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Arnayopebeton 1 avtiypapn, armodrxeuon xou davour, tne mopoloag epyaciag, €€ ohoxAfipou 1
TUAROTOS UTAS, Yl epmopd oxond. Emtpénetan 1 avatinwaon, anodrixeuon xou Slovopr yid oxomo
un %xepdooxoTUXd, eExTodELTIXAC ) epeuVNTIXAC QUoNG, UTd TNV mpobndleon va avapépeton N TNy~
TpoéAeuong xau Vo dlatnpeeiton To Topdy pivuua. Epwthuato mou agopoly Tt yerion tne epyaociog o
*EEBOOUOTUINO OXOTO TEETEL VoL AMEVTVUVOVTOL TTPOS TO CUYYPUPEX.

Ou amdelc xou To. GUUTERGOUATO TTOU TEPLEYOVTAL GE OUTO TO €YYEUPO exPpd- LouV TO GUYYPU-
p€a xou deV TEEMEL Vo epuNveLTEl OTL avTiTpoownelouy Ti¢ enlonueg Véoelc tou Edvixod Metodfiou

IToAuteyveiou






ITeocopoiwtng KBavtixod Y roloyioth

YOvodn

Ot xBavtixol UTOAOYIOTES Elvol OE TEWLULO GTABLO ot BEV UTOPOUUE VO EXTEAECOUPE GNHAVTIXOUG
akyoptduoug oe autolg. To autd TOV AdYO, OTNY TEAYUATIXOTNTA BOUAEVOUUE UE TEOCOUOLWTES
HBAVTIHDOV HUUAWPATOV.

Yty napoloa BITAWUTIXY epyoaciot XATAOXEVALOVUE EVOY TROCOUOLOTH XBAVTIXWY XUXAOUATWY.
O mpocouolwtg autodc elvar Yeaupévos otny Yhwooo mpoypaupatiopot C++, elvon mAfeng xou xOplo
oxond €yl TNV LPNAT TovTN T

Tyeduotinée apyée Ttou ebvan: 1 evypnotio Tou (yenowonotidnxe to €0xoh0 CLUVTIXTIXG NG
PennyLane), n cupPotétntd tou (dev Paciletan ot xapio BiBhodixn népav tne Baouic Bihodxne
e C++), n edxoln xou amodotixt| Bektiotononomn xBovtixdv xuxhwudtwy, 1 eveh&io Tou xou 1 apy ™
ToU avolyTo0 AoYLoUiXoD.

Yty Bdor tou umdpyet wa BiBhiodxn wryadiwy aprduoy xan yeouupxnie dhyefpoc: méve o auty
N Bdon yedgpovton oL alyoprtuol Tou YeetdlovTal YLl TNV TEOGOUOIWsT) TOU XUXADUATOS Xadde xal
yio Ty anodotny| Behtiotonoinoy tou. Téhog, undpyouv apxetd epyalelo Tou Blvouv oTov Yerotn
TNV duvaToTNTA Var exTeAel TELpdUaTo xou VoL BEATIOTOTOLEL ToL XUXAWUATE TOU apXeTA €0XOAL.

Aggeg-Khedid: KPavtixdc Trohoylotic, Ilpocouowwtric, C++, KBavtixé Koxiwyo, Belti-

otonoinor, Qiskit, PennyLane, Qubit


https://pennylane.ai/qml/




Quantum Circuit Simulator

Abstract

Quantum Computers are in an early stage of development and we cannot execute meaningful
algorithms on them. That is why, in reality we work with Quantum Circuit Simulators.

In this thesis we construct a Quantum Circuit Simulator. This Simulator is written in the C++
programming language, it is complete and it aims for performance.

Its basic Design principles are: user-friendliness (a syntax similar to Pennylane’s was used),
compatibility (the simulator only uses the basic C++ library), easy and efficient circuit optimiza-
tion, flexibility and open-source.

In its core there is a library for complex numbers and linear algebra; on top of this core, there
are algorithms needed for the circuit simulation and its efficient optimization. At last, many tools
are provided to the user, giving him/her the ability to conduct experiments and optimize his/her
circuits.

Keywords: Quantum Computing, Simulator, C+-+, Quantum Circuit, Optimization, Qiskit,

PennyLane, Qubit


https://pennylane.ai/qml/

Euyapiotieg

Oa Hieha va euyoplotion tov Iwdvvr Oeoddvr, ou ye eloryoye otov xBaviixd UTOAOYLOUS Xou
ue Bodnoe oe 6An wou tnv mopela. Enlong, Yo ieha va euyopiotiote tov adeppd pov Kwvotavtivo
ITory v yioe Ty Borjdeld tou otic ecovoypagprioeic xadog xat yio Tic ouuBouléc tou. Téhog, Yo Hdeha
VoL ELY PO THOW ToV eMBAETOVTA xodNyNTh %. Apioteldn HoyouptlH), mou you €delle eumiotoolvn oe

auUTé T BVUeXoAO oV (TO60 oTNY EmAOYT VEUATOC, 6G0 XL OTNY EXTEAEDT)).
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1 KBANTIKH ®YTX>IKH

1 KRavtixr Puowxn

1.1 Ewayowyiq

1.1.1 H ¢uowxr otov 190 cwdva

Yto téhn Tou 190u awdva  Puoiny elye onpeldoel Tpouox T tpdodo. H xhaoixh| unyovixn elye évay

oY UEO HOUIMUOTIXG POPUOMOHO Xol O NAEXTEOUAYVNTIOUOS €lye TAEOV Wit xoudn, xou xaTd Tor pouvoue-

v, TAen TepLypagy) and tig eglodaoelc tou Maxwell. Evog dhog xAddoc g duwe, 1 Seppoduvopixt,

yenowononoe éva véo gpyolelo: TNy oTatioTixy. Auth Atav 1 yéQupa Tpov Tov pxedxoouo. Ka

TEAYUOTL, TOAD YEHYORO QAVIXE TS 1) EXOVOL LIS YL TOV UXEOXOCHO NTay Aoviaouévn,.

1.1.2 H avayxoudtnta tne xPaviixne Yewplog

Ot 800 peydhec guowég dewpleg Tou 190U auwva, o Nhe-
XTEOUAYYNTIOHOG Xat 1) Vepuoduvayiny, €dwoay eEnyhoeic
YO T, WC TOL TOTE, THO AMOTNASL QOUVOUEVA: TO QGG oL
v Yepudtnta. Ioapd duwe Tic omoudaieg Toug emtuylieg,
Oev dpynoe va eméhdel i xplon: Ou Yewplec tne enoyrc,
TpoéBhenay we éva oopa o Yepuuxy| oopponio (Ue To
nep3dAhov) Do €mpene Vo EXTEUTEL AMEELOPLOTA TOOE €~
VEpYELS OTIC UPNAEC oUYVOTNTES, XATL TOL BEV GUUPWVEL

HE TNV TEOYHATIXOTNTA.
1.1.3 Katactpopr tou YTrepuwdoug

To 6vopa «Kataotpoph Tou YTrepiddougy delyvel
n600 oofupd Ntav To MAR YU Yo Tic Vewpleg autée. H
havioouévn mapadoyr ftay mee 1 OAN oty wxer xAluc
unopel Vo THACVTMOVETAL GE OAO TO PACUOL TWV GUYVOTATOV.
IMpoonadwvtoag vo Aboel To TpdBAnU TNS ACURPLVIS oU-
¢, o0 Max Planck unédeoe Sonpitd gdopa cuyvotAtmy
X0 TO OMOTEAEOUO TWV UOUNUATIXWY CUUPWVOUCE UE TIC
napatneroelc. H mpddtn auth béa tou Planck, mwe n evép-
YELOL UETAPERETOL OE Uixpd déportor (quanta), pog elodyel

oty KBavtu Puowny.

Classical theory (5000 K)

Spectral radiance (KW - s - m~2 - nm~1)

0 05 1 15 2 25 3
Wavelength (um)

Yyfuo 2: Kataotpopn tou Trepuddoug

Puowd 1 emoThAuN Teoywenoe Tohd woxpltepa and Tov Planck. Xivtoua axololinoce 1 epyaoia

Tou Einstein vyl 1o gwtonkextpnd gouvouevo xou péoa oe 30 ypdvio n xBavtix) guowny eiye dellel

WS 0 UXPOXOCHOC BEV UTAXOVEL GTOUG KVOUOUCY TNG XOUNMUEPIVAC HaC epnelplag.
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1 KBANTIKH ®TXIKH 1.2 Awtoxpatio

1.2 Awtioxpatio

1.2.1 «O O=bc dev nailsr Ldprlon

To véa netpdporto €3e1€oy e oTov Uixpdxoouo dev oy lel awttoxpatio (1 loylet ev uépet). H npdtn
eZlowon nou TEepléypage TELOTIXG Ta crpatidio otov uxpdxoouo (1 eiowon tou Schrédinger) otn-
prlotay axpBig oe autéd. Baowd guoxd yeyédn, dnwe n 9éon tou cwyatdiou, dev eivon TApwe
xodoplopéva, xou Ut Oyt Aoy aduvoplas Stelaywyhc axpyBolc UeTpHoEnS, ahld and TV EYYEVN
mwdavoxpatixy @UoY v couatdiov. H epunvelo auth aviixerton oty xodnuepvr goc eunet-
pla, xadodg 0 mBavoxpaTiXds YopaxTHEOSC BEV aVAYETOL GTNY UEYSAN Xhipaxa xo ¢ ex To0TOL eV

TapaTNEElToL UTO XoVOVIXES CUVUAXES.
1.2.2 EZicwon xivnong - E§lowon Schrodinger

Yy xhaow] unyovixr 6ha e€aptdvton and tny 9éom

zhaa—dj = <_2h_2v2 + V(f’)) " Tou oopatos. I'vwpilovtae vy Véon 7(t) xdlde otyun
t " Beloxouue v tayOtnta @(t), amd exel v opur), TNV ouvL-

otopévn duvauy, Tic evépyeleg XA, Ltnv xBovTounyavixn
n mpodTn eZlowon xivnone (mov xatéotpwoe o Schrodinger XL QEPEL TO GvopaL TOL), BEV UG
unohoyilel v axpB3) Véon evdg cwpatidiov. H hon ¢ tne e€iowong, yvwo T xal &g XLATOCU-
véptnor , yeetdleton oy epunveia 1 onola dev elvan mpogavic. H epunveia mou 660nxe éuotale

(%o oxdpa poidlet) eviehns avdolpetr, woTéo0 N «TEaYUATIXOTHTOY TNV enahnleveEL.
1.2.3 Epunveia xvpatocuvdetnonc

H [1]? = ¢* (7, t) ebvor n cuvdeETNo” TLXVOTT-
Tag mIAVOTNTAC UNHEENG TOU CwuaTdiou oTnv
Véon 7y oTiypn t. Autd onpaivel otL T0 cwpatidio
oxohovlel yio oTaTio Tie xartavouy) xou 6tay Yetprndel

Yo evtomotel ot nepoyn V' pe mbdavotnro

/V/ [wvjav

O (B¢ o Einstein dev deydtav v oTatio Ty

aUTH) gpUNVEll TNC QPUOKNC" YUEAXTNELOTIXY Elvol 1) Syfua 3: John Bell

pedor tou «O BOede dev mallet Ldptay. IlioTteue, 6nwe xan xdde oxentinde dvipnnog, Twe 1 TUYUHTN-
ToL TV PETPAROEMY Wag dev unopel vo ogeileton ot Tporyatnh|/eYYEVA TUXUATNTA, AAAE OE XETOLOV
UNYOVIOUO dYVWOTO TPO¢ TO TPV Ot U 0 onolog Bpd AmoupaThENTOC Xol TUPAYEL DLUPORETIXG a-

noteAéopata. H 8éa noe to deyéhlo tne mpayuatixétntac cuuneptpépetan tuyaio Loldlel evieADS
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1 KBANTIKH ®TXIKH 1.3 O oupPohioude tou Dirac

napdhoyn. ‘Evo and ta onuavtixdtepo emtedypota e KBavtindc Puoiic elvan autd tou John Bell,
o omnofog to 1964 mpdteive Eva euguéc elpopol Ye To omolo Vo pouvéTay av N TuyndTATA Elval eYYEVAS

1 6yt ‘Onwg €deiav ta melpdpara, o Einstein elye ddixo.

1.3 O ocupfoiicuédg tou Dirac

1.3.1 EnoAAnAic XATACTACE®V

Av B0 cuvaptAcels 1 xan e elvon Aoelg e egiowone Schrodinger, tote xaw xdde yeorrixoS
ouvduaouos ayr + [s eivan enione Morn. H ypappuxdtnta auth twv Aoewv Yuuilet diovu-
opatixd yweo. Ko mpdypott Yo Atav ToAD ypRowo va elyope Evav ympo XoTaoTdoEwy, OTou oL
ocuvapTthoels avaraplotavton and daviopata. Etol n xatoavonoy pac vy éva cbotnua Yo froy mo
opYovouévn xou o e0yenoTtn. o va €youpe duwe €vay BLIVUOUATIXG YWEO TEENEL VUL EYOUUE O-
ploel éva eowtepind YIVOUEVO UETAED TV SLOVUOUGTWY - SNhadT, €va UETEO OHOLOTNTAC METOED TWV

XOLTOG TUCEWY / GUVOPTAOEMY YOG
1.3.2 Xuvinxn Kavovixoroinong

Muoc xou 1) [9|? ebvon cuvdptnon nuxvétntac mdavétnroc e Véone Tou cwpatdiov meénel va divel
oe 6ho Tov ypo mdavétnTa 1 o Ty ebpeon tou cwuatdiov (apol to cwpatidio de facto xdmou Yo

epgoviotel). O meplopiopds autédc ovopdletar oLV xavovixoroinong:

[y =1 (1)

Puolohoyxd hoiméy TPOXVTTEL 0 OPLOUOG TOU ECKWTERLXOV YIVOUEVOU:

W)= [[[ o0 av 2)

H oyéomn auth opilel eowtepnd yivouevo, agol mineol Tic tpotinodéoelc:

o (¢,9)" = (v, 9)
o (¢, Mth1 + Aat2) = A1 (@, Y1) + Aa(@, 12)

* (¥,9) 2 0xu (¥,9) =0 <= ¢ =0

1.3.3 XvuppoAiicuoc Dirac

Tt apyy) opiCoupe pla opdoxavovix; B&on otov yweo twv xotaotdoewy {1¥;} ue (¥;,¥;) = d;;.

Téte 1 Tuyoloo xatdotacn Yo opileton we:

= ZCﬂ/h‘ (3)
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1 KBANTIKH ®TXIKH 1.4 THapatnpodueva Meyélr - Teheotée - Metproeig

N otV YAOooo TS Yeouuixic dAyePpac:

(&1
Y= : (4)
Cn,

Etvor xoupdc va napovactdcoupe tov cupgfohioud tou Dirac pe tov onolo Souledel 1 xBavtounyovixt:

c
e O xotaotdoelc cupBorilovton we: [1h) =

Cn
o Opileton to Bondntind avdotpopo xan culuyéc Sdvuopa: (]| = )T = (¢t - <)

o To eowtepind Yvdpevo cuufohiletar we: (PY|P) = (Y] |d)
1.4 IMTapatneodpeva Meyeldr - Teheotég - Metprioeig

H ouvdptnon avtiotouyel Tipéc oe diheg Téc. O teheotric xdvel To (Blo mpdyua oe ouvapthoels. 1y o
TENEOTAC TORAYWOYLONG Bpa Tdvew OTIC TopAYWYIOWES GUVIPTACELS xou dNUoveYel dAAEC CLUVAPTHCELS:
D,f(z) = 4L f(z)} = f'(z). Eyelc Yo meplopiotodye o€ ypapuixolc TeAeoTée, dnhady TeEAEoTEC pe

TiC WBLOTNTES:

A [91) 4+ Az [12)) = A A |1h1) + A2 A |tho)

(A1 (D1 + A2 (92])A = A1 (1] A+ Az (h2] A

(5)

'Onwe goiveton oty ouvdet éxppact (¢| A |¢) Sev yperdlovion napeviéoeic xodde ((¢] A) @) =
(0] (A]@)). Ou xaraotdoeic | eivon ampooméhactec oe epdc. Tnv otyud e wétenonc n |v)
xatoppéet oe war Y. Ilpw v pétenon dev unopolue vo teoPfAédoupe to anoTtéAecya, Tapd UOVo

Vv uéon T tou. T va e€dyoupe v péom () avauevéuevn) T vl éva uéyedog mpémel vo

Beolye tov avtiotoryo tehesth A xou va vnohoyioouvye Ty nocdtta | (Y] Al | OL teheoTtéc autol

YioL VoL avTIoTOL 00V GE TopatnERouol UEYEDN TEETEL Var €Y0UV TROYUATIXES WDOTIES, dNAadY va elvor

Eputiavol: E|

lEppitiavol 4 avtoouguyeic héyovia oL Tvoxec Tou Xavomololy Ty oxéon: Apm = A%, Toodhvaua etvan
> > X mn
oL TEAECTEG Tou tavorololy Ty (Y| Ag) = (AY|d), V¢,
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2 KBANTIKOI YIIOAOI'TXTEX

2 KBavtixol YTroloyioteég

2.1 Ewaywyn - Qubit

Kot avahoyio pe Toug xhaoxolc UTohoyio téc, 0plloue wa Baomn 6Tov X0Hpo TwY XATao TAoEwY (YVw-

ot we «umoloyloxn Bdony): Tic xatactdoele [0) xon |1). O xataotdoelc autés avTinpocnwnedouy

poy opBoxavoviny Bdomn 2 Slo tdoewy xou avTio Tolyoly ato cuvrr dlavbouoTa:

"Evo xBovtind-bit (Qubit) [2] opileton we¢ o ypappixdc cuvduaouds Twv davuoudtwy Pdong:

W) =aln+sn=(5). asec

2.2 Ymrépdeom - Xgaipa Bloch

2.2.1 Koavovixornoinon

H quowt| onuaocio etvon 1 (B pe avth tne xBoavtindic guoic: dnhady, av €xovue to Qubit |1))

(7)

(8)

a|0)46 |1, t61e Moyw xavovixoroinong (enedn n uétenon Yo dooet pio omo Tig 300 xUTacTéoEw):

1= {@k) =

1= (a" (0] + B (1)) (" |0) + 5" 1)) =

1= |a]? (0[0) + |B]* (1[1) + a*B(0[1) + aB* (1]0

1= o + 8]
2.2.2 TYnrépdeom

To Qubit howndév pnopel va Bploxeton petadd twv xoto-
otdoewv |0) xou [1), ahhd btav petpndel pévo wo omd
Tic 8o Vo eppaviotel. H biotnta auty ebvar yvooth wg
«YrepOeomn» xou Yog BVEL TO TASOVEXTNUA EVOVTL TWV
UNAOWGY UTOAOYIoTOV. Ta xohd tne anoteAéopota Vo
povoly apydTeRa, 6Tay cLUVBLACTEL ue TNV BedTepn Baouxn

WBLOTNTA TV XPAVTIXWY XATAOTACEWY: TNV CUUTAOXY.
2.2.3 Xogaipa Tou Bloch

Av yenolponotooupe TNV TOMXT HOPQT] TWV ULYOBIXWY o-

erdudy, po xdtaotaoy tou evég Qubit urnopel vo ypaepet
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2 KBANTIKOI TIIOAOT'IETEX 2.3 Yuumhoxt| - Kataotdoeig Bell

We:

[¥) = aeX[0) + Be™? [1)

Me Bdon v apyf e xavovixoroinone: |B=+v1—a?| Ondte unopolue vo apaupécoupe

plot petoAnty. Lty mpaypatix6TnTaL 06V UTOPOUUE Vol UETPAUE T XPovTixé XATUCTACELS XaL 1|
xaAOTEEN pac TedBAedn elval oL avVOPEVOUEVES TIIEC TWV TEAECTOV TOU £QpUOLOVTOL T8Ve O AUTES
(4) = (Wl AlY):

(Aij=Aj; i(y—
(4) == ) a?Ago + B A1 + 2aRe(Aype (x ¢))

Iapatneolue ott N avapevopevn T eoptdtor and Ty dapopd pdocwy (X — @), dpo Unopolpe
VO AQOULEECOUUE ot TIOM plat METOBANTA.  BDuupépel, Aowndv, TOAES QOPES VO YENOWOTOOUUE TNV

Llo0BVVAUT AVITAUPAOTACT):

) :%<cos(g) 0) + €' sin(g) |1>>

6mou 1 ywviot & (Yvewoth xat g ohxt| Yovia) uropel vo Sorypogpel, agol Bev mpdxeiton TOTE Vo
enneedoet tic mdavotnreg Tou Qubit.

O xataotdoeic-dlaviouata Aowtdy, €youy péteo 1 xan avelaptnola xwvhoewy oe 2 dlaotdoelg. I
aUTé TO AOYO UTOPOUUE VA TIC UMELXOVICOUUE YEWUETEXE UE TNV ETLQAVELN (LG Lovadialog opalpag
(Zpaipa tou Bloch). H clufoon eivor va totodetolpe Tic xotaotdoels e Bdone otov dEova
z (6nwe Tic petphioelc Tou spin). Ltov Pépeto moho tonodetolue TNV xotdotaoy |0) xo 6Tov voTIo
v |1). H tuyoloa xatdotaon aviiotoel oe €vo onueio ndvew oty empdveta tne ogaipoac. o va
peTaxvhooude To onueio autd oe dhhn Véor, eqapudloupe mivaxes otpogic Ylpw and toug 3 (1 xou
dhhoug) dEovecg.

Ou yovieg 8 xau ¢ elvan 1 mohixr yovio xa to alipovdo otnv opoipo.

2.3 Xuvpnioxn - Katactdoeig Bell

2.3.1 Ao Qubits - TavuoTtixd I'ivopevo
Méypl otiyunc neplypddope Tov YWeo XataoTtdoewy Tou evog Qubit. AAAG tf ouyPalvel 6tay €youue

2 Qubits; Apyxd mEénel Vo XAVOUPE [LOL ETEXTACT] TOU YMPOU YLoL VoL UTOROUUE VoL TEPLYPBPOUUE

peyahbtepo aptdud and Qubits. Ag unodécoupe nwe €youue 2 Qubits otig xataotdoeLc:

Y1) = a[0) + B[1)

2) =710) +41)

O Unrolpevoe yopog Yo €xel Sidotaon 4 = 2 X 2 xou 1 XATOTAO, TOU TEPLYPAPEL TO ONO GUGTNUA,

(10)

unohoY{leToL WC TO TAVLOTIXO YIWOUEVO PeToEY TwY 800 DAVUOUATWY:
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2 KBANTIKOI TIIOAOT'IETEX 2.3 Yuumhoxt| - Kataotdoeig Bell

V) = Y1) @ [4b) (11)
t0 omnolo €€ optopoy eivan to:
a Y ary
@ 7\ _ 1) | a0
(5) N (5> a(r)] (P 12)
) 86

T opdiderypa, av to Tpdto Qubit elvon oty xatdotaon |0) xou to devtepo otny [1), ToTE TO GAO

clotnua elval oTnv:

=)

mem=(s)e(7)- (1

Q¢ daviopata Bdone mpogavng Yo Vécouue Ta TOVUOTIXG YVOUEVA TwV dlavuoudtwy Bdorng,

o o

Onhady) Tot:
|00) = [0) ® |0) =

01) = |0) @ 1) =

10) = |1) ® |0) = 1) = e|1) =

O, OO OO o+
O oo O o+~ O

EOxoha auth 1 3¢ yevixebeton ot neplocdtepa Qubits (plag xon 1o tavuotind ywvdpevo eivou

TPOCETAUELOTIXY TEEEY).
2.3.2 3Svuurnioxn

Ac Solye thpa TO TAVUG TS YIVOUEVO EX TOU avTio TedPou. A unolécoupe Twe éva alotnua Peloxe-

T OTNY XO(TC&GTO(O'T]Z

00) + 11) 1

N (15)

= O O

IMpoonodovtoe va avahboouye Ty xatdotaoT ota 2 cuotatixd tng Qubits Slamotdvoupe ot pot

TéTola ovarywyT) ebvan adOvaTy:

1 a Xy
110 axd

ﬂavﬁv’%(sec' ﬁ 0 = ﬁ)(’}/ (16)
1 B X6



2 KBANTIKOI YIIOAOI'TXTEX 2.4 Kuxhopota - ITokeg

Anhady, to Qubits elvan «evwpévay pe tétolo TpéTo Mou Bev emttpénetol 1) ambmAen touc. To
ToEABdELYUd hac tooduvopel Ye To va todue ot oty pidhn 800 vouopdtwy Yo épdouv xat to 500 xopdva
1 xan o 800 ypdupota, eve anoxhelovtal ol dhkol dvo cuvduaopol. Ta Qubits, dnhady, cupniéxovtal

O€ XATAOTICELS X0l UTOPOVYE VO TIG ENEEEPYUGTOVUE 0NV OAGTNTA Toug ennpedlovtac wdvo €va and

autd. H 8étnto auth pog divel puoy popgy) maparhniios medewy oto Blo «UAxdy.

2.3.3 TIloAid& Qubits

Ou 18éec autéc ebxoha enextelvovtar ot n Qubits. To tavuoTtind yivouevo n BodEo TOTWY SLovu-

opdTwy elvon €€ oplopol:

Qg - Op_10n
a1 - - an—lﬂn
oy [e7) an, g B0y
= 17
() e ()ee (3r) : o
B1B3 - Bn-10n
B1Bs -+ Brn-1Pn
N oTov cupPoiioud tou Dirac:
) = @)l (18)
i=1
Avédoya opiloupe xan v Bdom tou xodeou {|b;)}:
1 0
0 1
0-+-0) =[0) @ [0) @+~ @ 0) = | . 0D =[0)@[0) @ o) =],
0 0
(19)
0 0
10 =mele-e=|i| L-h=mebe-e-=
0 1
X0 1) TUYOUOU XATACTACT] YRAPETIL WG YROUUULXOS CUVBUAGHOS TV Blavuoudtenv Bdong:
2" -1 2" —1
=1 (20)

|¥) = Z ci |bi)

2.4 Kuxiopata - ITOAeg

2.4.1 Apyxéc
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2 KBANTIKOI YIIOAOI'TXTEX

2.4 Kuxhopota - ITokeg

To %BovTind XUNAOUOTA, OTWS ToL NAEXTEIXA XUXADUOTA,
elvon €voc tpdmog anexdvione evog xBavtinol UTONOYLOUO-
0 ye «xahodday, TOAES xau petprioelc. oTté00, UTpYEL

ot Boaoinr| Slapopd. Aev emitpénetal 1) oavddpao, dnhadn 1

) ——

Yyfuo 5: Qubit w¢ «xahwddoy

yeron plog €€680u K¢ el66d0L oTNY (Blar TOAN: TO XBavTind XOXAWUA TEEL UOVO «TEOG TA EUTEOCH.

2.4.2 TIIVAec evéc Qubit

Baowég mbieg tou evéc Qubit elvar ov mhkec otpogric
(yOpw and touc 3 dZovec oty ogaipa Tou Bloch) xou o

O ec Pauli:

~
I
— O

~( cos(0/2)  —isin(0/2)
R, (0) = (—isin(9/2) cos(6/2) )

_ (cos(6/2) —sin(0/2)
R, () = (sin(9/2) cos(6/2) )

67720/2 0 0
RZ(G) = ( 0 ei9/2> ]_)

Erlong yvwoti elvar 1 mOAn tng toofapoic unépdeong,

N
|

~!
Il
A~ N 7 N~/
. O
o |
<
N~

O =

Yvwot) xou »¢ nUAn Hadamard :

5

2.4.3 TIIVAec moAAwv Qubit

Syfua 6: Baowée ITOheg

Syhua 7: IIOAn Hadamard

H Boowdtepn moin modhadv Qubit eivor n noin CNOT (Controlled

NOT - E)eyyouevn mOAn dpvnong) xou dpd mdvew oe 2 Qubits. Ay Eleyyoc —e—

10 pwto Qubit Yvwotd xow we Qubit eléyyou eivau [1), téTe oTO

Mtoyoc —H—

dAho qubit (qubit otdyoc) eqopudletar n oA X, mou avtiotolyel

YyAuo 8: CNOT

otov hoyxd teresth e dpvnone (ool X |0) = |1), X |1) = |0)):

CNOT =

oS O O
oo = O
= o O O

o= OO

Ané Tov mivaxo gadveton Twe dtav To mewto Qubit elvon undév, téte dev alhdlel to deltepo:

|00) — |00), |01) — |01)
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2 KBANTIKOI TIIOAOT'IETEX 2.5 Tapadelypoata - AnAd xuxAdpato

Evé av to mpdto Qubit elvan éva, téte olhdlel to deltepo:
|10) — |11}, [11) — [10)
Me tic amhég tokeg otpo@nic xou tnyv eeyyduevn NOT, unopolue va gtid€ouye onotadnnote TOAY.

2.5 IMopadeiypata - ATAL XUAAGUATA

2.5.1 AviuxatdoTtoon

A6 wixhopa mou avtipetadétel 0o qubits ypnowwonol-

dvtog todes CNOT. Apxetd ypriowo wag xon to Qubits )

Pan)
N7
<
=

Oev elvon mdvta cuvdedepéva Oha petagl Toug. |¢) —4

N
a
N
=
=

2.5.2 Kataoctdoeig Bell
Yyfua 9: SWAP

Kuxhdypato mou xotaoxeudlouy TG Xatoo THoels HéYLoTNne
oupmhoxhc (Y1), [ ™), [oT) |7 ), yveotéc xu we xata-

otdoeic Bell:

|0) b—:w+>200>\;_7211> |0) ’7:|¢_>:|00>\;§11>
‘0> p—:¢+>:|()1>\—}_§|1()> |0) ’7:|¢_>:|01>\;§|10>

ﬂ,’

0) X F— 10)

2.5.3 IToAhanAd Eireyyouevn ITOAT

KiOxhwya mou xatooxeudlel TohhamAd eAeyyOUevn TUAY yenotwomowdvtos Bondntixd Qubits.

— ‘CO>
— ‘Cl>
— |co)
— lcs)
—— ‘C4>
= T\afof77(377777777777777@77
| la1) & & |
| |
| ‘a2> () <> |
| |
L%>QJ_‘Q ,,,,,, _
—{Ul- ) U]
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2 KBANTIKOI TIIOAOT'IETEX 2.5 Tapadelypoata - AnAd xuxAdpato

2.5.4 Superdense Coding

A6 wbdopa 3] mov napoustdlel THY LTEPOYT TWY HBAVTIXDY UTONOYLOTMV EVAVTL TWY XNICIXOV.
Me Tic moheg X xou Z umopd vo UeTapépw 500 bits mAnpo@oplac xwdixomolkdvTaC To o8 Y6VOo €val

Qubit.

C)

D

NV
H--
[

[

[

L - —
Jan

V%

2.5.5 KRavtixdég Metaoynuatiopos Fourier

Koxhwpo mou egapuélet tov petaoynuatioud Fourier [4] oty unoloyiowxd Bdon |0), [1),- -, |n —1):

n—1
~ 1 c 2wk
QFT|z) = —= 3 ¢ |1y
\/ﬁ k=0

|an) (1] —n—2 n—1; | Fn(a))

|an71> hd @ n—3 n—2 \}‘n,l(a»

|a2>-

|la1)

1 0
‘Omov 1 moAn | k | avtiotowyel otov mivoxa otpogiic Pgr) = <O e;T’Z)'
O »PBovtinde petacynuotiopde Fourier yio éva didvuoua wixouc n uropel v epoppootel oe ©(n?)
Tpdelc, v o xhaowde oe O(n2™). Eivaw mpogovéc ot o wavunde elvan exdetixd mo ypryopoc.
Yuyxexpyéva elvar 1060 YYopog Tou ETUTEETEL VoL XAVOUUE amodoTd ToAAOUE ahyopiluoug, axduo

xou TNy oAt ddpoton.
2.5.6 Kpavtixdég AYpoiotrvc Fourier

MrnopoUpe vo xataoxeudooupe duadixd adporwsth [5], drou 1 ddpoton cuuPaivel oto Tedio Twv
phocwy. Tuyxexpyéva av éyoupe 2 mpoodetéouc A xou B ota Qubits |A4), |B), téte 1 ddpoion

yiveton pe 1o xOxAwpoL
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2 KBANTIKOI TIIOAOT'IETEX 2.5 Tapadelypoata - AnAd xuxAdpato

b)) 1b)
[bn—1) [
‘b2>: i e o .|b2>
[Fa(e)) —{oHH1]--—n—2Hn-1 | Fo(cr+ b))
| Fn—1()) [0]---—n-3Hn-2] | Fr_1(a+0b))
Fa(a) [01-11] Falar+ b))

| F1(a)) [0 |Fi(a+b))

Syfua 10: Adpolon oTo medlo Twv @docwy

Me évav avtiotpogo yetaoynuatiowd AauBdvouue 1o anotéAecud.
2.5.7 Meragopd ®dorns (Phase KickBack)

Kdéde Bovtins mOAn eqopudleton GE Lol XOVOVIXOTONUEY)
OTAC TUOT| XOU SNUOVEYEL Piat ETIONE XOVOVIXOTOINUEVT] X0 1) €276 |y
TdoTtaon. Autd onuaivel ot 1) e&lowon WoTWOY e Yo -
tvar e popric: U [) = AJih), 6mou: AA () = 1 —

AP =1 = [A=e]

Auth Ty ohiel pdomn €27 propolue v TV eEdyouue

Eyua 11: Olxry o

and yiot TOAY YENOWOTOLOVTIC TNV EAEYYOUEVT EXDOYN TNC 1) e2mi9 1)
(CU=UaI). ) )
Medypar:

Syfua 12: Metagopd Olunrc Pdorng
CU (1) [)) = (e*™11)) [v)
IMop'dhar outd xou Tl ebvor olxer] @diom, ondTe dev petpléton pe xavévay tpoémo. Tndpyel €va

TEYVAUOU UE TO OTO(0 UTOPOVUE Vo XEVOUUE TNV OALXY| GACT| TOTUXH.
2.5.8 KpRavtixh Extiunon ®dong - QPE

Yuvdudlovtac Tic dV0 TPONYOUUEVES LOEEC UTOPOVUE Vo

«BoPdooupey v @don mou e@oappolel wo TOAY oE Lo % w
xatdotaon. H yovia 0 < ¢ < 1 xehdntel to didotnpe pot- [4) [1)

et {0,360°}. Yo duadid clotnua évac tétolog aptdude
avaropiotatar we ¢ dnpio g 0, podi...¢0¢ xou axpifela e Syfper 13: Metagopd done

T8ENC 7. O xPavtindc petaoynuatiopss Fourier petaoyrn-
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2 KBANTIKOI TIIOAOT'IETEX 2.5 Tapadelypoata - AnAd xuxAdpato

. n—1 i
potiler v xatdotaon ) e utoloyisuxic Bdong oty xatdotoon: QFT |x) = ﬁ S e k).
k=0
Eueic 9€houpe 1o avtioTtpogo: pla @don ¢ va epgoviotel w¢ xatdotaoy Bdong. Ondte v e&dyou-
ue oto medlo Twv Qdoewv e Ti¢ eheyyoueveg tOhec U xou ye avilotpogo petaoynuotioud Fourier

eppavileton &g [podr...dr). [

QFT?

8E

) ——{ 20 H 2! ‘ ) «ﬁ 22 H —— k——

Syfua 14: KBavtnr Extlunon ®dong

2.5.9 Alvyéerdpoc EVpeone TdEne (Order Finding Algorithm)
Ye o aprduntueh modulo N, opiloupe we TEEN Tou aptduod a Tov wixpdtepo Yetind aptdud r (Thiv
ToU Undevdc), yio Tov onolov Loy VeEL:

a”"=1 (mod N)

H ebpeon e tééne eivar dloxoln dwdwacion. Qotdoo, 1 ocuvdetnon f(r) = " (mod N) e-
tvon meproduer] xan pdAilota ye meplodo r. Omndte avtl g tééng, opxel vo Peolue v mepiodo
QUTAC NG TEPLOBAC ouvdptnone. ‘Eva padnuatixd epyarelo mou Peloxel mepiodoug elvan o pe-
Taoynuationde Fourier. Egapuélovtog Aowmév tov xBavtind alydprduo edpeong @dong otnv mOAT
Uz ly) = |zy (mod N)) xou pe Nyn enelepyacia tou anotehéopotoc Beloxoupe v T8N r apxetd
veryopa.

2.5.10 AAvyo6prdpocg tou Shor
O ahydprduoc tou Shor [6] yenowonoteiton yio Tapayovionoinon aprdudy. Aodévtog evée aprduod

N Unedpe toug mpodtoug dtoupéteg tou. O alydpduoc elvon o e€ic:
1. Emléyoupe tuyoio évay aprdud a oto ddotnua {2...N — 1}.
2. Extéc xdv emhé€ape tuyaio Evay and toue dlanpétee, woyvet: ged(a, N) =1
3. Bploxovpe my t¢én r: o =1 (mod N)

4. "Edeyyoc a) Av o 1 elvon tepittdc, mhyouve oto Bripe 1

2Mia oAy U Méue ot ubdveton oty dovoun k, étav enavolaBdvetor k @opée
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2 KBANTIKOI TIIOAOT'IETEX 2.5 Tapadelypoata - AnAd xuxAdpato

5. Eleyyoc B) Av a2 = —1 (mod N), mfyouve oto Brua 1
6. Av mepdoope Touc ehéyyouc, Berxape dVo dupétec Tou N: p,q = ged(a? £ 1, N)

H mudavétnta va nepdooupe toug 2 ehéyyoug eivan yeyohdtepn tou 50%. To 8oxolo Briuc eivou
1 ebpeon g TEENG, Suwe ot xPavtind vnoloyio Ty yivetaw mdpa TOAD yeryopd, eTE 0 xBavTindg

petaoynuoatiopog Fourier etvon exdetind mo yeryopoq.

