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Περίληψη

Σε αυτή τη διπλωματική παρουσιάζουμε την βιβλιοθήκη UPROP. Η βι‐
βλιοθήκη εισάγει τον τύπο Uncertain που αποτελεί ένα προγραμματιστικό
μοντέλο για περιγραφή, αποθήκευση και εκτέλεση πράξεων πάνω σε αβέβαια
δεδομένα. Υπερφορτώνουμε αριθμητικούς και συγκριτικούς τελεστές ού‐
τως ώστε να πετύχουμε την μετάδοση και τη διάδοση του θορύβου εισόδου
στην έξοδο. Παράλληλα αναπτύσουμε εφαρμογές, δοκιμάζοντας στην πρά‐
ξη το προγραμματιστικό μοντέλο.

Ο κύριος στόχος μας είναι να παρέχουμε σε μη‐ειδήμονες προγραμματι‐
στές, μια φιλική στη χρήση διεπαφή με ένα ευρύ φάσμα δυνατοτήτων, που
θα τους επιτρέπει να διαχειριστούν το θόρυβο χωρίς να τον αγνούν. Το κυ‐
ριότερο πλεονέκτημα της βιβλιοθήκης UPROP πηγάζει από την ευλιξία και
ευκολία στη χρήση της. ∆οκιμάζουμε τη βιβλιοθήκη ανπτύσσοντας εφαρ‐
μογές που χρησιμοποιούν μετρήσεις αισθητήρων και μας επιτρέπουν να δεί‐
ξουμε τα πλεονεκτήματα της χρήσης της βιλιοθήκης σε σχέση με τις συμβα‐
τικές μεθόδους. Η χρήση της οδηγεί σε βελτίωση στην ακρίβεια, σε σχέση
με τις συμβατικές μεθόδους, που κυμαίνεται από 1.2× έως 40× με μέση τιμή
7×. Τέλος Συγκρίνουμε την υλοποίηση μας με βιβλιοθήκες και υλοποιήσεις
υλικού τελευταίας τεχνολογίας και παραθέτουμε τις διαφορές τους.

Αν και αυτή η προσέγγιση διασφαλίζει ότι η πρόσβαση στο θόρυβο γίνε‐
ται με ένα ευχρηστό και μινιμαλιστικό τρόπο, υπάρχουν και μειονεκτήματά.
Κατά τον υπολογισμό με τη βιβλιοθήκηUPROP, η επιλογή του μεγέθους ανα‐
παράστασης των Uncertain αντικειμένων ενσωματώνει τον κλασικό συμ‐
βιβασμό μεταξύ ταχύτητας και ακρίβειας, πολύ μεγάλος και η χρήση της
βιβλιοθήκης θα είναι πολύ αργή για πρακτική χρήση, πολύ μικρό και δε θα
υπάρχει αρκετή ακρίβεια στους υπολογισμούς.

Λέξεις κλειδιά: θόρυβος, αβεβαιότητα, διάδοση θορύβου, Python, τυχαίες
μεταβλητές, πιθανότητα
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Abstract

In this work we present the UPROP Python library. A library for
Uncertainty PROPagation, that allows developers to describe, store, and
execute arithmetic operations on uncertain data. We overload arithmetic
and comparison operators in order to achieve propagation of the input
uncertainty to the output. To benchmark the library we develop real life
applications with data derived from sensors.

The main goal of the UPROP Library is to provide non-expert pro-
grammers a basic, user-friendly interface with a wide range of operations,
which allows them to reason about uncertainty without ignoring it. The
main advantage of the Uncertain type originates from it’s flexibility and
minimalism. We develop GPS and sound recognition applications, using
the UPROP library and uncertain sensor measurements. The usage of
the library shows improved expressiveness and accuracy over the conven-
tional usage of particle (one-sample) calculations. This approach leads
to an average accuracy improvement, ranging from 1.2× to 40× with an
average value of 7×. We further test the library using micro-benchmark
comparisons with the state-of-the-art and list their differences.

While the implementation of the UPROP library ensures the accessi-
bility and expressivity of the Uncertain type it also has the potential to
make a practical implementation impossible. The representation size em-
bodies the classic speed-accuracy trade-off. Too high and the Uncertain
type will be too slow for practical use; too low and it will be too inaccu-
rate to solve real problems.

Keywords: uncertainty, uncertainty propagation, random variables, python,
probability
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Εκτεταμένη Περίληψη

1 Εισαγωγή
Aβεβαιότητα υπάρχει σε πολλές πτυχές της ζωής μας. Σε ένα μεγάλο

βαθμό οι καθημερινές αποφάσεις και οποιοδήποτε ρίσκο που παίρνουμε συ‐
νοδεύεται από αυτήν. Βέβαια είμαστε τόσο συνηθισμένοι που συνήθως δεν
την αντιλαμβανόμαστε, διότι έχουμε την ικανότητα να την επεξεργαζόμα‐
στε υποσυνείδητα. Με αντίστοιχο τρόπο θα έπρεπε να λειτουργούν τα υπο‐
λογιστικά συστήματα. Αντιθέτως όμως, ενώ η ικανότητα των υπολογιστι‐
κών συστημάτων να αποθηκεύουν και να επεξεργάζονται δεδομένα βελτιώ‐
νεται συνεχώς, η ικανότητα τους να αντιμετώπιζουν την αβεβαιότητα και
το θόρυβο στα δεδομένα έχει μείνει στάσιμη.

Στο παρελθόν σχεδιάζαμε τα συστήματα ελέγχου ως μεμονωμένα και
κλειστά συστήματα υπό τον έλεγχο ενός κατασκευαστή ή σε κλειστά και
προστατευόμενα περιβάλλοντα. Με την άνοδο της χρήσης του ∆ιαδικτύ‐
ου των πραγμάτων (IoT), των αυτόνομων αυτοκινήτων και του αυτοματι‐
σμού σε κάθε πτυχή της ζωής μας, εξαρτόμαστε όλο και περισσότερο από
τις ακριβείς μετρήσεις αισθητήρων. Έτσι πρέπει και η ικανότητα των υπο‐
λογιστικών συστημάτων να συμβαδίσει με την αυξανόμενη ροή αβέβαιων
μετρήσεων από αισθητήρες.

Όλες οι μετρήσεις έχουν έναν αναπόφευκτο βαθμό αβεβαιότητας (θόρυ‐
βος μέτρησης) και έτσι, ένα σύστημα που τις χρησιμοποιεί για να πάρει α‐
ποφάσεις θα πρέπει να λαμβάνει υπόψιν του και αυτήν την αλήθεια. Αυτό
προκαλεί παραποίηση της αλήθειας σχετικά με την πραγματική τιμή της πο‐
σότητας που θέλουμε να μετρήσουμε [1]. Επιπλέον, οι φυσικοί νόμοι που εν‐
δεχομένως περιγράφουν την εξέλιξη κάποιου φυσικού συστήματος δεν ακο‐
λουθώνται πλήρως στην πραγματικότητα, λόγω της ύπαρξης διεργασιακού
θορύβου. Γι΄ αυτούς τους λόγους έχουν αναπτυχθεί τεχνικές όπως η μετρί‐
αση και το φιλτράρισμα, οι οποίες συνδυάζουν τις θορυβώθεις μετρήσεις
από πολλαπλούς αισθητήρες μαζί με γνώση για τους φυσικούς νόμους που
διέπουν ένα φυσικό σύστημα ώστε να καταφέρουν την εξομάλυνση του θο‐
ρύβου.
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Οι προγραμματιστές πρέπει να γνωρίζουν τα παραπάνωκαι να τα λαμβά‐
νουν υπόψιν τους κατά τη διάρκεια ανάπτυξης του εκάστοτε συστήματος.
Το να χρησιμοποιούν τα συγκεκριμένα δεδομένα ως έχει μπορεί να αποβεί
μοιραίο και να καταλήξει σε εσφαλμένα αποτελέσματα με καταστροφικές
συνέπειες.

Στην παρούσα διπλωματική παρουσιάζουμε την βιβλιοθήκη UPROP για
τη γλώσσαπρογραμματισμού Python. Ηβιβλιοθήκη αυτή περιέχει τον τύπο
δεδομένων: Uncertain. Ο τύπος Uncertain αποτελεί ένα προγραμματιστι‐
κό μοντέλο για περιγραφή, αποθήκευση και εκτέλεση πράξεων πάνω σε αβέ‐
βαια δεδομένα. Παράλληλα αναπτύσσουμε εφαρμογές, δοκιμάζοντας στην
πράξη το παραπάνω προγραμματιστικό μοντέλο.

Όπως προαναφέραμε, οι αισθητήρες αποτελούν αναπόσπαστο κομμάτι
των αυτοματοποιημένων διαδικασιών στη σύγχρονη τεχνολογία. Ένα χα‐
ρακτηριστικό παράδειγμα της σημασίας της αβεβαιότητας σε μετρήσεις αι‐
σθητήρων θα μπορούσε να είναι οι αισθητήτες μέτρησης απόστασης ενός
αυτόνομου αυτοκινήτου. Στο τμήμα κώδικα 1 παρουσιάζουμε τον ψευδοκώ‐
δικα που χρησιμοποιούμε σε ανάλογα οχήματα προκειμένου να διατηρείται
μια σταθερή απόσταση από το προπορευόμενο όχημα.

1 if distance < 10: # meters
2 car.decrease_speed()
3 elif distance == 10:
4 car.maintain_speed()
5 else:
6 car.steady_speed()

Listing 1: Ψευδώς θετικά σε υποθέσεις.

Στο παραπάνω παράδειγμα ο προγραμματιστής αγνοεί την πιθανή αβε‐
βαιότητα που κρύβουν τα δεδομένα. Έτσι υπάρχει η πιθανότητα ατυχήμα‐
τος, λόγω καθυστερημένης πέδησης. Ακόμα και στην σπάνια περίπτωση
που ο αισθητήρας δηλώσει απόσταση μεγαλύτερη των 10 μέτρων, τότε ο
αυτόματος ελεγκτής θα επιταχύνει το όχημα και θα υπάρξει σύγκρουση. Αυ‐
τή η πληροφορία θα πρέπει να προτρέψει τους προγραμματιστές είτε να κά‐
νουν στατιστική ανάλυση των δεδομένων εισόδου είτε να αντιμετωπίζουν
τα δεδομένα αυτά ως αβέβαια.

Η βιβλιοθήκη που προτείνουμε στην παρούσα διπλωματική αποτελέι μια
προσπάθεια να ενσωματώσουμε την αβεβαιότητα και τον θόρυβο σε μια πι‐
θανοτική δομή δεδομένων. Έτσι θα μας δοθεί η δυνατότητα να προωθήσου‐
με τον ανάλογο θόρυβο στα αποτελέσματα πράξεων και κλήσεων συναρτή‐
σεων πάνω στα εκάστοτε δεδομένα. Η σχεδίαση παρομοιων δομών αποτε‐
λέι μεγάλη πρόκληση αφού απαιτεί ισχυρά μαθηματικά θεμέλια καθώς και ε‐
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κτεταμένη βελτιστοποίησηως προς τους χρόνους και τους πόρους που απαι‐
τούνται για την εκτέλεση. Στο παρελθόν, η ανάπτυξή τους έχει απασχολήσει
την ερευνητική κοινότητα τόσο σε μορφή γλωσσών προγραμματισμού όσο
και σε επίπεδο υλικού.

Πιο συγκεκριμένα, σε επίπεδο υλικού, οι Τσούτσουρας κ.α. [2] παρουσί‐
ασαν την μικροαρχιτεκτονική Laplace η οποία χρησιμοποιεί κατανομές πι‐
θανοτήτων σε αναπαράσταση μηχανής, ώστε να πραγματοποιούνται απρό‐
σκοπτα πράξεις πάνω σε δεδομένα. Η μικροαρχιτεκτονική Laplace επεκτεί‐
νει το σύνολο εντολών RISC‐V, ώστε να μπορεί ο χρήστης να εισάγει και να
εξάγει πληροφορίες σχετικά με την κατανομή τυχαίων μεταβλητών. Η α‐
ναπαράσταση στη μνήμη αποτελείται από πλειάδες που χωρίζουν το πεδίο
ορισμού σε N μέρη με ίση πιθανότητα και περιέχουν τη μέση τιμή, και την
αντίστοιχη πιθανότητα που αναλογεί στο εκάστοτε μέρος.

Σε επίπεδο λογισμικού ο Bonrholt [3] υλοποίει τον αφαιρετικό τύπο δε‐
δομένων Uncertain<T>. Ο Bornholt χρησιμοποιεί τις οριακές κατανομές
τυχαίων μεταβλητών καθώς και συναρτήσεις δειγματοληψίας προκειμένου
να αναπαραστήσει δεδομένα με θόρυβο. Σε συνδυασμό με ένα Bayesian ∆ί‐
κτυο που σχηματίζεται από ένα κατευθυνόμενο ακυκλικό γράφο (DAG) μπο‐
ρεί και εκτιμάει τις τιμές των μεταβλητών όταν χρειάζεται.

Η παρούσα εργασία συνεισφέρει στην επίλυση του προβλήματος του θο‐
ρύβουσταδεδομένα, εμπλουτίζοντας την γλώσσαπρογραμματισμούPython,
παρέχοντας στους προγραμματιστές μια βιβλιοθήκη με την οποία μπορούν
απρόσκοπτα, να υλοποιήσουν τις εφαρμογές τους.

2 Υλοποίηση
Οι υπάρχουσες αρχιτεκτονικές και γλώσσες προγραμματισμού δεν υπο‐

στηρίζουν εκ φύσεως την ύπαρξη θόρυβου σε δεδομένα που αποτελούνται
από ένα και μόνο δείγμα. Οι υπολογιστές έχουν σχεδιαστεί με βάση την ιδέα
ότι δεν υπάρχει αβεβαιότηταστις τιμές αυτές. Συνεπώς είτε δημιουργούνται
εξατομικευμένες λύσεις από τους προγραμματιστές, είτε ο θόρυβος αυτός
αγνοείται. Στην δεύτερη προσέγγιση είναι προφανές πώς ο προγραμματι‐
στής βάζει τον χρήστη και σύστημά του σε κίνδυνο. Στην περίπτωση των
εξατομικευμένων λύσεων, εάν ο προγραμματιστής δεν έχει διεπιστημονική
γνώση ή δεν γίνει σωστός έλεγχος, τότε το σύστημα καθίσταται επικίνδυνο
εν αγνοία των προγραμματιστών. Η άγνοια κινδύνου μπορεί να προκαλέσει
σοβαρότερα προβλήματα.

Η κυριότερη μέθοδος που χρησιμοποιείται τόσο από την ερευνητική κοι‐
νότητα αλλά και από τη βιομηχανία για την προώθηση θορύβου στα απο‐
τελέσματα είναι η μέθοδος Monte Carlo (Υποενότητα 4.1.1). Αποτελεί μια
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αξιόπιστη μέθοδο, όμως είναι πολύ απαιτητική υπολογιστικά καθώς ο κά‐
θε αλγόριθμος τρέχει επαναληπτικά πολλαπλάσιες φορές του μεγέθους της
εισόδου.

Η ιδέα πίσω από την βιβλιοθήκη UPROP είναι να προσομοιώσουμε την
μέθοδο Monte Carlo με μια ντετερμινιστική προσέγγιση, απαιτώντας λιγό‐
τερο χρόνο. Το σύστημα μας προωθεί τον θόρυβο γιατί θεωρούμε πως εί‐
ναι ένας σημαντικός παράγοντας που μπορεί να παίξει καθοριστικό ρόλο
στην αποτελεσματικότητα ενός συστήματος. Ο στόχος αυτής της βιβλιο‐
θήκης είναι να επεκτείνει τη λειτουργικότητα της γλώσσας προγραμματι‐
σμού Python [4] ούτωςώστε να διευκολύνει τόσο την ανάπτυξη εφαρμογών
που βασίζονται σε εμπειρικά δεδομένα (μετρήσεις από αισθητήρες), όσο και
γνωστές παραμετρικές κατανομές.

Οι κύριοι στόχοι της βιβλιοθήκης UPROP είναι να αποτελεί ένα 1⃝ μινι‐
μαλιστικό και 2⃝ ευέλικτο εργαλείο:

• Θα πρέπει να επιτρέπει στους προγραμματιστές Python να το υιοθε‐
τήσουν στον κώδικα τους, αντικαθιστώντας, ει δυνατόν τους συμβα‐
τικούς τύπους δεδομένων, όπως int, double.

• Ένα αντικείμενο τύπου Uncertain θα πρέπει να μπορεί να αναπαρα‐
στήσει μια τυχαία μεταβλητή.

• Η κλάση Uncertain θα πρέπει επίσης να υπερφορτώνει, την πλειο‐
ψηφία των τελεστών της βασικής κλάσης της Python ούτως ώστε
οι προγραμματιστές να μπορούν απρόσκοπτα να χρησιμοποιήσουν τις
ίδιες εκφράσεις που θα χρησιμοποιούσαν με τις τιμές ενός δείγματος,
ενώ παράλληλα θα προωθείται ο θόρυβος μέσα από τελεστές και συ‐
ναρτήσεις. Στο απλό παράδειγμα: Ζ = A+B όπου τα A,B αποτελούν
δύο Uncertain αντικείμενα, θα καλείται ο + τελεστής ο οποίος θα επι‐
στρέφει ένα νέο Uncertain αντικείμενο Z, συμπεριλαμβανομένου του
συνδυασμού θορύβου που περιείχε τόσο το A όσο και το B.

Το κύριο συμπέρασμα από την υλοποίηση τηςUPROP βιβλιοθήκης, είναι
ότι προκειμένου να χρησιμοποιηθεί ο τύπος Uncertainως τύπος πρώτης τά‐
ξης, όπως οι τύποι int, float, etc πρέπει να υπάρχει κάποιος συμβιβασμός
όσον αφορά την ταχύτητα εκτέλεσης και την χρήση μνήμης στο εκάστοτε
υπολογιστικό σύστημα, με άμεσο κέρδος την ακρίβεια στους υπολογισμούς.
Επιπλέον η πιθανοτική φύση των τυχαίων μεταβλητών περιορίζει το πλή‐
θος των πράξεων και συναρτήσεων που μπορούν να εκτελεστούν με αυτές,
καθώς πρέπει να γίνει η μετάβαση από το ντετερμινιστικό στο πιθανοτικό
πεδίο ορισμού.
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2.1 Αναπαράσταση κατανομών
Κατά γενική ομολογία, η πιο ακριβής αναπαράσταση μια κατανομής πι‐

θανοτήτωνστημνήμη είναι νααποθηκεύονται όλα ταδείγματα. Όμως, πράτ‐
τοντας έτσι ο υπολογιστικός φόρτος του συστήματος επιβαρύνεται σημα‐
ντικά. Συνεπώς η εύρεση ενός τρόπου αναπαράστασης που απαιτεί λιγότε‐
ρες πράξεις και διατηρεί την ακρίβεια στους υπολογισμούς είναι μονόδρο‐
μος.

Οι Τσούτσουρας κ.α. [2] προτείνουν τον τρόπο αναπαράστασης τυχαίων
μεταβλητών ως συνδυασμό συναρτήσεων Ντιράκ.

Definition 2.1 Dirac mixture representation: Έστω δ(x) η συνάρτηση δέλ‐
τα (Dirac) ‐‐ ένας μοναδιαίος παλμός στη θέση x. ∆εδομένης μιας τιμής x0 ∈ R,
θεωρούμε ως την συνάρτηση: δ(x − x0) ως την συνάρτηση μάζας πιθανότητας
και την αποκαλούμε τιμη ενός δείγματος. Χρησιμοποιώντας αυτό τον ορισμό
μπορούμε να μετασχηματίσουμε έναν πίνακα από δείγματα x1, x2, ..., xM σε μια
συνάρτηση μάζας πιθανότητας χρησιμοποιώντας ένα σταθμισμένο άθροισμα.

fX(x) =
M∑

n=1
pnδ(x − xn), όπου pn ∈ [0, 1],

M∑
n=1

pn = 1 (2.1)

Αν κάθε Ντιράκ στον συνδυασμό ισαπέχει με την επόμενη και την προηγού‐
μενη, τότε αυτή η αναπαράσταση παίρνει τη μορφή των ιστογραμμάτων
συχνοτήτων.

Είναι ξεκάθαροπως τομέγεθοςμνήμηςπουκαταλαμβάνει ένα Uncertain
αντικείμενο καθορίζεται από το πλήθος των Ντιράκ (ή στηλών στην περί‐
πτωση του ιστογράμματος) που έχουμε χωρίσει το πεδίο ορισμού της εκά‐
στοτε τυχαίας μετβλητής. Ένα σημαντικό συμπέρασμα που εξάγαμε κατά
την πειραματική αξιολόγηση 3 είναι πως μπορεί να υπάρξει κέρδος από την
μείωση του μεγέθους ενός αντικειμένου, χωρίς να υπάρξει απώλεια στην α‐
κρίβεια υπολογισμών.

Αξιοσημείωτο είναι το γεγονός πως η χρησιμοποίηση ιστογραμμάτων σε
σχέση με τις τιμές ενός δείγματος προσθέτει πολυπλοκότητα στις διαδικα‐
σίες με αντικείμενα τύπου Uncertain, σε αντίθεση με τη χρήση τιμών ενός
δείγματος. Πιο συγκεκριμένα η μετατροπή των δειγμάτων σε ιστογράμμα‐
τα απαιτεί ένα αλγόριθμο πολυπλοκότητας χρόνου, O (N · k) για να ταξινο‐
μήσουμε τα N δείγματα σε k στήλες και να υπολογίσουμε τις συχνότητες.
Η πολυπλοκότητα χώρου εξαρτάται από τον αριθμό των στηλών και είναι:
O (k). Στην περίπτωση που επιλέγαμε να αποθηκεύσουμε ταN δείγματα ως
έχει, η πολυπλοκότητα χώρου θα αυξανόταν σε O (N).
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2.2 Μετάδοση θορύβου
Η βασική αρχή του τύπου Uncertain είναι να μπορεί να ενσωματώνει

το θόρυβο ‐‐ ακόμα και τα πιο ακραία ενδεχόμενα, και να τον προωθεί/με‐
ταδίδει μέσα από τελεστές και συναρτήσεις που χρησιμοποιούν Uncertain
αντικείμενα. Έστω Uncertain αντικείμενα που αναπαριστούν τις τυχαίες
μεταβλητές X ∼ U (0, 6) και Y ∼ U (0, 6).1Το γινόμενό τους Z = X · Y είναι
επίσης Uncertain και αναπαριστά μια τυχαία μεταβλήτη. Το παράδειγμα
αυτό φαίνεται στο τμήμα κώδικα 2.

