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Sn−1 ≥ M/2 Zn = 1 Xn = 1

E[Zn] =

M/2−2∑

s=0

Pr(Sn−1 = s, Yn = 1) +
∑

(x,y) 6=(0,0)

Pr(Sn−1 = M/2− 1, Xn = x, Yn = y)

+
M−1∑

s=M/2

Pr(Sn−1 = s,Xn = 1).

Xn Yn Sn−1

Pr(Sn−1 = s,Xn = x, Yn = y) = Pr(Sn−1 = s)Pr(Xn = x)Pr(Yn = y)

E[Zn] = Y

M/2−2∑

s=0

Pr(Sn−1 = s) + (X + Y −XY )Pr(Sn−1 = M/2− 1)

+X

M−1∑

s=M/2

Pr(Sn−1 = s)

= pn−1

(
Y eTL + (X + Y −XY )eTM/2 +XeTU

)
,

eL =
∑M/2−1

i=1 ei eU =
∑M

i=M/2+1 ei N

Z̃N =
1

N

(
Z1 + Z2 + · · ·+ ZN

)
,

E[Z̃N ] =
1

N

N∑

n=1

E[Zn] =
1

N
p0

(
N−1∑

n=0

Hn

)(
Y eTL + (X + Y −XY )eTM/2 +XeTU

)
.

N M

0 < X,Y < 1 X 6= Y

0 < A,B,C < 1 ρ 6= 1

ρ ,
A

C
=

X(1− Y )

Y (1−X)
.

ρ > 1 X > Y



sj

si H

N→∞

1

N

N−1∑

n=0

Hn = 1T v,

v ∈ R
M H vH = v

v1T = 1 1 = [1, 1, . . . , 1] ∈ R
M

v = λM [1, ρ, ρ2, . . . , ρM−1]

λM ,
1− ρ

1− ρM
.

p01
T = 1

N→∞
E[Z̃N ] = v

(
Y eTL + (X + Y −XY )eTM/2 +XeTU

)

= Y veTL + (X + Y −XY )veTM/2 +XveTU .

v eL eU

veTL = λM

(
1 + ρ+ · · ·+ ρM/2−2

)
=

1− ρM/2−1

1− ρM

veTM/2 = λMρM/2−1 =
ρM/2−1 − ρM/2

1− ρM

veTU = λM

(
ρM/2 + ρM/2+1 + · · ·+ ρM−1

)
=

ρM/2 − ρM

1− ρM
,

M→∞

(
N→∞ E[Z̃N ]

)
= Y ρ < 1

M→∞

(
N→∞ E[Z̃N ]

)
= X ρ > 1

M→∞

(

N→∞
E[Z̃N ]

)
=

{
X, X > Y

Y, Y > X
,



Tn M = 2m



<

<

{Xj
n}Nn=1, {W

j
n}Nn=1

[0, k] [−k, k]

{Xj
n}Nn=1 {W j

n}Nn=1 j = 1, . . . , k

{Zn}
N
n=1

{Xj
n}Nn=1 {W j

n}Nn=1



k {U j
n}Nn=1 Ũ

j
N = X̃

j
NW̃

j
N

pUj=Pr(U
j
n = 1) = pXjpW j

k {U j
n}Nn=1

{V j
n }Nn=1 Vn =

∑k
j=1 U

j
n Vn ∈ V

V = {0, 1, . . . , k} pV (v) = Pr(Vn = v)

ṼN =
1

N

N∑

n=1

Vn =
1

N

N∑

n=1

k∑

j=1

U j
n =

k∑

j=1

(
1

N

N∑

n=1

U j
n

)
=

k∑

j=1

Ũ
j
N =

k∑

j=1

X̃
j
NW̃

j
N .

Vn

N

Vn Vn

k Vn {0, . . . , k} {−k, . . . , k} Vn 7→ 2Vn−k

c Vn k,

c = ⌈ 2 k⌉ ⌈·⌉

c′ = c + 1

Vn

m

Tn

Q(·)

Q(Tn) =




1, (Tn) = 0

0, (Tn) = 1
.