O ahyoprdpoc tou Shor Yewpelton TAEOV xAaGIUOS oL €lval Amd TOUS TEHOTOUS UEYIAOUS ahYO-
pldpouc mou Bel&av cagpéc xan e@upudoluo TAsovEXTNUN 0Toug XPavTixole unoloyiotés. ‘Oln pac 1

xpuntoypapio e€aptdton and TNV duoxohio mopayoviomoinone aELtudy.
2.5.11 Teleothc ITuxvotnrag

Teheotic (h Mrtpar) Tuxvétntog oplleton 1 cupmoyfic avamapdotaoT pag XBovTinfc XUTAoTIAONS WS

ddpolopa TEAECTWY TEOBOAAG:

p:ij |v5) (5]

I mopddetypa, i Ty xatdotooy uéyiotng ouunioxrc Bell:

o) —{apy—=1o7) =
0) X -b—

gyoupe
1 1 0 01
110 1 110 0 0 0O
'0_\/50(\@[1001})_20000
1 1001
Iopatnpolue twe 1 xatdotaon dev lvon xardopn, AN UXTY), Lo XL EYEL UN-OLory VLo GTOLYEld.

2.5.12 AAlyépwdpog tou Grover

O ahybprduoc tou Grover [7] eivon évae xPBovtixde odybdprdpoc, o omolog yenolomoleiton yia TNy
avalAtnon evéc povadixod otolyelou Tou nedlou oplopol woc cuvdptnone f(z) to onolo divel Sopo-
peT T amd Gha o dAAa. Av ta otouyelo Tou Tedlou oplouol Sev €xouv xdmota TaEvouno, TOTE
o Yo Béhape ypdvo O(N) yioe N otouyelor dpwe ye tov xBavtind alybprduo déhoupe Q(VN).
O ahyopripog avtodg Selyvel xodapd to TAEoVEXTNUO TTOU €Y 0LV Ol XBavTixol UTONOYIG TEC VoL (Pdy vouv
TAUTOYPOVA TOAAG SebBouéva o Evay EUpUTEPO YDPO.

Suyxexpyéva av éyovue wa ouvdetnon f : {0,1,..,N — 1} — {0,1}, pe pévo wo A w v Ty

onofa f(z =w) = 1. Bxonde pag elvar vor fpodye 10 w. Xpnowonowdvtas Tov TEAECTH:
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2 KBANTIKOI TIIOAOT'IETEX 2.5 Tapadelypoata - AnAd xuxAdpato

Uy lz) = —|z), ywa=w,dnhadf f(z)=1
U, |z) = |z}, yior z # w, dnhody f(z) =0

o omolog dpa Tévw oe n = [loga N Qubits. Mropet va ypagtel xon we Uy, |z) = (—1)7@) |z)

Algorithm 1 Grover’s Algorithm

INPUT: An oracle U,
RESULT: w

N-1
9 = X 1)
for iterations do
Apply U,
Us=2|s)(s| - 1T
end for

Metd ané r(N) < [2+/N] enovodfeic éyoupe o w.

O tehectic Us = 2|s) (s| — I, ovopdleton teheathc didyuone xou otny oucio avidver tic mio-

VOTNTES TNE XATACTUONG |w) Xou PELDVEL TIC UTOAOLTES, PeTS amd xdde epappoyh Tou poavieiov U,.

Yyhuo 15: Ahyoprduog tou Grover
2.5.13 AAyoptdpog Deutsch—Jozsa

"‘Adhoc évag ahyoprdog mou delyvel TNy LTEREOYTH TWV XBAVTIXGOY UTOAOYLO TGV elvan 0 ahybpLiuoc Tou
Deutsch—Jozsa [2]. AoVeione wog ouvdptnone f: {0,1}™ — {0, 1} n onola eivau eite otadepr| elte
1w6luym (Bnhady| emiotpépel oTo Wiod Tedio optopol 0 xou oto dAho Yo 1), propodye va amogpovdo-
Ope o to eldog g Ye woévo wa extéheon. Kataoxeudlouvpe tov tekeoth Us o omolog Spa névw oe
Evoy (PovTind xatoywenth & xou éva Qubit y xou xdver Ty anewévion |z) |y) — |x) |y @ f(x)), érou

@ 1 npdéoveorn modulo 2.
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2 KBANTIKOI YIIOAOI'TXTEX

2.5 Tapadelypoata - AnAd xuxAdpato

O ahyopriuoc ebvon o e€hc:

Algorithm 2 Deutsch—Jozsa Algorithm

INPUT: An oracle Uy
RESULT: Type of {: constant / balanced

o) = |o>®"|1;_
v = ke X ) (0) - 1)

) = = i( 1)/ [z) (|0) - [1))

2" — 1

oo =3 & | 5, (1 1)“@ i

P(j0)*") = =0,1

%é()

> Prepare

> Broadcast H
> Apply U

> Broadcast H to 1st register

> Measure

OToU T * Y = ToYo D T1Y1 D ... B Tp—1Yn—1 TO d¥poloua TwV yvopévwy xatd ¢nelo. Xtny teliny

HETENON oV O TEAOTOS XAty weNTAS elvan yepdtoc undevixd, téte 1 f elvan otadepn, ahhide eltvan

wwoluyn.

0)°" = HE"

)

Uy

i

Yo 16: Alyéprduog Deutsch—Jozsa

32



3 BEATIXETOIIOIHXH

3 BeAtioTtornoinon

3.1 Xxorndéc

Behtiotonolnomn etvor 0 xhddog tov podnuatixdy o ono-

{oc aoyoheltan pe v ebpeon g Bértione Adong yio éva 27 1
ouyxexpwévo mpofinua.  To mo ocbhvniec xou onuovti- 1?; E
%6 TEOBANU Tou eu@avileTan oTNY TEAYHATIXOTNTA Elvan 0.5 i
n eAayioTonoinon wac ocuvdptnone. Mepixéc Qopéc 0} E
n Aoon oto mEdBAnUe unopel Vo UTOAOYLGTEl AVOAUTIXEL. —051 i
IMo mopdderyua, ov {ntdue to eldyloto onuelo e ou- _1_;; E
véptnone f(z) = 22 — 1 pnopolpe péow e TapaydYou —2_21_1‘5_111_6.56 10f51 i 11f51 5
f'(z) = 2z vo unoloyiooupe o onueior odharyhic T xhiong

f'(z) =0 = z =0 xou var unohoyloouye to eNdyloto onuelo f(zg) = —1 oy Yéon xo = 0.

3.2 Beltiwotonowntég

3.2.1 Ewaywyn

Xy yevun Tepintwon 6ums, 0 avaAUTIXOC UTOAOYLOUOS TG TAEAY(YOU BEV Elval BUVITOC Xol UXOUL
XL 0V €YOUUE €V XAELGTO TOTIO Yio TNV Topdry wyo, elvon dUoxoho vo Aocoupe tny e&iowon f/(z) = 0.
Xeelalopaote Aowndy Evay alyopiduo pe tov omolo va Peloxouye To eAdyloTo Yiag cUVEETNOTG £YOVTaC
KLl TPOCEYYLON TG TAEAY WY 0oL ot xdde onuelo. O ahydpriuoc autdc elvan Yvwotdg we Gradient

Descent (Ké&boBoc Buciopévn otnv xhion):

Algorithm 3 Gradient Descent Prototype
INPUT: A random value x, Number of iterations N
OUTPUT: Minimum of f(x)

for i in (1, N) do
x4+ x— f(x)
end for

Enedr n xhlon f'(z) Belyver mpoc v xotetduvon mou 1 ouvdptnon undeviletor, té1e TpOC TAL

exel 1 ouvdptnon giivel.
3.2.2 Gradient Descent

BéBoua epgpaviCovron dVo mpofifuarta: Ilpdtov, oto tuyaio onuelo mou emhé€ape to = unopel 1 f vo
eppaviler Tomxd, xou Oyl oAixd, eldyioto. Aeltepoyv, N xhor pmopel vo elvor TOAD UeYdAn xou va
xaduotepel ) olyxhion. T'a autd elodyoupe v mopduetpo N Tou ovoudletar PLYUOE KAV OoNC

xou ouvidee Exel wixe Twr n € (0.01,0.1) xdvovtag uxpdtepo to BAua twv enavaliewy. Ondte o
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3 BEATIXTOIIOIHYH 3.2 Behtiotonontég

TAieng ahyopLiuoc YedpeTtol we:

Algorithm 4 Gradient Descent

INPUT: A random value x, Number of iterations N
OUTPUT: Minimum of f(x)

n=0.01

for i in (1, N) do
x+x—nx*f'(x)

end for

3.2.3 BeAtiwotonowmtric Gradient Descent pe oput

‘Evag oAl wixpdg puduog pdinong BePoudver mwg dev Yo Ee@iyoupe and 1o eNdyloTto, ahhd xardu-
otepel ToAD v obYxhion. Mo Abon yio auto elvan v Eextvdpe pe uixpd putud pdidnone xow v Tov
auEdvouue otadloxd. Auth 1 yetaBAnTtH mou puduilel Tov pudud uddnone ovoudletan oppy. ‘Evag

amhog ahydprduog Beltiotonoinong Ye opur| elvon o e€rig:

Algorithm 5 Gradient Descent with Momentum

INPUT: A random value x, Number of iterations N
OUTPUT: Minimum of f(x)

n =0.01
m =20
a=0

for i in (1, N) do
a+— ma+nf(x)
x4+ x—nx*f'(x)
end for

Ot unohoylopol dBuoxohebouy dTay oL GUVIETHGELC TToL BEAOUUE VoL ENAYLO TOTIOLCOUKE Efval cuUVap-
Thoelg TOAGY petoBAntedv. H 1déa duwe etvorn 1 (Bl H pévn diagopd elvon ot avti tng napaydyou,

yenoornoovue v xhion V f(z) otouc odyopiduouc.

34



3 BEATIXTOIIOIHYH 3.3 XrtoyootixdtnTa

3.2.4 BeAtiwoTonowmTtric Adam

Towe o o wavde Behtiotonomntic yio yevixn yefion etvan o Adam [8]. Kou awtde ebvon pior tapodhoryhy

tou Gradient Descent pe 600 opuéq.

Algorithm 6 Adam Optimizer
INPUT: A random initialization x, Number of iterations N
OUTPUT: Minimum of f(x)

n =0.01
81 =09
B2 = 0.99
e=1e—-08
a,b=0
for i in (1, N) do
Prepare
a< Pra+ (1= p1)Vf(z)
b fBab+ (1 B)(V ()

(1-82)
U (1—31)2
Update
ra g
end for

3.3 XtoyaocTixoTn TR

'‘Oc0 xohdg xou va eivan 0 BehtiotomoinThg, TévTa UTEEYEL TO EVOEYOUEVO VA EYHAWOBICTOVUE OE TOTUXO
ehdyloto. Mo Mon og autd to medBAnua elvar vo yenowdonowolue éva dAho didvuopa g avtl Tng
xhong yio TNV avavénon twv ueTaBAntav. To didvuoua autd €xet évav PBadud avdapesiag, mou yog
ETUTEENEL VO AMEYXAWPLOTOVUE omd TOTUXE EAGYIOTA, ARG OTNY OTATIGTIXT| TOU Eixdval elval LooBUVOUO
ue TV xhlon Snhadr emiéyeton tuyoda amd Wwiar xatovour|, aAAd N uéon Twr Tou ebvan 1 xhlon :

E(g) = Vf.
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4 NETYPONIKA AIKTTA

4 Nevpwvixd Aixtua

4.1 Nevpwvoag

Q¢ vevpwvag opiletar plo povddo enc€epyacioc mAnpo-
poploc. Kdde vevpwvag €yel xdnoleg eloddoug xou wia é€o-
60. H mo am\f xou mpogoavic emhoyy| e€ddou eivon évog
YEOUULXOSC CUVBLACWUOS TV elo6dwv. Av cupfo-
AooupE TIC ELGOBOUC WC T; XL TOUC GUVTEAEC TEC TOU YO~

pxol cLVBLACUOL WE w;, ToTE N €€0do¢ Vo elvou:

Y= Z Wi T
i=1
Yuvndileton va yenoylomoleltan o piar TOAGT), SnhadT
wot otodept] Tipn pall ye tov ypouwxd cuvduaoud. Ltny
YAOGoH NG Yeauwxhc dhyefBpoc:
1
T
y — [b w1 “e wm:l .

T
4.2 Nevpwvixd AixTuo

To enduevo hoyixd PBripa elvon vor evddyooupe ToAlolg veu-

phdveec ot éva eninedo.

b+ > wi;
i=1

by wir o Wim 1 “m

by wor -0 wWap T ba + > woim;
g‘: . . . . . = i=1

bn Wn1 0 Wam Tm

m
L i=1 i

Myfua 17: Nevpdvog

SARDERAA

A
CABAREE
000 & 04
BeleN

Eyua 18: Nevpwwixd Aixtuo

ITévta mpotiwdpe Tic Ypouuxés npdlels: wotdoo, duoTuyds dev gtdvouv. Ilpdyuatt, av tonode-

THOOUKE €Val BEUTEPO ETUTEDO YEOPULXWY CUVBUACUWY dimha 6To TpwTo dev Ba Exouue xepdloel Tinotor

xou ouTO Yol yeouuixol cuVBLaoUOl YEOUULXGY GLUVBUACHWY elvar entiong Yeouwxol cuvbuacuol. Apa,

Yo €youue Tic BinAdoleg peTafBAnTég Yo To (Blo anotéheopa. T'io xaner) pog ToyT, Teénel vo e@opuolou-

HE OTIC €E6B0UC TWV VELPWVKY UN-Yeouxés cuvopTthoelc. Autr 1 Sladuxacio xdvel «yeroloy tov

VEUPOVAL, YIAUTO Xxou ovopdletal «oLVaETNOY EvEpyoTroinoney. Mepwd mopadelypato TéTolwy
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4 NEYPONIKA AIKTTA 4.3 Tpaupxde dywelothc - Perceptron

cLVOPTACEWY Elfvor Tat:

]

o1 ]

| ’

4l ] ok |
sl Tl 1 Ll i
NI SN NI
St nen] 2 —tieme] 1| [ Sueoc]
Al i 1 | I |
oL . 0 . 0.5 1
al 1 i i ]
ol 1 0 ) 0 1
R A T T

Yuviidwe yenolonolelton piol cLVAETNOT YE ELYENOTY TUPAYWYO Xol PEAYHEVO GUVORO TLUAY,
OTWE 1) OLYUOEWNE 1 1) uepBoAXY] EQOTTOUEVN.
4.3 Tpoppixdg diaywelothc - Perceptron

‘Eva anhd, ahhd apxetd 1oyuped, npétuno eivar to Percep-
tron. Amotelelton amd évav veuvpdva o onolog déyeton {z; } T
eloddoue atoduiopéves pe Bden {w;} ouv W Téhwon xou To A

EMOTREPEL TO TPOCNHUO TOU UTOAOYLOUOU: o

u=>b+ iwixi
i=1

y = sign(u) = £1

O Perceptron yenoiponoteiton yior TaELvoUNom dedo-
pévwyv oe 2 xatnyoplec. Lxondg Tou elvol amhd vo teTUYEL
MY oo TH TaEVoUnoT ot Teolndlesy) g owoThC Ael- Yyfua 19: Perceptron
Touprylac elvon to dedopéva var elvan Yeouuixde diary wplotua.

Me yperion mohhev Perceptron urogolue va xotnyoptonotoue dedopéva oe moANéC xatnyoplec.

4.4 Mnyavh Awavuocudtwy Yroothpiine (MAY - SVM)
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4 NETYPONIKA AIKTTA 4.5  Mrn-yeoupxd Soywploo dedopéva

To mpétuno SVM ebvan pia eldixdtepr nepintwon tou Percep-

€Ios
tron. Xxom6¢ Tou Bev elvol amAGE VoL XATNYOPLOTOLOEL WA Td P //,,>
o % . o7
Ta Bedouéva o€ 2 xatnyopleg, ahhd vo eTLTOYEL TOV QUG TNEOTERO ® >N y
[ ] ® ol + ///
BUVITO Blot WELOHUO TKV BESOUEVKV, UEYLO TOTIOLOVTOS TNV ENYL- ® . s
, . , . ) ® g
TN ANOCTACT) TWV BELYUATWY amd TO ETUNEDO Blory wELOUOL. e @
4.5 Mr-yeouuixd diaywpelotua dedopéva pa
: / /// ..L’l
’ ’ z ’ ’ = -
& .
Yy yewixotepn mepintwon tor dedopéva umopel vo unv ebvou %y P
Yoo uxd Slaywelowo, ondte auEdvoupe TEYYNTY TiC SLoo TEoELS
TV detypdtwy uéypt va efvon ypappxd dioywelowa. To xdhro Yyfue 20: SVM

oawt6d ovoudleton Kernel Trick. Me wio ouvdptnon ¢(z) anet-
xoviCoupe ta dedopéva oe Evay YWEOo TEPLGCOTERWY BLUC TIoEWY, OTOU elval Ypauulxd Sloyweloldo.
Qotd00, Bev UTdpyEL Uil TETOL OTMELXOVIOT] TOLU Vo SOUAEVEL Ylor Ok Tor delypata, xon xdde @opd

TpEneL vou Bploxouue évay VEO PETACYNUATIOUO.
4.6 Xvuvelhxtixo Nevpwvixd Aixtuo

Evol apxetd ovd TEOTUTO VEUROVIX®Y dIXTOWY Yial avaAuoT

ewOvwv givar ta Buveheuxd Nevpwvind Aixtua 9. IIpo- -
00 tpogodotnlel N emdva wg elcodog oTOV VELUPWVIXS, TNV § = %
USR] _ 4
\IP I MGy
Censs o5  scos e RN
npo-eneepydletar e&dyovtag avuinpoowneutixd dedouéva. Tao e Sy ks o s

YUEUXTNEIO TIXA oUTE LTOXEWVTAL OE TEpotTEPW Emedepyacio ewg
Yyfuo 21: CNN
670U TEOPOJOTNYO0Y GTO VELPWVIXO BIXTUO TEOSC XATYYOELOTO-
inom. To vevpwvind autéd expetahheeTon TNy Sloddotatn poper twv dedouévmy (Ttou cuvhdwe etvan
EXGVES) O TNV TOTUXOTNTA TOU UTEpYEL 6TV €loodo (Yertovixd pixels avopéveton vo etvon Alyo-tohd

OUOLOL) XOU PELDVEL ONUAVTIXG TNV BLdoToon Ty dedouévev eloddou, PeATidvovias xatd ToAD TNV

Tay Ot TN enedepyooiog.
4.7 TIopaywywxd Aviaywviotixdo AixTtuo

‘Eva dAho mpdtumo vevpwvixwy dixtinyv elvon ta Hopaywyixd

Avtayoviouxd Aixtua [10]. Autod Ttou eldouc To VEUpwVIXE Y

anotehoVVTAL and BUO0 BOPES: EVOY TUPAUYWYO Kol EVAY EAEYXTY.

Discriminator

Random @ =
Exroudetovtar o ta 800 1éve oto Blo olvolo dedouévmy (ty = 5@ I I

Generator Fake image

EOVES amd YETES) YE TNV Slapopd 6Tt To €va exnoudeletal 6To
VoL THPAYEL BEBOMEVOL TTOL UILOVVTOL TOL TEOYHATIXG X0 TO A0

Syfua 22: GAN
ehéyyel av To dedopéva mou hofBdver elvon audevtind N TeyvnTd.
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4 NEYPONIKA AIKTTA 4.8 Exmnoidevon Nevpovixdv Axtdmy

Yxombeg Tou mopaywyol elvon va e€anatioel Tov EAEYXTH TS Tal dxd Tou dedopéva elvan audevtind
xoL oxon6¢ Tou eheYnT elvon va pnv elomotniel and to mhaotd dedouéva Tou Topaywyov. Ondte

%At xdmolo TeéTo 1N cuVdpETNoT TNV onola yelpillovTon xan ot Blo elvan xouwn:

mazV (D) = Eopyer, @) 109D ()] + Eonp. () [log(1 = D(G(2)))]

minV(G) = Euvp.(yllog(l = DGE))] # Bavpue)  [logD(G(2))

Onwe gatvetar o eheyxtic D npoonadel va Sioyweilel owotd to mporypotixd dedouéva Tou déyetou
and T xotavoph & (Tpdtog 6poc) xou vo evtorilel o Pedtixa dedouéva mou xataoxeVdlEL 0 Topo-
Ywyoc G (dedvtepoc dpoc). Avtiotouya, o Tapaywydc npoonadel va eloylototomoel Ty TdavétnTo
vau Yewprioel 0 eheyxtrg Oxd Tou Bedouéva we un-oudevtixd. Etvor éva amd ta mo eviunwotaxd eldn
VELEWVIXODY BXTUMV, TETUYAVEL EXTANXTIXG oAndopavT] anotehéopota ot Bacileton oe plo ToAD omhn

xo xoudn 1o€a.

4.8 Exnaidevon Nevpwvixoyv AwxtOny

I vo exntandedoouye €val veupwvixd dixtuo, dnhadn Yo vo unoloyiocoupe Tic Béltiote TopopuéTeoug
Tou pe Bdom TNV avTIXEWEVIXT) cLVEETNOT, YpetalouaoTe TNV xAlon g oe xdde onuelo. O vnoloyiopog
e xAhlong ye apriuntixéc pedodouc, Ty Ye TOV 0ploud NS TapAY DYoL, elvor TOAD ypovoBdeos. ‘Evag
AVOALTIXOC UTOAOYLOUOE TNG HALOTE TOU EXAOTOTE VELPWVIXOU Efvol TEaX TIXE AdUVITOC LG XolL EYOUUE
TOANES U] YRUUUXES CUVORTHOELS ELPWAEUUEVES.

Trdpyet évac anodotixds ahyodpliuoc uroloyiogol e xAlong xou ovopdleton OmioVodiddo-
om (BackPropagation). Me Bdon autév tov ahydpiduo, unohoyilovpe ty €£080 TOU VEURKVIXOU
EXTEAWVTOG TO TROg To Ympog. Metd daoyiloupe o veupmvind mpog to miow, utohoyilovtag to xdie

ototyelo Tou Vf v oty mou cuvavtdue tov aviioTolyo xéufo.
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5 BEATIETOIOIHYH KBANTIKOQN KYKAQMATOQN

5 BeAtiwotonoinon KBaviixov Kuxiwpdtoy

Ou xBavtixol unohoylotég elvan Wiaitepar xahol 610 vor avalntolv AUCEC 0 Y WPOLE KEYIA®Y
Staatdoswy: yiot autd howmdy, poldlouy wavixol yio Nevpwvixd Alxtua xou yio fehtiotonoinon ev

yével. 'Hon €youv deilel tmv omoudawdtntd touc oe mpofhiuota xBavtiAc ynuelos (ty  [11]).
5.1 Apwywg KBavtixy Behtiotonoinon

Mo pédodoc elvon va eloarydyouye tor dedouévo Tou TEOBAAUATOC GTO XUXAWUA XL VO TO OPTICOUUE

VoL Xdvel Ghe Tic BEATIOTOTOOELS HOVO TOU (UE Wiot EXTEREGT] TOL XUXADUATOS Xat Ywpelc eniBiedn).
5.1.1 ASdwfBatixéc Yroloyiopog

‘Evoc mopeppepfc 1p610¢ UTONOYIOUOU (Ot UE TNV
Hop® xuxhdpatoc) elva 0 adafatixds LTOANO- Eneray
Yiopos [12]. Tty xBavtounyavind o tehkectic Tov
pog Blvel TNV eVEpYELX TOL CUCTAUATOC ovopdleTol

Xoghtoviovy xon oupBorileton pe éva H. To xBo-

Solution Solution

V.HX(’) oc&ocﬁcc‘cv.xé 'l()S(;)PY]MOC p.O(C ETILBEBO(L(;)VEL Quantum Tunnelling Adiabatic evolution

Twe éva PUOXd cUC TN TTEoCUEUOLeTAL 0T TIEPBEA-

Aov Tou, 6tay odnyelton ye pixpés yetaorée. Ilpdy- T Y
o 23: AdwaBoatinr) Médodog

HOLTL, OV XOTOPEPOUUE VO XOTUOXEVUSCOUUE TNV YOLA-

tovav) H = (1 —t)H; +tH;,t € (0,1), t61€ 600 0 ypdvoc t peyardver n Xogwhtovow petonveltos

ané v xadotaon H; oty fIf. To pévo mou uével elvan VoL XWBXOTOACOLUE TNV GUVAETNCT) EAAYL-

otornolnong otov teheoth) Hy xon va mepyévouue To GO0 TNUO VoL THEL A6 HOVO TOU OTNV XU TACTACT

oawt. H etouplor D-Wave| aoyorelton ye adBatind xBavtixd unohoyioud.
5.1.2 QAOA

‘Evoc dAhog auryee xBavtindg ahyoprduog Behtiotonolnong, mou Teaylot@VeTal Ue xOxhwud, eivot o

oahybprduoc Quantum Approximate Optimization Algorithm - QAOA [13]:

—iv1He || e—iOqHM | e—i’ngC || e*ia2HM L ... ] e_i’YnHC | | —ianHpy |

€

Syhua 24: O aryoprdpoc QAOA
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5 BEATIETOIIOIHXH KBANTIKON KYKAQMABIN TBRewbxol Ahydpripor Behtiotonoinong

Algorithm 7 QAOA

INPUT: f(Z) s 51, Yi
GOAL: z ~ argminf(z)

z€{0,1}n
Compute C such that: C'|z) = f(2)|2) > Cost Hamiltonian
Compute: B=Q X > Mixer Hamiltonian
Construct: U(C,v) = e~¢ > Cost Gate
Construct: U(B, ) = e~ "B > Mixer Gate
) = |+)®" > Broadcast Hadamard

for i in {0,p} do

end for

Measure |1))

Apyxd xataoxeudlovye wia looPopy unépdeon OV TIUVHY XATUCTACEWY XaL VOTEPA XENOL-
ponotodue 8o moheg: 1 plo utoroyilel To xboToC TOU VENOUUE VO ENAYIC TOTIOLACOUUE Xat 1) GAAY

avoxotedel TiC xataotdoeic. Me owot emhoyn Twv nopopétewy B xan ¥ TETUYAUVOUIE XOAT GOYXAL-

on.
Io tpoPAfpato cuvduaotxic Bedtiotomoinone o alybprdpoc QAOA eivon opxetd amodotixde xau

apxeTd elxohog oty vionoinon: my Max-Cut [14], [Knapsack [15].
5.2 YRewowol Ahydprdpor Beltiotonoinong

Ye avtideon pe Tic mponyolueveg yedodoug, unopolue va exnandelouue xAaotxd éva xBovTind xOxhw-
L.

5.2.1 Kpavtixé SVM (QSVM)

Kat avahoyio ye tic xhaoixée Mnyavée Awavuoudtwv TrootipEne (SVM), unopolye va oploouye

KBavtinée Mnyoavée Alavuopdtov Troothedne (QSVM) [16]. H Béa elvon axpBie 1 (Bio uévo mou

EXMETAAAEVOUACTE TOV TOAD PEYOADTERO YPO GTOV OTOolo €Y 0LV TEOGPUCT Ol XPAVTIXES XATAOTACELS.
5.2.2 Kpoavtixd Juvelhixtixd Nevpwvixd Aixtuo (QNN)

Me 7o {Blo oxentixd pnopolue vo xotaoxeudoovue éva KBavtixd Xuvelxtind Nevpwvixd Alxtuo

(Quonvolutional NN) yia xatnyoponoinon emévev  |17]. Topdderypo.
5.2.3 KpRavtixé GAN

Enilong unopolue va xataoxevdoouvpe KPBavtixd Iopaywyd Avtayoviotxd Alxtua, ye xPovtixd

Topay Y6 18] xon xhaoixd eheyxth. Mdhota yio xahitepo ENeyyo, Aydtepo YopuBo (xou duvatdnta
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5 BEATIETOIIOIHXH KBANTIKON KYKAQMABIN TBRewbxol Ahydpripor Behtiotonoinong

TpOcOUOIWONG) Yenothotolovvtal Tolhol wxpol mapaywyol ot omolol xataoxeudlouy XOUUdTIo TNS

edvog, To omolol LETE EVEVOULE.

| Y — Iy
=
]a‘“i 7 1
o m
!
(3)
it @ \ 7
U
o |

Yyfua 26: QGAN
Syuo 25: QNN s Q
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6 IMTPOXOMOIQTHY

6 Ilpocopoiwtig

6.1 Xyediaotixéc Apyéc

Ye avtideon pe toug yvwotolc npocopowwtée (ny. Qiskit [19], Cirq, PennyLane [20]) mou éyouv
@TioyTel Yo 180 TX00C 6XOTOUE Kol YE EUQPUOT] GTNY EUXOALR YeHoNS, AUTHC O TPOCOUOLWTAS OXOTd
EXEL TNV UEYIAN To OTN T EXTEAEOTC" VIO QUTOV TOV GXOTO, LAY EVOL 1) YADC O TIROY PUUUATIOHO-
0 C++, pog xou éxel v taydtnta e C, odhhd xou mToAAEC €toyleg xa amodoTixéc dopés Sedopévemy

(my vector, map).

YyedlaoTinég ApyEc TOU TEOCOUOWTY lval:

o AniotnTor Awdétel Tic anhéc xPavuxée nbieg xou Poowéc Aettoupyieg, dnwe: extéheon
TELPAPATOS, UTOAOYLOUOC BlatvOOUATOS XATEC TUONGS, UTOAOYLOWOE TavOTATWY, UTOAOYIOUOE o-

VoEVOUEVNC TWAC TEAETTY Xau efval TOAD amAde oTny Yprion Tou.

o SvupPBatotntor Aev eloptdtan and xapla BPBMoIur, extdc e Baowic BiBrodixng g

Ctt.

o TayOtnTor ‘Oheg oL dopég dedouévmv xau oL hertoupyieg éyouv xataoxevoaoTtel and To UNdEy,

HE %VELo GXOT6 TNV Toy TN

o EvehiZio: AZionotolvtan ol opadomolfoelc tewv dedouévwy oe xhdoelg tou npoopépel 1 C++,
€TOL (OOTE VO OPYAVMVOVTOL AUTOVOUO O UIXEEG OUEBES” QUTO ETUTEENEL TNV oAy TNS UAOTO-
one TOAAGY AELTOLEYLOY 1) BOUDY Bedopévmv, ywelc va ypetaotel Tpononoinan Tou undiolrtou
xdixa. Enlone, oha T apyeio Tou xdGdna xhnpovopolv pepirnéc otodepéc Topapétpoue (6Twe
7 axpifetor v dexadixdy aptdudv) and to opyeio "parameters.h”, onéte okl edxola pmopet

vau yiver e€aywy) pog TeoTunTtéac LAOTONoNG HE TNV ooy WOVO ULog YEOUUNAS.
e Avouyté hoyiouixd: O mnyaloc xddixag etvon diardéaipog yia dGhoug mpog xdide yeno.
6.2 Modnuatixd spyaieia

H vhomoinom autr dev yenoulonoiel xapio étown BiBAodnn yio pardnuotind. To pordnuatind epyoielo

mou ypeldlovTan yior Tor xBorvTixd xuxhduorT efva:
o Muyaduol apriuol

o Tetpoywvixol mivoxes xon pudhota ye Swotdoelc duvduels tou 2 (emtpénet onuavtixés Pelti-

OTOTOOELS 0TO Buadind olo TNUL)

o Awviopata (¥ miveaxec-othAkec)
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6 IIPOXOMOIONTHY 6.3 IIVAn - Eninedo muhv

o Ilpdeic pe mivoxec xou Slavdopata.  Muyxexpyévo: Toavuotind ywouevo, I'véuevo mivonco-

BlavOoaTog, ECWTERIXS YIVOUEVO BUO0 BLAVUCHUATOVY, XUTAGXELT] avdoTeopou-cLluyn mtivaxa

o Extimworn tev mvixwy xaL TV dlavuoudtey
6.2.1 Muyodixol AptOpol

Mo Toug iy adixote apripois yenoulomololue tov Timo ¢ type mou opiletan oTo apyelo ”parameters.h”
xon ebvan elte double eite float, avdhoyo ye v axpifeia tou enrupolye yio Toug UTOAOYLIOUOUE HaC.
Ernlong, uneppoptodvouue touc amholc TEAECTES Ylot VoL ETUTEENETAL UIEN TEAYUATINGDY XOL ULy oLV

aprduddv (ty comp a = 3.0%z;)
6.2.2 Tetpaywvixol nivaxeg

Enedn o1 nivaxee dev ebvon yvwotol tnv dpa e petayAdttione (dpa 8ev urnopolv va elvor otatixol),
TEETEL VO DECUEVETOL 1) AOULTOVUEVY) UVAUT TNV WpA TNG EXTEAEONS. AV TEAYUATOCOUUE AOLTOV TOUG
ivaxec we Mota and Moteg (my std::vector< std:vector<T> > Array) Vo ypetdleton var xdvou-
ue moAAEC xhfoelc Yo BEVOoUELVOT UVARNG. Avtl auTto) YENOLLOTOUUE £VaY (ROVOBLAC TALTO

nivaxo tov onolo yelpllopacTe ooy dlodidoTaTo.

Suyxexpwéva, opileton 1 xhdon SqgMatrix yu tetpaywvixols nivaxes (M, xy), 1 onoio anote-

el ;s 516 , 2
ELTAL ATTO EVAY LOVOOLAG TATO VAKX T

otolyelwv xou plog Tiwng 1 yia va yvwetllouye T dlaotdoelc
ToU TETPAYWVIXOU Tivaxa (ywplc va ypetdleton va Tic utoloyiloupe x&de popd). Idve oe authv TV
vhonoinom, ytileton pior amAr BlETopn Yo TETPAYWVIX0UE Tvaxee e Ti¢ uetddoug get xau set, ue
Tic onoleg BaPdlovye amd, xau ypdpouue o, mivaxec. ‘Etol anogedyouue Ti¢ ToAamAéC xANoEC YLo

déopevon uvhune xodoe xon avtixatiotolye Ty Stk avagopd (de-reference) pe povh, 1o onolo

BeATidvel xU'dAAo TNV andBooT TV TVEXWY, TOL EiVal 0 TUPHVOE TWV UTOAOYLOUOY oG,

Anhadi, yio évay mivoxa dlaoTdoewy Ay, éxoupe wa Moto K[n?] otoiyelwv xe 1o otouyelo

ali][j] etvon otny ovaia to otoyeio Ki*xn + j].
6.3 IIOAM - Eninedo nmuAov

H nOAn elvon ot ousta évag tetpaywvixde mivaxoe, ouv pla Alota twv Qubits néve ota omofa Yo
epappoctel. Puotohoyxd howndy, oplletar 1 xAdor Application n omolo nepléyel Tov nivaxa, tnv npo-
avagepdeioa Aoto, xadde xou ™y mopdywyo e TOANG av auth elvon mapopete (1 Tapdywyoc

yeewdletar yior Ty BEATLIOTONOINOY TWV XUXAOUATOV).
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6 IMTPOXOMOIQTHY 6.4 Kixiopo

ITYAec mou epapudélovtal oe BLapopETixd Xou Un-endAinia Qubits, prtopolyv va epopuoctody Tow-
o) pova ot Eval XOXAWUO. LUYXEXPWEVA Utopoly va cuvtedoly oe o ueYdAn TOAN 1 onola uTtoho-

viletor ¢ TO TAVLO TS YVOUEVO OAWV TV ETYLEPOUSC TUAYV:

n -

= — = 1 Layer [—

——o-

Yyhua 27: Eninedo we moin

Layer =D® I B® A

Hop'dhowta, To eninedo we mOAN éxel 2 x 2" = 227 growyela, eved ol wxpol mivaxee (v efvor Tou
evoc Qubit) éyouv Ghotl pall 2 x 2 X n = 4n otoyela. OndTe 0 peydhog mivaxog uroloyiletou uévo

Y OPA TN EXTEAEONC XU OYL TNG ELCAYWYNE OTO XOXAWUOL.
6.4 KoOxAwpo

H »\dom Circuit povrehonotel xBorvtind xuxhdpota. Egopuoyn wag moing yiveto ue tnyv uédodo app,
eVG oL TOAD YVwotég TOAEC UTdEYoUY NON Xt UToEOUY Vo EQUPUOCTOUY ECKE amd TS avTioTolyEg

pedbdouc: my RX(2, 0.672) vy tnv ndAin Rotation X(0.672) oto Qubit 2.

O yenotne unopel vo xoTaoXEVAGEL TO XOUAWUA XA XAUTOTLY:

No exteréoel neipopar (pétpnon) pe v uédodo measure

Na petprioet Tic mdavoTnTES g xde xatdotaong Bdong ue tnv uédodo print _ probabilities

o No Tundoel 10 BLdvUoUa TN xaTdoTAONG Ue TNV UéVodo print_state_ vector

Na petprioet Ty aavaevopevn Tuwh (E) yio éva péyedoc pe v pédodo exp  value

Na vrohoyioel ty xAion V(E) ye Bdon Tic TopauéToous T0U XUXADUATOS Yiol XA)e TapoeTolx

TOAY (Ue 6moLo OelRd TN €BwoE 0 YpHotng) pe Ty wévodo exp _value_grad.
6.4.1 Xvpndxvwon ocec Enineda

Kéle nohn, mou epappdletar ot éva utocUvoro twv Qubits, ennpedlel T0 Gho DAVUGHO XUTAGTAGEWV.

