικά μοντέλα

και εξάγεται η λύση (πολυ-επίπεδη προσεγγιστική διαμόρφωση του γράφου).

Η λύση αυτή επαληθεύεται συνθέτοντας και προσομοιώνοντας τη διαμόρφωση

του γράφου που εξήχθη έτσι ώστε να μετρηθεί το πραγματικό του σφάλμα.

Κατά την επαλήθευση, οι προσομοιώσεις υπερκλιμακούμενης τάσης γίνονται

με τον SPICE προσομοιωτή CustomSim. Σε περίπτωση που παραβιάζεται

το όριο του σφάλματος, ξανα-εκτελείται η προηγούμενη ευριστική διαδικασία.
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Behavioral description

Extract
Data Flow Graph

Train DFG
Error & Power

models

Generate
Multi-Level approximate

Arithmetic Library
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Approximate Designs

Pareto Front

Modified Binary Search
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  extract error

Approximate
HDL Generation

Voltage Islands
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error bound

DFG

DFG nodes multi-level
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multi-level
approximate DFG

Error Distribution
& Multi-Level

Approximation Selection

Σχήμα 8.14: Το προτεινόμενο πλαίσιο METHADONE για σύνθεση πολυ-

επίπεδων επιταχυντών υλικού.
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Σχήμα 8.15: Το Pareto μέτωπο των πολυ-επίπεδων προσεγγιστικών επιταχυντών,

για όρια σφάλματος από 1% μέχρι 10%, όπως εξήχθησαν από το

προτεινόμενο πλαίσιο METHADONE και την πλήρη αναζήτηση του

χώρου σχεδιασμού για το φίλτρο Sobel και τον πολλαπλασιασμό πι-

νάκων.

Τέλος, συμπεριλάβαμε κι ένα στάδιο μείωσης των τιμών τάσεις που απαιτο-

ύνται. Η τόσο λεπτομερής εφαρμογή της υπερκλιμάκωσης της τάσης (ανά

αριθμητικό κόμβο) μπορεί να οδηγήσει σε μεγάλη ποικιλία τιμών τάσεων. Η

απαίτηση για τόσο πολλές διαφορετικές τιμές τάσης μπορεί είτε να μην είναι

εφικτή, λόγω περιορισμών της τεχνολογίας, είτε να μην είναι αποδοτική για

σχεδιαστικούς λόγους. Ο ρόλος λοιπόν αυτού του τελευταίου σταδίου είναι

να ομαδοποιήσει με τέτοιο τρόπο τις απαιτούμενες νησίδες τάσης (voltage is-
lands) ώστε να μειώσει αποδοτικά τον αριθμό των αναγκαίων διαφορετικών

τιμών των τάσεων.

Το προτεινόμενο πλαίσιο αξιολογήθηκε πειραματικά εκτενώς μελετώντας τόσο

την αποδοτικότητα των πολυ-επίπεδων επιταχυντών υλικού που εξάγει όσο

και την ικανότητά του να εξάγει Pareto βέλτιστες λύσεις. Στην πειραματι-

κή διαδικασία που εκτελέστηκε, το πλαίσιο METHADONE συγκρίθηκε τόσο

με υπάρχουσες μονο-επίπεδες τεχνικές όσο και με την εξαντλητική εξερεύνη-

ση του χώρου σχεδιασμού μέσω της τεχνικής της πλήρους αναζήτησης (full
search design space exploration). Για την πειραματική αξιολόγηση χρησι-
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Σχήμα 8.16: Σύγκριση των πολυ-επίπεδων προσεγγιστών υλικού που παράγονται

από το προτεινόμενο πλαίσιο METHADONE με υπάρχουσες μονο-

επίπεδες προσεγγιστικές τεχνικές. ΄Ορια σφάλματος 5% και 10%

εξετάζονται.

μοποιήθηκαν τρεις τυπικές εφαρμογές του προσεγγιστικού υπολογισμού: το

φίλτρο Sobel, ο πολλαπλασιασμός πινάκων, και το 1-D DCT. Στο Σχήμα 8.15,

για το φίλτρο Sobel και τον πολλαπλασιασμό πινάκων, απεικονίζεται Pareto
μέτωπο των πολυ-επίπεδων προσεγγιστικών επιταχυντών, για όρια σφάλματος

από 1% μέχρι 10%, που παρήχθησαν από α) το προτεινόμενο πλαίσιο METHA-
DONE και β) την πλήρη αναζήτηση του χώρου σχεδιασμού. ΄Οπως βλέπουμε,

