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Abstract

The work in this thesis primarily revolves around efficient algorithmic frame-
works for settings where information is not readily available. Specifically, we look
at limitations of provided information from three main angles: (1) Information
is difficult to quantify. In this line of work we focused on distortion in voting
(JAIR’22, AAAT’22), which is the notion that quantifies the impact of being able
to use only limited information on the social welfare of the outcome (i.e. in terms
of approximation). Here we study both the effects of various forms of limited
information on metric distortion and also the distortion of a very popular mecha-
nism, STV, in relation to the dimensionality of the underlying metric space. (2)
Information is private to strategic agents and needs to be revealed to the algo-
rithm through properly designed incentives. This area is commonly referred to
as mechanism design and my related work focuses on fighting strong impossibility
results by restricting our analysis in “natural” sub-classes of the general instance
space (WINE’21). In this setting we have studied the approximability of the fa-
cility location problem by truthful mechanisms, whose allocation is aligned with
the agent incentives. (3) Communication is expensive. Combining this restriction
along with the strategic environment described previously, we show that known
mechanisms have implementations with asymptotically optimal communication
complexity (SAGT’20, full version under minor revision TOCS’23). In most of
our works, our objective is to maximize the social welfare. Furthermore, some
work has been focused on a classical aspect of algorithmic game theory, that of
equilibrium computation, where we study the complexity of computing a Pure
Nash Equilibrium in linear weighted congestion games and also show an efficient
algorithm for computing approximate equilibria in a natural subclass of Max-Cut
games (ICALP’20).

Keywords

Algorithmic Game Theory, Algorithmic Social Choice, Mechanism Design, Al-
gorithm Design, Beyond Worst Case Analysis, Approximation Algorithms, Com-
putational Complexity, Communication Complexity, Equilibrium Computation,
Metric Distortion.
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Acgaunpetinn nepliindn

H moapotoa didaxtopixr) Stotelfn) uehetder amodotind alyoptduixd miolota yio Tepl-
Bdhhovta oo omola 1 TAnpogopta dev etvon dueca dtardéoiun. Tlo cuyxexpyuéva uehe-
el teploplopole oty Tpdofacn oty Thnpogopio and Teewe dapopeTtixéc ywvies: (1)
H mnpogopio eivan mpoowmxt| (xa duwtixr) o€ otpotnyixols toixtes xon ypetdleTo
vo amoxohugiel otov alyoprduo péoa amd xatdAAnia oyediaopéva xivnteo: Auth 7
TEPLOY Y| CUVATMG aVIPERETAL WG «AAYORLWIUIXOG OYeEdlaoUog unyavioumyy. H épeuva
oTo Thakotor TG BLTEBNC EMXEVTRMVETAUL TNV AVTWUETOTICT LOYUEWY AEVITIXWY A0~
TEAEOUATWY TeptopllovTag TNV oaVIAUCY O <QPUCLONOYIXAY UTOGUVORA GTLYULOTUTILY
TOU TEOPAAUATOS, Uiol TROXTIXY OO TNV TERLOYT TNG AVAAUCOTG TEQUY TNG YELROTERNC
nepintwong ot Yewpla ahyopliuwy. Xuyxexpyéva, avahlEToL 1) TEOGEYYIOWOTY-
oL TOU TROPBAALOTOS YWeOVETNONG EYXATAC TAOEWY omd @UAahRielc unyaviopole. (2)
H emxowvovio etvar axpBr: Mehet@vtag autdv Tov TEpLoptond o TERIBAANOVTA UE
OTEATNYIXOUS TOUXTES AMOBEXVIETOL OTL AAOL UNyAVIoUOL Yior XAACOXE TEOBAY T
UToPOLY Vo UAOTOINDOUY PE AoUUTTOTXG BEATIO TN TOAUTAOXOTTA ETiXOVLViag (o-
véeoa otov unyoviopd xon toug maixtes). (3) H minpogopla mou yenotuonoteiton
OmO TOV UNYOVIOUO Elvol TERLOPIOUEVT: 1 BlateB3Y) 0 TIElEL OTNY ToEUUOEPWAT GTO
TeoBANua TN dmyogopiag, mou elvan 1 évvola Tou TocoTXoTolEl TV ENITTWOY NG
TEOCPBACTC O MEQLOPLOUEVT TANPOPOEIN GTNV XOWVWVIXT WPEAELN TOU ATOTEAECUATOC
evoe ahyopiduou (oe bpoug mpocéyylone tne Bértiotng Abong). Edd yeletdvtan xau
Ol ETUNTOOELS OLAPOPOV UORPPOY TEPLOPLOUEVNE TANPOQORING GTNY UETEIXT TOEAUOp-
PwOT AhAGL o 1) TOEAULOEPWST VS TOM) Bladedouévou unyoviopol, tou STV, o
OYEOT UE TNV DO TACWOTNTA TOU OYETWOV PETEXOL yopou. Emmiéov, ota miaiota
e SwtelPric Biepeuvdton 1 xAaoix) TTUYY Tne ahyoplduixhic Vewplog mowyviwy mou
apoEd TNV TOAUTAOXOTNTA UTOAOYLOUOU Lty )V tooppomieyy. Meletdton to mpoPBAnua
oUTO 010 TAXOLO TV BELoPUUEVLV oLy VIWY CUUPOENONG UE YEOUUXES CUVIPTACELS
xaduo Tépnomng, xat TaEoLCLAlEToL EVag Amod0TXOC UAYOEWIUOC Yid TOV UTOAOYIOUO
TPOCEY YO TIXWY LOOPEOTILWY OE WLal EVOLapEpouca xhdon Twv Max-Cut noryviewy.

AéEeic KAedeld

Adyopriuury Oewplo owyviewy, Alyoprdui Kowwvix Emdoyy, Eyedioaouog
Mrnyaviopwy, Xyedioaouos Ahyoplduwy, Avdiuvon Iépav e Xepdteptng Hepintw-
one, Hpooeyyiotixol Alydprduol, Troroyiotxr) IloAumhoxotnra, Ioiumhoxdtnta
Emuxowwviag, Troloyiouog Iooppomicyv, Metpinr| Iopoudppwon.
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Euyagplotieg

H exmévnon tng Swteifric wou xatéctn duvaty yder oTNY CUVOPOUT TOAAGY av-
Yednwy yio Toug omoloug viwdw PBadeia svyvouooive.

Hpwtiotwg Yo fdeha va euyaplothow Tov emPBrénovia pou, Anunten Pwtdxm,
Yo TNV EUTLOTOCOVY), TNV XATAVONOT XU TNV OERLOTY) CUUTHRACTICT, TOU OAOL QUTAL T
xeovio. H duatei3) you, otnv exndvnon tng onolag mpnmTootdtnot, Yo oy adivatr
YWelg EXEVOV XaL TNV CUVOEOUT| TOU GE OAAL Tl ETUTEDA, OXAONUOIXO, EMGTNUOVIXO Xl
phx6. Tov euyaploT® TEaYUaTXd omd XAEOLdS.

IToAAéc euyapiotieg ogelhw emlong xan otoug xodnyntée, Ltdldn Zdyo xa Apt-
oteldn Ioyovptlh péoo and Toug omoloug YVOELoA Yl TEMTN QOEE TO £QYACTARLO
CoReLab 1o onolo aucidvopor mAéov we axadnuoixd onitt you. Emmiéov Yo foeha
VoL EUYAPLO THOW OA0L Tal HEAT) TNE ETTUPEROUS You emitponhic, Anunteto Pwtdnn, Apt-
oteldn Hoyouptln, Avidvio Yuufovr, Iedpyio Xptotodolhou, Twdvvn Kapayidvvy,
Evdryyeho Mopxdxm xou Eypovounh BapBapiyo yio tnv Bordela Toug oty ohoxhripw-
o1 TNG OLATEI3NC HOU Xow YLl TNV TWT TOU JOU EXAVOY UE TNV CUUHETOYT Toug. Oa
fueha enlong v mw xou éva Waktepo euyoplo T otov Iwdvvn Kopoyidvvn n Sidooxo-
Aot xou emtiBhedm tou omolou oTnV TEOTTUYLOXKY BITAWUATIXY EpYATia oL UE (UNTE UE
1600 eVolapépoy oty Alyoprduxr Oswpela Havyviov.

Baiéc evyapiotieg 9€hw vo ameudive xoL 6TOUG ETLOTALOVIXOUS 0L GUVERYATES,
Anuhten Pwtdxn, Indvvn Avayvewotion, Xtpatr Xxoukdxr, Nixo Mouldxn, Aviwo-
Bopdr Kavoripo, Oavdon Awvéa xan ‘Alxn KaafBdon yio tny utépoyec emoTNUOVIXES
oulnThoELC xou TNV xopuPLxn yiot TNV €peuva TG BlaTpBhC Hou cuvepyacia.

Emniéov, ¥éhw euyopiothon Ol Tar moudld UE To OTOLd CUUTOREVTHXAUE OTO
CoReLab yta tic avovioelg xou Ti¢ @Lhleg mou Yo xpatioouy yio TavTa, LTeaty Xxou-
Ao, TCé o Mardrouddnn, ‘Ahxn KahofBdon, Aydnn Piocdxn, Aouxd KdfBoupa, Exévn
Wapouddxnn, Ayyéha Xaxr, Aviovn Aviwvorovio, Oavdon Awvéa, Mikto Xtolpa,
Yropo Apaydlr, Katepivar Nucohddxr, Natario Kwtodvr, Pouran Behrouz, "Exkn
Avaotooiddr, Lotien Anfuo xow dha oL UTOhoLTa PEAT TTOU TERAOOUE YeOVo pall and
Ta onola amohoyoluan xodoe olyovpa a&iouv uia Yéomn otny mopandve AMoTta ovo-
pooTd. Euvyapioto enlong xou tor moudid mou douvkédape pall, Iwdvvn Avoryvewotion,
Epun Yovuahid, Adnvd Teployrou, Miydin Ecqptéen, Nwpyo Xiovd, Hiio Iarnavixo-
Adou xan Mdvo TTavtoufd mou tévto xvolooy To evilapépoy ou €va o Tapaméga.
Evyaplote xou tnv Adpa Loohou xou tov Iétpo Iotixa yioa 6An v cuvepyosio xou
v Bordeta Toue.

Téhoc, Yo Heha mdves o’ dha vor euyaplo Thow oAduya Ty otxoyévela pou. Toug
YOVElC pov, Zwnh xou Lwthen 1 oTheln xat aydnn Twv onolwy OAa qUTd To YeOVLAL
ebvon avelnwTn xou €yel xataoThoeL To TdvTta duvatd. Tov adeppd pou, Kwvotavtivo
ToU elvor TTavTo eXEl Yo EYEVa o O ToL DXL xou To duoxoha. H ouunopdotaon
Toug UTHEEE TO oY GE OAT) UOL TNV TOREla ol TO ToEABELY oL TOUS Qe TIlEL ToV Spbuo
pou. Tov Veto pou, I'dvvr, mou fATay VT TO AXABNUAIXO UOU TEOTUTO, TNV YLoytd
uov Mogta, tnv Mogyoapita, tnv IIévvu, tny Moagla, v Aiixn. Toug manmoldeg xou
YLyl TOU PE UEYTAWOAY ahAd OV TEOABoy var BOLY AUTAY TNV CTLIYUY and XovTd,
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Kovotavtivo, Iovoryidytn xow Mogta. Trv ‘Avvo-Aydmnr, mou avéytnxe OheC TIC Topo-
EEVIEC LOU QUTO TO DIACTNUA XAl UE EGTIOWYVE TEVTOL UTEOGTA UE TOON arydmy), SivovTog
pou v winon vo aywviloyor yia To xohlTeERo. Euyaplotd eniong toug gikoug pou
X0 UTEPTOADTYOUC GUUTOREUTES Wou, Anurten, Nixo, Boyyéhn, ANéEavipo xon Ay-
Bpooio, xadoe xow GAoLE TOUE xOVTVOUS vlp®TOUS Xal PIAOUC LoV, amd ToUg OToloUg
Nt emlong cLYYVOUN TOL BEV AVUPELOVTOL TEOCWTXE ToR'dTL To a&ilouv, Tou YTory
olmha wou oe AN auThv TNy Topela. Toug YIAoELY PG T GAOLS Yol TNV AYATTN TOU
Hou €detlay.

[Movaryidytne Hotothvéxog

Adrva, YentéuPelog 2023
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Chapter 1

Extended Abstract in Greek

1.1 Ewaywyn

H oyoprduixn Yewpla mouyviwy Algorithmic Game Theory omotekel éva 1oy upd
mhaiolo mou BploxeTtal 0TV TOUR TNG EMOTAUNG TOV UTOAOYLOTOY, TWV HoINUATIXDY
xan TN wixpoowovouiog. O x0plog Tng 0Toy0g lval Vo avTIHETWTIOEL TI¢ TEOXAY|OELS
TOU TEOXVUTTOUY ond OTEATNYIXES ahAnhemdpdoelc YeTall maiktdy (my. otdumv A
TEUXTOPWV) TOU ETOLOXOUY TO dxd ToUC cUUPEEOV 1) HeTaZ) aUTMOVY ot WG apyhg.
Q¢ avaduoueVo TEdlo HEAETNC, €xEl AAPBEL UEYANO EpELYNTIXG EVOLAPEROY XAl TEOBOAN
Tar TEAEUTAlYL YPOVIAL, UE TOAAG Lo LEA XIVNTEA ATO TEOBAAUATO TTOU GUVAVTMVTOL GTOV
Tparypotixd xoopo. Optopéva mopadelypato etvar To eEAC:

o Movtedomoinon moAUTAokwy aAAnAemdpdoewy: Ye TOMAG GEVAQLAL, OL ATOPATELS
Tou xdde aTOUoL Ot TEPUBEANOVTA TOANATAWY TUXTOV Evol AAANAEEARTNUEVELS,
ME TNV €vvola OTL 1) TROTIOUEVY evépyela xdde maixtn e€aptdton omd TNy e-
TAOYY TV EVERYEIWY TwV dAAwv. H ahyoprduins dewplo mouyviwy mopéyel
Tor pordnuaTied epyoleior Yoo T LOVIEAOTIOMGT Xl AVIAUGCT) TETOLWY OAATAE-
TUOPACEMY, UEAETWVTAS T1 CUUTEQLPORE TAULXTWOV UE CTRUTNYIXY) CUUTERLPORS
HECW TNG AVIAUCTC TNG TOAUTAOXOTNTOC X0 TNG TOLOTNTAUS OYETIXWY LOOPEOTL-
OV YENOWOTOLOVTIC XATIAANAES EVVOIEC OTWE 1) TN TNG avaEyldg X.AT...

o Xpnjon onuéoiwy mépwy : ‘Eva mtohd cuvndopévo npdBinua otny medln npo-
©OTTEL Amd TNV ovdy XN TOMAGY TaixTov vor avtaywvilovton o topous. Eva
TOND XoAG UEAETNUEVO OYETIXO TORABELY A Elvon To Talyval oupueopnons, dnia-
01 MepBdAAOVTO OTaL OTtola Ol X TES TEETEL VoL AMOPAGIGOUV TOLOUS TOEOUS
Yol YeNOYOTOLACOUY YLoL VoL ETITOYOUY TOUS GTOY0US TOUg, AopfdvovTag unddn
6Tl T0 x607T0¢ A TOPoL eLuPTATAUL ATO TO TOCOL TUUXTEC TOV YENCULOTOLVV.
‘Eva mporypotind Topddelypa epapuoyic autod Tou TUToU Twv Touyviwy efvor 1
povtehomoinom tng xuxhogopiog oe dNUOCLa 00Xd dixTuA.

o Yyebiaouds punyaioudy ovupatdy ue otpatnykd kivntpa (incentive- com-
patible): Ye ToAG oTpatYXd TEPBEANOVTY, 1) CUUTEPLPORE TWV TXTWY €-
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mneedleton and Wiwtxée (ntpoonnixéc) mAnpogopiec. Ot maixteg €youv tn du-
VOTOTNTOL VOL TTUEATOL\COLY TIG LOIWTIXEG TOUS TATPOPORIES TTOU AVAPELOUY TTRO-
XEWEVOL VO EMNEEGCOVY TOV UNYAVIOUO OV 0UTO TOUC TPOCPEREL Lol TO EMLUU-
unth €xPoor. Xe ToMAEC equpuoYEg, elvon emuunTo 1) axour xou omaEalTnTo
VoL UTGEYEL EYYUNOT OTL O YENOLWOTOLOUUEVOS UMY OVICUOS OEV EMITEETEL TETOLY
CUUTERLPORE, BNAaDY| OTL O UNYAVIOHOS OYEOLALETOL UE TETOLO TEOTO WMOTE Vol
avoryxdleL Toug TaUxTeS var Tapéyouy alnielc TAnpogoplec. Tétolol unyoviouol
ovoudlovton incentive-compatible (unyaviopol cupfotol ye otpatnyd xiv-
Tpa) o omoTEAOLY eniong éva Yeydho avTixeluevo tng ohyoplduxhc Yewplog
mouyviwy. Emmiéov, ot unyaviopol unopel va ypeldletal Vo UEYLO TOTOGOUY Gh-
Aol XELITHELOL, OTIOC T1) XOWVWVIXY| BonociVT ) To x€pboc, haufdvovtog unodn Tig
TREOTACELS Xl TOUG TEPLOPLOHOUS TOL TEPYBEARoVTOC Twv TtauxTodv. Oplouéveg
eQapuoYEC umopoLy va Beedoly oe dnuonpacies, cuoThuaTta Yngogopiag, yow-
E0VETNON BNUOCLOY EYXATACTACEWY, XATOVOUY TEQLOPLOPEVWY TOPWY UETAEY
TWV TUXTOV X.AT...

O n0plog 6ToY0¢ AUTAC TNE EPYACTUG EMXEVTRWVETAUL GTNV TTUYT) TOU GYEBLIUGUO-
O UNYOVIoUOY OTIC TEPLOYES TNG ahyoptduxnic Yewplag mouyvimy xal TS XoWmVixAc
emhoyhc Social Choice, 6mou ueketdue emiong TepUBEANOVTA TOANATALY TOUXTWY O-
TO U1 CTEUATNYLXY OXOTUA. LUYKEXQUIEVL, ETUXEVIPWVOUACTE OE AAYOoRLIUIXE TAAGLa
Y1t TEOBAAMATA TOAAATAWY TUXTOY o TEpYBdAlovTa OTou oL TAnpogopieg dev efvan
e0%0No TPOGBACIIES, amd 6VO OXOTLES:

o OumAnpogopleg eivan 101wTIKES 1 Xe auThV TNV TepinTwoT), yeetdleTon vo dnuLoupe-
yhooupe giraAnles unyoviopols yia TepBAAAOVTo UE CTREATNYIXOUE TalXTES.

e O mhnpogopleg etvon mepiopiopéres : O Taixteg dev umopolv 1 6ev elvon dLate-
Yewwévol va Topdoyouy TANEEC TANEOQORIES, 1) 1) AvTOANXYT) TANPOPORLKY Elval
domovnet).

O otéyoc g napoloog dteBhc elvan var oyedlacToOy ahydprduol 1 xavoveg xau
TEwTOX0Ma (unyaviopol) Tou eyyuwvton entduuntoic Adyous Tpocéyyiong ot ayéon
uE TIC BEATIOTEG ADOELS, OTOY Ol TTUXTEG €Y OUV TEQLOPLOUEVES 1| WL TIXES TATPOGOplES
xa TopdAAN L eviapplvouy eTIUUNTY CUUTERLPOEE, OTAY OL TOUXTES €Y OUV LOIWTIXES
Thnpogopleg xou elvon otpatnyol. EmmAéov, eVOLapepOUACTE Vol XATAVOHCOUUE TOUG
TEPLOPIOHOUS GTO OYEDUOUO TETOLWY CUCTNUATWY, ONAXDT XATOLOUG XATW PEAYUNTA
yioo Toe BéATIOTOL Buvartd anoteréopata, o xdde medlo. Xto medlou Tou oyESLIGUOV
UNYOVIOHOU YIal CTEATNYIXOUE TOUXTEG EMXEVIPWVOUACTE GTO TUEABELYUN TOU TEO-
BAAuotoc ywpodétnone eyxatactdoewy (Facility Location Problem) xau eiodyouye
v évvola TG avaAuong TEpa amd T YELROTERT TEPITTWOTN GTOV GYEDIAOUO Uy AV
ouov. oty nepintwon tne neploployévn TAneoopia, ot un 6 TEUTNYLXO TERYBAAAOY,
EMUXEVTIPWVOUAGTE GTNV TORALOEQwon aTo TedBAnua tne ¢neogoptac (Distortion in
Voting), piat oyetind mpdo@ata ElGayOUEVT EVVOLa TOL UETEE TNV ETidpaor Tne duva-
TOTNTOC TPOOPBAOTC HOVO GE PeEXT] TANREOQORLN GTT) BUVATOTNTS YOG VO TEOGEYYICOUUE
™ BérTioTn xowvovixn éxPacr. Emmiéov, cuvdudlovtag TiC EVVOLES TWV CTRATNYIXOY
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XUVATEOV X0 TWV TEPLOPLOPEVLY TANEOPOELAOY, UEAETOVUE TNV TOAUTAOXOTNTA ETUXOL-
voviag (communication complezity) oe Baoixd, yYVwoTtd, povo-napopetowxd (single
parameter) TepBAANOVTA, OTWS dNUOTPacieES Xxot To TROBANUL TS YweodEtnone wiuc
0ouNg, XL AVAUTTOCGOUUE UNYAVICUOUE TOU VUL ACUUTTOTIXG BEATIOTOL amd TASUEAS
emxovwviog. Télog, divouue Eugaon oty xAaoixr EVVold TOU UTOAOYLOUOU tGop-
POTILMV X0l UEAETOUUE TNV TOAUTAOXOTNTO TOU UTOAOYLOMOL Twv Auty®v Iooppomuny
(Nash Pure Nash Equilibria) i npoceyyiotxav Aprydv Iooppomidov Nash oe Befo-
puuéva tawyvia cupgdenone (Weigthed Congestion Games).

I YEBLACUOG UNYAVICUOY YIX CTEATNYIXE TELBAIAAOVTA UE LOLWTIXES
TAneopopisc:

O mpwTog TOT0C TEOBANUATHOY TOU TEOXELTAUL VO TUPOUCLIGOUUE AV XEL OTOV TO-
péa TN UEAETNG xan oyedloood @hoh\iwy 1 vgevTie-counatiBAe unyavionov. Tao
x0pLor TopaBElYUOToL TOU UEAETOUVTAL GE QUTOV TOV TOUE €Y0OLY TNV axolovdn Uop-
@f: avahauPdvouue To pdlo wag oy g mou tpooTadel va xataveluel didpopa ayardd
oToug X TES 1) ot éva TEpBdAAOY 6To omolo avixouv ol TaixTeg. Xe auTHY TNV TE-
elnTwoT), oL TaixTeg €YoV WLWTIXEC ATOTUNOELS €Tl TV THAVOV ATOTEAECUATMY ol
UTOPEL VoL GUUTERLPEROVTOL GTEATIYLXA TPOXEWEVOU VL ETNEEACOLY TOV UNYAVIOUS, OV
elvor SUVOTOV Var TEoXVPEL EVol XANDTERO ATOTENECUA Yo TOV EQUTO TOUG UE AUTOV TOV
Teomo. Mo Baoixy| 1BLoTNToL ToL VEAOUUE TEVTOL OL UNYAVIoNOL Hag Var €Youy €66 efval
n @uafdewa (truthfulness). Anhoadn, vo eyyudvtow 6TL xovévag maixtng dev unopel
VoL ETULTOYEL XOAUTEQO TEMXO OMOTEAECUO YOl TOV EQUTO TOU UE TO VO TUPATOLACEL TIG
TAneogopleg mou dniwvel otov unyavioud. To 800 Boaocixd Tapadelypato TOU PEAE-
TOUVTOL OE oUTO TO TAXLGLO Efval Tol TEOBANUATO YWEOVETNONE EYXATUC TACEWY XL OL
onuonpaoies.

To npbBinua tne ywpodétnons eykataotdoewy ([1T7]) peletd Ty avuotdduion
peTo€l TNG TEOGBACYOTNTOC TWV UTNEEGLMY Xol TNE ATOBOTIXOTNTOS TOUSG WS TEOS TO
%x00T0¢. 2NV €xBOCT TOU UEAETAUE, VENOUUE VO TOTOVETHOOUUE EVal CUYXEXPUIEVO
aptdud EYXATACTACEWY UE GTOYO TNV EAXYLOTOTOINTT) TOL XOWVWVIXO) XOGTOUS, ONAAOTH
TWV CUVOAXWY ATOCTUCERY TWV TOUXTWY TEOC TIC TANCLECTEQES EYXATACTICEL, OF
owTo0C. Xe auTY) TNV €x000T) TOU TEOBAAUATOC Ol EYXATACTICELS BEV €YOLY XOTTOC Yot
TO GVOLYHd ToUg 1| TN AELToupYiol TOUC UE TNV TEE0B0 TOU YEOVOU. Y€ QUTHY TN LOp(T),
awTo efvon €var TOAD xahd pehetnuévo tedBinua ([116} 136], 166), 186, 1111 167]...), Tou
omofou 1 vietepuvioTinyg éxdoomn Tou €yel ouotaoTixd yapoxtnetotel TAfewe ([112])
X0l 1) TUYALOTONUEVT] €xBooT Tou €yel entiong peAeTnUel eEXTEVHC.

Ta mpoPhuata onuompacicy arotehoLy eniong €vay TOAD UEYAAO TOuEd UEAETNG
e ahyoprduixrc Vemplac maryviwy. Tevixd, n 18€a eivor 6Tt 0 “TwANTAC (Unyaviopde)
Vel vo TouAAoEL €va 1) TOAAG ayardd o€ TUUXTEC TOU GUUUETEYOUY G OnoTpacio.
Yuvideg oL T TES £Y0UV IBWTIXES ACLOAOYHOELS TTOU VTITPOCWTEVOLY TGO VEAOLY
x&de avtixelpevo xou tpocTooly VoL UEYIG TOTOLGOLY TO OPEAGS TOUS TEOCTIOVTOG
VO UEYLOTOTIOLACOUY TN Blopopd UETAEY TNG alOAGYNOHC TOUG XU TNG TWHS TOU Te-
Axd mAne@vouv Yo tar oryodd mou amoxtoly.  TTdpyouv TOMAES OYETXEC UOPQES
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dnuonpacty, énue dnuompaciec e povd avtixelpevo ([220]), didpopec poppéc dn-
HOTIRUOLOV UE TOAAGL AVTIXELUEVD, OTIE ONUOTEACIEC TOANATAGDY AVTIXEWEVWY OTOU
TWAOUVTOL TOAUTAES OVTLYPUPES TOU (BLOL AVTIXEWEVOL, GUVOLUC TIXES ONUOTRACIES
6moL ol TalxTEC YEAOLY CLVBUUGUOUE AVTIXEWEVKY, EWBXOLl TOUES aloAdyNoNg 0T
sub-modular, sub-additive a&iohoyfoeic x.An. ‘Eyouv pyehetniel enione molhéc pop-
péc dnuompootey, OTwe oL dnuonpascies ue oppaylopéves tpoopopéc (Sealed Bid),
OTOU oL TAUXTEC LTOBAAAOUY TIC TATRELS OELOAOYNOELC TOUC GTOV UMY AVICUO GE G-
YIOUEVEC TTPOCYORES, N oL abfouceg dnuompacicg, 6Tou 1 T Tou ayadol aveBaivel
xat ot T teg anogacilouvy €dv Yo CUVEYICOUV VoL GUUUETEYOLY 1) OYL.

Ye auté 10 TAUICIO TOU GYEBLICUOU UNYAVIOUWY OF GTEATNYXE Tepi3dhhovTa,
HEAETAUE 0VO Bacixéc epmTNOEIC:

Epotnua 1. Mnropolue va elodyouue Evoleg omd tny avdAuoT mépo ond T yet-
EOTERT TEPIMTWOTN GTOV OYEDUCUO UNYUVIOUWY TEOXEWEVOL Vo SNULOVRYHOOUUE U
YOVIOHOUG UE XAUAES WOLOTNTES Yol ‘PEAMO TIXE OTNY TEAEN™ o THYUIOTUTIO TEOBANUAT®Y,
Yoo Ta omolor OEV UTopOLY VoL UTEEYOUV TETOLOL UNYOVIoUol OTr YEVIXY| TEQInTWoN
Mrnopolue enlong vo YenoWoTo|COVUE QUTHY TNV AVIAUGCT] YLoL VO XOUTUVOHGOUUE T1)
LT TS PLharUElC o aUTE Tal TROBAAUNTY;

[Mot quThAY TNV EPWTNOT EMXEVTPOVOUACTE 0TO TREOBANU YWEOVETNONG EYXATUC TACE-
v, Yo To onolo €youv deydel TOAD Woyupd dpta boov aopd TNV UTUEEN TETOUWY
emduunTeV unyoviouov. o mopdderypa, unopodue va €youde xaholg, dnAadr Ue
TEQPLOPLOHEVY] TIROGEYYLON %ol PLAUARUELS Unyoviopols, Hovo 6Tay TeooTodolue Vo
EXYWPHOOLUE €we dVo eyxatactdoec o wa yeouuh ([I12]). Me authv ™ oxédn,
dnuovpyRinxe 1 €vvola Tne avdiuong “mépa and TN YeEOTEEN TEpinTwon” avdhuon
OTOV OYEBLICUO UNYOVIOUODY.

H avdhvon “TIépa and tn Xewpdtepn Ilepintwon™ ewofydn yia mpdtn @opd wg
pordnuotind mAaiolo yior TRV avdhuoT TeofAnudtwy tou €youv Seilel va elvor uToho-
Yo TS 60OX0A O YELROTERT TEQIMTWOT), AAAGL PULVETAL VoL NV EVOL TOCO BUCKOANL
OTOL TEPLOCOTEPA PEAALOTIXG OTNY TEAEN Topadelyyota. AUt 1 Hop®1| avdAucong o-
etler évvoleg mou auypohwtilovy aUTAY TNV €vvola TV “TeayuaTx®yv” 1 “puéowv”
TEPLTTWOEWY, OTWS N ‘OpoldTNTe” (smoothness) # 1 “euctddela ye pxpés dlotapo-
xé<” (perturbation stability) xou Selyvouv 6Tt péoa o€ auTéC TIC EVVOLES 1) ET{ALOT,
Tou mpoPMuarog yiveton egueth ([43] BI]). Ta to mpdPhnua tne yweodétnone eyxa-
TACTACEWY, €W, ETAEYUNXE 1 €vvola TG EUCTAVEINS O BlaTapaYES”, AOYw TNG
otevic oyéone e ME To TEOBAnua e ocvotadonoinone (clustering) yw To ono-
fo auth N évvola avdhuong mépa amd TN yewedTeEn mepintwaor Exel emdellel UeYAAN
emuylo ([I3L B3 B35, B4, 202, 203]). Ouctactxd, éva npdfinua cuvotadonoinone
elvar evotadéc pe pxpéc Slotopayésc edv uxpés dtatapoyés oe autd ( oto YeTpnd
YGpo otov onolo avixet) dev ennpedlouv T BEATIO TN cUCTUBOTOINGT TOU TEOBAAU-
T0C. LNV TEpInTwor| pog, avti vo del€ouye 6Tl 1 meploptopévry evoTdiela EmLTEETEL
N Onuoupyio yeryopwy alyoplduwy, Véhouue va Selfouue OTL UmopolUE VoL dTuLoue-
YHOOUUE UNyovioloOg Ye emuunTég WOLOTNTES, OIS PLAUAIELX Xt XahY| 1| PEAYHEVT
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TEOGEYYLON OV OEV UTMOEOVY Vo UTEEYOUY OTN YEVLXY) TERITTWOT).

Epdtnua 2. Tlow eivor 10 BEATIOTO 1066 TANROPORPIOGY TOU amonTe(Ton TEOXEL-
HEVOU VO EQPUPUOCOUNE UNYAVIOHOUS VLol YVWO TY, Baowxd meofBAruota Ywels vo Yuot-
dloupe Tig emMYUUNTES WBLOTNTES TOU UMY AVIOUOU®

H anotelecpotin emxowvmvio anotekel ndvto évay omd Toug xUploug oTdYOUS TOU
OYEBLCHOL unyaviopy. Trdeyouv mohhol Adyol YU autd TO EVOLPEROY, OIS TO
YEYOVOS OTL 1) €€y wYT) BEBOUEVLVY ol TOARG xaTaveunUEVa uépn uropel va etvar TohD
%00 1036, 1) TO YEYOVOS OTL 1) amoxdAUPN TRoCWTIXAC TANEOpopiag ot peydro Bodud
umopel vor uny Yewpelton Yeuity|  aoQoinic, 1) axdun 1 avoryvmelon Tt 1) GUECT) dmo-
xdhun ohdxAneNng TS TAneogoplag GToV Unyavioud etvor avemdiuntn dedouévou Ot
emfBdher LPNAS YvwoTind xbotog and toug maixtes, x.n. ([47, 4, [190] 164) 215])...
Mehetdye auth Tnv €vvola yia 800 xUpleg xatnyoples tpofanudtwy: Anuonpacieg
X0l YOEOVETNOT EYHATAC TACEWY. LUYXEXQUEVOL ETIXEVTPWVOUACTE OTIC ONUOTPACIES
evoc avtxelwévou (single item) xou otic dnuonpoaciec TOMATAGOY povddwy (multi
unit) ye moixteg mou Vérouv o xoévag To TOAD pial UOVEDBA AVTIXEWWEVOU, Omd TNV
onTxn} Ywvio Tng Teoonddeiag ENYICTOTOMONG TNE EMXOVWVING PETAUED TWV TUXTWY
xa Tou pnyoviopoL. I to TedBAnua e Y weolETnong EYXaTac TAoEWY, UEAETOVUE TN
Yweo¥étnon ulag eyxatdoTtaong, To onolo unopel enione va Yewpeniel we povielono-
inon oymudtwy Pnpogoplag, xon EMXEVTIEWVOUACTE GTNY EVPECT] EVOC TROGEYYLO TLXOU
uéoou (approximate median), dnhad e BéATIoTNE Aong, Yéow derypoatorndioc.

Yyxedlaon adyopldumwy yia un otepatnyxd TepiBAIANOVIA UE
TEPLOPLOUEVT TATPOPOpia:

Y& TOMEC TEQIMTWOOEL, YEEWILETAL VoL CYEDIACOUUE XL VO UEAETHCOUUE WY AVIOUO-
U¢ OE UN-0TEATNYLXA TEPUBAANOVTA UE OTOYOUC BLUPORETIXOUE AT TNV AVUEXTIXOTNTA
otn otpatnyixh). Eva mpoegéyov nopdderypo mou mepléyel TETooU £lB0UC EPWTAOELS
elvon 1 YPngogopia and Tov ToUEd TNG Kowwrikig €mAoyns. e évo medBAnuo Y-
popoploc, ol maixteg YEAouv va exAé€ouv Evay emduuntéd unodrgplo 1 éva cLVoAo
urognelowv. Kdéde malxtng €yer wo mpotiunon yio toug unodnpioug xou H€houye vo
ONUOVEYNCOLUE UMy oviopoUg Tou Yol EMTEEPOLY TNV EXAOYT| TV X0ELYAiWY LTOYT-
plwy mou avonololy TNy Thelodnpioa 660 To SuvaToy xahlTepa. TTdpyouv TOAAEG
€VVOLEC OTO TNV XOWVWVIXT ETLAOYT] TOU UETEOVY TNV TOLOTNTA EVOC VIXNTY), OTWS 1) €V-
Vol ToU 0@ERUo Tixol vty (utilitarian winner), Tou UEYIGTOTOIEL TNV XOWVWVIXA
eunuepla (social welfare), f evoc vixnt Condorcet, o onolog xepdilel oe xde pepo-
vopévn oUyxplon pe ototovdnnote dhho vrodiglo x.r. ([222 223, 36l 124] [161])...

Axopa xu 6ty oL modxteg v elvon oTeoTnyXol xau etvar TEGYUUOL VoL Lolpas To-
OV TIC TANPOQPORIEC TOUE, 1) BNULOUEYIO UNYOVIOUMDY TOU EYYUMVTAL TETOLES LOLOTNTEC,
oty uTO elvon e@ixtd, e€axoroudel va ebvan pior Tedxhnorn. ‘Evo oyetixd npdopo-
TO EPELVITIXG EVOLUPEPOY EYEL ETXEVTPWUEL oTic utilitarian {mpogoplec, 6mou xdie
Impogdeog Exel Eva untoxeluevo apLiunTixd HYelog Yo xdde urtogplo, Tou avomogL-
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OTd TNV TROTIUNGCT TOU GE AUTOV, GTNY TEPITTWAT dTou BeV elvor BuVATY| 1 ATOXTNON
e TAfpouC TAnpogoplag and Toug Ynpopodeouc. 3TNV wlpla tepintwan AopBdveTton
Lo OTL N xan av yioe xde Ynpopoeo LTEEYOUY oxEU3T aELIULTIXG WPERN Yia
xdde unoriplo, Aoy Tou VPNAOD YVWGTIXOU XOGTOUC TNS OVALY VORLONG AUTOY TWV
0QEN®Y 1 AOYw TNg udmirc okiag TN WLw T TAnpogopiac, ol hnpogdeol unopody
VoL TTOEEYOUY UOVO Hlal XaTdTod ) TeoTiunong Twv utoPnelwy Tou eivol GUVETAC Ue TIG
OYETXEC TPOOWTIXES Toug anoTwroe. H évvola tne mopopdppwong petpd tny e-
Tdpao TNS YENONE TEPLOPLOUEVLY TANROPORLWY GTO TEOBATUO TNS Ynpopoplag GToV
Bodud mou to anotéleoya emTuyy&veL xovwvixr eunuepia ([194]).

‘Onweg xou mponyouuéves, oTIdOVUE GE BUO EUREI EPWTAUATI GE QUTHY TNV Xo-
tebduvon:

Epdtnua 3. Tlow eivan 1 enidpoon otny petpw napapdppuon (metric distor-
tion) oe mepBdrhovta Pngogopiog pe Evay vixnt 6tay 1 tpdoBacn oty TAnpogopia
TEPLOPLo Tel TEPAUTEPW;

H perpikn napapdppwon (metric distortion) avopépeton otnv nepintwon étou ot
OPEREIES TWV TAUXTWY EVAL EVOWUATWUEVES Ot €va UeTpxd Yweo ([18]) (dnhadi ebvou
oL ‘anooTtdoelc” Toug and Toug uToPriplous oe aUTdY Tov UETES YWEo). AuTo To
TEOBANUA €xel ueheTnUel exTEVAS xan €xel xordoploTEL EVal XdTw OPLO YL TNV TUEAUUOE-
pwon ([I49]) to omolo emtuyydveton and évay vietepuviouxd unyaviopd ([131]). H
epWTNOY| hog EmexTEVEL TEpAUTEPW TNV Evvola OTL 1) TAnpogopia uropel va elvon dOoxo-
Ao vo amoxTtniel xou pOTAUE EPWTACELS OTWS: TTOLAL EiVOL ToL OPLAL TIORUUORPWCTE OTAY
Ol TOUXTEC TOPEYOLY ATEREC XUTATIEELS YUOVO TWV XOPUPULWY LTOPYNPIWY TOLU TEOTL-
poLy, méoeg dladoyxés ouyxploelg amartoLvTon yia vo emtevy Vel oyedov Bértio
TUEUUOPPWOT) Kol TL UTOPOUKE VO XEVOUUE UE YEHoT Beryuatorewplog.

Epdtnuo 4. Tlow eivan 1 oyéon petodl e BETRIXAS TOpaUOpp®one xat Tng dio-
otaowotntog (dimensionality) tou unoxeiuevou petpxol yopou: Eniong, uropoiue
VOL Y PNOHLOTIOLCOUUE (PUOLXOUE XOVOVES UAINOTNE VLot VoL ONULOVEYIOOVUE Y AVLOUO-
O¢ pe younh mopopdpguon

Ye auTAV TNV TERITTWOT EMXEVIPWVOUAGTE GTNY AVIAUGCT] EVOS XURLoRYOU Uy avL-
ouol dnpogopiac: tou “STV”. O otdyoc poag elvor Vo QEIEOUHE TNV TOROUOPPWOT)
Tou STV ye Bdon 1 OLdoTAoT TOLU UTOXEUEVOU PETEIXOU YWEOU XL Vo UEAETHOOUUE
eniong unyaviogolg mou Thnoldlouy autd To xdTw Opto. Emmiéov, avarlouue tnv
AMOBOTIXOTNTA XATAVEUTUEVRY, ATOXEVTPIXOTOMNUEVKDY BUVOXGOY pddnong and Toug
T TEC X0 TN 0OYXAOT TOUC OE Evay UTOPAPLO UE YAUUNAT| TROUORPOOT).

Y TONOYIONOC LOORROTLWV:

‘Onwg avagépinxe mopamdve, wla and tig mo Bacixés Aettovpyleg tTng alyoprduixnc
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Yewploag mouyviwy etvon 1 UEAETN TS AAANAETBpaong UETA) GTRUTNYLIXWY TOUXTWV
pe eyootixd xivatpa. O Baowde xou mo YVOoTog 6pog mou oyetiletal Ye auTrhyv
v évvour eivan to Xnueio Ioopporiag kard NASH (Nash Equilibrium) ([184] [185]).
Mo xatdotac Tou oy vidloy, SNAadT 1 ETAOYT WaG OTEATNYIXAS Yio xdle TodxTn,
elvon onueio wooppotiag xotd Nash av xavévag naixtng dev unopel vo avgroet to xép-
00¢ ToU Tou OAAGLOVTUC UOVOUERWS TN oTpatnyixh Tou. Mia oTtpatnywr yio xdde
modxTn uropel va eivan elte opyAc (VieTeppviotixr), 6mou madler VIETEpUIVIo TIXG pint
and Tig dlodéoiues oTpaTnyXéS Tou, lte peixth (Tuyodog) dmou mailel P xoTovour)
TWV oTEATNYXWY Tou. Mia 1wopporio mou anotekeiton amd xodopéc oTEATNYIXES O-
voudleton Apynis wopporia Nash (PNE). Ye autd to nepBIANOY ETUXEVTROVOUAO TE
ot oy Vol CUUPOENONS, OTA OToloL Ol TAEXTEC TMEETEL VoL YENOULOTOLACOLY XOWVOUC
TOPOUC. LUYXEXQUIEVA, EYOUUE TETEPAUOUEVO GOVORA TTULXTWOV XAl TOPWY YL TOUS O-
moloug avtaywvilovton ot tatxteg. Ol oTpatnyixée TV TaxToy eivo UTOGUVOA TwV
TOPWYV, X xGUe TolxTNg YEAEL VO ENXYLO TOTIOLACEL TOV GUVOAXO XOGTOC TV TOPWY
oTnv emAeyuévr otpatny) Tou. Kdie népoc cucyetileton ye yio cuvdpeTnom xo-
YuoTtépnone mou xadopllel T0 x60TOC NG YEHONS AUTOL Tou TOHPOU WS CLVAETNOT
NG TUMPAPNOTNS TOU, ONAADY| TOL dELlU0) TV TOUXTMY TOU YENOWOTOOLY AUTOV TOV
TOPO T CTEATNYIXT| TOUG.

H »bpia gpdtnom oty omolo emXEVTp0VOPACcTE o8 auTAv TNV xatebuvon eivon 7
e&ng:

Epdtnua 5. Tlow eivar n tohumhoxdtnta edpeons Aurydv Ieoppomidryv Nash oe
BePopnuéva Talyvia GLUPOENOTNS;

To mabyvia ovugpoéenone ([20I]) avAxouy oe wa evpltepn xotnyopio Taryviwy mou
ovoudlovton maryvia dSvvapukol (Potential Games) ([I78]) to onola névta dradétouv
TouAdyloTov wla Auyr Ioopponior xatd Noor. ‘Etol, ol epeuvntéc €youv pehetrioet
EXTEVS TNV TOAUTAOXOTNTA EVPECTC TETOLWY LOOPROTILWY GE TOlY VIl CUUPOENONG, UE
TOM AmOTEAECUOTA YIo TOAATAEG TUPUAAXYES, OIS CUUUETEIX 1) AcOUUETEO TTo-
fyvia, 6mou 6oL oL TaxTES €YoLY 1 BEV EY0oUV Ta (Bl GUVOAX GTEUTNYIXWY AVTICTOLY A,
Ty vior GuPPOENOTE BIXTOOU, OTIOU Ol GTEATNYIXES AVTIGTOLYOVY GE BLUOPOUES OE EVal
UTOXE(PEVO BixTLO X dAAa. QoTO00, AiydTepn TPocoY Y| €xel dovel oTn UEAETN TwY
BeBapupuévaor monyviov duvauixol, omou xdde malxtng cLUBdAAEL 0T cLUPOENOT
Y Thpwv Tou yenotponotel pe dapopetind Bapoc ([95, 113 118 189, 63, 64, 153]).

To emyelpnua mou yenowonowlue yia va del€oupe 6Tt xdde malyvio duvoxo-
U Bodéter Auryelc Ioopponieg xatd Noor elvon éva emyelpnua Tomxre avalritnong,
ToU xoMo T AUTAY TNV XATNYOoRld TUYVIWY VoL OVAXEL OE Uidl XAAOT) TOAUTAOXOTNTOG
mou ovoudletan “Polynomial time Local Search” (tomxn avalhtnon tohuwvuuixod
Xpovov), 1 ev ouvtopia PLS. ‘Otav éva npdBAnuo avixel oTic To SUOX0NES Xatnyoplec
TEOPANUATOY Yéoa o€ auThY TNV T8EN, To ovopdlovue PLS-mArpes (PLS-complete)
xan Yewpeltar OTL elvor uTOAOYLOTIXA BUoxoho. BAémoupe €60 611 mopahhayég TOu
Ty Voo oy dtadéTouy yeryopoug alydoriuoug otny un Belopuupévn teplntwon,
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yivovton opéows duoxoheg 6tav elodyovton Belapnuévol maixteg. Emlong, ueletdyue
TNV TOAUTAOXOTNTO EVPECTS TROCEY YO TIXMY LOOPROTILMY YL TETOLEG TEPLTTMOELS.

1.2 XyedLaoUdg UNYAVICUOYV Yo CTEATTYL-
xd meplBdAlovTor: AvaAuor TEpAV TN
XELPOTERTC TERITTWONG KXo TOAUTTAOXOTY -
T ETUXOLVWVINC.

1.2.1 Xyediacpdg Phoarndwy Mnyoviopoy yio To
ITeoBAnua tng Xwpodetnong o LTy ULOTUTTA
Euvoctadr oe Alatopayec.

Ye autrv v epyaota egetdloupe to k-Facility Location games (mofyvia yweo-
Vémone k eyxatactdoewy), émou k > 2 eyxatactdoelc tonodetodvian otny eudeia
(Twv TeayHoTXY aptduny) BAoEL TwY TEOTACE®Y N GTEATNYIXOY TatxT®Y. Tétol
TpofAuaTa evilapEpouy didpopa cevdpla otny Kowwvixs Emihoyt, émou pio tomxn
oYY oyeddleL Vo XATAOKEVAOEL Evay aTordepd aptdud BNUOCLLY EYXATACTACEWY GE
wa weptoyhy (BA. vy mapdderyua, [I77]). H emdoyh tov tonodeowndy Baoiletor otic
TREOTWACELS TWV TOTUXWY XATOXWY, 1 Tarktdy. Kdde nalxtng avagpépel Tny 18avixn Tou
tonoVeata, xat 1 tomxy apyY| eapuolel évoy (VIETEpUVIOTIXG 1| Tuyaio) unxavioud,
o omolog aneoVilel TIC TPOTWNOELS TV TUXTOY O k ToToVesieg EYXATACTACEWY.

Kdde naixtne aioloyel to anotéheoua tou unyoviopol pe Bdor 1o x66Ttog olvde-
ong tou, dNhadR TV amdoTaon e Wavixic (Tpaypatixic) Tou tonovesiuc npog TNV
TAnoLEcTERY EYXATAoTAOY. O TUUXTEC ETUOLOKOLY VAL ENXYICTOTOW|COUY TO XOGTOG
o0VBeEoNC Toug Xou Umopel vor dnhwoouy Aavdoaouévee (Peudeic) Wavixée tonodeoieg
OTNY TEOCTIAUELN TOUC VoL ETNEEGCOUY TOV UNYUVIOUO. LUVETWS, O UNYAVIOUOC TEETEL
va lvo PIAaAiIng, dnhadt| TeEnet va eCacPalilel OTL xavévag TalxTNg Oev Umopel v -
Twpeindet and 1 Peudrn avagpopd tng Tonovesiag Tou, 1 oxoun xou opadikd giraAing
(group strategyproof ), Snhadh avleXTIXOC OE GUVERYUTIXES CUUTERLPORES UETUED TWY
O TRUTNYIXWY TAUXTOV.

O otdyoc e tomxic apyfc (k. Tou pnyaviopol) elvor Vo ENYLOTOTOLCEL TO
KOWwYIKG KO0TOS, OnAady) To dlpolouo TwV XOGTMV GUVOECTC TV ToUXTWYV. ExTog
amb TNV TOTOVETNOT TWV EYXATACTICEWY YE EVAV TEOTO Tou elvon cuPatdC PE TIC
OTPATNYIXES TWV ToUX TV, Tou opileton Ye TNV (opadixh) @uiahidewa, o unyoviouos
TEEMEL VoL 08N YEl OE €Val XOWVWVIXA EMVUUNTO amoTéleoua, To omoio xoopiletar and
TOV AOYO TPOGEYYIONG TOU UNYOVIGUOU WC TEOG TO BEATIOTO XOWVWVIXO XOOTOC.

Adyw Tou onuavTIXoD peLYNTXOY EVOLUPEROVTOS Yiot To Véuar, 1 FeueMmdng o
Théov Bactny| EpWTNCT OYETXA UE TNV TEOGEYYIGT] TOU BEATIOTOU XOWOVIXOU XOGTOUG
omd unyaviogolg mou etvor @uiokfdelc yia to k-Facility Location mpéBinuo otny
eudelo éyet xatavoniel apxetd xahd. T pla eyxatdotoon (k = 1), n tonodétnon e
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eyxotdotaons ot Véon tne Tou diduecou (median) naixtn elvar opodixd @hakiing
xou BehTioToTOLEL TOV X0vWwViX6 x60T0¢. T 8V eyxatactdoeic (k = 2), o xahitepog
OLVATOC AGYOC TPOGEY YOG €Ol 12— 2 X0 ETLTLUY YAVETOL AT EVALY QUOIXO UNYAVIOUO
7oL elval opadId PLAOARU NG %ot TOTOVETEL TIC EYHATACTAGELS OTNY APLOTEQOTEQRT XOL T
delibtepn Véon [112, 192]. Qotdoo, v tpeic 1 nepioodtepes eyxataotdoec (k > 3),
OEV UTIARYEL XUVEVOC VIETEQUIVIGTIXOC, AVOVUUOQ [ unyaviouog, Tou va etvar grhaiing
He @poryuévo Aoyo mpocéyylone (6oov agopd to n xou to k) [112]. Qotdoo, undpyet
évac miovouxde (randomized) ovedVUULOS unyaviopds mou elvat opodixd @uokiing
ue Aéyo npooéyylone n [I16] (BA. enione to Kegpdhowo (3 yio pior emhextix| Aota pe
TpbodeTeg avapopes).

Evoctddesia os Awatapayéc oe k-Facility Location Games. H epyoaocia
Hoc oToyeveEL 6To v TopaxdeL To oyued apynTixd arotéleopa tou [I12] xou elvou
EUTVEUGUEVT) OO TNV TEOCHUTY ETUTUYIA GTOV GYESLIGUO OAYORIIUWY TOALOYUUIXOD
YpOvou Yla oTyptétuna custadonoinone tou eivar y-gvotad (BA. [13] B3] B35 [34]
202), 203]). "Eva otrypdtuno evéc mpoiuatog cuctadonoinong, 6nwe to k-Facility
Location (avtiotowa k-median T otn Bihoypapio tov ahydprduwy Behtiotono-
nong xou twv ohyoplduwy mpocéyyiong), elvar y-evotadés oe datapayés (| amhd
y-€votadés), vy xdmowo v > 1, av n Bértiotn ocuotadonoinon dev emnpedleton omd
NV Uelwon TS xAXC XETOL0U UTOGUYOAOU TWV EYYEAUPMY TOU THVOXA ATOC TUCEWY
xotd évay mapdryovta To TohD ¥ (Sn), TNy SLodpecT) OTOLOVOHTOTE OO THCEWY OVAUETH
oe tonodeoiec TuxTOY xatéd To TOA) évay tapdyovta gamma) [43, 131].

H évvola tng evotdietag oe dratapayéc eworfydn apywd and toug Bilu xou Linial
[43] xou touc Awasthi, Blum xou Sheffet [31] xou €yer eviappiver yeydho dyxo em-
npbodetne épeuvag (Seite, yio mopdderypor, (13, B3] B4, 203] xou g avagpopés toug)
HE OXOTO TNV aAmOXTNOT VEWENTIXAC XATAVONONG TN OVOTEENS AMOBOCTE GTNY TEAEN
OEXETA AMAWY ahY0pilU®Y GUGTABOTOMNOTE YIa Y VWO T BUGKOAN TEOBAAUAUTA CUC TO-
dornoinone otnv xhdon NP-hard (6nwe n tonodétnon k eyxotao tdoemy oe YEVIX0US
peteeolg ywpous). Ev yével, ol BéAtioteg cuoTddeS evog Y-euaTtadolc G TLyUloTOToU
elvol XATWS HOASL Bl WEICUEVES HETOEY TOUC XL, GUVETWS, OYETXE EOXONO VoL oVo-
Yvoplotoly (Beite eniong tic xVpleg WOTNTES TV euoTaddY GE BLoTopay €S O TLYULO-
TUTWY GTO unoxsgoéc)\oao. Q¢ anoTéAeoua, PUOIXES ETEXTATELS ATAWY AAYORIUUMY,
6mwe o olyoprduog single linkage (avtiotorya ahyderipoc tov Kruskal), uropolv va
Beolv 1N BEATIOTN CLUCTABOTOMOY) OE TOALWYUUIXO YEOVO, UTO TNV TpolUnddeor 6T
v > 2 [13], xon Tumixéc ohyoplduxéc TpooeYYIoElS, OIS 0 BUVAULXGS TROYPOYLUOTL
ouée (avtioTowya, 1 tomxh avalAtnon), Aettoupyoly oe oyeddY YpouuUxd Ypbvo Yia
v > 2+ /3 (avtictowya, v > 5) [3].

