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Περίληψη

Η περιορισµένη ικανότητα των Μεγάλων Γλωσσικών Μοντέλων (ΜΓΜ-LLMs) στα
µαθηµατικά- δεξιότητα κρίσιµη για την επίλυση σύνθετων πϱοβληµάτων- ϐρίσκεται στο
επίκεντρο του ερευνητικού ενδιαφέροντος. Πολλές προσεγγίσεις επιστρατεύουν το in context
learning. Οι κυριότερες εξ αυτών αφορούν στην ενθάρρυνση των ΜΓΜ µέσω προτροπών να
προσεγγίσουν το πρόβληµα σταδιακά αναπτύσσοντας τη σκέψη τους σε κειµενική µορφή
(Chain of Thought-CoT) ή να επιλύσουν το πρόβληµα µε χϱήση κώδικα (Program of
Thought-PoT). Ωστόσο, τη µεγαλύτερη ακρίβεια επιτυγχάνουν µέθοδοι οι οποίες ϐασίζονται
στην ενσωµάτωση πολλαπλών µεθόδων και επιλογή της κατά περίπτωση κατάλληλης, όπως,
παραδείγµατος χάϱιν, η X of Thought (XoT).

Στην παϱούσα διπλωµατική εϱγασία, πϱοτείνουµε το BloomWise, µια νέα-εµπνευσµένη
από την ταξονοµία Bloom- τεχνική prompting η οποία στοχεύει στη ϐελτίωση των επιδόσεων
των ΜΓΜ στην επίλυση µαθηµατικών πϱοβληµάτων ενθαϱϱύνοντάς τα να πϱοσσεγγίσουν το
πϱόβληµα επιστϱατεύοντας αϱχικά απλές και πϱοοδευτικά- αν είναι απαϱαίτητο- ανώτεϱες
πνευµατικές δεξιότητες. Μέσω εκτεταµένων πειϱαµάτων σε διάφοϱα σύνολα δεδοµένων και
µοντέλα, καταδεικνύουµε την αποτελεσµατικότητα της µεθόδου. Επίσης, παϱουσιάζουµε
παϱαλλαγές της πϱοσέγγισης, αναδεικνύουµε τη χϱησιµότητα κάθε τµήµατος της µεθόδου
µέσω κατάλληλων αφαιϱέσεων και πϱαγµατοποιούµε εµβϱιθή ανάλυση των αποτελεσµάτων
εστιάζοντας στην αποτελεσµατικότητα κάθε πνευµατικής δεξιότητας της ταξονοµίας τόσο ανά
σύνολο δεδοµένων όσο και ανά µοντέλο.

Συνάγουµε συµπεϱάσµατα τόσο για τη µέθοδό µας όσο και για τις ικανότητες των ΜΓΜ.
΄Οσον αφοϱά στη µέθοδό µας, επιτυγχάνει παϱεµφεϱή, και οϱισµένες ϕοϱές µεγαλύτεϱη,
ακϱίβεια από τις πϱος σύγκϱιση µεθόδους. Συγκεκϱιµένα, η επίδοση του BloomWise είναι
παϱόµοια µε αυτή της ΧοΤ και καλύτεϱη από αυτή των CoT και PoT, ενώ η σηµαντικά
µεγαλύτεϱη ακϱίβεια του Oracle καταδεικνύει τη δυναµική της µεθόδου. ΄Οσον αφοϱά στα
ΜΓΜ, η µέθοδος πϱοσφέϱει πολύτιµες πληϱοφοϱίες σχετικά µε τις γνωστικές δεξιότητες
τις οποίες επιδεικνύει κάθε ΜΓΜ, καθώς και τις δεξιότητες οι οποίες απαιτούνται για την
επίλυση διαφοϱετικών τύπων µαθηµατικών πϱοβληµάτων, ενισχύοντας την εϱµηνευσιµότητα.
Μεϱικές εκ των κυϱιότεϱων παϱατηϱήσεων είναι οι εξής : σε όλα τα µοντέλα η µεγαλύτεϱη
ακϱίβεια επεύχθη στα στάδια ¨Ανάλυση¨ και ¨Κατανόηση¨, και για τα δύσκολα πϱοβλήµατα
επιτυγχάνεται καλύτεϱη επίδοση στα ανώτεϱα στάδια της ταξονοµίας, ενώ το αντίστϱοφο δεν
επιβεβαιώνεται.

Λέξεις Κλειδιά

LLMs, in-context learning, Ταξονοµία Bloom, µαθηµατικά πϱοβλήµατα, πϱοτϱοπές
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Abstract

The limited ability of Large Language Models (LLMs) in mathematics—a skill critical for
solving complex problems—has garnered significant interest from the research commu-
nity. Many approaches have employed in-context learning to improve LLMs’ performance
in such tasks. The most prominent of these focus on encouraging LLMs, through prompts,
to approach problems gradually by developing their reasoning in textual form (Chain
of Thought) or solving the problem using code (Program of Thought). However, the
highest accuracy is achieved by methods that integrate multiple approaches and select
the appropriate one for each case, such as the X of Thought (XoT).

In this thesis, we propose BloomWise, a new, Bloom’s- Taxonomy-inspired prompting
technique aimed at improving LLMs’ performance in solving mathematical problems.
BloomWise encourages models to approach problems initially with simple, and, if ne-
cessary, progressively higher cognitive skills. Through extensive experiments on various
datasets and models, we demonstrate the effectiveness of the method. Additionally, we
present variations of the approach, highlight the usefulness of each component through
extensive ablation studies, and conduct an in-depth analysis of the results, focusing on
the effectiveness of each cognitive skill in the taxonomy, both by dataset and by model.

We draw conclusions both about our method and the capabilities of LLMs. Regarding
our method, it achieves accuracy comparable to, and sometimes better than, the methods
it was compared against. Specifically, the performance of BloomWise is similar to XoT
and better than CoT and PoT, while the significantly higher accuracy in the Oracle setting
highlights the method’s potential. As for the LLMs, the method offers valuable insights
into the cognitive skills each LLM demonstrates, as well as the skills required for solving
various types of mathematical problems, thus enhancing interpretability. Some of the
key observations are as follows: across all models, the highest accuracy was achieved at
the "Analyzing" and "Understanding" stages, and, while difficult problems achieve better
performance at higher taxonomy stages, the reverse does not hold true.

Keywords

LLMs, in-context learning, Bloom’s Taxonomy, math problems, prompts
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Κεφάλαιο 1

Εκτεταµένη Ελληνική Πεϱίληψη

1.1 Εισαγωγή

Τα µεγάλα γλωσσικά µοντέλα (LLMs) έχουν επιδείξει εντυπωσιακές επιδόσεις σε ένα
ευρύ ϕάσµα εργασιών, όπως η παραγωγή κειµένου, η ανάλυση συναισθήµατος, η ανάκτηση
πληροφοριών και η δηµιουργία κώδικα. Αυτές οι επιτυχίες έχουν καταστήσει τα LLMs
εξαιρετικά εργαλεία σε τοµείς όπως η αυτοµατοποίηση υποστήριξης πελατών, η δηµιουργική
γραφή και η ανάλυση δεδοµένων. Παϱ’ όλα αυτά, ένα ϐασικό πεδίο όπου τα LLMs
εξακολουθούν να παρουσιάζουν αδυναµίες είναι η επίλυση µαθηµατικών προβληµάτων. Η
µαθηµατική σκέψη απαιτεί ακρίβεια, δοµηµένη συλλογιστική και πολυεπίπεδη λογική, κάτι
το οποίο τα LLMs συχνά δυσκολεύονται να επιτύχουν.

Ο Stefan Banach είχε κάποτε παϱατηϱήσει : «Τα µαθηµατικά είναι το πιο όµοϱφο και πιο
ισχυϱό δηµιούϱγηµα της ανθϱώπινης νόησης». Αυτή η πεποίθηση εξαίϱει τον καθοϱιστικό
χαϱακτήϱα της ενίσχυσης των µαθηµατικών ικανοτήτων των LLMs. Καθώς διευϱύνουµε τα
όϱια των δυνατοτήτων των µεγάλων γλωσσικών µοντέλων, η ικανότητά τους να κατανοούν και
να χειϱίζονται µαθηµατικές έννοιες είναι εκ των ων ουκ άνευ για την πϱοαγωγή της γνώσης
και της καινοτοµίας σε διάφοϱους τοµείς.

Πολλές πρόσφατες προσεγγίσεις έχουν αξιοποιήσει τις δυνατότητες του in-context learn-
ing (ICL) [4] για να ϐελτιώσουν τις δεξιότητες επίλυσης προβληµάτων των LLMs. Κάποιες εκ
των πιο διαδεδοµένων τεχνικών περιλαµβάνουν την ενθάρρυνση των LLMs µέσω προτροπών
να αναπτύξουν τη συλλογιστική τους πορεία σε κειµενική µορφή (Chain-of-Thought (CoT))
[5] ή να αξιοποιήσουν συναρτήσεις Python µέσω των Program-Aided Language Model (PAL,
[6]) και Program-of-Thought prompting (PoT, [7]). Κάθε προσέγγιση έχει πλεονεκτήµατα
και µειονεκτήµατα: Το Chain of Thought (CoT) κατακερµατίζει τον συλλογισµό σε µια
διαδοχική αφήγηση, επιτρέποντας ευέλικτες προσεγγίσεις επίλυσης προβληµάτων. Ωστόσο,
υστερεί σε αριθµητική ακρίβεια ([5],[8]), καθώς τα γλωσσικά µοντέλα συχνά αντιµετωπίζουν
δυσκολίες µε τις µαθηµατικές πϱάξεις. Από την άλλη πλευρά, τεχνικές όπως το PoT και το
PAL χρησιµοποιούν κώδικα Python, αξιοποιώντας την ακρίβεια των διερµηνέων για αξιόπι-
στους υπολογισµούς, αλλά αδυνατούν να διαχειριστούν άγνωστες µεταβλητές. Πρόσφατες
ερευνητικές προσπάθειες έχουν στραφεί πϱος την ενσωµάτωση πολλαπλών µεθοδολογιών,
µε στόχο την αναγνώριση της καταλληλότερης προσέγγισης για το εκάστοτε πρόβληµα,
συγκεράζοντας τα πλεονεκτήµατα διαφόρων τεχνικών. Η µέθοδος X of Thoughts [3] είναι µια
τεχνική προτροπής (prompting) κατά την οποία επιλέγεται, εφαρµόζεται και επαληθεύεται
η καταλληλότερη εκ των τεχνικών CoT (Chain of Thought), PoT (Program of Thought) και
EoT (Equations of Thought) (επαναληπτικά, έως ότου ϐρεθεί η σωστή λύση), µε στόχο τη
ϐελτίωση της απόδοσης των LLMs στην επίλυση µαθηµατικών προβληµάτων.

Βασιζόµενοι στην ιδέα της ενσωµάτωσης πολλαπλών µεθόδων και επιδιώκοντας την
ενίσχυση της αυτογνωσίας των LLMs, προτείνουµε το BloomWise, µια νέα, cognitively-
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motivated µέθοδο prompting. Το BloomWise ενθαρρύνει τα LLMs να επιστρατεύουν στα-
διακά ανώτερες γνωστικές λειτουργίες σε ιεραρχική σειρά για να επιλύσουν ένα πρόβληµα,
έως ότου ϐρεθεί η σωστή λύση. Ενθαρρύνοντας την ενεργοποίηση γνωστικών διαδικασιών,
το BloomWise εµβαθύνει στη σφαίρα των γνωστικών ικανοτήτων, ευθυγραµµίζοντας τις
στρατηγικές επίλυσης προβληµάτων µε την Ταξονοµία του Bloom, προκειµένου να ϐελτιώσει
την κατανόηση και την ακρίβεια στην αντιµετώπιση σύνθετων µαθηµατικών προκλήσεων. Με
τη χϱήση πολυεπίπεδων γνωστικών προτροπών (multi-level cognitive prompting) στοχεύουµε
στην ενίσχυση τόσο της ερµηνευσιµότητας όσο και της ακρίβειας των αποτελεσµάτων.

Η κύϱια ιδέα πίσω από το BloomWise είναι να ενθαρρύνει το LLM να ϕτάσει σε µια
λύση αξιοποιώντας γνωστικές δεξιότητες αυξανόµενης πολυπλοκότητας. Η απάντηση η
οποία αντιστοιχεί σε κάθε ένα από τα πϱώτα πέντε επίπεδα της Ταξονοµίας του Bloom
αυτοαξιολογείται από το LLM, το οποίο ανακοινώνει επιτυχία εάν η λύση ϑεωρείται σω-
στή, αποτρέποντας τη µετάβαση στο επόµενο επίπεδο της ταξονοµίας. Προκειµένου να
καταδείξουµε την αποτελεσµατικότητα της προσέγγισής µας, διεξάγάγαµε εκτενή πειράµατα
σε τέσσερα δηµοφιλή σύνολα δεδοµένων µαθηµατικών προβληµάτων και επιτυγχάνουµε
σταθερές ϐελτιώσεις. Επιπλέον, εξερευνήσαµε διάφορες παραλλαγές της µεθόδου µας,
όπως το majority voting µεταξύ των επιπέδων και το Program of Bloom, το οποίο συνδυάζει
το BloomWise µε το PoT. Επίσης, αξιολογήσαµε τη δυναµική της προτεινόµενης µεθόδου
χρησιµοποιώντας ένα Oracle ως κριτήριο για την απόφαση για µετάβαση ή µη στο επόµενο
επίπεδο της ταξονοµίας. Τα κύϱια σηµεία συνεισφοράς της µελέτης είναι τα εξής :

1.Πϱοτείνουµε µια νέα µέθοδο prompting για την επίλυση µαθηµατικών (και πιθανώς
άλλων) πϱοβληµάτων, ϐασισµένη στην Ταξονοµία του Bloom.

2.Ενσωµατώνουµε την ιδέα του Πϱόωϱου Τεϱµατισµού (early stopping) στο prompting,
καθώς η εκτέλεση της µεθόδου σταµατά όταν η λύση η οποία πϱοκύπτει σε ένα επίπεδο της
ταξονοµίας αξιολογηθεί ως σωστή.

3.∆ιεϱευνούµε την απόδοση διαφόρων LLMs σε κάθε γνωστικό επίπεδο της Ταξονοµίας
του Bloom για τέσσερα δηµοφιλή σύνολα δεδοµένων µαθηµατικών προβληµάτων. Τα
αποτελέσµατά µας προσφέρουν πολύτιµες πληροφορίες σχετικά µε τις γνωστικές δεξιότητες
που επιδεικνύει κάθε LLM, καθώς και τις δεξιότητες που απαιτούνται για την επίλυση
διαφορετικών τύπων µαθηµατικών προβληµάτων.

4.Επιπλέον, καταδεικνύουµε τη δυναµική του cognitively-motivated prompting για τη
ϐελτίωση της ακϱίβειας και την ενίσχυση της εϱµηνευσιµότητας.

1.2 Θεωϱητικό Υπόβαθϱο

1.2.1 Τεχνητή Νοηµοσύνη και Μηχανική Μάθηση

Παϱά το γεγονός πως δεν υπάρχει απόλυτα σαφής και κοινά αποδεκτός ορισµός, ϑα
µπορούσαµε να πούµε πως η Τεχνητή Νοηµοσύνη αποτελεί τον κλάδο της Επιστήµης
Υπολογιστών ο οποίος ασχολείται µε την αυτοµατοποίηση της νοήµονος συµπεριφοράς.
Η Μηχανική Μάθηση, η οποία συνιστά κλάδο της Τεχνητής Νοηµοσύνης, συνίσταται
στις αρχές, µεθόδους και αλγορίθµους για µάθηση και πρόβλεψη µε ϐάση προηγούµενα
δεδοµένα µε στόχο οι µηχανές να εργάζονται αξιοποιώντας την εµπειρία και όχι σαφώς
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καθορισµένες οδηγίες. Οι εργασίες µηχανικής µάθησης διακρίνονται σε τϱεις κύϱιες
κατηγορίες, µε ϐάση τον τϱόπο εκπαίδευσης ή τη διαθέσιµη ανατροφοδότηση. Στην
επιβλεπόµενη µάθηση (supervised learning), το σύστηµα εκπαιδεύεται δεχόµενο εισόδους
και τα αντίστοιχα επιθυµητά αποτελέσµατα, µε στόχο την εκµάθηση ενός γενικού κανόνα
για τη σύνδεση εισόδων και εξόδων. Στην κατηγορία αυτή εµπίπτουν η ταξινόµηση (clas-
sification) και η παλινδρόµηση (reggression). Η ταξινόµηση είναι η διαδικασία κατάταξης
των δεδοµένων σε διακριτές κατηγορίες (π.χ., ταξινόµηση email ως «spam» ή «not spam»),
ενώ η παλινδρόµηση είναι η πρόβλεψη συνεχών τιµών (π.χ., πρόβλεψη της τιµής ενός
αυτοκινήτου ϐάσει του έτους κατασκεύης, της κατάστασης του οχήµατος, της απόστασης
που έχει διανύσει κλπ). Στη µη επιβλεπόµενη µάθηση (unsupervised learning), το σύστηµα
καλείται να ανακαλύψει δοµή και πρότυπα στα δεδοµένα χωρίς τη χϱήση των σωστών
ετικετών. Χαρακτηριστικά παραδείγµατα αποτελούν η Συσταδοποίηση (clustering) και η
Μείωση διαστάσεων (dimensionality reduction). Η συσταδοποίηση είναι η οµαδοποίηση
δεδοµένων που παρουσιάζουν οµοιότητες (π.χ., κατηγοριοποίηση ταινιών), ενώ η µείωση
διαστάσεων είναι η συµπύκνωση της πληροφορίας µειώνοντας τις διαστάσεις των δεδοµένων
(π.χ., µε τη χϱήση τεχνικών όπως η PCA) για πιο εύκολη επεξεργασία ή οπτικοποίηση.
Στην ηµι-επιβλεπόµενη µάθηση (semi-supervised learning), µόνο ένα υποσύνολο των δεδο-
µένων διαθέτει επισηµασµένα αποτελέσµατα. Τέλος, η ενισχυτική µάθηση (reinforcement
learning) ϐασίζεται στην αλληλεπίδραση µε ένα δυναµικό περιβάλλον όπου το σύστηµα
λαµβάνει ανατροφοδότηση µέσω επιβραβεύσεων, επιδιώκοντας την επίτευξη ενός συγκε-
κριµένου στόχου. Σήµερα, το ερευνητικό ενδιαφέρον επικεντρώνεται στη Βαθιά Μάθηση
(Deep Learning), υποκατηγορία της Μηχανικής Μάθησης, ϐάση της οποίας συνιστούν τα
Τεχνητά Νευρωνικά ∆ίκτυα (Artificial Neural Networks - ANNs). ΄Οπως καθίσταται σαφές
από το όνοµά τους, η δοµή τους είναι εµπνευσµένη από τους ϐιολογικούς νευρώνες του
ανθρώπινου εγκεφάλου. Παραδοσιακά, τα ANNs αποτελούνται από κόµβους (νευρώνες) που
οργανώνονται σε στϱώσεις. Συγκεκριµένα, τα ANNs περιλαµβάνουν µια είσοδο και µια
έξοδο, καθώς και µία ή περισσότερες κρυφές στϱώσεις ενδιάµεσα. Κάθε κόµβος µπορεί
να συνδέεται µε έναν ή περισσότερους άλλους κόµβους, και κάθε σύνδεση συνοδεύεται
από ένα ϐάϱος. Για να προκύψει η έξοδος κάθε κόµβου, υπολογίζεται το άθροισµα των
εξόδων των κόµβων των προηγούµενων στρώσεων µε τους οποίους είναι συνδεδεµένος.
Πρόσφατες εξελίξεις στη Βαθιά Μάθηση περιλαµβάνουν τεχνικές αιχµής όπως ο µηχανισµός
προσοχής (attention mechanism) και οι µετασχηµατιστές (transformers). Ο µηχανισµός
προσοχής επιτρέπει στα µοντέλα να εστιάζουν επιλεκτικά σε καίριες περιοχές των δεδοµένων
εισόδου, ϐελτιστοποιώντας τη διαδικασία κατανόησης και γενίκευσης. Οι µετασχηµατιστές,
ϐασιζόµενοι στον µηχανισµό προσοχής, έχουν επιφέρει σηµαντική πρόοδο, ιδιαιτέρως στον
τοµέα της Επεξεργασίας Φυσικής Γλώσσας (NLP), προσφέροντας εξαιρετική απόδοση στην
ανάλυση και παραγωγή κειµένου. Αυτές οι τεχνικές έχουν υπερκεράσει τις παραδοσιακές
προσεγγίσεις νευρωνικών δικτύων, παρέχοντας αυξηµένη ακρίβεια και αποδοτικότητα σε
πλήθος εφαρµογών.
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1.2.2 Μεγάλα Γλωσσικά Μοντέλα

Τα γλωσσικά µοντέλα είναι µοντέλα τα οποία αναθέτουν πιθανότητες σε ακολουθίες
λέξεων, δηλαδή εκτιµούν την πιθανότητα εµφάνισης µιας λέξης ϐάσει των συµφραζοµένων [9].
Αποτελούν ακρογωνιαίο λίθο της Επεξεργασίας Φυσικής Γλώσσας (NLP), καθώς παρέχουν
έναν τϱόπο µετατροπής ποιοτικών πληροφοριών κειµένου σε ποσοτικά δεδοµένα που είναι
κατανοητά από τη µηχανή.

