
National Technical University of
Athens

School of Electrical and Computer Engineering

Computer Science Division

Doctoral Thesis

Byzantine Fault Tolerance in Autonomous

Robots Evacuation Problems

Author:
Ioannis Papaioannou

Advisor:
Aris Pagourtzis

Computation and Reasoning Laboratory

Athens, June 2024

http://www.ntua.gr/
http://www.ntua.gr/
http://www.ece.ntua.gr/
http://www.ece.ntua.gr/
http://users.softlab.ntua.gr/~pagour/
http://www.corelab.ece.ntua.gr




ΕΘΝΙΚΟ ΜΕΤΣΟΒΙΟ ΠΟΛΥΤΕΧΝΕΙΟ
ΣΧΟΛΗ ΗΛΕΚΤΡΟΛΟΓΩΝ ΜΗΧΑΝΙΚΩΝ ΚΑΙ
ΜΗΧΑΝΙΚΩΝ ΥΠΟΛΟΓΙΣΤΩΝ
Τομέας Τεχνολογίας Πληροφορικής και Υπολογιστών
Εργαστήριο Λογικής και Επιστήμης Υπολογισμών

Ανοχή Βυζαντινών Σφαλμάτων σε Προβλήματα Διαφυγής
Αυτόνομων Ρομπότ

Διδακτορική Διατριβή του Ιωάννη Παπαϊωάννου

Τριμελής Συμβουλευτική Επιτροπή: Αριστείδης Παγουρτζής (επιβλέπων)
Παναγιώτης Τσανάκας
Δημήτριος Φωτάκης

Εγκρίθηκε από την Επταμελή Εξεταστική Επιτροπή την 6η Ιουνίου 2024

Αριστείδης Παγουρτζής Παναγιώτης Τσανάκας Δημήτριος Φωτάκης

Καθηγητής ΕΜΠ Καθηγητής ΕΜΠ Καθηγητής ΕΜΠ

Κωνσταντίνος Γεωργίου Ευριπίδης Μάρκου Νικόλαος Λεονάρδος

Αν. Καθηγητής Αν. Καθηγητής Επ. Καθηγητής ΕΜΠ

Toronto Metropolitan
University

Πανεπιστήμιο Θεσσαλίας

Ευάγγελος Κρανάκης

Καθηγητής

Carleton University

Αθήνα, Ιούνιος 2024



Ιωάννης Ν. Παπαϊωάννου

Διδάκτωρ Ηλεκτρολόγος Μηχανικός και Μηχανικός Υπολογιστών Ε.Μ.Π.

© 2024 Εθνικό Μετσόβιο Πολυτεχνείο
Με επιφύλαξη παντός δικαιώματος. All rights reserved.

Απαγορεύεται η αντιγραφή, αποθήκευση και διανομή της παρούσας εργασίας, εξ ολοκλήρου ή
τμήματος αυτής, για εμπορικό σκοπό. Επιτρέπεται η ανατύπωση, αποθήκευση και διανομή για σκοπό
μη κερδοσκοπικό, εκπαιδευτικής ή ερευνητικής φύσης, υπό την προϋπόθεση να αναφέρεται η πηγή
προέλευσης και να διατηρείται το παρόν μήνυμα. Ερωτήματα που αφορούν τη χρήση της εργασίας
για κερδοσκοπικό σκοπό πρέπει να απευθύνονται προς τον συγγραφέα.

Οι απόψεις και τα συμπεράσματα που περιέχονται σε αυτό το έγγραφο εκφράζουν τον συγγραφέα
και δεν πρέπει να ερμηνευθεί ότι αντιπροσωπεύουν τις επίσημες θέσεις του Εθνικού Μετσόβιου
Πολυτεχνείου.



στους γονείς µου





Περίληψη

Σε αυτή τη διατριβή µελετάµε προβλήµατα αναζήτησης και διαφυγής

αυτόνοµων ϱοµπότ, δηλαδή καταστάσεις όπου µια οµάδα ϱοµπότ πρέπει

να ϐρει έναν ή περισσότερους στόχους που ϐρίσκονται σε άγνωστα ση-

µεία µιας περιοχής. Στην περίπτωση που µας ενδιαφέρει, ο στόχος είναι

µια έξοδος και ο στόχος των ϱοµπότ είναι είτε να να εντοπίσουν την έξο-

δο (πρόβληµα αναζήτησης) ή να εγκαταλείψουν την περιοχή (πρόβληµα

διαφυγής) όσο το δυνατόν γρηγορότερα. Στην µελέτη αυτή, εξετάζουµε

την (n, f )-αναζήτηση και την (n, f )-διαφυγή από έναν κύκλο, όπου n
ϱοµπότ συνεργάζονται για να να εντοπίσουν την έξοδο ή να διαφύγουν

µέσω της εξόδου και f από αυτά µπορεί να εµφανίσουν σφάλµατα. Για

την ανάλυση της χειρότερης περίπτωσης των αλγορίθµων µας, ϑεωρο-

ύµε έναν αντίπαλο που επιλέγει τη ϑέση της εξόδου και τη συµπεριφορά

των εσφαλµένων ϱοµπότ (τις τροχιές τους καθώς και τα µηνύµατα που

ϑα µεταδώσουν) µε στόχο την µεγιστοποίηση του χρόνου αναζήτησης

και ολοκλήρωσης της διαφυγής. Ο αντίπαλος επιλέγει επίσης ποια

ϱοµπότ ϑα εµφανίσουν σφάλµατα. ∆ιερευνώνται δύο διαφορετικά µο-

ντέλα επικοινωνίας για τη διευκόλυνση των αλληλεπιδράσεων µεταξύ

των ϱοµπότ: το ασύρµατο µοντέλο όπου τα ϱοµπότ µπορούν να επικοι-

νωνούν άµεσα ανεξαρτήτως απόστασης και το µοντέλο Face-to-Face που

απαιτεί από τα ϱοµπότ να συναντηθούν ταυτόχρονα στην ίδια τοποθε-

σία προκειµένου να ανταλλάξουν πληροφορίες. Παρέχουµε ϐέλτιστους

αλγορίθµους για την (n, f )-αναζήτηση σε έναν κύκλο αντιµετωπίζοντας

σενάρια που περιλαµβάνουν f σφάλµατα συντριβής ή ένα Βυζαντινό

σφάλµα. Επεκτείνουµε τη συζήτηση στην διαφυγή από κύκλο υπό ένα

και δύο Βυζαντινά σφάλµατα και υπό f Βυζαντινά σφάλµατα παρουσι-

άζοντας λεπτοµερείς αλγορίθµους και πραγµατοποιώντας µια εις ϐάθος

ανάλυση των χρονικών τους απαιτήσεων.

Λέξεις κλειδιά: Αναζήτηση, ∆ιαφυγή, Αυτόνοµα Ροµπότ, Ανοχή σε

Σφάλµατα, Σφάλµατα Συντριβής, Βυζαντινά Σφάλµατα, Ασύρµατη Επι-

κοινωνία, Μη Ασύρµατη Επικοινωνία, Κύκλος.





Abstract

This thesis studies search and evacuation problems involving au-

tonomous robots tasked with locating and reaching an exit positioned

at an undisclosed point within a specified territory. The primary fo-

cus is on the (n, f )-search and (n, f )-evacuation from a unit circle,

where n robots operate collectively to discover or evacuate from an

exit, despite the presence of up to f potentially faulty units. The

problems are framed to challenge the robots against an adversarial

setting that strategically places the exit and manipulates the faulty

robots’ actions — ranging from their movement trajectories to the dis-

semination of misleading information —to maximize the time required

to complete the search or evacuation.

Two models of communication among the robots are considered: the

wireless model, which allows instantaneous communication irrespec-

tive of distance, and the face-to-face model, which necessitates phys-

ical proximity for information exchange. This study develops optimal

algorithms for the (n, f )-search on a circle with scenarios involving

f crash faults or a single Byzantine fault, extending to algorithms

for complex evacuation scenarios under multiple Byzantine faults.

These algorithms are analyzed and lower and upper bounds are pro-

vided, particularly focusing on the worst-case completion time that

is impacted by the adversarial control of faults.

Keywords: Search; Evacuation; Autonomous Robots; Fault Tol-

erance; Crash Faults; Byzantine Faults; Wireless Communication;

Face-to-Face Communication; Circle.
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Extended Abstract (in Greek)

Εισαγωγή

Σε έναν όλο και πιο αυτοµατοποιηµένο κόσµο η ανάπτυξη αυτόνοµων

ϱοµποτικών συστηµάτων σε επιχειρήσεις έρευνας και διάσωσης, επι-

τήρησης και εξερεύνησης γίνεται όλο και πιο διαδεδοµένη. Τα συ-

στήµατα αυτά προσφέρουν σηµαντικά πλεονεκτήµατα σε περιβάλλοντα

που είναι είτε πολύ επικίνδυνα είτε απρόσιτα για τους ανθρώπους. Τα

παραδείγµατα περιλαµβάνουν περιοχές που πλήττονται από καταστρο-

ϕές, εξερευνήσεις σε µεγάλα ϑαλάσσια ϐάθη ή στο διάστηµα καθώς και

πολύπλοκα αστικά περιβάλλοντα. Τα αυτόνοµα ϱοµπότ µπορούν να ε-

κτελούν καθήκοντα όπως ο εντοπισµός επιζώντων σε συντρίµµια, ο εντο-

πισµός εξόδων σε ϕλεγόµενα κτίρια ή η εξερεύνηση άγνωστων περιοχών

σε άλλους πλανήτες. Αυτά τα σενάρια συχνά περιλαµβάνουν κρίσιµες

αποστολές όπου η ταχύτητα εντοπισµού ενός στόχου συσχετίζεται άµεσα

µε την επιτυχία της επιχείρησης, είτε για τη διάσωση Ϲωών και την άµε-

ση διαφυγή από µια επικίνδυνη περιοχή είτε για την αποτελεσµατική

συλλογή δεδοµένων.

Η µελέτη των προβληµάτων αναζήτησης και διαφυγής αντιµετωπίζει αυ-

τές τις προκλήσεις µε την ανάπτυξη αλγορίθµων, που ελαχιστοποιούν

το χρόνο που απαιτείται για µια οµάδα ϱοµπότ να εντοπίσει και να

προσεγγίσει συγκεκριµένους στόχους (ή εξόδους). Η πολυπλοκότητα

αυτών των προβληµάτων µεγεθύνεται από διάφορους ϱεαλιστικούς πε-

ϱιορισµούς : τα ϱοµπότ µπορεί να έχουν περιορισµένες δυνατότητες

επικοινωνίας (σε ένα περιορισµένο ή ιδιαίτερα πυκνά δοµηµένο περι-

ϐάλλον, π.χ. σε µια σήραγγα), µπορεί να αντιµετωπίσουν σφάλµατα

και πρέπει να µπορούν να λειτουργούν σε άγνωστα ή δυναµικά µετα-

ϐαλλόµενα περιβάλλοντα. Η κατανόηση του τρόπου σχεδιασµού αποτε-

λεσµατικών αλγορίθµων υπό τέτοιες συνθήκες είναι Ϲωτικής σηµασίας

για την ενίσχυση της αξιοπιστίας και της αποτελεσµατικότητας των αυ-

τόνοµων ϱοµποτικών συστηµάτων σε απρόβλεπτα και συχνά επικίνδυνα

περιβάλλοντα.

Μια εκτενώς µελετηµένη οικογένεια προβληµάτων σε αυτήν την επιστη-

µονική περιοχή αφορά καταστάσεις όπου µια οµάδα ϱοµπότ πρέπει
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να ϐρει έναν ή περισσότερους στόχους που ϐρίσκονται σε άγνωστα ση-

µεία µιας περιοχής. Το πρόβληµα ϑεωρείται ιδιαίτερα σηµαντικό στη

ϱοµποτική και στην επιστήµη των υπολογιστών ενώ τις τελευταίες δε-

καετίες έχουν διατυπωθεί αρκετά αλγοριθµικά αποτελέσµατα. Σε µια

ενδιαφέρουσα περίπτωση ο στόχος είναι µια έξοδος και ο σκοπός των

ϱοµπότ είναι είτε να εντοπίσουν την έξοδο (πρόβληµα αναζήτησης) είτε

να εγκαταλείψουν την περιοχή µέσω της εξόδου (πρόβληµα διαφυγής),

όσο το δυνατόν γρηγορότερα.

Θέση και κίνηση των ϱοµπότ

Στην εργασία µας ϑεωρούµε ένα σύνολο από n ϱοµπότ (συχνά αναφε-

ϱόµαστε σε αυτά ως πράκτορες) που συµβολίζονται ως a0, a1, . . . , an−1, f
εκ των οποίων είναι ελαττωµατικά, όλα αρχικά τοποθετηµένα στο κέντρο

ενός κύκλου µοναδιαίας ακτίνας. Η έξοδος ϐρίσκεται στον µοναδια-
ίο κύκλο, που είναι η περιφέρεια του δίσκου. Τα ϱοµπότ έχουν την

ικανότητα να αντιλαµβάνονται την περίµετρο του δίσκου και να εντο-

πίζουν την έξοδο αν τύχει να ϐρεθούν στην ϑέση της. Στους αλγορίθ-

µους µας όλοι οι µη εσφαλµένοι (honest) πράκτορες κινούνται µε τη

µέγιστη ταχύτητα 1, εποµένως σε κάθε χρονική στιγµή, όλοι οι πράκτο-

ϱες γνωρίζουν τη ϑέση κάθε πράκτορα που ακολουθεί το πρωτόκολλο.

Υποθέτουµε ότι τα ϱοµπότ είναι εξοπλισµένα µε αισθητήρες για την α-

κριβή µέτρηση της απόστασης κατά τη διάρκεια της κίνησης. ΄Εστω ότι

το θ := 2π/n αντιπροσωπεύει µια γωνία και κάθε ϱοµπότ ak κινείται

κατά µήκος µιας ακτίνας προς το σηµείο kθ στην περίµετρο του µονα-

διαίου κύκλου. Το τόξο [kθ, (k + 1)θ) ορίζεται ως τοµέας Sk. Μετά από

1 χρονική µονάδα, το ϱοµπότ ak τοποθετείται στην αρχή του τοµέα Sk,
ολοκληρώνοντας την αναζήτηση εντός αυτού του τοµέα σε χρόνο 1 + θ
ενώ κινείται αριστερόστροφα (ccw). Συχνά αναφερόµαστε στο χρόνο θ,

το χρόνο δηλαδή που χρειάζεται ένα ϱοµπότ για να ψάξει πλήρως έναν

τοµέα ως γύρο (round).

Υποθέτουµε καθ΄ όλη τη διάρκεια της εκτέλεσης των αλγορίθµων ότι

κάθε ϕορά που ένας µη εσφαλµένος πράκτορας ϐρίσκει την έξοδο, το

ανακοινώνει και κάθε ϕορά που αντιλαµβάνεται ότι η ανακοίνωση ενός

άλλου πράκτορα είναι εσφαλµένη, ανακοινώνει την διαφωνία του σε

όλους.

Μοντέλα επικοινωνίας

Σε αυτή την εργασία διερευνώνται δύο διαφορετικά µοντέλα επικοινω-

νίας για τη διευκόλυνση των αλληλεπιδράσεων µεταξύ των ϱοµπότ:
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• Μοντέλο ασύρµατης επικοινωνίας (Wireless): Στο µοντέλο α-

σύρµατης επικοινωνίας τα ϱοµπότ µπορούν να επικοινωνούν άµε-

σα ανεξαρτήτως απόστασης. Τα µηνύµατα που ανταλλάσσονται

µεταξύ των ϱοµπότ µεταφέρουν διάφορες πληροφορίες, όπως το-

ποθεσία, ανακάλυψη εξόδου, διανυθείσες αποστάσεις κ.α. Κάθε

µήνυµα έχει ένα µοναδικό αναγνωριστικό αποστολέα (ID) που πα-

ϱαµένει αµετάβλητο. Αναλύοντας αυτά τα µηνύµατα, τα ϱοµπότ

µπορούν να προσδιορίσουν τις σχετικές τους ϑέσεις.

• Μοντέλο µη ασύρµατης επικοινωνίας (Face-to-Face): Γνω-

στό και ως τοπικό µοντέλο, αυτό το µοντέλο επικοινωνίας απαιτεί

από τα ϱοµπότ να ϐρίσκονται ϕυσικά στην ίδια τοποθεσία την ίδια

χρονική στιγµή, προκειµένου να ανταλλάξουν πληροφορίες.