0, 1

(Tn) = 1 Zn −1 0

T0 T = {0, 1, . . . ,M − 1}

M = 2m Tn

Tn =
{
0,

{
Tn−1 + Vn − Zn−1,M−1

}}
.

(·) (·) 0

M − 1



<

<

Zn = Q
( {

0,
{
Tn−1+Vn−Zn−1,M−1

}})
.

Z̃N [−1, 1] ṼN

[−1, 1] ṼN< − 1 ṼN>1 −1 1

Tn

n = 0, 1, . . . , N

1

N
(TN − T0) =

1

N

N∑

n=0

(Vn − Zn−1) .

N → ∞ ṼN ∈ [−1, 1]

Z̃N = ṼN ,

Z̃N =

k∑

j=1

X̃
j
NW̃

j
N .

Z̃N 7→ 2Z̃N − 1



Zn Tn Sn

S = {0, 1, . . . ,M − 1} T

{Vn}
N
n=1

Vn V = {0, 1, . . . , k}

Vn GVn , E(sVn) s ∈ R

GVn(s) =E
(
sVn

)
= E

(
sU

1
n+···+Uk

n

)
= E

(
sU

1
n . . . sU

k
n

)
= E

(
sU

1
n

)
. . .E

(
sU

k
n

)

=
k∏

j=1

G
U

j
n
(s) =

k∏

j=1

(
(1− pUj ) + pUjs

)
,

G
U

j
n
(s) = (1 − pUj ) + pUjs j U

j
n Pr(Vn = v)

Pr(Vn = v) =

(
1

v!

)
dv

dsv
(GVn(s))

∣∣∣∣
s=0

.

Sn−1 Vn Zn−1

V ∗
n

Sn = Sn−1 + Vn − Zn−1 = Sn−1 + V ∗
n .

Sn Vn ∈ {−k, . . . , k} Zn ∈ {±1}

Zn S Sa = {0, 1, . . . ,M/2− 1}

Sb = {M/2, . . . ,M − 1} S = Sa ∪ Sb Sa ∩ Sb = {}

Sn ∈ Sa ⇒ Zn = −1 Sn ∈ Sb ⇒ Zn = 1

(M × M) H , [Pr(Sn = σj |Sn−1 =

σi)] = [pσi,σj
] σi, σj ∈ S

H

k = 3 Vn ∈ {0, 1, 2, 3} Vn 7→ 2Vn − k

Vn ∈ {−3,−1, 1, 3} V ∗
n = Vn−Zn−1 V ∗

n ∈ {−4,−2,−, 2, 4}

Pr(Vn = v) Sn−1 Sn



Sn−1 ∈ Sa

Pr(Vn = 0) Sn = Sn−1 − 2

Pr(Vn = 1) Sn = Sn−1

Pr(Vn = 2) Sn = Sn−1 + 2

Pr(Vn = 3) Sn = Sn−1 + 4

Sn−1 ∈ Sb

Pr(Vn = 0) Sn = Sn−1 − 4

Pr(Vn = 1) Sn = Sn−1 − 2

Pr(Vn = 2) Sn = Sn−1

Pr(Vn = 3) Sn = Sn−1 + 2

pV (v) pvV M = 8 H

(0, 1, . . . , 7)

H =




p0V +p1V 0 p2V 0 p3V 0 0 0

p0V p1V 0 p2V 0 p3V 0 0

p0V 0 p1V 0 p2V 0 p3V 0

0 p0V 0 p1V 0 p2V 0 p3V

p0V 0 p1V 0 p2V 0 p3V 0

0 p0V 0 p1V 0 p2V 0 p3V

0 0 p0V 0 p1V 0 p2V p3V

0 0 0 p0V 0 p1V 0 p2V + p3V




.

S0 S

π0 = (1/M)1T ∈ [0, 1]M

1 M H

πn = π0H
n ∈ [0, 1]M .

Zn

E[Zn] =
∑

z∈{±1}

zPr(Zn = z) = (−1)πne
T
a + πne

T
b ,



ea =
∑M/2

i=1 ei ∈ R
M eb =

∑M
i=M/2+1 ei ∈ R

M ei =
[
0, ...0, 1, 0, .., 0

]
∈ R

M

i

E[Z̃N ] =
1

N

N∑

n=1

E[Zn] =
1

N

N∑

n=1

(
(−1)πne

T
a + πne

T
b

)
=

1

N
π0

(
N∑

n=1

Hn

)(
(−1)eTa + eTb

)
.