Ye authv TNV gpyacta, EpEUVOUUE XaTd TOGOV O TEQLOPLOUOS TNG AvdAuong OE
eVo T OTIYUOTUTIA ETTEETEL BEATIOUEVOUS UNyaviololg Tou efvan @ulokfielc, ue
pparyuévous (o Wovixd otadepolc) Adyoug Teocéyylong yio Ty tonodétnon k e-
YXOUTACTACEWY otV eudeia, pe k > 2. NnUeldVouue OTL To dpVNTIXd OmOTEAECUOTA
tou [112] eZaptddvton xadpla omd 10 yeyovoée 6t 1 cuotadonoinon (xou 1 avtictoyn

VEvae unyoviopée ebvon avédrupog edv 1o amotéheoud tou eZoptdto wévo and Tic Véoelc
TWYV TUXTARY, Ywelc vou AauBdvel unddm Tov TV TaVTOTNTE TOUC.
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TONOVETNON TV EYXUTAOTACEWY) TOL TAUPEYETOL AN OTOLOVONTOTE VIETEPUIVIO TIXO
UNYOVIOUO UE PEAYUEVO AOYO TPOGEY YOGS TEETEL Vo elvon evakoUnTn oTic Aaviaouéveg
avopopéc tonodesiag and ouyxexpipévous talxtes (Sette enlone to unoxepdhono [3.6).
Enopévwg, elvon moA) @uoixd vo eEETACOUYE oV O TEPLOPIOUOE O y-euoTondy| oTiy-
MLOTUTIOL ETUTEETEL TNV ONULOLEY0 VIETEQUIVIO TIXWY 1] TLHAVOTIXDY UNYAVIOUWY UE UN
TETPLIUEVOUS AOYOUC TROGEYYLONG Yl TO TEOPBANUY Tng TotovETnong k eyxatac tdoe-
ov k oty evdeia (k-Facility Location Game).

Mo xevtpun, evolagpépouca TapathenoT), eival OTL yior VoL ETUEXWS PEYSAO 7, To
v-evotadt) otrywétuna Tou k-Facility Location dwndétouy emnAéov dour| mou Yo uro-
poloe xavelc va exuetodeuiel yio Tov oyedlaoud GLAAANIWY UNyavioumy e Xaholg
A6youg Tpocéyyiong (BAéne eniong To unoxepdhauno[3.3). T mapdderyua, 1 Tonodeoto
xdde ol lvon TOVAAYLOTOY ¥ — 1 (QOPEC TO XOVTE GTNY TANCLEGTERT] EYXATIC TUON)
o’ 6,TL o€ oToLWONTOTE AN TonoVesia TaiXTn TOU AVAXEL GE BLAPORETIXT| CUC TAON
(ITpbtaom . Emmiéov, v v > 2 + /3, 1 anbéotaon uetold 800 diodoyxdv
cuUoTEdwY efvan peyahltepn and tn diduetpd Toug (Afupa [3.3.4).

Emypoppatind, oe autéd to mhaicto detyvouue 6Tl 1 BEATIO TN ADoT) lvon @uhohriing
oe (24 V/3)-euoTtadn oTiypéTUTY, 6Ty 1) BEATIO TN Ao GTO TRAYUATIXG GTLYUOTUTO
0ev MEQLAAUPBAVEL CUCTAGES TTOL AMOTEAOVVTAL HOVO amtd €vay kX TN, xaL OTL 1) TOTO-
Yé€tnon Tng eyxatdoTaong oTov aixtn Simho and Tov 8e€LOTERO Ot xdE CUGTABY TNG
Béhtiotne ovoTadonoinong (1 oTov Yovadixd maixTy, Yo CUCTABES TOL amoTENOVVTL
and évay moixtn) ebvar @uokfine xou (n — 2)/2-tpooeyyiotx yia H-evotadr oTiy-
wotuma (oxoun xu av 1) Bértiotn Aon tepthopBavel cuoTAdES PE LOVO Evary TodxTh).
And v opvnuinh mhevpd, delyvouue OTL yia xde k > 3 xou xde & > 0, Sev undipyel
VTETEQUIVIO TIXOS OVOVUULOG UNYOVICUOG TTOU VoL ETUTUY Y AVEL (QRAYUEVO AOYO TPOGEYYL-
one xou va efvar e oRdNe o€ (v/2 — §)-euctadh otiypdtuTe. Anodevioupe erione
OTL 1) TOTOVETNOT TNE EYXATACTAOTG OF €vay Tuyaio malxtn oe xdde plo cucTdda TNG
BérTiotne cuotadomoinone elvon Ghalfing xou 2-tpoceyyloTxr) o S-cuctadr. EE
60wV yvwpellouye, auth elvon 1 TEOTN Qopd Tou amodetxvieTon 1) UTaEET VIETEQUVL-
otV (avtiotoryo mdavoTidy) @YY Unyoviou®y pe teptoptouévo (avtiototya
otadepd) hGYO TPOGEYYIONS Yo Lot UEYEAT Xt QUOLXY) XAEOT GTLYULOTUTWY TOU K-
Facility Location npofAfuatoc.

1.2.2  Aecvypatoindia xouw Bértiotn E€aywyn Ilpo-
Tiunoswy oe Anholg Mnyaviopoig.

H anoteleoyatxy| e€aywyr) nponiprjoewy (preference elicitation) éyel anotelécel
Eval XevTeixd VEua xou Uit UEYSAN TedxAnoT and to Cextvnuo Tng EpELVOC GTOV O)e-
O1oU6 UNYaVIoUwY, UE TOMNES EPUPUOYES O TepB3dAlovTa e TOAAUTAOUE TakxTES
xa o0y yYeova cucTHUNTA TEYYNTAS vonuoouvne. pdypatt, 1 anaitnon and xdie mo-
(TN Vo ETXOWVWVACEL OAEC TIC TEOTWNOELS TOU Vewpeltol EVEEMS U TEAXTIXY|, X
EVOG ONUOVTIXOC OYXOC EpYATLaC EYEL EEEPEUVAOEL EVOAUXTIXES TPOCEYYIOELC Yol TNV
TEPLXOTY TNG TOCOTNTAC TWV €€aydlevwy TANPOPOPIY, EPWTMVTAUS UXOAOUTIAXY ULdL
OELPd PUOIXWY EQWTNUATWY VLol VoL ATOXTACEL U6VO Tot oyeTxd (1 amopaitnta) péen
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Thnpogoplag and xdie molxtn.

Avtn 1 éugaon €yel unoo ey tel olevopd yia apxetolg Adyous. Ipdtov, €xel o-
VoY VWRLO TEL I TOUG GUUTIERLPOREIXOVE OXOVOUOAOYOUS OTL 1) ATOXTNGCT TANPOPORLEY
emfBddhet UPNASG prwotiks kéotos [190), 164], xou ol naixteg unopel oxdun vo dio tdlouv
va omoxohodouy Ty TAfen (Btwtixh) olohdynon touc. Q¢ anodewxtind mapdderyya,
oLY VA avoapépeTon 1) LTEpOY Y TwV indirect (Un duecwy) unyoviouy [29]. Iedypo-
L, OE OploUEVOUS Topelc pe ooPapolc teptoptopole emxowvmviag [4l [180], évac direct
revalation unyaviouds (aneuvdelag amoxdhudne tAnpogoplag) - 6mou xdie maixtng
TEETEL VoL AmOXOAVPEL TIC TATPELS TPOTWUNOELS TOU - VewpElton oxoun xou avepdpuo-
otoc. T mapdderypa, 1 emxowvemvior avayvoplleton TUTIXG ¢ 0 XVELOE TEPLORIOUOG
oe xataveunuéva teptBdihovta [I70]. Onwe e€nyolv ot Blumrosen xou Feldman [46],
oL ToXTES AELTOLEYOUY GUVATWC OE VOV TEQIXOUUEVO YWRO BRACNC AOY® TEYVIXODY,
CUUTERLPOEXAY 1| puIOTIXGDY AOYwY. TENOg, €vag Unyoviouog Tou ETTUYYAVEL o-
TOTEAECUATIXT EEAYWYY) TEOTWNOEWY o TEOGEPERE LOYUPOTEPES EYYUNOELS YL TOV
ENEY YO TNS WBIWTXOTNTAC TwY TANEooptwyY [216].

H yevixn epodtnon yia 10 av €vag Unyoviopos xovwvxng emhoync Unopel va
TpoceYYloTel axeBig amd Eva uxpdTERO UTOGUYOAO TOU TAYjpoug TANJuoUoy TwY
TouxTOV amotehel €var amd tor xUplor Yéata TNV UTOAOYIo TIXT xowwvixT| emthoyn. I-
owg 1N To XANEPOUEVT TEOGEYYION YIoL TNV TEPXOTY) TwV EEAYOUEVWY TANEOPORLDY
elvow 1 yenon Oerypuatodnpiag. SuyxeEXpUIEVA, BEGOUEVOU OTL OE TOAAESG EQUPUOYES TO
CATNUO TNG CUYXEVTPWONE TROTYWHOEWY amd GAOUS TOUG TalXTeEC Yumopel var elvan ad V-
TO, 0 OYEBIOTAC TEAYUATOTOLEL Ulal CUYXEVTPWOT] TROTWHACEWY ETAEYOVTAUS TUy LA
éva Uixpd uoolvolo tou cuvohxol TAnduouol [58, B3]. Auth 1 npocéyyion eivan
WdTePa YVWO T 6T0 TAALGLO NG YPngogopiag, 6mou o otdyog elvar cuvAdeg v TEo-
Bhegpiel’ To anoTéAeoua Tou Unyaviogo) Tou €yel TedoPacT o TANPE TANPOPORieS
ywelc va diegoydel mpayuotxd n Pngogopio yia ohéxineo tov tAnduoud [82]. Xu-
YHEXQUIEVOL TOPAOELYUOTA TWV THUEATAVE CEVRiWY TEQLAUPBAVOLY TIC BNUOCHOTHOELS
yia g exhoyég, ta exit poll xou Tic BladixTUUXES BNUOCHOTNOELS.

Y10 TpKTO PEPOC TNE EpYasiaug Hag, axohoLOUUE AUTAY T LoXEd YRouUT| €peu-
VO OTNV UTOAOYIC TIXT] XOWOVIXY| ETLAOYT. LUYXEXQWEVA, OVUAVOLUE TNV O€IyUaTIKn
toAvmlokdétnta (sample complexity) tou didonuou unyoaviouol touv median (tou Oi-
dueoov) oo mhdiclo twv facility location games, 6mou xdie maixtng cuoyetiletou Ye
€VoL ONUELD - TTOL AVTIOTOLYEL GTNY TEOTWOUEVY ToU ToToVES(N - GE XAMOL0 UTOXEIUEVO
HETEXO YOpo. O unyoviopog Tou SLEUECOU EYEL LOLUTERT ONUACior TNV XOWVWVIXT ETL-
royn. Hpdypatt, 1o didomnuo Yedpnuo aduvapias twv Gibbard-Satterthwaite [130), 207]
dnhaver 6Tt yior xdde kavdva pngopopiag (voting rule) mouv elvon mpog (onto) - yio
x&le evahhoxtixd amotéheopo (Onh. vumth e Pngogoplac) undpyet €va mpopik
Inpopdewy mou Var ExaveE QUTAY TNV EVAAAOXTIXT VO XEEOIOEL - X0l UN-OLXTUTOPLXOC
(non-dictatorial), undpyoLY TEPITTWOELS dTOL €vag TaixTng Exel GUUPEEOY Vo Pmploet
Lol EVORAAXTIXY IOV BEV aVTIC TOLYEL OTIC TEAYUATIXES TOU TROTHCELS - ONAadr 0 Xo-
vovag dev ebvar gilaAning. Xnpovtixd elvon 6Tt autéd To eunddio e€apavileton oV oL
TpoTnoElS Twv Pnpopdpwy teplopilovial. Towe 0 Mo YVwotdg TETO0C TEPLOPLOUOS
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TpOTWHOoEWY elvar autde Twv single-peaked (ovo-kopugpwuévomy) npouyﬁosw»ﬂ oL
ewofyarye o Black 5], vy tic onolec o unyaviopds tou Sidpecov tou Moulin [181]
elvon TEdrypott GrhaAine.

To xiplo anotéleoyo Yog oe auTAY TNV xatedduvon elvon vo det&ouue 6T yia xdde
€ > 0, éva defypa peyédouc ce) = O(1/€%) mopdyet avoevouevo hoYo Tpooéyyiong
1+ € ¢ PO TOV BEATIOTO XOWMVIXO XOGTOG TOU YEVIXEUUEVOU UMY OVIGUOU SLUEGOU
070 peted Yoo (R, |- 1), 600 0 aprdude Twv Touxtdy n — oo.

Y10 0eUTEPO UEpog NG epyaoiag Hag, TPOCTIUOUNE Vo OYEDUCOUNE dNuoTEacieg
UE EAYLO TN ToAumAokdTnTa emkorvwviag. §2¢ éva cuyxexpWEVo xivnteo, eCetdloupe
wa dnpompacia €vés avtikeipévou (single-item), xar urtodétouvue dtL xde amotiunon
TV T TGV Utopel va exppactel ye k bits. Mio onuovtiny napatrienom elvon 6t Ta
To xuplopya HOVTERX SnUoTEAcL®Y Elval TOAD un amodoTixd and TAEUEHS ETUXOVG-
viog. Hpdypatt, n Vickrey - # dnuonpacia oppayiopérns npoopopds (sealed bid)-
dnuonpacta [221] etvor évac unyovioudc dueone armoxdhudng, Tou anatel oAOXANEES
TIC WO TXES TANPOPORIEC amd TOUS N TAlXTES, OONYOVTUG OE Lol TOAUTAOXOTNTA ETL-
xowvwviog Tov n - k bits. Ilpénel dume vo onuewwidel dti, Tapdho mou 1 dnuonpacia
tou Vickrey Slondétel ToAEC YewpnTind eEAXUCTIXES LOLOTNTES, 1) avTioTOLY T ovodLXY
(ascending) popy tne epgaviler xahltepn anddoon otny npdén [28, 29) [145] [144],
yiot Adyoug mou oyeTilovTon XUplwg UE TNV AmMAGTNTA, T1) GLOPAVELXL XOU TIC EYYUNOES
amopenTou TN TeeuTalag Yopphc. AucTuy®e, 1 LVhoToinoT Tou xavéva tou Vickrey
péow wag dnuonpaciac Evylion (BAS ascending) amoutel - ot yewpdtepn nepintwon
- exdeTind emxovwvia T8Ene n - 28, xadde o Srponpdtng Teéret va xoahlher ohbxAneo
TO YWEO UTOTWACEWY. LUVETKOC, T0 LoT(Bo eaywyhc TEOTNOEWY GE Lol dnonpacia
tonou English etvon evpéwe avemituyég xou 1 ALY TEOYVOCEWY Yot TIC ATOTHNOE
TWV TOUXTOV UTOVOUEVEL CTUOVTIXE TNV anOdOsT| TNG.

Ye autd 1o mhalolo, delyvouue 6TL 0 xavovag Tou lgxped umopel vo egaproaTel
HE ovoevouevr emxowvewvio 1 4 € bits and évav péoo maixtr, yia xdde € > 0, em-
TUYYAVOVTAS ACUUTTWTIXG TO TROPAVES XUTw 6pto. ()¢ GUUTEQUCHA, TUPEYOUUE EVOY
evolaépovta TeoTo avinone Tne TG o uia dnuonpacio TOnou English. Xenot-
MOTIOOVUE ETUONG TN UOPPY| TV ONUOTEACLOY EVAC OVTIXEWEVOU UE EVA ATODOTIXO
oy o xwdonolnong yio var anodeiloude OTL T (Blar Oplal ETMXOVWVINS UTOoEOVY Vi
emttevyolv oe dnuonpaoies ue adpototinéc anotwroelc (additive valuations) yéow
TAUTOYPOVWY AVAOUOUEVWY BNUOTIRACLOY, UTOVETOVTIS OTL 0 AELIUOC TWYV AVTIXEWEVKDY
elvon otodepdg. Téhog, mpotelvoupe pior adZouca dnpompascio TOMATAOY LOVEBWY o-
viewévou (multi-unit auction) pe naixtec Tou 0 xoévag VENEL To TOND o Lovadar

2 uyxexpéve, unodétoupe 6Tt oL evolhoxTixéc eivon ToEvounuéveS oE Wia Yoo, o-
VIITpoowneLovTog Tig YEoelC Toug: OTwe Teplypdpetal ot Yewpla Tng xwpikis Pngpopopiag
[90], 24], eivor cuyvd hoyixd vo utodéToupe GTL 0L EVOANOXTIXES UTOROUY VoL OV TLTPOCMTEL-
Yolv we onuela o wa ypoppr (.. oTic toltixés exhoyéc 1 Véom evde vrodmelov unopel
var UTOBEXVUEL EGV avixel atny aploTeph N dedid mtépuya). O mpotiurioeic evoe modxty ebvan
single-peaked av mEOTIWS EVUANOXTIXES TIOL ElvVOL TILO XOVTA G6TO X0opuPALo onuelo Tou. Xnuel-
Gvoupe 6Tl ot TepltTwoelcsingle-peaked mpoTiuRoEwy elvol YKo 6 dTL Bev Umopel vor uTdpy el
kUkAog Condorcet.
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O UNYOVIOUOC U0 AVAXOLVWVEL G e YUpo dU0 eywploTée Tég xou PBaciletan ot
évay ahyoprduo derypotohnlag mou extehel TEOCEYYIOTIXY ETAOYT UE TEQPLOPLOUEVT
ETUXOVWVO, OONYOVTIG TIAL OE AOLUUTTWTIXA BEATIO TN emxowvwvia. Tao aroteréopo-
& pog OV amanToOY Xoiot TEONYOUUEVT] YVOOT Yid TIC ATOTYWHACELS TOV TOUXTMY, Xl
xupleg TEogpyovTal amd YUOLXES TEYVIXES OeryUoTorndiog.

1.3 2YEGLUOUOC UNYAVICUOY YLd U1 CTEI-
tnywd teptBaiiovta: TlepiBaAhovTa pe
TEQLOPLOUEVT TANPOPOpEl.

1.3.1 Mezpwn llopapdepwon unod Ileplopiouéveg
ITAnpoyoplieg

H cuyxévtpwon Tov TpoTRoEwy Twy aToumY OE Wia cUANOY XY arndgaoT Beloxe-
TaL 0TV x0E0Ld TG Vewplag TN XOWWVIXAC ETLAOYHAS X EYEL TEOCQUTA BEEl TOAES
EQAPUOYES OE TEDIXL OTIWE 1) AVAXTNOT TANPOPOELAY, TA GUC TAUATO CUCTACEWY oL 1)
unyovixyy uddnon [222, 223 36, [124] 161]. H xhoown Yewpla tou ov Nevpovy ovd
Mopyevotepy [224] uno¥étel 6Tt oL ATOUIXES TEOTIUAGELS OVTITPOCKTEVOVTAL UECK
woe ouvdptnong weéleag, mou avadétel aprduntixéc (1 cardinal) Twéc oe xde e-
vodhoxtiny.  otéco, ot dewpla TwvV Pnpopopliv, xadg xo GTIC TEPICOOTERES
TPUXTIXES EQUPUOYES, OL unyovtopol cuVAYnS GLUAREYOUV ubvo dataktikés (ordinal)
TANREOYORIEC amd TOUS YNPOPOEOLE, TOL UTOBELXVIOUY Lol GELRE TROTIUNOEWY YId TOUG
vrodrgproug. ITopdho mou autd gatveton aclufato ye wa utilitarian ovonopdotao,
EyeL avayvewpetotel ot unopel va ebvar BUoxoho Yo €vav §mpopdpo va xadopioel yia
oxplB oprdunTny) T yior xdde evahhoxtixh tou (BA. yia xdde umodhplo), xou N
TEOYT) LOVO BLUTAXTIXWY TTATPOPORLIY UELDOVEL OTUAVTIXE TO YVWO TG QopTio. Autod
Vétel o epdTnuor Tlow elvon 1 amAEl OTNY ATOTEAEGUATIXOTNTO EVOS UNYAVIOUOU
ToU €EAYEL LOVO BLOTAXTIXES TANPOYORIESC GE OYEOM UE TN KOWwYIKY €unuepia, Snhady
T0 GUPOLOUN TV ATOPLXMY WPEAELOY TEVe OE Wia ETMASYUEVT evorhoxTixr To mhaloto
e mapapdppwong, tou ewofyoyav ot Procaccia xou Rosenstein [194], petpd axpiBee
QUTAY TNV ATOAEL o6 TNV XATEVVUVOY TWV TROCEYYIC TGV ohyopliuwy, xal €xel
AEBeL onuavTiXy TEOCOoY T ToL TEAEUTALN YEOVIAL.

‘Onwe amodeixvieTal, oL EYYUNOES TEOCEYYIoNS TToU Unopolue vo ehniloupe OTL
UTOPOVUE Vo EMITUYOLUE €€apTOVTOL Xolpta amd TIC UTOVECEIC TOU XAVOUUE YL TIC
OEEREES TV atopny. T napdderypa, oty arousia onotacdinote dounic, oto [194]
ToEATNEAUNXKE OTL Kavévag SLaTaXTIXOC UNYAVIONOS OV UTopEl Vo ETTOYEL TEPLOPL-
OUEVT] TOEOUOPPWOT]. XE AUTO TO €PYO, ETUXEVIPWVOUUCTE GTO TAXCLO TNG UETPIKTS
napaudpewons, tou ewofyoryay ot Anshelevich et al.[I8], 6mou ot dmepopdpol xat ot u-
roriprol Yewpolvton onueio o€ Eva aIolpeETO PETEIXO YWDEO: AUTO EIVOL TOUEOUOLO E TA
povtéha otn Yewplo Tne ywetxic Pngogopioc(spatial voting theory) [74]. Xe awtd to
TAa{CL0, Ol TEOTWNOELS TWV PNPOPOP®Y UETEMOVTNL UECW TNEG “XOVTVOTNTAS  TOUC amod
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x&de unodhglo, xar o otdyoc elvon vo StodéEoupe Evay utodhpo Tou (tepitou) eloyt-
OTOTOLEL TO KOWWVIKS KO0 TOS, SNAAdY| TN CLUVOAXT AmdCTAUCT And TOUS YPnPopodEouS.
Mot opxetd amhoixt| pop@n autod Tou TANGIoL EXSNAGVETIL OTAV oL YNPOPOEOL Xk Ot
UTOPNPLOL EVOWUATWOVOVTOL GE [Lal LOVOBLAC TAUTH YEoWUT], xou 1) Totodeaio Toug uTody-
Aovel av Beloxovian ‘aplotepd” 1 “0elld” 610 TOATING @doua. (26T6C0, TO TAAUGCLO TNG
HETEWNS ToRoopQwong €Yl TOAD peyahiTepn euféiela, xodog dev yivovton xodoAou
UTOVECELS Y10l TOV UTOXEUEVO UETEIXO Y(QO.

YnuavTind elvon 6Tl aUTO TO TUEADELYUO TEOGPEREL EVAY TELGTIXG TEOTO YidL Vol
oLUYXEIVOLUE TOCOTIXG BLAPOEOUSC XAVOVES (NPopoplac TOU YENOHOTOUVTAL GUY VA
oty npdén [214, 149, 132] 18], evéd Aettoupyel xou we évo onueio avopopds Yo Tov
oy e VEWY Unyovioumy tou avalntody xahitepa Gpla napopdppwone [1311 [183).
Mot xowvry unddeon mou yenolponolelton G AUTAY TN YEoUUT EPELVIC Elvan OTL O OA-
Yopwuog €yel mpdoPacn ot TANPES OELREC TROTEPUOTNTAS TwV Mpopdpwy. -
01600, UTEYOLY TOANG TEAX XA Gevdplo 6Tou Yo ftay emuuntd va tepdPouue
TI Btata Tiég TANpogopieg mou anoxoutlovton and tov unyoviowd. o nopdderyua, 1
amoadTNoN Yo THEOY T LOVO TwV x0pLYPALKY TEOTWNACE®Y Yo UTopoUGE Vo avaxouploel
TEPAUTER® TO YVWO TG XOGTOC, ol EVOEYETOL Var efvon BUoX0AO Yo évay mpopdeo
Vo GUYXEIVEL EVOAoxTiéS Tou Peloxovion 0To xdTw PEpog TG AMoTaS TROTUACENDY
oL (Yl empéoieTn xivnronolinom Yo TNy eZETaon TV ATeEAOdY N UEPXOV BlaTdEewmy
nopanéunovpe oto [123] [70, B9, xou tic avagpopéc toug), EVE OTOWOATOTE TEPLXOTA
g anoxoulopevng mhnpogoplog Yo ueTappacTel EMioNG O MO AMOTEAEOUAUTIXT ETUL-
xowvwvio. Autol oL Aoyol €youv xateudivel apxeTol CUYYRUPELS VoL UEAETHTOLY TNV
unoBdiuon tne napopdppwone utd arovoia thnpogoptdv [150, 14l 138, 08, 50], ent-
Tpénovtag miavee pio tdovotied| avdhuor (Belte TNV UTOEVOTNTO oG UE Tal OYETIXS
€pya). Xe autd To €pyo, axONOLYOUUE OUTAY TN YEOUUT €pYOU, TEOCYEROVTUS VEES
avTAideic xou BehTiwpéva Oplo o OYECT UE TA TEOTYOUUEVO ATOTEAECUATAL.

H x0plor ouvelogopd pac oe authv tnv xoatedduvon ebvar tpAr: Ipdtov, e&e-
TALOLUE UNYAVIOHOUS TTOU TEAYUXTOTOLO0Y Lol oxohoudia Slaboyniy cuyxploewy pe-
g0 Twv vrodneiny. Actyvouue 6Tl €vag ONUOPIAAC VIETEPUIVIC TIXOS UNYAVIOUOC
mou Aettoupyel oe TOAES @doelg anoxAelopol urohnelwy odnyel o TopALdEPWOT
O(logm) eve xdver povo m — 1 and Tic O(m?) duvatéc dradoyxéc ouyxploeic, 6Tou
m avTnpoowrelel Tov apldud twv utodnelwy. H avdluor uag yio autdy tov unya-
VIOUO EXUETUAAEDETOL EVaL LOYLEO TEYVIXO Afjuua Tou avarntuydnxe and tov Kempe
(AAAT 20). TTopéyouue enione éva avtioTowo xdtw dplo oTNY TUPOUOGRPWOT) TOU.
Avtieta, anodewvbouye GTL OTOOGOHTOTE UNYOVIOUOC TOU TEAYUATOTOLEL Ay OTERES
oam6 m — 1 Sladoyixéc ouyxploelc oONYEl AVUTOPEUXTO GE UT) TEQLOPIOUEVY) TaEAUOE-
pwon. Emniéov, ueAetolue tn 00VoUn TV VIETEQUIVIO TIXMY UNYAVIOU®Y UTO aTEAElC
oltdéelg. Ewbixdtepa, otav ol malxteg mopéyouy TIC k xopugaleg TOuC TEOTIUNOELS,
delyvoupe éva dvew 6plo 6m/k + 1 v tny mopoudepwon, yio xdde k € 1,2,...,m.
Enopévoc, Behtihvoupe onuavtind 1o mponyoluevo dpto 12m/k mou eiye Yeonioel o
Kempe (AAAI "20), xou nthnotdlouye TeploabTERO TO XUAVTERO YVOOTO X4t 6plo.
Télog, acyohoLUaCTE UE TNV TOAUTAOXOTHTA BeryuaTornloc yia vo e€acpahicouue
oxedOV BEATIO TN TORAULOLPWST| GE GYECT) UE TOV BEATIOTO XOWOVIXO XOOTOC UE LN
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M mbavotnra. H xOpta cuvelopopd pog etvar var 8ei€oupe 6tL éva tuyaio delypo amd
O(m/€?) hnpopdpouc etvon apxetd Yio va diacpuhiost Tupaudeenon 3 + € ue udniA
mdavotnr, yio xdie apxetd puxed € > 0. Autd to amotéhecya Paciletar otny o-
VIAUGT TN euoncUNciag TOU VIETEPUIIO TIX0U Unyoviool Tou eworyayay ot Gkatzelis,
Halpern xou Shah (FOCS ’20). Enuoavtind etvon 6t dha tor dplar tne deryporrohndiog
o ebvon ave€dpTnToL Amd THY XAUTAVOUY).

1.3.2 AldoTaolwoTnTA *oll 2UVTOVICWOS otnyv Yn-
pogoplo: H mapaudppwon tou STV

Ye authv TNV gpyaocio cuveyiloude TNV €peuva OTNY TEPLOY T TNG UETEWXNSC TopEo-
uoppwong. Mo onuoavtixd ont, efvar 6Tt aUTO TO TAXICLO TEOGPEREL EVal TOGOTIXO
“omnuelo avapopds” yio T oUYXELOT) BLapOELY XAVOVKY Ynpopoplac Tou yenoULoToto-
Ovton ouyve oty meddn. Iledyuatt, plo and g xdplec oxédec tng epyacioc pog
aPOEE OTOV YOEAXTNEIOUO TNG amddoong Tou unyaviopol Single Transferable Voteﬂ
N ahhog STV,

O STV ebvor éva dnuopuréc cboTua Pnpopopiog TOU YENCHIOTOLETOL OTIC £9VI-
%€ EXNOYEC TOAGDY Ywewy, cupreptloufoavopévey e Auvotpaiiog, g Iphavdiag
xan e Ivoiog, xodmg xou o€ ToAAEC e BLadxaoleg CLUYXEVTPWONS TEOTWHCEWY,
omwe yio Topdderyuo ota Bpofeio Axadnuiog Oscar. T vo elpoote mo axplBels, o
STV mpoywed ye enavoknmiixd tpomo: Xe xdve yipo, ot dngogdeot Ynpillovy tov
TROTWOUEVO TOUS LUTOPTPLO - AVAPETH GTOUG €vep)ols, evey 0 uToriglog Tou éhafe
NV AyOtepn UToo THELEY oTov TeéyovTa YURo amoxAeieTton. Auth 1 Sadocio erova-
ANopBdvetar yia m — 1 yOpoug, 6Tou 10 m avTnpocWTEVEL TOV optdud TV (Apytx®Y)
vmodnplwy, xou o teleutaioc urtogngloc tou emlel xnpvooeton vixntig tou STV.
Emnmiéov, npénel va onuetwdel 6Tt auth 1 Stodixacio eivon YEVIXA UN-VIETEQUIVIGTIXY
AOY® TG avdyxng Yo Unyoviopd Mng anogdoeny ot nepintwon twomahiog: Ommg
oo [214], Ya epyaotolye e o parallel universe poviého tov ‘owtlep x.4. [79], dtou
évoc unodhpog Yewpeitow vixntrg Tou STV av emPBidvel uetd and kdmroia axoroudia
OTOXAELOUMV.

Ye autd 1o mhaioto, ot Skowron xou Elkind [214] Arav ot mpdtol mou avéhuoav
N HETEW Tapadepeon Tou STV und yetpinéc TpoTunoelc. Luyxexpiéva, €deiay
611 M mapopdegwon tou STV oe yevixolc petpixolc yweoug ebvor mdvto O(logm),
eved Edwoay entiong éva oyedov tight xdtw dpo tne popyhc Q(v1ogm). Evdigpépov
ToEOUGLALEL Lol TEOGEXTIXY) EEETAOT) TOU X4 Tw 0plOU TOUC, AMOXAUAVTITOVTAS TNV UTop-
&N €VOC PETEIXOU UTO-YEoL LYNAGY SlocTdoewy, Onwe aneixoviletol oto Lyfua
xou €vo Yvwotd yeyovog otn Yewpio Twv UETEOY anetxovicewy (metric em-
beddings) 61t dev pumopolv va anexovio oLy wopetpikd (isometrically) o younhodv
BLOLOTdosw\EI Euxdeldeoue yopoue [I73]. Q¢ anotéheoya, o Skowron xon Elkind

3T ouvénew e TV Tponyoluevn épeuva, to LT Yo avtinpocwnelel 68 OAn auTH TNV
gpyacio Ty Yopgy| Tou TEOBAAUNTOC UE Movadikol viknTi)

4Aépe ot évoac Euxdeldelog yodpog elvon yaunire dldotaone av 7 didotact tou d ebvou
poaryuévn and wa wuxerR’ moryxdoua otadepd, dnhadr d = O(1).
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[214] aprivouv avouxtéd to axdhovdo evilapépov epdTnuL:

Epdtnua A. Tlow eivan 1 nopopdppwon tou STV e Euxdeideloug ydpoug yor-
UNAYC SLdo Taong;

s

!
SR

Eyuor 1.1: Mo petpunn udhmiodv-6lactdoewy e opy| Yedgou “aoTtépa”.

BeBalwg, 1 anddoorn tov xavovey Pngogoplag og yhpoug yYauniic didoTtaong
€yel amoteéoel avTixeluevo eviatixhc uehétng otn Yewpla e ywexic Pngopoplag,
unod TNy unddeon Ot oL Yngopdpol xan oL uoPplol lvor GLVHIWS EVEOUATWUEVOL
oe unoywpous wxphc ddotaone [24, 90]. Emopévwe, elvon guoxd va avapontniolue
€4V UTOPOUUE VoL E0TIACOVUE TNV avdhuon tou STV oe ywpoug yaunirc dldotaonc.
Yy mearypatixdTNTa, 0¢ UEpog pag eupdtepng atléviag, unopoly vo tedoly avdloya
EPWTAUOTA X0 YO GANOUC unyaviopols. §26T600, elvol EVOLUPEROY VoL OTUEWDCOUUE
OTL Yo TohhoUg xavoveg Ynpogoplog mou avahbovial Yoo 6TO TAAUCLO TNS UETEXNG
TUEUUOPPWOTS UTHEYOLY XATw Oplal Yiol YaunAéc-Olaotdoels. Mepwd mapadetypora
autay divovtar otov mivoxa [11] Xe avtideon, n epyasio pag Yo eotidoer otov STV
amd Toug unyoviopois otov mivaxa [L.I] amavtdvtag anotehecuoting oto Epdtnua A.
Enuovtind ebvon 6TL Yo TopdoyOLUE Evay YEaxTNEIoHO ToL TNYlvel ToA) Tépa amd
TOUG EUXAEIBEIOUC YDPOUS, OE HETEIXES PE EYYEVHOS ™ younAy didotaon (low intrinsic
dimension).

H emduevn otdyevon tng epyaciog poag eviappiveton amevdeiag and tnv amodo-
6Tt ToL Xavéva STV oe olyxplon pe tov xavova theodngioc (plurality rule),
xa WETERA TIC OTEATNYXES CLUVETELEG AUTNG TNG AoLVETELNS. 'Eva xahd onuelo ex-
xivnong v authv TN oulrTnon TnYdlel and To YEYOVOS OTL GE TOMAES VEUENLOOELS
TEPLTTOOELS CLYXEVTPWOTE TROTWACEWY oL UToYrpLoL ETAEYOVTAL amtd N AmodoTIX00g
UNYOVIOHOUC, XUl OE TOAAEC TEPLTTWOELS OTOLONTOTE ohAAY T} AvVTIUETWTICEL avuTép-
BAnta eumodian. o mopdderypa, oTIC TOMTIXES EXAOYEC O Unyaviopog dmgpogopiog xo-
Yopileton ouvAdwe amd toug exhoyixols vououe, 1 axdun xou and 1o olvtoyua [165].
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H Mechanism Lower Bound Dimension H

Plurality 2m —1 1
Borda 2m — 1 1
Copeland 5 2
Veto 2n—1 1
Approval 2n — 1 1

Table 1.1: H Euxhieidelo D140 Ta0T TOU AMOLTETAL Y10 VO XU TOUGKEVAC TEL €Vl
(toyupd) xdtw bpto Y BLdpopous xowols xavoves dmpopoplag, autd To amo-
teréopata tepthapfdvovton oto [18]. Na onuewwoouye 6t yio tov Copeland, 1
UETEXY ToU XorTooxevdo Txe oto [18] dev eivon Euxeideta, ahhd unopei ebxola
vo. Tpomorotniel oe o

Q¢ amotéleoya, 1 XATAVONOY TNS CUUTERLPOEES CTRUTNYIXWY TEOXTOPWY (ToUXTHOV)
bty avtipetwrilouy avenapxeic pnyaviopole eivor amolltwe onuavtixy [56) 225]. E-
VoG 0pXETA aveEJPTNTOC TEOTOC Vo TO BOUKE oUTO Vo EGY AUTOVOUOL TOUXTES UTOEOUY
VO GUYXAIVOUV GE OTOOEXTES XOWVWVIXES EMLAOYES UECL QUOIXMDY XAVOVLY uddnong.
Avuto Hétel 1o epod TN

Eedtnua B. Xe 1w Badud unopel n otpotnyns; ouuneppopd vor BERTUOOEL TNV
amodoTIXOTNTA 6To TEOBANUY TNS Ynpogoploc;

Tovilouye 611, av xou 0TV anoucio orolacdnnote TAnpogoplac Unopel vo etvat acupég
TS UToROVY OL TUXTES VoL EUTAAUXOUV GE G TRUTNYLXT) CUUTEQLPOET, OTIC TEQIGOOTERES
TEPLTTWOELC TTOU EVOLAPEPOUY TOUG T TES, auTOl €Y0UV TOMAEC TPOYEVECTEQES TAT-
pogopiec Tty Ymgpicouy, T.y. UECw ONUOCXOTACEWY, EPELVAC AYORAS, TEOYVWCEWY,
TEOMNYOUUEVWY EXAOYMV 1) axoud xou Teadiung Pnpogoplac. Ilpdyuott, undpyetl uio
EXTEVIC OELRA EQYAOLOY TOU UEAETA T1) BUVOULXT] ToU TANYUCUOU Yiol TUXTEC TOL Y-
piCouv avtamoxpvéuevol oTic TAneogopiec mou dtadétouy (BA. [200] xon Tic avorpopéc
T0L), XS Xt T0 PORO TNG TANEOYORINC OTOV TPOGBLOELOUS TNE SNUGCLAC TOATIXAC
[158].

[o var yehetioouvye auThAv TNV xateDYUVOT), TEOTEWVOUUE €Vol QUOIXO UOVTERO,
oUUPOVA UE TO OTOlO Ol TOUXTES EVEQYOUV ETOVOANTTIXG BACEL OPLOUEVOY UEQIXWY
OVATEOPOBOTHCEWY OYETIXA UE TIC TROTWUNOE TwV dA WY npopdewy. EZnyolue
nwe o STV umopel va evtaydel ToAd @uoxd oe auTtd To TANUGLO, EVE XAHNECDHVOUUE
NV OmaEEn OmAOY Xl OTOXEVTIPOUEVKDY BUVAULIXGY GUVTOVIOHOL TOU GLYXAVOUV oE
pLo xovTve BERTIOTN evahhaxTix AOo.

To teheutaio Y€pog Tng epyaciag YA TEOCPEREL OPLOUEVES BEATIOOELS XOL ETE-
ATACELS TEONYOVUEVOY EQYACUDY, XUEIC XIVOUUEVES OO OPLOUEVES VEUEAIWOELS EQop-
noyég oto mhadolo Twv facility location mouyviwv. Xuyxexpuléva, ETXEVTEOVOUUCTE
%xVpleC 0TOV BEATIOTO - UTO UETEIXEC TPOTIUNOELS - VIETEQUIVIGTIXO UNYOVICUO TOU
npotddnxe tpdopata and touc Gkatzelis, Halpern xou Shah [I31]" Selyvouue 6t emi-
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TUYYAveL BEATIOTN TopaudppwoT ot ultra-metrics xou oyedov BERTIO TN TapadEPLO
Y10l ITOG TYOELS TIOU LXAVOTIOLOVY TIG TRLYWVIXES aVIGOTNTES (TPOCEYYIOTIXA).

1.4 YroAoyloudg LCORPOTLMV.

1.5 To neofAnua Node Max-Cut »xow o Y o-
hoviopog loogpomiwyv o Befapnuéva
[Taiyvia pe IN'ocoppineg Xuvaptrioslg

Me xivntpo v eviunwotaxy] emtuyla TS TOTXAC avalATNONS 0T CUVOLICTIXT
Behtiotonoino, 6tav ot Johnson et al. eloyoryay TNV xAdon TOALTAOXATATAG TOTUXNG
avalhnone (Polynomial Local Search - PLS) [143], nou anoteleitan and npofifuota
Tomxig aval\TNong pe moAuwvuuxd enaindeboa tomixd BéATiota. H PLS nepihop-
Bdver moAA& puoxd mhien npofBhfuata (Seite m.y., [176]), ye to CirculT-FLIP[143]
xou 10 MAX-CUT [208] var amoteholv to TAEOV YVWo Td), xou Véter ta Depéhia yior Ty
MEAETH TNG TOAUTAOXOTNTOG TOL UTOAOYIoHOU Tomixwy BéATiotwy. Ta tedeutaio 15
YEOVLaL, €val onuavTind pépog g €peuvag oty PLS-mAnpdtnta xavnronofinxe and
T0 TEOPBANUA UTOAOYLOUOU WG aptyols looppoTiag xatd Nash mawyviey duvouxo
(potential games) (deite m.y., [2, 2I3] 127] xou Tic avapopéc mou avagpépovton exel).
Ye outd To mabywia, xdle BeATIOTIN aAAoyY| oTEATNYIXAS amtd Evay TakXTY) UELOVEL
Lo CUVBETNOT) BUVOLLXOU Xalk ToL TOTXA BEATIOTA AVTIG TOLYOVV OE QULYES LOOPEOTIES
xatd Nash (pure Nash equilibria) [I78].

O vunoloyiopde evéde Tomxol Béhtiotouv Tou MAX-CUT Ye Ty Yertovd FLIP (yve-
0716 xat we LOCAL-MAX-CUT) éyet e€etaotel extevidc we éva omd to o dtadedouéva
TeoPBhuata oty PLS. Aedouévou evic yedgpou pe Bdpn oTic axuéc, uio Tour) Yewmpe-
(o Tomxd BEATIOTN €4V BEV UnopoVUE Vo UENRCOUUE TO BAPOC TNS UETAXIVMVTAC EVLY
xouPo and ™ plo TAeupd TG Toprg oty diAn. Amnd tdHTe mou anodelyVnxe n PLS-
TAnedTNTd Tou and toug Sch”affer xoau Yannakakis [208], ot epeuvntéc éyouv Beiel 61t
70 LOCAL-MAX-CUT nopouéver PLS-thfpec yia ypdgoug ye péyioto Padud méve
[89], etvon mohvwvuuxd emthbotpo yio xuBxole yedgpoue [191], xou 1 smoothed mohu-
mhox6tnTo Tou ebvon elte ToAvwvuuixy o TAfeelC Yedpous [12] xar aponole yedpoug
[89], eite oyeddv mohuwvuuxh oe yevxolc ypdgpoue [7T1, 02]. Emmiéov, héyw tne
amAOTNTAC Tou xou Tng evehiEiog Tou, To MAX-CUT éyel yenowomoindel evpéwg o
avaywyée PLS (BN, v mopdderypa [2, 127, 213]). To LoCAL-MAX-CUT unopei
enione va yopaxtneio tel we éva malyvio, 6mou xdie xoufog oToyelEL VoL UEYLO TOTOL-
hoel To cuvold Bdpog Twv axuoy tou doyilouv Ty tour. Tao mouyvidio Tourg
efvan oy viar duvoxol (N Th e Touhc eivat 1 cUVAETNOT SuVUIXOD), X3TL TOU EYEL
eVUopEUVEL TNV €PELVA OTOY ATOTEAECUATIXG UTOAOYIOHO TEOGEYYLO TIXWY LOOPROTILMDY
v 1o LocAL-MAX-Cut [1], 164]. Kotd v avtidndn poc, tépo and tnv épeuva yia
v smoothed molvmioxétnta tou LOCAL-MAX-CUT (xou {owe to LOCAL-MAX-
Cut eivor P-mhfipec yior un-Befoprnuévoue yedypoue [208, Oedpnua 4.5]), dev éyel
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urdip&et Yépypt oTiyunc €peuva Yiot To xatd tHco (xou o€ Tt fadud) eminpdoietn Sour
ota Bden Twv axuov enneedlel TNy toAutioxotnta Tou LOCAL-MAX-CUT.

Mo 6tevd ouvdedepévn xatebuvor €peuvag aoyOhelTal UE TNV TOAUTAOXOTNTA
ToU UTohoYLoPOL Wtog aplyols woppotiag Noaon (f PNE, v cuvtoyio) oe mafyvia
oupgdpnong [201], éva tumixd mapdderypo monyvieny Suvouxot [I78] xau pio ond Tic
O EXTEVAC UEAETNUEVES XAGOELC TIoUYVIBLOY TN Teptoy ) TNe Alyoprduxic Ocwplag
Mowyviev (Beite m.y., [1I3] yio o oOvToun avdhuon TV TEONYOUUEVMY EREUVEMV).
Yo motyvia oupgdenone (1 CGs, v cuvtopla), évo TETEPACUEVO GUVONO TTOUX TV
avTorywviCovTton yio €vo TETEPAOUEVO GUVOAO TopwY. Ot oTeaTnynéS avTioToly o0y
O€ UTOGUVOAX TTOPWY, XAl Ol TU{XTEC GTOYEDOLY GTO VO EAXYIC TOTOLGOUY TOV GUVO-
Axd %x60T0C TWV TOPWY OTIC oTEUTNYWES Touc. Kdde népoc e cuoyetiletan ye puo
(un apvnTen xou un @divouca) cuvdetnon xaduotéenong, tou xodopilel To x6GT0g
XPHOMS TOL € WS CUVEETNON TNG CUHPEPNOTS TOL € (BNnhadH, ToL aELILOU TUXTOY TOU
repthofdvouy 1o e otn otpatnyxh Touc). Ol EPELVNTES €YOUV EXTEVAC UENETHOEL
TIC LOLOTNTEG ELOIXWY TEPITTOOEMY X0 TORUAAXNYWY TWV Ty Vinv cuupdenons. XTo
TAadol0 aUTAS TN epyaoiac oL Totd oyetxéc eoTidlouy oe oupuetpikd (avtioTolya,
pun-ovupetpixd) CGs, émou ol maixteg yopdlovian to (Blo chvoho cTpatnyxody (a-
vtioTotya, €xouy SlapopeTixd oUVOAa OTEATNYXMY), TodyVia cuupbenone o dikTua,
OOV OL CTEATNYIXEC AVTIOTOLYOUV GE YOVOTdTIA OE €Val UTOXE(UEVO BixTuo (Ypdpo),
xan ota fefapnuéva CGs, OTOL oL TAXTEC CUVELTPEROUV GTY) CUUPORNOT] UE BLAPOPE-
Tid Bden o xodévag.

Ou Fabrikant et al. [95] anédeiZav 6Tt 0 unoloyiopds evoc PNE yio un-cuppetpixd
CGs dwtbou 1| ovupetpixd CGs etvon PLS-mAene, xan avdyeton o éva mpoBAnua
ehdylotng poric min-cost-flow yio cuppeted CGs dixtiou. Ilepinou tnv (Bl tepiodo,
ot [118] [189] anédetlav 6Tt tor modyvia ouppdenone e Bden éxouv wa (Befopnuévn)
CLVAETNOT) BUVOULXOL, Xl GUVETWS €Youv Toukdylotov éva PNE, edv ol cuvaptrioeic
xaduotépnong eivan eite apvinéc elte exdetinéc (xan ot [140, T41] anédeilov 6Tt and pa
drodn, autde o meptoptods elvan amapaitnToc). XTn cuvéyela, ol Ackermann at al.
[2] yopaxthpioay to ohvoha otpatnyixdy twv CGS Tou eYYUGVTUL ATOTENECUATIXG
uToAOYLOUS LooppoTwY. Xenowonolnoay eniong wa tapaiioyy) Tou LOCAL-MAX-
Cut, mou ovoudletan threshold games (mafyvia katwgdiov), yio Voo ATAOTOCOUV
v an6den e PLS-mAnpdtnroc tou [95] xou yi va Seifouv 61t 0 umoloyiopde
evoc PNE vy acOppetpa dixtuo CGs ye (exVetind andTtopes) Yeuuuxés oUVApTHOELS
xaduotépnong eivan PLS-mAreng.

And v dAAn TAgupd, 1 ToAuthoxdTnTa TOL LTOAOYLOHOL tooppoTiag Yo T CGs
ue Bdpn dev elvan xohd xatovonuévn uéypet oTiyunc. ‘Ola Tol amoTtehAéouoTa UTOAOYL-
O TXAC TOAUTAOXOTNTOG oL Tpoavapépdnxay Loy ouy xa yio ta CGs ue Bder, xodog
yevixebouv o Tutxd CGs (6mou ot maixtec €youv povadiaio Bdpoc). ANG and ™
Yetnr) mhevpd, yvweilouue pévo mwg va utoloyicouye anoteheopatind éva PNE yio
o0 CGs pe Bdpn oe parallel links ye yevixéc ouvaptioeic xoduotépnone [120] xou yio
ta CGs pe Bdpn oc parallel links ye tavtotinég ocuvapthoelc xaductépnong xou Un-
ovppetpxéc otpotnyée [126]. Ilapd to onuavtind evBLopépoy Yla TOV UTOAOYIOUO
(oxpiBoic 1 tpooeyytotixol) tou PNE yio ta CGs (Bh. yia mapdderypo [63] 64 153
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XOU TIC oVOPOPES TIOU TEPLEYOVTAL EXEL), DV xaTovooUuE TS (xan o€ moto Bodud) n
TOAUTAOXOTNTOL TOU UTIOAOYLOPOU LooppoTiog enneedleton and To AT TV TUXTOV.
Avuto oylel Wiaitepa yior T CGs ye Bdpn Ye Yeuuxés ouvapThoels xoduc tépnorng,
Ta omola €Youy GUVEETNOT BUVOUIXO) XAl O LTOAOYIoUOS TNG LooppoTiag PBeloxeto
otnv PLS.

Ye authy TNV xatebduvon, apyixd delyvouue 6Tl o utohoylouog was PNE ue ypop-
uxéc ouvapthoelg Bapov eivar PLS-mAfeng yia mokd meploployévoug yhpoug 6Tpo-
TNYXOY, ONAadY OTOY Ol CTEATNYIXES TV TouxTWV elvon dladpouéc ot €va dixTuo
oetptox6-opdhAnho (series parallel) pe povodixole (xovoic yia GAOUC TOUC TAiXTES)
opy WO %x0uPo xou xoufo mpoopioud. Emmhéov, otny Bl epyaocia amodevieton 6Tt
X0l Yo TOAD TEPLOPLOPEVES GLVETAHCELS XxaduoTépnong, dnhadn Tav 1 xaduoTtéenon
oe x&le mopo elvan fom pe T cuupdenoT, o YeVIXE dixTua To TEOBANUL Elvor entiong
PLS-tAfpeg, péow wag avaywyhc o éva ewdixd optopévo véo mpofBinua, to Node-
Maz-Cut. To amotehéopatd Yo amoXaAUTTOUY €VOl EVIUTWOLOXG YAOoUd avAUES
oTnV ToAUTAOXOTNHTA UToAOYIoUOU Uag PNE ota mabvyia cupgpoenong pe malxteg mou
€youv Bdpn xan ota mabyvia ywplic Bder, xadog oty tepintworn twv un Befapnuévey
mouxtev, 1o PNE unogel v utohoylotel ebxola elte and €va amhd mpooexTtind oh-
Yopriupo (Yo dSixtua oetptoxd-napdiinia) eite and onoladhrote dadixacio BEATIOTNS
andxptone (best response) (6tav 1 xaductéenon eivan on ue ™ cupgdenon). Téhog
detyvoupe enione mode vo unohoyicouye anoteheopotind éva (1 + €)-tpocoeyyioTind
PNE vy 1o Node-Max-Cut, €dv 0 apriuodg twv SLapopeTixdy Baupidy TV X0puQmV
TOU YRApou elvol GTaeROCS.

1.6 BBAoyeapixés nAnpogopleg

To anoteréopata mou napouctdlovtal o auThy TN SlTe3T| €xouy Hom EupavIoTEl
O€ ONUOGIEVCELS, UE TNV THEUXYTC OOUT).

To Kegdhawo [3|Baociletan oto [114], 10 onoio epgaviotnxe oto WINE 2021. To
Kegdhowo W] Baocileton oto [7], to onoio epgavictnxe oto SAGT 2020, xou 1 Thieng
éxdoon Ppeloxeton und (minor) avadedenon yio to TOCS 2023. To Kegdhrowo
Booiletar oto [1T], to onolo eygpaviotnxe oto JAIR 2022. M cuvtopdtepn éxdoon
eupaviotnxe oo ICALP 2020. To Kegdhawo [6] Baoileton oo [10], o onolo epga-
viote oto AAAT 2022. To Kegdhowo [7] Baotletar ovo [122], to onolo eugavictnxe
oto ICALP 2020.
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Chapter 2

Introduction

Algorithmic game theory is a powerful framework that lies in the intersection
of computer science, mathematics and micro-economics. It’s main focus is to
address the challenges arising in strategic interactions among self-interested agents
or between them and some authority. As an emerging field of study, it has received
much research interest in the past years, motivated also by several real-world key
problems. Some examples are:

o Modeling complex interactions: In many scenarios, the decisions of agents in
multi-agent environments are interdependent, in the sense that each agent’s
preferred action depends on the choice of actions of others. Algorithmic
game theory provides the mathematical tools to model and analyze such
interactions, studying the behavior of such strategic agents by analyzing the
complexity and quality of related equilibria using notions such as price of
anarchy etc...

e Resource usage : A very common family of real-world problems is the need
to have multiple agents compete over resources. A very well studied related
example is congestion games, i.e. settings in which agents have to decide
which resources to use in order to achieve their goals, keeping in mind that
the cost of each resource depends on how many agents use it. A real world
application of this type of games is modeling traffic on public road networks.

o Incentive-compatible mechanism design: In many strategic settings agents’
behaviour is influenced by private information. Agents have the ability to
misreport their private information in an attempt to manipulate the mech-
anism if that would grant them a more desirable outcome. In many appli-
cations a guarantee that the used mechanism does not allow such behaviour
i.e. that the mechanism is designed in such a way that it elicits truthful
information from the agents is desirable or even essential. Such mechanisms
are called incentive-compatible and are also a big focus of algorithmic game
theory. Furthermore, mechanisms might need to maximize other criteria
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such as fairness or profit while taking into account the agents’ preferences
and constraints. Some applications can be found in auctions, voting systems,
facility location, allocation of limited resources among agents etc...

The main focus of this work lies in the mechanism design aspect of algorithmic
game theory and social choice, where we also study multi-agent environments from
a non strategic point of view. Specifically, we focus on algorithmic frameworks for
multi-agent problems in settings with not readily available information, from two
perspectives:

e Information is private: In which case we need to create truthful mechanisms
for environments with strategic agents.

e Information is limited: Where agents cannot or will not provide their full
information, or information exchange is expensive.