∆ύο άλλα µοντέλα επικοινωνίας που χρησιµοποιούνται ευρέως στην ε-

ξερεύνηση γραφηµάτων είναι το µοντέλο ϐότσαλο (pebble) και το µο-

ντέλο πίνακας (whiteboard). Στο µοντέλο pebble τα ϱοµπότ είναι

εξοπλισµένα µε ένα ή περισσότερα ϐότσαλα, κινητά αντικείµενα που

προσδιορίζουν µοναδικά έναν κόµβο ή µια ακµή και περιέχουν ένα

µόνο bit πληροφορίας. Τα ϱοµπότ χρησιµοποιούν τα ϐότσαλα ως συ-

σκευές επικοινωνίας προκειµένου να εξερευνήσουν το γράφηµα [18,

53, 49, 19]. Για την εξερεύνηση γραφηµάτων µε ϱοµπότ χωρίς µνήµη

εφαρµόζεται το µοντέλο επικοινωνίας του πίνακα. Οι πίνακες οι οποίοι

µπορεί να είναι κινητά ή ακίνητα αντικείµενα, έχουν επαρκή µνήµη για

την ανταλλαγή πληροφοριών µεταξύ των ϱοµπότ [52, 25, 44, 51].

Σφάλµατα

Στη εργασία αυτή λαµβάνουµε υπόψη δύο τύπους ελαττωµατικών συ-

µπεριφορών που παρουσιάζουν τα ϱοµπότ:

• Σφάλµα συντριβής (Crash Fault): ΄Ενα ϱοµπότ που αντιµε-

τωπίζει σφάλµα συντριβής σταµατάει απότοµα τη λειτουργία του.

∆εν µετακινείται άλλο και σταµατά οποιαδήποτε επικοινωνία.

• Βυζαντινό σφάλµα (Byzantine Fault): ΄Ενα ϱοµπότ που εµφα-

νίζει Βυζαντινό σφάλµα επιδίδεται σε κακόβουλες δραστηριότητες,

συµπεριλαµβανοµένων της σκόπιµης αλλαγής της τροχιάς του και

της χειραγώγησης πληροφοριών για να µπερδέψει τα µη εσφαλ-

µένα ϱοµπότ. Επιπλέον, ένα ϱοµπότ µε Βυζαντινό σφάλµα µπορεί

να µιµηθεί τη συµπεριφορά ενός ϱοµπότ µε σφάλµα συντριβής.
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Αντίπαλος

Για την ανάλυση της χειρότερης περίπτωσης των αλγορίθµων µας ϑεω-

ϱούµε έναν αντίπαλο (adversary) που επιλέγει τη ϑέση της εξόδου και

τη συµπεριφορά των κακόβουλων ϱοµπότ (τις τροχιές του καθώς και τα

µηνύµατα που ϑα µεταδώσουν) ώστε να µεγιστοποιήσει τον προκύπτο-

ντα χρόνο αναζήτησης και ολοκλήρωσης της διαφυγής. Ο αντίπαλος

επιλέγει επίσης ποια ϱοµπότ είναι εσφαλµένα.

Προβλήµατα Αναζήτησης και ∆ιαφυγής

Στο πλαίσιο του προβλήµατος (n, f )-διαφυγής σε κύκλο µε µοναδια-

ία ακτίνα ορίζονται δύο προβλήµατα, λαµβάνοντας υπόψη συνολικά n
ϱοµπότ, µε f από αυτά να είναι δυνητικά εσφαλµένα:

• Πρόβληµα αναζήτησης

Στην περίπτωση ενός συνόλου n ϱοµπότ, µε f από αυτά να είναι

εσφαλµένα, εισάγουµε τον συµβολισµό S(n, f ) για να δηλώσουµε

τον χρόνο που απαιτείται για την επιτυχή επίλυση του προβλήµα-

τος αναζήτησης. Αυτό αντιπροσωπεύει τη διάρκεια που χρειάζεται

για τα µη εσφαλµένα ϱοµπότ να ϕτάσουν στην έξοδο και να δια-

σφαλίσουν ότι όλα τα µη εσφαλµένα ϱοµπότ διαθέτουν αδιαµφι-

σβήτητη γνώση της ϑέσης της εξόδου. Αυτή η συνεργατική προ-

σπάθεια των ϱοµπότ να εντοπίσουν και να καθορίσουν την ακριβή

ϑέση της εξόδου αναφέρεται συνήθως ως οµαδική αναζήτηση.

• Πρόβληµα διαφυγής

Συµβολίζεται ως E(n, f ) περιλαµβάνει n ϱοµπότ, συµπεριλαµβα-

νοµένων των f εσφαλµένων, και αποσκοπεί στον προσδιορισµό του

χρόνου που απαιτείται για µια επιτυχή διαφυγή στην οποία ένα

µη ελαττωµατικό ϱοµπότ ανακαλύπτει την έξοδο και όλα τα µη

ελαττωµατικά ϱοµπότ πρέπει να ϕτάσουν µε ασφάλεια στη ϑέση

της εξόδου. Είναι σηµαντικό να σηµειωθεί ότι ο χρόνος διαφυγής

E(n, f ) είναι εγγενώς µεγαλύτερος ή ίσος µε το χρόνο που απαιτε-

ίται για την εύρεση της εξόδου S(n, f ), καθώς η εύρεση της εξόδου

αποτελεί προϋπόθεση για την επιτυχή διαφυγή.
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Βιβλιογραφική Ανασκόπηση

Τα προβλήµατα που παρουσιάσαµε παραπάνω ξεκίνησαν να µελετώνται

αρχικά σε περιβάλλον ευθείας. Το πρόβληµα της αναζήτησης γραµ-

µής, το οποίο επικεντρώνεται σε έναν µεµονωµένο κινητό πράκτορα,

που αναζητά µια άγνωστη έξοδο σε µια ευθεία, έχει µελετηθεί εκτενώς

στη ϐιβλιογραφία. Οι πρωτοποριακές εργασίες των Beck και Bellman

[11, 17], Baeza-Yates et al. [6], έχουν ϑέσει τις ϐάσεις της έρευνας

διερευνώντας τόσο στοχαστικά όσο και ντετερµινιστικά περιβάλλοντα.

Αξιοσηµείωτες είναι οι συνεισφορές των Ahlswede και Wegener [2],

Alpern και Gal [5], Stone [84], που έχουν οδηγήσει σε σηµαντι-

κές δηµοσιεύσεις και ϐιβλία. Περαιτέρω έρευνες έχουν διερευνήσει

διάφορους αλγορίθµους αναζήτησης γραµµής, συµπεριλαµβανοµένων

τυχαιοποιηµένων προσεγγίσεων [68] και εκτιµήσεων του κόστους στρο-

ϕής (turn cost) [46]. Επιπλέον, το πρόβληµα της αναζήτησης γραµµής

επεκτάθηκε, ώστε να εξετάζει και την παρουσία εσφαλµένων ϱοµπότ,

οδηγώντας σε ενδιαφέρουσες έρευνες σχετικά µε τα ϱοµπότ που παρου-

σιάζουν σφάλµατα συντριβής [40] και τα ϱοµπότ µε Βυζαντινά σφάλµατα

[38]. Αυτές οι µελέτες ϱίχνουν ϕως στις προκλήσεις και τις στρατηγικές

που εµπλέκονται στην επίλυση του προβλήµατος αναζήτησης γραµµής

όταν υπάρχουν ϱοµποτικά σφάλµατα.

Αξίζει να σηµειωθεί ότι το πρόβληµα διαφυγής µοιράζεται µια στενή

σχέση µε το πρόβληµα αναζήτησης, µε τα δύο προβλήµατα να επικα-

λύπτονται όταν εµπλέκεται µόνο ένα ϱοµπότ. Η µελέτη της διαφυγής

σε κυκλικές τοπολογίες ξεκίνησε µε την πρωτοποριακή εργασία [32],

όπου οι συγγραφείς διερεύνησαν τόσο το ασύρµατο όσο και το µη α-

σύρµατο µοντέλο επικοινωνίας. Η εργασία αυτή έθεσε τα ϑεµέλια για

τη µετέπειτα έρευνα σχετικά µε την διαφυγή σε περιβάλλον κύκλου, πε-

ϱιλαµβάνοντας διάφορα σενάρια. Για µια ολοκληρωµένη επισκόπηση

της περιοχής συνιστούµε να ανατρέξετε στο [37].

Η παρούσα διδακτορική διατριβή συνδέεται στενά στο πλαίσιο των προ-

ϐληµάτων διαφυγής σε κυκλικές τοπολογίες υπό την παρουσία σφαλ-

µάτων µε την εργασία [33]. Στη µελέτη τους οι συγγραφείς επικεντρώθη-

καν στο πρόβληµα που περιλαµβάνει τρία ϱοµπότ, εκ των οποίων το ένα

είναι εσφαλµένο. Παρείχαν άνω και κάτω ϕράγµατα τόσο για τα σε-

νάρια που περιλαµβάνουν ϱοµπότ µε σφάλµατα συντριβής, όσο και για

τις περιπτώσεις Βυζαντινού σφάλµατος.
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Επισκόπηση Κεφαλαίων

Στο Κεφάλαιο 1 περιγράφεται αναλυτικά το µοντέλο των προβληµάτων

που µελετούµε καθώς και παρουσιάζεται εκτενώς η σχετική ϐιβλιογρα-

ϕία.

Στο Κεφάλαιο 2 εξετάζουµε το πρόβληµα (n, f )-αναζήτησης σε κύκλο,

ένα πρόβληµα αναζήτησης µιας κρυφής εξόδου σε έναν κύκλο µονα-

διαίας ακτίνας για n > 1 ϱοµπότ, f εκ των οποίων είναι εσφαλµένα.

΄Ολα τα ϱοµπότ ξεκινούν από το κέντρο του κύκλου και µπορούν να

κινηθούν οπουδήποτε µε µέγιστη ταχύτητα 1. Κατά τη διάρκεια της

αναζήτησης, τα ϱοµπότ µπορούν να επικοινωνούν ασύρµατα. ΄Ολα τα

µηνύµατα που µεταδίδονται από όλα τα ϱοµπότ επισηµαίνονται µε τα

µοναδικά αναγνωριστικά των ϱοµπότ, τα οποία δεν µπορούν να αλλοιω-

ϑούν. Η αναζήτηση ϑεωρείται ολοκληρωµένη όταν η έξοδος ϐρεθεί από

ένα µη εσφαλµένο ϱοµπότ (το οποίο πρέπει να επισκεφθεί τη ϑέση της ε-

ξόδου) και τα υπόλοιπα µη εσφαλµένα ϱοµπότ γνωρίζουν τη σωστή ϑέση

της εξόδου. Μελετάµε και τα δύο µοντέλα εσφαλµένων ϱοµπότ. ΄Οταν

υπάρχουν µόνο ϱοµπότ µε σφάλµα συντριβής, παρέχουµε ϐέλτιστους

αλγορίθµους για το πρόβληµα αναζήτησης (n, f ), µε ϐέλτιστο χρόνο ο-

λοκλήρωσης της αναζήτησης στη χειρότερη περίπτωση 1 +
(f +1)2π

n . Η

κύρια τεχνική συνεισφορά µας αφορά ϐέλτιστους αλγορίθµους για την

(n,1)-αναζήτηση µε ένα ϱοµπότ µε Βυζαντινό σφάλµα, ελαχιστοποι-

ώντας τον χρόνο ολοκλήρωσης της αναζήτησης στη χειρότερη περίπτω-

ση, ο οποίος ισούται µε 1 + 4π
n . Παρουσιάζουµε επίσης έναν αλγόριθµο

για τη µικτή περίπτωση, µε ένα Βυζαντινό και f − 1 σφάλµατα συντρι-

ϐής, µε χρόνο ολοκλήρωσης της αναζήτησης στην χειρότερη περίπτωση

1 + 2π
n f + 2 sin 2π

n .

Στο Κεφάλαιο 3 εξετάζουµε το πρόβληµα (n, f )-διαφυγής από ένα κύκλο,

ένα πρόβληµα στο οποίο n > 1 ϱοµπότ, f εκ των οποίων είναι εσφαλ-

µένα, προσπαθούν να διαφύγουν µέσω µιας κρυφής εξόδου που ϐρίσκε-

ται στην περίµετρο ενός µοναδιαίου κύκλου. Για το ασύρµατο µοντέλο

επικοινωνίας αποδεικνύουµε αρχικά ένα κάτω ϕράγµα 1+ 4π
n +2 sin(π

2
−

π
n ) για την περίπτωση ενός εσφαλµένου ϱοµπότ. Στη συνέχεια µελετάµε

την περίπτωση µε δύο Βυζαντινά ϱοµπότ και παρέχουµε έναν αλγόριθ-

µο που επιτυγχάνει διαφυγή σε χρόνο το πολύ 3+ 6π
n + δ(n), όπου δ(n)

είναι µια ϕθίνουσα συνάρτηση µε µέγιστη τιµή δ(4) = 0.5687, που µη-

δενίζεται για n ≥ 9. Για το µη ασύρµατο µοντέλο παρέχουµε ένα άνω

ϕράγµα 3+(f +1)2π
n για την διαφυγή n ϱοµπότ υπό την παρουσία σφάλ-

µατων συντιβής, ένα άνω ϕράγµα 3 + 4π
n + 2 sin π

n για την διαφυγή στην

περίπτωση ενός Βυζαντινού ϱοµπότ και ένα άνω ϕράγµα 3+ 6π
n +2 sin 2π

n
στην περίπτωση δύο Βυζαντινών ϱοµπότ.
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Τέλος στο Κεφάλαιο 4 µελετούµε το πρόβληµα της (n, f )-διαφυγής σε

κύκλο υπό οποιοδήποτε αριθµό Βυζαντινών σφαλµάτων. Παρουσιάζου-

µε αλγορίθµους τόσο για το µοντέλο ασύρµατης επικοινωνίας όσο και

για το µοντέλο µη ασύρµατης επικοινωνίας. Αναλύουµε τις χρονικές

απαιτήσεις αυτών των αλγορίθµων και προσδιορίζουµε άνω ϕράγµατα

για την απόδοσή τους.

Αντιστοιχία ΄Ορων

Μετάφραση Αγγλικός όρος

αναζήτηση search

αντίπαλος adversary

άνω ϕράγµα upper bound

αριστερόστροφα ccw

Βυζαντινό σφάλµα Byzantine fault

ϐέλτιστος optimal

γύρος round

διαφυγή evacuation

κάτω ϕράγµα lower bound

µη εσφαλµένο ϱοµπότ honest robot

πράκτορας agent

σφάλµα fault

σφάλµα συντριβής crash fault

τοµέας sector

τόξο arc

χορδή chord
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Chapter 1

Introduction

In an increasingly automated world, the deployment of autonomous

robotic systems in search and rescue, surveillance, and exploration

operations is becoming more prevalent. Such systems offer signif-

icant advantages in environments that are either too hazardous or

inaccessible for humans. Examples include disaster-stricken areas,

deep-sea and space explorations, and complex urban settings. Au-

tonomous robots can perform tasks such as locating survivors in

rubble, identifying exits in burning buildings, or exploring unknown

territories on other planets. These scenarios often involve critical mis-

sions where the speed of locating an objective directly correlates with

the success of the operation, be it saving lives, efficiently gathering

data, or exiting a dangerous area promptly.

The study of search and evacuation problems addresses these chal-

lenges by developing algorithms that minimize the time required for

a group of robots to find and reach specific targets or exits. The

complexity of these problems is magnified by several realistic con-

straints: robots can have limited communication capabilities (in a

confined or a highly structured setting such as a tunnel), they may

encounter faults, and they must operate in unknown or dynamically

changing environments. Understanding how to design efficient algo-

rithms under such conditions is crucial for enhancing the reliability

and effectiveness of autonomous robotic systems in unpredictable

and often perilous environments.

1.1 Preliminaries and Notation

An extensively studied family of problems in mobile agent computing

concerns situations where a group of robots needs to find one or more

targets that are located in unknown points of a territory. The prob-

lem is considered particularly important in robotics and computer
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science and a number of algorithmic and hardness results have been

developed over the last few decades. In a particular case of interest,

the target is an exit and the goal of the robots is either to locate the

exit (search problem) or to leave the territory (evacuation problem),

as fast as possible.

1.1.1 Location and Movement (Robot Trajectories)

In our work, we consider a set of n robots denoted as a0, a1, . . . , an−1,

f of which are faulty, all initially located on the center of a unit radius

circle. The exit is located on the unit circle, which is the circumference

of the disk. Robots possess the capability to perceive the perimeter of

the disk and detect the exit if they happen to be in close proximity to

it. In our algorithms, all honest agents move at the maximum speed

1, therefore at each time point, all agents know the location of every

agent that follows the protocol. We assume that robots are equipped

with pedometers for accurate distance measurement during move-

ment. Let θ := 2π/n represent an angle, and each robot ak moves

along a radius to the point kθ on the perimeter of the unit circle. The

arc [kθ, (k + 1)θ) is defined as sector Sk. After 1 time unit, robot ak
positions itself at the beginning of sector Sk, completing the search

within this sector in time 1 + θ while moving counterclockwise (ccw).

We may refer to time θ, the time that a robot needs to completely

search a sector as a round.

It is assumed throughout that whenever an honest agent finds the

exit it announces this fact, and whenever it realizes that an an-

nouncement of another agent is faulty it also announces this to ev-

erybody.