E[Z̃N ]

N = 1, 2, . . . , 1000 M = 32

p1U = 0.1, p2U = 0.2, p3U = 0.3

N = 100
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{Xj
n}, j = 1, . . . , k

Xj = Pr(X
j
n = 1) {Zn}

TR , {0, 1, 2, ...,W − 1} W

0 < 1 < 2 <, . . . , < W −1

Tn = Tn 1 + f(X1
n, . . . , X

k
n), Tn

Tn TR 0 W 1

Tn =
{ {

Tn−1 + f(X1
n, . . . , X

k
n),W−1

}
, 0

}
.



{X1
n}, {X

2
n}, {X

3
n}

f(X1
n, X

2
n, X

3
n) =

(
X1

n, X
2
n, X

3
n

)
−

(
X1

n, X
2
n, X

3
n

)

X
j
n = 1 − X

j
n Tn 1

1 X1
n = X2

n = X3
n = 1 1

X1
n = X2

n = X3
n = 0 Tn = Tn−1

1 0

Zn

Zn

Zn

Zn

D1

Da
1 , D

b
1

C1, C2, C3

{X1
n} {X2

n}



M Sn

S , {0, 1, 2, . . . ,M − 2,M − 1}.

Sn

Sn = F (Sn−1, X
j
n) Zn = G(Sn)

W M

M ≥ W

  

    

Aj

Zn

0 1

σi

σj σi, σj ∈ S (M ×M)

H , [Pr(Sn = σj |Sn−1 = σi)] σi σj

X1
n, X

2
n, . . . , X

k
n Aj , j = 1, . . . , l

Aj = Pr

(
fj(X

1
n, X

2
n, . . . , X

k
n)

)
.

Aj

Sn−1 n− 1

X1
n = X2

n = 1 Sn−1 > 0 Sn = Sn−1 + 1

X1
n = X2

n = 0 Sn−1 > 0 Sn = Sn−1 − 1

(X1
n, X

2
n) = 1 Sn−1 > 0 Sn = Sn−1

(X1
n, X

2
n)=1 Sn−1 = 0 Sn = Sn−1 + 2

(X1
n, X

2
n)=1 Sn−1 = M − 1 Sn = Sn−1



A1 = Pr( (X1
n, X

2
n) = 1)

A2 = Pr( (X1
n, X

2
n) = 1) A3 = Pr( (X1

n, X
2
n) = 1)

(0, 1, . . . ,M−1) H A4 = A1+A3

H =




A2 0 A4 . . . . . . 0

A2 A3 A1 0 . . . 0

0 A2 A3 A1 . . . 0

0 . . . 0 A2 A3 A1

0 . . . . . . 0 A2 A4




.

H
∑M

j=1Hi,j = 1 (i, j) i j

H Sn

pTn ,




Pr(Sn = 0)

Pr(Sn = 1)

Pr(Sn = 2)

Pr(Sn = M−1)




∈ [0, 1]M

n = 1, 2, . . . , N

pn = p0H
n ∈ [0, 1]M .

p0 S0

S

p0 = ei ∈ [0, 1]M ,

ei = [0, . . . , 1, . . . , 0] ∈ R
M i

σi

σj



Zn

0 1

S S1 S0 S = S1∪S0 S1∩S0 = {} Sn ∈ S1

⇒ Zn = 1 Sn ∈ S0 ⇒ Zn = 0

Zn

E[Zn] = Pr(Zn = 1) = Pr (Sn ∈ S1) = p0H
nqT ,

q ∈ R
M

q ,
∑

i∈S1

ei,

q

q 0 1 1 S

S1 = {0, 1} S0 = {2, . . . ,M − 1} q = [1, 1, 0, . . . , 0]

N

Z̃N =
1

N

(
Z1 + Z2 + · · ·+ ZN

)
,

E[Z̃N ] =
1

N

N∑

n=1

E[Zn] =
1

N
p0

(
N∑

n=1

Hn

)
qT .

