P2
@?

N N
k“
R
POMHOEV S
Ll
nVPPOPOS

EOGNIKO METZOBIO ITIOAYTEXNEIO
TMHMA HAEKTPOAOT'QN MHXANIKOQN KAI MHXANIKQN YITOAOTIETQN
TOMEAXY HAEKTPIKHY IXXYOX
EPTAXTHPIO XYXTHMATQN HAEKTPIKHY ENEPTEIAX

BéATtieTn Aettovgyia P/B povddwv yia gUduion tdong e
6lkTva Sravoung ue yenon kataveunuévov aAyoQiduov TUITOUV
Consensus ADMM

AIITAQMATIKH EPI'AXIA

TOV

NwkdéAaov Magitca

EmpAémtowv: NikdAoog Xatgnogyveiov
Kadnyntng E.M.IL

Adnva, Oktwperoc 2020






EOGNIKO METXOBIO ITOAYTEXNEIO

TMHMA HAEKTPOAOI'QN MHXANIKQN

KAI MHXANIKQN YIIOAOI'TETQN

TOMEAY HAEKTPIKHY IXXYOX

EPTAXTHPIO XYXTHMATQN HAEKTPIKHY ENEPI'EIAXY

BéATtigTn Aertovgyioa P/B povadwv ywo goduien tdong e
diktTva Sravoung ue yonon kataveunuévov aiyoQiduov tuITOoUL
Consensus ADMM

AIIIAQMATIKH EPT'AXIA

TOV

NwkéAaov Magitcea

EmipAémtowv: NikéAaog Xatinagyvelov
Kadnyntig E.M.IL

Eykpildnke amod tnv tolueAn egetactikn emteomnn tnv 22" Oxktwfeliov.

NwkoAaog Xatgnapyveiov  Xtoavgog Hamadavaciov HavAog TeweylAdrng
Kadnyntng Kabdnyntng Avastingwtric Kadnyntnig
E.M.IT. E.M.IL. E.M.IL

Adnva, Oktoperoc 2020






£
i

A
37

an
k“

u .
NPOMHOEV S
Bl
nVPPOPos

NATIONAL TECHNICAL UNIVERSITY OF ATHENS
SCHOOL OF ELECTRICAL AND COMPUTER ENGINEERING
DIVISION OF ELECTRIC POWER
ELECTRIC ENERGY SYSTEMS LABORATORY

Optimal operation of PV units for voltage regulation in
distribution networks using a distributed Consensus ADMM

based algorithm

DIPLOMA THESIS

Of

Nikolaos Maritsas

Supervisor: Nikolaos Hatziargyriou
Professor at the Electrical and Computer

Engineering Department of NTUA

Athens, October 2020



NiwkoAaoc Magiteag
AtmmAwuatovxog HAekTpoAdyos Mnyavikog kot Mnyavikds YmoAoyietov E.M.IL

Copyright ¢ NikdAaos Magitcag, 2020.
Me eqtipudagn mavtoc Sikoumdpatogs. All rights reserved.

AgtayopeveTal n aviyeaen, agtobnkevon kot Slavoun Tng TtaQovcag £Qyacias, € OAOK-
AMQEOUL I TUALATOC QUTAG, Yia euTToQkd GroTd. Emitpémetor n avatdmmon, amobhnkeuon
KoL Slavoun ylo GROTd un keESOGKOTIKO, EKTTASEVTIKAC N €QEVVNTIKAGC PUGNG, VIO TNV
TEoUTA0eGN Vo avaEeTal . ITnyn TeoéAevong kol va diatngeitonr To TaEdV wnivuua.
EpwtAgata Touv a@ogovv tn ypnon tng £oyociog ylo KeQSOGKOIIKG GKOTO ITEETEL VA
agtevfvvovtol TTEOS TOV GUYYQROMEQ.

OL amoyelg kKoL To GUUITEQAGUATO TIOU TTEQLEXOVIOL GE QUTO TO £YYEAPO EKPEAIOUV TOV
GuYypapEa ko dev TieéTel va epunvevdel 0Tl avTIITROGOTEVOLVV TS eTionues J€celg Tou
EdvikoV Metadfiov IToAvteyveiov.



ITe@iAnyn

‘ONo kol TeQLoGOTERES UovAdeg Siecmraguévng evépyelag (MAE) evoouatovovtolr GTo
oUYXQEOVO, GCUGTALOTO NAEKTEIKAG eVEQYELGS, KoL W{ws ota dikTua Srovoung. To nAekTEikd
oxnuato (HO), ov pwtopfoltaikés wovddes (P/B), ov aveuoyevvitples (Al) avgdvouv tnv
Ttapovcio Toug kdde uépa. QoTéC0, N GTOXACTIKA EUON Twv ev AGyw wovddwv odnyel oe
AetTtouykd cevdpla Suokoia Staxelplowo atd ta dikTua Stavoung.

Emouévmg, ov draxelpiotés Siktiwv Stavoung (AAA) kaAovvialr va Peouv BEATIGTOUS
TEOTOUG YLOL VO LGOEEOTINGOVV avdueva otn xenon ueydiwv uepdiov MAE kot gtnv ac-
@aAl Aettovgylo Tov Siktvou Srovourg. Mepkd amd Ta o cuvnbicuévo TTEOPARLATO
JTOU TEOKVTTTOUV AGYm Tng ueyding Sieicbuong twv MAE ota Siktua Siavoung eivail n
GLUULEOENCN GTIS YEAUUES SLavOUNS KAB®S Kal ot TTAQAPLAGELS TAGE®V.

Tavtdypova, n TeXVOAOYiol TTANQOPOEIKAS KOl TRAETIIKOLVOVIOV TTEOX®WEA KOl N XENoNn
TNG GTOV TOUED T®WV GUGTNUATOV NAEKTEIKNAG evEQyelds avgdvetal. Autd odnyel ge o
KkotdoToon 6mov To SikTua SLOVOUNG yivovTal «Itio €EuTtvas Kol eu@avitovton véeg duvato-
TNTEC YLOL L0 TTLO OTTOTEAEGUOTIKA, OLKOVOULKI KAl AG@AAN Agttougyia TOUG.

Exyetalievduevor tnv srpoavagepdeica medodo, eotidtovue 6To JEuo Twv KaTaveun-
uévav aiyoiBuwv wc uéco yia tn BEATIeTn Acttovpyia Twv MAE, mtpokewévou va pubuctel
n tdon ce okTwikd Siktuva Swovourig. Ouv aAyégiBuor avtol agtartovv kdde kéupo Tou
SIKTUOU va €xel eykateatnuévo €vav €EuTtvo TTEdKTOoQA (Smart agent) TTouv vo uItopel va
SuayepiteTan Sidpoga dedoudva kar vo ekTeAel ATTOTEAEGUATIKA ATTOLTOVUEVOUS VITOAOYLO-
wovc. EmimtAéov, virobétouvue 4Tl vITAQ)EL ULl VITOSOUN ETTIKOVOVIOS TTOU ETILTEETIEL GTOVUG
VELTOVIKOUS KOUBOUGS VO ETTKOWVOVOUV KoL VO OVTAAAAGGOUV TTANQOQOQIES.

Ia 1o 6KOTLO AUTO, N TTAEROVGA SITTAMUATIKA £QYOGTOL KATAOKEVATEL EVAV KOTOVEUNUEVO
alyopuduo, Bdaoiauévo atn uédodo General Form Consensus ADMM, kavd va eTAUGEL TO
TEOPANUa vIteTdong, ata dikTua Stavoung, TTov dnpwoveyeitar agtd tny Topoaywyn ®/B ot
TeQLOSoue younAnig ghntnong. Kdde kdéufoc tou Siktvou kadeltor va asro@acicel To Sk
Tov onuelo EUYWGoNne yia Tny €yxuon @OTOROATOIKNG eveQYOoU LGXVOG TOV, ETLKOLVOVOVTOS
UGVOo Ue TOUG YELTOVIKOUGS TOU KOUBOUS TOU, MGTE VA ATTOTREWPEL TNV ELPAVION TTAQARLAGE®Y
vTeETdong 6to SikTuo.

TéAog, Tagovaidcovtal Stdgopa cevdpla AUBAVoVTAS VITOWN SLOPOEETIKES TTAQAYWYES
eveQYOoUL 1oYV0S PMTOPROATAIKMV Kol SlapoeTikd onyeio gUvdeong twv eykatecTnuévov O/B,
TEOKEWEVOL Vo agloloynbel n astotedecuatikdtnta Tou alyopibuov. Xe kdde meplmTmon,
TO ATTOTEAEGUATO GUYKQIVOVTAL UE TO AITOTEAEGUATO £VAC 1GOJdUVALOU KEVTEWKOU aAyoQid-
Wov Yl Thv €IT0ANBevcn Tng eyKLEOTNTAS TOUG.

Aéeeic Kheda:

Consensus ADMM, General Form Consensus Optimization, katoveunuévog aiyoeLliuog, @ou-
TopoAtaikés wovddes (@/B), BEATIOTN QoNn 1GXVYOC, TTORAPBLAGELS TAGNG, TEQLOPLGUOS EYXUONG
evepyoV woxvog O/B






Abstract

More and more distributed energy resources (DERs) are integrated into modern power
systems, and especially in distribution networks. Electric Vehicles (EVs), Photovoltaic units
(PVs), Wind turbines (WTs) are increasing their presence every day. However, their stochastic
nature results in operational scenarios that distribution systems were not designed to handle.

Therefore, the distribution system operators (DSOs) are called to find optimal ways to
balance the utilization of large shares of DERs and the secure operation of the distribution
network within safe limits. Some of the most common problems occurring due to high
penetration of DERs in distribution networks are congestion in distribution lines as well as
nodal voltage limit violations.

At the same time, Information and Communication Technology is advancing and its
utilization in the power systems field is increasing. This leads to a situation where power grids
are becoming "smarter" and new possibilities emerge for a more efficient, more economical,
and safer operation of distribution networks.

Taking advantage of the aforementioned advancement, we focus on the topic of distributed
algorithms, as a mean to optimally operate DERs in order to regulate the voltage profile in
radial distribution networks. These algorithms require each node of the distribution grid to
have a smart agent installed that is able to manage various data and perform any required
calculations effectively. Moreover, we assume there is a communication infrastructure that
allows adjacent nodes to communicate and exchange information.

To this end, the present diploma thesis constructs a General Form Consensus ADMM
based distributed algorithm able to resolve the over-voltage violations created by high PV
production in time periods of low demand in distribution grids. Each node of the network
is called to decide its own set-point to its PV active power injection distributively, i.e. by
only communicating with its adjacent nodes, in order to prevent over-voltage violations from
occurring on the grid.

Finally, various case-studies are presented considering different PV active power pro-
ductions and different connection points of the installed PVs, in order to evaluate the
effectiveness of the algorithm. In each case-study, results are compared with the results of
an equivalent centralized algorithm to verify their validity.

Key Words:

Consensus ADMM, General Form Consensus Optimization, distributed algorithm, Pho-
tovoltaic units (PVs), Optimal Power Flow (OPF), voltage violations, PVs active power
curtailment






Evyoaieticg

H mapovoa Sumdwpatiki ekmoviidnke oto Egyactripio Zuagthudtov HAektoikng Evép-
yvewas tng XyoAng HAektpoAdywv Mnyavik®v kot Mnyavikdv Yioloyigtov tov Edvikov
MeTtodfrov IToAvteyveiov.

Oa ndeda va guyopotiom depud tov emiPAéTtovta kodnynti k. Xatgnoyvelov, yo
Tnv gukolpia TTOU LoV £8mWGE, VO ERITOVAG® TN SIITAMUATIKA wov gpyacia, e éva déua TéGo
eVOLALPEQOV KL SNULOUQYLKO.

Emiong guyapioted wWbaitepa tov vtownelo Siddktopa IHavayidtn edaditn yio tnv
€EALRETIKN GUVEQYOGTa KoL Tn Guvexn kadodiynon kKOTd Tn GuUYYQOPNR TG £Qyacios OQUTAG.

AT1t6 kapdlag Ja ndeda vo euxoQLoTAGO TTOAD TOUS @LIAOUGS KAl TS @iAec Lov ylo Tnv
OUGLOGTIKA GUUTTOQRAGTOON KoL GuveQyaoia, 6Aa ovtd ta xedévia. Télog da ndeda va
EUYOQLOTAG® TNV OLKOYEVELDL LOV YLOL TNV GTAQLEN KOL TNV EWITLGTOGUVI TOUG.
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Nomenclature

Co
Dk
Py

Qik

+ (m;)
Pik,L

Qier

+ (m;)
Qik,L

Uik,L

"
Uik,L
P
+ (m;)
Pix.L

/léik,L

+ (m;)
Qir.L

Uir.L

+
Uir.L

Set of network buses

Set of buses with PV installed

Set of leaf network buses

Connection points to bus mapping matrix for PVs

Cardinality of bus k and its children

Predicted price

Price sensitivity coefficient

Tariff for PV active power production

Global variable for the active power curtailment of PV installed on bus k
Global variable for the active power flow from bus i to bus &

Global variable for the reactive power flow from bus i to bus k

Global variable for the squared voltage magnitude of bus k

Local variable for the active power curtailment of PV installed on bus k

Local variable for the active power flow of line (i, k)
Local variable for the active power flow of each line (k, m;)
Local variable for the reactive power flow of line (i, k)

Local variable for the reactive power flow of each line (k, m;)
Local variable for the squared magnitude of voltage of bus i
Local variable for the squared magnitude of voltage of bus k
Lagrange multiplier of coupling constraint (4.33)
Lagrange multiplier of coupling constraint (4.34)

Lagrange multiplier of coupling constraint (4.35)

Lagrange multiplier of coupling constraint (4.36)
Lagrange multiplier of coupling constraint (4.37)

Lagrange multiplier of coupling constraint (4.38)
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ymin Lower squared voltage limit on buses

umax Upper squared voltage limit on buses

P Lower limit for the curtailed power of PV installed on bus &k
b Upper limit for the curtailed power of PV installed on bus k
Tik Series resistance of line (i, k)

Xik Series inductance of line (i, k)

Py Active Power injection on bus k

Ok Reactive Power injection on bus k

P Conventional active power demand (load) on bus k

()5 Conventional reactive power demand (load) on bus k

P Penalty coefficient

€ Tolerance for the stopping criterion of the proposed algorithm
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BéATtioTn Aettovgyia @/B povadwv
yla QUduion Tdong Ge OikTLO
OLVOUNG ue yeNnoen KotToveunuEvou
aAyoiduov Tumtov Consensus
ADMM

1 Ewaywoyn

Ye avtd 1o Kepdharo, cugnteital To kivnteo yio tn Simmdopatikin egyoacia. ETigtiéov,
TAQROVGLAZETOL O GTOYOC KOl TO TEQIYQAULA TOV SLaPOR®V KEPAAALOV TOU EAANVIKOU KeEWLE-
VOU QUTAG TNG SLITAWUATIKAG €Qyaciag.

1.1 Kivnteo yia tTn Xvyyeaen tng Atsrdwpatikng Egoyaciog

Me tnv avgovduevn Sieicbuon tov povddwv SieaTtaguévng evégyeas (MAE), to kev-
TEWO povtéAo Aettovpyliag, to omolo elvar TTL0 Stadedouévo GTa onuepvd GUGTALOTO NAEK-
TEWNG evégyelag, Jo urroQouce evdeyouévmg va evioyubel ue rataveunuévoug aiyoéetbuoug
BeAtigToroinong [32]. Avtl va GuAAEyovTOL OAES Ol TTOQAUETQEOL EVOS TTEOPBARUATOG, GTTOS OL
Q0£¢ 1GYVOGC, KL VOl TTQAYULATOTIOELTAL €VaS KEVTEIKOS VTTOAOYIGUAGS, Ol KATOVEUNUEVOL OA-
Y6100l YENGWOTIOOUV €EUTIVOUS TTRAKTORES, EYKATECTAUEVOUS GTOUS KOUPOUS Tou ekdAo-
TOTE GUGTAUATOC NAEKTQLKNG EVEQYELAS, TTOV SLaXelRiTOVTOL GUYKEKQLUEVES TTALRAUETQOUS TOU
TEOPANUATOS UEGW ETTLKOWVMVIAG UE €val TTEQLOELGUEVO GUVOAO YELTOVIK®MV KOUB®V.

Eueic, o véoL nAekTEOAGYOL unyavikol Ko Uiyaviko! VITOAOYLGTOV, E{LOGTE VITOXQEMUE-
vou va JtapoakoAovdovue TS TEXVOAOYIKES TAGES TOU AduBdvouv XHEO GTOV Touéd Wog
KOL VO, EKTTOLSEVCOUUE TOUG €0VTOVS UOG, OTE va glpacte oe déon va cuupdillovue e
VTTEEAUYYEOVES AVGELS TTOU UTTOEOVV va Stacg@aligouv tnv vAOTIONGN Tou 0EAUATOS Yol
€va TILo «€VPWGTO», AGPAAES KOl ALELOTILGTO UOVTEAO GUGTAULATOS NAEKTEIKAG EVEQYELOGS UE
ueydia pepidio MAE.

INa va cupPel avtd, da Teémel kavelg va eTekTelVEL TIC YVWGELS TOU GTOV TOUED TNG
TTANQO@OQLIKNAG KOl T®V TRAETIKOW®OVI®OV, dedouévou 6Tt ta teAevtalo yedévia n €pcuva
GUOTNUATOV NAEKTEIKAG evépyelag delyvel GTL ou Tedevtalag texvoloylag AVGELS YevVIoOUv-
TOL GUVSVATOVTAG TN YVOON TOU NAEKTROAGYOU UNYOAVIKOU Yid TO GUOTALOTO NAEKTQIKAG
EVEQYELOG KOL TN YVOGN TOU TOUED TNG TTANQOMOQLKNG KOL TOV TRAETILKOWV®VLIOV.

O rpoavapeBévtes Adyor TTaQakivncay Tnv £peuva Kol Th GUVTAEN AUTAS TNG SLTTA®-
uatiking epyaciac. daivetal TOAVTIWO Yo TOUS VEOUS etayyeAuaties va ggotkeltwbolv ye
évvoleg Tov OAa delyvouv va elvar 1o wéAlov gtov touéa Twv MAE kol Tov Zuvctnudinv
HAektokng Evégyelag.
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1.2 X16x0¢ tng AumAwuatikng Eoyaciog

H avgavduevn Sieicduon tov uovddwv diecTaguévng evépyetos (MAE) ota Siktua 6i-
avouric Jétel éva TTANT0G atd TTEOPAUATO KAl TTQOKANGELS, OTTWGS TO PAVOUEVO TNG oviy-
WONG TOWV UETEWV TAGEMV T®V CUYMV, YId TO OTTOL0 QITOLTOUVTOL AELOTILGTES KOL AITOSOTIKES
uédodor avtipetdmons. O GToY0S QVTAS TS SLTTAWUATIKAG £QYaGTog lval Vo KATAGKEVAGEL
évov KaToveunuévo aiyopliuo, tkavd vo eTAUGEL TO TTEOPANLO VITEQTACGNS TTOV SnULOVEYEL-
TOL AT TNV LYNAA TAQROYWYR QOTOPOATAIK®OV povddwv (O/B) ce meplddoug xaunAng
ttnong ota Siktva Swavoung. Me Bdon tn uédodo General Form Consensus ADMM,
kG KOUPoS Tou SikTVOU TTOU €LETATETOL ETIKOWWVEL UE TOUS YELTOVIKOUS TOU KOUPoUG,
TIQOKEWWEVOU VO KATAMEEL GE WO ATTG KOWVOU AITO@AGN ylo TRV OIKOVOULKA BEATIGTN Avon
JTov Ja EAAXLGTOTIONGEL TNV TTEQLKOTIN TV eyxVGewV evepyoy Loyxvog twv P/B, diacpali-
covTag TauTtdxeova Tny ac@ain Agttovgyio Tov Siktvov. H kataveunuévn gion tng uebo-
dovu egacalitel To amdpento Twv Sedousvev kdde kKGUPoOU TTEELOEITOVTAS TNV OVTOAAAYNR
TTANQOPOQELOV UOVO UETAEY YELTOVIKOV KOUB®V.

1.3 Aoun tov EAAnvikov Kewévov tng AumrAwuatiking Egyaciog

Avti n SurtAouatiki ggyacio ogyavavetal ws €gng. To KepdAato 2 da Siegdyel wo
oUvtoun cuintnon gto Jéuata tng KUETAG PEATIGTOTIOINGNG KAl TnG PEATIGTOTTOINGNGS GTA
glyyeova cuatiuata nAekTEkAg evégyelag. To KepdAoto 3 da dwaoel éva avalutikd dew-
ENTIKO VITOPABEO ATTOQEALTNTO YO VO KOTOVONGEL Kavelg Tny Ttpotevéuevn uédodo, kabwg
ko uio BpAoypapnkn avackdTnen Sia@éemv e@EAQUOYDV Tng Jrpotevouevng uefodov. To
KepdAawo 4 Trepypdeer tn pabnuatiki @OpuovAa PEATIGTOTIOMNGNS TOGO TOU KOATOVEWN-
uévov aAyépBuov mov Pacitetoan gtov General Form Consensus ADMM, éGo koi evég
16odUvapou Keviekol adyoiBuov. Xto KepdAawo 5 Jo magovciactel to Siktvo Siavoung
JTOU XENGUWOITOLE{TOL VL0l TIC TLROGOUOLWGELS QUTAC TNG SLITAWUATIKAG €QYaGlog, T 6L
Tdong kot dAAa Sedouéva TToL OxeTiCovTal ue To efetagouevo diktvo. To Kepdiowo 6
Yo TaoEovucLdcel To ATTOTEAEGUATO TV TIROGOUOLMGE®Y TIOV TTQAYULATOITOONKAV Yo va
astodetybel n aglo tov TTEOTEWAUEVOL aAyopiBuov. Téhog, to KepdAaiwo 7 oAokAngwvel
OUTAV TN SITTAMUATIKA €QYOGio KAl cuntd TS UeAAOVTIKES gpyacies TTov Ja wiropovcav
va Teoyuatostombovv.
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2 Boaowkn Oecweia oxetikd pue tnv Kvgtn BeldticTomoinen ko
n BéATtietn Pon Ioyvog

Ye avtd 10 KepdAato, Ja moayuatogtondel o givtoun cugAtnen oxetikd ue to déuata
TNG KUETNG BeATigToTrolinong kot tn BEATIGTNG QONG 1oXV0G. OUGLAGTIKA, 0UTS TTaRE)EL €va
XONGWOo €QyaAelo YO TOV OVAYVOGTN DGTE VO KATAVONGEL TO GTOXO QUTAC TNG SUITAMUATIKAG
epyacioc.

2.1 Ewoaywyn ctn BeAtictomoinon
2.1.1 Moadnupatikn BeAticTomoinon

Kartagyxdg, éva medfAinua ue tnv akéAoudn popen:

min  fo(x)
subjectto: fi(x)<b;, i=1,...m.

avaEEEETAL K¢ TTEOPANUA LaBnuatikig BeAtigtotoinong n amAwngs Teopinua BeAtictorroin-
ong [1]. To Sudvuouo: x = (xg,...,X,) ovoudteton yetafintii feAtiotoTroinong n uetafi-
NTR aTTdPAcNS TOov TEOPANULATOS, evd n guvdptnon: fy : R" — R elval n avilkeWeviki
ouvdgptnon. Emgdéov, ov cuvapticels f; : R" — R, i = 1,...,m, glvol oL GUVAQTAGCELS
(avicoTik®Vv) TreQroplou®y. TéAog, ol atabeés by, ..., b, elval Ta QL0 TOV TTEQLOQLGUKDV.
Yuupolicouue x* To BEATIGTO SLdvucua, av fo(x*) efvor n WKkEAGTEEN TWA TNG AVTIKEWEVIKAG
GUVEQETNONG UETOLY OAWV TV UETOPANTOV AITOPOCNES TTOU IKAVOTIOLOUV TS GUVAQTAGELS
TeQoQoUV fi. Me dAla Adyla, yia oTtoladriatote Adon z ue:

fI(Z) < bl’ ey fm(Z) < bm’

GYVEL N akoAovdn cuvinkn:

Jo(x™) < fo(2).

Avdloya e To €(80G TNG AVTIKEWEVIKAG GUVAQTNONS KOL TIS GUVOQTAGCELS TIEQLOQLOUNDY,
Tagwvouovue ta Sidpoa TTEoPARUATO BEATIGTOTIONGNG GE KATNYOQIES Ue KOWVEG LOLOTNTEG.
Mio agté g o Sradedoudves katnyopieg meopAnudtov fedtiotoToinong eivol ta kKueTd
TmeoPAripata BeAtigtooineng.

Tevikd, ta eofAnpata eAtiotortoineng eivar SUGKoAo va eTtilvdovv. TToAAEg uédodol
emidvong sreQrlaufdvouv cuupBacuois, 6TTmg TOAD UeydAo VTTOAOYIGTIKG XEOVO N ardun
ko EAMAelpn kavotntag va Beedel n Adon. ‘Eva agtd To TTAEOVERTALATA TwV TIRORANLATOV
KUQTIAG PeATigToTIOlNGNG €lval OTL WITOEOVV va eTTAVTOUV OTTOTEAEGUATIKG KOL OELOTILGTAL.

2.1.2 Kvetn BeAticTomoinon

[Towv TEoywencovue GTn SLaTVTTOON TG LOONUATIKAS @OEUOVAAS £VOS KUQETOU TIROPAM-
uatog PeAtigtoToinong, da gugntndovv Stdmoeol 0QLGUol GYETIKOL Ue TNV KUQETA avdAlucn.

Opwouds. 'Ectw A C R eivan éva givodo mpayuatikey aQuiuov. Av M € R elvar éva
Gvw 6p0 Tov A étaL dote M < M yia kde dvw 6plo M Ttov A, téTe To M ovoudteTal
supremum tov A, kol GuuBoAiceton ue M = supA. Av m € R elvan éva kdtw 60 Touv A
4161 doTe m > m Yo KGde KATw SpLo m Tov A, TéTE TO m ovoudieTan infimum Tov A, Kol
ouupoAiceton ue m = inf A [2].

FUVOTITIKG, TO supremum evég ouvolov elvar eivor To WKEATEQRO dvm 6pLo Tou GuVEAoU,
eved To infimum evog cuvolou elval To ueyaAdteQo KAT® 6plo Tou GUVOAOL.

Av 10 6Uvolo A Sev @edoceTal aTtd dvw, TOTE Yedpouue sup A = +00, Kal 0V T0 GUVOAO
A 8ev @pdocetol 0t KATw, TdTE Ydeouue inf A = —co. Av A = 0 eivon éva 4deto gvvolo,
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TéTe KAPe TEAYUATIKOG aEWuds eivar dve kot éva KAT® Lo Tou GuVOAoL A, Kol TOTE
yodouvye sup = —oo, inf() = +oo. Adue 611 To supremum 1 To infimum evég Guvéiou

VTTdEYEL UGVO €dv elvorl €vag TIETLEQOOUEVOS TTROYUOTIKOS 0L,
Opouds. "Eva givodlo X Aéyetar kKuQTo €dv
Vx,xpeX, VAe[0,1], Axj+(1-DxyeX

Mua dGAAR gpunvela auTot Tov 0QLoUoOU elvarl GTL £vo, GUVOAO glvar KLETS €AV, Yo OTIOLOBNATTO-
Te 8o onuelo Tov GUVOAOU, A0 Ta cnuelo TOU eVBUYEOULOU TUAUATOS JTOU TO EVAOVEL

aVAKOUV UEGA GTO GUVOAO [4].
Non-Convex Sets

Convex Sets
Tynua 2.1: TTopadelyuata KUETOV Kol U KUETHOV GUVOA®mV GTo Xheo RZ.
Opwouds. H emypapnn wog cuvdptnong f @ R" — R elvaw éva givolo cnuelwv Jtou

Belokovton TTAve GTh YEOEIKA TTORACTACH Tng N TTov Beiokovial TTdvew aIrd Tn YEOEIKA

Japdotach tng [1]
epi f ={(x,1) | x € domy (domain of function f), f(x) <t}

epi f

Yynua 2.2: H emypaen wog cuvdptnong f, eaivetar oklocuévn. To kdtw 6glo, TTOoU

@aiveTar o 6roVQEO, elval n ya@ki Tapdotoon tng f.
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Opwoudés. Mo cuvdptnon f: R" — R ovoudteton kuQth, edv to medio ogiouoy tng f
elvan éva kKVETO GUVOAO Ko

Vx1, xg € domy, VA €[0,1],

J(x1 + (1= Dxg) < Af(xp) + (1 = Df(x2)

Avutdéc o opwoudc umopel va gpunvevBel pe ToAAOUg TEdTOUS. ‘Evag da Atav va
oke@ToUuEe OTL OAQ Ta gnueio Tov evBUypaULOL TURLATOC TToV GUVHEeL S0 onuelo f(x1) KoL
f(x2) Belokovtor €€ 0AOKANQOV AV 0TI TO YRAEIKN TToedcTacn Tng guvdetnong f(x).
"Evog AAAOG TEATTOS Vo gpunveigouue Tov oQuoud da iitav vo oke@tovue 4Tl n guvdpinon
f elvar kVETA €dv KAl WOvo edv n TTLyEAPN TG attoTedel KLETO GvvoAo [3].

Mo guvdeTnon ovoudgeTal QUGTNEMOS KUETA av alAdEouue EAAPEOS TOV TTROAVAPEQR-
Uévta opoud, €16l WoTE:

JQxp+ (1= Dxg) < Af(xy) + (1= ) f(x2)

( x2 f(x2) )
( x1, f(x1) )

Yynua 2.3: TTapddetyua wog KueTng cuvdotnong f.
Opwouds. Mia guvdgtnon f: R"™ — R ovoudgetan koiAn, edv to medlo opiouov) tng f
elvan éva kKVETO GUVOAO Ko

Vxi1, xo € domy, VA €[0,1],

SAxp+ (1= Dxg) = Af(x1) + 1= D) f(x2)

Youpwva ue auTdv Tov 0QLeud dAa ta onueio Tov evdvypoaupov TUWALOTOS TToU GUVHEEL
d8vo onuela f(x1) and f(x2) Pelokovial € OAOKANQOV KAT® TS TO YEAEKA TTapdaTacn
Tng ouvvdotnong f(x).

Mo GuvdQTnen ovoudieTol aVGTNEMS KolAn av alAdgouue eAAMPE®DS TOV TTROOVOMEQR-
Yévta oploud, £TGl WoTeE:

S+ 1= Dx2) > Af (xp) + (1 — D) f(x2)

( x1, f(x1) )
( x2, f(x2) )

Tynua 2.4: Tlapddeypo wag kolAng cuvdptnong f.
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Optous6s. Mo cuvdetnon f : R"™ — R ovopdgetal yoouutkn, edv €xel tnv akéiovdn
woQar:
f(x)=ATx +b.

Agltel va onuelndel 4L wa ypauwki cuvdeTnon eival KUETA Kol KolAn tautdypova [3].
"Eva kueTd TTeopAnya BeAtictottoinong €yel tny akéAovin popoen [1]:

min  fy(x) 2.1
subject to . fi(x) < b;, i=1...m 2.2)
hi(x) =0, i=1...p. 2.3)

O avigétntes (2.2) ovoudcovial aVIGOTIKOL TTEQLOQELGUOT Kal ol 1edtntes (2.3) ovoud-
covtanl 1eoTikoi JteQrogrouoi. Av m = p = 0, wov onualver 611 dev VTTAQEYOUVY TTEELOELGUOL,
TdTE Aéue 4Tl TO TTEOPANUA BeATiGToTroingng dev €xel TEQLOELGLOVC. e AUTO TO TTEORANUA,
JreocTtabolye va Bpovue wo wetafAntn BeAtiotomoinong (M aAM®GS petafAnti asd@acnc)
X € R" movu va elayloToTolEl TNV avIkeWeVkn guvdpTnon (M aAMdg GuvdeTnon Koo-
TOUG) fo(X), UETAEY SAwV TwV THAVOV X TTOU LKOVOTTOLOUV TOUS GVIGOTIKOUG TTEQLOQLGLOVS
fit R"— R Rl TOUG 1GOTIKOUG TteQLoElGUovg A; ¢ R" — R.

QGT6G0, N TUIKA LOEEN £viS KLETOU TEOPAAUATOS BeATigToTrolingng akolovdeiton
06 0QLOUEVES GUVINKEG TTOV TIEETTEL VAL LOXVOLV Yol Vo elvail TTeAyLoTL KUETO TTEABAnUA
BeATioTOTTOINGNG.

® N OVTIKEWEVIKA GUVAQTNON TEETEL Vo elval KUQTA,
® 0l GUVOQTAGELS OVIGOTIK®V TTEQLOQLGUAV TIRETTEL VO €{val KOUAEG,

® 0l GUVOQTNAGELS LGOTIKWY TTEQLOQLGU®Y TTEETTEL vaL {VOLl YQOUULKEG.

To cVvolo cnuelwv yo. To oTwolo 0QIZETOL N AVTIKEWEVIKA GuvdQTnon kol OAeg oL
GUVOQTAGELS TTEQLOQLOUMDV OVOUALETOL TeEdi0 0QLoUOU TOu TTEOPRAAUATOC PeATiGTOTTOiNGNG

Kol To SnA®vouyue ue:
m P
D= ﬂ domy, N ﬂ domy,.
i=0 i=1

Ta medio 0QLOUOV TNG KURTAG OVTIKEWEVIKAG GUVAQTNONGS KOl TOV KUQTOV OVIGOTIK®OV
TLEQLOQELOU®V €lval KUETA GUVOAL GUUE®VA UE TOV 0QLGUO TG KLVETAGS cuvdptnang. Emiong,
T Tedlo 0QLGULOV TV YQOUUUWK®Y LGOTIKMOV TTEQLOQLGUL®V (TTOV elvol Kol KUETES KoL KOIAES
GUVAQETAGELS TavTdxEova) elvar kKVETA gUvoda. Eivar yvwotd 6Tl n toun eviég memepaous-
vou WKLoV KUQETOV GUVOAMV glvarl €va KUQETO GUVOAD. XuUTTEQACUATIKA, TO TTedlo 0QLo-
uov eviég kvEToV TrEoPAruatog BeAtioToTioingng eivar €va kKUETO GUvoAo. Qg ek TOUTOV,
€MOYLGTOTTOLOVUE ULl KUQTA OVTIKEWEVIKA GUVAQTNON WS TTROS £va KUETO GUVOAO.

Eva onueio x € D kaldeltan £@kté onueio (feasible point), €dv wavomolel t6G0
TOUG TTEPLOELGULOVGS OVIGOTNTAC KOl GGO KOl TOUG TEQLOQLGUOVS LGATNTAS TOU ITQOPANUaL-
T0¢ BeAtiotomoinong [1], [3].

To kvETd TEAPAnUA BeAtioToTroinong TTov TeELypd@eTal aTd Tig ayéoels (2.1) - (2.3)
ovoudgetor e@iktd (feasible) edv vTtdEyxel TOLVAdLOTOV €va e@IKTO onueio. AlapoQeTkd,
ovoudcetor avépikto (infeasible). To GUVOAO OAWV TV EPIKTOV chuelwv OVOUATETOL EQPLKTO
oVUvolo (feasible set) 1 To GUVOAO TTEQLOQLOUWV.

YmodnAdvouye tn BéAticTn Twn (optimal value) p* tov VT €€étaon kKVETOV TTEOP-
Mpatog BeAtiotoTtoineng wg [1], [3]:

pr=inf{fo(x)| fi(x) <b;, i=1,...m, h(x)=0, i=1,...p}.
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Ymdpyouv TreputTtdceEls TTov n BEATIGTN TWA wItopel va elvar +oo. Edv To TTOPANUO
elval avé@kTo, cUU@®Va Ue Th guvidn guuPfacn 6Tl To infimum evég kevol Guvodou eival
+00, éxouvue OTL p* = +oo. Edv vmdpyxouv e@ktd onuela x; €10l daTE p* = —00, TOTE AéUE
6Tl To TEOPANUA BeATiaToToingng Sev @eAdcceTal ATd KAT®.

Eva onueio x* deweeitan éva BéATioTto onueio (optimal point), sov cnpoaiver 6TL
emAVeL To TTEOPANUA PeATigToTiolNGNG, £dv LoYVEL N akdAovdn Gxéon:

fo(x*) = p*.

To cgvvoAo GAwv Twv BEATIGTOV onuelwv TTov eTAVoUV To TEOPAnUO PeATiGToTTOoiNGNG
ovoudicetar BEATIGTO GUVOAO (optimal set) kot GuupoAiteTor wg:

Xopt = x| fix) <bjy i=1,...m, hi(x)=0, i=1...p, fo(x)=p’}

Edv to BéATioTo GUvolo Sev elvarl kevd, téte Adue 6L To PEATIOTO onuelo eTTLTUYYAvVETOL
ko Aéye 6Tl To TTEAPANUA BeAtigToTroineng etvan eTAVGLUO.

Adue 611 éva e@ktd onueio x elvar ToTtikd BéAtieto (locally optimal) [1], av vTtdoyet
€ > 0 tétoo WhoTE:

Jox) =inf{fo(2) | filzx) <b;, i=1,...m, hi(x) =0, i=1,...p, |lz—xlls < €}

Avtit n gglowon onpaivel 6TL To x AayloToTiolel TNV avTikEWeVkA cuvdptnon fo(x) g
TROG T KOVTIVA cnuela z ge aTtdGTAGN € ATt TO X eVTAC TOU £PIKTOV GUVOAoL. Avtibeta,
éva e@kT6 onyelo x elvar kaBoAkd BéAtieto (globally optimal), edv ehayiotoTolel tnv
QVTIKEWEVIKA cuvdptnan fo(x) ce 0AOKANQEO To €PkTO GUvoAo. Me dAla Adylo, yenat-
UOTIOLOUUE TOUG GROUES KABOMKO BEATIGTO Kal BEATIGTO evoAAGEWwa, evvoovTag To (8o
TTEAYUOL.

Mia 0It6 TIG GNUAVTIKOTEQRES LOLOTNTES TOV KVUQTHOV TTEoPAnudteov BeAdticToToin-
ong givor OTL 0ITOLOONITOTE TOTKA BEATIGTO onueio eivar emtiong KadoMKkdA BEATIGTO
[1]. Ztn cuvéyelo akoAovdel n arddergn yia avTév Tov wxveowd. Ymodétouue Gt vITAEYEL
éva e@kTO onpelo x Tov elvarl toTtikd BEATIGTO. 'Eotw € > 0 TéTolo dhaTe:

7 : feasible point, ||z — x|l < € = fo(x) < fo(2) 2.4)

Ymo9étouue tdpa 6Tl To x Sev elvar kadoMkd BEATIGTO. Me dAAa Adyla, VITAEXEL Eva
eQKTO onuelo y, tétolo date fo(y) < fo(x). Ieopavag, |y — x|y > € vt SiapoeeTtikd, da
ntav fo(x) < fo(y). Egetdtovue to onyeio z stou Siveton astd tn oyéon:

Z=(1-Dx+ Ay, /l:;e(o, 1).
2lly = xll 2
Ta onyela (x,y) aviAkouv GTo €QIKTO GUVOAO, To oTtoio €xel arrodetyel dtL efvan KLQETO
gVivolo Tiio mdvw. To onuelo z elvar o kVETOS GuViLAGUGS Twv dVo cnuelwv (x,y) evog
KVETOV Guviodov. ‘Etal, To gnuelo z aviikel emiong 6to €@KTO GUVOAO ATTO TOV 0QLGUO TOU
KLETOU GUVOAOV.
Y1n cuvéyela, egeTdcovue Tov 6o ||z — xlly

llz =l = l(1 = Dx + Ay = xly = [y = Axlly =

€ €
= Ally — xlly = Ay =xlly =5 <e
2

2lly = x| 2

Yuurrepacuatikd, To cnuelo z wavotoel v gxéon (2.4). Qg ek ToUTOV, OvAUEVOUUE
Jo(x) £ fo(z). Qotéc0, Sedousévou GTL N AVTIKEWEVIKIL cUVEQETNON e{val KUQTA KL TO EQPIKTO
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onueio x dev elvar BéATIOTO KABOMKAE, dnAdadn fo(y) < fo(x) = fo(x) — fo(y) > 0, cuveld-
ntomolovyue OTL:

fo(@) < A= Dfo(x) + Afo(y) =
fo(@) < fo(x) = Afo(x) + Afo(y) =
fo(@) < fo(x) = Afo(x) = fo(») =
Jo(2) < fo(x)

Emouévwg, n apykn woc vmtédeon elvar Aavboacuévn kol uitopovue va guuiepdvouue
ue acedieio 6Tl To onueio x eivar kadoMrd BEATIGTO.

2.2 BeAtnietomoinen ce XUyyxpova Xvotnuota HAektoikng Evépyelog
2.2.1 Owovowkn Katavoun ®ogtiov

Ev8eyouévmg, To TT10 GnUaVTIKG KOONKOV £vOg SLoXELRLGTA GUGTALOTOS NAEKTEIKAG EVEQ-
yelwog efvarl vo TTapéxel NAEKTEIKA eVEQYELD GE GAQL T POQTIO TOU GUGTARATOS UE TO EAGYLGTO
duvatd koatoc. T va yiver atotedecuatikd avtd, Teémel va el mdon elvon n ¢ATnGn
NAEKTQIKNAG €VEQPYELOS Yl T @oQTia, Troleg yevvitoleg eivon Stodéatueg, mToon evépyela
WITOQEOUVV VAL TTaRAYOUV Kal We TT0L0 KOGTOS [3].

H Owovoukrn Katavoun Poptiov (OK®) eivor éva meopfinua BeAtigtoTtoineng Jtov
GTOYXEVEL GTOV TIROGSLOELGUS TNG AeLTOUEYIOS TV SLadEciumy Yevvntolov ue 1o ounAdteQo
KOGTOG, 8eSoUEVNG TNG GUVOMKIAG CATNONG NAEKTEIKAG EVEQYELOS KAl T®V EADYLOTOV KO
uéylotowv oplwv Asttovgyiag kdde yevvatouag. Ogiouévor adyoprduor OK® evdéyetar va
TEQLAOUBAVOUV TTEQLOELGUOVES SIKTVOU (TT.X. TTEQLOPLGULOUS GUUPOQENONG YRAUUNGS) Kol dAAOL
Oy, uepweol alyéprduor OKD evdéyetar vo dewpoiv TTepLogiouovs AUTIOS TOV YEVVILTOLOV
GnAadn Teémer va oplatel €vag UéyleTog EUIULGS AAAAYRG Ttaayduevng 1Gxvos Adyw Tng
aduvaulag tng yevvatelag va oAAdEeL eTtiTiedo TTapaynyng evégyelas atiywaia) kot dGAAoL
O)l KOK.

Ed8®, mtagovaidgovye tov amAovotepo adydprduo yia tn Avon tng OK®, o ottolog €xel
T0 akOAovdo LoVTEAD patnuatikig PeATigToToineng:

N
min Z (P 2.5)

i=1
N
sub ject to : Z P =Py
i=1
Pi,min < Pi < Pi,max»

‘OTtov fi(P;) elvar W KOTE TTROGEYYIGN YRAUWKA A TETQOYWVIKA GuvdQTNen KOGTOUS av-
Tlotorya [8] tng evepyou wyvog P; Ttou gropdyeton attd kabeula agtd Tig viwoTfEueveg
yevvntoleg N, oL 0Toleg YENGLLOTTOLOVVTAL Yid TRV KAAUWN TG GUVOMKIAG CATRGNG £veQYoU
wexvog Py. TENoG, tO Pjmin, Pimax €lvon Ta 6pLa OV 0QITOVTOL GTNY IKAVOTNTO TTOQAYWYNG
eveEyoL Loxvog aTtd kdde yevviaToLaL.

Avti n Swatimtwen touv TTEoPARAToc OKD grpotTofétel éva dikTuo «xaAkoU» (copper-
plate network). Me avtd evvoovue 61l To SikTvo €xel aTeELoELGTN SuvatdTnta uetddoong
eVEQYELOG, N OTTOlOL WG ETTLTEETTEL VO TTALQAUEANGOUUE TOUS TIEQLOELGUOUS 0plmV yEauung,
TOUG TTEQPLOELGULOVS QONG LGXVOG KAl TIS ATTOAELES Yoouuwv. Emouévmg, €va SIKTUo «xaAKoU»
TTEOUTTOOETEL (al Y WEIS ATTOAELES KAl YWELS TTEQLOQLGULOVS QO NAEKTEIKAG EVEQYELAS AITO TO
onueio A éwg to onueio B [3].

ITaEOAO TTOU N OLKOVOULKA KOTOVOUR (OQETIOV elval Uia e0KOAN Kol UITOAOYLGTIKA yQri-
yopen JrROGEYYLGN Yo TOV KAB0oQLGUO TNG TTOQOYWYNS €VEQYELOS TTOU adgtowtelton yio Tn
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Aertougylo evOG GUGTALOTOS NAEKTEIKAG EVEQYELOG, €lval OYETIKA OvVOKQIPAS Adyw Tng un
GUVEKTILNGNG TWV TTEQLORLGULWY TOU SIKTVOV.