1.1.2 Communication Models

In this work, two distinct communication models are explored to fa-

cilitate interactions among the robots:

• Wireless Model: In the wireless communication model, robots

can communicate instantly regardless of distance. Messages

exchanged between robots carry various information such as

locations, exit discovery, distances traveled, and more. Each

message has a unique sender identifier that remains unchanged

throughout the communication process. By analyzing these

messages, robots can determine their relative positions.
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• Face-to-Face Model: Also known as the non-wireless or lo-

cal model, this communication model requires robots to phys-

ically gather in the same location simultaneously in order to

exchange information. Unlike the wireless model where robots

can communicate regardless of their distance, the face-to-face

model necessitates direct physical interaction for information

exchange.

Two other communication models, widely used in the exploration of

graph environments are the pebble model and the whiteboard model.

In the pebble model, robots are equipped with one or more pebbles

(tokens), movable objects that uniquely identify a node or an edge

and contain a single bit of information. Robots use the pebbles as

communication devices in order to explore the graph [18, 53, 49, 19].

To explore graphs with memoryless robots, the whiteboard commu-

nication model is applied. Whiteboards, which can be movable or

immovable objects, have sufficient memory for robots to exchange

information [52, 25, 44, 51].

1.1.3 Fault Types

In our study, we take into account two types of faulty behaviors ex-

hibited by the robots:

• Crash Faults: A robot experiencing a crash fault abruptly stops

functioning, and becomes unresponsive, resulting in a complete

breakdown of message communication.

• Byzantine Faults: A robot exhibiting Byzantine behavior en-

gages in malicious activities including deliberately altering its

trajectory and manipulating information to confuse the honest

(non-faulty) robots. Additionally, a Byzantine robot can mimic

the behavior of a crash-faulty robot.

1.1.4 Adversary

For the worst-case analysis of our algorithms, we consider an ad-

versary who selects the location of the exit and the behaviour of the

malicious robots (its trajectories as well as the messages they will

broadcast) to maximize the resulting search and evacuation comple-

tion time. The adversary also chooses which robots are faulty, adding

to the challenge.
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1.1.5 Search and Evacuation Problems

Within the context of the (n, f )-evacuation problem on a circle with

unit radius, two problems are defined, considering a total of n robots,

with f of them being potentially faulty:

• Search Problem

In the case of a total of n robots, with f of them being faulty,

we introduce the notation S(n, f ) to denote the time required

to successfully solve the search problem. This represents the

duration it takes for the non-faulty robots to reach the exit and

ensure that all honest robots possess undeniable knowledge of

the location of the exit. This collaborative effort of the robots to

locate and establish the precise position of the exit is commonly

referred to as group search.

• Evacuation Problem

Denoted as E(n, f ) involves n robots, including f faulty ones,

and aims to determine the time required for a successful evac-

uation. In a complete evacuation, a non-faulty robot discovers

the exit, and all non-faulty robots must safely reach the exit’s

location. It is important to note that the evacuation time E(n, f )
is inherently greater than or equal to the time required to find

the exit S(n, f ), as finding the exit is a prerequisite for a suc-

cessful evacuation.

1.1.6 Symmetric-Persistent algorithms.

As defined by Czyzowicz et al. [33], symmetric-persistent algorithms

are a family of natural algorithms that force all robots to immediately

go to the disk perimeter and only allow a robot to stop its explo-

ration of the assigned sector if it receives information about the exit.

Symmetric-persistent algorithms force all the robots to move in the

same direction, either clockwise or counterclockwise.

1.2 Related Work

1.2.1 Search on a Line

There has been extensive literature on line search starting with the

seminal papers of Beck and Bellman [11, 17] and Baeza-Yates et.al. [7].
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Both cases are concerned with linear search: a single mobile agent

searching for an exit placed at an unknown location on an infinite

line; a problem also known as the cow-path problem. In the former

case, the setting is stochastic, and in the latter deterministic.

Beck et al. furthered their contributions to understanding the linear

search problem by examining various assumptions and conditions

related to the searcher’s strategy and the distribution of the target’s

location. In their study [12], they extend the basic model by consid-

ering different a priori distributions (uniform, triangular, and normal)

and the impact these have on the optimal search strategy. In a subse-

quent work [13], they explore the implications of increasing the cost

function associated with distance, suggesting that as search time

increases, so does the penalty for continued searching. They also

examine how this changes the strategy of the searcher when known

distributions are involved. A game-theoretic approach is introduced

[14] when the probability distribution of the target’s location is un-

known. A minmax solution is proposed to determine robust strategies

against an adversary who may choose any distribution to maximize

the searcher’s expected loss. In a later work [15], the authors revisit

the problem with a focus on nonlinear cost functions, demonstrating

that the general strategies developed under linear assumptions hold

even under more complex cost scenarios.

This line of research continued by several authors and culminated

with the seminal books by Ahlswede and Wegener [2], Alpern and

Gal [5], and Stone [84].

Czyzowicz et al. [42], consider a robot whose speed varies due to

factors like travel direction or terrain profile (e.g. when the line is

inclined, the robot can accelerate). In this work they design search

algorithms that achieve good competitive ratios for the time spent by

the robot to complete its search versus the time spent by an omni-

scient robot that knows the location of the target.

Several other models for line search algorithms were subsequently

investigated. Demaine et al. [46], extends the classic linear-search

problem by incorporating a directional change cost, d, into the search

strategy. The proposed strategy guarantees finding an object on a

line, at an unknown distance OPT from the searcher’s starting point,

with a total cost of no more than 9·OPT +2d, which has the optimal

competitive ratio 9 (as was first shown in [14]) with respect to OPT

plus the minimum corresponding additive term. Their work includes

solving an infinite linear program through a series of approximating

finite programs to derive upper and lower bounds, leading to a proof
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of optimality for the search cost. This approach is also applied to the

"star search" (first solved by Gal [55]), or a variant of the cow-path

problem, where an object is hidden along one of several rays emanat-

ing from a point. Here, a tight competitive ratio formula involving m,

the number of rays, is derived.

Fuchs et al. [54], investigated the online matching problem on a line,

where requests must be matched to a set of points on a real line in

an online fashion. It disproves a previous conjecture suggesting that

a competitive ratio of 9 could be achieved for this problem, similar

to the "cow path" problem, where an optimal online algorithm with

a competitive ratio of 9 exists. Instead, the paper establishes that

no online algorithm can achieve a competitive ratio strictly less than

9.001 for the online matching problem.

Kao et al. [68], introduce the first randomized algorithm for the co-

path problem. Here, the cost function is unique as it considers the

distance traveled between queries, which is more applicable to real-

world problems, particularly in robotics. Previously, the problem was

addressed using deterministic algorithms with a known optimal com-

petitive ratio. However, this paper’s randomized algorithm shows sig-

nificant improvement, particularly for the case of two paths (w = 2),

achieving a competitive ratio of approximately 4.5911, which is nearly

twice as efficient as the best possible deterministic algorithms. Their

work also discusses the growth of the competitive ratio in relation

to the number of paths w. In a subsequent work [67], they extend

the classic cow-path problem to the case in which goal locations are

selected according to one of a set of possible known probability distri-

butions and present a polynomial-time linear programming algorithm

for this problem, with potential applicability to other search problems

as well.

Chrobak et al. [27], address the "group search problem" or "evacua-

tion problem," where multiple mobile entities (MEs) begin at a com-

mon origin on a line and must locate and simultaneously reach a

destination situated at an unknown distance either to the left or right

of the origin. The main objective is to minimize the time required for

all entities to reach this destination. This problem extends the "cow-

path problem," which considers a single entity and has established

that the minimum search time in the worst case is 9d − o(d) where d
is the distance to the target. The authors demonstrate that, contrary

to what might be expected, increasing the number of MEs does not

reduce the minimum search time needed; it remains at 9d−o(d), even

for k MEs. They explore scenarios with two MEs moving at different
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speeds, showing that if the slower ME moves at least 1/3 the speed

of the faster, the 9d time can still be achieved. The paper situates

this problem within the broader context of search and rendezvous

problems, highlighting how varying the speed of the MEs and their

ability to communicate impacts the strategies and outcomes. Extend-

ing on this work, Bambas et al. [9], complement the case when the

slower robot’s speed is at least one-third that of the faster robot. In

cases where the faster robot’s speed is 1 and the slower robot’s speed

is greater than approximately 0.123, this work finds that wireless

communication can significantly enhance search efficiency. How-

ever, beyond this speed difference, wireless communication offers no

advantage over the need for robots to meet to exchange information.

Gal [56], addresses the asymmetric rendezvous problem on a line,

initially introduced by Alpern [3]. In this problem, two individuals,

placed randomly in a known search region, aim to find each other by

moving at unit speed. Gal establishes that in a two-player scenario,

it is never optimal for one player to remain stationary, highlighting

the importance of both players actively moving to reduce the time to

meet. Gal then extends this analysis to consider the meeting time

in an n-player scenario, demonstrating an asymptotic behavior of

n/2+O(logn) in the worst case. A later work by Alpern and Beck [4],

shows that the asymmetric rendezvous problem on a line (ARSPL) is

strategically equivalent to a new problem they introduce, the double

linear search problem (DLSP), where an object is placed equiprobably

on one of two lines, and equiprobably at positions ±d. A searcher is

placed at the origin of each of these lines. The two searchers move

with a combined speed of one, to minimize the expected time before

one of them finds the object. The authors solve DLSP (and hence

the ARSPL) for the case where the distance d is drawn from a known

cumulative probability distribution G, convex on its support. Kan et

al. [64], improved the bounds of the symmetric rendezvous search

problem on the line using Markov chain theory and mathematical

programming theory.

Spieser et al. [83], introduce the "Cow-Path Game," a variant of the

competitive vehicle routing problem, exploring the strategic decision-

making processes in multi-vehicle systems. Specifically, it focuses on

scenarios where self-interested, mobile agents (illustrated as cows in

a theoretical model) compete to locate a stationary target distributed

on a ring. This model simulates real-world competitive environments,

such as taxi drivers searching for fares in urban settings or shipwreck

recovery boats seeking treasure. In the game-theoretic approach de-

tailed in the study, each agent bases their search strategy not only
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on their position and available information but also on the actions

of competing agents. This approach leads to the development of

strategies where agents may adjust their paths in response to the

movements of others, aiming to maximize their own chances of suc-

cess. The paper extends the analysis from a single-agent scenario

to a competitive multi-agent context, highlighting the transition from

cooperative search strategies to competitive ones.

1.2.2 Search on a Circle

The circle search model (considered in our work) for n non-faulty

robots was introduced as an evacuation problem (completion time

with respect to the last finder of the hidden exit) by Czyzowicz et

al. [32] and analyzed in both the wireless and face-to-face commu-

nication models. This paper addresses the evacuation problem for a

team of n mobile robots placed at the center of a circular disk with

an unknown exit on its boundary. The robots, which share the same

maximum speed, aim to locate and exit through this point, commu-

nicating amongst themselves to optimize the evacuation time. The

paper presents algorithms and establishes bounds for n = 2 and

n = 3 robots. Additionally, the paper derives nearly tight asymptotic

bounds on the relationship between evacuation time and team size

for large n. The results in detail appear in Table 1.1. In a later work,

Czyzowicz et al. [39] refined the bounds of [32] in the case of two

robots in the face-to-face communication model, leveraging a forced

meeting strategy to streamline evacuation paths. The new upper

bound is ∼ 5.628, while the lower bound is now ∼ 5.255.

n Communication Upper bound Lower bound

n=2
face-to-face ∼ 5.74 ∼ 5.199

wireless ∼ 4.83 ∼ 4.83

n=3
face-to-face ∼ 5.09 ∼ 4.519

wireless ∼ 4.22 ∼ 4.159

large n
face-to-face 3 + 2π

n 3 + 2π
n − O(n−2)

wireless 3 + π
n + O(n−4/3

3 + π
n

Table 1.1: Results presented in [32]

Pattanayak et al. [82], investigate the evacuation problem involving

two robots tasked with locating and exiting through two unidenti-

fied exits spaced a distance d apart on the perimeter of a circle and

considering wireless and face-to-face communication. They consider
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both labeled and unlabeled exits, showing that labeled exits consis-

tently result in faster evacuation times.

Brandt et al. [23], further investigate the evacuation problem for two

robots, under the face-to-face communication model. This work in-

troduces a new algorithm that omits the forced meeting strategy from

[39], which had achieved an evacuation time of 5.628. This revised

algorithm improves upon that time, achieving an upper bound of

5.625. For the class of algorithms with exactly one symmetric de-

tour per robot, their numerical simulations suggest that this bound

is optimal. Criteria, in order to identify potential worst-case exit

placements, are introduced and used to simplify the analysis of evac-

uation algorithms. This work also discusses how evacuation time for

a fixed algorithm and exit placement typically corresponds to com-

plex equations that lack closed-form solutions, complicating analy-

sis. The new criteria help mitigate these difficulties. A later work by

Disser et al. [48], introduces a second detour through the interior of

the disk, aiming to balance the evacuation time across different exit

placements, protecting against the worst-case scenario. The new al-

gorithm avoids forced meetings, allowing for independent movement

through the disk’s interior. That approach leads to an improved evac-

uation time of 5.6234.

Lamprou et al. [73], investigate the evacuation problem for two robots,

under the wireless communication model. Robots can communicate

instantaneously, allowing for coordination once one robot locates the

exit. Their work introduces and analyzes strategies for the scenario

where the robots have different speeds offering insights into the rela-

tionship between evacuation time and the robots’ speed ratios.

Chuangpishit et al. [28] present a new framework for studying the

evacuation problem of two robots in the face-to-face model from

both worst-case and average-case perspectives, introducing new al-

gorithms that balance these metrics for practical applications such as

search-and-rescue operations. The paper proposes new algorithms

that optimize the average-case evacuation time while ensuring the

worst-case time remains bounded. These algorithms offer a contin-

uous Pareto frontier, addressing the multi-objective nature of mini-

mizing both average and worst-case evacuation times. The new algo-

rithms outperform existing strategies in the multi-objective context,

particularly improving upon algorithms introduced by Czyzowicz et

al. [32].
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1.2.3 Faulty Searchers

Fault tolerance in distributed computing has been the subject of ex-

tensive research [72, 65, 76]. An interesting variant of the linear

search mentioned above involves faulty robots. The two main papers

in this line of research are [41] for crash-faulty robots and [38] for

Byzantine-faulty robots.

Czyzowicz et al. [41], address the problem of searching for a target on

a line using multiple robots, some of which may be faulty. They aim

to minimize the competitive ratio, which is the worst-case ratio of the

arrival time of the first reliable robot at the target to the distance from

the start to the target. They introduce a new class of algorithms called

proportional schedule algorithms and provide specific algorithms for

any combination of n robots and f faulty units. Their results show

that if n ≥ 2f +2, a simple algorithm achieves a competitive ratio of 1.

For cases where f < n < 2f +2, they develop algorithms with detailed

competitive ratios based on a formula. For the specific case where

n = f +1, the algorithm is shown to be optimal with a competitive ratio

of 9, matching known bounds for a single robot. When n = 2f + 1,

the algorithm’s competitive ratio approaches 3, which they prove to be

optimal. This result fills a gap in the existing literature by providing

lower bounds for situations where n ≥ 3, matching the best known

upper bounds for these cases.

Czyzowicz et al. [38], focus on fault-tolerant parallel search by n
robots on an infinite line, where f of these robots may exhibit Byzan-

tine faults (failing to report a found target or making false claims

about its discovery). Despite these challenges, the objective is to de-

velop algorithms that minimize the time to locate a target at a distance

d from the origin, ensuring that only non-faulty robots verify the tar-

get’s discovery. The authors present several algorithms optimized for

different ratios of faulty to total robots (
f
n ) and establish correspond-

ing lower bounds on the search time. These algorithms are proven

to be optimal for certain densities of faulty robots. For cases where

n is greater than or equal to 2f + 2, a simple algorithm achieves a

competitive ratio of 1, signifying immediate discovery of the target by

a non-faulty robot at its actual distance. For cases where f is less

than n but greater than 2f + 2, they introduce proportional schedule

algorithms. These algorithms offer a competitive ratio that improves

as the number of robots n increases, approaching an optimal ratio

of 3 as n approaches infinity, closely aligning with theoretical lower

bounds. In a later work, Kupavskii et al. [71] improve the bounds for

crash-faulty robots (and as a result also for the Byzantine ones).
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Directly related to our current work is [33]. In this paper, Czyzowicz

et al. investigate the evacuation of three robots in the presence of one

faulty, either crash or Byzantine robot. The robots must locate and

reach an exit placed at an unknown location on the perimeter, com-

municating wirelessly throughout the process. The study’s primary

goal is to minimize the time it takes for the last non-faulty robot to

reach the exit, ensuring reliable evacuation despite potential faulty

behavior. The authors present two distinct evacuation protocols tai-

lored to the specific types of faults, crash and Byzantine, and evaluate

these protocols by establishing both lower and upper time bounds for

each scenario. Their findings are summarized in Table 1.2.

Bonato et al. [20], study a variation of the classic cow-path optimiza-

tion problem where a robot probabilistically fails to detect an item.