Onédte mpénel va xotaoxevdletor xdle opd 0 GA0 ETUNESO TUAGY, GUUTANPMOVOVTIG UE HOVIDLLOUS
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6 IMTPOXOMOIQTHY 6.4 Kixiopo

nivaxec Tic Véoelg, 6mou dev undpyel meorypotixy TOAY.  Autyh 1 Swdixocia elvon Tohd ypovoPoea,
eWXd 6ty 0 yeHoTng Blvel moAhée uixpéc mOAec. EmAéyoupe Aomdy vo GUATUXVOVOUE 660

TEPLOGOTEPO UTOPOUPE TO XOUAWMAL, ETOL OGTE VoL EYEL TOV UXPOTEPO BUVATO dpLIUd EMTEDWY.
HAHBI— = 5]
—ck —{c—

Yo 28: XuuminvwoT) ETTEdwY

Avuto nou yperaldpacTte elvon vo eqoppolouye Tic TOAeC 600 o optotepd yiveton. o va to me-
TOyoLUE aVTd, TEEneL Vo Yvwpllovue v tewtn Slrdéoiun Héon yio xdde Qubit oto wbxhwya. Ondre,

av 1 TOAN yenowomolel TohAd Qubits, 1 epapuoyy) g Vo yivel oto mEdTo K0S Blardéoiwo eninedo.

O ahydprdyoc mou xdver auth Ty cuundxveon (ot Peudoyinooa) elvor o e€hc:

Algorithm 8 Gate application

INPUT:

available: index of the first available layer for every qubit
layers: Circuit Layout. Stores gate applications layer-by-layer
Application a: {Gate: Square Matrix, qubits: [int] }
RESULT:

Puts gate in circuit

layer idx =0

for qubit in a->qubits do

layer _idx = maxz(layer idx, available[qubit]) > Find first common index
end for
if len(layers) < layer idx +1 then > Out of Circuit
layers.append([a)) > New Layer of applications
else
layers[layer _idx].append(a) > Push this application in existing layer
end if
for qubit in a->qubits do > Update available positions for these qubits
available[qubit] = layer _idz + 1
end for

6.4.2 Metadéoelc

‘Eyovtac xotaoxeudoel to xOxhwuo Pével vo to exteréoovpe. I va 1o exteléooupe, Eexwvdye
HE Vol apyXoToNUEVO didvuoya xatactdoewy |0) xou egapudlovpe To eTUnedo-TONES Eva-éva gyl
v ptdooupe 6To TEAog. ‘Oupwe umdpyel mepintwon ol TOAeC Tou undpyouv ot éva eninedo vo uny
epapudlovton oe yertovxd Qubits 1 v eqopuolovial oe yeltovixd ahhd ye avtiotpopn oeld. Ilopa-

Belyportog ydpuv:

46



6 IMTPOXOMOIQTHY 6.4 Kixiopo

{a—

— B+

Yyfuor 29: Avaxotepéva Qubits

Avutéc oL 800 nhhec avixouy oto (Blo eninedo (agol ta clvola Twv Qubits Toug eivar petadd toug
Eévar), mapdho ToU BeV UTOPOUUE VoL TIC OYEBLEoOLUE TNV Wat T8V 6Ty GAAN. Aegv umopolue vo
XUTUCHEVACOUUE Wat LEYEAT) TOAT WE TO TAVUOTIXG TOUS YIVOUEVO, Yol oL TOAES Bev elvon TNy oelpd.

Av elyope autd dpwe to eninedo, thpo to Tpdypata Yo oy ToAD gdxola:

Syfua 30: IToAeg otny oelpd

Muat aperfic Aoom Vo Ty VoL XoTHOXEVACOLUE TOV PEYGAO Tivaxo Tou avTioTolyel oTo eninedo,
AVTLOTOLYOVTOG Tot oTolyelo Tou pe Bdon tnyv petddeon mou ypeetdleton vo xdvouue. Ouwg mo anodo-
X6 elvol Vo XoTAOXEVAGOVUE TO ETNEDO PE Tic TOAEC OTNY GELPE X0l ARG VoL LETATETOLE T

Qubits oo Bidvuoua xaTAGTACTC TIOU TEPLEYEL TOAD AydTepa aToLyEla.

Xpealdpaote hotndy évay ohyoprduo mou va @Tidyvel Ty yetddeon twy Qubits yio xdde eninedo

ue Bdon Tic mOAeC TOU CUVAVTAUE Xou Vo pog dlvel xan Tov opiiud twyv Qubits mou avtioTtolyoly ot
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6 IMTPOXOMOIQTHY

6.4 Kixiopo

TRy HOTIXEG TONES, YLOL VO CUUTANEMOCOUUE e povadlatoug mivaxes oo udlolma.

Algorithm 9 Make Permutation

INPUT:

layer: A layer of Gate applications

qubits: The number of qubits in the circuit

RESULT:

Permutation and number of qubits affected in this layer

allocated = [false|*qubits > Keep track of allocated qubits
gates = len(layer) > Gates in this layer

last _used qubit = 0

for gate in range(gates) do > Iterate over Gates
gate size = len(layer|gate].qubits) > Size of particular Gate
for qubit in range(gate size) do > permutation[fake qubit] = real qubit
permutation[qubit+last _used qubit] = layer|gate].qubits[qubit]
allocated[layer|[gate].qubit] = true > allocated[real _qubit] = true
end for
last qubit used += gate size
end for
qubits _used = last _used qubit > Keep a copy to return
for iterator in range(qubits) do > Fill permutation with unallocated qubits
if allocated[iterator] == false then
permutation[last _used qubit++] = iterator
end if
end for

Return (permutation, qubits used)

6.4.3 Egoppoyn oe petddeon

‘Eyovtoc tnv petdideon twv Qubits ypeidleton var gTidEoupe ToV HEYAAO Tivoxa TOU ETUTEDOU GUUTAT

povovToc Ye povadiaioug mivaxee ota ayenoidonointa Qubits:

Yy 31: Ilpw xon yetd v petddeon

To tedxd Priya etvou:
1. Na gTid€oupe o véo Bidvuoua xatdotacong pe Bdon tnv puetddeon
2. Na eapudooupe oe auT6 10 eninedo-TUAT
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6 IIPOXOMOIQTHE 6.5 Metproeic

3. Na avtiotpédoupe v petddeon

Y11y oucta xataoxcLdloVUE VoY UETAUC attopé opotdtntoc S = PDP~L énou o wivaxoac P!
X )

xdvel petdeon), o P v avtiotpogn petdideon xou o D tny €QopuoyT| Tou EMTESOL TUALY:

Algorithm 10 Apply Layer Gate on permuted qubits
INPUT:

StateVector: The State-Vector

Permutation: Qubit permutation

qubits: The number of qubits in the circuit

Gate: Layer-Gate

RESULT:

The new State-Vector after this layer is applied

mapped _state vector = StateVector

SV _size = 1 « qubits > State Vector size
for pos in range(len(StateVector)) do > Iterate Basis States
mapped pos =0 > Find index of mapped State Vector

for fake in range(qubits) do
real = permutation|fake]
real bit = (pos » real) & 1

mapped _pos |= (real bit « fake) > replace fake qubit with real one
end for
mapped state vector[mapped pos| = StateVector[pos|
end for
mapped _state vector = gate * mapped state vector > Matrix Mul.
for pos in range(len(StateVector)) do > Undo mapping

mapped pos =0
for fake in range(qubits) do
real = permutation|fake]
real bit = (pos » real) & 1
mapped _pos |= (real bit « fake)
end for
StateVector[pos| = mapped _state vector|mapped pos| > Reverse
end for

6.5 Merproseig

Metd TV exTENEST] TG TPOCOUOIWONG, EYOVTAUS TO DIAVUCUO XUTACTACEWS UTONOYLOUEVOD, UEVEL VoL

UETEHOOUUE T OMOTEAECUOTA.
6.5.1 Advuopa Katdotaong

Muoc xou mpdxeLton YLoL Tpocopolwo), o yehotne unopel vo del To axpBéc didvuoua xatdoTaons, X4t
mou Bev ylvetow e T mparyportixd xuxdouota. To xdxhwyo npoc@épel auth T Aettovpyio ye v

pévodo print_state vector.
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6 IIPOXOMOIQTHE 6.6 Awapopxoc Ipoypaupotiopsg

6.5.2 IIwdavotrteg

Enlong o ypriotne umopel va yetprioet Tic midavdtnteg g xdde xatdotoong Bdong ue v pédodo
print_probabilities. Ot mdavdtntec npoximtouy edxola and To Sldvuouo xatdoToonc: Talpvovtog

TO PETPO TOU TETPOYWVOU YLo Xdle xoTdoTAUON).
6.5.3 Tuyalo Ileipoypoa

Av xou 0 TpocouolwTAC BOUVAEVEL PE BLovVOOUOTA XATACTACEWS, DIVETAL 1) SUVITOHTNTA VoL EXTEAEC TE-
{ melpowor cav va Aoy mpayuatinds xPoavtinde umoloyiothg. o v yiver autd mpémer ye [Bdon
e miavotnTee TNe xdle xoatdotaong vo @TioyTel wia xatavopr mdavothtwy. Me yeron tng P
Bhotfxne <random> mou mpoopépel 1 C++, UTOPOUUE VOl XUTUOXEUACOUUE Lol TETOL XATAVOUT.
Xenowonowolue v tuyada yevwhtela aplducdy Mersenne Twister yio tuyondtnta xou tnv xAdom
std::discrete distribution 1 omola povteronoiel Ty dloxpitxr| xotavopy pog. To aroteréopato una-

tvouv oe éva he€ixd ypenotpomoldvtac Ty douy| dedopévey std::map e C++.

O ypfiotne pnopel va exteléoel éva nelpaya pe v pédodo measure(shots), divovtac to nhfdog

Twv YeTerioewy tou emuuel vo AdBouv uépog.
6.5.4 Ilopatnepodueva peyen

ITépa amd TNV amhy) LETENON TWV XATACTACEWY BAoNg, 0 ¥eHoTNS TOAD cUY VS VEREL VoL UETPHOEL TNV a-
VOPEVOUEVY TN evOe peyédoug pe v avtiotoiyn Xauhtoviavr. Ko ot 1 Aertoupyiot unootpileton

and tov npocopolwt we Ty uédodo exp_ value(Observable, qubits).
6.6 Awpopixodg Ipoypaupatiopmos

Méoa oTic AeitoupYleC TOU TEOCOUOWWTY| EVOL VO ETUOTEEPEL TNV XAIOT) TNS AVUUEVOUEVNS TWAHS EVOS
tedeoth Ye Pdomn Tic mopapétpouc Tou xuxdopatoc V(E). T nopdderypo ov €X0UHE TO Topoxdte

HOUAWUAL

{0

—d

Syhua 32: Topopeteued xOxhwya

070 onolo YETPAUE TNV T Tou TeAeoTh E mdvw otny unoloyiotiny| Bdon, t6te ot Bdtoc moAGDY
enavaliPewy 1 tph auth Yo tpooeyyioel Ty avouevéuevn T (E), n onolo uropel va utoloyiotel

pe avohuTixog, TARY Yeovoépouc, UTOAOYIGHOUS.
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6 IIPOXOMOIQTHE 6.6 Awapopxoc Ipoypaupotiopsg

6.6.1 BeATtioToToINoYN TOL XUXAGOUATOG

Y10 xoppdtt tng Behtiotononong {nrelton vor EAXYLO TOTOLRCOUUE €Vay TETOLO TEAEGTY) X0 O TIO YVW-

o16¢ TPéTOC Elvan 0 ahydprduoc Gradient Descent (¥ xdmowa mapohoryry Tov):

2t 2 V(E(a:(t)))

To vrohoyioTind dVoxoho Brua eivan 0 utohoyiopde e xhone V(E) yio éva napope 1oind xOxhe-
po. O mpogavic, aAAd aperc, TEOTOC VoL VoL YENOLLOTIOLICOUUE TOV OpLOUS TNG TUEAYDYOU Ol VOl

exteENécOUUE T0 xDxhwua O(p) popéc, 6Tou p 0 apdUES TWY TUPUUETEWYV:

oB) . (E)eire—(B)

VIE): = Ox; =0 €

H Aoom auty| Boukelet, odhd etvan apxetd Samavnen, yiotl yeetdleton vor exTeAOUUE TO XOXAWUL

EeywploTd xde Qopd Yiol OAEC TIC TOROUETEOVCS.
6.6.2 Kovovac Metatémione Hopopétpwyv (Parameter-Shift Rule)

Evog apudunuxde vnohoylopds e xAlong mou yenolpomolel Tov oploud Tng mopoydyou, dev elfvou
Wovixde, yiotl ooileton otnv axpifelo mou mpoopépel ) Ty €. Avtl autol, cuvidwe yenoulomoteitat
o Kavévae Metatémone wwv Hopapétpwy [21], [22] v nodkéc amhéc nohec (my mOiec Pauli) o

yevixode xavdvos mou Loy Vel efva:

Vo, (E)(0) = + [<E> (0 n ge) —(E) (9 - ge)} .

Avutéde o tpdmog urohoyiowol TNE TapEaY DYoL eYYUdTon axplBeta.
6.6.3 Xuluyhc Ioapayodyion (Adjoint Differentiation)

'Onwe xou oo xhaoxd veupwvixd dixtua, €tol xou 86, YpetalOUac e vy alyOptlUo Yio ToV Ypryopo

umoloytowéd e xhlone: xdtt avdhoyo mpog Tov ahkydpiduo omedodiddoons (BackPropagation).

Yo xBavind xuxhdpota, Aolméy, undpyel évac tétolog alyoprduoc xat ovoudletar LuuyhAg
IMopaywyion (Adjoint Differentiation) [23]. Xtnv mpoypatixdtnro 10 pdvo moU xAvVoUUE oTa

HBorvTind xuxhouato etvan var:
1. Eexwdye and v apyxr| xatdotoon |0)
2. Exteholpe to nhxhopa xou Aopfdvoupe ty xatdotoon |U) = Up,Uy,—_1...Up |0)

3. Metpdye évav teheot (M) = (V| M|T)
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6 IIPOXOMOIQTHE 6.6 Awapopxoc Ipoypaupotiopsg

Q61600, oL Tihec-tereotéc U; ebvan wovadialol, dpa toyler: UTU @) = |¢)

EovorypdpovTag TNV AVAUUEVOUEVY] T TOU TEAECTH WG:

(M) = (blk) = (W|M]W),

6mou

(b = (¥|M = (0|Uf ... UIM
k) = |¥) = UpUp_y ... 04]0)

ToEATNEOVUE TS To Slavioyara |b) xou |k) o umopodoay va elyoav emheyel Alyo Siopopetixd:

(by| = (O|U} ... UI MU,
lkn) = Un_1...U1|0)

It var ahhdEoupe Yéom 610 onueio Bloywptopod TS ExPEacne, ATAOS apoupOVUE TOV TEAECTY] oo

0 didvuoya | k) xau 1o npociétouye oo (bl:

{bn| = (b|Un
[kn) = UL JR)
Do v napdywyo tpa:
(M v}
ée-> = <o|U1T...d—el_...M...Ui...U1|o>
du;

+oul...uf. M.

U0
de; 110)

au;
2-5)%(<0|Uf...Uj...M... dg ...U10)>

H yenowonoldvtag to Bondntixd pag diavdoyora:

dU;
99, 2R <<bi|%|kz>)

ue

(bs] = (O|U] ... UIMU, ... Ui

‘k}l) =U;_1... U1|O>
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6 IIPOXOMOIQTHE 6.6 Awapopxoc Ipoypaupotiopsg

‘Otav 0 teAecTthic oL petapépeton lvon 1) napdywyoc, tote Ya cuyforilouye:

au;

(bi| = <bi‘d701

pfe

()

To pévo mou ypetdletor va xdvoupe elvon vor urtoroyilovpe ta

|bi) = U, |big1)
ki) = UJ |kiz1)

avadpowixd, EextvidvTae ond To TEAOS ToU XUXAOUATOS (and 10 TENXS SLEVUCUA XAUTACTACTC
META TNV EXTENEDT)).

O mhpng ahyodprduocg elvon o e€ng:

Algorithm 11 Adjoint Differentiation

INPUT: The output StateVector of a Circuit, Every gate U; of the circuit (in order of insertion)
OUTPUT: Vector V(E)

|A) := Circuit Output StateVector > Execute Circuit
|6) == M)
[A) = EN)
for i € {P,...,1} do > Back-Propagate
6) < U] |9)
1) = 1),

) = (dU;/d0;) )
V(E)i = 2R (\|w)
if i > 1 then
) < U )
end if
end for

O mpocopowwtrc untootnellel auty ) Aettovpyio pe tnv uédodo exp_value grad, n omolo emi-
o TEEQEL TNV XAloT) TOU XUXADPATOC WS TPog dodévta teheo . I'iat Tov ahydpriuo autdy 0 xOXALUL
yenowornolel €vo Ae&ixd pe xAetdid tov adEwyv oprdud xdde nhing xaw téc v Véorn nou 1 xdde mOAT

Beloxetor yéoa oto xOxhwpa. To Ae&d vhonoteitan ye yeron e BiBAodme map tne C++.
6.6.4 BeAtioTomownTég

O mpooopolntrc unootnellel 3 Pehtiotomointéc mpog to mapov. Tov amhé Gradient Descent, tov

AdaGrad ye petofinté puduéd pdidnone xou tov okl yvwotd Adam [§].
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6 IIPOXOMOIONTHY 6.7 XOvolm xwdxa

6.7 X0Ovodn xddixa

Library

4 Parameters

Optimizer

circuit_core
Circuit circuit_library

circuit_statistic

application

algebra gate_library

comp

Synua 33: Xyédo Ilpocopolntn
6.7.1 library
To apyelo library.h xohel dho tar apyetlar Tou xWOBxaL xou dnoveyel TNV xPovtiny) pog BUBAoGAx.
6.7.2 parameters

Y10 apyelo parameters.h opllouvye yevinée mapauétpous mou a@opoly TNV oA Aettoupylo Tou
TROCOLWTY, OTKC 0 péylotog aptdude twv Qubits, Tnv oxpiBela TV TEAEeMV Hog, TV oyolaoTixdTnTa

OTOUG EAEYYOUC XAT.
6.7.3 comp

To apyelo comp.h eivon 7 BBAoIHxn piyodixdy aptiudy. Opilel v dour twv pryaddv aptdpdy,

optlel Baoixéc povopeheic xou Swwehelc mpdielc.
6.7.4 algebra

To opyelo algebra.h avohauBdver Ty yoouuxn dhyeBea. Opilel Tov Blodldotato tetpaywvind nivaxo
XL TEVL OE AUTOV Ohal Tal pordnuaTtind epyahela TOU YEelalOUACTE: TAVUGTIXG YIVOUEVO, ECWTERPL-
%0 YWOUEVO, AVUUEVOUEVT] T TEAECTH, avdoTpo@o culuyn mivaxo, ecwTEPIXS YIVOUEVO Tivoxa UE

dLdvuoya.
6.7.5 gate library

To apyelo gate_library.h nepiéyel Toug oplopols Baoudy XxBavTincdv TUAGY.
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6 IIPOXOMOIONTHY 6.7 XOvolm xwdxa

6.7.6 application

To apyelo application.h opiCel tnv xhdon Application 1 omoio avtictolyel otnyv epopuoy?| wog »Ba-

VTS TOAES TV oe oplouéva Qubits.
6.7.7 circuit

To opyelo circuit.h opilel éva xBavtind wOxhwpo. Eivar 1 Baowr xAdorn v onolo yenowonotel o

XENoTNS YLot TNV TEOGOUOILOT.
6.7.8 circuit_core

To opyeio circuit _core.h nepiéyet Toug akyopiduouc nou yeetdlovton yiol Tig AeLToupYlEg TOU XUXAOWO-
T0¢: eloaywY TOANG, UeTaDEOEIC, EQUPUOYT ETUTEDOU TUAWY, EXTEAECY) XUXAWDUTOS, UVAUUEVOUEVT

Ty, xhlon TopoUETEWY WS TEOC AVUMEVOUEVY T
6.7.9 circuit library

To apyelo circuit _library.h nepiéyet tnv BiBAodrm »xBavtixdy nukody tou urtootneilel ex xataoxeuiic

0 TPOCOUOLWTAS YENOLOTOLVTAE TOUS 0plool Tvdxwy nou Beloxovton oto apyelo gate library.h.
6.7.10 circuit_statistics

To opyelo circuit_statistics mepiéyel epyalelor petprioewy mou yenowlonotel o ypRoTne UETA TNV &-

XTEAECT) TOU XUXAGUATOC.
6.7.11 optimizers

To opyelo optimizers.h opilel Behtiotonomntéc *BavTindv xUUAOUITOY.
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7 METPHYEIY

7 Metenoceic

I tig peTpioelg Yog, ouyxpelvoude Tov Yeévo 3 BUCKOAWY TEOCOUOLWOCEWY GTOY TEOCOUOLWTY| HAS,

otnv Qiskit e IBM (python) xou oo lightning.qubit tnc PennyLane (C++).
7.1 5 Qubits - ITVAeg otpoprc RY

‘Eva xOxhwpa 5 Qubit yepdto pe ndiec RY xou Bddoc opilduyevo and tov yprotn. Emiéyovta

napapeteéc todeg RY tou evée Qubit, yiotl efvar ol mo unoloylotixd damavneée.

5 Qubits - RY Broadcast

3.5 4 Custom
— Qiskit
3.0 { — PennyLane

1
=
<

I
sl
#<

I
=
>-.<

T

T T T T T T
[} 2000 4000 6000 8000 10000
Depth

7.2 10 Qubits - ITOAeg otpoprc RY, RX xow cupnihoxy
‘Eva xOxhoyo 10 Qubit ye napoyeteixd eninedo RY xou enineda cuunioxrc CZ. Eivou éva mpdtuno

VEUPWVIXOU BIXTOOU OpXETA BUOXOMO GTNV TPOCOUOIWOY| TOU (WG Xou EYEL UEYEAT CUUTAOXY).

10 Qubits - RX,RY and Entanglement

2.00 4 Custom
RY(O) RY(()) 1.75 — l?efw:;Lane
1.50
—‘RY(I) RY (1) s
RY(2) RY (2) g
0.75
: : : 0.50
RY(lO) RY(lO) — 0.25 1
0.00
0 200 400 600 800 1000
Depth

7.3 5 Qubits - BeAtiotonoinorn XouthAtoviavig

Evo xhxhwpa ooy autd g devtepne doxupnc ue 5 Qubits, oAAd auty) Ty @opd to BeAticTonoloue
pe Bdon tov youthtoviovd TEAEGTH TOL aTOUoL Hy. 3x0mde Hog €lvol TO XUXAWUOL VO Ay dYEL (Lot

xatdotaon [¢), tétola Gote N avopevouevn ) (Y| Ha |1) va eivon ehdytotn. Anuovpyolpe texvntd
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8 XYMIIEPAYXMATA

UN-YeouWxd YeTaoy NUaTond, cupnhéxovtac to 4 Qubits mou pac evdiapépouy pe éva axdua Qubit.

Hamiltonian Optimization

102 4

{RY(O) RY(0) N
{Ry(l)

Custom
—— PennyLane

10° 4

Seconds

RY (3) RY (3) 107 4

1072

T T T T T T T T T
0 250 500 750 1000 1250 1500 1750 2000
Epochs

8 XvuunepdopaTa

O npocopolwtic pog elvon apxeTd mo Ypriyopog omd Toug eumopixols, me HToy avopevopevo (Lovo
%o wévo Aéyw yhwooog). Iopatnpolue, wotéco, 0Tt 0T0 Xopudtt e PedtioTonoinone o npoco-
polwtrg pag ebvan 3 téEelg yeyédoug mo yeryopog and to C++ backend tng PennyLane: autd pog

emiteénel vo BeATio TonoloOue TOAD UEYOADTERO XUXAGUATY GTOV (Blo Ypedvo.
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9 TIPOEKTAYEIX TOY EPTOY

9 Ilpoextdoelg ToL €pyoU

O rnpocopowwthc elvan dewpntxd mAfene, epdoov umogel vo mpocouolmoel xdide duvatd xPBovtixd

xdwyoa. Qotdéoo, urnopolue vo mpoctécouue Aettovpylee xadde xou va BEATICTONOCOUYE TNV

anédoaor| Tou.

9.1 BiBAodrxeg

Yy Bdon tou npocouoiwty uropolv vo npoctedoly Bihodnixec eldol oxonou.

9.1.1 BeATiocTtornoinon

Mua mpoodxn elvon neptocodtepol BehTioToNOMNTES:

1. Behnwotonomtic dhyePpoc Lie [24] [25]. Ov ahydpripor xadddou pe xhion (Gradient Descent)
umopolV va yivouv xateudelay oe pa ouddo Lie, avti oe évav euxdeidio ywpo. H pédodoc

auTH UTGoyETAL GOYXALOT OTO OAXO EAYLGTO, AN Ypnotpomotlel exdeTind neplocdTepeC Topa-

uétpoug.

2. Behuotonomtic KPavtixic Puowhc Kiione (Quantum Natural Gradient Optimizer)

Baoiletor otov unohoyiopd tne dtaywviou tpocéyylone tou petpixol tavuoth Fubini-Study.

3. O Beltiotonontric RotoSelect. Efvow pior eldxr} neplntworn Bektictonomth mouv otoyelel oe

nOhec otpoghic. [27]
9.1.2 KRavtixr Xnueio
Ot xBavtixol unoloylotég elvan Wiaitepa amodo-
Tixol oe mpofArpata xBavtinhc Ynueloc. Oo umo-
poVoe va mpootedel wia Bt wBoavtixdc
ynueiog cav auth tne [PennylLane, Yt Baowég

e Aettovpyieg ouunepthaufdvovton:

1. Kartooxevy) Xauitoviavic yia popLo

2. Anewovicec tedectdv dnmovpyiag / xo-
tactpogfc ot teheotée spin (my Jordan-

Wigner)

3. H pédodoc Hartree-Fock

Fermions Spins
{ai,a:} =0, {a],a} =0, {ay,a]} = 5;; li,0 =0, [0}, 0] = 0,[0:,0]] = 8;;

o= =2 a3
—e) "0 G

_— i ’
L/k _\‘ Jf)r?an-w'\gner m o
o D i, = @ 62 0 (57 + i) 1)
00— —> . orioreer on O
v o il = @157 0 (57— is?) O
— —

&

A N 1 abata a .

Huee =y pqifieg + 3 > hpgrsifliras i,
pq pars

o8

Yyhua 34: Anewxovion Jordan-Wigner
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https://github.com/PennyLaneAI/pennylane/tree/master/pennylane/qchem

9 IIPOEKTAXYEIYX TOY EPTOY 9.2 Andédoon - ITapahknhia

9.1.3 KpRavTtixr BeAtiotonoinon

O ftav yenown wa Biiotdhxm xBaviic Bertiotonolinone. Baowd cucstatind mou ypeetalduoote

ebvou:
1. Alyobpudpol, 6mwe o QAOA [13].
2. Biphodixec Nevpwvindv Awetdwy (my 28], [29], |30]).
3. YtoyaoTxdTNTA OTOV UTOAOYLoUS TNg xhiomg.

9.2 Andédoor - ITapahAniio

IIgvta umopolue va Beitiotomolfcouue éva mpdypopua. Mo edxoln Beitinon Yo Ytav v yenot-
ponoticoupe TopoddnAic, eite pe mohholc muprvec (OpenMP) eite e yprion emtoyuvty - xdptoc
yeapxav (CUDA). Eniong, o unopotoope va Bedtidcoupe toug Baoixols akyoplduous extéleone
TOU XUXAQUATOS, OIS TIG METAVEGELS 1) TNV XATUGXEUT TOU TOVUG TIXOU YIVOUEVOU, YPTOULOTOLOVTS

aponole mivoxes yio eninedo ye Alyeg mOAeC.
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10 KQAIKAX

10 Kodwxoc

10.1 library

#include "parameters.h"

// MATHEMATICS CORE
#include "comp.h"
#include "algebra.h"

// ARRAY AND GATE HANDLERS
#include "gate_library.h"

// CIRCUIT

#include "circuit.h"

#include "circutt_core.h”
#include "circuit_statistics.h”
#include "circuit_library.h”

#include "optimizers.h"

10.2 parameters

// BUILDING PARAMETERS. CHANGE HERE AND ALL HEADER
// FILES WILL INHERIT THEM

#ifndef __PARAMETERS__

#define __PARAMETERS__ 420

// REMOVE THIS LINE TO EXCLUDE ALL CHECKS
#define __SAFE_LIBRARY__ 420
#define MAX_QUBITS 10

// COMPLEX NUMBER TYPE
typedef double c_type;
//typedef float c_type; // No difference really... keep double

#endif

10.3 comp

#ifndef __MY_COMPLEX_LIBRARY
#define __MY_COMPLEX_LIBRARY 420
#include <iostream> // cout
#include <math.h> // sqrt
#include <stdlib.h> // abs

#include "parameters.h"
// CORE LIBRARY FOR COMPLEX NUMBERS
// Constants

const c_type pi = 3.141592653589793238;

// CUSTOM COMPLEX NUMBER

typedef struct complex__{
c_type real;
c_type imag;

} comp;

// Complex Operations
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10 KQAIKAX

10.3

comp

inline comp [ (c_type real, c_type
inline comp conj (comp a);

inline comp mul_conj (comp a, comp b);

inline c_type distance (comp a, comp b);

inline void print_comp (comp a);

// Complexz Number Constructor
inline comp c(c_type _real, c_type _imag) {
return (comp) {_real, _imag};

}

inline comp conj (comp a) {
return (comp) {a.real, -a.imag};

}

// COMPLEX CONJUGATE MULTIPLICATION a*b
inline comp mul_conj(comp a, comp b) {
return (comp) {a.real*b.real + a.imag+b.imag,
a.real*b.imag - a.imag+b.reall};

// print as: a + ib
inline void print_comp (comp a) {
if(a.real == 0.0 and a.imag == 0.0) {
std::cout << "0 ";
return;

}

if(a.real !'= 0.0)
std::cout << a.real;

if(a.imag !'= 0.0) {
if(a.imag > 0.0) {
std::cout << "+i";
if(a.imag != 1.0)
std::cout << a.imag;

}
else {
std::cout << "-i";
if(a.imag != -1.0)
std::cout << -a.imag;
}
}
std::cout << " "j

// euclidean distance of two complexz numbers
inline c_type distance (comp a, comp b) {
// manhattan distance
return abs(a.real - b.real) + abs(a.imag - b.imag);

// Complex Arithmetics
// COMPLEX OPERATOR COMPLEX

inline comp operator + (comp cl, comp c2) {
return comp {cl.real + c2.real, cl.imag + c2.imag};

}
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10 KQAIKAY 10.4 algebra

inline comp operator - (comp cl, comp c2) {
return comp {cl.real - c2.real, cl.imag - c2.imag};

}

inline comp operator * (comp cl, comp c2) {
return (comp) {cl.real*c2.real - cl.imag*c2.imag,
cl.real*c2.imag + cl.imag*c2.real};

}

inline comp operator / (comp cl, comp c2) {
c_type den = c2.real * c2.real + c2.imag * c2.imag;

return (comp) {
(cl.real * c2.real + cl.imag * c2.imag) / den,

(cl.imag * c2.real - cl.real * c2.imag) / den

};

// COMPLEX OPERATOR REAL & REAL OPERATOR COMPLEX

// position independant

inline comp operator + (comp c, c_type r) { return (comp) {r + c.real, c.imag}; }
inline comp operator + (c_type r, comp c) { return (comp) {r + c.real, c.imag}; }
inline comp operator * (comp c, c_type r) { return (comp) {r * c.real, r * c.imag}; }
inline comp operator * (c_type r, comp c) { return (comp) {r * c.real, r * c.imag}; }

// position dependant
inline comp operator - (comp c, c_type r) { return (comp) {c.real - r, c.imag}; }
inline comp operator - (c_type r, comp c) { return (comp) {r - c.real, -c.imagl}; }
inline comp operator / (comp c, c_type r) { return (comp) {c.real / r, c.imag / r}; }
inline comp operator / (c_type r, comp c) {
c_type den = c.real * c.real + c.imag * c.imag;
return (comp) { (r * r + c.imag * c.imag) / den, (- r * c.imag) / den };

#endif

10.4 algebra

#ifndef __ALGEBRA__
#define __ALGEBRA__ 420
#include <vector>
#include "parameters.h"
#include "comp.h"

// Define Custom 2D Square Matriz
// Implement with 1D-flattened array
class SqMatrix {
private:
unsigned int _dims; // rows-columns
std: :vector<comp> _elems;
public:
inline SqMatrix(unsigned int d);
inline SqMatrix(std::vector<std::vector <comp>> e);

inline comp get(unsigned int r, unsigned int c) const;

inline void set(unsigned int r, unsigned int c, comp e);
inline unsigned int dims() const { return _dims; }
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algebra

// Init
inline SqMatrix::SqMatrix(unsigned int d) {
_dims = d;
_elems = std::vector<comp> ( d*d );
}

// Init from wector of wector
inline SgMatrix::SqMatrix(std::vector<std::vector <comp>> e) {
unsigned int d = e.size();

#ifdef __SAFE_LIBRARY._
for(unsigned int i = 0; i < d; ++i){
if(e[il.size() '= &) {
std::cout << "Matrix Constructor Error: "
<< "2D vector is not square\n";
exit(1);

#endif

_elems = std::vector<comp> (d*d);
_dims = d;
for(unsigned int i = 0; i < d; ++i)
for(unsigned int j = 0; j < d; ++j)
_elems[i * d + j] = e[il[jl;

// GET HANDLER
inline comp SqMatrix::get(unsigned int r, unsigned int c) const {
// you can ignore this. wvector will crash anyway
#ifdef __SAFE_LIBRARY__
if(r > _dims-1){
std::cout << "SgMatrix Get_Element Error:"
"Element row index " << r << " out of range\n";
exit(1);
}
if(c > _dims-1){
std::cout << "SgMatrix Get_Element Error:"
"Element column index " << ¢ << " out of range\n";
exit(1);

#endif

return _elems[r * _dims + c];

}

// SET HANDLER
inline void SqMatrix::set(unsigned int r, unsigned int c, comp e){
// you can ignore this. vector will crash anyway
#ifdef __SAFE_LIBRARY__
if(r > _dims-1){
std::cout << "SqMatrix Set_Element Error:"
"Element row index " << r << " out of range\n";
exit(1);
}
if(c > _dims-1){
std::cout << "SgMatrix Set_Element Error:"
"Element column index " << ¢ << " out of range\n";
exit(1);

#endif

_elems[r * _dims + c] = e;

// LINEAR ALGEBRA
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// Tensor product for square matrices
SgMatrix square_tensor_prod(

const SqMatrix &arri,
const SgMatrix &arr2)

// tensor product dimension
unsigned int dim = arrl.dims() * arr2.dims();
unsigned int p = arr2.dims(); // power of two

// find which power of two is p
unsigned int power;
for(power = 0; p >> power != 1; ++power) ;

)/ =========== FILL ARRAY =========== //
SgMatrix elements (dim);

for(unsigned int i = 0; i < dim; ++i) {
for(unsigned int j = 0; j < dim; ++j)
// C_ig = ali/p][j/p] * blilp][jip];
// dimensions are power of two!!! optimize / and [
elements.set(i, j,
arrl.get(i>>power, j>>power) * arr2.get(i&(p-1),j&(p-1)) );
}

return elements;

// return an I array with dimensions dim x dim
SqMatrix Identity_matrix(unsigned int dim) {

/*

*/

SqMatrix result(dim);

for(unsigned int i = 0; i < dim; ++1i)
for(unsigned int j = 0; j < dim; ++j)
result.set(i, j, c((i == j) 7 1.0 : 0.0, 0.0) );

return result;

/ 8000\ / psit |
[ 0So00 ] | psi2 |/
foosol | .... |
\oo0oo0S/\ psin /

// Given S and Statevector only!!!
std: :vector<comp> Sparse_Array_dot_state(

const SqMatrix &array,
const std::vector<comp> &state)

// how many S's in the diagonal?
unsigned int Id_dim = state.size() / array.dims();

#ifdef __SAFE_LIBRARY.__

// =========== CHECK DIMENSIONS! =========== //
if (state.size() != Id_dim * array.dims()) {
std::cout << "Array Dot State Error:
"Array dimensions(" << array.dims() <<
") and State dimensions(" << state.size() <<
") don't match\n";
exit(1);

n
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#endif

unsigned int dim = state.size();
std: :vector<comp> res(dim) ;
unsigned int s_dim = array.dims();

// for every sub-matriz S in the diagomal
for(unsigned int s = 0; s < Id_dim; ++s) {
// Iterate S
for(unsigned int i = 0; i < s_dim; ++i) {
comp c_i = ¢(0.0, 0.0);
// c_i = SUM a_ik b_k
for(unsigned int k = 0; k < s_dim; ++k)
// offset for statevector --> some S arrays
c_i = c_i + array.get(i,k) * statel[s_dim * s + k];

// result row in statevector
res[s_dim * s + i] = c_i;

}

return res;

bool is_hermitian( const SqMatrix &0bs ) {

// ============ (CHECK ELEMENTS ============ //

// Hermitian means: a_ij = a_ji*

for(unsigned int i = 0; i < Obs.dims(); ++i) {

for(unsigned int j = 0; j < Obs.dims(); ++j)
// allow a small error --> their distance
if ( distance(Obs.get(i,j) , conj(Obs.get(j,1i))) > 0.0001 )
return false;

return true;

// MUST BE DONE WITH SPARSE ARRAYS, T00!
// Returns:  <A> = <Psi[d[|Psi>
c_type expectation_value (

const SqMatrix &Obs,

const std::vector<comp> &state )

#ifdef __SAFE_LIBRARY__
// =========== ARRAY CHECKS =========== //
if (!is_hermitian(Obs)) {
std::cout << "Expectation Value Error: "
"Observable matrix is not Hermitian!\n";
exit(1);

#endif

// compute
unsigned int dim = state.size();
comp tmp_res = c(0.0, 0.0);
for(unsigned int i = 0; i < dim; ++i) {
comp tmp = ¢(0.0, 0.0);
for(unsigned int j = 0; j < dim; ++j)
tmp = tmp + Obs.get(i,j) * state[jl;
tmp_res = tmp_res + mul_conj(state[i], tmp);

}

// check imaginary part. Should be zero or very small
#ifdef __SAFE_LIBRARY__
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// this complez should be real.
if ( abs(tmp_res.imag) > 0.0001 ) {
std::cout << "Expectation Value Error: "
"Result has big imaginary part\n";
exit(1);

#endif

return tmp_res.real;

// Return transpose conjugate of a matriz
inline SqMatrix dagger(const SqMatrix & m) {
unsigned int d = m.dims();

SqMatrix res(d);

// b_ij = a_ji*
// RE-ORDER FOR CACHE EFFICIENCY
for(unsigned int i = 0; i < d; ++1i)
for(unsigned int j = 0; j < d; ++j)
res.set(i,j, conj(m.get(j,i)) );

return res;

// inner product of two complez vectors
comp inner_product(
const std::vector<comp> &vl,
const std::vector<comp> &v2)

{
unsigned int sl = vl.size();
#ifdef __SAFE_LIBRARY__
if(s1 !'= v2.size()) {
std::cout << "Inner Product Error: "
"vector sizes are different\n";
exit(1);
}
#endif
comp res = c(0.0, 0.0);
for(unsigned int i = 0; i < sl; ++i)
res = res + mul_conj(vi[il, v2[il);
return res;
}

L1177777777777777777777777777777

// DEBUG INFO
void print_vector(std::vector<c_type> vec) {
std::cout << "Printing Vector\n";
for(unsigned int i = 0; i < vec.size(); ++i)
std::cout << vec[i] << " ";
std::cout << "\n";

void print_matrix(const SqMatrix &m) {
int r = m.dims();

for(int 1 = 0; i < r; ++i) {

for(int j = 0; j < r; ++j)
print_comp( m.get(i, j) );
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std::cout << "\n";
}

111177777777 7777777777777777777777
// SqMatriz operators

// Make tensor product as operator /
inline SgMatrix operator 7 (

const SqMatrix &arrl,

const SqMatrix &arr2)

return square_tensor_prod(arrl, arr2);

// Add arrays

inline SgMatrix operator + (
const SqMatrix &arrl,
const SgMatrix &arr2)

#ifdef __SAFE_LIBRARY__
if(arrl.dims() != arr2.dims()) {
std::cout << "SgMatrix operator + error:
"Different sizes\n";
exit(1);

#endif
unsigned int n = arrl.dims();
SqMatrix res(n);

for(unsigned int i = 0; i < nj; ++1i)
for(unsigned int j = 0; j < n; ++j)
res.set(i,j, arrl.get(i,j) + arr2.get(i,j));

return res;

// Add arrays

inline SqMatrix operator - (
const SqMatrix &arrl,
const SqMatrix &arr2)

#ifdef __SAFE_LIBRARY__
if (arrl.dims() !'= arr2.dims()) {
std::cout << "SgMatrix operator + error:
"Different sizes\n";
exit(1);

#endif

unsigned int n = arrl.dims();

SqMatrix res(n);

for(unsigned int i = 0; i < nj; ++1i)
for(unsigned int j = 0; j < n; ++j)

res.set(i,j, arrl.get(i,j) - arr2.get(i,j));

return res;
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// Make number * array operator

inline SqMatrix operator * (
const c_type number,
const SqMatrix & arr)

{
unsigned int n = arr.dims();
SqMatrix res(n);
for(unsigned int i = 0; i < n; ++i)
for(unsigned int j = 0; j < m; ++j)
res.set(i,j, arr.get(i,j) * number);
return res;
}
#endif

10.5 gate library

_ARRAY_LIBRARY__
_ARRAY_LIBRARY__ 420

#ifndef
#define _
#include <vector>
#include <math.h>
#include "parameters.h"
#include "comp.h"
#include "algebra.h"

// contains arrays and
// matrices built on top of those arrays

// Standard Gate ARRAYS!!!!