Ιστοϱικά, τα πϱώτα γλωσσικά µοντέλα ϐασίζονταν σε στατιστικές µεθόδους. Παραδείγµα-
τος χάϱιν, τα n-grams και τα µοντέλα κρυφών Μαρκοβιανών αλυσίδων χρησιµοποιούσαν τις
συχνότητες των λέξεων και ϕράσεων για να εκτιµήσουν τις πιθανότητες. Στις πιο σύγχρονες
προσεγγίσεις, χρησιµοποιούνται ϐαθιά νευρωνικά δίκτυα, µε τα Μεγάλα Γλωσσικά Μοντέλα
(LLMs) να έχουν ϕέϱει επανάσταση στην επεξεργασία και κατανόηση της ϕυσικής γλώσσας.

Τα LLMs, όπως τα GPT, Llama και Mixtral, είναι εκπαιδευµένα σε τεϱάστια σύνολα
δεδοµένων και αξιοποιούν εξελιγµένες τεχνικές, όπως οι µετασχηµατιστές (transformers),
για να επιτύχουν υψηλές επιδόσεις σε µια πληθώϱα γλωσσικών εϱγασιών.

1.2.3 Μάϑηση ϐάσει prompts

Η παραδοσιακή µέθοδος για την προσαρµογή των πϱο-εκπαιδευµένων γλωσσικών µο-
ντέλων σε επιµέρους προβλήµατα είναι το fine-tuning. Ωστόσο, αυτό δεν αποτελεί πάντα τη
ϐέλτιστη προσέγγιση: είναι πιθανό να οδηγήσει σε υπερπροσαρµογή του πϱο-εκπαιδευµένου
µοντέλου, ενώ η τροποποίηση των παραµέτρων του µπορεί να προκαλέσει απώλεια ση-
µαντικών γλωσσικών σχέσεων και αναπαραστάσεων τις οποίες το µοντέλο απέκτησε κατά
την πϱο-εκπαίδευση. Επιπλέον, το συνεχώς αυξανόµενο µέγεθος των σύγχρονων πϱο-
εκπαιδευµένων µοντέλων καθιστά το fine-tuning πιο δαπανηρό και µη αποδοτική από άποψη
πόϱων επιλογή. Για αυτούς τους λόγους, τα τελευταία χϱόνια η ερευνητική κοινότητα έχει
στραφεί σε εναλλακτικές λύσεις για την προσαρµογή των πϱο-εκπαιδευµένων γλωσσικών
µοντέλων.

Θα εστιάσουµε στη µάθηση ϐάσει prompt. Η µάθηση ϐάσει prompt διατηρεί το
πϱο-εκπαιδευµένο µοντέλο αµετάβλητο και εισάγει έναν µικρό αριθµό παραµέτρων, που
αποτελούν το λεγόµενο prompt, είτε στο επίπεδο της κειµενικής εισόδου είτε απευθείας στο
επίπεδο της ενσωµάτωσης (embedding) του µοντέλου. Καθώς το µέγεθος των σύγχρονων πϱο-
εκπαιδευµένων γλωσσικών µοντέλων αυξάνεται διαρκώς, η µάθηση ϐάσει prompt ερευνάται
κυρίως λόγω των χαµηλότερων απαιτήσεών της σε υπολογιστικούς πόϱους σε σύγκριση µε
την παραδοσιακή µέθοδο του fine-tuning.

Υπάϱχουν διάφοροι τύποι prompts που χρησιµοποιούνται για την καθοδήγηση των
µοντέλων. Στο zero-shot learning, το µοντέλο καλείται να εκτελέσει µια εργασία χωρίς να
του δοθεί κάποιο παράδειγµα της εργασίας, απλώς ϐασιζόµενο στη διατύπωση της εντολής.
Αντίθετα, στο few-shot learning, το µοντέλο λαµβάνει λίγα παραδείγµατα της εργασίας µέσα
στο prompt, ώστε να προσαρµοστεί καλύτερα.
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1.2.4 Ταξονοµία Bloom

1.2.4 Ταξονοµία Bloom

Η Ταξονοµία του Bloom είναι ένα πολυεπίπεδο µοντέλο ταξινόµησης της σκέψης σύµ-
ϕωνα µε έξι γνωστικά επίπεδα πολυπλοκότητας. Στην αρχική εκδοχή της Ταξονοµίας, τα
τϱία χαµηλότερα επίπεδα είναι : η αποµνηµόνευση, η κατανόηση και η εφαρµογή. Τα
τϱία υψηλότερα επίπεδα είναι : η ανάλυση, η σύνθεση και η αξιολόγηση. Η ταξονοµία
είναι ιεραρχική και κάθε επίπεδο συµπεριλαµβάνει τα χαµηλότερα επίπεδα. Κατά τη
διάρκεια της δεκαετίας του 1990, η ταξονοµία αναθεωρήθηκε. Η νέα δοµή της ταξονοµίας
είναι : η αποµνηµόνευση, η κατανόηση, η εφαρµογή, η ανάλυση, η αξιολόγηση και η
δηµιουργία. Η εργασία µας ϐασίζεται στην αναθεωρηµένη ταξονοµία των [10]. Τα ϐήµατα
που χρησιµοποιούνται στην Ταξονοµία ορίζονται ως εξής :

1. Αποµνηµόνευση: Η ανάκτηση, η αναγνώϱιση και η ανάκληση σχετικών γνώσεων από
τη µακϱοπϱόθεσµη µνήµη.

2. Κατανόηση: Η κατασκευή νοήµατος από πϱοφοϱικά, γϱαπτά και γϱαφικά µηνύµατα
µέσω της εϱµηνείας, της παϱοχής παϱαδειγµάτων, της ταξινόµησης, της πεϱίληψης,
της εξαγωγής συµπεϱασµάτων, της σύγκϱισης και της εξήγησης.

3. Εφαϱµογή: Η εκτέλεση ή η χϱήση µιας διαδικασίας.

4. Ανάλυση: Η διάσπαση του υλικού σε επιµέϱους µέϱη και ο καθοϱισµός του τϱόπου
µε τον οποίο τα µέϱη σχετίζονται µεταξύ τους και µε τη συνολική δοµή ή σκοπό µέσω
της διάκϱισης, της οϱγάνωσης και της απόδοσης αιτιών.

5. Αξιολόγηση: Η διατύπωση κϱίσεων ϐασισµένων σε κϱιτήϱια και πϱότυπα µέσω του
ελέγχου και της κϱιτικής.

6. ∆ηµιουϱγία: Η σύνθεση στοιχείων για τη δηµιουϱγία ενός συνεκτικού ή λειτουϱγικού
συνόλου· η αναδιοϱγάνωση στοιχείων σε ένα νέο µοτίβο ή δοµή µέσω της δηµιουϱγίας,
του σχεδιασµού ή της παϱαγωγής.

Η αναθεωϱηµένη ταξονοµία ϕαίνεται στο σχήµα 1.1.

1.3 Οϱισµός του πϱοβλήµατος

∆εδοµένου ενός συνόλου µαθηµατικών πϱοβληµάτων P = {p1, p2, . . . , pN } µε αντίστοιχες
λύσεις S = {s1, s2, . . . , sN }, το πϱόβληµα της Επίλυσης Μαθηµατικών Πϱοβληµάτων αφοϱά
την ανάπτυξη ή χϱήση µιας υπολογιστικής µεθοδολογίας που µποϱεί να εϱµηνεύσει κάθε
πϱόβληµα pi , να εφαϱµόσει την κατάλληλη συλλογιστική και µαθηµατικές πϱάξεις, και να
παϱαγάγει τη σωστή λύση si .

1.4 Σχετική ϐιβλιογϱαφία

Συλλογισµός µε Μεγάλα Γλωσσικά Μοντέλα

Καθώς ο τοµέας των Μεγάλων Γλωσσικών Μοντέλων αναπτύσσεται ϱαγδαία, έχουν
αναπτυχθεί διάφορες στρατηγικές προτροπών (prompting strategies) για την ενίσχυση των
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Κεφάλαιο 1. Εκτεταµένη Ελληνική Πεϱίληψη

Σχήµα 1.1: Αναθεωϱηµένη ταξονοµία Bloom

συλλογιστικών τους ικανοτήτων. Κάποιες από τις πιο αποτελεσµατικές τεχνικές αποτελούν
η Chain of thought, η οποία ενθαρρύνει το LLM να χρησιµοποιήσει ενδιάµεσα ϐήµατα
συλλογισµού επιτρέποντας έτσι πολύπλοκες δυνατότητες συλλογισµού [5] αλλά και τεχνικές
οι οποίες αξιοποιούν τον προγραµµατισµό για την αντιµετώπιση διαδικαστικών προκλήσεων
[7, 6] (Program of Thought-PoT, PAL). Επίσης, χρησιµοποιείται ευρέως zero-shot, το οποίο
απαιτεί µόνο µία πρόταση για να καθοδηγηθούν τα LLMs [11]. Επιπλέον, η προσέγγιση Tree-
of-Thoughts [12] εξετάζει διάφορες συλλογιστικές πορείες και διατρέχει δενδροειδείς δοµές
καταστάσεων σκέψης. Ακόµα, η X of Thoughts [3] επιλέγει, εφαρµόζει και επαληθεύει την
πιο κατάλληλη εκ των τεχνικών CoT , PoT και ΕοΤ (Equations of Thought) επαναληπτικά,
έως ότου ϐρεθεί η σωστή λύση.

Μεταγνωστική Πϱοτϱοπή

Ο όϱος «Μεταγνώση» χϱησιµοποιείται για να δηλώσει τη γνώση για τη γνώση ή, πιο απλά,
τη σκέψη για τη σκέψη. Ο Αµεϱικανός αναπτυξιακός ψυχολόγος [13] όϱισε τη µεταγνώση
ως «γνώση για τη σκέψη και έλεγχο της σκέψης».

Αυτή η έννοια επεκτάθηκε στον τοµέα του instruction tuning στα µεγάλα γλωσσικά
µοντέλα. Οι [14] εισήγαγαν τα Μεταγνωστικά prompts, µια καινοτόµο στϱατηγική ϐασισµένη
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1.5 Η µέθοδός µας

στον ανθϱώπινο συλλογισµό. Η µέθοδος εφαϱµόστηκε σε εϱγασίες Κατανόησης Φυσικής
Γλώσσας.

1.5 Η µέθοδός µας

1.5.1 Το framework

Στόχος µας είναι η ανάπτυξη ενός γενικευµένου πλαισίου επίλυσης πϱοβληµάτων το
οποίο αξιοποιεί prompts καθένα από τα οποία αντιστοιχεί σε ένα επίπεδο της ταξονοµίας του
Bloom, έως ότου επιτευχθεί η σωστή λύση. Σε αυτή την ενότητα, πεϱιγϱάφουµε τη συνολική
δοµή του πλαισίου και παϱουσιάζουµε αναλυτικά κάθε επιµέϱους τµήµα.

I=Input question: Gloria is shoe shopping when she comes across a pair of boots that fit her shoe budget. However, 
she has to choose between the boots and two pairs of high heels that together cost five dollars less than the boots. If 

one pair of heels costs $33 and the other costs twice as much, how many dollars are the boots? 

Step: 1
Bloom’s Taxonomy level: 1-Remembering

Type: Algebra. Key concepts: Equations, word problems, 
algebraic expressions. Similar problem: A person has to choose 

between buying a certain number of items at different 
prices.Solution: Let x be the cost of the boots. The total cost of 
the two pairs of high heels is $33 + $66 = $99. According to the 
problem, the cost of the boots is $5 more than the total cost of 

the high heels, so we have the equation:x = $99 - $5
x = $94. Therefore, the cost of the boots is $94. 

The final answer is: The boots cost $94.

The correct solution is as follows:Let x be the cost of the boots. 
The total cost of the two pairs of high heels is $33 + $66 = $99. 
According to the problem, the cost of the boots is $5 less than 
the total cost of the high heels, so we have the equation:
x = $99 + $5
x = $104
Therefore, the cost of the boots is $104.
The correct final answer is: The boots cost $104.

Step: 2
Bloom’s Taxonomy level: 2-Understanding

The correct interpretation of the problem is that the total cost of the 
two pairs of high heels is $5 less than the cost of the boots. One pair 
of heels costs $33 and the other pair costs twice as much. We need 
to determine the cost of the boots. Let x be the cost of the boots. The 
total cost of the two pairs of high heels is $5 less than the cost of the 
boots, so the total cost of the high heels is x - 5. Since one pair of 
heels costs $33 and the other pair costs twice as much, the total cost 
of the high heels can be expressed as 33 + 2(33) = 33 + 66 = 99. 
Therefore, we have the equation x = 99 + 5 = 104.
The correct answer is: The boots cost $104.

Gloria is trying to decide between buying a pair of boots and two pairs of 
high heels. The total cost of the high heels is $5 less than the cost of the 
boots. One pair of heels costs $33 and the other pair costs twice as much. 
We need to determine the cost of the boots. Let x be the cost of the boots. 
The total cost of the two pairs of high heels is $5 less than the cost of the 
boots, so the total cost of the high heels is x - 5. Since one pair of heels 
costs $33 and the other pair costs twice as much, the total cost of the high 
heels can be expressed as 33 + 2(33) = 33 + 66 = 99. Therefore, we have the 
equation x - 5 = 99. Solving for x, we get x = 99 + 5 = 104. The final answer is: 
The boots cost $104.

C
ontinue

R
eturn

Reasoning

Reasoning Self-evaluation

Self-evaluation

Σχήµα 1.2: Σύνοψη του αλγορίθµου BloomWise Early Stop. Το µαθηµατικό πρόβληµα
εµφανίζεται στην κορυφή, ακολουθούµενο από την έξοδο σε κάθε επίπεδο της ταξονοµίας του
Bloom (µπλε πλαίσιο στα αριστερά) και την έξοδο για το ϐήµα της αυτοαξιολόγησης (πορτοκαλί
πλαίσιο στα δεξιά). Οι προτροπές δεν εµφανίζονται, παρακαλούµε ανατρέξτε στο Παράρτηµα Β
. Η αυτοαξιολόγηση αποτυγχάνει στο επίπεδο 1 «Ανάκληση» και ο αλγόριθµος προχωρά στο
επίπεδο 2 «Κατανόηση», όπου η αυτοαξιολόγηση πετυχαίνει. Κατά συνέπεια, το LLM επιστρέφει
την απάντηση από το επίπεδο 2.

BloomWise Framework

Η συνολική διαδικασία πεϱιγϱάφεται στον Αλγόϱιθµο 1.1.
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Κεφάλαιο 1. Εκτεταµένη Ελληνική Πεϱίληψη

ΚΩ∆ΙΚΑΣ 1.1: BloomWise Early Stop

1: Input: i
2: level ← 1
3: for l in levels do

4: res← Reasoning(level_prompt, i)
5: eval ← SelfEvaluate(res)
6: if eval = false and level ≤ 5 then

7: level ← level + 1
8: else

9: break
10: end if

11: end for

12: return Output

Prompts

Σχεδιάσαµε πϱοτϱοπές (prompts) οι οποίες αντιστοιχούν στα πϱώτα πέντε επίπεδα της
Ταξονοµίας του Bloom 1. Οι αναλυτικές πϱοτϱοπές παϱουσιάζονται στους Πίνακες Β.1-Β.5
στο Παϱάϱτηµα Β 2.

Ανάκληση: διάβασε πϱοσεκτικά το πϱόβληµα, εντόπισε τον τύπο και τις κύϱιες έννοιές του,
ϑυµήσου ένα παϱόµοιο ή το ίδιο πϱόβληµα και απάντησε.

Κατανόηση: συνόψισε το πϱόβληµα και τις σχετικές έννοιές του και πϱοσπάθησε να λύσεις
το πϱόβληµα µε ϐάση αυτά.

Εφαϱµογή: σχεδίασε και εφάϱµοσε µια µεθοδολογία ϐήµα πϱος ϐήµα για να ϕτάσεις στη
λύση.

Ανάλυση: ϐϱες µια λύση αφού αναλύσεις τις σκέψεις σου για τον τϱόπο µε τον οποίο πϱέπει
να επιλυθεί το πϱόβληµα.

Αξιολόγηση: κάνε κϱιτική αξιολόγηση της λύσης κατά την έκφϱασή της.
Αυτοαξιολόγηση

Στη ϕάση της επαλήθευσης, αξιολογείται η αποτελεσµατικότητα της λύσης µέσω αυτοα-
ξιολόγησης : Το LLM λαµβάνει το πρόβληµα και µια πιθανή λύση την οποία έχει δηµιουρ-
γήσει, και καλείται να αναπαραγάγει τη λύση ενώ ελέγχει για σφάλµατα. Στην προτροπή,
ενηµερώσαµε το LLM ότι η λύση πιθανώς είναι λανθασµένη. Υιοθετείται µια αντιπαραθετική
προσέγγιση για να αυξηθούν οι πιθανότητες εντοπισµού σφαλµάτων. ΄Εχει παρατηρηθεί ότι
η απαίτηση αναδιατύπωσης ϐοηθά τα µικρότερα LLM να πραγµατοποιήσουν µια πιο ακριβή
αξιολόγηση. Η προτροπή αυτοαξιολόγησης και ένα παράδειγµα απάντησης παρουσιάζονται
στον Πίνακα Β.6. Περισσότερα παραδείγµατα αυτοαξιολόγησης παρατίθενται στο Σχήµα 1.2.

Επανάληψη και Πϱόωϱος Τεϱµατισµός

Για ένα δεδοµένο πρόβληµα, το LLM δέχεται προτροπές οι οποίες είναι δοµηµένες
σύµφωνα µε το αντίστοιχο επίπεδο της ταξονοµίας του Bloom. Η διαδικασία αυτή συνεχίζεται

1Το έκτο επίπεδο της ταξονοµίας-‘∆ηµιουϱγία¨-ίσως ϑα ήταν χρήσιµο για την επίλυση άλλου είδους προβλη-
µάτων. Θεωρήθηκε λιγότερο κατάλληλο για µαθηµατικά προβλήµατα.

2Σηµειώστε ότι οι πϱοτϱοπές έχουν σχεδιαστεί σκόπιµα για να είναι πολύ ϐασικές και απλές, πϱοκειµένου να
εκτιµηθεί η δυναµική της µεθόδου· δεν χϱησιµοποιήθηκαν τεχνικές ϐελτίωσης πϱοτϱοπών (prompt engineering).
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1.5.2 Πειϱαµατική διάταξη

µέχϱι να εντοπιστεί µια σωστή λύση ή να έχουν δοκιµαστεί όλα τα επίπεδα. Αυτή η πρακτική
ϐασίζεται στην υπόθεση ότι ένα υψηλότερο επίπεδο της ταξονοµίας ενθαρρύνει το LLM να
προσεγγίσει το πρόβληµα µε πιο εµβριθή τϱόπο σε σύγκριση µε ένα χαµηλότερο επίπεδο.
Επιπλέον, εάν η προτροπή που αντιστοιχεί σε ένα συγκεκριµένο επίπεδο οδηγήσει σε σωστή
λύση, δεν είναι απαραίτητη η περαιτέρω επεξεργασία για το συγκεκριµένο πρόβληµα και,
συνεπώς, ο πρώορος τερµατισµός είναι εύλογος. Αυτή η διαδικασία περιγράφεται στο
Σχήµα 1.2.