It is shown that traditional monotone search strategies are not opti-

mal when the search space is a half-line. The researchers introduce

and analyze a new class of strategies, termed t-sub-monotone algo-

rithms, which deviate from monotonicity and achieve progressively

better performance with increasing parameter t.

Fault Upper bound Lower bound

Crash ∼ 6.309 ∼ 5.082

Byzantine ∼ 6.921 ∼ 5.948

Table 1.2: Results presented in [33]

There are numerous other research papers on search and evacuation

that fall beyond the scope of this work. Examples include variations

in the search domain such as in equilateral triangles [43, 29, 8], 2-

dimensional [1, 50, 66], in a grid [24], in a d-dimensional grid [30], in

m-rays [22], in lp unit disk [62], on graphs [77, 79], rings [80, 81, 69,

26, 10, 45], torus [70], trees [78], with variation on the termination

criteria such as priority evacuation [35, 31, 36] and search-and-fetch

[58, 59], with variation on termination costs [47, 21, 34, 63], using

robots with asymmetric communication capabilities [57] to name a

few. The interested reader could also consult the survey [37] for

additional related literature.
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1.3 Overview of Chapters

The subsequent chapters delve into specific aspects of the (n, f )-
search/evacuation problem. Chapter 2 explores optimal algorithms

for (n, f )-search on a circle, addressing scenarios involving f crash-

faulty, or 1 Byzantine-faulty robots. A mixed case is also presented

[60, 61]. Chapter 3 extends the discussion to circle evacuation un-

der 2 Byzantine faults, taking into account both the Wireless and

Face-to-Face communication models [74, 75]. Finally, Chapter 4 in-

troduces Byzantine fault-tolerant protocols tailored for the general

case of (n, f )-evacuation on a circle under any number of Byzan-

tine faults using both communication models addressed in this work.

This Chapter presents detailed algorithms and conducts an in-depth

analysis of their time requirements [16].
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Chapter 2

Optimal Circle Search Despite

the Presence of Faulty Robots

In this chapter, we consider (n, f )-search on a circle, a search problem

of a hidden exit on a circle of unit radius for n > 1 robots, f of

which are faulty. All the robots start at the centre of the circle and

can move anywhere with maximum speed 1. During the search,

robots may communicate wirelessly. All messages transmitted by all

robots are tagged with the robots’ unique identifiers which cannot

be corrupted. The search is considered complete when the exit is

found by a non-faulty robot (which must visit its location) and the

remaining non-faulty robots know the correct location of the exit.

We study two models of faulty robots. First, crash-faulty robots may

stop operating as instructed, and thereafter they remain nonfunc-

tional. Second, Byzantine-faulty robots may transmit untrue mes-

sages at any time during the search so as to mislead the non-faulty

robots, e.g., lie about the location of the exit.

When there are only crash fault robots, we provide optimal algorithms

for the (n, f )-search problem, with optimal worst-case search comple-

tion time 1 +
(f +1)2π

n . Our main technical contribution pertains to op-

timal algorithms for (n,1)-search with a Byzantine-faulty robot, min-

imizing the worst-case search completion time, which equals 1 + 4π
n .

We also present an algorithm for the mixed case, with one Byzantine

and f − 1 crash faulty robots with worst-case search completion time

1 + 2π
n f + 2 sin 2π

n .

2.1 Our Contribution

For n ≥ 2, we give optimal algorithms for (n, f )-search with only

crash failures and for (n,1)-search with one Byzantine failure. Our
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main result is that (n,1)-search on a circle with one Byzantine-faulty

robot admits a solution with search completion time 1 + 4π
n and this

is worst-case optimal. We also study (n, f, b)-mixed search, where f
robots are faulty, b of which are controlled by a Byzantine adversary.

In Section 2.2 we prove a lower bound of 1 +
(f +1)2π

n for f crash-faulty

robots, hence for Byzantine robots too, and in Section 2.3 we provide

an algorithm that matches this bound assuming only crash failures.

Then, in Section 2.4 we focus on upper bounds for searching with

1 Byzantine robot. In particular, in Subsection 2.4.1 we analyze

the case of 3 robots, in Subsection 2.4.2 the case of 4 robots, and

in Subsection 2.4.3 the general case of n robots; we prove that our

algorithm matches the aforementioned lower bound. In Section 2.5

we provide an upper bound of 1 + 2π
n f + 2 sin 2π

n for (n, f, b)-mixed

search. Finally, in Section 2.6, we conclude with a brief discussion

and open problems.

2.2 Lower Bound

In this section we give a lower bound for our search problem. This

result builds on the work in [33]; we extend their arguments to the

case of f crash-faulty robots (hence, Byzantine too).

Theorem 2.1 (Lower Bound for (n, f )-Search). The worst-case search
time Sc(n, f ) for n ≥ f + 1 robots exactly f of which are crash-faulty
satisfies

Sc(n, f ) ≥ 1 + (f + 1)
2π

n
.

Proof. (Theorem 2.1) Since the maximum speed of the robots is 1, it

takes at least time 1 for a robot to reach the perimeter of the disk.

Further, every point on the perimeter must be traversed by at least

f + 1 robots; for if not, the adversary will make the at most f robots

visiting this point all faulty in that they remain silent and therefore

the non-faulty robots will miss the exit.

Let ℓi be the perimeter lengths explored by exactly i robots, where

0 ≤ i ≤ n. It is clear from the above discussion that in the worst case

ℓ0 = ℓ1 = · · · ℓf = 0 and ℓf +1+ℓf +2+· · ·+ℓn = 2π. The sum of the parts of

the perimeter explored by the robots is (f +1)ℓf +1+(f +2)ℓf +2+· · ·+nℓn.
If the robots accomplish this task by exploring the perimeter for time

t (after the perimeter of the disk is reached for the first time), then it



2.3. Search under Crash Failures 41

must be true that

nt ≥ (f + 1)ℓf +1 + (f + 2)ℓf +2 + · · · + nℓn
≥ (f + 1)(ℓf +1 + ℓf +2 + · · · + ℓn)
= (f + 1)2π.

It follows that t ≥ (f + 1)2π/n. This completes the proof.

Since S(n) ≥ Sc(n,1), we immediately obtain the following corollary.

Corollary 2.1 (Lower Bound for Byzantine (n,1)-Search ). The worst-
case search time S(n) for n ≥ 2 robots exactly one of which is Byzantine-
faulty satisfies S(n) ≥ 1 + 4π

n .

2.3 Search under Crash Failures

In this section we show how to match the lower bound of Theorem 2.1

in the case of crash faults only.

Theorem 2.2 (Upper Bound for (n, f )-Search under Crash Failures).

The worst-case search time Sc(n, f ) for n ≥ 2 robots exactly f of which
are prone to crash failures satisfies

Sc(n, f ) ≤ 1 + (f + 1)
2π

n
.

Proof. Let θ := 2π/n. Our algorithm is as follows. For each k =
0, . . . , n − 1, agent ak moves to the point kθ of the unit circle and

searches ccw for (f + 1)θ radians. When (and if) exit is found, it is

reported instantaneously.

Clearly, every sector Sj of the circle would be visited by f + 1 robots if

they all followed the protocol. Since there are at most f faulty robots,

there must be at least one honest robot that will visit Sj and announce

the correct location. As there can only be crash failures there will not

be any contradicting announcements.

2.4 Search under one Byzantine Failure

In this section we analyze upper bounds for our search problem in

the presence of a single Byzantine agent. Our main theorem is the

following.
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Theorem 2.3 (Upper Bound for (n,1)-Search under one Byzantine

failure). The worst-case search time S(n) for n ≥ 2 robots exactly one
of which is Byzantine-faulty satisfies

S(n) ≤ 1 +
4π

n
.

Thus, combining Corollary 2.1 with Theorems 2.3, we conclude that

the worst-case search completion time for (n,1)-search satisfies S(n) =
1 + 4π

n .

First observe that it is trivial to prove S(2) = 1 + 2π, for (2,1)-search

since one of the two robots is faulty and the other non-faulty, hence

the non-faulty has no other option but to search the entire perimeter.

In the next two Subsections (2.4.1 and 2.4.2) we show the upper

bound for the cases (3,1)-search and (4,1)-search. Although the al-

gorithms for these cases can be seen as special cases of the algorithm

for the general case (Subsection 2.4.3), this is not the case for their

analysis. In addition, presenting them separately allows to better

clarify and illustrate the techniques and notions that we employ.

2.4.1 (3,1)-search with a Byzantine-faulty robot

Lemma 2.1 ((3,1)-Search). The worst-case search time for 3 robots
exactly one of which is Byzantine-faulty satisfies

S(3) ≤ 1 +
4π

3

Proof. We will prove the claim by presenting an algorithm for this

case. Consider agents a0, a1, a2 and set θ = 2π/3. We describe below

the agents’ actions in phases (time intervals) [0,1), [1,1 + θ) and

[1 + θ,1 + 2θ) and we explain why all agents know the location of the

exit at time 1 + 2θ. Phase [0,1): Each agent ak, k ∈ {0,1,2}, moves

along a radius to the point kθ of the unit circle.

Phase [1,1 + θ): Agent ak searches ccw the arc [kθ, (k + 1)θ).

Phase [1 + θ,1 + 2θ):

(i) If no announcements were made in time interval [1,1 + θ) then in

time interval [1+ θ,1+ 2θ) either there will be one correct announce-

ment or two announcements. In the latter case the third agent, say
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ak, is honest and the correct announcement is the one by ak+1 (other-

wise, ak would have seen in time interval [1,1+θ) the exit announced

by ak−1).

(ii) If exactly one announcement was made in time interval [1,1 + θ),
say by agent ak−1, then agent ak moves directly (along a chord) to the

location of the announcement and ak+1 searches ccw for another θ
radians. This takes time at most 2 < 2π

3
. If ak or ak+1 confirms the

announcement then it is correct; otherwise, ak+1 in this time interval

announces the correct exit point. This case is depicted in Figure 2.1.
1

a0

a2

a1

Figure 2.1: (3,1)-search: robot trajectories in case

t < 2π
3

.

(iii) If two announcements were made in time interval [1,1 + θ), then

they are in consecutive sectors. The silent agent is certainly non-

faulty and will visit one of these sectors in this phase and will thus

be able to determine which announcement was the correct one.

This completes the description of the algorithm and the proof.

1
Figures in this work depict robot trajectories during the execution of our search

algorithm. They are restricted to cases where the first announcement is made while

robots search their first sector of length θ = 2π
n , and no other announcement is

made until time 1 + θ. It is assumed that agent a0 makes the first announcement.

A black square shows the location of the announcement; a white square shows

the locations of other agents at that time. A solid dot shows the starting positions

of the robots on the unit circle (starting from the center of the circle, they move

directly, in time 1, to their starting positions). Recall that the arc length between

the starting position of a0 and the point of the announcement is denoted by t
(hence, the announcement takes place in time 1 + t).
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2.4.2 (4,1)-search with a Byzantine-faulty robot

We will first describe an algorithm for this case. Let θ = π/2. Each

agent ak moves with speed one to its starting point kθ and then con-

tinues ccw. We call the arc from one starting point to the next a

sector. We think of each agent being responsible for the arc of length

π that begins at its starting point and covers at most two consecutive

sectors ccw.

Let t denote the length of the arc from the point of the first announce-

ment to the starting point that corresponds to the agent that made

the announcement (note, there is always an announcement for some

t ≤ π). If t ≥ π
2
, then each robot checks both sectors that are assigned

to it. Otherwise, set y = π−2 and suppose an announcement is made

by a0 (w.l.o.g.) at t < π
2
. We consider two cases.

If t < y, then a1 and a3 will search the two sectors that each is

responsible for and a2 will move along the diameter to check the

announcement. This case is depicted in Figure 2.2 below.

a1

a2
a3

a0

Figure 2.2: (4,1)-search: robot trajectories in case

t < y.

If y ≤ t < π
2
, then a1 continues to cover distance

√
2 (unless t ≥

√
2)

and then moves along a chord to check the announcement; a2 fin-

ishes its first sector and then moves back along a chord to its starting

point and continues cw to check the arc that a1 didn’t check; a3 con-

tinues searching its two sectors. This case is depicted in Figure 2.3

below.

This completes the description of the algorithm. We will now prove

the correctness and the upper bound on the execution time.
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a0

a1

a2

a3

√
2

Figure 2.3: (4,1)-search: robot trajectories in case

y ≤ t < π
2
.

Lemma 2.2 ((4,1)-Search). The search time for 4 robots exactly one of
which is Byzantine-faulty satisfies

S(4) ≤ 1 + π.

Proof. Recall that we denote by t the length of the arc searched on

the circle by the agent who made the first announcement, at the time

of the announcement.

For t ≥ π
2

we argue that when every robot has checked the sectors

it is responsible for (at time 1 + π), all of them know the location of

the exit. First, note that if only one announcement is made, then

it has to be a valid one. Therefore, assume two announcements are

made (note that both are no earlier than
π
2
). Observe that they have

to come from consecutive sectors: the exit must be at the first sector

of the faulty robot, say a3 since nobody spoke earlier than
π
2
, and it

is discovered by a2, while searching its second sector, who makes a

correct announcement. The only other announcement can be made

by a3 and is faulty. Therefore, all agents know that the location is at

the first of the two sectors in the ccw direction.

For t < π
2

suppose the first announcement was made by a0. We

claim that in this case the first announcement is checked by two

more agents (namely, by a3 and either a1 or a2) and every point of

the perimeter is searched by one of the three other agents (unless a

second announcement is made in which case it is not necessary to

search the whole circle as one of the two must be correct). Assuming
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this claim, if the first announcement is verified by any other agent,

then clearly it is valid. If not, then two agents reject it, thus it must

be fake. It follows that another announcement was made which has

to be valid. We next verify the claim and the execution time.

Consider the case t < y. Note that y was defined so that a2 reaches

the announcement in time less than 1 + y + 2 = 1 + π. Thus, the

announcement is checked by a2 and a3 in time, while a1 and a3

search every point of the perimeter.

Consider now y ≤ t < π
2
. First, to see that every sector was searched

by the first three agents by time 1 + π, we need to argue that a1 and

a2 covered the first sector. Indeed, a2 searched an arc of length
π
2

to

finish his first sector, a chord of length

√
2 to go back to his starting

point, and an arc of length at most
π
2
−
√

2 that was left uncovered by

a1; this sums up to at most
π
2
+
√

2+ π
2
−
√

2 = π as desired. Next, we

need to argue that the announcement location was reached by a1 in

time 1+π. This is clear if t ≥
√

2. Otherwise, it is not hard to see that

the worst case is t = y. In this case, the chord a1 walks corresponds

to an arc of length φ =
√

2 + π
2
− y = 2 +

√
2 − π

2
. Thus, the total time

it needs is 1 +
√

2 + 2 sin φ
2
< 1 + π.

2.4.3 (n,1)-search with a Byzantine-faulty robot, n ≥
5

We will first give the description of the algorithm for this case. For

each k ∈ Zn, agent ak moves to the k-th starting point Pk located at kθ,

θ = 2π/n, and then continues ccw. We denote the arc of size θ from

the k-th starting point to the next by Sk and call it the k-th sector.

We think of sectors Sk and Sk+1 as being assigned to agent ak, who

is supposed to search them in the ccw direction.

Let t denote the length of the arc from the point of the first announce-

ment to the starting point that corresponds to the agent that made

the announcement. We now describe the trajectories of agents for

the case that agent a0 makes the first announcement. We will argue

later (in the proof of Theorem 2.3) that the information they exchange

is enough for all agents to learn the exit location.

If t ≥ θ, then each agent checks both sectors that are assigned to it.

Otherwise, set

y = 2θ − 2 sin θ
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and suppose an announcement is made by a0 at t < θ. Consider two

cases.

If t < y, then each agent ak with k < {0,2} will search its two sectors,

while a2 will start at time 1 + t to move along a chord towards the

announcement in order to verify it.

If y ≤ t < θ, define arc-lengths xk (in Sk but not to be searched by ak)
recursively as follows.

xn−2 = 0; xk = θ + xk+1 − 2 sin
(θ − xk+1

2

)
, (2.1)

for 0 < k < n − 1. Agent a1 continues to cover distance θ − x1 (unless

t ≥ θ − x1) and then moves along a chord towards the announce-

ment in order to verify it; for 1 < k < n − 1, agent ak continues to

cover distance θ − xk (unless t ≥ θ − xk), then moves along a chord

back to its starting point, and finally searches in the cw direction the

arc (of length at most xk−1) that agent ak−1 didn’t search; agent an−1

continues with its two sectors. This case is depicted in Figure 2.4

below.

a0

a1

a2

x1

x2

Figure 2.4: (n,1)-search: robot trajectories in case y ≤
t < θ.

This completes the description of the algorithm. We next show its

correctness and the upper bound on its running time.
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Lemma 2.3 ((n,1)-Search, for n ≥ 5). The worst-case search time for
n ≥ 5 robots exactly one of which is Byzantine-faulty satisfies

S(n) ≤ 1 +
4π

n
.