1 X = Uncertain([i for i in range(0,100)])
2 X = Uncertain([i for i in range(100,200)])
3 Z = X + Y

Listing 2: Γινόμενο δύο Uncertain αντικειμένων.

Στοπαραπάνωτμήμα κώδικα χρησιμοποιουμε κυκλική συνέλιξη των δύο
τυχαίων μεταβλητών για να υπολογίσουμε όλες τις πιθανές τιμές της μετα‐
βλητής Z. Η κυκλική συνέλιξη ορίζεται ως:

(f ∗ g)(z) =
∫ ∞

−∞
f(z − t)g(t)dt =

∫ ∞

−∞
f(t)g(z − t)dt (2.2)

Στο παρακάτω τμήμα κώδικα 3 δείχνουμε την υλοποίηση της κυκλικής συ‐
νέλιξης στην βιβλιοθήκη UPROP.

1 def addRandomVariables(X1, X2):
2 """Calculate the circular convolution of X1 with X2."""
3 dst_hist = []
4 dst_medians = []
5 for i in range(0,len(X1.hist)):
6 for j in range(0,len(X2.hist)):
7 dst_hist.append(X1.hist[i]*X2.hist[j])
8 dst_medians.append(X1.median[i] + X2.median[j])
9

10 dstVar = createObjectFromOperation(dst_hist, dst_medians)
11 return dstVar

Listing 3: Υλοποίηση της κυκλικής συνέλιξης μεταξύ δύο Uncertain αντικειμένων
(τυχαίων μεταβλητών). Η παραγωγή του νέου Uncertain αντικειμένου γίνεται με
βάση τον ορισμό 2.1 Στον πίνακα dst_hist αποθηκέυονται οι πιθανότητες pn των
τιμών, στην αντίστοιχη θέση, του πίνακα dst_medians στον οποίο αποθηκεύονται οι
τιμές του πεδίου ορισμού (x − xn).

1Το U(a,b) αναπαριστά μια ομοιόμορφη κατανομή στο διάστημα [a, b]
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2.3 Υπερφορτωμένοι αριθμητικοί τελεστές

5.0 7.5 10.0 12.5 15.0 17.5 20.0 22.5 25.00.00

0.01

0.02

0.03

0.04 Operand (1) (8, 2)
Operand (2) (10, 1)
X+Y

Σχήμα 1: Πρόσθεση δύο Uncertain μεταβλητών.

Οι υπερφορτωμένοι
αριθμητικοί τελεστέςπου
υποστηρίζει η βιβλιοθή‐
κη UPROP παρουσιάζο‐
νται στον πίνακα 1. Ό‐
πως προαναφέραμε χρη‐
σιμοποιούν την κυκλική
συνέλιξη (ορισμός 2.2)
προκειμένου να υπολο‐
γιστούν όλες οι πιθανές
τιμές της παραγόμενης
μεταβλητής. Παρουσιά‐
ζουμε ενα χαρακτηριστι‐
κό παράδειγμα στην Ει‐
κόνα 1 Ο αριθμός στηλών (bins) του παραγόμενου Uncertain αντικείμενου
μετά από την κλήση ενός τελεστή είναι ο μεγαλύτερος αριθμός ανάμεσα
στον αριθμό στηλών (bins) των αντικειμένων που το παρήγαγαν.

Μέθοδος Χρήση type(a) type(b)
__neg__ -a Uncertain -
__add__ a+b Uncertain Uncertain | Number
__sub__ a-b Uncertain Uncertain | Number
__mul__ a*b Uncertain Uncertain | Number
__truediv__ a/b Uncertain Uncertain | Number
__pow__ a**b Uncertain Uncertain | Number
__mod__ a%b Uncertain Uncertain | Number
__divmod__ divmod(a,b) Uncertain Uncertain | Number

Πίνακας 1: Υπερφορτωμένοι αριθμητικοί τελεστές.

2.4 Χρήση της συνάρτησης map σε Uncertain αντικείμε‐
να

Στη βιβλιοθήκη UPROP χρησιμοποιούμε αυτήν τη συνάρτηση προς όφε‐
λός μας ώστε να κάνουμε map τα Uncertain αντικείμενα στην εκάστοτε συ‐
νάρτηση εισόδου. Αυτή η λειουργία υλοποιείται στην συνάρτηση u_map().
Το αντικείμενο που επιστρέφουμε είναι τύπου Uncertain. Το τμήμα κώδι‐
κα 4 δείχνει την υλοποίηση της μεθόδου u_map(). Στην Εικόνα 2 παρουσιά‐
ζουμε το αποτέλεσμα της μεθόδου u_map() με την συνάρτηση ex.
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(βʹ) Το Uncertain αντικείμενο εξόδου: ex το οποίο
παράχθηκε από τη μέθοδο u_map.

Σχήμα 2: Αποτελέσματα της u_map() μεθόδου με είσοδο X ∼ U(0, 5) και συνάρτηση
εισόδου την εκθετική συνάρτηση: ex.

1 def u_map(obj, func: Callable, **kwargs) -> Uncertain:
2 """Map function <func> to the <obj> Uncertain object"""
3 new_medians = map(lambda x: func(x, **kwargs), obj._medians)
4 """
5 Since the ordering of the new mapped values has not
6 changed, compared with the original medians the histogram
7 values in the corresponding positions represent the
8 probablity of each new median.
9 """
10 dstVar = createObjectFromOperation(obj.hist, new_medians)
11 return dstVar

Listing 4: Υλοποίηση της συνάρτησης u_map η οποία αντιστοιχεί Uncertain αντικεί-
μενα σε συναρτήσεις.

2.5 Εξαγωγή πληροφοριών θορύβου
Προκειμένου να εκμεταλλευτούμε το σύνολο των δυνατοτήτων του τύ‐

που Uncertain πρέπει να δώσουμε πρόσβαση στο χρήστη σχετικά με την
αβεβαιότητα και το θόρυβο του κάθε αντικείμενου. Πράττοντας έτσι, δί‐
νουμε τη γνώση και την πληροφορία στο χρήστη προκειμένου να λάβει μια
τεκμηριωμένη απόφαση με τη διάδοση της αβεβαιότητας από την είσοδο.
Παρουσιάζουμε τις διαθέσιμες πληροφορίες της κατανομής ενός Uncertain
αντικειμένου στον πίνακα 2.
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Μέθοδος Σκοπός Τύπος val
mean µ = E[X] -
variance E[(X − µ)2] -
min() Xmin -
max() Xmax -
mode() xi : P (X = xi) ≥ P (X = xj) i ̸= j -
NthMoment(N) σN = E[(X − µ)N ] -
prob(val) P (X = val) Number
CDF(val) FX(x = val) Number
QF(val) F −1

X (x = val) Number
probabilityEQ(val) P (X = val) Number
probabilityNE(val) P (X ̸= val) Number
probabilityLT(val) P (X < val) Number
probabilityLE(val) P (X ≤ val) Number
probabilityGT(val) P (X > val) Number
probabilityGE(val) P (X ≥ val) Number

Πίνακας 2: Διαθέσιμες μέθοδοι των Uncertain αντικειμένων για την εξαγωγή πληρο-
φορίας περί θορύβου και αβεβαιότητας.

Αν και οι κεντρικές ροπές δεν ορίζουν πάντα μοναδικά κάποια κατανομή
πιθανότητας [5], ο προγραμματιστής μπορει να αποκτήσει ένα σημαντικό ό‐
γκο πληροφοριών υπολογίζοντας μια σειρά από αυτές (π.χ. 1: μέση τιμή,
2: διακύμανση, 3: λοξότητα (ασυμμετρία), 4: κυρτότητα, κ.λπ.). Για πα‐
ράδειγμα, η χρήση αυτών των πληροφοριών θα μπορούσε να παρέχει συνέ‐
πεια στις αποφάσεις για τη διατήρηση της σταθερότητας σε ένα αυτόματο
σύστημα ελέγχου.

2.6 Τελεστές Σύγκρισης
Συμπληρωματικα με τη μέθοδο u_map(), η απαραίτητη λειτουργικότητα

που οφείλει να έχει η βιβλιοθήκη ώστε να προσομοιώνει τους αριθμητικούς
τύπους δεδομένων, είναι οι τελεστές σύγκρισης: <, ≤, =, ̸=, ≥, >. ∆ιακρί‐
νουμε δύο κατηγορίες συγκρίσεων: (i) συγκριση ενός Uncertain αντικειμέ‐
νου με ένα σταθερό αριθμό, και (ii) συγκριση δύο Uncertain αντικειμένων.

Όσοναφοράτηνπρώτηπερίπτωση: ανσυγκρίνουμε τηνμέσητιμή: E[X]
‐‐‐ ένα μόνο δείγμα που προέρχεται από την κατανομή, με μια αριθμητική
σταθερά value: E[X] ⋚ value, το αποτέλεσμα μπορεί να είναι παραπλα‐
νητικό, που οδηγεί σε ψευδώς θετικά αποτελέσματα [3]. Αντίθετως, στην
υλοποίηση μας συγκρίνουμε το τμήμα της πιθανότητας του Uncertain α‐
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ντικειμένου που βρίσκεται στα αριστερά ή στα δεξιά της τιμής value. Το
σχήμα 3 οπτικοποιεί αυτή σύγκριση: Uncertain(X) ≤ 8 ⇒ P (X ≤ 8).
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X

Σχήμα 3: Η πιθανότητα ενός Uncertain αντικειμένου να είναι X ≤ value είναι το
άθροισμα των πιθανοτήτων των στηλών των οποίων το μέσο είναι ≤ value. Σε αυτή
την περίπτωση, η τιμή αναπαρίσταται με το σκούρο πράσινο χρώμα.

Όσον αφορά τη περίπτωση σύγκρισης δύο Uncertain αντικειμένων:

1. οι τελεστές=και ̸=υλοποιούνται με τη χρήσητουKolmogorov–Smirnov
ελέγχου, ενώ

2. για τους οι τελεστές <, ≤, ≥, > προτείνουμε δύο μεθόδους:

(αʹ) Στοχαστική Κυριαρχία και

(βʹ) ∆ιαφορά ΤυχαίωνΜεταβλητών.

Ο χρήστης μπορεί να διαλέξει τη μέθοδο που επιθυμεί είτε κατά την αρχικο‐
ποίηση των μεταβλητών είτε κατά την εκτέλεση.

Μέθοδος 1: Στοχαστική Κυριαρχία

Όπως αναφέρουμε στην Υποενότητα 2.3.1, η Στοχαστική Κυριαρχία συ‐
γκρίνει τις Αθροιστικές Συναρτήσεις Κατανομής των τυχαίων μεταβλητών.
Στο τμήμα κώδικα παρουσιάζουμε τον ψευδοκώδικα υλοποίησης της:
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1 def stochastic_dominance_le(X,Y):
2 for i in joint_distribution_support(X,Y):
3 if X.CDF(i) >= Y.CDF(i):
4 # partial ordering remains the same
5 continue
6 else:
7 # found a value for which ordering reverses
8 return False
9 return True

Listing 5: Ψευδοκώδικας για την υλοποίηση της Στοχαστικής Κυριαρχίας για τον
τελεστή ≤.

Μέθοδος 2: Διαφορά τυχαίων μεταβλητών

Ημέθοδος σύγκρισης∆ιαφορά δύο μεταβλητών είναι ισοδύναμη με τη σύ‐
γκριση ενός Uncertain αντικειμένου με το σταθερό αριθμό 0. Η ιδέα πίσω
από την υλοποίηση πηγάζει από την αντιμεταθετική ιδιότητα των συγκριτι‐
κών τελεστών X > Y ⇒ X − Y > 0. Στο τμήμα κώδικα 6 παρουσιάζουμε
ψευδοκώδικα για την υλοποίηση της.

1 def difference_rv_gt(X: Uncertain, Y: Uncertain):
2 Z : Uncertain = X-Y
3 max_threshold = max(X.threshold, Y.threshold)
4 return Z.probabilityGT(0) > max_threshold

Listing 6: Υλοποίηση της μεθόδου Διαφορά τυχαίων μεταβλήτών

3 Πειραματική αξιολόγηση
Στην ενότητα 2 παρουσιάσαμε την υλοποίηση της βιβλιοθήκης UPROP,

ακολουθώντας συγκεκριμένες σχεδιαστικές αρχές. Σε αυτή την υποενότητα
αξιολογούμε πειραματικά τη βιβλιοθήκη σε εφαρμογές. Αρχικά παρουσιά‐
ζουμε τις απαραίτητες πληροφορίες και μετρικές για την αξιολόγηση, που α‐
παιτείται για την κατανόηση του υπόλοιπου κεφαλαίου. Στη συνέχεια πραγ‐
ματοποιούμε πειράματα στους υπερφορτωμένους αριθμητικούς και συγκρι‐
τικούς τελεστές. Επεκτείνουμε τις δοκιμές μας με δύο εφαρμογές που χειρί‐
ζονται πειραματικές μετρήσεις: (i) εκτίμηση ταχύτητας από μετρήσεις συ‐
ντεταγμένων GPS (με θόρυβο) και (ii) ένας αλγόριθμος ανίχνευσης ήχου από
χειροκρότημα. Τέλος, συγκρίνουμε την βιβλιοθήκη UPROP με state‐of‐the‐
art πλατφόρμες και εργαλεία και βαθμολογούμε την απόδοσή της.
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3.1 Κανονικοποιημένη απόσταση Wasserstein
Στην ενότητα 2.3 παρουσιάζουμε την απόσταση Wasserstein, η οποία

είναι μια μέθοδος για την αξιολόγηση της απόκλισης μεταξύ δύο πολυδιά‐
στατων κατανομών. Σε αυτή την υποενότητα, παρουσιάζουμε μια εναλ‐
λακτική χρήση της απόστασης Wasserstein για σύγκριση δύο εργαλείων
(frameworks/platforms) που έχουν έξοδο κατανομές πιθανοτήτων. Όπως
αναφέρουμε στην Υποενότητα 2.3.3, όταν υπολογίζουμε την απόσταση W1
μεταξύ δύο κατανομών, υπολογίζουμε την περιοχή μεταξύ της καμπύλης
των CDF. Έτσι, η υπολογισμένη τιμή συνδέεται άμεσα με το πεδίο ορισμού
RX κάθε κατανομής. Στην περίπτωσή μας, επιθυμούμε να έχουμε μια ενιαία
μετρική για το σύνολο των δοκιμών μας. Για να γίνει αυτό, πρέπει να απο‐
συνδέσουμε την απόσταση από το πεδίο ορισμού. Επομένως, εισάγουμε την
κανονικοποιημένη απόσταση Wasserstein:
Definition 3.1 Η κανονικοποιημένη απόσταση Wasserstein είναι ο λόγος δύο
W1 αποστάσεων

NWD =
W1

(
Fa, Fref

)
W1

(
Fb, Fref

) =
∫
R

∣∣∣Fa(x) − Fref(x)
∣∣∣ dx∫

R

∣∣∣Fb(x) − Fref(x)
∣∣∣ dx

(3.1)

Η NWD παίρνει τιμές στην περιοχή: [0, ∞) με τιμές πιο κοντά στο 0 να
σημαίνει ότι η Fa έχει μικρότερη απόσταση Wasserstein με την Fref από ότι
η Fb έχει με την Fref. Η NWD μας δίνει τη δυνατότητα να συγκρίνουμε δύο
συστημάταπου έχουν έξοδο κατανομές πιθανοτήτων. Έτσι συγκρίνουμε την
έξοδο της UPROP με τη τιμή της εξόδου στην περίπτωση της χρήσης ενός
δείγματος ή με οποιοδήποτε άλλο σύστημα.

Σε αυτή τη διπλωματική, χρησιμοποιούμε την αντίστροφη κανονικο‐
ποιημένη απόσταση Wasserstein (NWD−1) για να υποδηλώσουμε το κέρ‐
δος στην ακρίβεια των υπολογισμών της βιβλιοθήκηςUPROP, έναντι των υ‐
πολογισμώνμε έναδείγμα, χρησιμοποιώντας τηνπροσομοίωσηMonteCarlo
ως την κατανομή αναφοράς. Επιλέξαμε την προσομοίωσηMonte Carlo διό‐
τι αποτελεί την καθιερωμένη και κοινά αποδεκτή μέθοδο για τη προώθηση
του θορύβου από την είσοδο στην έξοδο. Αυτό ισχύει τόσο στην ερευνητική
κοινότητα όσο και στη βιομηχανία.

3.2 Αριθμητικοί Τελεστές
Για να ελέγξουμε τους αριθμητικούς τελεστές εκτελέσαμε μια σειρά α‐

πλών υπολογισμών μεταξύ Τυχαίων μεταβλητών που αντιπροσωπεύουν συ‐
γκεκριμένες κατανομές. Για παράδειγμα προσθέτουμε, αφαιρούμε, πολ‐
λαπλασιάζουμε και διαιρούμε τις δύο Τυχαίες μεταβλητές: X1 ∼ N (10, 1)
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καιX2 ∼ U(0.5, 1.0) χρησιμοποιώντας την βιβλιοθήκηUPROP. Στη συνέχεια
εκτελούμε τους ίδιους υπολογισμούς με την προσομοίωση Monte Carlo και
υπολογίζουμε την κανονικοποιημένη απόσταση Wasserstein μεταξύ τους.
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(αʹ) Κανονικοποιημένη απόσταση Wasserstein του
τελεστή πρόσθεσης (+).
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τελεστή διαίρεσης (/).

Σχήμα 4: Αυτό το σχήμα δείχνει την κανονικοποιημένη απόσταση Wasserstein (άξονας
y) μεταξύ της κατανομής εξόδου της βιβλιοθήκης UPROP και του υπολογισμού με τη
χρήση ενός δείγματος. Μετράμε αυτή την απόσταση από την προσομοίωση Monte
Carlo. Χαμηλότερη τιμή σημαίνει καλύτερη απόδοση. Παρατηρούμε ότι όσο μεγαλύ-
τερος είναι ο αριθμός των στηλών, τόσο μεγαλύτερη είναι η ακρίβεια υπολογισμών.

Η Εικόνα 4 εμφανίζει οπτικοποιημένα τα αποτελέσματα. Το ελάχιστο
κέρδος ακρίβειας σε σχέση με τον υπολογισμό του δείγματος σωματιδίων,
είναι 1, 03× για 8 στήλες (bins) και το το μέγιστο είναι 44, 62× για 1024
στήλες (bins).

3.3 Συγκριτικοί Τελεστές
Τοδεύτεροσημαντικό ορόσημοπουπρέπει ναπετύχει η βιβλιοθήκηUPROP

είναι να παρέχει στους προγραμματιστές τη δυνατότητα να εξάγουν πληρο‐
φορίες και να θέτουν ερωτήσεις σχετικά με τον θόρυβο Uncertain αντικει‐
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μένων. Αυτό επιτρέπει στο χρήστη να λάβει μια τεκμηριωμένη απόφαση με
βάση το θόρυβο του συστήματος. Όπως αναφέρουμε στην ενότητα 2.6, υ‐
λοποιούμε τον τελεστή ισότητας(=) και ανισότητας ( ̸= ή !=) χρησιμοποιώ‐
ντας τη μέθοδο Kolmogorov–Smirnov [6]. Για τους υπόλοιπους τελεστές
παρέχουμε στον προγραμματιστή δύο μεθόδους από τις οποίες μπορεί να ε‐
πιλέξει:

1⃝ Στοχαστική κυριαρχία και

2⃝ ∆ιαφορά τυχαίων μεταβλητών.

Για να δοκιμάσουμε εκτενώς κάθε μέθοδο, παρέχουμε ένα σύνολο από
Τυχαίες Μεταβλητές που αντιπροσωπεύουν συγκεκριμένες κατανομές, τις
οποίες συγκρίνουμε μεταξύ τους. Παρουσιάζουμε το γράφημα των συναρ‐
τήσεων στην Εικόνα 5.

X > Y X ≥ Y X == Y X ̸= Y X < Y X ≤ Y

Testcase 1 False *True* True False False *True*
Testcase 2 False False False True True True
Testcase 3 False False False True True True
Testcase 4 False False False True False False
Testcase 5 False False False True *False* *False*
Testcase 6 False False False True False False

Πίνακας 3: Αποτελέσματα τελεστών υπό όρους για τα testcases 1-6, χρησιμοποιώντας
τη μέθοδο Διαφορά Τυχαίων Μεταβλήτών. Οι τιμές με τον αστερίσκο * σημειώνουν
το διαφορετικό αποτέλεσμα με την μεθόδου Στοχαστικής Κυριαρχίας.

X > Y X ≥ Y X == Y X ̸= Y X < Y X ≤ Y

Testcase 1 False *False* True False False *False*
Testcase 2 False False False True True True
Testcase 3 False False False True True True
Testcase 4 False False False True False False
Testcase 5 False False False True *True* *True*
Testcase 6 False False False True False False

Πίνακας 4: Αποτελέσματα τελεστών υπό όρους για τα testcases 1-6, χρησιμοποιώ-
ντας τη μέθοδο Στοχαστική Κυριαρχία. Οι τιμές με τον αστερίσκο * σημειώνουν το
διαφορετικό αποτέλεσμα με την μεθόδου Διαφορά Τυχαίων Μεταβλήτών.
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Σχήμα 5: Probability Density Functions of two random variables used to test conditional
operators and infer a partial order.