Πϱόωϱος Τεϱµατισµός µε τη Χϱήση ενός oracle

Υπάϱχει πληθώϱα τϱόπων επιλογής του επιπέδου της ταξονοµίας στο οποίο ϑα τεϱµατιστεί
η διαδικασία. Πϱοκειµένου να εξεϱευνήσουµε πλήϱως τις δυνατότητες της µεθόδου µας,
εξετάσαµε επίσης τη χϱήση ενός oracle για να αποφασιστεί το ϐέλτιστο σηµείο διακοπής.
∆εδοµένης µιας εϱώτησης q, οϱίζουµε την οϱθότητα των απαντήσεων οι οποίες πϱοκύπτουν
µε κάθε πϱοτϱοπή ως R̂s(q) ∈ {0, 1} σε σύγκϱιση µε την σωστή απάντηση (gold label). Ο
δείκτης s ∈ S αντιστοιχεί στο στάδιο της ταξονοµίας του Bloom το οποίο χϱησιµοποιείται
για την απάντηση της εϱώτησης q, δηλαδή ανάκληση, κατανόηση, εφαϱµογή, ανάλυση και
αξιολόγηση. Οϱίζουµε την ακϱίβεια στην πεϱίπτωση του oracle για N εϱωτήσεις ως :

Accoracle =
1
N

∑
q

R̂(q), (1.1)

όπου
R̂(q) =

∨
s∈S

R̂s(q).

Στο BloomWise oracle ένα πϱόβληµα ϑεωϱείται λυµένο οϱθά αν κάποια από τις µεθόδους οι
οποίες αντιστοιχούν στα επίπεδα της ταξονοµίας παϱάγει τη σωστή απάντηση.

BloomWise Majority Voting

Ως εναλλακτική στον πρόωρο τερµατισµό, εξετάσαµε επίσης µια προσέγγιση κατά την
οποία την τελική έξοδο αποτελεί το πλειοψηφούν εκ των αποτελεσµάτων τα οποία αντιστοι-
χούν στα πέντε πϱώτα στάδια της ταξονοµίας του Bloom. Για µια δεδοµένη ερώτηση q, κάθε
prompt s ∈ S το οποίο αντιστοιχεί σε ένα επίπεδο της ταξονοµίας του Bloom οδηγεί σε
ένα αριθµητικό αποτέλεσµα Rs(q). Η τελική απάντηση καθορίζεται µε ϐάση το πιο συχνό
αποτέλεσµα µεταξύ αυτών των σταδίων. R̂majority(q) ∈ {0, 1} σε σύγκριση µε την σωστή ετικέτα.

Για το majority voting, οϱίζουµε την ακϱίβεια για N αξιοποιώντας την εξίσωση (1.1) όπου:

R̂(q) = R̂majority(q).

Σε περιπτώσεις ισοψηφίας (δηλαδή, όταν η µεγαλύτερη συχνότητα αντιστοιχεί σε δύο ή
περισσότερες απαντήσεις), επιλέγεται η πϱώτη απάντηση που εµφανίζεται µεταξύ αυτών µε
τη µεγαλύτερη συχνότητα.

1.5.2 Πειϱαµατική διάταξη

Σύνολα ∆εδοµένων Τα πειράµατά µας διεξήχθησαν σε ένα πλήϱες σύνολο τεσσάρων
συνόλων δεδοµένων µαθηµατικών προβληµάτων τα οποία καλύπτουν διάφορα απαιτητικά
σενάρια µαθηµατικής συλλογιστικής : GSM8K, SVAMP, Algebra και GSM-hard (αυτό το
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Σύνολο δεδοµένων Πλήθος ∆ειγµάτων

GSM8K [15] 1,319
SVAMP [16] 1,000
Algebra [17] 222
GSM-hard [6] 1,319

Πίνακας 1.1: Στατιστικά των συνόλων δεδοµένων που χϱησιµοποιήσαµε

σύνολο δεδοµένων περιλαµβάνει προβλήµατα από το σύνολο GSM8K µε αντικατάσταση
µικρών αριθµητικών τιµών από µεγαλύτερες µε στόχο την αύξηση της πολυπλοκότητας των
υπολογισµών). Οι λεπτοµέρειες σχετικά µε τα σύνολα δεδοµένων δίνονται στον Πίνακα. 1.1.

Μοντέλα Αξιοποιήσαµε το OpenAI API για τα πειράµατά µας 3 . Συγκεκριµένα, χρησιµο-
ποιούµε το gpt-3.5-turbo τόσο για την παραγωγή της λύσης όσο και για την αυτοαξιολόγηση.
Πραγµατοποιούµε επίσης πειράµατα µε ένα ευρύ ϕάσµα µοντέλων διαφορετικών µεγεθών,
συµπεριλαµβανοµένου και mixture of experts. Τα µοντέλα είναι τα εξής : Llama2 (13Β και
70Β) [18] και Mixtral 8x7B instruct [19].

1.5.3 Πειϱάµατα και Αποτελέσµατα

Σύγκϱιση µε σύγχϱονες µεθόδους

Στον Πίνακα 1.2, παρουσιάζουµε την ακρίβεια η οποία επετεύχθη σε καθένα εκ των τεσ-
σάρων συνόλων δεδοµένων για τα τέσσερα LLMs µε τα οποία πειραµατιστήκαµε. Θεωρούµε
τϱεις µεθόδους προτροπών ως µεθόδους αναφοράς, συγκεκριµένα τις CoT [5], PoT [7] και
XoT [3], και τις συγκρίνουµε µε τις BloomWise Early Stop (BLES), Majority Voting (BLM) και
Oracle (BLO). Συνολικά, κατά µέσο όϱο σε όλα τα σύνολα δεδοµένων και τα µοντέλα, οι BLM
και XoT έχουν παρόµοια απόδοση µε ακρίβεια περίπου 56.5%, ακολουθούµενες από τις CoT
και BLES µε 50.6% και 49.1%, αντίστοιχα, ενώ η PoT καταγράφει τη χειρότερη απόδοση µε
40.2%. Για το Oracle, η ακρίβεια της BLO είναι σηµαντικά υψηλότερη, ϕτάνοντας το 71%,
γεγονός το οποίο καταδεικνύει τη δυναµική της BloomWise.

Απόδοση ανά Σύνολο ∆εδοµένων: Το BLM επιτυγχάνει τη µεγαλύτερη ακρίβεια για
τα GSM8K και SVAMP, ενώ για το Algebra τα XoT και BLM έχουν παρεµφερή απόδοση.
Συγκεκριµένα, όσον αφορά στο SVAMP, η µέση ακρίβεια του BLM για τα 4 µοντέλα είναι
76.4% ενώ του XoT 69.5%. ΄Οσον αφορά στο GSM8K το BLM επιτυγχάνει 63% έναντι
59.4% του XoT. Και οι τϱεις παραλλαγές του BloomWise επιτυγχάνουν κακή απόδοση για
το GSM-hard. Η συµπεριφορά αυτή είναι εύλογη λόγω των πολύπλοκων υπολογισµών οι
οποίοι χαρακτηρίζουν το συγκεκριµένο σύνολο δεδοµένων, η καλύτερη επίδοση στο οποίο
καταγράφεται για το XoT ακολουθούµενο από το PoT- λόγω της χϱήσης Python. Το BLO
µειώνει το σχετικό ποσοστό σφάλµατος σε σύγκριση µε την καλύτερη µέθοδο (BLM ή XoT)
έως και κατά 53% για το SVAMP, 47% για το GSM8K, 30% για το Algebra, χωρίς καµία
ϐελτίωση για το GSM-hard.

3https://openai.com
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1.5.3 Πειϱάµατα και Αποτελέσµατα

Σύνολο ∆εδοµένων CoT PoT XoT BloomWise BloomWise BloomWise
EarlyStop (BLES) Majority Voting (BLM) Oracle (BLO)

GPT 3.5 turbo

GSM8K 80.2 77.2 83.3 78.2 82.6 92.5
SVAMP 79.5 79.5 83.6 84.7 88.0 94.8
Algebra 81.5 62.5 89.9 85.1 86.0 92.3
GSM-hard 42.4 61.8 63.4 40.6 44.4 58.0

LLaMA2-70B

GSM8K 59.1 52.3 57.9 38.7 56.4 76.8
SVAMP 75.2 73.6 77.0 55.9 76.2 90.0
Algebra 43.2 35.6 64.0 28.4 45.5 67.5
GSM-hard 27.1 43.1 43.8 13.1 20.2 32.7

LLaMA2-13B

GSM8K 27.5 26.4 30.2 29.7 37.6 59.9
SVAMP 40.3 50.4 46.2 43.4 55.2 78.6
Algebra 20.3 26.1 30.2 25.2 29.3 53.2
GSM-hard 8.5 22.7 17.4 7.2 9.8 19.7

Mixtral 8x7B Instruct

GSM8K 66.8 13.9 66.0 69.4 75.4 88.7
SVAMP 72.2 6.8 71.2 82.4 86.2 92.7
Algebra 54.9 2.3 54.0 71.1 71.6 86.9
GSM-hard 31.5 8.5 31.4 33.2 37.7 50.9

Πίνακας 1.2: Η ακρίβεια της λύσης σε διάφορα µοντέλα και σύνολα δεδοµένων. Τα
αποτελέσµατα των µεθόδων αναφοράς για τα Llama2 και GPT 3.5 turbo προέρχονται από
[3]. Η πιο ακριβής µέθοδος εµφανίζεται µε έντονη γραφή και η δεύτερη πιο ακριβής είναι
υπογραµµισµένη (εξαιρούµε το BloomWise Oracle).

Απόδοση ανά µοντέλο: Η καλύτεϱη µέθοδος εξαϱτάται σε µεγάλο ϐαθµό από το µοντέλο.
Το BLM συνιστά την καλύτεϱη επιλογή για τα LLaMA2-13B και mixtral, ενώ το XoT είναι
η κοϱυφαία επιλογή για τα LLaMA2-70B και gpt3.5-turbo. Το BLES αποδίδει καλά για το
gpt3.5-turbo και το mixtral, αλλά σχετικά άσχηµα για τα µοντέλα LLaMA2 (ϐλ. επίσης την
επόµενη ενότητα για µια εµβϱιθή ανάλυση της απόδοσης µε πϱόωϱο τεϱµατισµό). Το BLO
µειώνει το ποσοστό σφάλµατος σε σύγκϱιση µε την καλύτεϱη µέθοδο πϱοτϱοπής για όλα τα
µοντέλα, το οποίο κυµαίνεται κατά µέσο όϱο µεταξύ 15% για το LLaMA2-70B και 37% για
το mixtral.

Μελέτες απαλοιφής και ϐελτιωµένη αυτοαξιολόγηση

Η ανάλυση των αποτελεσµάτων ϑα δοµηθεί σε δύο άξονες. Ο πϱώτος αφοϱά στη µελέτη
και τον σχολιασµό των αποτελεσµάτων µε ϐάση τα επίπεδα της ταξονοµίας Bloom. Ο δεύτεϱος
εστιάζει στην κατά το δυνατό γεφύϱωση του χάσµατος απόδοσης µεταξύ της αυτοαξιολόγησης
(BLES) και του ιδανικού σεναϱίου (BLO) του BloomWise µέσω της διεϱεύνησης καλύτεϱων
πϱοσεγγίσεων αυτοαξιολόγησης. Πϱος τον σκοπό αυτό, παϱουσιάζουµε µια παϱαλλαγή της
µεθόδου µας: το Program of Bloom.

Απόδοση σε κάθε γνωστικό επίπεδο: LLMs και γνωστικές ικανότητες Στο Σχήµα 1.3
αποτυπώνεται το πλήθος των πϱοβληµάτων τα οποία επιλύθηκαν οϱθά ανά γνωστικό επίπεδο
για όλα τα πϱος εξέταση LLMs. Για αυτήν την ανάλυση, χϱησιµοποιήσαµε τα prompts τα
οποία αντιστοιχούν σε κάθε ένα εκ των πϱώτων πέντε σταδίων της ταξονοµίας (χωϱίς πϱόωϱο
τεϱµατισµό). ΄Ενα πϱόβληµα είναι πιθανό να επιλύεται σωστά σε πεϱισσότεϱα του ενός στάδια.
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Κεφάλαιο 1. Εκτεταµένη Ελληνική Πεϱίληψη

Dataset Remembering Understanding Applying Analyzing Evaluating

GSM8K 72.6 73.2 70.2 78.0 73.7
SVAMP 81.6 83.3 76.5 81.8 81.2
Algebra 75.2 74.7 75.2 85.6 80.2

GSM-hard 37.8 36.5 37.0 42.8 36.6

Πίνακας 1.3: Ακϱίβεια ανά στάδιο της ταξινοµίας Bloom για το GPT 3.5 turbo.

Σχήµα 1.3: Πϱοβλήµατα που λύθηκαν σωστά ανά επίπεδο της ταξονοµίας Bloom

Από το ιστόγραµµα, µπορούµε να εξαγάγουµε αρκετά συµπεράσµατα για τη σχέση
µεταξύ των γνωστικών ικανοτήτων ενός LLM, του µεγέθους του και της πολυπλοκότητάς
του.

Πϱώτον, όλα τα µοντέλα επιτυγχάνουν την καλύτερη απόδοσή τους στο στάδιο ΄Ανάλυση΄,
ακολουθούµενη από το ΄Κατανόηση΄, παρόλο που η συνολική τους απόδοση διαφέρει.
Παρόλο που διαισθητικά ϑα αναµέναµε ότι µικρότερα, λιγότερο εξελιγµένα µοντέλα ϑα
υπερείχαν σε απλούστερες γνωστικές ικανότητες, αυτό δεν υποστηρίζεται από τα δεδοµένα
στο ιστόγραµµα. Αποτυπώνεται σαφώς η ανάγκη για εις ϐάθος κατανόηση και επεξεργασία
του ίδιου του προβλήµατος για όλα τα µοντέλα, καθώς τα στάδια ΄Κατανόηση΄ και ΄Ανάλυση΄
δίνουν έµφαση σε αυτά τα χαρακτηριστικά. Η υψηλή ακρίβεια σε αυτά τα στάδια µπορεί
επίσης να οφείλεται στο γεγονός ότι οι προτροπές που συνδέονται µε αυτά είναι παρόµοιες
µε τις προτροπές µεθόδων όπως το CoT. Συνεπώς, παρότι τα µικρότερα µοντέλα είναι λιγότερο
εξελιγµένα, έχουν εκτεθεί σε τέτοια µοτίβα «σκέψης».

∆εύτεϱον, µεγαλύτεϱα LLMs, όπως το GPT-3.5 Turbo, ή πιο εξελιγµένα µοντέλα όπως
το Mixtral, επιδεικνύουν πιο οµοιογενή απόδοση σε όλα τα γνωστικά επίπεδα, η οποία
καταδεικνύει την ικανότητά τους να αντιµετωπίζουν πϱοβλήµατα σε οποιοδήποτε επίπεδο
γνωστικής πολυπλοκότητας. Αντιθέτως, µικϱότεϱα ή λιγότεϱο εξελιγµένα µοντέλα, όπως
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1.5.3 Πειϱάµατα και Αποτελέσµατα

το Llama2 που κυµαίνεται από 13b έως 70b, παϱουσιάζουν µεγαλύτεϱη διακύµανση στην
απόδοσή τους στα διαφοϱετικά επίπεδα. Αυτή η συµπεϱιφοϱά ενισχύει την πεποίθηση ότι
η ϐαθιά κατανόηση του πϱοβλήµατος είναι εκ των ων ουκ άνευ, ειδικά για τα µικϱότεϱα
LLMs, πιθανότατα επειδή εφαϱµόζουν πιστά αυτό που αναφέϱεται ϱητά στην πϱοτϱοπή.
Αντιθέτως, τα µεγαλύτεϱα µοντέλα είναι ικανά να εντοπίσουν και να καλύψουν τα κενά στην
κατανόηση του πϱοβλήµατος πϱιν πϱοχωϱήσουν στη λύση, ακόµη και όταν δεν Ϲητείται ϱητά.
Αυτό υποδηλώνει ότι το µέγεθος και η πολυπλοκότητα πιθανόν συµβάλλουν στην ικανότητα
ενός LLM να διατηϱεί σχετικά σταθεϱή απόδοση ανεξάϱτητα από τη γνωστική λειτουϱγία την
οποία επιστϱατεύει. Αυτή είναι µια ακόµη ένδειξη των ϐελτιωµένων ικανοτήτων γενίκευσης
των µεγαλύτεϱων µοντέλων σε λιγότεϱο γνωστές µεθόδους πϱοτϱοπής, όπως παϱαδείγµατος
χάϱιν, στο στάδιο ‘Εφαϱµογή’.

Απόδοση σε κάθε γνωστικό επίπεδο: Τύπος προβλήµατος και γνωστικό ϐάθος

Χάϱιν απλοποίησης αυτής της ανάλυσης, ϑα εστιάσουµε στα αποτελέσµατα τα οποία
αφορούν στο πιο εξελιγµένο µοντέλο, το GPT-3.5 Turbo. Τα αποτελέσµατα ανά επίπεδο της
ταξονοµίας για κάθε σύνολο δεδοµένων παρατίθενται στον Πίνακα 1.3 (για τον ενδιαφερόµενο
αναγνώστη, τα αποτελέσµατα για τα υπόλοιπα µοντέλα εµφανίζονται στο Παράρτηµα Α).
Το GSM8K, το πιο απαιτητικό σύνολο δεδοµένων από πλευράς µεθοδολογίας επίλυσης,
επιτυγχάνει µεγαλύτερη ακρίβεια στα στάδια ¨Ανάλυση¨ και ¨Αξιολόγηση¨, γεγονός το
οποίο καταδεικνύει πως τα δυσκολότερα προβλήµατα απαιτούν επιστράτευση υψηλότερων
σταδίων της ταξονοµίας για να επιλυθούν µε ακρίβεια. Το αντίστροφο ϕαίνεται πως δεν
ισχύει. Για το σύνολο δεδοµένων Algebra, η καλύτερη απόδοση επιτυγχάνευαι στα δύο
τελευταία στάδια. Το σύνολο δεδοµένων SVAMP (το καλύτερο και το δεύτερο καλύτερο σε
ακρίβεια για τα BLM και BLES, αντίστοιχα) αποδίδει καλύτερα στα στάδια ¨Κατανόηση¨
και ¨Ανάλυση¨, αλλά καταγράφει τη χαµηλότερη απόδοσή του στην εφαρµογή. Το πιο
απαιτητικό σύνολο δεδοµένων από πλευράς υπολογισµών, -το GSM-hard-, επιτυγχάνει την
υψηλότερη ακρίβειά του στο ¨Ανάλυση¨, ακολουθούµενη από το ¨Ανάκληση¨, κάτι που ϑα
µπορούσε να υποδηλώνει υψηλό επίπεδο εξοικείωσης αυτού του µοντέλου µε τα προβλήµατα.

Αυτοαξιολόγηση Τα σχετικά µε την ακρίβεια της αυτοαξιολόγησης αποτελέσµατα παρα-
τίθενται στον Πίνακα 1.4. ΄Εχει διαπιστωθεί ότι η αυτοαξιολόγηση λειτουργεί καλύτερα για
µεγαλύτερα ή πιο εξελιγµένα µοντέλα. Αυτά τα µοντέλα, µε τις εκτεταµένες ϐάσεις γνώσεων
και τις προηγµένες ικανότητες συλλογισµού, είναι καλύτερα εξοπλισµένα προκειµένου να
αξιολογούν την ποιότητα των απαντήσεών τους και να πραγµατοποιούν τις απαραίτητες
προσαρµογές. Μπορούν να εντοπίζουν κενά στην κατανόησή τους, να αναγνωρίζουν πότε
µια λύση δεν είναι ϐιώσιµη και να προσπαθούν έως ότου να καταλήξουν σε µια πιο ακριβή
και ολοκληρωµένη απάντηση.

Program of Bloom Προκειµένου να µειώσουµε τα σφάλµατα στους υπολογισµούς, χρη-
σιµοποιήσαµε Python κώδικα. Πιο συγκεκριµένα, χρησιµοποιήσαµε τις ίδιες προτροπές
αλλά Ϲητήσαµε την απάντηση σε µορφή Python κώδικα, ο οποίος εκτελέστηκε µε ασφάλεια.
Η διαχείριση του Python κώδικα, ειδικά για την αυτοαξιολόγηση, είναι δύσκολη για τα
µικρότερα LLMs, εποµένως περιορίσαµε τα πειράµατά µας στο GPT-3.5 Turbo. Για το
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Κεφάλαιο 1. Εκτεταµένη Ελληνική Πεϱίληψη

Model Ακϱίβεια αυτοαξιολόγησης

GPT 3.5 turbo 68.1
Llama2 70B 56.5
Llama2 13B 45.8
Mixtral 8x7B 62.8

Πίνακας 1.4: Ακϱίβεια αυτοαξιολόγησης ανά µοντέλο. Τα µεγαλύτεϱα/πιο εξελιγµένα LLMs
επιτυγχάνουν πιο ακϱιβή αυτοαξιολόγηση.