Proof. (Lemma 2.3) We are going to argue about the correctness and

the execution time of the algorithm described above.

If t ≥ θ, then all agents have searched the sectors assigned to them

by time 1+2θ. We need to show that all of them know the location of

the exit. First, note that if only one announcement is made, then it

has to be a valid one. Thus, assume two announcements are made.

Observe that they have to come from consecutive sectors: one of them

is the true one and was discovered by an honest agent, say ak, while

searching sector Sk+1. It follows that ak+1 is faulty (because it didn’t

make the announcement) and the other announcement must come

from it. Therefore, the agents know that the location is at the first

announcement encountered in the ccw direction.

Otherwise (t < θ), suppose the first announcement was made by a0.

We claim the following.

The first announcement is checked by two more agents

and every point of the perimeter is searched by at least one

agent different from a0, unless a second announcement is

made.

Note first that if the first announcement is verified by one more agent,

then it is proved valid to all. If not, then—assuming the claim—two

agents reject it and a0 is proved faulty to all. Furthermore, every

point of the perimeter will be searched by at least one honest agent. It

follows—by the second part of the claim—that another announcement

will be made and will be recognized by all as valid. We next verify the

claim and the execution time for the two cases on t.

Consider the case t < y. Note that y was defined so that a2 reaches

the announcement in time less than 1 + y + 2 sin θ = 1 + 2θ. This

is because it will spend less than time y on its first sector and then

move along the chord that corresponds to two sectors. Thus, the

announcement is checked by a2 and an−1 in time, while the other

agents set forth to search every point of the perimeter.

Consider now y ≤ t < θ. First, we verify that every sector was

searched by one of the agents a1, . . . , an−1 by time 1 + 2θ. It is clear

that an−1 searched sectors Sn−1 and S0. Next, we argue that, for
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0 < k < n − 1, agents ak and ak+1 covered sector Sk. Note that xk is

the length of Sk that was not searched by agent ak. However, xk is

defined so that ak+1 has sufficient time to travel back to Pk+1 and aid

ak. Indeed, the worst case for ak+1 is when t ≤ θ−xk. (It is not hard to

see that when t > θ−xk he will have time to spare.) In this case, after

reaching point θ − xk+1 of Sk+1, it must search a chord corresponding

to an arc of θ − xk+1 radians and an arc of length xk. Since it has

θ + xk+1 time left, the definition of xk is such that he can manage its

task. Finally, we need to argue that the announcement was reached

by a1 in time 1 + 2θ. This is clear if t ≥ θ − x1. Otherwise, it is not

hard to see that the worst case is t = y. In this case, the chord a1

searches corresponds to an arc of length 2θ − x1 − y. Thus, the total

time a1 needs is

T = 1 + (θ − x1) + 2 sin
(2θ − x1 − y

2

)
.

In the sequel, we will make use of the following simple facts.

Fact 1. For x ∈ (0, π
2
), sin x < x.

Fact 2. For x ∈ (0, π
2
), sin x < 2 sin x

2
.

Fact 3. For x ∈ (0, π
4
), sin x < x − x3

7
.

Since, for n ≥ 4, 2θ− x1−y < π, using Fact 1 (twice) and substituting

y = 2θ − 2 sin θ we obtain

T ≤ 1 + (θ − x1) + (2θ − x1 − y) ≤ 1 + 2θ − 2x1 + sin θ.

To provide a lower on x1, apply Fact 1 on the recursive definition to

obtain

xn−3 = θ − 2 sin
θ

2
; xk ≥ 2xk+1, for 0 < k < n − 1. (2.2)

It follows that

x1 ≥ 2
n−4

(
θ − 2 sin

θ

2

)
.

Combining with the upper bound on T , to show T ≤ 1+2θ, it suffices

to argue that

2
n−3

(2π

n
− 2 sin

π

n

)
≥ sin

2π

n
.

Using Fact 2, sin 2π
n ≤ 2 sin π

n . Substituting this and rearranging, it

suffices to show that

2
n−3 ·

π

n
≥

(
2
n−3 + 1

)
sin

π

n
.
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In view of Fact 3, the sufficient condition simplifies further to

2
n−3 ≥

(
2
n−3 + 1

)(
1 −

π2

7n2

)
⇐⇒

(
2
n−3 + 1

)
π2 ≥ 7n2,

which holds for all n ≥ 9.

Finally cases n ∈ {5,6,7,8} have been verified computationally as fol-

lows. In the table below we list values y, x1, . . . , xn−3 for n ∈ {5,6,7,8}.
These values determine the algorithm for these cases. To verify the

table, it suffices to verify y ≤ 2θ−2 sin θ, T ≥ 1+(θ−x1)+2 sin(2θ−x1−y
2

),
S(n) ≤ 1+ 2θ, and xk ≤ θ+ xk+1 − 2 sin(θ−xk+1

2
) (for 0 < k < n − 2). With

respect to the xk values, note that those which are double the pre-

vious one (marked with an asterisk) need not be verified in view of

inequality (2.2).

n x5 x4 x3 x2 x1 y T S(n)

5 0.0810 0.2285 0.611 3.51327 3.51327

6 0.047 0.135 0.3 0.36 3.07 3.09

7 0.029 0.085 0.17
∗

0.34
∗

0.2 2.74 2.79

8 0.02 0.04
∗

0.08
∗

0.16
∗

0.32
∗

0.1 2.56 2.57

This completes the proof of the lemma.

Now we can complete the rest of the proof of Theorem 2.3.

Proof. (Theorem 2.3) Lemmas 2.1 and 2.2 prove the upper bound

for n = 3,4 robots respectively, and cases n ≥ 5 are covered by

Lemma 2.3.

2.5 (n, f, b) - Mixed Search

We define (n, f, b)-mixed search, to mean search for n > 1 robots,

of which f are faulty so that b among the f are Byzantine and the

remaining f − b are crash faulty.

2.5.1 Algorithm for (n, f,1)-mixed search

We will now present an algorithm for (n, f,1)-mixed search and then

analyze its time requirements. Consider n robots a1, a2, . . . , an and

set θ := 2π/n. Each robot ak moves along a radius to the point
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kθ of the perimeter of the unit circle. We call the arc [kθ, (k + 1)θ)
sector Sk; that is, after 1 time unit, agent ak will be located at the

beginning of sector Sk. Robots make announcements if they find

the exit and confirm/disprove the announcements of other robots

accordingly. Every robot searches one sector in each round, moving

counter clockwise (ccw). At any moment, if an announcement is

confirmed by another robot, that announcement is correct, and the

algorithm terminates as the exit has been found. Details of the main

algorithm are as follows.

Algorithm 1 (n, f,1)-Mixed Search

1: Robot ak moves along a radius of the circle to the point kθ of the

unit circle.

2: Robot ak searches ccw for f rounds and makes an announce-

ment if it finds the exit. It also disproves faulty announcements

concerning sectors it has visited.

3: At time 1 + fθ:

4: if (there is exactly one unconfirmed announcement at the end of

round f and no refutations of that announcement) or (there are

two unconfirmed announcements at the end of round f in the

same sector) then

5: the robot which is two sectors away from the closest announce-

ment moves through a chord to that announcement (inspector

robot). All other robots search one more sector ccw.

6: else

7: all robots search one more sector ccw.

Lemma 2.4. If there are two announcements in different sectors, the
correct one can be determined in time 1 + θ(f + 1) = 1 + 2π

n (f + 1).

Proof. Each sector has been searched by a group of f + 1 robots. Let

us assume that the sector with the first announcement is searched

by a group A of robots, |A| = f + 1, and the second announcement

is searched by a group B of robots, |B| = f + 1. Then |A ∪ B| is at

least f + 2 (since, otherwise we would have that A = B), meaning

that it contains at least two honest robots. One of them, say h, must

be different from the one which made the correct announcement.

Thus, h must have searched at least one of the two sectors on which

announcements were made, either confirming the correct exit, or dis-

proving the Byzantine announcement. In both cases the correct exit

is determined.

Theorem 2.4 ((n, f,1)-Mixed Search). The worst-case time for (n, f,1)-
mixed search by Algorithm 1 satisfies
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S(n, f ) ≤ 1 +
2π

n
f + 2 sin

2π

n
.

Proof. We consider the following three cases depending on the num-

ber of announcements made at the end of round f .

Case 1. No announcement by the end of round f . Then at round

f + 1 there will be one or two announcements. If there is one, that

announcement is correct. If there are two announcements, they are

in different sectors. By Lemma 2.4 the correct exit will be found.

Case 2 One announcement made at the end of round f . We consider

two subcases depending on whether or not there are any refutations

of the announcement.

Subcase 2a. Assume there are no refutations of the announcement:

ak

ak+1

ak−1

ak−2

Figure 2.5: An announcement is made by ak

It can be deduced that all other robots that searched the announce-

ment’s sector are faulty. As a result at least one of the two next robots

(clockwise to the announcement) is honest, resulting in honest ma-

jority.

The correct exit will be known in max time 1+ 2π
n f + 2 sin 2π

n (once the

inspector robot visits the announcement location).

For the inspector robot to miss the exit, the next ccw robot must be

faulty. In that case, the announcement was made by an honest robot,

and the inspector robot will confirm it. If the inspector robot is faulty,

the other two robots (the one that made the announcement and the
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ak−1

ak−2

Figure 2.6: ak−2 will move through a chord to inspect

the announcement

one that will visit the announcement at round f + 1) will confirm the

exit.

Subcase 2b. Assume there are refutations of the announcement: If

there is no second announcement at round f +1, the first announce-

ment is the correct one. If there is a second one, in a different sector,

we can determine the correct one by Lemma 2.4. If the second one is

in the same sector as the first announcement, then the correct one

is the second (the first announcement will have 2 refutations).

Case 3. Two announcements made by the end of round f . We con-

sider two subcases depending on whether or not the announcements

were made in the same sectors.

Subcase 3a. Announcements were made in different sectors. We can

determine the correct one by Lemma 2.4.

Subcase 3b. Announcements were made in the same sector. In order

to have two unconfirmed announcements by round f , one honest,

one Byzantine and f − 2 crash faults have searched that sector. As

a result at least one of the two next robots (clockwise to the closest

announcement) is honest, resulting in honest majority. The correct

exit will be known in max time 1 + 2π
n f + 2 sin 2π

n (once the inspector

robot visits the announcement).

This completes the proof of the claimed time bound.



54 Chapter 2

2.6 Conclusion

In this chapter we considered search on a circle with n robots, where

either f ≥ 1 of them are crash-faulty, or one of them is Byzantine-

faulty, and we proved that the optimal worst-case search times are

exactly 1 +
(f +1)2π

n and 1 + 4π
n , respectively. The optimality for the

Byzantine case is quite surprising given that there are very few tight

bounds for search on a circle even for the wireless model. We also

studied the mixed-case search, where there can be several crash-

faulty and one Byzantine-faulty robot, and we provided an upper

bound which leaves a small gap compared to the lower bound. Clos-

ing this gap is a challenging open question. Extending the results to

multiple Byzantine-faulty robots and the evacuation problem are two

interesting open directions in the context of circle search.
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Chapter 3

Byzantine Fault Tolerant

Symmetric-Persistent Circle

Evacuation

In this chapter, we consider (n, f )-evacuation from a disk, a problem

in which n > 1 robots, f of which are faulty, seek to evacuate through

a hidden exit which is located on the perimeter of a unit disk.

We focus on symmetric-persistent algorithms, a common natural ap-

proach to search and evacuation problems. We consider two commu-

nication models: wireless and face-to-face. For the wireless model we

first prove a lower bound of 1 + 4π
n + 2 sin(π

2
− π

n ) for the case of one

faulty robot. We also observe an almost matching upper bound ob-

tained by utilizing an earlier search algorithm. We then study the

case with two Byzantine robots and we provide an algorithm that

achieves evacuation in time at most 3 + 6π
n + δ(n), where δ(n) is a

decreasing function with maximum value δ(4) = 0.5687, vanishing

for n ≥ 9. For the face-to-face model we provide an upper bound of

3 + (f + 1)2π
n for evacuation of n robots under crash faults, an upper

bound of 3 + 4π
n + 2 sin π

n for evacuation in the case of one Byzan-

tine robot and an upper bound of 3 + 6π
n + 2 sin 2π

n in the case of two

Byzantine robots.

3.1 Our Contribution

In Section 3.2 we consider the evacuation problem for n robots,

one of which is Byzantine, and we prove a lower bound of 1 + 4π
n +

2 sin(π
2
− π

n ) for symmetric-persistent algorithms. We also provide an

almost matching upper bound of 3 + 4π
n . In Section 3.3 we present a

symmetric-persistent algorithm for the case of evacuation of n robots

with 2 Byzantine faults and we provide an upper bound of 3 + 6π
n
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for n ≥ 9 and 3 + 6π
n + δ(n) for n < 9, where δ(n) ≤ 2 sin(3π

2n ) +√
2 − 4 sin(3π

2n ) + 4 sin2 (3π
2n ) − 2. In Section 3.4, we study the face-to-

face communication model and provide upper bounds for the problem

of evacuating n robots under the presence of faults. We prove an up-

per bound of 3 + (f + 1)2π
n when f crash faults are present. We also

derive an upper bound of 3 + 4π
n + 2 sin π

n for evacuation under the

presence of one Byzantine fault, and 3 + 6π
n + 2 sin 2π

n for the case of

two Byzantine faults, leaving open the case of f > 2 Byzantine faults.

3.2 Evacuation with One Byzantine Fault

We define (n, f )–evacuation, to mean evacuation of n > 1 robots, of

which f are faulty. In this work, we consider Byzantine faults, which

include crash faults as a special case.

3.2.1 A lower bound for symmetric-persistent algo-

rithms

As mentioned earlier, we focus on symmetric-persistent algorithms.

In particular, we consider n robots a0, a1, . . . , an−1 with starting posi-

tion the center of a unit circle and set θ := 2π/n. Each robot ak moves

along a radius to the point kθ of the perimeter of the unit circle.
1

We

call the arc [kθ, (k + 1)θ) sector Sk. After 1 time unit, robot ak will be

located at the beginning of sector Sk and will have searched sector Sk
in time 1+θ, moving counterclockwise (ccw). Robots make announce-

ments if they find the exit and confirm/disprove the announcements

of other robots accordingly.

Theorem 3.1. Any symmetric-persistent algorithm requires at least
time

1 +
4π

n
+ 2 sin

(π
2
−
π

n

)
≥ 3 +

4π

n
−
π2

2n2
(3.1)

for the evacuation of n robots, one of which is crash-faulty, from a circle
of radius 1.

Proof. Note that if n = 2 the result is trivial, so we assume n ≥ 3. Let

us denote by f (n) the left hand side of inequality (3.1).

1
Note that in fact we represent the circle points in polar coordinates; as the

radius is always equal to 1 we give only their angle, for the sake of simplicity.
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Let point 0 be the position of robot a0 on the unit circle at time 1 and

denote by xi the length of the arc between robot ai and point 0 in the

ccw direction. Let ψi denote the length of the arc between robots ai
and ai+2 at a certain time. Since

∑n−1

i=0
ψi = 4π, there exists i such

that ψi ≥ 4π/n = 2θ. Without loss of generality, let ψ0 ≥ 2θ be the

maximum among ψi ’s and let ψ = ψ0 (note that ψ = x2 as well). For

any ϸ > 0, if the adversary places the exit at point ψ− ϸ, and robot a1

is faulty, then the exit will be discovered by robot a0 in time 1+ψ− ϸ.

We now consider two cases on ψ.

First, suppose 2θ ≤ ψ < π. By the maximality of ψ, there is at least

one robot at distance x from 0 such that x ∈ [π − ψ/2, π + ψ/2]. The

total time this robot will require to reach the exit is at least

1 + ψ − ϸ + 2 sin
(π − ψ/2

2

)
≥ 1 + 2θ + 2 sin

(π − θ
2

)
− ϸ = f (n) − ϸ,

where the inequality follows because ψ ≥ 2θ and the left-hand side is

increasing in ψ.

Next, we consider the case π ≤ ψ. In this case, we will bound the

time robot a2 will need, which is at least

1 + ψ − ϸ + 2 sin(ψ/2)

time units. Note that this is increasing in ψ. It follows that it is at

least 1 + π − ϸ + 2, which for n ≥ 4 is clearly greater than f (n). For

n = 3, it is at least 1+ 2θ− ϸ + 2 sin θ > f (n)− ϸ. The inequality holds

since sin θ = sin(2π/3) > sin(π
2
− π

3
).

Since the above hold for any ϸ, the bound in the left-hand side of

inequality 3.1 follows. The right-hand side bound follows from the

inequality cos(x) ≥ 1 − x2/2.

To prove our next Theorem, we employ the following upper bound for

S(n,1)-Search under one Byzantine failure, proposed in [60]:

Theorem 3.2. The worst-case search time S(n) for n ≥ 2 robots exactly
one of which is faulty satisfies

S(n) ≤ 1 +
4π

n
.
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Theorem 3.3. There exists a symmetric-persistent algorithm that re-
quires time at most

3 +
4π

n
for evacuation of n robots, one of which is Byzantine, from a circle of
radius 1.