3.4 Υπολογισμός ταχύτητας από μετρήσεις GPS με θό‐
ρυβο

Για να δείξουμε τη δυνατότητα χρήσης του Uncertain τύπου για υπολο‐
γισμούς, υλοποιούμε μια εφαρμογή χρησιμοποιώντας το Παγκόσμιο Σύστη‐
μα Εντοπισμού Θέσης (GPS). Το παράδειγμα στο τμήμα κώδικα 1 μας παρα‐
κινεί να υλοποιήσουμε μια εφαρμογή που υπολογίζει την ταχύτητα χρησιμο‐
ποιώντας αβέβαιες μετρήσεις GPS από το smartphone του χρήστη. Εστιά‐
ζουμε στον τομέα του GPS επειδή οι εφαρμογές GPS είναι απλές στην κατα‐
νόηση, ευρέως χρησιμοποιούμενες στα κινητά και συνήθως αντιμετωπίζουν
θόρυβο στις μετρήσεις. Για την λήψη των μετρήσεων χρησιμοποιήσαμε έ‐
να κινητό τηλέφωνο και την εφαρμογή Phyphox [7] Για τον υπολογισμό της
ταχύτητας χρησιμοποιούμε την μέθοδο Haversine που υπολογίζει την από‐
σταση δύο των συντεταγμένων GPS:

a = sin2
(

∆ϕ

2

)
+ cosϕ1 · cosϕ2 · sin2

(
∆λ

2

)
(3.2)

c = 2 · arctan2(
√

a,
√

(1 − a)) (3.3)

D = R · c (3.4)
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Μετατρέποντας τις συντεταγμένες σε Uncertain

Για να υλοποιήσουμε την εφαρμογή υπολογισμού ταχύτητας πρέπει να
μετατρέψουμε τα δεδομένα μας σε τύπο Uncertain. Το API των κινητών
τηλεφώνων (Android και iPhone) παρέχει για κάθε μέτρηση την οριζόντια
ακρίβεια της θέσης (σε μέτρα). Με βάση αυτό, δειγματολειπτούμε μια δισ‐
διάστατη Γκαουσιανή κατανομή όπως δείχνουμε στην Εικόνα 6αʹ και μια κα‐
τανομή Rayleigh όπως δείχνουμε στην Εικόνα 6βʹ.
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Σχήμα 6: Δειγματοληψία γύρω από τις συντεταγμένες μέτρησης ώστε να προσθέσου-
με τεχνητό θόρυβο στις μετρήσεις μας.

Performance Gain
Test id Min Mean Max
Test 01 2.07 2.71 3.91
Test 02 1.77 2.34 5.04
Test 03 17.01 34.73 52.79
Test 04 2.0 7.79 44.41
Test 05 4.24 15.08 79.06
Test 06 2.36 5.57 29.06

Πίνακας 5: Αυτός ο πίνακας δείχνει το κέρδος της βιβλιοθήκης UPROP όσον αφορά
την ακρίβεια υπολογισμών σε σχέση με τον υπολογισμό μόνο με τις τιμές που μετρή-
σαμε.

Παρουσιάζουμε τα αποτελέσματα απόδοσης του μοντέλου μας στον Πί‐
νακα 5. Κατά μέσο όρο έχουμε 10× κέρδος απόδοσης σε σχέση με τον υπο‐
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λογισμό μόνο με τις τιμές των μετρήσεων. Αυτό το κέρδος απόδοσης κυ‐
μαίνεται από 2× έως 34× σε συγκεκριμένες δοκιμές. Η αξιολόγηση της
απόδοσης του μοντέλου γίνεται με βάση την κανονικοποιημένη απόσταση
Wasserstein.

Αυτοσυσχέτιση και αναπαράσταση μνήμης

Στην πλειοψηφία των υπολογισμών, η μέση τιμή των Uncertain αντι‐
κείμενων συγκλίνει με την τιμή των υπολογισμών με ένα δείγμα. Εκτός από
την επιτυχημένη σύγκλιση, βλέπουμε ότι η βιβλιοθήκη UPROP καταφέρνει
να προωθήσει το θόρυβο εισόδου στην εξόδο, κάτι που φαίνεται στην Εικό‐
να 7. Η επίδραση του θορύβου είναι εμφανής στο αποτέλεσμα. Η μέγιστη
και ελάχιστη τιμή πολλές φορές αποκλίνουν κατά 50% από τη μέση τιμή. Η
βιβλιοθήκη UPROP μπορεί να βοηθήσει τον προγραμματιστή να προβλέψει
αυτές τις ακραίες τιμές και να πράξει αναλόγως.
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Σχήμα 7: Εκτίμηση Ταχύτητας - Σύγκριση μεταξύ της χρήσης Uncertain αντικειμένων
και υπολογισμό με ένα δείγμα. Απεικονίζουμε την μέση τιμή, το ελάχιστο και το
μέγιστο κάθε μεθόδου.

Σε μερικές περιπτώσεις, βλέπουμε πως το μοντέλο αποτυγχάνει να υπο‐
λογίσει την πραγματική μέση τιμή της ταχύτητας. Πιο συγκεκριμένα, παρα‐
τηρούμε πως όσο πιο κοντά στο 0 είναι η υπολογισμένη τιμή, τόσο μεγα‐
λύτερη είναι η ανακρίβεια του μοντέλου μας. Η συμπεριφορά αυτή είναι
ιδιαίτερα εμφανής στις Εικόνες 4.9a, 02 4.9b, 04 4.9d και 06 4.9f.

Αποδίδουμε αυτή τη συμπεριφορά στη πιθανοτική φύση των Uncertain
αντικειμένων, και μόνο σε ορισμένες συνθήκες και μετασχηματισμούς/συ‐
ναρτήσεις: 1⃝ το πεδίο ορισμού της Uncertain μεταβλητής πρέπει να βρί‐
σκεται εκατέρωθεν του 0, 2⃝ η συνάρτηση μετασχηματισμού πρέπει να είναι
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άρτια, π.χ. f(x) = x2, και 3⃝ πρέπει να ελέγχουμε για αυτοσυσχέτιση μετα‐
βλητών. Ας υποθέσουμε ένα παράδειγμα όπου έχουμε το δείγμα x = 0 και
το αντίστοιχο Uncertain αντικείμενο, μια κανονική κατανομή με αόριστη
διασπορά, µ = 0 και η συνάρτηση μετασχηματισμού είναι η f(x) = x2. Ε‐
αν ικανοποιούνται οι παραπάνω συνθήκες, τότε το παραγόμενο Uncertain
αντικείμενο προκύπτει με αρνητική λοξότητα ενώ η τιμή που αναλογεί στο
ένα δείγμα είναι περίπου 0. ∆είχνουμε αυτήν τη συμπεριφορά στην Εικόνα 8
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Σχήμα 8: Ανάλυση κατανομής των Uncertain κατανομών με Αυτοσυσχέτιση ON και
OFF. Με την αυτοσυσχέτιση ON: στην Εικόνα 8βʹ, u2 ∼ (χ2). Με την αυτοσυσχέτιση
OFF: στην Εικόνα 8γʹ u2 ∼ Laplace(µ = 0, b = 1). Ιδανικά θα έπρεπε να ήταν:
mean(u2) ≈ p2 σε κάθε περίπτωση.

3.5 Μοντέλο εξάρθρωσης Brown‐Ham

Σε αυτό το πείραμα υπολογίζουμε την τάση κοπής ενός κράμαατος με‐
τάλλων χρησιμοποιώντας το μοντέλο εξάρθρωσης Brown‐Ham [8, 9]. Οι
Anderson et al. [8] παρέχουν εμπειρικά εύρη τιμών για τις εισόδους του
μοντέλου μετατόπισης. Υποθέτουμε ότι οι είσοδοι του μοντέλου ακολου‐
θούν μια ομοιόμορφη κατανομή σε αυτές τις περιοχές. Η εξίσωση 4.5.1 πα‐
ρέχει την εξίσωση υπολογισμού της τάσης κοπής τους κράματος. Αρχικά,
μετατρέπουμε όλες τις μεταβλητές που υπάρχουν στην εξίσωση 4.5.1 σε
Uncertain αντικείμενα και στη συνέχεια εκτελούμε τον υπολογισμό. Χρη‐
σιμοποιούμε την προσομοίωση Monte Carlo ως μέθοδο αναφοράς.

Στην Εικόνα 9 παρατηρούμε ότι η απόσταση είναι αντιστρόφως ανάλο‐
γη με τον αριθμό των στηλών (όσο χαμηλότερο τόσο καλύτερο). Το κέρδος
ακρίβειας της βιβλιοθήκης UPROP κυμαίνεται από 2× ‐‐ με μέγεθος αναπα‐
ράστασης 64, έως 9, 4× ‐‐ με μέγεθος αναπαράστασης 1024, σε σύγκριση με
τον υπολογισμό χρησιμοποιώνας ένα δείγμα. Εάν εκτελέσουμε τη συγκριτι‐
κή αξιολόγηση με τα Uncertain αντικείμενα να έχουν μέγεθος αναπαρστα‐
σης από 8 έως 32, το μοντέλο μας έχει έως και 2× χειρότερη ακρίβεια.
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Σχήμα 9: Η Κανονικοποιημένη απόσταση Wasserstein μεταξύ της υλοποίησης με την
βιβλιοθήκη UPROP και τον υπολογισμό ενός δείγματος, στο Πείραμα Brown-Ham.
Παρατηρούμε πως η απόσταση είναι αντιστρόφως ανάλογη στον αριθμό των στηλών
(bins) που χρησιμοποιούνται. (όσο χαμηλότερο τόσο καλύτερο).

4 Σύνοψη και μελλοντική έρευνα

4.1 Μελλοντική Έρευνα
Η βιβλιοθήκη UPROP αναλαμβάνει την πρόκληση να πλαισιώσει την α‐

βεβαιότητα και το θόρυβο μετρήσεων χρησιμοποιώντας μια αναπαράσταση
κατανομής στη μνήμης. Ο σχεδιασμός παρόμοιων συστημάτων, αποτελεί
μια τεράστια πρόκληση τόσο από την άποψημαθηματικών γνώσεων όσο και
στη διαχείριση του υπολογιστικού κόστος εκτέλεσης. Προτείνουμε μερικές
ενδιαφέρουσες δυνατότητες που μπορεί κανείς να ερευνήσει και η βιβλιοθή‐
κη μας μπορεί να χρησιμεύσει ως βάση για αυτή την έρευνα, καθώς παρέχει
τη δυνατότητα διαχείρησης και διάδοσης του θόρυβου εισόδου, στην έξοδο.

Αποτελεσματικότητα στους υπολογισμούς

Όπως συζητάμε εν συντομία στην Ενότητα 4.2, κατά τον υπολογισμό με
τη βιβλιοθήκη UPROP, η επιλογή του αριθμού των στηλών (bins) που αντι‐
προσωπεύουν ένα αντικείμενο Uncertain ενσωματώνει τον κλασικό συμ‐
βιβασμό μεταξύ ταχύτητας και ακρίβειας. Η επιλογή του σωστού αριθμού
bins είναι εξαιρετικά σημαντική: πολύ υψηλός και ο τύπος Uncertain θα εί‐
ναι πολύ αργός για πρακτική χρήση. πολύ χαμηλός και θα είναι πολύ ανακρι‐
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βής για την επίλυση προβλημάτων. Ο τύπος Uncertain σίγουρα αυξάνει το
υπολογιστικό κόστος σε σύγκριση υπολογισμούς ενός δείγματος. Η εύρεση
τρόπων μείωσης ή εξάλειψης των περιττών υπολογισμών για τη βελτιστο‐
ποίηση χρόνου εκτέλεσης, θα ήταν το επόμενο σημαντικό βήμα στην χρήση
της βιβλιοθήκης.

Εύρεση συσχέτισης μεταξύ μεταβλητών

Στην Υποενότητα 4.3.5, αναλύουμε μερικούς από τους λόγους για τους
οποίους η εύρεση αυτοσυσχέτισης είναι σημαντική. H αυτοσυσχέτιση απο‐
τελεί ένα εργαλείο το οποίο μπορεί να επηρεάσει τη σχέση μεταξύ αιτίου και
αιτιατού. Από τη άλλη η εύρεση της εισάγει υπολογιστικό κόστος. Μια τυπι‐
κή λύση σε αυτό το πρόβλημα μπορεί να είναι η παρότρυνση του χρήστη να
επαναπροσδιορίζει ρητά τις σχέσεις των Uncertain αντικείμενων ανά τα‐
κτά διαστήματα. Αυτό όμως θα μας παρέτρεπε από το σχεδιαστικό στόχο
του μινιμαλισμού.

Σφάλμα μετατόπισης μετά από πράξεις

Τέλος, στο Section 4.7 παρουσιάζουμε το σφάλμα μετατόπισης που προ‐
καλείται από τη χρήση των συνδυασμών συναρτήσεων Ντιράκ (ιστογράμ‐
ματων) για τη μετάδοση του θορύβου στις πράξεις. Η εκτέλεση πράξεων με
τις διάμεσες τιμές κάθε bin, έχει ως αποτέλεσμα μια "μετατόπιση προς τα
δεξιά" των αποτελεσμάτων αφού κατά την παραγωγή του αποτελέσματος
αγνοούμε ορισμένα δείγματα. Αυτή η συμπεριφορά ήταν αναμενόμενη κα‐
θώς είναι παράγωγο των σχεδιαστικών επιλογών μας. Επιλέξαμε ρητά να
την κρατήσουμε στο σύστημά μας γιατί θεωρούμε ότι το κέρδος απλότητας
των υπολογισμών αντισταθμίζει την απώλεια ακρίβειας, η οποία μπορεί να
αντιμετωπιστεί με αύξηση των bins. Ωστόσο, θα ήταν ενδιαφέρον αν κατα‐
φέρουμε να καταπολεμήσουμε αυτό το σφάλμα μετατόπισης, αναλύοντας
τα πλάτη των bins των τυχαίων μεταβλητών εισόδου και μετατοπίζοντας
αριστερά το παραγόμενο αποτέλεσμα.

4.2 Σύνοψη
Παρέχοντας ανεπαρκή εργαλεία και δομές δεδομένων, οι γλώσσες προ‐

γραμματισμού ενθαρρύνουν τους προγραμματιστές να αγνοήσουν το θόρυ‐
βο στα δεδομένα και οι υπάρχουσες δομές είτε δεν είναι αρκετά εκφραστικές
είτε απαιτούν σημαντικό χρόνο για έναν προγραμματιστή να τις χρησιμο‐
ποιήσει άνετα και αποτελεσματικά. Η βιβλιοθήκη UPROP συνεισφέρει στη
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αντιμετώπιση αυτού του προβλήματος. Υποστηρίζει τη μετάδοση του θορύ‐
βου στους υπολογισμούς ενώ παράλληλα προσφέρει εύκολη και εύχρηστη
διαχείριση του χωρίς υπερβολικές απαιτήσεις από τον χρήστη.

Αν και αυτή η προσέγγιση διασφαλίζει ότι η πρόσβαση στο θόρυβο γίνε‐
ται με ένα ευχρηστό και μινιμαλιστικό τρόπο, υπάρχουν και μειονεκτήματά.
Κατά τον υπολογισμό με τη βιβλιοθήκηUPROP, η επιλογή του μεγέθους ανα‐
παράστασης των Uncertain αντικειμένων ενσωματώνει τον κλασικό συμ‐
βιβασμό μεταξύ ταχύτητας και ακρίβειας. Η επιλογή του σωστού μεγέθους
είναι εξαιρετικά σημαντική: πολύ υψηλό και η χρήση της βιβλιοθήκης θα εί‐
ναι πολύ αργή για πρακτική χρήση, πολύ χαμηλή και δε θα υπάρχει αρκετή
ακρίβεια στους υπολογισμούς.
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Chapter 1

Introduction

The advance of technology is based on
making it fit in so that you don’t really even
notice it, so it’s part of everyday life.

–Bill Gates

Uncertainty and risk play a significant role in our everyday life. A
degree of uncertainty accompanies everyday decisions and judgements
followed by a risk assessment for the estimation of the probable causes.
We are so accustomed to it that we normally do not even recognize it
explicitly. The ability of computing systems to store and process data
has continuously improved, but the ability of programs to cope with and
reason about uncertainty has not.

In the past, we designed control systems as isolated and closed systems
under the control of one manufacturer and/or closed and protected en-
vironments. With the rise of usage of the Internet of Things, self-driving
cars and automation in every aspect of our lives, we are increasingly
dependent on accurate sensor readings. Thus, the ability of computer
systems has to keep up with the increasing flow of uncertain measure-
ments.

Sensors affect each measurement by inducing noise to it and this pro-
duces uncertainty regarding the true value of the measurand (quantity
to measure) [1]. The nature of physical measurements implies that there
is always some uncertainty between the recorded result and measurand.
Programmers have to take this uncertainty under consideration when
developing applications. Treating uncertain data as exact might lead to
incorrect results with catastrophic effects. Thus, the development of such
applications that handle uncertainty effectively without adding any per-
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formance overhead, is a major challenge. Programmers need to have
interdisciplinary knowledge which is not something common. In this
direction, robust ways and frameworks of tracking and quantifying un-
certainty are essential, as the autonomy of computing systems increases.
In the above example, of autonomous cars, the ability of the computing
system to quantify how uncertain a decision might be is a key element
to reducing hazards and avoiding accidents.

In this thesis, we investigate, propose, and develop a programming
model for describing, storing, executing arithmetic operations on uncertain
data, as well as using it to construct applications that handle them. We
expand the popular programming language Python to allow applications
to construct variables containing distributional information according to
well-known parametric distributions (e.g., Gaussian) or empirical data
(data sampled from sensors), advancing the state-of-the-art.

The UPROP library facilitates uncertainty propagation through arith-
metic and conditional operators, and function calls. When initializing
an Uncertain object containing distributional information, the developer
has the option to perform statistical and probabilistic queries on this ob-
ject, to more accurately predict and manage possible events.

1.1 Problem Statement
Data uncertainty measurement is a challenging and time-consuming

task that may need advanced statistical and scientific approaches (clas-
sical or Bayesian) as well as human judgment to assess. Modern appli-
cations are increasingly confronted with the difficulty of computing in
unpredictable environments. This ambiguity shows itself in the data that
computers manage. In certain circumstances, the uncertainty originates
by a sensor’s low resolution or accuracy.

One type of measurement uncertainty is the spread across multiple mea-
surements while the measurand is presumably constant. We reference
the type of uncertainty caused by variance in values for a (nominally)
fixed measurand as aleatoric uncertainty. When we retrieve measurements
at the same time using different measurement tools, we may encounter
aleatoric uncertainty. It is also possible to be uncertain about a measur-
and simply because we do not have enough information about it. We call
this type of uncertainty as epistemic uncertainty. When training a neural
network, for example, you begin with high values of epistemic uncertainty
about the weights required to achieve a high prediction accuracy.

Suppose a cluster of sensors, that measure an autonomous car’s dis-
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tance from the leading car/object, when driving. These sensors are re-
sponsible for collision avoidance at any time. The computer of the car
performs calculations based on the measurements provided by these sen-
sors. Although sensor manufacturers report expected aleatoric uncertainty
for their sensors, there might still be a high level of measurement un-
certainty as Mohan et al. [10] report. In the possibility that some mea-
surements are not available, we used output feedback control laws or
state estimation algorithms [11]. These observations lead to the conclu-
sion that, regardless of the hardware choice, developers still have to deal
with uncertainty and this requires interdisciplinary knowledge. Code
Listing 1.1 depicts the pseudo-code that an autonomous vehicle speed
controller may use to maintain a constant distance from the vehicle in
front of it, using sensor readings as input.

1 if distance < 10: # meters
2 car.decrease_speed()
3 elif distance == 10:
4 car.maintain_speed()
5 else:
6 car.steady_speed()

Listing 1.1: False positives in conditionals.

In Listing 1.1, if the developer ignores the underlying uncertainty in
measurement then the car might crash, due to late braking. Even if
something implausible occurs, and the sensor reports a distance greater
than 10 meters, the controller will instruct the car to accelerate, result-
ing in a collision. This information should urge the developer either
(i) make some statistical analysis of the data, or (ii) treat measurements
as uncertain before making critical decisions.

In most cases, rather than precise numbers, we should represent un-
certain as probability distributions or approximated values with error
boundaries. However, handling data as such would require developers
to rewrite their code, perhaps resulting in optimization issues. This is
why many estimation techniques assume the available measurements are dis-
turbance free [10]. This means developers treat data as facts, rather than
estimates. Bornholt [3] shows that this could lead to false positives and
or false negatives.
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1.2 Examples with Uncertainty
The most prominent examples of measurement uncertainty occur in

our everyday interaction with technology: the smartphone. From blurry
images captures to inaccurate GPS measurements, we subconsciously en-
counter uncertainty every time we use our smartphone. In this section
we present some examples of uncertainty encounter that motivated us to
develop the UPROP Python Library.

GPS Example
Modern and emerging applications compute over uncertain data from

mobile sensors, search, vision, medical trials, benchmarking, chemical
simulations, and human surveys. Characterizing uncertainty in these
data sources requires domain expertise, or interdisciplinary knowledge.
These data have become widely available and non-expert developers are
increasingly consuming the results.

Figure 1.1: Google Maps representes uncertainty in GPS measurements with a circle of
a specific radius, provided by the smartphone.

This section uses Global Positioning System (GPS) data to motivate a
correct and accessible abstraction for uncertain data. On mobile devices,
GPS sensors estimate location. APIs for GPS typically include a position
and estimated error radius (a confidence interval for location). As we see
in Figure 1.1 Google Maps depicts the horizontal accuracy as a radius
around the measured coordinates.