IMopadoclokd, To GUGTUO LETAPOQRAS KAl SLOVOUNG NAEKTEIKNAG evéQyelag axeSLAGTNKE
1oL wote 6tav Avdel to TEoPAnua OK® vo unv vitdyouv Toafldoels oTa AELTOUEYIKA
épla Tov GUGTALOTOS. ¢ ek ToUTov, N aTtAl emiAvon tng OK® ntav cuviadmg aekeTn.
Q01600, pe TNV TOYKOGULO. TAGN AITOEEUIWONS TwV GUGTNUAT®Y NAEKTEIKAG EVEQYELOS, TO
GUGTNUO UETAPOQRAS YiVETAL OAO KoL TTLO TTEQLOQLGUEVO [6].

Mio AYon cto TEéPAnLoa PeAticTomoincng tng Jwopaywyng Staceaiitovtog to oot
AeLTouEYlaS TRV YEAUU®DV UETOPORAS elval 0 cuvELAGUAS TOU TIROPAMAUATOS OUKOVOULKIG
KOTAVOUNG oQtiov pe to TTeofAnua tng stAngous AC pong woyvocs. To amotédecua eivan
YWwatd g BéATIeTn AC pont woxvogs (ACOPF). Ta BéATiata wovtéda pong tayvog AC elvon
wol TTOAD TLO0 QEAALGTIKA QITELKAVIGN TOU TEOITTOU AELTOVQEYIOS VOGS GUGTAIATOS NAEKTQOLKAG
evépyelag. Iepuoadtepeg AeTttouépetes Ja dodovv atnv akéAovdn evoTnto.

2.2.2 BéAtietn AC Pon Ieyvog

H BéAtigtn AC gon woxvog (ACOPF) eivan éva meopAnua BeAtictomoinong mov dempel
T1g ef1ooels AC pong 1oxvoc. YmoBgtovtag GTL ol TTaduUeTEoL Tou WovTéAoU elval CwaTEG,
ouTi elvar n JIo0 akQPAS AvATTOQACTACN TV QONV LoXVYOS Ge €va GUGTNUO NAEKTEIKAG
evépyelas. Autd onuaivel 6Tl ta onueia eUduong (set-points) Tng JraQAywyng JTtov kaboel-
covtol agto To ev AGym TEOPANULA BEATIGTOTTOMGNGS AVTLGTOLXOUV 6GO TO SuVATAV TTLO KOVTA
agtny TeayuatikoTnta [S], [9].

‘Ocov a@opd Tn eOEUoVAN Tng padnuatikic BeAtioTomoinong tov spopAiuatog ACOPF,
Yo wropovcaye vo VITOSNANMGOUUE (al YEVIKA SLoTUTTOoN o¢ EENG:

min  AvTikeyuevikn Zuvaptnon (2.6)
subject to . Eé&iowoets AC pong loyvog
Ileproptouor Atktvov

Aetrovpyikor Tlepropro ot

2.2.2.1 IIavég Avtikewevikég XuvaQtnoelg tng ACOPF

Ta meopAiyata BEATIGTNG AC QONG 1GXV0G AVTILET®ITITOUV WA TTOWKIALOL (POLVOUEVOV
TT0V AdpBdvouv ywea ce éva gUyxeovo cUGTnUa NAEKTEIKAS evépyelas. ESd magadétouue
Telo 06 aVTd, UETAEY TTOAAGV TTapadeyudtwv [5].

EAaytetottoinen Tov K6GTouS TTaQaywyng. 'Evac agtd toug 1o Kovoug GToyous evog
TmeoPArinatoc ACOPF eivon n eloylgtotroinen tov KOGTOUS TTAQAYOYAS TNG ATTaQAiTnTNG
NAEKTEIKNAG eVEQYELAS. AUTOU TOU €lBOUC N AVTIKEWEVIKI GUVAQTNON UWITOQE! VO XENGLLOTTOL-
nfel 1660 yla Tnv ekkABAELON TOV AYOEMOV NAEKTQIKAG EVEQYELAGS, AAAG KOl GE KABETOTTOLN-
UEveS eTYEPNGELS KOWIGS w@EAelag (vertically integrated utilities) stouv J€Aouv va yetdcouv
TO KOGTOG Acttovgylag Toug. [7].

EAayieToToinen eveQy®v Kol deQymv atwietov exvog. H elayigtomoincn twv ev-
EQYWV KAl AEQYOV ATTOAELDV 1GYV0GS elvol TTOOVOS Lol OTTO TIS TO GRUAVTIKES KOONUEQLVES
Aettouyles evOC SLaELPLOTA GUGTARATOS NAEKTOLKNAG EVEQYELOG.

Aratiignon 6tafeoV MEOPIA tdong. MekéS POQEES Ol SLOERLOTES GUGTNUAT®Y
NAEKTEIKNG evéQyelag umoel va délovv va diatnpnoouv €évo meo@iA 6Tabepng Tdong ce
6loug I oe UgEOg Twv KOUP®WV TOU GUGTAUATOS. AuTd, yio TTodAdetyua, witopel vo po-
nhrcer gtnv asto@uyn TeoPfAnpdtov actdbelog tdong. H BeAtigromoinon e auvtiv tnv
TreQiTttwon uiropel va toug Ponbncel va evtoTicouv Tolo elvol TO TTROTWUWOUEVO GUVOAO
EVEQYELDV, TIOU GUVIEWG GyeTitovTal Ue Tnv €yxuon N TNy aIroEEdEncn tng depyng woyvog,
vy va eTiitevyfel to emibuuntd Teoid. H avtikeweviki cuvdetnon ustopel va éyel yua
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TTaEAdeyuo tTnv akdéAouvdn woeen (LETALY TTOAADY SUVATOTATWV):

. 2
min Z (Vi - Vsetpoint,i)

i

6mov V; elvanw n tdon kdde kéuBov i evEg GUGTARATOG NAEKTEIKAG EVEQYELOS KO Vierpoint,i
elvar wo emdoupnti tdon kdde kOuPou i, TTOU O SLOYEPIGTAC TOU GUGTARATOS Jédel va
Statnpncel. H TETEOY®OVIKA AVTIKEWEVIKA GUVAQTNGN Ge QUTAV Ty Tepimtwon pog fondd
VO EAOYLOTOTTOINGOUUE TOGO TIC DETIKES GGO KO TIS AQVNTIKES AITOKALIGELS TG TAoNS AItd
To emuuntd cnueio pvdwong.

2.2.2.2 FEgawoewnoceig AC Pong Ieyvocg

Aev Ya avagepdolue oe TTOAMES AeTtTouépeles ayeTikd ue Tic e§lonaels AC Qong 1oxvog,
KOOGS TTEQUEVOUUE OTTO TOV OVAYVAOGTN v €Xel PAGIKES YVWOGEIS GXETIKA UE TOV VOUO
Kirchhoff kou Tic aITaQaltnTes €ELGMGELS TTOV XENGUWOITOLOVVTOL Yol VO TTEQLyRdpouv Tn
AerTouQyia evOG CUGTARATOS NAEKTQEIKAS evégyelas [6]. O TTOQOVCLAGOUUE EKTEVOS TIS
€810MaelS Tov wovtélov uas ato Kepdiowo 4.

2.2.2.3 Ileguogiouoi Atktvov (IIA) ko Agertovgykoi Ilegrogiouoi (AII)

Ardua kL av uirogovue va Bpovue £va GUVOAO UETOAPANTOV TTOU LKOVOTTOLOUV TIS £ELGM-
oelg AC Qong 1oyog KoL ETILTUYXAVOUV TOV GTOXO TNG OVTIKEWEVIKAG GUVAQTNONG, TTOAAECS
aTé auTég TG duvaTég KataoTdoels Sev €xouv vonuo Aeltouywkd oto SikTvo 1 dev el-
var Aettovpytkd e@iktés. ‘Etol, yio va povteAottonfel n GuuIteplpopd Tou GUGTARATOS
NAEKTEIKNAG EVEQYELOGS TTLO QEAMGOTIKA, TTRETEL Vo, SlaTuTtwBOoUV TTEOGHETOL TTEELOELOUOL.

Avdloya ue Tnv e@OQUOYR KL TOUG GTOXOUC Tng, TOAAOl Treploplouol SikTiou Kol
Aertovyikol Trepropiauol witopovv va gupateplAngdoiv gto TedpAnua feAtigtoToineng [10].
Ed® mapadétouvye T€6GeQELS OTTO OUTOVS TOUS TTEQPLOPLGUOVS, TOUS 0TTO{0VC GUVAVTAGOULE
J110 GUYXVA GTn GXETWKA PifAtoyeapia.

Kdteo ko dve 6Qro £ve@yov Kot a£Qyov 1oxVog tng yevvntoiag (AID). H evepydg
1o UG WS YEVVATOLAS 0QITETOL MG TO TTEAYULATIKG UWEQOS TNG POLVOUEVIG LGYVOC TTOU TTAQAYE-
TOL QITO U0l YEVVATELOL, EVEA L AEQYN LOXUG ULOS YEVVATELOS 0QITETOL WG TO QAVTAGTIKG UEQOG
TNG GALVOUEVNG LGYXVOC TTOV TTARAYETOL OTTO (Lol YEVVATELOL. AUTES Ol TOGOTNTES £{val PUGIKA
TLEQLOQLOUEVEG 0 KADE yevviToLO.

min

Gon < PGen < Ploy N Gen € {Set of Network’s Generators)

Q’g;’; < QGen < Qfor Y Gen € {Set of Network's Generators) omou

min ’ £ £ . ’ , ’ ,
e PLU elval TO XOUNAGTEQO OQLO YLl TRV TTOQAYWYIL €VEQYOU LoYVOS KkAde yevviTolag
ToV SikTVOUL.

nmax 7 2, 7 7 A A z A
e PJI elval TO 0v@TEQO GQELO YL TNV TTOQAY®OYI £VEQYOV LGYVO0S Kdde YeEVVATQLOG TOV
SikTVOoU.
Min s . ‘ . . . ,
e OF elvou TO YOUNAGTEQO 6QLO YL TNV TTARAYWYI deQYov 16X U0G kdde yevviTouas Tov
SkTVOU.

o Ol elvar To avOTEQRO GQLO Yol TRV TTOQAYWYI deQyou oxVog kdde yevviitouas Tov

SwkTvov.
Yuyvd, TO KATOTEQEO 6pLo Tng £vepyol oxvog elvor undév. EmmAéov, oe opuouéveg
TEQLITTMGELS Kol Ta dVo 6oL Tng deQyous tayvog dev kadopitovtar dueca aldd uueca g

GUVOQTNAGELS TNG eveQYOU 1GXVOS TNG YEVVIATOLOG
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KotodTtepa kot avedtepa 6plo UETEOV tdong oe KRAdde kéufo (IIA). o va diatnri-
GOULUE TNV AGEAAN AELTOVEYIOL TOU GUGTAULATOS NAEKTQLKNG evEQyelag, GUVATWS Secueiouvue
TO UETEO Tng Tdong kAde kGUPov Ge éva UkES €VEOS AITOBERTHOV 0QlWV. XTn GUVTELITTIKNA
TAELOVOTNTO TOV TTEQLITTOCEMVY, ETLTEETOVUE (L UEYLGTN aITOKMoNn TAGNGS Tng TAENg Tov
10% n Ayotego giupmva ue To Evpomaikd IIpétuiro EN 50160 [11]. Autd onyaivel 6T Ta
6pta tdong etvar GuVAYWS Vi = 0.9 pu. kot Vi = L1 pu. Qotéco, Guyvd ustogovue va
emPdiovue ardun avatnEoTeEa 6L, T.X. Vimin = 0.95 p.u. kot Viey = 1.03 p.u. avdloya
ue To GUOTNUO TTOL UeEAETAUE KoL TRV e@auoyn [5].

Avtd ta dpta idovtar guyvd aItd ToAY owaTnEd TTEGTLITA. IToAY VYNAES R TTOAY yaun-
Aég tdoeig Yo wroovcav va, TTROKOAEGOUV TTROPAAUOTA GTIS GUOKEVES TOU KOATAVOANTA
Tov gUVEEovTal GTO SIKTLVO N AGTABel GTO GUGTNUA NAEKTEIKAG evépyelas. Avtd da
UIT0QEOVGE VO, O8NYNGEL GE WIOL OVETTOVUNTN KoL OKOVOWKA arQiPrt un drabeciudTnta nAek-
TEWNG eVEQYELaCS Yo TOUS Katavalwtés. Emougévag, elvol ToTkig onuaciog va GuuIteLi-
nedel o akdAovboc Tepropiondg gtnvy ACOPE.

VI < Viodel < V4% Node € {Set of Network's Nodes)

6o V,’V”gée efval To yoUNAGTEQO ETLTEETITO GQLO Yol TO UETEO TnG Tdong kdde koupov, evid
Vo €lvar To vpnAdTeQo eTLTEETITE GQLO Yol TO UETEO Tng TAong kdde kéuBou.

Méyedog @eduatoc kAGdov - uéyteto 6o (IIA). Ot Twég uéylgTov EevUaTog Yo
TOUG KAGOOUG UETOPOQRAS, TT.YX. VQOUUES KOL UETAGYNUOTIGTES, TIRETEL VA OQLGTOUV AOY®
TCEQLOPLOUWY TOU VAIKOU TwVv kKAASwv. Ta pueydAo pedpata ev8ExeTalr vo KOATAGTREWYOUV TIG

YOOWES UETAPOQRAS.

ULinel < 172X Y Line € {Set of Networks Lines)

Line

érov 767 elvar To dvw 6o Tou ueyédoug pevuatog KAGSOL.

MVA-160¢ kAGSov - uéyieto 6pro (ITA). I'a toug {Sroug Adyoug pe avtovg yia To
6010 UEYLETOU Ueyédoug eeduatog KAGSoU, TIEETTEL VO OQUOTOVTOL UEYIGTES TWES ueyédoug
@awvduevng 1oxVog ylo Toug KAASOUS UETAPOQRAC.

IS Linel < ST ¥ Line € {Set of Network's Lines}

Line

6rtov ST elvaw To dvw Lo tou peyédous tng MVA-1oxvog kAASOL.
2.2.2.4 H Avaykn BeAtioong tov Texvikdv Emidvong tov IlgopAnpatog
BeAtietommoineng ACOPF

Yuurrepaouatikd, n ACOPF eivar éva kadd Sounuévo TtedéfAnua kon €xel avagrtuydel
katd tn didpkela 50 ypdvwv épeuvag. Qotdéco, o efloncels AC Qong Lexvog elval TETEOY-
WVIKEG €E100d0elg (Bedouévou GTL n 1oxUg €£0TATAL OTTé TO TETEAYWVO TG TAoNg) Kol 4v
TS ouutteQildfouue e €va TTEAPANUA PEATIGTOTIOMNGNG WS TTEPLOELGULOVS LGATNTAGS, AUTES
odnyouvv og éva un yOUUko, un kueto meopAnuo Bedtictottoinong . Ta un yoouutkd, un
KUQETA TTEoPAAUaTA lvar yevikd TToAY Tl SUoKkoAo vao eTtiAvBovv kow dev vTTdyel kaplo
eyyvnon 6Tt o eTAVTAGS (solver) ustopel va el To kaboMkd eAdyioto (global minimum) [5].

Ou akadnuaikol gpeuvntéc kol n frounyavio €xovv avartigel SdEoeS TTEOGEYYIGELS
yia tnv enidvon tov grpofAnpatoc ACOPF, ue SiopoeTikés Satumtooels, alyoelBuoug
ko vItoBécels. Mo TTEoGEyywon eivon n yeauutkottoinon tou JrpofAnuatog ACOPF kau
n asocgVvhecnt Ttouv ce vmompofAiyata. H ACOPF &ev elvar vmoBetikd meopfinua. Av-
T0éTwG, emAVeTOL avd TOKTA yeovikd dtaoctiauato (Tr.x. 15 Aemwtd) uéow TrROGEYYicEWY
Kol agto@dcemv. Metd agtd 50 yeoévia, dev vitdyer akoun pia eugtoQkd Prooun TTARENGS
ACOPF uédodocg emiAvong [12].

H Ouocmovdiokn Puvdwctikin Emtpomtii Evépyeiac towv HITA (FERC) [12] dnAwver 6Tu
0 AITOTEQOS GTOYOS Yo €va AOYICUWKG ayoeds NAEKTEIKNAG evépyelog do TreéTter va elvar
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wa BéATIoTn AC Qon 1oXV0EC TTOU va, EYYUATAL TV Ac@AA Aettougyio Tou SikTvou KoL vo
SrayelplceTan/decuevel katdAinia tig Sradéaes wovddeg mapaywyng [7].

H FERC emimpoctétwg emonpaiver 6t wow astodotiki texviki emiAvong tng ACOPF
Ya prmopovce duvntikd va egotkovouncel Sekddeg Sioekatopuvpla doAdoia etnciwg. Ou
onueEvol eTMAVTEG SeV ETGTEEPOVY TO KEVSO UETALY TNG TIROGEYYLGTIKIAG KOl TG KAJOMKNAG
BéATIoTNG AMUong. Av kdvouue po TTeoxeEn ektiunon Tt oL GneELvol eTTLAVTES AITOKRALVOUV
KOTd uéco 6o katd 10% agtd tnv kadolwkd péAtiotn Adcn tng ACOPF, kot to Ttaykocuo
evepyelakd kOoTog eivon $400 Sioekatouppla, €4V KATOMPEQOVUE VO UELWGOUUE TO KEVO
UETOEY TNG TIROGEYYLOTIKAG KAl TG KODoMKAS BEATIGTNG Avong katd 10%, To olkovOWKd
avtikTuTo Ja ntav tepdoTtio [12].
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3 Alternating Direction Method of Multipliers (ADMM)

Ye avtd 1o Kepdhalo, egetdcovpe Tous alydpiduoug tov dewpovvian Ttpédpouol tou
ADMM. EmugtAéov, maouatdcovue tn Statvrtwon tov ADMM. Téhog, n uédodog Consensus
ADMM magovcidcetor e Vo wop@és tng: Global Variable Consensus ADMM kar General
Form Consensus ADMM.

3.1 AAyoeuduot 6touvg omoiovg facictnke 0 ADMM

Iow TtEoXWENCoLUE aTnv avdlvcon tng uebddov Alternating Directional Method of Mul-
tipliers (ADMM), agicer va avagépouie 0pouévoug alydplBuoug tov dempovvan Teddouol
Touv ADMM kot Ttl Twv omoiwv oxedidotnke avToS 0 alyéeLOuog.

3.1.1 Mé£9060og Avikng Avapacng (Dual ascent)
Oewpovue 10 TEOPANUA TNG KUQETAGS PEATIGTOTTOINGNG Ue LGOTIKOVS TreQLoElauovs [13]:
mxin f(x) 3.1)
subject to: Ax=Db,
6Tov x € R", A € R™*", EqugtAéov, divetaw 6t n f: R"— R elvou kuQTn.

Ytn yobnpatikin feAdtigtoroinon, n uédodog TroAlaTtAaciactdv lLagrange eivor wa

7

OTEATAYIKA Yld TNV €0pecn TV TOTIKMOV UeyioTwv N eloyloTov wog cuvdeTineng Jtou
UTTOKELTAL GE TTEQLOELGUOVGS (TT.Y. TreELolonol 1gédTnTag Kol avigdTntag evog TreoPAnuo-
Tog BeAtigtomoingng). H 18éa elvan va uetatpastel €va TteéfAnua e TTeEQLOQIGULOVS GE Uial
HoEEN £T0L WGTE N SOKWNA TTaAYDdYwV (Borun Tng Tep{TtTmong GTTou n TOEAYWYOS ULOS
guvdeTnong 1GouTal Le Undév mpokewévou va Beeboviv Ta kelowa onuela wag GuvdeTneng)
va uropet va epapuoctel e éva un TTeploEleuévo TTeopAnua feAtigtottoineng [14].

H ouvdptnon Lagrangian yia mteépAnpa (3.1) efvor n akdéAouvdn:

L(x,y) = f(x) + y" (Ax - b)

émov y elvan n duikn yetaPfAnti (dual variable) extiong yvwotn wg Lagrangian stoAAATTAGGL-
aoctng. ITagatnpovue Ot

f(x), if Ax=0b.

sup L(x, ) = sup| £(x) + " (Ax = b)| =
y y 00, if Ax # b.

"ETGl, To oo TedéPAnua (3.1) umopel va avadiatunodel wg:
x* =inf sup L(x,y)
*oy
Toea opltovue To duikd TEOPAnUA BeATigToTroineng (dual problem) tov (3.1) wc:
y" = sup inf L(x,y) = sup g(y) &
y y
8(y") = max g(y) (3.2)

ko dewovue tn Suikh guvdptnon Lagrange, i amAd th Suikn cuvdetnon (dual function)
w¢ Tnv gAdyloTn Twn tng Lagrangian cuvdeTnong og moog X.

§0) = inf L(x.y)
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Atiter va onuewwdel 6T n duikn cuvdptnon g elvar Ttdvta kolAn, akduo kol dTov To
oSO TTEOPANUa Sev efvar kvETO, eTeldn efval point-wise infimum yQouwkdv GUVAQTAGE®V
[15]. Egztiong, umopel evkoAa va astodeyydel 4Tt yia tn BEATIGTR TWA X™ TOU TTEMTEVOVTOG
(primal) TrEoPANUATOG, LGYVEL N akdAovin avicdtnta [1]:

gy) < f(x")

H BéAtiotn Aon touv Juikov TeoPiiuatog (dual problem) (3.2) sropoauével KOATOTEQO
dpto ywa tn BEATIGTN Avon Tou TE®TEVoVTOS TTEOPARNAToS (primal problem) (3.1). Avti n
oY eRPEATETL 6TO Yemenua acdevoug dvikotntag (weak duality theorem):

g0 < f(x")

Ye qeplmtoon Tov VITdEXeL £va CeuydoL TWwoV (x*, y*) €tol wate g(y*) = f(x*), 1é1e Aéue
OTL 1GYVEL N 1eYVEN dutkoTRTA (Strong duality).

Ymodétovtag 6t to Suikd ydoua (duality gap) twv meopAnudtonv (3.1), (3.2) elvar undév,
JTOU Gnuatvel 4Tt IeyVeL n exven duikdtnta, tdte yvweitovue 6Tl ol BEATIGTES TWES TOGO TOU
TEWTEVOVTOS 66O KOl ToL SuikoV TEoPAnUdTOS BeATicToTolinong da eivar (dies. Emtouévmg,
UITOQOVUE VO OWVOKTAGOUUE Th BEATIOTN TWA TG TTEOTEVOLVGAS UETABANTAS (X*) BelokovTag
TO QOO TNG eAAYLOTNG TWAG, G Gyéon pe tn puetaPintn x, tng Lagrangian cuvdptnong,
debouévng tng PEATIOTNG TWAS TnS SUIKAG peTafAntig (y*):

f(x) =g0") = inf L(x, y) =

x" = argmin L(x,y"),
X

‘Ontwg avoeépdnke Treonyouvuévws, n Suikn cuvdptnon g efvar tdvto koiAn. Exk-
uetaAlevduevol avtd, GTov aiyopBuo Avikng Avdfacng yencwoitoiovue tn uédodo Tng
avdpaong Babuidag (gradient ascent method) [16] yiwa tnv emiAvon tov SuikoV TEOPALA-
T0¢ (3.2). Me dAAo Adyla, vItoBétoviog OTL n duikn cuvdptnon g(y) elval Tagaywyicun,
vItoAoyitouue Tnv KAon:

V,8(y) = V,L(x, y) = AX"* - b

KOL €KTEAOVUE ETTAVOANTITIKA Ta. akdAovda Priwota
X+ = argmin L(x, y") (3.3)
X
Y=y " (AxX - b), (3.4)

6Tt0V a” > 0 efvan To Priwo AvEnGng KoL 0 eRTETNG r AVAQPEQPETAL GTOV aQBUO TG €TTAVAl-
nync. To wpwto Priwa touv aiyoeiBuov elvow vITevBuvo yo Tnv eAayiotoitoincon tov La-
grangian ¢ TEOS X, eve To devTepo Priga efvar n avavéwon tng duikng uetafintic y. To
devtepo Priwa SukaroAoyel To dvoyo Tov alyoQiBuov, KaBOS ye TNV KATAAMANAN ETTIAOYA TOU
Briwatog avEnong (@), n SuikhA cuvdptnon avidvetan oe kGde emavdinyn g(y' ) > g(v")
apov Tto g efvan kolAn kar n kAion V,g(y) mdvta éxel katevduven mmog o uéyieto tng g. H
ETAOYN TOV PALOTOC AVENGNGS €TTNEEALEL GNUAVTIKA Thv ToyUTnta GUYKAMGNng tng uebddov
[20], ywti kabopiter Tnv addayn twv kAMoewv Vyg(y), V,L(x" 1 y).

Yuvoypicovtag, av PefarwbBolue 6TL oxvel n woxven duikdtnta KAl eTALLoUUE €va
aTToTEAEGUATIKG Prina avgnong, Téte Kal T dVo x', Y7 GuykAivouv oS To BEATIGTO SUiKS
onuefo. AveTuy®g, VITdEXel éva UeydAo €0QOC EQPAQUOYDV TTOU OUTEC ol VITobéaelg Sev
woyvouv. ‘Etol, n Avikn Avdfacn dev usopel mtdvta va yenciwostonbel. ‘Eva stoAd T00-
@EaVEG TTaEAdeyuo Tng asotuyios Touv alyopibuov eivor dtav n aviikewevikin cuvdeinon
f elvon wa un @eayuévn yoauwki guvdetnon. XuykekQWEéva, ag vTtofécovue GTL n duikn
uetaPAnti maigvel tnv Twn undév. Tote, n edayiotoroinon tng cuvdptnong Lagrangian
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L(x,0) = f(x) wg 7og x Ja €xel wg agrotéAeoua pelov dmepo n ouv damelpo. Katd cuvémela,
n woyven dvikdtnta Sev 1oyveL.

H asdvtnon otnv 1pocmdfeld pag vo dtac@alicouvpe 1o pndevikd Suikd xdoua UeTagn
Twv eofAnudtwv (3.1), (3.2) elvan n kvt PeATigToTolincn. Me e€aipean oQLGUEVES TTEQLTT-
TOOELS, G KLETA TTeofAAuaTa BeATioToTToNGNG, N IoYVEN duikdTnTa LoYveL [17].

3.1.2 MéDodocg Avikng Amocuvideong (Dual Decomposition)

H embuuia yio astogivBeon tov apyikol TteofAnuatos BeAtictomoinong Ge vItoIrof-
Apata ITov UItoQovv va AvBovv stopdAAnio odiiyncav gtn dnytovgylo tng pefddouv Avikng
Amocvvieong. Tw va cuyfel owtd, n aviikelwevikn guvdeinon tov TeopfAiuatos (3.1)
Tieéarer va efvar grpocBetikd Swaxweiown (additively separable) [18] wg Tt0og TO. LITOSL-
avdoUaTO X;, TTOU GnUalvel 0Tl n apykn guvdetnon f(x), TTov €€aQTATOL Ue Tn UeTOBANTA-
Sudvuoua x, uitopel va ypa@etel wg To dBpoloua TV f; GUVOQTAGE®V TIOU EL0QTOVTOL OTTO
TI¢ uetapintég-vitoSiavicuata x; [13]:

N
f@) = i)
i=1

émov x = (xq,...,xN) KOl Ol UETAPANTEG x; € R™ elvol VITOSLAVUGUATO TOU X.
Xwpicovue Tov Tivoko A Ge TUALATO TTOU OVOUACOVTOL WITAOKG N LTOT{vakes (parti-
tioning) [19].
A=[A;... Ay]

X1n guvéxela, katapépvovue va Stayweicovue tn Lagrangian, kobdog mwAéov umopsl va
yoa@tel wg:
N
Lxy) = f@) +y (Ax=b) = ) fix) +y (Ax—b) &
i=1
N N 1
L(x,y) = ; Li(xi,y) = ; (fi(xi) +y Aix; - N)’Tb)
AVTOC 0 UETOCYMUATIOWOS ETILTEETTEL TOV TARAAAMAO VTTOAOYIGUS TOU KOBEVOS X;, SLoTL
To Prina elaylotorroinong we e X (3.5) «omdel» ge N EexmELoTd kol avegdptnta TTEOPANR-
uato. AvoAuTikG, 0 alyoBuog ekteleliton WG €ENC:

r

x"1 = argmin Li(x;, y") (3.5)

Xi

yr+1 = yr + ar(Axr+1 _ b), (36)

Ontwg evrola umopel kavelg va dtakplvel, ta Pranata avtod tou aiyopiBuov elvar
Jtaduola pe avtd Tou TreQyedeovtar otn uédodo Dual Ascent. H Swagopd eivor n 8i-
OYWELGOTNTO TNG OVTIKEWEVIKIG GUVAQTNGNGS N 0Ttolol WAG ETTLTEETEL VO, EKTEAEGOUUE TO
Bripa x-edayrotosroinong tng Lagrangian avegdptnta yia kdde vwodidvucua x;. To prigatd
TOU QITOLTOVV Wio, Aettovpyia StacTrods (scatter) kot po Aettoveyia GuALOYIG (gather). Xuy-
KeEKQWLEVA, GTO PO avavéwong Tng SUIKAGS ueTaBAnTic (3.6), GuAAEyouue (gather) kdde éva
aITé T VITOSLOVUGUATO X; KOl TOUS VITOTTIVOKES A; Lo TOV VITOAOYLGUO TOU VITOAOLTTOU

N
Ax’“ -b= Z Aix,' - lb
i=1 N

Agot vtodoylotel n kadoAki (global) Suikh uetapintn ¥+, moémer va uetadodel (scatter)
o€ OAOUG TOUG ETTEEEQEYATTES (Processors) TTROKEWEVOU VO EKTEAEGOUV TTOQRAAANAQ Ta N
avegdp-tnta Prgwato edayiotomoinong tng Lagrangian g 1og x; (3.9).
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Ye auTAv T woeen, n Aviki AstocUvdeon attortel asté kdde emetepyactii va GUANEEEL
OAEG TIG UETAPANTES X; KO GTN GUVEXELD VOL VTTOAOYIGEL TNV KAJoMKNA SUIKA LeTAPANTA, OGTE
va efval og 9éon vo TEAYULATOTIONGEL TO PrRo X-€AAXLGTOTIOINGNGS Kol TTAAML GTn eTTéuevin
emavdinyn. AveTux®e, avtéd cnuaivel 6tL n Twh tne ¥ da voloyiotel N @opée, uia
ylo. kdde vrodidvucua/eTietepyaotn x;. Mo dAAn Tteocéyyion Ge autd To TEOPAnKa da
NTav 0 SLoELGLAS £vAG KUELOV eTIEEEQYAGTA (Mmaster processor) o ottoiog da eivor vItevduvog
yia Ty emavaioufovogevn GUALOYR GA®V TV TTANQOMOPLOV AITO TOUS ETTEEEQYAGTES, TOV
VITOAOYIGUS TG aglag Thng KaJoMKig SUIKAG uetafAntig y” 1 kar émterta Tn uetddoon tng
Tiow e avtoug [13].

3.1.3 EmavEnuévn (Augmented) Xvvdptnon Lagrange kot Médodog INoAAastAact-
actov (Method of Multipliers)

H emibupio yia ongovtiki Pedtioon towv 8lotitov giykMong tng Avikng Avdpaong
EVETIVELGE TNV OVATTTUEN TV eTTAVENUEVOV GuvoRTRcemV Lagrangian Kol TNV KATOGKELN
Tng Mebddou IToAlartAaciactdv. IIpocbétoviag évav akGuo 60 GTNY AVTIKEWEVIKA GUVAQR-
Tnon tov TEOPRAALATOS (3.1) Kol YENGWOTTOLWVTAS TOV TTaEdyovTa Jtowvng (penalty factor)
p g Paga avgnong atnv (3.10), n uédodog Avikng Avdfacng yivetor Tilo “eVpwaotn” (ro-
bust) kaw va €xovue kaAvTeEn GUYRMGN XwElS TTEoUTT00EGelS dTT!we elval To Wndevikd dUiko
ydoua, yoti Stacealitovue 6T To véo TTEOPAna BeAtiotoTtoinong etvar Suikd e@ktd (dual
feasible) e kGPe Pripa dTTWGS agrodewvietor apyotepa. H Siatimwaon Tou véou TRoBANUATOS
Stvetan stapardtm [13]:

min  f(x) + glle — b2 3.7)
X
subject to: Ax=Db,

n emavgnuévn Lagrangian tou ovtiotolyel 6To Twoamdve kuetéd TedpAnuo feAdtioTorroinong
elvau: ,
Ly(x,y) = f() +y" (Ax = b) + Tl Ax = bl (3.8)

Eilvauw rpopavéc ot ta meopAnuata (3.1) ko (3.7) elvon tgoduvaua SLOTL yia 0TTOL08NTTOTE
X Tov elval e@IKTO onueio o TEOGYETOS GEOC TNG AVTIKEWEVIKAG yiveTar undév. H sapdue-
TEOGC P, TOU €(vOl YVOOTN ®S TTARAUETEOS TToVAG, TEETIEL vo elvar detikn (o > 0) ko
oUTS TTOU KAvel elval va e@apuotel €va KOGTOGS, dTAV 0 TIEQLOELOUOS TG 1GoTnTAS Ax = b
Jrapafidgetal. Xpnowomolnvtog tn uédodo Avikag Avdapacng yia To wedpAnua (3.7) ue p og
priwo ovEnong, Ttapdyetor évag aAyoprduog, wou ovoudcetor Mé9odog TTOAAATTAAGLAGTOV
(Method of Multipliers), o otroiog amoteAeitar amd Ta akdAovda Prgato:

xr+1

argmin L,(x,y") (3.9)
X

yr+1 . yr +p(Axr+1 _ b), (310)

Ta prigata tng MeBdSou IoAATAAGLOGTOV lval TTadUola e QUTA TTOU TTEQLYRAPOVTL
otn uédodo Avikng Avdpacng. Avtd Ttov Sta@épel elval n TEOGHNKN TOU TETEAYOVIKOV
6QOV TOWVAG GTNV OVTIKEWEVIKIA guvdgtnon, swou odnyel gtn Aeyduevn Emoavgnuévn (Aug-
mented) cuvdptnon Lagrange. Akduo ulo Siopopd elvor 6Tl Ge aUTAV Thv TEQlTTTOON,
emmAéyouye 1O Priwa avgnong va eivol o TOQAYOVTS JTOLVAG.

Ba asodelEovue 6TL To TEOPANUA (3.7) elvan Suikd e@kTd e kKADe eTAVAANYN HEGO ATTO
Ty agloAdynon twv cuvinkwv PeAticTotroinong (optimality conditions) Tov TTEOPAALATOC.
AQykd, vitoBétovue T f elvon TTagaywylown ya asAdtnta. O guvlnkes BeATicToToineng
yio. To TrdéPAnuo (3.1) efvar va eivol TTEwTEVGVTOGS Kal Suikd e@ktd (primal and dual feasi-
bility)

AxX*=b=0 V. f(x)+ ATy =0
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avtictoya. EE opiouov 1o x ! edayioromolel Ty egicwon L,(x,y"). Apa €xovue T
Vpr(er, )

V. + AT (yr + p(AXH = b))

=V F( 4 ATy

0

BA€touye 6Tl ue Tn xerion Touv p wg PR aVEneng GTo Prud avovémong Tng Suikng
ueTapAnTng, n emavdinyn (x" +1,y’ +1) elvor duikd ek, SeSouévou 6TL kovoTTolEl TNV
€ElCOGN TTOVU AVTITTEOGWTTEVEL TNV GUVONKN PBeAtiGToTroinong kdote to TEOPAnLa vo eivor
SUikd e@KTO, 6Tt @alvetal Tagatidve. Kabog n Médodog IMoAlaTtdactactodv Method
of Multipliers) exteAeltal, To TEWTEVOV VITOAOLTO (primal residual) AxX = b GUYKALVEL GTO
undév, odnywvtag tn BeAtioToToinon, a@ol o eTAVTAS TOU TTEOPRANUATOS BEATIGTOTIOINGNG
TeocITafel va ekpndevicel TUXGV TARAPLAGELS TOU TTEQLORLGLOV TNG LGOTNTAGS, eLaAelpovTag
10 K6GT0G (0/2)||AX — blI3.

O1 Wuotnteg ouyrMong tng Medddov IToAAATTAAGLOGTOV elvor BeATiwuéves Ge GUykQLon
ue tn Avikn Avdfacn. Qotéco, avti n BeAtimwon cuvodevovial amd éva UELOVERTUO TO
otmolo elval 4Tl 0 TETEAY®VIKOS XOROKTAQAS TOV AQOV TNG JLOVAGS OV TROGTifeTOL GTNV av-
TIKEWEVIKA OITOTEETIEL TRV eTTAVENUEVN guvdptnon Lagrange aitd 1o va Stayweitetal arduo
ko av n f elvar Stayxwelown. Q¢ asmotéAeoua, dev WITOROVUE VA XENGWOITOIAGOUUE TNV
agtogvheon Kal, S €k TOUTOV, Sev UTToQoUue va vTToAoyicGouue To Prina elayigtoTtoineng
™G TEOS X TTaRdAAnAa yia kdde vTtodidvuouo x;. Ba egetdoouvye avVTd To TATNUO GTV
aroAovdn evotnto.

3.2 Ewaywyn ctn Mé9odo Alternating Method of Multipliers
3.2.1 Alternating Method of Multipliers (ADMM)

H 16éa tou ADMM yevviBnke até tn embuuia va guvdudceouye Tnv IKAVOTRTA AITOGUV-
Yeonc tou aAyopibuov Avikng AsocivBeong ue g PeAtiwuéveg W8tdTnteg GUYRMGONG Tng
Meb65ov IToAlaTTAOGLOGTOV. O aAydELBuog uitoel va xelptatel TTRoPARLATA He TRV OKOAOV-
n wopon [13]:

min f(x) + g(2) (3.11)
subject to: Ax+ Bz =c,

6oV x ER" kAL z € R™, ev) A € RP*", B RP*™ g ¢ € RP.

EmmtAéov, dlvetar 6Tt f ko g efvan kvpTég GuvaQTnaels. Autd Tou Stapépel amd To
YEVIKO TTeOPANULO BEATIGTOTIOMNGNGS We 1GOTIKOVUGS TeQLogiauols (3.1) elvor 4t n yetafAnti,
TTOU TTEONYOUUEV®S OVOUALOTAV X, €xel xwElaTel ge Vo uépn x kot z €8w. Egtiong, €6tm o1t
N OVTIKEWEVIKA GuvdETnon Stoyweitetal wg Teog autd tov Stoyweioud. H BEATIoTn TWi
Tov JrpofAnuatoc (3.11) cuupoiitetor we:

p* = inf{f(x) + g(z) |Ax + Bz = c}.
Ouolwg pe tn Médodo IToAOTTAMGLAGTOV, KaTackevdcovue Thy Emtovgnuévn Lagrangian.
Ly(x.2.y) = f(x) + g(2) + Y (Ax + Bz — ¢) + glle + Bz — c||2 (3.12)

O oAySeuog ADMM ektedel Ta akdAovdo Prpato e kdde emTavdinyn:

X1 := argmin Ly(x,z2",y") (3.13)
X

1= argmin Lp(xr“,z, ) (3.14)
Z

Y=y 4+ p(Ax™ T + B - o), (3.15)
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Awapopepadvouue to TIEOPAnpa (3.11) katd TEOTTo Tou va Touldcel otn MéJodo Twv
ITOAAOTTAQGLOGTMOV TTROKEWEVOU VA GUYKEIVouue Toug Vo aiyopltiuouc.

(" 2y = argmin L,(x, 7,y") (3.16)

X,z

Y=y p(AX ™ + B - ¢), (3.17)

‘OTtwg ugtopel kaveic evkoAa va dtakpivel, n wévn diopopd UeTAEY Twv §VY0 TTEOAVAPEQR-
Yewowv uedddwv elvar 6t otnv meplmtoon g MeBddov IMoAAATTAAGLAGT®OV Ol UETAPA-
NTEG X, Z AVOVEMVOVTOL 0Tt Koo, eved atny Tiepimtoon tov ADMM, n avavémon moay-
uatoTolelton ue evOAOKTIRO/Stadoykd (alternating) tTedITo, TTOUV €lvol 0 AGYOS Yo To dvoua
Tou alyop{Buov TTou gugntdue. Axkdua kol av AVTA n Sta@od @alveTal achuavin agykd,
elvar ovTd TTOL eTLTEETEL Ty ATTOoGUVOeGn Tov aAyoiBuov dtav ov GuvapTicels f, g elval
Sraxweiotues.

Eival afioonueioto to 6Tt wa katdotoon (state) Tov ADMM agtoteAeiton agd ta 77 ko
y. Mo guvdetnon tov {e¥youg TOUS YENGLUOTIOELTOL YO TOV VITOAOYIGUS TNG €TTOUEVNG
kardotaong 1y, H uetapAnti x” Sev amotedel uépog tng katdatacng tov ADMM ce
kA ewovdinyn. Elval amwAdg éva eviidueco Pondntikd amotélecuo, Tov vIToAoyiteTal
QITé TOL ATOTEAEGUALTOL TNG TTEonyovuevng eTtavdinyng (771, y D).

3.2.2 KAwoxkotn Moeoen

Ytn BiAoyeapia, wa eAaEE®OS dlopoeeTikin wopen touv ADMM cuvavtdtal emiong
ouyvd. Me tn yenowoitoinon tng TavTdTNTAS «Ola@oEd TETEAYOV®OV», 0 60o¢ Twv La-
grangian ToAMATAAGLOGTOV elodyetor evtdg tng EukAeiSiag vopuas. ITo GuykekQuéval,
Yewpovue to vItéAowto (w = Ax+ Bz —c). Tote, to Sevtepo uted tng Augmented Lagrangian
(3.12) urropsl va ypaptel wc:

2
T P2 = P 1 L2
+= =z|w+-y| - =—
yow+ Slwlly Z‘W 21, 2p||y||2
p 2 _ P2
= Sl ull; — Zlul3

omov u = (1/p)y elvar n kAMpakwth (scaled) dvikn petafAntin. Avtog o0 UETAGYNUATIGULOS
uag eTLTEETEL VO ek@EAcovue To Pripata tov ADMM ue évav evalAakTikd TEOTT0 WG £EAC:

X = argmin (f(x) + 'g”Ax +B7 —c+ u’“i) (3.18)
X

71 = argmin (g(z) + g“Aerrl +Bz—c+ ur”§) (3.19)
Z

W= u" + AX 4 B ¢ (3.20)

6rTov u” efvan to TEEXov ddpotoua (running sum) Twv VITOAOITTWV (W = Ax+Bz—c). Etouévwg,

éyovue OTL:
,
u =u’ + Z w.
J=1

3.3 Consensus ADMM

Ye autiv tnv gvétnta, cuintdue évav adyéebuo, Paciousévo atov ADMM, kotdAAnAo
yia Tnv emiluon evdg yevikov moPAiuatog BeAtigToTtoingng cuvaiveong (consensus) ue
KOTAVEUNUEVO TEOTO. AE)KG, da avietniticovue TEOPAAUATA TTOU VITAQEXEL ULl KON
KOBOAKIA UETOBANTA TTOV XENGLULOTTOLEITOL YOl TOV GUVTOVIGUO OAMV TMOV TOTIKOV UETAPA-
ntov tov TEoPALATOS. Xuveyitoviag, Yo cuinticouue TNV TERIMTOON GITOV VITEAEXOUV
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VITOSLAVVGULATO TNG KABOMKNAS LETARANTAC TTOV GUVTOVITOUV GUYKEKQULEVES TOTTLKES UETAPA-
ntég tov mpofAnuatos. H tedevtala mepimtwon yponowotoleiton gtn uédodo Tou e@op-
UWOTETOL GE QTAV TN SLITAWUATIKA £QyaGiaL.

3.3.1 Global Variable Consensus Optimization

"EGT®w 4Tl TOGO N OVTIKEWEVIKA GUVAQTNGN OGO KOl Ol TTEQPLOELGUOL TOU ITTEOPARUATOS
uag Stayweicovton ge N uépn, €tol wote [13]:

N
min - f(0) = > fix)
i=1

6mov x € R" kaw ou f; : R" = R U {+o0} elval KUQTES GUVOQTAGELS. AVapeQOUOaTE GTNV fi
WS TOV iy 6Q0 GTnV avikewevikii guvdptnon. Edv 9élovue va eicaydyovue TTeQLoQLauous
oe kAYe 6o, TOTE eRYWEOVUE GTNV f; Tnv T +oo dtov avtol sropafidcovror. O TeEMKOS
uag 6Téxog €lval Vo KATAGTAGOUUE OQUTO TO TIEORANUO ETTAVGLO UE KOATAVEUNUEVO TEOTTO
aTté Sudpopoug eTeLeEyaoTES (processors) Trou Jda elvarl vrtevduvor yia Tov kdde 6o f; tng
OVTIKEWEVIKAG GUVAQTNONG EEXWELOTA.