Proof. We utilize Theorem 3.2, which provides a time bound of 1+ 4π
n

to find the exit, and add the length of the diameter for the furthest

robot to evacuate. Also, that algorithm is symmetric-persistent as

it forces all robots to move in the same direction (counterclockwise)

and their trajectories change only after receiving information about

the exit.

Remark 1. Note that the above upper bound is within O(1/n2) from
the lower bound of Theorem 3.1.

3.3 Evacuation with Two Byzantine Faults

3.3.1 Algorithm for (n,2)–evacuation

We will now present an algorithm for the problem of Evacuating n ≥ 5

robots, 2 of which are Byzantine faulty, and then analyze its time

requirements.

Note that in the case of 2 Byzantine robots, if an announcement is

confirmed by two other robots, that announcement is correct. Also,

an announcement disproved by three other robots is invalidated (an-

nouncing a different exit also counts as a disproof). When three

robots make different announcements, we can deduce that two of

them are Byzantine and as a result the silent ones are honest. After

f + 1 = 3 rounds, all honest robots move via a chord to the exit to

evacuate the circle and the algorithm terminates in time E(n,2).

Next, we will define disputable announcements and their maximum

distance:

Definition 3.1 (Disputable announcement). An announcement is dis-
putable when neither its validity nor its invalidity is deducible from the
available information. An announcement that is not disputable is set-
tled.

For example, if an announcement has neither f + 1 confirmations

nor f + 1 disproofs it is disputable. Note that in cases where the
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honesty of a robot can be deduced, its confirmations and/or disproofs

result in the corresponding announcements being settled, therefore

not disputable. Note also that, if only one announcement is made

during the first f +1 rounds, then this announcement is also settled,

as it must have come from an honest robot.

Definition 3.2 (Sector distance of two announcements). We define
d(Si , Sj) = min{(i − j) mod n, (j − i) mod n} to be the distance between
sectors Si , Sj. Let also the sector distance of two announcements be
the distance between the sectors where the announcements occurred.

According to this definition, when the announcements are made in

the same sector their sector distance is 0, whereas when announce-

ments are in adjacent sectors their sector distance is 1.

Lemma 3.1. In the case of two or more disputable announcements,
the sector distance of any two of them is at most 1, in the case where
f = 2.

Proof. Let us assume that among the disputable announcements,

there are two with sector distance of at least 2. Each of the corre-

sponding sectors has been searched by a group of f + 1 = 3 robots.

Suppose that one of these sectors is searched by a group A of robots,

|A| = f + 1 = 3, and the other is searched by a group B of robots,

|B| = f + 1 = 3. Then, since the sector distance is at least 2,

|A ∪ B| ≥ f + 3 = 5. With at least 5 different robots searching the

sectors with the two announcements, one of them must have at least

3 disproofs (as a reminder, a confirmation of an announcement also

provides a disproof of any other announcement) and as a result that

announcement would not be disputable, a contradiction.

Lemma 3.2. In the case where we have three disputable announce-
ments, the maximum sector distance of any two of them is 0, that is,
they are all in the same sector, in the case where f = 2.

Proof. Let us assume that the maximum sector distance of any two of

the three disputable announcements is at least 1. Suppose that the

first sector is searched by a group A of robots, |A| = f +1 = 3, and the

second sector is searched by a group B of robots, |B| = f +1 = 3. Then,

|A∪B| ≥ f +2 = 4. Among the (at least) four robots that searched these

two sectors, three of them made announcements. Since two of them
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are faulty, it can be deduced that the robot that did not make any

announcement is honest. That honest robot would had confirmed

and/or disproved at least one announcement, resulting in fewer than

three disputable announcements, a contradiction.

Utilizing Lemma 3.1 and Lemma 3.2 we can deduce that the only

possible cases that include disputable announcements after f +1 = 3

rounds, are the following:

• Two disputable announcements in the same sector

• Two disputable announcements in adjacent sectors

• Three disputable announcements in the same sector

In any other case, after f + 1 rounds of search, there must be only

one settled announcement made by an honest robot. In that case, the

search time is 1+3θ = 1+ 6π
n and the evacuation time is 3+3θ = 3+ 6π

n ,

in the worst case.

Definition 3.3 (Inspector robot). We distinguish between two cases:
(a) all disputable announcements are in the same sector, say Si (b)
there are two disputable announcements in two consecutive sectors,
say Si and Si+1 (mod n). In both cases, for k ≥ 1, the k-th inspector is
the robot that is located at the beginning of sector Si−k+1 (mod n) at time
1 + 3θ, as shown in Figures 3.1 - 3.2.
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Disputable announcement

1st inspector

2nd inspector

Figure 3.1: Inspector robots: one disputable an-

nouncement

Disputable announcement

1st inspector

Disputable announcement

Figure 3.2: Inspector robots: two disputable an-

nouncements
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Details of the main algorithm are as follows.

Algorithm 2 (n,2)-evacuation

1: Set θ = 2π/n.

2: Robot ak moves along a radius of the circle to the point kθ of the

unit circle.

3: Until time 1+3θ, robot ak searches ccw and makes an announce-

ment if it finds the exit. It also disproves faulty announcements

made at sectors it visits (Staying silent when passing over an an-

nouncement’s location, counts as disproof).

4: At time 1 + 3θ:

5: if there is a consensus regarding the position of the exit (no dis-

putable announcements are present) then all honest robots move

via a chord to the exit in order to evacuate.

6: else

7: Inspector(s):
8: if two disputable announcements are in the same sector then

the first and second inspector robots move via a chord to the

location of the nearest announcement. If the exit is not there,

they move via a chord to the location of the other announcement.

9: else the first inspector robot moves via a chord to the location

of the nearest announcement. If the exit is not there, it moves

via a chord to the location of the next (ccw) announcement until

it evacuates.

10: Honest (non-inspector) robots:
11: if two disputable announcements exist then all non-inspector

honest robots move towards the point between the two announce-

ments. When the exit’s location is known according to the inspec-

tor’s findings, they move there to evacuate.

12: else all non-inspector honest robots move via a chord to the

location of the farthest announcement in order to evacuate and

may alter their trajectory according to the inspector’s findings.
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We define t as the time beyond 1 + 3θ needed to learn the position of

the exit. If t ≤ 1, the evacuation time is unaffected and is equal to

3 + 3θ. If t > 1, the evacuation time is increased by a function δ(n).
The geometric calculation of δ(n) follows.

Lemma 3.3. The additional time δ(n) needed to complete the evacua-
tion process when the position of the exit is known at time 1 + 6π

n + t is
defined as follows:

δ(n) =

0 if t ≤ 1

t +
√
t2 − 2(t − 1)(cos (π/n) + 1) − 2 if t > 1

Proof. As shown in Figure 3.3, suppose at the end of round 3 the

exit is not yet known, and possible exits are in points G and E of the

circle. Robot ak placed at point A, moves towards point D, placed

exactly between points G and E, which is antipodal to point A (AD=2

as radius r=1). After t ≤ r the inspector robot moving from point

F will determine the correct exit and robot ak may need to change

direction to point E (or G), but the new path that will travel is not

larger than the diameter of the circle.

A
B C

D

E

F

t

G

Figure 3.3: Evacuation: A −→ E, t ≤ 1

We must show that BE ≤ BD. All the following angles refer to interior

angles of triangles. Triangle CED is isosceles (CE = CD = r = 1) and

angle DÊC = CD̂E. As a result, angle DÊB ≥ DÊC. In triangle BED it

holds DÊB ≥ BD̂E, therefore BD ≥ BE.

If t > 1, the evacuation time is increased by δ(n).
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A
BC

D

E

F

t

G

Figure 3.4: Evacuation: A −→ E, t > 1

As we can see in Figure 3.4, we need to calculate the distance of path

ABE. We know that AB = t so we need to determine BE.

In triangle CBE, CE = 1, CB = 1−BD = 1− (2− t) = t−1. In the worst

case (regarding evacuation), angle EĈD = θ/2. Now we can calculate

BE: BE2 = CB2 + CE2 − 2 · CB · CE · cos(π/n).

Substituting CB = t−1, CE = 1 we derive BE2 = t2−2(t−1)(cos(π/n)+
1).

The total distance the robot will travel in order to evacuate is AB +
BE = t + BE and that exceeds the length of the diameter by the

quantity δ(n) defined below:

δ(n) =

0 if t ≤ 1

t +
√
t2 − 2(t − 1)(cos (π/n) + 1) − 2 if t > 1

Theorem 3.4 ((n,2)–evacuation). The worst-case time of Algorithm 2
for (n,2)–evacuation satisfies

E(n,2) ≤ 3 +
6π

n
, if n ≥ 9

and E(n,2) ≤ 1 + 6π
n + 2 sin(3π

2n ) +
√

2 − 4 sin(3π
2n ) + 4 sin2 (3π

2n ), if n < 9.

Proof. If after time 1 + 3θ, only one announcement is made, that

announcement is correct because in that time, every point of the

circle has been searched by at least one honest robot. All robots
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move via a chord towards the exit, and evacuation is complete in time

3 + 3θ (In this case, search time is S(n,2) = 1 + 6π
n and evacuation

time is E(n,2) = 3 + 6π
n ).

The same search and evacuation times also hold if no disputable

announcements are present. Robots know the position of the exit by

time 1 + 3θ and evacuation is complete in time 3 + 3θ.

For any other outcome, we consider the following cases (utilizing

Lemma 3.1 and Lemma 3.2) depending on the number and location

of disputable announcements at time 1 + 3θ (i.e. after 3 rounds):

Case 1: Two disputable announcements in the same sector. Assume

that a0, an−1 made the announcements in the previous rounds (say

at first and second round).

• Inspector trajectory: At time 1 + 3θ, Algorithm 2 instructs the

next two robots in clockwise order (an−3,an−4) to move via a chord

in order to inspect the announcements. The location of the

exit will be known when both inspectors visit one of the two

announcements. This gives the worst-case Search time S(n,2) =
1+ 6π

n +2sin(3π/2n), yielding also the worst-case Evacuation time
as explained below. Once the exit location is known, inspector

robots move there via a chord to evacuate.

• Any other honest robot trajectory: At time 1+3θ all other robots

move via a chord to the farthest announcement in order to evac-

uate and may alter their trajectory according to the inspectors’

findings.

If t = 2 sin(3π/2n) ≤ 1 (n ≥ 9), then E(n,2) = 3 + 6π
n .

If t = 2 sin(3π/2n) > 1 (n < 9), then E(n,2) = 3 + 6π
n + δ(n) =

1 + 6π
n + 2 sin(3π

2n ) +
√

2 − 4 sin(3π
2n ) + 4 sin2 (3π

2n ). See Figures 3.5-

3.8.
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a0

a1

an−1

an−2

an−3

Figure 3.5: Robots search the unit circle counter clock-

wise. One announcement made by a0 (time 1 + θ)

a0

an−4

an−1

an−2

an−3

Figure 3.6: Robots search the unit circle counter clock-

wise. an−1 confirms a0’s announcement (time 1 + 2θ)
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a0

an−4

an−1 an−2

an−3

Figure 3.7: Robots search the unit circle counter clock-

wise. Second announcement made in the same sector

by an−2 (time 1 + 3θ)

a0

an−4

an−1
an−2

an−3

Figure 3.8: Inspector robots move to inspect clos-

est announcement. All other non-faulty robots move

through a chord to the furthest announcement to evac-

uate. Their trajectory may alter according to inspector

findings

Case 2: Two disputable announcements in adjacent sectors. Assume

that a0, an−1 made the announcements in the previous rounds (say,

in the first and second round).
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• Inspector trajectory: At time 1 + 3θ, Algorithm 2 instructs the

next robot in clockwise order (an−3) to move via a chord to in-

spect the nearest announcement. The location of the exit will

be known when the inspector visits the announcement in time

S(n,2) = 1 + 3θ + 2sin(π/n). When the location of the exit is

known, inspector moves there to evacuate.

• Any other honest robot trajectories: At time 1 + 3θ all other

robots move via a chord to the farthest announcement to evac-

uate and may alter their trajectory according to the inspector’s

findings.

If t = 2 sin(π/n) ≤ 1 (n ≥ 6), then E(n,2) = 3 + 6π
n .

If t = 2 sin(π/n) > 1 (n < 6), then E(n,2) = 3 + 6π
n + δ(n).

Case 3: Three disputable announcements in the same sector. Assume

that a0, an−1, an−2 made the announcements in the previous rounds.

That means that the Byzantine robot is one of a0, an−1, an−2 and all

the other robots are honest.

• Inspector trajectory: At time 1 + 3θ, Algorithm 2 instructs the

next robot in clockwise order (an−3) to move via a chord to in-

spect the announcements. The location of the exit will be known

when the deducible honest inspector visits two of the three an-

nouncements in the worst case (S(n,2) = 1 + 3θ + 4sin(π/3n)).
When the location of the exit is known, the inspector move via

a chord to evacuate.

• Any other honest robot trajectories: At time 1 + 3θ all other

robots move via a chord to the farthest announcement to evac-

uate and may change trajectory according to the inspector’s

findings. Because the extra time that the inspectors need to

locate the exit is 4sin(π/3n) < 1 for n ≥ 5, all the robots know

the location of the exit before the furthest one (that needs a

diameter to evacuate) reaches the center of the circle). As a

result, the robots evacuate with no extra delay at time 3 + 3θ
(E(n,2) = 3 + 6π

n ). See Figures 3.9-3.12.

This completes the proof of the claimed time bound.
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a0

a1

an−1

an−2

an−3

Figure 3.9: Robots search the unit circle counter clock-

wise. One announcement made (time 1 + θ)

a0 an−1

an−2

an−3

Figure 3.10: Robots search the unit circle counter

clockwise. Second announcement made in the same

sector (time 1 + 2θ)
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a0
an−1 an−2

an−3

Figure 3.11: Robots search the unit circle counter

clockwise. Third announcement made in the same sec-

tor (time 1 + 3θ)

a0
an−1
an−2

an−3

Figure 3.12: Inspector robots move to inspect an-

nouncements. All other non-faulty robots move

through a chord to the furthest announcement to evac-

uate. Their trajectory may alter according to inspector

findings
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Some calculations follow that give (for 4 ≤ n ≤ 9) the bounds obtained

by the above algorithm for the (n,2) case in comparison with the

lower bound obtained for the (n,1) case (which holds of course for 2

Byzantine robots as well):

n (n,1): LB (n,2): 3 + 3θ (n,2) : δ(n) (n,2) : UB

4 5.5558 7.7124 0.5687 8.2811

5 5.1313 6.7699 0.2361 7.0060

6 4.8264 6.1415 0.0881 6.2297

7 4.5971 5.6927 0.0318 5.7246

8 4.4186 5.3561 0.0095 5.3657

9 4.2756 5.0944 0 5.0944

3.4 Evacuation in the face-to-face commu-

nication model

In the following section, we will present evacuation algorithms for n
robots in the face-to-face communication model. In this model robots

exchange information only when co-located.

3.4.1 Evacuation with crash faults

In the evacuation problem of n robots, f of which are crash faulty

ones, we present Algorithm 3 for the face-to-face communication

model.

Robots start at the center of the circle and move to the circumference

at time 1. They search the circle for time (f + 1)θ and return to

the center to share their findings. At least one robot will know the

position of the exit, and all robots will move there to evacuate. See

Figures 3.13-3.16.

Algorithm 3 (n, f )-evacuation with crash faults (F2F)

1: Define θ = 2π
n .

2: Robot ak moves along a radius of the circle to the point kθ of the

unit circle and start searching ccw.

3: At time 1 + (f + 1)θ: all robots return to the center of the circle.

4: At least one robot found the exit and it can inform the rest of the

robots

5: All robots move to the exit to evacuate
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a0

a1
a2

a3

an

Figure 3.13: Each robot ak move from their starting

position (center of the circle) to point kθ of the circle

(t < 1)

a0

a1a2

a3

an

Figure 3.14: Robots search the unit circle counter

clockwise (t < 1 + (f + 1)θ)
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Figure 3.15: At least one non-faulty robot found the

exit. Robots rendez-vous at the center of the circle to

share their findings (t < 2 + (f + 1)θ)

Figure 3.16: All non-faulty robots evacuate (t < 3+ (f +
1)θ)
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Theorem 3.5 ((n, f )–evacuation with crash faults (F2F)). The worst-
case time for (n, f )–evacuation with f crash faults in the face-to-face
model, satisfies

E(n, f ) ≤ 3 + (f + 1)
2π

n

Proof. Since the maximum speed of the robots is 1, it takes at least

time 1 for a robot to reach the perimeter of the unit circle. Further-

more, every point on the perimeter must be traversed by at least f +1

robots; for if not, the adversary will make the at most f robots visit-

ing this point all faulty (in that they remain silent) and therefore the

non-faulty robots will miss the exit.

As shown in [60], the search time for the (n, f ) case with f crash

faults is tight and equals (f + 1)2π
n . Robots need one additional time

unit to rendezvous in the center of the circle (in order to exchange

information about the location of the exit) and one more time unit to

evacuate. This completes the proof of the claimed time-bound.