The goal is to design algorithms or rules and protocols (mechanisms) that guaran-
tee desirable approximation ratios over the optimal solutions when agents have lim-
ited or private information and also incentivize desirable behaviour, when agents
hold private information. Furthermore, we are interested in understanding the
limitations in designing such systems, i.e. some lower bounds on what the best
possible achievable outcome could be, in each domain. On the incentivized version
of mechanism design we focus on the paradigm of the facility location problem and
introduce the notion of beyond worst case analysis in mechanism design. For the
limited information, non-incentivized version, we focus on distortion in voting, a
relatively newly introduced notion that measures the effect of having incomplete in-
formation in our ability to approximate the optimal social outcome. Furthermore,
combining the notions of strategic incentives and limited information we study the
communication complexity of well-studied single parameter environments, such as
auctions and single-facility location and develop communication-wise asymptoti-
cally optimal mechanisms. Finally, dedicating some focus to the classical notion of
equilibrium computation, we study the complexity of computing Pure Nash Equi-
libria, or approximate Pure Nash Equilibria in weighted congestion games.

Mechanism design for strategic domains with private information:

The first type of problems we are going to present belong in the area of studying
and designing truthful, or incentive-compatible, mechanisms. The main paradigms
studied in this field have the following form: we take the role of an authority that
tries to allocate various goods to agents or on some underlying environment the
agents belong in. In this setting agents have private valuations over outcomes
and they may behave strategically in order to manipulate the mechanism, if it is
possible to elicit a better outcome for themselves in that manner. A key property
we always want our mechanisms to have here is strategyproofness. l.e. to guarantee
that no agent can be better off by misreporting their private information to the
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mechanism. The two main paradigms we study in this setting are the facility
location problems and auctions.

The facility location problem ([I77]) embodies the trade-off between service
accessibility and cost efficiency. In the version we study, a specific number of
facilities need to be allocated with the objective of minimizing the social cost, i.e.
the aggregate distances of agents to their closest facilities. This version of the
problem is offline and facilities don’t have a cost for being opened or operated over
time. In this form, this is a very well studied ([116, 136, 166, 186l 111, 167]...)
problem who’s deterministic version has essentially been fully characterized ([112])
and who’s randomized version has also been well studied.

Auction settings are also a very big field of study of algorithmic game theory.
In general the idea is that the “seller” (mechanism) wants to sell single or multiple
goods to agents participating in the auction. Typically agents have a private
valuation that represents how much they want each item and they try to maximize
their utility by trying to maximize the difference between their valuation and the
price they finally pay for acquired items. There are many related settings, such
as single item auctions ([220]), various forms of multi-item auctions such as multi-
item auctions where multiple instances of the same item are sold, combinatorial
auctions where agents want combinations of items, specific valuation domains such
as sub-modular, sub-additive valuations etc... Many auction formats have also
been studied like sealed bid auctions, where the agents submit their full valuations
to the mechanism in sealed bids or ascending auctions where the price of the good
ascends and bidders decide whether to keep participating or not.

In this setting of strategic mechanism design we study two main broad ques-
tions:

Question 1. Can we introduce beyond worst case analysis concepts in mecha-
nism design in order to create mechanisms with good properties for “real-world”
instances for problems for which no such mechanisms can exist in the general case?
Can we also use this analysis to understand the nature of strategyproofness in said
problems?

For this question we focus on the facility location problem for which very hard
limitations have been shown regarding the existence of desired mechanisms. For
example, we can have nice, i.e. bounded approximation and truthful mechanisms,
only when we try to allocate up to two facilities on the line ([I12]). With that in
mind the idea of introduced the logic of beyond worst case analysis in mechanism
design was conceived.

Beyond worst case analysis was first introduced as a mathematical framework
to analyze problems that have been shown to be computationally hard in the worst
case but seem to be not as hard to solve in most realized examples. This form
of analysis defines concepts that capture this notion of “real-world” or “average”
instances such as smoothness or perturbation stability and show that within these
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notions the underlying problem becomes tractable ([43, [31]). For the facility lo-
cation problem specifically, the notion of perturbation stability was chosen, due
to it’s close relation to the clustering problem for which this beyond worst case
notion has shown great success ([13| 33| [35] 34], 202, 203]). Essentially a clustering
instance is perturbation stable if making small perturbations to it (or the metric
space it resides on) does not affect the optimal clustering of the instance. In our
case, instead of showing that restricting the instance space to perturbation stable
instances allows us to create fast algorithms we want to show that we are able to
create mechanisms with desired properties such as strategyproofness and good or
bounded approximation that cannot exist in the general case.

Question 2. What is the optimal amount of information required in order to
implement mechanisms for key problems without sacrificing the desired properties
of the mechanism?

Efficient communication has always been a primary desideratum in mechanism
design. There are many reasons for this interest such as the fact that extracting
data from multiple distributed parties can be expensive, or the fact that commu-
nication serves as a proxy for information considerations, or even the realization
that direct revelation is undesirable in the sense that it induces a high cogni-
tive cost and bidders may be hesitant to completely disclose their valuation etc
([47, 4] 190} 164, 215])...

We study this concept for two main categories of problems: Auctions and facil-
ity location. Specifically we focus on single item auctions and multi-unit auctions
with bidders with unit demands from the perspective of trying to minimize the
communication between agents and the mechanism. For the facility location prob-
lem, we study 1-facility location which can also be considered as a modeling for
voting schemes and focus on finding an approximate median, i.e. optimal solution,
through sampling.

Non strategic algorithm design in domains with limited information:

In many cases we need to design and study mechanisms in non strategic envi-
ronments with objectives other than strategyproofness. A prominent example
containing such questions is voting from the social choice domain. In voting peo-
ple want to elect a desired candidate or a set of candidates. Every agent has a
preference over the candidates and we want to create mechanisms that elicit top
candidates that satisfy the majority as good as possible. There are many notions
from social choice quantifying the quality of a winner such as the notion of a util-
itarian winner, that maximizes the social welfare, or a Condorcet winner which
is a candidate that wins when pairwise compared with any other candidate etc
([222] 223, 36}, 124, [161])...

Even when agents are not strategic and willing to share their information it is
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still a challenge to create mechanisms that guarantee such properties when they
are applicable. A recent related research interest has focused in utilitarian voting,
where there is an underlying numerical utility of each candidate for each voter,
in the case where requiring full information from the voters is not possible. The
main setting considers that even though each voter has exact utilities (numerical)
for each candidate due to the high cognitive cost of realizing these utilities or due
to the high value of private information they can only provide a ranking over the
candidates that is consistent with their utilities. The notion of distortion then
quantifies the impact of utilizing only limited information in the voting process on
the social welfare of the outcome ([194]).
Again, we focus on two broad questions in this domain:

Question 3. What is the effect in metric distortion for single winner settings
when information is further truncated?

Metric distortion refers to the setting where the utilities of the agents are em-
bedded in a metric space ([I8]) (i.e. are their “distances” to the candidates in
that metric space). This problem has been studied extensively and a lower bound
in distortion has been established ([149]) that has also later been matched by a
deterministic mechanism ([I3I]). Our question further extends the notion that
information may be difficult to attain and we ask questions such as: what are the
distortion bounds when incomplete top rankings are provided by the agents, how
many pairwise comparisons are required to achieve almost optimal distortion and
what can we do with sampling.

Question 4. What is the relation between metric distortion and the dimension-
ality of the underlying metric space? Also, can we use natural learning rules to
create mechanisms with low distortion?

In this case we focus on the analysis of a prominent voting mechanism: STV. Our
goal is to bound the distortion of STV by the dimensionality of the underlying
instance and also study mechanisms that approach this lower bound. Furthermore
we analyse the efficiency of deterministic decentralized dynamics by the agents
and their convergence to a candidate with low distortion.

Computation of equilibria:

As mentioned above, one of the most basic functions of algorithmic game theory
is studying the interaction among strategic players with self-serving incentives.
The main and most well known notion related to this concept is the famous Nash
Equilibrium ([184,[185]). A state of the game, i.e. a selection of a strategy for each
agent, is a Nash Equilibrium if no agent can increase their utility by unilaterally
changing their strategy. A strategy for each player can either be pure (determin-
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istic), where they deterministically play one of their available strategies, or mixed
(randomized) where they play a distribution over their strategies. An equilibrium
consisting of pure strategies is called a Pure Nash Equilibrium (PNE). In this en-
vironment we focus on congestion games which are games in which agents have
to use shared resources. Specifically we have finite sets of agents and resources
over which agents compete. Agent strategies are subsets of the resources and each
agent wants to minimize the total cost of the resources in their chosen strategy.
Each resource is associated with a latency function which determines the cost of
using that resource as a function of it’s congestion, which is the number of players
using that resource in their strategy.
The main question we focus on in this setting is the following:

Question 5. What is the complexity of finding Pure Nash Equilibria in weighted
congestion games?

Congestion games ([201]) belong in a wider class of games called potential games
([I78]) that always admit at least one PNE. Thus, researchers have studied exten-
sively the complexity of finding such equilibria in congestion games, with many
results for many variations such as symmetric or asymmetric games, where all
agents have or don’t have the same sets of strategies respectively, network con-
gestion games, where strategies correspond to paths in an underlying network
and more. Still, less focus has been devoted to the study of weighted potential
games, where each agent contributes to the congestion with a different weight
([95] 113, 118, 189, 63, 64, 153]).

The argument that we use to show that every potential game admits PNE is a
local search argument, which makes this class of games belong in a complexity class
called Polynomial time Local Search, or PLS for short. When a problem belongs
to the hardest sets of problems within this class, PLS-complete, is considered to
be computationally hard. We see here that variations of the game that admit
fast algorithms in the unweighted case, instantly become hard when introducing
weighted players. We also study the complexity of finding approximate equilibria
for such cases.

2.1 Strategic mechanism design: Beyond worst
case and communication complexity.

2.1.1 Strategyproof Facility Location in Perturbation
Stable Instances.

We consider k-Facility Location games, where k > 2 facilities are placed on
the real line based on the preferences of n strategic agents. Such problems are
motivated by natural scenarios in Social Choice, where a local authority plans to
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build a fixed number of public facilities in an area (see e.g., [I77]). The choice of the
locations is based on the preferences of local people, or agents. Each agent reports
her ideal location, and the local authority applies a (deterministic or randomized)
mechanism that maps the agents’ preferences to k facility locations.

Each agent evaluates the mechanism’s outcome according to her connection
cost, i.e., the distance of her ideal location to the nearest facility. The agents
seek to minimize their connection cost and may misreport their ideal locations in
an attempt of manipulating the mechanism. Therefore, the mechanism should be
strategyproof, i.e., it should ensure that no agent can benefit from misreporting her
location, or even group strategyproof, i.e., resistant to coalitional manipulations.
The local authority’s objective is to minimize the social cost, namely the sum
of agent connections costs. In addition to allocating the facilities in a incentive
compatible way, which is formalized by (group) strategyproofness, the mechanism
should result in a socially desirable outcome, which is quantified by the mecha-
nism’s approximation ratio to the optimal social cost.

Since Procaccia and Tennenholtz [192] initiated the research agenda of ap-
proximate mechanism design without money, k-Facility Location has served as the
benchmark problem in the area and its approximability by deterministic or ran-
domized strategyproof mechanisms has been studied extensively in virtually all
possible variants and generalizations. For instance, previous work has considered
multiple facilities on the line (see e.g., [112} 116l 136] 166, 186]) and in general
metric spaces [I11], [167]), different objectives (e.g., social cost, maximum cost, the
Ly norm of agent connection costs [102], 192} 1T6]), restricted metric spaces more
general than the line (cycle, plane, trees, see e.g., [5, 85 108 [133] 175]), facilities
that serve different purposes (see e.g., [156], 163, 212]), and different notions of
private information about the agent preferences that should be declared to the
mechanism (see e.g., [72), 101], 174] and the references therein).

Due to the significant research interest in the topic, the fundamental and most
basic question of approximating the optimal social cost by strategyproof mech-
anisms for k-Facility Location on the line has been relatively well-understood.
For a single facility (k = 1), placing the facility at the median location is group
strategyproof and optimizes the social cost. For two facilities (k = 2), the best
possible approximation ratio is n — 2 and is achieved by a natural group strat-
egyproof mechanism that places the facilities at the leftmost and the rightmost
location [112) 192]. However, for three or more facilities (k > 3), there do not ex-
ist any deterministic anonymousstrategyproof mechanisms for k-Facility Location
with a bounded (in terms of n and k) approximation ratio [I12]. On the positive
side, there is a randomized anonymous group strategyproof mechanismwith an
approximation ratio of n [116] (see also Section |3| for a selective list of additional
references).

Perturbation Stability in k-Facility Location Games. Our work aims to
circumvent the strong impossibility result of [I12] and is motivated by the recent
success on the design of polynomial-time exact algorithms for perturbation sta-

44



ble clustering instances (see e.g., [13, 33 B35, B4, 202, 203]). An instance of a
clustering problem, like k-Facility Location (a.k.a. k-median in the optimization
and approximation algorithms literature), is ~y-perturbation stable (or simply, -
stable), for some v > 1, if the optimal clustering is not affected by scaling down
any subset of the entries of the distance matrix by a factor at most . Perturbation
stability was introduced by Bilu and Linial [43] and Awasthi, Blum and Sheffet
[31] (and has motivated a significant volume of followup work since then, see e.g.,
[13, 33) B4}, 203] and the references therein) in an attempt to obtain a theoretical
understanding of the superior practical performance of relatively simple cluster-
ing algorithms for well known NP-hard clustering problems (such as k-Facility
Location in general metric spaces). Intuitively, the optimal clusters of a 7-stable
instance are somehow well separated, and thus, relatively easy to identify (see
also the main properties of stable instances in Section . As a result, natural
extensions of simple algorithms, like single-linkage (a.k.a. Kruskal’s algorithm),
can recover the optimal clustering in polynomial time, provided that v > 2 [13],
and standard approaches, like dynamic programming (resp. local search), work in
almost linear time for v > 2 + /3 (resp. v > 5) [3].

In this work, we investigate whether restricting our attention to stable in-
stances allows for improved strategyproof mechanisms with bounded (and ideally,
constant) approximation guarantees for k-Facility Location on the line, with & > 2.
We note that the impossibility results of [112] crucially depend on the fact that
the clustering (and the subsequent facility placement) produced by any determin-
istic mechanism with a bounded approximation ratio must be sensitive to location
misreports by certain agents (see also Section . Hence, it is very natural to
investigate whether the restriction to y-stable instances allows for some nontrivial
approximation guarantees by deterministic or randomized strategyproof mecha-
nisms for k-Facility Location on the line.

To study the question above, we adapt to the real line the stricternotion of
v-metric stability [13], where the definition also requires that the distances form a
metric after the y-perturbation. In our notion of linear v-stability, the instances
should retain their linear structure after a y-perturbation. Hence, a y-perturbation
of a linear k-Facility Location instance is obtained by moving any subset of pairs
of consecutive agent locations closer to each other by a factor at most v > 1. We
say that a k-Facility Location instance is y-stable, if the original instance and any
~v-perturbation of it admit the same unique optimal clustering

Interestingly, for v sufficiently large, y-stable instances of k-Facility Location
have additional structure that one could exploit towards the design of strategyproof
mechanisms with good approximation guarantees (see also Section. E.g., each
agent location is v — 1 times closer to the nearest facility than to any location
in a different cluster (Proposition [3.3.2). Moreover, for v > 2 + /3, the distance
between any two consecutive clusters is larger than their diameter (Lemma |3.3.4)).

From a conceptual viewpoint, our work is motivated by a reasoning very sim-
ilar to that discussed by Bilu, Daniely, Linial and Saks [44] and summarized in
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“clustering is hard only when it doesn’t matter” by Roughgarden [205]. In a nut-
shell, we expect that when k public facilities (such as schools, libraries, hospitals,
representatives) are to be allocated to some communities (e.g., cities, villages or
neighborhoods, as represented by the locations of agents on the real line) the
communities are already well formed, relatively easy to identify and difficult to
radically reshape by small distance perturbations or agent location misreports.
Moreover, in natural practical applications of k-Facility Location games, agents
tend to misreport “locally” (i.e., they tend to declare a different ideal location in
their neighborhood, trying to manipulate the location of the local facility), which
usually does not affect the cluster formation. In practice, this happens because
the agents do not have enough knowledge about locations in other neighborhoods,
and because “large non-local” misreports are usually easy to identify by combining
publicly available information about the agents (e.g., occupation, address, habits,
lifestyle). Hence, we believe that the class of y-stable instances, especially for rela-
tively small values of -y, provides a reasonably accurate abstraction of the instances
of k-Facility Location games that a mechanism designer is more likely to deal with
in practice. Thus, we feel that our work takes a small first step towards justifying
that (not only clustering but also) strategyproof facility location is hard only when
it doesn’t matter.

In this line of work, we show that the optimal solution is strategyproof in
(2 + v/3)-stable instances whose optimal solution does not include any singleton
clusters, and that allocating the facility to the agent next to the rightmost one in
each optimal cluster (or to the unique agent, for singleton clusters) is strategyproof
and (n — 2)/2-approximate for 5-stable instances (even if their optimal solution
includes singleton clusters). On the negative side, we show that for any & > 3
and any § > 0, there is no deterministic anonymous mechanism that achieves a
bounded approximation ratio and is strategyproof in (v/2—d)-stable instances. We
also prove that allocating the facility to a random agent of each optimal cluster is
strategyproof and 2-approximate in 5-stable instances. To the best of our knowl-
edge, this is the first time that the existence of deterministic (resp. randomized)
strategyproof mechanisms with a bounded (resp. constant) approximation ratio is
shown for a large and natural class of k-Facility Location instances.

2.1.2 Sampling and Optimal Preference Elicitation in
Simple Mechanisms.

Efficient preference elicitation has been a central theme and a major challenge
from the inception of mechanism design, with a myriad of applications in multi-
agent environments and modern artificial intelligence systems. Indeed, requesting
from every agent to communicate all of her preferences is considered widely im-
practical, and a substantial body of work has explored alternative approaches to
truncate the elicited information, sequentially asking a series of natural queries in
order to elicit only the relevant parts of the information.
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This emphasis has been strongly motivated for a number of reasons. First, it
has been acknowledged by behavioral economists that soliciting information in-
duces a high cognitive cost [190, [164], and agents may even be reluctant to reveal
their complete (private) valuation; as pertinent evidence, the superiority of indirect
mechanisms is often cited [29]. In fact, in certain domains with severe commu-
nication constraints [4, [I80] a direct revelation mechanism—one in which every
agent has to disclose her entire preferences—is considered even infeasible. Indeed,
communication is typically recognized as the main bottleneck in distributed en-
vironments [I70]. As explained by Blumrosen and Feldman [46], agents typically
operate with a truncated action space due to technical, behavioral or regulatory
reasons. Finally, a mechanism with efficient preference elicitation would provide
stronger information-privacy guarantees [216].

The general question of whether a social choice function can be accurately
approximated by less than the full set of agents constitutes one of the main themes
in computational social choice. Perhaps the most standard approach to truncate
the elicited information consists of sampling. More precisely, given that in many
real-world applications it might be infeasible to gather preferences from all the
agents, the designer performs preference aggregation by randomly selecting a small
subset of the entire population [58| 83]. This approach is particularly familiar in
the context of woting, where the goal is typically to predict the outcome of the
full information mechanism without actually holding the election for the entire
population [82]; concrete examples of the aforementioned scenarios include election
polls, exit polls, as well as online surveys.

In the first part of our work, we follow this long line of research in com-
putational social choice. Specifically, we analyze the sample complexity of the
celebrated median mechanism in the context of facility location games, where ev-
ery agent is associated with a point—corresponding to her preferred location—on
some underlying metric space. The median mechanism is of particular importance
in social choice. Indeed, the celebrated Gibbard-Satterthwaite impossibility theo-
rem [I30), 207] states that for any onto—for every alternative there exists a voting
profile that would make that alternative prevail—and non-dictatorial voting rule,
there are instances for which an agent is better off casting a vote that does not
correspond to her true preferences—i.e. the rule is not strategy-proof. Impor-
tantly, this impediment disappears when the agents’ preferences are restricted.
Arguably the most well-known such restriction is that of the single-peaked prefer-
ences[l] introduced by Black [45], for which Moulin’s [I8I] median mechanism is

More precisely, suppose that the alternatives are ordered on a line, representing their
positions; as argued in spatial voting theory [90} [24], it is often reasonable to assume
that the alternatives can be represented as points on a line (e.g., in political elections a
candidate’s position may indicate whether she is a “left-wing” or a “right-wing” candidate).
An agent’s preferences are single-peaked if she prefers alternatives which are closer to her
peak. We remark that in single-peaked domains it is known that there can be no Condorcet
cycles.
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indeed strategy-proof.

Our key result here is to show that for any € > 0, a sample of size c(¢) = O(1/¢2)
yields in expectation a 14 € approximation with respect to the optimal social cost
of the generalized median mechanism on the metric space (R, || - 1), while the
number of agents n — oo.

In the second part of our work, we endeavor to design auctions with mini-
mal communication complexity. As a concrete motivating example, we consider
a single-item auction, and we assume that every valuation can be expressed with
k bits. An important observation is that the most dominant formats are very
inefficient from a communication standpoint. Indeed, Vickrey’s—or sealed-bid—
auction [221] is a direct revelation mechanism, eliciting the entire private informa-
tion from the n agents, leading to a communication complexity of n -k bits; in fact,
it should be noted that although Vickrey’s auction possesses many theoretically
appealing properties, its ascending counterpart exhibits superior performance in
practice [28, 29, [145, [144], for reasons that mostly relate to the simplicity, the
transparency, as well as the privacy guarantees of the latter format. Unfortu-
nately, implementing Vickrey’s rule through an English auction requires—in the
worst case—exponential communication of the order n-2*, as the auctioneer has to
cover the entire valuation space. Thus, the elicitation pattern in an English auc-
tion is widely inefficient, and the lack of prior knowledge on the agents’ valuations
would dramatically undermine its performance.

In this direction, we study a series of exemplar environments from auction
theory through a communication complexity framework, measuring the expected
number of bits elicited from the agents; we posit that any valuation can be ex-
pressed with k bits, and we mainly assume that k is independent of the number of
agents n. In this context, we show that Vickrey’s rule can be implemented with
an expected communication of 1 + € bits from an average bidder, for any € > 0,
asymptotically matching the trivial lower bound. As a corollary, we provide a
compelling method to increment the price in an English auction. We also lever-
age our single-item format with an efficient encoding scheme to prove that the
same communication bound can be recovered in the domain of additive valuations
through simultaneous ascending auctions, assuming that the number of items is
a constant. Finally, we propose an ascending-type multi-unit auction under unit
demand bidders; our mechanism announces at every round two separate prices and
is based on a sampling algorithm that performs approximate selection with lim-
ited communication, leading again to asymptotically optimal communication. Our
results do not require any prior knowledge on the agents’ valuations, and mainly
follow from natural sampling techniques.
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2.2 Non strategic mechanism design: Domains
with limited information.

2.2.1 Metric-Distortion Bounds under Limited Infor-
mation.

Aggregating the preferences of individuals into a collective decision lies at the
heart of social choice, and has recently found numerous applications in areas such
as information retrieval, recommender systems, and machine learning [222] 223|
30, 124], [161]. The classic theory of von Neumann and Morgenstern [224] postu-
lates that individual preferences are captured through a utility function, assigning
numerical (or cardinal) values to each alternative. Yet, in voting theory, as well
as in most practical applications, mechanisms typically elicit only ordinal infor-
mation from the voters, indicating an order of preferences over the candidates.
Although this might seem at odds with a utilitarian representation, it has been
recognized that it might be hard for a voter to specify a precise numerical value
for an alternative, and providing only ordinal information substantially reduces
the cognitive burden. This begs the question: What is the loss in efficiency of
a mechanism extracting only ordinal information with respect to the utilitarian
social welfare, i.e., the sum of individual utilities over a chosen candidate? The
framework of distortion, introduced by Procaccia and Rosenschein [194], measures
exactly this loss from an approximation-algorithms standpoint, and has received
considerable attention in recent years.

As it turns out, the approximation guarantees we can hope for crucially de-
pend on the assumptions we make on the utility functions. For example, in the
absence of any structure Procaccia and Rosenschein [194] observed that no ordinal
deterministic mechanism can obtain bounded distortion. In this work, we focus
on the metric distortion framework, introduced by Anshelevich et al. [I8], wherein
voters and candidates are thought of as points in some arbitrary metric space;
this is akin to models in spatial voting theory [74]. In this context, the voters’
preferences are measured by means of their “proximity” from each candidate, and
the goal is to output a candidate who (approximately) minimizes the social cost,
i.e., the total distance to the voters. A rather simplistic view of this framework
manifests itself when agents and candidates are embedded into a one-dimensional
line, and their locations indicate whether they are “left” or “right” on the political
spectrum. However, the metric distortion framework has a far greater reach since
no assumptions whatsoever are made for the underlying metric space.

Importantly, this paradigm offers a compelling way to quantitatively compare
different voting rules commonly employed in practice [214, [149] 132, [I8], while
it also serves as a benchmark for designing new mechanisms in search of better
distortion bounds [I31], [I83]. A common assumption made in this line of work is
that the algorithm has access to the entire total orders of the voters. However,
there are many practical scenarios in which it might be desirable to truncate the
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ordinal information elicited by the mechanism. For example, requesting only the
top preferences could further relieve the cognitive burden since it might be hard for
a voter to compare alternatives which lie on the bottom of her preferences’ list (for
additional motivation for considering incomplete or partial orderings we refer to the
works of Fotakis et al. [123], Chen et al. [70], Benferhat et al. [39], and references
therein), while any truncation in the elicited information would also translate to
more efficient communication. These reasons have driven several authors to study
the decay of distortion under missing information [I50, 14} 138, 98, 50], potentially
allowing some randomization (see our related work subsection). In this work, we
follow that line of research, offering several new insights and improved bounds over
prior results.

In this direction, our primary contribution is threefold. First, we consider
mechanisms that perform a sequence of pairwise comparisons between candidates.
We show that a popular deterministic mechanism employed in many knockout
phases yields distortion O(logm) while eliciting only m — 1 out of the ©(m?)
possible pairwise comparisons, where m represents the number of candidates. Our
analysis for this mechanism leverages a powerful technical lemma developed by
Kempe (AAAI ‘20). We also provide a matching lower bound on its distortion. In
contrast, we prove that any mechanism which performs fewer than m — 1 pairwise
comparisons is destined to have unbounded distortion. Moreover, we study the
power of deterministic mechanisms under incomplete rankings. Most notably,
when agents provide their k-top preferences we show an upper bound of 6m/k+1 on
the distortion, for any k € {1,2,...,m}. Thus, we substantially improve over the
previous bound of 12m/k established by Kempe (AAAI ‘20), and we come closer to
matching the best-known lower bound. Finally, we are concerned with the sample
complexity required to ensure near-optimal distortion with high probability. Our
main contribution is to show that a random sample of ©(m/e?) voters suffices to
guarantee distortion 3 + € with high probability, for any sufficiently small ¢ > 0.
This result is based on analyzing the sensitivity of the deterministic mechanism
introduced by Gkatzelis, Halpern, and Shah (FOCS ‘20). Importantly, all of our
sample-complexity bounds are distribution-independent.

2.2.2 Dimensionality and Coordination in Voting: The
Distortion of STV

In this work we continue to explore the notion of metric-distortion. Impor-
tantly, this framework of distortion offers a quantitative “benchmark” for com-
paring different voting rules commonly employed in practice. Indeed, one of the
primary considerations of our work lies in characterizing the performance of the
single transferable voteﬂ mechanism (henceforth STV).

2For consistency with prior work STV will represent throughout this paper the single-
winner variant of the system, which is sometimes referred to as instant-runoff voting (IRV)
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STV is a widely-popular iterative voting system employed in the national
elections of several countries, including Australia, Ireland, and India, as well as
in many other preference aggregation tasks; e.g., in the Academy Awards. To be
more precise, STV proceeds in an iterative fashion: In each round, agents vote for
their most preferred candidate—among the active ones, while the candidate who
enjoyed the least amount of support in the current round gets eliminated. This
process is repeated for m — 1 rounds, where m represents the number of (initial)
alternatives, and the last surviving candidate is declared the winner of STV. As
an aside, notice that this process is generally non-deterministic due to the need
for a tie-breaking mechanism; as in [214], we will work with the parallel universe
model of Conitzer et al. [79], wherein a candidate is said to be an STV winner if
it survives under some sequence of eliminations.

In this context, Skowron and Elkind [214] were the first to analyze the dis-
tortion of STV under metric preferences. Specifically, they showed that the dis-
tortion of STV in general metric spaces is always O(logm), while they also gave
a nearly-matching lower bound in the form of Q(y/logm). Interestingly, a care-
ful examination of their lower bound reveals the existence of a high-dimensional
submetric, as depicted in Figure [2.1] and it is a well-known fact in the theory of
metric embeddings that such objects cannot be isometrically embedded into low-
dimensional’] Euclidean spaces [I73]. As a result, Skowron and Elkind [214] left
open the following intriguing question:

Question 1. What is the distortion of STV wunder low-dimensional Fuclidean
spaces?

Figure 2.1: A high-dimensional metric in the form of a “star” graph.

in the literature.
3We say that a Euclidean space is low-dimensional if its dimension d is bounded by a
“small” universal constant, i.e. d = O(1).
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Needless to say that the performance of voting rules in low-dimensional spaces
has been a subject of intense scrutiny in spatial voting theory, under the premise
that voters and candidates are typically embedded in subspaces with small di-
mension [24, 90]. For example, recent experimental work by Elkind et al. [8§]
evaluates several voting rules in a 2-dimensional Fuclidean space, motivated by
the fact that preferences are typically crystallized on the basis of a few crucial
dimensions; e.g., economic policy and healthcare. Indeed, in the so-called Nolan
Chart—a celebrated political spectrum diagram—political views are charted along
two axes, expanding upon the traditional one-dimensional representation; to quote
from the work of Elkind et al. [88]:

“..the popularity of the Nolan Chart [...] indicates that two dimen-
sions are often sufficient to provide a good approrimation of voters’
preferences.”

Thus, it is natural to ask whether we can refine the analysis of STV under
low-dimensional spaces. In fact, as part of a broader agenda analogous questions
can be raised for other mechanisms as well. However, it is interesting to point
out that for many voting rules analyzed within the framework of distortion there
exist low-dimensional lower bounds; some notable examples are given in Table
In contrast, our work will separate STV from the mechanisms in Table ef-
fectively addressing Question [Il Importantly, we shall provide a characterization
well-beyond Euclidean spaces, to metrics with “intrinsically” low dimension.

H Mechanism Lower Bound Dimension H

Plurality 2m — 1 1
Borda 2m — 1 1
Copeland 5 2
Veto 2n —1 1
Approval 2n —1 1

Table 2.1: The Euclidean dimension required to construct a (tight) lower
bound for several common voting rules; these results appear in [I8]. We
should note that for Copeland the metric constructed in [18] is not Euclidean,
but can be easily modified to be one.

The next consideration of our work is directly motivated by the efficiency of
STV compared to the plurality rule, and in particular the strategic implications
of this discrepancy. A good starting point for this discussion stems from the fact
that in many fundamental preference aggregation settings alternatives are chosen
by inefficient mechanisms, and in many cases any reform faces insurmountable
impediments. For example, in political elections the voting mechanism is typically
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dictated by electoral laws, or even the constitution [165]. As a result, under-
standing the behavior of strategic agents when faced with inefficient mechanisms
is of paramount importance [56, 225]. A rather orthogonal way of viewing this
is whether autonomous agents can converge to admissible social choices through
natural learning rules; this begs the question:

Question 2. To what extent can strategic behavior improve efficiency in voting?

We stress that although in the absence of any information it might be unclear
how agents can engage in strategic behavior, in most applications of interest agents
have plenty of prior information before they cast their votes, e.g. through polls,
surveys, forecasts, prior elections, or even early voting. Indeed, there is a prolific
line of work which studies population dynamics for agents that cast their votes
in response to the information they possess (see [200], and references therein), as
well as the role of information in shaping public policy [158].

To address such considerations we propose a natural model wherein agents act
iteratively based on some partial feedback on the other voters’ preferences. We
explain how STV can be very naturally cast in this framework, while we establish
the existence of simple and decentralized coordination dynamics converging to a
near-optimal alternative.

The final theme of our work offers certain refinements and extensions of prior
works, mostly driven by some fundamental applications in the context of facil-
ity location games. Specifically, we primarily focus on the optimal—under metric
preferences—deterministic mechanism recently introduced by Gkatzelis, Halpern,
and Shah [I31]; we show that it recovers the optimal bound under ultra-metrics,
and near-optimal distortion under distances satisfying approximate triangle in-
equalities.

2.3 Computation of equilibria.

2.4 Node Max-Cut and Computing Equilib-
ria in Linear Weighted Congestion Games

Motivated by the remarkable success of local search in combinatorial opti-
mization, Johnson et al. introduced [143] the complexity class Polynomial Local
Search (PLS), consisting of local search problems with polynomially verifiable local
optimality. PLS includes many natural complete problems (see e.g., [I76]), with
Circult-Furip [143] and MAX-Cut [208] among the best known ones, and lays the
foundation for a principled study of the complexity of local optima computation.
In the last 15 years, a significant volume of research on PLS-completeness was mo-
tivated by the problem of computing a pure Nash equilibrium of potential games
(see e.g., [2, 213], 127] and the references therein), where any improving deviation
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by a single player decreases a potential function and its local optima correspond
to pure Nash equilibria [I78].

Computing a local optimum of MAX-CUT under the FLIP neighborhood (a.k.a.
LoCAL-MAX-CuT) has been one of the most widely studied problems in PLS.
Given an edge-weighed graph, a cut is locally optimal if we cannot increase its
weight by moving a vertex from one side of the cut to the other. Since its PLS-
completeness proof by Schéffer and Yannakakis [208], researchers have shown that
LocAL-MAX-CuT remains PLS-complete for graphs with maximum degree five
[89], is polynomially solvable for cubic graphs [191], and its smoothed complexity
is either polynomial in complete [12] and sparse [89] graphs, or almost polynomial
in general graphs [71], [92]. Moreover, due to its simplicity and versatility, MAX-
CuT has been widely used in PLS reductions (see e.g., [2, 127, 213]). LocAL-MAX-
CuT can also be cast as a game, where each vertex aims to maximize the total
weight of its incident edges that cross the cut. Cut games are potential games
(the value of the cut is the potential function), which has motivated research
on efficient computation of approximate equilibria for LocAL-Max-Cut [41], 64].
To the best of our knowledge, apart from the work on the smoothed complexity
of LocAL-MAX-CuT (and may be that LOCAL-MAX-CUT is P-complete for un-
weighted graphs [208, Theorem 4.5]), there has not been any research on whether
(and to which extent) additional structure on edge weights affects hardness of
LocAL-MaXx-CuT.

A closely related research direction deals with the complexity of computing a
pure Nash equilibrium (equilibrium or PNE, for brevity) of congestion games [201],
a typical example of potential games [I78] and among the most widely studied
classes of games in Algorithmic Game Theory (see e.g., [113] for a brief account of
previous work). In congestion games (or CGs, for brevity), a finite set of players
compete over a finite set of resources. Strategies are resource subsets and players
aim to minimize the total cost of the resources in their strategies. Each resource
e is associated with a (non-negative and non-decreasing) latency function, which
determines the cost of using e as a function of e’s congestion (i.e., the number of
players including e in their strategy). Researchers have extensively studied the
properties of special cases and variants of CGs. Most relevant to this work are
symmetric (resp. asymmetric) CGs, where players share the same strategy set
(resp. have different strategy sets), network CGs, where strategies correspond to
paths in an underlying network, and weighted CGs, where player contribute to the
congestion with a different weight.

Fabrikant et al. [95] proved that computing a PNE of asymmetric network
CGs or symmetric CGs is PLS-complete, and that it reduces to min-cost-flow for
symmetric network CGs. About the same time [I18] [I89] proved that weighted
congestion games admit a (weighted) potential function, and thus a PNE;, if the
latency functions are either affine or exponential (and [140), [I41] proved that in a
certain sense, this restriction is necessary). Subsequently, Ackermann et al. [2]
characterized the strategy sets of CGs that guarantee efficient equilibrium compu-
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tation. They also used a variant of LOCAL-MAX-CuT, called threshold games, to
simplify the PLS-completeness proof of [95] and to show that computing a PNE
of asymmetric network CGs with (exponentially steep) linear latencies is PLS-
complete.

On the other hand, the complexity of equilibrium computation for weighted
CGs is not well understood. All the hardness results above carry over to weighted
CGs, since they generalize standard CGs (where the players have unit weight).
But on the positive side, we only know how to efficiently compute a PNE for
weighted CGs on parallel links with general latencies [120] and for weighted CGs
on parallel links with identity latency functions and asymmetric strategies [126].
Despite the significant interest in (exact or approximate) equilibrium computation
for CGs (see e.g., [63] 64, 153] and the references therein), we do not understand
how (and to which extent) the complexity of equilibrium computation is affected
by player weights. This is especially true for weighted CGs with linear latencies,
which admit a potential function and their equilibrium computation is in PLS.

In this work, we seek a more refined understanding of the complexity of local
optimum computation for Max-Cut and pure Nash equilibrium (PNE) computa-
tion for congestion games with weighted players and linear latency functions. We
show that computing a PNE of linear weighted congestion games is PLS-complete
for very restricted strategy spaces, namely when player strategies are paths on a
series-parallel network with a single origin and destination. Furthermore, in the
same work we also show that the problem remains PLS-complete even for very
restricted latency functions, namely when the latency on each resource is equal
to the congestion, for general networks, through a reduction from a newly defined
appropriate local search problem we call Node-Max-Cut. In this light we also show
how to compute efficiently a (1 4 €)-approximate equilibrium for Node-Max-Cut,
if the number of different vertex weights is constant.

2.5 Bibliographic information

The results presented in this thesis have already appeared in publications,
following the structure below.

Chapter is based on [114] which appeared in WINE 2021. Chapter is based
on [7] which appeared in SAGT 2020 and full version is under minor revision for
TOCS 2023. Chapter [5|is based on [I1] which appeared in JAIR 2022. A shorter
version has appeared in ICALP 2020. Chapter [6] is based on [10] which appeared
in AAAT 2022. Chapter [7]is based on [122] which appeared in ICALP 2020.
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Chapter 3

Facility location in
perturbation stable instances

Approximate mechanism design without money for variants and generalizations
of Facility Location games on the line has been a very active and productive area
of research in the last decade.

Previous work has shown that deterministic strategyproof mechanisms can only
achieve a bounded approximation ratio for k-Facility Location on the line, only if
we have at most 2 facilities [112, [192]. Notably, stable (called well-separated in
[112]) instances with n = k41 agents play a key role in the proof of inapproximabil-
ity of k-Facility Location by deterministic anonymous strategyproof mechanisms
[112, Theorem 3.7]. On the other hand, randomized mechanisms are known to
achieve a better approximation ratio for k = 2 facilities [166], a constant approxi-
mation ratio if we have k > 2 facilities and only n = k+ 1 agents [91], 116], and an
approximation ratio of n for any k > 3 [I16]. Fotakis and Tzamos [I11] considered
winner-imposing randomized mechanisms that achieve an approximation ratio of
4k for k-Facility Location in general metric spaces. In fact, the approximation
ratio can be improved to O(In k), using the analysis of [25].

For the objective of maximum agent cost, Alon et al. [5] almost completely
characterized the approximation ratios achievable by randomized and determinis-
tic strategyproof mechanisms for 1-Facility Location in general metrics and rings.
Fotakis and Tzamos [116] presented a 2-approximate randomized group strate-
gyproof mechanism for k-Facility Location on the line and the maximum cost
objective. For 1-Facility Location on the line and the objective of minimizing the
sum of squares of the agent connection costs, Feldman and Wilf [I02] proved that
the best approximation ratio is 1.5 for randomized and 2 for deterministic mech-
anisms. Golomb and Tzamos [I136] presented tight (resp. almost tight) additive
approximation guarantees for locating a single (resp. multiple) facilities on the
line and the objectives of the maximum cost and the social cost.

Regarding the application of perturbation stability, we follow the approach of
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beyond worst-case analysis (see e.g., [202, [203]), where researchers seek a theo-
retical understanding of the superior practical performance of certain algorithms
by formally analyzing them on practically relevant instances. The beyond worst-
case approach is not anything new for Algorithmic Mechanism Design. Bayesian
analysis, where the bidder valuations are drawn as independent samples from a
distribution known to the mechanism, is standard in revenue maximization when
we allocate private goods (see e.g., [204]) and has led to many strong and ele-
gant results for social welfare maximization in combinatorial auctions by truthful
posted price mechanisms (see e.g., [80, [103]). However, in this work, instead of
assuming (similar to Bayesian analysis) that the mechanism designer has a rela-
tively accurate knowledge of the distribution of agent locations on the line (and use
e.g., an appropriately optimized percentile mechanism [217]), we employ a deter-
ministic restriction on the class of instances (namely, perturbation stability), and
investigate if deterministic (resp. randomized) strategyproof mechanisms with a
bounded (resp. constant) approximation ratio are possible for locating any num-
ber k > 2 facilities on such instances. To the best of our knowledge, the only
previous work where the notion of perturbation stability is applied to Algorithmic
Mechanism Design (to combinatorial auctions, in particular) is [I07] (but see also
[32, [94] where the similar in spirit assumption of endowed valuations was applied
to combinatorial markets).

3.1 Our contribution

Our conceptual contribution is that we initiate the study of efficient (wrt. their
approximation ratio for the social cost) strategyproof mechanisms for the large and
natural class of v-stable instances of k-Facility Location on the line. Our technical
contribution is that we show the existence of deterministic (resp. randomized)
strategyproof mechanisms with a bounded (resp. constant) approximation ratio
for 5-stable instances and any number of facilities £ > 2. Moreover, we show that
the optimal solution is strategyproof for (2 + v/3)-stable instances, if the optimal
clustering does not include any singleton clusters (which is likely to be the case in
virtually all practical applications). To provide evidence that restriction to stable
instances does not make the problem trivial, we strengthen the impossibility result
of Fotakis and Tzamos [112], so that it applies to y-stable instances, with v < v/2.
Specifically, we show that that for any £ > 3 and any ¢ > 0, there do not exist
any deterministic anonymous strategyproof mechanisms for k-Facility Location on
(v/2— §)-stable instances with bounded (in terms of n and k) approximation ratio.

At the conceptual level, we interpret the stability assumption as a prior on the
class of true instances that the mechanism should be able to deal with. Namely,
we assume that the mechanism has only to deal with ~-stable true instances, a
restriction motivated by (and fully consistent with) how the stability assump-
tion is used in the literature on efficient algorithms for stable clustering (see e.g.,
[13, 33, 34, [43], where the algorithms are analyzed for stable instances only). More
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specifically, our mechanisms expect as input a declared instance such that in the
optimal clustering, the distance between any two consecutive clusters is at least
% times larger than the diameters of the two clusters (a.k.a. cluster-separation
property, see Lemma . This condition is necessary (but not sufficient) for
~-stability and can be easily checked. If the declared instance does not satisfy the
cluster-separation property, our mechanisms do not allocate any facilities. Other-
wise, our mechanisms allocate k facilities (even if the instance is not stable). We
prove that for all y-stable true instances (with the exact stability factor v depend-
ing on the mechanism), if agents can only deviate so that the declared instance
satisfies the cluster-separation property (and does not have singleton clusters, for
the optimal mechanism), our mechanisms are strategyproof and achieve the desired
approximation guarantee. Hence, if we restrict ourselves to ~y-stable true instances
and to agent deviations that do not obviously violate ~-stability, our mechanisms
should only deal with v-stable declared instances, due to strategyproofness. On
the other hand, if non-stable true instances may occur, the mechanisms cannot dis-
tinguish between a stable true instance and a declared instance, which appears to
be stable, but is obtained from a non-stable instance through location misreports.

The restriction that the agents of a -stable instance are only allowed to de-
viate so that the declared instance satisfies the cluster-separation property (and
does not have any singleton clusters, for the optimal mechanism) bears a strong
conceptual resemblance to the notion of strategyproof mechanisms with local ver-
ification (see e.g., [27, 23], 61, 68 121, 117, 137]), where the set of each agent’s
allowable deviations is restricted to a so-called correspondence set, which typically
depends on the agent’s true type, but not on the types of the other agents. Instead
of restricting the correspondence set of each individual agent independently, we
impose a structural condition on the entire declared instance, which restricts the
set, of the agents’ allowable deviations, but in a global and observable sense. As
a result, we can actually implement our notion of verification, by checking some
simple properties of the declared instance, instead of just assuming that any devi-
ation outside an agent’s correspondence set will be caught and penalized (which is
the standard approach in mechanisms with local verification [23], [68], [61], but see
e.g., [27, [I11] for noticeable exceptions).

On the technical side, we start, in Section [3.3] with some useful properties of
stables instances of k-Facility Location on the line. Among others, we show (i)
the cluster-separation property (Lemma , which states that in any ~-stable
instance, the distance between any two consecutive clusters is at least ('Y;il)rz times
larger than their diameters; and (i) the so-called no direct improvement from
singleton deviations property (Lemma, i.e., that in any 3-stable instance, no
agent who deviates to a location, which becomes a singleton cluster in the optimal
clustering of the resulting instance, can improve her connection cost through the
facility of that singleton cluster.

In Section we show that for (24 1/3)-stable instances whose optimal clus-
tering does not include any singleton clusters, the optimal solution is strategyproof
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(Theorem . For the analysis, we observe that since placing the facility at the
median location of any fixed cluster is strategyproof, a misreport cannot be prof-
itable for an agent, unless it results in a different optimal clustering. The key step
is to show that for (24-1/3)-stable instances without singleton clusters, a profitable
misreport cannot change the optimal clustering, unless the instance obtained from
the misreport violates the cluster-separation property. To the best of our knowl-
edge, the idea of penalizing (and thus, essentially forbidding) a whole class of
potentially profitable misreports by identifying how they affect a key structural
property of the original instance, which becomes possible due to our restriction to
stable instances, has not been used before in the design of strategyproof mecha-
nisms for k-Facility Location (see also the discussion above about resemblance to
mechanisms with verification).

We should also motivate our restriction to stable instances without singleton
clusters in their optimal clustering. So, let us consider the rightmost agent x; of
an optimal cluster C; in a y-stable instance . No matter the stability factor ~, it
is possible that x; performs a so-called singleton deviation. Namely, z; deviates
to a remote location =’ (potentially very far away from any location in &), which
becomes a singleton cluster in the optimal clustering of the resulting instance.
Such a singleton deviation might cause cluster C; to merge with (possibly part of
the next) cluster C;;1, which in turn, might bring the median of the new cluster
much closer to z; (see also Fig. in Section . It is not hard to see that if we
stick to the optimal solution, where the facilities are located at the median of each
optimal cluster, there are y-stable instamcesﬂ7 with arbitrarily large v > 1, where
some agents can deviate to a remote location and gain, by becoming singleton
clusters, while maintaining the desirable stability factor of the declared instance
(see also Fig. |3.1)).

To deal with singleton deviationsEL we should place the facility either at a loca-
tion close to an extreme one, as we do in Section [3.5] with the ALMOSTRIGHTMOST
mechanism, or at a random location, as we do in Section [3.7] with the RANDOM
mechanism. More specifically, in Section [3.5] we show that the ALMOSTRIGHT-
MOST mechanism, which places the facility of any non-singleton optimal cluster at
the location of the second rightmost agent, is strategyproof for 5-stable instances
of k-Facility Location (even if their optimal clustering includes singleton clusters)
and achieves an approximation ratio at most (n—2)/2 (Theorem [3.5.1). Moreover,
in Section we show that the RANDOM mechanism, which places the facility

'E.g., let k = 2 and consider the ©(v)-stable instance (0,1—¢,1,67,6v+¢, 6+ 1,67+
1+¢€,6v+ 2), for any v > 1. Then, the agent at location 6 can decrease its connection
cost (from 1) to € by deviating to location (67)2.

2 Another natural way to deal efficiently with singleton deviations is through some
means of location verification, such as winner-imposing verification [I11] or e-symmetric
verification [I17, 121]. Adding e.g., winner-imposing verification to the optimal mecha-
nism, discussed in Section results in a strategyproof mechanism for (2 + v/3)-stable
instances whose optimal clustering may include singleton clusters.
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of any optimal cluster at a location chosen uniformly at random, is strategyproof
for 5-stable instances (again even if their optimal clustering includes singleton
clusters) and achieves an approximation ratio of 2 (Theorem [3.7.1]).

To obtain a deeper understanding of the challenges behind the design of strat-
egyproof mechanisms for stable instances of k-Facility Location on the line, we
strengthen the impossibility result of [I12, Theorem 3.7] so that it applies to ~-
stable instances with v < /2 (Section . Through a careful analysis of the
image sets of deterministic strategyproof mechanisms, we show that for any k > 3,
any 0 > 0, and any p > 1, there do not exist any p-approximate deterministic
anonymous strategyproof mechanisms for (v/2 — §)-stable instances of k-Facility
Location on the line (Theorem . The proof of Theorem requires addi-
tional ideas and extreme care (and some novelty) in the agent deviations, so as to
only consider stable instances, compared against the proof of [I12] Theorem 3.7].
Interestingly, singleton deviations play a crucial role in the proof of Theorem [3.6.5

3.2 Notation, Definitions and Preliminaries

We let [n] = {1,...,n}. For any z,y € R, we let d(z,y) = |z — y| be the
distance of locations = and y on the real line. For a tuple ¥ = (z1,...,z,) € R",
we let _; denote the tuple & without coordinate x;. For a non-empty set S of
indices, we let Zs = (2;)ics and ¥_g = (2;)igzs. We write (Z_;,a) to denote the
tuple Z with a in place of x;, (f,{iyj}, a,b) to denote the tuple Z with a in place
of x; and b in place of x;, and so on. For a random variable X, E(X) denotes the
expectation of X. For an event F in a sample space, Pr(E) denotes the probability
that E occurs.

Instances. We consider k-Facility Location with k > 2 facilities and n > k + 1
agents on the real line. We let N = {1,...,n} be the set of agents. Each agent
1 € N resides at a location x; € R, which is i’s private information. We usually
refer to a locations profile ¥ = (z1,...,2,) € R", z; < --- < x,,, as an instance.
By slightly abusing the notation, we use z; to refer both to the agent ¢’s location
and sometimes to the agent i (i.e., the strategic entity) herself.

Mechanisms. A deterministic mechanism M for k-Facility Location maps an
instance Z to a k-tuple (cy,...,cx) € R¥, ¢; < --- < ¢y, of facility locations. We
let M(Z) denote the outcome of M in instance Z, and let M;(Z) denote ¢;, i.e.,
the j-th smallest coordinate in M (Z). We write ¢ € M(Z) to denote that M (Z)
places a facility at location ¢. A randomized mechanism M maps an instance Z to
a probability distribution over k-tuples (cy,...,c;) € RF.

Connection Cost and Social Cost. Given a k-tuple ¢ = (c1,...,¢), c1 <
- < ¢, of facility locations, the connection cost of agent ¢ wrt. ¢, denoted
d(z;,©), is d(xs,¢) = minj<j<k|r; — yj|. Given a deterministic mechanism M

and an instance Z, d(z;, M (%)) denotes the connection cost of agent i wrt. the
outcome of M (Z). If M is a randomized mechanism, the expected connection cost
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of agent i is Eg.pz(z)(d(74,€)). The social cost of a deterministic mechanism M for
an instance 7 is cost(x M(Z)) = >, d(zi, M(Z)). The social cost of a facility
locations profile & € R¥ is cost(#,¢) = .1 | d(wx;,¢). The expected social cost of a
randomized mechanism M on instance & is

cost(Z, M (& ZEmM(x (24,0)).

The optimal social cost for an instance Z is cost™(¥) = mingege Y iy d(z;, ©).
For k-Facility Location, the optimal social cost (and the corresponding optimal
facility locations profile) can be computed in O(kn logn) time by standard dynamic
programming.

Approximation Ratio. A mechanism M has an approximation ratio of p > 1,
if for any instance Z, cost(¥, M (Z)) < pcost*(Z). We say that the approximation
ratio p of M is bounded, if p is bounded from above either by a constant or by a
(computable) function of n and k.

Strategyproofness. A deterministic mechanism M is strategyproof, if no agent
can benefit from misreporting her location. Formally, M is strategyproof, if for all
location profiles Z, any agent 4, and all locations y, d(x;, M (%)) < d(z;, M ((Z—-i,y)).
Similarly, a randomized mechanism M is strategyproof (in expectation), if for all
location profiles Z, any agent ¢, and all locations v,

Eaon @) (d(i, €)) < Eaonr(@_,,y) (d(i, 0)).

Clusterings. A clustering (or k-clustering, if k is not clear from the context) of
an instance Z is any partitioning C = (C1,...,Ck) of & into k sets of consecutive
agent locations. We index clusters from left to right. Le., C1 = {x1,..., 20|},
Cy = {*73|01|+17 .. .,:c|cl‘+‘02|}, and so on. We refer to a cluster C; that includes

only one agent (i.c., with |C] = 1) as a singleton cluster. We sometimes use (Z, C)
to highlight that we consider Casa clustering of instance .

Two clusters C' and C’ are identical, denoted C = C’, if they include the
exact same locations. Two clusterings C = (C,...,Cg) and ¥ = (Y1,...,Y%)
of an instance & are the same, if C; = Y;, for all i € [k]. Abusing the notation,
we say that a clustering C of an instance 7 is identical to a clustering Y of a
~v-perturbation @ of Z (see also Definition [3.3.1)), if |C;| = |Y;], for all i € [k].

We let z;; and x; , denote the leftmost and the rightmost agent of each cluster
C;. Under this notation, x;—1, < x;; < 2, < ®jp1y, forall i € {2,...,k —1}.
Exploiting the linearity of instances, we extend this notation to refer to other
agents by their relative location in each cluster. Namely, x;;11 (resp. z;,—1)
is the second agent from the left (resp. right) of cluster C;. The diameter of a
cluster C; is D(C;) = d(x;, xi ). The distance of clusters C; and C; is d(C;, Cj) =
mingec, yec;{d(z,y)}, ie., the minimum distance between a location x € C; and
a location y € Cj.

A k-facility locations (or k-centers) profile ¢ = (¢q, ..., ¢x) induces a clustering
C = (C1,...,Ck) of an instance & by assigning each agent / location z; to the
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cluster C; with facility ¢; closest to x;. Formally, for each i € [k], C; = {z; € T :
d(zj,c;) = d(xj,¢)}. The optimal clustering of an instance & is the clustering of &
induced by the facility locations profile with minimum social cost.