1 Latitude, Longitude, Horizontal_Accuracy = GPS_API()

Listing 1.2: GPS API usually returns a tuple of three elements: Latitude, Longitude
and Horizontal accuracy.
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Noisy sounds example
Another common example of noise and uncertainty in our everyday

life is noisy sound signals. The online communication through video
calls and conferences has seen an increased usage particularly after the
initial outbreak of COVID-19 [12]. Communicating efficiently, without
interferences due to bad signal strength, leading to ambiguous sound
signals is not yet established. There has been extensive research in Speech
and Language Processing (SLP) to counteract these obstacles. Povey et
al. proposed the Kaldi speech recognition toolkit [13], which is intended
for use by speech recognition researchers. Collobert et al. [14] propose
a convolutional neural network for speech regocnition. Virtual personal
assistants such as Google, Siri or Alexa [15] have seen an increased usage.

All these technologies strive to recognise speech using complex algo-
rithms and Machine Learning methods. We propose the UPROP Python
Library, a library that researchers can use to process sound signals and
possibly manage uncertainty. We visualise a — clear and the equivalent
noisy, speech signal in Figure 1.2, the first (1.2a) beeing the clear speech
and the second (1.2b) with Added White Gaussian Noise (AWGN). Later
in Chapter 4 we put the UPROP Python Library to the test, performing
a sound recognition algorithm.
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(a) Clear sounded speech.
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(b) Equivalent Noisy speech.

Figure 1.2: Clear sounded and noisy speech are a common example in our everyday
life when communicating via the internet.

1.3 Contributions of this work
In this work we present an uncertainty propagation library: the UP-

ROP Python Library. This library wraps the Uncertain datatype, a
datatype that encapsulates probability distributions — either empirical
or well-known parametric distributions. Using the available computer
architecture, we describe a memory representation to store probability
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distributions and based on probability theory, we propagate Uncertainty
through operations. We utilize Python’s built in methods to our advan-
tage and manage to propagate uncertainty even through user defined
functions. The main advantage of the Uncertain type originates from
it’s flexibility and minimalism in usage.

We evaluate the proposed abstraction with micro-benchmarks and
real life applications. The micro-benchmarks consist of tests on opera-
tors with well-known parametric distributions. The applications bench-
marks test a combination of operators and functions mapping: 1⃝ using
the Haversine Formula [16] to estimate user speed from uncertain GPS
coordinates, 2⃝ a sound detection algorithm with noisy sound signals as
input 3⃝ and calculation of the cutting stress of an alloy precipitate using
the Brown-Ham dislocation model [8, 9].

We compare the UPROP Python Library with the Monte Carlo Simu-
lation and state-of-the-art platforms for uncertainty propagation. When
using high number of bins the usage of the Uncertain type offers a
significant advantage over the conventional calculation method, ranging
from 1.2× to 40× more accurate. With regards to the comparison with
other state-of-the-art frameworks, when using a small number of bins
the UPROP library performs from 10× to 2× worse, while with higher
numbers we observe an increase in accuracy. Overall the UPROP Python
Library constitutes a flexible and minimal tool that the developer may use
to ensure uncertainty propagation when designing a system.

1.4 Thesis Outline
Chapter 2 supports the thesis theoretical background by providing an

overview of probability theory and random variables. In Chapter 3 we
present some of the design principles that we use in the development of
the uncertain package. We also show the implementation insights of the
Uncertain type, information on memory representation of uncertain data
and minimal examples of usage. Chapter 4 presents three case studies,
specific unit tests and presents the results in comparison with state-of-the-
art frameworks. Chapter 5 provides information about relevant literature
around the field of programming with uncertainty. Finally, Chapter 6
concludes the thesis, summarizes the main points and points out possible
future work.
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Chapter 2

Notation & Theoretical
Backgound

2.1 Probability Theory
In deterministic mathematics, a variable can take a single value at

every single moment. Either x = 5 or x = 4 holds True. This is not true
with random variables which variables often used to simulate the outcome
of an experiment. It is possible for a random variable to take multiple values.
These outcomes or possible values that a random variable can take must
be mutually exclusive, which means they cannot happen simultaneously.
To understand the concept of random variables we must first define and
model an ”experiment” or ”random process”. Thus, we have to use
the probability space or probability triple (Ω, F , P). A probability space
consists of three elements:

Ê A sample space Ω, which is the set often all possible outcomes.

Ë An event space, which is a set of events F , an event being a set of
outcomes in the sample space.

Ì A probability function P , which assings each event in the event
space a probability, which takes values between 0 and 1.

2.1.1 Probability
Thus, P or P is a function P : F → [0, 1]. To understand the notion of

probability function we must first introduce the notion of the probability of an
event. Consider an experiment: a single dice roll of a fair, six-sided die.
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In terms of a random experiment, this is nothing but randomly selecting
a sample of size 1 from a set of numbers that are mutually exclusive out-
comes. In this particular experiment, the sample space is {1, 2, 3, 4, 5, 6}
from which we can form different events based on conditions, e.g., ‘the
observed outcome lies between 2 and 5‘.

Suppose that we repeat an experiment N times, keeping the conditions
as similar as possible and that A is some event that may or may not occur
on each repetition. After N trials the outcome A occurred N(A) times.
As N becomes larger, the ratio N(A)/N converges to a constant limit. We
refer to the probability of an event, as the proportion that the event occurs
in the long run, that is if we repeat the experiment multiple times.

Definition 2.1.1 Let A be an event in the Probability Space Ω [17]. Let
N(A) be the sample size of A and N(Ω) be the sample size of Ω. We notate
the probability of the event A as P (A), P(A) or Pr(A) and is given by the
Equation

P (A) = lim
N→∞

N(A)
N(Ω)

(2.1.1)

Given the sample space Ω, of size N(Ω) and N(A) the number of times
in favor of A, we can also define probability as the ratio of the samples
of A to the samples of Ω [17].

P (A) = N(A)
N(Ω)

(2.1.2)

The probability P (A) has the following properties:

1. P (Ω) = 1

2. P (∅) = 0

3. 0 ≤ P (A) ≤ 1, ∀A ⊆ Ω

with ∅ beeing the empty set: {}, P (A) = 1 only when A = Ω, and
P (A) = 0 only when A = ∅,

We say that two events A and B are independent if the occurrence
of A does not provide any information for the occurrence of B and vice
versa. If whether or not one event occurs does affect the probability that
the other event will occur, then the two events are dependent. In terms
of probability this means that

P (A and B) = P (A) · P (B) (2.1.3)
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2.1.2 Random Variables
We unify all the above ideas under the concept of a Random Variable

(RV) which constitutes a numerical summary of random outcomes. The
possible values we can assign to a random variable can be either discrete
or continuous.

• Discrete random variables have discrete outcomes, e.g., the possible
outcomes when rolling a die: {1, 2, 3, 4, 5, 6}.

• A continuous random variable may take on a continuum of possible
values, countably or uncountably infinite, e.g., values in range: [0, π]

Random variables are usually notated with an uppercase letter, e.g., X.

Definition 2.1.2 A random variable X is a measurable mapping from the
sample space Ω associated with a random experiment into the set of real numbers
R [17].

X : Ω → R (2.1.4)

The sample space is the domain over on which we define a random
variable and not the set of values it can take. We represent the probability
that a random variable X over Ω takes the value x ∈ Ω with a probability
distribution: p : Ω → [0, ∞).

In the same way as Equation 2.1.3, we say two random variables are
independent if the value of one has no bearing on the value of the other.
Formally we say two random variables X and Y are independent if, for
every possible x ∈ ΩX and y ∈ ΩY :

P (X = x and Y = y) = P (X = x) · P (Y = y) (2.1.5)

We say that a probability distribution is a list of outcomes and their asso-
ciated probabilities. For different type of Random Variables we define a
different type of probability function.

Ê We represent a discrete Random Variable with a probability mass func-
tion (PMF).

Ë We represent a continuous Random Variable with a probability density
function (PDF).

In Section 2.1.2 we discuss the two categories of a random variable.
Figure 2.1 shows an example of a discrete random variable that takes
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discrete values in the range: (0, 6.5). Figure 2.2 shows a continuous
random variable with distribution support in the range: (0, 0.05)
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Figure 2.1: A discrete random variable.

Definition 2.1.3 Let X be a discrete random variable. Let S be the sample
space of X. We denote the probability mass function X as p(x)X. The
PMF assigns probabilities to the possible values of the random variable [17].
Specifically, if x1, x2, ∈ S then the PMF is:

p(xi) = P (X = xi) = P ({s ∈ S | X(s) = xi)}) (2.1.6)

where P is a probability measure and p(x)X can also simplified as p(x).
For the probability mass function it is true that:

∑
x

pX(x) = 1 (2.1.7)

Definition 2.1.4 Let X be a discrete random variable. The cumulative dis-
tribution function of X is FX(x). FX(x) is a function that maps the values x
on the real numbers domain [17].

FX(x) = P (X ≤ x) =
∑

xi≤x

P (X = xi) =
∑

xi≤x

p(xi) (2.1.8)
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Figure 2.2: PDF of a continuous random variable.

To determine the distribution of a discrete random variable we can
either provide its PMF or CDF. For continuous random variables, the
CDF is well-defined so we can provide the CDF. However, the PMF does
not work for continuous random variables, because P (X = x) = 0 for all
x ∈ R. Instead, we can use the probability density function (PDF). The
concept is similar to mass density in physics: its unit is the probability
per unit length.

Definition 2.1.5 Let X be a continuous random variable. Let ∆ > 0. The
probability density function of X is fX(x) [17].

fX(x) = lim
∆→0

P (x < X ≤ x + ∆)
∆

(2.1.9)

Using Equations 2.1.8 and 2.1.9 we conclude that:

fX(x) = lim
∆→0

FX(x + ∆) − FX(x)
∆

= dF (x)
dx

= F ′(x) (2.1.10)

We consider a continuous random variable X with an absolutely contin-
uous CDF FX(x). Since the PDF is the derivative of the CDF, shown in
Equation 2.1.10, we can obtain the CDF from PDF by integration.
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Definition 2.1.6 Let X be a continuous random variable. The Cumulative
Density Function of X is FX(x) [17].

FX(x) =
∫ x

−∞
fX(u)du (2.1.11)
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Figure 2.3: Cumulative Distribution Function and Probability Density Function of a
continuous random variable X ∼ N (0, 1)1

Also, we have:

P (a < X ≤ b) = FX(b) − FX(a) =
∫ b

a
fX(u)du (2.1.12)

In particular, the integral of the CDF over the entire range of the random
variable (2.1.14) should be equal to 1 [17].∫ ∞

−∞
fX(u)du = 1 (2.1.13)

The range of a random variable X is the set of possible values of the
random variable. If X is a continuous random variable, we can define
the range of X as the set of real numbers x for which the PDF is larger
than zero, i.e.,

1X ∼ N (µ, σ2) represents a Standard Normal Distribution with mean value: µ and
variance: σ2.
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Definition 2.1.7 Let X be a random variable. The range of X is RX and is
the range of all possible values that X can take. We refer to RX as Distribution
Support [17].

RX = {x|fX(x) > 0} (2.1.14)

Definition 2.1.8 Let X be a random variable. The expected value E[X] of X
is the weighted average of all possible values of the variable [17]. If X is discrete
with probability mass function p(x) then E[X] = ∑∞

i=1 xip(xi)dx. If X is con-
tinuous with probability density function fX(x) then E[X] =

∫
Ω xf(x)dx [17].

We also call E[X] the mean or average of A and we represent it with the
greek letter µ.

Definition 2.1.9 Let X be a random variable and k be a positive integer. The
kth moment and the the kth centralized moment σk of X [17] respectively are:

mk = E(Xk) (2.1.15)

σk = E[(X − µ1)k] (2.1.16)

Definition 2.1.10 The variance: V ar(X) or σ2, of a random variable X is
the 2nd centralized moment of X (σ2). It is the expectation of the squared
deviation of the random variable from its population mean. If X is discrete
with PMF p(x), then V ar(X) = E[(X − µ)2] = ∑∞

i=1 p(xi)(xi − µ)2, while if
X is continuous with PDF f(x), then V ar(X) =

∫
Ω x2f(x)dx − µ2 [17].

Definition 2.1.11 The mode of a random variable is the value at which the
PDF (or the PMF) is at a maximum.
If X discrete and has PMF p(x):

mode = max{xi : p(xi) ≥ p(xj), i ̸= j ∀{i, j} ∈ Ω} (2.1.17)

If X is continuous and has PDF f(x):

mode = max{xi : f(xi) ≥ f(xj), i ̸= j ∀{i, j} ∈ Ω} (2.1.18)
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2.2 Arithmetic operations on random variables
Let X, Y be continuous random variables with probability density

functions fX and fY accordingly. Let the first two moments of X be
µX , σX and of Y be µY , σY . If we tranform the random variable X through
multiplication with b and addition of a, then we affect the mean and
variance [17].

µaX+b = aµX + b

σ2
aX+b = a2σ2

X (2.2.1)

The mean of the sum of difference of two random variables X and Y is
the sum or difference of their means [17].

µX±Y = µX ± µY

σ2
X±Y = σ2

X + σ2
Y (2.2.2)

Theorem 2.2.1 Let X, Y , two random variables. If X and Y have a joint
density function, then Z = X + Y has a density function fX+Y (Z) [17].

fX+Y (Z) =
∫ ∞

−∞
f(x, z − x)dx (2.2.3)

If X and Y are two independent random variables with probability
density functions fX(x) and fY (y) respectively then the probability den-
sity function of Z = X + Y is fZ(z) and is the product of the circular
convolution between fX and fY . We notate the operation of convolution
between X and Y as fX+Y = f(X) ∗ g(Y ) [17].

f(X) ∗ g(Y ) = fX+Y (z) =
∫ ∞

−∞
fX(x)fY (z − x)dx =∫ ∞

−∞
fX(z − y)fY (y)dy (2.2.4)

The convolution of either two discrete or continuous random variables is
shown in Equation 2.2.5 [17].

P (Z = z) =
∞∑

k=−∞
P (X = k)P (Y = z − k)

(f ∗ g)(z) =
∫ ∞

−∞
f(z − t)g(t)dt =

∫ ∞

−∞
f(t)g(z − t)dt

(2.2.5)
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To conclude, following Equations 2.1.3, 2.2.5, when applying any of
the basic operators between two random variables X and Y :

Ê We generate the new distribution support as a pointwise operation
(+, −, ∗, /), between the distribution support of X and Y .

Ë we generate a new random variable Z , with PDF fZ(z). fZ(z) is
the results of the convolution of fX(x) and fY (y).

2.3 Comparing distributions
Comparing two integers or any two particle values is well defined

in modern mathematics. On the other hand, comparing random vari-
ables, thus comparing distributions is not limited to a single method.
Some indicators showing the difference in two distributions, are: (i) the
Kolmogorov-Smirnov test [6], (ii) the Kullback-Leibler divergence [18]
(iii) or the Cramer-von Mises criterion [19]. In this thesis, we utilize the
two criteria shown in Subsections 2.3.1 and 2.3.2.

2.3.1 Stochastic Dominance
We refer to a partial order between random variables as stochastic

dominance [20]. It’s a type of probabilistic ordering. Let A, B be two
random variables that represents the outcomes a and b of an experiment,
respectively. When we rank an outcome a of an experiment as superior
to another outcome b then we can state that A is stochastically dominant
over B. Stochastic dominance does not give a total order, but only a
partial order. In terms of the cumulative distribution functions of the
two random variables, A dominating B means that the CDF of A is less
or equal to the CDF of B, with strict inequality at some x, as we show
in Equation 2.3.1. In this thesis we only deal with first-order stochastic
dominance (FSD). In Chapter 3 we present how we utilize Definition 2.3.1
to deduce partial ordering for Uncertain objects.

FA(x) ≤ FB(x), ∀ x (2.3.1)

Definition 2.3.1 Let A, B be two random variables. A has first-order stochas-
tic dominance over B if for any outcome x, A gives at least as high a probability
of receiving at least x as does B, and for some x, A gives a higher probability
of receiving at least x [20].

P [A ≥ x] ≥ P [B ≥ x], ∀ x and for some x : P [A ≥ x] > P [B ≥ x] (2.3.2)
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2.3.2 Distribution Comparison Metric

While Equation 2.3.2 is an effective method for obtaining a boolean
result, there should also be a metric to help understand the concept of
distance between distributions.

In this thesis, we propose a dissimilarity measure using the Wasser-
stein distance. [21, 22], also called the Earth Mover’s Distance (EMD) [23].
The Wasserstein distance is typically used for image and audio process-
ing as well as generative adversarial networks [24, 25]. The Wasserstein
distance, thoroughly explained in Section 2.3.3, originates from the op-
timal transport problem, and is the distance between the distributions,
and the calculation does not require any parameters. In the field of data
science, a (dis)similarity between data corresponds to a distance between
data. Therefore, we can obtain and quantify the dissimilarity between
distributions by the Wasserstein distance. The optimal transport problem
is the calculation of the minimum cost for transporting luggage from one
point to another point, and thus the obtained Wasserstein distance in this
thesis is the minimum deformation for changing a distribution to match
another reference distribution. Hence, a small value of the Wasserstein
distance indicates that the distributions are similar, while a large
value implies that they are dissimilar.

In our evaluation, we measure the Wasserstein distance between the
results of a single benchmark execution using the (i) Uncertain datatype
and (ii) a state-of-the-art framework, using distributional inputs. We use
it to compare the performance of the two frameworks.

2.3.3 Wasserstein ‐ Earth Mover’s Distance

The Earth Mover’s Distance (EMD) orWasserstein Distance is a method
to evaluate divergence between two multi-dimensional distributions in
some feature space where a given a distance measure between single
features, called the ground distance. The EMD ”lifts” this distance from
measuring individual features to comparing full distributions.

Definition 2.3.2 Let (M, d) be a metric space, and let p ∈ [1, ∞). For any
two probability measures µ, ν on M, we define the Wasserstein distance of order
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Figure 2.4: The grey area represents the W1 distance between distribution e−x2 and
e−x, The W1 remains the same either using the CDF (Figure 2.4a) or the QF (Figure
2.4b) to calculate it.

p between µ and ν by the formula [21]:

Wp(µ, ν) =
(

inf
π∈Π(µ,ν)

∫
X

d(x, y)pdπ(x, y)
)1/p

= inf
{
[Ed(X, Y )p]

1
p , law(X) = µ, law(Y ) = ν

} (2.3.3)

We denote this distance as Wp(µ, ν) or pth-Wasserstein distance.

Definition 2.3.3 We can also define Wp as:

Wp(µ, ν)p = inf E [d(X, Y )p] (2.3.4)

where d is the chosen metric and we take the infimum, over all the joint
distributions of the random variables X and Y with marginals µ and ν,
respectively.
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To intuitively understand how the Wasserstein distance works, we
provide an example. Given two distributions, the first beeing the mass
of earth scattered in space and the second, a collection of holes in that
same space; the Wasserstein distance measures the least amount of work
needed to move the mass of earth into the holes. We call this amount
of work the ground distance. This problem only makes sense if the mass
scattered into space has the same mass as the holes to fill; therefore
without loss of generality assume that µ and ν are probability distribu-
tions containing a total mass of 1. Since the UPROP Library supports
only 1-Dimensional distributions the Wasserstein distance is, in this case,
deducted to the Wasserstein-1 metric or W1.

Definition 2.3.4 Let X, Y be two random variables and their CDF F1, F2
respectively. We define the Wassersteind-1 metric between X and Y as:

W1 (F1, F2) =
∫
R

|F1(x) − F2(x)| dx (2.3.5)

or alternatively as:

W1 (Q1, Q2) =
∫ 1

0
|Q1(x) − Q2(x)| dx (2.3.6)

In Figure 2.4 we visualize the calculation of the W1 distance. This
is helpful to comprehend the calculation process. To understand the
variation of the W1 metric between two distributions we initialize two
random variables A (purple) and B (blue), representing two gaussian
distributions with arbitraty mean and variance. We iterate K times dur-
ing which we transform the random variable B by (i) shifting it by the
constant k = 1, (ii) scaling it by the constant k = 1 (iii) or shifting and
scaling it by the constant k = 1. In Figures 2.5, 2.6 and 2.7 we present
the results of these modifications, and we showcase the effect that trans-
formations have on the Wasserstein distance. We observe that for all the
examples, the Wasserstein distance follows the same transformation that
we condition the random variable B.
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(a) Ridge plot of a distribution A and the transformed distribution
B. Distribution B updates on each step. In the first step A = B
but in each step distribution B shifts right by a value of k = 1.
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(b) Calculated Wasserstein distances (y-
axis) for consecutive linear shifts of dis-
tribution B. The x-axis shows the varia-
tion of the mean value: µB .

Figure 2.5: Depiction of the variation of the Wasserstein Distance between distribution
A and the same distribution shifted in every step: B. We observe that the variation in
the Wasserstein metric follows the linear shift (by a value of k = 1) of the mean of
distribution B.

We observe that the Wasserstein distance increase rate is faster for the
combined shift and scale transformation, while the scaling example in
Figure 2.6 has the slowest increase rate. We can attribute this to the fact
that the two distributions share a portion of the distribution support.
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(a) Ridge plot of a distribution A and the transformed distribution
B. We update distribution B on each step. In the first step A = B
but in each step distribution’s we increase the standard deviation
σB of B by a value of k = 1.
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axis) for consecutive linear shifts of dis-
tribution B. The x-axis shows the varia-
tion of the standard deviation: σB .

Figure 2.6: Depiction of the variation of the Wasserstein distance between distribution
A and B with the latter scaled by a factor of k = 1 in every step. We observe that the
variation in the Wasserstein metric follows the linear shift of the standard deviation σB.
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(a) Ridge plot of a distribution A and the transformed distribution
B. We shift Distribution B in every step by 1 and we increase it’s
standard deviation by 1 as well.
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(b) Calculated Wasserstein distances (y-
axis) for consecutive linear shifts of dis-
tribution B. The x-axis shows the varia-
tion of the standard deviation: σB and
the mean value: µB .