3.4.2 Evacuation with One Byzantine Fault

For the evacuation problem of n robots under Byzantine faults, we

present Algorithm 4. We use that algorithm to prove an Upper Bound

for the evacuation of n robots, one of which is Byzantine.

In a similar manner, robots after searching the circumference of the

circle, rendezvous at the center to share their findings. Robots make

claims about the location of the exit and check the validity of these

claims. If they can deduce the location of the exit, they move there to

evacuate. If not, in the worst case all honest robots must visit both

the disputable claims to evacuate.

Algorithm 4 (n, f )-evacuation with Byzantine faults (F2F)

1: Robot ak moves along a radius of the circle to the point kθ of the

unit circle and start searching ccw.

2: At time 1 + (f + 1)θ: all robots return to the center of the circle.

3: Robots that claim they have found the exit inform the rest of the

robots

4: If a consensus about the location of the exit have achieved, all

robots move to the exit to evacuate. Otherwise, robots must visit

all the disputable claims.
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Lemma 3.4. In the (n,1) case, executing Algorithm 4, if there are two
claims in different sectors, the correct one can be determined after
search time of θ(f + 1) = 2π

n (f + 1) = 4π
n .

Proof. Each sector has been searched by a group of f + 1 robots. Let

us assume that the sector with the first claim is searched by a group

A of robots, |A| = f + 1, and the second claim is searched by a group

B of robots, |B| = f + 1. Then |A ∪ B| is at least f + 2 (since otherwise

we would have that A = B), meaning that it contains at least two

honest robots. One of them, say h, must be different from the one

which made the correct claim. Thus, h must have searched at least

one of the two sectors on which claims were made, either confirming

the correct exit or disproving the Byzantine claim. In both cases, the

correct exit is determined.

Theorem 3.6 ((n,1)–evacuation with one Byzantine fault (F2F)). The
worst-case time for (n,1)–evacuation with 1 Byzantine fault in the face-
to-face model, satisfies

E(n, f ) ≤ 3 +
4π

n
+ 2 sin

π

n

Proof. The following cases arise during the execution of Algorithm 4:

1. Only one claim about the location of the exit is made in time

2 + 2θ. That claim is correct, and all the robots move through

the radius to evacuate. Evacuation is complete in time 3 + 4π
n .

2. Two claims about the location of the exit are made.

• Claims are in different sectors: In that case, we can deduce

the location of the exit in time 2 + 4π
n (Lemma 3.4). Robots

move through the radius to evacuate in time 3 + 4π
n .

• Claims are in the same sector: In that case, that sector has

been searched by one Byzantine and one honest robot. We

can’t deduce the location of the exit in time 2 + 4π
n . In the

worst case, the other honest robots must visit both claims,

moving via a chord, to find the exit. Evacuation is complete

in time 3 + 4π
n + 2 sin π

n . See Figures 3.17-3.20.

This completes the proof of the claimed time bound.
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a0

a1
a2

a3

an

Figure 3.17: Each robot ak move from their starting

position (center of the circle) to point kθ of the circle

(t < 1)

a0

a1a2

a3

an

Figure 3.18: Robots search the unit circle counter

clockwise (t < 1 + (f + 1)θ)
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Figure 3.19: Two claims in the same sector were made

in the previous step. Robots rendez-vous at the center

of the circle to share their findings (t < 2 + (f + 1)θ)

Figure 3.20: After the information exchange about the

exit, robots must visit both claims, in the worst case,

to evacuate (t < 3 + (f + 1)θ + 2 sin π
n )
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3.4.3 Evacuation with Two Byzantine Faults

Continuing our work in the evacuation problem, we consider the (n,2)
case, where we also use Algorithm 4 to prove an Upper Bound when

two Byzantine robots are involved.

Before the main analysis, we prove the following lemma:

Lemma 3.5. In the (n,2) case, n ≥ 5, executing Algorithm 4, if there
are claims in different non consecutive sectors, the sector with the exit
can be determined after search time of θ(f + 1) = 2π

n (f + 1) = 6π
n .

Proof. In a similar way to Lemma 3.4, each sector has been searched

by a group of f + 1 robots. Assume that one sector is searched by

a group of robots A, |A| = f + 1, and the second sector is searched

by a group C of robots, |C| = f + 1. Then |A ∪ C| is at least f + 3

(as non consecutive sectors), meaning that it contains at least three

honest robots. Two of them must be different from the one which

made the claim in the correct sector. Each of these two robots must

have searched at least one of these two sectors, either confirming

the exit or disproving the Byzantine claim(s) (even indirectly). As a

result, one Byzantine claim will have at least three disproofs (direct

or indirect) and the sector with the exit will be determined.

Corollary 3.1. In the (n,2) case, n ≥ 5, executing Algorithm 4, if there
are three claims in three different sectors, the exit can be determined
after search time of θ(f + 1) = 2π

n (f + 1) = 6π
n .

Theorem 3.7 ((n,2)–evacuation with Two Byzantine faults (F2F)). The
worst-case time for (n,2)–evacuation with 2 Byzantine faults in the
face-to-face model, satisfies

E(n, f ) ≤ 3 +
6π

n
+ 2 sin

2π

n
.

Proof. The following three cases arise during the execution of Algo-

rithm 4:

1. All claims in the same sector: In the worst case, honest robots

must visit all disputable announcements to evacuate. Evacua-

tion is complete in time 3+ 6π
n + 6 sin π

3n for 3 claims and in time

3 + 6π
n + 4 sin π

2n for 2 claims.

2. Claims made in consecutive sectors:
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• 3 claims. Using Corollary 3.1 we know the location of the

exit in time 2 + 6π
n . Evacuation is complete in time 3 + 6π

n .

• 2 claims. In the worst case robots must visit both dis-

putable claims in the two consecutive sectors to evacuate.

Evacuation is complete in time 3+ 6π
n +2 sin 2π

n . See Figures

3.21-3.24.

3. Claims made in non consecutive sectors: By Lemma 3.5, we

can deduce the sector with the exit in time 2 + 6π
n . If the sector

contains two disputable claims, in the worst case, robots must

visit both of them moving via a chord. Evacuation is complete

in time 3 + 6π
n + 2 sin π

n .

This completes the proof of the claimed time bound.
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a0

a1
a2

a3

an

Figure 3.21: Each robot ak move from their starting

position (center of the circle) to point kθ of the circle

(t < 1)

a0

a1a2

a3

an

Figure 3.22: Robots search the unit circle counter

clockwise (t < 1 + (f + 1)θ)
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Figure 3.23: Two claims were made in the previous

step. Robots rendez-vous at the center of the circle to

share their findings (t < 2 + (f + 1)θ)

Figure 3.24: After the information exchange about the

exit, robots must visit both claims, in the worst case,

to evacuate (t < 3 + (f + 1)θ + 2 sin 2π
n )
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3.5 Conclusion

In this chapter, we studied the evacuation problem of n robots with

one or two Byzantine faults in the wireless model and provided a

lower bound for the (n,1)-evacuation case and an upper bound for

the (n,2)-evacuation case. An interesting possible direction after that

would be to tighten our bounds or generalize for f Byzantine robots.

In particular, we conjecture that 3 + 3θ is a lower bound for the

(n,2) evacuation problem for infinitely many n. We also provided

algorithms and upper bounds on the evacuation time in the face-

to-face communication model. In particular, under the presence of

crash faults and one and two Byzantine faults.
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Chapter 4

Byzantine Fault-Tolerant

Protocols for (n, f )-evacuation

from a Circle

In this chapter, we address the problem of (n, f )-evacuation on a

circle, which involves evacuating n robots, with f of them being faulty,

from a hidden exit located on the perimeter of a unit radius circle.

The robots commence at the center of the circle and possess a speed

of 1.

We introduce algorithms for both the Wireless and Face-to-Face com-

munication models under any number of Byzantine faults. We ana-

lyze the time requirements of these algorithms and we establish upper

bounds on their performance.

4.1 Our Contribution

In Section 4.2 we consider the evacuation problem for n robots f of

which are Byzantine faulty in the wireless communication model, and

we propose an algorithm for that case, proving the following upper

bound

E(n, f ) ≤ 1 + (f + 1) ·
2π

n
+max {Ge(k∗), He(k∗)}

where Ge(k∗) and He(k∗) is the time needed to evacuate two crucial

groups of robots, during the execution of our algorithm. For a more

detailed analysis please refer to Theorem 4.1.

In Section 4.3 we propose an algorithm for the Face-to-Face commu-

nication model and in Theorem 4.2 we prove an upper bound of
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E(n, f ) ≤ 3 + (f + 1) ·
2π

n
+ max

2≤k≤n

{
2(k − 1) · sin

(
f − k + 2

k − 1
·
π

n

)}
We must note that our analysis and experimental results show that

our proposed algorithm performs better than the trivial algorithm in

cases detailed by Lemma 4.7.

4.2 Evacuating under Wireless Communica-

tion

We define (n, f )-evacuation, to mean evacuation of n > 1 robots, f < n
2

of which are faulty. In this work, we study Byzantine faults.

We consider n robots a0, a1, . . . , an−1 with a starting position at the

center of a unit circle and set θ := 2π/n. Each robot ai moves along

a radius to the point iθ of the perimeter of the unit circle.
1

We call

the arc [iθ, (i + 1)θ) sector si. After one time unit, robot ai will be

located at the beginning of sector si and will have searched sector

si in time 1 + θ, moving counterclockwise (ccw). Each sector search

counts as a round. Each robot is tasked to search (f + 1) consecu-

tive sectors. Robots make announcements if they find the exit and

approve/disprove the announcements of other robots accordingly.

In our analysis, it is important to know the announcements’ distance

because in that way we can eliminate the number of unsettled an-

nouncements. We extend Definition 3.2:

Definition 4.1 (Sector distance of a set of announcements). We de-
fine d(si , sj) = min{(i − j) mod n, (j − i) mod n} to be the distance be-
tween sectors si , sj. Let the distance of a set of announcements X be
the length of the shortest arc containing all announcements in X ; let
this arc be called arc(X ). Finally, let the sector distance of X be the
distance between the sectors where the two endpoints of arc(X ) fall.

Since faulty robots are present, it is difficult for honest robots to

differentiate between these announcements. To help our analysis,

we will use disputable announcements (Definition 3.1) and the group

of robots responsible for resolving them.

1
Note that in fact we represent the circle points in polar coordinates; as the

radius is always equal to 1 we give only their angle, for the sake of simplicity.
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If there are k disputable announcements we will denote them as

X1, . . . Xk, where Xj is before Xj+1 in counterclockwise order (ccw),

j ∈ {1, . . . , k − 1} and X1 is the announcement with the maximum

sector distance from its previous announcement ccw.

In case consensus is not reached after f + 1 rounds (i.e. disputable

announcements are present), we need more robots to visit and settle

them. As also mentioned in Chapter 2, we call these robots inspector
robots and we extend Definition 3.3 for k disputable announcements

as follows:

Definition 4.2 (Inspector robots - k disputable announcements). As-
sume that there are k disputable announcements, X1, . . . Xk. Let the
first X1 be in sector sj. Then the i-th inspector is the robot that is located
at the beginning of sector sj−i+1 (mod n) at time 1 + (f + 1)θ.

Based on the number of disputable announcements and their maxi-

mum distance, we will determine the number of inspector robots that

are sufficient to settle the disputable announcements.

Lemma 4.1. Assume that after executing f +1 rounds of the algorithm
there are k = 2 disputable announcements with sector distance d ≤
f − 1. Then f − d inspectors are sufficient for all the honest robots to
learn where the exit is.

Proof. At the f + 1 rounds of the algorithm in total f + 1 + d different

robots searched the area of the 2 disputable announcements. As-

sume that among them there are exactly h honest robots, 1 ≤ h ≤
f + 1 + d − (k − 1).

Therefore each false announcement has at least k − 2 + h disproofs,

since each announcement is a disproof of any other announcement

and all of the h robots have visited at least one of the two an-

nouncements. Since there are f − d inspectors, there are at most

f −(f +1+d−h) = h−d−1 faulty robots and at least f −d−(h−d−1) =
f + 1 − h honest robots among them.

Hence each false announcement will have at least k−2+h+f +1−h =
f + 1 disproofs.

As a result of Lemma 4.1, when we have k = 2 announcements made

with sector distance d, the number of inspectors needed is f − d.

Because inspectors should be robots that have not previously visited

any of the announcements, n ≥ f + 1 + d + f − d = 2f + 1.
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Lemma 4.2. Assume that after executing f +1 rounds of the algorithm
there are k disputable announcements with sector distance d. Then
f +2−k inspectors are sufficient for all the honest robots to learn where
the exit is.

Proof. At the f + 1 rounds of the algorithm in total f + 1 + d different

robots searched the area of the k announcements. We assume that

the robots that searched the sector containing the first announce-

ment, after the end of the f + 1 rounds, will visit the rest of the

announcements.

Therefore, f + 1 robots know the location of the correct exit. Let f1,

0 ≤ f1 ≤ f of them be faulty and f + 1 − f1 be honest. From the

rest f + 1 + d − (f + 1) = d robots that searched the area of the k
announcements, let f2, 0 ≤ f2 ≤ d, f1 + f2 ≤ f be faulty and d − f2 be

honest.

Since each announcement is a disproof for any other announcement,

each false announcement has k − 2 disproofs from the other k − 2

false announcements, plus f +1− f1 disproofs from the honest robots

that search all the sectors with announcements.

Since there are f +2−k inspectors then at most f − (f1 + f2) are faulty

and at least f + 2 − k − (f − (f1 + f2)) = 2 − k + f1 + f2 are honest.

Therefore the number of disproofs that each false announcement has

is at least:

k − 2 + f + 1 − f1 + 2 − k + f1 + f2 = f + 1 + f2 ≥ f + 1

and hence each false announcement is settled.

We now present Algorithm 5, for the problem of Evacuating n robots,

f < n
2

of which are Byzantine faulty, in the wireless communication

model and then analyze its time requirements. Figures 4.1 - 4.4 helps

visualizing the steps of Algorithm 5.
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Figure 4.1: Each robot ai moves from their starting

position (center of the circle) to point iθ of the circle

(t < 1)

Figure 4.2: Robots search the unit circle counter-

clockwise (t < 1 + (f + 1)θ)
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Figure 4.3: After f+1 rounds of search, announcements

are present (t = 1 + (f + 1)θ)

Figure 4.4: Evacuation paths of inspector robots and

non-inspector robots, (t > 1 + (f + 1)θ)
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Algorithm 5 (n, f )-evacuation

1: Set θ = 2π/n.

2: Robot ai moves along a radius of the circle to the point iθ of the

unit circle.

3: Until time 1 + (f + 1)θ, robot ai searches ccw and makes an an-

nouncement if it finds the exit. It also disproves faulty announce-

ments made at sectors it visits (Staying silent when passing over

an announcement’s location, counts as disproof). Every search of

a sector θ counts as a round.

4: At time 1 + (f + 1)θ:

5: if there is a consensus regarding the position of the exit (no dis-

putable announcements are present) then all honest robots move

via a chord to the exit in order to evacuate.

6: else if there are k ≥ 2 disputable announcements and their dis-

tance is d then

7: Inspector(s):
8: The f +2−k inspectors move via a chord to the location of the

nearest announcement (X1). If the exit is not there, they move via

a chord to the location of the next nearest announcement (X2).
They continue until they find the exit and they evacuate.

9: Honest (non-inspector) robots:
10: The honest robots gather to the center of the circle. By the time

they arrive, c announcements have been approved or disproved

by the inspectors. Then they move towards the middle Mc+1 of

the chord that connects the announcements Xc+1, Xk, and wait

until Xc+1 is approved or disproved by the inspectors, then move

to the middle Mc+2 of the chord that connects the announcements

Xc+2, Xk, and continue this process iteratively. If, at any point, the

exit is discovered, the robots head toward it to evacuate.

After executing Algorithm 5 for f + 1 rounds, it is expected that a

range of 1 to f + 1 robots will have made announcements. Some

of these announcements will be settled, and some of them will be

disputable. Regarding the distance of disputable announcements,

we get the following lemmas:

Lemma 4.3. If 2 ≤ k ≤ f + 1 announcements are made, the maximum
sector distance of any two of them, in order for all k of them to remain
disputable is f + 1 − k.

Proof. Suppose there are k disputable announcements and consider

the two of them at maximum sector distance D. For the sets A and B
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of robots that were supposed to pass over each one, we have |A∪B| =
f + 1 + d where d = f + 1 if D > f + 1 and d = D otherwise.

Any silent robot in this union casts at least one disproof to one of

these announcements. Suppose z is the total number of robots that

spoke, w of those confirming one and y the other. Since the z −w−y
announcements count as a disproof for both, the sum of disproofs for

these two announcements is at least f + 1 + d + z − w − y. If this is

greater than 2f , then one of them would have at least f +1 disproofs.

Thus, f + 1+ d + z −w − y ≤ 2f , which implies d ≤ f − (z −w − y)− 1.