The social cost of a clustering C induced by a k-facility locations profile ¢ on
an instance 7 is simply cost(Z,¢), i.e., the social cost of & for Z. We sometimes
refer to the social cost cost(i, C) of a clustering C for an instance Z, without any
explicit reference to the corresponding facility locations profile. Then, we refer to
the social cost cost(Z, ¢), where each facility ¢; is located at the median location
of C; (the left median location of Cj, if |C;| is even).

We often consider certain structural changes in a clustering due to agent devi-
ations. Let C be a clustering of an instance &, which due to an agent deviation,
changes to a different clustering C’. We say that cluster Cj is split when c changes
to €, if not all agents in C; are served by the same facility in C/. We say that C;
is merged in ¢, if all agents in C; are served by the same facility, but this facility
also serves in C” some agents not in C;.

3.3 Perturbation Stability on the Line: Defi-
nition and Properties

Next, we introduce the notion of ~-(linear) stability and prove some useful
properties of v-stable instances of k-Facility Location, which are repeatedly used
in the analysis of our mechanisms.

Definition 3.3.1 (v-Pertrubation and 7-Stability). Let & = (z1,...,x,) be a
locations profile. A locations profile ¥ = (24, ..., x],) is a y-perturbation of &, for
some v > 1, if ) = x1 and for every i € [n — 1], d(zs, xi41)/y < d(z}, 77,,) <
d(zi, xiv1). A k-Facility Location instance & is ~y-perturbation stable (or simply, -
stable), if ¥ has a unique optimal clustering (C1,...,Ck) and every y-perturbation

T of T has the same unique optimal clustering (Cy,...,Cy).

Namely, a vy-perturbation &’ of an instance & is obtained by moving a subset
of pairs of consecutive locations closer by a factor at most v > 1. A k-Facility
Location instance 7 is v-stable, if # and any y-perturbation #’ of Z admit the same
unique optimal clustering (where clustering identity for # and 7’ is understood as
explained in Section . We consistently select the optimal center ¢; of each
optimal cluster C; with an even number of points as the left median point of C;.

Our notion of linear perturbation stability naturally adapts the notion of metric
perturbation stability [13] Definition 2.5] to the line. We note, the class of y-stable
linear instances, according to Definition is at least as large as the class of
metric y-stable linear instances, according to [I3] Definition 2.5]. Similarly to [13]
Theorem 3.1] (see also [205, Lemma 7.1] and [31, Corollary 2.3]), we can show
that for all v > 1, every 7-stable instance Z, which admits an optimal clustering
Ci,...,Cy with optimal centers cy, . . ., ¢, satisfies the following ~y-center proximity
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property: For all cluster pairs C; and Cj, with 7 # j, and all locations z € Cj,
d(z,c;) > vd(x, ;).

We repeatedly use the following immediate consequence of y-center proximity
(see also [205, Lemma 7.2]). The proof generalizes the proof of [205, Lemma 7.2]
to any v > 2.

Proposition 3.3.2. Let v > 2 and let & be any ~y-stable instance, with unique
optimal clustering C1, ...,Cy and optimal centers c1,...,c. Then, for all clusters
C; and Cj, with i # j, and all locations x € C; andy € Cj, d(z,y) > (y—1)d(z, ¢;).

The following observation, which allows us to treat stability factors multiplica-
tively, is an immediate consequence of Definition [3.3.1

Observation 3.3.3. Every a-perturbation followed by a [B-perturbation of a lo-
cations profile can be implemented by a (af)-perturbation and vice versa. Hence,
a y-stable instance remains (v/v')-stable after a +'-perturbation, with ~' < ~, is
applied to it.

We next show that for + large enough, the optimal clusters of a v-stable in-
stance are well-separated, in the sense that the distance of two consecutive clusters
is larger than their diameters.

Lemma 3.3.4 (Cluster-Separation Property). For any y-stable instance on the
line with optimal clustering (Ci,...,Cy) and all clusters C; and Cj, with i # j,

d(Cy,C5) > U5 max{D(C3), D(C))}.

The cluster-separation property of Lemma was first obtained in [3] as a
consequence of vy-cluster proximity. For completeness, we present a different proof
that exploits the linear structure of the instance.

Proof. 1t suffices to establish the lemma for two consecutive clusters C; and Cjq.
We recall that d(C;, Cit1) = d(2ir, xit1,). Moreover, by symmetry, we can assume
WlOg. that D(CZ) > D(CH_1>

If C; is a singleton, D(C;) = 0 and the lemma holds trivially. If |C;| = 2, wlog.
we can only consider the case where x;; is C;’s center. Otherwise, i.e., if z;, is C;’s
center in optimal clustering (C1,...,C;, ..., Cy) with centers (¢;,...,Zip,...,¢j),
the same clustering (C1, ..., C;, ..., Cy) with centers (c1,..., 2y, ..., ¢;) is also op-
timal for the ~-stable instance Z (and should still be optimal after a v perturbation
of &, due to the stability of the instance). We then have:

1 1
D(C;) = d(wiyg, xiy) = d(cis ziy) < Wd(xi,r,ﬂfiﬂ,r) RECIE)

d(Ci, Ciy1) > (v — 1)D(C;)

d(Ci, Ci—i-l) =

where the first inequality follows from Proposition [3.3.2l The lemma then
follows by noticing that for any ~ > 1:
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¥ +1
2y
The most interesting case is where |C;| > 3 and i1 < ¢ < Ty Suppose
d(z;y,¢;) = BD(C;), for some § € (0,1] and hence d(¢;, z;,) = (1 — B)D(C;) (ie.,
B quantifies how close ¢; is to C;’s extreme points and to the closest point of Cj41.)
We recall that d(C;, Ciy1) = d(zir, Tit1,).
We start with a tighter analysis of the equivalent of Proposition for x;,
and z;11, taking into account their specific ordering on the line:

-1

y—-12

d(ig, xiv11) = d(@ig, cip1) — A(XTig11, Cigs)

d(xir11, G
> yd(wig, ¢i) — dlasry )

Y
s 2ar) — d(r.
= ’Yd(xi,bci) . (xz-‘rl,l xz,l) (l‘z,l C’L) N
Y
2
+1
d(zig, 1) > 77+ : d(z, ¢)

Where the second inequality stands due to the ~-center proximity property
of 7 stable instances and the equality stands because x;; < ¢; < w;41,;. Since
d(Ci, Ci1) = d(@ip, Tit1y) = d(wi1, vip10) — D(Ci), and by d(xiy, ¢;) = BD(C;),
we get that:

B(v* +1)
o 1>D(Ci) (3.1)

Furthermore, by Propositio we have that d(z;,, zit11) > (v=1)d(xi, c;).
Hence, by d(c;, z;,) = (1 — B)D(C;), we get that:

d(Cs, Ciy1) > (

d(Ci, Ciy1) > (1= B)(v — 1)D(Cy) (3:2)
So, by (3.1)) and (3.2) we have that it must be:

B(y*+1)

d(Cz, Ci+1) > max{ P 1

~1,0=8)(y - 1) }D(Cy) (3.3)

We now observe that for any fixed v > 1, the first term of the max in ({3.3)),

2
LJ{I) — 1, is increasing for all 8 > 0, while the second term, (1 — 3)(y — 1), is
decreasing for all § € (0, 1]. Hence, for any fixed v > 1, the minimum value of the

max in (3.3)) is achieved when S satisfies:

2
M) - a-s6-)

Solving for 5, we get that:
1 1

2+2'y
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with g € (1/2,1], when v > 1.
We conclude the proof by substituting the value of 5 in (3.4]) to (3.3]). O

Setting v > 2 + /3, we get that:

Corollary 3.3.5. Let v > 2+ /3 and let Z be any ~y-stable instance with unique
optimal clustering (Ci,...,Cy). Then, for all clusters C; and Cj, with i # j,
d(CZ, CJ) > maX{D(C’l), D(CJ)}

The following is an immediate consequence of the cluster-separation property

in Lemma [3.3.4

Observation 3.3.6. Let T be a k-Facility Location with a clustering C= (C1,...,C)
such that for any two clusters C; and C;, max{D(C;), D(C;)} < d(C;,Cj). Then,
if in the optimal clustering of &, there is a facility at the location of some x € Cj,
no agent in C; is served by a facility at x; ¢ C;.

(MWhat does this say?? Remove!l!)Next, we establish the so-called no direct
improvement from singleton deviations property, used to show the strategyproof-
ness of the ALMOSTRIGHTMOST and RANDOM mechanisms. Namely, we show that
in any 3-stable instance, no agent deviating to a singleton cluster in the optimal
clustering of the resulting instance can improve her connection cost through the
facility of that singleton cluster.

Lemma 3.3.7. Let T be a y-stable instance with v > 3 and optimal clustering
C = (C4,...,Ck) and cluster centers (cy,...,cx), and let an agent x; € C; \ {c;}
and a location z' such that ' is a singleton cluster in the optimal clustering of the

resulting instance (Z_;,2'). Then, d(x;, 2') > d(z4,¢;).

Proof. We establish the lemma for the leftmost agent x;; as the deviating agent.
Specifically, we show that z;; needs to move by at least d(x;;,c;) to the left in
order to become a singleton cluster. The property then follows for the rest of the
agents.

Suppose x;; can create a singleton cluster by deviating less than d(z;, ¢;) to
the left. Le., for some 2’ such that d(z2', z;;) < d(z;;,¢;) the optimal clustering of

=

T’ = (¥_4,,,2") is such that the agent location at z’ becomes a singleton cluster.

We call this clustering (that is optimal for &) C’. Notice that since d(z’ Tig) <
d(zij,¢;), ' is in the gap between clusters Cj—; and C; as by 3-perturbation
stability we have d(x;j—1,,2;;) > 2d(x;;, ¢;). This means that in order for this case
to be feasible, no agents from C;_; can be clustered together with agents in C; in
(#,C"), because 2’ lies between them and is a singleton cluster.

Consider now the instance 7, ;. We know that cost(7_, ,, = cost(T -z, ,, 0).
That is, since otherwise the optimal clustering for & would make x;; a single-
ton cluster and serve the rest of the agents as in C". Let diff be the difference
in the total cost agents in ¥_,,, experience between clusterings C and C'. le.
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diff = cost(¥_,,, " — cost(T -z, ,, C). As before, since ;; is not a singleton clus-
ter in (&, C) we know that d(zy,c;) < diff (or else setting x;; as a singleton would
have a lower cost in Z than C).

But we can perform a 3-perturbation in Z in the following way: Scale down
all distances between agents from 1 up to x;_1, and all distances between agents
from z; ;41 to z,, (z, being the rightmost agent of the instance) by 3. Call this
instance Tpe,. Since agents of clusters C;_1 and C; are not clustered together
neither in C nor in C’ we have that

cost(T_z, ,, ) — cost(T_y, ,, c)
3 :

diﬁper <

So diff e, < diff/3. Since d(z;,¢;) is unaffected in the perturbation and by sta-
bility the optimal clustering of Zpe, must remain the same (as &) we have that it
must be d(x;,¢;) < diff /3 (1).

Finally, the least amount of extra social cost suffered between cost(Z, C_") and
the case of setting z;; as a center that serves only itself and serve the remaining
agents of the instance as on c’ (i.e. as they would be served should 2’ gets a facility
that served only herself), will be diff — d(z;;,¢;). This means that the optimal
clustering algorithm would only choose this solution when d(z’, ¢;) > diff —d(z, ¢;).
So the agent must deviate by at least diff — 2d(x, ¢;). But from (1) we have

diff — 2d(x, ¢;) > 3d(z, ¢;) — 2d(xi, ¢;) = d(2ig,¢)
which concludes the proof of the lemma. O

The following shows that for 5-stable instances ¥, an agent cannot form a
singleton cluster, unless she deviates by a distance larger than the diameter of her
cluster in Z’s optimal clustering.

Lemma 3.3.8. Let & be any vy-stable instance with v > 5 and optimal clustering
C = (C1,...,C). Let z; € C;\ {c;} be any agent and &’ any location such that @'
is a singleton cluster in the optimal clustering of instance ¥ = (T_;,x'), where x;
has deviated to z'. Then, d(2',z;) > D(C}).

Sketch. Initially, we show that a clustering ¢’ of instance @ = (Z_;, '), with
d(2',z;) < D(C;), cannot be optimal and contain z’ as a singleton cluster, unless
some agent Z \ C; is clustered together with some agent in C;. To this end,
we use the lower bound on the distance between difference clusters for 5-stable
instances show in Lemma Then, using stability arguments, i.e. that the
optimal clustering should not change for instance &, even when we decrease, by
a factor of 4, the distances between consecutive agents in Z \ C;, we show that
in C" agents in &\ C; experience an increase in cost of at least 2D(C;) (notice
that Z\ C; = @\ (C; U {2'})). But the additional cost of serving 2’ from ¢; in
clustering C' is at most 2D(C;), since d(z',z;) < D(C;) and d(z;,¢;) < D(C}).
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Figure 3.1: An example of a so-called singleton deviation. The deviating
agent (grey) declares a remote location, becomes a singleton cluster, and es-
sentially turns the remaining agents into a (k — 1)-Facility Location instance.
Thus, the deviating agent can benefit from her singleton deviation, due to
the subsequent cluster merge.

Mechanism 1: OPTIMAL
Result: An allocation of k-facilities
Input: A k-Facility Location instance Z.
Compute the optimal clustering (C1,...,Ck). Let ¢; be the left median point
of each cluster Cj.
if (3 € [k] with |C;| =1) or (Ji € [k — 1] with
maX{D(CZ-), D(Cz-l—l)} > Cl(CZ, Ci—i—l)) then
| Output: “FACILITIES ARE NOT ALLOCATED”.
else
‘ Output: The k-facility allocation (cq, ..., ck)

Hence retaining clustering C and serving location z’ from ¢; would have a smaller
cost than the supposedly optimal clustering C’. The complete proof follows by a
careful case analysis. O

The proof is deferred to appendix of the chapter.

3.4 The Optimal Solution is Strategyproof for
(2 + v/3)-Stable Instances

We next show that the OPTIMAL mechanism, which allocates the facilities
optimally, is strategyproof for (2 + v/3)-stable instances of k-Facility Location
whose optimal clustering does not include any singleton clusters. More specifically,
in this section, we analyze Mechanism

In general, due to the incentive compatibility of the median location in a single
cluster, a deviation can be profitable only if it results in a k-clustering different
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from the optimal clustering (C1, ..., Cy) of Z. For 7 is sufficiently large, y-stability
implies that the optimal clusters are well identified so that any attempt to alter
the optimal clustering (without introducing singleton clusters and without violat-
ing the cluster separation property, which is necessary of stability) results in an
increased cost for the deviating agent. We should highlight that Mechanism [I| may
also “serve” non-stable instances that satisfy the cluster separation property. We
next prove that the mechanism is stategyproof if the true instance is (2 4 v/3)-
stable and its optimal clustering does not include any singleton clusters, when the
agent deviations do not introduce any singleton clusters and not result in instances
that violate the cluster separation property (i.e. are served by the mechanism) .

Theorem 3.4.1. The OPTIMAL mechanism applied to (2 + \/3)-stable instances
of k-Facility Location without singleton clusters in their optimal clustering is strat-
egyproof and minimizes the social cost.

Proof. We first recall some of the notation about clusterings, introduced in Sec-
tion Specifically, for a clustering €' = (C1,...,Ck) of an instance ¥ with
centers ¢ = (c1,...,cx), the cost of an agent (or a location) z is d(x,é) =
mincp{d(z,c;)}. The cost of a set of agents X in a clustering Cis cost(X,C) =
Y orex Az, C). Finally, the cost of an instance Z in a clustering C is cost(Z, C) =
Exj ez d(zj, (). This general notation allows us to refer to the cost of the same
clustering for different instances. ILe, if C is the optimal clustering of Z, then
cost (7, é) denotes the cost of instance 7 in clustering c (where we select the same
centers as in clustering C for Z).

The fact that if OPTIMAL outputs k facilities, they optimize the social cost
is straightforward. So, we only need to establish strategyproofness. To this end,
we show the following: Let & be any (2 + v/3)-perturbation stable k-Facility Lo-
cation instance with optimal clustering C = (C1,...,Ck). For any agent i and
any location y, let Y be the optimal clustering of the instance 7 = (Z_i,y) re-
sulting from the deviation of ¢ from x; to y. Then, if y does not form a singleton
cluster in (7,Y), either d(z;,C) < d(z;,Y), or there is an i € [k — 1] for which
max{D(YZ-), D(ifz+1)} > d(YYlv YviJrl)'

So, we let z; € C; deviate to a location y, resulting in ¢ = (Z_;, y) with optimal
clustering Y. Since y is not a singleton cluster, it is clustered with agents belonging
in one or two clusters of C, say either in cluster C; or in clusters C;_; and C;. By
optimally of C and Y, the number of facilities serving Cj—1UC;U{y} in (7, }7) is
no less than the number of facilities serving Cj_1 U Cj in (&, C_”) Hence, there is
at least one facility in either C;_1 or Cj.

Wilog., suppose that a facility is allocated to an agent in Cj in (g,?) By
Corollary and Observation no agent in C; is served by a facility in
#\C; in Y. Thus we get the following cases about what happens with the optimal

clustering Y of instance § = (7_;,y):

Case 1: 1y is not allocated a facility in Y: This can happen in one of two ways:
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Case la: y is clustered together with some agents from cluster C; and no
facility placed in C; serves agents in Z\ C} in Y.

Case 1b: y is clustered together with some agents from a cluster C; and at
least one of the facilities placed in C; serve agents in &\ C; in Y.

Case 2: y is allocated a facility in Y. This can happen in one of two ways:

Case 2a: y only serves agents that belong in C; (by optimality, y must
be the median location of the new cluster, which implies that either
y < x;; and y only serves x;; or x;; <y < xj,).

Case 2b: In }7, y serves agents that belong in both C;_; and Cj.

We next show that the cost of the original clustering C is less than the cost of
clustering Y in 7. Hence, mechanism OPTIMAL would also select clustering C for
i/, which would make z;’s deviation to y non-profitable. In particular, it suffices
to show that:

cost(§,C) < cost(§,Y) <
cost(Z,C) +d(y,C) — d(z;,C) < cost(Z,Y) +d(y,Y) —d(z;,Y) <
d(y,C) —d(y,Y) < cost(Z,Y) — cost(&,C) + d(x;,C) — d(z;,Y)

—

Since x;’s deviation to y is profitable, d(z;, 6) —d(z;,Y) > 0. Hence, it suffices to
show that:

d(y,C) —d(y,Y) < cost(Z,Y) — cost(Z,C)
= cost(Cj, Y) - cost(C}, C) + cost(Z \ Cj, Y) — cost(Z\ C§-3(§)

We first consider Case 1a and Case 2a, i.e., the cases where Y allocates facilities
to agents of C; (between x;; and x;,) that serve only agents in C;. Note that in
case 2a, y can also be located outside of C; and serve only x;;. We can treat this
case as Case la, since it is equivalent to placing the facility on x;; and serving y
from there.

In Case la and Case 2a, we note that holds if the clustering Y allocates
a single facility to agents in C; U {y}, because the facility is allocated to the
median of C; U {y}, hence d(y,C) — d(y,Y) = cost(Cj,?) - cost(Cj,é), while
cost(Z\ Cj,Y) — cost(T \ Cj,é) > 0, since C is optimal for Z. So, we focus on
the most interesting case where the agents in C; U {y} are allocated at least two
facilities. We observe that follows from:
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To establish and , we first consider the valid «-perturbation of the
original instance & where all distances between consecutive agent pairs to the left
of Cj (i.e. agents {x1,x2,...,2j—1,}) and between consecutive agent pairs to the
right of C; (i.e. agents {xj114,...,2,}) are scaled down by . By stability, the
clustering C remains the unique optimal clustering for the perturbed instance 7.
Moreover, since agents in Z'\ C; are not served by a facility in C; in C and )7, and
since all distances outside C; are scaled down by v, while all distances within C}
remain the same, the cost of the clusterings C and Y for the perturbed instance 7’
is cost(Cj, C) + cost(Z\ C;, C) /v and cost(C},Y) + cost(Z\ Cj, Y ) /7, respectively.
Using cost(i,C) < cost(Z,Y) and v > 2, we obtain:

cost(Cj, c) — cost(Cj, Y) < %(cost(f\ Cj, Y) — cost(Z\ Cj, 6)) (3.8)
< (1 - 5) <cost(f\ 0, V) — cost(z\ Cj, é)) (3.9)

Moreover, if C; U {y} is served by at least two facilities in Y, the facility
serving y (and some agents of C}) is placed at the median location of Y’s cluster
that contains y. Wlog., we assume that y lies on the left of the median of Cj.
Then, the decrease in the cost of y due to the additional facility in Y is equal to
the decrease in the cost of z;; in }7, which bounds from below the total decrease
in the cost of C; due to the additional facility in Y. Hence,

d(y,C) — d(y,Y) < cost(C},C) — cost(C},Y) (3.10)

We conclude Case la and Case 2a, by observing that follows directly from
and (33).

Finally, we study Case 1b and Case 2b, i.e, the cases where some agents of C}
are clustered with agents of '\ Cj in Y. Let C%; and C7, denote the clusters of
(7,Y) including all agents of Cj (i.e., C; € C%; UCY,). By hypothesis, at least one
of €%y and Cj, contains an agent z € &'\ C;. Suppose this is true for the cluster C?; .
Then, D(C%;) > D(Cj), since by Corollary @7 for any v > (2++/3), the distance
of any agent z outside C; to the nearest agent in Cj is larger than C;’s diameter.
But since both C?; and Cj, contain agents of Cj, we have that d(C};, Cj,) < D(Cj).
Therefore, D(C%;) > d(C};, Cjy) and the cluster-separation property is violated.
Hence the resulting instance % is not y-stable and Mechanism [I| does not allocated
any facilities for it. ]

3.5 A Deterministic Mechanism Resistant to
Singleton Deviations

Next, we present a deterministic strategyproof mechanism for 5-stable in-
stances of k-Facility Location whose optimal clustering may include singleton clus-
ters. To make singleton cluster deviations non profitable, cluster merging has to
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be discouraged by the facility allocation rule. So, we allocate facilities near the
edge of each optimal cluster, ending up with a significantly larger approximation
ratio and a requirement for larger stability, in order to achieve strategyproofness.
Specifically, we now need to ensure that no agent can become a singleton cluster
close enough to her original location. Moreover, since agents can now gain by
splitting their (true) optimal cluster, we need to ensure that such deviations are
either non profitable or violate the cluster-separation property.

Theorem 3.5.1. ALMOSTRIGHTMOST (Mecham'sm@ 1s strategyproof for 5-stable
instances of k-Facility Location and achieves an approzimation ratio of (n —2)/2.

Proof. The approximation ratio of (n — 2)/2 follows directly from the fact that
the mechanism allocates the facility to the second rightmost agent of each non-
singleton optimal cluster.

As for strategyproofness, let # denote the true instance and C= (C1,...,Cy)
its optimal clustering. We consider an agent x; € C; deviating to location y,
resulting in an instance § = (Z_;,y) with optimal clustering Y. Agent z;’s cost is
at most D(Cj). Agent x; could profitably declare false location y in the following
ways:

Mechanism 2: ALMOSTRIGHTMOST
Result: An allocation of k-facilities

Input: A k-Facility Location instance Z.

1 Find the optimal clustering C= (C1,...,Cy) of Z.

if there are two consecutive clusters C; and C;yq with
max{D(C’i), D(Cz-i-l)} > d(CZ, Ci+1) then
| Output: “FACILITIES ARE NOT ALLOCATED”.

3 forie{l,...,k} do

[S

© o g o

if |C;| > 1 then
Allocate a facility to the location of the second rightmost agent of Cj,
i.e., Ci < Tir—1-
else
‘ Allocate a facility to the single agent location of Cj: ¢; < x4
end

end
Output: The k-facility allocation ¢ = (cy,...,cx).

Case 1: The agents in C; are clustered together in Y and y is allocated a facility
with d(y, z;) < d(xi,xir—1) < D(Cj) (zi,-1 is the location of x;’s facility,
when she is truthful).

Case la: y is a singleton cluster and d(y,z;) < D(Cj). For 5-stable in-
stances, Lemma implies that z; € C; has to move by at least
D(Cj) to become a singleton cluster, a contradiction.
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Case

Case

Case 1b: y is the second rightmost agent of a cluster CJ’- in (¢, }7) Then,
the agent z; can gain only if d(y,z;) < D(Cj). In Case 1, the agents
in C; are clustered together in Y. If y < x;, y must be the second
rightmost agent of a cluster on the left of x;; and by Lemma [3.3.4]
d(zi,y) > d(z;1,xj-1,) > D(Cj). Hence, such a deviation cannot be
profitable for z; (note how this case crucially uses the facility allocation
to the second rightmost agent of a cluster). If y > x;, z; can only gain
if y is the second rightmost agent of a cluster including C; U {y, z;41,}
and possibly some agents on the left of C;, which is treated below.

2: The agents in C} are clustered together in Y and C; is merged with some
agents from Cj41 and possibly some other agents to the left of x;; (note that
merging C; only with agents to the left of x;; does not change the facility
of ;). Then, we only need to consider the case where the deviating agent
x; is xj,, since any other agent to the left of z;,_1 cannot gain, because
cluster merging can only move their serving facility further to the right. As
for x;,, we note that by optimality and the hypothesis that agents in Cj}
belong in the same cluster of 17, x;, cannot cause the clusters C; and Cj4q
to merge in Y by deviating in the range [, xj41,4]. The reason is that
the set of agents (C; \ {z;,}) U {y} UCj11 cannot be served optimally by
a single facility, when the set of agents C; U Cj11 requires two facilities in
the optimal clustering C. Hence, unless Cj41 is split in Y (which is treated
similarly to Case 3a), z;, can only move her facility to Cj41, which is not
profitable for her, due to Lemma

3: ()} is split into two clusters in Y. Hence, the leftmost agents, originally
in C}, are served by a different facility than the rest of the agents originally
in Cj. We next show that in any profitable deviation of x; where C; is
split, either the deviation is not feasible or the cluster-separation property
is violated. The case analysis below is similar to the proof of Theorem [3.4.1]

Case 3a: Agents in C; are clustered together with some agents of &\ C}
in Y. By hypothesis, there are agents z,w € C; placed in different
clusters of }7, and at least one of them, say z, is clustered together
with an agent p € Cp, with £ # j, in Y. For brevity, we refer to
the (different) clusters in which z and w are placed in clustering ¥
as (7 and (), respectively. Then, D(C?) > d(p,z) > D(Cj;), by
Lemma [.3.4 But also d(C,C;,) < d(z,w) < D(C};), and conse-
quently, D(C?) > d(C%,C!,), which implies that the cluster-separation
property is violated and Mechanism [2] does not allocate any facilities
in this case.

Case 3b: Agents in C; are split and are not clustered together with any
agents of ¥\ C; in Y. Hence, y is not clustered with any agents in 2\ C;
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in Y. Otherwise, i.e., if y is not clustered with agents of C; in Y, it
would be suboptimal for clustering Y to allocate more than one facility
to agents of C; \ {x;} and at most k — 2 facilities to (Z U {y}) \ Cj,
while the optimal clustering C allocates a single facility to Cj and k—1
facilities to 2\ C;. But again if y is only clustered with agents of Cj,
it is suboptimal for clustering Y to allocate more than one facility to
agents of (C;U{y})\{x;} and at most k—2 facilities to Z\ C;, while the
optimal clustering C allocates a single facility to C; and k —1 facilities
to &\ C}, as shown in the proof of Theorem

O]

3.6 Low Stability and Inapproximability by
Deterministic Mechanisms

We next extend the impossibility result of [I12, Theorem 3.7] to v/2-stable
instances of k-Facility Location on the line, with £ > 3. Thus, we provide strong
evidence that restricting our attention to stable instances does not make strate-
gyproof mechanism design trivial.

3.6.1 Image Sets, Holes and Well-Separated Instances

We start with some basic facts about strategyproof mechanisms and by adapt-
ing the technical machinery of well-separating instances from [I12] Section 2.2] to
stable instances.

Image Sets and Holes. Given a mechanism M, the image set I;(Z_;) of an
agent 7 with respect to an instance r_; is the set of facility locations the agent 4
can obtain by varying her reported location. Formally, I;(¥_;) = {a € R : Jy €
R with M(Z_;,y) = a}.

If M is strategyproof, any image set I;(#_;) is a collection of closed intervals
(see e.g., [209, p. 249]). Moreover, a strategyproof mechanism M places a facility at
the location in I;(Z_;) nearest to the declared location of agent i. Formally, for any
agent 4, all instances Z, and all locations y, d(y, M(Z—,y)) = infoer,z_,){d(y, a)}.

Some care is due, because we consider mechanisms that need to be strate-
gyproof only for ~-stable instances (Z_;,y). The image set of such a mechanism
M is well defined (possibly by assuming that all facilities are placed to essentially
+00), whenever (Z_;,y) is not y-stable. Moreover, the requirement that M places
a facility at the location in I;(#_;) nearest to the declared location y of agent 4
holds only if the resulting instance (Z_;,y) is stable. We should underline that all
instances considered in the proof of Theorem are stable (and the same holds
for the proofs of the propositions adapted from [I12, Section 2.2]).
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Any (open) interval in the complement of an image set I = I;(Z_;) is called a
hole of I. Given alocation y ¢ I, we let l, = sup,c;{a < y} and ry = inf,cr{a > y}
be the locations in I nearest to y on the left and on the right, respectively. Since I
is a collection of closed intervals, [, and r, are well-defined and satisfy [, <y < ry.
For convenience, given a y ¢ I, we refer to the interval (I,,r,) as a y-hole in I.

Well-Separated Instances. Given a deterministic strategyproof mechanism M
with a bounded approximation p > 1 for k-Facility Location, an instance I is
(x1] -+ |xg—1|Tk, Thoy1)-well-separated if 1 < -+ <z < Tp41 and pd(Tiy1, k) <
Mineqo . pp{d(zio1,2:)}. We call xp and wpyq the isolated pair of the well-
separated instance Z.

Hence, given a p-approximate mechanism M for k-Facility Location, a well-
separated instance includes a pair of nearby agents at distance to each other less
than 1/p times the distance between any other pair of consecutive agents. There-
fore, any p-approximate mechanism serves the two nearby agents by the same
facility and serve each of the remaining “isolated” agents by a different facility.
We remark that well-separated instances are also p-stable.

We are now ready to adapt some useful properties of well-separated instances
from [I12, Section 2.2]. It is not hard to verify that the proofs of the auxiliary
lemmas below apply to v/2-stable instances, either without any change or with
some minor modifications (see also [112, Appendix A]). For completeness, we give
the proofs of the lemmas below in Appendix

Lemma 3.6.1 (Proposition 2.2, [I12]). Let M be any deterministic startegyproof
mechanism with a bounded approximation ratio p > 1. For any (x1| - - |Tk—1|Tk, The1)-
well-separated instance &, My(Z) € [z, Tpi1].

Lemma 3.6.2 (Proposition 2.3, [I12]). Let M be any deterministic startegyproof
mechanism with a bounded approzimation ratio p > 1, and let & be a (z1| - - - |xg—1|Tk, Tht1)-
well-separated instance with My (%) = xp. Then, for every (x1]...|xp_1]2), v} )-
well-separated instance &' with x, > xr, Mp(Z) = ).

Lemma 3.6.3 (Proposition 2.4, [I12]). Let M be any deterministic startegyproof
mechanism with a bounded approzimation ratio p > 1, and let & be a (z1|- - |xp—1|Tk, Tht1)-
well-separated instance with My (%) = xgy1. Then, for every (x1]...|xr—1]x), 27, 4)-
well-separated instance &' with x)_ | < g1, Mp(7') = 2} ;.

3.6.2 Nonexistence of strategyproof mechanisms, with
bounded approximation in stable instances.

In this subsection we show that our restriction to deterministic mechanisms
that only guarantee strategyproofness in stable instances is imposed by the nature
of the problem and is actually the only way that bounded approximation strate-
gyproof mechanisms can be created for this family of instances. More specifically,
a natural question to arise after observing the negative result of [I12] and our
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positive results about creating good mechanisms that only work when restricted
to the domain of strategyproof instances would be: ”Can we create mechanisms
that are strategyproof (not necessarily bounded approximation) for all instances
but also bounded approximation for stable instances?”. Here we show that the
answer to this question is no.

The idea behind this observation is the following: In the proof of the negative
result in [112] Theorem 3.7] we see that the authors start with an original in-
stance that due to bounded approximation has to have a specific allocation. Then
they argue that because of the mechanism’s behaviour in that first instance the
mechanism would have to follow a specific behaviour in a slightly altered instance
than the original for one of two reasons: either to maintain strategyproofness or to
maintain bounded approximation. Building on this logic then we follow a series of
intermediate instances along with the equivalent ”forced” behaviour of the mecha-
nism, in order to guarantee these properties, to finally end up in an contradictory
allocation (i.e. recreate the original instance showing that the mechanism would
allocate two facilities over the well separated pair, violating the bounded approx-
imation property). All we need to do to reach the required conclusion then, is to
recreate a similar (or the same proof) showing that each intermediate instance in
which we determine the mechanism’s behaviour by the fact that it should maintain
a bounded approximation ratio is stable. Thus we allow the mechanism to only be
strategyproof in general instances but only require it to be bounded approxima-
tion in stable ones. Reaching the same contradiction as in the original proof we
conclude that such a mechanism doesn’t exist.

Theorem 3.6.4. For every k > 3, any deterministic strategyproof mechanism for
k-facility location on the real line with n > k + 1 agents has unbounded approxi-
mation ratio within any domain of y-stable instances, for any v > 1.

Proof. We only consider the case where k = 3 and n = 4. It is then not hard to
verify that the result stands for any k > 3 and n > k+1. To reach a contradiction,
let M be any deterministic anonymous mechanism O

3.6.3 The Proof of the Impossibility Result

We are now ready to establish the main result of this section. The proof of
the following builds on the proof of [I12, Theorem 3.7]. However, we need some
additional ideas and to be way more careful with the agent deviations used in the
proof, since our proof can only rely on v/2-stable instances.

Theorem 3.6.5. For every k > 3 and any § > 0, any deterministic anonymous
strategyproof mechanism for (v/2—6)-stable instances of k-Facility Location on the
real line with n > k + 1 agents has an unbounded approrimation ratio.

Proof. We only consider the case where k = 3 and n = 4. It is not hard to verify
that the proof applies to any & > 3 and n > k + 1. To reach a contradiction, let
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M be any deterministic anonymous strategyproof mechanism for (/2 — d)-stable
instances of 3-Facility Location with n = 4 agents and with an approximation ratio
of p > 1.

We consider a (x1|zra|xs, z4)-well-separated instance Z. For a large enough
A > p and a very large (practically infinite) B > 6p\, we let & = (0,\,6B +
A, 6B 4+ X + ¢), for some small enough ¢ > 0 (¢ < A/p). By choosing A and ¢
appropriately, becomes the instance & vy-stable, for v > /2.

By Lemma Ms(Z) € [x3,z4]. Wlog, we assume that Ms(Z) # x3 (the
case where M3(Z) # x4 is fully symmetric and requires Lemma [3.6.2). Then,
by moving agent 4 to Ms(Z), which results in a well-separated instance and, by
strategyproofness, requires that M keeps a facility there, we can assume wlog.
that Mg(f) = 4.

Since & is well-separated and M is p-approximate, both z3 and x4 are served
by the facility at z4. Hence, there is a z3-hole h = ([, r) in the image set I3(Z_3).
Since M () places a facility at x4 and not in x3, the right endpoint r of h lies
between x3 and x4, i.e. 7 € (x3,x4]. Moreover, since M is p-approximate and
strategyproof for (1/2 — §)-stable instances, agent 3 should be served by a facility
at distance at most pA to her, if she is located at 4B. Hence, the left endpoint of
the hole h is [ > 3B. We distinguish two cases based on the distance of the left
endpoint [ of A to x4.

Case 1: x4 — | > v/2\. We consider the instance § = (¥_3,a), where a > [ is
arbitrarily close to I (i.e., @ > I) so that d(a,z4) = V2. Since d(x1,72) = A,
d(x9,a) is quite large, and d(a,z4) = V2, the instance i is (v/2 — )-stable, for
any d > 0. By strategyproofness, M (%) must place a facility at [, since [ € I3(Z_3).

Now, we consider the instance § = (y_4,1). Since we can choose a > [ so
that d(l,a) < A, the instance ¢ is (z1|22|l, a)-well-separated and (v/2 — §)-stable.
Hence, by strategyproofness, M (y') must keep a facility at [, because I € I4(y_4).

Then, by Lemma yy = a € M(y'), because for the (z1|xa|xs, z4)-well-
separated instance ¥, M3(%) = x4, and ¥ is a (z1|x2|l, a)-well-separated instance
with 3} < x4. Since both l,a € M(y’), either agents 1 and 2 are served by the
same facility of M(¢") or agent 2 is served by the facility at [. In both cases, the
social cost of M (') becomes arbitrarily larger than a — [, which is the optimal
social cost of the 3-Facility Location instance /.

Case 2: 24 — 1 < V2.

Let m = (r+1)/2 be the midpoint of the x3-hole (I,r) in I3(Z_3). We consider
the instance § = (Z_3,a), where a < m is arbitrarily close to m (i.e., a < m) so
that @ — [ < r —a and d(a, z4) < V2)A/2. The latter is possible since z3 is already
arbitrarily close to x4 and the right endpoint r of the hole h = (I, r) lies in (x3, x4].
Since d(z1,22) = A, d(x2, a) is quite large, and d(a,r4) < v/2)/2, the instance ¥ is
(V2 — §)-stable, for any § > 0. By strategyproofness, M (i) must place a facility
at [, since [ € I3(7_3) and [ is the nearest endpoint of the hole h = (I,7) to a.

As before, we now consider the instance ' = (¢_4,1). Since d(z1,22) = A,
d(w2,a) is quite large, and d(a,l) < d(a,r) < v/2)/2, the instance ' is (v/2 — §)-
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stable, for any § > 0. Hence, by strategyproofness, M (7') must keep a facility at
[, because | € I4(y_4).

To conclude the proof, we need to construct a (x1|za|l’,l’ + £)-well-separated
instance Z with I” € M(Z). Then, we can reach a contradiction to the hypothesis
that M has a bounded approximation ratio, by applying Lemma [3.6.3] similarly
to Case 1.

To this end, we consider the image set I4(y",) of agent 4 in ¢ , = (1, z2,a).
Since l € M(y), 1l € I4(¥_,). If a —e € I4(y"_,), the instance 2 = (§_,,a — ¢) is
(z1]|2z2]a—e, a)-well-separated (and thus, (v/2—§)-stable, for any § > 0). Moreover,
by strategyproofness, M (Z) must place a facility at a — e, because a —e € I4(y_,).
Otherwise, there must be a hole A’ = (I’,7’) in the image set I4(¢_,), with I > [
(because | € I4(y_4)) and r' < a — e (because of the hypothesis that a —e € [ €
I4(y_4)). We consider the instance z' = (y_4,l' +¢) = (x1,22,!' + ¢,a). Since
I'+e € (l,a), d(a,l' +¢) < d(a,l) < v/2)\/2 and the instance z' is (v/2 — §)-stable,
for any § > 0. Therefore, by strategyproofness and since I’ € I4(’_,), M (Z") must
place a facility at I’. We now consider the instance z' = (z’ 5,1') = (21, 22,',I' +¢),
which is (@1 |z2|l’, I’ + ¢)-well-separated (and thus, (v/2 — §)-stable, for any § > 0).
Moreover, by strategyproofness and since I’ € M (2’), and thus, I’ € I3(Z_3), M(2)
must place a facility at I’

Therefore, starting from the (v/2 — §)-stable instance ¢, with [ € M(7), we
can construct a (x1|ze|l’,l' + &)-well-separated instance Z with I’ € M(Z). Then,
by Lemma zg =1+ € M(Z), because for the (x1|z2|zs, z4)-well-separated
instance ¥, M3(Z) = x4, and Z' is a (x1|xe|l',I" 4+ €)-well-separated instance with
z4 < 4. Since both I',I" + ¢ € M(Z), the social cost of M(Z) is arbitrarily larger
than e, which is the optimal social cost of the 3-Facility Location instance Z.

O

3.7 A Randomized Mechanism with Constant
Approximation

In this section, we show that for an appropriate stability, a simple random-
ized mechanism is strategyproof, can deal with singleton clusters and achieves an
approximation ratio of 2.

The intuition is that the ALMOSTRIGHTMOST mechanism can be easily trans-
formed to a randomized mechanism, using the same key properties to guaran-
tee strategyproofness, but achieving an O(1)-approximation, as opposed to O(n)-
approximation of ALMOSTRIGHTMOST. Specifically, RANDOM (see also Mecha-
nism [3)) again finds the optimal clusters, but then places a facility at the location
of an agent selected uniformly at random from each optimal cluster. We again use
cluster-separation property, as a necessary condition for stability of the optimal
clustering. The stability properties required to guarantee strategyproofness are
very similar to those required by ALMOSTRIGHTMOST, because the set of possible
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profitable deviations is very similar for ALMOSTRIGHTMOST and RANDOM. Fi-
nally, notice that the cluster-separation property step of RANDOM (step 2) now
makes use that due to Lemma [3.3.4] it must be 1.6 - max{D(C;), D(Cit1)} <
d(C;, Ciy1) for 5-stable instances.

Mechanism 3: RANDOM
Result: An allocation of k-facilities
Input: A k-Facility Location instance Z.
1 Find the optimal clustering C = (C4, ..., Cy) of Z.
if there are two consecutive clusters C; and C;yq with
1.6 - maX{D(Ci), D(Cl_;_l)} Z d(Cl, Ci+1) then
| Output: “FACILITIES ARE NOT ALLOCATED”.
3 forie{l,...,k} do
Allocate the facility to an agent ¢; selected uniformly at random from the
agents of cluster C;
end
Output: The k-facility allocation &= (eq, ..., ck).

Theorem 3.7.1. RANDOM (Mecham'sm@) is strategyproof and achieves an ap-
prozimation ratio of 2 for 5-stable instances of k-Facility Location on the line.

Sketch. We present here the outline of the proof. The full proof then follows. The
approximation guarantee is straightforward to verify. As mentioned, the proof of
strategyproofness is smilar to the proof of Theorem In general, we need to
cover the key deviation cases, which include the following:

Case 1: why agent deviating agent € C; cannot gain by becoming a member of
another cluster,

Case 2: or by becoming a self serving center,
Case 3: or by merging or splitting C;.

Cases 2 and 3 can be immediately derived from the proof of Theorem [3.5.1}

The most interesting case is Case 1: z; deviates to ' to be clustered together
with agents from a different cluster of é, in order to gain, without splitting C;
(again consider = (C1, ..., Ck) the optimal clustering of original instance Z and
C" the optimal clustering of instance & = (Z_;, z')).

By analyzing the expected value of agent z; in both clusterings C and C' we
show that in order for her to be able to gain from such a deviation, it must be
d(2',z;) < D(C;) and 2’ is clustered together with agents in C;_; or Cjt1, suppose
Ci—1 w.l.o.g. Since agents in C; \ z; are not split in clustering c’ , we know they
form cluster C/, € C’. Hence, in this case z € C!_,. The key to the proof is to

show that since d(a/,2;) < D(C}) then clustering €’ on instance @ violates the
cluster separation property verification step, either between clusters C;, and C/,
or between clusters C’{,_l and C{,_Q. This is also the reason why in this case the
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cluster separation property verification step needs to be more precise, for 5-stable
instances, as mentioned in the description of the algorithm. O

Proof. The approximation guarantee easily follows from the fact that since a facil-
ity is uniformly at random placed over each optimal cluster, the expected cost of
the sum of the cost of the agents in each cluster is 2 times their cost in the optimal
clustering.

As is it always with our mechanisms, agent z; € C; cannot gain by moving
within the range of C; (this would only increase her utility).

Since the analysis of RANDOM is so similar to the analysis of the mechanism in
Section [3.5], we skip the detailed case analysis and mention only the key deviation
cases that need be covered. Specifically these include:

Case 1: why agent x; € C; cannot gain by becoming a member of another cluster,
Case 2: or by becoming a self serving center
Case 3: or by merging or splitting C;.

Without loss of generality, consider the deviating agent to be the edge agent
z;; € C;, declaring location z’ creating instance ¥ = (a_c',wiﬁl,a;’ ) with optimal
clustering C". If our results stand for her, they easily transfer to all agents in C;. C;
contains n agents, including x;;. For simplicity, without loss of generality we index
these agents from left to right, excluding x;;, such as z;; < x;1 < --- < @1,
where ;1 = 2,41 and x;,—1 = z;, . Now for simplicity, we represent d(:UZ-J, :U”)
by d; j. Of course d;; = 0. We define as X; the discrete random variable that takes
values from sample space {d;,d;1,d;2,...,d;n—1} uniformly at random. That is,
X; represents the cost agent x;; experiences if she is served by the facility placed
in C; by the mechanism. Then, the expected cost of z;; should she not deviate is:

. O+dii+...+din-1
- n

That is, since for any agent x; ¢ C;, d(xj,x;;) > D(C;) = djn—1 by Lemmam

Now, for Case 1, “why agent x € C; cannot gain by becoming a member of
another cluster”. Notice that this is the case where agents in C; are not merged
or splitted in C’. With some abuse of notation, this allows us to refer to the
cluster containing agents in C; \ z;; in C' of ¥ as Cl. C!_, then is the set of
agents belonging to the cluster immediately to the left of C/ (i.e. the rightmost
agent of C!_,, excluding 2/, is x;_1,). Consider a deviation z’ that places the
deviating agent in cluster C/_; after step 1 of the mechanism. Again for simplicity
consider d(x’ ,xu) = ¢ and we index agents in C;_;1 inversely, such that T4 >

E(X;)

Tigp 2 - 2T (meaning that now z;_;, = T; g3 Ticlr—1 = T;_15 etc.)
where |C;_1| = n/. Equivalently we set d(‘r@l?‘ri—lj) = d;—1,j. By Corollary |3.3.5
we have di,l < d@g < -0 < di,nfl < difl’l < ... <Z difl,n’- Now we define
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uniform random variable X/ with sample space {d;1,...,din—1} (see that d;; is
now absent) and random variable X/, with sample space {c,di—1,1,...,di—1}.
Now X represents the cost of x;; should she be served by the facility placed in C!
of the changed instance (which now doesn’t include her) and X;_; her cost should
she be served by the facility placed at C’Z{_1 (which now includes her false declared
location). The expected cost of x;; now becomes E(min{X/, X ,}).

But, since dj1 < djo <...<djn1 <di—11 <...<dj_1,y,unless d(z’,z;;) <
din—1 = D(C;), we have that:

d@l 4+ ...+ di,n—l
n—1

E(min{X}, X/_, }) = E(X}) = > B(X))
That means that z;; cannot gain by this deviation unless 2’ both belongs in C;_,
and d(z',z;;) < D(C;). All we need to show now is that any such situation would
result in a violation of the inter-cluster distance between C’{fl and C’l{ or between
C!_, and C/_,, guaranteed by the cluster-separation property and hence it would
be caught by the mechanism’s cluster-separation property verification step.

Specifically consider the distance of x;; to her center ¢; of C; in the optimal
clustering. We know that it must be d(Ci_1,C;) > D(C;) - 1.6, by Lemma [3.3.4]
for the given stability factor of 5. But in order for this distance to be tight, it
must be that d(z;;,¢;) = 0.4- D(C;) (see factor ¢ of proof of Lemma -due
to stability properties, if d(z;;,¢;) < 0.4- D(C;) or > 0.4 - D(C;), d(Ci—1,C5)
grows larger than D(Cj;) - 1.6). Furthermore, in order for this distance to be
tight, it must also be d(c;—1,xi—1,,) < 0.4 - D(C;) (since by stability it must be
d(Ci-1,C) = d(zi-1,,2i0) > (v = Dd(@i-1,, Ci-1))-

Now, since it must be d(z’,z;;) < D(C;) it will be d(z’,¢;) < 1.4D(C;) and
d(2', x;-1,) > 0.6D(C;) (since d(Cy,Ci—1) > 1.6D(C;) by Lemma [3.3.4). Finally
we distinguish between two cases:

Case 1: ¢;—; € C/_;. Now notice that d(x;;,ci—1) > bd(z;,¢;) so d(zg,¢i—1) >
2D(C;). Then D(C!_;) > d(ci—1,2") > D(C;) (since d(z2',z;;) < D(C})).
But then d(C!_,,C!) < d(z2',¢;) < 1.4- D(C;) which means that the cluster
separation verification property of step 2 would be violated.

Case 2: ¢;_1 ¢ C/_,. Then, in this edge case we notice it would be d(C}_,,C}_,) <
d(¢i—1,xi—1,) < 04D(C;). But D(C!_,) > d(xi—1,,2") > 0.6D(C;). Hence
the verification property of step 2 is again violated between C;_; and C/_,.

All we have to do to finish, is note that as ¢; moves to the right or to the left,
d(Ci—1,C;) grows by a multiplicative factor v — 1 (=4) of d(x;,¢;) (see proof of
Leamma and d(x;, c;—1) by a multiplicative factor of 5 (remember, it must
be both d(xi;,¢i—1) > 5d(z;,¢;) and d(z;y,ci—1) > 5d(z;y,¢;)). Which means
that the above inequalities will still hold. E|

3Notice here that while this property was a must-have for ALMOSTRIGHTMOST to work
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For Case 2, why agent x;; cannot gain by becoming a self serving cluster, we
simply notice the following: her cost, should she not deviate, is at most D(Cj;)
(see expected value from previous case). But, from Lemma we know that x;;
must deviate by at-least > D(C;), for a stability factor of 5. So she cannot gain
from this deviationf]

For Case 3, it is not hard to see that by merging all the agents in C; with agents
¢ C;, her expected cost can only increase. Furthermore, splitting the agents in C;
would cause the cluster-separation property verification step to identify the split
(see the proof of the strategyproofness of the ALMOSTRIGHTMOST mechanism, in
Section and remove all agents of C; from the game. O

3.A Proof of lemma [3.3.8l.

We first present the outline of the proof and then the proof follows. We do
this because despite the mostly relatively straight forward arguments used in the
proof, due to the delicate formalization required in order to formally describe all
the mentioned conditions, the proof gains a good amount of descriptive length.
We consider random agent z; € C; of instance ¥ with optimal clustering =
(C1, ..., Cy), deviating to location 2’ creating instance @ = (z_;, 2').

Initially we show that due to the large distance between clusters C; and C; with
1 # j, guaranteed by Lemma for 5-stable instances, we need only study the
cases where ' € (xj—1,,%;;) and 2’ € (xi,,2;+1,) and in the optimal clustering
C" of instance # no agent in @ \ Cj is served together with any agent in C as in
all other cases either 2’ is not a singleton in ¢’ or d(a',z;) > D(C)).

The rest of the proof follows the logic of the proof of Theorem (which
follows), tailored to this specific case. More specifically, given the observation
above, we notice the following: In alternative clustering C” in which we forcefully
place two facilities serving only agents in C; (optimally with regards to serving
agents in C;), and serve the remaining agents, &\ C;, optimally with k —2 facilities,
the cost agents in & \ C; experience in clustering C” is the same cost agents in
i\ C;|Ja' experience in clustering C (notice that the sets #\ C; and &\ C; | /).
Now, the cost of agents in C; in clustering C" is at least D(C;)/2 smaller than it is
in ' (that is since we can always place the facility to the edge agent further from
¢; - see proof of Theorem . But since C” is not optimal for Z this means that

i.e. the mechanism wouldn’t work if 2’ both belongs in C;_; and d(z’, z;;) < D(C;), here
this might not the case. We can easily see this guarantees strategyproofness, but it might
not be necessary which means the mechanism may work for smaller stability factors.

4 Again, while this property guarantees strategyproofness, it might not be necessary for
example, we see that in one of the bad edge cases, where all agents of C; are gathered on
x; r, with ¢; = x; » a stability of 3 would suffice to guarantee that z;; needs to deviate by
at-least D(C};) to become a self-serving cluster.

®Note here that we refer to the group of agents that belong in cluster C; of the optimal
clustering of instance #. This group is well defined for instance &’ as well.
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agents in & \ C; experience an increase in cost larger than D(C;)/2 in clustering
C"” when compared to clustering C. For brevity we symbolize this cost increase as
cst, so we say cst > D(C;)/2.

We now we consider the 4-perturbation of instance # in which all distances
among agents to the left and to the right of C; are shrunk by a factor of 4. By
stability we know that the optimal clustering of the perturbed instance should be
the same as the optimal clustering of the original! But in the perturbed instance
all costs of agents in &\ C; are divided by 4 in both clusterings C and C" while
the costs of agents in C; remain the same. So, in order for C" to be sub-optimal
in the perturbed instance it must be ¢st/4 > D(C;)/2 which means cst > 2D(C;).
But serving agent z’ of Z’ by ¢; has cost at most 2D(C;) if d(2/, z;) < D(C;) since
d(z,c;) < D(C;). This means that clustering ¢’ cannot be optimal for Z.

Proof. We want to show the lemma for any -stable instance for v > 5.

We prove the lemma for random agent x; € C; for some cluster C; in optimal
clustering C = (C1,...,C) of the y-stable instance Z. Consider that the agent
declares false location 2’ providing input profile ' = (Z_;, 2’) to the mechanism in
order to become a singleton cluster. That is, if the optimal clustering of instance
' is Y then 2’/ is a single agent cluster in Y.

We first study the case where |C;| = 2. But then, from Lemma we know
that for any ~-stable instance for v > 3 agent x; € C; of optimal clustering c
must deviate by at least his distance to C;’s center in order to become a singleton
cluster in Y. Le. it must be d(a/, xj) > d(xj,¢;) = D(C;), so the lemma stands for
this case.

For the most general case, |C;| > 3 we start with some observations. By
Lemma [3.3.4 we know that for any two clusters C; and Cj; of optimal clustering

G = (Ci,...,Cp) of & we have d(C;,C;) > (W%l) >maX{D( \),D(C})}. For
~v > 5 that is:

d(CZ,CJ) > 1.6maX{D(Ci),D(Cj)}. (3.11)
To begin, we notice the following claim:

Claim 1. Agent x; cannot declare a false location x' with i < < Xy in such
a way that x' is a singleton cluster in'Y .

We can easily see the validity of the claim, since by optimality (also see proof of
Theorem x; € C; cannot change the optimal clustering by deviating within
the bounds of cluster C, i.e. if z;; < 2/ < x;,.Hence it must be ' # [x;, i ]
Even so, for completeness, we provide a proof of the claim, tailored to the case of
5-stable instances, after the proof of the lemma.

In addition, we notice that if 2’ < x;_1, or 2/ > 2;41, then the lemma trivially

stands, again by Equation (Le. in this case it would be d(2’, z;) > 1.6D(C})).
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This means that we need only study the cases where 2’ € (i—1,p,24;) OF ' e
(@i, xip1,) and d(z',z;) < D(C;) (and show that &’ cannot become a singleton
cluster in Y in these cases).