// NON- PARAMETRIC GATES

const std::vector<std::vector<comp>> arr_I {
{¢(1.0,0.0), ¢(0.0,0.0) },
{ ¢(0.0,0.0), c(1.0,0.0) }

}

/71 11
// sqrt(2) 1 -1
const c_type sqrtl_2 = sqrt(0.5);
std: :vector<std::vector<comp>> arr_H {
{ c(sqrt1_.2,0.0), c( sqrt1_2,0.0)},
{ c(sqrt1_2,0.0), c(-sqrt1_2,0.0)}
}

// Pauli Gates

/7 0 1

// 10

const std::vector<std::vector<comp>> arr_X {
{ ¢(0.0,0.0), c(1.0,0.0) },
{ ¢(1.0,0.0), ¢(0.0,0.0) }

};
// 0 -1
// i 0

const std::vector<std::vector<comp>> arr_Y {
{ ¢(0.0,0.0), ¢(0.0,-1.0) 2,
{ ¢(0.0,1.0), c(0.0, 0.0) }

68



10 KQAIKAX

10.5 gate_library

// 0 -1

const std::vector<std:
{ ¢(1.0,0.0),
{ ¢(0.0,0.0),

};

// 1 0

// 0 e{i pi/2} =

const std::vector<std:
{ ¢(1.0,0.0),
{ ¢(0.0,0.0),

};

// 1 0

// 0 e {i pi/4}

const std::vector<std:
{ ¢(1.0,0.0),
{ ¢(0.0,0.0),

:vector<comp>> arr_Z {
c( 0.0,0.0) ¥,
c(-1.0,0.0) }

0 1%
:vector<comp>> arr_S {
c(0.0,0.0) ¥,
c(0.0,1.0) }

:vector<comp>> arr_T {
c(0.0,0.0) ¥,
c(cos(pi/4),sin(pi/4)) 3}

const std::vector<std::vector<comp>> arr_CNOT {

{ c(1.0,0.0),
{ ¢c(0.0,0.0),
{ ¢(0.0,0.0),
{ ¢(0.0,0.0),

const std::vector<std:
{ ¢c(1.0,0.0),
{ ¢(0.0,0.0),
{ ¢(0.0,0.0),
{ ¢(0.0,0.0),

};

// 100 0
// 010 0
// 001 0
// 00 0 -1

const std::vector<std:
{ c(1.0,0.0),
{ ¢(0.0,0.0),
{ ¢c(0.0,0.0),
{ ¢(0.0,0.0),

const std::vector<std:
{ c(1.0,0.0),

¢(0.0,0.0), ¢(0.0,0.0),
c(1.0,0.0), ¢(0.0,0.0),
¢(0.0,0.0), ¢(0.0,0.0),
¢(0.0,0.0), ¢(1.0,0.0),

:vector<comp>> arr_CY {
¢(0.0,0.0), <¢(0.0,0.0),
c(1.0,0.0), ¢(0.0,0.0),
c(0.0,0.0), <¢(0.0,0.0),
c(0.0,0.0), c(0.0,1.0),

:vector<comp>> arr_CZ {
¢(0.0,0.0), ¢(0.0,0.0),
c(1.0,0.0), c(0.0,0.0),
c(0.0,0.0), ¢(1.0,0.0),
c(0.0,0.0), ¢(0.0,0.0),

:vector<comp>> arr_SWAP
c(0.0,0.0), <(0.0,0.0),

{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(1.0,0.0),
{ ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0),
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0),
};
// ===== THREE QUBIT OPERATIONS =====

c(0.
c(0.
c(1.
c(0.

c(0.
c(0.
c(0.
c(0.

{
c(0

const std::vector<std::vector<comp>> arr_TOFFOLI {

{ ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0) },
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{ ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,0.0), c(0.0,0
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,0.0), ¢(0.0,0.0), c(0.0,0
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,0
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), c(0.0,0.0), c(0.0,0
{ ¢€0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), c(0.0,0
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,0.0), c(1.0,0
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,0.0), c(1.0,0.0), c(0.0,0
};
/*
* PARAMETRIC OPERATIONS
*/
// ===== ONE QUBIT OPEARATIONS =====

// Rotation gates
std: :vector<std::vector<comp>> arr_RX (c_type angle) {
return {
{ c(cos(angle/2.0),0.0), c(0.0,-sin(angle/2.0)) 1},
{ ¢(0.0,-sin(angle/2.0)), c(cos(angle/2.0),0.0) }
};

std: :vector<std::vector<comp>> arr_RY (c_type angle) {
return {
{ c(cos(angle/2.0),0.0), c(-sin(angle/2.0),0.0) },
{ c(sin(angle/2.0),0.0), c(cos(angle/2.0),0.0) }
};

std: :vector<std::vector<comp>> arr_RZ (c_type angle) {
return {
{ c(cos(angle/2.0),-sin(angle/2.0)), c(0.0,0.0) 1},
{ ¢(0.0,0.0), c(cos(angle/2.0),sin(angle/2.0)) }
};

// 10
// 0 e~{i phi}
std: :vector<std::vector<comp>> arr_P (c_type angle) {
return {
{ ¢(1.0,0.0), ¢(0.0,0.0) %,
{ ¢(0.0,0.0), c(cos(angle),sin(angle)) }

// ===== TWO QUBIT OPEARATIONS =====
std: :vector<std::vector<comp>> arr_CRX (c_type angle) {
c_type phi = angle/2.0;

return {
{ ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,0.0) },
{ ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), c(cos(phi),0.0), c(0.0,-sin(phi)) },
{ ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,-sin(phi)), c(cos(phi),0.0) }
}s

}

std: :vector<std::vector<comp>> arr_CRY (c_type angle) {
c_type phi = angle/2.0;

return {
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{ ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,0.0) },
{ ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), c(cos(phi),0.0), c(-sin(phi),0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), c(sin(phi),0.0), c(cos(phi),0.0) }
};
}
std: :vector<std::vector<comp>> arr_CRZ (c_type angle) {
c_type phi = angle/2.0;
return {
{ ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,0.0) },
{ ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0) %},
{ ¢(0.0,0.0), ¢(0.0,0.0), c(cos(phi),-sin(phi)), c(0.0,0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(cos(phi), sin(phi)) }
};
}
std: :vector<std::vector<comp>> arr_CP (c_type angle) {
return {
{ ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0) },
{ ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), c(0.0,0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(1.0,0.0), c(0.0,0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0),c(cos(angle),sin(angle)) }
};
}
/*
¥ GRADIENTS OF PARAMETRIC GATES
*/
std: :vector<std::vector<comp>> arr_RX_dif (c_type angle) {
return {
{ c(-sin(angle/2.0)/2.0,0.0), c(0.0,-cos(angle/2.0)/2.0) },
{ ¢(0.0,-cos(angle/2.0)/2.0), c(-sin(angle/2.0)/2.0,0.0) }
};
}

std: :vector<std::vector<comp>> arr_RY_dif
return {

{ c(-sin(angle/2.0)/2.0,0.

{ c( cos(angle/2.0)/2.0,0.

(c_type angle) {

0), c(-cos(angle/2.0)/2.0,

0.0)
0), c(-sin(angle/2.0)/2.0,0.0)

1,
}

};

std: :vector<std::vector<comp>> arr_RZ_dif (c_type angle) {
return {
{ c(-sin(angle/2.0)/2.0,-cos(angle/2.0)/2.0), c(0.0,0.0) },
{ ¢(0.0,0.0), c(-sin(angle/2.0)/2.0,cos(angle/2.0)/2.0) }
};

/710
// 0 e~{i phi}
std::vector<std::vector<comp>> arr_P_dif (c_type angle) {
return {
{ ¢(1.0,0.0), ¢(0.0,0.0) },
{ ¢(0.0,0.0), c(-sin(angle),cos(angle)) }
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std: :vector<std::vector<comp>> arr_CRX_dif (c_type angle) {
c_type phi = angle/2.0;

return {
{ ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,0.0) },
{ ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), c(-sin(phi)/2.0,0.0), c(0.0,-cos(phi)/2.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,-cos(phi)/2.0), c(-sin(phi)/2.0,0.0) }
};

}

std: :vector<std::vector<comp>> arr_CRY_dif (c_type angle) {
c_type phi = angle/2.0;

return {
{ ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0) 3},
{ ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0) %},
{ ¢(0.0,0.0), ¢(0.0,0.0), c(-sin(phi)/2.0,0.0), c(-cos(phi)/2.0,0.0) },
{ ¢€0.0,0.0), ¢(0.0,0.0), c(cos(phi)/2.0,0.0), c(-sin(phi)/2.0,0.0) }
};

}

std: :vector<std::vector<comp>> arr_CRZ_dif (c_type angle) {
c_type phi = angle/2.0;

return {
{ ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0) },
{ ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), c(0.0,0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), c(-sin(phi)/2.0,-cos(phi)/2.0), ¢(0.0,0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(-sin(phi)/2.0,cos(phi)/2.0) }

std: :vector<std::vector<comp>> arr_CP_dif (c_type angle) {

return {
{ ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,0.0) },
{ ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0),c(-sin(angle),cos(angle)) }

};

// Debug info
void print_array(std::vector<std::vector<comp>> arr) {
unsigned int diml = arr.size();

for(unsigned int i = 0; i < diml; ++i) {
unsigned int dim2 = arr[i].size();

for(unsigned int j = 0; j < dim2; ++j)
print_comp(arr[il [j1);

std::cout << "\n";

const SqMatrix empty(0);

// NON-PARAMETRIC MATRICES
// ===== ONE QUBIT OPERATIONS =====
const SqMatrix matrix_I(arr_I);
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matrix_H(arr_H);
matrix_X(arr_X);
matrix_Y(arr_Y);
matrix_Z(arr_Z);
matrix_S(arr_S);
matrix_T(arr_T);

SqMatrix
SgMatrix
SqMatrix
SqMatrix
SqMatrix
SqMatrix

TWO QUBIT OPERATIONS
matrix_CNOT (arr_CNOT);
matrix_CY(arr_CY);
matrix_CZ(arr_CZ);
matrix_SWAP(arr_SWAP);

SgMatrix
SqMatrix
SqMatrix
SqMatrix

THREE
SqMatrix

QUBIT OPERATIONS
matrix_TOFFOLI (arr_TOFFOLI);

// PARAMETRIC MATRICES

// ===== ONE QUBIT OPERATIONS =====

SgMatrix matrix_RX(c_type angle) { return SgMatrix(arr_RX(angle)); }
SqMatrix matrix_RY(c_type angle) { return SqMatrix(arr_RY(angle)); }
SqMatrix matrix_RZ(c_type angle) { return SqMatrix(arr_RZ(angle)); }
SqMatrix matrix_P (c_type angle) { return SqMatrix(arr_P (angle)); }

// SqMatriz matriz_ROT(c_type phi, c_type theta, c_type omega) { return SqMatriz(arr_ROT(phi, theta, omega)); }

// ===== TWO QUBIT OPERATIONS =====

SqMatrix matrix_CRX(c_type angle) { return SgMatrix(arr_CRX(angle)); }
SqMatrix matrix_CRY(c_type angle) { return SqMatrix(arr_CRY(angle)); }
SqMatrix matrix_CRZ(c_type angle) { return SgMatrix(arr_CRZ(angle)); }
SqMatrix matrix_CP(c_type angle) { return SqMatrix(arr_CP(angle)); }

// DERIVATIVES OF GATES

// ===== ONE QUBIT OPERATIONS =====

SqMatrix matrix_RX_dif (c_type angle) { return SgMatrix(arr_RX_dif(angle)); }
SqMatrix matrix_RY_dif(c_type angle) { return SqMatrix(arr_RY_dif (angle)); }
SqMatrix matrix_RZ_dif(c_type angle) { return SgMatrix(arr_RZ_dif(angle)); }
SqMatrix matrix_P_dif (c_type angle) { return SqMatrix(arr_P_dif (angle)); }

// SqMatriz matriz_ROT(c_type
// TWO QUBIT OPERATIONS
SgMatrix matrix_CRX_dif(c_type angle) { return SqMatrix(arr_CRX_dif(angle)); }
SqMatrix matrix_CRY_dif (c_type angle) { return SqMatrix(arr_CRY_dif(angle)); }
SgMatrix matrix_CRZ_dif(c_type angle) { return SqMatrix(arr_CRZ_dif (angle)); }
SqMatrix matrix_CP_dif (c_type angle) { return SgMatrix(arr_CP_dif(angle)); }
#endif

phi, c_type theta, c_type omega) { return SqMatriz(arr_ROT(phi, theta, omega)); }

10.6

#ifndef __APPLICATION__
#define __APPLICATION__ 420

application

#include <iostream>
#include <vector>

#include "parameters.h"
#include "comp.h"
#include "algebra.h"

// GATE APPLICATION
class Application {
public:

// gate
SqMatrix application_gate;
// gate derivative

SqMatrix application_gate_dif;
// qubits this gate is applied unto
std: :vector<unsigned int> qubits;
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// Application Constructor
Application(SqMatrix g, SqMatrix g_dif, std::vector<unsigned int> q )
: application_gate(g), application_gate_dif(g_dif), qubits(q)

{
#ifdef __SAFE_LIBRARY__

// Check qubits-gate dimensions!

unsigned int qubs = q.size();

if (g.dims() != (unsigned int) (1<<qubs)) {

std::cout << "Application Constructor Error:"

"qubits don't match array size\n";
exit(1);

}

// Check for duplicates in qubit list
std: :vector<bool> qubit_used(MAX_QUBITS, false);
for(unsigned int i = 0; i < qubs; ++i) {
if (qubit_used[q[il] == true) {
std::cout << "Application Constructor Error: "
"Dulpicate Qubit Detected!\n";

exit(1);
¥
qubit_used[q[il] = true;
¥
#endif
}
};
#endif

10.7 circuit

#ifndef __QUANTUM_CIRCUIT._
#define __QUANTUM_CIRCUIT__ 420

#include <iostream> // input/output

#include <vector> // all my arrays

#include <map> // dictionary for measure();
#include <bitset> // convert integer to bin_string

#include <random> // discrete_distribution

#include <math.h> // floor

#include <unordered_map> // application SN --> actual gate
#include <tuple> // (Layer, Layer_number)

#include "parameters.h"
#include "algebra.h"
#include "comp.h"
#include "application.h"”
#include "gate_library.h"”

#define maz(a,b) ((a)>(b)?(a): (b))

class Circuit {
private:

// Core Utilities
unsigned int qubits;
std::vector<unsigned int> available_layer;
std: :vector< std::vector<Application> > layers;
std::vector<comp> state_vector;
bool executed;

// Adjoint Differentiation
// a map that keeps track of application Serial Numbers
std: :unordered_map<unsigned int,

std::tuple<unsigned int, unsigned int>> app_id;
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public:

};

// Constructor

unsigned int applications;
unsigned int parametric_gates;

// Constructor
Circuit(unsigned int q);

// =========== circuit_core.h =========== //
void app (Application &a);
void run();
c_type exp_value (
const SgMatrix &Obs,
const std::vector<unsigned int> &qubs);

// returns Nabla <E> for an observable E
std: :vector<c_type> exp_value_grad(
const SgMatrix &Obs,
const std::vector<unsigned int> &qubs);

// ======== circuit_statistics.h ======== //

void print_circuit();

void print_state_vector(bool integer);

void print_probabilities(bool integer, bool cent);
void measure(unsigned int shots);

// ========== circuit_library.h ========= //

// NON-PARAMETRIC GATES

void I(unsigned int qubit);

void H(unsigned int qubit);

void X(unsigned int qubit);

void Y(unsigned int qubit);

void Z(unsigned int qubit);

void S(unsigned int qubit);

void T(unsigned int qubit);

void CNOT(unsigned int control, unsigned int target);
void CY(unsigned int control, unsigned int target);
void CZ(unsigned int control, unsigned int target);
void SWAP(unsigned int qubitl, unsigned int qubit2);

// PARAMETRIC GATES

void RX(unsigned int qubit, c_type angle);
void RY(unsigned int qubit, c_type angle);
void RZ(unsigned int qubit, c_type angle);
void P (unsigned int qubit, c_type angle);

// void ROT(unsigned int qubit, c_type phi, c_type theta, c_type omega);

void CRX(unsigned int control, unsigned int target, c_type angle);
void CRY(unsigned int control, unsigned int target, c_type angle);
void CRZ(unsigned int control, unsigned int target, c_type angle);
void CP(unsigned int control, unsigned int target, c_type angle);

void TOFFOLI(unsigned int controll, unsigned int control2, unsigned int target);

Circuit::Circuit(unsigned int q) {
#i1fdef __SAFE_LIBRARY__

// check qubit range

if(q == 0) {
std::cout << "Zero Qubits Given!\n";
exit(1);

}
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if(q > MAX_QUBITS) {
std::cout << "More than " << MAX_QUBITS
<< " Qubits! You are a mad man....\n";
exit(1);

#endif

// Initialize data
state_vector = std::vector<comp> ( 1<<q, ¢(0.0, 0.0) );
state_vector[0] = c(1.0, 0.0);
qubits = q;
available_layer = std::vector<unsigned int> (q,0);
applications = 0O;
parametric_gates = 0;
executed = false;
};
#endif

10.8 circuit core

#include "circuit.h"
// Circuit Core utilities

/) =========== APPLY GATE ON CIRCUIT =========== //
void Circuit::app(Application &a) {

unsigned int pos_in_layer;

// =========== FIND THE RIGHT LAYER =========== //

unsigned int layer_index = O;

unsigned int max_qubit_used = 0;

for(unsigned int i = 0; i < a.qubits.size(); ++i) {
layer_index = max(layer_index, available_layer[a.qubits[i]]);
max_qubit_used = max(max_qubit_used, a.qubits[il]);

#ifdef __SAFE_LIBRARY__
// =========== QUBIT OUT OF RANGE ===========//
if (max_qubit_used > qubits - 1) {
std::cout << "Application Error:
"Qubit " << max_qubit_used << " out of Range! "
"(0, " << qubits - 1 << ")\n";
exit(1);

#endif

/) =========== NEW CIRCUIT LAYER? =========== //

if ( layers.size() < layer_index + 1) {
layers.push_back( std::vector<Application> {al} );
pos_in_layer = 0;

}
else {
layers[layer_index] .push_back(a);
pos_in_layer = layers[layer_index].size() - 1;
}
// =========== UPDATE AVAILABLE QUBIT POSITIONS =========== //

for(unsigned int i = 0; i < a.qubits.size(); ++i)
available_layer[a.qubits[i]] = layer_index + 1;

// map application's Serial Number to its place on the circuit
app_id[applications++] = std::make_tuple(layer_index, pos_in_layer);
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executed = false;

// apply gate on State_Vector

// given a permutation map for the qubits

void apply_on_map(
std: :vector<comp> &SV,
std::vector<unsigned int> &permutation,
unsigned int qubits,
SqMatrix &gate)

{
// =========== MAP STATEVECTOR =========== //
std: :vector<comp> mapped_state_vector = SV;
// iterate state vector and map fake qubits to real qubits
unsigned int SV_size = 1 << qubits;
for(unsigned int pos = 0; pos < SV_size; ++pos) {
unsigned int mapped_pos = O;
for(unsigned int fake = 0; fake < qubits; ++fake) {
unsigned int real = permutation[fake];
// replace fake qubit with the real one
unsigned int real_bit = (pos >> real) & 1;
mapped_pos |= (real_bit << fake);
}
mapped_state_vector [mapped_pos] = SV[pos];
}
// =========== APPLY LAYER =========== //
mapped_state_vector =
Sparse_Array_dot_state(gate, mapped_state_vector);
// =========== UNDO MAPPING OF STATEVECTOR =========== //
for(unsigned int pos = 0; pos < SV_size; ++pos) {
unsigned int mapped_pos = O;
for (unsigned int fake = 0; fake < qubits; ++fake) {
unsigned int real = permutation[fakel;
unsigned int real_bit = (pos >> real) & 1;
mapped_pos |= (real_bit << fake);
}
// reverse map
SV[pos] = mapped_state_vector [mapped_pos];
}
}

// returns qubits used for gates

void make_permutation(
std::vector<unsigned int> & permutation,
unsigned int qubits,
const std::vector<Application> & layer)

std: :vector<bool> allocated(qubits, false);
// PREMARE MAP AND PARAMETERS
int gates = layer.size();

unsigned int last_used_qubit = 0;

// ITERATE LAYER OF GATES
for(int i = 0; i < gates; ++i) {

unsigned int gate_size = layer[i].qubits.size();

// ITERATE GATE
for(unsigned int qubit = 0; qubit < gate_size; ++qubit) {
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permutation[qubit + last_used_qubit] = layer[i].qubits[qubit];
allocated[layer[i].qubits[qubit]] = true;
}

last_used_qubit += gate_size; // qubits used on this gate

// =========== FILL PERMUTATION WITH UNALLOCATED WIRES =========== //
for(unsigned int un_it = 0; un_it < qubits; ++un_it) {
if (allocated[un_it] == false)
permutation[last_used_qubit++] = un_it;

// Tensor product of many gates
void fill_gate(
SgMatrix & layer_array,
const std::vector<Application> & layer)

{
// Layer (by definition) is never empty!
layer_array = layer[0].application_gate;
// fill with gates given
int gates = layer.size();
for(int i = 1; i < gates; ++i) {
layer_array = layer[i].application_gate 7 layer_array;
}
}

// Tensor product of many gates + fill with Identities
void full_fill_gate(
SgMatrix & layer_array,
const std::vector<Application> & layer,
unsigned int qubits )

// Layer (by definition) is never empty!
layer_array = layer[0].application_gate;

// fill with gates given
int gates = layer.size();
for(int i = 1; i < gates; ++i) {
layer_array = layer[i].application_gate 7, layer_array;
}
unsigned int rest_wires_dim = (1<<qubits) / layer_array.dims();

SqMatrix big_id = Identity_matrix(rest_wires_dim);

layer_array = big_id 7 layer_array;

= RUN AND UPDATE STATE VECTOR =========== //
void Circuit::run(){

// don't run the same circuit twice
if (executed) return;

)/ =========== (CLEAR STATE VECTOR =========== //

unsigned int SV_size = 1 << qubits;

state_vector[0] = c(1.0, 0.0);

for(unsigned int i = 1; i < SV_size; ++i)
state_vector[i] = ¢(0.0, 0.0);

)/ =========== [AVER BY LAVER =========== //
int depth = layers.size();
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for(int i = 0; i < depth; ++i) {

// IDEA: Split full layers to half-half
// Maybe it is a good optimization for full layers
// Needs proof

std::vector<unsigned int> permutation(qubits);

make_permutation(permutation, qubits, layers[il);

SqMatrix layer_array(0); // init as emptys
£i11_gate(layer_array, layers[il);

apply_on_map(state_vector, permutation, qubits, layer_array);

}

executed = true;

// Takes A and list of qubits 4 is applied onto
// Returns: <A> = <Psi[4[|Psi>
c_type Circuit::exp_value (
const SgMatrix &Obs,
const std::vector<unsigned int> &qubs)

{
#ifdef __SAFE_LIBRARY__
// =========== (COMPATIBILITY CHECKS =========== //
unsigned int qub_len = 1 << qubs.size();
if (Obs.dims() !'= qub_len) {
std::cout << "Expectation Value Error: "
"Observable matrix size doesn't match qubits given\n";
exit(1);
}
// =========== QUBIT CHECKS =========== //
std: :vector<bool> qubit_used (MAX_QUBITS, false);
for(unsigned int i = 0; i < qubs.size(); ++i) {
// Check range
if (qubs[i] > qubits - 1) {
std::cout << "Expectation Value Error: "
"Qubit " << qubs[i] << " out of Range "
"(0," << qubits-1 << ")\n";
exit(1);
}
// Check duplicates
if (qubit_used[qubs[i]l] == true) {
std::cout << "Expectation Value Error: "
"Dulpicate Qubit Detected!\n";
exit(1);
}
qubit_used[qubs[i]] = true;
}
#endif
run();

// Like run(); only one layer containing Obs gate
std: :vector<Application> layer = {Application(Obs, empty, qubs)};

std::vector<unsigned int> permutation(qubits);
make_permutation(permutation, qubits, layer);

SqMatrix layer_array(0); // empty
full_fill_gate(layer_array, layer, qubits);

// Don't call apply_on_map since we don't need to unmap

// =========== MAP STATEVECTOR =========== //
std::vector<comp> mapped_state_vector = state_vector;
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// iterate state vector and map real qubits to fake qubits
unsigned int SV_size = 1 << qubits;
for(unsigned int pos = 0; pos < SV_size; ++pos) {

unsigned int mapped_pos = 0;

for(unsigned int fake = 0; fake < qubits; ++fake) {
unsigned int real = permutation[fake];
// replace fake qubit with the real one
unsigned int real_bit = (pos >> real) & 1;
mapped_pos |= (real_bit << fake);

}

mapped_state_vector [mapped_pos] = state_vector[pos];

}
c_type exp_val = expectation_value(layer_array, mapped_state_vector);

return exp_val;

// https://arziv.org/pdf/2009.02823.pdf
// returns Nabla <E> for an observable E
std: :vector<c_type> Circuit::exp_value_grad(
const SgMatrix &Obs,
const std::vector<unsigned int> &qubs)

{

#ifdef __SAFE_LIBRARY__
// =========== COMPATIBILITY CHECKS =========== //
unsigned int qub_len = 1 << qubs.size();
if (Obs.dims() !'= qub_len) {
std::cout << "Expectation Value Error:
"Observable matrix size doesn't match qubits given\n";
exit(1);

// =========== QUBIT CHECKS =========== //
std: :vector<bool> qubit_used (MAX_QUBITS, false);
for(unsigned int i = 0; i < qubs.size(); ++i) {
// Check range
if (qubs[i] > qubits - 1) {
std::cout << "Expectation Value Error:
"Qubit " << qubs[i] << " out of Range "
"(0," << qubits-1 << ")\n";
exit(1);

}
// Check duplicates
if (qubit_used[qubs[i]] == true) {
std::cout << "Expectation Value Error:
"Dulpicate Qubit Detected!\n";
exit(1);

}
qubit_used[qubs[i]] = true;

#endif

run() ;

// result vector --> Nabla <E>
std: :vector<c_type> grad (parametric_gates);
unsigned int param = parametric_gates - 1;

// Find <E>

// YOU MUST RUN THE CIRCUIT FIRST!
run() ;

std: :vector<comp> phi = state_vector;
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std::vector<comp> lambda = state_vector;

// 4 layer containing only 0Obs array
std: :vector<Application> layer = {Application(Obs, empty, qubs)};
std: :vector<unsigned int> perm(qubits);

// PERMUTE

make_permutation(perm, qubits, layer);

// MAKE GATE

SqMatrix filled_gate(0); // init as empty

fill_gate(filled_gate, layer);

// APPLY GATE ON GIVEN STATEVECTOR WITH GIVEN MAP
apply_on_map(lambda, perm, qubits, filled_gate);

ITERATE GATES IN REVERSE

// iterate backwards all gates
for(int app = applications-1; app >= 0; --app) {

// look up in hash --> find gate in circusit
std: :tuple coordinates = app_id[app];
Application gate =
layers[std: :get<0>(coordinates)] [std: :get<l>(coordinates)];

SqMatrix arr = dagger(gate.application_gate);
std: :vector<unsigned int> gate_qubs = gate.qubits;

// Prepare Layer and permutation
std: :vector<Application> layer = {Application(arr, empty, gate_qubs)};
std: :vector<unsigned int> permutation(qubits);

make_permutation(permutation, qubits, layer);
SqMatrix filled_gate(0); // init as empty
fill_gate(filled_gate, layer);

apply_on_map(phi, permutation, qubits, filled_gate);

arr = gate.application_gate_dif;

// PARAMETRIC GATE!
if (arr.dims() > 1)
{

std: :vector<comp> mi = phi;

layer = {Application(arr, empty, gate_qubs)};
make_permutation(permutation, qubits, layer);

filled_gate = SqMatrix(0); // init as empty
fill_gate(filled_gate, layer);
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apply_on_map(mi, permutation, qubits, filled_gate);

// Nabla <E>%
grad[param--] = 2.0 * inner_product(lambda, mi).real;

// UPDATE LAMBDA
if (param > 0) {

= [Lambda>

= Ui"dag [Lambda>

arr = dagger(gate.application_gate);

// Prepare Layer and permutation

layer = {Application(arr, empty, gate_qubs)};
make_permutation(permutation, qubits, layer);
filled_gate = SqMatrix(0); // init as empty

fill_gate(filled_gate, layer);
apply_on_map(lambda, permutation, qubits, filled_gate);

} // applications loop

return grad;

10.9 circuit library

#include "circuit.h"

void Circuit::I(unsigned int qubit){
Application a(matrix_I, empty, {qubitl});
app(a) ;

void Circuit::H(unsigned int qubit){
Application a(matrix_H, empty, {qubit});
app(a);

void Circuit::X(unsigned int qubit){
Application a(matrix_X, empty, {qubitl});
app(a) ;

void Circuit::Y(unsigned int qubit){
Application a(matrix_Y, empty, {qubitl});
app(a);

void Circuit::Z(unsigned int qubit){
Application a(matrix_Z, empty, {qubitl});
app(a);

void Circuit::S(unsigned int qubit){
Application a(matrix_S, empty, {qubit});
app(a) ;

void Circuit::T(unsigned int qubit){

Application a(matrix_T, empty, {qubitl});
app(a) ;

82



10 KQAIKAY 10.9 circuit_library

void Circuit::CNOT(unsigned int control, unsigned int target){
Application a(matrix_CNOT, empty, {target, controll});
app(a) ;

}

void Circuit::CY(unsigned int control, unsigned int target){
Application a(matrix_CY, empty, {target, controll});
app(a);

}

void Circuit::CZ(unsigned int control, unsigned int target){
Application a(matrix_CZ, empty, {target, controll});
app(a);

}

void Circuit::SWAP(unsigned int qubitl, unsigned int qubit2){
Application a(matrix_SWAP, empty,{qubitl, qubit2});
app(a) ;

}

void Circuit::TOFFOLI(unsigned int controll, unsigned int control2, unsigned int target){
Application a(matrix_TOFFOLI, empty, {target, controll, control2});
app(a);

// include derivative for these

void Circuit::RX(unsigned int qubit, c_type angle){
Application a(matrix_RX(angle), matrix_RX_dif (angle), {qubit});
app(a);
parametric_gates++;

void Circuit::RY(unsigned int qubit, c_type angle){
Application a(matrix_RY(angle), matrix_RY_dif (angle), {qubitl});
app(a);
parametric_gates++;

void Circuit::RZ(unsigned int qubit, c_type angle){
Application a(matrix_RZ(angle), matrix_RZ_dif (angle), {qubit});
app(a);
parametric_gates++;

void Circuit::P (unsigned int qubit, c_type angle){
Application a(matrix_P(angle), matrix_P_dif (angle), {qubit});
app(a);
parametric_gates++;

void Circuit::CRX(unsigned int control, unsigned int target, c_type angle){
Application a(matrix_CRX(angle), matrix_CRX_dif(angle), {target, controll});
app(a);
parametric_gates++;

void Circuit::CRY(unsigned int control, unsigned int target, c_type angle){
Application a(matrix_CRY(angle), matrix_CRY_dif(angle), {target, controll});
app(a) ;
parametric_gates++;

void Circuit::CRZ(unsigned int control, unsigned int target, c_type angle){
Application a(matrix_CRZ(angle), matrix_CRZ_dif(angle), {target, controll});
app(a);
parametric_gates++;

void Circuit::CP(unsigned int control, unsigned int target, c_type angle){
Application a(matrix_CP(angle), matrix_CP_dif (angle), {target, controll});
app(a) ;
parametric_gates++;
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10.10 circuit _statistics

#include "circuit.h”

// Print StateVector in binary - integer
void Circuit::print_state_vector(bool integer = false) {

std::cout << "============ Printing State Vector ============ \n";

unsigned int dim = state_vector.size();
for(unsigned int base_state = 0; base_state < dim; ++base_state){

// Print base state in binary
if (integer == false) {
std: :string filled_base =
std::bitset< MAX_QUBITS >(base_state).to_string();
std: :string base_string(filled_base, MAX_QUBITS - qubits, qubits);

std::cout << "|" << base_string << ">\t" << "= ';
}
// Print base state as integer
else {
std::cout << "|" << base_state << ">\t" << "= ";
}

print_comp(state_vector[base_state]);
std::cout << "\n";

// Debug info --> Print layer
void Circuit::print_circuit() {
std: :cout << "============= Printing Circuit ============= \n";

for(unsigned int i = 0; i < layers.size(); ++i) {
std::cout << "===== Printing Layer: " << i << " =====\n";

for(unsigned int j = 0; j < layers[il.size(); ++j){
std::cout << "Gate:\n";
print_matrix(layers[i] [j].application_gate);

std::cout << "Applied on Qubit(s): ";

for(unsigned int k = 0; k < layers[i] [j].qubits.size(); ++k)
std::cout << layers[i][j].qubits[k] << " ";

std::cout << "\n";

// Print probabilities of base_states
void Circuit::print_probabilities(bool integer = false, bool cent = false) {
std::cout << "============ Printing probabilities ============ \n";

unsigned int dim = state_vector.size();
for(unsigned int base_state = 0; base_state < dim; ++base_state){

// Print base state in binary

if (integer == false) {
std::string filled_base =
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std: :bitset< MAX_QUBITS >(base_state).to_string();
std: :string base_string(filled_base, MAX_QUBITS - qubits, qubits);

std::cout << "P(|" << base_string << ">)\t" << "= ";
}
// Print base state as integer
else {
std::cout << "P(|" << base_state << ">)\t" << "= ";
}

comp z = state_vector[base_state];
// 1z]°2 = a”2 + b"2
c_type prob = z.real * z.real + z.imag * z.imag;
if (cent == false)
std: :cout << prob << "\n";
else
std::cout << prob*100 << "%\n";