και για τις δύο εφαρμογές οι δύο καμπύλες είναι πολύ κοντά. Σε σύγκριση με

την πλήρη αναζήτηση του χώρου σχεδιασμού, το METHADONE μπορεί να

παράξει με μεγάλη ακρίβεια πολυ-επίπεδους επιταχυντές υλικού κοντά στους

Pareto-βέλτιστους προσφέροντας επιτάχυνση 1208 φορές (κατά μέσο όρο) στο

χρόνο αναζήτησης. Στο Σχήμα 8.16 εξετάζουμε την αποδοτικότητα των πολυ-

επίπεδων προσεγγιστικών επιταχυντών υλικού και συγκρίνουμε τα κυκλώματα
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που παράγονται από το METHADONE με υπάρχουσες μονο-επίπεδες προ-

σεγγιστικές τεχνικές. Σε σύγκριση με το ορθό κύκλωμα το METHADONE
επιτυγχάνει 50%-62% χαμηλότερη κατανάλωση ενώ σε σύγκριση με τις υπάρ-

χουσες τεχνικές τα κέρδη είναι 18%-31% χαμηλότερη κατανάλωση. Συμπερα-

σματικά, το METHADONE μπορεί μέσω μιας αυτοματοποιημένης διαδικασίας

να παράξει πάρα πολύ γρήγορα κοντά στους Pareto-βέλτιστους πολυ-επίπεδους

προσεγγιστικούς επιταχυντές υλικού οι οποίοι επιτυγχάνουν πολύ μεγάλα ε-

νεργειακά οφέλη σε σχέση με το ορθό κύκλωμα και σε σχέση με υπάρχουσες

μονο-επίπεδες προσεγγιστικές τεχνικές.
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Γλωσσάρι

Accurate Circuit Ορθό κύκλωμα. Το κύκλωμα αναφοράς, χωρίς την

εφαρμογή προσεγγιστικών τεχνικών.

Approximate
Circuit

Το προσεγγιστικό κύκλωμα. Το κύκλωμα που προ-

κύπτει από την εφαρμογή προσεγγίσεων στο ορθό

κύκλωμα.

Approximate
Computing

Προσεγγιστικός Υπολογισμός. Είναι μια τεχνική

σχεδιασμού υπολογιστικών συστημάτων και εφαρ-

μογών. Ο Προσεγγιστικός Υπολογισμός χαλαρώνει

την ακρίβεια των εκτελούμενων υπολογισμών για να

επιφέρει κέρδη σε άλλες μετρικές όπως κατανάλωση

ισχύος και/ή απόδοση.

Behavioral
Description

Περιγραφή κυκλώματος σε επίπεδο συμπεριφοράς.

Behavioral
Synthesis

Σύνθεση κυκλώματος περιγραμμένο σε επίπεδο συ-

μπεριφοράς.

Circuit
Synthesis

Η διαδικασία σύνθεσης του κυκλώματος. Για πα-

ράδειγμα η παραγωγή της περιγραφής του κυκλώμα-

τος σε επίπεδο λογικών πυλών δεδομένης της περι-

γραφής του κυκλώματος σε επίπεδο μεταφοράς κα-

ταχωρητών.
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Critical Path
Delay

Καθυστέρηση κρίσιμου μονοπατιού του κυκλώματος.

Data Flow
Graph (DFG)

Γράφος Ροής Δεδομένων.

Design Space
Exploration
(DSE)

Εξερεύνηση του χώρου σχεδίασης.

Error Distance
(ED)

Απόλυτη Απόσταση. Είναι μετρική σφάλματος και

ορίζεται ως η απόλυτη τιμή της διαφοράς του απο-

τελέσματος (έξοδος) του ορθού κυκλώματος μείον

αυτής του αντίστοιχου προσεγγιστικού. ED = |P −
P ′|, όπου P είναι το ορθό αποτέλεσμα και P ′ το
προσεγγιστικό.

Error value Το σφάλμα του προσεγγιστικού κυκλώματος. Υ-

πολογίζεται συγκρίνοντας την έξοδο του ορθού

κυκλώματος και του αντίστοιχου προσεγγιστικού,

χρησιμοποιώντας μια κατάλληλη μετρική ποιότη-

τας/ακρίβειας.

Flip Flop Καταχωρητής. Σύγχρονα ακολουθιακά κυκλώματα.

Flip Flop Timing
Violation

Σφάλματα χρονισμού των καταχωρητών.

Gate-level
Description

Περιγραφή κυκλώματος σε Επίπεδο Λογικών Πυλών.

Η περιγραφή αυτή μπορεί να παραχθεί με την σύν-

θεση της RTL περιγραφής ενός κυκλώματος για μια

δεδομένη τεχνολογική βιβλιοθήκη.
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Gate-level
Timing
Simulation

Προσομοίωση κυκλώματος περιγραμμένου σε επίπε-

δο λογικών πυλών που λαμβάνει υπόψη τον χρονισμό

των πυλών. Συνήθως εφαρμόζεται μετά τη σύνθεση

του κυκλώματος.