E[Zn] E[Z̃N ]

{Zn} r ≥ 0

RZ(n+ r, n) ,E[Zn+rZn] = Pr(Zn+r = 1, Zn = 1) =
∑

j1,j2∈S1

Pr(Sn+r = j2, Sn = j1)

=
∑

j1,j2∈S1

Pr(Sn = j1)Pr(Sn+r = j2|Sn = j1) =
∑

j1,j2∈S1

(p0H
neTj1)(ej1H

reTj2)

=p0H
nQHrqT ,



q Q ∈ R
M×M

Q ,
∑

j1∈S1

eTj1ej1 = (q).

{Zn}

CZ(n+ r, n) , E
[
(Zn+r − E[Zn+r])(Zn − E[Zn])

]

= RZ(n+ r, n)− E[Zn+r]E[Zn]

= p0H
nQHrqT − p0H

n+rqT p0H
nqT .

Zn Sn {Xj
n} j = 1, 2, . . . , k

{Xj
n}

{Zn} {Xn}

RZX(n, n+r) , E[ZnXn+r]=Pr(Zn = 1, Xn+r = 1)

r

r = 0

RZX(n, n) =Pr(Zn = 1, Xn = 1) =
∑

σ∈S

Pr(Zn = 1, Xn = 1, Sn−1 = σ)

=
∑

σ∈S,
σ1∈S1

Pr(Sn = σ1, Xn = 1, Sn−1 = σ)

=
∑

σ∈S,
σ1∈S1

Pr(Sn = σ1 | Xn = 1, Sn−1 = σ)Pr(Xn = 1)Pr(Sn−1 = σ)

=p0H
n−1(H ◦ V )qTPr(Xn = 1),

H ◦V H V V ∈ {0, 1}M×M

vi, j = 1 i j Xn = 1

r ≥ 1 Zn Xn+r

RZX(n, n+ r) =Pr(Zn = 1)Pr(Xn+r = 1) = p0H
nqTPr(Xn+r = 1).



RZX(n, n+ r) =




p0H

n−1(H ◦ V )qTPr(Xn = 1), r = 0

p0H
nqTPr(Xn+r = 1), r > 0

{Zn} {Xn}

CZX(n, n+ r) = RZX(n, n+ r)− E[Zn]E[Xn+r],

X = Pr(Xn = 1)

CZX(n, n+ r) =




Xp0H

n−1(H ◦ V −H)qT , r = 0

0, r > 0

Z̃N

(Z̃N ) =E
[
(Z̃N − E[Z̃N ])2

]
=

1

N2

N∑

i,j=1

E
[
(Zi − E[Zi])(Zj − E[Zj ])

]

=
1

N2

N∑

i,j=1

CZ(i, j) =
1

N2




N∑

i=1

CZ(i, i) + 2

N∑

i>j

CZ(i, j)




=
1

N2

[
p0

N∑

i=1

H iQqT −

N∑

i=1

(
p0H

iqT
)2

+ 2

(
N−1∑

j=1

N∑

i=j+1

p0H
jQH(i−j)qT

−

N−1∑

j=1

N∑

i=j+1

(
p0H

iqT
) (

p0H
jqT

)
)]

,

σZ̃N
=

√
(Z̃N )

Z̃N Z̄

(Z̃N ) = E

[
(Z̃N − Z̄)2

]
= E

[
Z̃2
N − 2Z̃N Z̄ + Z̄2

]
= E

[
Z̃2
N

]
− 2E[Z̃N ]Z̄ + Z̄2

= (Z̃N ) + E[Z̃N ]2 − 2E[Z̃N ]Z̄ + Z̄2,



1

T0 ∈ TR

Tn 0, . . . ,W − 1

Tn W − 1 0

W − 1 0

W

Sn M − 1 0

n+1 Sn+1 = Sn

Sn+1 = Sn+1 Sn+1 = Sn− 1 M −1

Ma,Mb

Ma,Mb

  

    

Ma,Mb

Ma,Mb Ŝ , {0, 1, 2, ...,M − 1,Ma,Mb}

(0, 1, 2, ...,M − 1,Ma,Mb) Ĥ ∈ [0, 1](M+2)×(M+2)



Ĥ =




0 0 A4 . . . . . . 0 0 A2

A2 A3 A1 0 . . . 0 0 A4

0 A2 A3 A1 . . . 0 0 0

0 . . . 0 A2 A3 A1 0 0

0 . . . . . . 0 A2 A3 A1 0

0 . . . . . . 0 0 0 1 0

0 . . . . . . 0 0 0 0 1




.