// measure
void Circuit::measure(unsigned int shots){

std::cout << "============ Running Experiment ============ \n";
std::cout << "Shots: " << shots << "\n";

// Setup the random bits
std::random_device rd; // Random Device
std::mt19937_64 gen(rd()); // Mersenne Twister pseudo-random generator

// Set Distribution Weights

unsigned int SPACE_SIZE = 1 << qubits;

std: :vector<int> weights (SPACE_SIZE);

for(unsigned int i = 0; i < SPACE_SIZE; ++i) {
comp z = state_vector[i];
c_type prob = z.real * z.real + z.imag * z.imag;
weights[i] = floor(prob*1000000) ; // make integers

}

// Create the distribution with those weights
std::discrete_distribution<> d(weights.begin(), weights.end());

// Run experiment

std: :map<int, int> counts;

for(unsigned int shot = 0; shot < shots; ++shot) {
++counts[d(gen)];

}

// Print measurements
for(auto p : counts) {
// Make base_state in binary
std::string filled_base =
std: :bitset< MAX_QUBITS >(p.first).to_string();
std: :string base_string(filled_base, MAX_QUBITS - qubits, qubits);
// Print result
std::cout << "#(|" << base_string << ">)\t" << "= "
<< p.second << "\n";

10.11 optimizers

#ifndef __OPTIMIZERS__
#define __OPTIMIZERS__ 420

#include <math.h>
#include <random>
#include <time.h>
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#include "parameters.h"
#include "comp.h"

// DEFINE OPTIMNIZER PARAMETERS
#define EPOCHS 500

#define STEP_SIZE 0.01

#define VERBOSE true

// random weights in range (-2pi, 2pt)
std: :vector<c_type> random_weights (unsigned int weights_len) {

srand ((unsigned)time(0));
std: :vector<c_type> weights (weights_len, 0.0);

for(unsigned int i = 0; i < weights_len; ++i) {
int random_num = (rand()%100000); // in range (0, 999)
// map (0,999) to (-2pi, 2pi)
c_type resize = 2xpi/100000;// shrink to (0, 4pi)
c_type shift = pi; // offset --> 2 pi
weights[i] = (resize*random_num) - shift;

}

return weights;

// Adagrad Optimizer
// Take cost, weights --> returns optimized weights
std: :vector<c_type> ADAGRAD (
unsigned int qubits,
void make_circuit (Circuit &, std::vector<c_type> &),
SgMatrix Obs,
std: :vector<unsigned int> Obs_qubs,
std: :vector<c_type> init_weights,

unsigned int epochs = EPOCHS,
c_type step_size = STEP_SIZE,
c_type eps = 1e-08,

bool verbose = VERBOSE

~

// PARAMETERS

std: :vector<c_type> weights = init_weights;

unsigned int weights_len = weights.size();
std::vector<c_type> learning_rate (weights_len, step_size);
std: :vector<c_type> alpha (weights_len, 0.0);

if (verbose)

std::cout << "========== ADAGRAD =========\p"
"Epochs:\t" << epochs << "\t Learning Rate:\t" <<
step_size << "\n \n";

// iterations
for(unsigned int epoch = 1; epoch <= epochs; ++epoch) {

// Make Circuit

Circuit c(qubits);
make_circuit(c, weights);
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}

// Compute Grad for observable
std: :vector<c_type> grad = c.exp_value_grad(Obs, Obs_qubs);

// UPDATE
for(unsigned int grad_i = 0; grad_i < weights_len; ++grad_i) {
alphalgrad_i] += gradlgrad_i] * grad[grad_il;
learning_rate[grad_i] = step_size / sqrt(alphalgrad_i] + eps);
weights[grad_i] = weights[grad_i] - learning_rate[grad_i] * grad[grad_il;
}

// DEBUG PRINTING

if (verbose && epoch 7 10 == 0) {
std::cout << "Epoch:\t" << epoch << "\t<E>: ";
std::cout << c.exp_value(Obs, Obs_qubs) << "\n";

return weights;

// Adam Optimizer

// Take cost, weights --> returns optimized weights

std: :vector<c_type> ADAM(

unsigned int qubits,

void make_circuit (Circuit &, std::vector<c_type> &),
SgMatrix Obs,

std: :vector<unsigned int> Obs_qubs,

std: :vector<c_type> init_weights,

~

unsigned int epochs = EPOCHS,

c_type
c_type
c_type
c_type

step_size = STEP_SIZE,
betal_init = 0.9,
beta2_init = 0.99,

eps = 1e-08,

bool verbose = VERBOSE

// WEIGHTS

std: :vector<c_type> weights = init_weights;
unsigned int weights_len = weights.size();
// PARAMETERS

c_type
c_type
c_type
c_type

learning_rate = step_size;
alpha = 0.0, beta = 0.0;
betal = betal_init;

beta2 = beta2_init;

if (verbose)

std::cout << "=========== ADAM OPTIMIZER ==========\n"
"Epochs:\t" << epochs << "\t Learning Rate:\t" <<
learning_rate << "\n \n";

// tterations
for(unsigned int epoch = 1; epoch <= epochs+1l; ++epoch) {

// Make Circuit
Circuit c(qubits);
make_circuit(c, weights);

// Compute Grad for observable
std: :vector<c_type> grad = c.exp_value_grad(Obs, Obs_qubs);
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// UPDATE
for(unsigned int grad_i = 0; grad_i < weights_len; ++grad_i) {

alpha = betal * alpha + (1.0 - betal) * grad[grad_il;

beta = beta2 * beta + (1.0 - beta2) * grad[grad_i] * grad[grad_il;

learning_rate = step_size * sqrt(1.0 - pow(beta2, epoch))

/ (1.0 - pow(betal, epoch));

weights[grad_i]l = weights[grad_il - learning_rate * alpha / (sqrt(beta) + eps);

}

// DEBUG PRINTING

if (verbose && epoch 7 10 == 0) {
std::cout << "Epoch:\t" << epoch << "\t<E>: ";
std::cout << c.exp_value(Obs, Obs_qubs) << "\n";

}

return weights;

// Gradient Descent Optimizer
// Take cost, weights --> returns optimized weights
std: :vector<c_type> GD(
unsigned int qubits,
void make_circuit (Circuit &, std::vector<c_type> &),
SqMatrix Obs,
std: :vector<unsigned int> Obs_qubs,
std: :vector<c_type> init_weights,

unsigned int epochs = EPOCHS,
c_type learning rate = STEP_SIZE,
bool verbose = VERBOSE

)
{
if (verbose)
std::cout << "========== GRADIENT DESCENT =========\n"
"Epochs:\t" << epochs << "\t Learning Rate:\t" <<
learning_rate << "\n \n";

// Parameters
std: :vector<c_type> weights = init_weights;
unsigned int weights_len = weights.size();

// iterations
for(unsigned int epoch = 1; epoch <= epochs; ++epoch) {

// Make Circuit
Circuit c(qubits);
make_circuit(c, weights);

// Compute Grad for observable
std: :vector<c_type> grad = c.exp_value_grad(Obs, Obs_qubs);

// Update weights

for(unsigned int grad_i = 0; grad_i < weights_len; ++grad_i) {
weights[grad_i] = weights[grad_i] - learning_rate * gradl[grad_il;

}

// Print Results

if (verbose && epoch 7 10 == 0) {
std::cout << "Epoch:\t" << epoch << "\t<E>: ";
std: :cout << c.exp_value(Obs, Obs_qubs) << "\n";
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return weights;

#endif
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11 TTAPAPTHMA A - TPAMMIKH AATEBPA

11 THogdptnpo A - IN'ooppixry ‘AlyeLea
11.1 Boaowol Opiopol

Q¢ mivaxacg opileta pa opdoydvia Sdtaln aviixewévoy (cuvidwe aprdpdy). Ty:

1 = =2
A=|e 0 7
39 —7

e To ctouyxeio oty Ypouun ¢ xan oTHAN j cuuBorileton ayj. my: g =7

1.0
o ‘Evoc nivaxag dlotdoewy n x 1 ovoudleton didvuopa. my: o= | 0
e

O nivaxag B griaypévog and tov A pe B = aj; ovoudletol avAoTeo@og xaL cupBohileto

B=AT

*

e O mivoxac B griayuévog and tov A pe 3;; = of;

ovoudleTal EpRLTIAVOG B avTOooLLLYAS

xon ouuBoliletan B = At

H npdodeon xan n agalpeon mvdxwy yiveton xotd otoiyeio 6tav €youv (Bieg dlactdoeg. Av A
ivoo Slaotdoewy (m X n) xou B nivaxag dtactdoewy (n X p) opiletol 10 ECWTERIXO YIWOEVO

I'=A.B w¢ eéhc:

Yij = Z%kﬁk]‘
k=1
11.2  Awvuopatixoi Xweot

11.2.1 MetpwxA - Bdosig

‘Evo pétpo yio o ototyelor X evéc ocuvdhou elvon 11 EuxAeideior voppa (1 ahhiide yetpinnf) mou

opileton w¢ e€hc (Sodévtoc ecwtepinol yvouévov):

|X]| = VvXiX

AR~

Yuvdptnor andotacrns d petald dvo otouyeiny opileton 1 (Vetinh mpaypotind) T
dX,Y) =X =Y

T'eopprixds cuvdvacpos 1wy davuopdtwy {a;} ovopdleton xdde taporyduevo didvuouo Tne
US
fron + -+ Brai

Muat sulhoyn kK Slavuopdtwy ovopdletal Yeokixd aveEdeTn Ty av
B4+ Brar =0 < Vi: ;=0
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11 ITAPAPTHMA A - TPAMMIKH AATEBPA 11.3  Toavuotuxd ywopevo

Mot cuhhoYT Yeouwxd aveldptntwy dlavuoudtwy anoxaieitor Bdom. Mia Bdor ovoudletal op-

Yoxavovixh av Vij, ol -a; =d;;.

To GOVOLO TWV YEOUUIXGY GUVBUACHUMY Uiag BAone ovoudletal SLAVUOUATIXNOS Y WPOGS. Xu-

vnileton yio Bdon Twv YWewv va emtAéyouue to dlaviopato Tou €xouy wévo évay doco we oTolyel

1 0 0 0

0 1 0 0
el = €= enl1 = €n =

0 0 1 0

0 0 0 1

11.3 TavuoTixd yivopevo

To tavuotind ywéuevo (i odhitds yivduevo Kronecker) elvon pior mpdln petod mvéxmv 1 omola w¢
anotéheopa Exel Evay Tivaxo HEYOADTEPWY BLUCTACEWY. XuyXexpyéva, yio 800 mivoxeg Ay, xn %ot
By q, t0 anotéheoya etvan évag nivoxag A @ Bppmxgn-

H npd&n opileton we:

anB e alnB
A®B =
amlB s amnB
N To aveAUTIXS:
aitbin  aibiz - allblq coe oo arpbin apbiz - alnblq
a11bar  airbaa -+ aitbyg - o ambar aipbaz o ainbyg
allbpl a11bp2 ce aubpq e a1nbp1 alnbpz te alnbpq
AR B =
Amibir amibiz 0 @mibig 0 o Gmpbir amnbiz - Gmnbig
Am1b21  amibae - a'mleq S amnbar Gmnbay - amnb2q
_amlbpl amlbp2 T amlbpq ot amnbpl amnpr o amnbpq_

Ko av oupPoricovye pe // xou % 1o tnAixo xou to undhouno tne axéponas dodpeone, tote €xoupe

évay xAelotd TOTO Yia o oTolyela Tou TEAOD Tivanca:

(A® B)ij = iy /p,j//q0i%p,i%q

(unodétovtac ot 1 apidunor Eexwvdel and To UNndév)
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11 ITAPAPTHMA A - TPAMMIKH AATEBPA 11.3  Toavuotuxd ywopevo

11.3.1 E&wowoeig IStoTipodv

Ty yeoppixr GAyeBpa, WBLoBLEVLUOUA EVES YEUUUXO) PETACY NUATIOUOL (0TNY TERINTOOT pag miivoa)
elvon €vor un-undevixd didvuoua to omod aAAGCeL To TOAD xotd Wiar oTardepd dTay 0 eV AOYW PETAGY Y-
HATIOUOS EQUPUOCTEL T8V TOU.

H otodepd autr ovopdleton lotiun xou 1 e&iowaon oty sbvou:

Av = \v

6mou A o HETACYNUATIOUOS, T TO LOLOBLAVUGHA xou A 1) IBLOTWY.

I povadialoug Tivoxeg, 6Twe autolc Tou ¥eNoLLoToVUE 0Toug XBavTinolE UTOAOYLOTES:

Uly) = e |y)
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12 TTAPAPTHMA B - IIOANOTHTEY & XTATIXTIKH

12 Tlogdetnpo B - ITdavétnteg & Xtatiotinn

12.1 ITeipopa TOYNMC

Ielpapor TOYNG ovopdlouye yiav Quotxy| dladasia tng omolag dev umopolue vo mpoPAédouue 1o
anotéheopar yioo mopdderypor po pldn Lapol. Ta mbavd anoteréopato to XAAOUUE eVOEYOUEVIL XAl
uropel va etvon dtoxprtd (my i voplopartoc) A cuveyh (n ypovix otiyun tou cupPBaivel évag oelopdc).
12.2  Oplopoécg ITdavotntag

‘Otav 1o melpopa etvon mporyportind tuyofo xou 8ev pepoinmtel, téte nepiuévouyue va etvar dixono. I
Telpdparto Ye dlaxpitd evdeyoueva, opllovye we mdavotnta evoc cuUBAVTOC TOV AOYO TWV EUVOIXWY
EVOEYOUEVKY AUTOU TEO¢ To GUVOAXO TANG0¢ Twy evdeyouévwy. o mapdderyuo, 1 miovdtnta va

pépoupe Luyd aptdud pe éva Lot elvon 3/6=1/2.
12.3 Koatavopr ITvdavotntag

OvoudCouue xatavour; mbdavotntag tnv cuvdptnon 1 onolo umohoyilel v mdavétnta tou xdde
evdeyouévou. Puoixd, ol Tiwéc TNg elvor UnN-apvnTinéc xou To GUPOLoHA TV TV NG o€ Ao To Tedio

oplouoy ebvan (oo ue éva.
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13 BAYIKEY KBANTIKEY I[ITAEY

13 Baoweég KBavtixeg ITOAeg

13.1 TIIVAec Tou evéc Qubit
13.1.1 IIVAec Pauli

O o Baowég mhheg elvon ol thieg tou Pauli. Ou 3 ndkeg
awtée mepoTeépouy to Qubit YOpw amd toug 3 dEoveg

X,Y,Z otnv ogaipa tou Bloch xatd 180 poipeq.
13.1.2 IIVAeg oTpopnc

ITépav and ti¢ mbieg Pauli mou otpégpouy ta onueio xotd
180 polpec, umdpyouy xau ot tbieg Rx, Ry, Rz mou xdvouv
ehEYYOUEVT OTEOYT.

Erilong, Baoun mOAn ebvar  mOAN @pdomng:

P0=(g )

13.1.3 Aowrég ITOAec

ITohb cuyvd yenothonololue Tic avTioTpopes TUAES Yo Vo
avorpéaoupe W dtadxaoio. Ot mbAeg autég avTioToly ol
0TOV VdoTEOPO - cLLUYT Tvoxa TG apytxic TOANG.
Xpnown elvon xan 1 OYwon woc TOANg oe dvvaun. EE
optopol: yior TOAN vhdvetow oty duvaun k, dtav emavo-
hofBdveton k popéc.
H mo yevux mOAn mou umopel va xatooxevaotel elvor

n U= eiaRz(ﬁ)Ry(’Y)Rz(é)

13.2 TIIVAec Twv moAA®Y Qubits

)

) — Rx(0)
) — Ry(0)
) — R-(0)
[¥) — P6)

‘Oleg o mhheg tou evdg Qubit uropolv va ehéyyovtar and moAld Qubits.
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Quantum Circuit Simulator

Abstract

Quantum Computers are in an early stage of development and we cannot execute meaningful
algorithms on them. That is why, in reality we work with Quantum Circuit Simulators.

In this thesis we construct a Quantum Circuit Simulator. This Simulator is written in the C++
programming language, it is complete and it aims for performance.

Its basic Design principles are: user-friendliness (a syntax similar to Pennylane’s was used),
compatibility (the simulator only uses the basic C++ library), easy and efficient circuit optimiza-
tion, flexibility and open-source.

In its core there is a library for complex numbers and linear algebra; on top of this core, there
are algorithms needed for the circuit simulation and its efficient optimization. At last, many tools
are provided to the user, giving him/her the ability to conduct experiments and optimize his/her
circuits.

Keywords: Quantum Computing, Simulator, C+-+, Quantum Circuit, Optimization, Qiskit,

PennyLane, Qubit
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1 QUANTUM PHYSICS

1 Quantum Physics

1.1 Introduction

1.1.1 Physics in the 19th century

At the end of the 19th century, Physics had made great progress. Classical mechanics had a

powerful mathematical formalism and electromagnetism had an elegant, and seemingly, complete

description from the Maxwell equations. Another branch of Physics, though, Thermodynamics,

used a new mathematical tool: statistics. That was "the bridge" to the microcosm. And indeed,

soon enough our understanding of the microcosm was proven wrong.

1.1.2 The necessity for a Quantum Theory

The two great physical theories of the 19th century, elec-
tromagnetism and thermodynamics, gave explanations
on the, until then, most deceitful phenomena: light and
warmth. In spite of their great success, crisis was about
to come: The theories predicted that a body in thermal
equilibrium (with its surrounding) should radiate limit-
less amounts of energy in high frequencies, which doesn’t

happen in reality.
1.1.3 Ultraviolet Catastrophe

The title "Ultraviolet Catastrophe" shows how se-
rious was the crisis for these theories. The false accep-
tance was that matter on the smallest scale could vibrate
over all the spectrum of frequencies. Trying to solve this
problem of disagreement between theory and experiment,
physicist Max Planck suggested a discrete spectrum of
frequencies and his mathematical result matched with the
measurements. That first idea, that energy is transferred
in small packets ("quanta"), introduced us to Quantum

Mechanics.

Classical theory (5000 K)

Spectral radiance (KW - st - m~2 - nm-1)

0 05 1 15 2 25 3
Wavelength (um)

Figure 2: Ultraviolet Catastrophe

Of course, Physics made great progress from this point. Soon, Einstein’s work on the photo-

electric effect followed and in only 30 years Quantum Mechanics showed that the microcosm does

not follow the "laws" of our everyday experience.

15



1 QUANTUM PHYSICS 1.2 Causality

1.2 Causality
1.2.1 "God does not play dice"

The new experiments showed that in the microscopic world determinism doesn’t hold (or holds
in part). The first equation that accurately described particles (Schrédinger’s equation), relied
upon that. Basic physical quantities, like the particle’s position, are not fully defined, and not
due to inadequacy of performing an accurate measurement, but due to the innate probabilistic
nature of the particles. This interpretation conflicts with our everyday experience, since this

probabilistic behaviour does not reflect in the big scale, hence it is not observed without tools.
1.2.2 Equation of Motion - Schrédinger Equation

In classical mechanics all quantities depend on the body’s
o B2 position. Knowing its position 7(¢) every moment, we
iy = (<5 + V) v ) A |

ot 2m calculate its velocity #(t), its momentum, its net force,
energies etc. In Quantum Mechanics, the first equation of
motion (that Schrédinger devised and bears his name), does not pin-point the particle’s exact
location. The solution v of the equation, also known as Wavefunction, needs a non-obvious

interpretation. The interpretation given seemed (and still seems) entirely arbitrary, yet "reality"

verifies it.
1.2.3 Wavefunction interpretation

||? = ¢* (7 t) is a Probability Distribution Func-
tion of finding the particle in the position 7 at time ¢.
That means that the particle follows a distribution
and, when measured, it will appear at the volume

V' with probability:

J[[w v (2)
1%

Einstein himself didn’t accept the statistical in-

terpretation of nature. Distinctive is his phrase Figure 3: John Bell

"God does not play dice". He -as any sceptical person would do- believed that the random-
ness in the measurements was not due to a real/innate randomness, but due to some mechanism
that acts unbeknownst to us and generates those different results. The principle that the foun-
dation of reality (as we experience it) behaves randomly seems completely irrational. One of the

greatest achievements in Quantum Mechanics is that of John Bell’s work, who in 1964 proposed

16



1 QUANTUM PHYSICS 1.3 Dirac’s Notation

an ingenious experiment in which it could be proven if the randomness was innate or not. And the

experiments showed that Einstein was wrong.

1.3 Dirac’s Notation
1.3.1 Superposition of States

If two functions 11 and vy are solutions of the Schrodinger equation, then every linear combination
athy + B is also a solution. This linear property reminds us of a Vector (or Linear) Space. Indeed,
it would be very useful if we had a state space, where quantum state-functions are represented
by vectors. Thus, our understanding of a system would be more organised and practical. For a
vector space we need to define an inner product between vectors - that is: a measure of similarity

between quantum states - functions.
1.3.2 Normalization Principle

Since [1)|? is a Probability Distribution Function of the particle’s position it should give 1 as a
result when expanded in the whole space (De facto the particle will appear somewhere). That

restriction is named Normalization Principle:

[ wpav =1 g

Normally then, we define the Inner Product as:

@)= [[[ ov av 0

That operation defines an inner product, since it fulfils the prerequisites:

o (¢,0)" = (1, 9)
o (¢, Mth1 + Aa2) = A1 (@, 1) + Aa(@, ¥2)

o (P,9) >0 xu (1h,9h) =0 <= =0

1.3.3 Dirac’s Notation

For a start, we define an orthonormal {1;} basis in the state-space with (;,%¢;) = d;;. Then a

state will be defined as:

= ZCﬂ/h‘ (5)

or in linear Algebra’s language:

17



1 QUANTUM PHYSICS 1.4 Observables - Operators - Measurements

b= (6)

Cn

It’s time we present Dirac’s notation for Quantum Mechanics:

C1
e States are represented as: |¢) =
Cn
e We define the helping, transpose and conjugate vector: (| = |1/)>T = (c’{ e c;‘l)

e Inner product is defined as: (|¢) = (¥| |¢)
1.4 Observables - Operators - Measurements

A function maps values to other values. An operator does that to functions. Eg: the differentiation
operator acts on all differentiable functions and creates other functions: D, f(z) = LLf(x)} =

f'(x). We will focus on linear operators, that is operators with the properties:

A Y1) + X2 [92)) = M A Y1) + XA [2)

(A (1] + Az (B2]) A = A1 (¢1] A+ Az (ho] A

(7)

As it seems, in the compose expression (¢| A |¢), parentheses are not needed, since ((¢| A) |¢) =
(¢ (A]@)). States |¢)) are inaccessible to us. Upon measurement 1) collapses to a single value.
Before measurement, we cannot predict the result; only its expected value. To extract the average

or expected) value for a physical quantity we use its corresponding operator A to compute the
y

expression | (| A |t) | For these operators to correspond to physical quantities, they must have

real eigenvalues, that is to be Hermitian: El

lHermitian # Self-Conjugate are the matrices that satisfy: Apm = A%, Equivalently: the operators which

satisfy: (V|Ag) = (Ay[¢), V¢,

18



2 QUANTUM COMPUTING

2  Quantum Computing

2.1 Introduction - Qubit

Mutatis Mutandis we define a basis in our State-Space (known as the "Computational Basis"): the
states |0) and |1). These states represent an orthonormal 2D basis and correspond to the usual

vectors:

A Quantum-Bit (Qubit) |2| is defined as a linear combination of basis vectors:

W =aln+siy=(5). asec (10
2.2 Superposition - Bloch’s Sphere

2.2.1 Normalization

The meaning is the same with that of Quantum Mechanics: If we have a Qubit ) = a|0) + 81),

then from the normalization principle (since upon measurement one of the two states will appear):

1=@ly) =
1= (a* (0] + B* (1])(a* [0) + B |1)) = "

1= o +|8]
2.2.2 Superposition

So, a Qubit can be "between" the two states |0) and |1),
but when measured only one of them will appear. That
property is called "Superposition" and gives us the ad-
vantage over classical computing. Its good results will
be revealed later, when combined with the other basic

Quantum property: Entanglement.

2.2.3 Bloch’s Sphere

If we use the polar representation of complex numbers, a

one-Qubit state can be written as:

Figure 4: Bloch’s Sphere

[4) = e’ |0) + Be'® 1)

19



2 QUANTUM COMPUTING 2.3 Entanglement - Bell States

From the normalization principle we get: |8 = ++v/ 1 — a?| Thus, we can remove a variable.

Actually, we cannot know the quantum states, since they are unapproachable; and our best pre-
diction is the expected value (A) = (1| A |1)) of operators acting on them:

(A7J_:;4;1)

<A> a2A00 + 521411 =+ 2@6R6(A10€i(x_¢))

We note that this expected value depends on the difference (x — ¢), so we can remove another

variable. We arrived at a much more practical, but equivalent, representation:

V) Zz’g(cos(Z) |0) + i? sin(g) |1>>

where the ¢ angle (known as global phase) can be deleted, since it will never affect the proba-
bilities of a Qubit.

So, States-Vectors have a measure of 1 and 2 degrees of freedom. That’s why we can represent
them geometrically as points on the shell of a unitary Sphere (Bloch’s Sphere). By convention,
we place basis states |0) and |1) on the sphere’s North and South pole respectively, imitating the
spin measurements. To change this quantum state, means to move this point on another place of
the shell via rotations around the 3 (or other) axes.

Angles 6 and ¢ are the polar angle and azimuth on the sphere, respectively.

2.3 Entanglement - Bell States
2.3.1 Two Qubits - Tensor Product

Until now, we described the State-Space for a single Qubit. But what happens when we have 2
Qubits? Initially, we must expand our space to describe a larger number of Qubits. Suppose we

have two Qubits, in the states:

Y1) = al0) + B[1)

2) = 7[0) +41)

The desired space will have dimensions: 4 = 2 x 2 and the state describing the whole system,

(12)

will be computed by the tensor product between the two vectors:

V) = [¥1) @ [t2) (13)
which by definition is:
a Y ary
o 7\ _ 0 | ad
(ﬁ) ¢ (5> s (™ 19
0 386



2 QUANTUM COMPUTING 2.4 Entanglement

For example: if the first Qubit is in state |0) and the second in state |1), then the whole system

is in the state:

— O

mem=(g)e(7)- (15)

As basis vectors, we obviously define the tensor products of the basis vectors:

o O

|00) = 10) @ 10) = 01) = 0) @ [1) =

[10) = 1) ® |0) = 1) = e|1) =

O, OO OO o
o oo OO+~ O

This idea easily expands to more than two Qubits (since the tensor product is an associative

operation).
2.4 Entanglement

Let’s examine tensor product from the reverse perspective. Suppose we have the two Qubit state:

00) +[11) 1

NG an

_ o O

Trying to decompose this state into two one-Qubit sub-states, we discover that such an induction

is impossible:

1 Xy
1 {0 axd

ﬂa7677756(c' ﬁ 0 = ﬁx,y (18)
1 B X9

That is, the Qubits are "connected" and cannot be disconnected. This example is equivalent
to a system of two coins in which, upon tossing we get two heads or two tails, but no other
combination. That means that the Qubits are "interwoven" and by processing one we change
the whole system. That property allows us to have a form of parallel computing on the same

"hardware".

21



2 QUANTUM COMPUTING

2.5 Circuit - Gates

2.4.1 Multiple Qubits

This idea easily expands to multiple Qubits. Tensor product for n 2D-vectors is (by definition):

Qa1 - Qp—_10p
Qg - - an—lﬂn
aq [e7) an, g B0y
® R ® = 19
() (5) o= (i) : 19
B1B3 -+ Bn—10m
B1Bs - Bn—10n
or in Dirac’s notation:
) = ® i) (20)
i=1
We define a basis {|b;)} accordingly:
1 0
0 1
0o =l0ene-o=|.| b n=pos o=,
0 0
(21)
0 0
peg=mepe-op=| | p-p=peme -em=|;
0 1
and a quantum state can be written as a linear combination of basis states:
2" —1 2" -1
@)=Y alb)  owe Y laf=1 (22)
i=0 i=0

2.5 Circuit - Gates
2.5.1 Principles

Quantum Circuits, like electrical circuits, is a way of rep-
resenting Quantum Computations with "wires", gates
and measurements. However, there is a difference. No
feedback is allowed, that is no output can be used to the

same circuit as input: the circuit only "moves forward".

2.5.2 One-Qubit Gates

22
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2 QUANTUM COMPUTING 2.6  Examples - Simple Circuits

Basic one-Qubit gates are rotation gates (around the 3

main axes on Bloch’s Sphere) and Pauli gates:
O e N B ) I—
wo- (58 ) ()

(e_w/z 0 ) 4 (1 0 > Figure 6: Basic Gates

0 eif/2 0 —1

R.(0) =

Also a very common gate is Hadamard gate (or gate

of Equal Superposition):

()

2.5.3 Many-Qubit Gates

Figure 7: Hadamard Gate

The simplest many-Qubit gate is the CNOT Gate (Controlled

NOT) and acts on 2 Qubits. If the first Qubit ("Control Qubit") Control —e—

is |1), then on the other qubit ("Target Qubit") an X gate will be Target —&—

applied (which corresponds to the logical negation operator since
Figure 8: CNOT
X|0) = 1), X [1) = |0)):

10 0 0
01 00
CNOT = 00 0 1
0010

From the matrix we see that if the first Qubit is Zero, then the second won’t change:
|00) — 100}, |01) — |01)
Whereas, if the first Qubit if One, the second will flip:
[10) — [11), [11) — |10)
With the base gates and the CNOT gate we can make any complex gate.

2.6 Examples - Simple Circuits
2.6.1 Swap

23



2 QUANTUM COMPUTING 2.6  Examples - Simple Circuits

Simple circuit that swaps two Qubits using CNOT gates.

<
=
Py
D
<
=

Extremely useful, since all Qubits are not adjacent in real

¢) —& D |¥)
Quantum Computers.
2.6.2 Bell States Figure 9: SWAP

Circuits constructing the maximum entanglement states

[t ™), [¢T), |67 ), known as Bell states:

00 11 00) — 111
'O>%_W>_>J§> 10) %—|w>—|>ﬁ>
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2.6.3 Multiple Controlled Gate

Circuit that constructs multiple controlled gate using ancillary Qubits.
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2.6.4 Superdense Coding

Simple circuit [3] that shows the advantage of Quantum Computing over Classical Computing.

With X and Z gates, we can transfer two bits of information by encoding it into a single Qubit.
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2.6.5 Quantum Fourier Transform

Circuit that computes the Fourier Transform [4] in the computational basis [0),|1),---,|n — 1):

n—1
~ 1 S 2k
QFT |z) = — E e k)
\/ﬁk:[)

|an) (1] —n—2 n—1; | Fn(a))

|an_1) ° @ e —n—3—n—2f—--- | Fr—1(a))
|az) [F2(a))
ja) [F1(a))
/10
Where the gate | k | corresponds to the Phase Gate P(g5) = 0 %)

The Quantum Fourier Transform for a vector of n elements can be computed with ©(n?)
operations, while the classical FT with ©(n2"). The Quantum FT is exponentially faster. Actually,

it is so fast that it allows us to implement many algorithms efficiently, even simple addition.
2.6.6 Quantum Fourier Adder

We can construct a Binary Adder |[5], where the addition happens in phase space. Specifically,
if we have two operands A and B into qubit groups |A), | B), then addition can be done in phase

space with this circuit:
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[bn)
|bn—1>

|b2) :
Iby) .

[Fu(a)) H0H1]-

Fu (@) 0]

Fa(a))

| F1(a))

Figure 10: Addition in Phase Space

With an Inverse Fourier Transform we fetch the result.

2.6.7 Phase KickBack

Every Quantum gate is being applied in a normalized
state and it creates another normalized state. That
means that the eigenvalue equation will have the form:
Uly) = A1), where: A () =1 = N2 =1 —
A=)

We can extract this global phase €27 that a
gate adds, having its controlled version (C’U’ =Ua

D).

Indeed:

[0}

|b7)
|bn—1>

: |b2)

|b1)
| Fn(a + b))

| Frn—1(a+0b))

| Fa( + b))

[Fi(a+0))

%) €219 |¢))

Figure 11: Global Phase

6271'1'(;5 |1>

%)

Figure 12: Global Phase KickBack

CU (1) [) = (e*™ (1)) |¢)

However, it’s still a global phase, so it can’t be measured. There is a trick with which we can

convert this global phase into a local one.
2.6.8 Quantum Phase Estimation (QPE)

Combining the two previous ideas we can "read" the
phase being applied to a state by a gate. The phase
0 < ¢ <1 covers the angle range {0,360°}. In the bi-
nary system such a number is represented with t bits

as 0, ¢pg¢1...¢; and precision in the order of 2% Quan-

tum Fourier Transform transforms the state |z) from the
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1 zv27rzk

R n—1

computational basis to the state QFT |x) = 7 > e n |k). We want the opposite: to "print"
" k=0

¢’s binary representation as a base state. So we fetch it on phase space with controlled U gates

and with Inverse QFT we print it as |po¢p1...¢¢). El

QFT?

NG 5

[4) ——{ U2° H 2! ‘ ) «ﬁ 22 H o k——

Figure 14: Quantum Phase Estimation

2.6.9 Order Finding Algorithm

In a modulo N arithmetic we define as order of a number « the smallest positive number r (greater

than zero), for which it holds:

a"=1 (mod N)

Finding the order is a difficult process. However, the function f(r) = o” (mod N) is periodic
and actually with a period of r. Thus, instead of calculating the order, we need to find the period
of this periodic f(r) function. A mathematical tool for finding periods is Fourier Transform. So
we apply the Quantum Phase Estimation on the gate U, |y) = |zy (mod N)) and with some

post-processing we fetch the order r very fast.
2.6.10 Shor’s Algorithm

Shor’s algorithm |[6] is used for factorizing integers. Given a number N we ask for its prime factors.

The algorithm is this:

1. We choose a random number « in the range {2...N — 1}.
2. Uunless we randomly found a factor, it holds: ged(a, N) =1
3. We find the order : a” =1 (mod N)

4. Check 1) If r is odd, return to step 1

5. Check 2) If @ = —1 (mod N), return to step 1

2A gates U rises to a power k, when it’s repeated k times
g p s P
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6. If we passed the checks, we found 2 factors of N: p,q = gcd(a? + 1, N)

The probability of passing the two checks is higher than 50%. The difficult step is finding
the order; but in a quantum computer it can be done very efficiently, since the Quantum Fourier

Transform is exponentially faster.

Shor’s algorithm is considered classic and it’s one of the first big algorithms that showed the
clear and applicable advantage of quantum computing. All our cryptography depends on the

difficulty of factorizing numbers.
2.6.11 Density Operator

Density Operator (or Matrix) is the compact representation of a Quantum State as a sum of

projection operators:

PZZPJ ;) (5]

For example, for the maximum entangled Bell state:

01 10
o) [} —g— = lot) = PR
0) —{xHeo—

we have

1 100 1
1 |0 1 1000 0
'0_\/50(\@[1001})_20000
1 100 1

It is clear that the state is not pure, but mixed, since it has non-zero diagonal elements.
2.6.12 Grover’s Algorithm

Grover’s algorithm |[7] is a quantum algorithm, which is used to search the single element in a
function’s f(x) domain, which gives different value from all the rest. If there is no order in the
function’s domain, we would need O(N) queries for N elements; however, with the quantum algo-
rithm we need Q(\/ﬁ ). This algorithm shows the indisputable advantage that quantum computers
have in searching a much bigger space.

In specific, if we have a function f : {0,1,..,N — 1} — {0,1}, with only one value w for which

f(z = w) = 1. Our goal is to find w. We use the quantum operator:

U,lz) = —|z), forz=w,thatis f(z)=1
U, |z) = |x), for x # w, that is f(z) =0
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which acts upon n = [logaN| Qubits. Tt can also be written as U, |z) = (—1)f®) |2)

Algorithm 1 Grover’s Algorithm
INPUT: An oracle U,
RESULT: w

N-1
9= F & Io)
for iterati?)ns do
Apply Uy,
Us=2|s)(s| - T
end for

After r(N) < [ZV/N] repetitions we have w.
The operator Us = 2|s) (s| — I, is called diffusion operator and it increases the probability of

state |w), after every query from the oracle U,,.

Figure 15: Grover’s Algorithm

2.6.13 Deutsch-Jozsa Algorithm

Yet another algorithm that shows the advantage of quantum computing is the Detsch-Jozsa algo-
rithm [2]. Given a function f : {0,1}™ — {0,1} which is either constant or balanced (it returns
0 in half its domain and 1 in its other half), we can deduce its type with only one query. We
construct the operator Uy which acts upon a quantum register  and a single Qubit y and maps

|z) ly) = |z} |y & f(z)), where @ is addition modulo 2.

The algorithm is this:
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Algorithm 2 Deutsch—Jozsa Algorithm

INPUT: An oracle Uy
RESULT: Type of f: constant / balanced

) =001
1) = g Xl (0) = 1)

[a) = oo i( 1)@ Jz) (|0) — [1))

2”—1
1)) 1)“@} )

[3) —%

2_
0% =] o

L
on

> Prepare

> Broadcast H
> Apply U
> Broadcast H to 1st register

> Measure

where xxy = 2oyo B T1Y1 D ... B Tp_1Yn—_1 is the bit-wise sum of products. Upon measurement,

if the register is full of zeros then f is constant; otherwise f is balanced.

0)°" = HE"

n

Uy

Hom

Figure 16: Deutsch-Jozsa Algorithm
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3 Optimization

3.1 Goal

Optimization is the branch of mathematics that cares

about finding the optimal solution to a specific prob- 2 | |
lem. The most common and important problem that 1?; E
appears in the real world is the minimization of a func- 0.5 i i
tion. Some times the solution can be found analytically. 0 :* E
For example, if we seek function’s f(z) = 22 — 1 mini- —051 |
mum, we can use the derivative f/(z) = 2z to compute _1_; Z E
. . . b B - |
the gradient changing points f'(zx) =0 = z = 0 and —2_21_1.5_111_6.56 10f51 i 11f51 5
then compute the minimum point f(zp) = —1 in position
xg = 0.