Suppose, contrary to the lemma’s claim, that agent declares location 2’ €
(@i—1,r, ;1) with d(a’, z;) < D(C;) such that 2’ is a singleton in Y (the other case,
z’ € (zip, Tit1,), is symmetrical). Then we notice the following three properties

for optimal clustering Y of instance #':
Property 1: In Y there is a facility among agents in C; \ x;.

Property 2: In Y no agent “to the left” of cluster C; (i.e. by an agent in some
cluster C; for [ < i, of C) is served by an agent in C; \ z; .

Property 3: In Y no agent “to the right” of cluster C; (i.e. by an agent in some
cluster C; for [ > i, of C) is served by an agent in C; \ z; .

The imminent conclusion from Properties 1, 2 and 3 is the following: Consider
instance &\ C; and it’s optimal k — 2-clustering C_5. Then cost(Z \ C;,Y) =
cost(¥\ C;, C’Lg) We provide short proofs for each one of these three properties
right after the proof of the lemma.

We are now ready to complete the proof. In order to do so we bound the extra
cost experienced by agents in &\ C; in the possible re-clustering after x;’s deviation,
ie. cost(i\ C;,Y) — cost(Z\ C;,C). We do this by considering the following
alternative clustering C’ of instance #: serve agents in C; using two facilities,
optimally and agents in &\ C; using the remaining k — 2 facilities optimally. So in
¢’ we have:

2(%))

2 )
since placing the second facility placed among agents in C; to the edge-agent
further away from c¢; reduces the cost by at least %.

cost(Cy, C") < cost(Cy,C) — (3.12)

But since C is optimal in Z and hence C" is not, it must be:

cost(z\ Cy, C") — cost(z\ Cy,C) > D(QCZ)

(3.13)

Otherwise it would be cost(Z, C') < cost(Z,C). Now notice that properties 1,
2 and 3 mean that agents in 7\ C; are clustered in exactly the same way in C’ as
in Y. That means that:

cost(#@ \ {C;| Ja'},Y) = cost(z\ C;, C") (3.14)

and that no agent to the left of C; is clustered together with any agent to the right
of Cj in C".

SFor a description of this notation, of the form cost(Z, c ), see proof of Theorem
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The last observation means if we consider a 4-perturbation of instance &, in-
stance Zp, in which we divide all distances among agents between [z, z;—1 ] and
agents between [z;1;, z,], where x; and x, the leftmost and rightmost agents of
the instance equivalently we have that:

= - 7 COon _ = A
cost(Zp \ C;,C") — cost(@p \ C;, C) = cost(z'\ Cy,C") - cost(z\ C;,C)

But in x,, the distances among agents in C; remain unaffected which means that
in 2,, Equation [3.12 still stands. This means, that since the instance is 5-stable,
clustering C' must still be sub-optimal in &, and hence it must be

cost(zZp \ Ci, ) — cost(z, \ Cj, c) > D(QCZ) =
cost(z\ Cy,C") — cost(Z\ C;,C)  D(C)) (3.15)
4 - 2 ~

cost(Z\ C;, C") — cost(z\ Ci, C) > 2D(C}).

Noticing again that by Equation (3.14), cost(#\{C; '}, Y) = cost(&\C;, (")
and by Equation (3.15) and cost(Z \ C;, C) = cost(Z' \ {C; '}, C) we have

cost(#' \ {Ci| Ja'}.Y) — cost(i\ {Ci| Ja'}, C) > 2D(C).
Finally, since d(2/, ;) < D(C}),

cost({C; Ux’ \ z;},C) — cost({C; U o\ x;},Y) < 2D(Cy),

since d(z;, ¢;) < D(C}). By adding the last two equations we get that cost(Z,Y) >

—

cost(#', C') which means that Y is not optimal.
0

We now present the proofs of Claim [1] and Properties 1, 2 and 3, used in
the main proof of Lemma [3.3.8

Of Claim[1. Consider z;; and z7 . to be the leftmost and rightmost agents of C;\x;
(i.e. if zj # x;,, ;) then ;, = x;’r and z;; = a:;l)

Contrary to the claim, suppose z;; < 2’ <z}, and 2’ is a singleton cluster Y.
Since 2’ is a singleton and z} ; and x; . are to her left and right side equivalently, x;

and z} . cannot be served by the same facility in Y (since clustering Y is optimal
for #'). This means that either zj, or x; . is served by an agent in 7'\ C; or there

are two facilities among agents in C; \ z; in Y. Both of these cases are infeasible
though. For the first one, suppose that z;, is not served by an agent in C;\ z;. By
Equation that means that the cost of serving z;, is at-least 1.6D(C;). But

since z;, < o' <}, ', d(a',2;,) < D(C;) so Y could not be optimal in #. For
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the latter case (Y places two facilities among agents in C; \ xj) we see that if Y
is optimal for ' then the optimal (k — 1)-clustering of instance (£_;) would place
two facilities among agents in C; \ z; (since z’ is a singleton removing her and
one facility from the instance should yield the exact same clustering for the rest
of the agents). But then, since in C there is only one facility among agents in Cj,
C' could not be optimal for instance Z (because if the optimal (k — 1)-clustering of
instance (Z_;) places two facilities among agents in set C;j \ ; then the optimal
k-clustering of instance & should place at least as many among agents in C;) ,
which is a contradiction.

Finally we notice that if x; = x;;, 2/ cannot become a singleton in Y if 2 €
[21, 2 ] since the cost serving agent x; by ¢; in that interval is only decreased (in
relation to the cost of serving her by ¢; in @ - she’s getting closer to her serving
facility). Similarly for the case of x; = x;, moving in interval [z ”,xw]. The
above mean that agent x; cannot become a singleton cluster by moving within the
bounds of C; (i.e. if 2’ is a singleton in Y it must be 2’ ¢ [z, z;,]), which is the
claim.

O]

Of Property 1. We know that |C; \ z;| > 2. Furthermore, since d(2/, ;) < D(C})
we have that d(z2', ¢;) < 2D(C;). But if there is no facility among agents in C; \ z;
that means that these agents are all served by a facility placed in a location x;
with z; € C; with [ # i. But, again by Equation that would mean that

cost(C; \ z;, Y) > 2% 1.6D(C;) + cost(C; \ xj, 0) (3.16)

(since |C; \ z| > 2, d(C;, Cp) > 1.6D(C;)). Furthermore, since agents in Z\ C; are
served by the same number of facilities in Y as in C but also have to serve agents
in C; \ z; in Y (ie. the placement of the (k — 1) facilities among agents in Z \ C;
is not optimal in Y asitisin C , for these agents) we have

cost(Z\ C;,Y) > cost(Z\ C;, C). (3.17)

Hence, by adding (3.16)) and (3.17)) we have that :

cost(Z\ z;,Y) > 2% 1.6D(C;) + cost (i \ x;,C)

By remembering that # = (Z_;,2’) and in Y 2’ is a singleton cluster (i.e. has
cost 0) the above becomes:

cost(#,Y) > 2% 1.6D(C;) + cost (T \ xj, 6)) (3.1

8)
But, alternative clustermg (" for & in which we serve all agents as we do in c
and also serve location 2’ by ¢; has cost

cost(Z,C") < cost(Z \ zj, C) + 2D(C)), (3.19)
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since d(2/,¢;) < 2D(C}).
This means that, by and cost(Z,Y) > cost(Z,C") which means
that clustering Y would be sup-optimal for instance Z’, which is a contradiction.
Notice that by Observation property 1 means that no agents in C; \ z;

=

are served by an agent not in C; in Y.
O

Of Property 2. Property 2 is trivial: since 2’ € (z;—1,,%;;) and 2’ forms a single-
ton cluster in 57, by optimality no agent to the left of 2’ is clustered together with

agents to the right of z’.
O

Of Property 3. Initially, for property 3 we notice the following: At most 1 agent
in (41 can be clustered together with agents in Cj; in Y. Otherwise, due to the
distance between C; and Cj4 1, clustering Y would be sub-optimal (using the same
reasoning as for property 1). Obviously, due to optimality, this agent can only be
Lit1,1-

We now consider the structure of cluster C; in relation to agent x;,1;. Specif-

ically, by Equation (3.11)) it must be
d(:l)l'ﬂn, xi-l—l,l) >1.6- D(Cl), (3.20)

since d(zi,, ;1) = d(C;,Ciy1). By looking at the proof of Lemma we
see that the smallest possible distance between C; and Cjy1 is achieved when

d(ziy,c) = % for ¢ = = % = 0.6 for v = 5. This means that since agent

7+
x;j deviates to the left in this case, by at most D(C}), it must be

d(z',¢;) <1.6D(C;), (3.21)

in the edge case. Furthermore, by Observation m since x;41, is not served
by an agent in Cj4; there is no facility among agents in Cj4; in Y. lLe. all
agents in Cj41 \ i1, are served by a facility placed on [z;42, z,] where ), the
rightmost agent location in the instance. But, by Lemma if 2,41, is served
by Cit+1 € Ci+1 in é, d(Ci+1,CfL’+2) > 1.6D(C¢+1) > 1.6d(l’i+17l,ci+1) and so, it is

cost(Tit1,0,Y) > d(Tit1,0, Tigas) > 1.6d(zis17,Cit1), (3.22)

for every z; 11, € Ciy1 \ Tip1,-

Now we are able to show that clustering Y cannot be optimal for instance
2" in the edge case. We will compare it with clustering c (where every agent is
served by the same facility as in clustering C and 2/ is served by ¢;). We have the
following:

cost(# \ {2’ | JCi| J Ci1},Y) = cost(@@ \ {a'| ] Ci| J Cisa}, ©),
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by optimality. Furthermore,

—

COSt(CiJrl, Y) > COSt(Ci+1, 6;) — d(xi-i-l,l, Ci) + 1.6d($i+17l, Ci+1) + 1.6D(C¢),

by optimality and equations and . Also,
cost(C; \ z,Y) > cost(C; \ z, C),
by optimality. Finally,
cost(x',Y) + 1.6D(C;) > cost(z, C),

by equation .

By adding we get cost(Z,Y) > cost(&, C) which means that Y is sub-optimal
for instance /. All we need to finalize this observation is realize that as we
move away from the edge case, the above inequalities become easier to satisfy.
Specifically if C; had center ¢, < ¢; we see that factor 1.6 of inequality (3.21
decreases while d(C;, Cj41) increases. If ¢ > ¢; the same factor of inequality ((3.21

2
may increase by |¢; — ¢;|, but then d(Cj, Cjy1) increases by at least 77—;“11 | =il >

4.3|¢; — ¢;| (since d(x; 1, iqr1) > %d(mi,l, ¢i) - see proof of Lemma |3.3.4)), hence

maintaining cost(Z,Y) > cost(&, C).

O]

3.B Proofs of Auxiliary Lemmas Used in the
Proof of Theorem [3.6.5

For completeness, we restate the proofs of the auxiliary lemmas with the prop-
erties of well-separated instances adapted from [I12] and used in the proof of
Theorem [B.6.5

Before we proceed with the proofs of the auxiliary lemmas, we need the fol-
lowing basic fact about the facility allocation of any determistic strategyproof
mechanism.

Lemma 3.B.1 (Proposition 2.1, [112]). Let M be a deterministic strategyproof
with a bounded approximation ratio of p > 1 for \/2-stable instances of k-Facility
location on the line. For any (k+1)-location instance T with x1 < x9 < ... < xpaq,
Ml(.f) § T2 and Mk(f) Z T.

Proof. We show it for M;(Z) < xq, the other case is symmetric. Suppose zg <
M;(%). Then the agent in x; has the incentive to deviate to location 2, since
My (Z_1,22) = z2 due to the bounded approximation of M (i.e., in (Z¥_1,z9), M
allocates k facilities to k different locations). Notice that (Z_1,x3) is y-stable for
any v > 1. O
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3.B.1 The Proof of Lemma [3.6.1]

Proof. Since M has a bounded approximation, the isolated pair xj and xj1 must
be served by the same facility My, (Z). By Lemma[3.B.1] we know that My(Z) > zy.
Then, it must also be My (%) < xpiq. Otherwise, like in Lemma agent x
could declare location xy1 and decrease her cost, since My (Z_k, Tp1+1) = Tk41 by
the bounded approximation of M. Again, the instance (Z_g, zk11) is arbitrarily
stable. O

3.B.2 The Proof of Lemma [3.6.2]

We can now proceed to the proofs of the auxiliary lemmas, Lemma [3.6.3] and
Lemma which refer to the movement of isolated pairs. We only present the
proof of Lemma here. The proof of Lemma [3.6.3]is fully symmetric.

The proof shown here, refers to 2-Facility Location on well separated instances
with 3 agents. All arguments as well as the stability factor of the instance only
depend on the well separated property of the rightmost pairs of agents as well
as their distance from the third agent from the right. That is, that since in all
instances studied in the proof we only change distance between the agents of
the isolated, rightmost pair, in the range (0,d(x1,z2)/r) and only increase the
distance between the isolated pair and the leftmost agent z1, any instance with a
large enough distance between x1 and x5, i.e. for which d(z1,2z2) > 7 - pd(x2, x3)
will be ~-stable in all parts of the proof. In that way it is easy to verify that
the arguments presented here extend to (z1] ... |xg_1|Tk, x11)-well separated and
stable instances of at least a specific minimum distance d(xg_1, zk).

Consider M to be a deterministic, strategyproof, anonymous and bounded
approximation mechanism, with approximation ration of at most p, for 2-facility
location. We will work on instance & with three agents z1 < z9 < x3 which is
(x1|x2, z3)-well separated.

The proof of Lemma directly follows from the following propositions,
originally established in [112, Appendix A].

Proposition 3.B.2. Consider (z1|z2,x3)-well separated, stable instance & for
which Ma(Z) = x2. Then for instance ¥ = (¥_2,z%) where xo < zf < 3 il
will be Msy(x') = xf

Proof. Notice that since d(ah,x3) < d(x9,x3) instance 2/ is still (1|22, z3)-well
separated. Furthermore, since x; is allocated a facility (by the p-approximation
property of the instance), &’ is at least as stable as & since the distance between
the isolated pair is shortened and their distance from x; has grown. All that
needs to be shown is that image set Ia(Z_2) includes the interval [x2,z3]. Since
x9 is allocated a facility, we know xg € I5(#_3). Furthermore, by the bounded
approximation property of M z3 € I(Z_2). Assume there is a hole (I,r) € I5(Z_2)
with zo < I < r < zj. Consider location y € (I,r) such that d(y,l) < d(y,r).
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By strategyproofness | € M(Z_2,y). But then, by Lemma we have that
F>(Z_j,y) > y which contradicts M’s bounded approximation ratio, since the two
agents of the isolated pair of (Z_;,y) are served by different facilities. O

Proposition 3.B.3. Consider (z1|z2, x3)-well separated stable mstance Z for which
Mg( ¥) = x9. Then for every (:U1|:v2,x3) -well separated instance x' (x 3,25), if
@ is also well separated, My(a') = x5.

We notice that in that case, the distance between the agents of the isolated
pair might grow a from Z to #'. Since the proof of this proposition uses instances
where the distance of the isolated pair varies from € to d(z1, z2)/p the proposition
stands for stable instances only if all possible (z1|z2, 2%5)-well separated instances
7 = (.’L'_g, x%) are well separated. It is easy to see, that since in all these instances
it must be d(z2,23) < d(x1,x2)/p then for a large enough distance d(z1,x2) (i.e.
d(x1,x9) > v+ pd(x2,x3)) 2’ is always stable. We show the following proof consid-
ering that we have made this assumption.

Proof. Since My (%) < x3, we know that z3 ¢ Is(x”3). So, there is a x3-hole
(I,r) € Is(xZ3). Since Ma(¥) = w2, | = w9 and r > 2x3—1x5 (by strategyproofness).
By strategyproofnes, if % < (r +1)/2 (for 5 < 2% for well separated instance ),
Mg(f) = x9. -
To finish, we show that there are no (x1]2z2, 25)-well separated instances z/
(273, 24) with 2 > (r+1)/2 and My(a") # x5. Again, we reach a contradiction by
assuming that there is a point y > (r +1)/2 for which (zZ3,y) is a (z1|x2, y)-well
separated instance with Ma((xZ3,y)) # z2. If such a y exists, then there exists
z) € [(r+1)/2,r) for which P (xZ3,x%) is a (x1|z2, 25)-well separated. But
then, My(2') =1 > x4 (by strategyproofness, because x4 is closer to r than to [).
Since a4 is (1]xo, x)-well separated this contradicts lemma which dictates
that it must be My (223, 2%) € [z2, 2] O

Proposition 3.B.4. Consider (x1|z2, x3)-well separated stable instance & for which
My (%) = xa. Then for every (z1]xy, v3)-well separated instance v' = (T_ga 3y, T4, 73),
with xo <y < (w9 + x3)/2, if @ is also well separated, My(z') = x5.

Note that, as for proposition m the restriction that a7 is also y-stable is
equivalent to d(x1,x2) > 7 - pd(x2,x3).

Proof. Since zf, € [x2,x3] we have that My(axZ9,2) = xf, by proposition
But since d(zh,x3) < d(x2,x3), (222,2%) is (z1|2h, x3)- well separated. Hence,
by pr0p051tlon u for (z1|zh, 25)-well separated instance 7= (7_ (2,3} T, T3),

Proposition 3.B.5. Consider (z1|z2, x3)-well separated stable instance & for which
Ma(%) = x2. Then for every (x1]xh, x5)-well separated instance x' = (T_o 3y, 75, 3),

with xo < b, if @ is also well separated, Mg(:&) = T9.
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Proof. We will inductively use proposition to create instance @’. Consider
d = d(xh,z2), 6 = d(x3,22)/2 and kK = [d/d]. Then for every A = 1,2,3... K
consider instance 7 = (¥_{23}, 72+ (A—1)d, 23+ (A—1)d). Now observe that 7 is
well separated since for it’s rightmost pair, 24 = xo+(A—1)d and z§ = z3+(A—1)0
it is d(zf, 2%) > 20 while d(z1,2)) > d(x1,x2). By iteratively applying proposition
to ), we have that for every (¥_;o3),92,y3) well separated instance with
T2+ (A =1)0 < y2 < w2+ NS, Ma(Z_q23),¥2,¥3) = y2. For A = k we get
MQ(.’E,{Z?’}, (Elz, :cg) = LU/2 . ]
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Chapter 4

Sampling and Optimal
Preference Elicitation in Simple
Mechanisms

Preference elicitation has received considerable attention in computational so-
cial choice [76}, [78, 84, 169, [168]. Segal [211] provided bounds on the communi-
cation required to realize a social choice rule through the notion of budget sets,
with applications in resource allocation tasks and stable matching. The bound-
aries of computational tractability and the strategic issues that arise in optimal
preference elicitation were investigated by Conitzer and Sandholm for a series of
voting schemes [77], while the same authors established the worst-case number of
bits required to execute common voting rules [7§]. The trade-off between accuracy
and information leakage in facility location games has been studied by Feldman et.
al [105], investigating the behavior of truthful mechanisms with truncated input
space—e.g., ordinal information models.

More recently, the trade-off between efficiency—in terms of distortion as in-
troduced by Procaccia and Rosenschein [193]—and communication was addressed
by Mandal et al. [I71] (see also [6]). Their results were subsequently improved
using machinery from streaming algorithms [172], such as linear sketching and
Ly-sampling [179, 142]. In similar spirit, some works [I88, 40] address efficient
preference elicitation in the form of top-f elicitation, meaning that the agents are
asked to provide the length ¢ prefix of their ranking instead of their full ranking.
This trade-off between efficiency and communication has also been an important
consideration in the metric distortion framework [19]—a setting closely related to
our work; e.g., see [I152, 151, [51), 9], as well as [21] for a comprehensive overview of
that line of work.

Another important consideration in the literature relates to the interplay be-
tween communication constraints and incentive compatibility. In particular, Van
Zandt [219] articulated conditions under which communication and incentive com-
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patibility can be examined separately, while Reichelstein [198], and Segal and Fadel
[96] examined the communication overhead induced in truthful protocols, i.e. the
communication cost of truthfulness. An additional prominent line of research stud-
ies mechanism design under communication constraints (see [I80] and references
therein). Specifically, in a closely related to ours work, Blumrosen, Nisan and Se-
gal [47] considered the design of a single-item auction in a communication model
in which every bidder could only transmit a limited number of bits. One of their
key results was a 0.648 social welfare approximation for 1-bit auctions (every bid-
der could only transmit a single bit to the mechanism) and uniformly distributed
bidders. Further, the design of optimal—w.r.t. the obtained revenue—bid levels
in an English auction was considered in [80], assuming known prior distributions.

4.1 Contributions

Our work provides several new insights on sampling and preference elicitation
for a series of exemplar environments from mechanism design.

Facility Location Games. First, we turn our attention to facility location
games; specifically, we consider Moulin’s median mechanism, one of the most fun-
damental allocation rules in voting. We observe that unlike the median as a func-
tion, the social cost of the median exhibits a sensitivity property. Subsequently,
we show that for any € > 0, a random sample of size ¢ = ©(1/€2) suffices to re-
cover a 1 + € approximation w.r.t. the optimal social cost of the full information
median in the metric space (R,| - |), while the number of agents n — oo; this
guarantee is established both in terms of expectation (Theorem , and with
high probability (Theorem . Consequently, it is possible to obtain a near-
optimal approximation with an arbitrarily small fraction of the total information.
Our analysis is quite robust, implying directly the same characterization for the
median on simple and open curves. Next, we extend this result for the general-
ized median in high-dimensional metric spaces (R%, || - ||;) in Theorem In
contrast, the sensitivity property of the median does not extend on trees, as im-
plied by Theorem Finally, for completeness, we show that sampling cannot
provide meaningful guarantees w.r.t. the expected social cost when allocating at
least 2 facilities on the line through the percentile mechanism (Theorem .
These results constitute natural continuation on efficient preference elicitation
and sampling in social choice [83],[82], 58], [76], and supplement the work of Feldman
et al. [I05]; yet, to the best of our knowledge, we are the first to investigate the
performance of sampling in facility location games. We stress that our guarantees
do not require any prior knowledge or any discretization assumptions. Moreover,
the sensitivity property of the median’s social cost could be of independent interest,
as it can be potentilly employed to design differentially private [87] and noise-
tolerant implementations of the median mechanism. From a technical standpoint,
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one of our key contributions is a novel asymptotic characterization of the rank of
the sample’s median (Theorem 4.3.3)), discussed further in the subsection below.

Auctions. Next, in Section we espouse a communication complexity frame-
work in order to design a series of auctions with optimal preference elicitation. In
particular, we measure the number of bits elicited from the agents in expecta-
tion, endeavoring to minimize it. We mainly make the natural assumption that
the number of bits that can represent any valuation—expressed with parameter
k—is independent on the number of agents n; thus, we focus on the communi-
cation complexity while n asymptotically grows. In this context, we show that
we can asymptotically match the lower bound of 1 bit per bidder for a series of
fundamental settings, without possessing any prior knowledge.

e First, we propose an ascending auction in which the ascend of the price is cal-
ibrated adaptively through a sampling mechanism. Thus, in Theorem [4.4.9
we establish that we can implement Vickrey’s rule with only 1+ € bits from
an average bidder, for any € > 0;

e Moreover, we consider the design of a multi-item auction with m items and
bidders with additive valuations. Our main contribution is to design an
efficient encoding scheme that substantially truncates the communication in
a simultaneous implementation, asymptotically recovering the same optimal
bound whenever the number of items m is a small constant (Theorem;

e Finally, we develop a novel ascending-type multi-unit auction in the do-
main of unit-demand bidders. Our proposed auction announces in every
round two separate prices—based on a natural sampling algorithm (see
Theorem , leading again to the optimal communication bound (The-

orem (4.4.16|).

Our results supplement prior work [198] [96] by showing that the incentive
compatibility constraint does not augment the communication requirements of the
interaction process for a series of fundamental settings. We also corroborate on one
of the main observations of Blumrosen et al. [47]: asymmetry helps—in deriving
tight communication bounds. Indeed, in our mechanisms the information elicita-
tion is substantially asymmetrical. Finally, we believe that our results could have
practical significance due to their simplicity and their communication efficiency.

4.1.1 Overview of Techniques

Facility Location Games. In Section our first key observation in Theo-
rem [£.3.2]is that the social cost of the median admits a sensitivity property. Thus,
it is possible to obtain a near-optimal approximation w.r.t. the optimal social cost
even if the allocated facility is very far from the median. The sensitivity of the
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social cost of the median essentially reduces a near-optimal approximation to the
concentration of the rank of the sample’s median. Based on this insight, we prove
in Theorem [4.3.3] that when the participation is large (i.e. n — oo) the distri-
bution of the rank of the sample’s median converges to a continuous transformed
beta distribution. This result should not be entirely surprising given that—as is
folklore in statistics—the order statistics of the uniform distribution on the unit
interval have marginal distributions belonging to the beta distribution family (e.g.,
see [81]). Having made these connections, the rest of our guarantees in Section
for more general metrics follow rather directly.

Auctions. With regard to our results in Section Wwe commence Our overview
with the single-item auction, and we then describe our approach for several ex-
tensions. In particular, for our ascending auction we consider as a black-box an
algorithm that implements a second-price auction; then, at every round of the auc-
tion we simulate a sub-auction on a random sample of agents, and we broadcast
the “market-clearing price” in the sub-auction as the price of the round. From a
technical standpoint, we show that as the size of the sample increases, the frac-
tion of the agents that will remain active in the forthcoming round gets gradually
smaller (Theorem , leading to Theorem and Theorem It should
also be noted that the truncated communication does not undermine the incentive
compatibility of our mechanism, as implied by Theorem [£.4.2] and Theorem [£.4.3]
Moving on to the multi-item auction with additive valuations, we employ a basic
principle from information theory: encode the more likely events with fewer bits.
This simple observation along with a property of our single-item auction allow
us to substantially reduce the communication complexity when the auctions are
executed in parallel.

Finally, we alter our approach for the design of a multi-unit auction with
unit demand bidders. In contrast to a standard ascending auction, our idea is to
broadcast in every round two separate prices, a “high” price and a “low” price.
Subsequently, the mechanism may simply recurse on the agents that reside between
the two prices. The crux of this implementation is to design an algorithm that
takes as input a small number of bits, and returns prices that are tight upper and
lower bounds on the final VCG payment. To this end, we design a novel algorithm
that essentially performs stochastic binary search on the tree that represents the
valuation space; more precisely, in every junction, or decision, the branching is
made based on a small sample of agents, eliminating at every step half the points
on the valuation space. From an algorithmic standpoint, this gives a simple pro-
cedure performing approximate selection from an unordered list with very limited
communication.
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4.2 Preliminaries

Facility Location Games. Consider a metric space (M, dis(,-)), where dis :
M x M — R is a metric (or distance function) on M; i.e., for any x,y,z € M,
dis satisfies the following: (i) identity of indiscernibles: dis(x,y) =0 <= x=Yy;
(ii) symmetry: dis(x,y) = dis(y,x); and (iii) triangle inequality: dis(x,y) <
dis(x,z) + dis(z,y). Given as input an n-tuple Z = (x1,...,X,), with x; € M,
the (-facility location problem consists of allocating ¢ facilities on M in order
to minimize the social cost; more precisely, if L is the finite the set of allocated
facilities, the induced social cost w.r.t. the distance function dis is defined as

n
cost(L, dis) = Z miILl dis(x, x;);
xXE
i=1

that is, every point is assigned to its closest (allocated) facility. For notational
simplicity, we omit the distance function and we simply write cost(L). With a
slight abuse of notation, when |L| = 1, we will use cost(x) to represent the social
cost of allocating a single facility on x € M. In a mechanism design setting every
point in the instance 7 is associated with a strategic agent, and x; represents her
preferred private location (e.g. her address); naturally, every agent i endeavors
to minimize her (atomic) distance from the allocated facilities. A mechanism is
called strategy-proof if for every agent 7, and for any possible valuation profile,
7 minimizes her distance by reporting her actual valuation; if the mechanism is
randomized, one is typically interested in strategy-proofness in expectation.

The Median Mechanism. Posit a metric space (R?, || - ||1). The MEDIAN is
a mechanism for the 1-facility location problem which allocates a single facility on
the median of the reported instance. For high-dimensional spaces, the median is
defined coordinate-wise; more precisely, if Z = (x1,...,X;,) represents an arbitrary
instance on R%, and we denote with mf the j*® coordinate of x; in some underlying
coordinate system,

median(Z) £ (median(z1,...,z}),... median(z4,...,29)).

In this context, the following properties have been well-establish in social choice,
and we state them without proof.

Proposition 4.2.1. The MEDIAN mechanism is strategy-proof.

Proposition 4.2.2. The MEDIAN mechanism is optimal w.r.t. (i.e. minimizes)
the social cost in the metric space (R?, || -1).

The median can also be defined beyond Euclidean spaces [210], as it will be
discussed in more detail in Section [4.3.3 It should also be noted that the median
can be employed heuristically for the ¢-facility location problem when additional
separability conditions are met; for example, the instance could correspond to
residents of isolated cities, and it would be natural to assign one facility to a single
“cluster”.
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Auctions. In the domains we are studying in Section the valuation of an
agent ¢ for any bundle of items S is fully specified by the values v;;, for every
item j; if a single item—and potentially multiple units of the same item—are to
be disposed, we use v; for simplicity. Moreover, in Section [£.4] we employ a com-
munication complexity framework in order to analyze the measure of information
elicited from the agents; thus, we need to assume that every value v; ; can be ex-
pressed with k£ bits. We will mainly assume that k is a parameter independent of
the number of agents n, and one should imagine that a small constant k (e.g. 32 or
64 bits) would suffice. In this context, we define the communication complexity of
a mechanism to be the expected number of bits elicited from the participants dur-
ing the interaction process, and we study the asymptotic growth of this function
as n — co. We will assume that an agent remains active in the auction only when
positive utility can be obtained. Thus, if the (monotonically increasing) announced
price for item j coincides with the value v; ; of some agent 7, we presume that i
will withdraw from the auction; we use this hypothesis to handle certain singular
cases (e.g., all agents could have the same value for the item).

For the incentive compatibility analysis in Section [£.4] we will need to refine
and extend the notion of strategy-proofness from facility location games. A mech-
anism will be referred to as strategy-proof if truthful reporting is a universally
dominant strategy—a best response under any possible action profile and random-
ized realization—for every agent.

Obvious Strategy-Proofness. A strategy s; is obviously dominant if for any
deviating strategy s, starting from any earliest information set where s and s;
disagree, the best possible outcome from s} is no better than the worst possible
outcome from s;. A mechanism is obviously strategy-proof (OSP) if it has an
equilibrium in obviously dominant strategies. Notice that OSP implies strategy-
proofness, so it is a stronger notion of incentive compatibility [164].

Ex-Post Incentive Compatibility. We will also require a weaker notion of
incentive compatibility; a strategy profile (si,...,s,) constitutes an ez-post Nash
equilibrium if the action s;(v;) is a best response to every action profile s_;(v_;)—
for any agent ¢ and valuation v;. A mechanism will be called ex-post incentive
compatible if sincere bidding constitutes an ex-post Nash equilibrium.

Additional Notation. We will denote with N = [n] the set of agents that
participate in the mechanism. In a single parameter environment, the rank of an
agent corresponds to the index of her private valuation in ascending order (ties
are broken arbitrarily according to some predetermined rule; e.g. lexicographic
order) and indexed from 1, unless explicitly stated otherwise. We will use the
standard notation of f(n) ~ g(n) if lim, 1 f(n)/g(n) = 1 and f(n) < g(n)
if limy, 400 f(n)/g(n) < 1, where n will always be implied as the asymptotic
parameter. For notational brevity, we will let (") = 0 when m > n. Finally, ||x||1

n
m
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denotes the L; norm of x € R¢, while d will mainly represent the dimension of the
underlying space.

4.3 Facility Location Games and Approxima-
tion of the Median Mechanism

The most natural approximation of the MEDIAN mechanism consists of taking
a random sample of size ¢, and allocating a (single) facility to the median of the
sample, as implemented in APPROXMEDIANVIASAMPLING (Mechanism . Per-
haps surprisingly, we will show that this simple approximation yields a social cost
arbitrarily close to the optimal for the metric space (R%, || - [|1)—for a sufficiently
large sample. Our analysis commences with the median on the line, where our
main contribution lies in Theorem Our approach is quite robust and yields
analogous guarantees for the median defined on curves (Theorem [4.3.10)) and the
generalized median on the metric space (R%, | -||1) (Theorem conclude
this section by illustrating the barriers of sampling approximations when allocat-
ing a single facility on a tree metric, as well as allocating multiple facilities on the
line.

Mechanism 4: APPROXMEDIANVIASAMPLING(NV, €, 6)

Input: Set of agents N, accuracy parameter € > 0, confidence parameter
0>0

Output: x € R? such that cost(x) < (14 €)cost(x,,), where x,;, = median(V)

Set ¢ = ©(1/(e6)?) to be the size of the sample

Let S be a random sample of ¢ agents from N

return median(5)

In this section we do not have to dwell on incentive considerations given
that our sampling mechanism APPROXMEDIANVIASAMPLING directly inherits its
truthfulness from the MEDIAN mechanism (recall Theorem [4.2.1))—assuming of
course that the domain admits a median.

Proposition 4.3.1. APPROXMEDIANVIASAMPLING is strateqy-proof.

4.3.1 Median on the Line

In the following, we will tacitly consider an underlying arbitrary instance Z =
(z1,...,2p), with z; € R the (private) valuation—the preferred location—of agent
1. To simplify the exposition, we will assume—without any loss of generality—that
the number of agents n is odd, with n = 2k + 1 for some k € N.
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Sensitivity of the Median. The first potential obstacle in approximating the
MEDIAN mechanism relates to the sensitivity of the median. In particular, notice
that the function of the median has an unbounded sensitivity, that is, a unilateral
deviation in the input can lead to an arbitrarily large shift in the output; more
concretely, consider an instance with n = 2k + 1 agents, and let k agents reside
at —l and k + 1 agents at +[ for some large [ > 0. If an agent from the rightmost
group was to switch from +/ to —[, then the median would also relocate from +[ to
—I, leading to a potentially unbounded deviation. It should be noted that in the
regime of statistical learning theory, one technique to circumvent this impediment
and ensure differential privacy revolves around the notion of smooth sensitivity;
e.g., see [30, [57]. Our approach is based on the observation that the social cost of
the MEDIAN inherently presents a sensitivity property. Formally, we establish the
following lemma:;:

Lemma 4.3.2 (Sensitivity of the MEDIAN). Let x,,, = median(Z) and x € R some
position such that € - n agents reside between x and ,, with 0 < e < 1/2. Then,

cost(z) = cost(zm) <1+0( e >>

1— 2

Proof. For the sake of presentation, let us assume that z > x,,,. Consider the set
L containing the |n/2| —e-n leftmost agents (ties are broken arbitrarily), and the
set R with the [n/2] — € - n rightmost agents, leading to a partition as illustrated
in Figure Now observe that if we transfer the facility from z,, = median(Z)
to x the cumulative social cost of L and R remains invariant, i.e.,

Z |z; — | = Z |z — z|.
i€RUL i€RUL
In other words, the increase in social cost incurred by group L is exactly the social
cost decrease of group R. Thus, it follows that
cost(x) < cost(xy,) + 2en|x — x|, (4.1)

where notice that this inequality is tight when the agents in the interval (x,,x)
are accumulated arbitrarily close to z,,. Moreover, we have that

cost(zm) = Y |2i — 2m| > ([n/2] — en) |z — 2], (4.2)
i€R
and the claim follows from bounds (4.1]) and (4.2). O

As a result, Theorem [4.3.2] implies that a unilateral deviation by a player can
only lead to an increase of O(1/n) in the social cost. To put it differently, if an
adversary corrupts arbitrarily a constant number of reports, the increase in social
cost will be asymptotically negligible. Indeed, even if the allocated facility lies
arbitrarily far from the median, the induced social cost might still be near-optimal.
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Figure 4.1: Partition of the agents on the line.

Now let us assume—without loss of generality—that ¢ = 2p + 1, for some
p € N, where c is the size of the sample; also recall that n = 2k + 1. Motivated by
Theorem our analysis will be oblivious to the agents’ locations on the line,
but instead, our focus will be on characterizing the rank of the sample’s median—
the relative order of the sample’s median w.r.t. the entire instance; this approach
will also allow us to directly obtain a guarantee in more general metric spaces.
More precisely, consider a random variable X, that represents the rank—among
the entire instance—of the sample’s median, normalized in the domain [—1,1];
for instance, if the sample’s median happens to coincide with the median of the
entire instance, then X, = 0. The reason behind this normalization relates to
our asymptotic characterization (Theorem . Now fix a particular rank i/k
in [—1,1]. Notice that the number of configurations that correspond to the event

(X, =i/k} is
(6D

As a result, the probability mass function of X, can be expressed as follows:

K=\ (K +i
P{Xr:ﬂ :< 222513) > (4.3)
20 +1

It is interesting to notice the similarity of this expression to the probability mass
function of a hypergeometric distribution. We also remark that the normalization
constraint of the probability mass function yields a well-known variant of the
Vandermonde identity:

(5002006

i=—K

For this reason, we shall refer to the distribution of X, as the (k, p)- Vandermonde
distribution. Importantly, Theorem [£.3.2] tells us that the concentration of the
Vandermonde distribution—for sufficiently large values of parameter p—suffices
to obtain a near-optimal approximation with respect to the social cost. However,
quantifying exactly the concentration of the Vandermonde distribution appears
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to be challengingﬂ In light of this, our main insight—and the main technical
contribution of this section—is an asymptotic characterization of this distribution.

Theorem 4.3.3 (Convergence of the Vandermonde Distribution). If we let xk —
+oo the (K, p)-Vandermonde distribution converges to a continuous distribution
with probability density function ¢ : [—1,1] — R, such that

¢(t) = C(p)(1 —t*)7, (4.4)
where

@2+ 1)
2o 1)

1
C(P):B<7P+1 = (P2

In the statement of the theorem, B represents the beta function. Recall that
for x,y € R+, the beta function is defined as

s _1,,_ P@)I'(y)
B(:c,y)_/o t* L1 — )Y 1dt_m,

where I' represents the gamma function. One can verify the normalization con-
straint in Theorem using a quadratic transform u = t? as follows:

1 1 1 1
/ (1—t2)Pdt:2/ (1—t2)pdt:/ u—%(l—u)Pdu:B<2,p+1>.
-1 0 0

Moreover, the final term can be expressed succinctly through the following lemma:

(4.5)

Lemma 4.3.4. If I" represents the gamma function and n € N,

r <1 —I—n) _ @t

2 ~ 4np)

Before we proceed with the proof of Theorem [4.3.3] we state an elementary
result from real analysis.

Lemma 4.3.5. Let f : [-1,1] — R be an integrable functz’mﬂ and x some number

n (=1,1); then,
) - /_ 1 F(t)dt.

! Ariel Procaccia pointed out to us that there is a more elementary way to “upper-
bound” the concentration of X,.; see [64, Lemma 1]. Yet, we remark that their argument
would only provide a guarantee with high probability, and not in expectation.

2The integrability here is implied in the standard Riemannian-Darboux sense.

n

r+1 r+1
li 1+
im ;Zlf( +1 p

n—-+oo n
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Proof of Theorem[[.53.3. Take some arbitrary z € (—1,1), let v = |zk| + k + 1,
and consider a random variable X, drawn from a (k, p)-Vandermonde distribution.
It follows that

. < o
KEI—&I-IOOP[XT - l‘] nkr—l{loo ) (2,‘1 -+ 1)
i=—kK

n—+o00 n ’ (46)
i=1
2p+1

where recall that n = 2k + 1. Given that n!/(n — j)! = ©,(n/),Vj € N, we can

recast (4.6) as

. < 4] —
HETOO]P’[XT < z] ()2 e s

20+ 1) 1 & (=9 (i—1)
1 2 i oG 1

v

=@t D LS iy, (4.7)

12 2p+1
(P n=oe 20T £

where the last derivation follows by ignoring lower order terms. Finally, from (4.7)
we obtain that

v . ; P
. ot )t IS~ (E (1
<)=L - n \n
S P < ] (p1)? 7J£g”7‘§; oA

1=

0
e+ w1 [ x+1 x4 1)’
 (p!)? UETOO 2v Z Yo T\

=1
P
@2+ L a1l &K S, a+l [ z41)
— (ph)222e+t VEI-POO v Zz; 20 v\
v P
e+ ozl 41\’
~ (p!)222e+1 IIEEI’IOO v ; L=t v

_ (2,0+1)' /x(l—t2)pdt,

P )
where in the last line we applied Theorem [4.3.5] concluding the proof. O

Having established this asymptotic characterization, we are now ready to argue
about the concentration of the induced distribution with respect to parameter p.
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Theorem 4.3.6 (Concentration). Consider a random variable XE| with probability
density function ¢(t) = C(p)(1 —t>)P. Then, for any e > 0 and § > 0, there exists
some pp = O(1/(€8)?) such that ¥p > po,

P[IX| > ¢ < 6.

Proof. Consider some j € N. The j** moment of | X| can be expressed as

1

1
E[1XP) = C(o) | 11 =)0t = 2C(p) /0 B(1— 2yt

Applying the quadratic transformation u = ¢? yields

B Z%—l,erl
E[|X}7] = <2 2 ) (4.8)

1
B(=,p+1

Recall from Stirling’s approximation formula that n! = © (\/ 2mn (%)n), thus,
we obtain that C'(p) grows as

Clo) = Fraarts = O,

In particular, this along with (4.8)) imply that E[|X|] = ©(1/,/p). Thus, if we
apply Markov’s inequality we obtain that

1
Pl|X|>¢ =0 () .
1X12d=0(_
As a result, it suffices to select p = ©(1/(e6)?) so that P[|X]| > ¢ < §; notice
that tighter bounds w.r.t. the confidence parameter § can be obtained if we apply
Markov’s inequality for higher moments of | X | through (4.8]). O

We also highlight the following important byproduct, which was established
above en route to proving Theorem

Corollary 4.3.7. Consider a random variable X with probability density function
¢(t) = C(p)(1 — t*)P. Then, E[|X]|] = O(1/\/p).

We are now ready to analyze the approximation ratio of our sampling median,
both in terms of expectation and with high probability.

31t is interesting to note that X is a sub-Gaussian random variable [160] with variance
prozy o = O(1/p); indeed, notice that (1 — ) < 6*‘”2, with the bound being tight for
|t| 4 0. This observation leads to an alternative—and rather elegant—way to analyze the
concentration of X.
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Theorem 4.3.8 (Sampling Median on the Line). Consider a set of agents N =
[n] that lie on the one-dimensional metric space (R,|-|). Then, for any ¢ > 0,
APPROXMEDIANVIASAMPLING(N, €,0 = 1) takes a sample of size ¢ = O(1/€?)
and yields in expectation a 1 + € approrimation w.r.t. the optimal social cost of
the full information MEDIAN, while n — +00.

Proof. Consider a random variable X with probability density function ¢(t) =
C(p)(1—t2)P. Theorem implies that X corresponds to the rank of the sample’s
median with sample size ¢ = 2p+1, while n — +o0. Let g : (0,1) 3 z — 2z/(1—x);
we know from Theorem [.3.2] that the expected approximation ratio on the social
cost is 1 + O(E[g(|X]|)]). But, it follows that

1 1
Blo(IX1)) = 40() [ 75— #pd <3C() [ -y lar
2p+1 ! _
=8 % C(p—l)/0 t(1 — 3P~ 1at.

Now notice that Theorem [4.3.7| implies that

Clo—1) /01 H1— 2 gt — © (\}ﬁ) .

As a result, we have shown that the expected approximation ratio is 1 +
O(1/,/p), and taking p = ©(1/€?) concludes the proof. O

Corollary 4.3.9. Consider a set of agents N = [n] that lie on the metric space
(R,|-1]). Then, for any € > 0 and 6 > 0, APPROXMEDIANVIASAMPLING(NV, ¢, 6)
takes a sample of size c = O(1/(e6)?) and yields with probability at least 1 — 3§ a
1+ € approzimation w.r.t. the optimal social cost of the full information MEDIAN,
while n — +00.

Proof. The claim follows directly from Theorem Theorems 4.3.3| and [4.3.6]
O

Extension to the Median on Curves

Here we give a slight extension of the previous guarantee when the agents lie on
a curve. More precisely, let C be a curve parameterized by a continuous function
¥ 2 [0,1] — RY. We will assume that C is simple and open, i.e. 9 is injective in
[0,1]; see an example in Figure We also consider the distance between two
points A, B € C to be the length of the induced (simple) sub-curve from A to B,
denoted with ¢(A, B).

Notice that any simple and open curve naturally induces a ranking—a total
order—over its domain; indeed, for any points A, B € Im(¢) = C, we let A <
B <= ¢~ !(A) <+¢~1(B). Thus, we may define the median on the curve, which
is strategy-proof and optimal w.r.t. the induced social cost. Importantly, our
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previous analysis is robust, and our methodology for the median on the line is
directly applicable.

Theorem 4.3.10 (Sampling Median on Curves). Consider a set of agents N = [n]
that lie on the metric space (C,£(-,+)), where C represents a simple and open curve
on some subset of a Fuclidean space. Then, for any € > 0,
APPROXMEDIANVIASAMPLING(N, €,0 = 1) takes a sample of size ¢ = O(1/€?)
and yields in expectation a 1 + € approximation w.r.t. the optimal social cost of
the full information MEDIAN, while n — +00.

Figure 4.2: An example of a simple and open curve C. The distance ((A, B)
between two points A, B € C is defined as the length from A to B.

4.3.2 High-Dimensional Median

Next, in this subsection we extend our analysis for the high-dimensional metric
space (RZ, || - ||l1). Specifically, consider some arbitrary instance Z = (x1,...,X,),
where x; € R?%; we will denote with z] the 4% coordinate of x; in some underlying
coordinate system. Also, recall that the median of Z is derived through the median
in every coordinate, i.e.,
by, ..., median(z{, ... %)),

median(Z) = (median(x1, ..., n
Naturally, the MEDIAN takes as input some instance Z and outputs the median(Z).

We establish the following theorem:

Theorem 4.3.11 (High-Dimensional Sampling Median). Consider a set of agents
N = [n] that lie on the metric space (R, || -||1). Then, for any e > 0,
APPROXMEDIANVIASAMPLING (N, ¢, = 1) takes a sample of size ¢ = O(1/€?)
and yields in expectation a 1 + € approximation w.r.t. the optimal social cost of
the full information MEDIAN, while n — 4o00.

Proof. Consider some facility at x € R?, with x = (z!,... ,a:d); the induced social
cost of x can be expressed as
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n n d d n
cost(x) = D i —xl = 33 bl — | = 2l ).
i=1 i=1 j=1 j=1i=1
Let X = (X!,..., X9) be the output of the APPROXMEDIANVIASAMPLING (a
random variable). For any j € [d], and with ¢ = ©(1/¢?), Theorem implies
that

n n
E [Z |z] — Xj|] < (140 ol — 2| + on(1),
i=1

=1

where x,, = (z&,...,2%) = median(Z). Thus, by linearity of expectation we

obtain that for n — oo,

E[cost(X)] < (1 + €)cost(xm,) = (1 + €)cost™.
O

Importantly, observe that even in the high-dimensional case it suffices to take
c = O(1/€%), independently from the dimension of the space d, in order to obtain a
guarantee in expectation. We also remark that it is straightforward to extend The-
orem for the high-dimensional median, and recover a near-optimal allocation
with high probability.

4.3.3 Median on Trees

In contrast to our previous positive results, our characterization breaks when
allocating a facility on a general network. In particular, consider an unweighted tree
G = (V, E), and assume that every node is occupied by a single agent. One natural
way to define the median on G is by arbitrarily choosing a generalized median for
each path of the tree; however, as articulated by Vohra and Schummer [210], for
any two paths that intersect on an interval, it is crucial that the corresponding
generalized medians must not contradict each other, a condition they refer to as
consistency. Providing a formal definition of consistency would go beyond the
scope of our study; instead, we refer the interested reader to the aforementioned
work.

Now imagine that the designer has no prior information on the topology of the
network, and will have to rely solely on the information extracted by the agents.
Given that the graph might be vast, we consider a sample of nodes and we then
construct the induced graph by querying the agents in the sampleﬂ (naturally, we
posit that every agent knows her neighborhood). However, notice that the induced
graph need not be a tree, and hence, it is unclear even how to determine the output
of the sampling approximation. In fact, any node in the subgraph may lead to a
social cost far from the optimal.

4This model is analogous to the standard approach in property testing [135].
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Figure 4.3: An unweighted “star” graph G with n nodes, with every node
occupied by a single agent. It is easy to verify that v* constitutes the unique
median on G, satisfying the consistency condition of Vohra and Schummer.
Notice that allocating a facility on v* yields a social cost of n — 1, while any
other allocation leads to a social cost of 2n — 3.

Proposition 4.3.12. Consider an unweighted star graph G = (V, E) with |V | = n.
Then, even if we take a sample of size ¢ = n/2, every node in the sample will yield

an approximation of 2 — 1/(n — 1) w.r.t. the optimal social cost with probability
1/2.

An approximation ratio of 2 is trivial in the following sense: There exists
a mechanism, namely RANDOMDICTATOR, which selects uniformly at random
a single player and allocates the facility on her preferred position on the un-
derlying metric space. An application of the triangle’s inequality shows that
RANDOMDICTATOR yields in expectation a 2 approximation w.r.t. the optimal
social costE] In that sense, augmenting the sample does not seem particularly
helpful when the underlying metric space corresponds to a network.

4.3.4 Sampling with Multiple Facilities

Finally, we investigate the performance of a sampling approximation when allo-
cating multiple facilities. For the sake of simplicity, we posit a metric space (R, ||),
and we consider the PERCENTILE mechanism, an allocation rule that assigns fa-
cilities on particular percentiles of the input. More precisely, the PERCENTILE
mechanism is parameterized by a sequence r; < ry < ..., with every r; € [n]
corresponding to a rank of the input; if the instance Z = (x1,...,x,) is given
in increasing order, we allocate a facility j on x;; for every j. Naturally, the

50On the other hand, it is easy to see that any deterministic dictatorship yields in the
worst-case an n — 1 approximation.
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MEDIAN can be classified in this family of mechanisms. Another prominent mem-
ber is the TWOEXTREMES mechanism, proposed by Procaccia and Tennenholtz
[195] for the 2-facility location problem. As the name suggests, this mechanism
allocates two facilities at the minimum and the maximum reports of the instance,
leading to an n — 2 approximation ratio w.r.t. the optimal social cost (in fact,
the TWOEXTREMES is the only anonymous and deterministic mechanism with
bounded approximation ratio [115]). We remark that the PERCENTILE mecha-
nism is always strategy-proof, while its approximation ratio w.r.t. the optimal
social cost is generally unbounded.

Now consider APPROXPERCENTILEVIASAMPLING, simulating PERCENTILE on
a sample of size c¢; we will tacitly presume that at least 2 facilities are to be
allocated. Let us assume that the leftmost percentile L contains at most (1 — a)n
agents, for some constant o > 0, and denote with [ the distance between L and
the complementary set of agents R; see Figure If we let the inner-distance
between in L and R approach to 0 and [ — oo, we can establish the following:

Proposition 4.3.13. There are instances for which even with a sample of size

¢ =an = ©O(n) the APPROXPERCENTILEVIASAMPLING has in expectation an un-
bounded approximation ratio w.r.t. the social cost of the full information PERCENTILE
mechanism.

L R
l
<(1-a)n > an

Figure 4.4: An instance that corresponds to Theorem4.3.13} as [ — oo; given
that at least two facilities are to be allocated, any mechanism with bounded
social cost has to allocate facilities on both L and R.

Indeed, for the instance we described the social cost of the full information
mechanism approaches to 0, as it always allocates a facility on L, and at least one
facility on R. In contrast, there will be a positive probability—albeit exponen-
tially small—that the approximation mechanism fails to sample an agent from L.
Moreover, the same limitation (Theorem applies for an additive approxi-
mation, instead of a relative one. Perhaps, it would be interesting to examine the
performance of a sampling approximation if we impose additional restrictions on
the instance, such as stability conditions.

Remark. One of our insights is that unlike the outcome of the underlying mech-
anism, the social cost often presents a sensitivity property. This observation could
be of independent interest in analyzing sampling approximations in voting. We
explore this idea for the plurality rule in Section [{.A]
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4.4 Auctions

In this section, we study a series of environments in the regime of auction the-
ory. For every instance, we develop a mechanism which asymptotically minimizes
the communication complexity, i.e. the numbers of bits elicited from the partici-
pants. We commence with the design of a single-item auction, and we gradually
extend our techniques to cover more general domains.

4.4.1 Single-Item Auction

This subsection presents our ascending auction for disposing a single and in-
divisible item. On a high level, instead of updating the price in a static manner
through a fized increment, we propose a simple adaptive mechanism. Before we
proceed with the description and the analysis of our mechanism, we wish to con-
vey some intuition for our implementation. Specifically, as a thought experiment,
imagine that every valuation v; is drawn from some arbitrary distribution D, and
assume—rather unreasonably—that we have access to this distribution. In this
context, one possible approach to minimize the communication would be to deter-
mine a threshold value T}, such that P,p[v > T},] < ¢, for some small € > 0. The
auctioneer could then simply broadcast at the first round of the auction the price
p := T}, and with high probability the agents above the threshold would constitute
only a small fraction of the initial population. Moreover, the previous step could
be applied recursively for the distribution D conditioned on v > T}, until only
a few agents remain active. Our proposed mechanism will essentially mirror this
though experiment, but without any distributional assumptions, or indeed, any
prior knowledge.

Specifically, we consider some black-box deterministic algorithm A that faith-
fully simulates a second-price auction. Namely, A takes as an input a set of agents
S and returns a tuple (w,p): w is the agent with the highest valuation among S
(ties are broken arbitrarily), and p corresponds to the second highest valuation.
Of course, A only simulates a second-price auction, without actually allocating
items and imposing payments.

In every round, our mechanism selects a random sample from the active agentSE]
and simulates through algorithm A a sub-auction. Then, the “market-clearing
price” in the sub-auction is announced as the price of the round, and this process
is then repeated iteratively. The pseudocode for our mechanism
(ASCENDINGAUCTIONVIASAMPLING) is given in Mechanism

Interestingly, our mechanism induces a format that couples an ascending auc-
tion with the auction simulated by 4. We shall establish the following properties:

Proposition 4.4.1. Under truthful reporting, ASCENDINGAUCTIONVIASAMPLING
returns—uwith probability 1—the VCG outcome.