The bound follows because z −w − y ≥ k − 2.

In order to calculate the worst placement of disputable announce-

ments by the Adversary, we prove the following lemma.

Lemma 4.4 (Maximum Robot Trajectory). Assume that we have k+1

points on the circle that can lie in an arc of angle a < 2π. The maximum
distance that a robot will traverse in order to visit all k + 1 points is if
the points are placed in equal distances in the arc of angle a.

Proof. Assume that θ1, θ2, . . . , θk are the interior angles that are formed

with the placement of the points, as shown in Figure 4.5. Then we

must have that θ1 + θ2 + · · · + θk = a and that θi < π, i = 1, . . . , n

Figure 4.5: Maximum trajectory scenario
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Then the distance that a robot will traverse in order to visit all points

is:

D(θ1, θ2, . . . , θk) =
k∑
i=1

xi

=

k∑
i=1

2 · sin
(θi

2

)

Let f (θ) = sin
( θ

2

)
, f ′(θ) = 1

2
· cos

( θ
2

)
, f ′′(θ) = −1

4
sin

( θ
2

)
< 0 when

θ ∈ (0,2π). Hence f is concave. We wish to find the angles θi such

thatD is maximized. We will work on the maximization of the quantity

D(θ1, θ2, . . . , θk)
2k

=

k∑
i=1

1

k
sin

(θi
2

)
, w.r.t. θ1, θ2, . . . , θk

Now by Jensen’s inequality, since f is concave, we have that:

k∑
i=1

1

k
· sin

(θi
2

)
≤ f

(∑k
i=1
θi

k

)
= sin

(∑k
i=1
θi

2k

)
= sin

( a
2k

)
We note that the equality holds (

D(θ1,θ2,...,θk )
2k is maximised) if θi =

a
k , i =

1, . . . , k, since

k∑
i=1

1

k
· sin

(θi
2

)
=

k∑
i=1

1

k
· sin

( a
2k

)
=
k

k
· sin

( a
2k

)
= sin

( a
2k

)
Therefore, we have that:

max
θ1,θ2,...,θk

D(θ1, θ2, . . . , θk) = 2 · k · sin
( a

2 · k

)

Next, we will calculate the chord between two consecutive disputable

announcements, in their maximum distance.
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Lemma 4.5. Let n be the total number of robots, f be the total number
of faulty robots and 2 ≤ k ≤ f + 1 be the number of disputable an-
nouncements of algorithm 5. Then the worst case maximum distance
of two consecutive disputable announcements Xj, Xj+1 is:

χ = 2 · sin
(d + 1

k − 1
·
π

n

)
where d is the sector distance of X1, Xk.

Proof. By Lemma 4.4, the worst placement of the announcements

by the Adversary is when all the consecutive announcements are

equidistant (d(Xj, Xj+1) = d(Xj, Xj−1), j ∈ [2, k − 1]).

The arc distance of X1, Xk is (d + 1) · 2π
n . Therefore the chord that

connects Xj, Xj+1 has length χ = 2 · sin
(d+1

k−1
· πn

)
Corollary 4.1 (Inspector Search Time). Inspectors need to check k−1

announcements in order to know the location of the exit, in the worst
case. The time that inspectors need to search is

Gs(k) = 2(k − 1) · sin
(
f − k + d + 2

k
·
π

n

)
Proof. By Lemma 4.4, the worst placement of the announcements

by the Adversary is when the last inspector and the disputable an-

nouncements are equidistant. In that way, the Adversary maximizes

the total required search time (and as a result the required evacua-

tion time). By Lemma 4.2 the arc distance of the last inspector and

Xk is (d + (f − k + 2)) · 2π
n = (f − k + d + 2)2π

n

We immediately gain the following corollary:

Corollary 4.2 (Inspector Evacuation Time). The time that inspectors
need to evacuate is

Ge(k) = 2k · sin
(
f − k + d + 2

k
·
π

n

)
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Theorem 4.1 ((n, f ) - Evacuation with Byzantine faults (Wireless)).

The worst-case time of algorithm 5 for (n, f ) - Evacuation with n > 2f
robots and f Byzantine faults in the Wireless model, satisfies:

E(n, f ) ≤ 1 + (f + 1) ·
2π

n
+max {Ge(k∗), He(k∗)}

where,

He(k∗) = 1 +

√
1 − sin2

(
(k∗ − c − 1)

f − k∗ + d + 2

k∗
·
π

n

)
+(k∗ − c − 1) · sin

(
k∗ − f + d + 2

k∗
·
π

n

)
,

k∗ = arg max
k∈{2,f +1}

(
2(k − 1) sin

(
f − k + d + 2

k
·
π

n

))
Proof. First we prove the correctness of Algorithm 5, and then its time

complexity:

Correctness: For the correctness of Algorithm 5 it suffices to prove

that all non-faulty robots will eventually evacuate. Since every sector

of the circle is searched by (f +1) different robots, by the end of round

(f + 1), the exit is among the disputable announcements. By Lemma

4.2, f + 2 − k inspectors are sufficient to settle all the disputable

announcements, hence all non-faulty robots will learn the location of

the exit and evacuate.

Time Complexity: The worst case time of Algorithm 5 is analyzed as

follows:

All robots move from the center to the perimeter of the circle in 1 time

unit and conduct search for (f + 1) · θ time units. Then the inspector

robots search for the exit among the disputable announcements and

at the same time the honest robots move closer to the candidate exits

in order to evacuate. The inspector robots by Corollary 4.2 need

Ge(k∗) time to evacuate.

The honest robots need at worst case He time which is analysed as:

- One time unit to get to the middle of the circle. By the time the

robot arrives at the center c =
⌊

1

2·sin f −k+d+2

k · πn

⌋
announcements have

been approved or disproved.

- The robot moves to the middle pointMc+1 of the line segment between
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Figure 4.6: Honest robots move from the center of the

circle to the first middle point Mc+1

Xc+1, Xk which has distance OMc+1 =

√
1 − sin2

(
(k∗ − c − 1) f −k+d+2

k · πn

)
(see Figure 4.6).

- The time needed to move through the middle point Mj of the line

segments of Xj, Xk, j ∈ {c + 2, k} is (k∗ − c − 1) · sin
(
k∗−f +d+2

k∗ · πn

)
.

We note that the triangles

△

XkXcXc+1 and

△

XkMcMc+1 are similar, since

Xc+1X̂kXc+2 = Mc+1X̂kMc+2 and
XkXc+1

XkMc+1

= XkXc+2

XkMc+2

(see Figure 4.7). There-

fore, by the similarity of the triangles, it holds that:

Mc+1Mc+2

Xc+1Xc+2

=
XkXc+2

XkMc+2

⇒ Mc+1Mc+2 =
1

2
Xc+1Xc+2 = sin

(
k∗ − f + d + 2

k∗
·
π

n

)
Similarly, in order to move through the middle points Mj, j ∈ {c+2, k}
(Figure 4.7) the time required is:

Mc+1Mc+2 . . . MkXk =
1

2
Xc+1Xc+2 . . . Xk = (k∗ − c − 1) · sin

(
k∗ − f + d + 2

k∗
·
π

n

)
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Figure 4.7: Final evacuation trajectory of the honest

robots, moving through the middle points.

4.2.1 Simulation Results for the Wireless model

To complement our analysis about the performance of Algorithm 5

we simulated the running time as illustrated in Figure 4.8. Its ef-

fectiveness is demonstrated under varying ratios of n and f and is

further compared with the trivial algorithm.

Figure 4.8: Total evacuation time using Algorithm 5,

in different values of n and f

Notably, our algorithm demonstrates its best performance as the per-

centage of faulty robots f decreases.
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4.3 Evacuating under Face-to-Face Commu-

nication

For the evacuation problem of n robots under f Byzantine faults in

the Face-to-Face communication model, we present Algorithm 6. We

use that algorithm to prove an Upper Bound for the evacuation of n
robots, f of which are Byzantine.

In Algorithm 6, robots start at the center of the circle and after search-

ing the circumference of the circle for f +1 rounds (Figures 4.9 - 4.10),

rendezvous at the center to share their findings (Figure 4.11). Robots

make claims about the location of the exit and check the validity of

these claims. If they can deduce the location of the exit, they move

there to evacuate. If not, in the worst case all honest robots must

visit all the disputable claims to evacuate (Figure 4.12). Algorithm 6

is illustrated in Figures 4.9 - 4.12.

Figure 4.9: Each robot ai move from their starting po-

sition (center of the circle) to point iθ of the circle (t < 1)
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Figure 4.10: Robots search the unit circle counter

clockwise (t < 1 + (f + 1)θ)

Figure 4.11: After f+1 rounds of search, announce-

ments are present. Robots move to the center of the

circle do discuss their findings (t = 1 + (f + 1)θ)
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Figure 4.12: Evacuation path of non-faulty robots (t >
1 + (f + 1)θ)

Algorithm 6 (n, f )-evacuation with Byzantine faults (F2F)

1: Define θ = 2π
n .

2: Robot ai moves along a radius of the circle to the point iθ of the

unit circle and start searching ccw.

3: At time 1 + (f + 1)θ: all robots return to the center of the circle.

4: Robots that claim they have found the exit inform the rest of the

robots

5: If a consensus about the location of the exit have achieved, all

robots move to the exit to evacuate. Otherwise, robots must visit

all the disputable claims.

The correctness and time complexity of Algorithm 6 is analyzed in the

following theorem.

Theorem 4.2 ((n, f ) - Evacuation with Byzantine faults (F2F)). The
worst-case time for (n, f ) - Evacuation with n robots and f Byzantine
faults in the Face-to-Face model, satisfies

E(n, f ) ≤ 3 + (f + 1) ·
2π

n
+ max

2≤k≤n

{
2(k − 1) · sin

(
f − k + 2

k − 1
·
π

n

)}
Proof. We will prove the correctness and the time complexity of Algo-

rithm 6

Correctness: It suffices to prove that all honest robots will eventu-

ally evacuate. Since in Algorithm 6 every sector is searched by (f +1)
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different robots then, when the robots meet at the center of the circle

after the f + 1 rounds, the exit is among the disputable announce-

ments. Therefore, by searching all the disputable announcements

the robots will eventually find the exit and evacuate.

Time Complexity: The worst case time of Algorithm 6 is analyzed as

follows:

• All robots move from the center to the perimeter of the circle in

one time unit and conduct search for (f + 1) · θ time units.

• Then robots return to the center of the circle in one time unit to

exchange information about the exit.

• If there is consensus on the exit, the robots move to the exit in

one time unit.

• If there are k ≥ 2 disputable claims, then the robots move to

the perimeter of the circle to search all the disputable claims.

By Lemmas 4.3, 4.5 the worst case time in order to visit all the

claims is

(k − 1)χ = 2(k − 1) · sin
(
f − k + 2

k − 1
·
π

n

)
The upper bound follows.

4.3.1 Comparison with the trivial algorithm

The trivial algorithm for the face to face evacuation requires that

every robot searches the perimeter of the circle until they find the

exit, and therefore the worse time complexity is T (n, f ) = 1 + 2π. In

this section, we will compare the worse time complexity of Algorithm

6 and the trivial algorithm.

In Lemma 4.6 we prove that if f ≥ 0.384209 · n then the trivial al-

gorithm has better performance than algorithm 6 and in Lemma 4.7

we prove that when n > 2π
π−1−2π� and 0 < � < π−1

2π if f ≤ � · n then

Algorithm 6 has better performance than the trivial algorithm.

Lemma 4.6. If 0.384209 · n ≤ f < n , then the trivial algorithm has
better worst time complexity than Algorithm 6.

Proof. Let f = � · n, for some � ∈ {0,1}. We will prove that if

� ≥ 0.384209 the trivial algorithm has better time complexity than
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Algorithm 6. In case there are two announcements (k = 2) their

maximum arc distance, by Lemma 4.3 is:

(f − k + 2)
2π

n
= n · � ·

2π

n
= 2π · � (4.1)

Hence the adversary can place the two announcements with arc dis-

tance 2π ·� so the time needed for the robots to visit the two disputable

announcements is 2 · r · sin
(

2�π
2

)
= 2 · sin (� · π)

Therefore, in this instance the time complexity of Algorithm 6 is:

E(n, f ) ≥ 3 + 2 · sin (� · π) + (f + 1) ·
2π

n

= 3 + 2 · sin(� · π) + 2π · � +
2π

n
> 3 + 2 · sin(� · π) + 2π · � (4.2)

Now we calculate the values of � for which the trivial algorithm is

better than Algorithm 6, using the lower bound of Equation 4.2.

T (n, f ) ≤ 3 + 2 · sin(� · π) + 2π · � (4.3)

By solving the above inequality we get that:

� ≥ 0.384209

Lemma 4.7. If f ≤ � · n, for some 0 < � < π−1

2π ≈ 0.34 and n >
2π

π−1−2π� then Algorithm 6 has better worst time complexity than the
trivial algorithm.

Proof. Since sin(x) ≤ x,∀� ∈ Rwe can bound max2≤k≤n

{
2(k − 1) · sin

(
f −k+2

k−1
· πn

)}
in the following way:

max
2≤k≤f +1, f<n

(k − 1) · 2 · sin
f − k + 2

k − 1
·
π

n

≤ max
2≤k≤f +1, f<n

(k − 1) · 2 ·
f − k + 2

k − 1
·
π

n

= 2 ·
fπ

n
≤ 2 · � · π

since the maximum is achieved for k = 2.
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Hence,

E(n, f ) ≤ 3 + (� · n + 1) ·
2π

n
+ 2�π (4.4)

Now we calculate the values of � and n for which the trivial algorithm

is worst than the upper bound of Equation 4.4:

3 + (� · n + 1) ·
2π

n
+ 2�π < T (n, f )

3 + (� · n + 1) ·
2π

n
+ 2π� < 2π + 1

π

n
< π − 1 − 2π · �

Therefore it should hold that

π − 1 − 2π · � > 0⇒ � <
π − 1

2π

and that

n >
π

π − 1 − 2π�

4.3.2 Simulation Results for the F2F model

In this section, we present the simulation results obtained from our

experiments, which aim to evaluate the performance of the proposed

Algorithm 6 and compare it with the trivial algorithm. These simu-

lations helped us to evaluate the gap between f > 0.384209 · n and

f < π−1

2π ≈ 0.34 to complement our analytical results (Lemmas 4.6,

4.7) where we proved that our algorithm outperforms the trivial algo-

rithm.

By analyzing these results, we gain insight that our algorithm has

a better performance than the trivial with regard to evacuation time

when the number of faulty robots is bounded by one-third of the total

n robots.

Figure 4.13 demonstrates a summary of these simulations, where

Algorithm 6 is compared against the trivial algorithm, depicted in

red. It also depicts in blue, orange and green the performance of

our algorithm under different ratios of faulty robots. Note that these
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Figure 4.13: Total evacuation time of Algorithm 6 for

different values of n and f and comparison with the

trivial algorithm

ratios are all set close to one-third in order to provide a more precise

picture on when exactly our algorithm performs better.

4.4 Conclusion

The study presented in this chapter enhances our understanding of

evacuation problems on circular topology and highlights the signifi-

cance of addressing faulty robots in evacuation algorithms.

We introduce algorithms that cater to the general case of having f
Byzantine faults among the n robots. These algorithms are designed

for both the wireless and face-to-face communication models, con-

sidering the movement capabilities of the robots, which allows them

to move anywhere on the platform with a speed of 1. Our proposed

algorithms contribute to the field by providing upper bounds in both

communication models. Finding a lower bound for these cases and

tightening the gap between them is a challenging open question.
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Conclusion

Throughout this thesis, we have explored search and evacuation

problems involving autonomous robots on a circular topology, under

various fault conditions. Our work covered two main areas: search

problems and evacuation problems, each presenting unique chal-

lenges.

Considering search problems, our focus was on scenarios with n
robots, where up to f robots could be crash-faulty or one robot could

exhibit Byzantine behavior. We determined the optimal worst-case

search time for f crash faults or a single Byzantine fault in the wire-

less communication model. We also studied a mixed-case scenario,

combining several crash-faulty with one Byzantine-faulty robot, and

established an upper bound that slightly deviates from the lower

bound.

In our study of evacuation problems, we first addressed scenarios

where n robots had to evacuate under the presence of up to two

Byzantine faults. We provided algorithms and analyzed their time

requirements leading to a lower and an upper bound for the (n,1)-
evacuation scenario and an upper bound for the (n,2)-evacuation

scenario in both the wireless and the face-to-face communication

models. After that, we studied the generalized case of (n, f )-evacuation

with n robots, f of which are Byzantine faulty and provided upper

bounds also under wireless and the face-to-face communication.

The family of symmetric-persistent algorithms that we explored in

our work, can be investigated further, particularly in scenarios that

incorporate variable robot capabilities, additional environmental con-

straints, or optimized performance metrics. Addressing these factors

could lead to more robust and efficient search and evacuation strate-

gies, potentially transforming how autonomous systems are deployed

in complex and unpredictable environments.
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