3.2 Optimizers
3.2.1 Introduction

In general, an analytic computation of the gradient is not always possible; and even if we have
a closed form for the derivative it is difficult to solve the equation f’(x) = 0. Thus, we need an
algorithm with which to approximate a function’s minimum having the ability to compute the

function’s derivative in every point. This algorithm is known as Gradient Descent:

Algorithm 3 Gradient Descent Prototype

INPUT: A random value x, Number of iterations N
OUTPUT: Minimum of f(x)

for i in (1, N) do
x+z— f'(x)
end for

Since the gradient f’(x) points towards the direction in which the function decreases, we move

in this direction.
3.2.2 Gradient Descent

There are two problems with this approach: Firstly, in the area around the random point = we
chose, f may have a local, not global, minimum. And secondly, the gradient may be too big, slowing
down the convergence. That’s why we introduce the parameter n which is called Learning Rate
and it usually has a small value n € (0.01,0.1) making a smaller step each iteration. Hence, the

complete algorithm is written as:
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Algorithm 4 Gradient Descent

INPUT: A random value x, Number of iterations N
OUTPUT: Minimum of f(x)

n =0.01

for i in (1, N) do
x4+ x—nx*f'(x)

end for

3.2.3 Gradient Descent Optimizer with momentum

A very small learning rate assures that we don’t branch off away from the minimum, but it slows
the convergence a lot. A solution to that is to begin with a small learning rate and increase it
gradually. This variable that adjusts the learning rate is called momentum. A single optimization

algorithm with momentum is the following:

Algorithm 5 Gradient Descent with Momentum

INPUT: A random value x, Number of iterations N
OUTPUT: Minimum of f(x)

n=0.01
m=0
a=0

for i in (1, N) do
a+— ma+nf(x)
x4+ x—nx*f'(x)
end for

Computations get harder when our functions which we want to minimize are multi-variable
functions. But the idea remains the same. The only difference is that instead of a derivative, we

use the gradient f(x) in our algorithms.
3.2.4 Adam Optimizer

Probably the most potent optimizer for general use is the Adam Optimizer [§8]. And it is a variation

of Gradient Descent with two momenta.
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Algorithm 6 Adam Optimizer
INPUT: A random initialization x, Number of iterations N
OUTPUT: Minimum of f(x)

n =0.01

£1=0.9

B2 = 0.99

e=1e—08

a,b=0

for i in (1, N) do
Prepare
a < pra+(1-pB1)Vf(z)
b4 B2b+ (1 = B2)(V f(2))®?

(1-B2)
U (1*ﬂ1)2
Update
st
end for

3.3 Stochasticity

However good an optimizer is, there is always the possibility that it will be trapped in a local
minimum. A solution to this problem is to use another vector g instead of the gradient for our
parameter updates. This new vector behaves more arbitrarily, allowing us to escape local minima,
while it maintains the gradient’s statistic behaviour; it is chosen from a random distribution, such

that is expected value is the real gradient: E(g) = Vf.

33



4 NEURAL NETWORKS

4 Neural Networks

4.1 Neuron

A neuron is defined as an information processing unit.
Each neuron has some inputs and an output. The sim-
plest and most obvious choice of output is a linear com-
bination of the inputs. If we denote the inputs as z; and
the weights of the linear combination as w;, then our out-

put will be:

m
y= Z Wi T
i=1

It is common to include a bias, that is a constant unit
together with the linear combination. In linear algebra’s
notation:

1
x1
y — [b w1 “e wm:l .

Tm
4.2 Neural Network

The next logical step is to connect many neurons in a

layer.
_ m _
b+ > wiwm;
~
by wn Wim 1 Y
by wor - Wom T1 bo+ > woim;
g: = i=1
bn Wn1 o Wiam Tm m
L i=1 |

Figure 17: Neuron

Figure 18: Neural Network

We always prefer linear operations; however, they do not suffice. Indeed, placing a second

layer of linear combinations next to the first we won’t have won any physical meaning; and that’s

because linear combinations of linear combinations are, again, linear combinations. So, we would

have double the variables for the same result.

Unfortunately, we must apply non-linear functions to the output of our neurons. This process

makes a neuron "useful", and that is why it is called "activation function". Some of the most
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common functions are:

sl |
ST
NE e
i o | f
oL . 0 . 0.5 1
al 1 i i ]
ol 1 0 ) 0 1
e ST v

Usually, a function with easy-to-use derivative and bounded output is used, like sigmoid or

hyperbolic tangent.
4.3 Linear Classifier - Perceptron

A simple, yet powerful, template is perceptron. It con-
sists of a single neuron with inputs {;} and weights {w; }, o T
plus a bias. The classification is the sign of the output To A

computation: o

m
u=>b+ z:wﬂ:z
i=1

y =sign(u) = £1

Perceptron is used for data classification into two
categories. Its purpose is to achieve a correct classifica-
tion and for this to be done, our data must be linearly Figure 19: Perceptron
separable. Using many perceptrons we can classify data

into many categories.

4.4 Support Vector Machine (SVM)
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The SVM template is a special case of the Perceptron classi-

€Ios
fier. Its purpose is not only to classify correctly data into two ° P //,(>
: : . . . ° ® .
categories, but to achieve the strictest possible separation be- o ® K y
. W s ) N ///
tween them, maximizing the minimum distance between the e 0 W P
o g
points and the separation line. ,/‘ )ﬁf '‘'® o
’/I L » Q
. s /// ® @
4.5 Non-linearly separable data ) e ® ®
. s T
In the general case, our data may not be linearly separable, //,,// -
so we artificially increase the dimensions of our samples until
they are linearly separable. This transformation is called Ker- Figure 20: SVM

nel Trick. With a function ¢(z) we map our data to a bigger
space, where they are linearly separable. However, there is not a single function that works for all

samples, so every time we must find a new transformation.
4.6 Convolutional Neural Network

An extremely powerful neural network template for image

analysis is Convolutional Neural Network Eﬂ Before the im- oo s

age goes as the networks input, it is pre-processed and some é%'i u::::;;.:;% %
e oI e, e g

characteristic features are extracted. These features are sub- ol Jm J ‘w [m

jected to further processing until they are fed into the neural

Figure 21: CNN
network for classification. The neural network exploits the
2-Dimensional form of the data (usually pictures) and the locality that exists in the input (neigh-

bouring pixels are expected to be more or less the same) and it drastically reduces the data

dimensionality before inserting it into the network, improving a lot the processing speed.

4.7 Generative Adversarial Network

Another neural network template are Generative Adversarial

Discriminator

tures: a generator and a discriminator. They are trained from

Networks [10]. These neural networks consist of two struc- /M

R\
. . Random J" @E " |Fake
the same input dataset (eg pictures of cats), but the generator = = 5@
trains to produce fake data imitating the training data, while — e imes
the discriminator trains to distinguish real data from the fake
Figure 22: GAN
ones that the generator provides. The generator’s purpose is

to deceive the discriminator that its output fake data is real, while the discriminator’s purpose is
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to not be deceived (that is, to be able to classify data as real or fake). Thus, they have a somewhat

common loss function:

mazV (D) = Eopyer, @) 109D ()] + Eonp. () [log(1 = D(G(2)))]

ménV(G) =E.p.(»)llog(1 = D(G(2)))] or E..p. (2 — [logD(G(2))]

It seems from the equations that D tries to classify correctly the data that it takes from the
real distribution z (first term) and the fake data constructed by the generator G (second term).
Respectively, the generator tries to minimize the probability that the discriminator will confirm
his data as counterfeit.

It is one of the most impressive kinds of neural networks, it achieves extraordinarily realistic

results and it relies on a simple and elegant idea.

4.8 Neural Network Training

To train a neural network, meaning to compute the optimized parameters with respect to a given
objective function, we need its gradient in every point. The gradient’s computation with arithmetic
methods, eg explicitly with the derivative definition, is very expensive. An analytic computation
of the gradient of each neural network is practically impossible, since we have many non-linear
functions nested.

There exists an efficient algorithm for the computation of the gradient and its called Back-
Propagation. With this algorithm, we compute the output of the network executing it forwards.
Then, we traverse it backwards, computing every element of V f, the moment we encounter the

corresponding node.
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5 Quantum Circuit Optimization

Quantum Computers are particularly good for searching solutions into spaces with many di-
mensions; for this reason, they seam ideal for Neural Networks and optimization in general. They

have already shown their greatness in problems of Quantum Chemistry (eg [11]).

5.1 Purely Quantum Optimization

One method is to introduce the problem’s data into the circuit and leave it to do all the optimiza-

tions by itself (with one execution of the circuit and without supervision).
5.1.1 Adiabatic Computing

A similar computation strategy (not with a circuit)
is Adiabatic Computing [12]. In Quantum Me- ¢y
chanics the operator that corresponds to the en-
ergy of the system is called Hamiltonian and is

denoted with an H. The Quantum Adiabatic

Solution Solution

Theorem assures us that a physical system will Quantum Tunnelling Adiabatic evolution
adapt to its environment, if it is driven by small
changes. Indeed, if we can construct the Hamilto- Figure 23: Adiabatic Computing
nian H = (1 —t)H; +tH;,t € (0,1), then as time ¢

increases the Hamiltonian will move from state H; to state H #- The only thing we have to do is
to code the objective function into the operator H ¢ and wait for the system to converge by itself.

Company [D-Wave| is working with Adiabatic Quantum Computing.
5.1.2 QAOA

Another purely quantum optimization method, implemented with a circuit, is the algorithm Quan-

tum Approximate Optimization Algorithm (QAOA) |[13]:

—iv1He || e—iOqHM | | —iyeHe || —taoHy | ... ] e_i’YnHC || _—ianHyy

(& € €

Figure 24: QAOA Algorithm
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5 QUANTUM CIRCUIT OPTIMIZATION 5.2 Hybrid Optimization Algorithms

Algorithm 7 QAOA

INPUT: f(Z) s 51, Yi
GOAL: z ~ argminf(z)

z€{0,1}n

Compute C such that: C'|z) = f(2)|2)
Compute: B=Q X

Construct: U(C,v) = e~"¢
Construct: U(B, ) = e~ "B

[¥) = [+)°"

> Cost Hamiltonian
> Mixer Hamiltonian

> Cost Gate
> Mixer Gate

> Broadcast Hadamard

for i in {0,p} do

end for

Measure |1))

Initially, we construct an equal superposition of all possible states and then we use two gates:
the first "computes" the cost that we want to minimize and the second mixes between states. With
the correct choice of parameters S and v we achieve convergence.

For combinatorial optimization problems, the algorithm QAOA is efficient enough and very easy

to implement: eg Max-Cut [14], [Knapsack| [15].

5.2 Hybrid Optimization Algorithms

In contrast with the other methods, we can classically train a quantum circuit.
5.2.1 Quantum SVM (QSVM)

Imitating the classical Support Vector Machines, we can define Quantum Support Vector Machines
(QSVM) [16]. The idea is exactly the same, but we take advantage of the exponentially bigger

space in which quantum states have access.
5.2.2 Quantum Convolutional Neural Network (QNN)

With the same thinking we can construct a Quantum Convolutional Neural Network (Quonvolu-

tional NN) for image analysis [17]. Example.
5.2.3 Quantum GAN

We can also construct Quantum Adversarial Neural Networks, with Quantum Generator [18] and
classical Discriminator. In addition, for better control, less noise (and simulation capability) many

small generators are used which when combined produce the whole image.
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5 QUANTUM CIRCUIT OPTIMIZATION 5.2 Hybrid Optimization Algorithms
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) Figure 26: QGAN
Figure 25: QNN
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6 Simulator

6.1 Design Principles

In contrast with the well-known simulators (eg Qiskit [19], Cirq, PennyLane [20]) which are
written mainly for educational purposes and with emphasis on user’s ease, this simulator has great
performance as its purpose; for that reason, ideal programming language is C++, since it has

the speed of C, but some very useful built-in data structures (eg vector, map).

Design Principles of the Simulator are:

e Simplicity: It provides the basic Quantum Gates and basic functionalities, such as: experi-
ment execution, StateVector simulation, probabilities computation, computation of expecta-

tion value of operator and it is very easy to use.
e Compatibility: It does not depend on any library other than the basic C++ library.
e Speed: All data structures and functionalities are made from scratch aiming for performance.

e Flexibility: Groupings of data into small classes are used, so that they are organized au-
tonomously into small structures; this allows us to change the implementation of many func-
tionalities or data structures, without having to modify the rest of the code. Also, all code
files inherit some basic constant parameters (such as the precision of our numbers) from the
file "parameters.h", making it very simple to built a custom library by changing only one

line.
e Open Source: The source code is available for every use.
6.2 Mathematics tools

This implementation does not use any mathematics library. The mathematics tools that are needed

for quantum circuits are:
e Complex Numbers

e Square Matrices and specifically matrices with dimensions powers of 2 (we can exploit this

for many optimizations)
e Vectors (or Column-Matrices)

e Operations with Matrices and Vectors. In particular: Tensor product, Matrix-Vector Prod-

uct, Inner product of two vectors, Construction of Transpose-Conjugate Matrix

e Printing Matrices and Vectors
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6.2.1 Complex Numbers

For complex numbers we use the datatype ¢ type defined in the file "parameters.h" and it is
either a double or a float, depending to the desired precision for our calculations. In addition, we

overload the usual operators for mixing real numbers with complex ones (eg comp a = 3.0%z;)
6.2.2 Square Matrices

Since matrices are not known in compilation time (so they cannot be static), we must allocate mem-
ory in run-time. If we implement matrices as list of lists (eg std::vector< std::vector<T> > Array)
we would need many calls for memory allocation. Instead we will use an one-dimensional

array, which we will treat as two-dimensional.

Specifically, we define the class SqMatrix for square matrices (M,,«y,), which consists of an
one-dimensional array of n? elements and a value n for knowing the dimensions of the matrix
(without having to recalculate them each time). Upon this implementation, we build a simple
interface for square matrices with the methods get and set, with which we read from, and write
to, arrays. Thus, we avoid multiple calls for memory allocation and we substitute double de-
references with single ones, which further improves the performance of matrices, which are the
core of our calculations.

That is, for a matrix of dimensions A, x, we have a list of K[n?] elements and the element

ali][4] is in reality the element K[i *n + j].
6.3 Gate - Gate Layer

A gate is actually a square matrix, plus a list of qubits in which this array acts on. So naturally, we
define a class called Application which contains the matrix, the aforementioned list, along with the

derivative of the matrix if that gate is parametric (we need the derivative for circuit optimization).

Gates that act on sets of qubits which are disjoint, can be applied at the same time in a circuit.

They can be combined into a big gate which is computed as the tensor product of them:
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= — = ] Layer

Figure 27: Layer of Gates as a Gate

Layer=D® I ® B® A

Although, the layer-gate has 2" x 2" = 22" elements, while small matrices (if they are single-
qubit gates) have all together 2 x 2 X n = 4n elements. For this reason we compute the big array

only at run-time and not at insertion.
6.4 Circuit

The Circuit Class models quantum circuits. We apply an arbitrary gate with the app method,
while most common gates are built-in and can be applied with their corresponding methods: eg

RX(2, 0.672) for the gate RotationX(0.672) on Qubit 2.

The user can construct the circuit and then:

Execute an experiment (measurement) with the measure method.

Calculate the probabilities for each basis state with the method print probabilities.

e Print the StateVector with the print state vector method.

Print the expectation value (E) for an operator with the method exp value.

Calculate the gradient V(FE) in respect to the circuit parameters for every parametric gate

(in the order that the user gave them) with the exp value grad method.
6.4.1 Layer Compression

Every gate that acts on any subset of the qubits, affects the whole StateVector. So every time we
need to construct the whole layer-gate, filling it with identity matrices for the qubits where there is
no real gate. That process is too computationally expensive, especially when we have many small
gates. We choose to compress as much as we can the circuit, such that it has the least possible

number of layers.
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Figure 28: Layer Compression

We need to place gates as left as we can. To achieve this, we must know the first available
position for every Qubit in the circuit. So, if a gate acts on many Qubits, its application will be

in the first common available layer.

The algorithm for layer compression (in pseudolanguage) is the following:

Algorithm 8 Gate application

INPUT:

available: index of the first available layer for every qubit
layers: Circuit Layout. Stores gate applications layer-by-layer
Application a: {Gate: Square Matrix, qubits: [int] }
RESULT:

Puts gate in circuit

layer idx =0

for qubit in a->qubits do

layer _idx = maz(layer _idz, available[qubit]) > Find first common index
end for
if len(layers) < layer idx +1 then > Out of Circuit
layers.append([a]) > New Layer of applications
else
layers[layer _idx].append(a) > Push this application in existing layer
end if
for qubit in a->qubits do > Update available positions for these qubits
available|qubit] = layer _idx + 1
end for

6.4.2 Permutations

Having constructed the circuit, we only need execute it. To execute it, we begin with an empty
StateVector |0) and we apply layer-gates one-by-one until we reach the end. However, there is a
chance that some layers have gates which do not act on neighbouring qubits, and even if they do,

they may have another ordering. For example:

L
{5}

Figure 29: Shuffled Qubits
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These two gates belong to the same layer (since the sets of qubits that they are applied unto are
disjoint), even if we cannot draw them overlapping one-another. We cannot explicitly construct
the big gate as tensor product of small gates, considering that the gates are not in order. If we

had the gates in order, things would be fairly easy:

Figure 30: Gates in order

A naive solution would be to construct the big matrix corresponding to the layer, mapping its
elements according to the qubit permutation. However, it would be more efficient to construct the
matrix as if the gates were in order and then just permute the Qubits in the StateVector (which

has many less elements).
We need an algorithm that computes the Qubit permutation for every layer according to the

gates we encounter and also returns the number of Qubits that correspond to non-trivial gates, so

that we can fill the rest with Identity Matrices.
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Algorithm 9 Make Permutation

INPUT:

layer: A layer of Gate applications

qubits: The number of qubits in the circuit

RESULT:

Permutation and number of qubits affected in this layer

allocated = [false|*qubits > Keep track of allocated qubits
gates = len(layer) > Gates in this layer
last _used qubit = 0

for gate in range(gates) do > Iterate over Gates
gate size = len(layer|gate].qubits) > Size of particular Gate
for qubit in range(gate size) do > permutation[fake qubit] = real qubit
permutation[qubit+last _used qubit] = layer|gate].qubits[qubit]
allocated[layer[gate].qubit] = true > allocated[real _qubit] = true
end for
last qubit used += gate size
end for
qubits_used = last _used qubit > Keep a copy to return
for iterator in range(qubits) do > Fill permutation with unallocated qubits
if allocated[iterator] == false then
permutation[last _used qubit++] = iterator
end if
end for

Return (permutation, qubits used)

6.4.3 Application on Permutation

Having the Qubit permutation we need to make a big layer-matrix filling with Identity matrices

for the unused Qubits:

Figure 31: Before and After Permutations

Our final step is:
1. Make the new StateVector given the permutation
2. Apply the layer-gate on this mapped StateVector

3. Reverse the mapping to extract the real StateVector
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6 SIMULATOR 6.5 Measurements

Basically, we construct a similarity transformation S = PDP~!, where matrix P~! does the

permutation, P does the reverse permutation and D applies the layer-gate:

Algorithm 10 Apply Layer Gate on permuted qubits

INPUT:

StateVector: The State-Vector

Permutation: Qubit permutation

qubits: The number of qubits in the circuit
Gate: Layer-Gate

RESULT:

The new State-Vector after this layer is applied

mapped state vector = StateVector

SV _size = 1 « qubits > State Vector size
for pos in range(len(StateVector)) do > Iterate Basis States
mapped pos = 0 > Find index of mapped State Vector

for fake in range(qubits) do
real = permutation|fake]
real bit = (pos » real) & 1

mapped _pos |= (real bit « fake) > replace fake qubit with real one
end for
mapped _state vector[mapped pos| = StateVector[pos]
end for
mapped _state vector = gate * mapped state vector > Matrix Mul.
for pos in range(len(StateVector)) do > Undo mapping

mapped pos =0
for fake in range(qubits) do
real = permutation|fake]
real bit = (pos » real) & 1
mapped _pos |= (real bit « fake)
end for

StateVector[pos| = mapped _state vector[mapped pos| > Reverse

end for

6.5 Measurements
After Circuit execution, having the StateVector, the only thing left is to measure our results.

6.5.1 StateVector

Since it is a simulation, the user can calculate the exact StateVector; this cannot be done with real

quantum circuits. The simulator offers this functionality with the print state vector method.

6.5.2 Probabilities

The user can also measure the probabilities of each basis state with the print_probabilities method.

Probabilities are easily extracted for the StateVector: by taking the square of the complex’s absolute

value.
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6.5.3 Random Experiment

Even if the simulator is mainly a StateVector simulator, it can also simulate an experiment as
if it was a real Quantum Computer. To achieve this we must make a probability distribution
function for our basis states. Using the <random> library of C+-+ we can construct such a distri-
bution. We use the random number generator Mersenne Twister for random numbers and the
std::discrete _distribution class for simulating a discrete distribution. The results are stored in a

dictionary using C++’s std::map data structure.

The user can simulate a measurement with the measure(shots) method, giving the number of

measurements he/she wants to take place.
6.5.4 Obervables

Apart from simple measurements in the basis states, the user may want to measure the expectation
value for an observable given the corresponding Hamiltonian. This functionality is also provided

with the exp value(Observable, qubits) method.
6.6 Differentiable Programming

One of the simulator’s operations is to return the gradient for the expected value V(E) of an

operator with respect to the circuit parameters. For example, in this circuit:

— Ro(w1) | Ry (a2)

I

Figure 32: Parametric Circuit

we measure the value of E into the computational basis; given many measurements this value’s
average will converge towards the expected value (E), which can be calculated with analytic, yet

expensive, calculations.
6.6.1 Circuit Optimization

In Quantum Optimization we are asked to minimize the expectation value of a Hamiltonian oper-

ator, and the most common way is the Gradient Descent algorithm (or some variation of it):

ARSI S V(E(a:(t)))

The computationally difficult step is the gradient computation V(E) for a parametric circuit.

The obvious, but naive, way is to use the derivative definition and execute the circuit O(p) times,
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where p is the number of parameters:

NE) _ o (B)eire = (E)

ox; e—0 €

V(E): =

That solution works, but is very expensive, because we need to execute the circuit once per

parameter.
6.6.2 Parameter Shift Rule

An arithmetic calculation of gradient using the derivative definition is not ideal, since it is based
on the precision of the € value. Instead, we usually use the Parameter Shift Rule[21], |22]; for most

gates (eg Pauli Gates) the general rule is:

Vo, (E)(0) = % [<E> (0 n ge) (B (e f fé,;)} .

This way, the best precision is guaranteed.
6.6.3 Adjoint Differentiation

As in classical neural networks, we need an algorithm for efficient gradient calculation; something

similar to the BackPropagation algorithm.
In quantum circuits, there is such an efficient algorithm and is called Adjoint Differentiation
[23]. In reality, the only thing we do with quantum circuits is to:

1. Begin from the initial state |0)
2. Execute the circuit and get |¥) = U,U,—1...Up |0)

3. Measure an observable (M) = (¥|M|¥)

However, these gates-matrices U; are all unitary, so it holds: UTU |¢) = |¢)
Rewriting the expectation value as:

(M) = (b]k) = (¥|M|¥)

where

(b = (¥|M = (o|Uf ... UIM

k) = |0) = UpUp_i ... U4|0)

49



6.6 Differentiable Programming

6 SIMULATOR

we notice that vectors |b) and |k) could have been chosen differently:

(by| = (O|U{ ... U MU,
kn) = Up_1 ... U1]0)

To change the splitting position in this expression, we remove one operator form the |k) vector
and put it into the (b|:
(bn| = (B|Un

|kn) = UL k)

For the derivative:

M dut
(M) <0|U1T...%...M...U,..Uﬂm

0
+<0|Uf...UT...M...dU"...U1|0>
: do;
dU;
:2.%(<0|U1T...UJ...M... 0 ...U10>>

Or using our ancillary vectors:

with
(bs| = (O|Uf ... Ut MU, ... U4
|ki) = U;—1...U1]0)
When the moved operator is the derivative, we denote:

~ dUu;
bil = (b =L
(bl = (015

and

We only need to calculate:
1bs) = Ui\ 1[bisn)
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ki) = U |kiz1)

recursively, starting from the end of the circuit (from the output StateVector).

The complete algorithm is:

Algorithm 11 Adjoint Differentiation

INPUT: The output StateVector of a Circuit, Every gate U; of the circuit (in order of insertion)
OUTPUT: Vector V(E)

|A) := Circuit Output StateVector > Execute Circuit
9) = M)
[A) — E|X)
forie {P,...,1} do > Back-Propagate
6) U} 19)
) = |)

) < (dU;/d0;) |p)
V{(E); = 2R (A1)
if ¢ > 1 then
Ny
end if
end for

The simulator supports this functionality with the exp value grad method, which returns
the gradient of the circuit parameters over an operator. For this algorithm the circuit uses a
dictionary with keys the serial number of a gate and values the gate’s actual place in the circuit.

This dictionary is implemented with C++’s std::map.
6.6.4 Optimizers

This simulator supports 3 optimizers at the moment. The simple Gradient Descent, the AdaGrad

with changing learning rate and the well-known Adam [3g].
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6.7 Code Summary

Library

Parameters

Optimizer

circuit_core
Circuit circuit_library

circuit_statistic

application

algebra gate_library

comp

Figure 33: Simulator Layout
6.7.1 library
The file library.h includes all the source files and builds the library
6.7.2 parameters

In parameters.h file we define general parameters that all other files need, like the maximum number

of Qubits, the precision in our calculations, the safety on our checks etc.
6.7.3 comp

The file comp.h is our complex number library. It defines the structure of complex numbers, it

defines unary and binary operations.
6.7.4 algebra

The file algebra.h handles linear algebra operations. It defines the two-dimensional Square Matrix
and on top of that it contains the mathematics tools we need: tensor product, inner product,

expected value, transpose-adjoint matrix, inner product between matrix and vector.
6.7.5 gate library

The file gate library.h contains the definition of basic gates.
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6.7.6 application

The file application.h defines the Application class which handles the application of a gate into

some qubits.

6.7.7 circuit

The file circuit.h defines the circuit class. It is the basic class provided in the interface for the user.
6.7.8 circuit_core

The file circuit _core.h contains the algorithms needed for the circuit functionalities: gate insertion,
permutations, layer application, circuit execution, expectation value calculation, gradient descent

computation.
6.7.9 circuit library

The file circuit_library.h contains the quantum gate library that the simulator uses by default; it

is based upon the matrix definitions in the file gate library.h
6.7.10 circuit _statistics

The file circuit_statistics contains measurement tools provided the circuit is already executed and

the result StateVector computed.
6.7.11 optimizers

The file optimizers.h defines quantum circuit optimizers
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7 Measurements

For our measurements, we compare 3 benchmarks between our simulator, IBM’s Qiskit (python)

and PennyLane’s lightning.qubit (C++).
7.1 5 Qubits - RY rotation Gates

A 5-Qubit Circuit filled with RY rotation Gates and depth given from the user. We chose para-

metric RY single-Qubit gates, because they are the most computationally expensive.

5 Qubits - RY Broadcast

3.5 4 Custom
— Qiskit
3.0 4 — PennylLane

— RY (0) H RY (0) [H RY (0) |- --
—RY()HRY()HRY () |- -
—rRY@QHRY@)HRY Q)|
— RY (3) H RY (3) HRY (3) |- -
—RY (W) HRY () HRY (4) |- -

e

T T T T T T
0 2000 4000 6000 8000 10000
Depth

7.2 10 Qubits - RY, RX Gates and Entanglement

A 10-Qubit Circuit with parametric RY layers and entangling CZ layers. It is a neural network

template, really difficult to simulate (since it is much entangled)

10 Qubits - RX,RY and Entanglement

2.00 4 Custom
RY(O) RY(O) 1751 : g:nt:;Lane
1.50
—‘RY(I) RY (1) s
RY(2) RY (2) g
0.75
: : : 0.50
RY(lO) RY(IO) — 0.25 1
0.00
0 200 400 600 800 1000
Depth

7.3 5 Qubits - Hamiltonian Optimization

A circuit like the one of the second test with 5 Qubits, but this time we optimize it according to
the Hs molecular Hamiltonian. Our goal is, to find a circuit that produces a state |1), such that

the expectation value (¢)| Hs [¢) is minimized. We artificially create a non-linear transformation,
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entangling our 4 desired Qubits with another ancillary one.

Hamiltonian Optimization

102 o

Custom

RY (0) [RY (0)] N o
RY (1) @

RY(2) [RY )] ; ]

RY (3) [RY(3)] 10 4

RY (4) [RY (4)]

T T T T T T T T T
0 250 500 750 1000 1250 1500 1750 2000
Epochs

8 Conclusion

Our Simulator is much more faster than commercial ones, as expected (just by the language
selection). However, we note that in circuit optimization our Simulator is 3 orders of magnitude
faster than PennyLane’s C++ Backend (lightning.qubit); that allows us to optimize much bigger

circuits at this time.
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9 Future Work

The simulator is theoretically complete, since it can simulate any possible quantum circuit. How-

ever, we can still add functionalities and improve its efficiency.

9.1 Libraries
On top of the simulator’s core we can add libraries.
9.1.1 Optimization

One extension could be more optimizers:

1. Lie Algebra Optimizer .Gradient Descent algorithms can be done directly in a Lie
group, instead of the Euclidean Space. This method assures us convergence into the global

minimum, but requires exponentially more parameters.

2. Quantum Natural Gradient Optimizer . Optimizer with adaptive learning rate, via cal-
culation of the diagonal or block-diagonal approximation to the Fubini-Study metric tensor.

A quantum generalization of natural gradient descent.

3. RotoSelect Optimizer. A special case Optimizer for rotation gates [27].
9.1.2 Quantum Chemistry

Quantum Computers are especially good in

quantum chemistry problems. A Quantum

Fermions Spins
{anai} =0, {af,al} =0, {ai,el} = &; o1, :) =0, [0}, 0] = 0, [0, 1] = &,

Chemistry library could be added like the one

L o
PennyLane has. Its basic functionalities would hC) mappng QS
— = "0 P

@ — Jordan-Wigner m v
be: ——C:)th@Ilo'l@o'ery)

@: :~; il =@l 7 ® (67 —ia! J@%Qﬁf

1. Construction of Molecular Hamiltonians B~ S+ 2ME“ hparif il = Yo
2. Mappings between creation / annihila-

tion operators and spins (eg Jordan- Figure 34: Jordan-Wigner Mapping

Wigner)
3. Hartree-Fock method
9.1.3 Quantum Optimization
A quantum optimization library would be useful. It’s basic components would be:

1. Algorithms, like QAOA .
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9 FUTURE WORK 9.2 Performance - Parallelism

2. Neural Network Libraries (eg [28], [29], [30]).
3. Stochasticity for gradient computation.

9.2 Performance - Parallelism

We can always increase a program’s performance. An easy improvement would be to introduce
parallelism, either with multiple cores (OpenMP) or with an accelerator - graphics card (CUDA).
Also, we could improve the basic algorithms of the circuit, like permutations or the tensor product,

by using sparse arrays for layers with few gates.
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10 Code

10.1 library

#include "parameters.h"

// MATHEMATICS CORE
#include "comp.h"
#include "algebra.h"

// ARRAY AND GATE HANDLERS
#include "gate_library.h"

// CIRCUIT

#include "circuit.h"

#include "circutt_core.h”
#include "circuit_statistics.h”
#include "circuit_library.h”

#include "optimizers.h"

10.2 parameters

// BUILDING PARAMETERS. CHANGE HERE AND ALL HEADER
// FILES WILL INHERIT THEM

#ifndef __PARAMETERS__

#define __PARAMETERS__ {20

// REMOVE THIS LINE TO EXCLUDE ALL CHECKS
#define __SAFE_LIBRARY__ 420
#define MAX_QUBITS 10

// COMPLEX NUMBER TYPE
typedef double c_type;
//typedef float c_type; // No difference really... keep double

#endif

10.3 comp

#ifndef __MY_COMPLEX_LIBRARY
#define __MY_COMPLEX_LIBRARY 420
#include <iostream> // cout
#include <math.h> // sqrt
#include <stdlib.h> // abs

#include "parameters.h"
// CORE LIBRARY FOR COMPLEX NUMBERS
// Constants

const c_type pi = 3.141592653589793238;

// CUSTOM COMPLEX NUMBER

typedef struct complex__{
c_type real;
c_type imag;

} comp;

// Complez UOperations
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10.3

comp

inline comp [ (c_type real, c_type
inline comp conj (comp a);

inline comp mul_conj (comp a, comp b);

inline c_type distance (comp a, comp b);

inline void print_comp (comp a);

// Complexz Number Constructor
inline comp c(c_type _real, c_type _imag) {
return (comp) {_real, _imag};

}

inline comp conj (comp a) {
return (comp) {a.real, -a.imag};

}

// COMPLEX CONJUGATE MULTIPLICATION a*b
inline comp mul_conj(comp a, comp b) {
return (comp) {a.real*b.real + a.imag+b.imag,
a.real*b.imag - a.imag+b.reall};

// print as: a + ib
inline void print_comp (comp a) {
if(a.real == 0.0 and a.imag == 0.0) {
std::cout << "0 ";
return;

}

if(a.real !'= 0.0)
std::cout << a.real;

if(a.imag !'= 0.0) {
if(a.imag > 0.0) {
std::cout << "+i";
if(a.imag != 1.0)
std::cout << a.imag;

}
else {
std::cout << "-i";
if(a.imag != -1.0)
std::cout << -a.imag;
}
}
std::cout << " "j

// euclidean distance of two complexz numbers
inline c_type distance (comp a, comp b) {
// manhattan distance
return abs(a.real - b.real) + abs(a.imag - b.imag);

// Complex Arithmetics
// COMPLEX OPERATOR COMPLEX

inline comp operator + (comp cl, comp c2) {
return comp {cl.real + c2.real, cl.imag + c2.imag};

}
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inline comp operator - (comp cl, comp c2) {
return comp {cl.real - c2.real, cl.imag - c2.imag};

}

inline comp operator * (comp cl, comp c2) {
return (comp) {cl.real*c2.real - cl.imag*c2.imag,
cl.real*c2.imag + cl.imag*c2.real};

}

inline comp operator / (comp cl, comp c2) {
c_type den = c2.real * c2.real + c2.imag * c2.imag;

return (comp) {
(cl.real * c2.real + cl.imag * c2.imag) / den,

(cl.imag * c2.real - cl.real * c2.imag) / den

};

// COMPLEX OPERATOR REAL & REAL OPERATOR COMPLEX

// position independant

inline comp operator + (comp c, c_type r) { return (comp) {r + c.real, c.imag}; }
inline comp operator + (c_type r, comp c) { return (comp) {r + c.real, c.imag}; }
inline comp operator * (comp c, c_type r) { return (comp) {r * c.real, r * c.imag}; }
inline comp operator * (c_type r, comp c) { return (comp) {r * c.real, r * c.imag}; }

// position dependant
inline comp operator - (comp c, c_type r) { return (comp) {c.real - r, c.imag}; }
inline comp operator - (c_type r, comp c) { return (comp) {r - c.real, -c.imagl}; }
inline comp operator / (comp c, c_type r) { return (comp) {c.real / r, c.imag / r}; }
inline comp operator / (c_type r, comp c) {
c_type den = c.real * c.real + c.imag * c.imag;
return (comp) { (r * r + c.imag * c.imag) / den, (- r * c.imag) / den };

#endif

10.4 algebra

#ifndef __ALGEBRA__
#define __ALGEBRA__ 420
#include <vector>
#include "parameters.h"
#include "comp.h"

// Define Custom 2D Square Matriz
// Implement with 1D-flattened array
class SqMatrix {
private:
unsigned int _dims; // rows-columns
std: :vector<comp> _elems;
public:
inline SqMatrix(unsigned int d);
inline SqMatrix(std::vector<std::vector <comp>> e);

inline comp get(unsigned int r, unsigned int c) const;

inline void set(unsigned int r, unsigned int c, comp e);
inline unsigned int dims() const { return _dims; }
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// Init
inline SqMatrix::SqMatrix(unsigned int d) {
_dims = d;
_elems = std::vector<comp> ( d*d );
}

// Init from wector of wector
inline SgMatrix::SqMatrix(std::vector<std::vector <comp>> e) {
unsigned int d = e.size();

#ifdef __SAFE_LIBRARY._
for(unsigned int i = 0; i < d; ++i){
if(e[il.size() '= &) {
std::cout << "Matrix Constructor Error: "
<< "2D vector is not square\n";
exit(1);

#endif

_elems = std::vector<comp> (d*d);
_dims = d;
for(unsigned int i = 0; i < d; ++i)
for(unsigned int j = 0; j < d; ++j)
_elems[i * d + j] = e[il[jl;

// GET HANDLER
inline comp SqMatrix::get(unsigned int r, unsigned int c) const {
// you can ignore this. wvector will crash anyway
#ifdef __SAFE_LIBRARY__
if(r > _dims-1){
std::cout << "SgMatrix Get_Element Error:"
"Element row index " << r << " out of range\n";
exit(1);
}
if(c > _dims-1){
std::cout << "SgMatrix Get_Element Error:"
"Element column index " << ¢ << " out of range\n";
exit(1);

#endif

return _elems[r * _dims + c];