Figure 2.7: Depiction of the variation of the Wasserstei distances between distribution
A and B with the latter shifted and scaled by a factor of k = 1 in every step. We
observe that the variation in the Wasserstein metric follows the linear shift and scale of
the standard deviation σB.

2.3.4 Kolmogorov‐Smirnov Test
We use the Kolmogorov-Smirnov test (KS-test) to decide if a sample

comes from a population with a specific distribution [6]. It is a non-
parametric test of the equality of continuous 1-Dimensional probability
distributions. With the KS-test we can obtain the Kolmogorov–Smirnov
statistic. This statistic measures the distance between a sample’s empiri-
cal CDF and the reference distribution’s CDF, or between two samples’
empirical CDFs. In particular, in this thesis, we use the two-sample
Kolmogorov–Smirnov Test, to decide if two Uncertain objects are equal
in distribution ( d=). We discuss this later in Subsection 3.4.1. We define
the two-Sample Kolmogorov-Smirnov test as a set of two hypotheses:

À The null hypothesis, H0: the two samples arose from the same
distribution

Á The alternative hypothesis, H1: the two samples arose from different
distributions

Suppose that the first sample has size m with an observed cumulative
distribution function of Fn(x) and that the second sample has size n with
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an observed cumulative distribution function of Gn(x). We define:

Dm,n = maxx|Fn(x) − Gm(x)| (2.3.7)

We reject the null hypothesis (at significance level α) if Dm,n > Dm,n,α

where Dm,n,α is the critical value. For m and n sufficiently large:

Dm,n,α = c(α)
√

m + n

mn
(2.3.8)

where c(α) = the inverse of the Kolmogorov distribution at α. Figure 2.8
represents the PDF of the Kolmogorov Distribution.

Figure 2.8: The Kolmogorov distribution’s PDF [26].

In Chapter 3 we present how we utilize Equation 2.3.4 to implement
equality comparisons with Uncertain objects.
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Chapter 3

Implementation

In Chapter 2 we set the mathematical foundation needed for the UP-
ROP Python Library. In this Chapter, we introduce and analyze the
design principles and the implementation of the U.PROP. Library, (Un-
certainty Propagation), wrapping the Uncertain type. We also state what
is our main goal: To provide non-expert programmers, a basic, user-
friendly interface with a wide range of operations, which allows them
to think effectively about uncertainty and not ignore it. We present our
efforts of creating a programming model that is efficient enough to apply
in real-world scenarios.

In more detail: Section 3.1 presents our design principles for the UP-
ROP Python Library. Section 3.2 describes Uncertain ’s type memory
representation of distributional information and what insights we gain
from using it. In Section 3.3 we explain how uncertainty propagates
through operations and function calls. Finally, in Section 3.4 we demon-
strate with examples how users can query uncertainty from Uncertain
objects and exploit it to their advantage.

3.1 Design Principles

3.1.1 The idea
Existing computer architectures and programming languages lack hard-

ware support and abstractions to treat uncertainty the in a different way
than they treat the arithmetic values i.e., with single particle values. Com-
puters are build upon the assumption that no degree of uncertainty lies
behing the entirety of the particle values. Most implementations by pro-
grammers or existing libraries usually represent uncertainty by using the
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mean value of a set of samples or using statistical analysis. The de-facto
method – of both the reseach community and the industry, is the Monte
Carlo Simulation (Subsection 4.1.1). It constitutes a reliable but com-
putationally expensive method of propagating uncertainty. The Monte
Carlo Simulation generally yields more accurate results than other meth-
ods, accounting even for the extreme outcomes. The idea behind the
UPROP Python Library approaches the Monte Carlo simulation but in a
determenistic way, requiring less time and operations.

3.1.2 Goals
The UPROP Python Library introduces Uncertain , a generic data

type that encapsulates a probability distribution over a memory repre-
sentation. The goal of this library is to extend the Python Programming
Language [4] in order to allow developers to seamlessly create variables
with distributional information. Although the Uncertain datatype can
support empirical data (e.g., data sampled from sensors) or data derived
from well-known parametric distributions (e.g., Gaussian), the main focus
is to provide developers mainly managing empirical data, a 1⃝ minimal
and 2⃝ flexible tool.

• It should allow Python developers to adopt it in their code, replac‐
ing, when necessary, the conventional numeric data types such as
int, double or float.

• An instance of an Uncertain variable should be able to represent
a Random Variable.

• The Uncertain class should also overload the majority of Python’s
base class operators so that programmers may write the same ex-
pressions whilst propagating uncertainty through operations and
functions.

The Uncertain data type incorporates and manipulates probability
distributions of samples. Having samples as input, allows working along
with conventional first-order datatypes. It also instigates programmers to
account for data uncertainty by giving new semantics for conditional ex-
pressions, which propagate uncertainty through computations. Uncertain
extends and differentiates from some earlier work in a way that focuses
on providing a user-friendly interface for non-expert Python program-
mers to properly reason about uncertainty.
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The key insight of the Uncertain type is that in order to represent
uncertainty as a first-order datatype in memory there has to be some
trade-off with regards to accuracy. Furthermore, the nature of a Ran-
dom Variable limits the amount of operators accessible since we have
to make some assumptions about the transition of regular operations to
probabilistic operations.

3.2 Representation of distributional informa‐
tion

As we mention in Subection 3.1.2, the focus of the UPROP Library
is to provide a useful tool to developers mainly managing emprical data
(i.e., measurements). Thus, the most accurate approach would be to
directly store the samples. But this adds significant performance and
memory overhead and quickly becomes impractical. In Subsection 2.1.2
we showcase that a random variable and hence a distribution can be
explicitly defined by either providing its’ PDF – if the random variable
is continuous, its’ PMF – if the random variable is discrete or even its’
CDF. Thus, the UPROP Library represents the input distributions with
an approximation of the PDF/PMF in memory by using a Dirac Mixture
Representation as Tsoutsouras et al. [2] propose.

Definition 3.2.1 Dirac mixture representation: Let δ(x) be the Dirac
delta function — a unit impulse at position x. Given a value x0 ∈ R, we
consider δ(x − x0) as a probability mass function and we call it a particle value
(or just particle). Using this definition, we transform an array of particle values
x1, x2..., xM into a probability mass function using a weighted sum.

fX(x) =
M∑

n=1
pnδ(x − xn), where pn ∈ [0, 1],

M∑
n=1

pn = 1 (3.2.1)

If the Dirac mixture is equally spaced in the x-axis, then this repre-
sentation takes the form of a relative frequency histogram. It is clear that
the memory size of an Uncertain object is determined by the number of
Dirac (or bins). A key insight of using this representation is that there
is a trade-off between the representation size of an Uncertain object and
the accuracy of calculations.
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(b) Histogram with 50 bins.
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(c) Histogram with 500 bins.

Figure 3.1: Three different histograms of the same random variable representing a
Standard Normal Distribution with µ = 0, σ2 = 1. The blue line is the PDF of each
distribution.

It’s worth noting that employing histograms adds complexity to the
process as compared to using just particle values. To transform the sam-
ples to histograms requires an algorithm of O (N · k) time complexity, to
sort the N samples into k bins and calculate their frequencies. The space
complexity of this representation is O (k). If we opted for storing the
samples directly, the corresponding space complexity would be O(N).

3.3 Uncertainty Propagation
The fundamental principle of the Uncertain type is capturing uncer-

tainty – even the most extreme outcomes, and propagating it to any oper-
ation performed with Uncertain objects. Suppose two Random Variables
and the corresponding Uncertain objects, X ∼ U (0, 6) and Y ∼ U (0, 6)
1, represented by the Uncertain type. The result from their addition
Z = X + Y is also an Uncertain object representing a Random Variable
as we show in Listing 3.1.

1 X = Uncertain([i for i in range(0,100)])
2 X = Uncertain([i for i in range(100,200)])
3 Z = X + Y

Listing 3.1: Adding two Uncertain objects.

There are two takeaways from Listing 3.1:

Ê Data uncertainty is automatically propagated in the backend of the
Uncertain type.

Ë There are not significant code alterations compared to an imple-
mentation with particle values (one-sample values)

1U(a,b) represents a uniform distribution in the interval [a, b]
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We accomplish takeaway Ê using Equation 2.2.5. This Equation de-
fines the result of on operation between Random Variables which is a
circular convolution of their distribution support positions and the corre-
sponding probability masses. In Listing 3.2 we show our implementation
of the circular convolution using the memory representation presented
in Section 3.2.

1 def addRandomVariables(X1, X2):
2 """Calculate the circular convolution of X1 with X2."""
3 dst_hist = []
4 dst_medians = []
5 for i in range(0,len(X1.hist)):
6 for j in range(0,len(X2.hist)):
7 dst_hist.append(X1.hist[i]*X2.hist[j])
8 dst_medians.append(X1.median[i] + X2.median[j])
9

10 dstVar = createObjectFromOperation(dst_hist, dst_medians)
11 return dstVar

Listing 3.2: Implementation of the circular convolution between two Random Variables
(Uncertain objects). The generation of the new Uncertain object comes from definition
3.2.1. The variable dst_hist holds the probability values pn and dst_medians hold
the (x − xn) distribution support points. We initialize the new object dstVar using the
generated histogram.

3.3.1 Overloaded Magic or Dunder Methods

Magic methods in Python are the special methods that start and end
with the double underscores. They are also called dunder methods.
Magic methods are not meant to invoke directly from the user, but the
invocation happens internally from the class on a certain action. For
example, when the user add two numbers using the + operator, internally,
we call the __add__() method. Listing 3.3 shows all the attributes and
methods of the int class. The Uncertain class overloads most of the
magic methods that the Python template class offers. We present there
methods in Subsections 3.3.2, 3.4.1 and 3.4.3.
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1 dir(int)
2 ['__abs__', '__add__', '__and__', '__bool__', '__ceil__',
3 '__class__', '__delattr__', '__dir__', '__divmod__',
4 '__doc__', '__eq__', '__float__', '__floor__', '__floordiv__',
5 '__int__', '__invert__', '__le__', '__lshift__', '__lt__',
6 '__mod__', '__mul__', '__ne__', '__neg__', '__new__', '__or__',
7 '__rlshift__', '__rmod__', '__rmul__', '__ror__', '__round__',
8 '__rpow__', '__rrshift__', '__rshift__', '__rsub__', '__rtruediv__',
9 '__rxor__', '__setattr__', '__sizeof__', '__str__', '__sub__',
10 '__subclasshook__', '__truediv__', '__trunc__', '__xor__',
11 'bit_length', 'conjugate', 'denominator', 'from_bytes', 'imag',
12 'numerator', 'real', 'to_bytes']

Listing 3.3: This Listing shows all the attributes and methods defined in the int class.
We call the methods that start and end with the double underscores magic or dunder
methods.

3.3.2 Overloaded Arithmetic Operators
We mention in Section 3.1 that the goal of the Uncertain type is to

replace the conventional datatypes suck as int,float, ..., etc. In order
to accomplish this, the functionality of Uncertain has to simulate the
functionality of the aforementioned data types. We managed to achieve
this by using Object-Oriented Programming (OOP) in Python.

5.0 7.5 10.0 12.5 15.0 17.5 20.0 22.5 25.00.00

0.01

0.02

0.03

0.04 Operand (1) (8, 2)
Operand (2) (10, 1)
X+Y

Figure 3.2: Adding two Uncertain variables. The 1st operand represents a RV X ∼
N (8, 1) and the 2nd operand a RV Y ∼ N (10, 1). Their addition generates a new
distribution Z ∼ N (18, 2), as expected, based on equation 2.2.2.
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In Python3 the base class is the object class. All classes implicitly
inherit from the built-in object base class. The object class provides
some common methods, such as __init__, __str__, and __new__, that
can be overridden by any child class. Uncertain utilizes this functionality
and overloads a variety of operators.

The overloaded operators propagate uncertainty using a circular con-
volution between Uncertain objects as we show in Listing 3.2. In Fig-
ure 3.2 we showcase a simple example of the addition of two Uncertain
objects. In Tables 3.1-3.3 we present the list of Uncertain ’s overloaded
operators. Columns type(a) and type(b) show the supported operand
types when calling the corresponding operator. The return type of the
overloaded operators is an Uncertain object.

Method Usage type(a) type(b)
__neg__ -a Uncertain -
__add__ a+b Uncertain Uncertain | Number
__sub__ a-b Uncertain Uncertain | Number
__mul__ a*b Uncertain Uncertain | Number
__truediv__ a/b Uncertain Uncertain | Number
__pow__ a**b Uncertain Uncertain | Number
__mod__ a%b Uncertain Uncertain | Number
__divmod__ divmod(a,b) Uncertain Uncertain | Number

Table 3.1: Overloaded arithmetic operator methods.

Method Usage type(a) type(b)
__iadd__ a += b Uncertain Uncertain | Number
__isub__ a -= b Uncertain Uncertain | Number
__imul__ a *= b Uncertain Uncertain | Number
__itruediv__ a /= b Uncertain Uncertain | Number

Table 3.2: Overloaded in place arithmetic operator methods.

The implementation of the circular convolution raises a dilemma, aim
for increased accuracy in expense of larger memory usage or aim for a trade-
off between them?. The chosen implementation of the convolution has
space complexity of O (k ∗ n), where k is the number of bins of the 1st

operand and n is the number of bins of the 2nd operand. After a small
number of operations and function calls, this quickly becomes impractical
in terms of memory usage. Thus, to maintain a reasonable amount of
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memory usage, we decided to keep the same number of bins after each
operation. If k > n then we opt to keep k bins.

Method Usage type(a) type(b)
__rsub__ a-b Number Uncertain
__radd__ a+b Number Uncertain
__rmul__ a*b Number Uncertain
__rtruediv__ a/b Number Uncertain
__rpow__ a**b Number Uncertain
__rmod__ a%b Number Uncertain
__rdivmod__ divmod(a,b) Number Uncertain
__rfloordiv__ a//b Number Uncertain

Table 3.3: Overloaded arithmetic operator methods with the preceding ”r” e.g.,
__radd__ are only called if the left operand (a) does not support the corresponding
operation and the operands are of different types.

3.3.3 Mapping Functions to Uncertain objects

A significant milestone for the Uncertain type to simulate numeric
types is to be able to support all function calls using Uncertain objects.
Python’s map() is a built-in function that allows the processing and trans-
formation of all the items in an iterable without using an explicit for loop.
We use this function to our advantage and map the Uncertain ’s distri-
bution support points to a user-defined function. We implement this
functionality in the u_map() function. The new mapped values create a
new Uncertain object. Listing 3.5 shows our implementation of u_map()
while Listing 3.4 presents an example using this function.

1 from UPROP import Uncertain, u_map
2 from math import exp
3

4 samples = [i for i in range(0,100)]
5 x = Uncertain(samples)
6 newX = u_map(x, exp)

Listing 3.4: Example of using the u_map function on an Uncertain object with function
math.exp: ex.
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(b) The output Uncertain object: ex generated by
the u_map method.

Figure 3.3: Results of the example in Listing 3.4. Figure 3.3a represents input and
Figure 3.3b is the output of the u_map() method.

1 def u_map(obj, func: Callable, **kwargs) -> Uncertain:
2 """Map function <func> to the <obj> Uncertain object"""
3 new_medians = map(lambda x: func(x, **kwargs), obj._medians)
4 """
5 Since the ordering of the new mapped values has not
6 changed, compared with the original medians the histogram
7 values in the corresponding positions represent the
8 probablity of each new median.
9 """
10 dstVar = createObjectFromOperation(obj.hist, new_medians)
11 return dstVar

Listing 3.5: Uncertain ’s u_map implementation: mapping a function to an Uncertain
object.

3.4 Extracting uncertainty information
To unfold the full potential of the Uncertain type, we have to provide

access and insights to the user about the uncertainty of any Uncertain ob-
ject used. Following every initialization and operation, with Uncertain
objects, we calculate and store the most significant distributional informa-
tion related to them. This allows the user to make an informed decision
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based on uncertainty propagation from the input. We present the avail-
able distributional information to query in table 3.4.

Method Purpose Type of val
mean µ = E[X] -
variance E[(X − µ)2] -
min() Xmin -
max() Xmax -
mode() xi : P (X = xi) ≥ P (X = xj) i ̸= j -
NthMoment(N) σN = E[(X − µ)N ] -
prob(val) P (X = val) Number
CDF(val) FX(x = val) Number
QF(val) F −1

X (x = val) Number
probabilityEQ(val) P (X = val) Number
probabilityNE(val) P (X ̸= val) Number
probabilityLT(val) P (X < val) Number
probabilityLE(val) P (X ≤ val) Number
probabilityGT(val) P (X > val) Number
probabilityGE(val) P (X ≥ val) Number

Table 3.4: Uncertain ’s available methods to extract uncertainty.

Although centralized moments do not always uniquely identify prob-
ability distributions [5], the developer can have a significant amount of
information by calculating a series of them (e.g., mean, variance, skew-
ness, kurtosis, etc). For example, using this information could provide
consistent decisions and maintain stability to a control system.

3.4.1 Conditional operators
Complementary to the u_map() method, the necessary functionality to

achieve closure in simulating numeric types are the conditional operators
<, ≤, =, ̸=, ≥ and >. We present the implemented comparison operators
in Table 3.5. We discern two subcategories: (i) comparing an Uncertain
object with a constant number and (ii) comparing two Uncertain objects.

Let X be a random variable and its’ expected value E[X]. If we com-
pare E[X] with a desired constant ”val”, the result can be misleading,
which leads to false positives [3]. Instead, we allow the user set a prob-
ability threshold, and we compare that, with the portion of probability
that is on the left or on the right of value. Figure 3.4 visualizes the
Probability of the Uncertain object X being ≤ 8 → P (X ≤ 8).
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Probability of the Uncertain object: X being less than 8.

X = 8
P(X 8)
X

Figure 3.4: The probability of an Uncertain object being X ≤ value is the sum of the
probabities of the bins being ≤ value. In this case, it is the area on the left of the line,
under the darker green bins.

Goodness-of-fit tests favour operators ̸=, = but not the rest. There are
numerous goodness-of-fit tests, particularly tests for the one-, two- and
K-sample problems. The principle behind the one-sample tests states
that the testing a hypothesis that the sample observations have a hypoth-
esised distribution, whereas the two-sample problem is concerned with
testing the equality of the distributions of two independent samples. A
statistical test is just a formal way to make a decision between two mu-
tually exclusive hypotheses, the null hypothesis is usually well-defined
and concerns the hypothesised distribution, whereas the alternative hy-
pothesis is broad, and usually just constitutes the negation of the null
hypothesis. Thus, when we reject the null hypothesis, the majority of
tests do not give any information about what the true distribution might
look like, or how the true distribution differs from the hypothesised.
The same reasoning holds for the two-sample problem, when we reject
the null hypothesis of equality of the two populations, there is often no
information about how the two distributions disagree [27].

Under the aforementioned conditions and since for the equality (=)
and negation ( ̸=) operators rejecting or accepting the null hypothesis
suffices, we implement these two using the Kolmogorov–Smirnov two‐
sample Test [6]. For the rest, we provide two methods that the user can
select during runtime: (i) Stochastic Dominance and (ii) Difference
of Random Variables. In order to select method (i) or method (ii),
the developer has to define a member variable of the Uncertain object,
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either during initialization of at runtime as we show in Listing 3.6.

Method Usage type(a) type(b)
__eq__ a == b Uncertain Uncertain | Number
__ne__ a != b Uncertain Uncertain | Number
__ge__ a >= b Uncertain Uncertain | Number
__gt__ a > b Uncertain Uncertain | Number
__le__ a <= b Uncertain Uncertain | Number
__lt__ a < b Uncertain Uncertain | Number

Table 3.5: Overloaded Uncertain ’s conditional operators.

1 X = Uncertain(samples1, comparison_method="difference")
2 X.set_comparison_method("dominance")
3

4 Y = Uncertain(samples2)
5

6 result: bool = X > Y

Listing 3.6: The developer can choose the desired comparison method by calling the
set_comparison_method() method with either ”dominance” or ”difference” as argu-
ment. ”dominance” is the default value during initialization.

Method 1: Stochastic Dominance

As we mention in Subsection 2.3.1, Stochastic Dominance comparing
the CDF of Random Variables is a common method to obtain a partial
order between them. We present the implementation in pseudocode in
Listing 3.7.

1 def stochastic_dominance_le(X,Y):
2 for i in joint_distribution_support(X,Y):
3 if X.CDF(i) >= Y.CDF(i):
4 # partial ordering remains the same
5 continue
6 else:
7 # found a value for which ordering reverses
8 return False
9 return True

Listing 3.7: Pseudocode of the implementation of Stochastic Dominance for the ≤
operator. For each value in the distribution support range we compare the CDFs and
infer the result.
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Method 2: Difference of Random Variables

The difference of Random Variables method is equivalent to comparing
an Uncertain object to a constant number. The principle behind the
method originates from the transposition property of any comparison
operator: X > Y ⇒ X − Y > 0. We present our implementation in
Listing 3.8.

1 def difference_rv_gt(X: Uncertain, Y: Uncertain):
2 Z : Uncertain = X-Y
3 max_threshold = max(X.threshold, Y.threshold)
4 return Z.probabilityGT(0) > max_threshold

Listing 3.8: The implementation of the difference of random variablesmethod is equivalent
to generating a new Uncertain object Z from the difference of two Uncertain objects
X, Y and comparing the result with the user defined threshold.

For the case of comparing two Uncertain objects we present extensive
testcase in Section 4.2.

3.4.2 Bounding uncertainty
A characteristic of the Uncertain type is that it manages to propagate

information about the less-likely outcomes of Random Variables (i.e.,
long-tailed distributions) through calculations. In extreme scenarios, this
feature can turn out useful, but in other cases, this information may
be redundant. This should be application-dependent. We provide the
developers with the member function bound() that addresses this issue.