σύνολο δεδοµένων GSM-hard—το πιο απαιτητικό από άποψη υπολογισµών—η ακρίβεια
ϐελτιώθηκε κατά 13%. Για τα υπόλοιπα σύνολα δεδοµένων, η ακρίβεια ήταν χαµηλότερη
σε σύγκριση µε αυτή που επιτεύχθηκε µε το BloomWise. Τα αποτελέσµατα παρατίθενται
στον Πίνακα 1.5. Μια πιθανή εξήγηση για τη µειωµένη απόδοση αυτής της παραλλαγής
είναι το γεγονός ότι οι προτροπές δεν είναι κατάλληλες για την έκφραση της απάντησης σε
µορφή κώδικα. Η κειµενική αιτιολόγηση αποτελεί πιο κατάλληλο τϱόπο για τη διαµόρφωση
της απάντησης, καθώς η αυστηρή δοµή που απαιτείται για τη χϱήση κώδικα δεν επιτρέπει
πάντα την πιστή εφαρµογή των προτροπών.

Dataset BloomWise Program of Bloom

GSM8K 78.2 73.2
SVAMP 84.7 81.0
Algebra 85.1 67.1

GSM-hard 40.6 53.6

Πίνακας 1.5: Σύγκϱιση µεταξύ Program of Bloom και BloomWise - Αποτελέσµατα για GPT3.5
turbo
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Κεφάλαιο 2

introduction

2.1 Motivation

Large Language Models (LLMs) have demonstrated impressive performance across a
wide range of tasks, such as text generation, sentiment analysis, information retrieval,
and code generation. These successes have made them highly valuable tools in fields
like customer support automation, creative writing, and data analysis. However, one key
area where LLMs continue to exhibit weaknesses is in solving mathematical problems.
Mathematical reasoning requires precision, structured thinking, and often multi-layered
logic, which LLMs frequently struggle to achieve.

Stefan Banach once remarked, “Mathematics is the most beautiful and most powerful
creation of the human spirit". This statement highlights the universal significance of
mathematics as both a foundational tool and an art form that embodies human ingenuity.
Within this context, equipping large language models (LLMs) with enhanced mathematical
reasoning abilities becomes not only a technical goal but a vital step in advancing artificial
intelligence. Mathematics is the language through which we describe and understand the
complexities of nature, engineer groundbreaking technologies, and explore theoretical
landscapes that push the limits of human knowledge. As we continue to push the
boundaries of what LLMs can achieve, their ability to comprehend, reason through,
and manipulate mathematical concepts emerges as a cornerstone for unlocking their
full potential. From solving real-world problems in physics, engineering, and computer
science to enabling breakthroughs in machine learning itself, robust mathematical
reasoning in LLMs has far-reaching implications. This capability enables the development
of more accurate predictive models, enhances decision-making in complex systems, and
facilitates collaboration between humans and machines in solving intricate scientific
challenges.

Many recent approaches have leveraged the capabilities of in-context learning (ICL)
[4] to enhance LLMs’ problem-solving skills. Some of the most widely used techniques
involve encouraging the LLM through prompts to develop a textual rationale with
Chain-of-Thought prompting [5] (CoT) or Python functions with Program-Aided Language
Model [6] and Program-of-Thought prompting [7] (PAL or PoT). Each approach has both
advantages and drawbacks: Chain of Thought (CoT) breaks down reasoning into a
sequential narrative, allowing for dynamic problem-solving approaches. However, it
can sometimes compromise numerical accuracy [5],[8], as language models frequently
encounter challenges with mathematical operations. On the other hand, techniques like
PoT and PAL utilize Python code to tackle questions, leveraging the precision of Python
interpreters for reliable computations but cannot deal with unknown variables.

Recently, research efforts have pivoted towards integrating multiple methodologies,
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2.2 Contributions

aiming to identify the most suitable approach for each specific problem, while harnessing
the collective strengths of various techniques. The X of Thoughts [3] is a prompting
method according to which the most suitable among the techniques of CoT (Chain of
Thought), PoT (Program of Thought), and EoT (Equations of Thought) is selected, applied,
and verified (iteratively, until a correct solution is found) with the goal of improving LLMs’
performance in solving mathematical problems.

Building on the foundation of methodological integration and striving for enhanced
self-awareness in LLMs, we propose BloomWise, a novel cognitively-motivated prompting
method. BloomWise encourages LLMs to methodically engage higher-order cognitive
functions in a hierarchical fashion to reach a solution, persisting through a process until
the correct resolution is found. By fostering a deliberate activation of cognitive processes,
BloomWise delves deeper into the realm of cognitive capabilities, aligning problem-solving
strategies with Bloom’s taxonomy of educational objectives (see Figure 5.5) to improve
understanding and precision in tackling complex mathematical challenges. By utilizing
multi-level cognitive prompting we aim to enhance both the interpretability and accuracy
of outcomes.

The main motivation behind BloomWise is to encourage the LLM to reach a solution
by utilizing cognitive skills of gradually increasing complexity via multi-level prompting.
The answer at each of the first five levels of Bloom’s taxonomy is self-evaluated by the
LLM, which announces success if the solution is deemed correct, preventing progression
to the next level. To demonstrate the effectiveness of our approach, we conduct extensive
experiments on four popular mathematical reasoning datasets and four LLMs and achieve
consistent improvements. Additionally, we explore several variants of our method,
including majority voting among levels and Program of Bloom, which combines Bloom
prompting with PoT. Moreover, we assess the full potential of the proposed method using
an Oracle to decide if we should move to the next level of the taxonomy.

2.2 Contributions

The main contributions of this thesis are:

1. We introduce a novel cognitively-motivated multi-level prompting method for solving
mathematical (and potentially other types of) problems based on Bloom’s taxonomy.

2. We incorporate the idea of early stopping in prompting, as the execution of the
method terminates before iterating to all levels of the taxonomy when a solution
that is self-evaluated as correct is reached.

3. We investigate the performance of various LLMs at each cognitive level of the Bloom
taxonomy for four popular math datasets.

Our results offer valuable insights into the cognitive skills exhibited by each LLM, as well
as the skills required to solve different types of mathematical problems. Furthermore,
we demonstrate the potential of muti-level cognitively-motivated prompting for improving
accuracy and enhancing interpretability.
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Κεφάλαιο 2. introduction

2.3 Thesis outline

In Chapter 3, Background: Artificial Intelligence, Machine Learning, and Deep
Learning, we establish the theoretical foundation necessary to equip the reader for the
subsequent chapters. This section aims to familiarize the reader with key concepts
in Artificial Intelligence, Machine Learning, and Deep Learning, while introducing the
fundamental categories of machine learning. Additionally, it outlines core principles
related to the training of machine learning models and presents a range of commonly
employed methods and models in both traditional machine learning and deep learning
domains.

In Chapter 4, Background: Word Representation Methods and Large Language
Models, we present an overview of the field of Natural Language Processing, discussing
various word representation techniques and language models that have been developed
over time to model and interpret human language.

In chapter 5, Mathematical Reasoning using in-context learning, we define the
problem and present the related work.

In Chapter 6, Proposed Approach, we analyze the approach our work follows, explain-
ing its purpose, as well as our method and presenting the results obtained from our
experiments. We also provide a discussion over our results, explaining our conclusions.

In Chapter 7, Conclusions, limitations and future work, we provide a summary of our
methods and findings, discuss the limitations of this work and suggest some potential
approaches for future work.
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Κεφάλαιο 3

Background: Artificial Intelligence, Machine

Learning and Deep Learning

Artificial Intelligence (AI), often viewed as the cornerstone of modern technological
progress, has roots that stretch deep into human history, shaped by an enduring
fascination with creating autonomous beings. The idea of intelligent machines or entities
functioning independently of human control has been explored for millennia through
myth, literature, and philosophy. In Homer’s The Odyssey, for example, the mythical
Feakes’ boats are portrayed as having minds of their own. These self-guided vessels,
needing no captains or steering wheels, are capable of understanding the thoughts and
intentions of their passengers, navigating effortlessly to any destination. This ancient
narrative reveals an early human vision of systems that can perceive and respond to
human desires, prefiguring the goals of modern AI. Similarly, in Greek mythology, Talos—a
bronze automaton forged by the god Hephaestus—was created to protect the island of
Crete, patrolling its shores and defending it autonomously from threats. These early
imaginings of sentient boats and mechanical guardians exemplify humanity’s timeless
dream of building intelligent systems that can act independently, laying the conceptual
groundwork for the development of AI long before the digital age. Despite these ancient
imaginings, the development of AI as we know it today depended on advancements in
computer technology. Early AI systems focused on formal tasks, where formal languages
were used to represent knowledge, allowing computers to reason through logical inference.
However, these systems faced significant limitations, particularly when dealing with tasks
that are intuitive for humans, such as voice recognition. The challenge lay in describing
all relevant knowledge explicitly, which proved to be impractical for many real-world
applications.

This challenge led to the evolution of a new paradigm in AI—machine learning (ML).
Rather than relying solely on pre-defined rules, ML systems are designed to recognize
patterns within data, allowing them to learn from experience and extract useful knowledge
for specific tasks. A key feature of machine learning is the algorithm’s ability to map data
representations to outputs, identifying which features correlate with particular outcomes
[20]. While this approach improved AI performance, it introduced new challenges:
determining the most relevant features for each task proved difficult.

To address this, representation learning emerged, where AI systems are capable of
learning not only the mapping from data to output but also the features themselves. This
allows systems to extract the most meaningful representations directly from raw data,
leading to significant advances in performance across various applications. However,
extracting abstract, high-level features from complex data can be difficult due to the
many factors influencing data variation [20].
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This complexity gave rise to deep learning (DL), a subset of machine learning that uses
layered architectures to build increasingly abstract representations. Each higher layer of
the model derives more complex features from simpler ones below, enabling AI systems
to solve tasks ranging from image segmentation and machine translation to emotion
recognition and conversational agents. Deep learning, now extensively researched and
applied across both commercial and academic domains, has become instrumental in
pushing the boundaries of what AI can achieve.

In the following sections, we delve deeper into the key concepts underlying artificial
intelligence, machine learning and deep learning.

3.1 Artificial intelligence

Artificial Intelligence is the branch of Computer Science that deals with the automation
of intelligent behavior.

Early AI efforts concentrated on rule-based systems, where human knowledge was
encoded into machines through formal languages and logic-based frameworks. While
these systems showed promise for structured tasks, they struggled with more complex,
intuitive tasks, such as recognizing patterns in data or adapting to new information. These
limitations spurred the development of more advanced approaches, such as Machine
Learning (ML), where systems learn directly from data, and Deep Learning (DL), which
uses layered neural networks to model complex representations.

As ML and DL have rapidly evolved, they have become the driving forces behind
many of the most impressive AI applications today, from natural language processing
and computer vision to autonomous vehicles and personalized recommendations.

3.2 Machine Learning

Machine Learning (ML) is a subset of Artificial Intelligence (AI) that focuses on
principles, methods, and algorithms for learning and making predictions based on past
evidence. Unlike traditional AI systems that rely on explicitly coded instructions, ML
enables machines to improve their performance on tasks by learning from data and
experience. The primary goal of ML is to create systems that can analyze data, recognize
patterns, and make decisions or predictions without being explicitly programmed for every
scenario, allowing them to adapt and improve over time.

Machine learning can be categorized into four primary types based on the approach
used for training the algorithm: supervised learning, unsupervised learning, semi-
supervised learning, and reinforcement learning. In the following sections, we will delve
into each of these categories, examining their characteristics and the methods commonly
employed within them.
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3.2.1 Supervised learning

In supervised learning, the machine learning algorithm is trained using data with
predetermined correct outputs, often referred to as labeled data. The algorithm is provided
with a dataset consisting of input-output pairs, which it uses to learn how to predict
correct outputs based on given inputs.

Mathematically, given a collection of input variables X and corresponding output
variables Y , an algorithm is employed to learn a mapping function f that links the input
X to the output Y such that:

Y = f (X )

In this setup, both the labeled inputs X and their associated outputs Y are available
and utilized in the training process.

Since the data must be labeled, typically by a human, supervised learning datasets are
often limited to small or medium sizes, which can restrict the performance of supervised
learning models.

Supervised learning algorithms can be divided into two categories, depending on the
type of output they are designed to predict: Classification and Regression.

Classification

Classification refers to the task of determining a mapping function from independent
(input) variables to discrete output variables, commonly referred to as labels. In other
words, classification involves assigning each input to a specific class from a predefined
set of classes. An example of a typical classification problem is spam email detection.

Σχήµα 3.1: Classification example

In the following paragraphs, we introduce some of the most widely used traditional
machine learning models for classification:
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Logistic Regression In binary classification, where the task is to differentiate between
two classes, logistic regression models the probability of a data point, represented by a
feature vector φ, belonging to class C1 as:

p(C1|φ) = y(φ) = σ(w⊤φ)

where w is a parameter vector, and the logistic sigmoid function σ(α) is defined as:

σ(α) =
1

1 + exp(−α)

The probability of the data point belonging to the second class C2 can then be
computed as:

p(C2|φ) = 1 − p(C1|φ)

To estimate the parameters of the logistic regression model, maximum likelihood
estimation is used. The likelihood function can be expressed as:

p(t |w) =
N∏

n=1
p(C1|φn)tn (1 − p(C1|φn))1−tn

where N is the number of training samples, tn ∈ {0, 1} represents the class label for
sample n, and φn is the corresponding feature vector. By taking the negative logarithm
of the likelihood, we define the error function to be minimized as:

E(w) = − ln p(t |w) = −
N∑

n=1

[tn ln p(C1|φn) + (1 − tn) ln(1 − p(C1|φn))]

This error function is known as the cross-entropy loss function. Although logistic
regression is typically used for binary classification, it can be extended to handle multiple
classes. One approach, known as the "one-vs-rest" strategy, trains a logistic regression
model for each class, comparing the probability of belonging to that class against all
others. Another approach is multinomial logistic regression, which extends binary logistic
regression by using the softmax function:

p(Ck |φ) =
exp(ak)∑
j exp(aj)

where ak = w⊤k φ, wk is the parameter vector for class k, and p(Ck |φ) represents the
probability of the sample belonging to class k [21].

Naive Bayes Classifier The Naive Bayes classifier is a probabilistic model used for clas-
sification based on Bayes’ Theorem. For a class y and a feature vector x = (x1, x2, ..., xn),
Bayes’ Theorem is expressed as:

P(y|x) =
P(x |y)P(y)

P(x)

By assuming the conditional independence of features, this can be simplified to:
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P(y|x) =
P(x1|y)P(x2|y) . . . P(xn |y)P(y)

P(x1)P(x2) . . . P(xn)

Since the denominator remains unchanged across all classes, classification is
achieved by selecting the class ŷ that maximizes the posterior probability:

ŷ = arg max
y

P(y)
n∏

i=1
P(xi |y)

When dealing with continuous features, we can assume they are sampled from a
Gaussian distribution and model the likelihood as:

P(xi |y) =
1√

2πσ2
y

exp
(
−

(xi − µy)2

2σ2
y

)

This forms the basis of the Gaussian Naive Bayes classifier. While the Naive Bayes
classifier is known for its speed and simplicity, its assumption of feature independence
often limits its effectiveness in complex real-world applications.

K-Nearest Neighbors (KNN) The K-Nearest Neighbors (KNN) algorithm is a non-
parametric classification method that predicts the class of a data point based on its
proximity to other data points in the feature space. For a given test sample, the algorithm
computes its distance from all training samples and selects the K nearest neighbors. The
test sample is then classified based on the majority class among these K neighbors.

The most common distance measure used is the Euclidean distance, which for two
points x = (x1, x2, ..., xn) and y = (y1, y2, ..., yn) is defined as:

d(x, y) =
√

(x1 − y1)2 + (x2 − y2)2 + · · · + (xn − yn)2

Although KNN is typically used for classification, it can also be applied to regression
tasks, where the predicted value is the average of the K nearest neighbors’ values.

Support Vector Machines (SVM) For a binary classification problem with two linearly
separable classes ω1 and ω2, the SVM algorithm seeks to find the optimal hyperplane:

g(x) = w⊤φ(x) +w0 = 0

where φ(x) is a transformation into a higher-dimensional feature space [21], [22].
The optimal hyperplane is defined as the one that maximizes the margin—the minimum
distance between the hyperplane and any training sample. The training samples that lie
closest to the hyperplane are called support vectors.

For cases where the classes are not linearly separable in the input space, an
appropriate transformation φ() can map the data into a higher-dimensional space where
linear separation becomes possible. This is known as the "kernel trick."

In multi-class classification problems, SVM can be extended using either the "one-
vs-one" approach, which trains an SVM for every pair of classes, or the "one-vs-rest"
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approach, which trains an SVM for each class, distinguishing it from all other classes.
SVMs can be used for both classification and regression tasks.

Regression

Regression is the task of determining a mapping function from independent (input)
variables to dependent (output) variables. The output values that the regression algorithm
attempts to predict are continuous. Typical regression tasks involve predicting variables
such as stock market or real estate prices.

Σχήµα 3.2: Regression example

Linear Regression Let x ∈ Rn be an input vector and y ∈ R be a scalar value to be
predicted as its output. In linear regression, y is considered to be a linear function of
the input x. We define ŷ as the value approximating y that the linear regression model
predicts. We can then express ŷ as:

ŷ = w⊤x

where w ∈ Rn is a vector of parameters [20].
The vector w consists of a series of weights, each of which determines the degree to

which its associated feature xi contributes to the output. A larger absolute value of the i-
th weight wi signifies a stronger influence of the feature xi on the predicted value ŷ, while
a weight of zero indicates that the feature does not contribute to the model’s prediction.

To determine the optimal parameters w for the linear regression model, we first need
to define a performance measure. The mean squared error (MSE) can be used as this
metric and is defined as:

MSE =
1
m

∑
i

(ŷi − yi)2

where ŷ represents the predictions of the model, y are the correct output values, and
m is the number of samples. The goal is to minimize the MSE, with an MSE of zero
indicating perfect accuracy (ŷ = y).

Minimizing the MSE can be achieved by finding the point at which its gradient becomes
zero:
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∇wMSE = 0

3.2.2 Unsupervised learning

In unsupervised learning, all of the data is unlabeled, meaning that only the input
X is available and not the output Y . The goal of unsupervised learning algorithms is to
discover the underlying structure or distribution within the data.

Since the data used in unsupervised learning is unlabeled, no human labor is required
to create the datasets, making them typically much larger than those used in supervised
learning. Moreover, unsupervised learning algorithms are more capable of adapting to
new data, as they can dynamically adjust the underlying structures they have learned.

Clustering

Clustering refers to the process of organizing unlabeled data into groups based on
their similarities. Clustering algorithms can be categorized into various types based on
how they group data. Some of the most notable types are:

• Hierarchical Clustering: Hierarchical clustering algorithms are divided into two
types: Agglomerative and Divisive. Agglomerative clustering takes a bottom-up
approach, starting by treating each data point as its own cluster and successively
merging similar clusters until the desired number of clusters is achieved. Divisive
clustering, on the other hand, follows a top-down approach, beginning with all data
points in a single cluster and iteratively splitting clusters based on dissimilarity.

• Centroid-based or Partition Clustering: In these algorithms, data points are
divided into a predefined number of clusters, with each cluster represented by a
vector. The distance between each data point and the cluster vectors is calculated
(using one of the widely used metrics, eg Euclidean, Manhattan), and the data point
is assigned to the nearest cluster.

• Density-based Clustering: Density-based algorithms group data based on regions
of high density, with clusters forming in areas where data points are concentrated,
surrounded by regions of lower density.

• Probabilistic Clustering: Probabilistic clustering methods group data based on the
likelihood that they belong to the same distribution. Each data point is assigned to
the cluster to which it most likely belongs. The probabilities are determined through
an optimization process, with common distributions used including the Normal and
Gaussian distributions.

Clustering algorithms can also be divided based on how they assign data points to
clusters:

• Hard Clustering: Hard clustering algorithms assign each data point to a single
cluster and a data point either belongs to a cluster or it does not.
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3.2.2 Unsupervised learning

• Soft Clustering: In soft clustering, data points are assigned to clusters based on
probabilities, calculating the likelihood of each data point belonging to each cluster.

K-Means

K-Means is a widely-used clustering algorithm that divides the data into K pre-defined,
non-overlapping clusters, where each data point belongs to exactly one cluster (hard
clustering). Given N data points x1, x2, . . . , xN , and K clusters, a vector µk is assigned to
each cluster. The algorithm aims to minimize the following objective function:

J =
N∑

n=1

K∑
k=1

rnk∥xn − µk∥
2

where rnk = 1 if data point xn is assigned to cluster k, and rnk = 0 otherwise. The
objective function J represents the sum of squared distances from each data point to the
vector µk of its corresponding cluster.