Ymod€tovtag o1l propovue va yweicovue tn uetafAntin x ce toTkég (local) uetafi-
ntég x; € R", Auté 1o TEOPAnpa uropsl va avadiaturwdel, cuumegriaupavouévng uwog
kaBoAkng (global) uetaPAnTngG z, g €Eng:

N
min Z fi(x;) (3.21)
i=1
subjectto: x;—z=0, i=1,...,N.

Avtii n TepiTttwon BeAdtioTomoinong ovoudceton global consensus mtedépAnua. To Gvoud
TOV EUITVEVGTNKE ATTO TO YEYOVOGS OTL OAEG Ol TOTIKEG UETAPANTES TIRETTEL VO GULPWVIAGOUV
ue wo kown aindela, n omola Ge avti tnv mepiTttoon efvar n kadoAknin yuetafAnti z.

Koataokevdgovue tnv emwovgnuévn Lagrangian cuvdgtnon tov seopAnuatos (3.21).

N

Ly(Xt, .. s XN, 2 Y105 IN) = Z (fi(xi) +yil (x; = 2) + g”xi - Z||§)
p

Emiong, otnv kKMUOK®TA LOEEN €XOouuE:

N

Lp,Sf(xla e s ANSZ Vs e - ayN) = Z (ﬁ(xl) +g
i=1

2
1
——||y<||2)
2 2007

Avavovtag Ta pagata tov aidyoeibuov ADMM, AauBdvovtas vItéyn TNV TEONVOPEQR-
Yeloa Augmented Lagrangian, €xovue étu

1
Xi—2Z+ =)
Ie

. p 2
e argmin (fi(xi) + 3T = 20 + §||x,- - Zf“z)

Xi

X

N
1 1
Zr+1 = N Z (x;“ + —yir)( == Vsz,Sf(xI+1’ ey ;\;—19 2, YI, cee ay;\l) = 0)
i=1 p
yir+1 = yir +p(xir+1 _ Zr+1)‘
Yvuupolicovue tov U€Go 6o evdg Sravicuatog ue €va GUUBOAO YQOWUAG (-). Zm
GUVEXELD, O aAyoElBuog uttopel va astdomoinfel axdun meELoadteQo. Aykd, fovayed-

ouye TOGO TO Prua avavéwong tng KABoMKNG petaPAntng, kabws kot to Priwa Suikng
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QVOVENGNS WS EENG:

N
1
1 1
7= N;(xl” + y,’) =
r+l _ —r+l 1—r
=3y 5 (3.22)
Jel
yir+1 = y; +,0(xzr+1 _ Zr+1) N
1 i 1< 1 ﬁ:
- yir+1 - - yir + — (p(xir+1 _ Zr+1)) N
N = NS N =
yr-#l — yr +p(2r+1 _ Zr+1) (323)
Av avtikatacTicoovue thy eglcwon (3.22) atnv (3.23), £xovue 6T
ytH=0 (3.24)

Avté onpaivel 6T uetd tnv TTEAOT ertavdAnyn stdvta do wyder: Y = 0. Q¢ astotélecua,
ugtoQovue va gavayedwouue tnv (3.22) we:

r

=X (3.25)
"Etot, teMkd n uédodog global consensus ovadiatvmovetor gto dvo akdéAovda frnata

' 3 12
+1 .= argmin (fi(xi) +y (=T + g”’” - erZ)

Xi

X

yir+1 = yir +p(xr+1 _ )—Cr+1).

Opltovpe to MEwTevov (primal residual) kow to Svikd vItoAowo (dual residual) wg Ta
JT0G4 TTOU GTOV GUYKAIVOUV GTo undév, téte 1o TTEAPAnUA (3.21) va elval TEOTEVOVTOS KoL
To Suikd e@wTod (primal and dual feasibility) éTtwg astodewvietar ato [13].

primal residual : w" = (x] =X, ..., x5 = X"),

}r—l - _ Er—l).

dual residual : s" = —p(X" — e X

Yuvoylicovtag, umogovue va gounvevcovue tov Global Variable Consensus ADMM wg
wa uédodo emidvong TEOPANUATOV GTA OTIOlO0L N OVTIKEWEVIKA GUVAQTNGN KOL Ol TIEQLOQ-
wouol katavégovtal ge TOAOUG emesepyaatés. Kdde emegepyaotng Tteémel va xelpiteton
ulévo Tov 8kG TOU 60 OVTIKEWEVIKAGC KOl TTEQLOQLOUL®V, KAONGS KAl £vav TETQAYOVIKO 6QO
JOU avavedveTal o€ kdde ermmavdinyn. Ol TeTEAYOVIKOL GQOL EVUEQMOVOVTOL (e TETOLO
TEOTTO WGTE Ol TOTUKES UETAPANTES VoL GUYKALVOUV Ge wa Ko T (SnAadn tnv kaboAikn
uetafAntn), n omola eivar n Avon tov aykol TEopAnLatog (3.21).

3.3.2 General Form Consensus Optimization

Etetdcovue topa wa meplmtwon gtnv omoia €xovue Tomikég (local) puetafintés x; €
R, i=1,...,N pe tnv avtikeyevikn cuvdotnon fi(x)+-- -+ fy(xn) elvan eivor wpoodetikd
Sroywelown [18] wg TEOg TG TOTKES ueTapintés x;. Kdde ula amd autég Tig ToTKkEg
uetafAntég asroteAeiTon aTtd g eTAOYR TV GTotelmv Tng kKadoMknc (global) uetapintic
7z € R". Kd9e otoyeio kdde ToTKAG UETAPANTAG OvTIGTOLYE! G KATTOL0 GTOLXE(0 KODOMKIG
ueTaBAnTig Tou GuUPoALgovue ue z,. O kavévag xapToyedenong (mapping) mTov Guvogel
TOTIKOUG Kol Taykocwovg Seikteg (indices) umopel va yoaptel wg g = G(, j). Avtdg
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0 xdetng avadewkviel Tn GYEoNn UETAEY TOU TOTKOU GToyElov (X;); Ko TOU KadoAukoy
GToyelov zg [13].
H cuvoyn petofd Tomikdv kol KaJoMKOV LeTABANTOV TTLTUYYAVETOL Ue TIG arOAoLvTES
EELOWOELS:
(x,-)j = 2Gu, = L i=1...,N, j=1,...,n;.

émov i elval o delktng Tou TOTKOV GTolElov, evdd To j elvar o Belking Touv KoJoAlkov
aToyelov.

Mo Adyovug amAdtntag, dewpovue 6t To Z; € R™ oplteton wg (Z;) i = 264, = 2 Ovol-
AGTIKA, Z; OVTLITQOGMITEVEL TNV 1860 TNG KOOOMKAC UETOPANTAC yloL TO TU TWA TRETEL Vol
€xel n toTukn uetafAnti x;. Ouv Teprogiouol Guvaiveong (consensus constraints) witoQovv
va dSnAwdovv evkoda wg x; —Z; =0, i=1,...,N.

Emouévmg, To general form consensus meopfAnuo opigeton mg:

N
min Z fi(x) (3.26)
i=1
subjectto: x;—%Z;=0, i=1,...,N.
ue UeTOPANTES Xi,..., XNy KOL Z1,...,2y (OU Z; elvanl yoauwlkés GuvoQTneels tng KaJoAKAG

uetaPAnTig z, SnAadn Sravicuata, TTOU AITOTEAOVVTOL ATTO UL0L ETTAOYR GTOElwV Tng
KOJOMKAG UETOPANTAG, TTOV OVTIGTOLXOUV GTIG TOTIKES UETAPANTES X;).

Ytn ouvéyela, da Selfovue €va ammAd TTaEAdelyua TTEOKEWEVOL VoL YIVEL KOTOvONTR n
Aettovgyla Tou aAyopiBuov General Form Consensus ADMM. Xe avutd to mwopddetyua,
éxovue N = 3 vrwoouotiuota, kKaboMkin uetapAnti didotaong n = 4, Kol TOTKES UETAPA-
ntéc Swaotdoewv ny = 4, ne = 2, ng = 3. H yoptoypdonon yetagl KaBoAMK®OV KOl TOTKOV
otoyelwv Tagovatdetal oto akdilovdo Suepés yodenua (bipartite graph). Kdde oxun
(edge) avturpocmITEVEL €vav TTEQLOQLGUO Guvaiveong.

<2

Z3

Z4

Ixynua 3.1: General form consensus optimization. Ot TOTKOl OQOL TNG OVTIKEWEVIKAG
guvdptnong Peiokoviar ota aplotepd. Ta otoyela Tng KOBOMKAGS ueTapfAntic Pelorkovtol
oto defid. Kade axun tov Sipepoic yeapnuatog eival évag Ttepropuopds cuvaiveong (con-
sensus constraint), Tov Guvdgel £va GTolyelo TOTTKNAS UeTABANTAC Uue €va GTotyelo KOBOAKNAG
uetaPANTNG.
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‘Etol, akoAovdovtag ta gUUBoAO TTOU eTTEENYRINKOY TTQONYOUUEV®S KOl GUULP®VA UE
TOUG TTEQLOELOUOVES GUVETTELAS TTOV 0QlgovTal aTtd kdde akuin Tou Siuepovs YROUPRUATOS GTO
xnua (3.1), éxovue OTL

e Atdvucpa KadoAwkng Metafintng (= 4) :

2=z 22 23 zul
o Avdvuopa Tostikng MetapAnting x; (1 = 4) :
x=[0)r ()2 (ks (xal”
o Atdvucpa Tostiking MetaBAntig xg (g = 2) :
xy = [(v) ()l
o Atdvvucua Tottiking MetapAnting xs (3 = 3) :
x5 =[(xa) (x3)g (x3)3]"

¢ H 160 tng KadoMkng MetapAnting yia to Atdvuceud Tottiking MetaBfAntic x;
m=4):
Zi=la 22 zz zl"

o H 16¢a tng KadoAwkng MetapAntic yia to Atdvucud Toitkng MetafAntig xg

(g =2) :
Zo =z z]’

e H 16éa tng KadoAikng MetapAntng yia to Atdvucud Tosuking MetafAntig x3
(n3 =3) :
Z3=1lz2 z3 zl"

H emavénuévn Lagrangian tov meofAiuatog (3.26) €xel tnv akdlovin popoen:

N

L5230 = 27 (i) + 0T G = 2 + Sl = 215

i=1
N 2
P 1 2
— . )+ = - .
;:1 (fz(xl) 9 ) 2pllylllz)

o6mrov ov Lagrangian stoAAastAaciactés y; € R™. O ADMM ce avutih tn poen astoteAeiton
agrd o PrigaTon

.1
Xi—=Zi+ —Vi
P

X! = argmin (f,-(x,-) +y T =2 + %)Hx,- - Zf”i) (3.27)
Xi .

Zr+1 = arggnin (; (_yirTZi + g“xirﬂ _ Z[H—IHE)) (3.28)

VAREES TUR Y [ CTREE A} (3.29)

‘Ontwg elvar ep@avég, To PALATO AVOVE®ONS TOV X; KOl y; WITOEOUV VO EKTEAEGTOVV
OveEAQETNTA AITO SLOPOQETIKOVG ETTEEEQYOOTES, TTOU AVTAAAGLOUV TIC AITOQALTNTES TWES
JIQOKEWEVOU VO UTTOQROVV VO TTRAYUOTOTIOLAGOUV TOUS VTTOAOYIGULOUS TOouS Yo kKdde vTt-
ocUGTNUO I.
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To z-Priga avavéwong astocuvtideton Letagd Twv gtotyelwv Tng KAJOAKNGS wetaBAnTAg
Z, apoV n L, eivar TAMQEwS Stayweicun owg meog To ev Adym kadoAwkd ctoyxeio. "Etat,
kdbe GTorelo z, Tng KAJOAMKNAG UETABANTAG Z UITOEE! VoL VTTOAOYIGTEL XENGULOTTOLOVTAS TOV
akoAovdo TUTTO:

o2 (G J0i)
2, 1= argmin Ly (x,2,y) 1= 2% (3.30)
Z 2 1
G(.j)=¢

Amé Tty tedevtaio e€icmaon, wropovue va GuuTtepdvouue 6Tl kdde z, PelokeTal aTTd ToV
uéGo 60 TWV TOTIKWY KaTaywencewv x; 1 + %yi’ TLOU AVTLGTOLYOUV GTOV KaJOAkS delktn
g. Edv swgdyovue tnv ggicwon (3.30) atnv (3.29) wg TTEOC TOV KOvOVA XOQTOYQAMPNGNG
G(i, j) = g, T1é1e wiropovye va amodelfovyue OTL UeTA TV TTEOTN €TTOVAANYN LoYVEL:

> (M) =0 (3.31)

G(i,))=¢

Avtikathotdvros tny gficwon (3.31) atnv (3.30), TeMkd Taipvovue G

> (@)

41 GlJ)=g

gt = (3.32)
8

670V N, elvon 0 aQuinds Twv GToryelwv TOTKOV UETARANT®V TTOV OVTLGTOLXOUV GTO GTOLElo
ROJOMKNAG UeTaPANTAG zg. Me dAAa AGyla, To z-Bra avavéwong efval ToTikEg UEGOS 600G
ya kdde crorgelo z, ko Oxr kKadoMrdg uécog 6pog, émwg Ntav cto global consensus
TESPANLa.  Xuvowicovtag, Jo piropovcaye vo Tovue 4Tl UOVO Ol ETTEEEQYNGTEG TTOV
£XOVV yveun yio to 6Totyeio 7, 9o «pn@icovvs ¢Tn Slauéepwon Tov Zg.

3.4 BipAwoypa@ikin Avackdérnon ywa E@aguoyéc ADMM ce Xvoetnuata At-
avoung

Omtwe €yxel egnynbel gto KepdAawo 1, otdyog uag eivar va avasttigouye évav aiyopl-
Yuo Pacicuévo gto General Form Consensus Optimization rov efvon ooV Tng puebddov
ADMM. Qg astotélecua, Ge AUTAV TNV evdTnta TTAEOVGLATOUUE SLAPOEES EPAQUOYES Q-
yopiBuwv TT0V Pacitoviar otov ADMM ce SikTuo SLOVOUNG UE EYROTEGTNUEVES LWOVADES
Sieomaguévne evépyetas (MAE). Avutég ou epapuoyés da cugntndoiv mepuAnattikd ko da
egnynbovv guvBETovTag wa PAMOYQAPIKA OVAGKOTTNGN TTOU EVETTVEVGE TNV 18€a AVTAG TNG
SUTAOUATIKAG eQyaciag.

Y10 [20] ot cuyypaeic GToxeVOUV VO EAAXLGTOTIOIGOUV TIG QITMAELEG LGXVOG £VOG Sik-
To0v Savoung eAéyxovtag tnv depyo oYU OTtd TOUC UETATEOTEIS (inverters) Twv @mTO-
BoAtaikdv (@/B) Ttou elvar eykateoTnuévo 6To dikTvo. AQykd, XENOWOTIOOUY £va, Yo~
UKOTTOMUEVO UWOVTEAD QOWV Loxvog kAddou [31], guykekpwéva to LinDistFlow [32], ya
Vo TTEQLYRAWOUV TIS €EI0MDGELS QONG LoYVOG. Q¢ €k TOUTOU, «KLQETOITOLOUV» TO TIEORAnUA
BeATtigTomoingng, kabmg amaAddccgovior amd Ta un yoauutkd uéen tov efleocewv AC
EON¢ oyvoc. Ilgokewévou va eTLTUXOUV TOV GTOXO TOUG, YQENGUOTOOUV TEELS SlopoQe-
TIKOUG aAyoBuougs: Avikn Avafacn xwelg va AaufdvovTal VTTOWPN TTERLOELGUOT Yol T GLa
Tng tdong kdde koupou, évag aiyopbuog mov Pacitetar gtov Consensus ADMM ywoig
va, AdagBdvovtor vItéyn TTEELOELOUOL yia T 6o TG Tdong kdde kéufouv ki, TEAOG, £vog
aly6eBuog Ttov Bacitetar gtov Consensus ADMM ftou €€eTdTeEL TTEQLOPLGULOUS VoL TOL GQLOL
Tng tdong kdde kouPou. Ov cuyypapeic eEeTdLoVV 7 TEQLTITMOCELS Ue SLaPOEETIKA GevAQLo
OXETIKA Ue TOV aQOUd Twv KOUPwV Tou SkTVOU, GXETIKA Ue TO TOGOGTO deigduong Twv
®/B, oxetikd ue tnv yyvon eveeyou oxvos twv O/B (Beweeiton otabepn), oxetikd ue tn
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uéytotn duvati @awvduevn 1ox0¢ Twv O/B, (KoL ¢ ek TOUTOU Ta 6L depyous LoXVOS TwV
inverters ®/B) kol oxeTikd Ue ta TEOMIA PoETiov yia to dikTvo. Ta asmoteAéouata GAwv
TV 0AyoRIBUwV GuykEivovTal LETOEY TOUS GTO TUAWN GUUITEQACUATWY TOU paper, ue fdon
ToV AU TV eTAVAAMIYPE®Y TTOU agtartovvtal yia kdde uédodo kal, wg ek TovTOUL, TV
Toyvtnta cvykMong kdde alyopibuov. TéAhog, ov cuyypapeic gpeuvolv Tnv akeifela Tng
grpocéyyiong LinDistFlow. T va yiver autd, Aoupdvouv Tig TWwéS Tng depyou 1oxvog TV
inverters ®/B mov vtoAoyictovton pe tnv Ttocéyyion LinDistFlow kou Tic avtikabigtovv
oS eflowaels DistFlow. Xtn guvéxela, emlvouv akepws Tig e&lowaelg DistFlow [32] ko
GUYKQIVOUV TIC GXETIKES aTtwAeleS Twv eElewGemv DistFlow kar LinDistFlow.

Y10 [21] 0 GuyypapEag yenoyoTotel £va LoVTEAD QOWV 1GYV0g cuyoV [31] yia va StatuTt®-
oel éva mEoPAnua BéAtiatng pong toxvog (OPF). Xtn guvéxela, emavadlatuTtovel tn @oQ-
UWOVAQL TOU TTEOPARUATOS Ue TETOLO TEOTTO, DGTE va glvol Ge Jéon va xEnGLLoITOmGeL TOV
oAy6ebuo Alternating Direction Method of Multipliers (ADMM), ye fdon to €pyo twv [22],
[23]. ITo cuykekpwéva, xweitel to ggeTagduevo SIKTVO Ge TEQLOXES GTIS OTtoleg eTmAveL
Togtikd TrEopAMuata OPF, GToxelovtas GTO va €AOYLOTOTOGEL TO KOGTOS TNG €yuong
evepyov oyvog oe kdde koufo. Kdde mepoxn €xer évav kéupo o omolog eivar vitevBuvog
VO ETKOWVMVEL Ue TOV TTANGLEGTEQO KOUPO Uog AAANG YELTOVIKNAG TteQloxng. Ag ovoudcouue
oVTOV Tov KOuPo “messenger”. Kdde messenger emikovwvel ue Tov ToQoKeluevo messenger
TIC TWES TNG TAGNS TOU KOL TN YVOUN TOU ylo Thv TACNn TTOU TIRETEL va €XEL O TTOQOKEL-
uevog messenger tov (evtogtitetanl agrd to ToTKO TEOPAnua OPF tng gepuoxric tov). H
OVTIKEWEVIKA guvdptnon kdde messenger meQulaufdvel emiong évav 6o TTouv TocTadel
va gyyunfel 4Tt n yvoun twv messengers GXETIKG Ue TS TAGEIS TOV YELTOVIKOV Mmessengers
Toug Jo GUYKALvel Ge Uto. GuvoveTkil aAifelo. QcTdc0, OTwg genyelton GThy evdTnta
(2.2.2) n Béltiotn AC on woyvos (ACOPF) eivon éva un yoouutkd, un kuvetd seofinua
BeAtiotomroingng. EmimAéov, o ADMM GuykAivel udévo Ge Gevdplo KUQTdV TTRoPANULAT®Y.
Qg agtotéAecua, Sedouévou 6Tl To TTEAPAnUA BeATioToTolnong JTov peletdtor Sev «KLQE-
ToTtole{ Ty, 0 TTEOTEWOUEVOS aAYOELBRog Sev etvar BERaro 6Tt Ja GuykAivel.

Y10 [24] ov cuyypaeis epaguitouv uia Semi-Definite Programming (SDP) yaAdewon
otn SlaTUTTwon Tou TEoPARpatog BEATIGTNG Eong woxvog (OPF). OuclacTtikd, Ttapéyouv éva
KOTOTEQRO 6QLo TNG PEATIGTNG AVONG AyVOMVTAS TO YeEYOvOS GTL n TdEn Tov Tiivaka Avong
wng OPF mrpémel va efvan {on pe 1. Qg ek ToUTOU, TTAREXOVV €Va KATWOTEQO OQLO GTNn BEATIGTN
AvYon tov TTEOPAMULATOS Fedouévou OTL ETTEKTEIVOUV KOL «KUQTOTTOLOUV» TNV EQIKTI TTEQLOXN
Tou TEoPALatog. O GTéX0S TOug elval va. EAAYLGTOTIOIAGOVV TIS ATTMOAELES LGV GE OAO
70 SIKTVO UEGw TOU eAEYXOV TwV eyxicewv depyov 1oxvos Twv MAE mou elval eykategtn-
uéveg gto Siktvo. Tavtdypova, dewpovv TTeQLOELGLOVS Yia TV €yxuan 1GXVoS Kol Tnv Tdon
kdde kéuPou. T va emMTUXOUVV TO GTOXO TOUG, XENGLWOTIOLOVY Tov adydplBuo Consensus
Alternating Direction Method of Multipliers (Consensus ADMM) £@audCovTog TTEQLOQLGLOUS
GUVALVEGNS UETAEY TWV TOTIK®V UETARANTHOV TV YELTOVIK®OV KOUPwv. TéNog, o Guyypapeic
TLAROVGLAZOVV TTROGOUOLDGELS GTO Wn 160eEoTnuéva diktua Stavoung touv IEEE ue 13, 34, 37
ko 123 tuyoic, ylo va ETTEENYRGOUV TNV ETTERTAGLULAOTRTO KOL TN EYKUQOTNTA TOU TTROTEWS-
uevov alyopibuov, eatidgovtag kKuplwg atov xedévo cvykMong (ToC) ce kdde TepiTttmon.
Agltel va onuelwBel 611, TTaEdAo Ttov emAvouv wa SDP Relaxed Optimal Power Flow
(ROPF), asrodeikvieTon eugtelpikd ato [25] 6Tt n vird uedétn yoAdewon Tou aQxikol TTEop-
AMuatog elvar axkQIPrg yia Ao ta eggetacdueva diktva Stovoung. Me dAlo Adya, kdde
BéATiotn Aon tng ROPF eivan emtiong BEATIGTN yia To apykd meopfAinua OPF.

Y10 [26] ov cuyypaelc €1lGAYOUV UWldl GTOXAGTIKA @OEUOVAD BeATicToTolneng (Xenot-
uottowvtag to wovtédo LinDistFlow) yua Swayelpion tng evepyol kot depyov 1GyV0g Ge
GLGTANOTA Stavoung pe vynAd ettiztedo dielcduong oklokwv ewtofoitaikwv (P/B). H av-
TIKEWEVIKA GUVAQTNGON TTOV XENCLLOTTOL0UV atoTeAeiTal aIrd 3 SlopoeTIkoUg GTGYOUGS: TV
eAaYLGTOTTOINGN ATTOAELDV 1GXV0GE, Tn EUIULON TAGEMV KOl TRV LKAVOTIONGN TV JTEAATOV.
H wavoTioinon tov TeAaTdv TTaQouoldleTor uom wag cuvdetnong xenowdtntog (utility
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function) cVuewva ye tnv omoio kdde TweEAdTNG elval TTEQLGGOTEQO KAVOTIONUEVOS STav
xenowwodtotel tn uéytotn Suvatn katavdiwon evégyelag. O UeTAPANTES aATTOPAGEDV TTEQ-
appdvouv: tn Swaxelpion twv eAéySlumvy @optimv (controllable loads) uéow eUduiong tng
cntnong toug (demand response), KOONS KAl TOV EAEYYO TNG KATAVAA®ONG N TTAQOYWYNS
depyou 1oxvog ard toug inverters twv P/B ye éva TEOITO TTEOGOQUOGUEVO GTN GTOXAGTIKNA
evepyd woxy Ttov Tapdyetal amd Tig O/B povddes. EmimAéov, n GToYacTIKA (@UGNn Tng
OVOVEDGUNG NAMAKAC EVEQYELOS TTOQOVGLATETOL UEGH J SLOPOQETIK®V GevaRimVy, TToU KGde
éva éxel o Guykekowévn Tfavétnta va cuuPel, cuykekowéva i/, j e {1,...,J}. Zn
GUVEYELD, OVOTITUGGETAL €VAS OTTOKEVTQOUEVOS alyoplBuog ue Bdon tov Consensus Alter-
nating Direction Method Of Multipliers (Consensus ADMM). O aAydeibuog srepriaufdvet
evnUEQ®OElS KAELGTAC Hopeng (closed-form updates) avd koufo ki atowtel emkowv®vio
Uovo UeTAEV yeltovikdv koupwv. H amddoon tov alyopiBuov agiodoyeital oe €va TUTTKG
SikTvo SlavoUnG UG TTROGOUOLWGEWY GE VTTOAOYLGTIKO GUatnua. TEAog, n Tpotewvouevn
uéfodog agrodeikvieTar 4T €xel avadTEEN aTToTEAEGUOTIKOTNTA QUTWIONG TAong Ge GUyKQELoN
UE TIC EVOAAOKTIKEG TOTIKES HeBAdoUG eAEYYOU aEQYOV LGYVOG.

Y10 [27] ov cuyypeapelc Treoteivouv W uédodo yia to PEATIGTO €AEYYO T®WV GUVELG-
PoE®V depyov 1oxvog Twv Movddwv Alegmrapuévng Evépyeias (MAE) Ttou vitdgyxouvv Gta
CUGTALOTA SLOVOUNG NAEKTEIKAG EVEQYELOGS, Ue GTOXO0 Tn dathpnon Twv Tdcewv kdde kou-
Bovu evtdc twv emBuuntov oplwv. T'a tnv Tepimttoon Twov to diktuvo elval 1GoEEOTNUEVO,
XENGWoTtolovv Thv Tocéyyion uovieAotioinong DistFlow (yio aktwvikd Siktua Stovouncg)
yia tn Stapdeewon evog TeoPArinatos BEATIGTNG pong toxvos (OPF). Xin cuvéxewa, ag-
LOTTOLOVV TIG L8LOTNTES TWV GUVONK®OV AELTOUEYIOS TOU GUGTAUATOC YL VO «XOAOQ®GOUV>»
0QLGUEVOUS Un yRouUutkoUs 6Qoug autov tou moPinpatog OPF, 1o omolo teAkd odnyel
Ge éva KUETO TeTEAY®VIKG TTEORAnUA (QP). ZuykekQWEVA, AVTWETOITICOUV TIG UNn YQOUULKES
TOGOTNTES ATWAELWV LGYVOG TWV EELGDGEMV QONG LGYVO0GC £lte WS GTabepés, elte wg yoay-
UIKES TTROGEYYICELS TV UN YQOUULKOV 6wV TIOU ovovedvoviol e kdde emavdinyn tovu
aAyopiBuov. EmimAéov, mepilaufdvouv wa wabnyuotikn @éguovia Tov (Stov TTeofARLOTOS
TOU APOQEA OUMS U LGOERQEOTINUEVA TELPOGIKA GUGTALATO, DGTE VO ETTEKTEIVOUV TIG 18€eg
JToU ewenyOncav yia tnv TeRiTttwon 1gogeomnuévoy Siktiov. Ov Guyypa@eic Guykeivouv
TNV ATTOTEAEGUOTIKOTNTO TOU dAyoiBuov Tov Paciteton e QP ue évav alydpBuo mou
Baocitetar e Semi-Definite Programming (SDP) yia BEATIGTN eUdwon Ttwv UeTAGYNUATIGTMOV
eUYWONG TAoNng Ge Un LGOEREOTTNUEVA GUGTALATA SLAWVOUNG, OTTwE TTEoTelvetal gTo [28]. ETti-
TAL0V, Yo TV agtotedecuatikin emtidvon avtov tov QP, Trpoteivouv €vav aiydptBuo Pacic-
uévo gtov Consensus Alternating Direction Method of Multipliers (Consensus ADMM). TéAog,
UEAETOUV OQKETES TTEQLITTOGELS YO VO EAEYXOUV TNV OITTOTEAEGUATIKOTNTA T®V tedddmv Toug
GE UNn 1G0QQEOTNUEVA TELPAGIKE GUGTALOTO SLVOUNG NAEKTEIKAS evépyelag ue 15 kar 123
cuyovc avticToya.

Y10 [29] o cuyypapeic TTRoTElvOoUV €vav Kataveunuévo aiydépibuo yio online dvaxelpion
evépyewag (online energy management) e wkodiktua ue vynin Sieioduon Movddwv Alec-
mapuévng Evépyelas (MAE). H vynAn dielcduon MAE cta pikodiktua Guvodevetar amd
TN GTOYOOTIKN TOUG QUGN OGOV OPOQRE TNV TTOQAYOYN EVEQYELOS. X€ YEVIKES YQOUUES, Ol
TO TTEOGPATES TEXVIKES TEOPAeWnS TToU aoovv non-dispatchable MAE, émtwg n nAtokn
evépyela, dev elvor apketd arkQBeic, yeyovdg Tou odnyel Ge un aIrodoTikd TTEOYQROULATIOUS
evépyelag. o vo aviyetwiotel To gATnua Tng vYnAng afePordTntag GTo WikEodiktua,
oL Guyyeapeic avtov tov paper Tieoteivouv ulo uédodo online Swaxeipiong evépyelag Tov
Bacicetar gtov aiyéeBuo online ADMM. O online aAydéetBuog mapéxel AydTteQo GUVTNENTIKG
€é\eyyo oe GUyKQELoN Ue Ut «eVRWGTn» (robust) Ttpocéyyion BeAtictomoinong. H atroteles-
UWATIKOTRTO. TOU JTROTEWVOUEVOL 0AyoEiBuov eTmoAnbevetal agtd Sidpoea oOUNTIKE TTo-
eadelyuata Gto TeEMKO UEQEOS TOv paper.

Y10 [30] ;eotelvetan évag kataveunuévos aiyoebuog yia tn Stacedion tng BEATIGTNG
eong 1oxvog (OPF) e vpeidikd cuotiyata AC-DC. Xtdyoc tng pebdédou eivar n eAaxiatoTol-

41



non Tewv anwielwv 1exvos e 6Ao To Siktvo AC-DC. Avutd cnpaiver 6tL ov Guyypa@ei
GUUTTEQLAOUBAVOUV KOL TIS ATTOAELES TOV UETATEOTIEWV LGYV0G (inverters). EmmAgov, yonot-
uoIrotovv €va LovtéAo Qowv Loyvog cuyov [31] yia va StatuTtwcouy to TTeoAnua OPF. Eve
oL KeVTEKES Statumtwcels tng OPF attattovv stAngo@opies ToAA®Y UeTafAntdv SAwmv Tmv
KOuPwv Siktvov, n Jragovca Jreoceyyicn Pacicetar gtny emiAvon tng OPF katavepnuéva
oe kdde agent AC kaw AC-DC gt0oUu arontel uévo tnv ovTaAlAoyn TAGEmV JTOV AVTIGTOLYOVV
Ge yertovikoUgs koupous. O Trpotevouevog aiyopibuoc Bacicetan gtn uédodo General Form
Consensus Optimization. Ot JTTEQUITTOGELS TTOU UEAETWVTOL UE TNV KEVTELKI TTROGEYYLGN lval
Wi tepa evBlamEEovaeS GTAV N ETIKOWVAOVIO TOV KOUB®VY ULE TNV KEVTELKA LOVASA aITOTUYEL.
Avtég o alydépbuog epapudcetan oe éva gugtnua 3 DC - 5 AC tuywv, delyvovtag 4t ta
AneBévta amotedéguata cuugtiTttouy e ekelva tng KeviElkng dtatimwong. EmumAéov, n
duvokn GuUITEELPOEA OVTOV TOU GUGTAWOTOS TTOV AELTOVQRYEL UE TOV TTROTEWVAUEVO AAYSQL-
Yuo avaAveTol GE TTAATEOEUA TIEAYUATIKOU XEOVOU GE €va QEAMGTIKG TTEQURAALOV ETTIKOLY-
wviag.
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4 Moaoadnpotikn Atatoteoocn

Avt6 to Kepdhorwo da magovaidoel tn pabnuatiki @dépuovda tng uebBdédouv sou TQo-
telvetol oe avTn Tn SiwAopatiki ggyacio yia tn BEATioTn Aettoveyla Twv Movddwv Aleo-
staguévng Evépyeias (MAE), cuykekpuéva gwtofoAtaikwv (P/B), ce uia xeoviki Trepiodo
katd tn didpketa tng nuépas. O agromdg tng pueBddov elvar va emAvbovv ol Tapapdoelg
VTEPTAGNS TTOV dnulovEyovvial agtd Ty VYnAn Jtapaywyn ®/B ce xpovikés mepLddoug
xounAnig ¢itnong ata diktva Siavoung. ‘Otav sTodyeTal VYA evepydc Ly atd ta P/B
KOL 1L gATRoNn 6To SikTVo elvol xaunAn, 1o TTEOPAnKa tng vIteRTdong eivol TTOAY TTHavo vo
ewpaviatel Omwg egnyeitar gto [33]. Emouévmg, mpoteivovue wa wédodo ywa tnv emiAvon
€VOG QEAMGTIKOU Kol GUYVOU TTRORARULATOC.

4.1 Movtélo Powv Ioyvog
4.1.1 Movtélo DistFlow

I Toug GKOTTOUS AVTAG TG SITTAMUATIKAG £QYAGIOG, XENGULOTTONGALE TO KAAD UeAeTNn-
uévo HOVTEAD PO®V 10XV0S KAGSou Tou [32] yvwoetdés wes DistFlow. Eival ongovtikd vo
StevkQvicgtel GTO WOVTEAO AUTO, TO OKTWIKG SIKTLVO Stovoung avastoQicTatol ws €vag Ko-
TevBuviouevog yedeos. Bo yencwottolovue (i, j) kal i — j evaAMIE yia vo Snd®covue tnv
ratevfuvduevn yoauun amd to cuyd i 6to cuyd j. EmmrAgov, xonciuotrovue Tous GuiBoAlG-
uwovg Pr kot Qp Yo vo. VTTOSNA®MGOoUUE TIS EYXVCELS EVEQYOD KOL GeQyou 1oXV0S avTiGToLyo
GTov KOuPo i. Akdua, yencwotovyue Toug cUUBoMcuols Py kol Qi yia vo VTToSnA®Gouue
TIC QOEC 1GYVOC aTtd Tov KOuPo i gTov KouPo k. Oswpovue U; TO TETEAYOVIKG UETQO TNG
TAong Tov KOuUPov i ko Ue TO GUUBOMGOUS i VTTOSNADVOUUE TO TETEAYWVIKO UETEO TOU
eevuatog aTtd Tov kéupo i gtov koufo k. Emiong, Yewpolue ri + jxix Th givBetn aviictacn
TNG YOAUUAS aTtd Tov KGuPo i otov kouBo k. Téhog, opitovpe () g TO Wyadiké GuTuyh
WoS TTOGOTNTOG.

Ipwv TTOROVGLACOVUE TIC EEI0MGELS TOU UOVTEAOU, TTOQOVCLATOoVUE €val TUWARO EVOS VTI-
00eTikoV SikTUOU SLAVOUNG GTTOU ATTELKOVELCOVTOL N eveQYOS Kol n deQyog QOn 1oxUog,
TEOGTTAODVTAS Vo BonBiNGoupe TOV avayvoGTn Vo KATOVONGEL T gnyeloypa@io (notation)
UE GOLPRVELQL.

43



Busi Bus k Bus m1

Pik , Qik Pkm1 , Qkm1
— — >
Bus m2
Pkm2 ’ Qkm2
>

Yynuo 4.1: Tunpa evog vitodetikot) SikTtvou Stovourg

O1 €51000GELS TIOU AVTLITROC®TIEVOLVY To wovtéAo DistFlow Sivovtal stopakdtw: [32]

Ui = ViV; = [V @.1)
Pi? + Qu?

ly = % X 4.2

ik Ui ( )

Py =rulix — P + Z P, “4.3)
m,-:k—>m,-

Qi = Xuliu = O+ D Qum 4.4)
m,-:k—>m,'

U = U; — 2(riePic + xa.Oix) + (rie” + xa2)lix 4.5)

4.1.2 Movtélo LinDistFlow

Q01600, e gnyeltar oto KepdAawo 2, n yonowomoinon tov €5100cewv Tou Dist-
Flow yoviéhov, dmwg kol omrolodngtote dAAov UoviéAov eElodaemv Qong woxvos AC, da
odnyovce Ge mpofAnuata un KuTig BeAtigtottoinong. Emouévmg, topadétovus wio yoou-
WKA TTRoGéyylon Tov wovtéAov stov ovoudcetor LinDistFlow. Ilgokewwévou va gemepactel
OUTA N Un KLETOTNTA, AUTO TO UOVTEAD TaQoueAel Tic amwAeieg 6to uoviéAo DistFlow
£E10MOVOVTOS TO TETEAYWVO TOU UETEOU QEVUOTOS OTIOLOGONITOTE YROUWLAS TOU GUGTAUOTOS
NAEKTQIKNG evépyelag pe To undév (fix = 0).

Q¢ amotéleoua, Aaupdvoupe TG OKOAOVOES EELGMCELS TIOV AVTWITROCWIIEVOUV TO UOV-
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1éAo LinDistFlow [32]:

Ui =V,Vi = V7 4.6)

Pi==Pi+ > Pun, A7)
mj:k—>m;

Q==+ ), Qim 438)
m;:k—>m;

U = U; = 2(rigPix + xix. Qix) 4.9)

4.2 Kevtewkn Atatvmteoon IIgopAnuatog
4.2.1 To IIpdépAnua BeAtigTomoinong tov Awayelgiotin Atktoov Atavoung

INa va ggnyncovue tn uédodo, elgdyeton to TTEAPANUA BeATIGTOTIONGNGS TOU ALOYELRLGTA
Aktou Aravoung (AAA). Ztnv meplmtoon pog, vitofétovue 6Tl 0 aggregator Jtov Stoyelpite-
Tl To WToRoATAikA (P/B) TTou elvon eyrategtnuéva gto Siktvo da TANEAOVETAL ylo Tn
uéylotn duvatin Taaywyn 1oxvog (maximum power point production) twv ©/B [34]. Qctdco,
n €1GEON NG UEYLGTNG SUVATAGC TTORAYWYNGS LGYVOS TV QMOTOROATAIK®OY UIToEel VO TTQOKAAE-
oeL TTaRAPLAGELS VTTEQTAONS AGY® TOAVAOV AvAGTEOE®Y ROWV 1oXV0S. ATS TexVikn ditoyn,
o AAA ctoyevel va pubuicel Tov TTEQLOELGUO TG TTORAYWYNAS P®TOPOATAIKWY OGTE Vo, Si-
agpalicer 6Tt To SikTvo Ya Aettovpyel we acediela. AT owkovoulkin datoyn, o GTé)X0S
Tov AAA vo €AOYLGTOTIOINGEL TOV TTEQLOPLOUS TS evepyol 1oxvos D/B uetapdietal GTo
va agto@evyBel n agtognuiowon Tou aggregator yio evEQYELOL TTOU SeV ypnoluoitoifnke Adyw
TLEQLOQLGUWY SIKTVOU.

YvupoAigovue Tnv TTEQIKOTIN TNS £veQYoL 1GYV0S TTov TTapdyetal attd to P/B 6to tuyd k
ue px. Eugzrvevouévor amd ta [35], [36], otnv TepiTttwon wag, n Tiun nAEKTEIKNG eVEQYELOS
ue tnv omola Yo mAnpwdel o aggregator €£apTdTOL TG TRV TEQWKOTA TTAQAYOYAS TOU
erkdotote @/B. AnAadn, n cuvdETnNon TOU TTEOGOUOLWVEL TO KOGTOS TNG TEQIKOTTTOUEVIG
evepyou tayvog elvar:

Yo = BPxk + co, (4.10)

0mov ¢p avtrpocwTevel to feed-in tariff yio Twopaywyn @oTOROATOIKAG evEQyelag Kol
BPx avTiIeocwIevel €vav 6o evaugdnciog (price sensitivity term). O dpog evouctnciog
™mg TWAS yo Ya cugntndel Siefodikd otnv evétnta (4.2.2). Avti n mpocéyyion odnyel
otn déuncn tou TreoPfAiuatos touv AAA ye Tetpaywvicotikd Ilpoypoaupaticud (Quadratic
Programming) TTOAAQITAQGLATOVTOS TRV TWA Yo UE TRV TLEQLKOTIA TNG £veEyoy LGXVYOS TTOU
Jrapdyetor agtd ®/B G1o ekdaTote Tuyd pPr OTTws GTo [38].

Yo - Pr = BB + coPrs 4.11)

Akiter va onuelmBel dTL 0 TETEAYWVIKAOS TTEOYQAUUATIGUOS eivar n Sadikacio emtiAvong
TOV TEOPANUATOC BeATIGTOTIONGNG (EAYLGTOTTOINGN N UEYLGTOTTOINGN) WIS TETQOYWVIKAG
GUVAQRTNGNG TTOAADV UETAPANTOV TTOU VITOKEWVTAL GE YEOUWLKOUG TteQLlopLlonovg (linear con-
straints ) [37].

"Ectw Ep, €va gToyyelo mivaka tou SnAwvel edv 6Tov e€eTagduevo kouBo k Tov Siktiou
cuvdéetar /B (Epyx = 1) 1 61 (Epyi = 0). EmumAéov, é6tm P P neAdoTn Ko n
uéytotn duvath TTeQLKOTIN evepyov oxvog tov O/B otov kufo k. H mwocdtnta pr"* wiropel
emiong va Yewondel we n uéyigtn duvatn mapaywyn tov /B stov elvar eykatesTnuévo GTo
tuy6 k. ‘Etot, n wogétnta (P — pr) elvor n srpayuatiki £yxyuon tng eveQyouv 1ox0og ot
70 ®/B G0 Tuy6 k. Téhog, cuuBoAiicovue ue Pr¢, O to cuufatikd evepyd kot depyo @oQtio
GTO CUYO k.
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Yuumepacuatikd, O AAA GToxevel GTny EAAYLOTOTTOINGN TNG TIEQIKOTITOUEVIG EVEQYOU
1GYV0S POTOPOATAIKMOV €XOVTAS WS TEQLOPLGULOVS TIS EELGWGELS QONG LGYVOS TTOV TTEQLYQA-
povtal agtd to wovtého LinDistFlow (BAéme Evotnta 4.1.2), ta 4o TAGE®V Kol T 6QLa AgL-
TOUEYLOS TOU PWTOPROATAIKOY UETATEOTEN (inverter) TTOU OVTIKATOTTEICOUV TNV IKAVOTNTA
JIEQIKOTING TNG evEQYOL LaYV0OC Tovu Trapdyer To O/B [34].

"Etat, To meépAnua BeAdtigtottoingng touv AAA SlaTuTTOVETAL WG EENG:

N,
min Zb: (Epvc - (BB + copv)) (4.12)
k=1
sub ject to :
U =1 pii? (4.13)
Pi==Pi+ > Pun, (4.14)
mi:k—>m;
Pr= =P + Ep - (P = D) (4.15)
Qi ==+ D, Oun, 4.16)
mi:k—>m;
Or=-0i° (4.17)
Ui = Ui = 2(riPir + xix Qi) (4.18)
U™t < U, < UM (4.19)
A" < P < P, (4.20)

‘Ontwg egnyndnke mrponyouuévmg, n avikeweviki guvdptnon (4.12) avilrpocwIevel
T0 GTéx0 Tou AAA VO €AOLGTOTIONGEL TOV TIEQLOELGUO TG eveQyol Loxvog twv P/B kot
£€TGL va, agto@Uyel Thv atocniioon Tov aggregator yio. evéQyela TTov dev xoncuogtomdnke
ASyw TreQrogrop®v Siktvouv. H egicwon (4.13) aviavokAd tnv osta{tnon pog o uéteo Tng
Tdong Tov tuyov avaeods va eivar 1 pu. Ot eflodoeig (4.14) ko (4.16) avTiTtpocmIrevouv
TO YQOWUWKOTIOUMUEVO EVEQYO KOL TO dEQYO LGOTUYLO LoXVOS GTO SIKTLO, GTTWS avapEQETIL
oto woviédo LinDistFlow. Ou efiowoeic (4.15) kar (4.17) avTiItQoewIteouv TG eyxVGeLS
EVEQYOU KOl deQyou 1GXV0S GTO CUYO k Kal SLOTUTTOVOVTOL MG N APOIRECN TNG EVEQYOU KL
deQYov TTOQAYOYNG uelov To evepyd Kol depyo GuuBatikd @oQtio ovtigTotyo 6To Tuyo k.
H etlowon (4.18) avtavokAd Wi YeOUUWKA TTROGEYYLGN Yo Th Sla@oed GTO TETEAYWVO TOU
ugTEOov TG TAoNng aItd ToV £va TLYO GTov AAAO, dTTWGS avaeépeTol 6To wovtéAo LinDistFlow.
H eticwon (4.19) opigel To eAdLGTO KAl UEYLGTO GQLO TOU TETEAYMVOU TOU UETEOV TAoNG Ge
ke kdupov. TéAog, n eglowon (4.20) opitel To eAGYLOTO KOL UWEYLGTO GELO TLEQIKOTTTOUEVIG
eveEyoU LGYVo¢ TTov wItopel va TEoGEEpel o uetateoéas tov P/B ctov kéupo k.