1 samples = rayleigh(scale=3,size=10000)
2 X = Uncertain(samples=samples,bins=100)
3 X1 = X.bound(lower=1, upper=7)
4 X2 = X.bound(lower=1, midlower=3, midupper=5, upper=7)

Listing 3.9: Using the public bound() method a user can define the lower and upper
allowed limit for the variable. We show the results of this Listing in Figure 3.5.

With this method, the developer can bound an Uncertain object in-
side a range of values. Basically the bound() member function gives the
developers the option to effectively low‐pass, high‐pass or band‐pass
filter the Uncertain object. In specific cases, the developer can utilize
prior knowledge about any of the Uncertain objects and limit the values
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accordingly. When bounding an Uncertain variable X with k number
of bins, the returned object Y has the same number of bins. Although the
bound method may result in increased calculation overhead, it limits data
uncertainty. This can be valuable in decision making. In Listing 3.9 we
present a usage example of the method bound() and it’s results visualized
in Figure 3.5.
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(a) We can bound Uncertain variables inside the
range [lower, upper]. In this example, we bound
the Uncertain variable in the range [1, 7]
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(b) We can also bound Uncertain variables inside
the range [lower, midlower] ∪ [midupper, upper].
In this example we bound the Uncertain variable in
the range [1, 3] ∪ [5, 7].

Figure 3.5: Bounding an Uncertain variable using the public bound() method. The
original variable represents a Rayleigh distribution with σ = 3 and we generate the
bounded after calling bound(). We show the implementation of this example in List-
ing 3.9.

3.4.3 Other overloaded magic methods
As we show in Subsection 3.3.1, the Python template class offers a

variety of magic methods that the Uncertain type overloads. In Subsec-
tions 3.3.2 and 3.4.1 we showcase the arithmetic and conditional over-
loaded operators. In this Subsection, we list overloaded magic methods
with general functionality that will ease the usage of the UPROP library
for the developers.

1 >>> from UPROP import Uncertain
2 >>> bool(Uncertain([0,0,0])) # __bool__()
3 >>> False
4 >>> bool(Uncertain([0,0,1])) # __bool__()
5 >>> True

Listing 3.10: Using the __bool__() overloaded method. Following the behavior of
int, float,etc, the Uncertain __bool__()method returns False only if the mean value
is 0.

A significant magic function that Python offers is the __bool__()
magic function. This function returns the boolean equivalent of any
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object. For example bool(1) is True while bool(0) is False. In accor-
dance with the default Python behavior we overload this function and
the Uncertain __bool__() method returns False only if the Uncertain
object’s mean value is 0. In Table 3.6 we introduce some the implemented
magic methods along with minor usage examples Listings 3.10, 3.11 and
3.12.

1 >>> from UPROP import Uncertain
2 >>> X = Uncertain([[0,1,2,3,4], bins=100)
3 >>> len(X) # __len__()
4 >>> 100
5 >>>
6 >>> 2 in X # __contains__()
7 >>> True

Listing 3.11: Using the __len__() overloaded method yields the number of bins that
an Uncertain object has. Method __contains__() returns True if the argument is
inside the RX range.

1 >>> from UPROP import Uncertain
2 >>> X = Uncertain(samples=[1,2,3,4,5,6,7,8])
3 >>> X # __repr__()
4 >>> Uncertain variable:
5 Mean: 4.5
6 Variance: 3.828125
7 Bins: 4
8 Bin Width: 1.75
9 >>> print(X) # __str__()
10 >>> 4.5

Listing 3.12: Using the __str__() overloaded method prints the expected value of X:
E[X]. The method __repr__() is an unambiguous way to represent the characteristics
of each Uncertain variable.

Method Usage type(a) type(b) Return type
__bool__ if (x) Uncertain - bool
__contains__ b in a Uncertain Number bool
__str__ str(a) Uncertain - -
__format__ f"{a:b}" Uncertain str str
__int__ int(a) Uncertain - int
__float__ float(a) Uncertain - float
__len__ len(a) Uncertain - int
__repr__ print(a) Uncertain - str

Table 3.6: Overloaded magic methods of the Uncertain type derived from Python’s
template class. In the column Method we list the method, followed by an example in
column Usage, the type of operands, as well as the Return type.
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3.4.4 Plotting Uncertain objects
To assist in extracting uncertainty from Uncertain objects we imple-

ment the plotmethod. We wrap the widely used matplotlib.pyplot.hist()
with the plot() method to visualize any Uncertain variables. The user
has the option to place the histogram on the current axis or provide a
different one. The two axes x, y contain information for the distribution
support RX and probability density (or frequency) respectively. We gen-
erate the entirety of the diagrams and plots used in this thesis with the
plot() method. We provide usage examples in Listings 3.13, 3.14 and
the respective results in Figures 3.6 and 3.7. The parameters that of the
plot() method are:

1. ax: <plt.Axes> which axis to plot on, The default is: plt.gca().

2. color: <str> Fill color of the histogram.

3. xlabel_flag: <bool> Set the xlabel defined by Uncertain if set
to True or leave empty if set to False. The label is: ”Distribution
Support”

4. ylabel_flag: <bool> Set the ylabel defined by Uncertain if set to
True or leave empty if set to False. The label is: ”Probability Density
- Plotting width = _”

5. label: <str> Label of the data.

6. mean: <bool> Plot the mean value as a black vertical line if set to
True.

7. density: <bool> Plot the Uncertain variable as a density his-
togram if set to True or as a Frequency histogram if set to False.

8. kwargs: Keyword arguments

(a) alpha: <float> Alpha value of the histogram.
(b) edgecolor: <str> The edgecolor of the histogram bars.
(c) fill: <bool>: Fill the bars with color if set to True of leave

empty set to False.
(d) hatch: <str>: The fill pattern to fill the bars. Used only if

fill is True.
(e) hist: <bool> plot the histogram if set to True or plot the

Kernel Density Estimation if set to False.
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(f) kde: <bool>: Plot the Kernel Density Estimation (Estimated
PDF), if set to True.

(g) kwargs: Any other matplotlib.pyplot Keyword arguments.

1 from UPROP import Uncertain
2 import numpy as np
3 import matplotlib.pyplot as plt
4

5 norm = np.random.default_rng().normal(10,5,5000)
6 X = Uncertain(norm, bins=50)
7 X.plot(color='b', alpha=.3,
8 label="X", fill=True,
9 hatch="*", edgecolor='b',
10 ylabel_flag=True,
11 xlabel_flag=True)
12

13 plt.grid()
14 plt.legend()
15 plt.show()

Listing 3.13: Using the Uncertain ’s plot() method to visualize an Uncertain vari-
able X ∼ N (10, 5) with a star(*) hatch.
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Figure 3.6: Result of Listing 3.13 using the Uncertain ’s plot() method to visualize
an Uncertain variable X ∼ N (10, 5) with a star(*) hatch.
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1 from UPROP import Uncertain
2 import numpy as np
3 import matplotlib.pyplot as plt
4

5 norm = np.random.default_rng().normal(10,5,5000)
6 uni = np.random.default_rng().uniform(15,40,5000)
7

8 X = Uncertain(norm, bins=50)
9 X.plot(color='r', alpha=.5,
10 label='X')
11 Y = Uncertain(uni, bins=50)
12 Y.plot(color='b', alpha=.5,
13 label='Y', mean=False,
14 ylabel_flag=True,
15 xlabel_flag=True)
16

17 plt.grid()
18 plt.legend()
19 plt.show()

Listing 3.14: Using the Uncertain ’s plot() method to visualize two Uncertain vari-
ables X ∼ N (10, 5) and Y ∼ U(15, 40) using different parameters for each one.
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Figure 3.7: Result of Listing 3.14 using the Uncertain ’s plot() method to visualize
two Uncertain variables X ∼ N (10, 5) and Y ∼ U(15, 40) using different parameters
for each one.
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Chapter 4

Evaluation

In Chapter 3 we discuss the implementation of the UPROP Library,
following the specified design principles in Section 3.1. In this Section we
experimentally evaluate the usage of the UPROP Library in real world
applications. In Section 4.1 we present the necessary information and
evaluation metrics needed to understand the rest chapter. We commence
with micro benchmarks in Section 4.2 by evaluating the overloaded arith-
metic and conditional operators. We extend our test suite with two appli-
cations manipulating experimental measurements: (i) Speed estimation
from uncertain GPS coordinates and (ii) A clap detection algorithm from
recorded sounds. We finally proceed to compare the UPROP Library
with the state-of-the-art and rate it’s performance.

4.1 Evaluation Introduction

4.1.1 Monte Carlo Simulation
The golden stantard method for uncertainty propagation in the re-

search and industry community is the Monte Carlo Simulation (MCS).
It is a mathematical technique, which we use to estimate the possible
outcomes of an uncertain event. The Monte Carlo Simulation is basically
a family of computational algorithms that rely on repeated random sam-
pling to obtain certain numerical results, and we use it to solve problems
that have a probabilistic interpretation [28].

Monte Carlo Simulations works by selecting a random value for each
task, and then building models based on those values. This process is
then repeated multiple times, with different values so in the end, the
output is a distribution of outcomes. In Listing 4.1 we present the Monte
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Carlo Simulation for sampling a Multivariate Gaussian distribution of the
2-dimensional random vector X = (X1, X2)T X ∼ N (µ, Σ). Figure 4.1
we plot the resulting Multivariate Gaussian.

1 MONTE_CARLO_MAX_SAMPLES = 5000
2 gaussian_2D = []
3 for _ in range(0, MONTE_CARLO_MAX_SAMPLES):
4 sample_1 = random.normal(size=1)
5 sample_2 = random.normal(size=1)
6 gaussian_2D.append([sample_1, sample_2])

Listing 4.1: Sampling a Multivariate Gaussian Distribution using the Monte Carlo
Simulation.
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Figure 4.1: Sampling a Multivariate Gaussian with Monte Carlo Simulation.
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4.1.2 Normalized Wasserstein distance
In Section 2.3 we present the Wasserstein Distance metric, which is a

method to evaluate divergence between two multi-dimensional distribu-
tions. In this section we present an alternative usage of the Wasserstein
distance to compare two frameworks with distributional output.

As we mention in Subsection 2.3.3, when we calculate the W1 dis-
tance between two distributions, we calculate the area between the two
distributions’ CDF curves. Thus the calculated distance value is strongly
bonded to the distribution support RX of each distribution. In our case,
we desire a uniform metric value for the entirety of our tests. To do
so, we have to detach the distance from the distribution support. We
therefore introduce the Normalized Wasserstein distance:
Definition 4.1.1 Let Fa, Fb, Fref be three cumulative distribution functions for
three random variables. Let W1 be the Wasserstein-1 distance. We define the
Normalized Wasserstein Distance as the ratio of two W1 distances:

NWD =
W1

(
Fa, Fref

)
W1

(
Fb, Fref

) =
∫
R

∣∣∣Fa(x) − Fref(x)
∣∣∣ dx∫

R

∣∣∣Fb(x) − Fref(x)
∣∣∣ dx

(4.1.1)

The NWD takes values in the range: [0, ∞) with values closer to 0
meaning that Fa has a smaller Wasserstein distance to Fref than Fb has
to Fref. The NWD enables us to compare the distributional output of the
UPROP Library with the particle value calculation method (conventional
method) or any other framework.

In this thesis we use the inverse Normalized Wasserstein distance
(NWD−1) to denote the accuracy gain of the UPROP Library, over the
particle method calculation, using the Monte Carlo Simulation as the
baseline. We consider the MSC as the golden truth. In Sections 4.2, 4.3,
and 4.5 we calculate the Wasserstein distance of MSC (Fref) for both the
UPROP Python Library (Fa) and the particle method calculation (Fb) and
proceed to calculate their inverse Normalized Wasserstein distance.

4.2 Operators evaluation
The fundamental goal of this research is to make it feasible for de-

velopers to use the UPROP Library instead of the conventional numeric
types such as int, float, etc. As we mention earlier in Chapter 3 it
is of utter importance that we fully implement and test the basic: The
arithmetic and comparison operators.
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4.2.1 Arithmetic Operators
To test the arithmetic operators we performed a series of simple op-

erations between Random Variables representing specific distributions.
For example we add, subtract, multiply and divide two Random Vari-
ables: X1 ∼ N (10, 1) and X2 ∼ U(0.5, 1.0) using the UPROP Library. We
then perform the same calculation with the Monte Carlo Simulation and
measure their Normalized Wasserstein distance. Figure 4.2 shows the vi-
sualized results for each operation and Table 4.1 shows the mean values
obtained for each number of bins across all benchmarks. The minimum
accuracy gain over the particle sample calculation, is is 1.03× for 8 bins
and the maximum is 44.62× for 1024 bins.
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Figure 4.2: This Figure shows the Normalized Wasserstein distance (y-axis) between
the distributionl output of the UPROP Library and the particle sample calculation. We
measure this distance from the Monte Carlo Simulation. Lower is better. We condition
each operator to a series of tests, and we perform each test for a different number of
bins (x-axis). We notice that the greater the number of bins, the higher the accuracy.

The selection of the representation size (number of bins) embodies the
classic speed-accuracy trade-off. At small bin numbers, the calculation
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is quick, but more inaccurate. At large bin numbers, the reverse is true:
the calculation is slow but accurate. Choosing the correct bin number is
therefore critically important: too high and the Uncertain type will be
too slow for practical use; too low and it will be too inaccurate to solve
real problems.

Bins\Operation Add Sub Mul Div
8 1.16 1.15 1.03 1.03
16 2.14 2.12 1.23 1.81
32 4.12 4.18 3.72 3.65
64 7.95 8.13 7.17 7.17
128 15.28 15.51 14.25 14.39
256 26.82 25.24 25.22 25.92
512 38.15 38.72 35.94 31.54
1024 42.94 44.61 42.98 41.98

Table 4.1: Mean inverse-Normalized Wasserstein distance between the Particle and the
UPROP Library implementation for the arithmetic operators for each number of bins.

4.2.2 Conditional Operators

The second major milestone to achieve with the UPROP Library is
to provide developers the ability to extract or query uncertainty from
Uncertain objects. This allows the user to make an informed decision
based on the propagated uncertainty. As we mention in Section 3.4.1,
we implement the equality(= or ==) and non-equality ( ̸= or !=) operator
using the Kolmogorov Smirnov two-sample test [6]. For the rest opera-
tors we provide the developer with two methods which he can perform
conditional queries on Uncertain objects:

1. Stochastic Dominance and

2. Difference of Random Variables.

To test each method extensively we provide a set of Random Variables
representing specific distributions. We plot the PDF of these distributions
in Figure 4.3 and the CDF in Figure 4.4. For each method we create
a truth table (Table 4.2 and Table 4.3) to showcase the boolean results
yielded from each conditional operator.
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Figure 4.3: Probability Density Functions of two random variables used to test condi-
tional operators and infer a partial order.
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Figure 4.4: Cumulative Density Functions of two random variables used to test con-
ditional operators and infer a partial order. As we show in equation 2.3.1 we compare
the two CDF to reason about a partial ordering when a conditional operator is used.
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X > Y X ≥ Y X == Y X ̸= Y X < Y X ≤ Y

Testcase 1 False *True* True False False *True*
Testcase 2 False False False True True True
Testcase 3 False False False True True True
Testcase 4 False False False True False False
Testcase 5 False False False True *False* *False*
Testcase 6 False False False True False False

Table 4.2: Conditional operators results for Testcases 1-6, using Stochastic Dominance
method. The values with the asterisk * note the different result between the RV-Difference
method and Stochastic Dominance method.

We notate the differences between Tables 4.2 and 4.3 with a star ∗.
The Stochastic Dominance methods basically requires the sign of I:

I = CDF(X = k) − CDF(Y = k), ∀k ∈ RX

⋃
RY

to not change at any value k:

sng I = 1, ∀k or sng I = −1, ∀k

with sng beeing the sign function:

sgn x :=


−1 if x < 0
0 if x = 0
1 if x > 0

X > Y X ≥ Y X == Y X ̸= Y X < Y X ≤ Y

Testcase 1 False *False* True False False *False*
Testcase 2 False False False True True True
Testcase 3 False False False True True True
Testcase 4 False False False True False False
Testcase 5 False False False True *True* *True*
Testcase 6 False False False True False False

Table 4.3: Conditional operators results for Testcases 1-6, using RV-Difference method.
The values with the asterisk * note the different result between the Stochastic Dominance
method and RV-Difference method.

Of course, the results of Table 4.3 the user-defined comparison thresh-
old we mention in Subsection 3.4.1 affects the result. We find that by
lowering the threshold we obtain more True results.
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4.3 Speed calculation from uncertain GPS co‐
ordinates

A common problem in our everyday life is inaccurate navigation in
mobile applications that utilize the Global Positioning System (GPS) [29].
A satisfactory navigation service requires an accurate positioning technol-
ogy. Most modern smartphones have GPS sensors to estimate the user’s
location, and an abundance of smartphone applications consume this lo-
cation estimate through APIs. Even though the current smartphones
have integrated multiple sensors, such as Global Navigation Satellite Sys-
tem receiver, gyroscope, accelerometer and magnetometer sensors, the
performance of positioning in even in urban environments is still not ac-
curate. The reasons of the errors include GNSS signals reflections, high
dynamic of pedestrian activities and disturbance of the magnetic field in
city environments.
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Figure 4.5: GPS Coordinates measured through the PhyPhox [7] mobile application,
approximately fitted on top of Google Earth [30].

Bornholt [3] shows that using measurements, from sensors, as facts
could lead to false positives and or false negatives. There have been
attempts to improve the performance of GPS usage. Whang et al [31]
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suggest the utilization of the camera sensor for improving the accuracy
of the positioning. Ofstad et al [32] propose accelerometer augmented
mobile phone localization (AAMPL), a system that uses accelerometer
signatures to place mobile phones in the right context.

To demonstrate the feasibility of calculations using Uncertain objects
we implement an application using the Global Positioning System (GPS).
The example in Listing 1.1, replicating a situation where a autonomous
car has to brake based on the leading cars distance, indicates the hazards
of uncertainty in measurements. This particular example motivates us
to implement an application that estimates speed using uncertain GPS
measurements from the user’s smartphone. We focus on the GPS do-
main because GPS applications are simple to understand, pervasive in
the mobile computing landscape, and commonly experience uncertainty
in measurements.

4.3.1 Calculating displacement from coordinates ‐ The
Haversine Formula

GPS satellites broadcast signals from space, and each GPS receiver
uses these signals to calculate its three-dimensional location (latitude(°),
longitude(°), and altitude(m)) relative to the Equator, the prime meridian
and the sea level accordingly. Since the measured coordinates are in
degrees(°) we have to use the haversine formula to determines the great-
circle distance between these two points on a sphere.

We calculate the distance (D) of two coordinates using the Haversine
Formula [16] shown in equations 4.3.1, 4.3.2 and 4.3.3. The haversine
formula allows to compute the great-circle distance between two points
– that is, the shortest distance over the earth’s surface directly from the
latitude (represented by ϕ) and longitude (represented by λ) of the two
points. R = 6, 371, 000 represents the radius of the Earth in meters.

a = sin2
(

∆ϕ

2

)
+ cosϕ1 · cosϕ2 · sin2

(
∆λ

2

)
(4.3.1)

c = 2 · arctan2(
√

a,
√

(1 − a)) (4.3.2)

D = R · c (4.3.3)
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4.3.2 Measuring GPS coordinates

Using the PhyPhox [7] mobile application we collected GPS Coordi-
nates as we show in Table 4.4. The main file columns that interest us
are: (i) Time, (ii) Latitude, (iii) Longitude, (iv) Altitude and (v) Speed.
Figure 4.5 presents the measured coordinates approximately fitted on top
of a screenshot of Google Earth [30].

File column Measurement 1 Measurement 2 …
Time (s) 11.853037 12.842904 …
Latitude (°) 40.727566 40.727483 …
Longitude (°) 22.985232 22.984930 …
Altitude (m) 188.420768 190.421115 …
Altitude WGS84 (m) 234.0 236.0 …
Speed (m/s) 27.410000 27.269999 …
Direction (°) 250.300003 250.199997 …
Distance (km) 2.097027 2.124238 …
Horizontal Accuracy (m) 2.5 2.0 …
Vertical Accuracy (m) 100.0 100.0 …
Satellites 17 18 …

Table 4.4: Measurements collected by the PhyPhox [7] mobile application.
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Figure 4.6: This Figure shows the user’s speed as calculated by the PhyPhox [7] mobile
application.
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4.3.3 Converting measurements to Uncertain objects
As we mention in Chapter 3, we can initialize any Uncertain object

using a set of samples. Thus we have to convert the obtained measure-
ments to a distribution of samples and, consequently, perform the speed
calculation. Different smartphone Operating Systems (OS) manufacturers
provide a different definition of GPS accuracy:
• Android’s [33] developers documentation suggests: We define hori-
zontal accuracy as the radius of 68% confidence. In other words, if
you draw a circle centered at this location’s latitude and longitude, and
with a radius equal to the accuracy, then there is a 68% probability that
the true location is inside the circle.

• iOS’s [34] developers documentation suggests: HorizontalAccuracy:
The radius of uncertainty for the location, measured in me-
ters. The location’s latitude and longitude identify the center of the
circle, and this value indicates the radius of that circle. A negative value
indicates that the latitude and longitude are invalid.

We use an Android smartphone to obtain the measurements, so we
consider the horizontal accuracy field provided by PhyPhox [7] as the
radius of 68% confidence. In Figure 4.7 we present two different ap-
proaches to represent uncertainty in measurements. We sample a mul-
tivariate Gaussian distribution around the measured coordinates, with
σ equal to the provided horizontal accuracy (Table 4.4) as we show in
Figure 4.7a.
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Figure 4.7: Sampling around the measured coordinates to add artificial noise in mea-
surements. We placed the reference point in the centre of the plot.
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Bornholt [3] proposes that it is high unlikely that the user’s true location is
exactly in the centre of the distribution, thus sampling a Rayleigh distribution
around it. We test this claim by adding a second sampling method as
we show in Figure 4.7b sampling a mutlivariate Rayleigh distribution.
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Figure 4.8: The sampling radius overlaps between moving and stationary states. Using
a circle around the sampling point, we depict the corresponding horizontal accuracy of
the measurement.