The algorithm iteratively optimizes rnk and µk to minimize J . It begins with initial
values for µk and alternates between two steps: first, it minimizes J with respect to rnk

while keeping µk fixed, and second, it minimizes J with respect to µk, keeping rnk fixed.
In the first step, each data point xn is assigned to the cluster with the smallest distance
∥xn − µk∥

2. In the second step, the new value of µk is calculated as:

µk =

∑
n rnkxn∑

n rnk

The process repeats until the assignments of data points to clusters remain un-
changed.

Dimensionality Reduction

Dimensionality reduction involves reducing the number of features in a dataset. In
machine learning, datasets often have a lot of features, making it difficult to visualize or
train a model effectively. This leads to issues associated with high-dimensional data.

One such issue is data sparsity: when the dimensionality is high, the combinations
of attribute values in the training data become a small subset of the possible attribute
combinations. This can result in overfitting, where the model performs well on the training
data but struggles to generalize to unseen data.

Another challenge is that, as dimensionality increases, the distances between data
points in the feature space may converge, rendering distance-based measures (used by
algorithms such as KNN or K-Means) less meaningful for encoding similarity.

The goal of dimensionality reduction is to reduce the number of features while
retaining as much of the data’s integrity as possible. One of the most commonly used
techniques for this purpose is Principal Component Analysis (PCA).

PCA

Principal Component Analysis (PCA) projects data onto a lower-dimensional linear
space in a way that maximizes the variance of the data in this reduced space. PCA
identifies the first principal component as the direction in which the variance of the data
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is greatest. Subsequent principal components are defined incrementally, each orthogonal
to the previous components and chosen to maximize variance. To reduce dimensionality,
we retain only the projections of the data onto the first M principal components, where M

is the desired number of dimensions.

3.2.3 Semi- supervised learning

In semi-supervised learning, only a subset of the dataset is labeled. This technique
merges aspects of both supervised and unsupervised learning, making it suitable when
there are only a limited number of labeled examples but a vast amount of unlabeled data
[23] . The approach begins by training a model on the labeled subset, then incorporates
the unlabeled data to refine its understanding of the data’s structure, leading to improved
generalization to new, unseen data.

3.2.4 Reinforcement learning

In reinforcement learning, an agent interacts with an environment to achieve a goal
by learning from the consequences of its actions. Unlike supervised learning, where
the model learns from labeled examples, reinforcement learning relies on trial and error,
receiving feedback in the form of rewards or penalties. The agent aims to maximize
cumulative rewards by learning an optimal policy, which dictates the best action to take
in any given state. Through exploration of the environment and exploitation of the learned
policy, the agent progressively improves its decision-making, enabling it to generalize and
perform well in new, unseen situations.

3.3 Deep Learning

Deep learning is a subset of machine learning that uses multi-layered neural networks
to automatically learn and extract complex features from large datasets, enabling tasks
such as image recognition, speech processing, and natural language understanding.

Artificial Neural Networks (ANNs) form the foundation of deep learning and are named
due to their structural resemblance to biological neurons in the human brain. ANNs are
composed of interconnected nodes, or neurons, that are arranged in layers. Typically,
ANNs have an input layer, an output layer, and one or more hidden layers in between.
Each node can connect to one or more other nodes, with each connection assigned a
weight. The output of each node is computed by summing the outputs from the nodes
in the previous layer it is connected to. However, this calculation is initially a linear
combination of the previous layer’s outputs. If this linear function alone is used, the
entire network would be reduced to a simple linear model, even with multiple layers. To
enable the network to learn more complex relationships and use multiple layers effectively,
a non-linear function, known as the activation function, is applied to the node’s output.
Furthermore, during the training process, a metric called the loss function is defined to
measure the error between the model’s predictions and the actual labels in the dataset.
The goal of the neural network is to minimize this loss function during training. To
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achieve this, an algorithm called back-propagation is employed, which calculates the
required gradients for optimization. The following sections will delve into these concepts,
including the activation function, loss function, and back-propagation.

Activation function The activation function is a non-linear function that takes the
weighted sum of the outputs from previous nodes (or input data in the case of the first
layer) and computes the output of a node in the neural network. Activation functions are
typically differentiable, which allows them to be used with the back-propagation algorithm
(discussed in subsequent sections). They generally vary between the input and hidden
layers and the output layer of the neural network.

Some of the most commonly used activation functions include:

Activation Function Definition Description

Linear/Identity f (x) = x A linear activation function, rarely used be-
cause it lacks non-linearity, reducing the net-
work to a single layer. Not suitable for back-
propagation due to its constant derivative.

Sigmoid/Logistic f (x) = 1
1+e−x Used for probability predictions with output

between (0, 1). Suffers from vanishing gradi-
ent and is not symmetric around zero, making
training less stable.

Tanh (Hyperbolic Tangent) f (x) = ex−e−x

ex+e−x Similar to sigmoid but zero-centered with an
output range of (-1, 1). Often used in hidden
layers but still suffers from vanishing gradient.

ReLU (Rectified Linear Unit) f (x) = max(0, x) Efficient and prevents the vanishing gradient
problem. However, it has a zero gradient for
negative inputs, potentially leading to dead neu-
rons (dying ReLU problem).

Leaky ReLU f (x) =

x for x > 0
ax for x ≤ 0

A variant of ReLU that allows small negative
values by introducing a slope for negative in-
puts, helping avoid dead neurons during back-
propagation.

Πίνακας 3.1: Summary of Common Activation Functions in Neural Networks

Loss function The loss function is a metric that measures the error associated with
particular decisions or actions. In supervised learning, we need to quantify the difference
between our model’s predictions and the actual labels, which is done using a loss function.
The function maps the predicted labels ŷ and the true labels y to a real number, indicating
the total error. The goal of training is to minimize this loss. Below are some common loss
functions used in machine learning, categorized by task:

Loss Functions for Regression Problems
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Loss Function Definition Description

Mean Squared Error
(MSE)

L(w) = 1
N

∑N
i=1(yi − ŷi)2

Measures the squared difference be-
tween predicted and true labels,
emphasizing larger errors and ig-
noring the sign of the error.

Mean Absolute Error
(MAE)

L(w) = 1
N

∑N
i=1 |yi − ŷi |

Computes the absolute difference
between predicted and true labels.
Less sensitive to large errors and
more robust to outliers compared to
MSE.

Πίνακας 3.2: Loss Functions for Regression Problems

Loss Functions for Classification Problems

Loss Function Definition Description

Kullback-Leibler Diver-
gence (KL Divergence)

KL(P, Q) =

−
∑

x P(x) log Q(x)
P(x)

Measures the divergence between
true and predicted distributions, in-
dicating how much the predicted
distribution deviates from the true
distribution.

Cross-Entropy Loss
H(P, Q) =

−
∑

x P(x) log Q(x)

Commonly used in classification,
it quantifies the difference between
the true and predicted probability
distributions.

Πίνακας 3.3: Loss Functions for Classification Problems

Backpropagation In neural networks, a loss function is used to evaluate the network’s
error, which we aim to minimize during training. To achieve this, we need to compute
the gradient of the loss function with respect to the network’s weights. In the hidden
layers, the input to each node is influenced by the outputs of the previous layers,
and the output of each node, in turn, affects the final predictions and the overall
loss. This interdependence between layers complicates the calculation of gradients for
each parameter. To efficiently compute these gradients, we use the back-propagation
algorithm [24]. After each forward pass through the network, back-propagation performs
a backward pass, starting from the last layer and moving toward the input layer. It uses
the chain rule to compute the gradient of the loss function for each weight by leveraging
the gradients computed in the previous layers. One key advantage of back-propagation is
that it provides insight into how changes in the network’s weights impact the loss function
and the model’s overall behavior.

3.4 DL models

In this section, we introduce several of the most widely used deep learning model
types.
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3.4.1 Feed-forward neural networks

Feed-forward neural networks (FFNN) are a type of artificial neural network (ANN)
where the connections between nodes move in one direction, from the input layer to
the output layer, without forming cycles. FFNNs are primarily used for supervised
learning tasks with independent, non-sequential data. The simplest form of FFNN is
the perceptron, a linear model with no hidden layers. It calculates the weighted sum of
input features and passes it through an activation function:

y = f

 N∑
i=1

wixi + b


where wi are the weights, xi are the input features, and b is a bias term. For more
complex tasks involving non-linearly separable data, the multi-layer perceptron (MLP) is
used. An MLP consists of multiple layers, including at least one hidden layer, and can
learn non-linear functions for both regression and classification tasks.

Σχήµα 3.3: FFNN example

3.4.2 Convolutional Neural Networks

Convolutional Neural Networks (CNNs) [25] are designed to process image data by
using convolution, inspired by the human visual cortex. CNNs consist of three main
types of layers:

• Convolutional layer: Applies filters to the input image, generating activation maps.
Typically followed by a non-linear activation function like ReLU.

• Pooling layer: Reduces dimensionality by aggregating pixel values, improving
efficiency and reducing overfitting. Max and average pooling are commonly used.

• Fully-connected layer: The final layer that performs classification using features
extracted by previous layers.
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Σχήµα 3.4: CNN example

3.4.3 Recurrent Neural Networks

Humans do not reset their thoughts every moment. Each word’s meaning builds
upon the understanding of prior words—thinking is continuous. Recurrent neural
networks solve this problem by incorporating loops, allowing the network to retain and
use information over time [26].

First introduced as early as the 1980s [27, 28], a recurrent neural network (RNN) is
a type of artificial neural network characterized by a feedback loop, enabling data from
previous inputs to be fed back into the network’s nodes. This structure allows RNNs
to maintain an "internal memory," referred to as a hidden state, which is continually
updated with new input and retains past information to influence future outputs. When
the feedback loop is conceptually "unrolled" over time, an RNN can be viewed as multiple
iterations of the same network, each corresponding to a different point in the input
sequence and passing information forward in a sequential manner. The vanilla RNN
architecture can be mathematically expressed by the following equations:

ht = fh(Whxxt +Whhht−1 + bh)

yt = fy(Wyhht + by)

where xt represents the input vector at time step t, ht is the hidden state, and yt

is the output. The terms bh and by are bias terms for the hidden state and output,
respectively, and fh and fy denote the activation functions. The weight matrices Whx ,
Whh , and Wyh correspond to the input-to-hidden, hidden-to-hidden, and hidden-to-output
connections, respectively. Time is considered in terms of input points, with each new
input corresponding to a new time step.
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Σχήµα 3.5: RNN example

3.4.4 Long Short-Term Memory networks

One of the key strengths of RNNs is their potential to relate past information to the
current task.

In certain situations, only recent information is necessary to complete a task. For
example, in a language model predicting the next word in a sentence, the immediate prior
words often provide sufficient context. When the gap between the relevant information
and its use is small, RNNs can effectively learn from this past data.

Nevertheless, there are instances where a more extended context is required, and the
gap between relevant information and the point where it is needed can become significant.
As this gap increases, RNNs struggle to maintain the connection between distant past
inputs and the current task. While, in theory, RNNs are capable of managing such long-
term dependencies, practical challenges arise due to inherent limitations [29].

One of the main reasons for this limitation is the vanishing gradient problem. During
back-propagation through time (BPTT), RNNs rely on repeated multiplication of gradients
across many layers in time. This repeated multiplication can cause gradients to shrink
exponentially, approaching zero. As a result, the network struggles to retain information
from earlier layers, limiting its ability to learn long-term dependencies. Conversely, RNNs
can also encounter the exploding gradient problem, where gradients grow exponentially
and become excessively large. This instability can lead to an unstable network, making
it difficult to converge to an optimal solution.

These issues make it challenging for RNNs to capture and retain information from
distant past events, affecting their performance on tasks requiring long-term memory
and stable learning over extended sequences.

Fortunately, Long Short Term Memory networks (LSTM) were developed to address
these issues [30]. LSTMs add a cell state, in addition to the hidden state, which runs
through all layers of the network and is modified only by minor linear interactions, making
it more capable of retaining past information. To control what information is added or
removed from the cell state, LSTMs employ structures called gates.

The LSTM architecture can be mathematically described by the following equations,
where xt is the input vector, ct is the cell state, and ht is the hidden state at time step t.
Wf , Uf , Wi , Ui , Wo, Uo, Wc, and Uc are weight matrices, and bf , bi , bo, and bc are bias terms:

ft = σ(Wf xt + Uf ht−1 + bf ) (3.4.4.1)

it = σ(Wixt + Uiht−1 + bi) (3.4.4.2)
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ot = σ(Woxt + Uoht−1 + bo) (3.4.4.3)

ĉt = tanh(Wcxt + Ucht−1 + bc) (3.4.4.4)

ct = ft ⊙ ct−1 + it ⊙ ĉt (3.4.4.5)

ht = ot ⊙ tanh(ct) (3.4.4.6)

Σχήµα 3.6: LSTM example

Below, we describe the function of each equation:

Updating the cell state ct : The forget gate ft determines which information from the
cell state should be retained or discarded. The current input xt and the hidden state from
the previous time step ht−1 are multiplied by the respective weight matrices, summed
with a bias term, and passed through a sigmoid function. This function outputs values in
the range (0, 1), where values close to zero suggest forgetting the information, and values
close to one suggest retaining it (Equation 3.4.4.1). The result is then multiplied with the
cell state ct−1 (Equation 3.4.4.5).

While the forget gate determines what to discard, the input gate it decides what new
information should be stored in the cell state. The current input xt and hidden state ht−1

are processed through a sigmoid function, limiting the values to (0, 1) (Equation 3.4.4.2).
The input gate decides which values from the candidate vector ĉt , generated by passing
the input and hidden state through a tanh function (Equation 3.4.4.4), will be stored.

The final cell state ct is updated by combining the retained information from the
previous cell state and the new information to be stored, as determined by the input gate
(Equation 3.4.4.5).

Updating the hidden state ht : The output gate ot controls what information from the
cell state ct should be passed to the hidden state ht . The gate’s value is computed using
a sigmoid function, which takes as input the current input xt and the hidden state ht−1

(Equation 3.4.4.3). The updated cell state ct is then passed through a tanh function, and
the result is multiplied by the output gate’s value to produce the hidden state ht (Equation
3.4.4.6), which also serves as the LSTM’s output.
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3.4.5 Attention Mechanisms

In case of long sequences, LSTMs fail to remember information because of encoding
of the entire sequence into one vector (the last hidden state). [31] provides a solution to
this problem through Attention Mechanisms. Attention mechanisms allow the model to
focus on the most important parts of the input. In an encoder-decoder architecture with
RNNs, the context vector ct for the decoder at time step t is computed as:

ct =
∑

j

atjhj

where hj is the encoder’s hidden state at time step j, and atj represents the attention
weights that determine the significance of each encoder output for calculating the context
vector. The attention weights atj are calculated using the softmax function:

atj = softmax(etj) =
exp(etj)∑
k exp(etk)

The alignment score etj is a function of the previous decoder state st−1 and the encoder
hidden state hj, defined as:

etj = f (st−1, hj)

The alignment function f , often implemented as a small feedforward neural network,
computes the relevance between a query st and a key hi in attention mechanisms.
Common types include: Additive Attention, f (st , hi) = v⊤a tanh(Wa[st ; hi]), combining query
and key with a non-linearity; Dot-Product Attention, f (st , hi) = s⊤t hi , a simple dot product;
Scaled Dot-Product Attention, f (st , hi) =

s⊤t hi
√

n
, normalizing for dimensionality; and General

Attention, f (st , hi) = s⊤t Wahi , introducing a learned weight matrix Wa for added flexibility.
Attention mechanisms can be categorized into several key types based on their roles

and functionality. Self-attention allows a model to relate different parts within a sequence,
in order to compute its representation. Multi-head attention is an extension of self-
attention, where multiple attention mechanisms (or "heads") operate in parallel, each
focusing on different parts of the input. This allows the model to capture various aspects
of relationships in the data. Cross-attention refers to attention between two sequences,
such as between the encoder and decoder in machine translation, where the decoder
attends to the encoder’s hidden states. Each of these mechanisms enables more flexible
and accurate representation learning in models like Transformers.

3.4.6 Transformers

[32] introduced a novel model architecture called the Transformer, which is built
entirely on attention mechanisms, without relying on recurrence or convolution. This
design allows for more parallelization and significantly faster training. The Transformer
model achieved state-of-the-art results in translation tasks, revolutionizing the field of
natural language processing by demonstrating the power of attention mechanisms for
efficiently capturing long-range dependencies in sequences.
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Σχήµα 3.7: Transformer

Transformers utilize an autoregressive encoder-decoder architecture. The encoder
maps an input sequence x to a sequential representation z and the decoder leverages z to
produce the output sequence y.

The Encoder consists of multiple layers, each consisting of two sub-components.
The first sub-layer applies a multi-head self-attention mechanism, while the second
sub-layer is a fully connected feed-forward neural network. Both are followed by layer
normalization, with residual connections added between the input and output of each
layer to improve information flow.

The Decoder mirrors this structure with repeating layers but has three key com-
ponents per module. First, a masked multi-head self-attention mechanism is used
to ensure that each position in the sequence attends only to earlier positions. The
second component is a multi-head attention layer that focuses on the encoder’s output,
followed by a fully connected feed-forward neural network. As with the encoder, layer
normalization is applied after each of the three layers.

Positional encodings aim to encode the sequential order of the input sequence via
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utilizing the sine and cosine functions in order to calculate a representation of dimension
dm , equal to the model’s representations, summed together with the latter.

3.5 Machine Learning Concepts

In the following sections, we explore some fundamental concepts of Machine Learning.

3.5.1 Generalization, overfitting and underfitting

Generalization refers to a machine learning model’s ability to perform well on unseen
data that was not part of the training process. A well-generalized model effectively
captures the underlying patterns in the data, allowing it to make accurate predictions
on new inputs. However, if a model is too simple or not properly trained, it can lead
to underfitting, where it fails to learn the relationships between the input features and
the output, resulting in poor performance on both the training and test data. On the
other hand, if the model learns the training data too closely, modeling properties of the
training set such as noise that do not occur in the test set, instead of modeling the
general data distribution it may overfit. Overfitting causes the model to perform well on
the training set but poorly on unseen test data, as it fails to generalize to new instances.
The key to successful machine learning is finding the right balance between underfitting
and overfitting to ensure good generalization.

To prevent overfitting, various techniques have been developed. Among the most
commonly used methods are regularization, dropout, and early stopping. These methods
are described below:

Regularization: Regularization helps reduce overfitting by encouraging the model to
learn smaller weights, which results in a less flexible model that does not conform too
closely to the training data. This is achieved by adding a penalty term (regularization
term) to the loss function, which imposes a higher penalty for larger parameter values.
For a model with parameters w and a loss function L(w), the regularized loss function is
expressed as:

L̃(w) = L(w) + αΩ(w)

where Ω(w) is the norm penalty term, and α is a hyperparameter that determines how
much influence the penalty term has on the overall loss.

Different regularization methods are defined based on the type of norm used in the
penalty term. Two of the most widely used methods are:

• L1 Regularization: Also known as Lasso regression, L1 regularization uses the L1
norm (or Manhattan distance), defined as:

Ω(w) =
N∑

i=1
|wi |

where wi are the model’s parameters.
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• L2 Regularization: Also referred to as weight decay or ridge regression, L2
regularization uses the L2 norm (or Euclidean distance), defined as:

Ω(w) =
N∑

i=1
w2

i

where wi are the model’s parameters.

L2 regularization penalizes large parameter values more heavily due to the squared
terms, while it affects smaller values less. This reduces model complexity but does
not force parameters to zero, unlike L1 regularization, which affects all parameters
more uniformly and can push some to zero, creating sparser models. As a result,
L1 regularization can also be used for feature selection, as parameters driven to zero
effectively remove their corresponding features [20].

Dropout: Dropout is another commonly used regularization technique, especially in
neural networks, to prevent overfitting. During training, dropout randomly sets a fraction
of the neuron outputs to zero for each training example, with a probability p. This process
can be viewed as training multiple different networks, each with some neurons "dropped."
By doing this, dropout prevents the model from depending too much on specific neurons,
promoting better generalization.

Early Stopping: During training, both the training error and validation error (the
error on a separate validation set) usually decrease. However, after a certain point, the
validation error may start to increase as the model begins to overfit the training data.
Early stopping mitigates this by monitoring the validation error and saving the model
parameters each time the validation error improves. When the validation error stops
improving for a predefined number of epochs, training is halted, and the model with the
lowest validation error is selected as the final model. This method prevents overfitting by
stopping training at the optimal point.