Ipokewévou va emmAbel To TTEARANUA BEATIGTOTIOMGNGS TTOV TTEQLYQAPETAL AITTO EELGH-
oels (4.12) - (4.20), to Sedouéva kdde kOufov TEETIEL Vo GUYKEVTEWOOUV G évav KEVTQEIKG
emegeQyaotn, o otroioc Ja attopacicel ta onueio puduieng (set-points) Twv ®/B Jrpokelus-
VOU VO, eEAaYLOTOTTONOEl N AVTIKEWEVIKIL GUVAQTNON GE GYECN UE TOUS TIEQLORLGUOVS TOU
JrpofAripatos. Aedouévou 6t attarteiton kaboMkn TAngogopia (global information), yia
va Abel to TéPAnuo BeATioToTolneNng TTOV TEPLYRAMNKE, TO TTEOPANUN KOATAGGETAL OG
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KEVTQIKO (centralized) [32].

4.2.2 Emdoyn tov Xvviedeoctov Evacdnciog (B) kar Koctoug (cp)

Me Bdon ta €gya twv [35], [36] kabopicaue To KOGTOS TNG TTEQLKOTTTOUEVNG TLOQAYDYAS
PWTOROATAIKOV GUU@mva e Thy egicman (4.10). AuTdg 0 TUTTOG AVTIKEWWEVIKAG GUVAQTNONG
Uag €TTEETEL VA StatuTtdcoouyue To TEORAnU PeAticToToinong tou AAA ue TeTEOYWVIKS
Jreoyeauuatiowd PAETe 4.12). Aedouévov 4TL 01 160TIKAL TeQrogiapol (4.13) - (4.20) elvan
YQOUULKOL, TO TTEOPANUO UETATEETIETOL GE AVGTNEA KUETSO TTEOPANUO TETQAYWVIKOU TTQO-
yoouuotiowov. Emouévwg, n BeAtiotomoinon eyyvdtar 6t da feer to kaboMkd BEATIOTO
onyeto.

'OTtg Teguypdpetal ato [36], n 18éa Ticw amrd tn diuudeewaon Tng TWAS yo elval va
yooyuwkoTondel n Twn Tou NAEKRTEIKOV EeVUATOS YUE® 0Tt Ud GUYKEKQWLEVN UEGn T
KoL va yenowottomndel o Sidyeoupo OQLIKAC TWAS GUGTALOTOS TTOU TreQLAauBdvel Toug
otoduovs Tapaywyng evégyelag yia va ektwndel n mapduetpog evargdnciog B. Qatdco,
OTwe ggnyeltal gto [38], mEéTtel va emAELouUe TRV TTOQRAUETEO evolcInGlag B TTEOGEKTIKA
TIQOKEWEVOU VO AVTOVAKAL QEOMGTIKA ATTOTEAEGULATA.

Emouévmg, n tun srov emA£gaue va ekywencouue gto S eival:

B =10 euros/ MW? - h

‘Ocov a@opd TO KOGTOS TTOQOYWYNRS eveQyol toxvos attd ta O/B, to omoio opitouue
6Tt elvan To {80 ylo TNV TEQLKOTA TG, GUUP®VO Ue Thv gvemTaiki vouodesio ([Gedeo 15
gta@. 1 N. 3468/2006 o¢ cuvdvacud ue o PEK B 97/2012) [39], uetd to 2015, n Tun
TAEAYOYNRS NAMOKNAGS evepyol evépyelag KATm Ttov 100 MW yia Staguvdedepéva guatiyato
otnv EAMGSa kadopltetanr uéow tov axkéAlovdou tiTToU:

co=12- MAS P!

6mov MAS P! elvan n uéon oploki Ty GUGTARATOS TOV TtEonyoluevoy étovs. H T ¢
OVTLTTQOGMITEVEL Ue TTola TWA asrognueldvetar kdde MWh mou mapdyetor amtd P/B. Qg ek
TOUTOV, elval €yyeV®S TO KOGTOG TNG JTEQLKOTING TTAQAYWYNS PWTOROATAIK®V.

o vo, vitodoyicouue to MAS P~ yoncwomomcaue SeSouéva amré Tov 1GTOTOTO Tou
Awoyepiatini Avavewoiuwv IInydv Evégyeiags & Eyyvncewv Igoélevoncg (AAITEEIL AE) [40]
otnv EAAGSO GYeTIkd ue tnv uéon oQloKknA T GUGTARATOS avd pwiva tou étoug 2019.
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EONIKH MAPAIQrH, EONIKH KATANAAQZH KAI OTZ

GWh rPADHMA 15 € MWh
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Yynua 4.2: Oguaxkin Twhi cuvotigoatog avd pnva (Kitewvo), Edvikn Zntnon (ToptokoAf)
kol Edvikn mopaywyn uécm Xvuttagaywyns HAektoiouov-Oepudtntac Yyning Amodoong
(ZHOYA) & kou Avavedowwv IInydv Evépyetac ([Ipdotvo)

X1n guvéyela, voAoyicole Tnv uéon opLOKN T GUGTARATOS Tov £€Toug 2019 ko Tnv
JgroAlaTtAaGLAGaE Ue TOV GUVTEAEGTA 1.2 WG WOG VTTOSEKVUEL O TUTIOC TOU ¢ TTOU 0QIGTNKE
maparntdve. To atmotédecua amd Tov VITOAOYIGUS TTOU TTeQLYEAPETAL glval:

co = 76.59 euros/MWh.

4.3 Kataveunuévn Aratvrmtoen IgopAnuatog

4.3.1 Avadiatomtoon tov Kevtoikov IIgofAnuatoc ue tnv Eicaywyn Tostikov Meta-
BAnTOV

Aykd, vitodétovue GTL VITAEXEL VOIS WKEOVITOAOYIGTAS Guvdedeuévog e kdde Tuyo
k Tou Siktvov (mw.x. Raspberry [41]). Kdde pikpoUmoloyiotig Aettovpyel o¢ TTEAKTOQAS
(agent) srov piropel va emegepyactel TIg akdlovdeg ToTtikéS TANQOPoies [20], [27]:

® TOJITKIA UETOPANTA Yo TN QON eveQyoy 1GXV0GS TNG YAuUnig (i, k) (P.l_k L)

+ (mt))

e TOTIKNA UETOPANTA Yo Th Qon evepyod woyvog kdde yoauung (k, m;) (Pik L

e TOTIKA UETOPANTA Yo Tn Qon depyou toxvoc Tng yeauungs (i, k) (Qlk’L)

e TOTKNA peTafAntii yla th @on degyou toxvog kdde yoauung (k, m;) (Q;'k(:“))

® TOTIKA UETOPANTIA YO TO TETEAY®WVO TOU UETEOV TG TAGNS TOU TTATEQO TOU KOUBOU

k, dnAadn tov koufou i (U.L_k,L

7 7 z 7 z 7 +
® TOTIKA UETAPANTA Yl TO TETRAY®OVO TOU UETEOV TnG TAGNS Tou kéupou k (U.Lk’L)
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® TOJUIKI UETOPANTA YO TNV TTEQIKOTIN TNG P®TOPOATUIKAG TTOQAYOYIS GTOV KOupo k,
av k€N, (f)k’L>

To mEéPAnua BeAtiotoTroinong wov mepryedetal aitd Tis oyéoels (4.12) - (4.20) umopst
va gavayeaptel wg eEng:

min % (Epvi - (BPEL® + copir)) 4.21)
k=1
sub ject to :
Ugey, =1 pu® (4.22)
PrL=—Pc+ Y PR 4.23)

mj:k—>m;

Py=—=P +Epi - (pi ™™ — pir) 4.24)
P =0 forkeNe  (4.25)
Qpr=-Qc+ Y. 0" (4.26)
mj:k—>m;
O =—-0i° 4.27)
0, =0 forkeN, (428
Ujr = Uy = 2Py + xieQx 1) (4.29)
U™ < Uy, < U™ (4.30)
Ut < Uy, < UM (4.31)
P < per < P (4.32)

6mou Ny etvar €va gvolo Ttov agtoteAelton ATt kKOUPoug TTov elvarl UAAL TOv KatevBUVO-
UEVOU YEAPOU - OKTWIKOU SIKTYOU SLavoun.

'OTtg €Enynbnke TTEONYOUUEVMGS, N AVTIKEWEVIKA, guvdptnon (4.21) avTIITROG®ITEVEL TO
GToY0 Tou AAA €AAXLGTOTIONGEL TOV TLEQLOPLGUS TG eveyol woxvoc twv /B ko €161 va
agtoevyel Tnv aso¢nuioon Tov aggregator ylo €vEQYeEldl JTOV OV yEnculootibnke AGyw
TEQLOPLOUWV SIKTVOV. ZVu@wva e tnv efiomon (4.22), ov kéufor wov eivar woudid tou
TEWTOV KéuPou (feeder) otnv agyin tov SikTvov, yvwEitouv 6Tl To uétpo Tng Tdong Tou
Tuyoy avagodg etvor 1 pu. O efilowoels (4.23) kal (4.26) OVTLITROG®IEVOUV TO YQOU-
UKOTTOMUEVO £veQYd KAl TO deQYO LGOTUYL0 1oXV0GS KADE KOUBOL k, OTTMS AVAMEQETOL GTO
uwovtéAo LinDistFlow. Ou egicwaels (4.24) rat (4.27) avTlItgoemwIteouv TG eyXUGELS EVEQYOU
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KOL GeQyou 1oXY0S GTO CUYS k Kol SLOTUTTOVOVTAL WS N OPaAipecn Tng evepyol Kol deQyou
TLAQAYWYNG Uelov To evepyd kat depyo guuPatikd @otio aviigToya Gto cuyd k. Zdupwva
ue g gfionoels (4.25) kar (4.28) ov kéuPor JTOUL glvar @UAAOG Tou katevBuviduevou yed-
@OV - SikTVoVL Slavoung yvweitouv dtL Sev vitdyouv dAAol koupol petd améd avtovg kot
ETMOUEVWOS Bev vITAEYEL PO evepyoy Kol depyou oyvog uetd amd avtovs. H eglicwon (4.29)
OVTOVOKAG WO YROWUWIKOTTOINUEVI TTROGEYYIGN YO TN yvadun TTou €xel 0 KOuPog k oxeTikd
Tn S1opoEd GTO TETEAYWVO TOL UETEOV TG TAONS OVAUEGH GTOV KOUPo TTou elval TTOTEQAS
Tou k Kol GTov KOUBo k, dmTwg avagépetar oto woviédo LinDistFlow. O egicwoeis (4.30)
kot (4.31) opitouv To eAdXLGTO KAl ULEYLGTO GELO TNG TOTTKAG UETAPANTAGC Yo TO TETEAY®VO
TOU UETEOV TS TAONS TOV TTATERN TOU KOUPBOU k KAODS KAl TNG TOTIKAG UETABANTAS Yio TO
TETEAY®WVO Tov UETEOV T Tdong Tov kéupou k. Télog, n eglcwaon (4.32) 0plgel To eAdLGTO
KOL UEYLGTO OQLO TTEQLKOTITOUEVING EVEQYOV LG VOGS TTOU UITOQEL VO TTROGEPEQEL O UETATEOTTENS
Touv d/B gtov kéufo k.

Q6téG0, Yo va oAokAnEwlel n avadiatiTT®on Tou aQYkoU TTEOPANMUATOG, TTEETEL Vo
dnuiovpyncouvpe €va GUVOAO TTEELOQELGUWV Guvaiveong (coupling constraints) uetagy
TOTIK®OV UETOPANTOV Kol KABOMKOV GToyxelwv gtouv da eyyuntodv 6Tt OAES Ol TOTIIKES
ueTafAntéc Yo @TAGOUV Ge W GUVOLVETIKIL AUGN Ue TOUS YELTOVIKOUS KOUBOUS TOug, Kl
WS €K TOUTOU €yyudTal 0Tl TO TEOPANUO BEATIGTOTTOINGNG TTOV TTEQLYQAMPETOL ATTO TIC GXE-
oelg (4.21)-(4.38) eivar 16odUvvoayo ue To TTEOPANUO BEATIGTOTTONGNGS TTOV TTEQLYRAPETOL ATTO
T6 gyéoelc (4.12) - (4.20). I'a va AMdcovue to devitepo TTEARANULA Kl Vo KATAAREouUE GTa
{Sio asroteAéopata pe To TTEOTO TTEOPANUA, TTEETTEL VA YVWOEICOVUE €K TV TIROTEQWV TLC
TWES TV KABOAMK®V GToelwv. Ou TTeQloiouol UETAEY TV TOTIKWV GTOElOV KoL TOV
KOBOMK®V aToxeElwv Tov da kabopicouv wia kown aAnbela, Sivovtal TOEAKATW.

Py, = Py (4.33)
P = P, 4.34)
Qi1 = Qik (4.35)
05" = Qum, (4.36)
Uy = Ui (4.37)

L= Uk (4.38)

o0Ttov (Pik, Prm;» Qik> Ckom;» Ui, Ug) elvan ta gtotyelo Tng KaBoAMKNAG HeTABANTAG TTOV GUVTOVI-
TOUV TIC AVTIGTOLXES TOTTIKES UETAPANTEG.

Agykd, n avadiatistwon Sev €xel kavéva vonua, kKoBdS emiAvovue To (8lo aKEIPDS
TEPANnUa BeATigToToineng aAld ue TOA) TTEQLEGOTEQOVS TTEQLOPLGULOVS. QGTOGO, Ol EELGM-
celg (4.33) - (4.38) kol n €LlGOYOYR OA®Y OVTHOV TOV VE®V TOTTKOV - Bondntikdv ueTafAntaov,
oV avagépovial ge kdde kOuPo Eexwelotd, elvar To KAeW! yia Thv TAREN astocvvhecn
TOU QEYIKOV TTEOPRAAUATOS KOL YioL VO UTTOQEGOVUE VO XENGWOTIOGovpe wa uédodo mou
da Avoel to TEdPAnUa Tov AAA ue KaTaveunuévo TeATO.

4.3.2 TIIgotetvouevog AAyo6iBuoc Baciouévog otn uédodo tov General Form Consen-
sus ADMM

Ye avtiv Ty evotnta, Yo wagovotdoovue £vov alyépiduo eurrvevouévo atéd tn uédodo
General Form Consensus ADMM mou kata@égvel va eTAVGEL TO Tteoavaeedéy TTedfAnua
AAA ratavepnpéva. Kdde koupog k tov Siktiovu, ekToC aTtd To Tuyd avaods, Jo Avoel
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TO SkO Tov TEEPAnUA BeATioToTToiNGNG £X0OVTAS TO SIKG TOU GUVOAO TOTTK®OV TTEQLOQLGUMOV.
O Adyog yia Tov oTtoio o feeder Sev exktedel ToTKA PeATioToTTolncn elvol emeldn n tdon
Tov elvan gtadepn [20], [27].

Apxwd, katookevdgovue Ty etavgnuévn Lagrangian.

Np
L) = ) Lpki() (4.39)
k=1

Lykr() = Epvi - (Bpis” + copiL)

Fdp (Pr =P+ > [A5 (PR — Py )]

mi:k—>mi

#25,, Qir = Q0+ D[4 (0" - Oun)

mj:k—>m;

+ Ay, Wi = U+ Ay, (Ug = Ud) (4.40)

P, p- 2 P ( p+ (mp) 2
soP P Y [P - P |

m;:k—>m[
p - p m; 2
+2Qr -0+ Y |50k - 0wn)|
m;:k—>m;

+ g(Uijc,L — U+ (UlkL U,
é1ov /1P " ;ZT), /lék A _("Z) /l_rkL /l+ elvow ov Lagrangian JtoAAQITAOGLOGTES TTOU
OVTIGTOLYOVV GTIC SELGwcetg 4.33) - 4. 38) avtictoya, kot o > 0 elvalr 0 GuvteAeGTNG
JTOLVAG.

Metd thv avadlotiTtmen Tou agylkol KEVIQLKOU TTROPARULATOS, £lval TTROMAVES GTL VTT-
dpxel wo. Lovadikin oudda TOTIKOV LETAPANTOV TTOU avTioToy oV Ge Kdde kOUBo Tou Suk-
TU0V Stovoung. Autd efvol kKATL TOAY YEAGYO, KOOMS LOG ETLTEETTEL VA, BEATIGTOTTOAGOVUE
KUKAIKA Tn emovgnuévn Lagrangian cuvdQtnon, ge gx€on Ue TG TOTIKES UETAPANTES kGDe
KkOuPpov. PuGIKA, da TTEETEL VAL AEYLKOTIOMGOUUE TOV aAyoeBud wog, SnAadn Tig kKaboAKkES
uetafAntéc kor Tovg Lagrangian stoAAATTAQGLAGTES. Oa WANGOUUE TTEQLGGOTEQO YLOL TNV
apywomoinon ato Kepdiaio 6.

ITpog to Tadv, da egnyncouvue tov TEoTEWVOUEVO alydprduo TTov Pacitetal otn pédodo
General Form Consensus ADMM, Tagovaidgovtag to prgata tov cuvdétouv tn uédodo
AeTtTOoUEQWG, Ue Pdon T Jewpla TOU amoTuTIHdInke gtnv evétnta (3.3.2).

4.3.2.1 Ilpw®dTo Priua tov alyoeiduov - Tomikn BeATicToTmoinen

‘OTtoog €xel ndn avapeedel, e avtd To Prina kdde TEdKrTOEAS (agent) (EKTOS aITd TO
UYO avaoEdg) emiAvel To arkdAovdo TEORAnLA BeATiGToTTOINGNG GE GXEGn UWGVO Ue TIC
TOTIKES UETAPANTES TOV eKAGTOTE CUYOV. Me dAAQ AdYLa, Ol HOVES UETAPBANTES AITOPAGNS
Tov TEOPAMHaTOS PedTicTOoTrOINGNG KADE TUYOV eivonl Ol TOTKES UeTAPANTES TOV.
Kdde kéufog-mpdrTopas éxel vTtoAoyicel kot yvweiter amd tnv Jrponyovuevn ravdinyn
g uebodov T TWES Twv kaboMrwy ototelwv (Pik, Prm, Qiks Okm;» Ui, Uk) Tov avtio-
TOL(OUV GTIS TOTUKES UETARANTES TOU, KAOMS Kol TOUg TToAATTAAGLaGTES Lagrange (/lPkL

A+ (mz)’ A A+ (m;) A

Pas 0ur’ Lows > s UkL) JTOU OVTLGTOLYOVUV GTIS €El6maels (4.33) - (4.38) avticToryo.
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min Lp,k,L(') (441)

sub ject to :

on = 1 pu® (4.42)
Prp=—Pc+ Y, PR (4.43)
mj:k—>m;
Py = =P + +Epy - (Pl = kL) (4.44)
Pt =0 for k € N (4.45)
Qpr=-Qc+ . 0" (4.46)
mi:k—>m;
Or=-0i° (4.47)
0, =0 fork € N (4.48)
L= U —20raPy, + xaQp ) (4.49)
U™ < Uy, < U™ (4.50)
umt < Up, < U (4.51)
A" < pip < B, (4.52)

Ye outd To Prina, kdde Tuydg elayioToTtolel Th Sk Tou erTovgnuévn cuvdptnon La-
grangian e gxéon pe To Sikd Tou Lovasikd GUVOAO TOTIK®OV UETAPANTOV. ZUU@OVO UE TNV
avtikelevikn guvdgptnon (4.41), kdde kéufog TEocITadel va feel Tnv eAdLOTN TTEQIKOTA
Tng Joeaynyng tov ®/B (edv vTtdyel EyKATEGTNUEVO GE QUVTO TO CUYO) KoL TAUTOYQOVO
TteocTafel va peldaoel T Slopoed UETAEY T®V TOTIKOV UETAPANTOV KOl TOV KOOOAK®V
oTolElwv Tov aviigtolovv oe avtés. Emouévag, kdde Tuydg otoyevel otnv efitevin
TOU aEYIKOV GTOXOU, OnAASNH GTnv €AaxlGTOTTOlNGN TNG TEQLKOITNG eveEyol LGXVOC Qw-
TOBOATAIK®DV, €V® KATOANYEL GE (0L GUVOLVETIKA AVGN Ue TOUG YELTOVIKOUS TOu KOuPoug,
EVVOMVTAS OTL Ol YELTOVIKOL KOUBOL TIRETEL VO GUUP®VAGOUV Ue TOuS KaBoAKd Gtoyela
JTOU GUVTOVICOUV TIG TOTIKES UETAPBANTES TOUG.

H gAoyiototroinon tng avikelwevikng cuvdptnong kdde kéupou k, mweplopitetal ToTikG
aTd t0 GUVOAO eflcwoewy (4.42) - (4.52). Ta tnv epunveia kadevdc ard avTols Toug
JreQrogloovs PAETe Evotnta (4.3.1).

Metd amd autd To PrAna, oL TWES TOV TOTKOV UETAPANTGOV Yoo Thy eTtavdinyn [r+1]
vTtoAoylotnkav aird kdde kéufo k. ‘Etol, kdde kéufog éxel ekTunoel Tig akoAovdeg TWeS
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TOU BEATIGTOTIOOUV TNV TOTIKA OVTIKEWEVIKA Toug cuvdptnon (4.41) e oyéon pe Toug
TOTIKOVG TTEQLOPLGUOVS ToU (4.42) - (4.52).

° Pl._k,L[r +1]
P+ (m;)

kL [r +1]
Q;(’L[r +1]

0 " [r +1]

U&,L[r+ 1]

U;];’L[r+ 1]

Perlr +1]

4.3.2.2 Ag¥tego Pripa Tov aldyoQiBuov - Evnuépwon crtoyeiov KaOOMKNIRG ueTapA-
nTng

Xe auTd To PR, €XoVToS ATTOKTAGEL TIC BEATIGTES TOTIKES UETAPANTES QIS TO TTEWTO
Briwa, ot yertovikol kOUBol £kOV®VOUV UETAEY TOUGC Yo VO OTTOPAGIGOUV Wia KAAVTEQN
TWA Yol Ta KOBOAMKA GTolyelo TTOU GUVTOVIZOUV TG TOTIKES UeTAPANTES Toug. O evnuep-
wuéveg TWéS tov Py, Ok, Uk Polorkovton pue tnv emiAuon tov eE160GEWV:

VL)) = VLp()0n) = VLp()wp =0

Qg agrotélecua, Aaupdvouue Tig akdlouvdeg eEloMaeLS:

Po [r+1]+ P P +1]

Pylr +1] = —=& L 4.53)
07 [r+11+ 0" Pr+1

Qulr +1] = —=& : L (A.54)
Up [r+11+ m--1§>m- Ut +11

Ulr +1] = I}v+ : (4.55)

k

610V N,” VTTOSNAGVEL TOV AELOWS TOV KOUP®V TTOU ATToTEAOVVTAL 0TT6 TOV KOUfo k Kot Ta
Taudid tov. ETtiong, vmtdeyouv TELS TTEQLITTMGELS, OTTOV OVTES Ol EELGMGELS TTAQOKAUTTTOV-
Tow.

e H tdon tou feeder elvan tdvto atadepn.

Uolr +11 = Uy, lr+1] = 1 pu®
e ‘Otav o kéupog k etvan Ttadi Tov feeder €xouvye OTL:
Polr +1] = Py ;[r +1]

Qoklr +11 = Qg [ +1]

e ‘Otav 0 kOuPog k eivar @UALO TOUL KaTELIUVOUEVOU YQEAEPOU - OKTWVIKOU SIKTUOU
Stavoung €yovue OTL

Ulr +11 = Uj , [r +1]
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4.3.2.3 Teito pripa tov alyogiduov - Evnuépmon 6uitkev yetafintov

Xe avtd To Prua, ool VITOAOYIGTNKAVY Ol BEATIGTES TOTIKES UETARANTES KOL EVIULEQOUNKAVY
Ta oToL el TNG KABOMKIAG LETABANTAG TTOV AVTLGTOLYOUV GE AUTEGS, KAJE KOUPOGS evnepdvel
Toug woAaTtAaclacTés Lagrange stou Stayelpltetal we ENG:

Apy [r +11= Ap,  [r] + p(Py ,[r + 1] = Pylr +11) (4.56)
00+ 11 = 43,1+ p(Py Sl + 1] = P [r + 1) (4.57)
Ag,, lr+11= g, [r]+p(Qy ,[r + 11 = Qulr +11) (4.58)
Ao lr 411 = A5 "0 + p(Q 1 + 11 = Qun[r + 1) (4.59)
Ay, lr+ 11 = Ay, [P+ p(Ug [+ 11 = Uilr + 1]) (4.60)
NG, I+ 10 = 45 [r]+ p(Uf [r + 11 = Uelr +11) (4.61)

4.3.2.4 Keutiglo teQuationov

To keltiplo tepuaticuol (stopping criterion) mov odnyel Gtnv oAOKANQEMGN TOU AAYO-
plBuov elvan to akdAovdo:

||primal residualll% <e€

||dual residualll% <

H tetpaywvikn EukAdeideto vopuo Tou TTEmTeEVOVTOS VITOAOITTOU Kol h TeTeaywVvikin Evu-
kAeldela vopuo Tou duikov vitodoiTiou yia kdde kéufo k opitovron kGTwdev:

. . 2 _ip- 2 + (m;) 2
lprimal residuallly =||Py  [r] = Palrllly + 1Pz ;" [r] = Prm,[r]ll,+

105,171 = Qul PN + 1102 1r] = Qi I+ (4.62)
U5 7] = ULAIE + U, [ = Ul

[|dual resia’ualll% = p2 . (llPik[r +1] - Pik[r]||§+
1Qulr + 11 — Qulrlliz+ (4.63)
IUxlr + 11 = Uxlr1l13)

H 18éa elvar 6TL 4Tav 0L TWWESG TOV TOTIKOV UETAPANTOV elvol GXESGV TTOVOUOLOTUITES [UE
TIC TWES TV KABOMK®V VITOSIOVUGUAT®OV (YOOUULKES GUVOAQTAGELS TG KADOMKAS UeTAPA-
NTAG) TTOV AVTIGTOLXOUV GE AUTES Kol OTAV OA0L oL KOUPBol €xouv vIToAOYIGEL VEES TIWES Yial
To kKoBoAkd oTorxeio TTov elvan GxedGV TALTOCNUES UE OUTEG TTOV VTIOAOYIGTNKOV GTRV
Jrponyovuevn emavdinyn, téte kdde kéupoc da elvar Glyoveog ylo Tnv TR Tng £yyuong
eveEyoL 1oxvog até to /B Ttouv Pa }ENOWOITONGEL KOL N AVTIKEWEVIKN guvdpTnon do
ouYKRALvel aTn BEATIGTN TR TG, OTT®WS agtodeikvieton Gto [13].

ITepLoadTepes AemTouépeleg GYETIKA (e Tnv aglo Tou €OV odnyel GE KOVOTTONTIKA
astoteléopata da cugntndovv ato Kegpdiaio 6.
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4.3.3 XUvoyn mEoTEVOUEVOL aAyoQiduov

ITpotewvduevog AAydéprduog Bacicuévog atn uédodo touv General Form Consensus ADMM

1. Agywkogtoinon

INa kdde kéuPfo k apykoTtoinge T TWES

Pil01, Q[01, U[O], 4 [01, 4, "[0], 45, 01, 45,""[01, A, 0], 47, (0]

Emiong, ewoniyaye ta dedouéva rix, Xik, o> Pr6, Ox°.

. EmavdaAape

Togtikn BeAtiorogroinon: Kdde kéupoc k, ektég amd to feeder, Advel 1o TEOPANLO
BeAtioToTroinong Tov meprypdpeTal amsd TS eslowoelg (4.41) - (4.52).

AvTalddayn TAnEOPOELOV AITO YELTOVIKOUS KOULovs: Ot yelTovikol KOuPol eTtkotv-
®VOUV TIC TIWES

Py lr+1], ijff)[r +1], 0, [r +11, Q;;Q(Lm")[r +1], Uy,

TT0U €X0UV VTTOAOYIGEL AITO TIC TOTIKES PEATIGTOTTOINGELS TOVG.

[r+1], U;{’L[r +1]

Evnuépwon kaBoldikav étoryeiowv: Ot yertovikol kKoufol wneitouv kol oIto@acitouy
TIC EVNUEQWUEVES TILEG

Pi[r + 1], Quilr + 11, Uilr + 1] cVupwva ye Tig egioncels (4.53) - (4.55).

Evnuépwon 6vik®v yetapintodv: Kdade kéupog k, ektéc amd to feeder, viroloyicel
TG VEEG TWES TV TTOAMAITAAGLAGTOV Lagrange

Ap, L+ 1,5 "+ 10,25, Tr+ 1,45 + 10,45, [r+ 10,47, [r+1]

GUUO®VO UE TIS €E16HOGELS (4.56) - (4.61).

3. Méyo

To ak6Aovdo keLTrELo va wyvel yia kdde kéufo k.

|| primal residualll% <e,

lldual residualll% <e€

GUUP®OVO UE TIS €E160GELS (4.62) - (4.63).
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S XUvotnua Sokw®Vv Kot dedousva

5.1 IAat@doua TTEOGOUOIWGNG

‘OAeC Ol TTEOGOUOLWGELS TTQAYULOTOTTONONKOV YENGULOTIOL®OVTAS TN YAMGGO TTQOYQOLLLAL-
TiguoV vynAov emTteédov Python [43]. ITo cuykekpuéva, tao TTeofARLata PeATIGTOTTOINGNG
JIOV TEPLYQAPOVTAL GE AUTAV TN SITTAWUATIKA gQyacia dnutovgyndnkav ye tn forbelo. Tou
Python module Pyomo [44], [45] kot eTAYINKAV YENGUOTIOLOVTAS TOV ETAVTA TTOP-
AMudtov PeAtiotomoinong Gurobi [46]. EmmAéov, ta Python modules PYPOWER [47],
Pandapower [48], Pandas [49], Numpy [50] ntav ToTIKAG Gnuaciog yla Tov XELoud Twv
dedouévwv Touv Siktvov Stavouns. Emimpocdétwg, atotédecav apwyd yia tnv ertilvon
Tov TEoPALaToc AC QONG LGXVOGC XENGULOTIOLOVTAS Ta An@OEVTa aITOTEAEGUATA AITE TOV
TeoteEVOUEVO aAy6eLBuo Tovu Tegypdeetal gto KepdAato 4. Téhog, to Python module mat-
plotlib [51] Atov aropaiTnTo yo. Thy TTOQEOVGIACNH TWV AITTOTEAEGUATOV AUTAC TNG SLITA®-
UOTIKAG £QYaGIOg KL Yo TRV agloAdyncn tng rpotewvouevng uefddov srov facitetor Gtov
General Form Consensus ADMM.

5.2 XUVoetnua SoKu®Vv

H kotavepnuévn uédodog mov mepiypdpetar oto Kepdiao 4 agioloyeitar 6to AlkTuo
Aovoung 33 touv Baran-Wu [42]. Efvow éva diktvo Stavoung uéong tdong 12.66 kV ue éva
vrtostalud Teoeodoaciag YT/MT kar ue 5 fedyyoug TTov ¢Tnv TAQoVGA SITTAMUATIKI £Q-
vacio demeovvTal avolytol Kol wg astoTtéAecua To Siktvo eivar aktivikg. To Guvolikd
eveEyo @optio elvar 3.715 MW, eved To cuvolMkd depyo @ogTtio elvar 2.3 MVAR. Emuriéov,
TEQLOGOTERES AETITOUEQELES GYETIKA Ue TA GUUPATIKA evepyd kow depya @OQTia, KAODS Kol
Tn gvvletn avtictaon kdde ypoupng touv diktvou Sivovtal ato Iapdetnua A.

H tomroloyio Tou Siktdou Siavoung stapovacidietor gto Zynua 5.1. O kdupog O eivar o
vItoGTaduos Tpoeodociag YT/MT (feeder) tou Siktvou Stavoung.
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5.3 Ogwa Tdaong

YKOTAC WS g€ QUTA TN SITTAWUATIKA gQyacia, 6Ttwg egnynbnke ato KepdAawo 1, eivor
va, eTAUGoVUE TA TIEOPANUATO VITEQTAGNS TTOV TROKVITTOUV ATTO TRV TTAQAYOYR (POTO-
BoATAikOV G TEPLOSOUE YaUnANG titnong ce diktua diovoung. AT Texviki ditoyn, o
Awayelpuoting Awrktvov Atovoung (AAA) Gtoyevel gtn dtac@diion tTng ac@alois Asttovylag
TOU SIKTVOU, TNEOVTAS Ta Ol Tdong. AId owovoulkn dstown, o AAA Gtoxevel Ggtnv
EAOYLGTOTTOINGTL TNG TTEPLKOTING TWV POTOPOATAIK®DV, TTQOKEWEVOL va aTto@evyBel n astogn-
uelon Tov aggregator Twov SloelRiteTan Ta POTOPOATAIKE Yo evégyela Tou Sev eyyvinke
G070 G3iKTUVO ASY®w TTEQPLOELGUADV TOV SLKTVOV.

Emouévwg, evd kdde mpdktopag (agent) emidvel To Sikd Tov TTEEPAnUa BeATioToTTolnong
KO ETTKOWVOVEL UE TOVUGC YelTOVES Tov yia va Beedolv Toleg eyyUGels eveQyoy 1GXV0GS TV
PWTOPOATOIK®OV glvon acpaleic kol pwiropovv va agtopeopndovv ad to diktvo, TEETEL va
An@del vtéyn évag TTEQLOELOUSS aTTORALONG Tdons. AUTOS 0 TTEQLOQLOUAS E0G@ANTeEL GTL
n tdon kdde kéuPov Ya elvar TAVTO eVIOS ATTOSERTOV 0QlwV.

Youeva e To eveOTaikd TTEdTuTTa [11] ot aITodekTéC aTTOKA{GELS TAGNS GTA GUGTH-
uato drovoung etvarl tng tdgng tov £10% Tng ovouacsTikAg Tdong Tou feeder. Qotdoo, yio
TOUG GKOTTOUGS QUTAG TG SIITAWUATIKAG gpyaciag, dewpolue avatnedtepa 6La Tdong.

o Viyin =0.95 pu

o Viax =105 pu
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6 E@aouoyn: Ewilvon IIgofAnudtov Yseptdong

Ye aUTAV TV evéTnTo, OVIWETOITICouUE TO TEOPANUO ThS VTTEQTAGNS TTOV SnULoVEYEL-
TOL OTTO TNV JTOQAY®WYR POTOPOATAIK®Y GE TTEELOS0VS XAUNANG CATNGNG GTO VUTTO €E€TAGN
Siktuo Savoung. XTic akOAOUBES TTROGOUOLWGELS, TO TEOPIA POQETIOV TOV GUGTRUATOC
Siavoung givar To 20% TOV OVOUAGTIKOV, TO 0IT0i0 ueta@dietour 6e 0.743 MW cGuvo-
Ak6 eveQyd @ogTtio ko 0.46 MVAR cuvolkd depyo @otio. Tavtdypova, vitofétovue
611 VITAQEYEL GUVOAKI £yxVGN £veEYOV LeV0CS 2 MW amd ta eykatesTnuséva P/B, wov
givar TteQimtov to 53,8% TOV GUVOAIKOU OVOUAGTIKOU £veEQYOU @oQTiov (3.715 MW).

Ye ovtd ta ogevdglo, kdde TedkToQOC (agent) - KOUPOS TOV GUGTAUATOS, GTOV OTOLO
elvan eykateatnuévo @/B, mposTtadel va eAOLGTOTTONGEL TNV TTEQLKOTIN Tov. QG6TdG0, Gev
ETTEETETOL GTO POTOPOATAIKE va €lGAyouV TNV TTARENR TTAQAY®YR eveQyoy LaxVog TOUG,
kodog da Teorkalovce vTEpTAoeElS (TTdvw aItd To TTEokoJoELouévo 6pto Twv 1.05 pu) ko
Ya éVete ge kivduvo Tnv aceoin Aettovpylo Tou Siktvou. Emouévwe, kdde mpdrTopag
koAelTol va Peel kataveunuéva to Siké tov onuelo eUduong (set-point), avtalAdccovTag
TIC aTaaiTnTes TANEOEOQELES UGVO UE TOVUG YELTOVIKOUS KOUPBOUS Tov.

Efvor toA0) onpavtikd va ovoagépovue 0Tl yio kdde TrepiTttmon wou egetdieTal, TTEQO
attd tn puédodo ov meotelvouue, da exktedegtel KAl 0 KEVTEKOS AAYOQELOLOC TTOV TTEQL-
yvedpetor agtd s oyéoels (4.12) - (4.20). Ta aTtoTEAEGUATO TOU KOTAVELNULEVOU TTROTEWS-
uevov aAyoibuov avaugévetar vo. GUYKAVOUV GTo avTiGTOLY0 ATTOTEAEGULOTO TNG KEVTQOLKNG
ueb6dov, emainbedoviag Tnv aTTOTEAEGUATIKOTNTA TOL.

6.1 Agywkomoinon tng jweotetvouevng uedodov

ITpokeévou va agloToliigouye tTnv TrEoTewouevn uéPodo, TTEETEL VA AQYKOTIONGOUUE
opwouéveg mapauéteovs. Ilpdtov, Teémer va opicovue TC KOBOAIKES UeTaPANTEG TTOU
ava@éQovtal GTIS QOES Loxvog kot Tic Tdoels: Pi[0], Oi[0], Ur[0]. Emdéyouvue va oap-
YKOTTOLAGOUUE QUTEG TIS TTAQRAUETEOVS AVVOVTAS €va TIROPANUO YQOUULKOTIOMUEVIG QONG
1GYY0C GTO SIKTLO (XENOWOITOLDOVTAS TIS £ELI00GeELS Tou woviédov LinDistFlow), Aaupdvov-
Tag vIToYn To 20% TWV OVOUAGTIKWV PoQTiwV, eve Jewpovue 6Tt dev €xovue Sieicduon O/B.
Avtég o1 guvbrikeg agykoTtoinong woxvouv yio kdde TepiTttoon Tov egetdleTal.

‘Ocov a@oed Toug TToAAATTAAGLAGTEG Lagrange TTov AvTiGTOLXOUV Ge Kabepio agtd Tig
eglomaoels guvalveong Tov egnyovviar 1o Kepdiawo 4 BAéme egioncels 4.33 - 4.38), 9¢-
TOUUE TIC OQYLKES TWES TOUS GTO UNSEV.

P 101 = 4370101 = g, 101 = 45,101 = 45, [0] = 47, , 0] =0

EmatAéov, €xel ueydin onyacio va ovageedel 4Tl ot akGAOVBES TTEQLITTOGELS EEETACOV-
T yua avoyég (tolerances) € = 1073 kar € = 1074, kow TaL OTTOTEAEGUATA TOUG GUYKQEIVOVTL
KOl GUTNTOVUVTAL.

6.2 XulnTtnon yio To GUVTEAEGTN TTOLVNG p

H emidoyn Touv mopdyovta JTowvng eival CwTIKAG onpaciog ylo Th GUYKAIGN TOU TIQO-
Tewvouevou aAyopiBuov. Evd melpopatiidpacte pe SlopOoQETIKES TWES TOU GUVIEAEGTI
TIOWNAG, KATOAAEOUE GTO GuUUTTEQOoUa OTL €dv n grpoavagepdeica Twn elvor TTOAY uiken,
n giykAMan Tou alyop{Buov yivetol GnUavTIkKG TTL0 aEyn Kl i¢ AITOTEAEGU, O OAYOELOULOS
TEQUATICETOL TTOLV PTAGEL GTN PEATIGTI AVTIKEWEVIKA, T, yia, T SeSouévn avoyn (€ = 1073).

Ao v GAAN TTAEVQEA, N ETTAOYA ULAG TTOAD UeYAANG TWAG Yo TO GUVTEAEGTA TTOLVIAG
Yo TTEOKAAOVGE TAAAVTOGELS TOU ATJQOIGUATOS TV TUWV TOV AVTIKEWEVIKOV GUVOQTAGE®WV
(BAéme 4.40) kd¥e kéufov, yOew aATd Tnv OvTiGTOL(N TWA TNG KEVTEUKAG OVTIKEWEVIKAG
ouvdETNoNg, £xOVIag WS ATTOTEAEoU n GUYKMON Tov aAyoQiduou va yivelr Lo aQyn.
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Kot ta 800 autd cuuitepdouato GXETITOVTOL UE TO YWOUEVO TOU TTOQAYOVTO TTOLVAG
ue n Slopoed UETAEY TOTKWV Kol kaBoAMk®v petafAntodv BAéme Eficooeigs 4.56 - 4.61).
Avté 1o ywduevo kabopitel To euOUS pe tov oTroio kAPe kéuPog TTEoGTTAOEl va eTTLTUEL
n BEATIGTN TN TG SikNng Tov emmavgnuévng Lagrangian guvdptnong. Autd petapedieTo
GTO TGO YEAYOQEO ETLTUYXAVETOL WO, GUVOLVETIKA AVon UeTagy yertovikdv kéupwv. Edv to
JTEOIOV elval TOAY Wwiked, n PéATiotn Twn kdde Lagrangian eivor dUokoAo va emmitevydet,
KOO®OG n KvntRElo dvvoun JTEOg AUTAV Ty Twn elval wiken. QoTo60, €4V TO TTEOAVAPEQR-
Vév meoidv efvor oAU peydro, kdde kouBog TTEoGTIA0El Vo BEATIGTOTIOMNGEL TOV SIKG TOU
GTOYO TTOAU eTNOETIKA KOl OC OTTOTEAEGUO N GUVALVETIKA AUGN UETAEY VELTOVIK®OV KOUPwV
kafictatan 7o agyn. Autd to yeyovog Sikatoloyel TIG TOAAVTOGELS TOU afolGUATOC TMV
TWAV TOV AVTIKEWEVIKOV GUVOQTAGEWV kdde kdufov.

6.3 Iegimttowon 1: 2 ®/B tov 1 MW t0 kadéva ctoug koufovg 31 €¢wg 32

Ye auTin Tnv TeRlmTowon vobétovue Tl vItdyxovv 2 ®/B cuvdedeuéva GTous KOUBOUS
31 kar 32 Tou Siktvov, pe SuvatdTnta TaRAYwYNS €¢wg 1 MW 1o kabéva. Qotdco, edv ta
@/B e1gdyouv Tn Uéylatn SuvATi TTAQAYWYN EVEQYELAS GTOUS KOUBOUS TTOU £lval EYKATEGTN-
uéva, da rpokaiovcov Tagapidoels viteptdocwy. o vo emaAnBevtel o TTEOAVAEPEQDEY
oYvELoUdg, emlietar éva eopAnua AC gong toxvos. Ta amotedéouata TaQovGLdovTal
GTo akdAovdo Gynua

AC Power Flow

1.150
1.125 -
1.100 A
1.075 ~
1.050 e e e e e e ="
1.025 -
1.000 -
0.975 ~
0.950 A
0.925 ~
0.900

== Upper Voltage Limit
E \Without Control

Voltage (p.u.)

0O 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32
Bus index

xfua 6.1: AC Pon Ioyvog - Tdoeig Xwoeig ‘EAeyyo O/B, Iepimtmon 1

Y10 oxnuo (6.1), elvar mwEo@avég 4Tl edv Ta E®TOPOATAIKA TTOU £lvol eyKATEGTNUEVA
oTouS KoOuPous 31 kow 32 gwgdyouv Tn WéyloTn SUVOTA TTORAYWYR TOUG GTO SikTLO YwEICS
Kavéva €Aeyx0, TOTE TIEOKAAOVVTAL OVAGTEOPES QOES evepyol LoxVos. Autéc ol avdatpo-
(PES POES €veEQRYOU LGYXVOE TIEOKOAOUV TV aUEnon Twv TAcemv Tov Koupwv 28 éwc 32 kat
KOTAYQAQPOVTOL TIAQAPLAGELS VITEQTAGEWDV.

Emouévmg, yonacomoteital n mwpotevouevn uédodog avtric tng SimAwuatikig epyaciog
ue oKOoTO Ty emilvon Tou TTEOPAAULOTOS VTTERTACNS ToU @aivetar oto oxnuo (6.1). Xtn
GUVEYELA, KATAOEIKVUETOL N OTTOTEAEGUATIROTRTO TOU aAydeBuov TTov Bacitetar gtov Gen-
eral Form Consensus ADMM, uécm tng GUYKQELONG TV AITOTEAEGUAT®Y TOV U TO OVTIGTOL O
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aIToTEAEGUATO TOU KEVTEIKOU aAyopifuov.