}

// SET HANDLER
inline void SqMatrix::set(unsigned int r, unsigned int c, comp e){
// you can ignore this. vector will crash anyway
#ifdef __SAFE_LIBRARY__
if(r > _dims-1){
std::cout << "SqMatrix Set_Element Error:"
"Element row index " << r << " out of range\n";
exit(1);
}
if(c > _dims-1){
std::cout << "SgMatrix Set_Element Error:"
"Element column index " << ¢ << " out of range\n";
exit(1);

#endif

_elems[r * _dims + c] = e;

// LINEAR ALGEBRA
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// Tensor product for square matrices
SgMatrix square_tensor_prod(

const SqMatrix &arri,
const SgMatrix &arr2)

// tensor product dimension
unsigned int dim = arrl.dims() * arr2.dims();
unsigned int p = arr2.dims(); // power of two

// find which power of two is p
unsigned int power;
for(power = 0; p >> power != 1; ++power) ;

)/ =========== FILL ARRAY =========== //
SgMatrix elements (dim);

for(unsigned int i = 0; i < dim; ++i) {
for(unsigned int j = 0; j < dim; ++j)
// C_ig = ali/p][j/p] * blilp][jip];
// dimensions are power of two!!! optimize / and [
elements.set(i, j,
arrl.get(i>>power, j>>power) * arr2.get(i&(p-1),j&(p-1)) );
}

return elements;

// return an I array with dimensions dim z dim
SqMatrix Identity_matrix(unsigned int dim) {

/*

*/

SqMatrix result(dim);

for(unsigned int i = 0; i < dim; ++1i)
for(unsigned int j = 0; j < dim; ++j)
result.set(i, j, c((i == j) 7 1.0 : 0.0, 0.0) );

return result;

/ 8000\ / psit |
[ 0So00 ] | psi2 |/
foosol | .... |
\oo0oo0S/\ psin /

// Given S and Statevector only!!!
std: :vector<comp> Sparse_Array_dot_state(

const SqMatrix &array,
const std::vector<comp> &state)

// how many S's in the diagonal?
unsigned int Id_dim = state.size() / array.dims();

#ifdef __SAFE_LIBRARY.__

// =========== CHECK DIMENSIONS! =========== //
if (state.size() != Id_dim * array.dims()) {
std::cout << "Array Dot State Error:
"Array dimensions(" << array.dims() <<
") and State dimensions(" << state.size() <<
") don't match\n";
exit(1);

n
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#endif

unsigned int dim = state.size();
std: :vector<comp> res(dim) ;
unsigned int s_dim = array.dims();

// for every sub-matriz S in the diagomal
for(unsigned int s = 0; s < Id_dim; ++s) {
// Iterate S
for(unsigned int i = 0; i < s_dim; ++i) {
comp c_i = ¢(0.0, 0.0);
// c_i = SUM a_ik b_k
for(unsigned int k = 0; k < s_dim; ++k)
// offset for statevector --> some S arrays
c_i = c_i + array.get(i,k) * statel[s_dim * s + k];

// result row in statevector
res[s_dim * s + i] = c_i;

}

return res;

bool is_hermitian( const SqMatrix &0bs ) {

// ============ (CHECK ELEMENTS ============ //

// Hermitian means: a_ij = a_ji*

for(unsigned int i = 0; i < Obs.dims(); ++i) {

for(unsigned int j = 0; j < Obs.dims(); ++j)
// allow a small error --> their distance
if ( distance(Obs.get(i,j) , conj(Obs.get(j,1i))) > 0.0001 )
return false;

return true;

// MUST BE DONE WITH SPARSE ARRAYS, T00!
// Returns:  <A> = <Psi[d[|Psi>
c_type expectation_value (

const SqMatrix &Obs,

const std::vector<comp> &state )

#ifdef __SAFE_LIBRARY__
// =========== ARRAY CHECKS =========== //
if (!is_hermitian(Obs)) {
std::cout << "Expectation Value Error: "
"Observable matrix is not Hermitian!\n";
exit(1);

#endif

// compute
unsigned int dim = state.size();
comp tmp_res = c(0.0, 0.0);
for(unsigned int i = 0; i < dim; ++i) {
comp tmp = ¢(0.0, 0.0);
for(unsigned int j = 0; j < dim; ++j)
tmp = tmp + Obs.get(i,j) * state[jl;
tmp_res = tmp_res + mul_conj(state[i], tmp);

}

// check imaginary part. Should be zero or very small
#ifdef __SAFE_LIBRARY__
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// this complez should be real.
if ( abs(tmp_res.imag) > 0.0001 ) {
std::cout << "Expectation Value Error: "
"Result has big imaginary part\n";
exit(1);

#endif

return tmp_res.real;

// Return transpose conjugate of a matriz
inline SqMatrix dagger(const SqMatrix & m) {
unsigned int d = m.dims();

SqMatrix res(d);

// b_ij = a_ji*
// RE-ORDER FOR CACHE EFFICIENCY
for(unsigned int i = 0; i < d; ++1i)
for(unsigned int j = 0; j < d; ++j)
res.set(i,j, conj(m.get(j,i)) );

return res;

// inner product of two complez vectors
comp inner_product(
const std::vector<comp> &vl,
const std::vector<comp> &v2)

{
unsigned int sl = vl.size();
#ifdef __SAFE_LIBRARY__
if(s1 !'= v2.size()) {
std::cout << "Inner Product Error: "
"vector sizes are different\n";
exit(1);
}
#endif
comp res = c(0.0, 0.0);
for(unsigned int i = 0; i < sl; ++i)
res = res + mul_conj(vi[il, v2[il);
return res;
}

L1177777777777777777777777777777

// DEBUG INFO
void print_vector(std::vector<c_type> vec) {
std::cout << "Printing Vector\n";
for(unsigned int i = 0; i < vec.size(); ++i)
std::cout << vec[i] << " ";
std::cout << "\n";

void print_matrix(const SqMatrix &m) {
int r = m.dims();

for(int 1 = 0; i < r; ++i) {

for(int j = 0; j < r; ++j)
print_comp( m.get(i, j) );
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std::cout << "\n";
}

111177777777 7777777777777777777777
// SqMatriz operators

// Make tensor product as operator /
inline SgMatrix operator 7 (

const SqMatrix &arrl,

const SqMatrix &arr2)

return square_tensor_prod(arrl, arr2);

// Add arrays

inline SgMatrix operator + (
const SqMatrix &arrl,
const SgMatrix &arr2)

#ifdef __SAFE_LIBRARY__
if(arrl.dims() != arr2.dims()) {
std::cout << "SgMatrix operator + error:
"Different sizes\n";
exit(1);

#endif
unsigned int n = arrl.dims();
SqMatrix res(n);

for(unsigned int i = 0; i < nj; ++1i)
for(unsigned int j = 0; j < n; ++j)
res.set(i,j, arrl.get(i,j) + arr2.get(i,j));

return res;

// Add arrays

inline SqMatrix operator - (
const SqMatrix &arrl,
const SqMatrix &arr2)

#ifdef __SAFE_LIBRARY__
if (arrl.dims() !'= arr2.dims()) {
std::cout << "SgMatrix operator + error:
"Different sizes\n";
exit(1);

#endif

unsigned int n = arrl.dims();

SqMatrix res(n);

for(unsigned int i = 0; i < nj; ++1i)
for(unsigned int j = 0; j < n; ++j)

res.set(i,j, arrl.get(i,j) - arr2.get(i,j));

return res;
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// Make number * array operator

inline SqMatrix operator * (
const c_type number,
const SqMatrix & arr)

{
unsigned int n = arr.dims();
SqMatrix res(n);
for(unsigned int i = 0; i < n; ++i)
for(unsigned int j = 0; j < n; ++j)
res.set(i,j, arr.get(i,j) * number);
return res;
}
#endif

10.5 gate library

_ARRAY_LIBRARY__
_ARRAY_LIBRARY__ 420

#ifndef
#define _
#include <vector>
#include <math.h>
#include "parameters.h"
#include "comp.h"
#include "algebra.h"

// contains arrays and
// matrices built on top of those arrays

// Standard Gate ARRAYS!!!!

// NON- PARAMETRIC GATES

const std::vector<std::vector<comp>> arr_I {
{¢(1.0,0.0), ¢(0.0,0.0) },
{ ¢(0.0,0.0), c(1.0,0.0) }

}

/71 11
// sqrt(2) 1 -1
const c_type sqrtl_2 = sqrt(0.5);
std: :vector<std::vector<comp>> arr_H {
{ c(sqrt1_.2,0.0), c( sqrt1_2,0.0)},
{ c(sqrt1_2,0.0), c(-sqrt1_2,0.0)}
}

// Pauli Gates

/7 0 1

// 10

const std::vector<std::vector<comp>> arr_X {
{ ¢(0.0,0.0), c(1.0,0.0) },
{ ¢(1.0,0.0), ¢(0.0,0.0) }

};
// 0 -1
// i 0

const std::vector<std::vector<comp>> arr_Y {
{ ¢(0.0,0.0), ¢(0.0,-1.0) 2,
{ ¢(0.0,1.0), c(0.0, 0.0) }
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// 0 -1

const std::vector<std:
{ ¢(1.0,0.0),
{ ¢(0.0,0.0),

};

// 1 0

// 0 e{i pi/2} =

const std::vector<std:
{ ¢(1.0,0.0),
{ ¢(0.0,0.0),

};

// 1 0

// 0 e {i pi/4}

const std::vector<std:
{ ¢(1.0,0.0),
{ ¢(0.0,0.0),

:vector<comp>> arr_Z {
c( 0.0,0.0) ¥,
c(-1.0,0.0) }

0 1%
:vector<comp>> arr_S {
c(0.0,0.0) ¥,
c(0.0,1.0) }

:vector<comp>> arr_T {
c(0.0,0.0) ¥,
c(cos(pi/4),sin(pi/4)) 3}

const std::vector<std::vector<comp>> arr_CNOT {

{ c(1.0,0.0),
{ ¢c(0.0,0.0),
{ ¢(0.0,0.0),
{ ¢(0.0,0.0),

const std::vector<std:
{ ¢c(1.0,0.0),
{ ¢(0.0,0.0),
{ ¢(0.0,0.0),
{ ¢(0.0,0.0),

};

// 100 0
// 010 0
// 001 0
// 00 0 -1

const std::vector<std:
{ c(1.0,0.0),
{ ¢(0.0,0.0),
{ ¢c(0.0,0.0),
{ ¢(0.0,0.0),

const std::vector<std:
{ c(1.0,0.0),

¢(0.0,0.0), ¢(0.0,0.0),
c(1.0,0.0), ¢(0.0,0.0),
¢(0.0,0.0), ¢(0.0,0.0),
¢(0.0,0.0), ¢(1.0,0.0),

:vector<comp>> arr_CY {
¢(0.0,0.0), <¢(0.0,0.0),
c(1.0,0.0), ¢(0.0,0.0),
c(0.0,0.0), <¢(0.0,0.0),
c(0.0,0.0), c(0.0,1.0),

:vector<comp>> arr_CZ {
¢(0.0,0.0), ¢(0.0,0.0),
c(1.0,0.0), c(0.0,0.0),
c(0.0,0.0), ¢(1.0,0.0),
c(0.0,0.0), ¢(0.0,0.0),

:vector<comp>> arr_SWAP
c(0.0,0.0), <(0.0,0.0),

{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(1.0,0.0),
{ ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0),
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0),
};
// ===== THREE QUBIT OPERATIONS =====

c(0.
c(0.
c(1.
c(0.

c(0.
c(0.
c(0.
c(0.

{
c(0

const std::vector<std::vector<comp>> arr_TOFFOLI {

{ ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0) },
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{ ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,0.0), c(0.0,0
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,0.0), ¢(0.0,0.0), c(0.0,0
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,0
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), c(0.0,0.0), c(0.0,0
{ ¢€0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), c(0.0,0
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,0.0), c(1.0,0
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,0.0), c(1.0,0.0), c(0.0,0
};
/*
* PARAMETRIC OPERATIONS
*/
// ===== ONE QUBIT OPEARATIONS =====

// Rotation gates
std: :vector<std::vector<comp>> arr_RX (c_type angle) {
return {
{ c(cos(angle/2.0),0.0), c(0.0,-sin(angle/2.0)) 1},
{ ¢(0.0,-sin(angle/2.0)), c(cos(angle/2.0),0.0) }
};

std: :vector<std::vector<comp>> arr_RY (c_type angle) {
return {
{ c(cos(angle/2.0),0.0), c(-sin(angle/2.0),0.0) },
{ c(sin(angle/2.0),0.0), c(cos(angle/2.0),0.0) }
};

std: :vector<std::vector<comp>> arr_RZ (c_type angle) {
return {
{ c(cos(angle/2.0),-sin(angle/2.0)), c(0.0,0.0) 1},
{ ¢(0.0,0.0), c(cos(angle/2.0),sin(angle/2.0)) }
};

// 10
// 0 e~{i phi}
std: :vector<std::vector<comp>> arr_P (c_type angle) {
return {
{ ¢(1.0,0.0), ¢(0.0,0.0) %,
{ ¢(0.0,0.0), c(cos(angle),sin(angle)) }

// ===== TWO QUBIT OPEARATIONS =====
std: :vector<std::vector<comp>> arr_CRX (c_type angle) {
c_type phi = angle/2.0;

return {
{ ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,0.0) },
{ ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), c(cos(phi),0.0), c(0.0,-sin(phi)) },
{ ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,-sin(phi)), c(cos(phi),0.0) }
}s

}

std: :vector<std::vector<comp>> arr_CRY (c_type angle) {
c_type phi = angle/2.0;

return {
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{ ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,0.0) },
{ ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), c(cos(phi),0.0), c(-sin(phi),0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), c(sin(phi),0.0), c(cos(phi),0.0) }
};
}
std: :vector<std::vector<comp>> arr_CRZ (c_type angle) {
c_type phi = angle/2.0;
return {
{ ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,0.0) },
{ ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0) %},
{ ¢(0.0,0.0), ¢(0.0,0.0), c(cos(phi),-sin(phi)), c(0.0,0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(cos(phi), sin(phi)) }
};
}
std: :vector<std::vector<comp>> arr_CP (c_type angle) {
return {
{ ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0) },
{ ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), c(0.0,0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(1.0,0.0), c(0.0,0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0),c(cos(angle),sin(angle)) }
};
}
/*
¥ GRADIENTS OF PARAMETRIC GATES
*/
std: :vector<std::vector<comp>> arr_RX_dif (c_type angle) {
return {
{ c(-sin(angle/2.0)/2.0,0.0), c(0.0,-cos(angle/2.0)/2.0) },
{ ¢(0.0,-cos(angle/2.0)/2.0), c(-sin(angle/2.0)/2.0,0.0) }
};
}

std: :vector<std::vector<comp>> arr_RY_dif
return {

{ c(-sin(angle/2.0)/2.0,0.

{ c( cos(angle/2.0)/2.0,0.

(c_type angle) {

0), c(-cos(angle/2.0)/2.0,

0.0)
0), c(-sin(angle/2.0)/2.0,0.0)

1,
}

};

std: :vector<std::vector<comp>> arr_RZ_dif (c_type angle) {
return {
{ c(-sin(angle/2.0)/2.0,-cos(angle/2.0)/2.0), c(0.0,0.0) },
{ ¢(0.0,0.0), c(-sin(angle/2.0)/2.0,cos(angle/2.0)/2.0) }
};

/710
// 0 e~{i phi}
std::vector<std::vector<comp>> arr_P_dif (c_type angle) {
return {
{ ¢(1.0,0.0), ¢(0.0,0.0) },
{ ¢(0.0,0.0), c(-sin(angle),cos(angle)) }
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std: :vector<std::vector<comp>> arr_CRX_dif (c_type angle) {
c_type phi = angle/2.0;

return {
{ ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,0.0) },
{ ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), c(-sin(phi)/2.0,0.0), c(0.0,-cos(phi)/2.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,-cos(phi)/2.0), c(-sin(phi)/2.0,0.0) }
};

}

std: :vector<std::vector<comp>> arr_CRY_dif (c_type angle) {
c_type phi = angle/2.0;

return {
{ ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0) 3},
{ ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0) %},
{ ¢(0.0,0.0), ¢(0.0,0.0), c(-sin(phi)/2.0,0.0), c(-cos(phi)/2.0,0.0) },
{ ¢€0.0,0.0), ¢(0.0,0.0), c(cos(phi)/2.0,0.0), c(-sin(phi)/2.0,0.0) }
};

}

std: :vector<std::vector<comp>> arr_CRZ_dif (c_type angle) {
c_type phi = angle/2.0;

return {
{ ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0) },
{ ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), c(0.0,0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), c(-sin(phi)/2.0,-cos(phi)/2.0), ¢(0.0,0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(-sin(phi)/2.0,cos(phi)/2.0) }

std: :vector<std::vector<comp>> arr_CP_dif (c_type angle) {

return {
{ ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0), c(0.0,0.0) },
{ ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(1.0,0.0), ¢(0.0,0.0) },
{ ¢(0.0,0.0), ¢(0.0,0.0), ¢(0.0,0.0),c(-sin(angle),cos(angle)) }

};

// Debug info
void print_array(std::vector<std::vector<comp>> arr) {
unsigned int diml = arr.size();

for(unsigned int i = 0; i < diml; ++i) {
unsigned int dim2 = arr[i].size();

for(unsigned int j = 0; j < dim2; ++j)
print_comp(arr[il [j1);

std::cout << "\n";

const SqMatrix empty(0);

// NON-PARAMETRIC MATRICES
// ===== ONE QUBIT OPERATIONS =====
const SqMatrix matrix_I(arr_I);
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matrix_H(arr_H);
matrix_X(arr_X);
matrix_Y(arr_Y);
matrix_Z(arr_Z);
matrix_S(arr_S);
matrix_T(arr_T);

SqMatrix
SgMatrix
SqMatrix
SqMatrix
SqMatrix
SqMatrix

TWO QUBIT OPERATIONS
matrix_CNOT (arr_CNOT);
matrix_CY(arr_CY);
matrix_CZ(arr_CZ);
matrix_SWAP(arr_SWAP);

SgMatrix
SqMatrix
SqMatrix
SqMatrix

THREE
SqMatrix

QUBIT OPERATIONS
matrix_TOFFOLI (arr_TOFFOLI);

// PARAMETRIC MATRICES

// ===== ONE QUBIT OPERATIONS =====

SgMatrix matrix_RX(c_type angle) { return SgMatrix(arr_RX(angle)); }
SqMatrix matrix_RY(c_type angle) { return SqMatrix(arr_RY(angle)); }
SqMatrix matrix_RZ(c_type angle) { return SqMatrix(arr_RZ(angle)); }
SqMatrix matrix_P (c_type angle) { return SqMatrix(arr_P (angle)); }

// SqMatriz matriz_ROT(c_type phi, c_type theta, c_type omega) { return SqMatriz(arr_ROT(phi, theta, omega)); }

// ===== TWO QUBIT OPERATIONS =====

SqMatrix matrix_CRX(c_type angle) { return SgMatrix(arr_CRX(angle)); }
SqMatrix matrix_CRY(c_type angle) { return SqMatrix(arr_CRY(angle)); }
SqMatrix matrix_CRZ(c_type angle) { return SgMatrix(arr_CRZ(angle)); }
SqMatrix matrix_CP(c_type angle) { return SqMatrix(arr_CP(angle)); }

// DERIVATIVES OF GATES

// ===== ONE QUBIT OPERATIONS =====

SqMatrix matrix_RX_dif (c_type angle) { return SgMatrix(arr_RX_dif(angle)); }
SqMatrix matrix_RY_dif(c_type angle) { return SqMatrix(arr_RY_dif (angle)); }
SqMatrix matrix_RZ_dif(c_type angle) { return SgMatrix(arr_RZ_dif(angle)); }
SqMatrix matrix_P_dif (c_type angle) { return SqMatrix(arr_P_dif (angle)); }

// SqMatriz matriz_ROT(c_type
// TWO QUBIT OPERATIONS
SgMatrix matrix_CRX_dif(c_type angle) { return SqMatrix(arr_CRX_dif(angle)); }
SqMatrix matrix_CRY_dif (c_type angle) { return SqMatrix(arr_CRY_dif(angle)); }
SgMatrix matrix_CRZ_dif(c_type angle) { return SqMatrix(arr_CRZ_dif (angle)); }
SqMatrix matrix_CP_dif (c_type angle) { return SgMatrix(arr_CP_dif(angle)); }
#endif

phi, c_type theta, c_type omega) { return SqMatriz(arr_ROT(phi, theta, omega)); }

10.6

#ifndef __APPLICATION__
#define __APPLICATION__ 420

application

#include <iostream>
#include <vector>

#include "parameters.h"
#include "comp.h"
#include "algebra.h"

// GATE APPLICATION
class Application {
public:

// gate
SqMatrix application_gate;
// gate derivative

SqMatrix application_gate_dif;
// qubits this gate is applied unto
std: :vector<unsigned int> qubits;
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// Application Constructor
Application(SqMatrix g, SqMatrix g_dif, std::vector<unsigned int> q )
: application_gate(g), application_gate_dif(g_dif), qubits(q)

{
#ifdef __SAFE_LIBRARY__

// Check qubits-gate dimensions!

unsigned int qubs = q.size();

if (g.dims() != (unsigned int) (1<<qubs)) {

std::cout << "Application Constructor Error:"

"qubits don't match array size\n";
exit(1);

}

// Check for duplicates in qubit list
std: :vector<bool> qubit_used(MAX_QUBITS, false);
for(unsigned int i = 0; i < qubs; ++i) {
if (qubit_used[q[il] == true) {
std::cout << "Application Constructor Error: "
"Dulpicate Qubit Detected!\n";

exit(1);
¥
qubit_used[q[il] = true;
¥
#endif
}
};
#endif

10.7 circuit

#ifndef __QUANTUM_CIRCUIT._
#define __QUANTUM_CIRCUIT__ 420

#include <iostream> // input/output

#include <vector> // all my arrays

#include <map> // dictionary for measure();
#include <bitset> // convert integer to bin_string

#include <random> // discrete_distribution

#include <math.h> // floor

#include <unordered_map> // application SN --> actual gate
#include <tuple> // (Layer, Layer_number)

#include "parameters.h"
#include "algebra.h"
#include "comp.h"
#include "application.h"”
#include "gate_library.h"”

#define maz(a,b) ((a)>(b)?(a): (b))

class Circuit {
private:

// Core Utilities
unsigned int qubits;
std::vector<unsigned int> available_layer;
std: :vector< std::vector<Application> > layers;
std::vector<comp> state_vector;
bool executed;

// Adjoint Differentiation
// a map that keeps track of application Serial Numbers
std: :unordered_map<unsigned int,

std::tuple<unsigned int, unsigned int>> app_id;
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circuit

public:

};

// Constructor

unsigned int applications;
unsigned int parametric_gates;

// Constructor
Circuit(unsigned int q);

// =========== circuit_core.h =========== //
void app (Application &a);
void run();
c_type exp_value (
const SgMatrix &Obs,
const std::vector<unsigned int> &qubs);

// returns Nabla <E> for an observable E
std: :vector<c_type> exp_value_grad(
const SgMatrix &Obs,
const std::vector<unsigned int> &qubs);

// ======== circuit_statistics.h ======== //

void print_circuit();

void print_state_vector(bool integer);

void print_probabilities(bool integer, bool cent);
void measure(unsigned int shots);

// ========== circuit_library.h ========= //

// NON-PARAMETRIC GATES

void I(unsigned int qubit);

void H(unsigned int qubit);

void X(unsigned int qubit);

void Y(unsigned int qubit);

void Z(unsigned int qubit);

void S(unsigned int qubit);

void T(unsigned int qubit);

void CNOT(unsigned int control, unsigned int target);
void CY(unsigned int control, unsigned int target);
void CZ(unsigned int control, unsigned int target);
void SWAP(unsigned int qubitl, unsigned int qubit2);

// PARAMETRIC GATES

void RX(unsigned int qubit, c_type angle);
void RY(unsigned int qubit, c_type angle);
void RZ(unsigned int qubit, c_type angle);
void P (unsigned int qubit, c_type angle);

// void ROT(unsigned int qubit, c_type phi, c_type theta, c_type omega);

void CRX(unsigned int control, unsigned int target, c_type angle);
void CRY(unsigned int control, unsigned int target, c_type angle);
void CRZ(unsigned int control, unsigned int target, c_type angle);
void CP(unsigned int control, unsigned int target, c_type angle);

void TOFFOLI(unsigned int controll, unsigned int control2, unsigned int target);

Circuit::Circuit(unsigned int q) {
#i1fdef __SAFE_LIBRARY__

// check qubit range

if(q == 0) {
std::cout << "Zero Qubits Given!\n";
exit(1);

}
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if(q > MAX_QUBITS) {
std::cout << "More than " << MAX_QUBITS
<< " Qubits! You are a mad man....\n";
exit(1);

#endif

// Initialize data
state_vector = std::vector<comp> ( 1<<q, ¢(0.0, 0.0) );
state_vector[0] = c(1.0, 0.0);
qubits = q;
available_layer = std::vector<unsigned int> (q,0);
applications = 0O;
parametric_gates = 0;
executed = false;
};
#endif

10.8 circuit core

#include "circuit.h"
// Circuit Core utilities

/) =========== APPLY GATE ON CIRCUIT =========== //
void Circuit::app(Application &a) {

unsigned int pos_in_layer;

// =========== FIND THE RIGHT LAYER =========== //

unsigned int layer_index = O;

unsigned int max_qubit_used = 0;

for(unsigned int i = 0; i < a.qubits.size(); ++i) {
layer_index = max(layer_index, available_layer[a.qubits[i]]);
max_qubit_used = max(max_qubit_used, a.qubits[il]);

#ifdef __SAFE_LIBRARY__
// =========== QUBIT OUT OF RANGE ===========//
if (max_qubit_used > qubits - 1) {
std::cout << "Application Error:
"Qubit " << max_qubit_used << " out of Range! "
"(0, " << qubits - 1 << ")\n";
exit(1);

#endif

// =========== JE§ CIRCUIT LAYER? =========== //

if ( layers.size() < layer_index + 1) {
layers.push_back( std::vector<Application> {al} );
pos_in_layer = 0;

}
else {
layers[layer_index] .push_back(a);
pos_in_layer = layers[layer_index].size() - 1;
}
// =========== UPDATE AVAILABLE QUBIT POSITIONS =========== //

for(unsigned int i = 0; i < a.qubits.size(); ++i)
available_layer[a.qubits[i]] = layer_index + 1;

// map application's Serial Number to its place on the circuit
app_id[applications++] = std::make_tuple(layer_index, pos_in_layer);
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executed = false;

// apply gate on State_Vector

// given a permutation map for the qubits

void apply_on_map(
std: :vector<comp> &SV,
std::vector<unsigned int> &permutation,
unsigned int qubits,
SqMatrix &gate)

{
// =========== MAP STATEVECTOR =========== //
std: :vector<comp> mapped_state_vector = SV;
// iterate state vector and map fake qubits to real qubits
unsigned int SV_size = 1 << qubits;
for(unsigned int pos = 0; pos < SV_size; ++pos) {
unsigned int mapped_pos = O;
for(unsigned int fake = 0; fake < qubits; ++fake) {
unsigned int real = permutation[fake];
// replace fake qubit with the real one
unsigned int real_bit = (pos >> real) & 1;
mapped_pos |= (real_bit << fake);
}
mapped_state_vector [mapped_pos] = SV[pos];
}
// =========== APPLY LAYER =========== //
mapped_state_vector =
Sparse_Array_dot_state(gate, mapped_state_vector);
// =========== UNDO MAPPING OF STATEVECTOR =========== //
for(unsigned int pos = 0; pos < SV_size; ++pos) {
unsigned int mapped_pos = O;
for (unsigned int fake = 0; fake < qubits; ++fake) {
unsigned int real = permutation[fakel;
unsigned int real_bit = (pos >> real) & 1;
mapped_pos |= (real_bit << fake);
}
// reverse map
SV[pos] = mapped_state_vector [mapped_pos];
}
}

// returns qubits used for gates

void make_permutation(
std::vector<unsigned int> & permutation,
unsigned int qubits,
const std::vector<Application> & layer)

std: :vector<bool> allocated(qubits, false);
// PREMARE MAP AND PARAMETERS
int gates = layer.size();

unsigned int last_used_qubit = 0;

// ITERATE LAYER OF GATES
for(int i = 0; i < gates; ++i) {

unsigned int gate_size = layer[i].qubits.size();

// ITERATE GATE
for(unsigned int qubit = 0; qubit < gate_size; ++qubit) {

(0]



10 CODE 10.8 circuit_core

permutation[qubit + last_used_qubit] = layer[i].qubits[qubit];
allocated[layer[i].qubits[qubit]] = true;
}

last_used_qubit += gate_size; // qubits used on this gate

// =========== FILL PERMUTATION WITH UNALLOCATED WIRES =========== //
for(unsigned int un_it = 0; un_it < qubits; ++un_it) {
if (allocated[un_it] == false)
permutation[last_used_qubit++] = un_it;

// Tensor product of many gates
void fill_gate(
SgMatrix & layer_array,
const std::vector<Application> & layer)

{
// Layer (by definition) is never empty!
layer_array = layer[0].application_gate;
// fill with gates given
int gates = layer.size();
for(int i = 1; i < gates; ++i) {
layer_array = layer[i].application_gate 7 layer_array;
}
}

// Tensor product of many gates + fill with Identities
void full_fill_gate(
SgMatrix & layer_array,
const std::vector<Application> & layer,
unsigned int qubits )

// Layer (by definition) is never empty!
layer_array = layer[0].application_gate;

// fill with gates given
int gates = layer.size();
for(int i = 1; i < gates; ++i) {
layer_array = layer[i].application_gate 7, layer_array;
}
unsigned int rest_wires_dim = (1<<qubits) / layer_array.dims();

SqMatrix big_id = Identity_matrix(rest_wires_dim);

layer_array = big_id 7 layer_array;

= RUN AND UPDATE STATE VECTOR =========== //
void Circuit::run(){

// don't run the same circuit twice
if (executed) return;

)/ =========== (CLEAR STATE VECTOR =========== //

unsigned int SV_size = 1 << qubits;

state_vector[0] = c(1.0, 0.0);

for(unsigned int i = 1; i < SV_size; ++i)
state_vector[i] = ¢(0.0, 0.0);

)/ =========== [AVER BY LAVER =========== //
int depth = layers.size();
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for(int i = 0; i < depth; ++i) {

// IDEA: Split full layers to half-half
// Maybe it is a good optimization for full layers
// Needs proof

std::vector<unsigned int> permutation(qubits);

make_permutation(permutation, qubits, layers[il);

SqMatrix layer_array(0); // init as emptys
£i11_gate(layer_array, layers[il);

apply_on_map(state_vector, permutation, qubits, layer_array);

}

executed = true;

// Takes A and list of qubits 4 is applied onto
// Returns: <A> = <Psi[4[|Psi>
c_type Circuit::exp_value (
const SgMatrix &Obs,
const std::vector<unsigned int> &qubs)

{
#ifdef __SAFE_LIBRARY__
// =========== (COMPATIBILITY CHECKS =========== //
unsigned int qub_len = 1 << qubs.size();
if (Obs.dims() !'= qub_len) {
std::cout << "Expectation Value Error: "
"Observable matrix size doesn't match qubits given\n";
exit(1);
}
// =========== QUBIT CHECKS =========== //
std: :vector<bool> qubit_used (MAX_QUBITS, false);
for(unsigned int i = 0; i < qubs.size(); ++i) {
// Check range
if (qubs[i] > qubits - 1) {
std::cout << "Expectation Value Error: "
"Qubit " << qubs[i] << " out of Range "
"(0," << qubits-1 << ")\n";
exit(1);
}
// Check duplicates
if (qubit_used[qubs[i]l] == true) {
std::cout << "Expectation Value Error: "
"Dulpicate Qubit Detected!\n";
exit(1);
}
qubit_used[qubs[i]] = true;
}
#endif
run();

// Like run(); only one layer containing Obs gate
std: :vector<Application> layer = {Application(Obs, empty, qubs)};

std::vector<unsigned int> permutation(qubits);
make_permutation(permutation, qubits, layer);

SqMatrix layer_array(0); // empty
full_fill_gate(layer_array, layer, qubits);

// Don't call apply_on_map since we don't need to unmap

// =========== MAP STATEVECTOR =========== //
std::vector<comp> mapped_state_vector = state_vector;
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// iterate state vector and map real qubits to fake qubits
unsigned int SV_size = 1 << qubits;
for(unsigned int pos = 0; pos < SV_size; ++pos) {

unsigned int mapped_pos = 0;

for(unsigned int fake = 0; fake < qubits; ++fake) {
unsigned int real = permutation[fake];
// replace fake qubit with the real one
unsigned int real_bit = (pos >> real) & 1;
mapped_pos |= (real_bit << fake);

}

mapped_state_vector [mapped_pos] = state_vector[pos];

}
c_type exp_val = expectation_value(layer_array, mapped_state_vector);

return exp_val;

// https://arziv.org/pdf/2009.02823.pdf
// returns Nabla <E> for an observable E
std: :vector<c_type> Circuit::exp_value_grad(
const SgMatrix &Obs,
const std::vector<unsigned int> &qubs)

{

#ifdef __SAFE_LIBRARY__
// =========== COMPATIBILITY CHECKS =========== //
unsigned int qub_len = 1 << qubs.size();
if (Obs.dims() !'= qub_len) {
std::cout << "Expectation Value Error:
"Observable matrix size doesn't match qubits given\n";
exit(1);

// =========== QUBIT CHECKS =========== //
std: :vector<bool> qubit_used (MAX_QUBITS, false);
for(unsigned int i = 0; i < qubs.size(); ++i) {
// Check range
if (qubs[i] > qubits - 1) {
std::cout << "Expectation Value Error:
"Qubit " << qubs[i] << " out of Range "
"(0," << qubits-1 << ")\n";
exit(1);

}
// Check duplicates
if (qubit_used[qubs[i]] == true) {
std::cout << "Expectation Value Error:
"Dulpicate Qubit Detected!\n";
exit(1);

}
qubit_used[qubs[i]] = true;

#endif

run() ;

// result vector --> Nabla <E>
std: :vector<c_type> grad (parametric_gates);
unsigned int param = parametric_gates - 1;

// Find <E>

// YOU MUST RUN THE CIRCUIT FIRST!
run() ;

std: :vector<comp> phi = state_vector;
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std::vector<comp> lambda = state_vector;

// 4 layer containing only 0Obs array
std: :vector<Application> layer = {Application(Obs, empty, qubs)};
std: :vector<unsigned int> perm(qubits);

// PERMUTE

make_permutation(perm, qubits, layer);

// MAKE GATE

SqMatrix filled_gate(0); // init as empty

fill_gate(filled_gate, layer);

// APPLY GATE ON GIVEN STATEVECTOR WITH GIVEN MAP
apply_on_map(lambda, perm, qubits, filled_gate);

ITERATE GATES IN REVERSE

// iterate backwards all gates
for(int app = applications-1; app >= 0; --app) {

// look up in hash --> find gate in circusit
std: :tuple coordinates = app_id[app];
Application gate =
layers[std: :get<0>(coordinates)] [std: :get<l>(coordinates)];

SqMatrix arr = dagger(gate.application_gate);
std: :vector<unsigned int> gate_qubs = gate.qubits;

// Prepare Layer and permutation
std: :vector<Application> layer = {Application(arr, empty, gate_qubs)};
std: :vector<unsigned int> permutation(qubits);

make_permutation(permutation, qubits, layer);
SqMatrix filled_gate(0); // init as empty
fill_gate(filled_gate, layer);

apply_on_map(phi, permutation, qubits, filled_gate);

arr = gate.application_gate_dif;

// PARAMETRIC GATE!
if (arr.dims() > 1)
{

std: :vector<comp> mi = phi;

layer = {Application(arr, empty, gate_qubs)};
make_permutation(permutation, qubits, layer);

filled_gate = SqMatrix(0); // init as empty
fill_gate(filled_gate, layer);
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apply_on_map(mi, permutation, qubits, filled_gate);

// Nabla <E>%
grad[param--] = 2.0 * inner_product(lambda, mi).real;

// UPDATE LAMBDA
if (param > 0) {

= [Lambda>

= Ui"dag [Lambda>

arr = dagger(gate.application_gate);

// Prepare Layer and permutation

layer = {Application(arr, empty, gate_qubs)};
make_permutation(permutation, qubits, layer);
filled_gate = SqMatrix(0); // init as empty

fill_gate(filled_gate, layer);
apply_on_map(lambda, permutation, qubits, filled_gate);

} // applications loop

return grad;

10.9 circuit library

#include "circuit.h"

void Circuit::I(unsigned int qubit){
Application a(matrix_I, empty, {qubitl});
app(a) ;

void Circuit::H(unsigned int qubit){
Application a(matrix_H, empty, {qubit});
app(a);

void Circuit::X(unsigned int qubit){
Application a(matrix_X, empty, {qubitl});
app(a) ;

void Circuit::Y(unsigned int qubit){
Application a(matrix_Y, empty, {qubitl});
app(a);

void Circuit::Z(unsigned int qubit){
Application a(matrix_Z, empty, {qubitl});
app(a);

void Circuit::S(unsigned int qubit){
Application a(matrix_S, empty, {qubit});
app(a) ;

void Circuit::T(unsigned int qubit){

Application a(matrix_T, empty, {qubitl});
app(a) ;
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void Circuit::CNOT(unsigned int control, unsigned int target){
Application a(matrix_CNOT, empty, {target, controll});
app(a) ;

}

void Circuit::CY(unsigned int control, unsigned int target){
Application a(matrix_CY, empty, {target, controll});
app(a);

}

void Circuit::CZ(unsigned int control, unsigned int target){
Application a(matrix_CZ, empty, {target, controll});
app(a);

}

void Circuit::SWAP(unsigned int qubitl, unsigned int qubit2){
Application a(matrix_SWAP, empty,{qubitl, qubit2});
app(a) ;