3.5.2 Evaluation metrics

Evaluating a machine learning model’s performance is vital, as standard loss functions
often don’t meet the needs of specific applications. In medical applications, for example,
it’s crucial to detect all true cases (true positives) to avoid serious health risks, even if it
increases false positives.

In binary classification, the positive class is the class that the model is designed to
detect, while the negative class represents the other.

• True Positives (TP): The model correctly predicts the positive class.

• True Negatives (TN): The model correctly predicts the negative class.

• False Positives (FP): The model incorrectly predicts the positive class.

• False Negatives (FN): The model incorrectly predicts the negative class.
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From these, we derive the following performance metrics for binary classification:
Accuracy: Accuracy is the ratio of correct predictions to the total number of

predictions, and is defined as:

Accuracy =
TP + TN

TP + FP + TN + FN

While it measures overall model performance, it may not be suitable for imbalanced
datasets or cases where one class is more important than the other.

Precision: Precision measures how many of the instances predicted as positive are
actually positive:

Precision =
TP

TP + FP

Precision is important when the cost of false positives is high.
Recall: Recall, or sensitivity, measures how many of the actual positive instances

were correctly identified by the model:

Recall =
TP

TP + FN

Recall is crucial when missing true positive cases (false negatives) is costly.
F1-Score: F1-score is the harmonic mean of precision and recall, and provides a

balanced measure:
F1-score = 2 ·

Precision · Recall
Precision + Recall

Alternatively, in terms of TP, FP, and FN:

F1-score =
2 · TP

2 · TP + FP + FN

In multi-class classification, accuracy is extended as the proportion of correct predic-
tions across all classes. Precision, recall, and F1-score, however, are inherently binary
metrics, so for multi-class problems, we treat each class as “positive” and others as
“negative,” calculating these metrics for each class individually.

3.5.3 Transfer Learning

Transfer learning is a machine learning technique that seeks to apply knowledge
gained from one task to enhance performance on another, typically related, task. In
transfer learning, a model or a portion of a model that has been trained on a particular
task is used as an initial point for training a model on a different task. This approach is
especially advantageous when the target task has limited data, but there is a related task
with substantially more data. In such cases, the features and representations learned
from the first task can be beneficial for the target task, enabling the model to generalize
better or train more efficiently, even with a small number of examples for the target task.
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Κεφάλαιο 4

Background: Word Representation and Large

Language Models

The ability for computers to understand human language is pivotal, as it transforms
the way we interact with technology, allowing communication to flow naturally and
effortlessly. This capability not only enhances everyday tasks, such as virtual assistance
and real-time translation, but also unlocks vast potential in understanding the wealth of
unstructured data—turning scattered information into meaningful insights. By bridging
the divide between human intention and computational precision, language understand-
ing empowers technology to respond to our needs more intelligently, fostering a seamless
synergy between human creativity and machine capability.

Using raw words as input for computations can be quite inefficient. One reason is
the variation in word lengths, making it difficult for machine learning models to handle
them. Another issue is the sparsity of this representation, as many possible character
combinations do not form valid words. To address this, words are typically converted into
numerical representations before being used as input for machine learning algorithms.

In natural language, words rarely stand alone—they form part of sentences, which
then combine to create paragraphs and larger texts. The meaning of a word is strongly
shaped by its position in a sentence and the words that surround it. Thus, understanding
the grammatical and contextual relationships between words is essential for grasping the
intended meaning of any text. As a result, simply representing individual words falls
short for effective Natural Language Processing (NLP); instead, Language Models (LMs)
are needed to capture and interpret word sequences in their full context.

In the following sections, we will delve deeper into these concepts, exploring the
challenges of processing natural language, how numerical representations of words are
used in machine learning, and the role of Language Models (LMs) in capturing the
contextual relationships between words.

4.1 Word representation methods

In the following subsections, we will explore some of the most widely used word
representation techniques, ranging from traditional methods like one-hot encoding to
more advanced approaches based on distributional semantics, such as GloVe and ELMo.

4.1.1 TF-IDF

TF-IDF (Term Frequency - Inverse Document Frequency) is a measure of the impor-
tance of a term to a document, in a collection of documents. It is the product of two
statistics, term frequency and inverse document frequency.
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Term frequency (TF) [33] is a measure of how often a term t appears within a document
d. The simplest way to define term frequency is by counting the number of occurrences
of a term in the document.

IDF [34] is derived from the following formula:

IDF(i) = log
(

D

di

)
,

where D is the total number of given documents, and di is the number of documents in
which term i appears. By combining TF and IDF, we obtain the TF-IDF measure. For a
word w, a collection of documents D, and a document d within that collection, TF-IDF is
defined as:

TF-IDF(w, d, D) = TF(w, d) × IDF(w, D)

The higher the TF-IDF value for a word w, the more significant that word is in
document d within the collection D. TF-IDF is straightforward and highly efficient to
compute. However, it does not capture the semantic meaning or syntactic properties of
words, and it ignores the word order within a document, often leading to less meaningful
representations [34]. Moreover, because a separate TF-IDF value is calculated for each
word-document pair, it creates a high-dimensional representation, reducing storage
efficiency and increasing the computational cost of working with TF-IDF vectors.

4.1.2 Categorical word representation

Categorical word representation techniques map words to basic representations such
as numerical values or vectors. Two widely used methods in this category are label
encoding and one-hot encoding.

Label Encoding:

In label encoding [35], each word in a vocabulary V is assigned a unique numerical value.

Label encoding, while straightforward, often performs poorly for text data because it
imposes an arbitrary order on words, which isn’t meaningful for non-ordinal data.

One-Hot Encoding:

One-hot encoding maps each word w in a vocabulary V of size |V | to a binary vector of
dimension |V |. In this vector, only the element corresponding to the word’s index in the
vocabulary is set to 1, while all other elements are 0 [34]. While one-hot encoding is
computationally efficient, it has several limitations. It does not encode word similarities,
as all words are equidistant from each other, thus lacking meaningful semantic or
syntactic information [36, 35]. Moreover, with a large vocabulary, one-hot vectors become
high-dimensional, leading to increased computational cost and complexity. This can
result in a high number of parameters in neural network models, potentially causing
overfitting.
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4.1.3 Non-contextual word embeddings

Distributional representation methods are derived from the research area of distribu-
tional semantics, which is based on the idea that the words that occur in similar contexts
have a similar meaning [37]. Based on distributional semantics, word embeddings
have led to significant improvements in NLP tasks. Word embeddings are dense, low-
dimensional vectors learned from the context in which words appear, capturing word
similarity while being more efficient than sparse representations like one-hot encoding or
TF-IDF.

Several methods have been proposed for computing word embeddings, often utilizing
deep learning models. Among the most influential are Word2Vec and GloVe.

Word2Vec: Word2Vec [38] is a shallow neural network with two hidden layers. It
calculates dense word vectors based on the context in which words appear, and these
vectors capture linguistic patterns and word similarity. Word2Vec uses two main models:
Continuous Bag of Words (CBOW) and Skip-gram.

• CBOW: CBOW predicts a center word from its surrounding context. It has an input
layer, a hidden layer, and a softmax output layer. The hidden layer averages the
context words’ representations to predict the target word.

• Skip-gram: Skip-gram predicts context words from a given target word. It adjusts
its representations using back-propagation based on the correlation between the
predicted and actual context words [37, 39, 40].

GloVe: GloVe (Global Vectors for Word Representation) [41] uses aggregated global
word co-occurrence statistics to learn word vectors. Unlike Word2Vec, which relies
on local context through a sliding window, GloVe captures global statistics from the
entire corpus. It is based on the idea that word co-occurrence ratios encode meaningful
relationships, and it trains word vectors such that their dot product approximates the
logarithm of the words’ co-occurrence probability.

4.1.4 Contextual word representations

While embeddings like Word2Vec and GloVe consider context to generate word
embeddings, the word vectors they produce remain fixed. This means that a word is
represented the same way in all situations, regardless of the particular context or the
word’s semantic and syntactic features in that context. [42] provides a solution to this
problem by introducing ELMO.

ELMO is composed of three key components: a convolutional neural network (CNN),
a bidirectional LSTM, and an embedding layer. It takes character-based input, where
character embeddings are passed through CNN layers that capture statistical, temporal,
and spatial features. The CNN outputs are then fed into a two-layer bidirectional LSTM,
which encodes sequential information by processing the input sequence in both forward
and backward directions through its hidden states. The final word embeddings are
generated by taking a linear combination of all the hidden states from the bidirectional
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LSTM, allowing the model to capture and integrate the various types of information
encoded at different layers of the LSTM. The contribution of each hidden state to the final
embeddings is task-specific, allowing for improved performance by prioritizing relevant
information [42].

4.2 Language Models

Language models are models that assign probabilities to sequences of words [9].
Historically, early language models relied on statistical methods, such as n-grams
and Hidden Markov Models, which estimated probabilities based on word and phrase
frequencies. In more recent approaches, deep neural networks are employed, with Large
Language Models (LLMs) revolutionizing natural language processing and understanding.
In this section, we provide an analysis of the most popular traditional and modern
language models.

4.2.1 N-grams

One of the earliest and most fundamental approaches to language modeling is the
n-gram model. An n-gram represents a contiguous sequence of n words, where a 2-gram
(or bigram) refers to a pair of consecutive words, a 3-gram refers to a sequence of three
consecutive words, and so on. These models estimate the probability of a word occurring
based on the previous n − 1 words in a sequence, relying on statistical data from large
corpora. This is commonly achieved through the use of frequency counts from the corpus.

To model the probability of a word sequence more effectively, the n-gram model
adopts the Markov assumption, which simplifies the computation by assuming that the
probability of a word depends only on the preceding n−1 words, rather than on the entire
sequence of prior words. This assumption allows for more manageable calculations, as it
reduces the complexity of the dependencies between words.

The n-gram model computes the probability of a sequence of k words as:

P(w1, w2, . . . , wk) = P(w1)
k∏

i=2
P(wi | wi−n+1, . . . , wi−1)

This formula represents the probability of the sequence w1, w2, . . . , wk occurring in
context, under the assumption that each word wi depends only on the previous n − 1
words.

For example, in the case of a bigram model (n = 2), the probability of a sequence of k

words simplifies to:

P(w1, w2, . . . , wk) = P(w1)
k∏

i=2
P(wi | wi−1)

Here, the probability of each word wi is conditioned only on the word immediately
preceding it, wi−1. This considerably simplifies the calculation by assuming that a word
depends only on its immediate predecessor.
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To further illustrate, take a large corpus, count the number of occurrences of the
sequence “The water of Walden Pond is so beautifully,” and then count the number of
times this sequence is followed by the word "blue." This would answer the question, "Out
of the occurrences of the sequence h, how often was it followed by the word w?" Formally,
this is represented as:

P(blue | The water of Walden Pond is so beautifully) =
C(The water of Walden Pond is so beautifully blue)

C(The water of Walden Pond is so beautifully)

In this case, C(The water of Walden Pond is so beautifully blue) refers to the count of the
full sequence including the word "blue," while C(The water of Walden Pond is so beautifully)
represents the count of the sequence without the final word.

This is an example of how n-gram models estimate the likelihood of a word given its
preceding context. More generally, the n-gram model computes the conditional probability
of a word wn given the preceding words as:

P(wn | wn−1, wn−2, . . . , w1) =
C(w1w2 . . . wn)

C(w1w2 . . . wn−1)

where C(w1w2 . . . wn) represents the count of the entire sequence of n words, and
C(w1w2 . . . wn−1) is the count of the first n − 1 words [9].

4.2.2 Neural language models

With the advent of neural networks, a new generation of language models emerged,
which leverage deep learning techniques to capture more complex patterns and depen-
dencies in language, going beyond the limitations of traditional n-gram models by utilizing
architectures such as feed-forward neural networks (FFNNs), recurrent neural networks
(RNNs), long short-term memory networks (LSTMs), and more recently, transformers,
enabling these models to understand and generate text with greater fluency and con-
textual awareness. In this section, we will delve into these advanced neural language
models, exploring how they function, their underlying architectures, and the ways in
which they have revolutionized natural language processing by enabling more accurate
and contextually-aware predictions and text generation.

FFNN-based Language Models

One of the earliest works to advocate for the use of neural networks in language
modeling was [43]. A single-layer neural network, with no hidden layers, was introduced,
where both the input and output dimensions were set to match the size of the vocabulary.
In this model, each input word wi was represented by setting the corresponding i-th input
unit to 1. Their approach demonstrated improved results over traditional N-gram models.
However, despite these gains, the model suffered from poor generalization capabilities and
struggled to capture context-dependent features [44].

A more prominent contribution to the use of neural networks for language modeling
came a few years later. [1] introduced the concept of representing words as learnable
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embeddings, stored in a look-up matrix of dimensions |V | ×m, where |V | is the size of the
vocabulary and m is the dimensionality of the word embeddings. The model processes a
window of previous words leading up to the current word, retrieving the corresponding
embeddings from the look-up table. These embeddings are then concatenated into a
single vector and passed through a hidden layer before reaching the final softmax output
layer.

While the feed-forward neural network language model (FFNNLM) proposed by [1]
showed a significant boost in performance over traditional methods, it also introduced
some key limitations. The most notable of these is the fixed-size context window, which
is predefined during training and restricts the model to a limited scope of preceding
words. Furthermore, the feed-forward architecture requires learning a large number of
parameters, making the model computationally expensive and difficult to scale for larger
contexts or vocabularies.

Σχήµα 4.1: The FFNN-LM proposed by [1].

RNN-LSTM-based Language Models

In order to overcome the limitations of FFNN-Language Models, RNN-Language Models
were later proposed. Unlike the former, these models are capable of modeling sequential
information, such as word sequences of arbitrary length. They do not require a fixed
window and reduce the number of parameters that need to be learned during training,
due to parameter sharing.

[45] and [46] are among the most representative contributions in the development
of Recurrent Neural Network Language Models (RNNLMs). The core architecture of the
model comprises three layers: an input layer, a hidden layer, and an output layer. At
each time step t, the model takes as input a concatenation of the vector representation of
the current word and the hidden state from the previous time step. This allows the model
to maintain a memory of past information and capture dependencies across time steps,
making it particularly suitable for handling sequences of arbitrary length. The hidden
layer processes this input and generates an updated hidden state, which is passed on
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to the next time step, while the output layer produces a probability distribution over the
vocabulary for the next word in the sequence. The recursive nature of RNNs allows for the
modeling of long-range dependencies in sequential data, addressing one of the primary
limitations of feed-forward neural networks, which rely on a fixed context window.

Despite these improvements, the initial RNNLM still faced challenges in handling
very long-term dependencies due to issues like vanishing gradients, which were later
addressed with LSTM-Language Models.

4.2.3 Large-scale pre-trained language models

With the rise of deep learning, deeper neural networks have proven effective across
various tasks. While these models are often trained with supervision, unsupervised
training is commonly used in NLP due to the high cost of data annotation and the
abundance of unlabeled data. Given their many parameters and extensive training needs,
large datasets are essential. Using large-scale unlabeled datasets allows these models to
develop a broad understanding of language, which can then be fine-tuned for specific
tasks.

Since these corpora are not labeled, traditional supervised learning techniques cannot
be applied directly. Therefore, it is necessary to design alternative tasks that enable
models to learn in unsupervised or self-supervised settings. Some of the key tasks include
Language Modeling, where the goal is to predict the probability of tokens within a given
context, Masked Language Modeling, which involves masking certain tokens in the input
sequence and having the model predict them using the surrounding words, and Next
Sentence Prediction, where the model is tasked with determining if a given sentence
logically follows the preceding one in the corpus. Through these methods, language
models are able to develop a rich understanding of language and extract meaningful
representations from raw text.

Once pre-trained, these models can be further adapted to specific tasks using a second
phase of training in a supervised learning setting with smaller labeled datasets, tailored
to the particular task at hand.

The combination of this approach, along with the development of the attention
mechanism and the introduction of the transformer architecture, has led to the rise
of large-scale pre-trained language models. These models are initially trained using
unsupervised or self-supervised objectives on massive text corpora, often containing
billions of words, and are then fine-tuned for individual tasks using smaller, task-specific
datasets (see Section 3.4 for more details on fine-tuning methods). The most well-known
model that laid the foundation for many subsequent advancements in the field is GPT.

GPT

GPT-1 : The first Generative Pre-trained Transformer (GPT-1) was developed by OpenAI
in 2018 [2]. In this work, the concept of using unlabeled data to train a generative
language model was introduced, which could then be fine-tuned for specific downstream
NLP tasks. GPT-1 features a 12-layer transformer decoder with masked self-attention,
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preventing the model from accessing future context words to the right of the current
word during training. It was trained on the extensive BooksCorpus dataset, enabling
it to capture long-range dependencies and gain comprehensive knowledge from large,
contiguous text sequences.

In the pre-training phase, GPT-1 was optimized using gradient descent, with the
objective of maximizing the likelihood for a standard language modeling task:

L1(U ) =
∑

i

log(P(ui | ui−k , ..., ui−1;Θ))

where k represents the size of the context window, P is the conditional probability modeled
by the transformer decoder with parameters Θ, and U is the unlabeled corpus used for
training.

During the fine-tuning phase, the model was adapted to a supervised setting using
a labeled dataset C, where each sample consists of input tokens x1, ..., xm and a
corresponding label y. The input tokens are processed by the model’s decoder layers,
and the output of the final layer h l

m is passed through a linear classification layer with
parameters Wy, which computes the probability as:

P(y | x1, ..., xm) = softmax(h l
mWy)

The goal during fine-tuning is to maximize the following objective:

L2(C) =
∑
x,y

log P(y | x1, ..., xm)

This objective is combined with the original language modeling objective L1, as the authors
found that this improves the model’s ability to generalize and speeds up convergence. The
final training objective during fine-tuning is thus formulated as:

L3(C) = L2(C) + λ · L1(C)

where λ is set to 0.5. GPT-1 consists of 117M parameters.
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Σχήµα 4.2: GPT-1 [2].

GPT-2 : In 2019, OpenAI introduced GPT-2 [47], a model that greatly expanded on
GPT-1 by increasing the number of parameters to 1.5 billion, compared to GPT-1’s 117
million. The layers increased from 12 to 48 layers. GPT-2 was also trained on a larger
and more diverse dataset (WebText corpus), enabling it to outperform GPT-1, particularly
in language comprehension and zero-shot learning tasks.

GPT-3 : In 2020, OpenAI introduced the third iteration of the Generative Pre-trained
Transformer, GPT-3 [48]. GPT-3 was developed with the goal of creating a highly capable
and efficient language model that could perform various tasks without the need for
extensive fine-tuning, simply by observing a few examples. This version significantly
outscaled its predecessors, containing 175 billion parameters and 96 transformer decoder
layers, compared to the 12 layers in GPT-1 and 48 in GPT-2. Trained on an enormous
dataset sourced from the internet, GPT-3 is recognized for its remarkable ability to
generate human-like text and tackle tasks outside of its direct training, such as solving
basic arithmetic problems and even writing code.

GPT-3.5 : Released in 2022, GPT-3.5 is an incremental improvement over GPT-3 [49].
While maintaining the same architecture and 175 billion parameters as GPT-3, GPT-3.5
was trained on a larger and more diverse dataset, further improving its performance,
particularly in few-shot and zero-shot learning tasks. This update made the model more
robust in generating coherent and contextually accurate text, with improved handling of
complex tasks.

GPT-3.5 Turbo : GPT-3.5 Turbo, introduced later in 2022, is an optimized and more
cost-efficient version of GPT-3.5. While it shares the same capabilities and model
architecture, it is designed to run faster and more efficiently, making it ideal for production
environments such as ChatGPT. GPT-3.5 Turbo offers similar performance to GPT-3.5 but
at a lower computational cost, making it more suitable for real-time applications.
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LLaMA

LLaMA [50] is a collection of foundation language models, developed with a range
of model sizes from 7 billion (7B) to 65 billion (65B) parameters. These models were
trained on trillions of tokens, demonstrating that state-of-the-art performance can be
achieved using exclusively publicly available datasets, without the need for proprietary
or inaccessible resources. The focus of this work is to train a series of language models
that deliver the best possible performance across various inference budgets, achieved by
training on a larger volume of tokens than is typically used in similar models. Notably,
LLaMA-13B surpasses the performance of GPT-3 (which has 175 billion parameters) on
most standard benchmarks, while LLaMA-65B is competitive with leading models such as
Chinchilla-70B and PaLM-540B, despite having significantly fewer parameters. This effi-
ciency highlights LLaMA’s potential for producing high-quality language representations
with optimized computational resources.