6Naturally, we assume that the sample contains at least 2 agents, so that the second-
price rule is properly defined.
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Mechanism 5: ASCENDINGAUCTIONVIASAMPLING(N, A, €)

Input: Set of agents N, algorithm A which simulates a second-price auction,
parameter € > 0
Output: VCG outcome (Winner & Payment)
while |[N| > ¢ do
Let S be a random sample of ¢ = O(1/e?) agents from N
Set w := winner in A(S)
Announce p := payment in A(S)
Update the active agents: N :={i € N\ S:v; >p}U{w}
end
if [N| =1 then
‘ return (w, p)
else
‘ return A(N)
end

Proof. First, notice that in any iteration of the while loop only agents that are
below or equal to the second highest valuation will withdraw from the auction.
Now consider the case where upon exiting the while loop only a single agent w
remains in the set of active agents N. Then, it follows that the announced price
p in the final round—which by construction coincides with the valuation of some
player—exceeds the valuation of every player besides w. Thus, by definition, the
outcome implements the VCG rule. Moreover, if after the last round 2 < |[N| < ¢,
the claim follows given that A faithfully simulates a second-price auction. O

Proposition 4.4.2. ASCENDINGAUCTIONVIASAMPLING is ez-post incentive com-
patible if A simulates a sealed-bid auctz’on[]

Proof. Consider any round of the auction and some agent i that has been selected
in the sample S; we identify two cases. First, if v; > v;,Vj € S\ {i}, sincere
reporting clearly constitutes a best response for i. Indeed, notice that since A
simulates a second-price auction, the winner in the sub-auction does not have any
control over the announced price of the round. In the contrary case, agent 7 does
not have an incentive to misreport and remain active in the auction given that the

final payment will always be greater or equal to her valuation—observe that the

"In fact, ASCENDINGAUCTIONVIASAMPLING (with A implemented as a sealed-bid auc-
tion) is dominant strategy incentive compatible if the sequence of announced prices is
non-decreasing; this property can be guaranteed if the “market-clearing price” in the
sub-auction serves as a reserved price. Otherwise, truthful reporting is not necessarily a
dominant strategy. For example, assume that every agent i, besides some agent j, commits
to the following—rather ludicrous—strategy: i reports truthfully, unless ¢ remains active
with at most 2c other agents; in that case, ¢ will act as if her valuation is 0. Then, the
best response for j is to act as if her valuation is co.
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announced price always increases throughout the auction. Next, let p the payment
in A(S) and ¢ ¢ S. It follows that if v; < p then a best response for i is to withdraw
from the auction, while if v; > p then i’s best response is to remain active in the
forthcoming round. O

Proposition 4.4.3. ASCENDINGAUCTIONVIASAMPLING is obviously strategy-proof
(OSP) if A simulates an English auction.

Proof. Notice that the induced mechanism performs a standard English auction,
but instead of interacting with every agent in a given round, we “ascend” in a
small sample; only when a single agent remains active we broadcast the current
price to the rest of the agents. Now consider some agent ¢ that participates in the
sub-auction. If the current price is below her valuation v;, then the best possible
outcome from quitting is no better than the worst possible outcome from staying
in the auction. Otherwise, if the price is above v;, then the best possible outcome
from staying in the auction is no better than the worst possible outcome from
withdrawing in the current round. Indeed, notice that the announced price can
only increase throughout the auction. Of course, the same line of reasoning applies
for a round of interaction with the entire set of active agents; essentially, the claim
follows from the OSP property of the English auction. O

Next, we analyze the communication complexity of our proposed auction. Nat-
urally, we have to assume that the valuation space is discretized, with k bits being
sufficient to express any valuation. The first thing to note is a trivial lower bound
on the communication.

Fact 4.4.4 (Communication Lower Bound). Every mechanism that determines
the agent with the highest valuation—with probability 1—must elicit at least n bits.

Importantly, we will show that this lower bound can be asymptotically re-
covered. In particular, observe that as the size of sample increases, the fraction
of agents that will choose to remain active—at least in the forthcoming round—
gradually diminishes; the following lemma makes this property precise.

Lemma 4.4.5 (Inclusion Rate). Let X, be a random wvariable representing the
proportion of agents that will remain active in a given round of the
ASCENDINGAUCTIONVIASAMPLING with sample size c; then,

2
E[X,.] < .
[ a] ~ C+ 1
As a result, the size of the sample ¢ allows us to calibrate the number of agents
that we wish to include in the following round—the inclusion rate. Before we
proceed with the proof of Theorem we first state some standard asymptotic
formulas.
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Fact 4.4.6.
n n¢
c c’

n n
P ~ ~N G- 1)

Proof of Theorem[{.4.5. Suppose that there are n active agents in some round
of the ASCENDINGAUCTIONVIASAMPLING (here we slightly abuse notation given
that n corresponds to the initial number of agents). Let us denote with X, the
rank—in the domain [n]—of the player with the second highest valuation (recall
that ties are broken arbitrarily according to some fized order) in the sample. We
will show that

Fact 4.4.7.

c—1

c+1

Indeed, simple combinatorial arguments yield that the probability mass function
of X, can be expressed as

G )
)

E[X,] ~n

As a result, it follows that

C(C _ 1) netl nctl
ne < c c+ 1>

c—1
n—m-—,

c+1
where we applied the asymptotic bounds from Fact and Fact also note
that we ignored lower order terms in the third and fourth line. Finally, the proof
follows given that X, < (n — X,)/n; the inequality here derives from the fact that
multiple agents could have the same valuation with the agent with rank X, and
we assumed that such agents will quit. O
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Next, we are ready to analyze the communication complexity of our mech-
anism. In the following theorem, we implicitly assume that the agents report
sincerely.

Theorem 4.4.8. Let QQ be the communication complexity of a deterministic al-
gorithm A, faithfully simulating a second-price auction, and N = [n] be a set of
agents. For any € > 0 and ¢ = O(1/€2), denote by t(n;c, k) the expected commu-
nication complexity of ASCENDINGAUCTIONVIASAMPLING(N, A, ¢€). Then,

t(n;e, k) S (14 €)n+ Q(c; k) logn. (4.9)

Proof. Consider some round of the ASCENDINGAUCTIONVIASAMPLING with n
active agents; as in Theorem let us denote with X, the proportion of agents
that will remain active in the following round of the auction. If T represents the
(randomized) communication complexity of our mechanism, we obtain that

E[T(n;c, k)] = E[T(nXa; ¢, k)] + Q(c; k) +n — c. (4.10)

There are various ways to bound randomized recursions of such form; our anal-
ysis will leverage the concentration of X,. In the sequel, we will tacitly assume
that the agents’ valuations are pairwise distinct, as this yields an upper bound on
the actual communication complexity (in our case, ties can only truncate commu-
nication). We will first establish that

2(c—1)

Ve~ e e

(4.11)

Indeed, consider the random variable X, that represents the rank of the agent
with the second highest valuation in the sample. Analogously to the proof of
Theorem it follows that

E[X;] = ;izP[XT .4 1 2(n— ) (z: ;)
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As a result, follows given that V[X,] = E[X?] — (E[X,])? and V[X,] =
V[X,]/n?; notice that under the assumption that the valuations are pairwise dis-
tinct, it follows that X, = (n — X,)/n. For notational simplicity, let us de-
note with p = E[X,] and 0 = /V[X,]. Chebyshev’s inequality implies that
P[| X, — u| > +/eo] < 1/c. Tt is also easy to see that u + v/co < 4/4/c; hence, with
probability at least 1 — 1/¢, nX, < 4n//c. Consequently, (4.10) gives that

1 4n 1
tnse, k) S (1—= )t | —=;¢k —t(n;c, k ik 4.12
ey (1= 2 )¢ (Jpick) + Tme ) +nrQek), (a2
where we used the fact that t(n;c, k) is decreasing w.r.t. n. Moreover, (4.12)) can
be recast as

4dn c c
tin;c, k) St —=;¢k —n+ ——Q(¢ k). 4.13
(n:e. k) < (f )+C_1n+c_1cz<c, ) (4.13)

Now consider any small e > 0, and let ¢ = ©(1/ 62)E|from the previous recursion
we obtain that

t(n;c, k) S (14+€e)n+ Q(c; k) logn,
as desired. n

In particular, if A simulates a sealed-bid auction Q(c¢;k) = ¢ -k, while if A
simulates an English auction Q(c;k) = ¢ - 2¥; indeed, implementing a faithful
second-price auction through a standard ascending format necessitates covering
the entire valuation space, i.e. 2F potential prices. Theorem implies that the
size of the sample ¢ induces a trade-off between two terms: As we augment the size
of the sample ¢ we truncate the first term in (4.9)—most agents withdraw from a
given round—at the cost of increasing the simulation of the sub-auction .A—the
second term in . Returning to our earlier thought experiment where we had
access to the distribution over the valuations, the term Q(c; k) logn is essentially
the overhead which we incur given that we do not possess any prior information.
Yet, if £ does not depend on n and we examine the asymptotic growth of the
expected communication complexity w.r.t. the number of agents n, we obtain the
following:

Corollary 4.4.9 (Single-Item Auction with Optimal Communication). Let A be
an algorithm faithfully simulating a second-price auction, and N = [n] a set of
agents. For any € > 0 and ¢ = O(1/€%), denote by t(n;c, k) the expected com-
munication complezity of ASCENDINGAUCTIONVIASAMPLING(N, A, €). If k is a
constant independent of n,

t(n;e,k) S (1+e)n.

8We do not claim that our analysis w.r.t. the size of the sample is tight; the rather
crude bound ¢ = ©(1/€?) is an artifact of our analysis, but nonetheless it will suffice for
our purposes.
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Remark. It is important to point out that the elicitation pattern in our pro-
posed mechanism (ASCENDINGAUCTIONVIASAMPLING) is highly asymmetrical.
Indeed, while most of the agents will be eliminated after the first round, having
only revealed a single bit from their valuations, the agents who are close to winning
the item will have to disclosure a substantial amount of information; arguably, this
property is desirable. Notice that this is in stark contrast to a standard English
auction in which every withdrawing bidder approximately reveals her valuation.

4.4.2 Multi-Item Auction with Additive Valuations

As an extension of the previous setting, consider than the auctioneer has to
allocate m (indivisible) items to n agents, with the valuation space being additive;
that is, for every agent 7 and for any bundle of items S # 0,

’UZ(S) = Zvi’j’

jeS

where recall that v; ; represents the value of item j for agent i. Naturally, we are
going to employ an ASCENDINGAUCTIONVIASAMPLING for every item. It should
be clear that—Dby virtue of Theorem [4.4.1}—the induced mechanism implements
with probability 1 the VCG outcome; every item is awarded to the agent who
values it the most, and the second-highest valuation for that particular item is
imposed as the payment. Moreover, Theorem [4.4.2] implies the following:

Proposition 4.4.10. Employing for every item ASCENDINGAUCTIONVIASAMPLING
yields an ex-post incentive compatible multi-item auction with additive valuations.

Our main insight in this domain is that a simultaneous implementation can
lead to a much more communication-efficient interaction process.

Sequential Implementation. First, assume that we have to perform an in-
dependent and separate auction for each item. Then, Fact implies that our
mechanism has to elicit at least n - m bits. As in the single-item setting, we can
asymptotically match this lower bound.

Proposition 4.4.11. Consider a set of agents N = [n]| with additive valuations
for m (indivisible) items, and denote by t(n;m,c, k) the expected communication
complexity of employing for each item ASCENDINGAUCTIONVIASAMPLING. Then,
for any € > 0 and with k assumed a constant independent of n,

t(n;m,c, k) S (14 €)nm.

Simultaneous Implementation. On the other hand, we will show that the
communication complexity can be substantially reduced when the m auctions are
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performed in parallel. Specifically, our approach employs some ideas from informa-
tion theory in order to design a more efficient encoding scheme. More concretely,
let us first describe the general principle. Consider a discrete random variable that
has to be encoded and subsequently transmitted to some receiver; it is well un-
derstood in coding theory that the values of the random variable which are more
likely to be observed have to be encoded with relatively fewer bits, so that the
communication complexity is minimized in expectation.

Now the important link is that in the ASCENDINGAUCTIONVIASAMPLING with
a large sample size ¢ a random agent will most likely withdraw from a given round.
Thus, we consider the following encoding scheme: An agent i—remaining active
in at least one of the m auctions—will transmit a bit 0 in the case of withdrawal
from all the auctions; otherwise, ¢ may simply transmit an m;-bit vector that
indicates the auctions that ¢ wishes to remain active, where m; < m is the number
of auctions in which 7 is still active. Although the latter part of the encoding is
clearly sub-optimal—given that we have encoded events with substantially different
probabilities with the same number of bits, it will be sufficient for our argument.
Consider a round of the parallel implementation with n agents and let p be the
probability that a random agent will withdraw from every auction in the current
round. Given that every player is active in at most m auctions, it follows from the
union bound that 1 —p < 2m/(c+ 1). Thus, if B represents the total number of
bits transmitted in the round, we obtain that

2m
<c +1 > ) ’

As a result, for every § > 0 and size of sample ¢ = ©(m?/§), we have that
E[B] < n(1 + ). Also note that in expectation only a small fraction of agents
will “survive” in a given round of the parallel auction—asymptotically at most
2m/(c + 1). Thus, similarly to Theorem we can establish the following
theorem:

E[B]:n(l-p+m-(1—p))§n<<1—62f1> +m

Theorem 4.4.12 (Simultaneous Single-Item Auctions). Consider some set of
agents N = [n] with additive valuations for m indivisible items, and assume that
k and m are constants independent of n. There exists an encoding scheme such
that if t(n;m,c, k) is the expected communication complexity of implementing in
parallel an ASCENDINGAUCTIONVIASAMPLING for every item, then for any e > 0
and for sufficiently large ¢ = c(e,m),

tnim, e, k) S (1+ e)n.

4.4.3 Multi-Unit Auction with Unit Demand

Finally, we design a multi-unit auction where m units of the same item are to be
disposed to n unit demand bidders; naturally, we are interested in the non-trivial
case where m < n. We shall consider two canonical cases.
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First, let us assume that the number of units m is a small constant. Then,
we claim that our approach in the single-item auction can be directly applied.
Indeed, we propose an ascending auction in which at every round we invoke some
algorithm A that simulates the VCG outcome—i.e., A identifies the m agents with
the highest valuations, as well as the (m + 1)-highest valuation as the payment—
for a random sample. Next, the “market-clearing price” in the sub-auction is
announced in order to “prune” the active agents. As a result, we can establish
guarantees analogous to Theorems and and Theorem the analysis
is similar to the single-item auction, and is therefore omitted.

Our main contribution in this subsection is to address the case where m = v-n,
for some constant v € (0,1). Specifically, unlike a standard English auction, our
idea is to broadcast in every round two separate prices; the agents who are above
the high price py are automatically declared Winnersﬂ while the agents below the
lower price py will have to quit the auction. Then, the mechanism may simply
recurse on the agents that lie in the intermediate region. In this context, we
consider the following encoding scheme:

e If v; > pp, then i transmits a bit of 1;
o If v; < py, then i transmits a bit of 0;

e otherwise, ¢ may transmit some arbitrary 2-bit code.

Observe that the last condition ensures that the encoding is non-singular. In
contrast to our approach in the single-item auction, this communication pattern
requires the transmission of a 2-bit code from some agents; nonetheless, we will
show that this overhead can be negligible, and in particular, the fraction of agents
that reside between pp and p, can be made arbitrarily small. For simplicity in
the exposition, here we will tacitly assume that the agents’ valuations are pairwise
distinct. The pseudocode for our mechanism is given in Mechanism [6}

The crux of the MULTIUNITAUCTIONVIASAMPLING lies in the implementation
of the subroutines at steps 4 and 5. This is is addressed in the following theorem:

Theorem 4.4.13. Consider a set of agents N = [n| and a number of units m.
There exists a sampling algorithm such that for any € > 0 and any § > 0 satisfies
the following:

o It takes as input at most 4klog(4k/5)/e* bits.

o With probability at least 1 — 0 it returns prices py, and pg, such that py is
between the (m+ 1)-ranked player and the (m+ 1+ [en])-ranked player, and
pe is between the (m+1— [en])-ranked player and the (m+1)-ranked player.

9However, the winners do not actually pay py,, but rather a common price determined at
the final round of the auction; this feature is necessary in order to provide any meaningful
incentive compatibility guarantees.
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Mechanism 6: MULTIUNITAUCTION VIASAMPLING (N, m)

Input: Set of agents N, number of items m
Output: VCG outcome (Winners & Payment)
Initialize the winners W := () and the losers L :={)
pp, := ESTIMATEUPPERBOUND(N, m)
pe := ESTIMATELOWERBOUND(NV, m)
Announce pj, and py
Update the winners: W :=W U{i € N | v; > pp}
Update the losers: L:=LU{i € N |v; < ps}
if pp, = py then
| return (W,py)

else

Set m:=m — |[{i € N :v; > pp}|

Set N:=N\(WUL)

return MULTIUNITAUCTIONVIASAMPLING (N, m)
end

Proof. Consider a perfect binary tree of height k, such that each of the 2F leaves
corresponds to a point on the discretized valuation space, as illustrated in Fig-
ure Our algorithm will essentially perform stochastic binary search on this
tree. To be precise, beginning from the root of the tree, we will estimate an addi-
tional bit of py and py in every level of the tree. Let us denote with z1,zo, ..., z,,
with z; € {0, 1}, the predicted bits after r levels. In the current level, we take a
random sample S of size ¢ with replacemenﬂ(S here is potentially a multiset),
and we query every agent ¢ € S on whether v; < x12o...2,011...1, where the
threshold is expressed in binary representation. Let us denote with X, the random
estimation derived from the sample, i.e.,

_ Zies 1{v; <z129...2,01...1}
- .

Xy

Recall that the output of the algorithm consists of two separate k-bit numbers
pp, and py. For convenience, a sample will be referred to as e-ambiguous if | X, —v| <
€, where v = m/n and € > 0 some parameter. Intuitively, whenever the sample is
unambiguous we can branch with very high confidence; that is, we predict a bit of 1
it X, <+, and a bit of 0 if X, > 7. In contrast, in every e-ambiguous junction the
“high” estimation—corresponding to pp—will predict a bit of 1, whilst the “lower”
estimation—corresponding to py—will predict a bit of 0. One should imagine that
the two estimators initially coincide, until they separate when a “close” decision
arises (see Figure . We claim that this algorithm will terminate with high

10We assume sampling with replacement to slightly simplify the analysis; our approach
is also directly applicable when the sampling occurs without replacement.
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probability with the desired bounds. For our analysis we will employ the following
standard lemma:

Lemma 4.4.14 (Chernoff-Hoeffding Bound). Let {X1, Xo,...,X.} be a set of
i.i.d. random variables with X; ~ Bern(p) and X,, = (X1+ Xo+---+ X.)/c; then,

P(1X, —p| > €) < 272,

The main observation is that if for all samples X, has at most €/2 error,
then the estimations p; and p,; will be within the desired range in our claim. Let
us denote with p. the probability that for a single estimate and after k& levels
there exists a sample with more than ¢/2 error; the union bound implies that
Pe < 2ke=€"¢/2. Thus, for any € > 0 and § > 0, p. < 6 for ¢ > 2log(2k/6)/€>.
Furthermore, by the union bound, we obtain that the probability of error of either
of the two estimates with input at most 2ck bits is at most 2J; rescaling ¢ := 6/2
concludes the proof. O

0000 0001 0010 0011 0100 0101 0110 0111 1000 1001 1010 1011 1100 1101 1110 1111

Figure 4.5: The binary-tree representation of the valuation space. The red
lines correspond to potential branching of the two estimates.

Consequently, the algorithm described in Theorem will be employed
to implement lines 4 and 5 in our MULTIUNITAUCTIONVIASAMPLING. In addi-
tion, notice that we can recognize whenever the estimated prices p; and py are
incongruous—in the sense that either the winners are more than the available
items, or that the remaining agents are less than the available items, in which case
we simply repeat the estimation. Thus, we obtain the following properties:

Proposition 4.4.15. The MULTIUNITAUCTIONVIASAMPLING 4§ ez-post incen-
tive compatible.

Theorem 4.4.16 (Multi-Unit Auction with Optimal Communication). Consider
some set of unit demand agents N = [n], and m identical units. Moreover, denote
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by t(n; k) the expected communication complexity of the mechanism
MULTIUNITAUCTIONVIASAMPLING (N, m), with steps 4 and 5 implemented through
the algorithm of Theorem . If k = O(n'=%) for some £ > 0, then for any
e>0,

t(n; k) < (14 €)n.

Proof. Theorem [4.4.13|implies that for any ¢ > 0 and ¢ > 0,
log(4k/9)
2

t(n; k) < (1 —0)((1+2¢)n +t(2en; k)) +d(2n + t(n; k)) + 4k -

I

where the first term corresponds to the induced communication when the sampling
algorithm of Theorem succeeds, the second term is the worst-case commu-
nication whenever the sampling algorithm fails to return prices within the desired
range, while the last term is the communication of the sampling algorithm. Thus,
solving the induced recursion and using that & = O(n'~*) concludes the proof. [J

4.A Sampling Approximation of the Plural-
ity Rule

Approximating the plurality rule is quite folklore in social choice; e.g., see [82]
58]. More recently, Bhattacharyya and Dey [82] analyzed the sample complexity
of determining the outcome in several common voting rules under a ~y-margin
condition; that is, they assumed that the minimum number of votes that need to
be modified in order to alter the winner is at least vv-n. In fact, a standard result by
Canetti et al. [58] establishes that at least Q(log(1/d)/7?) samples are required in
order to determine the winner in the plurality rule with probability at least 1 — 4§,
even with 2 candidates. This lower bound might appear rather unsatisfactory;
for one thing, the designer does not typically have any prior information on the
margin v. More importantly, in many practical scenarios we expect the margin to
be negligible, leading to a substantial overhead in the sample complexity.

The purpose of this section is to show that these obstacles could be circum-
vented once we take a wtilitarian approach. Indeed, instead of endeavoring to
determine the winner in the election with high probability, we are interested in
approximating the social welfare. More precisely, assume that n agents have to
select among m alternatives or candidates. We let u; ; represent the score that
agent ¢ € [n] assigns to candidate j € [m]. In this way, the social welfare of an
outcome j € [m] is defined as

SW() = uiy.
-1

Notice, however, that the social welfare approximation problem through the
plurality rule is hopeless under arbitrary valuations, in light of obvious information-
theoretic barriers. (the framework of distortion introduced by Procaccia and
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Rosenschein [193] quantifies exactly these limitations.) For this reason, and for
the sake of simplicity, we are considering the social welfare approximation prob-
lem in a very simplistic setting.

Definition 4.A.1. A woter i is said to be single-minded if u;, = 1 for some
candidate v € [m], and u; ; = 0,Vj # .

In fact, in the simple setting where all agents are single-minded it is easy to
see that the plurality rule is actually strategy-proof. Recall that in the plurality
rule every agent i votes for a single candidate j € [m], i.e. agent i broadcasts
an m-tuple (0,0,...,1,0), assigning 1 to the position that corresponds to her
preferred candidate. We are now ready to analyze the sampling approximation of
the plurality rule.

Mechanism 7: APPROXPLURALITYVIASAMPLING(N, [m], €, d)

Input: Set of agents N, set of candidates [m], accuracy parameter € > 0,
confidence parameter § > 0

Output: Candidate j € [m] such that SW(j) > (1 — €) SW(5*) with
probability at least 1 — §, where j* represents the optimal candidate

Set ¢ = 2m?log(2m/§) /€2, the size of the sample

Let S be a random samplf ¢ agents from N

return PLURALITY(S)

Theorem 4.A.2. Consider a set of single-minded agents N, and any number of
candidates m. For any € > 0 and any 6 > 0,
APPROXPLURALITYVIASAMPLING (N, [m], €,d) yields with probability at least 1 —
& an approrimation ratio of 1 — € w.r.t. the optimal social welfare of the full
information PLURALITY, for any ¢ > co(m,€,0), where

2m? log(2m/9)

CO(maevé) - 2 .

The proof of this theorem is simple and proceeds with a standard Chernoff
bound argument; for completeness, we provide a detailed proof.

Proof of Theorem[{.A.2 First, let us denote with s; = (3_;", u; ;) /n the score of
the ' candidate in the full information plurality rule. Consider a sample of size c,
and let (X;1,...,Xjm) represent the voting profile of the agent that was selected in
the i*! iteration of the sampling process. It follows that X j ~ Bern(s;j),Vj € [m].
Moreover, recall that we consider sampling with replacement, so that the set of
random variables {Xi ;,...,X.;} is pairwise independent for any j € [m]; our
results are also applicable when the sampling occurs without replacement given

'Here we assume that we sample with replacement.
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that the correlation between the random variables is negligible — for sufficient large
n, although we do not formalize this here.

As a result, if we denote with §; = (3°;_; Xi ;) /¢, a standard Chernoff bound
argument implies that Ve’ > 0,V§" > 0, and ¢ > log(2/8")/(2(¢)?), |5; — sj| < €
with probability at least 1 —¢’. By the union bound, we obtain that |§; — s;| < ¢
for all j € [m] and with probability at least 1—md’. Thus, we let &’ = §/m for some
arbitrary 0 > 0. We also let s* = s+ to be the score of the most preferred candidate
7* — among the entire population N. By definition, the optimal social welfare is
SW* = SW(j*) = Y1l  uij+ = ns*. If r = argmax; 55 is the random output of
APPROXPLURALITYVIASAMPLING(N, [m], €/, d), it follows that s, > s* — 2¢’ with
probability at least 1 — . Thus, we obtain that

SW(r) = Zui,r =ns, > n(s* —2¢)
=1
SW*
S*

> SW*(1 — 2¢'m),

= SW* —2¢

where in the final inequality we used that s* > 1/m. Finally, setting ¢’ = €/(2m)
for an arbitrary € > 0 concludes the proof. O

121



Chapter 5

Metric-Distortion Bounds
under Limited Information

Research in the metric distortion framework was initiated by Anshelevich et al.
[18]. Specifically, they analyzed the distortion of several common voting rules, most
notably establishing that Copeland’s rule has distortion at most 5, with the bound
being tight for certain instances. They also conjectured that the ranked pairs
mechanism always achieves distortion at most 3, which is also the lower bound
for any deterministic mechanism. This conjecture was disproved by Goel et al.
[132] D while they also studied fairness properties of certain voting rules. Moreover,
Skowron and Elkind [214] established that a popular rule named single transferable
vote (STV) has distortion O(logm), along with a nearly-matching lower bound.
The barrier of 5 set out by Copeland was broken by Munagala and Wang [183],
presenting a novel deterministic rule with distortion 2+ v/5. The same bound was
obtained by Kempe [149] through an LP duality framework, who also articulated
sufficient conditions for proving the existence of a deterministic mechanism with
distortion 3. This conjecture was only recently confirmed by Gkatzelis et al. [131],
introducing the plurality matching mechanism. Closely related to our study is
also the work of Gross et al. [138], wherein the authors provide a near-optimal
mechanism that only asks m + 1 voters for their top-ranked alternatives. The
main difference with our setting is that we require an efficiency guarantee with
high probability, and not in expectation.

Broader Context. Beyond the metric case most focus has been on analyzing
distortion under a wnit-sum assumption on the utility function, ensuring that
agents have equal “weights”. In particular, Boutilier et al. [52] provide several
upper and lower bounds, while they also study learning-theoretic aspects under
the premise that every agent’s utility is drawn from a distribution; cf., see the

LA tight bound of ©(y/m) for the ranked pairs mechanism was subsequently given
by Kempe [149].
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work of Procaccia et al. [196]. Moreover, several multi-winner extensions have
been studied in the literature. Caragiannis et al. [66] study the committee selection
problem, which consists of selecting k alternatives that maximize the social welfare,
assuming that the value of each agent is defined as the maximum value derived from
the committee’s members. We also refer to Benade et al. [37] for the participatory
budgeting problem, and to Benade et al. [38] when the output of the mechanism
should be a total order over alternatives (instead of a single winner).

More special metric spaces have been considered by Feldman et al. [104], Fain
et al. [97], Anagnostides et al. [8], strengthening some of the results we previously
described. The trade-off between efficiency and communication has been addressed
by Mandal et al. [I71], [I72], while Amanatidis et al. [6] investigated the decay of
distortion under a limited amount of cardinal queries—in addition to the ordinal
information. We should also note a series of works analyzing the power of ordi-
nal preferences for some fundamental graph-theoretic problems [110} [15] [16, [17].
Finally, we point out that strategic issues are typically ignored within this line of
work. We will also posit that agents provide truthfully their preferences, but we
refer to Bhaskar et al. [42], Caragiannis et al. [65] [67] for rigorous considerations
on the strategic issues that arise. We refer the interested reader to the excellent
survey of Anshelevich et al. [22], as we have certainly not exhausted the literature.

5.1 Contributions

First, we study voting rules which perform a sequence of pairwise comparisons
between two candidates, with the result of each comparison being determined by
the majority rule over the entire population of voters. This class includes many
common mechanisms such as Copeland’s rule [206] or the minimax scheme of Levin
and Nalebuff [162], and has received considerable attention in the literature of
social choice; cf., see the discussion of Lang et al. [I57], and references therein.
Within the framework of (metric) distortion, the following fundamental question
arises:

How many pairwise comparisons between two candidates are needed
to guarantee non-trivial bounds on the distortion?

For example, Copeland’s rule (and most of the common voting rules within this
class) elicits all possible pairwise comparisons, i.e. (ZL) = O(m?), and guarantees
distortion at most 5 [I8]. Thus, it is natural to ask whether we can substantially
truncate the number of elicited pairwise comparisons without sacrificing too much
the efficiency of the mechanism. We stress that we allow the queries to be dynam-
ically adapted during the execution of the algorithm. In this context, we provide
the following strong positive result:

Theorem 5.1.1. There exists a deterministic mechanism that elicits only m — 1
pairwise comparisons and guarantees distortion O(logm).
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The corresponding mechanism is particularly simple and natural: In every
round we arbitrarily pair the remaining candidates and we only extract the cor-
responding comparisons. Next, we eliminate all the candidates who “lost” and
we continue recursively until a single candidate emerges victorious. Interestingly,
this mechanism is widely employed in practical applications, for example in the
knockout phases of many competitions, with the difference that typically some
“prior” is used in order to construct the pairings. The main technical ingredi-
ent of the analysis is a powerful lemma developed by Kempe via an LP duality
argument [149]. Specifically, Kempe characterized the social cost ratio between
two candidates when there exists a sequence of intermediate alternatives such that
every candidate in the chain pairwise-defeats the next one. We also supplement
our analysis for this mechanism with a matching lower bound on a carefully con-
structed instance (Theorem . Moreover, we show that any mechanism which
performs (strictly) fewer than m — 1 pairwise comparisons has unbounded dis-
tortion (Theorem . This limitation applies even if we allow randomization
either during the elicitation or the winner determination phase. Indeed, there are
instances for which only a single alternative can yield bounded distortion, but
the mechanism simply does not have enough information to identify the “right”
candidate.

Next, we study deterministic mechanisms which only receive an incomplete
order of preferences from every voter, instead of the entire rankings. This setting
has already received attention in the literature, most notably by Kempe [150], and
has numerous applications in real-life voting systems. Arguably the most impor-
tant such consideration arises when every voter provides her k-top preferences,
for some parameter k € [m]. Kempe [150] showed that there exists a determin-
istic mechanism which elicits only the k-top preferences and whose distortion is
upper-bounded by 79m/k; using a powerful tool developed in [149] this bound can
be improved all the way down to 12m/k. However, this still leaves a substan-
tial gap with respect to the best-known lower bound, which is 2m/k if we ignore
some additive constant factors. Thus, [I50] left as an open question whether the
aforementioned upper bound can be improved. In our work, we make substantial
progress towards bridging this gap, proving the following:

Theorem 5.1.2. There exists a deterministic mechanism that only elicits the k-
top preferences and yields distortion at most 6m/k + 1.

We should stress that the constant factors are of particular importance in this
framework; indeed, closing the gap even for the special case of k = m has received
intense scrutiny in recent years [18, [183], 149, 131]. From a technical standpoint, the
main technique for proving such upper bounds consists of identifying a candidate
for which there exists a path to any other node such that every candidate in the
path pairwise-defeats the next one by a sufficiently large margin (which depends
on k). Importantly, the derived upper bound crucially depends on the length of
the path. Our main technical contribution is to show that there always exists a
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path of length 2 with the aforedescribed property, while the previous best result
by Kempe established the claim only for paths of length 3.

Although our approach can potentially bring further improvements, closing the
gap inevitably requires different techniques. In particular, a promising direction
appears to stem from extending some of the claims established by Gkatzelis et al.
[131]. Indeed, we observe that a natural generalization of their main technical
ingredient would lower the upper bound to 4m/k — 1 (Theorem , which
appears to be optimal when k is close to m. More precisely, Gkatzelis et al. [131]
proved that a certain graph always has a perfect matching when the entire rankings
are available; we conjecture that under k-top preferences there always exists a
perfect matching for a subset of a k/m fraction of the voters (see Theorem m
for a more precise statement).

We also provide some other important bounds for deterministic mechanisms
under missing information. Most notably, if the voting rule performs well on an
arbitrary (potentially adversarially selected) subset of the voters can we quantify
its distortion over the entire population? We answer this question with a sharp
upper bound in Theorem [5.4.3] In fact, we use this result as a tool for some of
our other proofs, but nonetheless we consider it to be of independent interest. It
should be noted that even in the realm of partial or incomplete rankings there
exists an instance-optimal mechanism via linear programming; this was first ob-
served by Goel et al. [I32] when the total orders are available, but it directly
extends in more general settings. Interestingly, we show that the recently intro-
duced mechanism of Gkatzelis et al. [I31] which always obtains distortion at most
3 can be substantially outperformed by the LP mechanism. Namely, for some
instances the mechanism of Gkatzelis et al. [131] yields distortion almost 3, while
the instance-optimal mechanism yields distortion close to 1.

Finally, we consider mechanisms which receive information from only a “small”
random sample of voters; that is, we are concerned with the sample complezity re-
quired to ensure efficiency, which boils down to the following fundamental question:

How large should the size of the sample be in order to guarantee
near-optimal distortion with high probability?

More precisely, we are interested in deriving sample-complexity bounds which
are independent of the number of voters n. This endeavor is particularly motivated
given that in most applications n > m. Naturally, sampling approximations are
particularly standard in the literature of social choice. Indeed, in many scenarios
one wishes to predict the outcome of an election based on a small sample (e.g. in
polls or exit polls), while in many other applications it is considered even infeasible
to elicit the entire input (e.g. in online surveys). In this context, we will be content
with obtaining near-optimal distortion with high probability (e.g. 99%). This
immediately deviates from the line of research studying randomized mechanisms
wherein it suffices to obtain a guarantee in expectation; cf., see Anshelevich and
Postl [14]. We point out that it has been well-understood that a guarantee only
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in expectation might be insufficient in many cases; for example, Fain et al. [98]
considered as the objective the squared distortion as a proxy in order to limit as
much as possible the variance in the distortion. In fact, Fain et al. [98] are also
concerned with sample complexity issues, but from a very different standpoint.

We stress that we only allow randomization during the preference elicitation
phase; for a given random sample, which corresponds to the entire rankings of the
voters, the mechanisms we consider act deterministically. Specifically, we analyze
two main voting rules along this vein.

Theorem 5.1.3 (Approximate Copeland). For any sufficiently small € > 0 there
exists a mechanism that takes a sample of size ©(log(m)/€®) voters and yields
distortion at most b+ € with probability 0.99.

The techniques required for the proof of this theorem are fairly standard.
More importantly, we analyze the sample complexity of PLURALITYMATCHING,
the mechanism of Gkatzelis et al. [I31] which recovers the optimal distortion bound
of 3 (among deterministic mechanisms). In this context, we establish the following
result:

Theorem 5.1.4 (Approximate PLURALITYMATCHING). For any sufficiently small
€ > 0 there exists a mechanism that takes a sample of size ©(m/e®) voters and
yields distortion at most 3 + € with probability 0.99.

More precisely, the main ingredient of PLURALITY MATCHING is a maximum-
matching subroutine for a certain bipartite graph. Our first observation is that the
size of the maximum matching can be determined through a much smaller graph
which satisfies a “proportionality” condition with respect to a maximum-matching
decomposition. Although this condition cannot be explicitly met since the algo-
rithm is agnostic to the decomposition, our observation is that sampling (with
sufficiently many samples) will approximately satisfy this requirement, eventually
leading to the desired conclusion.

We stress that we do not guarantee that the winner in our sample will coincide
with that over the entire population. In fact, the sample complexity bounds for
the winner determination problem—for virtually every reasonable voting rule—
depend on the margin of victory; see the work of Dey and Bhattacharyya [82].
However, we argue that this feature is undesirable. For one thing, the algorithm
does not have any prior information on the margin, and hence it is unclear how to
tune this parameter in practice. More importantly, in many scenarios the margin
might be very small, leading to a substantial overhead in the sample-complexity
requirements of the mechanism. One of our conceptual contributions is to show
that we can circumvent such limitations once we espouse a utilitarian framework.
Indeed, all of our bounds are distribution-independent (and instance-oblivious).

We should also point out that, although we are emphasizing sample-complexity
considerations, we believe that our results have another very clear motivation.
Namely, given that in most applications n > m, it is important to provide sublinear
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algorithms whose running time does not depend on n. In this context, we provide
a Monte Carlo implementation of PLURALITYMATCHING whose time complexity
scales independently of n.

5.2 Preliminaries

A metric space is a pair (M, d), where d : M x M — R constitutes a metric
on M, ie., (i) Vz,y € M,d(xz,y) =0 <= =z =y (identity of indiscernibles), (ii)
Va,y € d(z,y) = d(y,x) (symmetry), and (iii) Vz,y,z € M,d(x,y) < d(x,z) +
d(z,y) (triangle inequality). Consider a set of n voters V' = {1,2,...,n} and
a set of m candidates C' = {a,b,...,}; candidates will be typically represented
with lowercase letters such as a, b, w, x, but it will be sometimes convenient to use
numerical values as well. We assume that every voter ¢ € V is associated with a
point v; € M, and every candidate a € C to a point ¢, € M. Our goal is to select
a candidate z who minimizes the social cost: cost(x) =Y ;" | d(v;,c;). This task
would be trivial if we had access to the agents’ distances from all the candidates.
However, in the standard metric distortion framework every agent ¢ provides only
a ranking (a total order) o; over the points in C' according to the order of i’s
distances from the candidates. We assume that ties are broken arbitrarily, subject
to transitivity, but we will not abuse the tie-breaking assumption.

In this work, we are considering a substantially more general setting wherein
every agent provides a subset of o;. More precisely, we assume that agent ¢ provides
as input a set P; of ordered pairs of distinct candidates, such that (a,b) € P; —
a »; b, where a,b € C; it will always be assumed that P; corresponds to the
transitive closure of the input. We will allow P; to be the empty set, in which
case i does not provide any information to the mechanism; with a slight abuse
of notation, we will let P; = o; when ¢ provides the entire order of preferences.
We will say that the input P = (P1,...,Py) is consistent with the metric d if
(a,b) € P; = d(v;,¢q) < d(vs,cp),Vi € V, and this will be denoted with d>P. We
will represent with top(i) and sec(4) ¢’s first and second most preferred candidates,
respectively. We may also sometimes use the notation ab = {i € V' : a >=; b}.

A deterministic social choice rule is a function that maps an election in the
form of a 3-tuple £ = (V,C,P) to a single candidate a € C. We will measure
the performance of f for a given input of preferences P in terms of its distortion,
namely, the worst-case approximation ratio it provides with respect to the social
cost:

cost(f(P))

distortion(f; P) = sup —————,
mingec cost(a)

(5.1)

where the supremum is taken over all metrics such that d > 7P. That is, once
the mechanism selects a candidate (or a distribution over candidates if the social
choice rule is randomized), an adversary can select any metric space subject to
being consistent with the input preferences. Similarly, in Section [5.3| where we
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study mechanisms that perform pairwise comparisons, the adversary can select
any metric space consistent with the elicited comparisons. The distortion of a
social choice rule f is defined as the supremum of distortion(f;P) taken over
all possible input preferences P (and possible values of n), under a fixed value for
the number of candidates m. We point out the following:

Proposition 5.2.1. Under any given preferences P, there exists a metric space
consistent with P.

This proposition follows immediately from Proposition 1 of Anshelevich et al.
[18], which established the claim when P = o.

5.2.1 Instance-Optimal Voting

An important observation is that under any input preferences P there exists a
deterministic instance-optimal mechanism; this was noted by Goel et al. [132] (see
also [52]) when P = o, but their mechanism directly applies to our more general
setting. We briefly present their idea, as we will also employ this mechanism for
our experiments.

The first ingredient is an optimization problem that allows to compare a
pair of distinct candidates, subject to the set of preferences given to the mech-
anism. Specifically, for a,b € C, with a # b, consider the following linear program
METRIC-LP(a,b):

. . n
maximize ) | Tiq
subject to > xip =1;

Lip S Li,q» v(pa q) € PHVZ € V’ (5 2)
a:m»zo, ViEVUC; ’
Tjj = Tji, Vi,jEVUC;

Tij < xpp +xg Vi, 5, ke VUC.

It should be pointed out that some of the constraints in METRIC-LP are
redundant, in the sense that they are implied by others, but we will not dwell
on such optimizations here. We will represent with ©(a|b) the value of the linear
program METRIC-LP(a,b); if it is unbounded, we let ®(alb) = +o00. We also
note that the linear program is always feasible by virtue of Theorem In this
context, the mechanism of Goel et al. [I132] consists of the following steps:

e For any pair a,b € C, with a # b, compute D (a|b); also let D(a|a) = 1.
o Set D(a) = maxpec D(alb).

e Return the candidate b with the minimum value ©(a) over all a € C; ties
are broken arbitrarily.
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This mechanism will be referred to as MINIMAX-LP to distinguish from the
minimaz voting scheme of Simpson and Kramer [162]. The MINIMAX-LP rule
essentially performs brute-force search over all possible metrics in order to iden-
tify the candidate who minimizes the distortion; nonetheless, it can be solved in
poly(n,m) time given that the METRIC-LP admits a strongly polynomial time
algorithm; this follows because the bit complexity L—the number of bits required
to represent it [147]—is small: L = O(log(n+m)). Moreover, it is easy to establish
the following:

Theorem 5.2.2. For any given preferences P, the MINIMAX-LP rule is instance-
optimal in terms of distortion.

In particular, when P = ¢ we note that MINIMAX-LP always yields distortion
at most 3 by virtue of the upper-bound of Gkatzelis et al. [I31]. Nevertheless, in
this work we will be mostly interested in providing upper bounds on the distortion
of MINIMAX-LP under incomplete rankings.

5.3 Sequence of Pairwise Comparisons

In this section, we are considering voting rules that perform a sequence of
pairwise comparisons between two candidates, with the result of each comparison
being determined by the majority rule over the entire population of voters. To
put it differently, consider the tournament graph T' = (C, E) where (a,b) € E if
and only if candidate a pairwise-defeats candidate b; that is, |ab| > n/2. (It will
be tacitly assumed without any loss of generality that ties are broken arbitrarily
so that T is indeed a tournament.) We are studying mechanisms which elicit
edges from T', and we want to establish a trade-off between the number of elicited
edges and the distortion of the mechanism. We commence with the following lower
bound:

Proposition 5.3.1. There are instances for which any deterministic mechanism
which elicits (strictly) fewer than m — 1 edges from T' has unbounded distortion.

Sketch of Proof. Consider a family of tournaments 7 as illustrated in Figure [5.1
with the set C* containing a single candidate. Then, there are metric spaces for
which all the voters are arbitrarily close to the candidate in C* and arbitrarily far
from any other candidate. Thus, any mechanism with bounded distortion has to
identify the candidate in C*. However, any pairwise comparison can eliminate at
most one candidate from being in C*. As a result, if T = (C, E) is the subgraph
based on the elicited edges, there will be at least two distinct candidates which
could lie in C* for some tournament in 7~ consistent with 7 , leading to the desired
conclusion. O

In fact, the same limitation applies even if we allow randomization, either
during the elicitation or the winner determination phase. On the other hand, we
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Figure 5.1: A hard class of tournament graphs when fewer than m—1 pairwise
comparisons are elicited (see Theorem [5.3.1). C* contains a single candidate
whose is located arbitrarily closed to all the voters in the underlying metric
space.

will show that m — 1 edges from T suffice to obtain near-optimal distortion. To
this end, we will employ a powerful technical lemma due to Kempe, proved via an
LP-duality argument.

Lemma 5.3.2 ([149]). Let aj,aq,...ap be a sequence of distinct candidates such
that for every i = 2,...,0 at least half of the voters prefer candidate a;—1 over
candidate a;. Then, cost(ay) < (2¢ — 1)cost(ay).

Armed with this important lemma, we introduce the DOMINATIONROOT mech-
anism. DOMINATIONROOT determines a winning candidate with access only to
a pairwise comparison oracle; namely, £ takes as input two distinct candidates
a,b € C and returns the losing candidate based on the voters’ preferences (recall
that in case of a tie the oracle returns an arbitrary candidate).

Mechanism 8: DOMINATIONROOT

Input: Set of candidates C, Pairwise comparison oracle O;
Output: Winner w € C

1. Initialize S := C;

2. Construct arbitrarily a set II of |S/2] pairings from S;

3. For every {a,b} € II remove O(a,b) from S;

4. If |S| = 1 return w € S; otherwise, continue from step 2;

We refer to Figure for an illustration of DOMINATIONROOT. The analysis
of this mechanism boils down to the following simple claims:

Claim 5.3.3. DOMINATIONROOT elicits exactly m — 1 edges from T'.

Proof. The claim follows given that for every elicited edge we remove a candidate
for the rest of the mechanism, until only a single candidate survives. ]
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Figure 5.2: An implementation of DOMINATIONROOT for m = 14 candidates.
Nodes correspond to candidates and edges to pairwise comparisons. We
have highlighted with different colors pairwise comparisons that correspond
to different rounds of the mechanism. Also, the “height” of every candidate
indicates the order of elimination.

Claim 5.3.4. DOMINATIONROOT returns a candidate w which can reach every
other node in T in paths of edge-length at most [logm]| in T'.

Proof. Consider the partition of candidates C',...,C, such that C; contains the
candidates who were eliminated during the i-th round for i € {1,2,...,r — 1},
and C, = {w}. Observe that every candidate a € C; (with ¢ € {1,2,...,7 —1})
was pairwise-defeated by some candidate in C; for j > ¢; thus, the claim follows
inductively since r = [logm]. O

We now arrive to one of our central results, establishing that only m—1 pairwise
comparisons suffice to obtain near-optimal distortion:

Theorem 5.3.5. DOMINATIONROOT elicits only m — 1 edges from T and guar-
antees distortion at most 2[logm]| + 1.

Proof. The theorem follows directly from Theorem [5.3.3] Theorem and The-
orem [0.3.2 ]

This theorem, along with Theorem imply a remarkable gap depending
on whether the mechanism is able to elicit at least m — 1 pairwise comparisons.
We also provide a matching lower bound for the distortion of DOMINATIONROOT:

Proposition 5.3.6. There exist instances for which DOMINATIONROOT yields
distortion at least 2logm + 1.
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Proof. We will first show that the bound established in Theorem [5.3.2] is tight.
Indeed, consider a set of ¢ of candidates {1,2,...,¢}, for an even number ¢, and
two voters (the instance directly extends to an arbitrary even number of voters)
positioned according to the pattern of Figure Then, the following profile of
preferences is consistent with the underlying metric space:

¢ 113121511 0—2>14;
e 2591390490329 -0l >=9f—1.

Now observe that—at least under some tie-breaking rule—candidate ¢ pairwise-
defeats candidate i — 1 for ¢ = 2,3, ..., ¢. Moreover, it follows that cost(i) = 2i —1,
for all ¢, implying that cost(¢)/cost(1) = 2¢ — 1, as desired.

Next, consider m candidates such that m is a power of 2. We first consider £ =
logm + 1 candidates positioned according to our previous argument (Figure ;
the rest of the candidates are located arbitrarily far from the voters. It is easy
to see that there exists a sequence of pairings (Figure such that ¢, will be
declared victorious, leading to a distortion of 2logm + 1 by virtue of our previous
argument. O

(a) A metric embedding of voters and(b) A sequence of pairings such that ¢y

candida- emerges victorious. We have highlighted
tes establishing that Theorem [5.3.2] iswith different colors pairings that corre-
tight. spond to different rounds.

Figure 5.3: Proof of Theorem m

5.4 Distortion of Deterministic Rules under
Incomplete Orders

In this section, we complement our previous results that assumed access to
pairwise comparisons (Section by characterizing the distortion of deterministic
voting mechanisms under different classes of incomplete preferences. We commence
this section with another useful lemma by [149].
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Lemma 5.4.1 ([149]). Consider three distinct candidates w,y,x € C such that
lwy| > an and |yz| > an, with a € (0,1]. Then,
cost(w)

2
<=

1.
cost(x) ~ « *

In particular, notice that if w is the winner in Copeland’s rule, it follows that
for any candidate x there exists some other candidate y such that w pairwise-
defeats y and y pairwise-defeats z [182]; thus, applying Theorem [5.4.1] for a = 1/2
implies that the winner in Copeland’s rule has distortion upper-bounded by 5.
This was initially established by Anshelevich et al. [I§].

As a warm-up, we first employ this lemma to characterize the distortion when,
for all pairs of candidates, at least a small fraction of voters has provided their
pairwise preferences. We stress that all of our upper bounds are attainable by the
MINIMAX-LP rule, but nonetheless our proofs are constructive in the sense that we
provide (efficiently implementable) mechanisms that obtain the desired bounds.

Proposition 5.4.2. Consider an election € = (V, C,P) such that for every pair of
distinct candidates a,b € C, it holds that Y | 1{(a,b) € P; V (b,a) € P;} > a-n,
with a € (0,1]. Then, there exists a voting rule that obtains distortion at most
4/a+1.

Proof. Consider a complete, weighted and directed graph G = (C, E, w) such that

S @b eP
wayb = .
n
In words, w,p represents the fraction of voters who certainly prefer a to b;
observe that if we had the complete rankings it would follow that wgp + wp 4 = 1,
but here we can only say that w,j +wp, < 1. Moreover, by assumption, we know

that wgp + wp,q > @, implying that wep > /2 or wy o > «/2. With that in mind,

we construct from G an unweighted and directed graph G = (C, E’) according to
the following threshold rule: (a,b) € E — Waqp > /2. We have argued that our
assumption implies that (a,b) € Ev (bya) € E. Asa result, we can deduce that
G contains as a subgraph a tournament; thus, there exists a king vertex w [199]
so that every node a € C' is reachable from w in at most 2 steps, and our claim
follows directly from Theorem ]

We remark that this upper bound is tight up to constant factors, at least for
certain instances. Indeed, if we only have an « fraction of the votes in the presence
of 2 candidates, it is easy to show an (1/«) lower bound for any mechanism, even
if we allow randomization.

5.4.1 Missing Voters

Building on Theorem consider an election & = (V, C, P) and a mechanism
that has access to the votes of only a subset V'\ Q of voters, where Q C V' is the set
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of missing voters such that |Q| = e-n. If the mechanism performs well on V'\ @, can
we characterize the distortion over the entire set of voters as € increases? Observe
that this setting is tantamount to P; = ) for all i € Q. In the following theorem
we provide a sharp bound:

Theorem 5.4.3. Consider a mechanism with distortion at most £ w.r.t. an arbi-
trary subset with (1 — €) fraction of all the voters, for some e € (0,1). Then, the
distortion of the mechanism w.r.t. the entire population is upper-bounded by

€
{4+ —(0+1).
+1_6(+)

Proof. Consider a candidate b € C' with distortion at most ¢ w.r.t. the agents
in V'\ Q. Moreover, consider some arbitrary candidate a € C, and let S, =
2iev\g @i, cp), and S = ey g d(vi, ¢a); observe that, by assumption, Sy /S, <
£. Our analysis will distinguish between the following two cases:

Case I: S, > S, > 0P Then, for all i € Q it follows that

Spd(vi, ca) + Sad(ca,cp) = Sa(d(vi,ca) + d(ca,cp)) = Sad(vi,cp),

and hence,

Sad(viycp) < Sad(cq,cp) + Spd(vi, ca) + d(cq, cp)d(viy ca);

summing over all i € ) gives

S, Z d(v, cp) < |Q|Sad(ca,cp) + Sp Z d(vi, cq) + d(cq, cp) Z d(vi, cq)

1€EQ 1€Q 1€Q
< |Q|Sad(caa Cb) + S Z d(Ui, Ca) + |Q’d(caa Cb) Z d(Ui, Ca)' (5'3)
i€Q 1€Q

Moreover, observe that

Sp + ZiEQ d(viﬂ cb) < Sy + |Q’d(ca> Cb)
Sa + ZZEQ d(vi, Ca) - SCL

Next, we have that d(ca,cp) < d(vs,cq) + d(vi, ¢p), Vi; summing over all i € V' \ @
implies that (n — |Q|)d(ca,cp) < Sa + Sp < (£ + 1)S,. Therefore, along with (5.4)
we obtain that

(B.3) = : (5.4)

cost(b) Q| €

</l+ C+1)=1(+

cost(a) — nf\Q|( ) 1—e¢

2The case where S, = 0 can be trivially handled. Indeed, it implies that Sy < ¢x S, =0,
which in turn yields that d(c,, cy) = 0; thus, cost(a) = cost(b).

(L +1).
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Case II: S, < S,. In this case, we can simply observe that

S + ; d 19 Ca + d a
cost(b) < b+ Dieq d(vi; ca) +[Qld(ca, ) <14 |Q|d(0a,0b)‘
cost(a) Sa+ D ieq A(vi, ca) Sa
Thus, the proof follows given that (n — |Q|)d(cq, cp) < Sa + Sp < 25,. O

A few remarks are in order. First, Borodin et al. [4§] provided a similar result
when the revealed votes contain complete preferences; it is plausible that their
approach can be extended along the line of Theorem In fact, if all the voters
in the set V'\ @ had provided their entire rankings, we could derive a similar result
via Theorem [5.4.2] but, unlike Theorem Theorem [5.4.3] is parameterized in
terms of the distortion with respect to the voters in V' \ . Theorem will
be a useful tool in the sequel in order to establish bounds under k-top preferences
(Theorem and random sampling (Theorem , but we consider it to
be of independent interest beyond those applications. We also point out that
the derived bound in Theorem [5.4.3] is tight for certain instances. For example,
consider an instance on the line with only two candidates a and b, so that every
candidate receives half of the votes among the voters in V \ Q; assume without
loss of generality that a is selected as the winning candidate, having distortion 3
w.r.t. the voters in V' \ Q. However, we have to accept that (1 — €)/2 fraction of
the voters could reside in the midpoint (¢, + ¢)/2, while the rest of the agents
could all lie in ¢p; thus, the distortion of candidate a reads

cost(a) %d(cajcb) + 15d(ca, c3) + €d(ca, ) —314 ¢
cost(b) %d(ctgcb) B 1—¢€

which matches the bound of Theorem [5.4.3] when ¢ = 3.