Eumtelpikd, Stamiotavetol 4Tl n WA Tou GUVTEAEGTI TTOWVIG (penalty coeflicient) p = 500
YLl TOV TTEOTEWOUEVO aAyoQBuo, pag Sivel éva KOAG avTAAAAYLO UETOEY ToYVTNTOS GUYK-
AMong ko akeifelag. ExkteAovue 1660 TOV KEVTEIKG OGO KOl TOV KOATAVEUNUEVO AAy6ELOuo
Tou Kegpadaiov 4. H uédodoc mtov Pacicetal atov General Form Consensus GuykAivel petd
amd 2221 emwavalyperc.

Y10 oynua (6.2), n 60806 Tou ABEOIGUATOS TWV TWMV TG OVTIKEWEVIKAG GUVAQTNONG
ke koéupouv BAéme 4.40) otnv mEoTEwOUEVn Kataveunuévn wédodo TaQovctdteTon ™G
TEOC TIS ETTOVAANYPELS TTOU OTTALTOVVTOL Yo T GUYKMon tng uedodov. Amd toeo kot
0TO €£1ng, To TEoavapeEdév ddgotoua da kKalelTor ATTADNG N AVTIKEWEVIKI GUVAQTNCN TOU
Trpotelvouevoy adyopiduov yia Adyoug evkoAlag. ‘Omwg uropsl va Stakpiver kovelg, o
TEOTEWVAUEVOS aAYSEIIUOS GUYKALVEL GTRV OWVTIGTOLN TR TNG AVTIKEWEVIKAS GUVAQTNONG
TOU KeVTEKOU alyopiduov. To yeyovig autd emtaindevel Ty AmwoTteAeGUATIKOTNTA TOV.

100 -

b —— “——

80 1

60 -

40 -

20 1

—— Consensus ADMM
= = Centralised

Objective Function (euros/hour)

250 500 750 1000 1250 1500 1750 2000
Iterations

Tynua 6.2: Avtikeweviki Tuvdptnon, Hepimtoon 1, p = 500, € = 1073

EmmA€ov, to (Slo oynua mapovaidcetan pe peyéduvon uetd tic wpwteg 1000 eravalipels
yia var avadetyfel n giykAion tng katavepnuévng AVeng Gty ovtiGToyn KEVIQIKN TWA.
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ﬂ —— Consensus ADMM

97.600 - — —: Centralised

97.575 1
97.550
97.525 T ——— ——

97.500 -

97.475 A

Objective Function (euros/hour)

97.450 A u

97.425 A ; : : ; : :
1000 1200 1400 1600 1800 2000 2200
Iterations

Yynua 6.3: Avtikeiwevikin Zuvdptnon - Meyéduvon uetd ard 1000 emtavaiiperg, Mepimtoon
1, p =500, e =103

EmuatAgov, agltel va ameikovigtel n gUykelon Tov TaQaywydv evepyol 1oxvos ©/B dmwg
VTTOAOYIZOVTOL OTTO TOV KOTAVEULNUEVO KoL TOV KEVTELIKO aAyoeuduo avtiatorya. Tio GAAn wio
©O0Qd, TPePardvVoLUE OTL TA KOTAVEUNUEVA OTTOTEAEGUATO VI TS PM®TOPBOATAIKES EYYVGELS
010 SikTVO elvan oYeddv (Gla we ta avticTorya KeEVTEKA aIToTEAEGUOTOL.

0.10
Il Centralized

0.09 + B Consensus ADMM
0.08 -

0.07 1
0.06
0.05 1

0.04 -

PV Injection (pu)

0.03 A

0.02 1

0.01 {

0.00 -

32
PV Index

Tynua 6.4: Eyyvoeig ®/B, Iepimtoon 1, p = 500, € = 1073
TéAog, TOROVGLALETOL N TTRAOSOG TV eyxVGENV eveEyoU 1oxV0S O/B ¢ TTEOS TIS ETTOVAAPELS
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G670 akoAlovdo oynya ywa thy etadMiBevon tng GUyRAMGNG TV TW®V Ttapaywyng @/B e Tig
aVTIGTOLXES KEVTOIKES TWES TOUG.

0.10 A1 — PV3l1
PV32

0.08 - — = Centralised

0.06

PV Injection (pu)

0.02 ===== N A iy e S A D [ R B

0 250 500 750 1000 1250 1500 1750 2000
Iterations

Iyhua 6.5: EgéMen tov Eyyvoewv ®/B, Hepimtoon 1, p = 500, € = 1073

Miropetl kavelc va TTopatnencel 6t eEltou 6T 500 eTAVOANPELS OTOAV N OVTIKELEVIKI
guvdeTnon Tng TmeoTewvouevng ueBddov ayiter va TAAOVTOVETOL YUE® OITO TNV KEVTEIKNA
T, ol TWES TNG TTOQAYWYNS PWTOPOATAIKMV TTov eyxéovtol GToug koufoug 30 ko 31 ayl-
covuv emiong va Talavtovovial. AuTtd cuufaivel eTeldn ol yeltovikol KOUPoL eITKOVOVOUY
TG BEATIOTEG TOTIKES UETAPANTES TOVGS KOl TTROGTTOH0UV VO KATAANEOUV GE ULl GUVEVOLTLKNA
AMion mou da kaboploer TeMkd Tig eyyvoels Twv /B Toug.

Hap ‘6Aa avtd, éva TteépAnua AC ong toxvog reémel va Avbel favd Aaupdvovtag vT-
oun T eyyvcelg evepyov 1oxvog P/B mov amopacicTnkay pe tny meotevéuevn uédodo, yia
va, €€eTaoTEl OV OVTILETMITIOTNKE AITOTEAEGUOTIKA TO TIEOPANUO VTTEQTACNS TOU GYAUATOS
(6.1). To TaEOKAT® GYAKA TTOROVGLALEL TS TAdoels kdde kOuPov, GTTmS VTToAOYICoVTOL ATTO
Tn o woxvog AC xweig éheyyo twv ®/B, kaboc kol TS Tdoelg kdde kéupov, OTTHS VTT-
oloyicovtar amd tn eon woxvos AC Aaupdvoviag vTTown TIg E®TOROATAIKES eyYVGELS TTOU
vIToAoyigovTol aItd Tnv JTEoTeEVOUeVn uédodo.
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AC Power Flow
1.150

1.125 4 == Ubpper Voltage Limit
B Without Control

1.100 4 . I
E With Distributed Control I I
_1.075 1
g1.050----------------------------I- iH- - -
v 1.025 A
groer LELEI
e I (1111 AR AR AR LA
o-oso | OUUTHFL U0 A0 VYO0 HE0 080000000000 00 00
SOOI | CR LT R
o.o00 L ILIIIA A ARMAMEALRAEAEAEARAFAENEAERFRERFRCRAS
0O 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32

Bus index
Yynua 6.6: AC Pon Ioxvoc - Tdoeic Me Kataveunuévo "Edeyyo ®@/B, Iepimtwon 1

‘OTtwe uItoel KOVelS Vo TTAQATNEAGEL EUKOAO, VITAQXEL £va KEVO UETAEY TOU AVAOTEQOU
0plov TAGNG KOl TOV TWOV TAGNG [LE TOV KATAVEUNUEVO EAEYX0 OTTWS VITOAOYIGTRV ATTO
n on oxvos AC. Autd To kevd Sikatodoyeital amd Tn xeRon evog yeouutkoy WovtéAou
(LinDistFlow) gtn diapdpencn tng uefddov pag. "Eva T1étolo LovtéAo avauéveTal Vo oITtoK-
Mver otnv okpifeid Tov amd éva uoviédo ong woxvos AC. Avutd elvar TEO@AvES €86
GTTOV XENOWOTIOLOVUE TIS eyyVoels Tov AdPaue amd tn uédodo yia va vItoAoyicouue Tig
TTEOKRVTTTOVGES QOEG LGYVOC XENGLWOTTOLWVTOS Tn eon oyvog AC. ITadAo TTov To wovtéAo
LinDistFlow vmoloyiter 61t autég ov eyxvaels ayyitouv ta égo tdong, n gon woyvog AC
OITOKAAVTITEL OTL GTNV TTEAYLATIKOTRTA Ol TAGelS elvan Ttepittov 2.5% younAdteQa.

AveTuxws, avutd onpaivel 6Tl n TTOGOTNTO TNG ITEQLKOTTTOUEVNGS TTAQAYWYNS €VEQYOU
wxvog amd toug P/B mov elvon eykategTnuéva ¢to SiKTVO ATAV TTEPLGGOTEQN ATTd 6, TL
yoewagdtav. Mia Aven Ge awtd To TEOPANUA da ATV N €K VEOU EKTENEGN TNG TTROTEWVOUEVNG
rotaveunuévng ueBddou e €va o «xaAaEd» ovdOTATO Gplo TAGNS TTOU UITOQOUVUE VO KO-
Yoploovyue uetd Tnv TOQATAENGON TOU TIROAVAPERDEVTOS KEVOU, GTIWG eTiyelpeitar GTo [38].
T wapddeypa, av 9écouye To avodtepo 6o tdong ato 1.075 pu, da €xovue astotedéouata
JIL0 KOVTA GTO avdTato 6glo tdong 1.05 pu gtn gon wyvog AC. Me avtdv tov 1pdTT0, da
eTITUYAYYAVAUE KAAITEQO OITOTEAEGUATA VIO, TV GITOQOLTNTN TTEQIKOITTTOUEVIL TTOQAYWYA
evepyov 1oxvog amd ta /B tou Siktiov.
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6.4 Ilgpimttwon 2: 4 P/B tov 0.5 MW t0 kadéva ctovg kéupouvg 29 éwg 32

Ye ouThv Tnv TeQiTttoon, vtobétouye Tl vatdpyxovv 4 ®/B cuvdebeuéva GToug KOu-
Boug 29 €wg 32 Tou SwkTvovu, ue duvatdTnta TARAYWYNS €wg 0.5 MW to kabéva. Ta
AN wa @oed, edv ta O/B elodyouv Tn UEYIGTR TTAQOY®WYR €VvEQYOU LGYXUVOS TOUS GTOUS
KOUPBoUS oV elval eykateatnuéva, ToTe o TTEOoKRAAOVVTAY Trapabldoels vitepTdocwv. ES,
TO TTEOPIA Tdong Tov SikTvou elvarl Taduoto ue tnv Iepimtwon 1, av ko ue yoaunAdtepa
emizedo tdong oto TEAOS TV yoouu®v. Avutd cuvufaiver emeldn n @®TOPOATAIKA 10YUS
GUYKEVTROVETOL MYOTEQO GTOUS TILO CAITOUAKQUGUEVOUS KOuBoug amd tov feeder. Ta ev
AOY® agtoTeAéouata TTOQROVGLALOVTOL 0TO ardAovdo oynua:

AC Power Flow

1.150
1.125 A
1.100 A
1.075 A
1.050 e e e e e e e - ="
1.025 A
1.000 A
0.975 ~
0.950 A
0.925 ~
0.900

= = Upper Voltage Limit
E \Without Control

Voltage (p.u.)

0O 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32
Bus index

xiuo 6.7: AC Poni Ioyxvog - Tdoeig Xwpic "EAeyxo ®/B, Ilepimtwon 2

Q¢ ek TOUTOV, XENOWOITOLOVUE Yoo AAAN wa @oed Tnv Teotetvéuevn uédodo aUTAG Tng
SumAwuatikic gpyociag yoo tny emiAuon Tou TTEOPAAUATOS VTTEQTAGNS TTOV @A{veTal GTO
aynuo (6.7).

Xe oUTAV TV TEQRLTTTOoN, 0QIiCOVUE TO GUVTEAEGTA JTOWVAG YLOL TOV TIROTEWOUEVO AAYOQL-
Yuo oe p = 500. Me avtdv TOV TEOTO, GUYKEIVOUUE T ETIKEIUEVO, OITOTEAEGUATA UE AVTA
TToU aTtokTAOnkav gtnv evotnta (6.3). Extelovue 1660 Tov KEVTEIKO OGO KoL TOV KOTOVEUN-
uévo alyépibuo. H mpotevduevn uédodog cuykAivel uetd amd 2152 eravalnyperg.
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Y1n GUVEXELD, TTOQATIOETAL N TTEGOS0GC TNG AVTIKEWEVIKAS GUVAEQTNONGS TOU KATAVEUNUE-
vou aAyopiBuou wg TEOGS TIS ETTAVAAMPELS TTOV ATTOLTOVVTOL Yid Tn GUyKMGn Tng uefodov.

) [ ——

70
60
50
40 A
30

Objective Function (euros/hour)

20 A
10 —— Consensus ADMM
0 == Centralised
250 500 750 1000 1250 1500 1750 2000
Iterations

Tynua 6.8: Avtikewevikn Yvvdptnon, Iepimtwon 2, p = 500, € = 1073

Elval cagéc 6Tt n avTikeWevikii GuvdpTnon Tng Jeotevouevng uedédouv GuykAivel GTny

avTiGTOLYN TWA TOL KEVTEKOU aAyopiduov.

Mo va eroindevtel avtd, To (B0 oyxnupa

euoavicetar ueyeduuévo petd tig mpadteg 1000 emmavalmperg.

79.600 -
79.575 A
79.550 A
79.525 A
79.500 1=

79.475 A

79.450 A

79.425 A

Objective Function (euros/hour)

U

—— Consensus ADMM
Centralised

1000 1200 1400

1600 1800 2000

Iterations

Yynua 6.9: Avtkewevikii Tuvdptnon - Meyéduvon uetd agté 1000 emtavaiipetg, Iepimtoon

2, p =500, e =1073
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Yto oynua 6.10, Guykeivouue T TTaQAYwYES eve@yo oxvog O/B Tou kaTaveunyuévou Kat
Tov KevTEkoV aAyopiduov, yia va Setgovue 6t efvan 6xedov {Gieg. Emiong, oto oynua 6.11
TLAQEOVGLAZETOL N TTEG080S Twv eyxUGewV eveEyoy oyxVog PV ge oxéon ue T eavaApels.

0.05 A IE Centralized
B Consensus ADMM
0.04 A
=
=
= 0.03 A
=t
©
.(‘D
=
= 0.02 1
A
0.01
0.00 -
30 31 32
PV Index
Tyfua 6.10: Eyyvoeig ®/B, Mepimtwon 2, p = 500, € = 1073
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\% — PV29
g 0.03 4 PV30
'-8 — PV31
o}
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0.01 ===
0.00 ————

0 250 500 750 1000 1250 1500 1750 2000
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Tyhua 6.11: EgéMEn tov Eyyvoeov ®/B, Mepimtwon 2, p = 500, € = 1073
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ITapatngovue 6t dtav dev agtautelton TTEQIKOTIN (BAETTE KSuPo 29) N évac kdupog srpcet
va TrepLopicel Gyedov oAdKkAnEn tn @mTofoATAikA Tou Tapaywyn (PAme Koupo 32), tdte
avtol ot koupor Beiorouv TG BEATIGTES TWES TNG PWTOROATAIKAG TOUS €YYUGNG TTLO EUKOACL.

YUUTTEQAGUATIKA, N OITOTEAEGUATIKOTNTA TNG IrpoTelvouevng uedddov emiPefardveton
KOJOS Ol TWES TNG AVTIKEWEVIKAG GUVAQTNONG KL Ol TWES KADE @MTOPBOATAIKAG €yyuong
OTOV KATOAVEUNUEVO QAYOQLILO GUYRALVOUV GTIC OVTIGTOLXES KEVTOIKES TULEG.

Y1n guvéyela, eTlvouue Eva eopAnua AC Qong texvog, Aaufdvovtog vTToWn TS PWTOo-
BoAtaikég eyyvoelg eveyol LGXVOG, OTTWS VITOAOYITOVTAL OITS TOV TTQOTEWVOUEVO KATAVEUN-
uévo alyopibuo. To Topardton oyiua katadewviel 6Tt oL TAQAPLAGELS VTTEQTAGE®Y TTOU
KOTAYQAQ@OVTOV GTny TeRimTwon Tov dev eAédyyovtav ol eyyvoelg attd ta /B, emiddeTon
OITOTEAEGUOTIKA LE TNV QWY TOU KOTAVEUNUEVOU aAyoeiBuov.

AC Power Flow

1.150
11254+ —— Upper Voltage Limit

HE Without Control

1.100 -
B With Distributed Control

~ 1.0751

=
B 1050 e e e e e e e e e |.
® 1.025

1.000 - | ||||I|||_ II
oors | WUMUNRREELELLLLTLURUNDRGA
oso L AILRURURUNRUANNRURUNUAUUGNY
ooos L AILRURURURUANNRURUNUNUUTNY
0O 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32

Bus index

Volta

Yynua 6.12: AC Pon Ioyvog - Tdoeigc Me Kataveunuévo "Edeyyo @/B, Ilepimtoon 2

Hagatngovue 611 n Iepimtwon 2 cuykAiver yonyopdtepa agtd tnv Ilepimtoon 1. Avutd
To Yéua elivar otnv TEaywaTikGTRTA TTOAY TeEimAoko. Yirdgyouv §vo duvduels Tou Guy-
KEOVOVTOL GE AUTEC TIS TEOGOUOLWGELS. ATO Tn ulo TTAevEd, ol TToQafldcels Tdong JTou
ovuPaivouv gtnv Iepimtwon 2 eivar wkredTeEes aTtd avtéc wouv guupaivouv gtny Iepimttwon
1. Ektdg amd avtd, n GUVOAKA TEQLKOTTTOUEVN TTOQAYWYNR evepyol toyvog attd T P/B
uovadeg elvan wikpdtepn (BAéme Tivoko 6.1). Bdoer autov Tov yeyovdTog, avausévouue Tov
JreoTEVOUEVO aAy6ELBLo vo GuykAlvel yonyopdtea.

A6 v dAAn TAeved, vtdpyouv TepLeadtepa O/B eykategTnuéva GTo SIKTVO. QG €K
TOUTOV, TTEPLGGHTEQOL KOUPOL TTRoGTIaovv va Beouv Tn BEATIGTN TTEQIKOTTTAUEVI TTAQOYWOYI
evepyoL 100G Ge GYEGN UE TOUS TTEPLORLGULOVS SIKTVUOU KAl TOUS TTEQLOQLGULOUS Guvaiveang
JTOV €E0.GQAAITOUV TN GUVOLVETIKA AVGN UETALY TV YELTOVIK®OV KOufwv. Bdcel avtol Tovu
yeYovoTog, avauévouue tnv motevouevn uédodo va cuykAivel o aQyd.

YUVoMKd, TrioTEVOLUE OTL N TTEMOTN SUvoun IOV TEQLYRAEPETAL TTAQATIAV® €lval Lo
onuavtikin agtd tn devtegn, emeldn n Siapoed ctov aEud twv P/B mwou elvar eykat-
eotnuéva 6to SikTvo (aTtd Tn pia TepimTwon otnv dAAn) dev elvar apkeTd pueydAn yo vo
ETMKQEATAGEL N Sevtepn duvaun.
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6.5 Ilgpimttwon 3: 8 P/B twv 0.25 MW 10 kadéva 6TOUS KOuUBouvg 235 £mg
32

E8w, vmobétouue 61L vmtdoyouvv 8 ®/B guvdedeuéva otoug kéupous 25 éwg 32 tovu
Siktvov, ue Suvardtnta TapAywyng £wg 0.25 MW to kabéva. Xe epimtoon ITov Ta
PWTOROATOIKA eyyVUGOUV TN UEVIGTN TTOQOYWYNR £veEQYOU LoYVOG TOUS GTOUS KOUPOUS TOuG,
TTAEATNEOVVTAL TTOQAPBLAGELS VTIEQTACEWV GTO SIKTVO TTAEOUOLES UE UTES TTOV TTEQLYQAPNKAY
GTIS 8V0 TTRONYOVUEVES TIEQLITTOGELS, AAAA ardun WKEATEQES Yoo Tov (8o Adyo TTou e€nyel-
taw gtnv Ilepimtwon 2. Ta amotedéouata divovial gthv akdiovdo cynua

AC Power Flow

1.150
1.125 A
1.100 A
1.075 A

== Upper Voltage Limit
HE \Vithout Control

)

=
= 1.050 A

(

o 1.025 A
1.000 A
0.975 ~
0.950 -
0.925 ~
0.900

Voltag

0O 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32
Bus index

Yynua 6.13: AC Pon Ioxvoc - Tdoeic Xweic "EAdeyyo /B, Ieplmtwon 3

TN dAAR wa @oed, xenotwoTtotovye Tnv meotelvouevn uédodo avtic Tng SIITA®UATIKAG
eQyooiag yia tnv emfAvon Tou TEOPAMLATOS VTTEQTACNS TTov @alvetal aTo axnuo (6.13).

6.5.1 Xvviedestig swowng p = 500

[Towtov, opitovue TO GUVTEAEGTI TTOLVAG YLOL TOV TtROTEWVOUEVO alydpiduo p = 500 yoti
Yélovue va cuykpivouue Ta eTKElUEVO ATTOTEAEGUATA (e QUTA TTOU OITOKTAINKAV GTRV
evotnta (6.3) kaw otnv evétnta (6.4). H srpotevéuevn puédodog cuyriivel uetd amd 2447
ETTOVOUANYELGC.
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AxkoMoVImG, TOQEOVGLALETOL N TTEAOBOE TNG OVTIKEWEVIKAG GUVAQTNONG TOU KOTAVEWUN-
uévou aiyopifuov.

i
o
1

w
o
1

—_
o
1

—— Consensus ADMM
= = Centralised

Objective Function (euros/hour)
[\
(e]

(@]
1

500 1000 1500 2000
Iterations

Tynua 6.14: Avtikewevikii Zuvdptnon, Hepimtoon 3, p = 500, € = 1073

Av kdvouue tovy uetd g meaTeg 2000 £TTAVOANPELS GTO TTEONYOVUEVO GYAUA TTALEVOUULE
oL

—— Consensus ADMM

41.9150 A — = Centralised

41.9125 A
41.9100
41,9075 o s s s s -
41.9050 A
41.9025 A

41.9000 A

Objective Function (euros/hour)

41.8975_ T T T T T T T T
2000 2050 2100 2150 2200 2250 2300 2350 2400

Iterations

Yynua 6.15:  Avtikewevikn Xuvdptnon - Meyéduvon uetd osté 2000  eTtavoAipelg,
Hepimtwon 3, p = 500, € = 1073
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‘OTtog witoel kavelg va del eUKOA, N AVTIKEWEVIKA GuvAQTRON dev @TAvel GTn BEATIOTN
TR TnG. Adym avtov Tou YEYOVOTOG, Ol TWES TOV POTOPOATAIK®OV eyYUGEMV @AIVETAL VOl
Slapépouy onuavtikd ostd TS avtioTolxes KeVIEKES TweES (BALme Zynuo 6.16 Emouévacg,
Yewpovue 6Tl n uédodog ntav aveTtiTuyiG.

0.025
—— PV25
_ 0.020 A PV26
B — PV27
g OO T i S B e — PV28
5 —— PV29
(0]
£ 0.010 — PV30
> PV31
(ol
0.005 - —— PV32
) == Centralised
o _ _——— - AV 4
0.000 +
0 500 1000 1500 2000
Iterations

Tynua 6.16: EgéMen twv Eyytcewv @/B, Iepimimon 3, p = 500, € = 1073

INa va fonbricovpe th pédodo va eTmitiyel Tn BEATIGTR TN AVTIKEWEVIKAS GUVAQTNGNG,
TEOGTIAdoVUE VO OWENGOUUE TO GUVTEAEGTR TtowvAg Ge p = 850. Me auvtdv Tov TEOTTO,
TTEOGTIABOVUE VO OQUEAGOUUE TO YIWOUEVO TOU TTOQAYOVTO TIOWVAG UE T SlapoQd UeTAED
TOTIK®OV Kol KABOMKOV petapintodv BAETe efiowoeig 4.56 - 4.61). Qg ek ToUTOVL, OVEGD-
voupe To EUBUS TTov KdADe KOUPoS TTEocTTABEl Vo eTTLTUXEL T BEATIGTR TWA TnG SIKAS TOL
OVTIKEWEVIKAG GUVAQTNONG.

6.5.2 XvvielesTig swowvng p = 850

Eugtelpikd, Siamiotodvetor 6Tl 0 KaBoEIGUOS TOU GUVTEAEGTI TTOLVAG YlOL TOV TIQOTEVG-
uevo adyéebuo atnv Twn p = 850 pag diver éva KAAG ovTAAAOyUO UETOEY TNG TOXVTNTOG
ovyrMong ko akifelac. H srpotevéuevn uédodog guykAivel uetd amod 2753 ewavalnyelg.
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2Tn Guvéxela, eu@aviTeTal n TEA0d0C TNG OVTIKEWEVIKAG AELTOVQYIOS TOU KATOVEUNUE-
vou aAyopiBuov.

w >
o (]
1 1

Objective Function (euros/hour)
N
(]

10 A
—— Consensus ADMM
— = Centralised
0 L T T T T T
500 1000 1500 2000 2500
Iterations

Tynua 6.17: Avtikewevikic Luvdptnon, Hepimtoon 3, p = 850, € = 1073

EmmAéov, To (8o oxiua Ttagovatdgetal ueyeduuévo petd tic mteotes 1000 emavalipelg
yia va Stevkeuviatel n GUykAon Tng katoveunuévng AVeng GTny avIiGToyn KeEVIQIKN TN,

—— (Consensus ADMM
41.975 — =1 Centralised

42.000 1 ”

41.950 A

41.925

41.900 A

41.875 A

41.850 A

Objective Function (euros/hour)

41.825 A

1000 1200 1400 1600 1800 2000 2200 2400 2600
Iterations

Yyaua 6.18:  Aviikepevikn Xuvvdotnon - Meyéduvon uetd omté 1000  eTmtavoAipelg,
Hepimtoon 3, p = 850, € = 1073

EmmAéov, agitel va Selfovue tn GUyKELGN TNG TTOQAYWYNS evepyoy toxvog P/B uetagy
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TOU KOTOVEUNUEVOD KOL TOU KEVTELKOU aAyopiduov.

0.025 A Bl Centralized
II II II II II B Consensus ADMM
0.020 A
=)
& II II II II II -
a 0.015 1 —
8
13
.(D
> 0.010 -
m II II II II II II
0.005 A
0.000 -JI II II II II II ..—
25 26 27 28 29 30 31 32
PV Index

Tyfua 6.19: Eyyvoeig ®/B, Hepimtoon 3, p = 850, € = 1073

Télog, n TEG0d0g TV eyxlicewv evepyol woyvos ®/B Tagouaidietal 6To akéAovdo
GYAULOL.

0.025
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~0.0201 PV26
B — PV27
£ 0.0151 — PV28
g — PV29
]
= 0.010 — PV30
> PV31
a 0.005 4 —— PV32
' TN T T AT T T == Centralised
0'000_ wv
0 500 1000 1500 2000 2500

Iterations
Tyhua 6.20: EgéMen twv Eyyvcewv @/B, Iepimtoon 3, p = 850, € = 1073
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[Mopatnpwvtag ta oxnuata (6.19) kar (6.20), elvor eL@AVAG n AITOTEAEGUATIKOTNTA TNG
Tpotevduevng uedodou yro ardua uia @oed kodws ol TS kdde EWTOROATAIKNAG Eyyuong
GTOV KOTAVEUNUEVO OAYSEUILO GUYKAIVOUV GTIC OVTIGTOLXES KEVTQIKES TUWEG.

IHapoAa avtd, éva sedfinua AC orig woyxvog meétel va AvBel Lavd yenouoItoLmdv-
TOS TIS PMOTOPROATAIKES eyXVUGELS eveEyol 1GYVOGC, GTTOS VITOAOYIGTAKAV UE TN JTROTEWOUEVN
uédodo, TEokelwévou va egetaaTel OTL Ol VITERTAGELS AVTIUETWITIGTNKAY ATTOTEAEGUATIKA.
To mopakdtw oxiuo Ttagovcldel Tig Tdaoels kdde kéuPov, GTTwS vIToAoyitovTar aItd Tn
eon 1oxVog AC ywelc Kal ue Tn gUVELGPOEG Tng TipoTtevduevn uédodo.

AC Power Flow

1.150

1.125 4 == Upper Voltage Limit

1.100 BN Without Control

Lo75 - Emm With Distributed Control
g1.050---------------------------- iH--
9 1.025 1 ITI
RTINS I
S orsd MMLRURIAURTNELRLENUNRNuuRUALTHY

ooso MMRIRURMUNRHARUURIUURUUNAUNOUURY

ooos WIHIURIUURANURIAURIAURHUNRHYNAN Y

0O 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32
Bus index

Yynua 6.21: AC Pon Ioyvog - Tdoeigc Me Kataveunuévo ‘Edeyyo @/B, Iepimttoon 3
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6.6 Ilgpimttwon 4: 16 P/B twv 0.125 MW T0 kadéva ctovg kéufovg 10 eng
17 ko 25 ewg 32

Y& aquTiv Ty TTeQiTrtnon, vitodétovue Gl vITdEYoLVY 16 D/B cuvdedeuéva GToUS KOUBOUS
10 €wg 17 ko 25 €wg 32 Tovu dikTvov, ue duvatdTnta ToEAYWYNg £wg 0.125 MW to kadéva.
Q01600, €4V TO POTOPBOATAIKA £LGAYOUV T UEYLGTN TTOQRAYWYN EVEQYOU LGXVOS TOUS GTOUS
KkOupovg IOV efvan eykateaTnUéva, Yo TEOKAAOUVTAV TTAQAPBLAGELS VTTEQTAGEMY GTO SIKTUO.
Méow tne emilvong evog meopAipatos AC porg woxvoc. Ta asroteAéouota TaEoVGLALovVTaL
GTo akoAovdo Gy

AC Power Flow

1.150
1.125 A
1.100 A
1.075 A

== Upper Voltage Limit
N \Vithout Control

1.050 === e e e —————— e e

1.025 A
1.000 A
0.975 ~
0.950 -
0.925 ~
0.900

Voltage (p.u.)

0O 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32
Bus index

Yynua 6.22: AC Pon Ioxvoc - Tdaoeis Xwels "EAeyyo P/B, Ieplmtwon 4

Y& oquTnv Tnv meplmtoon, PAETTovue 4Tl o TTaafidaels Tdong cuufalvouv WGvo GToUg
roupoug 12-17 kar 6y aToug kKGuPoug 25-32. Kat wdM woTéc0, YENGILOTIOLELToL N TTEOTEWG-
uevn uédodog avtng tng SIITAMUATIKAG epyaciog we 6romd tnv extiducon Tou TEORANLATOC
VTERPTACNGS TTou @alvetalr ato oxnua (6.22). EmisrAéov, KaTASEIKVUETAL N EYKUEOTNTO TOU
aAyopBuov Ttou Pacitetow gtov General Form Consensus ADMM, uécm tng GUYKQLGNG TV
OTTOTEAEGUATWOV TOV UE TO OVTIGTOLXO ATTOTEAEGULOTO TOU KEVTELKOU aAyop{Buov.

6.6.1 Xvvtedestig swowng p = 500 ko p = 850

Me tov (8o 1dTo O6Ttws Gtnv Ilepimtwon 3, 0 0QLGUAC TOU GUVTEAEGTA TOWNG GE
p =500 1 ge p = 850 Sev Ya ATAV AEKETOC DGTE N AVTIKEWEVIKN GUVAQTNGN VO QTAGEL
otn BéAtiotn Twn tng. o va vwogtnpifouvye avTdV TOV GXUELGUO, TEEXOLVUE TOGO TOV
KEVTELKO OGO KOl TOV KaToveunuévo alyéeduo yia p = 500 kot p = 850 kol TOQOVGLALOVUE
TV TEA0J0 TNG AVTIKEWEVIKAG GUVAQTNONG Yo va delfouue OTL 0 GUVTEAEGTAG TTOWNAG Sev
efvar aEKeTd LVYNAGS Kol WS aTtéEEoLa auToy n uédodog asrokAlvel.
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Objective Function (euros/hour)
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Tyhua 6.23: Avtikeevikin, Tuvdptnon, Cased, p = 500, € = 1073

35.5 1
—— Consensus ADMM
35.0 A - = Centralised

34.5
34.0
e T T e e e e e
33.0 A

32.0

Objective Function (euros/hour)

1000 1100 1200 1300 1400 1500 1600 1700 1800
Iterations

Yynua 6.24:  Avrikewevikii Xuvvdetnon - Meyéduvon petd amté 1000  eTtavoAipelg,
Hepimtwon 4, p = 500, € = 1073
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Tyhua 6.25: Avtikeweviki Zuvdptnon, Hepimtoon 4, p = 850, € = 1073

35.5 1
—— Consensus ADMM
35.0 A - = Centralised

34.5 A
34.0 A
I T T e e e e

33.0 1

32.5 1

Objective Function (euros/hour)

32.0 1

1000 1200 1400 1600 1800 2000
Iterations

Yyaua 6.26:  Avuikelpevikin Xuvdptnon - Meyéduvon petd amé 1000 emavoAnyelg,
[epimtwon 4, p = 850, € = 1073

INa va Bondricovue tn uéBodo va emmTiyel Tn PEATIGTR TIWA AVTIKEWEVIKIAG GUVAQTNONG,
avgdvoupue To GUVTEAEGTH TToVNig ae p = 1800.
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6.6.2 Xvvtelesting stowvng p = 1800

Eugtelpikd, Siamiotoooye 6Tt av 9€couue T0 GUVTEAEGTR TTOLVAS YLl TOV TTROTELVOUEVO
aryépuo ce p = 1800 Talpvouue €va kKaAd agtoTéAecua LETAEY TaxVTNTAS GUYKALGNG KOl
akeipelag. H mpotewvouevn uédodog guykiivel uetd amd 2655 emavalnyerg.

AxoAoVIWG, TTOROVGLATETAL N TTEA0S0C TNG AVTIKEWEVIKAG AELTOUQYIOS TNG KOTAVEUN-
uévng pebdédov.

Objective Function (euros/hour)

20 A
15 4
10 4

5 4 —— Consensus ADMM

== Centralised
0 - T T T T T
500 1000 1500 2000 2500
Iterations

Tyfua 6.27: Avtikewevikii Zuvdptnon, Hepimtoon 4, p = 1800, € = 1073

EmumAéov, o (8o oxnuoa Ttagovoidgetor peyeduuévo uetd tig meotes 1500 emavaliperg
yia val SteukQvieTel n GUYKALGN TG KATAveunyuévng AVGNG GTnv KEVTEIKA Tiun.

—~ 34.0 A —— Consensus ADMM
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3 33.2
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Yynua 6.28:  Avtikewpevikn Xvvdptnon - Meyéduvon uetd amd 1500 emavoAipelg,
[epimtwon 4, p = 1800, € = 1073
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EmumtAéov, agitel va agtetkoviatel n GUYKQELGN TNG TTOQAYWYNS eveQYyoU 1GxVoS PV uetagl
TOU KOATOVEUNUEVOU KOL TOU KEVTEIKOU aAyopiduov.

PV
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PV Index

0.00250 A

0.00125 A

0.00000 -

Yynua 6.29: Eyyxvceig @/B, Hepimtwon 4, p = 1800, € = 1073

Avté IOV TTEéTIEL VO GugnTnlel €80, elval OTL TOGO 0 TTROTEWAUEVOS OGO KOl O KEVTEUKOS
aAy6LBUog, ol 0Ttolol XENGLLOITOLOVV TO YQOUWKOTTONUEVO LoVTEAO Qong toxvog LinDist-
Flow, astopaacigtouv 61t n Tapaynyin @oToBoATaikol GTov kouBo 32 Treétrel va TTeQloQLaTel.
Qo1600, TapATnE®OVTAS To eTimeda tdong oto TEOPAnpa AC ong toxvog xweic éAeyyo
/B BAémre 6.22) elvanr gapég 6Tl Sev virdpxer moaafiacn tdong. Autd emBefardverl yo
GAAN wo @oEd To GUUTTEEACUE LWOC GXETIKG Ue TNV aTtdkAon otny axkeifelo Tou woviéAou
LinDistFlow.

TéAog, n TEG000¢ TV eyyUcenv evepyol woxvog O/B gropovcidcetor 6Tto axkéiovdo
yvedonua yia tnv emaldevon tng GUyKAMONG Twv TWwov Tagaynyng PV ot aviictoiyes
KEVTOIKES TWES TOUG.
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Yyfua 6.30: EgéMen twv Eyyicewv /B, Mepimtoon 4, p = 1800, € = 1073

YUUTTEQAGUATIKA, N OTTOTEAEGUATIKOTNTA TG JrpoTewvouevng uedddou emiPePardveton
KOFOS Ol TWES TNG AVTIKEWEVIKAG GUVAQTNONG KAl Ol TIWES KADE @MTOPBOATAIKAG €yyvong
GTOV KOTOAVEUNUEVO OAYOQUILO GUYKAIVOUV GTIC OVTIGTOLES KEVTQLKES TUEG.

IMap ‘6A0 ovtd, éva TedéfAnua AC ong oxvog Tieémel va Abel avd ue pdon Tig véeg
eyxvoelg evepyoV 1oxvog PV mou amopacictnkav ye tnv kataveunuévn uédodo, Teorelus-
VOu Vo €€eTA0TEl OTL N KOTACGTACN VITEQTACNS OVTIWETWTIIGTNKE agtoTeAecuatikd. H ams-
doon tng uebddov @alvetal 6to KAdTwdev GyRuo.
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— = Upper Voltage Limit B With Distributed Control
Bl Without Control

AC Power Flow
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Yynua 6.31: AC Pon Ioxvoc - Tdoeic Me Katavepunuévo "Edeyyo ®/B, Iepimtoon 4

6.7 A@uiuntikd AttoteAécuata

Y& QUTAV TV evOTNTA, TTAROVGLAZOVUE TO OQLOUNTIKG OITOTEAEGUATA, GE LORMN TILVAK®YV,
TOU QITOKTABNKAV TOGO ATd TOV KaTAvEUnUEVOo GO Kol aTtd TOV KeVTEKS aAydépbuo Ge
KkAGPe cevdglo Ttov pedetdtal. YrrevOuuitovue 4Tl AUTA TA ATTOTEAEGUATO AVOLPEQOVTOL GTIY
agykoTtoingn tov TroTevouevou aiyoiBuov xwels va An@Bovv vTTéOYn T eyKATEGTAUEVA
PWTOROATAIKA 6TO SikTLO, KoL Aaupdvovtag VTToYN wévo To 20% TV OVOULOGTIKOV PORTIwV
Tov SikTUOV. ITOEOVGIALOVUE ATTOTEAEGUATO KAl VIO TIC dV0 avoyég (tolerances) € = 1073
kar € = 1074,

Y1oug akOAoUBoUG TTivaKeS, TOEOVGLATOVUE Thy TN TNS £yyuong KAde @®TOPROATAIKOV,
TNV TWA TG GUVOMKAG TIEQUKOTING KAl TNV TWA TNG OVTIKEWEVIKAG GUVAQTNONG ovd TreQi-
TTOWON TOGO YO TOV KEVIQEIKO OGO Kol yio TOv katoaveunuévo olyopiduo. H cuvoAikn
TLEQLKOTTA VITOAOYILETOL OGS EENG:

Total Curtailment = Total Production Capability — Total Power Injection

o6mov Total Production Capability etvaw 2 MW 11 0.2 pu.
EmgtAéov, vtoloyicovue 10 GYeTIKA GEAALATO LETAEY TG KaTaveunuévng uedodov ko
TNG KEVTEKNAG wedddov we egng:
Distributed Result — Centralised Result

E %) = -100%
rror(%) Centralised Result v

TéAog, katayedpouye TOV GUVOAMKS 0ELOKS ETTOVAAPE®Y TTOU OITTOLTOVVTAL YidL Th GUYK-
Aon tou kataveunuévou aiyopiBuov ce kdde meplmTwon. Xtn GUVEXELD, TTAQOUVGLACOVTOL
oL JrRoavapeBévTes TTIVAKEG.
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Results

Centralised

Distributed

Error (%)

Iterations

2655

Injection Of PV31 (pu) 0.0643613 | 0.0640367 | 0.50434%
Injection Of PV32 (pu) 0.0186146 | 0.0182534 | 1.94042%
Total Curtailment (pu) 0.1170241 0.1177099 | 0.58603%
Objective Function (Euros/hour) | 97.5224864 | 97.5220655 | 0.00043%
Injection Of PV29 (pu) 0.0500000 | 0.0500000 | 0.00000%
Injection Of PV30 (pu) 0.0408464 | 0.0406767 | 0.41534%
Injection Of PV31 (pu) 0.0092388 | 0.0090567 | 1.97083%
Injection Of PV32 (pu) 0.0014667 0.0014667 | 0.00000%
Total Curtailment (pu) 0.0984482 | 0.0988000 | 0.35727%
Objective Function (Euros/hour) | 79.5022540 | 79.5014762 | 0.00098%
Injection Of PV235 (pu) 0.0250000 | 0.0250000 | 0.00000%
Injection Of PV26 (pu) 0.0250000 | 0.0250000 | 0.00000%
Injection Of PV27 (pu) 0.0250000 | 0.0250000 | 0.00000%
Injection Of PV28 (pu) 0.0250000 | 0.0250000 | 0.00000%
Injection Of PV29 (pu) 0.0250000 | 0.0250000 | 0.00000%
Injection Of PV30 (pw) 0.0153247 0.0156539 | 2.14803%
Injection Of PV31 (pw) 0.0048667 0.0048985 | 0.65404%
Injection Of PV32 (pu) 0.0014667 0.0014667 | 0.00000%
Total Curtailment (pu) 0.0533419 | 0.0529809 | 0.67678%
Objective Function (Euros/hour) | 41.9073612 | 41.9069654 | 0.00094%
Injection Of PV10 (pw) 0.0125000 | 0.0125000 | 0.00000%
Injection Of PV11 (pw) 0.0125000 | 0.0125000 | 0.00000%
Injection Of PV12 (pu) 0.0125000 | 0.0125000 | 0.00000%
Injection Of PV13 (pu) 0.0125000 | 0.0125000 | 0.00000%
Injection Of PV14 (pu) 0.0035699 | 0.0036781 | 3.02948%
Injection Of PV13 (pu) 0.0015778 | 0.0015932 | 0.97669%
Injection Of PV16 (pu) 0.0015778 | 0.0015930 | 0.96655%
Injection Of PV17 (pu) 0.0015778 | 0.0015929 | 0.95958%
Case 4 Injection Of PV235 (pu) 0.0125000 | 0.0125000 | 0.00000%
(o 1800) Injection Of PV26 (pu) 0.0125000 | 0.0125000 | 0.00000%
Injection Of PV27 (pu) 0.0125000 | 0.0125000 | 0.00000%
Injection Of PV28 (pu) 0.0125000 | 0.0125000 | 0.00000%
Injection Of PV29 (pu) 0.0125000 | 0.0125000 | 0.00000%
Injection Of PV30 (pw) 0.0125000 | 0.0125000 | 0.00000%
Injection Of PV31 (pu) 0.0125000 | 0.0125000 | 0.00000%
Injection Of PV32 (pu) 0.0109289 | 0.0109907 | 0.56593%
Total Curtailment (pu) 0.0432679 | 0.0430521 | 0.49875%
Objective Function (Euros/hour) | 33.5789617 | 33.5788649 | 0.00029%

Table 6.1: Apiduntikd ATrotedécuata, Apyikotoinon Xwpic PoTtofoAtaikd, € = 1073
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Results Centralised | Distributed | Error (%)

Injection Of PV31 (puw) 0.0643613 | 0.0643947 | 0.05196%

Injection Of PV32 (puw) 0.0186146 0.0186507 | 0.19420%

Total Curtailment (pu) 0.1170241 0.1169545 | 0.05947%

Objective Function (Euros/hour) | 97.5224864 | 97.5223972 | 0.00009%

Injection Of PV29 (puw) 0.0500000 | 0.0500000 | 0.00000%

Injection Of PV30 (puw) 0.0408464 0.0409363 | 0.22012%

Injection Of PV31 (puw) 0.0092388 0.0093354 | 1.04614%

Injection Of PV32 (puw) 0.0014667 0.0014667 | 0.00000%

Total Curtailment (pu) 0.0984482 0.0982617 | 0.18950%

Objective Function (Euros/hour) | 79.5022540 | 79.5020498 | 0.00026%

Injection Of PV23 (puw) 0.0250000 | 0.0250000 | 0.00000%

Injection Of PV26 (puw) 0.0250000 0.0250000 | 0.00000%

Injection Of PV27 (pu) 0.0250000 | 0.0250000 | 0.00000%

Injection Of PV28 (puw) 0.0250000 0.0250000 | 0.00000%

Case 3 Injection Of PV29 (pu) 0.0250000 0.0250000 | 0.00000% 3497

(p 850) Injection Of PV30 (puw) 0.0153247 0.0154318 | 0.69867%
Injection Of PV31 (puw) 0.0048667 0.0048779 | 0.23096%

Injection Of PV32 (puw) 0.0014667 0.0014667 | 0.00000%

Total Curtailment (pu) 0.0533419 | 0.0532236 | 0.22180%

Objective Function (Euros/hour) | 41.9073612 | 41.9073125 | 0.00012%

Injection Of PV10 (puw) 0.0125000 | 0.0125000 | 0.00000%

Injection Of PV11 (puw) 0.0125000 0.0125000 | 0.00000%

Injection Of PV12 (puw) 0.0125000 | 0.0125000 | 0.00000%

Injection Of PV13 (puw) 0.0125000 0.0125000 | 0.00000%

Injection Of PV14 (puw) 0.0035699 | 0.0036155 | 1.27538%

Injection Of PV13 (puw) 0.0015778 0.0015842 | 0.40753%

Injection Of PV16 (puw) 0.0015778 0.0015841 | 0.40120%

Injection Of PV17 (puw) 0.0015778 0.0015841 | 0.39803%

Case 4 Injection Of PV23 (pu) 0.0125000 | 0.0125000 | 0.00000% 3117

(o 1800) Injection Of PV26 (puw) 0.0125000 0.0125000 | 0.00000%
Injection Of PV27 (pu) 0.0125000 | 0.0125000 | 0.00000%

Injection Of PV28 (pu) 0.0125000 0.0125000 | 0.00000%

Injection Of PV29 (puw) 0.0125000 | 0.0125000 | 0.00000%

Injection Of PV30 (puw) 0.0125000 0.0125000 | 0.00000%

Injection Of PV31 (puw) 0.0125000 | 0.0125000 | 0.00000%

Injection Of PV32 (puw) 0.0109289 0.0109610 | 0.29363%

Total Curtailment (pu) 0.0432679 | 0.0431712 | 0.22340%

Objective Function (Euros/hour) | 33.5789617 | 33.5789523 | 0.00003%

Table 6.2: Agduntikd ATtotedécuata, ApykoTroinon Xwoic PwtopoAtaikd, € = 1074

H extéAeon Ttov kataveunuévouv aAyopibuov ue avoyxn € =

107* uag emTeémer va

ETTUXOVUE TTLO OKQEYPN aTTOTEAEGUATA, TIOU Gnualvel 6Tl elvol TTL0 KOVTA GTOo avtigToyo
agtotedéopato Tng Kevipikig uebBdédov. H olykpion UETAL) TV UEGOV GRAMATOV TOV Q®-
ToROATUIKGV eyyvoewv yio € = 1073 kau € = 1074 yio kdde TeP(MTOON TTAQROVGLAIETAL GTO
aroAovdo oynua yia va avaderxfel n wooavapepbeica Bedtimon atnv akpifela.
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Initialization Without PVs Production

—e=Tolerance e=10-3 =e=Tolerancee=10-4
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[=1s]
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0.00000%
Case 1 Case 2 Case 3 Case 4
(p = 500) (p = 500) (p = 850) (p = 1800)

—e—Tolerancee=10-3  1.22238% 0.59654% 0.35026% 0.40614%
—so—Tolerancee=10-4 0.12308% 0.31656% 0.11620% 0.17349%

yxnua 6.32: Méco EdAua Avd Iepimttoon, Agyikottoinon xweic PwtofoATtaikd

Qo1600, aVTh n Pedtinon otnv akeifelo GuvodeveTal aTTd €va «KOGTOS», KODMS VITAXEL
GNUAVTIKA avgncn tov aeuiuod Tov eTavoAlipeny yia Thy Teotewvouevn uédodo ciyriieng
oe kG¥e TepimmTwon. H Swa@oed UeTagy Tou aeuol TV eTOAVAAMIPEDV Yo TIS AVOYES
€ = 1073 kaw € = 1074 Tapovaldgovtar 6To akéAovdo Gyrua.