Pre-training Data : The training dataset used for LLaMA is composed of a mixture of
various publicly available sources, covering a broad range of domains. This approach
mirrors data selection strategies used in the training of other large language models but
is restricted to datasets that are compatible with open-sourcing. The overall dataset
consists of approximately 1.4 trillion tokens after tokenization. In most cases, each token
in the dataset is used only once during training, with the exception of data from specific
domains such as Wikipedia and Books, where approximately two epochs of training are
performed.

Some of the datasets used include English Common Crawl, C4, GitHub repositories,
academic articles, Wikipedia, and datasets from the Books domain. These sources provide
a diverse and extensive corpus, enabling the model to generalize effectively across a wide
variety of tasks and domains.

Architecture: LLaMA’s architecture is built on the transformer framework [32], incorpo-
rating several enhancements introduced in subsequent models, such as GPT-3 and PaLM.
These modifications aim to improve the model’s training stability and overall performance.

Key changes include the use of pre-normalization [inspired by GPT-3], where the input
to each transformer sub-layer is normalized using RMSNorm [51] rather than normalizing
the output, which enhances training stability. Additionally, the SwiGLU activation function

[inspired by PaLM] replaces the traditional ReLU activation. This change, introduced by
[52], boosts performance, and the dimensionality is set to 2

3 of 4d, as opposed to the
4d used in PaLM. Lastly, rotary positional embeddings (RoPE) [inspired by GPT-Neo] are
employed instead of absolute positional embeddings. This method, proposed by [53],
is applied at each layer of the network to enhance the model’s handling of positional
information.

Llama2 : LLaMA 2 [18] (7B,13B,70B parameters) introduces several key improvements
over LLaMA 1, including significant refinements in the pretraining process and data
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quality. While continuing to use an optimized auto-regressive transformer architecture,
LLaMA 2 benefits from more robust data cleaning and an updated data mix. The training
corpus, consisting solely of publicly available sources, was expanded by 40%, with a total
of 2 trillion tokens. Additionally, efforts were made to remove data from sources containing
a high volume of personal information, aiming to improve the model’s factual accuracy
and reduce hallucinations. To further enhance performance, LLaMA 2 doubled the
model’s context length and adopted grouped-query attention (GQA) to improve inference
scalability, particularly for larger models. These improvements allow LLaMA 2 to offer
better performance and scalability than LLaMA 1.

Mistral

Mistral [54] 7B language model that demonstrates superior performance and efficiency
compared to larger models like LLaMA 2 (13B parameters) and LLaMA 1 (34B parameters)
on a wide range of benchmarks, including reasoning, mathematics, and code generation
tasks. Mistral 7B achieves these improvements through the integration of advanced
attention mechanisms, such as grouped-query attention (GQA) and sliding window
attention (SWA), both designed to optimize inference speed and memory usage.

The grouped-query attention (GQA) mechanism accelerates inference while reduc-
ing memory requirements during decoding, enabling larger batch sizes and improving
throughput. This is particularly beneficial for real-time applications. Additionally,
sliding window attention (SWA) allows the model to efficiently handle longer sequences
by attending to tokens beyond a fixed window size, significantly extending the attention
span without a proportional increase in computational cost. For example, with a window
size of 4096, Mistral 7B can theoretically attend to up to 131K tokens, achieving up to 2x
speed improvements over traditional attention mechanisms.

Mistral 7B is built on a transformer architecture, similar to LLaMA, but introduces
several key modifications for improved scalability and efficiency. Notably, the model
employs a rolling buffer cache to manage memory usage efficiently by limiting cache
growth and overwriting past values as new tokens are processed. This allows for an
8x reduction in cache memory usage when handling sequences of up to 32k tokens,
with no significant impact on model quality. Furthermore, the model supports pre-fill
and chunking techniques, which allow for efficient generation of long sequences by pre-
loading the cache with prompt chunks and computing attention over both the cache and
new chunks during inference.

Mixtral

Mixtral 8x7B [55] is a Sparse Mixture of Experts (SMoE) language model that builds
upon the architecture of Mistral 7B, incorporating specialized mechanisms to enhance
both performance and computational efficiency. Unlike traditional dense models, Mixtral
leverages a sparse design in which each layer contains eight distinct feedforward blocks,
or "experts." For each token, a router network dynamically selects two experts at each
layer to process the token’s current state, combining their outputs. As a result, each
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token effectively accesses a model with 47 billion parameters, but only uses 13 billion
active parameters during inference, offering substantial efficiency improvements while
maintaining high performance.

One of Mixtral’s key innovations is its use of grouped-query attention (GQA) and sliding
window attention (SWA), both of which allow it to handle long sequences of up to 32,000
tokens more efficiently. These mechanisms reduce the computational cost of processing
long sequences while maintaining the ability to attend to information spread across large
context windows. This allows Mixtral to outperform models like LLaMA 2 (70B) and GPT-
3.5 on benchmarks for tasks such as mathematics, code generation, and multilingual
understanding.

Mixtral’s SMoE architecture introduces significant scalability benefits. The model’s
sparse design allows it to increase the total parameter count without increasing the
computational cost per token. By selecting only two experts per token, Mixtral reduces
memory and processing demands, which accelerates inference speed for smaller batch
sizes and increases throughput for larger ones. This makes the model well-suited for
real-time applications, where efficient inference is critical.

The sparse architecture relies on expert parallelism, which distributes the computa-
tion of different experts across multiple GPUs. During inference, tokens are routed to their
assigned experts, processed, and then returned to their original locations, allowing for
efficient parallel processing. Additionally, Mixtral uses a rolling buffer cache and pre-fill
techniques, which further enhance performance by preloading context data into memory,
allowing the model to handle long prompts effectively without performance degradation.

Overall, Mixtral 8x7B represents a major leap in scalable language modeling, offering
a blend of high performance and efficiency through its sparse mixture of experts architec-
ture. It surpasses models like LLaMA 2 (70B) and GPT-3.5 in key domains, particularly
where handling long sequences or complex tasks is required.

4.2.4 Adapting pre-trained language models

Pre-trained language models are built on extensive amounts of unlabeled data,
utilizing unsupervised or self-supervised learning approaches to capture a broad un-
derstanding of language. Training these models demands substantial computational
resources and can take several days due to the sheer size of the datasets and the
complexity of the models. However, since the datasets for many downstream NLP tasks
are often too small to support training such models from scratch, and The hardware
resources needed for large-scale training are often unavailable, a different approach is
taken. Instead of training a new model for each task, the pre-trained language models are
fine-tuned. This process involves loading the pre-trained weights, which encode general
language knowledge, and adapting them to specific tasks using smaller, task-specific
datasets. This approach allows for efficient reuse of the models’ language understanding
while minimizing the computational burden.
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Fine-tuning : Fine-tuning has long been the primary approach for adapting pre-trained
language models to specific tasks. This method involves loading the pre-trained weights
and training the model further with a task-specific dataset for a few more epochs.
Typically, the entire set of model parameters is adjusted to minimize the task-related
loss. While fine-tuning is relatively simple and has been widely adopted in various studies
with positive results, it does come with certain drawbacks. One major issue is that fine-
tuned models tend to overfit, particularly when the dataset is small. Additionally, the
process is highly resource-intensive, both in terms of computation and memory usage.
As pre-trained models grow larger, the memory required during fine-tuning becomes
substantial, and storing these fine-tuned models also incurs significant costs. Another
challenge is that altering the pre-trained parameters can cause the model to forget
valuable information learned during the pre-training phase. Due to these limitations, and
with the increasing size of pre-trained models, alternative techniques have been developed
in recent years to address the inefficiencies and risks associated with fine-tuning.

Adapter-tuning : Another approach to adapting pre-trained language models involves
adding a small number of new parameters. In this method, small residual modules,
known as residual adapters, are inserted into the transformer layers of pre-trained
models. Originally introduced by [56], these adapters are trained on downstream task
datasets while keeping the original model parameters frozen. This method, often referred
to as adapter-tuning, has become a popular alternative to fine-tuning [57].

The architecture and placement of adapter modules within transformer layers vary in
the literature and can impact performance. For instance, Houlsby et al. [58] proposed
inserting adapter modules twice in each transformer layer—once after the multihead
attention sub-layer and again after the feed-forward sub-layer. Their design includes
two feed-forward layers, a non-linearity, and a bottleneck structure that projects features
to a smaller dimension before returning them to their original size. [59], on the other
hand, suggest a simpler configuration by placing the adapter only after the feed-forward
sub-layer of the transformer.

Adapter-tuning offers comparable performance to fine-tuning while significantly re-
ducing the number of trainable parameters, leading to more efficient storage when
training models for multiple downstream tasks. Another key advantage is that adapters
enable efficient information sharing across tasks without suffering from issues common
in multitask learning, such as catastrophic forgetting or inference. Task-specific adapters
can be trained independently and later combined through attention mechanisms, which
mitigates these problems and enhances performance.

Prompt-based learning : While previous methods focus on modifying the pre-trained
language model itself—either by tuning all parameters or adding new ones—recent years
have seen the rise of an alternative approach that leaves the pre-trained model unchanged.
Instead, this method modifies the model’s input by inserting a small set of additional
parameters, referred to as a prompt. These prompts can be added at the text input level
or directly within the model’s embeddings. As the size of pre-trained models continues to

71



Κεφάλαιο 4. Background: Word Representation and Large Language Models

grow, prompt-based learning has gained popularity due to its cost-effectiveness in terms
of both training and storage resources when compared to traditional fine-tuning methods.
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Κεφάλαιο 5

Mathematical reasoning using in-context learn-

ing

5.1 Definition

Given a set of mathematical problems P = {p1, p2, . . . , pN } with corresponding solu-
tions S = {s1, s2, . . . , sN }, the problem of Mathematical Problem Solving (MPS) involves
the development or use of a computational methodology capable of interpreting each
problem pi , applying appropriate reasoning and mathematical operations, and producing
the correct solution si .

5.2 Related Work

5.2.1 Reasoning with LLMs

As the domain of Large Language Models (LLMs) flourishes, a variety of prompting
strategies have been developed to enhance their reasoning capabilities. Initial achieve-
ments include facilitating reasoning through step-by-step chain-of-thought processes [5],
utilizing programming to address procedural challenges [6, 7] and employing zero-shot
prompts that require only a single sentence to guide LLMs [11]. Furthermore, the Tree-
of-Thoughts approach [12] intentionally navigates through various reasoning pathways
and traverses tree-shaped structures of reasoning states. Moreover, X of Thoughts [3]
selects, applies and verifies the most suitable among the techniques of CoT (Chain of
Thought), PoT (Program of Thought), and EoT (Equation of Thought) iteratively, until a
correct solution is found.

We will delve deeper into the methods we use as baselines to gain a better under-
standing of their application and performance.

Chain of Thought (CoT)

Chain of Thought (CoT) prompting [5] is a technique used to enhance the reasoning
capabilities of large language models by encouraging them to generate a series of
intermediate reasoning steps when solving complex problems. This approach mimics
the human thought process of breaking down a multi-step task, such as a math word
problem, into smaller, manageable steps before arriving at a final solution. By providing
examples of chain of thought reasoning during few-shot prompting, large language models
are able to develop the ability to reason step-by-step, which significantly improves their
performance on tasks requiring complex reasoning. CoT prompting demonstrates that
when large models are given demonstrations of step-by-step reasoning, they can naturally
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generate coherent reasoning chains that lead to accurate answers. This method has
proven particularly effective in solving problems that would otherwise result in incorrect
answers without such intermediate reasoning steps.

A: The cafeteria had 23 apples originally. They used 
20 to make lunch. So they had 23 - 20 = 3. They 
bought 6 more apples, so they have 3 + 6 = 9. The 
answer is 9.

Chain-of-Thought Prompting

Q: Roger has 5 tennis balls. He buys 2 more cans of 
tennis balls. Each can has 3 tennis balls. How many 
tennis balls does he have now?


A: The answer is 11.


Q: The cafeteria had 23 apples. If they used 20 to 
make lunch and bought 6 more, how many apples 
do they have?

A: The answer is 27.

Standard Prompting

Q: Roger has 5 tennis balls. He buys 2 more cans of 
tennis balls. Each can has 3 tennis balls. How many 
tennis balls does he have now?


A: Roger started with 5 balls. 2 cans of 3 tennis balls 
each is 6 tennis balls. 5 + 6 = 11. The answer is 11.


Q: The cafeteria had 23 apples. If they used 20 to 
make lunch and bought 6 more, how many apples 
do they have?

Model Input

Model Output Model Output

Model Input

Σχήµα 5.1: CoT example

Program of Thought (PoT)

Program of Thoughts (PoT) [7] is an approach where large language models (LLMs)
express their reasoning steps as executable Python code. Unlike Chain of Thought
(CoT) prompting, which requires LLMs to both reason and compute within the model
itself, PoT decouples these tasks by allowing the model to generate Python programs
that represent the solution process. The generated Python code is then executed by an
external interpreter, such as a Python runtime, to perform the necessary computations.
This method addresses the limitations of language models in handling complex arithmetic,
iteration, and advanced mathematical problems, which are better suited for programmatic
execution. By generating code that can leverage libraries like SymPy for solving equations,
PoT achieves greater accuracy and efficiency. In cases where CoT might produce errors or
struggle with multiple iterations, PoT expresses these computations concisely as Python
code, leading to improved performance. Studies show that PoT results in a performance
improvement over CoT across various benchmarks, highlighting the benefits of using
executable programs to solve complex tasks.
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Σχήµα 5.2: PoT example

Equations of Thought (EoT)

Equation of Thought (EoT) [3] is a prompting technique designed to handle reasoning
tasks that involve unknown variables. Unlike Chain of Thought (CoT) and Program
of Thoughts (PoT), EoT formulates problems as linear equations, which allows it to
incorporate unknown values directly into the problem description. While CoT can
correctly set up such equations, it often fails to perform accurate calculations, and PoT
struggles to handle unknown variables, as Python requires all variables to be assigned
specific values. This limitation can lead to misleading steps in PoT, where incorrect
assumptions about unknown variables are made. EoT, in contrast, expresses the problem
context clearly as equations and solves them using a deterministic equation solver,
avoiding the pitfalls of both CoT and PoT. This makes EoT particularly effective for tasks
involving complex reasoning with unknown values.

76



5.2.1 Reasoning with LLMs

Question
Together Lily, David, and Bodhi collected 43 insects. Lily found 7 
more than David. David found half of what Bodhi found. How 
many insects did Lily find?

Gold: 16.0

PoT
insects_total = 43
david_insects = insects_total / 4
bodhi_insects = david_insects * 2
lily_insects = david_insects + 7
ans = lily_insects

CoT
Let's start by using the information given to set up equations:
L + D + B = 43 (to represent the total number of insects collected)
L = D + 7 (since Lily found 7 more than David)
D = 1/2B (since David found half of what Bodhi found)
……
B = 24
……Therefore, Lily found 19 insects. The answer is 19.

EoT
david = x
lily = david + 7
bodhi = 2 * david
lily + david + bodhi = 43
ans = lily

ans = 17.75

ans = 16.0

Σχήµα 5.3: EoT example

X of Thoughts (XoT)

X-of-Thought (XoT) [3] is a prompting method designed to improve the performance of
large language models (LLMs) in solving mathematical problems by iteratively selecting,
applying, and verifying the most suitable technique from Chain of Thought (CoT), Program
of Thought (PoT), and Equations of Thought (EoT). The XoT framework follows three
key steps: Planning, where the most appropriate technique is chosen for the problem;
Reasoning, where the selected method is applied; and Verification, which includes two
types of checks. The first, Passive verification, compares the results with those from
external tools, while the second, Active verification, involves self-assessment based on
the problem’s statement. These steps are repeated iteratively until a correct solution is
found.

77



Κεφάλαιο 5. Mathematical reasoning using in-context learning

Question
John brings his dog to the vet. His dog needs 2 vaccines, which are $20 each, and a heartworm check. 
The heartworm check is 60% of his total bill. If he brought $125 with him, how much does he leave with?

Program-of-Thought
vaccine_cost = 20
num_vaccines = 2
heartworm_check_percent = 0.6
total_cost = (vaccine_cost * num_vaccines) +

(heartworm_check_percent * (vaccine_cost * 
num_vaccines))

money_brought = 125
money_left = money_brought - total_cost
ans = money_left

Equation-of-Thought
vaccine_cost = 20 * 2
heartworm_check_cost = 0.6 * (vaccine_cost + 

heartworm_check_cost)
total_money = 125
total_cost = vaccine_cost +
heartworm_check_cost
ans = total_money - total_cost

Passive feedback passed

Active verification
# The total cost of the vaccines and heartworm 
check should be equal to 100% of the total 
bill. The amount left ...
assert vaccine_cost + heartworm_check_cost == 

total_money * 0.6 and left_money ==
total_money - (vaccine_cost +
heartworm_check_cost)

Reasoning ModulePlanning Module Verification Module

Passive feedback passed

Active verification
# The total cost should be equal to the sum of 
the cost of vaccines and the cost of the 
heartworm check. 

assert total_cost == 
vaccine_cost * num_vaccines +
heartworm_check_percent * total_cost

Method 1
Program-of-Thought

Method 2
Equation-of-Thought

Iteration 1

Iteration 2

continue

return

Input

Σχήµα 5.4: XoT example

5.2.2 Bloom’s Taxonomy

Bloom’s Taxonomy is a multi-tiered model of classifying thinking according to six
cognitive levels of complexity. In the original version of the Taxonomy, the lowest
three levels are: remembering, understanding, and applying. The highest three levels
are: analyzing, synthesizing, and evaluating. The taxonomy is hierarchical, as shown
in Fig. 5.5, where each level is subsumed by the higher levels. During the 1990s,
the taxonomy was revised. The new structure of the taxonomy is: remembering,
understanding, applying, analyzing, evaluating, and creating. Our work is based on
the revised taxonomy of [10]. The steps used in the Taxonomy are defined as follows:

1. Remembering: Retrieving, recognizing, and recalling relevant knowledge from long-
term memory.

2. Understanding: Constructing meaning from oral, written, and graphic messages
through interpreting, exemplifying, classifying, summarizing, inferring, comparing,
and explaining.

3. Applying: Carrying out or using a procedure through executing, or implementing.

4. Analyzing: Breaking material into constituent parts, determining how the parts
relate to one another and to an overall structure or purpose through differentiating,
organizing, and attributing.

5. Evaluating: Making judgments based on criteria and standards through checking
and critiquing.

6. Creating: Putting elements together to form a coherent or functional whole;
reorganizing elements into a new pattern or structure through generating, planning,
or producing.
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Σχήµα 5.5: Bloom’s Taxonomy (Revised)

5.2.3 Metacognitive Prompting

The term “Metacognition" is used to indicate cognition about cognition, or more
informally, thinking about thinking. The American developmental psychologist John H.
Flavell [13] defined metacognition as “knowledge about cognition and control of cognition”.

This concept was expanded in the field of instruction tuning in LLMs. [14] have in-
troduced Metacognitive prompting, a novel prompting strategy for LLMs rooted in human
introspective reasoning. The method was applied to Natural Language Understanding
tasks.
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Proposed approach

6.1 Framework

BloomWise

Our goal is to develop a generalized problem solving framework that iterates through
prompts, each corresponding to a level of Bloom’s taxonomy, until the correct solution is
reached. Next, we describe the overall framework and introduce each module in detail.

I=Input question: Gloria is shoe shopping when she comes across a pair of boots that fit her shoe budget. However, 
she has to choose between the boots and two pairs of high heels that together cost five dollars less than the boots. If 

one pair of heels costs $33 and the other costs twice as much, how many dollars are the boots? 

Step: 1
Bloom’s Taxonomy level: 1-Remembering

Type: Algebra. Key concepts: Equations, word problems, 
algebraic expressions. Similar problem: A person has to choose 

between buying a certain number of items at different 
prices.Solution: Let x be the cost of the boots. The total cost of 
the two pairs of high heels is $33 + $66 = $99. According to the 
problem, the cost of the boots is $5 more than the total cost of 

the high heels, so we have the equation:x = $99 - $5
x = $94. Therefore, the cost of the boots is $94. 

The final answer is: The boots cost $94.

The correct solution is as follows:Let x be the cost of the boots. 
The total cost of the two pairs of high heels is $33 + $66 = $99. 
According to the problem, the cost of the boots is $5 less than 
the total cost of the high heels, so we have the equation:
x = $99 + $5
x = $104
Therefore, the cost of the boots is $104.
The correct final answer is: The boots cost $104.