5.4.2 Top Preferences

In this subsection, we investigate how the distortion increases when every voter
provides only her k-top preferences, for some parameter k& € [m]. It should be noted
that the two extreme cases are by now well understood. Specifically, when &k = m
the mechanism has access to the entire rankings, and we know that any determin-
istic mechanism has distortion at least 3, matching the upper bound established
by Gkatzelis et al. [I31]. On the other end of the spectrum, when k = 1, the plu-
rality rule—which incidentally is the optimal deterministic mechanism when only
the top preference is given—yields distortion at most 2m — 1 [18]. Consequently,
the question is to quantify the decay of distortion as we gradually increase k. We
commence by reminding a lower bound given by Kempe [150]:

Proposition 5.4.4. Any deterministic mechanism that elicits only the k-top pref-
erences from every voter out of the m alternatives has distortion Q(m/k).
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More precisely, the best lower bound is 2m/k, ignoring some additive constant
factors;

Proof. First of all, assume without any loss of generality that k | (m — 1)E| and let
n = (m—1)/k be the number of voters. For simplicity, let us enumerate the number
of candidates as C' = {1,2,...,n x k}U{z}. Now consider some preference profile
P in which the k-top preferences of voter ¢ correspond to the set of candidates
{(i—=1Dk+1,...,(i— 1)k + k} according to some arbitrary order; observe that all
of these sets are pairwise disjoint.

Based on these preferences, the mechanism has to select some candidate. If
x is selected, the lower bound follows trivially since x could actually be the last
choice for every voter. Therefore, let us assume that candidate 1 was selected by
the mechanism; this hypothesis is without loss of generality due to the symmetry
of the input P. The main observation is that the agents and the candidates could
be located on the metric space of Figure 5.4 Indeed, it is easy to check that
the induced metric space is consistent with the given preferences. As a result, it
follows that

cost(l) D+ (n—1)x(0+2D) 1+ (n—1)x(6/D+2)
cost(z) D+(n—1)x¢ 14+ (n—-1)x6§/D

(5.5)

Thus, for §/D | 0, we obtain that cost(1)/cost(z) = 2n — 1 = Q(m/k). O

We should note that although in our worst-case example the number of voters
n is smaller than the number of candidates m, which is not the canonical case, our
argument directly extends whenever n is a multiple of (m —1)/k, allowing n to be
arbitrarily large. Moreover, a similar construction shows an Q(m/k) lower bound
for a-decisive metrics, in the sense of Anshelevich and Postl [14], for any « € [0, 1];
indeed, it suffices to place the voters within the “cluster” of their k-most preferred
candidates.

Theorem 5.4.5. There exists a deterministic mechanism that elicits only the k-
top preferences from every voter out of m candidates and has distortion at most
6m/k+ 1.

Before we proceed with the proof, it is important to point out that having
only the k-top preferences is not subsumed by our previous consideration in The-
orem [5.4.2} e.g., even if kK = m — 2, there could be two candidates which lie on the
last two positions of every voter’s list, and hence, it is impossible to know which
one is mostly preferred among the voters.

3If it is not the case that k | (m — 1), take k' to be the smallest number larger than k
such that &’ | (m —1), and apply our argument for k’; given that k' < 2k, we will establish
again a lower bound of Q(m/k), even though the mechanism had more information than
the k-top preferences.
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Figure 5.4: The metric space considered for the proof of Theorem
where §/D | 0 for some positive numbers ¢ and D. The distance between
two points is simply the shortest path in the graph.

Proof of Theorem[5.].5. Let L; be the set with the k-top preferences of voter i.
For a candidate a € C, we let

Yo Hae L}

n

Va =

i.e., the fraction of voters for which a is among the k-top preferences. Notice that
Y acc Va = k, and hence, by the pigeonhole principle there exists some candidate
x such that V, > k/m. Similarly to Theorem we consider the weighted,
complete and directed graph G = (C, E,w), so that

Sy (b € P

n

Wa,b =
Moreover, based on G we construct the unweighted and directed graph G = (C, E ),
sothat (a,b) € E <= wqp > k/(3m); the constant 1/3 in the threshold is selected
as the largest number which makes the following argument work. In particular,
we will show that G has a king vertex, and then the theorem will follow by virtue
of Theorem [£.4.11

Let ¢’ = {a € C:3beC\{a}.(a,b) ¢ EA(ba) ¢ E} and C* = C\ C'.
Observe that the induced subgraph on C* contains as a subgraph a tournament,
and as such, it has a king vertex w € C* (we will argue very shortly that indeed
C* #0). As aresult, if C' = ) the theorem follows.

In the contrary case, c’ contains at least two (distinct) nodes; let a,b € C’ be
such that (a,b) ¢ E A (b,a) ¢ E. An important observation is that V, < 2k/(3m)
and V, < 2k/(3m). Indeed, for the sake of contradiction let us assume that V, >
2k/(3m). Given that (a,b) ¢ E we can infer that b is preferred over a in at least
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a k/(3m) fraction of the voters; however, this would imply that (b,a) € F, which
is a contradiction. Similarly, we can show that V, < 2k/(3m). Consequently, =
cannot belong in the set C’, where recall that z is a candidate for which V, > k/m,
verifying that C* # ().

Next, it is easy to see that for all a € C’,(z,a) € E; this follows since V, <
2k/(3m) for all a € C" while V, > k/m. As a result, if z = w or if there exists
the edge (w,z) € E, then w can reach every node in at most 2 steps, and the
theorem follows. Otherwise, it follows that there exists a path of length 2 from w
to z since w is a king vertex in the induced subgraph on C* and x € C*. We shall
distinguish between two cases.

First, assume that for all z € C},(z,z2) € E, where C] is the subset of C*
which is reachable from w via a single edge. Then, given that we have assumed
that (w,z) ¢ E and the induced graph on C* is a tournament, it follows that
(x,w) € E, and subsequently x can reach every node in C' in paths of length at
most 2, as desired.

Finally, assume that there exists some y € C} such that (z,y) ¢ E. This
implies that y is preferred over z in at least a 2k/(3m) fraction of the voters. If for
every candidate a € C’ it holds that (w,a) € E or (z,a) € E for some z € Cy, we
can conclude that w can reach every node in G in at most 2 steps, again reaching
the desired conclusion. On the other hand, assume that there exists b € C’ such
that (w,b) ¢ E and (z,b) ¢ E for all z € Cf. By the definition of the set C*,
we can infer that (b,w) € E and (b,z) € E for all z € C}. Moreover, we know
that from all of the votes candidate y received, candidate b was below in at most
a k/(3m) fraction (over all the voters); otherwise, it would follow that (y,b) € E.
As a result, since y is preferred over z in at least a 2k/(3m) fraction of the voters,
we can conclude that (b, z) € E, in turn implying that b can reach every node in
G in paths of length at most 2, concluding the proof. O

From an algorithmic standpoint, although our proof of Theorem [5.4.5|is con-
structive, leading to an efficiently implementable voting rule, the established upper
bound can also be subsequently attained by the instance-optimal MINIMAX-LP
mechanism. Theorem [5.4.5] substantially improves over the previous best-known
bound which was 12m/k [150, 149]. Nonetheless, there is still a gap between the
aforementioned lower bound (Theorem . Before we conclude this section, we
explain how one can further improve upon the bound obtained in Theorem [5.4.5

Conjecture 5.4.6. If we assume that every agent provides her k-top preferences
for some k € [m], there is a candidate a € C' and a subset S C 'V such that

o There exists a perfect matching M : S — S in the integral domination graph

of a (see Theorem in the next section);

o |S|>nxk/m.
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Figure 5.5: The anatomy of our proof for Theorem . The set of candi-
dates is partitioned into a “good” set C* and a “bad” set C’; C* has a king
vertex w, and we can essentially apply the reasoning of Theorem A
key observation is that C” is always dominated by some node in C*, namely
x.

When k = m, this was shown to be true by [I31]. On the other end of the
spectrum, when k£ = 1 it is easy to verify that the plurality winner establishes this
conjecture.

Proposition 5.4.7. If Theorem holds, then there exists a deterministic
mechanism which elicits only the k-top preferences and yields distortion at most

dm/k — 1.

Proof. Let a € C be the candidate which satisfies Theorem Then, it follows
that a yields distortion at most 3 w.r.t. the voters in the set S [I31]. As a result,
Theorem implies that the distortion of a is upper-bounded by

n_‘5’<4ﬂ

3+14
T

O]

5.5 Randomized Preference Elicitation and
Sampling

Previously, we characterized the distortion when only a deterministically (and
potentially adversarially) selected subset of voters has provided information to the
mechanism. This raises the question of bounding the distortion when the mecha-
nism elicits information from only a small random sample of voters. Here, a single
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sample corresponds to the entire ranking of a voter. We stress that randomization
is only allowed during the preference elicitation process; for any given random
sample as input, the mechanism has to select a candidate deterministically. We
commence this section with a simple lower bound, which essentially follows from
a standard result due to Canetti et al. [59].

Proposition 5.5.1. Any mechanism which yields distortion at most 3 + € with
probability at least 1 — & requires Q(log(1/68)/e?) samples, even for m = 2.

Proof. Consider two candidates a, b, and assume that exactly (1 —€)/2 fraction of
the voters prefer candidate a. It is easy to verify that a yields distortion strictly
larger than 3 + €; thus, any mechanism with distortion at most 3 + ¢ has to
return candidate b. However, the winner determination problem with margin e
requires (log(1/6)/e?) samples to solve with probability 1—4 [59], concluding the
proof. O

5.5.1 Approximating Copeland

We begin by analyzing a sampling approximation of Copeland’s rule. Below
we summarize the main result of this subsection.

Theorem 5.5.2. For any sufficiently small € > 0 and § > 0 there exists a mech-
anism that takes a sample of size ¢ = ©(log(m/d)/€®) voters and yields at most
5 + e distortion with probability at least 1 — 9.

We recall that when the entire input is available, Copeland yields distortion
at most 5 [18]. It follows from Theorem that ©(m/e?) bits of information in
total from the voters suffice to yield 5 + € distortion with high probability, where
the notation é() suppresses poly-logarithmic factors. Before we proceed with the
proof of Theorem [5.5.2] we state the following standard fact:

Lemma 5.5.3 (Chernoff-Hoeffding Bound). Let { X1, Xo,..., X} be a set of i.i.d.
random variables with X; ~ Bern(p) and X, = (X1 + Xo+--- 4+ X.)/c; then,

P(|X, —p| > €) < 2e2°,

Proof of Theorem[5.5.3. Consider the complete, weighted and directed graph G =
(C, E,w) so that wgp = |ab|/n. We will show how to use the random sample in or-
der to construct a graph G= (C, E,w) which approximately preserves the weights
of G with high probability. In particular, consider some parameters ¢ € (0,1/2)
and § € (0,1), and take a sample S of size |S| = ¢ = O(log(m/J)/€?) from the set
of voters V'; for simplicity, we assume that the sampling occurs with replacement
in order to guarantee independence, but the result holds even without replacement
given that the dependencies are negligible; e.g., see the work of Kontorovich and
Ramanan [I54]. Now we let W, = |{i € S : a >; b}|/c. Theorem implies
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that |Wap — wap| < € with probability at least 1 — §/m?. Thus, the union bound
implies that for all distinct pairs a, b we have approximately preserved the weights:
|Wa,p — wqp| < € with probability at least 1 — 6.

From G we construct the directed graph T = (C, E) so that (a,b) € B <
Wap > 1/2; if Wep = Wy 4 for some distinct candidates a,b € C, we only retain one
of the edges arbitrarily (this conundrum can be avoided by taking ¢ to be odd). In
this way, T" will be a tournament, and as such, there exists a candidate w which
can reach every node in T' in at most 2 steps. Thus, for any a € C there exists
some intermediate candidate b € C so that |wb| > 1/2 — € and |ba] > 1/2 — e.
As a result, Theorem [5.4.1| implies that the distortion of w is upper-bounded by
4/(1 —2¢) +1 < 5+ 16¢, for any € < 1/4. Finally, rescaling € by a constant factor
concludes the proof. O

5.5.2 Approximating Plurality Matching

In light of Theorem the main question that arises is whether we can
asymptotically reach the optimal distortion bound of 3. To this end, we will an-
alyze a sampling approximation of PLURALITYMATCHING, a deterministic mech-
anism introduced by [131] that obtains the optimal distortion bound of 3. To
keep the exposition reasonably self-contained, we recall some basic facts about
PLURALITYMATCHING.

Definition 5.5.4 ([I31], Definition 5). For an election & = (V,C,0) and a can-
didate a € C, the integral domination graph of candidate a is the bipartite graph
G(a) = (V,V, E,), where (i,j) € Eq4 if and only if a =; top(j).

Proposition 5.5.5 ([I31], Corollary 1). There exists a candidate a € C whose
integral domination graph G(a) admits a perfect matching.

Before we proceed let us first introduce some notation. For this subsection
it will be convenient to use numerical values in the set {1,2,...,m} to represent
the candidates. We let II; = ., 1{top(i) = j}, i.e. the number of voters
for which j7 € C is the top candidate. For candidate j € C we let G(j) be the
integral domination graph of j, and M; be a maximum matching in G(j). In the
sequel, it will be useful to “decompose” M; as follows. We consider the partition
of V into V), V..., V™ such that VF = {i € V : M;(i) = k} for all k € [m],
while Vjo represents the subset of voters which remained unmatched under M;; see
Figure [5.6]

Moreover, consider a set § = S]Q U S} U---US7Y" such that S Jk C V]k for all k; we
also let ¢ = S|, and I} = ¢/n x II;. For now let us assume that IT; € N for all j.
We let G°(3) represent the induced subgraph of G(j) w.r.t. the subset S C V and
the new plurality scores H;-. We start our analysis with the following observation:
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Figure 5.6: An example of a matching decomposition in the integral domi-
nation graph of candidate 1.

Observation 5.5.6. Assume that S is such that ]Sﬂ/o = ]V;k\/n for all k. Then,

if MJS represents the mazimum matching in GS(j), it follows that |M]3]/c =
| M;|/n.

Sketch of Proof. First, it is clear that ]MJS\ >3S0y ]Sﬂ =c/nd \V]k| =c/nx
|M;|. Thus, it remains to show that |MJS| < ¢/n x |Mj|. Indeed, if we assume
otherwise, we can infer via an exchange argument than M; is not a maximum
matching. O

Let us denote with ®; = M;/n; roughly speaking, we know from the work
of Gkatzelis et al. [I3I] that ®; is a good indicator for the “quality” of candidate
J. Importantly, Theorem tells us that we can determine ®; in a much smaller
graph, if only we had a sampling-decomposition that satisfied the “proportional-
ity” condition of the claim. Of course, determining explicitly such a decomposition
makes little sense given that we do not know the sets ij, but the main observation
is that we can approximately satisfy the condition of Theorem through sam-
pling. It should be noted that we previously assumed that H; € N, i.e., we ignored
rounding errors. However, in the worst-case rounding errors can only induce an
error of at most m/c in the value of ®;; thus, we remark that our subsequent
selection of ¢ will be such that this error will be innocuous, in the sense that it
will be subsumed by the “sampling error” (see Theorem . Before we proceed,
recall that for p,p € A([k]),
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~ def ~ 1 ~
drv(p, D)X sup [p(S) — p(S)| = ng— pll1,
SCIk]

where || - || represents the ¢; norm. In this context, we will use the following
standard fact:

Lemma 5.5.7 ([60]). Consider a discrete distribution p € A([k]) and let p be the
empirical distribution derived from N independent samples. For any € > 0 and
§€(0,1), if N = O((k+log(1/6))/€?) it follows that drv(p, P) < € with probability
at least 1 — 4.

As a result, if we draw a set S with |S| = ¢ = O((m + log(1/6))/€?) samples
(without replacementﬁ) we can guarantee that

Bl |Vk
S 1 1)
k=0
m | f
Z———<26

k=1

where S;-“ represents the subset of S which intersects ij, and ﬁk is the empirical
plurality score of candidate k. Thus, the following lemma follows directly from
Theorem [5.5.6l and Theorem £.5.7

Lemma 5.5.8. Let i)j = |]\/4\]|/c, where ]\//_7J is the mazximum matching in the graph
GS(j). Then, if |S| = ©((m + log(1/6))/€%) for some €,6 € (0,1), it follows that
(1—-€)®; <@ < (1+€)P; with probability at least 1 — 0.

Theorem 5.5.9. For any sufficiently small € > 0 and 6 > 0 there exists a mecha-
nism that takes a sample of size ©((m+log(m/§))/€%) voters and yields distortion
at most 3 + € with probability at least 1 — 9.

Proof. Fix some € € (0,1/4) and § € (0,1). If we draw O((m + log(m/d))/e?)
samples, Theorem along with the union bound imply that (1 —€)®; < EI;]- <
(1+¢€)®; for all J € [m], with probability at least 1 — d, where ZIS is defined as in
Theorem [5.5.8) Conditioned on the success of this event, let w = arg max;c <I’

Theorem [5 - implies that there exists some candidate z for which &, = 1; hence
we know that ®,, > &, > 1 — ¢, in turn implying that ®,, > (1 — €)/(1 +¢) >
1 — 2¢ (Theorem [5.5.8)). As a result, it follows that there exists a subset of voters
V' for which there exists a perfect matching in the integral domination graph
G(w), with |V'| > n(1 — 4¢). Thus, it follows that for the subset of voters in
V' candidate w yields distortion at most 3 [I31], and Theorem leads to the
desired conclusion. O

4Although the samples are not independent since we are not replacing them, observe
that the induced bias is negligible for n substantially larger than m.
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5.A Plurality Matching vs Minimax-LP

In this section, we compare the PLURALITYMATCHING mechanism of Gkatzelis
et al. [I31] with the instance-optimal mechanism, namely MINIMAX-LP; here, we
tacitly posit that P = o, i.e. all the agents provide their entire rankings to the
mechanism.

5.A.1 Instance Optimality

The first question that arises is how far could the distortion of PLURALITYMATCHING
be with respect to the instance-optimal candidate. To address this question, we
commence with the following proposition:

Lemma 5.A.1 (Lemma 6, [I31]). For any election £ = (V,C,0), a candidate
a € C can be selected by PLURALITYMATCHING only if plu(a) > veto(a).

With this lemma at hand, we consider an instance with n = m voters V =
{1,2,...,m} and a set of m candidates C' = {a,...}. We assume that for every
voter i € [n — 1],sec(i) = a, while the (single) top-preferences of all the voters
i € [n — 1] are assumed to be pairwise-distinct. Finally, the last voter places
candidate a in her last place, while her preferences are otherwise arbitrary. An
example with four candidates {a,b,e, f} corresponds to the following input:

e b>1a>1e>1 f;
o froa>2b>ge;
e e>3a>3f-3b;
e by f>se>4a.

In general, observe that for any candidate b € C'\ {a}, it follows that |ab|] =
n — 2. Further, we will use the following standard lemma:

Lemma 5.A.2. Consider two (distinct) candidates a,b € C such that |ab| > an >
0. Then,

cost(a)
cost(b)

<2
o

This implies that the distortion of candidate a is 1 + O(1/m). However, given
that plu(a) = 0 < 1 = veto(a), we know from Theorem that a cannot
be selected by PLURALITYMATCHING. We will show that every other candidate
yields distortion close to 3. In particular, consider the metric space illustrated in
Figure It is easy to verify that the induced metric space is consistent with the
given preferences. But, it follows that cost(a) = m, while cost(b) = 243(m—2) =
3m — 4 for any b # a, implying that cost(b)/cost(a) = 3 — O(1/m). As a result,
we have arrived at the following conclusion:
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Proposition 5.A.3. For any sufficiently small € > 0 and m = O(1/¢) there is
a profile of preferences o such that MINIMAX-LP yields distortion at most 1 + ¢,
while PLURALITYMATCHING yields distortion at least 3 — €.

Figure 5.7: A metric space embedded on an unweighted and undirected graph;
this example corresponds to m = n = 4, but the pattern should be already
clear.

5.A.2 Decisive Metrics

Moreover, it is natural to compare these mechanisms in more refined metrics.
Specifically, we espouse the a-decisiveness assumption of Anshelevich and Postl
[14], according to which d(v;, cp) < o - d(v;, ¢q), where p = top(i) and ¢ = sec(i),
and « € [0, 1] some parameter; notice that the general case corresponds to a = 1,
while for & = 0 every voter also serves as a candidate. The first observation
is that this particular refinement can be addresses by simply incorporating some
additional constraints in the linear program. More precisely, for a pair of distinct
candidates a, b this leads to the following linear program METRIC*-LP(a, b):

maximize Y ;| Tiq
. n
subject to Y ' @iy =1;
L4 top(s) <o xi,sec(i)7Vi SA%

Tip < Tig, V(p,q) € Pi,Vi e V; (5.6)
zi; =0, Vie VUuC;
Tij = Xji, Vi,j e VUC,

rij < Tik + Tkj, Vi, j, ke VuC.

Here we have assumed that every agent ¢ provides her most preferred candi-
date top(i), as well as her second most preferred candidate sec(i). Having solved
the METRIC®-LP(a,b) (5.6) for every distinct pair of candidates a,b, we simply
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select the candidate who minimizes the maximum cost obtained over all other can-
didates; this mechanism shall be referred to as the MINIMAX®-LP. Similarly to
Theorem [5.2.2 we can establish the following:

Proposition 5.A.4. For any given preferences P and any a € [0, 1] the MINIMAX®-LP
rule is instance-optimal in terms of distortion under a-decisive metrics.

We should point out that for a-decisive metrics PLURALITYMATCHING always
yields a candidate with distortion 2 + «. Moreover, [131] showed a lower bound of
24+ a—2(1—a)/m' for deterministic mechanisms, where m’ = 2|m/2]; thus, they
showed that their mechanism obtains the optimal distortion only when m — oo
or when a = 1, leaving a substantial gap.

We will show that MINIMAX®-LP can substantially outperform PLURALITYMATCHING
even for a-decisive metrics with « close to 0. Specifically, consider an election with
3 candidates and 2 votersﬂ with the following preferences: 61 =a > b > e, and o9 =
e > b > a. For this election, b could be returned by PLURALITYMATCHING [I31].
However, we claim that b yields distortion 2 + «, while a¢ and e have distortion
142a. Indeed, we will show that candidate a has always distortion upper-bounded
by 1+ 2« (by symmetry, the same holds for e), while for candidate b there ex-
ists a metric space for which b yields distortion 2 + «. Specifically, we have that
d(ca,cp) < d(v1,cq) + d(v1, ) < (14 a)d(v1, cp); thus, we obtain that

d(vi,cq) < ad(vr, cp), (5.7)

d(va, cq) < d(va, cp) + d(cq, cp) < (14 a)d(vi,cp) + d(va, cp). (5.8)

Summing these inequalities yields that cost(a) < (1+2a)d(vi, ) + d(ve, ) <
(1 + 2a)cost(b). Similarly, we can prove that cost(a) < (1 + 2a)cost(e). On the
other hand, for candidate b, Gkatzelis et al. [I31] considered the metric space of
Figure [5.8

Naturally, the distance between a pair of nodes is the corresponding shortest
path in the graph. Thus, for this instance it follows that cost(e) = 1, while
cost(b) = 2 + «, implying that the distortion of b is 2 + «. Thus, for « — 0
PLURALITYMATCHING loses a factor of 2 with respect to the optimal candidate,
which would be identified by the MINIMAX®-LP rule by virtue of Theorem [5.A .4

Proposition 5.A.5. There exists a preference profile o such that MINIMAX*-LP
yields distortion 14+2a, while PLURALITYMATCHING yields distortion at least 2+«
under a-decisive metrics.

Nonetheless we should point out that PLURALITYMATCHING does not require
knowing the value of parameter «, unlike the instance-optimal mechanism.

®This example is taken from [131].
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Figure 5.8: A metric space embedded on a graph.
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Chapter 6

Dimensionality and
Coordination in Voting: The
Distortion of STV

The framework of distortion under metric preferences was first introduced a
few years ago by Anshelevich et al. [I8] (see also [20]). Specifically, they observed
a lower bound of 3 for any deterministic mechanism, while they also showed—
among others—that Copeland’s method, a very popular voting system, always
incurs distortion at most 5, with the bound being tight for certain instances. This
threshold was subsequently improved by Munagala and Wang [183], introducing a
novel (deterministic) mechanism with distortion 2+ \/5, while the same bound was
independently obtained by Kempe [149] through an approach based on LP dual-
ity. The lower bound of 3 was only recently matched by PLURALITYMATCHING,
a mechanism introduced by Gkatzelis, Halpern, and Shah [I3I]. In Section
we investigate the performance of this mechanism under certain refinements and
extensions, leveraging an important property established in [I31] regarding the
existence of a perfect fractional matching on a certain bipartite graph.

All of the aforementioned results apply under arbitrary metric spaces. Several
special cases have also attracted attention in the literature. For one-dimensional
spaces, Feldman et al. [104] establish several improved bounds, while a comprehen-
sive characterization in a distributed setting was recently given by Filos-Ratsikas
and Voudouris in [109]. Another notable refinement germane to our consider-
ations in Section was studied by Anshelevich and Postl [14] in the form of
a-decisiveness, imposing that voters support their top choices by a non-negligible
margin. This condition has led to several refined upper and lower bounds; cf. see
[131]. The interested reader is referred to the concise survey of Anshelevich et al.
[22] for detailed accounts on the rapidly growing literature on the subject. More-
over, for related research beyond the framework of distortion we refer to [128], and
references therein.
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The model we introduce in Section [6.4]is related to the seminal work of Branzei,
Caragiannis, Morgenstern, and Procaccia [55] (see also the extensive follow-up
work, such as [I87]), viewing voting from the standpoint of price of anarchy (PoA).
In particular, the authors study the discrepancy between the plurality scores un-
der truthfulness, and under worst-case limit points of best-response dynamics. In-
stead, we argue that the utilitarian performance of a voting rule—in terms of
distortion—offers a very compelling alternative to study this discrepancy, simi-
larly to the original formulation of PoA in the context of routing games [I55],
while going beyond best-response dynamics is very much in line with the modern
approach in the context of learning in games [69]. Finally, we stress that Ques-
tion [2| has already received extensive attention in the literature (cf. see [56l [225]
and references therein), but it was not addressed within the framework of (metric)
distortion.

6.1 Contributions

Our first contribution is to relate the distortion of STV to the dimensionality
of the underlying metric space. Specifically, our first insight is to employ the
following fundamental concept from metric geometryﬂ

Definition 6.1.1 (Doubling Dimension). The doubling constant of a metric space
(M, dist) is the least integer X > 1 such that for all x € M and for all v > 0, every
ball B(x,2r) can be covered by the union of at most \ balls of the form B(s,r),
where s € M; that is, there exists a subset S C M with |S| < A such that

B(x,2r) C U B(s,r). (6.1)

seES
The doubling dimension is then defined as dim(M) := logy /\E|

This concept generalizes the standard notion of dimension since dim(R?) =
O(d) when R? is endowed with the £, norm. Moreover, it is clear that for a
finite metric space (M, dist), dim(M) < log, |M|; for example, this is essentially
tight for the high-dimensional metric of Figure [2.1l The concept of doubling
dimension was introduced by Larman [159] and Assouad [20], and was first used in
algorithm design by Clarkson [75] in the context of the nearest neighbors problem.
Nevertheless, we are not aware of any prior characterization that leverages the
doubling dimension in the realm of voting theory. In the sequel, it will be assumed
that (M,dist(-,-)) stands for the metric space induced by the set of candidates
and voters. In this context, our first main contribution is the following theorem:

ITo keep the exposition reasonably smooth, the formal definition of standard notation
is deferred to the preliminaries in Section
2To avoid trivialities it will be assumed that A > 2.
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Theorem 6.1.2. Ifd is the doubling dimension of M, then the distortion of STV
is O(dloglogm).

For doubling metricsﬂ this theorem already implies an exponential improve-
ment in the distortion over the (y/logm) lower bound for general metrics. More-
over, it addresses as a special case Question

Corollary 6.1.3. The distortion of STV under low-dimensional Euclidean spaces
is O(loglogm).

To the best of our knowledge, this is the first result that relates the performance
of any voting rule to the “intrinsic dimensionality” of the underlying metric space.
It also corroborates the experimental findings of Elkind et al. [88] regarding the su-
periority of STV on the 2-dimensional Euclidean plane. More broadly, we suspect
that our characterization applies for a wide range of iterative voting rules, to which
STV serves as a canonical example. We should note that the O(loglogm) factor
appears to be an artifact of our analysis. Indeed, we put forward the following
conjecture:

Conjecture 6.1.4. If d is the doubling dimension of M, then the distortion of
STV is O(d).

Verifying this conjecture in light of our result might be of small practical im-
portance, but nonetheless we believe that it can be established by extending our
techniques. In fact, for one-dimensional spaces we actually confirm this conjecture,
proving that the distortion of STV on the line is O(1) in Theorem [6.3.1] It should
be noted, however, that the underlying phenomenon is inherently different once we
turn our attention to higher-dimensional spaces. In addition, to complement our
positive results we refine the lower bound of Skowron and Elkind [214], showing an
Q(v/d) lower bound, where d represents the doubling dimension of the submetric
induced by the set of candidates M. Thus, it should be noted that there are still
small gaps left to be bridged in future research.

Other Notions of Dimension. An important advantage of the doubling dimen-
sion is that it essentially subsumes other commonly-used notions of dimension.
Most notably, Karger and Ruhl [146] have introduced a concept of dimension
based on the growth rate of a (finite) metric space, and it is known ([139, Propo-
sition 1.2]) that the doubling dimension can only be a factor of 4 larger than the
growth rate of Karger and Ruhl. Moreover, a similar statement applies for the
local density of an unweighted graph, another natural notion of volume that has
been employed in the analysis of a graph’s bandwidth [100].

High-Level Intuition. In this paragraph we briefly attempt to explain why the
distortion of STV depends on the “covering dimension” of the underlying metric

3A doubling metric refers to a metric space with doubling dimension upper-bounded
by some universal constant.
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space. First, we have to describe the technique developed by Skowron and Elkind
[214]. Specifically, their method for deriving an upper bound for the distortion of
an iterative voting rule consists of letting a substantial fraction of agents reside
within close proximity to the optimal candidate, and then analyze how the support
of these agents propagates throughout the evolution of the iterative process. More
precisely, the overall distance covered immediately implies an upper bound on the
distortion (see Theorem . The important observation is that the underly-
ing dimension drastically affects this phenomenon. In particular, when a large
fraction of agents lies in a low-dimensional ball supporting many different candi-
dates, we can infer that their (currently) second most-preferred alternatives ought
to be “close”—for most of the agents—by a covering argument (and the triangle
inequality). This directly circumscribes the propagation of the support, as hinted
in Figure juxtaposed to the phenomenon in high dimensions in Figure
We stress that we shall make use of this basic skeleton developed by Skowron and
Elkind [2I4]. We should also remark that we prove the O(logm) bound under
general metrics through a simpler analysis (see Theorem , which incidentally
reveals a very clean recursive structure; this argument will be directly invoked for
the proof of our main theorem.

(a) The propagation of the support in  (b) The propagation of the support in
high dimensions. low dimensions.

Figure 6.1: The impact of the underlying dimension on STV.

The next theme of our work is motivated by the performance of STV, and in
particular offers a preliminary answer to Question [2| Specifically, to formally ad-
dress such questions we first propose a natural iterative model: In each day every
agent has to select a single candidate, and at the end of the round agents are in-
formed about the (plurality) scores of all the candidates (cf., see [49]). This process
is repeated for sufficiently many days, and it is assumed that the candidate who

151



enjoyed the largest amount of support in the ultimate day will eventually prevail.
Observe that in this scenario truthful engagement appears to be very unrealistic
since agents would endeavor to adapt their support based on the popularity of
each candidate; for example, it would make little sense to squander one’s vote (at
least towards the last stages) to an unpopular candidate. More broadly, there is an
interesting nexus between distortion and stability, as we elaborate in Section [6.4]
emphasizing on a connection with the notion of core in cooperative game theory
(Theorem [6.4.2)).

In this context, STV already suggests a particularly natural strategic engage-
ment, improving exponentially over the outcome of the truthful dynamics. Yet,
it yields super-constant distortion due to the greedy aspect of the induced dy-
namics. We address this issue by designing a simple and decentralized explo-
ration/exploitation scheme:

Theorem 6.1.5. There exist simple, deterministic and distributed dynamics that
converge to a candidate with O(1) distortion.

We elaborate on the proposed dynamics, as well as on all the aforementioned
issues in Section

The final contribution of our work concerns refinements and extensions of prior
results under metric preferences, providing new insights along two main lines.
First, we study preference aggregation under ordinal information when agents and
candidates are located in ultra-metric spaces, which is a strengthening of the stan-
dard metric assumption. This setting is mostly motivated by the fundamental
bottleneck variant in facility location games, wherein the cost of a path between an
agent and a server corresponds to the largest weight among the edges in the path,
instead of their sum [125]; it should be noted that ultra-metrics also commonly
arise in branches of mathematics such as metric geometry [I], and p-adic analysis
[197]. In this context, our main observation is that the PLURALITYMATCHING
mechanism of Gkatzelis, Halpern, and Shah [131] always obtains distortion 2,
which incidentally is the provable lower bound for any deterministic mechanism.
It is particularly interesting that the optimal mechanism under metric spaces re-
tains its optimality under an important refinement, illustrating the robustness of
PLURALITYMATCHING.

We also study the performance of PLURALITYMATCHING under distance func-
tions that satisfy a p-relaxed triangle inequality. This consideration is directly
driven by the fact that many well-studied and commonly-arising distances are
only approximately metrics (most notably, the squared Euclidean distance is a 2-
approximate metric), but we believe that there is another concrete reason. Most
research in the realm of distortion has thus far been divided between the metric
case and the unit-sum case, with these two lines of research being largely discon-
nected. Studying approximate metrics serves as an attempt to bridge this gap. In
this context, we prove a lower bound of p? + p + 1, while PLURALITYMATCHING
incurs distortion at most 2p? + p, thus leaving a small gap for future research. No-
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tice that for the special case p := 1 this recovers the result of Gkatzelis, Halpern,
and Shah [I31].

6.2 Preliminaries

A metric space is a pair (M, dist(+,-)), where dist : M x M — R is a met-
ric on M, ie., (i) Vo,y € M,dist(z,y) = 0 <= 2z = y (identity of indis-
cernibles), (ii) Vz,y € M, dist(x,y) = dist(y,x) (symmetry), and (iii) Va,y,z €
M, dist(z,y) < dist(x, z) +dist(z, y) (triangle inequality). Now consider a set of n
voters V' = {1,2,...,n}, and a set of m candidates C'; we will reference candidates
with lowercase letters such as a, b, w, xz. Voters and candidates are associated with
points in a finite metric space (M, dist), while it is assumed that M is the (finite)
set induced by the set of voters and candidates. The goal is to select a candidate
o who minimizes the social cost: SC(z) = >, dist(¢,x). This task would be
trivial if we had access to the agents’ distances from all the candidates. However,
in the metric distortion framework every agent i provides only a ranking (a total
order) o; over the points in C' according to the order of i’s distances from the
candidates, with ties broken arbitrarily. We also define o := (071, ..., 0y,), while we
will sometimes use top(i) to represent i’s most preferred alternative.

A deterministic social choice rule is a function that maps an election in the
form of a 3-tuple & = (V,C,0) to a single candidate a € C. We will measure
the performance of f for a given input of preferences ¢ in terms of its distortion;
namely, the worst-case approximation ratio it provides with respect to the social
cost:

SC(f(0))

_ 2
mingec SC(a)’ (62)

distortion(f; o) = sup
where the supremum is taken over all metrics consistent with the voting profile.
The distortion of a social choice rule f is the maximum of distortion(f; o) over all
possible input preferences o. To put it differently, once the mechanism selects a
candidate (or a distribution over candidates if the social choice rule is randomized)
an adversary can select any metric space subject to being consistent with the
input preferences. These definitions naturally apply for refinements and extensions
studied in the present work.

We define the open ball on the metric space (M, dist) with center z € M and
radius 7 > 0 as B(x,r) := {z € M : dist(z,x) < r}. An alternative definition for
the doubling dimension considers the diameter of subsets, instead of the radius of
balls; that is, the doubling constant is the smallest value of A such that every subset
of M can be covered by at most A subsets of (at most) half the diameter. According
to this definition, for any submetric X C M it follows that dim(&x) < dim(M).
Nonetheless, it will be convenient to work with the initial notion (Theorem
since switching between the two definitions can only affect the dimension by at
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most a factor of 2 (see [I39]). The following standard covering lemma will be useful
for the analysis of STV in doubling metrics.

Lemma 6.2.1. Consider a metric space (M, dist) with doubling constant A > 1.
Then, for any x € M and r > 0, the ball B(xz,r) can be covered by at most
g/ palls of radius at most €.

Proof. If we apply apply Theorem successively we can conclude that any
ball of radius  can be covered by at most A" balls of radius r/2!. Thus, taking
i := [log(r/e€)] leads to the desired conclusion. O

It should be noted that (when unspecified) the log(-) will always be implied to
the base 2. We conclude this section with a useful lemma observed by Skowron
and Elkind [214], which will be used for analyzing iterative voting rules.

Lemma 6.2.2 ([214]). Consider two distinct candidates a,b € C. Ifr := dist(a,b)/h
for some parameter h > 0, and at most yn agents reside in B(a,r) for some
v €[0,1), then

SC(b) h
o ST (6.3)

Proof. The triangle inequality implies that

SC(b) > ey dist(i,b) - Y icv (dist(i, a) + dist(a, b))
SC(a)  Y,cy dist(i,a) — Y icy dist(i,a)
B dist(a, b)
=S st a)
dist(a, b)
<l+-—-=
(L=7)r
h

14—
g

6.3 STV in Doubling Metrics
6.3.1 STV on the Line

As a warm-up, we will analyze the performance of STV on the line. In partic-
ular, the purpose of this subsection is to establish the following result:

Theorem 6.3.1. The distortion of STV on the line is at most 15.
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Before we proceed with the proof of this theorem a few remarks are in order.
First of all, we did not pursue optimizing the constant in the theorem, although
this might be an interesting avenue for future research. It should also be noted that
Theorem [6.3.1] already implies a stark separation between STV and PLURALITY,
as the latter is known to admit a one-dimensional Q(m) lower bound (recall Ta-

ble .

Proof of Theorem[6.5.1, Let w € C be the winner of STV under some (fixed)
sequence of eliminations, and = € C be the candidate who minimizes the social
cost. In the sequel it will be assumed that dist(z,w) > 0; in the contrary case
the theorem follows trivially. Moreover, we let r := d(z,w)/7, and we consider a
sequence of balls {B;}1_; so that every ball B; has center at z and radius (2i—1) xr,
for e =1,2,3,4. We will show that at most half of the voters could reside in Bj.
For the sake of contradiction, let us assume that at least a v > 1/2 fraction
of the voters are in By; that is, > .., 1{i € Bi} = yn > n/2. First, we will
argue that at the time the last candidate in B; gets eliminated there is always a
candidate located in B;y1 \ B;. Indeed, in the contrary case we can deduce that
the last candidate to be eliminated from B; would receive the support of all the
voters in By, which is a contradiction since by construction all the candidates in
B4 have to be eliminated (this follows given that w ¢ By). Now consider the stage
of STV just before the last candidate from B; was eliminated; observe that this is
well-defined as B initially contains at least one candidate, namely x € C'. Let us
denote with a’,a” € C the leftmost and the rightmost (respectively) nearest active
candidates from B;—which are not in B;. We shall distinguish between two cases:
Case L. af € B, \ B1 and a" € By \ B;. Following the elimination of the last
candidate from B; every voter in By will support either a’ or a”. Thus, (by the
pigeonhole principle) we can conclude that one of these two candidates accumulates
at least n/4 supporters in the round following the elimination of the last candidate
from B;. Let us assume without any loss of generality that this candidate is af. Tt
is important to point out that the support of a candidate can only grow throughout
the execution of STV, until elimination. Now consider the stage just before a’ gets
eliminated. We previously argued that there exists a candidate y € By \ B3 that
has to remain active after the elimination of af. This implies that y received at
least /4 votes at this particular stage—just before the elimination of a’. However,
observe that none of the supporters of y can derive from B; since for every voter in
Bi candidate a’ is (strictly) superior to y. Moreover, the eventual winner w should
also have at least n/4 supporters at this stage in order to qualify for the next round,
but the supporters of w are certainly not from By, and are also different from the
supporters of y. This follows since both are active at this stage and y # w, implied
by the fact that d(z,y) < 7r < d(z,w). As a result, we have concluded that the
total number of voters is strictly more than n, which is an obvious contradiction.
Case II. Only one of the candidates a’ and a” resides in By \ B;. Notice that
our previous argument implies that at least one of the two should be in Bs \ By,
and hence, there is indeed no other case to consider. Let us assume without any
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loss of generality that the candidate in By \ By is a’. Observe that just before
the last candidate from B; gets eliminated every voter in B either supports the
candidate in B; or candidate a. Moreover, we have argued that there are at least 5
remaining candidates. Thus, we can infer that the last candidate from B received
at most 20% of the votes at the round of elimination, in turn implying that a
enjoyed the support of at least 30% of the voters. Consequently, we can easily
reach a contradiction similarly to the previously considered case.

T L 2r

B —>e——»
| S = VSN |
| T ~ T |

Figure 6.2: An illustration of our argument for Theorem m

As a result, we have established that v < 1/2, where recall that 7 represents
the fraction of agents in B;, and the theorem follows by Theorem [6.2.2] O

6.3.2 Main Result

Moving on to the main result of this section, we will prove the following theo-
rem:

Theorem 6.3.2. If d is the doubling dimension of M, then the distortion of STV
is O(dloglogm).

Before we proceed with the proof of this theorem, let us first present an analysis
for general metric spaces. Our argument will uncover the same bound O(logm) in
terms of distortion, as in [2I4], but it is considerably simpler, and it will also be
used in the proof of Theorem [6.3.2

Theorem 6.3.3. The distortion of STV is O(logm).

Proof. Let w € C be the winner of STV under some sequence of eliminations,
and z € C be the candidate who minimizes the social cost. Moreover, let r :=
dist(z, w)/(4Hm + 2), where H,,, denotes the m-th harmonic number. If V; repre-
sents the subset of voters in B(z,r) and v := |Vi|/n, we will show that v < 1/2.
Then, our claim will follow from Theorem [6.2.2

For the sake of contradiction, let us assume that v > 1/2. We will establish
that no voter in V; will support candidate w at any stage of STV, which is an
obvious contradiction since 7 > 1/2 and w was assumed to be the winner. In

(®)

particular, let D"’ be defined as follows:

—=(t) 1 . )
DV =— dist(z, top(i; t)), 6.4
T 2 dis(a top(is) (6.4
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where top(i;t) represents the most preferred (active) candidate for voter i after
round ¢t = 1,...,m — 1. The quantity E(O) is also defined as in Equation 1)
assuming that top(7; 0) := top(7). Thus, observe that the triangle inequality yields
that

DY < vln 3" (dist(z, §) + dist(i, top()) < 2. (6.5)
=%t

Moreover, we claim that if a voter ¢ supports a candidate a at round ¢, then

dist(z,a) < iy + 2r. Indeed, we will show the following: If two voters 4, j in
B(x,r) support two candidates a, b respectively, then it follows that dist(x,a) <
dist(x,b) + 2r. In particular, successive applications of the triangle inequality
yield that dist(i,a) < dist(z,b) < dist(z,i) + dist(z,b) < r + dist(x,b), while
dist(i,a) > dist(x, a) — dist(x, ) > dist(z,a) — r, in turn implying that

dist(z, a) < dist(z, b) + 2r. (6.6)

By symmetry, it also follows that dist(x,b) < dist(x,a) 4+ 2r. Next, we will
(inductively) establish that the quantity D" s strictly less than 4H,, x r. In-

deed, first note that under the invariance DY < 4H,, % r the voters in B(z,r)
support at least two distinct candidates; otherwise, the unique supported candi-
date a would prevail since v > 1/2, which in turn is a contradiction given that

dist(z, w) > D +2r = a # w. Next, observe that at round t =1,...,m —1
at most n/(m — ¢t + 1) agents alter their support. This follows since there are
exactly m —t + 1 candidates, while STV eliminates the one who enjoys the least
amount of support. Moreover, all the agents who recast their support will end
up coalescing with a candidate whose distance from z increases by at most a 2r
additive factor—compared to the previously supported alternative; this follows by
the bound of Equation , and the fact that there is indeed another candidate
supported by voters in B(x,r) in round t (as we previously argued). As a result,
we have shown the following recursive structure:

4r

pOptv L2 _men 7
m—t+1

- S 6.7
- ym—t+1" ( )

for all t = 1,...,m — 2. This verifies the assertion that D2 < 4H,, x r. Thus,
in the ultimate round of STV more than half the voters support a candidate a

for which dist(a,z) < 2r 4+ 4r X H,,, which is a contradiction since dist(z,w) =
% X (2Hum + 1). O

Next, we provide the proof of Theorem In particular, the main technical
challenge of the analysis lies in maintaining the appropriate invariance during
STV. We address this with a simple trick, essentially identifying a subset of the
domain with a sufficient degree of regularity. We should also note that the second
part of the proof makes use of the technique devised by Skowron and Elkind [214].
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Proof of Theorem[6.3.3. As before, let w € C' be the winner of STV under some
sequence of eliminations, and = € C be the candidate who minimizes the social
cost. Moreover, let r := dist(z,w)/(4h + 7), where h is defined as h := 1 +
[logy (6A1°8Hm+1)] = O(dloglogm). If v represents the fraction of the voters in
B(z,r), we will establish that v < 2/3.

For the sake of contradiction, let us assume that v > 2/3. Our argument will
characterize the propagation of the support of the voters in B(x,r). In particular,
we proceed in the following two phases:

Phase I. Our high-level strategy is to essentially employ the argument in the
proof of Theorem but not for the entire set of voters in B(z,r). Instead, we
will establish the existence of a set with a helpful invariance, which still contains
most of the voters. More precisely, we first consider a covering {B(zj,rj)}?zl of
the ball B(x, ), where the radius of every ball is at most € x  for some parameter
e € (0,1). The balls that do not contain any voter may be discarded for the
following argument. We let S(© be the union of these balls. We know from
Theorem that p = p(e; \) < AMo8(/9+1 For Phase I we assume that more
than M candidates remain active in STV, where M := 6, while € := 1/H,,.

Let us consider a round t = 1,...,m — M of STV. In particular, let a € C
be the candidate who is eliminated at round ¢. Observe that if a is not supported
by any voter residing in B(z,r), the support of these agents remains invariant
under round ¢. Thus, let us focus on the contrary case. Specifically, if there exists
a ball in the covering which contains exclusively supporters of candidate a, we
shall remove every such ball from the current covering, updating analogously the
set SM. Given that we are at round ¢, we can infer that the number of such
supporters is at most n/(m — ¢t + 1) < n/M. Thus, since we can only remove p
balls from the initial covering, it follows that the set S := S® with ¢t = m — M
contains strictly more than 2n/3 —nu/M = n/2 voters.

Next, we will argue about the propagation of the support for the voters in &
during the first m — M rounds of STV. By construction of the set S, we have
guaranteed the following invariance: Whenever a candidate a supported by voters
in § gets eliminated, every supporter of a from S lies within a ball of radius at
most € with agents championing a different candidate. Now, let us define Y as
follows:

= 1 o .
D .—WiEZSdlst(z,top(ut)), (6.8)

where 7/ represents the fraction of the voters residing in S. Note that DY s
defined slightly differently than in the proof of Theorem Consider two voters
i,J supporting two candidates a,b respectively. We will show that dist(i,b) <
dist(i,a) + 2dist(z, 7), and similarly, dist(j,a) < dist(j,b) + 2dist(é,j). Indeed,
successive applications of the triangle inequality imply that
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dist (i, b) t(4,5) + dist(4,b)

t(4,j) + dist(j, a)

t(4,7) + dist(j,4) + dist (i, a)
t(,a) + 2dist(i, j).

2,

ININ TN

dis
dis
dis
dis

Thus, if the voters ¢ and j happen to reside within a ball of radius at most e,
we can infer that dist(i,b) < dist(7,a) +4e. As a result, by the recursive argument
of Theorem [6.3.3] we can conclude that

— —(t— 1 4 —(t—
p® <pth L A _pen Sa (6.9)
Ym—t+1 m—t+1
in turn implying that
DM < §(er)Hom. (6.10)

Consequently, we have essentially shown that the propagation of the support
is “decelerated” by a factor of e. In particular, for ¢ = 1/#,, this implies that
during the first phase the agents in S support candidates within O(1) x r distance
from candidate z.

Phase II. At the beginning of the second phase there are M remaining can-
didates. Let us denote with B; := B(x,(2j — 1) x r). In this phase we will argue
about the entire set of voters in B(x,r). Let m; < M be the number of candidates
supported by voters in B(x,r) at the beginning of the second phase. Our previous
argument implies that every such candidate will reside in By; this follows directly
by applying the triangle inequality. Let us denote with m; the number of candi-
dates residing outside Byyg; for j > 2 at the round the last candidate from Bz a;
gets eliminated.

By the pigeonhole principle, we can infer that there exists a candidate a in
B7 who enjoys the support of at least yn/m; voters. Moreover, observe that the
triangle inequality implies that no voter will support a candidate outside Bg as
long as candidate a remains active. Thus, at the round a gets eliminated we can
deduce that (1 —y)n/ma > yn/m; <= ma < my x (1 — )/, where we used
that the number of candidates in every subset can only decrease during STV.
Inductively, we can infer that

1 _ o\ k1 1\ h-1
mp, < <7> my < <2> M <1, (6.11)

Y

for h = [logy M| + 1, where we used that v > 2/3. This implies that the winner
of STV should lie within By, op, i.e. dist(xz,w)/r < 4h + 7, which is a contra-
diction since dist(z,w) = (4h + 7) x r. Thus, the theorem follows directly from
Theorem [6.2.2] O
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6.3.3 The Lower Bound

In this subsection we refine the 2(y/log m) lower bound of Skowron and Elkind
[214, Theorem 4] based on the doubling dimension of the submetric induced by
the set of candidates M. In particular, we will establish the following theorem:

Theorem 6.3.4 (Lower Bound for STV). For any A > 2 there exists a metric
space induced by the set of candidates (Mc,dist), with d = ©(log\) being the
doubling dimension of Mc, and a voting profile such that the distortion of STV

is Q(Vd).

For the proof, we consider first a tree 7 with A number of leaves; it will be
assumed that A is such that A = a; for some i € N, where {a;};cn is a sequence
such that a1 = 2 and a;41 = 2(a; + 1) for ¢ > 1. Notice that if this is not
the case we can always select the maximal X smaller than A\ that satisfies this
property; given that A’ = ©(\) this would not affect the conclusion (up to constant
factors). Then, the next (or first) layer will consist of nodes which are parents
of leaves, and in particular, every node in layer 1 will be parent to exactly 2
(mutually distinct) leaves, and we will say that the branching factor is by :=
2. This construction is continued iteratively until we reach the root, with the
branching factor of layer i > 1 satisfying b;11 = 2(b; + 1); the first two layers of
this construction are illustrated in Figure Observe that by construction the
branching factor increases exponentially fast. Moreover, the number of nodes in
the i-th layer is m; = m;_1/b;, with mg := A. Now let h be the height of the
induced tree. We can infer that

mp_1 A A A A

Mh = =9 = T1h Z SR T S = oh(hd)

h [lio o Ilis, 4 4t 2

where we used that b; 1 < 4b;. Thus, since mj, = 1, it follows that h = Q(1/logy \).

Finally, we incorporate a node which is connected via edges to all the leaves. Then,

the distance between two nodes is defined as the length of the shortest path in

the induced unweighted graph. The metric space we introduced will be henceforth
represented as (M, dist).

(6.12)

Claim 6.3.5. The doubling dimension of the metric space (M, dist) is O(log \).

Proof. Tt is easy to see that the doubling constant of the metric space (M, dist)
is at least A. Thus, the claim follows since |[M¢| < 2X and dim(M¢) < logy [ M.
O

The Voting Instance. We assume that voters and candidates are mapped to
points on the metric space (Mc,dist). In particular, for every point z € T we
assign a (distinct) candidate, while every remaining candidate will be allocated to
the point connected to all the leaves. In this way, (Mc, dist) is indeed the metric
space induced by the set of candidates. We will let x € C be a candidate located
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ma :ml/bz

my = mo/bl

Figure 6.3: A 2-layer instance of the tree 7 employed for the lower bound in

Theorem .

to the point connected to all the leaves, and w € C be the candidate at the root of
T. Moreover, for a layer ¢ of 7 we place v; number of voters at each point of the
layer, such that vp = 1 and v;41 = (b; + 1)v; for all i > 0 (here we tacitly assume
that by = 0); no voters are collocated with candidate .

Claim 6.3.6. There exists an elimination sequence such that w € C' is the winner

of STV.

Proof. Given that v;41 = (b; + 1)v; we can inductively infer that there exists
an elimination sequence such that every candidate in layer i is eliminated before
any candidate in the layer ¢ + 1, while every candidate collocated with x will be
eliminated before any candidate in 7. This concludes the proof. O

Claim 6.3.7. SC(w)/SC(z) = Q(h).

Proof. Let n; be the total number of agents residing in the i-th layer of the tree 7.
We will show that n;11 = n;/2, foralli =0,1,...,h—1. Indeed, for i > 0 it follows
that n;41 = Vig1Mit1 = (bz + 1)V2‘m2‘+1 = nz(bz + 1)/[)2'4_1 = TLZ'/Q, where we used
that m; = m;_1/b; and b;y+1 = 2(b;+1). As aresult, it follows that SC(w) > ng x h,
while it is easy to show that SC(z) < 4ny, concluding the proof. O

Proof of Theorem [6.53.4. The lower bound follows by directly applying and com-
bining Theorem [6.3.5] Theorem and Theorem [6.3.7 O

Notice that this theorem implies as a special case the Q(y/logm) lower bound
for general metrics, which only applies when the metric (M, dist) is near-uniform.