Initialization Without PVs Production

—eo=Tolerancee=10-3 =—e=Tolerance e=10-4
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Yynua 6.33: Emavaliwelg Avd Iepimtwon, Agykomoinon xwels @otofoATaikd
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7 Xvumepdouata

Y10 Tedevtalo KEQAAALO TEQLYRAPETAL €V GuVTOUla n TTEoTEW UEVN uédodog. Xvgntelton
n uedodoloyla Kal To KUELGTEQO XAQOKTNELGTIKG TNG KOl UTTOYQAUITOVTOL TO TIAEOVEKTI-
uata kol o aduvvopies Tng. XTn GUVEXELD, T OITOTEAEGUATA OITO TIC TEQLITTOGELS TTOU
ueAetnoope (case studies) gugntovvton pagt ue Tov fabud GTov oTtolo n e@apuoyin tng uebo-
dov Jewpelton emituyng. Téhog, avapépovtal TBAVES LEAAOVTIRES €QYOGTIES ETTEKTAGNS TNG
SUTAOUATIKAG eQyaciag.

7.1 Avokegpalaioon tov IIgotewvouevov AAlyogiduov

Avti n SITAWUATIKA €Qyocia TTAQOUGLATEL €vav KOTAVEUNUEVO AAYOQELBUO KAVS va
eMAGEL TO TIEOPANUO VITEQTACNS TTOU dnuwiovEyelton aTd Tnv VYN TTAQROY®WYR P®OTO-
BoAtaikav (O/B) ce mepiddoug younAng cintnong gta diktua Stavoung. XuykekQuuéva, o
Awoyelpiating Atktov Avavouric (AAA) Gtoyevel GTnv eAO(LGTOTIOMMGN TNG ITEQIKOTING TNG
Taaywyng twv /B ¢to diktuvo €xovtas wg TeELoEleUovs: (i) TIS YQAUULKOTTONUEVES E€E-
100oelg Tng BEATIoTNG AC QONG 1GXV0S dTIWES AVAPEQROVTAL GTO WOVTEAD QONG LGXVOS KAGSoU
LinDistFlow, (il) ta 6o Touv uétpov tng tdong kdde kdéupovu, (iil) tnv mOAVA TTEQIKOT
TIOV UToEEl Vo TTROGPEREL 0 uetatpoTtéag (inverter) kdde P/B. To mrpoavapepbév TTEOPANLL
BeAtiotogroinong touv AAA eTAVETAL Ue KOTAVEULNUEVO TEAHTTO.

Me Bdon tov mpoTtevéuevo alydprduo, dewpeitor 4Tl o aggregator stov Sroyelpigetal tnv
TOQAYWYN P®OTOROATAIKOV Ja TTANQOVETAL Yo Th UEYIGTN SUVATA TToQAywyn (maximum
power point production) twv ©/B. Etouévmg, eAaLGTOTTOLOVTAS TNV TEQIKOTTA TV EYXVGEDV
evepyoy 1oyvog Twv O/B, o AAA emiSiwkel va ato@uyel thy aso¢nuinoon Tou aggregator
yia eveQyd 1Gx0 TToU dev YENGUOTIORINKE Yo TNV aAGQAAn Aettougylo Tou SikTUov, Kol Tn
Slathpnon Twv Tdoewv eVTOS ETUTEETTOV 0QIlwV.

Me Bdon tn uédodo General Form Consensus Optimization, kdde koufog tov Oik-
TUOU SLOVOUNAG ETTKOWVMVEL UE TOUGS YELTOVIKOUS TOU KOUPOUS TIROKEWEVOU VO KATOANEEL
oe ouvaiveon ye tn PEATIoTR AVon (ATTd Otkovoulkin datoyn) Twov Yo EACYLGTOITOINGEL ThY
TLEQLKOTIN TWV eYYVGEWV €vEEYOU 1oXV0S Twv O/B, Slatnedvtog Tic astokAicels tdong eviog
TV KATAAMNA®Y oplwv. H kataveuntiki @von tng pebddov emTEéTel TNV TEOGTAGIO
Towv dedouévov kdde koufou ITTEELOEICOVTAS TNV AVTAAAGYA ITANQOMOELOV UGOVO UETAED
YELTOVIK®OV KOUB®V.

7.2 XyoAwooudg Astotedecudtov

Avti n SumAwuatiki egyacia TTaouGLldel wa Geld TEQLIT®OGewV (case studies) wov
agtodel-kvoouv Ty eykuedtnto Tng ueddédov. ‘Eva Siktvo péong tdong yenoiwostoidnke
¢S Pdon yla TS TTROGOUOLDGELS, TOV 0TTolov Ta dpLa Tdong Taapidcovial copfod GTnv
TEQIITTWON TNG YENGLLOTIOMGNS TNG UEYLGTNG SUVOITAC TTARAYWYNGS eveQyol LGXVOGS OITo T
®/B wou elvar eykateaTnuéva 6to 8iktvo ce kGPe meplmTwon. Avtd vToypauuiter Tnv
avdaykn yio wo uédodo mou euduitel PEATIGTA TOV TTEQLOQLGUS TNG TTOQRAYWYAS £VEQYOUS
1o(V0¢ TV eyratecTNUEVOY O/B, TREOVTOS TTORAAMNAN TOUS TTEQLORLGULOUVS TOU SIKTUOU.

Ipdtov, n uédodoc Sokwdatnke kol AVInke 1660 Ue KEVTEIKG 0G0 KoL UE KOTOVEUNUEVO
Tedmo. H eykupdTnta Twv aToTeEAEGUAT®V TOU TTEOTELVOUEVOL KATAVEUNUEVOU aAyoQiduou
ATTOSEIRVUETOL OTTO TN GUYKQLON UE TO OVTIGTOLXO ATTOTEAEGUOTA TNG KEVTEIKNAG uedddov.
2Tn GUVEXELD, TO AITOTEAEGUATO TOV POTOPOATAIKWY EYYVGEMV TTOV VITOAOYILOVTOL OTTO TOV
KOTAVEUNUEVO AAYoQUIUo xencluogtolotvial s £(godog ge €va meopfAinua AC gong 1Gyvoc.
Me auTév Tov TROTIO, ATTOSEKVUETOL GTL TO TIEOPANUA TNG VITERTACNS TTOV TLEOKVITTEL £GV
evoouatodel n wéylgtn duvatin TAQAYOYR @MOTOROATAIKADYV, AvTLET®ITICETOL Ue eTiTuyia
wéow Tng Jrpotewvouevng uédodov.
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Qctdé60, oglouéves aduvauleg Tou TTEOTEVOUEVOU aAyoiduou TTEETTEL VO TTEQLYQAMOUV.
AQyIkd, VITAEYEL WL GNUOVTIKA OTTokAMGN HeTagy Twv Tdoewv tng AC ong woxvog (uetd
TV €QOQUOYI TV OTTOTEAECUAT®V TG TTEoTEVOUEVNG wedo8ou) Kol TOU AvVATOTOU 0QloV
Tdong Tov opigetal gtnv Teotewvouevn uédodo. O AGyog yia avtd eivar 6T To WovTEAO
LinDistFlow mou ypncwogtoleitor efvor uio YROUUIKIL JTROGEYYLIGN KOl GUVETTMS OLVAUEVETOL
VO KOTOYQOPOUV OITOKALGELS.

EmmAéov, o AAA kadelton va eubuicel ek véou tnv Troduetpo o@dAuatog (penalty
parameter) ce kdde mepimTwon pe amwotéAecuo n uédodog va pnv eivar 0EKETAE TTEOKTIKM.
Emiong, n gUykMon tou kataveunuévou aAyoibuov yeeldgetal ToAMES eravalipels. Xuy-
KERQWEVD, 0 0BRSS TV eTTava ey elvol Tng TAENS Twv AMddwv. Aedouévou O, KOTA
TIC TTQOGOUOLWGELS SEV TTEAYLATOITONONKAV TTEAYUATL TTOQRAAANAOL VITOAOYIGUOUS UETAED
TV KOUPwv, 0 PABUGS TTRAKTIKGTRTAS TG TTEOTEWSUEVNS uebddou amd tny ditoyn xedévou
gUykMong (time of convergence - ToC) Sev €xel aroun gpeuvvnbel.

o kaBepio awd avtéc Tic aduvauleg, TEoTEIVOVTAL UEAMOVTIKES €QYAGIES TTQOKELUE-
vou va BeAtiwbel n agrotedecuatikdTnta Tng JrEotevouevng ueBddov kow va erertabel n
SLITAMUATIKA €QYOGTaL.

7.3 MeAlovTtikég Emtektdoelg

Apykd, propovv va Teayuatottondovv ueAAOVTIkES eQyacies yia tn Pfedtioon Tng
aTtékMong yetagy twv tdoewv JTov TEOKUTIToVY aTtd tnv AC gon woxvog (Aaupfdvovtog
VITOYPN T OTTOTEAEGUATA TNG TTEOTELVOUEVNS Uedddov) Kol TV TAGE®WV TNG TTROTEVOUEVNG
ueddédov. Mia Avon Ja ntov va xaAAQ®OGOUUE TO OVOTEQO GEL0 TAGNES GTOV TTROTELVOUEVO
OAYGEWILO Yoo Vo ETLTUYXAVOVTOL TTL0 IKAVOTIONTIKG, aTtoTedéouata, To ottola da efvar
TL0 KOVTA GTO TTROKAVOQLGUEVO avadTeQo 6lo tdong (1.05 pu) 6tav exktedovue tnv AC pon
LoyVog, dTwe egnyeitar atnv Evétnta 6.3.

Emmpoctétwg, n epapuoyrt evég mrpocapuoctikol Prinatog (adaptive step ) avti evog
otadepov we TTapdyovta srowng da Teétel va yeletndel wg Adon otnv avdykn tou AAA
va puiultel kaTdAAnAa to GuvtedeaTtii TTOWNAG (penalty coefficient) ce kdde mepiTTwon.

TéMog, 0 Babudg TEaKTIKATNTAS TG TTROoTEWSUEVNGS UebBddov TeéTtel va gpevvnbel. ITo
GUYKeKQEWEVA, T TTEoPALata feAdtigToTroinang kdde kdupou tov diktvov (To TEOTO Prina
TOU TTROTEWVOUEVOU alyoI{BUov) TtRéTTel va eTtAVO0UY TTARAAANAL XENGLLOTIOLOVTAS KATAAANRAC
gpyaleia VITOAOYLGUOV (TT.X. VITOAOYLGTIKA GUGTALATO TTOAAATTAMY TTUERV®Y). Me autév Tov
TEOTTO, O TROYUATIKOS XEOVOGS GUYKALGNG Tng spotevéuevng uebodov da uedetnbel, kol wg
ek ToUTov Ya extiundel o fabudg TeakTikdTNTAS TG LeBddov.

86



Chapter 1

Introduction

In this Chapter, the motivation for the diploma thesis is discussed. Moreover, the
objective and the outline of the different chapters of this thesis are presented.

1.1 Motivation

With the increasing penetration of distributed energy resources, the centralized paradigm,
most prevalent in current power systems, will potentially be augmented with distributed
optimization algorithms [32]. Rather than collecting all problem parameters and performing a
central calculation, distributed algorithms are computed by many agents that obtain certain
problem parameters via communication with a limited set of neighbors.

We, as young electrical and computer engineers, are obligated to keep track of the
technological tendencies taking place in our field and train ourselves to be able to contribute
toward state-of-the-art solutions that can ensure the realization of the vision of a more
robust, secure, and reliable power system model with large shares of Distributed Energy
Resources (DERS).

To do so, one should extend their knowledge in the field of informatics and telecom-
munications since the past few years of electrical power systems research indicate that
state-of-the-art solutions are born by combing knowledge of electrical engineering and
knowledge of Information and Communication Technology.

The aforementioned reasons motivated the research and writing down of this diploma
thesis. It seems of value to young professionals to familiarize themselves with concepts that
appear to be the future in the field of Distributed Energy Resources (DERs) and Electrical
Power Systems.

1.2 Objective

The increasing penetration of Distributed Energy Resources (DERs) in distribution
networks poses a number of problems and challenges, like the voltage rise effect, which
requires reliable and efficient methods of coping. The objective of this diploma thesis is
to construct a distributed algorithm able to resolve the over-voltage problem created by
photovoltaic units (PVs) production in times of low demand in distribution networks. Based
on General Form Consensus ADMM, each node of the grid communicates with its adjacent
nodes in order to come to a decision consensus to the financially optimal solution, that
will minimize the curtailment of the PVs active power injections while ensuring the secure
operation of the network. The distributive nature of the method allows for the data privacy
of each node by restricting the exchange of information only between adjacent nodes.
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1.3 Outline

This diploma thesis is organized as follows. Chapter 2 will include a brief discussion on
the matters of convex optimization and optimization in modern power systems. Chapter 3
will give a thorough theoretical background necessary to understand the proposed method
and also a literature review on the subject. Chapter 4 describes the mathematical formulation
of both the General Form Consensus ADMM based distributed algorithm and its equivalent
centralized algorithm. Chapter 5 will display an analytical presentation of each step of the
proposed method. Chapter 6 will present the test system used for the simulations of this
thesis, the voltage limits, and other data related to the examined network. Chapter 7 will
present the results of the simulations performed to prove and demonstrate the value of the
proposed algorithm. Finally, Chapter 8 concludes this thesis and discusses future work.
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Chapter 2

Basic theory on Convex
Optimization and Optimal Power
Flow

In this Chapter, a brief discussion upon the subjects of Convex Optimization and Optimal
Power Flow (OPF) will be carried out. In essence, this will provide a helpful tool for the
reader to understand the objective of this diploma thesis.

2.1 Introduction to Optimization

2.1.1 Mathematical Optimization

To begin with, a problem with the following form:

min  fo(x)
subjectto: fi(x)<b;, i=1,...m.

is referred to as a mathematical optimization problem, or just an optimization problem [1].

The vector x = (x1,..., X,) is called the optimization or decision variable of the problem, while
the function fy : R” — R is the objective function. Furthermore, the functions f; : R" — R,
i=1,...,m, are the (inequality) constraint functions. Finally, the constants by,..., b, are

the limits, or bounds, of the constraints. We denote x* as the optimal vector, if fo(x*) is the
smallest objective value among all variable vectors that satisfy the constraints functions f;.
In other words, for any solution z with:

h@) by, ..., fn(2) < b,

the following condition holds:

fo(x*) < fo(2).

Depending on the form of the objective and the constraint functions, we classify the
different optimization problems into families with common properties. One of the most
famous classes is convex optimization problems.

Generally, optimization problems are hard to solve. Many solving methods involve
compromises like very long computational time or even lack of ability to even find the
solution. One of the advantages of convex optimization is that it can be solved efficiently
and reliably.
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2.1.2 Convex Optimization

Before we proceed to the formulation of a convex optimization problem, several definitions
relative to convex analysis will be discussed.

Definition. Suppose that A C R is a set of real numbers. If M € R is an upper bound of
A such that M < M for every upper bound M’ of A, then M is called the supremum of A,
denoted M = supA. If m € R is a lower bound of A such that m > m  for every lower bound
m’ of A, then m is called infimum of A, denoted m = inf A [2].

In summary, the supremum of a set is its least upper bound and the infimum is its
greatest lower bound.

If A is not bounded from above, then we write supA = +oo, and if A is not bounded
from below, we write inf A = —oco. If A =0 is the empty set, then every real number is both
an upper and a lower bound of A, and we write sup® = —co, inf ) = +co. We will only say
the supremum or infimum of a set exists if it is a finite real number.

Definition. A set X is convex if
Vxi,x9€X, VYAe[0,1], Axi+(1—-ADx2€e X

Another interpretation of this definition is that a set is convex if, given any two points in a
set, the line segment connecting them lies entirely inside the set [4].

Convex Sets Non-Convex Sets

Figure 2.1: Examples of convex and non-convex sets in R?.

Definition. The epigraph of a function f: R" — R is a set of points lying on or above
its graph [1]

epi f ={(x,1) | x € domy (domain of function f), f(x) <t}
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epi f

Figure 2.2: Epigraph of a function f, shown shaded. The lower boundary, shown darker, is
the graph of f.

Definition. A function f: R"— R is convex if the domain of f is a convex set and
Vx1,x9 € domy, YA €[0,1],

fxp+ (1= Dxg) < Af(x1) + (1= ) f(x2)

That definition can be interpreted in many ways. One would be to think that the line
segment connecting any two points f(x;) and f(x2) lies entirely on or above the function
f(x). Another would be to think that function f is convex if and only if its epigraph is a
convex set [3].

A function is called strictly convex if we slightly change the aforementioned definition,
so that:

SAxg + (1= Dxg) < Af(x1) + 1= D) f(x2)

( x2 f(x2) )
( x1, f(x1) )

Figure 2.3: Example of a convex function f.

Definition. A function f: R"— R is concave if the domain of f is a convex set and
Vxi1, xo € domy, VA €[0,1],

Jx1 + (1= Dxg) 2 Af(xp) + (1 = Df(x2)

That definition can be seen as a rule that the line segment connecting any two points
f(x1) and f(x9) lies entirely on or below the function f(x).

A function is called strictly concave if we slightly change the aforementioned definition,
so that:

S+ 1= Dx2) > Af (xp) + (1 — D) f(x2)
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( X1, f(x1) )
( X2 f(x2) )

Figure 2.4: Example of a concave function f.

Definition. A function f: R"— R is called affine, if it has the following form:
f(x)=ATx+b.

In other words, an affine function is a linear function plus a constant. It’s worth mentioning
that an affine function is both convex and concave [3].
A convex optimization problem has the following form [1]:

min  fy(x) 2.1)
subject to . fi(x) < b;, i=1,...m 2.2)
hi(x) =0, i=1...p. 2.3)

The inequalities (2.2) are called inequality constraints and the equations (2.3) are called
equality constraints. If m = p = 0, which means there are no constraints, we denote that
the optimization problem is unconstrained. In this problem, we seek to find an optimization
or decision variable x € R" that minimizes the objective or cost function fy(x), among all
possible x that satisfy the inequality constraint functions f; : R" - R and the equality
constraint functions #; : R"— R.

However, the standard form of a convex optimization problem is followed by some
conditions that must hold in order to be convex indeed.

e the objective function must be convex,
o the inequality constraint functions must be convex,

e the equality constraint functions must be affine.

The set of points for which the objective and all constraint functions are defined is called
the domain of the optimization problem and we denote it by

D= (m] domy, N ﬁ domy,.
i= i=

The domains of the convex objective function and of the convex inequality constraint
functions are convex sets according to the definition of the convex function. Also, the
domains of the affine equality constraint functions (which are both convex and concave
functions) are convex sets. It is known that the intersection of a finite number of convex
sets is a convex set. In conclusion, the domain of a convex optimization problem is a convex
set. Hence, we minimize a convex objective function over a convex set.

A point x € D is called feasible point, if it satisfies both inequality and equality
constraints of the optimization problem [1], [3].
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The convex optimization problem described by (2.1) - (2.3) is referred to as feasible if
there is at least one feasible point. Otherwise, it’s called infeasible. The set of all feasible
points is called the feasible set or the constraint set.

We denote the optimal value p* of the under examination convex optimization problem
as [1], [3]:

p=inf{fo(X) | fi(x) <b;, i=1,...m, hij(x)=0, i=1,...p}

There are cases that the optimal value can be +tco. If the problem is infeasible, by the
standard convention that the infimum of an empty set is +oo, we have p* = +oo. If there
are feasible points x; such that p* = —oo, then we note that the optimization problem is
unbounded below.

A point x* is considered to be an optimal point, which means it solves the optimization
problem, if the following equation holds:

fo(x*) = p".

The set of all the optimal points that solve the optimization problem is called optimal set
and it is denoted as:

Xopt ={x1fi(x) < b;, i=1,...m, hi(x) =0, i=1...p, fox")=p*}.

If the optimal set is not empty, we say that the optimal point is attained or achieved and we
note that the optimization problem is solvable.
We say that a feasible point x is locally optimal [1], if there is an € > 0 such that:

fo(x) =inf{fo(@) | fi(z) < b;, i=1,...m, hi(z) =0, i=1,...p, |lz—xlls < €}.

This equation translates to x minimizing the objective function fy(x) over nearby points z in
a distance € in the feasible set. On the contrary, a feasible point x is globally optimal, if it
minimizes the objective function fy(x) over the entire feasible set. In other words, we use
the terms globally optimal and optimal interchangeably, meaning the same thing.

One of the most important properties of the convex optimization problems is that
any locally optimal point is also globally optimal [1]. We are now going to prove this
statement. We assume there is a feasible point x which is locally optimal. Let € > 0 such
that:

z: feasible point, ||z — xlls < € = fo(x) < fo(2) (2.4)

We now assume that x is not globally optimal. In other words, there exists a feasible
point y, such that fo(y) < fo(x). Obviously, |[y —x|l; > € because otherwise, it would be
Jo(x) < fo(y). We examine the point z given by

€ 1
z=0-Dx+ Ay, /l=—€(0, —).
2lly — Iy 2
The points (x,y) belong to the feasible set, which has been proven to be a convex set. The
point z is the convex combination of the two points (x,y) of a convex set. Thus, the point z
also belongs to the feasible set by definition of the convex set.
Subsequently, we examine the term ||z — x||5

llz = xlz = l(1 = Dx + Ay = xly = [y = Axlly =

€
=Aly —xlls = Ay =xly =5 <e€
2

€
2l[y = | 2
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In conclusion, point z satisfies the condition (2.4). Hence, we expect fo(x) < fo(2).
However, since the objective function is convex and the feasible point x is not globally
optimal, meaning fo(y) < fo(x) = fo(x) — fo(y) > 0, we see that

foz) < A =D fo(x) + 1fo(y) =
fo(z) < fo(x) — Afo(x) + Afo(y) =
fo(@) < fo(x) — A(fo(x) = fo(») =

fo(2) < fo(x)

Therefore, our original assumption is false and we can safely conclude that the point x
is globally optimal.

2.2 Optimization in Modern Power Systems

2.2.1 Economic Dispatch

Possibly, the most significant task of a power system operator is to supply electricity to
all loads in the system with the minimum possible cost. To do so efficiently, one needs to
know how much electricity demand of the loads will be, which generators are available, how
much energy they are able to produce, and at what cost [3].

Economic Dispatch (ED) is an optimization problem that aims to determine the operation
of the least-cost available generators, given the total electricity demand, and the minimum
and maximum operating limits of each generator. Some economic dispatch algorithms might
include network constraints (e.g. line congestion constraints) and others might not, some
algorithms may consider ramp constraints of the generators (i.e. a maximum rate of change
of produced power must be set due to the inability of the generator to change instantaneously
power production level) and others may not, etc.

Here, we present the simplest algorithm for the solution of economic dispatch, which has
the following mathematical optimization formulation:

N
min Z (P 2.5)
i=1

N
subject to : Z P =P,
i=1
Pi,min < Pi < Pi,max’

Where fi(P;) is an approximate linear or quadratic cost function respectively [8] of the power
P; produced by each of the assumed N generators, which are dispatched to cover the electric
demand P,. Finally, the P;in, Pimax are the limits set to the power production capability of
each generator.

This ED problem assumes a copperplate network. By that, we mean that the network
has infinite transmission capacity, which allows us to neglect line limit constraints, power
flow constraints, and line losses. Therefore, a copperplate network assumes a lossless and
unrestricted flow of electricity from point A to point B [3].

Even though economic dispatch is an easy and calculatingly fast approximation to define
the power generation needed for the operation of a power system, it is moderately accurate
due to its inconsideration of the network constraints.

Traditionally, the transmission system was designed so that when the generation was
dispatched economically there would be no limit violations. Hence, just solving economic
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dispatch was usually sufficient. However, with the worldwide trend toward deregulation of
the electric utility industry, the transmission system is becoming increasingly constrained [6].

One solution to the problem of optimizing the generation while enforcing the transmission
lines is to combine economic dispatch with full AC power flow. The result is known as the
AC optimal power flow (ACOPF). AC optimal power flow models are a much more realistic
representation of how a power system operates. More details will be given to the following
section.

2.2.2 AC Optimal Power Flow

The AC Optimal Power Flow (ACOPF) is an optimization problem that considers the
full AC power flow equations. Assuming that the model parameters are correct, this is the
most accurate representation of the power flows in a system. This means that the set-points
determined by the optimization correspond as close as possible to reality [5], [9].

In terms of mathematical optimization, we could denote a general formulation as follows:

min Ob jective Function (2.6)
subject to . AC Power Flow Equations
Network Constraints

Operational Constraints

2.2.2.1 Frequently Used Objective Functions in ACOPF

AC Optimal Power Flow optimization problems tackle a variety of phenomenons occurring
in a modern power system. Here we list three of those, among several examples [3].

Minimization of generation costs. One of the most common goals of an ACOPF
problem is to minimize the cost of the production of the necessary electric energy. This kind
of objective function can be used both for clearing electricity markets, but also in vertically
integrated utilities that want to reduce their operating costs [7].

Minimization of active and reactive power losses. The minimization of the active
and reactive power losses is probably among the most important daily functions of the system
operator.

Maintaining a constant voltage profile. At times power system operators may want
to maintain a constant voltage profile across all or a part of the system nodes. This, for
example, might help in avoiding voltage instability problems. Optimization in this case may
help them identify what is the preferable set of actions, usually related to the injection or
absorption of reactive power, to achieve the desired profile. The objective function can have
for example the following form (among several possibilities):

. 2
min Z (Vi - Vsetpoint,i)

i
where V; is the voltage of each node i of the power system and Vepoins,i 1S the target voltage
of each node i, that the system operator wants to maintain. The quadratic objective function

in this case helps us minimize both the positive and the negative deviations of the voltage
from the desired setpoint.

2.2.2.2 AC Power Flow Equations

We won't get into much details about the AC Power Flow Equations, since we expect the
reader to have a basic knowledge of Kirchhoff law and of the necessary equations that are
used to describe the functionality of a power system [6]. We will present the equations of
our model extensively in Chapter 4.
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2.2.2.3 Network Constraints (NC) and Operational Constraints (OC)

Even though we might be able to find a numerical set of variables that satisfy the AC
power flow equations and achieve the goal of the objective, many of these physically possible
states do not make operational sense or are not operationally possible. Thus, in order
to model the power system behavior more realistically, additional constraints have to be
formulated.

Depending on the application and its goals, many network and operational constraints can
be included in the optimization problem [10]. Here we list four of those, that we encountered
most frequently in the relevant literature.

Lower and upper generator active and reactive power limits (OC). The active power
of a generator is defined to be the real part of the apparent power produced by a generator,
while the reactive power of a generator is defined to be the imaginary part of the apparent
power produced by a generator. These quantities are physically limited in each generator.

Pg’e';, < Pgen < PES ¥ Gen e {Set of Network's Generators)

Ol < QGen < Q™ Y Gen € {Set of Network's Generators) where

Pg’e’;l is a numerically given lower bound for the active power production of each

generator of the network.

Pglj}f is a numerically given upper bound for the active power production of each
generator of the network.

’g’e’; is a numerically given lower bound for the reactive power production of each
generator of the network.

Gon 18 @ numerically given upper bound for the reactive power production of each

generator of the network.

Often, the lower limit of the active power is zero. Moreover, at times both limits of the
reactive power are not defined directly but as functions of the active generator power.

Lower and upper nodal voltage magnitude limits (NC). To maintain safe operation,
we usually bound the voltage magnitude within a small range of acceptable limits. In
the vast majority of cases, we allow a maximum voltage deviation of 10% or less as the
European Standard EN 50160 commands [11]. This means that the voltage bounds are usually
Vinin = 0.9 pu. and V. = 1.1 p.u. However, we can often impose even tighter limits, i.e.
Vinin = 0.95 p.u. and V4 = 1.05 p.u. depending on the system and the application.

These limits are often given by very strict standards. Too high or too low voltages could
cause problems with respect to end user power apparatus damage or instability in the power
system. This could lead to unwanted and economically expensive partial unavailability of
power for end users. Therefore, it’s of vital importance to include the following constraint to
the ACOPF.

I'V"(’;’Zle < |Viodel < Vo, ¥ Node € {Set of Network’s Nodes)

where V}\’;(")’Zle is a numerically given lower bound for each nodal voltage magnitude, while

Vyore 18 @ numerically given upper bound for each nodal voltage magnitude.
Branch current magnitude - maximum limit (NC). The maximum current magnitude
values for transmission branches, e.g. lines and transformers, have to be set due to limitations
of the branch material. Excessive currents would damage the transmission lines.
ULinel < I75 Y Line € {Set of Network's Lines}

Line
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where [}/ is a numerically given upper bound of the branch magnitude current.
Branch MVA-power - maximum limit (NC). For the same reasons as the ones for
maximum current magnitude limit, maximum apparent magnitude values have to be implied
for transmission branches.
IS Linel < ST Y Line € {Set of Network's Lines)

Line

where §77° is a numerically given upper bound of the branch MVA-power.

2.2.2.4 Discussion on the Need for Improving the Methods For Solving the
ACOPF Optimization Problem

In conclusion, the ACOPF is a well-structured problem and has developed during 50
years of research. However, the AC power flow equations are quadratic equations (since the
power is dependent on the square of the voltage), and if we include them in an optimization
problem as equality constraints, they result in a non-linear, non-convex optimization problem.
Non-linear, non-convex problems are in general much harder to solve, and there is no
guarantee that the solver can find the global minimum [5].

Academia and industry have developed various approaches to solving the ACOPF, with
different formulations, algorithms, and assumptions. One approach has been to linearize the
full ACOPF problem and decompose it into subproblems. The ACOPF is not a hypothetical
problem — it is solved every few minutes (e.g. 15 minutes) through approximations and
judgment. After 50 years, there is not yet a commercially viable full ACOPF [12].

The US Federal Energy Regulatory Commission (FERC) [12] states that the ultimate
goal for an electricity market software should be a security-constrained AC optimal power
flow with unit commitment [7]. FERC goes on further to indicate that a good optimization
solution technique could potentially save tens of billions of dollars annually.

FERC goes on further to indicate that a good optimization solution technique could
potentially save tens of billions of dollars annually. Today’s solvers do not return the gap
between the given and globally optimal solution; if we make a rough estimate that today’s
solvers are on average off by 10%, and world energy costs are $400 billion, closing the gap
by 10% is a huge financial impact [12].
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Chapter 3

Alternating Direction Method of
Multipliers (ADMM)

In this Chapter, we review the algorithms that are considered the precursors of ADMM.
Furthermore, we present the formulation of the ADMM. Last but not least, Consensus ADMM
is also presented in its two forms: Global Variable Consensus ADMM and General Form
Consensus ADMM.

3.1 Precursors

Before we proceed in the analysis of the Alternating Direction Method of Multipliers
(ADMM), it’s worth mentioning some algorithms which are considered precursors of ADMM
and upon which this algorithm was designed.

3.1.1 Dual Ascent
Consider the equality-constrained convex optimization problem [13]:
mxin f(x) 3.0
subject to: Ax=Db,

where variable x € R", A € R™*". Furthermore, it is given that f : R"— R is convex.

In mathematical optimization, the Lagrange multipliers method is a strategy for finding
the local maxima or minima of a function subject to constraints (e.g., subject to equality
and inequality constraints of an optimization problem). The idea is to convert a constrained
problem into a form such that the derivative test (testing the case where the derivative of a
function equals zero in order to find the stationary points of a function) of an unconstrained
problem can still be applied [14].

The Lagrangian function for problem (3.1) is the following:

L(x,y) = f(x) +y' (Ax — b)

where y is the dual variable also known as Lagrangian multiplier. We notice that:

f(x), if Ax=0b.

sup L(x,y) = sup | £(x) + " (Ax = b)| =
y y 00, if Ax #b.

So, the original problem (3.1) can be reformulated as:

x* = inf sup L(x,y)
roy
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We now define the dual optimization problem of (3.1) as
y" = sup inf L(x,y) = sup g(y) &
y o y

g0 = max g (3.2)

and we denote the Lagrange dual function (or just dual function) as the minimum value of
the Lagrangian over x.

g(y) = igf L(x,y)

It’'s worth mentioning that the dual function g is always concave, even when the initial
problem is not convex, because it is a point-wise infimum of affine functions [15]. Also, it can
easily be proven that for the optimal value x* of the primal problem the following inequality
holds [1]:

8() < f(x)

The optimal solution of the dual problem (3.2) is still a lower bound to the optimal solution
of the primal problem (3.1). This principle is expressed in the weak duality theorem:

80" < f(x9)

In case there exists a pair of values (x*,y*) so that g(y*) = f(x*), then we denote that
strong duality holds.

Assuming that the duality gap of the problems (3.1), (3.2) is zero, which means that
strong duality holds, we know that the optimal values of both primal and dual problems are
gonna be identical. Therefore, we can retrieve the optimal value of the primal variable(x*) by
finding the argument of the minimum, with respect to variable x, of the Lagrangian function
given the optimal value of the dual variable(y*):

f(x) =g0") = inf L(x, y) =

X" = argmin L(x,y"),
X

As mentioned before, the dual function is always concave. Taking advantage of that, in
the Dual Ascent algorithm we utilize the method of gradient ascent [16] to solve the dual
optimization problem (3.2). In other words, assuming that dual function g(y) is differentiable,
we calculate the gradient:

Vy8(0) = VL™ y) = A - b

and we iteratively execute the following steps:

r

X = argmin L(x, y") (3.3)
X
yr+1 = yr + ar(Aer _ b), (34)

where a” > 0 is a step size and the superscript r is referring to the number of the iteration.
The first step of the algorithm is responsible for the x-minimization of the Lagrangian, while
the second step is executing the update of the dual variable y. That second step justifies the
name of the algorithm, since with the appropriate selection of the step size (@"), the dual
function is increasing in each iteration g(y'*!) > g(y") since g is concave and the gradient
V,g(y) always points to the direction towards the optimal maxima of g. The selection of the
step size is affecting immensely the convergence rate of the method [20], because it defines
the change of the gradients V,g(y), V,L(x" 1 y).
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To sum up, if we make sure that strong duality holds and we choose an effective step size,
then both x”, ¥y converge to an optimal dual point. Unfortunately, there is a wide variety
of applications that these assumptions do not hold. Thus, Dual Ascent cannot always be
utilized. A very obvious example of the algorithm’s failure is when the objective function f
is an unbounded affine function. Namely, let’s assume that the dual variable takes the value
zero. Then, the minimization of the Lagrangian function L(x,0) = f(x) with respect to x
would result in minus or plus infinity. Consequently, strong duality doesn’t hold.

The answer to our quest to ensure zero duality gap between problems (3.1), (3.2) is convex
optimization. With the exception of some cases, in convex optimization problems, strong
duality holds [17].

3.1.2 Dual Decomposition

The will to decompose the original optimization problem into subproblems that can be
solved in parallel led to the creation of the Dual Decomposition method. To do so, the
objective function of the problem (3.1) has to be additively separable [18] with respect to
subvectors x;, meaning that the original function f(x), depending on the variable vector x,
can be written as the sum of f; functions depending on variable subvectors x; [13]:

N
fx) = i)
i=1
where x = (x1,...,xy) and the variables x; € R" are subvectors of x.

We interpret the matrix A as having been broken into sections called blocks or submatrices
(partitioning) [19]
A=1[A; ... ApN]

Then, we manage to separate Lagrangian since it can be written as:

N
L(x,y) = fx) +Y (Ax=b) = ) fitx) +y" (Ax—b) &
i=1
N N 1
_ N o Tpo . LT
L(x.y) = ;L,(x,,w = Z; (ﬁ(x» +y A = o b)
This transformation enables the parallel computation of each x; since the x-minimization
step (3.3) breaks into N separate and independent problems. Explicitly, the algorithm is
carried out as follows:

x"1 = argmin Li(x;, y") 3.5)

Xi

Y=y + " (AxX - b), 3.6)

As one can easily see, the steps of this algorithm are similar to the ones described in the
Dual Ascent method. The difference is the separability of the objective function which lets us
execute the x-minimization problem independently for each subvector x;. Its steps require a
scatter and a gather operation. Specifically, in the dual update step (3.6), we collect (gather)
each and every one of the subvectors x; and submatrices A; in order to calculate the residual

N

1

r+l1 _ v
AxXT =b = iil (A,x, Nb)

After the global dual variable y"*! is computed, it must be broadcasted (scatter) to all the
processors in order to execute the parallel N independent x-minimization steps (3.3).
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In this form, Dual Decomposition requires every processor to collect all the variables x;
and then compute the global dual variable in order to be able to carry out the x-minimization
step once again. Unfortunately, this means that the value of y” +1 will be calculated N times,
one for each subvector/processor x;. Another approach to this problem would be to appoint a
master processor which will be responsible for iteratively gather all the information from the
processors, compute the value of the global dual variable y"*! and then broadcast it back to
them [13].

3.1.3 Augmented Lagrangians and the Method of Multipliers

The will to improve significantly the convergence properties of the Dual Ascent method
inspired the development of augmented Lagrangian functions and the construction of the
Method of Multipliers. By adding another term in the objective function of the problem
(3.1) and using penalty factor p as update step in (3.10), robustness is achieved and the
convergence is becoming independent from the large number of assumptions previously
required, because we ensure the dual feasibility of the optimization problem each step of the
way as proven later on. The formulation of the new problem is [13]:

min  f(x) + glle — b2 3.7)

subject to: Ax=Db,
while the Augmented Lagrangian corresponding to the above convex optimization problem is:
_ T p 2
Ly(x,y) = f(x) +y (Ax—Db) + §||AX - bll; (3.8)

It is obvious that problems (3.1) and (3.7) are equivalent since for any x that is feasible
the additional term becomes zero. The parameter p, which is known as the penalty parameter,
has to be positive (p > 0) and basically what it does is applying a cost, when the equality
constraint Ax = b is being violated. Utilizing the Dual Ascent method for problem (3.7)
with p as update step, it yields an algorithm, called Method of Multipliers, composed by the
following steps:

r+1

X' = argmin L, (x, y") 3.9
X
Y=y 4+ p(Ax - b), (3.10)

The steps of the Method of Multipliers algorithm are similar to the ones described in
Dual Ascent method. What differs is the addition of the extra quadratic penalty part to the
objective function that leads to the so called Augmented Lagrangian Function. Also, in this
case, we choose the gradient ascent step to be the penalty factor p.

We will prove that the problem (3.7) is always dual feasible by evaluating the optimality
conditions of the optimization problem. To begin with, we assume f is differentiable for
simplicity. The optimality conditions for problem (3.1) are primal and dual feasibility.

AxX*=b=0 Vof(x)+ATy =0

1

respectively. Since, by definition x"** minimizes the equation L,(x,y"), we get that:

0

ViLp(x*y)
ViSO + AT (" + p(Ax™ - b))
fo(xr+l) + ATyr+1
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We see that by using p as the step size in the dual update, the iterate (x*1,y™*!) is
dual feasible since it satisfies by default the equation representing the optimality condition
for dual feasibility as shown above. As the Method of Multipliers is being executed, the
primal residual Ax"*! — b converges to zero, yielding optimality, since the optimizer is trying
to reduce any violations of the equality constraint to zero by eliminating the penalty cost
(0/2)llAx = blI3.

The convergence properties of Method of Multipliers are superior in comparison with
Dual Ascent. However, these advantages comes with a cost which is that the quadratic
nature of the penalty term prevents Augmented Lagrangian from being separable while f
is separable. As a result, we cannot use decomposition and thus, we cannot compute the
X-minimization step in parallel for each subvector x;. We will address this issue in the
following section.

3.2 Introduction to Alternating Method of Multipliers

3.2.1 Alternating Method of Multipliers (ADMM)

The idea of ADMM was born by the will to combine the decomposability of the Dual De-
composition algorithm with the improved convergence properties of the Method of Multipliers.
The algorithm can handle problems in the following form [13]:

min  f(x) + g(2) 3.11)
subject to: Ax+ Bz =c,

where variable x € R" and z € R™, while A € R?*", B RP*™ and c € R”.

Furthermore, it is given that f and g are convex. What differs from the general equality-
constrained optimization problem (3.1) is that the variable, previously called just x, has been
split into two parts x and z here. Also, let the objective function be separable across this
splitting. The optimal value of the problem (3.11) will be denoted by:

p* = inf{f(x) + g(z) | Ax + Bz = c}.

Similarly to the Method of Multipliers, we construct the Augmented Lagrangian.
Ly(x,2,y) = f(x) + g(2) + ¥ (Ax + Bz — ¢) + gqu + Bz —dll? (3.12)

The ADMM algorithm executes the following steps in each iteration:

r

X! = argmin L,(x,7",y") (3.13)
X

7= argmin L,(x

Z

Y=y 4+ p(AxX™ + B - 0), (3.15)

2y (3.14)

We form the problem (3.11) in a way fitting the Method of Multipliers in order to compare
the two algorithms.

(" 2% = argmin L, (x, z,)") (3.16)
X,Z
Y=y 4+ p(Ax™ + B - o), (8.17)

As one can easily see, the only difference between the two aforementioned methods is
that in the case of Method of multipliers the variables x,z are updated jointly, while in
the case of ADMM the update is being carried out in an alternating or sequential way,
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which is the reason for the name of the algorithm we are discussing. Even if this difference
seems insignificant at first, it is what enables the decomposition of the algorithm when the
functions f, g are separable.

It is markable to mention that ADMM state consists of z” and y". A function of their
pair is used to compute the next state (z*!,y"*!). The variable x” is not part of the state. It
is just an intermediate result, calculated by the previous iteration’s results ("1, y ).