The function init_uncertain_tuples() in Line 4 of Listing 4.2 sam-
ples a two-dimensional Gaussian Distribution around particle measured
tuples <lat,lon> and converts them to Uncertain objects. In Figure 4.8
we can distinctly observe the difference between stationary and non-
stationary states when measuring the GPS Coordinates. There is a signif-
icant overlap between the two sampled distributions. Although the two
sampling centers differ, this could lead to ambiguous results. For ex-
ample, the user may be travelling forward, while the GPS measurement
indicates that he is moving backward. This unveils the need to com-
bine GPS Satellites measurements with other sensors’s data to improve
accuracy.

4.3.4 Speed estimation with Uncertain objects
Following the conversion of coordinates to Uncertain objects comes

the speed estimation. This process includes using the Haversine Formula
(4.3.1) to estimate the displacement and then calculate displacement over
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time to obtain the desired value. Listing 4.2 shows the algorithm we use
to perform these calculations. We also present the equivalent with particle
values in Listing 4.3. The only differantiation between the two Listings
is the definition of a complementary function to initialize the Uncertain
objects and the usage of the u_map() method to assist calculations.

1 from UPROP import Uncertain
2 from numpy import radians, sin, cos, sqrt, arcsin
3

4 def init_uncertain_tuples(lat, lon, horiz_accuracy):
5 lat_dist, lon_dist = multivariate_normal(lat, lon, horiz_accuracy)
6 lat_unc = Uncertain(lat_dist)
7 lon_unc = Uncertain(lon_dist)
8 return (lat_unc, lon_unc)
9

10 def calculate_displacement(lat1, lon1, lat2, lon2):
11 # convert uncertain objects to radians through map
12 lat1 = lat1.u_map(radians) ; lon1 = lon1.u_map(radians)
13 lat2 = lat2.u_map(radians) ; lon2 = lon2.u_map(radians)
14

15 # calculate through haversine formula
16 dlat = (lat2-lat1)/2 ; dlon = (lon2-lon1)/2
17 a1 = dlat.u_map(sin)**2
18 a2 = lat1.u_map(cos)*lat2.u_map(cos)
19 a3 = dlon.u_map(sin)**2
20 a = (a1 + a2*a3).u_map(sqrt)
21

22 # multiply with 2*EARTH_RADIUS
23 return 2 * a.u_map(arcsin) * 6371000 # in meters
24

25 for i in range(len(coords)):
26 # measurement i
27 lat1, lon1 = init_uncertain_tuples(coords[i][0], coords[i][1])
28 # measurement i + 1
29 lat2, lon2 = init_uncertain_tuples(coords[i+1][0],
30 coords[i+1][1])
31 displ = calculate_displacement(lat1, lon1, lat2, lon2)
32 dt = time[i+1]-time[i]
33 # convert speed to kmh
34 speed = (displ/dt).u_map(kmh)

Listing 4.2: In this Listing we show the speed estimation from ”noisy” or uncertain GPS
measurements. In line 4 we initialize two Uncertain objects which we use to calculate
the Haversine formula we present in Subsection 4.3.1. We later divide the estimated dis-
placement with the elapsed time to calculate the speed. Throughout the code (Lines 12,
13, 17, 18, 19, 20, 34) we use the u_map method included in the UPROP Python Library.
Listing 4.3 shows the equivalent calculations using particle measurements.
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1 from numpy import radians, sin, cos, sqrt, arcsin
2

3 def calculate_displacement(lat1, lon1, lat2, lon2):
4 # convert degrees to radians
5 lat1 = radians(lat1) ; lon1 = radians(lon1)
6 lat2 = radians(lat2) ; lon2 = radians(lon2)
7

8 # calculate through haversine formula
9 dlat = (lat2-lat1)/2 ; dlon = (lon2-lon1)/2
10 a1 = sin(dlat)**2
11 a2 = cos(lat1)*cos(lat2)
12 a3 = sin(dlon)**2
13 a = sqrt((a1 + a2*a3))
14

15 # multiply with 2*EARTH_RADIUS
16 return 2 * arcsin(a) * 6371000 # in meters
17

18 for i in range(len(coordinates)):
19 # measurement i
20 lat1, lon1 = coordinates[i][1], coordinates[i][1]
21 # measurement i + 1
22 lat2, lon2 = coordinates[i+1][1], coordinates[i+1][1]
23 displ = calculate_displacement(lat1, lon1, lat2, lon2)
24 dt = time[i+1]-time[i]
25 speed = kmh(displ/dt)

Listing 4.3: In this Listing we show the speed estimation from the particle measure-
ments we collect. We use the Haversine formula (subsection 4.3.1) to calculate the
displacement. We later divide it with the elapsed time between measurements to cal-
culate speed. Listing 4.2 shows the equivalent calculations using Uncertain objects.

4.3.5 Speed Estimation Results
In the previous subsection (4.3.4) we present the methodology for es-

timating the user speed based on uncertain measurements. In this Sub-
section we present the results of those calculations, as well as comparison
with the conventional method of calculations, which is the particle
sample calculation. We consider the Monte Carlo Simulation (Ref: Sub-
section 4.1.1) to be the golden standard for uncertainty propagation, thus
we compare our implementation and the particle sample calculation with
the Monte Carlo Simulation distributional results.

We present the performance results of our model in Table 4.5. On
average we have a 10× performance gain over the particle sample cal-
culation. This performance gain ranges from 2× to 34× in specific
tests. We extract the performance evaluation of our model based on the
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Normalized Wasserstein metric (Subsection 2.3.3).

Performance Gain
Test id Min Mean Max
Test 01 2.07 2.71 3.91
Test 02 1.77 2.34 5.04
Test 03 17.01 34.73 52.79
Test 04 2.0 7.79 44.41
Test 05 4.24 15.08 79.06
Test 06 2.36 5.57 29.06

Table 4.5: This table shows the UPROP Library accuracy gain over the particle sample
calculations. Comparing these results after observing Figure 4.11 it becomes obvious
that there is a strong connection of accuracy in calculations with accuracy in GPS mea-
surements and thus the sampling radius. This is a generally expected behavior.

We plot our speed estimation results in Figure 4.9 using two methods:

Ê Uncertain objects and

Ë Particle value calculations (calculations with only the measured co-
ordinates), as we show in Listing 4.3.

We depict the Uncertain objects mean values with bold blue color, as well
as it’s minimum and maximum values with faint blue. The measured
value (with bold green color) is the speed as estimated by the PhyPhox
application. We show the particle calculated values (Ë) with red color.

On average the Uncertain model’s mean value is on-par with the par-
ticle calculated value. Besides this convergence, On most occasions the
UPROP Library manages to propagate the input uncertainty to the
output. The effect of this uncertainty is visible in the plotted results. The
minimum and maximum value, in particular calculations, diverge more
than 50% of the mean value from the mean value. The UPROP Library
exposes this effect, thus assisting the developer to take more informed
decisions.

In some calculations, the Uncertain model fails to calculate the true
speed mean value: We conclude that: The closer to 0 the calculated
value, the higher the inaccuracy of our model. This is markedly
observable in tests: 01-(Figure 4.9a), 02-(Figure 4.9b), 04-(Figure 4.9d)
and 06-(Figure 4.9f).
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Figure 4.9: Speed estimation - Comparison between using the UPROP Python Library
and the particle values. We depict the mean, min and max values of each method. The
solid faint red and blue lines depict the minimum values and the faint dashed lines (in
the top of each plot) the maximum values of each method accordingly.

The effect of the selected memory representation and of correlation.

We attribute this behavior to the distributional nature of the Uncertain
objects. We found that this behavior only occurs in certain conditions and
transformations:

Ê the Uncertain ’s distribution support (RX) has to be on either side
of 0 (containing both negative and positive values),

Ë the transformation function should be even f(x) = f(−x) e.g. f(x) =
x2 or f(x) = |x|, and

Ì we should keep track of autocorrelation.
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Suppose we have an example where we have the particle value x = 0
and the corresponding Uncertain object is a normal distribution with
undefined variance and µ = 0. If we pass the object through an even
function the generated Uncertain object becomes skewed (positively or
negative depending on the function’s sign) while the relevant particle
value is approximately 0. We showcase this behavior in Figure 4.10
and we present the relevant pseudocode in Listing 4.4. In particular
we set the particle value p1 = 0 and the equivalent Uncertain value:
u1 = Uncertain(X ∼ N (0, 1)). We depict p2 with the solid red line and
the mean(u1) with the solid green line. For the transformation we choose
the even function f(x) = x2. Thus p2 = p2

1 = 0 and u2 = u2
1. More

specifically, if:

Ê autocorrelation ON: u2 represents the Laplace distribution with µ =
0 and b = 1 (Gaussian Mixture [35]).

Ë autocorrelation OFF: u2 represents the chi‐squared (χ2) distribu-
tion with degree of freedom k = 1 [36].

1 X = Uncertain(gaussian(0,1))
2

3 autocorrelation_ON()
4 Y = X*X # chi-squared(k=1)
5

6 autocorrelation_OFF()
7 Y = X*X # laplace(0,1)

Listing 4.4: This Listing shows the pseudocode needed to generate the distributions in
Figure 4.10. By setting autocorrelation ON we generate the chi-squared (χ2) distribution
and by setting it OFF we generate the Laplace distribution.

We see this behavior in the GPS application since even functions appear
in the Haversine Formula. Specifically in equation 4.3.1 we have the
function: f(x) = sin2. We test both cases of autocorrelation and we
observe that if we choose the latter case: autocorrelation OFF, we have to
normalize our data since we later map the squared value to the sqrt()
function. As we know the sqrt takes only positive input values. This
limits the accuracy of our model in values near 0 as we can observe in
tests 01, 02, 04 and 06.
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Figure 4.10: Distributional analysis of Uncertain variables with autocorrelation ON
and OFF. With autocorrelation ON: in Figure 4.10b, u2 ∼ (χ2) (chi-squared distribution
with k = 1). With autocorrelation OFF: in Figure 4.10c u2 ∼ Laplace(µ = 0, b = 1).
Ideally it should be: mean(u2) ≈ p2 for every situation.

We also observe a highly dependent relationship of the distribution
support range RX with the accuracy of measurements. We can notice
that, by comparing Figure 4.11a and 4.11b. The higher the meaure‐
ment accuracy the lower the Normalized Wasserstein distance Which
means that the smaller the radius around the sampling point, the higher
accuracy we obtain. We certainly expect this behavior since the devia-
tion of the sampled distribution decreases and thus we propagate less
uncertainty through the model.
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Figure 4.11: This Figure shows that tncertainty in measurements is highly dependent
to uncertainty in calculations. When we obtain high

20 40 60 80 100
Measurement

0.0

0.1

0.2

0.3

0.4

No
rm

al
ize

d 
W

as
se

rs
te

in
 d

ist
an

ce

Test 01 - Normalized Wasserstein between Uncertain and Monte Carlo over every measurement

Normalized Wasserstein - Moving Average 10
Normalized Wasserstein

(a) Normalized Wasserstein dis-
tance - Test 01

0 50 100 150 200 250 300 350
Measurement

0.0

0.1

0.2

0.3

0.4

0.5

No
rm

al
ize

d 
W

as
se

rs
te

in
 d

ist
an

ce

Test 02 - Normalized Wasserstein between Uncertain and Monte Carlo over every measurement

Normalized Wasserstein - Moving Average 10
Normalized Wasserstein

(b) Normalized Wasserstein dis-
tance - Test 02

50 100 150 200 250
Measurement

0.00

0.02

0.04

0.06

No
rm

al
ize

d 
W

as
se

rs
te

in
 d

ist
an

ce

Test 03 - Normalized Wasserstein between Uncertain and Monte Carlo over every measurement

Normalized Wasserstein - Moving Average 10
Normalized Wasserstein

(c) Normalized Wasserstein dis-
tance - Test 03

0 100 200 300 400 500
Measurement

0.0

0.1

0.2

0.3

0.4

0.5

No
rm

al
ize

d 
W

as
se

rs
te

in
 d

ist
an

ce

Test 04 - Normalized Wasserstein between Uncertain and Monte Carlo over every measurement

Normalized Wasserstein - Moving Average 10
Normalized Wasserstein

(d) Normalized Wasserstein dis-
tance - Test 04

0 100 200 300 400 500
Measurement

0.00

0.05

0.10

0.15

0.20

No
rm

al
ize

d 
W

as
se

rs
te

in
 d

ist
an

ce

Test 05 - Normalized Wasserstein between Uncertain and Monte Carlo over every measurement

Normalized Wasserstein - Moving Average 10
Normalized Wasserstein

(e) Normalized Wasserstein dis-
tance - Test 05

0 100 200 300 400
Measurement

0.0

0.1

0.2

0.3

0.4

No
rm

al
ize

d 
W

as
se

rs
te

in
 d

ist
an

ce

Test 06 - Normalized Wasserstein between Uncertain and Monte Carlo over every measurement

Normalized Wasserstein - Moving Average 10
Normalized Wasserstein

(f) Normalized Wasserstein dis-
tance - Test 06

Figure 4.12: Normalized Wasserstein distance for each test. We generate each result
between using the UPROP Library and the Monte Carlo Simulation. Table 4.5 presents
the min, mean and max values of this Figure.

Figure 4.13 presents the speed values calculated by using the UPROP
Library and the Monte Carlo Simulation. Based on it we can safely state
the UPROP Library usage yields narrower distribution support values
than the Monte Carlo implementation. This explains the results in Ta-
ble 4.5 and why the Uncertain model has at least 2× accuracy for each
test. We should also note that both the Uncertain model and the Monte
Carlo Simulation fail to capture the values near 0 due to the reasons we
explain earlier.

We also notice a significant deviation between the particle and mea‐
sured values. In Figure 4.14 we plot the ratio particle

measured . Ideally this ratio
should be equal to 1. In Test 02 (orange line) for particular particle values
are 10× the measured value. This raises questions for both the quality
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of measurements and the back-end calculations of the PhyPhox [7] ap-
plication.
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Figure 4.13: Speed estimation - Test 04: Comparison between using the UPROP
Library vs the Monte Carlo Simulation and the particle values. We depict the mean,
min and max values of each method. For the Monte Carlo Simulation we also plot the
heatmap of the calculated values.
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Figure 4.14: This Figure shows the Particle vs Measured values ratio: particle
measured . Ideally

the ratio should be equal to 1. Specific particle values in Test 02 are almost 10× the
measured value.
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4.4 Detecting claps from noisy sound signals

Following the GPS application we now face a challenge with the UP-
ROP Python Library. A major step in programming with it, is asking
questions with conditional operators. Speech recognition is one of the
most emerging fields of research, as speech is the natural way of commu-
nication [37]. Researchers develop neural networks for speech recognition
even in smartphones [38, 39]. There is also an emerging research interest
in sound quality [40, 41] in the telecommunications sector. The rising
research interest lead us to develop an application with sound recognition
using the UPROP Python Library:
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(a) Input sound signal consisting of 1 distinct clap.
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(b) Input sound signal consisting of 2 distinct claps.
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(c) Input sound signal consisting of 3 distinct claps.
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(d) Input sound signal consisting of a 8 distinct (high
SNR) claps
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(e) Input sound signal consisting of 10 hard to dis-
tinguish (low SNR) claps.
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(f) Input sound signal consisting of 16 distinct claps.

Figure 4.15: This figure shows the recorded sound signals that we use to test the clap
detection algorithm we present in Subsection 4.4.3 using the UPROP Python Library
through the algorithm. The red line depicts the Root Mean Square Amplitude (RMS)
of the signal, which represents its’ energy at the given time.
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Given the popularity of speech recognition and the inseparable rela-
tion of sound and noise signals we decided to implement a naive clap
detection algorithm to showcase the usage of the UPROP Library. We
utilized as input recorded sound signals and we later enhanced the signal
with Additive White Gaussian Noise (AWGN). We select this application
because it can showcase the usage of (i) calculations and (ii) conditional
operators using Uncertain objects, to arrive at a desired result.

Clap detectors have been around for some time, with their functional-
ity ranging from switching lights on and off, to perform any user defined
action. There is a lot of research conducted on the area of sound recogni-
tion and there are different suggestions on how to detect claps [42]. Some
algorithms include estimating the absolute energy of the clap sound, its
source azimuth (estimated from stereo microphones), and its range as
conveyed by the direct-to-reverberant energy balance [43].

4.4.1 Problem Description
The problem is to implement a simple robust method to detect single

claps in sound using the UPROP Library. The algorithm should be able
to detect the exact number of claps present in the input sound signal
and output this clap count. We recorded a series of sound signals, each
with a different amount of claps and interval between them. Figure 4.15
shows 4 of the recorded sounds.

Two characteristics of a clapping sound:

1. there is a sudden increase in amplitude when the clap occurs [44,
42].

2. it is short in duration

4.4.2 Adding noise to a signal
Similarly with GPS speed calculation in Section 4.3 we add have to

define the noise of the inputs signals in order to use the UPROP Library.
We recorded the input signals using an XLR microphone, thus resulting
in lower Signal to Noise Ratio (SNR) [45]. The audio encoding of the
input signal is 16-bits. We propose two methods of adding noise to a
signal:

1. Adding constant Additive White Gaussian Noise [46]

2. Adding Noise based on Signal to Noise Ratio [47]
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Adding constant AWGN

We selected adding constant Additive White Gaussian Noise (AWGN)
because it is the most widely used noise model in research to mimic
the effect of multiple random processes that occur in nature. It is the
equivalent of having background noise in the recording environment.
Listing 4.5 presents the code used to generate and add AWGN in the
input signal. Figure 4.16 shows the AWGN (4.16a) and the reference
signal combined with AWGN (4.16b).

1 from UPROP import Uncertain
2 import soundfile
3

4 # read signal
5 signal = soundfile.read(file)
6 uncertain_signal = []
7 for measurement in signal:
8 # define a gaussian distribution around the measurement
9 noisy_measurement = numpy.random.normal(measurement,
10 stdev,
11 len(signal))
12 uncertain_measurement = Uncertain(noisy_measurement)
13

14 # to ensure measurements lie in [-1,1]
15 uncertain_measurement = uncertain_measurement.bound(lower=-1,
16 upper=1)
17 uncertain_signal.append(uncertain_measurement)

Listing 4.5: We convert measurements to Uncertain object by creating a distribution
N ∼ (µ, σ) aroung constant noise. σ is user-defined and µ is the measured amplitude.
We bound the Uncertain variable to ensure the measurements follow the original 16-bit
audio encoding.

Adding noise based on SNR

Signal-to-Noise Ratio (SNR) is a measure that compares the level of
a signal to the level of background noise. We define SNR as the ratio of
signal power to the noise power:

SNR = Psignal

Pnoise

(4.4.1)

where P is the average power. A ratio higher than 1 indicates that
the signal is more prominent than the noise. The Signal-to-Noise Ratio

105



is often expressed in decibels (dB).

SNRdB = 10 log10
Psignal

Pnoise

(4.4.2)

The wide usage of SNR in the telecommunications sector as a char-
acterization for the quality of a wireless connection inspired us to adding
noise to the reference signals based on a Signal-to-Noise Ratio. Rahul
et al [47] suggest that there is a relative SNR wall after which even the
most robust detectors fail to detect the received clean signal.
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(a) The AW GN signal has an almost constant RMS
Amplitude of 0.2.
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(b) The generated signal after adding AW GN of
distribution: N ∼ (0, 0.1). The addition of noise
adds energy to the waveform.

Figure 4.16: This figure shows the modified sound signal which is the result of: the
reference plus Additive White Gaussian Noise (AWGN).
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(a)We modify the input sound signal with by adding
noise with SNR = 0 dB.
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(b)We modify the input sound signal with by adding
noise with SNR = 10 dB.

Figure 4.17: This figure shows the modified sound signal which is the result of: the
reference plus Additive White Gaussian Noise (AWGN) based on a specific Signal to
Noise Ratio (SNR). Higher SNR means the reference signal is more prominent.

We selected the SNR values based on relative research from Parrish et
al [48] who propose that a signal with an SNR value of 20 dB or more is
the recommended for data networks, where as an SNR value of 25 dB or
more is the recommended for networks that use voice applications. We
opt for multiple values of SNR ranging between 0 dB (1:1 signal-to-noise
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power ratio) to 25 dB (316:1 signal-to-noise power ratio). Listing 4.6
shows the pseudocode method for adding noise based on an SNR value.
Figure 4.17 shows the reference waveform with added noise based on a
specific user-defined SNR.

1 from UPROP import Uncertain
2 import soundfile
3

4 # read signal
5 signal = soundfile.read(ref_file)
6 noise = soundfile.read(noise_file)
7

8 uncertain_signal = []
9 ref_singal_rms = rms(signal)
10 noise_signal_rms = rms(noise)
11

12 for measurement in signal:
13 # find the noise amplitude based on SNR and add it
14 # to the measurement
15 snr = convert_to_ratio(snr_db)
16 noise_amplitude = measurement / snr
17 mixed_amplitude = measurement + noise_amplitude
18

19 # to convert to uncertain generate a normal distribution
20 # around the measurement with standard deviation equal
21 # to noise_amplitude
22 noisy_signal = normal_distibution(mu = measurement,
23 stdev =abs(noise_amplitude),
24 size = 500)
25 uncertain_measurement = Uncertain(noisy_signal)
26

27 # to ensure measurements lie in [-1,1] to fit encoding
28 uncertain_measurement = uncertain_measurement.bound(lower=-1,
29 upper=1)
30 uncertain_signal.append(uncertain_measurement)

Listing 4.6: Pseudocode for adding noise based on a specific SNR. We convert mea-
surements to Uncertain objects by creating a distribution N ∼ (µ, σ) aroung a mea-
surement. We define the variance of noise (σ) based on the SNR and µ is the measured
amplitude. We bound the Uncertain variable to ensure the measurements follow the
original 16-bit audio encoding.