Hardware
Accelerator

Κύκλωμα ειδικού σκοπού/συνεπεξεργαστής υλικού

που σχεδιάζεται/χρησιμοποιείται για την επιτάχυνση

μιας εφαρμογής/διαδικασίας.

High-level
Synthesis

Σύνθεση κυκλώματος από υψηλά επίπεδα σχεδιαστι-

κής αφαίρεσης.

Linear
Regression

Απλή γραμμική παλινδρόμηση.

Mean Error
Distance (MED)

Μέση Απόλυτη Απόσταση. Είναι η μέση τιμή της α-

πόλυτης απόστασης (ED) για την εξεταζόμενη κατα-

νομή εισόδου και ορίζεται ωςMED = 1
M

∑M
i=1 |Pi−

P ′i |, όπου Pi είναι το ορθό αποτέλεσμα, P ′i το προ-

σεγγιστικό αποτέλεσμα, και M το πλήθος των απο-

τελεσμάτων.

Mean Relative
Error Distance
(MRED)

Μέση Σχετική Απόσταση. Είναι η μέση τιμή της

σχετικής απόστασης (RED) για την εξεταζόμε-

νη κατανομή εισόδου και ορίζεται ως MRED =
1

M

∑M
i=1 |

Pi−P ′i
Pi
|, όπου Pi είναι το ορθό αποτέλεσμα,

P ′i το προσεγγιστικό αποτέλεσμα, και M το πλήθος

των αποτελεσμάτων.

Multi-level
Approximation

Η τεχνική της εφαρμογής πολλαπλών και από δια-

φορετικά επίπεδα προσεγγιστικών τεχνικών. Στον

σχεδιασμό προσεγγιστικών κυκλωμάτων, οι προσεγ-

γίσεις μπορούν να εφαρμοστούν στο αλγοριθμικό, το

λογικό, και το κυκλωματικό επίπεδο.
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Normalized
Mean Error
Distance (RED)

Κανονικοποιημένη Μέση Απόλυτη Απόσταση. Εί-

ναι μετρική σφάλματος και ορίζεται ως η μέση τιμή

της απόλυτης απόστασης (MED) ως προς τη μέγι-

στη πιθανή τιμή του σφάλματος. Για παράδειγμα σε

ένα n-bit η μέγιστη πιθανή τιμή του σφάλματος είναι

2n
. NMED = MED/D όπου D είναι το μέγιστο

σφάλμα.

Pareto front Μέτωπο Pareto. Σε προβλήματα βελτιστοποίησης με

πολλαπλά κριτήρια, οι Pareto βέλτιστες λύσεις είναι

αυτές για τις όποιες η βελτιστοποίηση του ενός κρι-

τηρίου μπορεί να επιτευχθεί μόνο αν χειροτερεύσει

τουλάχιστον ένα άλλο κριτήριο.

Partial Product
Generation with
Modified Booth
Encoding
(MBE)

Παραγωγή των μερικών γινομένων του πολλαπλασια-

σμού με την τροποποιημένη τεχνική του Booth.

Register
Transfer Level
(RTL)
Description

Περιγραφή κυκλώματος σε Επίπεδο Μεταφοράς Κα-

ταχωρητών.

Relative Error
Distance (RED)

Σχετική Απόσταση. Είναι μετρική σφάλματος και

ορίζεται ως η απόλυτη τιμή του λόγου διαφοράς

του αποτελέσματος (έξοδος) του ορθού κυκλώματος

μείον αυτής του αντίστοιχου προσεγγιστικού προς

το αποτέλεσμα του ορθού κυκλώματος. RED =
|(P −P ′)/P |, όπου P είναι το ορθό αποτέλεσμα και

P ′ το προσεγγιστικό.

Simple Partial
Product (SPP)
Generation

Παραγωγή των μερικών γινομένων του πολλαπλα-

σιασμού με την παραδοσιακή τεχνική που διδάσκεται

στο δημοτικό σχολείο.
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SPICE Διεθνές πρότυπο αλγορίθμων για προσομοίωση κυ-

κλωμάτων σε επίπεδο τρανζίστορ.

Volage
Over-Scaling
(VOS)

Υπερκλιμάκωση της τάσης. Προσεγγιστική τεχνι-

κή που εφαρμόζεται στο κυκλωματικό επίπεδο. Η

τεχνική αυτή εφαρμόζεται διατηρώντας το κύκλωμα

και τη συχνότητα λειτουργίας του σταθερά και μει-

ώνοντας την τάση λειτουργίας χαμηλότερα από την

ονομαστική της τιμή.

Volage Islands Νησίδες Τάσης.
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