3.2.2 Scaled Form

In the literature, a slightly different form of ADMM is also common. By yielding the
difference of two squares identity, the term of Lagrangian multipliers is inserted inside the
Euclidean norm. More specifically, let the residual be (w = Ax + Bz — ¢), then the second half
of the Augmented Lagrangian (3.12) can be written as:

2
¥ + £l = ’3‘ WSy
Jol

L e
5 - %Ilyllz

2

P P
= Slw -+ ully = Sllully

where u = (1/p)y is the scaled dual variable. That transformation let us express ADMM'’s
steps in an alternative way as follows:

X1 := argmin (f(x) + g”Ax +B7 —c+ u'“i) (3.18)
X

1= argmin (g(z) + 'g“Aerrl +Bz—c+ ur”§) (3.19)
z

W=+ AXT + B — (3.20)

where u” is clearly the running sum of the residuals (w = Ax + Bz — ¢). So, we have:
r
u =ul + Z w/,
Jj=1

3.3 Consensus ADMM

In this section, we are discussing an ADMM-based algorithm best fitting to solve a
generic consensus optimization problem in a distributed way. Firstly, we are gonna tackle
problems where there is a common global variable used to coordinate all the local variables
of the problem. Carrying on, we will discuss the case where there are subvectors of the global
variable coordinating specific local variables depending on the communication structure of
the nodes of the problem. This format is the one used in the method that is applied in this
thesis.

3.3.1 Global Variable Consensus Optimization

Let both the objective function and the constraints of our problem be separable into N
parts, so that [13]:

N
min f(x) = )" fi(x)
i=1

where x € R" and f; : R > R U {+o0} are convex. We refer to f; as the iy, term in the
objective. If we want to insert constraints, we assign f; the value +oco when they are violated.
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Our final aim is to solve the problem above in such a way that each term can be handled by
its own processing element, such as a thread or a processor.

Assuming we can split the variable x into local variables x; € R", this problem can be
reformulated, including a global variable z, into:

N
min Z fi(x) (3.21)
subjectto: x;—z=0, i=1,...,N.

This optimization case is called global consensus problem. Its name was inspired by the
fact that all local variables ought to agree with a common truth, in which case is the global
variable z.

Let as construct the Augmented Lagrangian Function of problem (3.21)

=z

Lp(it oo s 201 o 9) = O (i) + 347 i = 2 + Bl = 21

i=1

Also, in scaled form we have:
2
1
- —||y-||2)
2 2077

Analyzing the steps of the ADMM algorithm, considering the aforementioned Augmented
Lagrangian, we get:

N
1
Lpsr(Xt, o s XN2Zo Y1+ YN) = Z (fi(xi) + g Xi—2z+ ;yi

i=1

xtl= argmln (f(xl) + v Ty - )+ p”x, z; || )

1

_—Z( ril ) (& VoL xR = 0)

r+1 _ Zr+1)‘

yi =y + plx

Let the average of a vector be denoted with an overline symbol (). Then, the algorithm
can be simplified even further. Firstly, we rewrite the global variable update step, as well as
the dual update step:

1
Zr+1 — )—Cr+1 + _yr (322)

% - = Z yz Zl p(x r+l _ r+1)) N
i= 1
y _y +p(xr+1 r+1) (3.23)
If we replace equation (3.22) in (3.23), we get:
y*=0 (3.24)
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That means that after the first iteration it will always be " = 0. As a result, we can rewrite
(3.22) as:
=X (3.25)

So, finally the global consensus method reduces just to the two following steps:

s : r ot v 2
X1 := argmin (f,'(xi) +yi T = %) + ng,- - erz)
Xi
yl_r+1 = yir +p(xr+1 _ }H—l).
We define the primal and the dual residuals as the amounts that when converging to
zero, primal and dual feasibility is achieved in problem (3.21) as proved in [13].

primal residual : w" = (x{ =X',..., x5y = X"),

—r _ —r-1

P A

dual residual : s" = —p(X" —

To sum up, we can interpret Global Variable Consensus ADMM as a method for solving

problems in which the objective and constraints are distributed across multiple processors.

Each processor only has to handle its own objective and constraint term, plus a quadratic

term that is updated each iteration. The quadratic terms are updated in such a way that the

local variables converge to a common value (e.g. global variable), which is the solution of
the original problem (3.21).

3.3.2 General Form Consensus Optimization

We now consider a case in which we have local variables x; € R™, i =1,..., N with the
objective fi(x;) +---+ fw(xn) being additively separable [18] with respect to local variables
x;. Each of these local variables consists of a selection of the components of the global
variable z € R". Each component of each local variable corresponds to some global variable
component z,. The mapping rule that connects local and global indices can be written as
g = G(, j). That map reveals the relationship between local component (x;); and global
component zg [13].

Consistency between local and global variables is achieved by the following equations:

(-xi)j=ZG(i’j)=Zg, i=1,...,N, j:l’_“,ni_

where i is the index of the local component, while j is the index of the global component.
For simplicity reasons, let Z; € R™ be defined by (%)) j =G, = Zg- Essentially, Z; represents
the global variable’s idea of what local variable x; should be. The consensus constraints can
be declared easily as x; —Z; =0, i=1,...,N.
Therefore, the general form consensus problem is:

N
min > fi(x) (3.26)
i=1
subjectto: x;—%z;=0, i=1...,N.

with variables xi,...,xy and Zi,...,Zy (Z; are linear functions of global variable z, e.g. vectors
with composed by a selection of global variable components corresponding to local variables
x,').

Let us demonstrate a simple example in order to visualize the functionality of the General
Form Consensus ADMM algorithm. In this paradigm, we have N = 3 subsystems, global
variable dimension n = 4, and local variable dimensions n; = 4, ng = 2, ng = 3. The mapping
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between global and local components is presented in the following bipartite graph. Each edge
stands for a consensus constraint.

.
1 “1
f\
I
fi
\
A
T 22
|.\
faip
2"1 ;
[ "
- » Z3
r\
|
VEX
i
|..||l
Z4

Figure 3.1: General form consensus optimization. Local objective terms are on the left; global
variable components are on the right. Each edge in the bipartite graph is a consistency
constraint, linking a local variable component and a global variable component.

So following the notation given before and according to the consistency constraints
defined by each edge in the bipartite graph in Figure (3.1), we have the following:
e Global Variable Vector (n = 4) :

T
z2=lz1 22 z3 z4]

Local Variable Vector x; (n; = 4) :

x1=[(); (g (x)g (x)gl”

Local Variable Vector xy (no = 2) :

x2 = [(x2); (x2)9]"

Local Variable Vector x3 (ng = 3) :

x3=[(x3); (x3)y (x3)3]"

Global Variable’s idea about Local Variable Vector x; (11 = 4) :
Zi=la 22 73 2l
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e Global Variable’s idea about Local Variable Vector xy (ng = 2) :
Zo=lu )"

e Global Variable’s idea about Local Variable Vector x3 (n3g =3) :

1

Z3=[z2 23 4

The Augmented Lagrangian of problem (3.26) is:
o P
Lz = (s + 7Gx = 2 + S i - 243)
2

1=
N P 1

=) (At +5 - —||y-||2)
;( T2 2 2p e

where Lagrangian multipliers y; € R". The ADMM is composed of the steps:

o1
Xi=Zi+ —Vi
o)

X1 = argmin (i) + 3 (i = ) + - 2 Hi) (3.27)
Xi .

<! = argmin (Z; (-2 + - z;“”é)) (3.28)

S Y C s A} (3.29)

As the reader can see, x; and y; update steps can be executed independently by different
processors that exchange the necessary values in order to carry out their calculations for
each subsystem i.

The z-update step decouples across the components of z, since L, is fully separable in all
its components. So each component z, of the global variable z can be computed using the
following formula:

g (i, +2in;)
7o i= argmin L,(x,z,y) := il (3.30)
Zi 2 1
G(i.))=¢

From the last equation, we can conclude that z, is being found from the average of the
local entries x;"*' + %y," that correspond to that global index g. If we insert equation (3.30)
to equation (3.29) with respect to the mapping rule G(i, j) = g we can prove that after the

first iteration:
>, (ohy)=0 (3.31)

G(i,))=g

Replacing equation (3.31) in equation (3.30), we finally get:

2 ((xir+1)j)

re1 . GD=

N, (3.32)

g
where N, is the number of local variable entries that correspond to global variable entry z,.
In other words, the z-update is local averaging for each component zg rather than global
averaging. Summarizing, we could say that only the processing elements that have an
opinion on a feature z, will vote on z,.

108



3.4 Literature review on ADMM applications in distribution
systems

As explained in Chapter 1, our goal is to develop a General Form Consensus Optimization
Algorithm which is a product of the ADMM method. As a result, in this section, we present
various applications of mostly distributed ADMM based algorithms used in distribution grids
with DERs installed. These applications will be briefly discussed and explained composing a
literature review that provided inspiration for the concept of this diploma thesis.

In [20] the authors aim to minimize the power losses of a distribution network controlling
a finite reactive power capacity from the inverters of the photovoltaic panels (PVs) installed
in the grid. To begin with, they use a linearized Branch Flow Model (BFM) [31], namely
LinDistFlow [32], to describe the power flow equations. Hence, they convexify the optimization
problem by getting rid of the non-linear parts of the power flow equations. In order to
achieve their goal, they yield three different algorithms: Dual Ascent without considering
constraints for the nodal voltage limits, a Consensus ADMM based algorithm without
considering constraints for the nodal voltage limits, and, finally, a Consensus ADMM based
algorithm considering constraints for the nodal voltage limits. The authors examine 7 cases
with different scenarios about the number of nodes of the grid, about the PVs penetration
percentage, about the active power injection of the PVs (it’s assumed constant), about the
maximum apparent power capacity of the PVs, and thus the reactive power limits of the PVs
inverters, and about load profiles for the network. The results of all algorithms are compared
to the conclusion section of the paper, with regard to the number of iterations needed for
each method and, hence, the speed of convergence of each algorithm. Last but not least, the
authors investigate the validity of the LinDistFlow approximation. To do so, they take the
values of the reactive power of PVs inverters calculated with the LinDistFlow approximation
and substitute them into the DistFlow equations. Then, they solve the DistFlow[32] equations
exactly and compare the relative losses of the DistFlow and the LinDistFlow model equations.

In [21] the author utilizes a Bus Injection Modelling (BIM) [31] approach to formulate an
Optimal Power Flow (OPF) problem. Then, he reformulates the problem formulation in such
a way, so he would be able to yield an Alternating Direction Method of Multipliers (ADMM)
algorithm, based on the work of [22], [23]. More specifically, he splits the examined network
into regions upon which he solves OPF problems locally, aiming to minimize the cost of
nodal active power injections. Each region has a node that is responsible to communicate
with its nearest node of another adjacent region. Let’s denote that node as "messenger".
Each messenger communicates the values of its voltage and its opinion about the voltage
that its adjacent messenger should have (found by the local OPF problem of its region),
with its adjacent messenger. The objective function of each messenger also includes a term
that tries to guarantee that the messengers’ opinion about the voltages of their adjacent
messengers will converge to a consensus truth. However, as explained in section (2.2.2) the
ACOPF is a non-linear, non-convex optimization problem. Moreover, ADMM is to converge
only in convex scenarios. As a result, since non-convexification is applied to the problem
formulation, the proposed algorithm is not assured to converge.

In [24] the authors apply a Semi-Definite Programming (SDP) relaxation to the formulation
of the Optimal Power Flow (OPF) problem. Basically, they provide a lower bound of the
optimal solution by ignoring the fact that the rank of the solution matrix of the OPF has to
equal one. Hence, they provide a lower bound to the optimal solution of the problem since
they extend and convexify the feasible region. Their goal is to minimize the power losses
across the network via handling the reactive power injections of the Distributed Energy
Resources (DERSs) installed on the grid. At the same time, they consider constraints for the
power injection of each node and for the nodal voltages. To do so, they yield a Consensus
Alternating Direction Method of Multipliers (Consensus ADMM) based algorithm by applying
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coupling constraints among the local variables of adjacent nodes. Finally, the authors present
simulations on IEEE 13, 34, 37, and 123 bus unbalanced distribution networks to illustrate
the scalability and optimality of the proposed algorithm, focusing mainly on its time of
convergence (ToC) in each case. It’s worth mentioning that, even though they solve an SDP
Relaxed Optimal Power Flow (ROPF), it is shown empirically in [23] that the relaxation is
exact for all the tested distribution networks. In other words, every optimal solution of ROPF
is also optimal for the original OPF problem.

In [26] the authors introduce a stochastic optimization formulation, using a LinDistFlow
model approach, for real and reactive power management in such distribution systems
with a high level of residential-scale PV penetration. Their objective consists of 3 different
goals: power loss minimization, voltage regulation, and customer satisfaction. Customer
satisfaction is presented via a utility function according to which each customer is pleased
most when he utilizes the maximum power consumption possible. Decision variables include
demand response schedules of programmable loads, as well as reactive power consumption or
generation by the PV inverters in a fashion adaptive to the uncertain real power generated
by the PV units. Moreover, the stochastic nature of solar renewable power is presented via J
different scenarios, that each one has a specific probability to occur, namely n/ , jefl,...,J}.
Then, a decentralized algorithm based on the consensus Alternating Direction Method Of
Multipliers (Consensus ADMM) is developed. The algorithm features closed-form updates
per node and requires communication only between neighboring nodes. The performance of
the algorithm is evaluated on a typical rural distribution circuit using computer simulations.
Finally, the proposed method is demonstrated to have superior voltage regulation effectiveness
in comparison to local reactive power control alternative schemes.

In [27] the authors propose a method to optimally set the reactive power contributions
of Distributed Energy Resources (DERs) present in distribution systems with the goal of
regulating bus voltages within desired limits. For the case when the network is balanced,
they use the DistFlow modeling approach for radial power systems to formulate an optimal
power flow (OPF) problem. Then, they leverage properties of the system operating conditions
to relax certain nonlinear terms of this OPF, which results in a convex quadratic program
(QP). Namely, they treat the non-linear power losses quantities of the power flow equations
as either constant computed from the initial distribution line segment power flows and the
reference voltage or as linear approximations of the nonlinear terms based on the current
distribution line segment power flows and the reference voltage. Moreover, they include
the unbalanced three-phase formulation to extend the ideas introduced for the balanced
network case. The authors compare the effectiveness of their QP-based algorithm with
a Semi-Definite Programming (SDP) based algorithm for optimally tap setting of voltage
regulation transformers in unbalanced distribution systems proposed in [28]. Furthermore, to
efficiently solve this QP, they also propose an algorithm based on the Consensus Alternating
Direction Method of Multipliers (Consensus ADMM). Finally, they present several case
studies to demonstrate their methods in unbalanced three-phase distribution systems with 15
and 123 buses respectively.

In [29] the authors propose a distributed algorithm for online energy management in
microgrids with a high penetration of Distributed Energy Resources (DERs). High penetration
of DERs comes along with their stochastic nature of power generation to the microgrids. In
general, the state-of-the-art forecasting for non-dispatchable DERs, such as solar energy, is
not sufficiently accurate, which results in inaccurate energy scheduling. To address the high
uncertainty issue in the networked microgrids, the writers of this paper propose online energy
management based on the online alternating direction method of multipliers algorithm. The
online algorithm provides a less conservative schedule than the robust optimization-based
approach. The effectiveness of the proposed algorithm is verified by various numerical
examples at the conclusion part of the paper.
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In [30] a distributed algorithm for ensuring Optimal Power Flows (OPF) in hybrid AC-DC
systems is proposed. The objective of the method is the minimization of the power losses
all over the AC-DC network. That means that the authors consider power converter losses.
Moreover, they use a Bus Injection Modelling (BIM) [31] approach to formulating the OPF
problem. While centralized OPF formulations require information on many variables of all
the network nodes, the present approach relies on solving an OPF distributively in each AC
agent and AC-DC agent that only requires to exchange the voltages corresponding to adjacent
nodes. The proposed algorithm is based on General Form Consensus Optimization. Operation
schemes based on this approach would be especially interesting when communications with
the central unit fail. This algorithm is applied to a 3 DC - 5 AC bus system, showing that
the obtained results coincide with those of the centralized formulation. Additionally, the
dynamic behavior of this system operated under the proposed algorithm is analyzed in a
real-time platform in a realistic communication environment.
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Chapter 4

Mathematical formulation

This Chapter will present the mathematical formulation of the method proposed in this
thesis for the optimal operation of DERs, namely PVs, on a single time period during the
day. The purpose of the method is to resolve the over-voltage violations created by high PV
production in time periods of low demand in distribution grids. During high output power
of PV and low demand, the problem of voltage rise is very common to appear as explained
in [33]. Therefore, we propose a method to resolve a realistic and frequent problem.

4.1 Power flow model

4.1.1 DistFlow Model

For the purposes of this diploma thesis, we used the well studied Branch Flow Model
(BFM) of [32] known as DistFlow. It's important to clarify that this model considers that
a radial distribution system is presented as a directed graph with an arbitrary notation.
We will use (i, j) and i — j interchangeably to denote the directed line from bus i to bus
j- Moreover, we yield the notation to use Py and QO to denote nodal injections to node k
and Py and Qj to denote branch flows from node i to node k. Denote by U; the squared
magnitude of the voltage of bus i and by £ the squared magnitude of the current flow from
bus i to bus k. Also, let the ri + jxi be the series impedance of the line from bus i to bus k.
Finally, we define (_) as the complex conjugate of a quantity.

Before we lay out the equations of the model, we present part of a hypothetical distribution
network that includes the active and reactive power flows, attempting to help the reader
understand the notation clearly.
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Figure 4.1: Part of a distribution graph
The equations representing DistFlow Model are given below [32]:
Ui = ViVi = |V

2 2
Py” + Qi

b =
ik Ui

Py = rigliy — Pr + Z P,

mjk—>m;

Oik = Xixlix — Ok + Z Orm;

mj:k—>m;

Uy = U; — 2(riePi + xia Qi) + (rin® + xie®) i

4.1.2 LinDistFlow Model

4.1

4.2)

4.3)

4.4)

4.5)

However, as explained in Chapter 2, utilizing the equations of the DistFlow model, as of

any other AC power flow equations model, would lead to non-convex optimization problems.
Therefore, we yield a linear approximation of the model called LinDistFlow. In order to
overcome the non-convexity, this model neglects the losses in the DistFlow model by setting
the squared current’s magnitude of any line of the electric power system to zero (£ix = 0).

As a result, we get the following equations which represent the LinDistFlow model [32]:

Ui = ViV, = [V

Pi = —Pr + Z Piam,

m,-:k—>m,'

Qik = =0 + Z Okm,

m,-:k—>m,-

U = U; = 2(ricPic + xix Qik)
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4.2 Centralized problem formulation

4.2.1 DSO’s optimization problem

To explain the method, the optimisation problem of the DSO is introduced. In our case,
we assume that the aggregator that manages the PVs installed in the network, is gonna
be paid for the PVs maximum power point production [34]. However, harvesting the PV's
maximum power point production may cause over-voltage violations due to potential reverse
power flows. From a technical perspective, the DSO aims to set the curtailment of the PV
production to ensure that the network will operate safely. From a financial perspective, the
DSO’s goal to minimize the PV active power curtailment translates to avoiding compensating
the aggregator for energy that was not used due to network constraints.

Let us denote the curtailment of the active power produced by PV in bus k by p. Inspired
by [33], [36], in this paradigm the electricity price that the aggregator will be compensated
with depends on the curtailed PV production. Namely, the function that simulates the cost
of the curtailed active power is:

Yo = BPk + co, (4.10)

where cg represents the feed-in tariff for PV active power production and Spy represents a
sensitivity part. The price sensitivity term will be discussed thoroughly in section (4.2.2).
This approximation leads to structuring the DSO’s problem with Quadratic Programming (QP)
by multiplying price yo with the curtailment of the active power produced by PV on bus py
as in [38].

Yo - Px = BB’ + copr (4.11)

It’s worth mentioning that Quadratic programming is the process of solving the problem
of optimizing (minimizing or maximizing) a quadratic function of several variables subject to
linear constraints on these variables [37].

Let us denote E,, x as a matrix element that states if the examined node k is a connection
point of a PV on the grid (E,,x = 1) or not (E,,x = 0). Also, define P B as the
minimum and the maximum possible curtailment of PV on node k respectively. The quantity
P’ can also be considered as the maximum power point production of the PV installed on
bus k. Thus, the quantity (P — pr) is the actual injection of the active power produced by
PV on bus k. Last but not least, let P;¢, Or¢ be the conventional active and reactive load on
bus k.

All in all, the DSO aims to minimize the curtailment of PVs active power production
subject the power flow equations described by the LinDistFlow model (see section 4.1.2), the
voltage magnitude limits and the operational limits of the PV inverter responsible for setting
its curtailment [34].
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So, the DSO’s optimization problem is formulated as follows:

min i (Epvc - (B + copr)) (412)
k=1
sub ject to :
Uo =1 pu? (4.13)
Pi=-Pi+ > Pun, (4.14)
mjk—>m;
Py = =P + Epvi - (5™ = Pr) (4.15)
Qu=-0+ ). Oun (4.16)
m;:k—>m;
Or=—-0i° (4.17)
U = U; = 2(riPix + xir Qix) (4.18)
Umn < Uy < U (4.19)
P < P < P (4.20)

As explained before, the objective function (4.12) represents the DSO’s aim to minimize
the PVs active power curtailment and thus avoid compensating the aggregator for energy
that was not used due to network constraints. Equation (4.13) reflects our demand for
the voltage magnitude of the slack bus to be 1 pu. Equations (4.14) and (4.16) represent
the linearized active and the reactive power balance in the network respectively as stated
in the LinDistFlow model. Equations (4.15) and (4.17) represent the active and reactive
nodal injections as subtraction of active and reactive generation minus active and reactive
conventional load respectively on bus k. Equation (4.18) reflects a linearised approximation
for voltage differences from one node to the other as stated in the LinDistFlow model.
Equation (4.19) sets the minimum and maximum voltage magnitude limits of each node.
Finally, equation (4.20) sets the minimum and maximum PV production curtailment limits
that an PV inverter is capable to offer on node k.

In order to solve the optimization problem described by equations (4.12) - (4.20), the data
of each node have to be collected by a central processor, which will decide the set-points of
the PVs in order to minimize the objective function with respect to the constraints of the
problem. Since global information is needed, in order to come to a solution, the problem is
labeled as centralized [32].

4.2.2 Setting of sensitivity and cost coefficients

Based on the works of [33], [36] we defined the cost of the curtailed PVs production
according to the equation (4.10). Choosing this type of cost function allows us to formulate
the DSO’s optimization problem with Quadratic Programming (QP), meaning of quadratic
form, with a positive definite Hessian matrix (see 4.12). Since constraints (4.13) - (4.20)
are affine, the problem becomes a strictly convex QP problem. Therefore, the optimizer is
guaranteed to find the global optimal point.

116



As outlined in [36], the idea behind the price yg is to linearize the electricity price around
a certain average price and use the merit order of power plants to estimate the sensitivity
parameter 5. However, as explained in [38], we should choose the sensitivity parameter
carefully in order to reflect realistic results.

All in all, we assigned S the following value:

B =10 euros/ MW? - h

As for the cost for the production of active power by the PVs, which we define that
it is the same for their curtailment, according to European law (art. 15 par. 1 Law No.
3468/2006 in conjunction with FEK B’ 97/2012) [39], after the year 2015 the price for
solar active power production under 100 MW for interconnected systems in Greece is set via
the following formula:

co=12- MAS P!

where MAS P! is the Marginal Average System Price of the previous year. The price cg
represents how much each MWh produced by PVs is compensated. Therefore, it is inherently
the cost of curtailment of PVs production.

In order to calculate MAS P!, we used data from the website of Renewable Energy
Sources Operator & Guarantees of Origin (DAPEEP SA) [40] in Greece about the marginal
average system Price per month of the year 2019.
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Figure 4.2: Marginal System Price per Month (Yellow), National Demand (Orange) and
National Production By Cogeneration of High Efficiency Heat & Power and Renewable
Energy Sources (Green)

Afterward, we calculated the marginal average system price of the year 2019 and we
multiplied it with the coefficient 1.2 as the formula commands. The result from the calculation
described is:

co = 76.59 euros/MWh.

4.3 Distributed problem formulation

4.3.1 Reformulation of the centralized problem introducing local variables

To begin with, we assume there is a microcomputer attached in each bus k of the grid
(e.g. Raspberry [41]). Each microcomputer serves as an agent that can process the following
local information [20], [27]:

e local variable for active power flow of line (i, k) (Pi_k L)

+ (mi)>

e local variable for active power flow of each line (k, m;) (PikL

e local variable for reactive power flow of line (i, k) ( ;k,L)

e local variable for reactive power flow of each line (k,m;) (Q:k(’?‘) )
e local variable for squared magnitude of voltage of node k’s father, e.g. node i (Ui‘k,L)
e local variable for squared magnitude of voltage of node k (U{R,L)

e local variable for the curtailment of the PV production of node k, if k € N, (]ﬁk’L)
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The optimization problem described by conditions (4.12) - (4.20) can be rewritten as
follows:

min i (Epvi - (BPiL® + copi L)) (4.21)
k=1
sub ject to :
Ugey, =1 pu® 4.22)
Prp=—Pc+ Y PR 4.23)
mj:k—>m;
Py = =P + Epyi - (Pt = pir) (4.24)
Py " =0 forkeN,  (4.25)
Qpr=-Qc+ Y. O;f" (4.26)
mi:k—>m;
O =-0i° 4.27)
0, =0 forkeN, (428
L =Upp = 20raPy, + xaQp ) (4.29)
U™ < Uy, < U™ (4.30)
Ut < Uy, < U (4.31)
P < phe < A (4.32)

where N¢ is a set composed of nodes that are leaves of the directed graph - electric power
system.

As explained before, objective function (4.21) represents the DSO’s aim to minimize the
PVs active power curtailment and thus avoid compensating the aggregator for energy that
was not used due to network constraints. Equation (4.22) reflects that the nodes that are
children of the feeder know that the voltage magnitude of the slack bus is 1 pu. Equations
(4.23) and (4.26) represent the linearized active and the reactive power balance of each
node k respectively as stated in LinDistFlow model. Equations (4.24) and (4.27) represent
the active and reactive nodal injections as a subtraction of active and reactive generation
minus active and reactive conventional load respectively on bus k. Equations (4.25) and
(4.28) reflects that the nodes that are leaves of the distribution system know that there are
not any more nodes downstream and therefore there is no active and reactive power flow
downstream. Equation (4.29) reflects a linearised approximation for node k’s opinion about

119



voltage difference between node k’s father and node k as stated in the LinDistFlow model.
Equations (4.30) and (4.31) sets the minimum and maximum voltage magnitude limits of
node k’s opinion about node k’s father and node k . Finally, equation (4.32) sets the minimum
and maximum PV production curtailment limits that a PV inverter is capable to offer on
node k.

Most importantly, for the reformulation to be complete, we need to establish a set of
coupling constraints between local variables and global components, that are going to
guarantee that all the local variables will come to a consensus solution with their adjacent
nodes, and hence guarantee that the optimization problem described by conditions (4.21)-(4.38)
is equivalent to the optimization problem described by conditions (4.12) - (4.20). In order to
solve the second one and conclude the same results as the centralised one, we need to know
the values of the global components in advance. The constraints between the local variables
and the global components that will determine a common truth, are given below.

Py, = Pit (4.33)
P " = Pim, (4.34)
O = Qik (4.35)
03" = Qi (4.36)
Uy = Ui (4.37)
Ujr = Uk (4.38)

where (Pi, Prm;» Qik, Qkm;» Ui, Uy) are the global variable components coordinating the respec-
tive local variables.

At first, this reformulation doesn’t make any sense, since we solve the exact same
optimization problem but with a lot more constraints. However, equations (4.33) - (4.38) and
the introduction of all of these new local - auxiliary variables, that refer to each node alone,
are the key to fully decompose the initial problem and to be able to utilize a method that
will solve the DSO’s problem distributively.

4.3.2 Proposed General Form Consensus ADMM based algorithm

In this section, we will present an algorithm inspired by the General Form Consensus
ADMM method that manages to solve the aforementioned DSO’s problem in a distributed
manner. Every node k of the network, except slack bus, will solve its own optimization
problem having its own set of local constraints. The reason why the feeder does not perform
a local optimization is because its voltage is fixed [20], [27].

First of all, let us construct the augmented Lagrangian.

Np
Ly() = ) Lpki() (4.39)

k=1
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Lpii()=Ep- (ﬁPIQ,Lz + CoPI?,L)

+ A;ik,L(PﬁcsL — Pi) + Z [/1+ o (P;l—c,(Lmi) - Pkm,-)]

Pik.L
mj:k—>m;

+ /léik,L(Q;k,L - Qik) + Z [/l;iizli) (Q;];,(Lmi) - kai):l

mj:k—>m;

+ Ay, Ui = U + A3, (Ui, = Uk) (4.40)

P p- 2 P ( pt (m) 2
+§(Pik,L_Pik) + Z [E(Pik,lin _Pkm,') ]

m;:k—>m;

P -0t Y Bt - om)|

mj:k—>m;

+ WU - U + 5L, - U™,
where /ll‘gl_k’L, /l;l_:f") , /lél_k)L, /15;11") , /lzjik,L’ /lz}ik,L are the Lagrangian multipliers corresponding to
equations (4.33) - (4.38) respectively, and p > 0 is the penalty coefficient.

After the reformulation, it’s obvious that there is a unique group of local variables
corresponding to each node of the power system. This is something deeply useful since it
allows us to optimize the Augmented Lagrangian function cyclically, with respect to the local
variables of each node. Of course, we will have to initialize our algorithm, namely the global
variables and the Lagrangian multipliers. We will discuss more about the initialization in
Chapter 7.

For now, we will proceed explaining the General Form Consensus ADMM based algorithm

by presenting the steps that compose the method in detail, based on the knowledge that was
reported in section (3.3.2).

4.3.2.1 First step of the algorithm - Local optimization

As already mentioned, in this step each agent (besides slack bus) will be solving the
following optimization problem with respect only to the local variables referring to this agent
- bus. In other words, the only decision variables of this instance of optimization
problem are the local variables. Each node has calculated and knows the values of the
global components (Pix, Pim;» Qik, Okm;» Ui, Uk) corresponding to its local variables and the
Lagrange Multipliers (/l;,l_k’L, /l;,-k,’:i s Ay, &Z’Z"), Ui /l{,ik’L) corresponding to equations
(4.33) - (4.38) respectively from the previous iteration of the method.
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min Lp,k,L(') (441)

sub ject to :

Ugey, =1 pu® (4.42)
Prp=—Pc+ Y, PR (4.43)
mj:k—>m;
Py = =P + +Epy i (Pl = kL) (4.44)
Py " =0 for k € N (4.45)
Qpr=-Qc+ . 05" (4.46)
mi:k—>m;
O =-0i° (4.47)
0, =0 fork € N (4.48)
wr=Upp = 20raPy, + xaQp ) (4.49)
U™ < Uy, < U™ (4.50)
umt < Uy, < U (4.51)
A" < pip < B, (4.52)

In this step, each bus minimizes its own Lagrangian function with respect to its own
unique set of local variables. According to objective function (4.41), each node tries to find
the minimum curtailment of its PV’s production (if installed) and at the same time tries
to decrease the gap between the local variables and the global components corresponding
to them. Thus, each bus aims to achieve the initial goal, e.g. the minimization of PV
curtailment, while at the same time coming to a consensus solution, e.g. the adjacent nodes
should agree to their global coordinators.

The minimization of the objective function of each node %, is locally constrained by the
set of equations (4.42) - (4.52). For the interpretation of each of these constraints see section
(4.3.1).

After this step, the values of the local variables for the iteration [r+1] have been calculated
by each node k. So, each node has estimated the following values that optimize its local
objective function (4.41) with respect to its local constraints (4.42) - (4.52).
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Pl._k’L[r +1]

P} U+ 1]

O rlr+1]

0 " [r +1]

U

;(,L[r+ 1]

U;;{’L[r+ 1]

® pirlr+1]

4.3.2.2 Second step of the algorithm - Global components update

In this step, having calculated the optimal local variables from the first step of the
algorithm, the adjacent nodes communicate with each other in order to decide a better value
for the global components that coordinate their local variables. The updated values of P,
Qix, Uy are being found by solving equations:

VL)) = VL)) = VLp(wp = 0

As a result, we get the following equations:

P [r+1]+ P W +1

Palr+1] = & R (4.53)
07 [r+11+0"Pr+1

Oulr +1] = &L > Ik (4.54)
Up lr+11+ m”gm. UL +11

Uplr +1] = A (4.55)

Ny

where N,: denotes the cardinality of node k£ and its children. Also, there are three cases,
where these equations are bypassed.

e The voltage of the feeder is always fixed.
Uolr +1]1 = Uy, lr+1] = 1 pu®
e When node k is child of the feeder since there are no upstream boundaries we have

Porlr +1] = Py [r +1]

Oulr +1] = Qg [r +1]
e When node k is a leaf node since there are no downstream boundaries we have
Uilr +1] = U;;C’L[r +1]
While reviewing relevant literature around this algorithm, we realised that notation can
be misleading and even though a theoretical background was established in Chapter 3, the
equations of the second step of the algorithm are hard to understand. Thus, we decided to

explain the method’s steps in full detail upon an example topology in Chapter 5, that we
hope to clarify any questions arising in the mathematical formulation.
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4.3.2.3 Third step of the algorithm - Dual variables update

In this step, having calculated both the optimal local variables and the updated global
components corresponding to them, each node updates the Lagrange Multipliers that manages
as follows:

Ap, [r+10 = Ap, [r]+ p(Py [+ 11 = Pilr + 1) (4.56)
M0+ 11 = 43,1+ p(Py Sl + 11 = P [r + 1) (4.57)
Ag,, lr+11= g, [r]+p(Qy ,[r + 11 = Qulr +11) (4.58)
Aol 411 = 5" 0] + p(Q " 1r + 11 = Qun[r + 1) (4.59)
Ay, lr+ 11 = Ay, 7]+ p(Uy [+ 11 = Uilr + 1]) (4.60)
A lr+ 1= A3, [r]+ p(U  [r + 1 = Uglr +10) (4.61)

4.3.2.4 Stopping criterion

The stopping criterion that leads to the termination of the algorithm is the following:

rimal residuall||? < €
llp 2
[ldual residualll% <

The squared euclidean norm of primal and dual residuals for every node k are denoted
as:

. . 2 - + (m;) 2
lprimal residuallly =[Py [r] - tk[r]” +1Py ] = Pkmi[r]||2+

105 .[r] = Quelrll + IIQ;(L'"")[F] ~ Qi1+ (4.62)
U5, [F] = Ulrlly + U7, [r] = Ukl

ldual residuallly = p* - (I|Pylr + 11 = Pulrlli3+
IQilr + 11 = Qulrlliz+ (4.63)
UL + 11 = Ukl r1ll5)

The idea is that when the values of the local variables are almost identical with the
values of the global subvectors (e.g. linear functions of global variable) corresponding to
them and when all nodes have calculated new values for the global components that are
almost identical with the ones that were calculated in the previous iteration, then each node
will be sure about the maximum value of the PV’s active power injection that it will utilize
and the objective function will converge to its optimal value as proven in [13].

Further details about the value of € that leads to satisfying results will be discussed in
Chapter 7.
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4.3.3 ADMM Consensus Based Algorithm in summary

ADMM Consensus Based Algorithm

. Initialization

For every node k initialize values

Pil0], Q[01, U[O], 45, [01, 4, "[0], 45, 01, 45,""[01, A, 01, 47, (0]

Also, input data i, Xi, o, Pr, Ol

2. Repeat

Local Optimization: For every node k, besides slack, solve the optimization problem
described by equations (4.41) - (4.52).
Peer-to-peer information exchange: Adjacent nodes communicate the values
Py e+ 11, PR 410, Qg [r + 11, Q5 ™ Tr +10, Uy, [r + 10, Usy , [r +1]
calculated from their local optimizations.
Global Components Update: Adjacent nodes vote and decide the updated values
Pi[r + 1], Qilr + 1], Uil[r + 1] according to equations (4.53) - (4.55).
Dual Variables Update: For every node k, besides slack, calculate the new values of
Lagrange Multipliers
- + (m;) - + (m;) -
/lP,-k,L[r +1], /lPik.T [r+1], /lQM[r +1], /lQik'Z [r+1], /lUik,L[r + 1], /lzf]ikvL[r + 1]
according to equations (4.56) - (4.61).

3. Until

For every node k the following criterion is satisfied.

|| primal residualll% <eE,

lldual residualll% <e€

according to equations (4.62) - (4.63).
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Chapter 5

Analytical presentation of the
proposed algorithm

5.1 Example topology - distribution system

In order to fully explain the steps of the proposed method we use an example distribution
network, which has the following form:

AGENT2 AGENTS ¢ AGENT4 ¢ AGENTS ¢

PV5

FEEDER a

PV6

AGENT1 AGENTS ©

PV1

Figure 5.1: Example distribution network

The red dotted lines represent the communication infrastructure between the agents. In
order for the reader to understand clearly, we will retain the notation of the global form
consensus ADMM given in Subsection (3.3.2) as much as possible.

9.2 Breakdown of first step

In this step, each agent - node of the distribution network minimizes its own Lagrangian
function (see 4.40) with respect to its own unique set of local variables and subject to its
own unique set of constraints (see 4.42 - 4.52). Each agent’s goal is to find the minimum
curtailment of its PV’s production (if installed) and at the same time decrease the gap
between its local variables and the global components corresponding to them.

Let X} be the subvectors containing the set of local variables corresponding to nodes
k=1,2,...,6 and participating to the boundaries constraint equations (4.33) - (4.38). With
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that being established we have:
_[p- + - + - + 17
X1 —[P 01,L Porr QoiL Q1L UoiL U 01,L]

_[p- +(3) - +(3) - + F
X2 —[P 02,L P 02,L QOZ,L U02,L Y 02,L]

—[p- +(4) - +(4) - + F
X3 _[P L Posr Og3r  Qosy Upp U 23,L]

_[p- + (5 + (6) - +05) +(6) - + 17
X4 —[P 34,L P 34,L P 34,L Q34,L , U34,L U34,L

T
_[p- + - + - +
X5 _[P45,L P45,L Q45,L Q45,L U45,L U45,L]

T
_[p- + - + - +
X6 _[P46,L P46,L Q46,L Q46,L U46,L U46,L]

Now, let Z be the vector of all global variables, namely active power flows, reactive power
flows and voltages, and Zy be the subvectors containing a set of global variables components
that are responsible for the coordination of each Xy for k = 1,2,...,6. With that being
established we have:

T
Z, =[P01 0 Qo1 0 Uy UI]
T
Zy =[P02 Po3 Qo2 0923 Uy U z]
T
Z3 =[P 23 P34 023 034 U, U 3]
T
Zy =[P34 Pys P O34 045 Q6 Us U 4]
T
Z5 =[P45 0 Oss 0 Us US]
T
Zo=|Pis O Qi 0 Us  Us

The entries of the subvectors Zy that are zero are because those nodes are leafs of the
graph and thus, there is neither active nor reactive power flowing out of them.

Last but not least, let Yy be a vector that contains Lagrange Multipliers for every element
of vector Xy — Zj, .
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T
_[,- + - + - +
Yy = [/l /lPOL,L A QoL /lQOLL A UorL Z UOl,L]

PorL
Y _[ﬂ— @ - +(3) - + ]T
L Po2.L. Qoz.L Qo2.L Uoz.L Uoa.L

_[4- +(4) - +(4) _ +
Y3 _[/lea,L /les.L /1Q23,L /lQZS,L /leg,L /leg,L]

_[ - + () +(6) - +(5) +(6) - + r
Yy _[/lP 34,L /lP34,L /IP34,1, 0341 /lQ344,L /lQ34,L /lU34,L /lU 34,L]
Ys =[5 5 A by A7 A ]T

S TP P51 Oss.1 O45.1 Uss.L Uss.L
T

_[H- + - + - +

Yo _[/lP46,L /lP46,L Que.L Que,L Uss.L U46,L]

After the reformulation of the centralized problem, as explained in section (4.3.1) we have
the following optimization problem:

Np
min Z (Epv,k : (,BPI?,LZ + CzPl?,L)) (GRY)
k=1
subject to :
Xk —Zx=0

Equations (4.42) — (4.52)

For nodes 3 and 4, we have Ej, 3 = E,, 4 = 0, meaning that PVs are not installed on
these nodes. On the contrary, for nodes 1, 2, 5 and 6 we have Ep,1 = Ejy0 = Epy5 = Epyg = 1,
meaning that PVs are installed on these nodes.

Next, we build an Augmented Lagrangian that includes the boundaries constraints
equations Xy, — Z:

Np
Ly() = ) Lpxi() 6.2)
k=1
~ A P
Lpii() = Epi- (Bpic® + cipir) + Vi (Xie = Zi0) + 5 IXue = Zel (5.3)
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This equation leads to equation (4.40).

Lp,k,L(') = Epv,k : (IBPIQ,LZ + Ctpic\,L)

A, Prp =P+ > [ (PR = Py

Pixr
m,-:k—>mi

* 20, Qs =00+ ) 45,7 (03" - Oun)]

m,-:k—>m,~

+ /IZJ,-k)L(Uz;c,L -U)+ /lz,[kyL(U;(’L - Up)

P, - 2 P ( p+ (mp) 2
eGP 3 [5(r - Pun

m;:k—>m;

TS D W [ (AR

l’l’l,‘lk—>m,'

+ LU - U+ S - U

Instead of solving problem (5.1), the first step of the algorithm commands that each node
(besides slack) will execute the following optimization problem

: ) . P
min - Epy - (ﬂPk,L2 + Ctpk,L) +Yi" (X = Za) + 11X — Zaell5
Xi» Pi,L 2

subject to :

Equations (4.42) — (4.52)

Please note that each node has calculated and knows the values of Z, Yx from the
previous iteration of the proposed method while solving its own optimization problem
described above. At first, we give each node an initial approximation of these values and
after solving their optimization problems, each node communicates with its adjacent nodes
in order to update these approximations about each global component and about Lagrange
Multipliers. Specifically, these actions take place in the second and third place of the
algorithm.

After breaking down this step, it is clear that the optimizations problems of each node
have a deeply local character, since none of the decision variables of a node are straightly
dependent to the decision variables of another node. Hence, each smart agent can perform
their optimization problems distributively and in parallel.

From each optimization problem we get Xi[r + 1]. Now, we are ready to move on to the
next step of the algorithm.

9.3 Breakdown of second step

In this step, having calculated the optimal local variables from the first step of the
algorithm, the adjacent nodes communicate with each other in order to decide a better value
for the global components that coordinate their local variables.

First of all, we cannot update Zy independently for each node because different Z;, contain
same components of the global variable Z [13]. For example, both Z5 and Z4 contain Pys,
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045, Uy. However, we notice that the sum of all Augmented Lagrangian functions referring
to each node alone:

Np
Ly()= ) Lpkr
k=1

is separable to each global component alone. So, we will have to work with L,(-) (see 5.2)
and we will have to examine it with respect to each global variable component separately.

5.3.1 Calculation of Active and Reactive Power Flows Global Components
Pixs Qi)

The second step of the algorithm (minimization of L,(-) with respect to the global variable
Z) decouples across the components of Z, since L, is fully separable in the components of Z.
Therefore, we can calculate each and every global component separably.

5.3.1.1 Case where Node £ is child of the feeder

Let as examine the paradigm of active power value Py;. We calculate the minimum
argument of equation (5.2) with respect to Po;. We see that Pg; is only included in vector
Z1. Therefore,

Poi[r +1] := argmin L,(Xk[r + 1], Z, Y[r]) =3
Por

OL,(Xi[r +11, Z, Y[r]) 0

0Py i
_/l;(n,L[r] _p(P(_)l,L[r + 1] - POl[r + 1]) =0 (=1
P L] = =p(Pyy [ + 1] = Pog[r +1]) G.4)

But if we examine the Lagrange multiplier Ap,., according to equation (4.56), as the
third step of the General Form Consensus ADMM based algorithm commands we'll see that

/l;m[r +1] = /lIZOLL[r] +p(Pop[r + 11 = Pou[r +1]) 3.5
Inserting the value of /l;,olL[r] from equation (5.4) to equation (5.5) we get that
/l;’m,L [r+1]1=0 (5.6)

This means that after the first iteration the value of /l;m will always be zero. That
conclusion lets us reform equation (5.4) as

—p(Py[r+1] = Po[r +1)) =0 &
Poilr +1] = Py, [r +1] ©.7)

We can calculate the updated values of Pga[r + 1], Qoi[r + 1], Qoz[r + 1] the exact same
way.
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5.3.1.2 Case where Node k ’s father has only one child

Let us examine the paradigm of Pg3. We calculate the minimum argument of equation
(5.2) with respect to Po3. We see that Pog is included in vectors Zo and Zg. Therefore,

~ 500 = A, [ = p (P2 [r +11 = Poslr +11) = p (Pgz [r + 1] = Pos[r +1]) = 0 &

Poz L

/l+ (3)[ ] + 1o

Poa2.L Pas L

[l = —p (Pjyy [r + 11 + Py [ + 1] = 2Py3[r +1]) 5.8)

But if we examine the Lagrange Multipliers A7 (23> and 4 Pass according to equations (4.56)
- (4.57), as the third step of the General Form Consensus ADMM based algorithm commands
we'll see that

B D0r +11 = 45207 + (P, 1+ 1] = Poglr +10) (5.9)
AZ’Z&L [I" + 1] = /l;zg,L [}"] +,0(P53’L[7‘ + 1] - Pzg[}" + 1]) (510)

We add equations (5.9) and (5.10)

(3) - _ 3) -
/I;OZ,L [r+1] + /1P23,L [r+1] = /l;oz,L [r]+ /IPZS,L (7]

+ p(Poy 2 + 1] + Pyg [ + 1] = 2Pys[r +1]) G.11)

Inserting the value of (4, [r] + A5, [r]) from equation (5.8) to equation (5.11) we get

G+ 0+ A, [r+11=0 (5.12)

This means that after the first iteration the value of (/lJr (13)[r+ 1]+ /l_ [r+ 1]) will always
be zero. That conclusion lets us reform equation (5.8) as '

—p(PLD[r 1] + Py [r +11 - 2Po3[r +1) = 0 ©

g;i)[r +1]+ Py [r +1]

Pos[r+1] = 7 (.13)

We can calculate the updated values of Psy[r + 1], Qos[r + 1], Os4[r + 1] the exact same
way.