}

void Circuit::TOFFOLI(unsigned int controll, unsigned int control2, unsigned int target){
Application a(matrix_TOFFOLI, empty, {target, controll, control2});
app(a);

// include derivative for these

void Circuit::RX(unsigned int qubit, c_type angle){
Application a(matrix_RX(angle), matrix_RX_dif (angle), {qubit});
app(a);
parametric_gates++;

void Circuit::RY(unsigned int qubit, c_type angle){
Application a(matrix_RY(angle), matrix_RY_dif (angle), {qubitl});
app(a);
parametric_gates++;

void Circuit::RZ(unsigned int qubit, c_type angle){
Application a(matrix_RZ(angle), matrix_RZ_dif (angle), {qubit});
app(a);
parametric_gates++;

void Circuit::P (unsigned int qubit, c_type angle){
Application a(matrix_P(angle), matrix_P_dif (angle), {qubit});
app(a);
parametric_gates++;

void Circuit::CRX(unsigned int control, unsigned int target, c_type angle){
Application a(matrix_CRX(angle), matrix_CRX_dif(angle), {target, controll});
app(a);
parametric_gates++;

void Circuit::CRY(unsigned int control, unsigned int target, c_type angle){
Application a(matrix_CRY(angle), matrix_CRY_dif(angle), {target, controll});
app(a) ;
parametric_gates++;

void Circuit::CRZ(unsigned int control, unsigned int target, c_type angle){
Application a(matrix_CRZ(angle), matrix_CRZ_dif(angle), {target, controll});
app(a);
parametric_gates++;

void Circuit::CP(unsigned int control, unsigned int target, c_type angle){
Application a(matrix_CP(angle), matrix_CP_dif (angle), {target, controll});
app(a) ;
parametric_gates++;
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10.10 circuit _statistics

#include "circuit.h”

// Print StateVector in binary - integer
void Circuit::print_state_vector(bool integer = false) {

std::cout << "============ Printing State Vector ============ \n";

unsigned int dim = state_vector.size();
for(unsigned int base_state = 0; base_state < dim; ++base_state){

// Print base state in binary
if (integer == false) {
std: :string filled_base =
std::bitset< MAX_QUBITS >(base_state).to_string();
std: :string base_string(filled_base, MAX_QUBITS - qubits, qubits);

std::cout << "|" << base_string << ">\t" << "= ';
}
// Print base state as integer
else {
std::cout << "|" << base_state << ">\t" << "= ";
}

print_comp(state_vector[base_state]);
std::cout << "\n";

// Debug info --> Print layer
void Circuit::print_circuit() {
std: :cout << "============= Printing Circuit ============= \n";

for(unsigned int i = 0; i < layers.size(); ++i) {
std::cout << "===== Printing Layer: " << i << " =====\n";

for(unsigned int j = 0; j < layers[il.size(); ++j){
std::cout << "Gate:\n";
print_matrix(layers[i] [j].application_gate);

std::cout << "Applied on Qubit(s): ";

for(unsigned int k = 0; k < layers[i] [j].qubits.size(); ++k)
std::cout << layers[i][j].qubits[k] << " ";

std::cout << "\n";

// Print probabilities of base_states
void Circuit::print_probabilities(bool integer = false, bool cent = false) {
std::cout << "============ Printing probabilities ============ \n";

unsigned int dim = state_vector.size();
for(unsigned int base_state = 0; base_state < dim; ++base_state){

// Print base state in binary

if (integer == false) {
std::string filled_base =

82



10 CODE 10.11

optimizers

std: :bitset< MAX_QUBITS >(base_state).to_string();
std: :string base_string(filled_base, MAX_QUBITS - qubits, qubits);

std::cout << "P(|" << base_string << ">)\t" << "= ";
}
// Print base state as integer
else {
std::cout << "P(|" << base_state << ">)\t" << "= ";
}

comp z = state_vector[base_state];
// 1z]°2 = a”2 + b"2
c_type prob = z.real * z.real + z.imag * z.imag;
if (cent == false)
std: :cout << prob << "\n";
else
std::cout << prob*100 << "%\n";

// measure
void Circuit::measure(unsigned int shots){

std::cout << "============ Running Experiment ============ \n";
std::cout << "Shots: " << shots << "\n";

// Setup the random bits
std::random_device rd; // Random Device
std::mt19937_64 gen(rd()); // Mersenne Twister pseudo-random generator

// Set Distribution Weights

unsigned int SPACE_SIZE = 1 << qubits;

std: :vector<int> weights (SPACE_SIZE);

for(unsigned int i = 0; i < SPACE_SIZE; ++i) {
comp z = state_vector[i];
c_type prob = z.real * z.real + z.imag * z.imag;
weights[i] = floor(prob*1000000) ; // make integers

}

// Create the distribution with those weights
std::discrete_distribution<> d(weights.begin(), weights.end());

// Run experiment

std: :map<int, int> counts;

for(unsigned int shot = 0; shot < shots; ++shot) {
++counts[d(gen)];

}

// Print measurements
for(auto p : counts) {
// Make base_state in binary
std::string filled_base =
std: :bitset< MAX_QUBITS >(p.first).to_string();
std: :string base_string(filled_base, MAX_QUBITS - qubits, qubits);
// Print result
std::cout << "#(|" << base_string << ">)\t" << "= "
<< p.second << "\n";

10.11 optimizers

#ifndef __OPTIMIZERS__
#define __OPTIMIZERS__ 420

#include <math.h>
#include <random>
#include <time.h>
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#include "parameters.h"
#include "comp.h"

// DEFINE OPTIMNIZER PARAMETERS
#define EPOCHS 500

#define STEP_SIZE 0.01

#define VERBOSE true

// random weights in range (-2pi, 2pt)
std: :vector<c_type> random_weights (unsigned int weights_len) {

srand ((unsigned)time(0));
std: :vector<c_type> weights (weights_len, 0.0);

for(unsigned int i = 0; i < weights_len; ++i) {
int random_num = (rand()%100000); // in range (0, 999)
// map (0,999) to (-2pi, 2pi)
c_type resize = 2xpi/100000;// shrink to (0, 4pi)
c_type shift = pi; // offset --> 2 pi
weights[i] = (resize*random_num) - shift;

}

return weights;

// Adagrad Optimizer
// Take cost, weights --> returns optimized weights
std: :vector<c_type> ADAGRAD (
unsigned int qubits,
void make_circuit (Circuit &, std::vector<c_type> &),
SgMatrix Obs,
std: :vector<unsigned int> Obs_qubs,
std: :vector<c_type> init_weights,

unsigned int epochs = EPOCHS,
c_type step_size = STEP_SIZE,
c_type eps = 1e-08,

bool verbose = VERBOSE

~

// PARAMETERS

std: :vector<c_type> weights = init_weights;

unsigned int weights_len = weights.size();
std::vector<c_type> learning_rate (weights_len, step_size);
std: :vector<c_type> alpha (weights_len, 0.0);

if (verbose)

std::cout << "========== ADAGRAD =========\p"
"Epochs:\t" << epochs << "\t Learning Rate:\t" <<
step_size << "\n \n";

// iterations
for(unsigned int epoch = 1; epoch <= epochs; ++epoch) {

// Make Circuit

Circuit c(qubits);
make_circuit(c, weights);
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}

// Compute Grad for observable
std: :vector<c_type> grad = c.exp_value_grad(Obs, Obs_qubs);

// UPDATE
for(unsigned int grad_i = 0; grad_i < weights_len; ++grad_i) {
alphalgrad_i] += gradlgrad_i] * grad[grad_il;
learning_rate[grad_i] = step_size / sqrt(alphalgrad_i] + eps);
weights[grad_i] = weights[grad_i] - learning_rate[grad_i] * grad[grad_il;
}

// DEBUG PRINTING

if (verbose && epoch 7 10 == 0) {
std::cout << "Epoch:\t" << epoch << "\t<E>: ";
std::cout << c.exp_value(Obs, Obs_qubs) << "\n";

return weights;

// Adam Optimizer

// Take cost, weights --> returns optimized weights

std: :vector<c_type> ADAM(

unsigned int qubits,

void make_circuit (Circuit &, std::vector<c_type> &),
SgMatrix Obs,

std: :vector<unsigned int> Obs_qubs,

std: :vector<c_type> init_weights,

~

unsigned int epochs = EPOCHS,

c_type
c_type
c_type
c_type

step_size = STEP_SIZE,
betal_init = 0.9,
beta2_init = 0.99,

eps = 1e-08,

bool verbose = VERBOSE

// WEIGHTS

std: :vector<c_type> weights = init_weights;
unsigned int weights_len = weights.size();
// PARAMETERS

c_type
c_type
c_type
c_type

learning_rate = step_size;
alpha = 0.0, beta = 0.0;
betal = betal_init;

beta2 = beta2_init;

if (verbose)

std::cout << "=========== ADAM OPTIMIZER ==========\n"
"Epochs:\t" << epochs << "\t Learning Rate:\t" <<
learning_rate << "\n \n";

// tterations
for(unsigned int epoch = 1; epoch <= epochs+1l; ++epoch) {

// Make Circuit
Circuit c(qubits);
make_circuit(c, weights);

// Compute Grad for observable
std: :vector<c_type> grad = c.exp_value_grad(Obs, Obs_qubs);

85



10 CODE 10.11 optimizers

// UPDATE
for(unsigned int grad_i = 0; grad_i < weights_len; ++grad_i) {

alpha = betal * alpha + (1.0 - betal) * grad[grad_il;

beta = beta2 * beta + (1.0 - beta2) * grad[grad_i] * grad[grad_il;

learning_rate = step_size * sqrt(1.0 - pow(beta2, epoch))

/ (1.0 - pow(betal, epoch));

weights[grad_i]l = weights[grad_il - learning_rate * alpha / (sqrt(beta) + eps);

}

// DEBUG PRINTING

if (verbose && epoch 7 10 == 0) {
std::cout << "Epoch:\t" << epoch << "\t<E>: ";
std::cout << c.exp_value(Obs, Obs_qubs) << "\n";

}

return weights;

// Gradient Descent Optimizer
// Take cost, weights --> returns optimized weights
std: :vector<c_type> GD(
unsigned int qubits,
void make_circuit (Circuit &, std::vector<c_type> &),
SqMatrix Obs,
std: :vector<unsigned int> Obs_qubs,
std: :vector<c_type> init_weights,

unsigned int epochs = EPOCHS,
c_type learning rate = STEP_SIZE,
bool verbose = VERBOSE

)
{
if (verbose)
std::cout << "========== GRADIENT DESCENT =========\n"
"Epochs:\t" << epochs << "\t Learning Rate:\t" <<
learning_rate << "\n \n";

// Parameters
std: :vector<c_type> weights = init_weights;
unsigned int weights_len = weights.size();

// iterations
for(unsigned int epoch = 1; epoch <= epochs; ++epoch) {

// Make Circuit
Circuit c(qubits);
make_circuit(c, weights);

// Compute Grad for observable
std: :vector<c_type> grad = c.exp_value_grad(Obs, Obs_qubs);

// Update weights

for(unsigned int grad_i = 0; grad_i < weights_len; ++grad_i) {
weights[grad_i] = weights[grad_i] - learning_rate * gradl[grad_il;

}

// Print Results

if (verbose && epoch 7 10 == 0) {
std::cout << "Epoch:\t" << epoch << "\t<E>: ";
std: :cout << c.exp_value(Obs, Obs_qubs) << "\n";
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return weights;

#endif
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11 APPENDIX A - LINEAR ALGEBRA

11 Appendix A - Linear Algebra

11.1 Basic Definitions

A Matrix is defined as an orthogonal layout of objects (usually numbers). eg:

T =2
A= 0o 7
39 —7

The element in row ¢ and column j is written as ay;. eg: o =7

1.0
An array of n x 1 dimensions is called vector. eg v = | 0
e

The Matrix B made out of the matrix A with 8;; = «a;; is called Transpose of A and is
denoted as B = AT

The Matrix B made out of the matrix A with 3;; = aJ; is called Hermitian or self-adjoint

and is denoted as B = Af

Matrix addition and subtruction is done element-wise as the usual operations. If A is a matrix
with dimensions (m x n) and B a matrix with dimensions (n X p), we define the inner product

I'=A-B as:

n
Yij = E Oéikﬁkj
k=1

11.2 Vector Spaces
11.2.1 Metric - Basis

A measure for elements X of a set is the Euclidean Norm (or metric) which is defined (given an

inner product):

IXI = VXX
Distance function d between two elements is defined as the (positive real value):
dAX,Y)=||X-Y|
Linear Combination of vectors {«;} is called every produced vector of the form:
fron + -+ Brai
A collection k of vectors is called linearly independent if
Brai+ -4 Brar =0 < Vi:5; =0
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11 APPENDIX A - LINEAR ALGEBRA 11.3 Tensor Product

A collection of linearly independent vectors is called basis. A basis is called orthonormal iff
Vij, azT . aj = 5”

The set of linear combinations of a basis is called Vector Space. Usually, we choose as basis

the vectors which have a single 1 in their elements:

1 0 0 0

0 1 0 0
€1 = €= |: eni1=|: €n =

0 0 1 0

0 0 0 1

11.3 Tensor Product

Tensor Product (or Kronecker Product) is an operation between matrices which results in a much
bigger matrix. Specifically, for two matrices A, and Bjxg4, the result is a matrix A ® Bpyxqn-

This operation is defined as:

a11B e (llnB
A® B = :
am1B - amnB
or more explicitly:
a11b11 anbiz - allblq oo e arpbn aipbia - alnblq
aitbor  aiibyy - a11b2q coe oo Qipbar aipbay - alnbzq
allbpl allpr e allbpq oo alnbpl alnpr e alnbpq
A® B =
mibii  amibiz - amlblq coo o ampbil Gmnbiz - amnb1q
Amibar  amibae - amibag -0 o Gmpbor amnbae - Gmnbag
_amlbpl amlpr e amlbpq oo amnbpl amnpr e amnbpq_

And if we denote the integer division and modulo as // and %, then we have a closed formula

for the elements of the resulting matrix:

(A® B)ij = i/ p,j/ /abiskp.1%q
(given that indexing begins from zero)
11.3.1 Eigenvalue Equations
In linear algebra, eigenvector of a linear transformation (in our case a matrix multiplication) is a

non-zero vector which changes at most by a constant value, when the forementioned transformation
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11.3 Tensor Product

acts on it.

This constant is called eigenvalue and the eigenvalue equation is:

AT = \o

where A is the transformation, ¢’ the eigenvector and A the eigenavlue.

For Unitary matrices, like the ones we use in quantum computing:

Uly) = e i)
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12 Appendix B - Probabilities & Statistics

12.1 Random Experiment

Random Experiment is called a natural process in which we cannot predict the outcome; for
example the roll of a dice. The possible outcomes of an experiment may be discrete (eg roll of a

dice) or continuous (the moment when an earthquake happens)

12.2 Probability Definition

When the experiment is really random and not biased, then we expect it to be somewhat "fair".
For experiments with discrete spectrum, we define probability of an event as the ratio of favorable
outcomes over the total number of outcomes. For example, rolling a dice the probability of ending

up with an even number is 3/6=1/2

12.3 Probability Distribution

We call probability distribution the function that evaluates the probability of each outcome. Of

course, its values are non-negative and the sum on its domain must yield 1.
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13 Basic Quantum Gates

13.1 Signle Qubit Gates
13.1.1 Pauli Gates

The most common gates are Pauli Gates. These 3 gates
rotate the Qubit around the 3 axes X,Y,Z in Bloch’s

Sphere by 180 degrees.
13.1.2 Rotation Gates

Apart from Pauli Gates which do 180 degrees rotation,
there are the gates Rx,Ry,Rz which do controlled rota-
tion.

Also, a basic gate is the phase gate:

13.1.3 Miscellaneous Gates

Very often we use inverse gates to undo an operation.
These gates correspond to the transpose - conjugate ma-
trix of the initial gate.

Useful is the power of a gate. By definition: A gate
is risen to a power k, when it is repeated k times.

The most general gate that can be contructed is U =

e R.(B)Ry(7)R=(0)

13.2 Multiple-Qubit Gates

All single-Qubit Gates can be controlled by many Qubits.

92

)

) — Rx(0)
) — Ry(0)
) — R-(0)
[¥) — P6)







REFERENCES REFERENCES

References

1]
2]
Bl

4]

[5]

[6]

7]

18]

191

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

Frank Laloe Claude Cohen-Tannoudji Bernard Diu. Quantum Mechanics. Volumne 1. Wiley,
1991.

[. Chuang M. Nielsen. Quantum Computation and Quantum Information. 10th Anniversary
Edition. Cambridge University Press, 2010.

Charles H. Bennett and Stephen J. Wiesner. “Communication via one- and two-particle op-
erators on Einstein-Podolsky-Rosen states”. In: Phys. Rev. Lett. 69 (20 Nov. 1992), pp. 2881—
2884. pOI: [10.1103/PhysRevLett .69.2881l URL: https://link.aps.org/doi/10.1103/
PhysRevLett.69.2881.

D. Coppersmith. An approximate Fourier transform useful in quantum factoring. 2002. DOI:
10.48550/ARXIV.QUANT-PH/0201067. URL: https://arxiv.org/abs/quant-ph/0201067.

Lidia Ruiz-Perez and Juan Carlos Garcia-Escartin. “Quantum arithmetic with the quantum
Fourier transform”. In: Quantum Information Processing 16.6 (Apr. 2017). DOI: [10. 1007/
$11128-017-1603-1. URL: https://doi.org/10.1007%2Fs11128-017-1603-1

Peter W. Shor. “Polynomial-Time Algorithms for Prime Factorization and Discrete Log-
arithms on a Quantum Computer”. In: SIAM Journal on Computing 26.5 (Oct. 1997),
pp. 1484-1509. por: [10 . 1137 /s0097539795293172. URL: https : //doi . org/10.1137%
2Fs0097539795293172.

Lov K. Grover. A fast quantum mechanical algorithm for database search. 1996. DOI: |10 .
48550/ARXIV.QUANT-PH/9605043. URL: https://arxiv.org/abs/quant-ph/9605043.

Diederik P. Kingma and Jimmy Ba. Adam: A Method for Stochastic Optimization. 2014. DOI:
10.48550/ARXIV.1412.6980. URL: https://arxiv.org/abs/1412.6980.

Keiron O’Shea and Ryan Nash. An Introduction to Convolutional Neural Networks. 2015.
DOI: 10.48550/ARXIV.1511.08458. URL: https://arxiv.org/abs/1511.08458|

Tan J. Goodfellow et al. Generative Adversarial Networks. 2014. DOI: 10.48550/ARXIV. 1406.
2661. URL: https://arxiv.org/abs/1406.2661.

Qi Gao et al. “Applications of quantum computing for investigations of electronic transi-
tions in phenylsulfonyl-carbazole TADF emitters”. In: npj Computational Materials 7.1 (May
2021) DOI: 10.1038/s41524-021-00540-6. URL: https://doi.org/10.1038%2Fs41524-
021-00540-6.

Tameem Albash and Daniel A. Lidar. “Adiabatic quantum computation”. In: Reviews of
Modern Physics 90.1 (Jan. 2018). DOI: |10 . 1103 /revmodphys . 90 . 015002. URL: https :
//doi.org/10.1103%2Frevmodphys.90.015002.

Edward Farhi, Jeffrey Goldstone, and Sam Gutmann. A Quantum Approzimate Optimization
Algorithm. 2014. DOI: [10.48550/ARXIV.1411.4028. URL: https://arxiv.org/abs/1411.
4028.

Ritajit Majumdar et al. Optimizing Ansatz Design in QAOA for Max-cut. 2021. DOI: 10.
48550/ARXIV.2106.02812. URL: https://arxiv.org/abs/2106.02812.

Pierre Dupuy de la Grand’rive and Jean-Francois Hullo. Knapsack Problem variants of QAOA
for battery revenue optimisation. 2019. DOI: |10 . 48550 /ARXIV. 1908 . 02210 URL: https:
//arxiv.org/abs/1908.02210,

Vojtéch Havlicek et al. “Supervised learning with quantum-enhanced feature spaces”. In:
Nature 567.7747 (Mar. 2019), pp. 209-212. DOI: 10 . 1038 /41586 - 019 - 0980 - 2. URL:
https://doi.org/10.1038%2Fs41586-019-0980-2.

Maxwell Henderson et al. Quanvolutional Neural Networks: Powering Image Recognition with
Quantum Circuits. 2019. DOI: 10 .48550/ARXIV. 1904 .04767. URL: https://arxiv.org/
abs/1904.04767.

He-Liang Huang et al. “Experimental Quantum Generative Adversarial Networks for Image
Generation”. In: Physical Review Applied 16.2 (Aug. 2021). DOI: |10.1103/physrevapplied.
16.024051 URL: https://doi.org/10.1103%2Fphysrevapplied.16.024051,

94


https://doi.org/10.1103/PhysRevLett.69.2881
https://link.aps.org/doi/10.1103/PhysRevLett.69.2881
https://link.aps.org/doi/10.1103/PhysRevLett.69.2881
https://doi.org/10.48550/ARXIV.QUANT-PH/0201067
https://arxiv.org/abs/quant-ph/0201067
https://doi.org/10.1007/s11128-017-1603-1
https://doi.org/10.1007/s11128-017-1603-1
https://doi.org/10.1007%2Fs11128-017-1603-1
https://doi.org/10.1137/s0097539795293172
https://doi.org/10.1137%2Fs0097539795293172
https://doi.org/10.1137%2Fs0097539795293172
https://doi.org/10.48550/ARXIV.QUANT-PH/9605043
https://doi.org/10.48550/ARXIV.QUANT-PH/9605043
https://arxiv.org/abs/quant-ph/9605043
https://doi.org/10.48550/ARXIV.1412.6980
https://arxiv.org/abs/1412.6980
https://doi.org/10.48550/ARXIV.1511.08458
https://arxiv.org/abs/1511.08458
https://doi.org/10.48550/ARXIV.1406.2661
https://doi.org/10.48550/ARXIV.1406.2661
https://arxiv.org/abs/1406.2661
https://doi.org/10.1038/s41524-021-00540-6
https://doi.org/10.1038%2Fs41524-021-00540-6
https://doi.org/10.1038%2Fs41524-021-00540-6
https://doi.org/10.1103/revmodphys.90.015002
https://doi.org/10.1103%2Frevmodphys.90.015002
https://doi.org/10.1103%2Frevmodphys.90.015002
https://doi.org/10.48550/ARXIV.1411.4028
https://arxiv.org/abs/1411.4028
https://arxiv.org/abs/1411.4028
https://doi.org/10.48550/ARXIV.2106.02812
https://doi.org/10.48550/ARXIV.2106.02812
https://arxiv.org/abs/2106.02812
https://doi.org/10.48550/ARXIV.1908.02210
https://arxiv.org/abs/1908.02210
https://arxiv.org/abs/1908.02210
https://doi.org/10.1038/s41586-019-0980-2
https://doi.org/10.1038%2Fs41586-019-0980-2
https://doi.org/10.48550/ARXIV.1904.04767
https://arxiv.org/abs/1904.04767
https://arxiv.org/abs/1904.04767
https://doi.org/10.1103/physrevapplied.16.024051
https://doi.org/10.1103/physrevapplied.16.024051
https://doi.org/10.1103%2Fphysrevapplied.16.024051

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

Daniel Koch et al. Fundamentals In Quantum Algorithms: A Tutorial Series Using Qiskit
Continued. 2020. DOI: |10.48550/ARXIV.2008.10647. URL: https://arxiv.org/abs/2008.
10647.

Ville Bergholm et al. PennyLane: Automatic differentiation of hybrid quantum-classical com-
putations. 2018. DOI: [10.48550/ARXIV.1811.04968. URL: https://arxiv.org/abs/1811.
04968.

K. Mitarai et al. “Quantum circuit learning”. In: Physical Review A 98.3 (Sept. 2018). DOI:
10.1103/physreva.98.032309. URL: https://doi.org/10.1103%,2Fphysreva.98.032309.

Maria Schuld et al. “Evaluating analytic gradients on quantum hardware”. In: Physical Review
A 99.3 (Mar. 2019). DOI: |10.1103/physreva.99.032331. URL: https://doi.org/10.1103%
2Fphysreva.99.032331.

Tyson Jones and Julien Gacon. Efficient calculation of gradients in classical simulations of
variational quantum algorithms. 2020. DOI: |10 . 48550 / ARXIV . 2009 . 02823, URL: https:
//arxiv.org/abs/2009.02823.

THOMAS SCHULTE-HERBRUGGEN et al. “GRADIENT FLOWS FOR OPTIMIZATION
IN QUANTUM INFORMATION AND QUANTUM DYNAMICS: FOUNDATIONS AND
APPLICATIONS”. In: Reviews in Mathematical Physics 22.06 (July 2010), pp. 597-667. DOI:
10.1142/s0129055x10004053. URL: https://doi.org/10.1142%2Fs0129055x10004053.

Roeland Wiersema and Nathan Killoran. Optimizing quantum circuits with Riemannian gra-
dient flow. 2022. DOI: [10.48550/ARXIV.2202.06976. URL: https://arxiv.org/abs/2202.
06976.

James Stokes et al. “Quantum Natural Gradient”. In: Quantum 4 (May 2020), p. 269. DOIL:
10.22331/q-2020-05-25-269. URL: https://doi.org/10.22331%2Fq-2020-05-25-269

Mateusz Ostaszewski, Edward Grant, and Marcello Benedetti. “Structure optimization for
parameterized quantum circuits”. In: Quantum 5 (Jan. 2021), p. 391. DOI: 10.22331/q-
2021-01-28-391. URL: https://doi.org/10.22331%2Fq-2021-01-28-391.

William Huggins et al. “Towards quantum machine learning with tensor networks”. In: Quan-
tum Science and Technology 4.2 (Jan. 2019), p. 024001. DOI: 10.1088/2058-9565/aaea94.
URL: https://doi.org/10.1088%2F2058-9565%2Faaeca94.

Roman Orus. “A practical introduction to tensor networks: Matrix product states and pro-
jected entangled pair states”. In: Annals of Physics 349 (Oct. 2014), pp. 117-158. DOIL:
10.1016/j.a0op.2014.06.013. URL: https://doi.org/10.1016%2Fj.aop.2014.06.013

Guillaume Verdon et al. Quantum Graph Neural Networks. 2019. DOI: 10 . 48550/ ARXIV .
1909.12264. URL: https://arxiv.org/abs/1909.12264,


https://doi.org/10.48550/ARXIV.2008.10647
https://arxiv.org/abs/2008.10647
https://arxiv.org/abs/2008.10647
https://doi.org/10.48550/ARXIV.1811.04968
https://arxiv.org/abs/1811.04968
https://arxiv.org/abs/1811.04968
https://doi.org/10.1103/physreva.98.032309
https://doi.org/10.1103%2Fphysreva.98.032309
https://doi.org/10.1103/physreva.99.032331
https://doi.org/10.1103%2Fphysreva.99.032331
https://doi.org/10.1103%2Fphysreva.99.032331
https://doi.org/10.48550/ARXIV.2009.02823
https://arxiv.org/abs/2009.02823
https://arxiv.org/abs/2009.02823
https://doi.org/10.1142/s0129055x10004053
https://doi.org/10.1142%2Fs0129055x10004053
https://doi.org/10.48550/ARXIV.2202.06976
https://arxiv.org/abs/2202.06976
https://arxiv.org/abs/2202.06976
https://doi.org/10.22331/q-2020-05-25-269
https://doi.org/10.22331%2Fq-2020-05-25-269
https://doi.org/10.22331/q-2021-01-28-391
https://doi.org/10.22331/q-2021-01-28-391
https://doi.org/10.22331%2Fq-2021-01-28-391
https://doi.org/10.1088/2058-9565/aaea94
https://doi.org/10.1088%2F2058-9565%2Faaea94
https://doi.org/10.1016/j.aop.2014.06.013
https://doi.org/10.1016%2Fj.aop.2014.06.013
https://doi.org/10.48550/ARXIV.1909.12264
https://doi.org/10.48550/ARXIV.1909.12264
https://arxiv.org/abs/1909.12264

Index

activation function, 34 Convolutional Neural Network, 36
Adjoint Differentiation, 49 Generative Adversarial Network, 36
Algorithm Q-GAN, 39

Compression, 44 QNN, 39

Deutsch-Jozsa, 29 Neuron, 34

Grover, 28 Normalization, 19

Order Finding, 27

) Operator, 18
Permutation, 45

Optimizer, 31
Shor, 27

Adam, 32
Application on Permutation, 47

Gradient Descent, 31
Bell States, 24

Bloch’s Sphere, 19 Parameter Shift Rule, 49

Perceptron, 35
Computational Basis, 19 Phase KickBack, 26

Density Operator, 28 Probability Distribution Function, 16

Entanglement, 20 QAOA, 38

QSVM, 39
Fourier Transform, 25
Quantum Circuit, 22

Gate Quantum Fourier Addder, 25
CNOT, 23 Quantum Phase Estimation, 26
Hadamard, 23 Qubit, 19

Multi-CNOT, 24

. Schrédinger’s Equation, 16
Pauli, 22

SWAP, 23 Square Matrix, 42

Superd: Coding, 24
Gate Layer, 42 uperdense Coding

Superposition, 19
Inner Product, 17 SVM. 35

Max Planck, 15 Tensor Product, 20

Mersenne Twister, 48

Ultraviolet Catastrophe, 15
Neural Network, 34

BackPropagation, 37 Wavefunction, 16

96






	Κβαντική Φυσική
	Εισαγωγή
	Η φυσική στον 19ο αιώνα
	Η αναγκαιότητα της κβαντικής θεωρίας
	Καταστροφή του Υπεριώδους

	Αιτιοκρατία
	«O Θεός δεν παίζει ζάρια»
	Εξίσωση κίνησης - Εξίσωση Schrödinger
	Ερμηνεία κυματοσυνάρτησης

	Ο συμβολισμός του Dirac
	Επαλληλία καταστάσεων
	Συνθήκη Κανονικοποίησης
	Συμβολισμός Dirac

	Παρατηρούμενα Μεγέθη - Τελεστές - Μετρήσεις

	Κβαντικοί Υπολογιστές
	Εισαγωγή - Qubit
	Υπέρθεση - Σφαίρα Bloch
	Κανονικοποίηση
	Υπέρθεση
	Σφαίρα του Bloch

	Συμπλοκή - Καταστάσεις Bell
	Δύο Qubits - Τανυστικό Γινόμενο
	Συμπλοκή
	Πολλά Qubits

	Κυκλώματα - Πύλες
	Αρχές
	Πύλες ενός Qubit
	Πύλες πολλών Qubit

	Παραδείγματα - Απλά κυκλώματα
	Αντικατάσταση
	Καταστάσεις Bell
	Πολλαπλά Ελεγχόμενη Πύλη
	Superdense Coding
	Κβαντικός Μετασχηματισμός Fourier 
	Κβαντικός Αθροιστής Fourier
	Μεταφορά Φάσης (Phase KickBack)
	Κβαντική Εκτίμηση Φάσης - QPE
	Αλγόριθμος Εύρεσης Τάξης (Order Finding Algorithm)
	Αλγόριθμος του Shor
	Τελεστής Πυκνότητας
	Αλγόριθμος του Grover
	Αλγόριθμος Deutsch–Jozsa


	Βελτιστοποίηση
	Σκοπός
	Βελτιστοποιητές
	Εισαγωγή
	Gradient Descent
	Βελτιστοποιητής Gradient Descent με ορμή
	Βελτιστοποιητής Adam

	Στοχαστικότητα

	Νευρωνικά Δίκτυα
	Νευρώνας
	Νευρωνικό Δίκτυο
	Γραμμικός διαχωριστής - Perceptron
	Μηχανή Διανυσμάτων Υποστήριξης (ΜΔΥ - SVM)
	Μη-γραμμικά διαχωρίσιμα δεδομένα
	Συνελικτικό Νευρωνικό Δίκτυο
	Παραγωγικό Ανταγωνιστικό Δίκτυο
	Εκπαίδευση Νευρωνικών Δικτύων

	Βελτιστοποίηση Κβαντικών Κυκλωμάτων
	Αμιγώς Κβαντική Βελτιστοποίηση
	Αδιαβατικός Υπολογισμός
	QAOA

	Υβριδικοί Αλγόριθμοι Βελτιστοποίησης
	Κβαντικό SVM (QSVM)
	Κβαντικό Συνελικτικό Νευρωνικό Δίκτυο (QNN)
	Κβαντικό GAN


	Προσομοιωτής
	Σχεδιαστικές Αρχές
	Μαθηματικά εργαλεία
	Μιγαδικοί Αριθμοί
	Τετραγωνικοί πίνακες

	Πύλη - Επίπεδο πυλών
	Κύκλωμα
	Συμπύκνωση σε Επίπεδα
	Μεταθέσεις
	Εφαρμογή σε μετάθεση

	Μετρήσεις
	Διάνυσμα Κατάστασης
	Πιθανότητες
	Τυχαίο Πείραμα
	Παρατηρούμενα μεγέθη

	Διαφορικός Προγραμματισμός
	Βελτιστοποίηση του κυκλώματος
	Κανόνας Μετατόπισης Παραμέτρων (Parameter-Shift Rule)
	Συζυγής Παραγώγιση (Adjoint Differentiation) 
	Βελτιστοποιητές

	Σύνοψη κώδικα
	library
	parameters
	comp
	algebra
	gate_library
	application
	circuit
	circuit_core
	circuit_library
	circuit_statistics
	optimizers


	Μετρήσεις
	5 Qubits - Πύλες στροφής RY
	10 Qubits - Πύλες στροφής RY, RX και συμπλοκή
	5 Qubits - Βελτιστοποίηση Χαμιλτονιανής

	Συμπεράσματα
	Προεκτάσεις του έργου
	Βιβλιοθήκες
	Βελτιστοποίηση
	Κβαντική Χημεία
	Κβαντική Βελτιστοποίηση

	Απόδοση - Παραλληλία

	Κώδικας
	library
	parameters
	comp
	algebra
	gate_library
	application
	circuit
	circuit_core
	circuit_library
	circuit_statistics
	optimizers

	Παράρτημα Α - Γραμμική Άλγεβρα
	Βασικοί Ορισμοί
	Διανυσματικοί Χώροι
	Μετρική - Βάσεις

	Τανυστικό γινόμενο
	Εξισώσεις Ιδιοτιμών


	Παράρτημα Β - Πιθανότητες & Στατιστική
	Πείραμα τύχης
	Ορισμός Πιθανότητας
	Κατανομή Πιθανότητας

	Βασικές Κβαντικές Πύλες
	Πύλες του ενός Qubit
	Πύλες Pauli
	Πύλες στροφής
	Λοιπές Πύλες

	Πύλες των πολλών Qubits

	Quantum Physics
	Introduction
	Physics in the 19th century
	The necessity for a Quantum Theory
	Ultraviolet Catastrophe

	Causality
	"God does not play dice"
	Equation of Motion - Schrödinger Equation
	Wavefunction interpretation

	Dirac's Notation
	Superposition of States
	Normalization Principle
	Dirac's Notation

	Observables - Operators - Measurements

	Quantum Computing
	Introduction - Qubit
	Superposition - Bloch's Sphere
	Normalization
	Superposition
	Bloch's Sphere

	Entanglement - Bell States
	Two Qubits - Tensor Product

	Entanglement
	Multiple Qubits

	Circuit - Gates
	Principles
	One-Qubit Gates
	Many-Qubit Gates

	Examples - Simple Circuits
	Swap
	Bell States
	Multiple Controlled Gate
	Superdense Coding
	Quantum Fourier Transform
	Quantum Fourier Adder
	Phase KickBack
	Quantum Phase Estimation (QPE)
	Order Finding Algorithm
	Shor's Algorithm
	Density Operator
	Grover's Algorithm
	Deutsch-Jozsa Algorithm


	Optimization
	Goal
	Optimizers
	Introduction
	Gradient Descent
	Gradient Descent Optimizer with momentum
	Adam Optimizer

	Stochasticity

	Neural Networks
	Neuron
	Neural Network
	Linear Classifier - Perceptron
	Support Vector Machine (SVM)
	Non-linearly separable data
	Convolutional Neural Network
	Generative Adversarial Network
	Neural Network Training

	Quantum Circuit Optimization
	Purely Quantum Optimization
	Adiabatic Computing
	QAOA

	Hybrid Optimization Algorithms
	Quantum SVM (QSVM)
	Quantum Convolutional Neural Network (QNN)
	Quantum GAN


	Simulator
	Design Principles
	Mathematics tools
	Complex Numbers
	Square Matrices

	Gate - Gate Layer
	Circuit
	Layer Compression
	Permutations
	Application on Permutation

	Measurements
	StateVector
	Probabilities
	Random Experiment
	Obervables

	Differentiable Programming
	Circuit Optimization
	Parameter Shift Rule
	Adjoint Differentiation
	Optimizers

	Code Summary
	library
	parameters
	comp
	algebra
	gate_library
	application
	circuit
	circuit_core
	circuit_library
	circuit_statistics
	optimizers


	Measurements
	5 Qubits - RY rotation Gates
	10 Qubits - RY, RX Gates and Entanglement
	5 Qubits - Hamiltonian Optimization

	Conclusion
	Future Work
	Libraries
	Optimization
	Quantum Chemistry
	Quantum Optimization

	Performance - Parallelism

	Code
	library
	parameters
	comp
	algebra
	gate_library
	application
	circuit
	circuit_core
	circuit_library
	circuit_statistics
	optimizers

	Appendix A - Linear Algebra
	Basic Definitions
	Vector Spaces
	Metric - Basis

	Tensor Product
	Eigenvalue Equations


	Appendix B - Probabilities & Statistics
	Random Experiment
	Probability Definition
	Probability Distribution

	Basic Quantum Gates
	Signle Qubit Gates
	Pauli Gates
	Rotation Gates
	Miscellaneous Gates

	Multiple-Qubit Gates