Remark 6.3.8. It is not difficult to show that the distortion of STV is always
O(A), where A represents the aspect ratio of Mc—the ratio between the largest
(pairwise) distance to the smallest distance in Mc. In fact, this bound is tight—

up to constant factors—for certain instances, as implied by the construction in
Theorem |6.3.4).
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6.4 Coordination Dynamics

In this section we explore the degree to which natural and distributed learning
dynamics can converge to social choices with near-optimal distortion. We should
point out that there is a concrete connection between such considerations and the
results of the previous section, which will be revealed in detail very shortly. First,
let us commence with the following observation:

Observation 6.4.1. Consider a voting instance under a metric space so that some
candidate a € C' has distortion at least D [Y| Then, there exists a candidate x # a
and subset W C 'V such that

1. Every agent in W strictly prefers x to a;
2. [W|/n>1-2/(D+1).

This statement essentially tells us that candidates with large distortion are
inherently unstable, in the sense that there will exist a large “coalition” of voters
that strictly prefer a different outcome. Interestingly, this observation implies a
connection between (metric) distortion and the notion of core in cooperative game
theory. To be more precise, we will say that a set of coalitions W is a-large, with
a € [0,1], if it contains every coalition W C V such that |W|/n > «; a candidate a
is said to be in the core if there does not exist a coalition W € W such that every
agent in W (strictly) prefers a different alternativeE] In this context, the following
proposition follows directly from Theorem [6.4.1}

Proposition 6.4.2. Consider a voting instance under a metric space so that some
candidate a € C has distortion at least ®. Then, candidate a cannot be in the core
with respect to an a-large set of coalitions, as long as o« <1 —2/(D 4 1).

As a result, it is interesting to study the strategic behavior and the potential
coordination dynamics that may arise in the face of an inefficient voting system.

6.4.1 The Model

We consider the following abstract model: For some given voting system, agents
are called upon to cast their votes for a series of T' days or rounds, where T is
sufficiently large. After the end of each day, voters are informed about the results
of the round, and the winner is determined based on the results of the ultimate
day. This is essentially an iterative implementation of a given voting rule, in place
of the one-shot execution typically considered, and it is introduced to take into
account external information typically accumulated before the actual voting (e.g.
through polls). For concreteness, we will assume that the voting rule employed

4That is, SC(a)/ mingcc SC(z) > D.
®Considering only “large” coalitions is standard in the literature; cf. [53].
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in each day is simply the PLURALITY mechanism, not least due to its popularity
both in theory and in practice.

Before we describe and analyze natural dynamics in this model, let us first
note that if all the voters engage truthfully throughout this game, the victor will
coincide with the plurality winner, and as we know there are instances for which
this candidate may have Q(m) distortion. As a result, Theorem implies
that there will be a large coalition with a 1 — ©(1/m) fraction of the voters that
strictly prefer a different outcome. Indeed, the lower bound of PLURALITY is built
upon m — 1 clusters of voters formed arbitrarily close, while a different extreme
party with roughly the same plurality score could eventually prevail. However, the
access to additional information renders this scenario rather unrealistic given that
we expect some type of adaptation or coordination mechanism from the agents.

6.4.2 A Greedy Approach

Let us denote with ngt) the plurality score of candidate a at round t € [T7.

A particularly natural approach for an agent to engage in this scenario consists
of maintaining a time-varying parameter 6(Y), which will essentially serve as the
“temperature”. Then, at some round ¢ > 1 agent ¢ will support the candidate b
for which b >=; a for all a,b € C®, where C®) := {a € C: n((lt_l) > H(t)}ﬁ That
is, agents only consider candidates who exceeded some level of support during
the previous day. Then, the temperature parameter is updated accordingly, for
example with some small constant increment 9¢+D) = 9®) 4+ ¢ for some e >
0. In this context, observe that for a sufficiently small € these dynamics will
converge to an STV winner (based on the parallel universe model). This implies
that the greedy tactics already offer an exponential improvement—in terms of the
utilitarian efficiency—compared to the truthful dynamics. Nevertheless, the lower
bound for STV (Theorem suggests that we have to design a more careful
adaptive rule in order to attain O(1) distortion.

6.4.3 Exploration/Exploitation

The inefficiency of the previous approach—and subsequently of STV-—stems
from the greedy nature of the iterative process: Agents may choose to dismiss
candidates prematurely. For example, this becomes immediately apparent by in-
specting the elimination pattern in the lower bound of Theorem In light
of this, the remedy we propose—and what arguably occurs in many practical
scenarios—is an exploration phase. In particular, voters initially do not possess
any information about the preferences of the rest of the population. Thus, they
may attempt to explore several alternatives in order to evaluate the viability of

6The definition of the set C®) for t > 1 is subject to |C)| > |C(*~D| — 1, i.e. agents
never disregard more than 1 candidate in the course of a single round; in the contrary case
the guarantee we state for the dynamics does not hold due to some pathological instances.
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each candidate; while doing so, agents will endeavor to somehow indicate or favor
their own preferences. After the exploration phase, agents will leverage the infor-
mation they have learnt to adapt their support. More concretely, we will consider
the following dynamics:

1. Exploration phase: In each round ¢ € [m] every agent ¢ maintains a list El(»t),

initialized as EZ(-I) = 0. If C’Z-(t) =C'\ El(t), then at round ¢ an agent ¢ shall
vote for the candidate a € C’i(t) such that a >=; b for all b € C’i(t). Then, agent
i updates her list accordingly: Egtﬂ) = El(-t) U{a};

2. Exploitation phase: Every agent supports the first candidat{] within her list
that managed to accumulate—over all prior rounds—at least n/2 votes.

In a sense, voters try to balance between voting for their most-preferred can-
didates and having an impact on the final result. We shall refer to this iterative
process as COORDINATION dynamics.

Theorem 6.4.3. COORDINATION dynamics lead to a candidate with distortion at
most 11.

Proof. Let w € C be the winner under COORDINATION dynamics, and x € C be
the candidate who minimizes the social cost. If r := dist(z,w)/5, we consider the
sequence of balls {B;}3_, such that B; := B(z, (2i — 1)r) for i = 1,2,3. If v is the
fraction of the voters in By, we will argue that v < 1/2.

For the sake of contradiction, let us assume that v > 1/2. Let ¢ be the first
round for which a voter in B; supports a candidate outside Bs. Then, it follows by
the triangle inequality that the list of this voter just after round ¢ — 1 included all
the candidates in By. This in turn implies that by round ¢t — 1 every agent in B;
had already voted for all candidates in B;. Given that v > 1/2, we can conclude
that no agent from B; voted for w during the exploitation phase.

Now let us consider the first round for which some candidate a € C accu-
mulated at least n/2 votes, which clearly happens during the exploration phase.
Then, at the exact same round at least n/2 agents have a in their list; this follows
since agents vote for different candidates during the exploration phase, and a can-
didate is always included in the list once voted for. As a result, our tie-breaking
assumption implies that there will be a candidate with the support of at least n/2
agents during the exploitation phase. But our previous argument shows that this
candidate cannot be w, which is an obvious contradiction. As a result, we have
shown that v < 1/2, and the theorem follows by Theorem O

Before we conclude this section, let us briefly mention some intriguing open
problems related to our results. Specifically, we have attempted to argue that

"For simplicity, it is assumed that in case multiple such agents exist we posit some
arbitrary but common among all agents tie-breaking mechanism.
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candidates with small distortion may arise through natural learning rules. This
was motivated in part by Theorem which implies the instability of outcomes
with large distortion. However, the converse of this statement is not quite true:
Although there always exists a candidate with distortion at most 3 [131], there
might be a subset with at least half of the voters that strictly prefer a different
outcome (a.k.a. Condorcet’s paradox). Still, there might be an appropriate notion
of stability which ensures that near-optimal candidates are in some sense stable.
In spirit, this is very much pertinent to the main result of Gkatzelis et al. [131]
concerning the existence of an undominated candidate, leading to the following
question:

Question 3. Are there deterministic and distributed learning rules which converge
to a candidate with distortion 37

6.5 Intrinsic Robustness of Plurality Match-
ing

Gkatzelis et al. [I3I] introduced the PLURALITYMATCHING (deterministic)
mechanism, and they showed that it always incurs distortion at most 3 under
metric preferences. Nonetheless, it is natural to ask how it performs in more
refined, as well as in more general spaces. It should be noted that Gkatzelis et al.
[131] established the robustness of PLURALITYMATCHING under different objective
functions (measuring the social cost); namely, they showed that the same distortion
bound can be achieved for the more stringent fairness ratio of Goel et al. [I132]. In
this section we extend the robustness of PLURALITYMATCHING along two regimes.

6.5.1 Ultra-Metrics

First, we study the power of PLURALITYMATCHING under ultra-metric spaces;
in particular, recall the following definition:

Definition 6.5.1. An ultra-metric on a set M is a function dist : M x M — R
such that Vx,y, z,

1. dist(x,y) = 0 if and only if x =y (identity of indiscernibles);
2. dist(z,y) = dist(y, x) (symmetry);
3. dist(x, z) < max{dist(z,y),dist(y, 2)} (ultra-metric inequality).

Notice that these axioms also imply that dist(z,y) > 0,Vz,y € M. We will
say that an ultra-metric space is an ordered pair (M,dist) consisting of a set
M along with an ultra-metric dist on M. Naturally, every ultra-metric is also a
metric since max{dist(z, y), dist(y, z)} < dist(z,y) + dist(y, z), but the converse is
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not necessarily true. Perhaps the simplest conceivable ultra-metric is the discrete
metric, which is defined on a set M as follows:

1 ifx #y;
0 ifx=y,

dist(z,y) = {

where x,y € M. As we explained in our introduction, we study this setting
mostly driven by the fundamental bottleneck variant in facility location games.
Specifically, if the cost of a path corresponds to the maximum-weight edge in the
path (posit non-negative weights), and the distance between two nodes in the graph
is the minimum-cost path among all possible paths, it is well-known that these (so-
called minimaz) distances satisfy the ultra-metric inequality of Theorem In
Table we summarize some lower bounds for well-studied mechanisms; they
mostly follow directly from the techniques of Anshelevich et al. [I8], and thus we
omit their proof.

H Mechanism Lower Bound H
Plurality & Borda m
k-top Q(m/k)
Approval & Veto n
Any Deterministic 2

Table 6.1: Lower bounds for standard mechanisms under ultra-metric spaces.
We use k-top to represent any deterministic mechanism which elicits only the
k-top preferences.

In particular, we first prove a lower bound of 2 for any deterministic mechanism
under ultra-metrics:

Proposition 6.5.2. There exists a voting profile for which the distortion of any
deterministic mechanism under an ultra-metric space is at least 2.

Proof. Consider a voting instance with two candidates a, b and n voters, such that
the votes between the two candidates are split equally. Assume without any loss
of generality that the mechanism eventually selects candidate b. We will present
an ultra-metric space for which the social cost of a is half than the social cost of
b. Specifically, consider an unweighted path graph with 3 nodes endowed with the
minimax distance. We assume that candidate a resides in the leftmost node of the
graph along with all of the voters who supported a; on the other hand, candidate
b resides in the rightmost node of the graph, while all of her supporters lie in the
intermediate node (see Figure [6.4). Then, it follows that SC(a) = n/2 whereas
SC(b) = n, as desired. O

166



Figure 6.4: An example of our construction for the proof of Theorem [6.5.2]
for n = 2 voters; the argument is similar to the one for metric spaces, but
observe that in this case dist(1,b) = 1 # 2 since we have considered minimax
distances.

Importantly, we will show that PLURALITYMATCHING always matches this
lower bound. To keep the exposition reasonable self-contained we shall first recall
some basic ingredients developed in [I31].

Definition 6.5.3 ([131], Definition 5). For an election € = (V,C,0) and a can-
didate a € C, the integral domination graph of candidate a is the bipartite graph
G¢(a) = (V,V,E,), where (i,j) € E, if and only if a =; top(5).

Proposition 6.5.4 ([I31], Corollary 1). There exists a candidate a € C whose
integral domination graph G€(a) admits a perfect matching.

We should also note that a candidate whose integral domination graph admits
a perfect matching can be identified in strongly polynomial time. In particular,
PLURALITYMATCHING always returns such a candidate. These ingredients suffice
in order to establish the following:

Theorem 6.5.5. PLURALITYMATCHING returns a candidate with distortion at
most 2 under any ultra-metric space.

Proof of Theorem[6.5.5. Let a € C be a candidate whose integral domination
graph G¢(a) admits a perfect matching M : V + V (recall Theorem [6.5.4), such
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that a >=; top(M (7)) for all i € V. Then, it follows that

SC(a) =) _dist(i,a)

eV
<) dist (i, top(M (i) (a = top(M(i)),Vi € V)
eV
<) dist(i, b) + dist(b, top(M (i) (triangle inequality)
eV
=SC(b) + Zdist(b, top(7))) (M is a perfect matching)
eV
< SC(b) + Z max{dist(z,b), dist(z,top(i))}  (ultra-metric inequality)
eV
=SC(b) + > _ dist(i, ) (top(i) =; b)
eV
=2SC(b).
Given that the choice of b was arbitrary the theorem follows. O

6.5.2 Approximate Metrics

Next, we study the distortion of deterministic mechanisms when the distances
approximately satisfy the triangle inequality, as formalized in the following defini-
tion:

Definition 6.5.6. For some parameter p > 1, a p-approximate metric on a set
M is a function dist : M x M +— R such that Vz,y, z,

1. dist(x,y) = 0 if and only if x =y (identity of indiscernibles);
2. dist(z,y) = dist(y, x) (symmetry);

3. dist(z, z) < p(dist(z,y) + dist(y, z)) (p-relaxed triangle inequality).

Again we point out that these axioms imply that dist(z,y) > 0,Vz,y € M.
We commence with the following lower bound:

Proposition 6.5.7. There exists a voting profile for which the distortion of every
deterministic mechanism under a p-approzimate metric space is at least p> 4+ p+1.

Proof of Theorem[6.5.7. As usual, consider an instance with 2n voters and 2 can-
didates a,b € C, such that every candidate obtains exactly half of the votes. Let
us assume without any loss of generality that the social choice rule selects candi-
date b. Now consider a p-approximate metric dist(-,-) on the set M = {x,y, z,w}
defined as follows:
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T Yy z w

0 1 2p € x
1 0 1 p + pe Yy
2p 1 0 p? + p + pe 2z’
€ ptpe pP+p+pe 0 w

here we assume that € € (0,1). It is a simple exercise to verify that dist(-, -) indeed
satisfies the axioms of a p-approximate metric. We also assume that a := x and
b := z; the n supporters of candidate a are located on w, while the n supporters
of candidate b on y. Then, it follows that the agents’ locations are consistent with
their preferences, while the distortion of candidate b reads

SC(b) _ nd(z,w) +nd(y,z) _ p*+p+pe+1 (6.13)
SC(a) nd(z,w)+nd(z,y) e+1 ’ )

Taking the supremum of this ratio over € € (0,1) concludes the proof. O

To provide some intuition let us assume that dist corresponds to the squared
Fuclidean distanceﬁ If we consider the usual voting scenario wherein the votes
are splitted equally among two candidates (see the proof of Theorem and
Figure , then it follows that the distortion of candidate b reads

SC(b) nx1’4+nx(2+6)% 62 +40+5

= = 6.14

SC(a) nx124+n x §2 2 +1 (6.14)
w a: =z Y b:=z
—O0——0——O0——0

Figure 6.5: The lower bound for squared Euclidean distances.

Interestingly, this ratio increases as ¢ goes from 0 to a sufficiently small con-
stant, implying a notable qualitative difference compared to the standard metric
case. In particular, for the squared Euclidean distance it follows that the distortion
is lower-bounded by sup; % = (4 +2v2)/(4 — 2¢/2) = 5.8284. For general
approximate metrics we can employ the techniques of Gkatzelis et al. [I31] to show

the following:

Theorem 6.5.8. PLURALITYMATCHING returns a candidate with distortion at
most 2p% + p under p-approzimate metrics.

8Note that Young’s inequality implies that dist(-,) is a 2-approximate metric.
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As a result, this theorem leaves a gap between the upper bound derived
for PLURALITYMATCHING and the lower bound of Theorem when p > 1.
Nonetheless, it should be noted that for p-approximate metrics there exists an
instance-optimal and computationally efficient mechanism based on linear pro-
gramming (cf. [132]).
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Chapter 7

Node-Max-Cut and the
Complexity of Equilibrium in
Linear Weighted Congestion
Games

Existence and efficient computation of (exact or approximate) equilibria for
weighted congestion games have received significant research attention. We briefly
discuss here some of the most relevant previous work. There has been significant
research interest in the convergence rate of best response dynamics for weighted
congestion games (see e.g., [73, 62, 93] 99] [134]). Gairing et al. [126] presented a
polynomial algorithm for computing a PNE for load balancing games on restricted
parallel links. Caragiannis et al. [64] established existence and presented efficient
algorithms for computing approximate PNE in weighted CGs with polynomial
latencies (see also [106 129]).

Bhalgat et al. [41] presented an efficient algorithm for computing a (3 + ¢)-
approximate equilibrium in MAX-CuT games, for any € > 0. The approximation
guarantee was improved to 2 + ¢ in [64]. We highlight that the notion of approx-
imate equilibrium in cut games is much stronger than the notion of approximate
local optimum of MAX-CuUT, since the former requires that no vertex can signifi-
cantly improve the total weight of its incidence edges that cross the cut (as e.g., in
[41], [64]), while the latter simply requires that the total weight of the cut cannot
be significantly improved (as e.g., in [64]).

Johnson et al. [I43] introduced the complexity class PLS and proved that
CirculT-FLIP is PLS-complete. Subsequently, Schéffer and Yannakakis [208§]
proved that MAX-CuT is PLS-complete. From a technical viewpoint, our work
is close to previous work by Elsésser and Tscheuschner [89] and Gairing and Sa-
vani [127], where they show that LOCAL-MAX-CUT in graphs of maximum degree
five [89] and computing a PNE for hedonic games [127] are PLS-complete, and by
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Ackermann et al. [2], where they reduce LOCAL-MAX-CUT to computing a PNE
in network congestion games.

7.1 Contributions

In this work we show that equilibrium computation in linear weighted CGs is
significantly harder than for standard CGs, in the sense that it is PLS-complete
either for very restricted strategy spaces, namely when player strategies are paths
on a series-parallel network with a single origin and destination, or for very re-
stricted latency functions, namely when resource costs are equal to the congestion.
Our main step towards proving the latter result is to show that computing a
local optimum of NODE-MAX-CUT, a natural and interesting restriction of MAX-
CuT where the weight of each edge is the product of the weights of its endpoints,
is PLS-complete.

For the complexity of equilibrium computation we will mostly focus on the fist
part here. More specifically, using a tight reduction from LOCAL-MAX-CUT, we
first show, in Section[7.3] that equilibrium computation for linear weighted CGs on
series-parallel networks with a single origin and destination is PLS-complete (The-
orem . The reduction results in games where both the player weights and
the latency slopes are exponential. Our result reveals a remarkable gap between
weighted and standard CGs regarding the complexity of equilibrium computation,
since for standard CGs on series-parallel networks with a single origin and desti-
nation, a PNE can be computed by a simple greedy algorithm [119].

Aiming at a deeper understanding of how different player weights affect the
complexity of equilibrium computation in CGs, we show that computing a PNE
of weighted network CGs with asymmetric player strategies and identity latency
functions is PLS-complete Again the gap to standard CGs is remarkable, since
for standard CGs with identity latency functions, any better response dynamics
converges to a PNE in polynomial time. NODE-MAX-CUT plays a role similar to
that of threshold games in [2, Sec. 4] in the constructed reduction.

NODE-MAX-CUT is a natural restriction of MAX-CUT and settling the com-
plexity of its local optima computation may be of independent interest, both con-
ceptually and technically. NODE-MAX-CUT coincides with the restriction of MAX-
Cut shown (weakly) NP-complete on complete graphs in the seminal paper of
Karp [148], while a significant generalization of NODE-MAX-CUT with polynomial
weights was shown P-complete in [208)].

As a complement to this,we show that a (1 4 €)-approximate equilibrium for
NoDE-MAX-CuUT, where no vertex can switch sides and increase the weight of its
neighbors across the cut by a factor larger than 1+ ¢, can be computed in time
exponential in the number of different weights (see Theorem for a precise
statement). Thus, we can efficiently compute a (1 + ¢)-approximate equilibrium
for NODE-MAX-CuUT, for any £ > 0, if the number of different vertex weights
is constant. Since similar results are not known for MAX-CUT, we believe that
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Theorem [7.4.1] may indicate that approximate equilibrium computation for NODE-
MaX-CUT may not be as hard as for MAX-CUT. An interesting direction for
further research is to investigate (i) the quality of efficiently computable approxi-
mate equilibria for NODE-MAX-CuUT; and (ii) the smoothed complexity of its local
optima.

7.2 Basic Definitions and Notation

Polynomial-Time Local Search (PLS). A polynomial-time local search (PLS)
problem L [143], Sec. 2] is specified by a (polynomially recognizable) set of instances
I, aset Sp(z) of feasible solutions for each instance = € Iy, with |s| = O(poly(|z|)
for every solution s € Sp(z), an objective function f7(s,z) that maps each solu-
tion s € Si(x) to its value in instance x, and a neighborhood Np,(s,x) C Sr(x) of
feasible solutions for each s € Sr(x). Moreover, there are three polynomial-time
algorithms that for any given instance x € Ir: (i) the first generates an initial
solution sy € Sp(x); (ii) the second determines whether a given s is a feasible
solution and (if s € Sp(z)) computes its objective value fr(s,z); and (iii) the
third returns either that s is locally optimal or a feasible solution s’ € Np(s,x)
with better objective value than s. If L is a maximization (resp. minimization)
problem, a solution s is locally optimal if for all s’ € Ny (s, ), fr(s,z) > fr(s',x)
(resp. fr(s,z) < fr(s',x)). If s is not locally optimal, the third algorithm returns
a solution s’ € Np(s,z) with f(s,z) < f(s',z) (vesp. f(s,xz) > f(s',z)). The
complexity class PLS consists of all polynomial-time local search problems. By
abusing the terminology, we always refer to polynomial-time local search problem
simply as local search problems.

PLS Reductions and Completeness. A local search problem L is PLS-reducible
to a local search problem L', if there are polynomial-time algorithms ¢ and ¢o
such that (i) ¢1 maps any instance x € I, of L to an instance ¢1(x) € I, of L'; (ii)
¢2 maps any (solution s’ of instance ¢1(z), instance x) pair, with s’ € Sp/(¢1(z)),
to a solution s € Sp(x); and (iii) for every instance x € Iy, if s’ is locally optimal
for ¢1(x), then ¢o(s’, x) is locally optimal for x.

By definition, if a local search problem L is PLS-reducible to a local search
problem L', a polynomial-time algorithm that computes a local optimum of L’ im-
plies a polynomial time algorithm that computes a local optimum of L. Moreover,
a PLS-reduction is transitive. As usual, a local search problem @ is PLS-complete,
if @ € PLS and any local search problem L € PLS is PLS-reducible to Q.

Max-Cut and Node-Max-Cut. An instance of MAX-CUT consists of an undirected
edge-weighted graph G(V, E), where V is the set of vertices and E is the set of
edges. Each edge e is associated with a positive weight w,.. A cut of G is a vertex
partition (S,V \ S), with ) # S # V. We usually identify a cut with one of
its sides (e.g., S). We denote 0(S) = {{u,v} € E:u € SAv & S} the set of
edges that cross the cut S. The weight (or the value) of a cut S, denoted w(S5),
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is w(S) = > e5(s) We- In MAX-CUT, the goal is to compute an optimal cut S* of
maximum value w(S*).

In NODE-MAX-CUT, each vertex v is associated with a positive weight w, and
the weight of each edge e = {u,v} is we = wyw,, i.e. equal to the product of
the weights of e’s endpoints. Again the goal is to compute a cut S* of maximum
value w(S*). As optimization problems, both MAX-CUT and NODE-MAX-CUT are
NP-complete [148].

In this work, we study MAX-CUT and NODE-MAX-CUT as local search prob-
lems under the FLIP neighborhood. Then, they are referred to as LOCAL-MAX-
Cut and LOCAL-NODE-MAX-CuUT. The neighborhood N(S) of a cut (S,V \ S)
consists of all cuts (S, V' \ S’) where S and S’ differ by a single vertex. Namely,
the cut S’ is obtained from S by moving a vertex from one side of the cut to
the other. A cut S is locally optimal if for all S” € N(S), w(S) > w(S’). In
LocAL-MAX-CuT (resp. LOCAL-NODE-MAX-CUT), given an edge-weighted (resp.
vertex-weighted) graph, the goal is to compute a locally optimal cut. Clearly, both
MaAX-CuT and NODE-MAX-CUT belong to PLS. In the following, we abuse the
terminology and refer to LOCAL-MAX-CUT and LOCAL-NODE-MAX-CUT as MAX-
Cut and NODE-MAX-CuUT, for brevity, unless we need to distinguish between the
optimization and the local search problem.

Weighted Congestion Games. A weighted congestion game G consists of n players,
where each player ¢ is associated with a positive weight w;, a set of resources
E, where each resource e is associated with a non-decreasing latency function
L : R>g — R>, and a non-empty strategy set 3; C 2% for each player i. A game
is linear if £.(z) = aex + be, for some ac, b, > 0, for all e € E. The identity latency
function is ¢(z) = x. The player strategies are symmetric, if all players share the
same strategy set X, and asymmetric, otherwise.

We focus on network weighted congestion games, where the resources F cor-
respond to the edges of an underlying network G(V, E) and the player strategies
are paths on G. A network game is single-commodity, if G has an origin o and
a destination d and the player strategies are all (simple) o — d paths. A network
game is multi-commodity, if G has an origin o; and a destination d; for each player
i, and ¢’s strategy set 3; consists of all (simple) o; — d; paths. A single-commodity
network G(V, E) is series-parallel, if it either consists of a single edge (o,d) or
can be obtained from two series-parallel networks composed either in series or in
parallel (see e.g., [218] for details on composition and recognition of series-parallel
networks).

A configuration § = (si,...,s,) consists of a strategy s; € %, for each player
1. The congestion s. of resource e in configuration § is s, = Zi:eesi w;. The
cost of resource e in § is l.(s.). The individual cost (or cost) ¢;(§) of player
1 in configuration § is the total cost for the resources in her strategy s;, i.e.,
Ci(8) = D ees, Le(Se). A configuration §'is a pure Nash equilibrium (equilibrium or
PNE, for brevity), if for every player i and every strategy s’ € 3;, ¢;(8) < ¢;(5_;, 8')
(where (5_;, s’) denotes the configuration obtained from § by replacing s; with s).

174



Namely, no player can improve her cost by unilaterally switching her strategy.

Equilibrium Computation and Local Search. [I1§] shows that for linear weighted
congestion games, with latencies l¢(z) = acz + be, ®(5) = 3 cp(aes? + bese) +
> wi ZeESi (aew; +be) changes by 2w;(¢;(8) —¢;(5—;, s')), when a player ¢ switches
from strategy s; to strategy s’ in 5. Hence, ® is a weighted potential function,
whose local optimal (wrt. single player deviations) correspond to PNE of the
underlying game. Hence, equilibrium computation for linear weighted congestion
games is in PLS. Specifically, configurations corresponds to solutions, the neighbor-
hood N(3) of a configuration § consists of all configurations (s_;, ') with s’ € 3,
for some player i, and local optimality is defined wrt. the potential function ®.

Max-Cut and Node-Max-Cut as Games. LOCAL-MAX-CUT and LOCAL-NODE-
Max-CUT can be cast as cut games, where players correspond to vertices of
G(V, E), strategies ¥ = {0,1} are symmetric, and configurations 5 € {0,1}V!
correspond to cuts, e.g., S(5) = {v € V : s, = 0}. Each player v aims to maximize
Wy(8) = D e fuvlemis, s, We, that is the total weight of her incident edges that
cross the cut. For NODE-MAX-CUT, this becomes wy(5) = >,,.1y v}eEns, s, Wus
i.e., v aims to maximize the total weight of her neighbors across the cut. A cut §
is a PNE if for all players v, w,(8) > w,(5-;, 1 —s,). Equilibrium computation for
cut games is equivalent to local optimum computation, and thus, is in PLS.

A cut §is a (1 + e)-approximate equilibrium, for some ¢ > 0, if for all players
v, (14 &)wy(8) > wy(5-;,1 — s,). Note that the notion of (1 + ¢)-approximate
equilibrium is stronger than the notion of (1 4+ ¢)-approximate local optimum, i.e.,
a cut S such that for all S € N(S), (1 + &)w(S) > w(S’) (see also the discussion
in [64]).

7.3 Hardness of Computing Equilibria in
Weighted Congestion Games on Series-
Parallel Networks

Theorem 7.3.1. Computing a pure Nash equilibrium in weighted congestion games
on single-commodity series-parallel networks with linear latency functions is PLS-
complete.

Proof sketch. Membership in PLS follows from the potential function argument of
[118]. To show hardness, we present a reduction from MAX-CuUT.

Let H(V, A) be an instance of LOCAL-MAX-CUT with n vertices and m edges.
Based on H, we construct a weighted congestion game on a single-commodity
series-parallel network G with 3n players, where for every i € [n], there are three
players with weight w; = 16°. Network G is a parallel composition of two identical
copies of a simpler series-parallel network. We refer to these copies as G1 and Gs.
Each of G'1 and G2 is a series composition of m simple series-parallel networks Fj;,
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ll(x)=Dx/ 4

llij(x)=w ijx /w in

ln(x)=Dx /4

Figure 7.1: The series-parallel network F;; that corresponds to edge {i,j} €
A.
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Figure 7.2: An example of the network G constructed in the proof
of Theorem [7.3.1] for graph H(V,A), with V' = {1,2,3,4} and A =
{{1,2},{1,3},{1,4},{2,4}}. G is a parallel composition of two parts, each

consisting of the smaller networks Fio, Fi3, Fi4 and Fyy (see also Figure
connected in series.

each corresponding to an edge {i,j} € A. Network Fj; is depicted in Figure
where D is assumed to be a constant chosen (polynomially) large enough. An
example of the entire network G is shown in Figure
In each of G; and (9, there is a unique path that contains all edges with
latency functions ¢;(x) = Dz /4%, for each i € [n]. We refer to these paths as p¥ for
G1 and p! for G. In addition to the edges with latency £;(z), p and p! include all
Wi T Wi T

edges with latencies ¢;;(z) = = = {45, which correspond to the edges incident
iWj

to vertex ¢ in H.

Due to the choice of the player weights and the latency slopes, a player with
weight w; must choose either pj* or pﬁ in any PNE. We can prove this claim by in-
duction on the player weights. The players with weight w,, = 16™ have a dominant
strategy to choose either p¥ or pfl, since the slope of 4, (x) is significantly smaller
than the slope of any other latency ¢;(x). In fact, the slope of ¢, is so small that
even if all other 3n — 1 players choose one of p* or pl, a player with weight w,
would prefer either p® or p!, over all other paths. Therefore, we can assume that
each of p% and p!, are used by at least one player with weight w,, in any PNE,
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which would increase their latency so much that no player with smaller weight
would prefer them any more. The inductive argument applies the same reasoning
for players with weights w,_1, who should choose either p!_; or pﬁl_l in any PNE,
and subsequently, for players with weights w,,_2,...,w;. Hence, we conclude that
for all i € [n], each of p% and pl is used by at least one player with weight w;.
Moreover, we note that two players with different weights, say w; and w;, go

through the same edge with latency ¢;;(x) = — a; in G only if the corresponding

w;w
edge {i,j} is present in H. The correctness of the reduction follows the fact that
a player with weight w; aims to minimize her cost through edges with latencies
li; in G in the same way that in the MAX-CUT instance, we want to minimize
the weight of the edges incident to a vertex ¢ and do not cross the cut. Formally,
we next show that a cut S is locally optimal for the MAX-CuUT instance if and
only if the configuration where for every k € S, two players with weight wy, use pj}!
and for every k & S, two players with weight wy, use pﬁc is a PNE of the weighted
congestion game on G.

Assume an equilibrium configuration and consider a player a of weight wy, that
uses p together with another player of weight wj, (if this is not the case, vertex
k is not included in S and we apply the symmetric argument for pi) By the
equilibrium condition, the cost of player a on pj is at most her cost on pi, which
implies that

(2. 16% j (2. 16% L1167
iQDkar Z wy;(2-16 fx?lGJ) Si2D16k+ Z wy;(2 - 16 ij169)
4k 16F+3 ot 4k 16++ )

k=1 ji{k,j}eA j{kjteA

where z/ (resp. xé) is either 1 or 2 (resp. 2 or 1) depending on whether, for each
vertex j connected to vertex k in H, one or two players (of weight wj) use pj.

Simplifying the inequality above, we obtain that:

Y wgat 1)< > wyah - 1) (7.1)

jkjleA j{k.jteA

Let S = {i € V : a2} = 2}. By hypothesis, k € S and the left-hand side of
corresponds to the total weight of the edges in H that are incident to k and do
not cross the cut S. Similarly, the right-hand side of corresponds to the total
weights of the edges in H that are incident to k& and cross the cut S. Therefore,
implies that we cannot increase the value of the cut S by moving vertex k
from S to V '\ S. Since this or its symmetric condition holds for any vertex k of
H, the cut (S,V'\ S) is locally optimal. To conclude the proof, we argue along the
same lines that any locally optimal cut of H corresponds to a PNE in the weighted
congestion game on G. O
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7.4 Computing Approximate Equilibria for
Node-Max-Cut

We complement our PLS-completeness proof for NODE-MAX-CuT, with an ef-
ficient algorithm computing (1 + €)-approximate equilibria for NODE-MAX-CuT,
when the number of different vertex weights is a constant. We note that similar
results are not known (and a similar approach fails) for MAX-CUT. Investigating
if stronger approximation guarantees are possible for efficiently computable ap-
proximate equilibria for NODE-MAX-CUT is beyond the scope of this work and an
intriguing direction for further research.

Given a vertex-weighted graph G(V, E) with n vertices and m edges, our al-
gorithm, called BRIDGEGAPS, computes a (1 + ¢)3-approximate equilibrium for a
NODE-MAaX-CuT, for any € > 0, in (m/e)(n/e)?P<) time, where D, is the number
of different vertex weights in GG, when the weights are rounded down to powers of
1 4 . We next sketch the algorithm and the proof of Theorem [7.4.1]

For simplicity, we assume that n/e is an integer and that vertices are indexed
in nondecreasing order of weight, i.e., w1 < wy < --- < wy,. BRIDGEGAPS first
rounds down vertex weights to the closest power of (1 + ¢). Namely, each weight
w; is replaced by weight w] = (1 + ¢) logi+cwil - Clearly, an (1 + )2-approximate
equilibrium for the new instance G’ is an (1 + ¢)3-approximate equilibrium for the
original instance GG. The number of different weights D, used in the analysis, is
defined wrt. the new instance G'.

Then, BRIDGEGAPS partitions the vertices of G’ into groups g1, g2, . . ., so that
the vertex weights in each group increase with the index of the group and the ratio
of the maximum weight in group g; to the minimum weight in group g;41 is no less
than n/e. This can be performed by going through the vertices, in nondecreasing
order of their weights, and assign vertex ¢ + 1 to the same group as vertex 1, if
wi,/w; < nje. Otherwise, vertex i + 1 starts a new group. The idea is that for
an (1 + €)?-approximate equilibrium in G’, we only need to enforce the (1 + ¢)-
approximate equilibrium condition for each vertex ¢ only for i’s neighbors in the
highest-indexed group (that includes some neighbor of ¢). To see this, let g; be
the highest-indexed group that includes some neighbor of ¢ and let £ be the lowest
indexed neighbor of ¢ in g;. Then, the total weight of i’s neighbors in groups

g1,---,gj—1 is less than ewj. This holds because ¢ has at most n — 2 neighbors
in these groups and by definition, w; < (e/n)wj, for any i’s neighbor ¢ in groups
g1,--.,9j—1. Therefore, we can ignore all neighbors of ¢ in groups g1,...,g;—1, at

the expense of one more 1 + ¢ factor in the approximate equilibrium condition.
Since for every vertex i, we need to enforce its (approximate) equilibrium
condition only for i’s neighbors in a single group, we can scale down vertex weights
in the same group uniformly (i.e., dividing all the weights in each group by the
same factor), as long as we maintain the key property in the definition of groups
(i.e., that the ratio of the maximum weight in group g; to the minimum weight
in group gj4+1 is no less than n/e). Hence, we uniformly scale down the weights
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in each group so that (i) the minimum weight in group g; becomes 1; and (ii)
for each j > 2, the ratio of the maximum weight in group g;_1 to the minimum
weight in group g; becomes exactly n/e. This results in a new instance G” where
the minimum weight is 1 and the maximum weight is (n/e)P=. Therefore, a (1+¢)-
approximate equilibrium in G” can be computed, in a standard way, after at most
(me)(n/e)?P= e-best response moves.

Putting everything together and using ¢’ = /7, so that (1+¢’)? < 1+¢, for all
e € (0,1], we obtain the following. We note that the running time of BRIDGEGAPS
is polynomial, if D, = O(1) (and quasipolynomial if D. = poly(logn)).

Theorem 7.4.1. For any vertez-weighted graph G with n vertices and m edges and
any € > 0, BRIDGEGAPS computes a (1+¢)-approximate pure Nash equilibrium for
NODE-MAX-CUT on G in (m/e)(n/e)°P=) time, where D, denotes the number of
different vertex weights in G, after rounding them down to the nearest power of
14 €.

7.A The Proof of Theorem [7.3.1]

We will reduce from the PLS-complete problem MAX-CUT and given an in-
stance of MAX-CuT we will construct a network weighted network Congestion
Game for which the Nash equilibria will correspond to maximal solutions of MAX-
CuT and vice versa. First we give the construction and then we prove the theorem.
For the formal PLS-reduction, which needs functions ¢; and ¢s, ¢; returns the
(polynomially) constructed instance described below and ¢o will be revealed later
in the proof.

Let H(V, E) be an edge-weighted graph of a MAX-CUT instance and let n = |V|
and m = |E|. In the constructed network weighted CG instance there will be 3n
players which will share n different weights inside the set {16° : i € [n]} so that
for every i € [n] there are exactly 3 players having weight w; = 16°. All players
share a common origin-destination pair o — d and choose o — d paths on a series-
parallel graph GG. Graph G is a parallel composition of two identical copies of a
series-parallel graph. Call these copies G1 and Go. In turn, each of G1 and G is a
series composition of m different series-parallel graphs, each of which corresponds
to the m edges of H. For every {i,j} € E let F;; be the series-parallel graph that
corresponds to {7, j}. Next we describe the construction of Fj;, also shown in Fig.
L1l

F;j has 3 vertices, namely 0;;,v;; and d;; and n + 1 edges. For any k € [n]
other than ¢, j there is an 0;; — d;; edge with latency function ((z) = %, where
D serves as a big constant to be defined later. There are also two o0;; — v;; edges,

one with latency function ¢;(x) = 2;7” and one with latency function ¢;(z) = %.
Last, there is a v;; — d;; edge with latency function Zij(x) = gjjﬂi, where w;; is

the weight of edge {i,j} € E and w; and w; are the weights of players i and j,
respectively, as described earlier. Note that in every F;; and for any k € [n] the
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latency function f(z) = % appears in exactly one edge. With F;; defined, an

example of the structure of such a network G is given in Fig.

Observe that in each of G1 and G2 there is a unique path that contains all
the edges with latency functions ¢;(x), for i € [n], and call these paths p¥ and p!
for the upper (G1) and lower (G3) copy respectively. Note that each of p¥ and pi
in addition to those edges, contains some edges with latency function of the form
% These edges for path p{ or pli is in one to one correspondence to the edges
of vertex 7 in H and this is crucial for the proof.

We go on to prove the correspondence of Nash equilibria in G to maximal cuts
in H, i.e., solutions of MAX-CuT. We will first show that at a Nash equilibrium,
a player of weight w; chooses either pi or pé. Additionally, we prove that p}
and pé will have at least one player (of weight w;). This already provides a good
structure of a Nash equilibrium and players of different weights, say w; and wyj,
may go through the same edge in G (the edge with latency function w;jz/w;w;)
only if {i,j} € E. The correctness of the reduction lies in the fact that players
in G try to minimize their costs incurred by these type of edges in the same way
one wants to minimize the sum of the weights of the edges in each side of the cut
when solving MAX-CUT.

To begin with, we will prove that at equilibrium any player of weight w; chooses
either p{ or pé and at least one such player chooses each of p{ and pﬁ. For that,
we will need the following proposition as a building block, which will also reveal a
suitable value for D.

Proposition 7.A.1. For some i,j € [n] consider F;; (Fig. and assume that
for all k € [n], there are either one, two or three players of weight wy, that have to
choose an 0;; — d;; path. At equilibrium, all players of weight wy, (for any k € [n])
will go through the path that contains a edge with latency function fi(z).

Proof. The proof is by induction on the different weights starting from bigger
weights. For any k € [n] call e; the edge of F;; with latency function ¢;(z) and
call e;; the edge with latency function ;UZZH Q; For some k € [n] assume that for all
[ > k all players of weight w; have chosen the path containing e¢; and lets prove
that this is the case for players of weight wy as well. Since D is going to be big
enough, for the moment ignore edge e;; and assume that in Fj; there are only n
parallel paths each consisting of a single edge.

Let the players be at equilibrium and consider any player, say player K, of
weight wy. The cost she computes on ey is upper bounded by the cost of e if all
players with weight up to wy are on ey, since by induction players with weight > wy,

ey . . k _ DBXF,16Y)
are not on ey, at equilibrium. This cost is upper bounded by ¢ = ——=F— =
3D 16kt
16—1
94k

For any edge ¢; for | < k, the cost that K computes is lower bounded by

cS = f,}?f since she must include herself in the load of e; and the edge with the
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smallest slope in its latency function is e;_1. But then ¢f < ¢<, since

3D =L pgk

k <
cr<ct = 1k 1

<48 -16F — 3 < 60 - 16F

Thus, at equilibrium players of weight wj cannot be on any of the ¢;’s for all

[ < k. On the other hand, the cost that K computes for e; for [ > k is at least
> _ D(16'416F)
o ==
weight w;. But then ¢* < ¢;” since

, since by induction e; is already chosen by at least one player of

4k < 4l <
16" + 16"
k
48 - 16F — 3 < 15W
48 - 4F16F < 15. 16! = 15 - 4t -F4l=F16F

Thus, at equilibrium players of weight wj cannot be on any of the ¢;’s for all [ > k.
This completes the induction for the simplified case where we ignored the
existence of e;;, but lets go on to include it and define D so that the same analysis

3pleFti-1
goes through. By the above, ¢< — & = Z},ﬁf - 7+—— > D and also for any
. peh) 3D o o
> kitis ¢ — = D(lﬁjlﬁ ) _ 1+—— > D (this difference is minimized
for i = k +1). On the other hand the maximum cost that edge e;; may have is
.. .. n l
bounded above by ¢V = 1‘”]3’5;%16, as e;; can be chosen by at most all of the
iWj

players and note that ¢ < 167*! maxg re[n] Wer- 1Thus, one can choose a big value
for D, namely D = 16"+! maxg ,e[n] Wqr, SO that even if a player with weight wy,
has to add the cost of e;; when computing her path cost, it still is 4k < <
(since c< —c* > D > ¢i;) and for all [ > k: ¢ +cF < ¢ (since ¢f —c¥ > D > ),
implying that at equilibrium all players of weight w; may only choose the path
through ey,. O

Other than revealing a value for D, the proof of Porposition reveals a
crucial property: a player of weight wy, in Fj; strictly prefers the path containing ey,
to the path containing e; for any | < k, independent to whether players of weight
> wy, are present in the game or not. With this in mind we go back to prove that
at equilibrium any player of weight w; chooses either p}' or pé and at least one such
player chooses each of p¥ and p!. The proof is by induction, starting from bigger
weights.

Assume that by the inductive hypothesis for every ¢ > k, players with weights
w; have chosen paths p}' or pé and at least one such player chooses each of pj
and pﬁ. Consider a player of weight wy, and, wlog, let her have chosen an o — d
path through ;. Since at least one player for every bigger weight is by induction
already in the paths of G (each in her corresponding p), Proposition and
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the remark after its proof give that in each of the Fj;’s the player of weight wy, has
chosen the subpath of pj, and this may happen only if her chosen path is pj. It
remains to show that there is another player of weight wy that goes through Gs,
which, with an argument similar to the previous one, is equivalent to this player
choosing path pf,g.

To reach a contradiction, let pj be chosen by all three players of weight wy,
which leaves ]of,C empty. Since all players of bigger weights are by induction settled
in paths completely disjoint to p%, the load on this path if we include a player of
weight wy is upper bounded by the sum of all players of weight < w; plus wy,
ie., 168 +3 Zf:_ll 16t = 16* + 311();__11, which is less than the lower bound on the
load of pj, i.e., 3- 16" (since pj, carries 3 players of weight 16%). This already is
a contradiction to the equilibrium property, since p;! and pﬁﬁ share the exact same
latency functions on their edges which, given the above inequality on the loads,
makes p; more costly than pﬁc for a player of weight wg. To summarize, we have
the following.

Proposition 7.A.2. At equilibrium, for everyi € [n] a player of weight w; chooses
either pi' or pé. Additionally, each of p} and pé have been chosen by at least one
player (of weight w;).

Finally, we prove that every equilibrium of the constructed instance corre-
sponds to a maximal solution of MAX-CuUT and vice versa. Given a maximal
solution S of MAX-CuUT we will show that the configuration @) that for every
k € S routes 2 players through pj and 1 player through pf,€ and for every k € V'\ S
routes 1 player through py and 2 players through pﬁﬁ is an equilibrium. Conversely,
given an equilibrium @ the cut S = {k € V : 2 players have chosen p{ at Q} is a
maximal solution of MAX-CuUT.

Assume that we are at equilibrium and consider a player of weight wy, that has
chosen p}' and wlog p}! is chosen by two players (of weight wy,). By the equilibrium
conditions the cost she computes for pj! is at most the cost she computes for pﬁg,
which, given Proposition [7.A.2] implies

216" 4 24167 2-16" + 2%167)

m m
2D16* wi; ( ) 2D16* W (
DTt 2 e S T TG
i=1 {kj}€E i=1 {k.jteE

where x¥ (resp. a:é) is either 1 or 2 (resp. 2 or 1) depending whether, for any
j:{k,j} € E, one or two players (of weight w;) respectively have chosen path pj.

By canceling out terms, the above implies

Z Wiz < Z wij§-<:> Z wig(zf —1) < Z wkj($§-—1) (7.2)

{k,j}eE {k,j}€E {k,j}€E {k.j}cE

Define S = {i € V : 2} = 2}. By our assumption it is k¥ € S and the left
side of || ie., Z{k,j}eE wkj(xqj‘ — 1), is the sum of the weights of the edges
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of H with one of its vertices being k and the other belonging in S. Similarly,
the right side of of , Le, Ytk jter wkj(xé- — 1) is the sum of the weights of
the edges with one of its vertices being k and the other belonging in V'\ S. But
then directly implies that for the (neighboring) cut S’ where k goes from
S to V'\ S it holds w(S) > w(S’). Since k was arbitrary (given the symmetry
of the problem), this holds for every k € [n] and thus for every S’ € N(S) it is
w(S) > w(S") proving one direction of the claim. Observing that the argument
works backwards we complete the proof. For the formal proof, to define function
¢2, given the constructed instance and one of its solutions, say s’, ¢ returns
solution s = {k € V : 2 players have chosen p}* at s'}. O

7.B Missing Technical Details from the Anal-
ysis of BridgeGaps

In this section, we present an algorithm that computes approximate equilib-
ria for NODE-MAX-CuUT. Let G(V, E) be vertex-weighted graph with n vertices
and m edges, and consider any € > 0. The algorithm, called BRIDGEGAPS and
formally presented in Algorithm @ returns a (1 + €)3-approximate equilibrium
(Lemma for G in time O(2[21?P¢) (Lemma , where D, is the num-
ber of different rounded weights, i.e., the weights produced by rounding down each
of the original weights to its closest power of (1+¢). To get a (1 + ¢)-approximate
equilibrium, for € < 1, it suffices to run the algorithm with ¢’ = =
Description of the Algorithm. BRIDGEGAPS first creates an instance G’ with
weights rounded down to their closest power of (1 + ¢), i.e., weight wj; is replaced
by weight w] = (1 + &)l°81+< i) in G’ and then computes a (1 + ¢)?-approximate
equilibrium for G’. Observe that any (1 + ¢)?-approximate equilibrium for G’ is a
(1 + ¢)3-approximate equilibrium for G, since

Z w; < (1+¢) Z wi < (1+4¢)? Z wi < (14¢)? Z wj,

JEViisi=s; JEViis;=s; JEV;:si#s; JEV;:8i#5;

where V; denotes the set of vertices that share an edge with vertex ¢, with the first
and third inequalities following from the rounding and the second one following
from the equilibrium condition for G’.

To compute a (1 + ¢)?-approximate equilibrium, BRIDGEGAPS first sorts the
vertices in increasing weight order and note that, wlog, we may assume that w} = 1,
as we may simply divide all weights by w]. Then, it groups the vertices so that the
fraction of the weights of consecutive vertices in the same group is bounded above
by [n/e], i.e., for any i, vertices ¢ and i + 1 belong in the same group if and only

if w;—fl < [%]. This way, groups g; are formed on which we assume an increasing
order, i.e., for any j, the vertices in g; have smaller weights than those in g;41.
The next step is to bring the groups closer together using the following process

which will generate weights w/’. For all j, all the weights of vertices on heavier
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: s _1 wiy witt/d;
groups, i.e., groups g;+1, gj+2, - - -, are divided by d; = /el w; aw S0 that —ma— =

. J
[2], where w}}' is the smallest weight in g;1 and wj*® is the biggest weight in

gj. For vertex 4, let the resulting weight be w/, i.e., w = ng;i 7;» Where I; contains
the indexes of groups below i’s group, and keep the increasing order on the vertex
weights. Observe that by the above process for any i: %/Zr,l < [%], either because i
and ¢+ 1 are in the same group or because the groups are brogght closer together.

Wiy1

Additionally if ¢ and i + 1 belong in different groups then wr = [2], implying

1

that for vertices 4,7 in different groups with w} > wf it is ;UU% > [2]. Thus, if we

let D, be the number of different weights in G’, i.e., D, = |{{U; ;1 vertex of G'},

. . . w// w”7 w”
then the maximum weight w! is w/! = —yn——n=1 22 < [2]D:
Wp—1 Wn_2 wy €

In a last step, using the w” weights, BRIDGEGAPS starts from an arbitrary
configuration (a 0-1 vector) and lets the vertices play e-best response moves, i.e.,
as long as there is an index i of the vector violating the (1 + ¢)-approximate
equilibrium condition, BRIDGEGAPS flips its bit. When there is no such index
BRIDGEGAPS ends and returns the resulting configuration.

Lemma 7.B.1. For any ¢ > 0, BRIDGEGAPS terminates in time O(Z[2]2P¢)

Proof. We are going to show the claimed bound for the last step of BRIDGEGAPS
since all previous steps can be (naively) implemented to end in O(n?) time.
The proof relies on a potential function argument. For any § € {0,1}", let

(ID(E’):%Z Z w; W

1% jEViZSi:S]'

Since for the maximum weight w], it is w), < [2]P= it follows that ®(5) <
m[2] 2P= On the other hand whenever an e-best response move is made by
BRIDGEGAPS producing 5’ from some §, ® decreases by at least ¢, i.e., ®(5) —
®(5") > e. This is because, if 7 is the index flipping bit from § to §’, then by the
violation of the (1 4 ¢)-equilibrium condition

1 " " " ", 1" ", 1"
w; E wi > w; (1+e¢) E w; = E w; w5 — E w;w; > €,

jEV;:s8i=5; JEV;:si#s; JjEV;:si=s; jeVi;s’.zs;

: ", .1
since Zjevi:s;:s; wiwj > 1, and

AN n, 1 ", 1
O(3) —d(5") = g w; wi — g w; w; > €.
JEViisi=s; jGVi:sgzs;

m[ 212Dz

Consequently, the last step of the algorithm will do at most = e-best response
moves. O
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Mechanism 9: BRIDGEGAPS, computing (1 + €)3-approximate equilibria

Input: A NODE-MAX-CUT instance G(V, E') with n vertices and weights
{wi}iepn) sorted increasingly with wy = 1, and an € > 0.

Output: A vector §€ {0, 1}" partitioning the vertices in two sets.

1 for i € [n] do w; := (1 + ¢)log1+ewil
groups:= 1;
insert w; into ggroups; ; // Assign the weights into groups
{gj }jE [groups]
for i € {2,...,n} do
if 7~ > [2] then groups+-;
| insert w; into gyroups;

for j € {2,...,groups} do

wgnm := minimum weight of group g;; ; // Bring the groups [Z]

close
wi™4 ;= maximum weight of group g;_1;
wmin
d: = L i+l
- max
J [n/e] w

B for w; € gi U...Uggroup do w; := w,-/dj;

4 §= an arbitrary {0, 1}" vector;
For all ¢, let V; = {j : {i,7} € E} be the neighborhood of i in G;

while Ji: ey oo wi > (146) 3 ey, Wi doO
t si =1 —5;3; // Moves towards equilibrium

return s.

Lemma 7.B.2. For any vertex-weight graph G and any € > 0, BRIDGEGAPS
returns a (14 ¢)3-approzimate equilibrium for NODE-MAX-CUT in G.

Proof. Clearly, BRIDGEGAPS terminates with a vector §that is a (14¢)-approximate
equilibrium for the instance with the w” weights. It suffices to show that 5 is a
(1 + €)?-approximate equilibrium for G’, i.e., the instance with the w’ weights,
since this will directly imply that 5'is a (1 +¢)3-approximate equilibrium for G, as
already discussed at the beginning of the description of the algorithm.

Consider any index i and let V;* be the neighbors of i that belong in the
heaviest group among the neighbors of i. By the (1 + ¢)-approximate equilibrium
condition it is

Z wy + Z wi < (1+¢)( Z wy + Z wf). (7.3)

JEVi\V/is;=s; JEV s =s; JEVI\V/isi#s; JEVisi#s;

Recalling that for every j, w;-’ where I; contains the indexes of groups

W
T Uger;di?
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below j’s group, and letting D = llgey;dy, for a j € V;h, gives

Z w; + Z w;- < D( Z w;" + Z w;-') (7.4)

JEVI\Vtis;=s,; JEVIisi=s; JEVi\V/is;=s; JEVisi=s;

On the other hand for any j and 7, if j' belongs in a group lighter than j then

. w .
by construction —# > 2 (recall the way the groups were brought closer), which

7'/

gives nw}, < ewy, yielding

Z wy + Z wi < (1+¢) Z wy (7.5)

JEVI\Visi#s; JEVisi#s; JjeVisi#s;

Using equations 1) 1D and |D in this order, and that D . yn. sits; wf =

/
jeVsits; Wi S 2 jeViisits; Wi» We get

JjEViisi=s; JEViisi#s;j
as needed. O

Remark 7.B.3. We observe the following trade off: we can get a (1 + €)2-
approximate equilibrium if we skip the rounding step at the beginning of the al-
gorithm but then the number of different weights D. and thus the running time of
the algorithm may increase. Also, if A is the mazimum degree among the vertices
of G, then replacing = with % in the algorithm and following a similar analysis
gives O("% (%PDE) running time.
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