5.3.1.3 Case where Node k ’s father has more than one children

Let us examine the paradigm of P45. We calculate the minimum argument of equation
(5.2) with respect to P45. We see that Pys is included in vectors Z4 and Zs. Therefore,

GO = Ap,. 111 = p(P D lr + 10 = Pas[r + 1) = p(Pys  [r + 11 = Paslr +1) = 0 &

P34L 34,L
2907 + [r] = —o(PLOlr + 1] + Py, [r + 1] = 2Pss[r + 1]) 6.14)
Ps4 L P45 L =Py 45,1 45 .

But if we examine the Lagrange Multipliers /l ( ) /1P45 according to equations (4.56) -
(4.57), as the third step of the General Form Consensus ADMM based algorithm commands
we'll see that

GO0+ 11 = 3211 + p(Py 3 Tr + 11 = Paslr + 1) 5.15)
Ap 1+ 10 = A5, [r] + p(Pgs [r + 1] = Pas[r +1]) (5.16)
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Next, we add equations (5.15), (5.16).

;3(45)[" +1]+ P454,L [r+1] = /l:’g(fz [r]+ /11?’4“[”] ©.17)
+p(PLDr 4+ 11+ Py 1 [r + 1 = 2Pys[r + 1)

Inserting the value of (/1+ (5)[ r]+ /11_,45L[r]) from equation (5.14) to equation (5.17) we get

) (5)[r+ N+, [r+1]=0 6.18)

P51
This means that after the first iteration the value of (/1;3152[;’] + /1;45L[r]) will always be
zero. That conclusion lets us reform equation (5.14) as 4' '

—p(PL O+ 11+ Py, [r + 11 = 2Pss[r + 1) = 0

PO+ 11+ Py [r+1]

Pyslr+1] = ’ 5 (6.19)

We can calculate the updated values of Pyg[r + 1], Qus[r + 1], Quelr + 1] the exact same
way.
5.3.2 Calculation of Voltages (Uj)

Before we begin to examine different case, we mark once again that the voltage of the
feeder is always fixed and equal to 1 pu.
5.3.2.1 Case where Node k is leaf of the graph - distribution system

Let as examine the paradigm of active power value U;. We calculate the minimum
argument of equation (5.2) with respect to U;. We see that U; is only included in vector Zj.
Therefore,

_/l-{]()l,L[r] ‘P(U&,L[r +1]-Uilr+1) =0«

AL [r] = —p(Ugl’L[r +1] - Ui[r+1]) (2.20)

UoiL

But if we examine the Lagrange multiplier /l+ accordmg to equation (4.61), as the third
step of the ADMM Consensus based algorithm commands we'll see that

[r+1] = UOIL[ r] + p(UgLL[r +1] - Uqlr+1]) (5.21)

UOIL

Inserting the value of /lEmL[r] from equation (5.20) to equation (5.21) we get that

[r+1] = (©.22)

U01L

This means that after the first iteration the value of /12’](” will always be zero. That
conclusion lets us reform equation (5.20) as ’

—p(Ug lr+ 1= Ullr +1) = 0 &

Uilr +1] = UgLL[r +1] (©.23)

We can calculate the updated values of Us[r + 1] and Ug[r + 1], the exact same way.
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5.3.2.2 Case where Node k£ has only one child

Let us examine the paradigm of Us. We calculate the minimum argument of equation
(5.2) with respect to Us. We see that Us is included in vectors Zg and Z3. Therefore,

—/lzrjou[ r] — /lZ/m[ r] — P(Uoz pr+1=Uslr +1]) = p(Ugz ,[r + 1] = Ug[r +1) = 0 &
UOZL[r] + Ay, [l = —p(ng’L[r + 1]+ Ugg g [r + 1] = 2Us[r +1]) (0.24)
But if we examine the Lagrange Multipliers A7, Ua and A, accordmg to equations (4.60)

- (4.61), as the third step of the General Form Consensus ADMM based algorithm commands
we’'ll see that

[r+1] = A3y, [r] + p(Ugy [ + 11 = Ua[r +11) (5.25)

U02L

[r+11 = A, [r] + p(Ugg [ + 1] = Uslr + 1)) (5.26)

U23L

We add equations (5.25) and (5.26).

ﬂ?/m [r+1]+ /lz,zu [r+1] = /lZ,OZVL[r] + /?'Z]ZS,L[r]

+p(U§2’L[r + 1]+ Ugg y[r + 1] = 2Us[r + 1]) .27
Inserting the value of (/lz}ou[r] + /1[_]2“[1*]) from equation (5.24) to equation (5.27) we get

[r+1] + [r+1]=0 (5.28)

UOZL U23L

This means that after the first iteration the value of (/l+ Vo [r+1]+ 4y, Uss [r+1]) will always
be zero. That conclusion lets us reform equation (5.24) as ‘

~o(Ugg [r + 11+ Uz [r + 1] = 2Us[r +1]) = 0 &

UgZL[r+ 11+ U,

g3 7 +11
2

Uslr+1] = (©.29)

We can calculate the updated values of Us[r + 1] the exact same way.

5.3.2.3 Case where Node k£ has more than one children

Let us examine the paradigm of Us. We calculate the minimum argument of equation
(5.2) with respect to Uy. We see that Uy is included in vectors Z4, Z5 and Zg. Therefore,

Ay, 111 = Ay, 111 = Ay [ = p(Uzy g [ + 1] = Uslr +10)
—p(Ugs [r +1] = Ualr +1])
~p(Ugg [r +11 = Us[r +1) = 0 &

[r] + A7

Us“[”] + Ay [r] = —p(U§4’L[r +1+ Uys[r+1]

Uss.L Use.L

+ Ujg plr +1] = 3Uslr +1]) (5.30)
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But if we examine the Lagrange Multipliers /l+ /154“ and A, accordmg to equations
(4.60) - (4.61), as the third step of the General Form Consensus ADMM based algorithm

commands we'll see that

U34L[r + 1] U34L[r] +p(U34L r+ 1] U4[r + 1]) (531)
U45L[r +1] = /lU45L[ rl + p(UZF),L[V + 1] = Uylr +1]) (5.32)
Ao 7+ 1= g, (114 p(Uyg  [r + 11 = Ualr +10) (5.33)

We add equations (5.31), (5.32) and (5.33).

/l+

U34L[r +1] + /1U45L[r +1]+ A4

U46L[r +1] = U34L[r] + /1&45L[r] + /1&45L[r]
+ p(U§4’L[r +1]+ Ups [r+1]

+ Uyg[r + 11 = 3U4lr +1]) (5.34)

Inserting the value of (/l;rj%L[r] + /ll_]45,L[r]) + /ll_ij [r]) from equation (5.30) to equation
(5.34) we get
/1+

Usar

[r+1]+ /1;45L[r +1]+ /1546L[r +1]1=0 (©.35)

This means that after the first iteration the value of (/lJr [r+1] +/l‘ [r+1] +/l;]46L[r+1])
will always be zero. That conclusion lets us reform equatton ©.30) as o '

—p(U34L[r A1+ Ups [r+11+ Ugg [r+1]1 =3Uslr +1)) =0 &

34L[r+1]+ U45L[r+1]+U46L[r+1]

Uylr +1] = 3 (5.36)

5.3.3 Second step in summary

The results we got by analytically presenting the second step of the method can be
modeled as:

Po [r+1]+ P P +1]
ik,L L
Pylr+1] = — 5 I
_ k)
0y [r+11+ 03P +1]
Oulr +1] = — 5 i
U;;cL[r +11+ > U/;m,-,L[r +1]
m[:k—>m,-
Uilr +1] = N
k

where N,:' denotes the cardinality of node k and its children.
Moreover, we established some special cases that summarise to the following:

e Voltage of the feeder is always fixed.
Uolr +1] = Uy, lr+1] = 1 pu®
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e When node k is child of the feeder since there are no upstream boundaries we have

e When node k is a leaf node since there are no downstream boundaries we have

Polr +1] = Py, [r +1]

Quilr +11 = @y, [r +1]

Uilr +1] = U;;C,L[r +1]

5.4 Breakdown of third step

In this step each node updates its Lagrange Multipliers. After the calculation of each
and every one of the global components, we are ready to reform the vectors Zy[r + 1] for
k=1,2,...,6. As a result, each agent is in a position to update the Lagrange Multipliers in
a distributed way. According to the third step of Consensus ADMM based algorithm’s third

step

Yi[r +1]

= Yk[l"] +p(Xk[r + 1] - Zk[r + 1])

This equation leads to equations (4.56) - (4.61)

/l;,l_k,L[r +1] =

A5 "l 411 =
Agy, lr+1]

Aoy lr+11=

/IZ]”QL [r+1] =

/lal_k,L[r +1] =

Ay 11+ p(Py [r + 1] = Pylr +1])

+ﬂ§,ml [7] +P(P+ (m' [r + 1] = Pk, [r + 11)

= /léik,L [r] +p(Qi_k,L[r +1] = Qulr + 1))

A" ]+ p(Q "L + 11 = Qg1 + 1)
A, [+ p(Ug [r + 1] = Uilr +11)

Ay 111+ p(Uy [r + 11 = Uglr +11)
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Chapter 6

Test system and data

6.1 Simulation platform

All the simulations were performed using the high-level, general-purpose programming
language Python [43]. More specifically, the optimisation problems described in this diploma
thesis were built with the help of the Python module Pyomo [44], [45] and they were solved
using the Gurobi [46] solver. Furthermore, Python modules PYPOWER [47], Pandapower
[48], Pandas [49], Numpy [50] were vital for the manipulation of the distribution network’s
data and for the ac power flow using the acquired results from the proposed algorithm
described in Chapter 4. Last but not least, Python module matplotlib [51] was essential for
the presentation of the results of this diploma thesis and for the evaluation of the proposed
General Form Consensus ADMM based method.

6.2 The test system

The distributed method described in Chapter 4 is evaluated on the Baran-Wu 33 Bus
Network [42]. It is a 12.66 kV, 1 feeder substation with 5 looping branches which in this
study, are assumed to be open, causing the distribution grid to be radial. The total
active load is 3.715 MW, while the total reactive load is 2.3 MVAR. Moreover, more details
about the system’s conventional active and reactive loads, and also the lines series impedance
are given in Appendix A.

The distribution network’s topology is presented in Figure 6.1. Node O is considered to be
the feeder of the distribution network.
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6.3 Voltage limits

Our aim in this diploma thesis, as explained before, is to resolve the over-voltage problems
occurring by high PV production during periods of low demand in distribution networks.
From a technical perspective, the DSO is aiming to secure the operation of the grid by
respecting the voltage limits. From a financial perspective, the DSO is aiming to minimize
the curtailment of the PVs in order to avoid compensating the aggregator that manages the
PVs for energy that was not injected to the grid due to network constraints.

Therefore, while each agent solves its own optimization problem and communicates with
its neighbors in order to find which PV active power injections are safe to absorb, a voltage
level constraint must be taken into consideration that ensures that the voltage of each agent
will always be within acceptable boundaries.

According to European standards [11] the acceptable voltage deviations in distribution
systems are of the order of £10% of the nominal voltage of the feeder. However, for the
purposes of this thesis we consider tighter voltage limits.

o Viyin =0.95 pu

o Viax = 1.05 pu
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Chapter 7

Case Study: Resolve Over-Voltage
Problems

In this section, we tackle the over-voltage problem created by PV production in times of
low demand in the under examination distribution network. In the following simulations,
the load profile of the distribution system is 20% of the nominal, which translates
to 0.743 MW total active load and 0.46 MVAR total reactive load. At the same time,
we assume there is a total of 2 MW active power injection from the PVs installed,
which is around the 33.8% of the total nominal active load (3.715 MW).

In these scenarios, each agent - node of the system, upon which PVs are installed, tries
to minimize its curtailment. However, PVs are not permitted to inject their full active power
production, since it would cause an over-voltage situation (above the predefined limit of 1.05
pu) and it would compromise the secure operation of the network. Therefore, each agent is
called to find its own set-point distributively by exchanging the necessary information with
only its adjacent nodes.

It is of high importance to mention that for each case study examined, the centralized
algorithm described by conditions (4.12) - (4.20) will also be executed. The results of the
distributed proposed algorithm are expected to converge to the respective results of the
centralized method, verifying its efficacy.

7.1 Initialization of the proposed method

In order to utilize the proposed method, we need to initialize some parameters. Firstly, we
need to set the global variables referring to the power flows and the voltages Py [0], Qi[O],
U[0]. We choose to initialize those parameters by solving a linearized power flow problem
of the network using the LinDistFlow model equations, considering 20% of the nominal
loads but without any PVs penetration. These initialization conditions hold for every case
scenario examined.

As for the Lagrange multipliers corresponding to each of the consensus boundary
conditions explained in Chapter 4, we set their initial values to zero.

A 101 = 43,7101 = g, 101 = 45,101 = Ay, _, (0] = 47, ,[0] =0

Furthermore, please note that the following case studies are examined for tolerances
€ =102 and € = 1072, and their results are compared and discussed.
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7.2 Discussion on the penalty coefficient p

The choice of the penalty factor is of vital importance for the convergence of the proposed
algorithm. While experimenting with different values of penalty coefficient we concluded
that if the aforementioned value is too small the convergence of the algorithm is becoming
significantly slower and as a result, the algorithm terminates before it reaches the optimal
objective value for the given tolerance (e = 107%).

On the other hand, choosing a very large value for the penalty coefficient would cause
the sum of the values of the objective functions of each node (see 4.40) to oscillate around
the respective value of the centralized objective function, causing also the convergence of the
algorithm to become slower.

Both of these conclusions relate to the product of the penalty factor with the difference
between local and global variables (see equations 4.56 - 4.61). This product determines the
rate that each node tries to achieve the optimal value of its own Lagrangian Function. This
translates to how fast a consensus solution between adjacent nodes is achieved. If the
product is too small, the optimal value of each Lagrangian is difficult to be achieved since
the driving force toward it is small. However, if the aforementioned product is too large,
each node tries to optimize its own objective too aggressively and as a result consensus
solution between adjacent nodes is becoming slower. That fact justifies the oscillations of
the sum of the objective values of each node’s Augmented Lagrangian functions.

7.3 Case 1: 2 PVs of 1 MW each on Nodes 31 and 32

In this case, we assume that there are 2 PVs connected on the nodes 31 to 32 of the grid,
being able to produce up to 1 MW each. However, if the PVs inject their maximum active
power production to the nodes that they are installed without any control, it would cause
over-voltage violations. To verify this, an AC power flow problem is solved. The results are
presented in the following figure:

AC Power Flow
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1.125 -
1.100 A
1.075 ~
1.050 e e ——
1.025 -
1.000 ~
0.975 -
0.950 A
0.925 ~
0.900

= = Upper Voltage Limit
H \Vithout Control

Voltage (p.u.)

0O 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32
Bus index

Figure 7.1: AC Power Flow - Voltages without PV control, Casel

142



In figure (7.1), it is obvious that if the PVs installed on nodes 31 and 32 inject their
maximum point production to the network without any control, it would cause inverse active
power flows. These inverse active power flows would cause the voltages of nodes 28 to 32 to
rise, creating over-voltage violations.

Therefore, the proposed method of this diploma thesis is utilized aiming to solve the
over-voltage problem illustrated in figure (7.1). Furthermore, the validity of the General Form
Consensus based algorithm is exhibited via the comparison of its results with the results of
its equivalent centralised algorithm.

Empirically, it is found that setting the penalty coefficient for the proposed algorithm
to p = 500 gives us a good trade-off between convergence speed and accuracy. We run
both centralized and distributed algorithms. The General Form Consensus based method
converged after 2221 iterations.

In figure (7.2), the progress of the sum of the values of the objective function (see 4.40)
in the proposed distributed method is presented throughout the iterations needed for the
method to converge. From now on, the aforementioned sum will just be called the objective
function of the proposed algorithm for simplicity reasons. As one can easily see, the proposed
algorithm converges to the respective objective function value of the centralized algorithm
verifying its efficacy.

100 -

b —— —

80 1

60 1

40 A

20 A

—— Consensus ADMM
- = Centralised

Objective Function (euros/hour)

250 500 750 1000 1250 1500 1750 2000
Iterations

Figure 7.2: Objective Function, Casel, p = 500, € = 1073

In addition, the same figure is presented zoomed after the first 1000 iterations to clarify
the convergence of the distributed solution to the centralized value.
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Figure 7.3: Objective Function - Zoom after 1000 iterations, Casel, p = 500, € = 1073

Moreover, it is worth illustrating the comparison of PVs active power productions as
calculated in the distributed and centralised algorithms respectively. Once again, we confirm
that the distributed results for the PV injections in the network are almost equal to their
respective centralised results.
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Figure 7.4: PV Injections, Casel, p = 500, € = 1073
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Finally, the progress of the PVs active power injections is presented in the following
graph to verify the convergence of the PVs production values to their equivalent centralised

values.
PV32
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Figure 7.5: PV injections progress, Casel, p = 500, € = 1073

One can observe that at around 500 iterations, when the objective function of the
proposed method starts to oscillate around the target centralised value, the values of the PVs
production injected on buses 30 and 31 also start to oscillate. That is because the adjacent
nodes communicate their optimal local variables and try to come to a consensus solution
that will finally determine their PVs injections.

Nonetheless, an AC power flow problem needs to be solved again yielding the PV active
power injections decided by the General Form Consensus based method in order to examine
that the over-voltage situation was encountered effectively. The following figure presents the
voltages of every node as they calculated by the AC power flow without control and with the
PV injections estimated by the proposed method.
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AC Power Flow
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Figure 7.6: AC Power Flow - Voltages With Distributed PV Control, Casel

As one can easily notice, there is a gap between the upper voltage limit and the voltage
values with distributed control. This gap is justified from the use of a linearized model
(LinDistFlow) in the formulation of our method. Such a model is expected to deviate in its
accuracy from an AC power flow model. This is obvious here, where we use the injections
we obtained from the method to calculate the resulting power flows using AC power flow.
Although the LinDistFlow model calculates that these injections touch the voltage limits, the
AC power flow reveals that they are in fact roughly 2.5% lower.

Unfortunately, this means that the amount of curtailed active power production from
the PVs installed in the grid was more than needed. One solution to that problem would
be to rerun the proposed distributed method with a relaxed upper voltage limit that we can
define after observing the aforementioned gap, as attempted in [38]. For example, if we set
the upper voltage limit to 1.075 pu we would get results closer to the 1.05 pu upper voltage
limit in the AC Power Flow. In that way, we would achieve better results for the necessary
curtailed active power production from the PVs of the network.
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7.4 Case 2: 4 PVs of 0.5 MW each on Nodes 29 to 32

In this case, we assume there are 4 PVs connected on the nodes 29 to 32 of the grid,
being able to produce up to 0.5 MW each. Once again, if the PVs inject their maximum
active power production to the nodes that they are installed, it would cause over-voltage
violations. Here, the voltage profile of the network is similar to Case 1 although with lower
voltage levels at the end of the lines. That is because PV power is concentrated less at the
furthest nodes from the feeder. These results are presented in the following figure:

AC Power Flow
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Figure 7.7. AC Power Flow - Voltages without PV control, Case2

Hence, we utilize the proposed method of this diploma thesis once again in order to solve
the over-voltage problem illustrated in figure (7.7).

In this case, we set the penalty coefficient for the proposed algorithm to p = 500. That
way, we compare the results with the ones acquired in section (7.3). We run both centralized
and distributed algorithms. The General Form Consensus based method converged after
2152 iterations.
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The progress of the objective function of the distributed algorithm is presented throughout
the iterations needed for the method to converge.
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Figure 7.8: Objective Function, Case2, p = 500, € = 1073

It is clear that the objective function of the proposed method is converging to the
respective value of the centralised algorithm. To verify this, the same figure is presented
zoomed after the first 1000 iterations.
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Figure 7.9: Objective Function - Zoom after 1000 iterations, Case2, p = 500, € = 1073
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In figure 7.10, we compare the PVs active power productions of the distributed and the
centralised algorithm, to illustrate that they are almost identical. Also, in figure 7.11 the
progress of the PVs active power injections with respect to the iterations is presented.
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Figure 7.10: PV Injections, Case2, p = 500, € = 1073
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Figure 7.11: PV injections progress, Case2, p = 500, € = 1073
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Furthermore, we notice that when no curtailment is required (see node 29) or a node has
to almost curtail its whole PV production (see node 32), then these nodes find the optimal
values of their PV injection more easily.

In conclusion, the efficacy of the proposed method is confirmed since the values of the
objective function and the values of each PV injection in the distributed algorithm are
converging to the respective centralised values.

Next, we solve an AC power flow problem considering the PV active power injections
as calculated by the proposed distributed algorithm. The following figure presents the
over-voltage violations occurring to the scheme without control is effectively resolved.
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Figure 7.12: AC Power Flow - Voltages With Distributed PV Control, Case2

We notice that Case 2 converges faster than Case 1. This matter is actually very
complicated. There are two forces colliding in these simulations. On one hand, the voltage
violations occurring in Case 2 are smaller than the ones occurring in Case 1. In addition
to that, the total curtailed active power production from the PVs is smaller (see table 6.1).
Based on that fact, we expect the proposed algorithm to converge faster.

On the other hand, there are more PVs installed in the network. Therefore, more nodes
are trying to find their optimal curtailed active power production with respect to the network
constraints and to the coupling constraints ensuring the consensus solution between adjacent
nodes. Based on that fact we expect the proposed method to converge slower.

All in all, we believe that the first force described is of more importance than the second
one because the difference in total PVs installed to the grid is not great enough for the
second force to prevail.
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7.9 Case 3: 8 PVs of 0.25 MW each on Nodes 25 to 32

Here, we assume that there are 8 PVs connected on the nodes 25 to 32 of the grid,
being able to produce up to 0.25 MW each. In case the PVs inject their maximum active
power production to their nodes, over-voltage violations occur in the grid similar to the ones
described in the two previous cases but even smaller for the same reason explained in Case
2. The results are given in the following figure:

AC Power Flow
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Figure 7.13: AC Power Flow - Voltages without PV control, Case3

Once again, we use the proposed method of this diploma thesis to solve the over-voltage
problem illustrated in figure (7.13).

7.5.1 Penalty coefficient p = 500

Firstly, we set the penalty coefficient for the proposed algorithm to p = 500 because
we want to compare the results with the ones acquired in (7.3) and in (7.4). We run both
centralized and distributed algorithms. The General Form Consensus based method converged
after 2447 iterations.
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Next, the progress of the objective function of the distributed formulation is presented.
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Figure 7.14: Objective Function, Case3, p = 500, € = 1073

If we zoom after the first 2000 iterations in the previous graph we get:
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Figure 7.15: Objective Function - Zoom after 2000 iterations, Case3, p = 500, € = 1073

Well as one can easily see, the objective function does not reach its optimal value. Due
to that fact, the values of the PV injections appear to be significantly different from the
respective centralised values to the point that we consider that simulation a failure.

152



0.025
—— PV25
_ 0.020 A PV26
B — PV27
g O T S o e S S —— PV28
£ —— PV29
)
£ 0.010 - — Pv30
> PV31
- 0.005 4 —— PV32
’ = = Centralised
o _ _——— - AV 4
0.000 ~
0 500 1000 1500 2000
Iterations

Figure 7.16: PV injections progress, Case3, p = 500, € = 1073

In order to help the method reach the optimal objective function value we try to increase
the penalty coefficient to p = 850. In that way, we attempt to increase the product of the
penalty factor with the difference between local and global variables (see equations 4.56 -
4.61). Hence, we increase the rate that each node tries to achieve the optimal value of its
own Lagrangian Function.

7.5.2 Penalty coefficient p = 850

Empirically, it is found that setting the penalty coefficient for the proposed algorithm
to p = 830 gives us a good trade-off between convergence speed and accuracy. We run
both centralized and distributed algorithms. The General Form Consensus based method
converged after 2753 iterations.
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Coming up, the progress of the objective function of the distributed algorithm is displayed.
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Figure 7.17: Objective Function, Case3, p = 850, € = 1073

In addition, the same figure is presented zoomed after the first 1000 iterations to clarify
the convergence of the distributed solution to the centralised value.
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Figure 7.18: Objective Function - Zoom after 1000 iterations, Case3, p = 850, € = 1073

Furthermore, it is worth showing the comparison of PVs active power production between
the distributed and the centralised algorithm.
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Figure 7.19: PV Injections, Case3, p = 830, € = 1073

Finally, the progress of the PVs active power injections is presented.
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Figure 7.20: PV injections progress, Case3, p = 850, € = 1073
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Observing the figures (6.19) and (6.20), the effectiveness of the proposed method is obvious
once again as the values of each photovoltaic injection in the distributed algorithm converge
to the corresponding ones in the centralised algorithm.

However, an AC power flow problem needs to be solved again using the PV active power
injections as decided by the General Form Consensus based method in order to examine
that the over-voltage situation was encountered effectively. The following figure presents
the voltages of every node as they calculated by the AC power flow without and with the
yielding of the proposed method.
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Figure 7.21: AC Power Flow - Voltages With Distributed PV Control, Case3
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7.6 Case 4: 16 PVs of 0.125 MW each on Nodes 10 to 17 and
25 to 32

In this case, we assume that there are 16 PVs connected on the nodes 10 to 17 and 25
to 32 of the grid, being able to produce up to 0.125 MW each. However, if the PVs inject
their maximum active power production to the nodes that they are installed, it would cause
over-voltage violations. To verify this, an AC power flow problem. The results are presented
in the following figure:
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Figure 7.22: AC Power Flow - Voltages without PV control, Case4

In this case, we see that voltage violations are only occurring to the nodes 12-17 and not
to the nodes 25-32. Still, the proposed method of this diploma thesis is utilized aiming to
solve the over-voltage problem illustrated in figure (7.22). Furthermore, the validity of the
General Form Consensus based algorithm is exhibited via the comparison of its results with
the results of its equivalent centralised algorithm.
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7.6.1 Penalty coefficients p = 500 and p = 850

In the same fashion as in Case 3, setting the penalty coefficient to p = 500 or to p = 850
would not be enough for the objective function to reach its optimal value. To back up this
allegation we run both centralized and distributed algorithms for p = 500 and p = 850
and present the progress of the objective function in order to demonstrate that the penalty
coeflicient is not high enough and thus the method diverges.
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Figure 7.23: Objective Function, Case4, p = 500, € = 1073
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Figure 7.24: Objective Function - Zoom after 1000 iterations, Case4, p = 500, € = 1073
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Figure 7.25: Objective Function, Case4, p = 850, € = 1073
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Figure 7.26: Objective Function - Zoom after 1000 iterations, Case4, p = 850, € = 1073

In order to help the method reach the optimal objective function value we try to increase
the penalty coefficient to p = 1800.

159



7.6.2 Penalty coefficient p = 1800

Empirically, we found that setting the penalty coefficient for the proposed algorithm
to p = 1800 gives us a good trade-off between convergence speed and accuracy. We run
both centralized and distributed algorithms. The General Form Consensus based method
converged after 2635 iterations.

Coming up, the progress of the objective function of the distributed formulation is
presented.
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Figure 7.27: Objective Function, Case4, p = 1800, € = 1073

In addition, the same figure is presented zoomed after the first 1500 iterations to clarify
the convergence of the distributed solution to the centralised value.
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Figure 7.28: Objective Function - Zoom after 1500 iterations, Case4, p = 1800, € = 1073
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Moreover, it is worth illustrating the comparison of PVs active power production between
the distributed and the centralised algorithm.
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Figure 7.29: PV Injections, Case4, p = 1800, € = 1073

What needs to be discussed here, is that both the proposed and centralised methods that
use the linearised power flow model LinDistFlow, come to a decision that the PV production
of node 32 needs to be curtailed while in the AC power flow voltage levels (see 7.22) it is
clear that there is no voltage violation. This once again is confirming our conclusion about
the deviation in accuracy of the LinDistFlow model.

Finally, the progress of the PVs active power injections is presented in the following
graph to verify the convergence of the PVs production values to their equivalent centralised
values.
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Figure 7.30: PV injections progress, Case4, p = 1800, € = 1073

In conclusion, the efficacy of the proposed method is confirmed since the values of the
objective function and the values of each PV injection in the distributed algorithm are
converging to the respective centralised values.

Nonetheless, an AC power flow problem needs to be solved again considering the PV
active power injections as decided by the General Form Consensus based method in order to
examine that the over-voltage situation was encountered effectively. The results are presented
in the following graph.
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Figure 7.31: AC Power Flow - Voltages With Distributed PV Control, Case4

7.7 Numerical Results

In this section, we present the numerical results in form of tables acquired from both
distributed and centralized algorithms from every case scenario. We remind that these results
refer to the initialization of the proposed algorithm without considering any PVs installed in
the network and considering only 20% of the nominal loads of the grid. We present results
for both tolerances € = 1072 and € = 1074,

In the following tables, we demonstrate the value of the injection of each PV, the value
of the total curtailment, and the value of the objective function per case for both centralized
and distributed algorithms. The total curtailment is calculated as follows:

Total Curtailment = Total Production Capability — Total Power Injection

where Total Production Capability is 2 MW or 0.2 pu.
Furthermore, we calculate the percentage errors between the distributed method and the
centralised method as follows:

Distributed Result — Centralised Result 1
Centralised Result

Error(%) = 00%

Finally, we write down the total number of iterations needed for the convergence of the
distributed algorithm in each case. Next, the aforementioned tables are presented.
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Results

Centralised

Distributed

Error (%)

Iterations

2655

Injection Of PV31 (pu) 0.0643613 | 0.0640367 | 0.50434%
Injection Of PV32 (pu) 0.0186146 | 0.0182534 | 1.94042%
Total Curtailment (pu) 0.1170241 0.1177099 | 0.58603%
Objective Function (Euros/hour) | 97.5224864 | 97.5220655 | 0.00043%
Injection Of PV29 (pu) 0.0500000 | 0.0500000 | 0.00000%
Injection Of PV30 (pu) 0.0408464 | 0.0406767 | 0.41534%
Injection Of PV31 (pu) 0.0092388 | 0.0090567 | 1.97083%
Injection Of PV32 (pu) 0.0014667 0.0014667 | 0.00000%
Total Curtailment (pu) 0.0984482 | 0.0988000 | 0.35727%
Objective Function (Euros/hour) | 79.5022540 | 79.5014762 | 0.00098%
Injection Of PV25 (pu) 0.0250000 | 0.0250000 | 0.00000%
Injection Of PV26 (pu) 0.0250000 | 0.0250000 | 0.00000%
Injection Of PV27 (pu) 0.0250000 | 0.0250000 | 0.00000%
Injection Of PV28 (pu) 0.0250000 | 0.0250000 | 0.00000%
Injection Of PV29 (pu) 0.0250000 | 0.0250000 | 0.00000%
Injection Of PV30 (pu) 0.0153247 | 0.0156539 | 2.14803%
Injection Of PV31 (pu) 0.0048667 | 0.0048985 | 0.65404%
Injection Of PV32 (pu) 0.0014667 | 0.0014667 | 0.00000%
Total Curtailment (pu) 0.0533419 | 0.0529809 | 0.67678%
Objective Function (Euros/hour) | 41.9073612 | 41.9069654 | 0.00094%
Injection Of PV10 (pu) 0.0125000 | 0.0125000 | 0.00000%
Injection Of PV11 (pw) 0.0125000 | 0.0125000 | 0.00000%
Injection Of PV12 (pu) 0.0125000 | 0.0125000 | 0.00000%
Injection Of PV13 (pw) 0.0125000 | 0.0125000 | 0.00000%
Injection Of PV14 (pu) 0.0035699 | 0.0036781 | 3.02948%
Injection Of PV135 (pw) 0.0015778 | 0.0015932 | 0.97669%
Injection Of PV16 (pu) 0.0015778 | 0.0015930 | 0.96655%
Injection Of PV17 (pw) 0.0015778 | 0.0015929 | 0.95958%
Case 4 Injection Of PV25 (pu) 0.0125000 | 0.0125000 | 0.00000%
(p =1800) Injection Of PV26 (pu) 0.0125000 | 0.0125000 | 0.00000%
Injection Of PV27 (pu) 0.0125000 | 0.0125000 | 0.00000%
Injection Of PV28 (pu) 0.0125000 | 0.0125000 | 0.00000%
Injection Of PV29 (pu) 0.0125000 | 0.0125000 | 0.00000%
Injection Of PV30 (pu) 0.0125000 | 0.0125000 | 0.00000%
Injection Of PV31 (pu) 0.0125000 | 0.0125000 | 0.00000%
Injection Of PV32 (pu) 0.0109289 | 0.0109907 | 0.56593%
Total Curtailment (pu) 0.0432679 | 0.0430521 | 0.49875%
Objective Function (Euros/hour) | 33.5789617 | 33.5788649 | 0.00029%

Table 7.1: Numerical Results, Initialization Without PVs, € = 1073
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Results Centralised | Distributed | Error (%) | Iterations
Injection Of PV31 (pu) 0.0643613 0.0643947 | 0.05196%
Injection Of PV32 (pu) 0.0186146 0.0186507 | 0.19420%
Total Curtailment (pu) 0.1170241 0.1169545 | 0.05947%

Objective Function (Euros/hour) | 97.5224864 | 97.5223972 | 0.00009%
Injection Of PV29 (pu) 0.0500000 0.0500000 | 0.00000%
Injection Of PV30 (pu) 0.0408464 0.0409363 | 0.22012%
Injection Of PV31 (pu) 0.0092388 0.0093354 | 1.04614%
Injection Of PV32 (pu) 0.0014667 0.0014667 | 0.00000%
Total Curtailment (pu) 0.0984482 0.0982617 | 0.18950%

Objective Function (Euros/hour) | 79.5022540 | 79.5020498 | 0.00026%
Injection Of PV235 (pu) 0.0250000 0.0250000 | 0.00000%
Injection Of PV26 (pu) 0.0250000 0.0250000 | 0.00000%
Injection Of PV27 (pu) 0.0250000 0.0250000 | 0.00000%
Injection Of PV28 (pu) 0.0250000 0.0250000 | 0.00000%
Injection Of PV29 (pu) 0.0250000 0.0250000 | 0.00000%
Injection Of PV30 (pu) 0.0153247 0.0154318 | 0.69867%
Injection Of PV31 (pu) 0.0048667 0.0048779 | 0.23096%
Injection Of PV32 (pu) 0.0014667 0.0014667 | 0.00000%

Total Curtailment (pu) 0.0533419 | 0.0532236 | 0.22180%

Objective Function (Euros/hour) | 41.9073612 | 41.9073125 | 0.00012%

Injection Of PV10 (pu) 0.0125000 | 0.0125000 | 0.00000%

Injection Of PV11 (pu) 0.0125000 | 0.0125000 | 0.00000%

Injection Of PV12 (pu) 0.0125000 | 0.0125000 | 0.00000%

Injection Of PV13 (pu) 0.0125000 | 0.0125000 | 0.00000%

Injection Of PV14 (pu) 0.0035699 | 0.00361355 | 1.27538%

Injection Of PV13 (pu) 0.0015778 | 0.0015842 | 0.40733%

Injection Of PV16 (pu) 0.0015778 | 0.0015841 | 0.40120%

Injection Of PV17 (pu) 0.0015778 | 0.0015841 | 0.39803%

Case 4 Injection Of PV235 (pu) 0.0125000 | 0.0125000 | 0.00000% 3117

(p =1800) Injection Of PV26 (pu) 0.0125000 | 0.0125000 | 0.00000%
Injection Of PV27 (pu) 0.0125000 | 0.0125000 | 0.00000%

Injection Of PV28 (pu) 0.0125000 | 0.0125000 | 0.00000%

Injection Of PV29 (pu) 0.0125000 | 0.0125000 | 0.00000%

Injection Of PV30 (pu) 0.0125000 | 0.0125000 | 0.00000%

Injection Of PV31 (pu) 0.0125000 | 0.0125000 | 0.00000%

Injection Of PV32 (pu) 0.0109289 | 0.0109610 | 0.29363%

Total Curtailment (pu) 0.0432679 | 0.0431712 | 0.22340%

Objective Function (Euros/hour) | 33.5789617 | 33.5789523 | 0.00003%

Table 7.2: Numerical Results, Initialization Without PVs, € = 1074

Running the distributed algorithm with tolerance € = 1074 lets us achieve more accurate
results, meaning that they are closer to the respective centralised results. The comparison
between the average errors of the PV injections for € = 107 and € = 107 for each case is
presented in the following graph to illustrate the aforementioned improvement in accuracy.
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Figure 7.32: Average Error Per Case, Initialization Without PV's

However, this improvement in accuracy comes with a cost since there is a significant
increase in the number of iterations for the proposed method to converge in each case.
The difference between the number of iterations for tolerances € = 1072 and € = 107 are
presented in the following graph.

Initialization Without PVs Production

—e=Tolerancee=10-3 =—#=Tolerance e=10-4

4000

3497
3500
@ 3000
.8
s 2500
£ 2000
1500
1000
500
0
Case 1 Case 2 Case 3 Case 4
(p =500) (p =500) (p = 850) (p =1800)
=8=Tolerance e = 10-3 2221 2152 2753 2655
=8=Tolerance e = 10-4 3110 2524 3497 3117

Figure 7.33: Iterations Per Case, Initialization Without PVs
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Chapter 8

Conclusion

In the final Chapter, the proposed method is briefly described. Its methodology and most
important qualities are discussed and its merits and weaknesses are outlined. Then the
results from the case studies are discussed along with the degree to which the implementation
of the method is deemed successful. Finally, possible future work is mentioned.

8.1 Proposed method - A summary

This thesis presents a distributed algorithm able to resolve the over-voltage problem
created by PV production in times of low demand in distribution networks. Namely, the
DSO aims to minimize the curtailment of the PVs production in the network subject to (i)
the linearised AC Power flow equations as stated in the branch flow model LinDistFlow, (ii)
the voltage magnitude limits, (iii) the possible curtailment that the inverter of every PV can
offer. The aforementioned optimization problem of the DSO is being solved in a distributive
manner.

On the basis of the proposed algorithm, it is assumed that the aggregator that manages
the PVs production will be paid for the PVs maximum power point production. Therefore,
by minimizing the curtailment of the PVs active power injections, the DSO seeks to avoid
compensating the aggregator for active power production that was not used while securing
the safe operation of the network.

Based on General Form Consensus Optimization, each node of the power system commu-
nicates with its adjacent nodes in order to come to a decision consensus to the financially
optimal solution that will minimize the curtailment of the PVs active power injections while
keeping voltage deviations within appropriate limits. The distributive nature of the method
allows for data privacy of each node by restricting the exchange of information only between
adjacent nodes.

8.2 Results discussion

This thesis presents a number of case studies that prove the validity of the method. A
Medium Voltage network was used as the basis for the simulations, the voltage level limits
of which are severely violated in the case of harvesting the maximum point active power
production by the PVs incorporated in each case. This highlights the need for a method that
optimally sets the curtailment of the installed PVs while respecting network constraints.

Firstly, the method was tested, solved both in a centralized and distributed manner. The
validity of the results of the proposed distributed algorithm is being proven by the comparison
with the respective results from the centralized method. Afterward, the results of the PV
injections calculated by the distributed algorithm are used as input in an AC Power Flow
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problem. This way, it is proven that the problem of over-voltage that would occur if the
maximum point PV production was incorporated, is successfully tackled by the proposed
method.

However, some open points of the proposed algorithm need to be outlined. To begin
with, there is a significant divergence between the voltages of the AC power flow, after the
results of the General Form Consensus Optimization based method was implemented, and
the upper voltage limit defined in the proposed method. The reason for that is that the
LinDistFlow model used in our formulation is a linearized approximation and therefore
errors are expected to occur.

Moreover, the DSO is called to fine-tune the penalty parameter in each case causing
the method to be impractical. Also, the convergence of the distributed algorithm needs
many iterations, meaning the number of iterations is in the order of thousands. Since the
conditions of the simulations did not indeed yield parallel calculations among the nodes, the
degree of how practical the proposed method is, in terms of the time of convergence, is yet
to be researched.

For each one of these weaknesses, future work is proposed in order to improve the
efficacy of the proposed method.

8.3 Future Work

First of all, future work can be carried out on the gap between the AC power flow voltages
and the voltages of the proposed method. One solution would be to relax the upper voltage
limit in the proposed algorithm in order to achieve closer results to the 1.05 pu voltage limit
in the AC power flow, as explained in Section 7.3.

Furthermore, the implementation of an adaptive step as a penalty factor should be
considered as a solution to the DSO’s need to fine-tune the penalty coefficient in each case.
Moreover, the degree of how practical the proposed method is should be researched. More
specifically, the optimization problems of each node of the network (the first step of the
proposed algorithm) should be solved in parallel using appropriate calculation tools (e.g.
multi-core computer systems). That way, the real time of convergence of the proposed
method will be examined, and hence the degree of how practical the method really is will be
determined.
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Network’s data about loads and line
series impedance

173



A.1 Data for conventional active and reactive loads

For the purposes of this diploma thesis, we consider a time period during the day in
which for the conventional active and reactive loads installed to each bus of the system is
equivalent to 20% of the nominal. Next, we present a tabular which includes the nominal

load per node.

[ Bus k P (MW) Qi€ (MVAr) [
0 0.000 0.000
1 0.100 0.060
2 0.090 0.040
3 0.120 0.080
4 0.060 0.030
5 0.060 0.020
6 0.200 0.100
7 0.200 0.100
8 0.060 0.020
9 0.060 0.020
10 0.045 0.030
11 0.060 0.035
12 0.060 0.035
13 0.120 0.080
14 0.060 0.010
15 0.060 0.020
16 0.060 0.020
17 0.090 0.040
18 0.090 0.040
19 0.090 0.040
20 0.090 0.040
21 0.090 0.040
22 0.090 0.050
23 0.420 0.200
24 0.420 0.200
25 0.060 0.025
26 0.060 0.025
27 0.060 0.020
28 0.120 0.070
29 0.200 0.600
30 0.150 0.070
31 0.210 0.100
32 0.060 0.040

[ Total 3.715 2.300 [

Table A.l: Data for conventional active and reactive loads
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A.2 Data for distribution lines series impedance

Furthermore, we present data for the series impedance of each line. The values are given
per unit and have been calculated for the whole length of each line. Last but not least, these
values were calculated with respect to voltage base 12.66 kV and complex power base 10

MVA.

| Vbase 12.66 kV |

Sbase 10 MVA

H From Bus To Bus ‘ Rp.u) X(p.u.)
0 1 0.0057526 0.0029324
1 2 0.0307595 0.0156668
2 3 0.0228357 0.0116300
3 4 0.0237778 0.0121104
4 5 0.0510995 0.0441115
) 6 0.0116799 0.0386085
6 7 0.0443860 0.0146685
7 8 0.0642643 0.0461705
8 9 0.0651378 0.0461705
9 10 0.0122664 0.0040555
10 1 0.0233598 0.0077242
11 12 0.0915922 0.0720634
12 13 0.0337918 0.0444796
13 14 0.0368740 0.0328185
14 15 0.0465635 0.0340039
15 16 0.0804240 0.1073775
16 17 0.0456713 0.0358133
1 18 0.0102324 0.0097644
18 19 0.0938508 0.0845668
19 20 0.0255497 0.0298486
20 21 0.0442301 0.0584805
2 22 0.0281515 0.0192356
22 23 0.0560285 0.0442425
23 24 0.0559037 0.0437434
) 25 0.0126657 0.0064514
25 26 0.0177320 0.0090282
26 27 0.0660737 0.0582559
27 28 0.0501761 0.0437122
28 29 0.0316642 0.0161285
29 30 0.0607953 0.0600840
30 31 0.0193729 0.0225799
31 32 0.0212759 0.0330805

Table A.2: Data for distribution lines series impedance

It’s of vital importance to mention that we change the series line impendance in such
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way so the R/X ratio equals 3 in each line which is common in distribution grids. The
reason behind that action is that we want to amplify the voltage deviations occurred on the
network so we can present the effectiveness of the proposed in a better way.
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