Ŝn

p̂Tn ,




Pr(Ŝn = 0)

Pr(Ŝn = 1)

Pr(Ŝn = M − 1)

Pr(Ŝn = Ma)

Pr(Ŝn = Mb)




∈ [0, 1]M+2

p̂n = p̂0Ĥ
n,

p̂0 = ei ∈ [0, 1]M+2.

n

Ma Mb Pr(Ŝn = Ma) Pr(Ŝn = Mb)

[
Pr(Ŝn = Ma), Pr(Ŝn = Mb)

]
=p̂0Ĥ

n[eTM+1, e
T
M+2].

Ma Mb

Ĥ

Ĥ =

[
H̃ R

02,M I2

]
,



H̃ ∈ [0, 1]M×M R ∈ [0, 1]M×2 I2 ∈ [0, 1]2×2 02,M ∈ [0, 1]2×M H̃

F = (IM − H̃)−1 ∈ R
M×M .

S0 S

N∗ = p0F1,

1 ∈ R
M p0

N∗

M

Sn S0 = 0 S

Sn S0 = 0 S

M − 1

N∗ M

N M Xj = Pr(X
j
n = 1), j = 1, . . . , k

N∗ M = 2w ŵ

ŵ=
{
w ∈ N |

(X1,...,Xk)
N∗(X1, . . . , Xk, 2w)≥N

}
.



104

{Xn} {Zn}

Xn = 1 w Tn 1

Xn = 0 1

Tn TR , {0, 1, . . . ,W − 1} W

W = 2w w

0 W − 1

T0 = W/2 Tn

Tn =
{ {

Tn−1 +Xn −Xn,W−1
}
, 0

}
.

Zn Zn = Tn ≥

W/2. X

(·)

(W,X) ≈ (XW/2).

Sn S = {0, 1, . . . ,M−1}



A1 = Pr(Xn = 1)

A2 = Pr(Xn = 0) = 1− Pr(Xn = 1)

H ∈ R
M×M

H =




A2 A1 0 . . . . . . 0

A2 0 A1 0 . . . 0

0 A2 0 A1 . . . 0

0 . . . 0 A2 0 A1

0 . . . . . . 0 A2 A1




.

p0 = eM/2 ∈ R
M pn

  

    

    

S

S0 = {0, . . . ,M/2− 1} S1 = {M/2, . . . ,M − 1} q

q =

M∑

i=M/2+1

ei,

E[Zn] E[Z̃N ]

E[Z̃N ] M = 4

N = 64

RZ(n+ r, n) Q ∈ R
M×M

q RZ(n+r, n)

CZ(n+ r, n) CZ(n+ r, n) M = 4

N = 256 r = 0, 1 CZ(n + r, n) X = 0

0 1

(Z̃N ) M = 4
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E[Z̃N ]
M = 4 N = 64 104

N = 64

Z̄ = (XM/2)

M = 4 N = 64

Ma,Mb (0, 1, 2, ...,M−

1,Ma,Mb) Ĥ ∈ R
(M+2)×(M+2)

Ĥ =




0 A1 0 . . . . . . 0 0 A2

A2 0 A1 0 . . . 0 0 0

0 A2 0 A1 . . . 0 0 0

0 . . . 0 A2 0 A1 0 0

0 . . . . . . 0 A2 0 A1 0

0 . . . . . . 0 0 0 1 0

0 . . . . . . 0 0 0 0 1




.

p̂n

p̂0 = eM/2

X = 0.5 N = 64

M = 4, . . . , 32

Ĥ F

N∗

p0 = eM/2 ∈ R
M N∗
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