4.4.3 Algorithm explanation
The main goal of the algorithm is to analyze a sound signal, capture

these two characteristics and infer if the sound is a clapping sound. To
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recognise the loudness characteristic of a clapping sound we compare the
amplitude of a short term average (consisting of the previous m samples),
effectively low pass filtering the signal with a threshold value. We define
the threshold using a constant over which we consider a clapping sound
might suprass, plus the average of a long term window. The long term
window consists of n ≫ m samples, thus taking the noise floor into
account. We adapt this threshold value continuously.

1 from UPROP import Uncertain
2

3 for uncertain_sample in samples:
4 short_term_average : Uncertain = mean_of_last_samples(K)
5 long_term_average : Uncertain = mean_of_last_samples(M)
6

7 # to avoid added noise amplitude floor increase the threshold
8 uncertain_threshold = const_threshold + long_term_average
9 max_val = 0
10 clap_duration = 0
11

12 # as long we have a high enough amplitude
13 while (short_term_average > uncertain_threshold):
14 max_val = max(short_term_average.max(), max_val)
15 clap_duration += 1
16 # if we exceed the max duration break
17 if clap_duration > max_allowed_duration:
18 clap_duration = 0
19 max_val = 0
20 break
21 # update values
22 next_samples()
23 short_term_average : Uncertain = mean_of_last_samples(K)
24 long_term_average : Uncertain = mean_of_last_samples(M)
25 uncertain_threshold = const_threshold + long_term_average
26

27 # if the max value is above the const
28 # universal threshold count 1 clap
29 if 0 < clap_duration < max_allowed_duration:
30 if max_val > clap_likeness_threshold:
31 clap_count += 1
32

33 clap_duration = 0
34 max_val = 0
35 next_samples()

Listing 4.7: Pseudocode of the clap detection algorithm.

To capture the second characteristic of a clapping sound, which is
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the shortness of duration we count the duration of registered events. If
this average of the short term window is above the defined threshold we
start counting the duration of this event. As long as short_term_average
> long_term_average we increase the duration. Finally if the duration
does not exceed the defined duration threshold we register a clap event.
Listing 4.7 presents the pseudocode for the algorithm.

4.4.4 Emphasizing on the usage of Uncertain objects
In Listing 4.7 we initialize two Uncertain objects in lines 4 and 5

and consequently, we use the overloaded arithmetic operators, in line 8
to define a third. We use these Uncertain objects throughout the code
to decide if the short term average surpasses the long term average. In
Subsection 3.4.1 we propose two methods of comparing Random Vari-
ables or rather, Uncertain objects, which we further analyze and test in
Section 4.2.2. We use this functionality in line 13 where we compare two
Uncertain objects and whether to register or not a clapping sound.
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Figure 4.18: This Figure visualizes the algorithm we present in Subsection 4.4.3. We
take into account the absolute value of the reference signal calculating the short term
window average and later compare it with the long term window average. If the short
term window average surpasses the amplitude threshold then and the duration of the
event is less than the duration threshold we register a clap event. In this example, we
register two clap events.

The primary goal of the UPROP Library is to seamlessly merge with
existing code so that it does not act as an extra burden for programmers.
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Specifically in Listing 4.7 the only section we observe a differentiation
with using conventional numeric types is in line 14. Thus we consider
that the Uncertain object has achieved a goal we set: Minimality.
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Figure 4.19: This Figure shows 4 selected sound descriptors of the input sound signal.
The Spectral Centroid is the barycenter of the signals’ spectrum. The Spectral RMS
or Total Energy estimates the signal power of a frame around a given time. The zero-
crossing rate is a measure of the number of times a signal values crosses the zero axis.
Spectral flux is a measure of the variability of the spectrum over time [49].

4.4.5 Validating Recognitions

In order to validate the method we present in Subsection 4.4.1 using
the UPROP Python Library, we perform the same clap sound recognition
algorithm using the Spectral Flux instantaneous spectral sound descriptor.

Sound descriptors are specific extracted audio features from sound
signals that assist in sound classification and characterization. Geoffroy
Peeters [50] reports a large set of audio features for sound description.
We select a small subset of low-level descriptors and visualize them along
the input signal in Figure 4.19. This gives us the initial insight of the
descriptor to use for distringushing the clap sounds. The insight from
Figure 4.19 is that the Spectral Flux seems to be the appropriate descrip-
tor to use to validate our results.

Spectral flux (flux(t)), is a measure of the variability of the spectrum
over time [49], calculated by comparing the power spectrum for one
frame against the power spectrum from the previous frame:
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Definition 4.4.1

flux(t) =
(

b2∑
k=b1

|sk(t) − sk(t − 1)|p
) 1

p

(4.4.3)

Where sk is the spectral value at bin k. The magnitude spectrum and
power spectrum are both commonly used. b1 and b2 are the window
frame edges, between which to calculate the spectral flux and p is the
norm type.

Calculated this way, the spectral flux is not dependent upon overall
power, since we normalize the spectra, nor on phase considerations, since
we only compare the magnitudes. We decided to use spectral flux because
of it’s popularity in onset detection [51] and audio segmentation [52].
Figure 4.20 depicts a waveform with multiple clapping sounds and we
observe that the spectral flux can distringuish the moments when a clap
occurs.
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Figure 4.20: This figure depicts a waveform with multiple clapping sounds and we
observe that the spectral flux can distringuish the moments when a clap occurs.

The validation algorithm we use is a variation of the algorithm pre-
sented in Subsection 4.4.1. Firstly, we use the original particle measure-
ments. Furthermore , instead of averaging the amplitude of the mea-
surements with the added noise, we average the values of Spectral Flux
descriptors. We redefine the spectral flux threshold accordingly to fit our
data. Figure 4.20 shows the short and long term window and the re-
sulting clap detections. We observe that the algorithm using the UPROP
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Library recognizes the same amount of claps, at the same time compared
with the algorithm using spectral flux.
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Figure 4.21: Detected clapping sounds using spectral flux descriptor. The input wave-
form is on the top subfigure, In the middle subfigure we show the instantaneous spectral
flux descriptor shows. We low pass filter the descriptor by computing a short term av-
erage on the short term window. This short term average has to exceed a threshold in
order to trigger further evaluation of the microphone input. The evaluation includes
measuring the duration of how long the low pass filtered descriptor exceeds the constant
threshold. We observe that the recognitions are accurate, resulting in two claps.

4.5 Brown Ham dislocation model
This benchmark calculates the cutting stress of an alloy precipitate

using the Brown-Ham dislocation model [8, 9]. Anderson et al. [8]
provide empirical value ranges for the inputs of the dislocation model.
We assume that the inputs of the dislocation model follow a uniform
distribution across these ranges. Equation 4.5.1 defines the calculation
of the cutting stress of an alloy precipitate.

σC = Mγ

2b
·
(√8RSγϕ

πGb2

)
(4.5.1)

We calculate the Normalized Wasserstein distance between the im-
plementation using the UPROP Library, and the conventional method:
using particle sampled values. We use the Monte Carlo Simulation as
reference. We plot the results in Figure 4.23.
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(a) Brown-Ham coefficient calculation with 8 bins.
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(b) Brown-Ham coefficient calculation with 16 bins.
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(c) Brown-Ham coefficient calculation with 32 bins.
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(d) Brown-Ham coefficient calculation with 64 bins.
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(e) Brown-Ham coefficient calculation with 128 bins.
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(f) Brown-Ham coefficient calculation with 256 bins.
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(g) Brown-Ham coefficient calculation with 512 bins.
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(h) Brown-Ham coefficient calculation with 1024
bins.

Figure 4.22: This figure shows the distributions generated for the Brown-Ham [9]
coefficient calculation with varying number of bins, using the Monte Carlo Simulation,
Uncertain objects through the UPROP Python Library, and just particle values. As
the number of bins increases the distributions’ mean appears to converge to the particle
value.

We observe that this distance is inversely proportional to the number
of bins (Lower is better). The UPROP Library performs from 2× more
accurate, with 64 bins, up to 9.4× with 1024 bins, compared to the particle
sample calculation. If we perform the benchmark with the Uncertain
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objects having from 8 to 32 bins, our model performs up to 2× worse,
with regards to accuracy. We also visualize the resuts for each number
of bins in Figure 4.22. The two distributions indeed converge as the
number of bins increases.
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Figure 4.23: The Normalized Wasserstein distance between the Uncertain and Monte
Carlo distributions is inversely proportional to the number of bins. (Lower is better).
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4.6 NIST Uncertainty Machine ‐ Comparison

The NIST Uncertainty Machine [53] is a web-based software appli-
cation to evaluate the measurement uncertainty associated with a scalar
output quantity that is a known and explicit function of a set of input
quantities for which estimates and evaluations of measurement uncer-
tainty is available. Random variables model the input and output quan-
tities and they use their probability distributions to characterize mea-
surement uncertainty. It supports both known and empirical probability
distributions, but has limited capabilities due to its web-based nature and
lack of features.

We select a benchmark to compare the UPROP Library with the NIST
Uncertainty Machine. We designed this benchmark specifically to test
the ability of each framework to track correlation between variables. We
show the benchmark implementation using the UPROP Python Library
in Listing ??. We recursively add a variable to a sum. We observe major
differences in the PDF function of the output variable X.

The Uncertain object fails to capture the correlation between the vari-
able Xsum and Xref. This is because we only support autocorrelation. We
check this by comparing the memory address of each object at the time
we invoke each operation / function.
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Figure 4.24: Comparison between the UPROP Library and the NIST Uncertainty Ma-
chine. We initialize a Random Variable X ∼ N (0, 1) and we add this variable to a sum:
sum += X for 10 times.
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1 X_ref = Uncertain(samples)
2 X_sum = 0
3

4 for i in range(0,10):
5 X_sum += X_ref

Listing 4.8: Adding a reference distribution to a sum 10 times. We initialize a Random
Variable X ∼ N (0, 1) and we add this variable to the sum: sum += X for 10 times.

4.7 Pyro ‐ Comparison
Pyro [54] is a programming library written in Python and supported

by PyTorch on the backend, which is a widely used platform for deep
learning. With this said, Pyro is mainly focused on Machine Learning
(ML) tasks and enables the user to utilize flexible and expressive deep
probabilistic modelling for any computable distribution, even empirical
while unifying modern deep learning and Bayesian modelling.

We compare the UPROP Library with Pyro’s experimental feature
of Random Variables using a simple benchmark of two linear transfor-
mations on two Random Variables. We present the version compatible
with the UPROP Library in Listing 4.9 and the version compatible with
Pyro in Listing 4.10. Theoretically they should both yield as a result, a
Random Variable Z with µZ = 35 and σZ =

√
18. Indeed, as we see in

Figure 4.25 both the UPROP Library and Pyro [54] return the expected
result.

1 from UPROP import Uncertain
2 import random
3

4 X = Uncertain(random.normal(5, 1))
5 Y = Uncertain(random.normal(20, 3))
6 Z = 3*X+Y

Listing 4.9: Adding a reference distribution to a sum 10 times using the UPROP
Library. We initialize a Random Variable X ∼ N (0, 1) and we add this variable to the
sum: sum += X for 10 times.

1 from pyro.distributions.torch import Normal
2

3 X = Normal(5, 1).rv
4 Y = Normal(20, 3).rv
5 Z = X.mul(3)+Y

Listing 4.10: Adding a reference distribution to a sum 10 times using the UPROP
Library. We initialize a Random Variable X ∼ N (0, 1) and we add this variable to the
sum: sum += X for 10 times.
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Figure 4.25: Applying linear operations on Random Variables. Comparison between
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Random Variables are X ∼ N (5, 1) and Y ∼ N (20, 3).
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Figure 4.26: Based on equations 2.2.1 and 2.2.2 the result should have a mean
µ3∗X+Y = 3∗µX +µY = 35 and a standard deviation of σ =

√
32σ2

X + σ2
Y =

√
18 ≈ 4.24.

We observe an offset of 0.8 from the expected mean value, with regards to the mean
value of uncertain package, while Pyro yields the expected results. The standard deviation
σ, remains almost identical.

To apprehend in depth the distributional output of this benchmark
repeat the process k times and keep the mean and standard deviation
of Random Variable Z. We plot the distribution of these values in Fig-
ure 4.26. While the standard deviation remains almost the same for
both frameworks, the mean value diverges — in this example by ap-
proximately 0.7.
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4.7.1 Compounding error
In Figure 4.26 where we compare the distribution of the first two

centralized moments of the results of each framework we observe that the
Uncertain object’s mean deviates by a margin of approximately 0.7 from
the expected value of 35. This happens due to the memory representation
chosen for Uncertain objects. We should note that we observe this ”shift-
to-the-right” behavior, in every benchmark. As we explain in Section 3.2
the memory representation of any Uncertain object is a Dirac mixture
representation (Definition 3.2.1). We propagate uncertainty through a
circular-convolution, which we showcase as pseudocode in Listing 3.2.

As we show throughout this section, the accuracy of our model in-
creases when we increase the number of bins representing an Uncertain
variable. The reason behind this lack of accuracy with less bins is not
the actual number of bins, but in fact the bin width. Less bins means
less groups of samples with higher probability. Thus, since we only rep-
resent each bin with 2 numbers: its probability and its median, we end
up partially distorting the distributional information obtained from the
samples.

This issue is further enhanced by performing operations with only the
median values. By doing so we generate new samples and we bin them
accordingly such as the smallest generated sample becomes the first bin
edge and the largest becomes the last bin edge. All this while keeping
the probability of each value. One simple observation, is that we ignore
the first sample value that originally formed the first Uncertain object.
This results in a right shift of the minimum possible value and explains
the issue we notice in this benchmark.
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Chapter 5

Related Research

The UPROP Python Library attempts to encapsulate measurement
uncertainty by using a distributional memory representation to propagate
uncertainty through operations and functions. Designing frameworks
like this, poses a massive challenge for both the mathematical foundations
and in terms of efficiency. There have been multiple attempts to face this
challenge which we lists and compare with the UPROP Python Library
below. In Table 5.1 we present a brief comparison

System Hardware/
Software

Uncertainty
Propagation
Method

Programming
Language Execution

UPROP Software Circular
Convolution Python Locally

Signaloid.io Software &
Hardware - C Online

NIST
Uncertainty
Machine

Software Monte Carlo
Simulation R Online

Pyro Software - Python Locally

Uncertain<T> Software Sampling
Functions C# Locally

Table 5.1: Mean inverse-Normalized Wasserstein distance between the Particle and the
UPROP Library implementation for the arithmetic operators for each number of bins.

Stan [55] is a domain-specific language designed for describing a restricted
class of probabilistic programs and performing high-quality automated infer-
ence in those models. Church [56], a probabilistic dialect of Scheme, was an
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early universal probabilistic programming language, capable of representing any
computable probability distribution. Venture [57] is a universal language with a
focus on expressiveness and flexibility and a custom syntax and virtual machine.
Anglican [58] and webPPL [59] are lightweight successors to Church, embedded
as syntactic subsets [60] in the general-purpose programming languages Clojure
and JavaScript. Edward [61] is a PPL built on static TensorFlow graphs that
features composable representations for models and inference. ProbTorch [62]
is a PPL built on PyTorch with a focus on deep generative models and devel-
oping new objectives for variational inference. Turing [63] is a PPL embedded
in Julia featuring composable MCMC algorithms. Pyro [54] is a probabilistic
programming language (PPL) written in Python and supported by PyTorch on
the backend, which is a widely used platform for deep learning. With this said,
Pyro is mainly focused on Machine Learning (ML) tasks. Pyro enables flexible
and expressive deep probabilistic modelling for any computable distribution,
even empirical while unifying modern deep learning and Bayesian modelling.

Laplace Microarchitecture
Tsoutsouras et al. [2] present Laplace Microarchitecture for tracking machine

representations of probability distributions paired with architectural state. Laplace
uses the RISC-V ISA with two suggested extensions to induce distributional in-
formation to the microarchitecture and enable users to query and extract infor-
mation about the distribution of the random variables. It represents the variables
using either Telescoping torques representation (TTR) or Regularly-quantized
representation (RHQR) which simulates histograms. TTR using the definition of
mean value, that splits the support of the distribution in two halves, uniformly on
each side of the mean, represents the distribution in a Dirac Mixture of log(N)
Dirac delta functions δ(x) — a unit impulse at position x. They generate these
Dirac deltas by recursively splitting each half of the distribution support, using
the mean value for each half. The probability of each possible variable value
defines the height of each Dirac delta. Laplace also supports correlation-tracking
between variables by tracking ancestors on a hardware level.

Bornholt’s Uncertain Type
Bornholt et al. [3] introduce Uncertain<T>, a programming language abstrac-

tion to represent random variables. Bornholt et al. use user-specified sampling
functions to represent the variables, combined with a directed acyclic graph
(DAG), constructed on runtime, to represent the order of arithmetic operations.
This DAG forms a Bayesian Network and evaluated it whenever necessary. As
seen in Figure 5.1, Bornholt corrects the calculation of the posterior by us-
ing prior knowledge. They achieve this by fitting the likelihood distribution
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calculated by the framework, with prior knowledge. The result of the fitting
constitutes the final posterior.

Figure 5.1: Bornholt fits calculated estimates generated by the Uncertain Type with
prior knowledge to produce the posterior distribution of the data.

Uncertain‐UP
Manousakis et al. [64] represent random variables using a mean, variance-

covariance matrix, and when necessary the entire empirical distribution. Their
work applies to DAG-based data processing systems, such as Apache or Hadoop.
They use first-order Differential Analysis to propagate uncertainty through DAG
nodes under the condition that they represent continuous and differentiable
functions. In case this condition is not met, they use Monte Carlo simulation as
a fallback method.

NIST Uncertainty Machine
The NIST Uncertainty Machine [53] is a web-based software application to

evaluate the measurement uncertainty associated with a scalar output quantity
that is a known and explicit function of a set of input quantities for which
estimates and evaluations of measurement uncertainty is available. Random
variables model the input and output quantities and they use their probability
distributions to characterize measurement uncertainty. It supports both known
and empirical probability distributions. The memory representation of the ran-
dom variables consists of the first two centralized moments of the distribution
(mean, variance). The NIST Uncertainty Machine implements the approximate
method of uncertainty evaluation described in the GUM [1], and the Monte Carlo
method of the GUM Supplements 1 and 2.
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Chapter 6

Conclusion

6.1 Future Work
The UPROP Python Library undertakes the challenge to encapsulate mea-

surement uncertainty by using a distributional memory representation. Design-
ing frameworks like this, poses a massive challenge for both the mathematical
foundations and in terms of efficiency. Below we propose some interesting
capabilities one can explore now that we have the ability to manage and propa-
gate measurement uncertainty. Our implementation can serve as a basis for this
exploration.

6.1.1 Efficiency in Computations
As we briefly discuss in Section 4.2, when computing with the UPROP

Python Library the selection of the number of bins that represent an Uncertain
object embodies the classic speed-accuracy trade-off. At small bin numbers, the
calculation is quick, but more inaccurate. At large bin numbers, the reverse is
true: the calculation is slow but accurate. Choosing the correct bin number is
therefore critically important: too high and the Uncertain type will be too slow
for practical use; too low and it will be too inaccurate to solve real problems.

The Uncertain type certaintly introduces a performance overhead when
compared to particle (one-sample) calculations. Finding ways to either reduce
or eliminate unnecessary computations to optimize this performance overhead
and ultimately reduce execution time, would be the next major step in calculating
with the UPROP Python Library.

6.1.2 Correlation tracking between variables
In Subsection 4.3.5, we analyze some of the reasons why tracking correlation

becomes both a blessing and a curse in some situations. Correlation may not
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imply causation, but causation does certainly imply correlation. On the other
hand, this may introduce significant inaccuracy to our model as we show in the
GPS benchmark. A specific condition where this is prevalent, is mapping even
functions to Uncertain objects that have distribution support close to 0.

A typical solution to this problem might be to urge the user to explicitly
redefine objects after specific operations that meet some conditions. But this
would alter the design goal of minimality.

6.1.3 Compounding error after operations
Finally, in Section 4.7 we showcase the compounding error caused by using

Dirac Mixtures (histograms) to propagate uncertainty in operations. Performing
operations with the median values of each bin, results in a ”right-shift” of the
results since we ignore some samples. We expected this design driven behavior
and we explicitly kept it because we consider it worth for the simplicity-to-
accuracy trade-off.

However it would be interesting if we manage to combat this compound-
ing error caused by operations by analyzing the input Random Variables’s bin
widths and counter-shifting the any new Uncertain objects.

6.2 Conclusion
The issues that software engineers are confronting are getting to be more

complex, and equivocal, requiring them to inference information from a hand-
ful of sensor measurements to PetaBytes of Big Data. These information sources
and the programs that utilize them, have one thing in common: they introduce
uncertainty. By providing insufficient tools and abstractions, programming lan-
guages encourage programmers to waive their responsibilities in the face of
uncertainty. Existing abstractions, either are not expressive enough or demand
a significant amount of time for a developer to comfortably and effectively use
them.

The UPROP Python Library aims to eliminate this, by addressing uncertainty
propagation and management without excess action from the user side. The
UPROP Python Library is a principled abstraction for computing with uncertain
data. The idea of the abstraction we propose originates from uncertainty in
computations and the fact that developers choose to ignore it. Reports show
that we have acquired the know-how to identify measurement uncertainty but
lack in tools that propagate it through computations. Our abstraction starts
by defining a memory representation of distributions and uses mathematical
knowledge to set the foundation of uncertainty propagation.

While this principled approach is a virtue and ensures the Uncertain type
is accessible and expressive, it also has the potential to make a practical im-
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plementation impossible. The selection of representation bins in an Uncertain
object embodies the classic speed-accuracy trade-off. At small bin numbers, the
calculation is quick, but more inaccurate. At high bin numbers, the reverse is
true: the calculation is slow but accurate. Choosing the correct bin number is
therefore critically important: too high and the Uncertain type will be too slow
for practical use; too low and it will be too inaccurate to solve real problems.
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