Step: 2
Bloom’s Taxonomy level: 2-Understanding

The correct interpretation of the problem is that the total cost of the 
two pairs of high heels is $5 less than the cost of the boots. One pair 
of heels costs $33 and the other pair costs twice as much. We need 
to determine the cost of the boots. Let x be the cost of the boots. The 
total cost of the two pairs of high heels is $5 less than the cost of the 
boots, so the total cost of the high heels is x - 5. Since one pair of 
heels costs $33 and the other pair costs twice as much, the total cost 
of the high heels can be expressed as 33 + 2(33) = 33 + 66 = 99. 
Therefore, we have the equation x = 99 + 5 = 104.
The correct answer is: The boots cost $104.

Gloria is trying to decide between buying a pair of boots and two pairs of 
high heels. The total cost of the high heels is $5 less than the cost of the 
boots. One pair of heels costs $33 and the other pair costs twice as much. 
We need to determine the cost of the boots. Let x be the cost of the boots. 
The total cost of the two pairs of high heels is $5 less than the cost of the 
boots, so the total cost of the high heels is x - 5. Since one pair of heels 
costs $33 and the other pair costs twice as much, the total cost of the high 
heels can be expressed as 33 + 2(33) = 33 + 66 = 99. Therefore, we have the 
equation x - 5 = 99. Solving for x, we get x = 99 + 5 = 104. The final answer is: 
The boots cost $104.

C
ontinue

R
eturn

Reasoning

Reasoning Self-evaluation

Self-evaluation

Σχήµα 6.1: Overview of BloomWise Early Stop algorithm. The math problem is shown on
top, followed by the output at each Bloom taxonomy level (blue box on the left) and the
output for the self-evaluation step (orange box on the right). Input prompts are not shown,
please refer to Appendix B. Self-evaluation fails at “Remembering" level 1 and the algorithm
moves to “Understanding" level 2, where the self-evaluation succeeds. Consequently, the
LLM returns the reply from level 2.

The Framework The overall pipeline is described in Algorithm 6.1.In this framework,
the process iterates through the first five1 levels of Bloom’s taxonomy for a given problem.
At each level, the language model receives as input the problem and a prompt tailored
to that specific level. The response generated by the LLM is then self-evaluated. If the
solution is evaluated as correct, success is declared, and the process halts, preventing
progression to the next level. Conversely, if the solution is evaluated as incorrect, the

1The sixth level of the taxonomy “Creating" could be useful for some tasks that require synthesis but we
have found it of little relevance for math problems.

81



Κεφάλαιο 6. Proposed approach

process advances to the next level. This continues until all levels have been attempted.
An overview of the framework can be found in Figure 6.1.

ΚΩ∆ΙΚΑΣ 6.1: BloomWise Early Stop

1: Input: i
2: level ← 1
3: for l in levels do

4: res← Reasoning(level_prompt, i)
5: eval ← SelfEvaluate(res)
6: if eval = false and level ≤ 5 then

7: level ← level + 1
8: else

9: break
10: end if

11: end for

12: return Output

Prompts We designed prompts corresponding to each of the first five levels of Bloom’s
Taxonomy. The detailed prompts are shown in Tables B.1-B.5 in Appendix B2.

Remembering: read the problem carefully, identify its type and main concepts, recall
similar or the exact same problem and reply.

Understanding: summarize the problem and its relevant concepts.

Applying: design and apply a step-by-step methodology to reach a solution.

Analyzing: reach a solution after analyzing your thoughts on how the given problem
should be solved.

Evaluating: critically evaluate the solution when expressing it.

Self-evaluation The verification module assesses the effectiveness of the reasoning
solution through self-evaluation: The LLM is given the problem and a possible solution
that it has generated, and is prompted to reproduce the solution while checking for
errors. We have added a disclaimer in the prompt informing the LLM that the solution is
probably wrong. An adversarial approach is adopted to raise the chances of identifying
errors. It has been observed that requesting rephrasing helps smaller LLMs perform a
more accurate evaluation. The self-evaluation prompt and an example reply in shown in
Table B.6. Further self-evaluation examples can be found in Figure 6.1.

Iteration and Early Stopping For a given problem, the LLM processes prompts that
are structured according to the corresponding level of Bloom’s taxonomy. This process
continues until either a correct solution is identified or all levels have been attempted.
This practice is based on the assumption that a higher level of the taxonomy encourages

2Note that the prompts have been designed on purpose to be very basic and simple to gauze the potential
of the method; we did not try any prompt engineering.
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the LLM to approach the problem in a more in-depth manner compared to a lower level.
Additionally, if the prompt corresponding to a specific level leads to a correct solution there
is no need for higher cognitive processing for the specific problem and early stopping is
reasonable. This process is outlined in Figure 6.1.

Early Stopping using an Oracle There are many ways to decide on which level of
the taxonomy to stop. To explore the full potential of our method, we also investigated
using an oracle to decide the optimal stopping point. Given a question q, we denote
the correctness of the reasoning answers using each prompt as R̂s(q) ∈ 0, 1 compared
to the gold label. The subscript s ∈ S corresponds to the reasoning approach of the
Bloom taxonomy that is used to answer the question q, i.e., remembering, understanding,
applying, analyzing, and evaluating. We define the accuracy under the oracle setting for
N questions as:

Accoracle =
1
N

∑
q

R̂(q), (6.1)

where
R̂(q) =

∨
s∈S

R̂s(q).

This BloomWise Oracle algorithm will solve correctly a given problem if any of the methods
generates the correct answer.

BloomWise Majority Voting As an alternative to early stopping we also investigated
an approach where the final output is determined by a majority vote of the outputs
corresponding to all five first stages of Bloom’s taxonomy. This method leverages the
collective decision-making power of multiple cognitive reasoning stages. For a given
question q, each reasoning stage s ∈ S of Bloom’s taxonomy generates a numerical result
Rs(q). The majority vote setting determines the final answer, based on the most frequent
result among these stages. R̂majority(q) ∈ 0, 1 compared to the gold label. We define the
accuracy under the majority vote setting for N questions using (6.1), where

R̂(q) = R̂majority(q).

The majority vote setting represents a consensus-based approach where the model aims
to solve a given problem based on the most frequent results from the methods employed.
In cases where there is a tie (i.e., two or more answers have the same highest frequency),
the first encountered answer among those with the highest frequency is chosen.

6.2 Experimental setting

Datasets Our experiments are conducted on a comprehensive set of four math reasoning
datasets, encompassing various challenging math reasoning scenarios: GSM8K, SVAMP,
Algebra and GSM-hard (this dataset includes problems from the GSM8K dataset with
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Dataset # Samples

GSM8K [15] 1,319
SVAMP [16] 1,000
Algebra [17] 222
GSM-hard [6] 1,319

Πίνακας 6.1: Statistics of the datasets we used

small numerical values replaced by larger ones to increase calculation complexity). The
details of the statistics of the datasets can be found in Table 6.1.

Models We query OpenAI API for experiments 3. Specifically, we use gpt-3.5-turbo for
both the reasoning and the self-evaluation modules of our framework. We also experiment
with a diverse set of foundation models of different sizes, including a mixture of expert
models. The base models are the following: Llama2 (13B and 70B) [18] and Mixtral 8x7B
instruct [19].

6.3 Results and discussion

6.3.1 Comparison to state-of-the-art

Dataset CoT PoT XoT BloomWise BloomWise BloomWise
EarlyStop (BLES) Majority Voting (BLM) Oracle (BLO)

GPT 3.5 turbo

GSM8K 80.2 77.2 83.3 78.2 82.6 92.5
SVAMP 79.5 79.5 83.6 84.7 88.0 94.8
Algebra 81.5 62.5 89.9 85.1 86.0 92.3
GSM-hard 42.4 61.8 63.4 40.6 44.4 58.0

LLaMA2-70B

GSM8K 59.1 52.3 57.9 38.7 56.4 76.8
SVAMP 75.2 73.6 77.0 55.9 76.2 90.0
Algebra 43.2 35.6 64.0 28.4 45.5 67.5
GSM-hard 27.1 43.1 43.8 13.1 20.2 32.7

LLaMA2-13B

GSM8K 27.5 26.4 30.2 29.7 37.6 59.9
SVAMP 40.3 50.4 46.2 43.4 55.2 78.6
Algebra 20.3 26.1 30.2 25.2 29.3 53.2
GSM-hard 8.5 22.7 17.4 7.2 9.8 19.7

Mixtral 8x7B Instruct

GSM8K 66.8 13.9 66.0 69.4 75.4 88.7
SVAMP 72.2 6.8 71.2 82.4 86.2 92.7
Algebra 54.9 2.3 54.0 71.1 71.6 86.9
GSM-hard 31.5 8.5 31.4 33.2 37.7 50.9

Πίνακας 6.2: Solution accuracy across various models and math reasoning datasets. The
baseline results for Llama2 and GPT 3.5 turbo are taken from [3]. Best performer is shown
in bold and second best is underlined (excluding the BloomWise Oracle model).

In Table 6.2, we report solution accuracy across the four math datasets for the four
LLMs we tested. We consider three prompting methods as baselines, namely CoT [5],
PoT [7] and XoT [3], and compare with BloomWise Early Stop (BLES), Majority Voting
(BLM) and Oracle (BLO). Overall, averaged over all datasets and models, BLM and XoT
perform comparably achieving approximately 56.5% accuracy, followed by CoT and BLES

3https://openai.com
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at 50.6% and 49.1%, respectively, while PoT is the worse performer at 40.2%. When using
an Oracle, BLO accuracy is significantly higher- at 71% - demonstrating the potential of
BloomWise.

Performance per task: BLM is the top performer for the GSM8K and SVAMP tasks,
while for Algebra XoT and BLM perform similarly. Specifically for SVAMP average BLM
accuracy across the four models is at 76.4% while XoT is at 69.5%. For GSM8K the accu-
racy is at 63% vs 59.4% for BLM vs XoT. All three BloomWise variants perform relatively
poorly on the GSM-hard dataset due to the numerical complexity that characterizes this
particular dataset, while XoT performs best followed by PoT. BLO reduces the relative
error rate compared to the best performing prompting method (BLM or XoT) by up to 53%
for SVAMP, 47% for GSM8K, 30% for Algebra, with no improvement for GSM-hard.

Performance per model: The best performing prompting method is very much model
dependent. BLM is the top performer for LLaMA2-13B and mixtral LLMs, while XoT is the
top performer for LLaMA2-70B and gpt3.5-turbo. BLES performs well for gpt3.5-turbo
and mixtral, but relatively poorly for the LLaMA2 models (see also the next section for
a deep dive into early stopping performance). BLO reduces the error rate compared to
the best performing prompting method for all models, ranging on average between 15%
relative for LLaMA2-70B to 37% for mixtral.

6.3.2 Ablation study and improved self-evaluation

The analysis of the results will be structured along two axes. The first concerns the
study and commentary of the results by Bloom taxonomy level. The second focuses on
closing the performance gap between the self-evaluation (BLES) and the oracle setting
(BLO) of BloomWise by exploring better self-evaluation approaches. Towards this end, we
present a variant of our method: the Program of Bloom.

Performance at each cognitive level

LLMs and cognitive abilities In Figure 6.2 we show the number of correctly solved
problems per cognitive level for all four LLMs tested. For this analysis, we executed the
prompts corresponding to each of the first five stages of the taxonomy (no early stopping).
A problem might be correctly solved in more than one stages.
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Dataset Remembering Understanding Applying Analyzing Evaluating

GSM8K 72.6 73.2 70.2 78.0 73.7
SVAMP 81.6 83.3 76.5 81.8 81.2
Algebra 75.2 74.7 75.2 85.6 80.2

GSM-hard 37.8 36.5 37.0 42.8 36.6

Πίνακας 6.3: Accuracy per Bloom’s Stage for GPT 3.5 turbo.

Σχήµα 6.2: Correctly solved problems per Bloom’s Level

From the histogram, we can draw several conclusions about the relationship between
the cognitive abilities of an LLM and its size and sophistication.

First, all models achieve their best performance at ’Analyzing’, followed by ’Under-
standing’, although their overall performance varies. Despite the intuitive expectation
that smaller less sophisticated models might excel at simpler cognitive abilities this is not
supported by the data in the histogram. It shows a clear need for deep processing and
comprehension of the problem itself for all models, as the ’Understanding’ and ’Analyzing’
stages emphasize these aspects. This might also be due to the fact that the prompts
associated with ’Understanding’ and ’Analyzing’ are similar to the prompts of traditional
prompting methods like CoT, i.e., despite the lack of sophistication of smaller models they
have been exposed to such “thinking” patterns during fine-tuning or alignment directly
or via distillation from bigger models.

Second, larger LLMs such as GPT-3.5 Turbo, or more sophisticated models like
Mixtral, demonstrate a more homogeneous performance across the cognitive levels,
indicating a consistent ability to tackle tasks at any level of cognitive complexity. In
contrast, smaller or less sophisticated models, such as Llama2 ranging from 13b to 70b,
show more variation in their performance across these levels. This behavior reinforces
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the belief that a deep understanding of the problem is sine qua non, especially for
smaller LLMs, likely because they faithfully apply what is explicitly stated in the prompt.
In contrast, larger models are capable of identifying and addressing any gaps in the
understanding of the problem before proceeding to the solution, even when such action is
not explicitly requested.This suggests that size and sophistication likely contribute to an
LLM’s capacity to maintain consistent performance across diverse cognitive challenges.
This is another indication to the improved generalization abilities of larger models to less
familiar prompting methods, e.g., “Applying”.

Problem type and cognitive depth For the sake of simplicity for this analysis, we will
focus only on the results concerning the more sophisticated model, GPT-3.5 Turbo results
per processing level and math dataset are shown in Table 6.3 (for the interested reader
results for the rest of the models are shown in Appendix A). GSM8K, the most challenging
dataset from a rationale point of view, achieves a better accuracy in “Analyzing" and
“Evaluating", denoting that harder problems require higher stages of the taxonomy in
order to be accurately solved. The reverse does not seem to hold true; algebra has its
best performance in the last two stages. The SVAMP dataset (the best and second best
performing in accuracy, for BLM and BLES, respectively) performs better in understanding
and analyzing but records its lowest performance in applying. The most challenging
dataset for calculations, GSM-hard, achieves its highest accuracy in “Analyzing" followed
by “Remembering", which could indicate a high level of familiarity of this model with the
problems.

Self-evaluation

The results regarding the accuracy of the module of self-evaluation can be found in
Table 6.4. Self-evaluation has been found to work better for larger or more sophisticated
models. These models, with their vast knowledge bases and advanced reasoning
capabilities, are better equipped to assess the quality of their own responses and make
necessary adjustments. They can identify gaps in their understanding, recognize when a
solution is not viable, and iterate upon their initial attempts to arrive at a more accurate
and comprehensive answer.

Model Self-evaluation Accuracy

GPT 3.5 turbo 68.1
Llama2 70B 56.5
Llama2 13B 45.8
Mixtral 8x7B 62.8

Πίνακας 6.4: Self-evaluation accuracy across models. Larger/more sophisticated LLMs
achieve a more accurate self-evaluation.
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Program of Bloom

In order to reduce the errors in calculations, we utilized Python code in our framework.
More specifically, we used the same prompts but requested the answer in the form
of python code which was safely executed. Handling Python code, especially for self-
evaluation, is challenging for smaller LLMs, so we limited our experiments to GPT-
3.5 Turbo. For the GSM-hard dataset—the most challenging in terms of calcula-
tions—accuracy improved by 13%. For the rest of the datasets, accuracy was lower
compared to that achieved with BloomWise. Results can be found in Table 6.5. A possible
explanation for the reduced performance of this variant is the fact that the prompts are
not suitable for expressing the answer in code format. The textual rationale is a more
suitable way of structuring the response because the strict structure required for using
code does not always allow for the specific prompts to be followed.

Dataset BloomWise Program of Bloom

GSM8K 78.2 73.2
SVAMP 84.7 81.0
Algebra 85.1 67.1

GSM-hard 40.6 53.6

Πίνακας 6.5: Comparison between Program of Bloom and BloomWise-Results for GPT3.5
turbo
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Κεφάλαιο 7

Conclusions, limitations and future work

7.1 Conclusions

Although LLMs excel in many areas, they struggle with mathematical problem-solving,
which requires high precision and complex reasoning.

Researchers are increasingly working to improve this capability, often through in-
context learning approaches. Some of the most widely used methods include Chain
of Thought (CoT)-which encourages the LLMs to develop a textual rationale, Program
of Thought (PoT)-which uses Python functions, and XoT-according to which the most
suitable among the techniques of CoT (Chain of Thought), PoT (Program of Thought), and
EoT (Equations of Thought) is selected, applied, and verified (iteratively, until a correct
solution is found). The latter, which effectively integrates multiple methods, has proven
especially successful. Building on this foundation of methodological integration, our
approach aims to further enhance self-awareness in problem-solving.

We propose BloomWise, a problem-solving framework that uses prompts inspired by
the first five levels of Bloom’s Taxonomy to reach the correct solution. We introduce
three variants of our method: EarlyStop, which halts the process if a solution is self-
evaluated as correct, preventing progression to higher levels of the taxonomy; Program
of Bloom, similar to EarlyStop but requiring the answer in the form of Python code;
and Majority Voting, where the final solution is determined by a consensus across the
outputs. Experiments conducted on four math reasoning datasets demonstrated the
efficiency of our method, showcasing not only accuracy but also providing valuable
insights into the cognitive abilities of large language models (LLMs). Among the variants,
Majority Voting achieved the highest accuracy, while EarlyStop prioritized computational
efficiency. Notably, the accuracy gap between EarlyStop and Majority Voting narrows for
larger or more sophisticated models. The Program of Bloom variant achieved the best
accuracy only on the GSM-hard dataset, while it performed the lowest on the rest of the
datasets. Both the oracle setting and Majority Voting demonstrate the potential of our
work.

When compared to the baselines, BloomWise demonstrated performance on par
with XoT and outperformed simpler prompting methods such as CoT and PoT. The
Oracle setting further illustrated the potential of BloomWise by significantly improving
performance, emphasizing the value of methodological guidance and iterative refinement.

Our findings also provide valuable insights into the cognitive abilities of LLMs. Across
all models, problem-solving was most effective when analyzing problems, followed by
understanding, with larger and more sophisticated models showing a more balanced
performance across all cognitive skills. Notably, while solving difficult problems requires
higher cognitive abilities, the inverse is not necessarily true.
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In conclusion, our proposed BloomWise framework demonstrated significant im-
provements in problem-solving by effectively integrating prompts inspired by Bloom’s
Taxonomy. These findings offer valuable insights into the cognitive abilities of LLMs,
highlighting their strengths in areas such as analysis and understanding, while also
revealing how different types of problems demand varying levels of cognitive skills.
Furthermore, the results demonstrate the models’ capacity to perform more consistently
as their sophistication increases, providing a deeper understanding of the relationship
between problem complexity and the cognitive capabilities required for effective solutions.

7.2 Limitations

We acknowledge that, while the BloomWise Oracle results show great promise,
BloomWise EarlyStop has not yet achieved its full potential. One area requiring further
investigation is self-evaluation or other criteria for early stopping. Furthermore, we have
only experimented with very basic prompts, prompt tuning may improve performance
surpassing the state of the art. Last but not least, adding the LLM replies from the
previous levels of Bloom’s taxonomy together with the prompt for the current level also
has potential for improving the performance for all BloomWise variants.

7.3 Future work

Future research could focus on further enhancing the EarlyStop variant of BloomWise,
aiming to approach the potential demonstrated under the oracle setting. By integrating
improved self-assessment techniques and dynamic selection of the optimal Bloom’s
Taxonomy level, the model could achieve a higher accuracy while maintaining an effective
balance between efficiency and accuracy.

Beyond refining EarlyStop, several other promising directions warrant exploration.
Incorporating a memory mechanism would enable the model to retain and reuse insights
from earlier cognitive steps, potentially improving its reasoning capabilities. Likewise,
additional prompt-tuning could bolster the method’s adaptability across diverse math-
ematical problems. Finally, extending this approach to a wider range of tasks beyond
mathematics could not only enhance performance but also yield deeper insights into the
reasoning processes of large language models.
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Appendix A

Accuracy per Bloom’s level for Llama2 and Mix-

tral

Results for Llama2 and Mixtral can be found in Table A.1. In most cases, the best
accuracy is recorded in the ’Analyzing’ and ’Understanding’ levels. It is worth noting the
strong performance of Mixtral in ’Remembering’, which, for some datasets, is the best
among the five stages. This could indicate a higher level of familiarity with the problems
or tasks compared to the other models.

Dataset Remembering Understanding Applying Analyzing Evaluating

LLaMA2-70B GSM8K 38.7 49.3 35.7 49.8 26.7
SVAMP 60.1 64.7 52.8 64.7 41.6
Algebra 34.2 40.5 28.8 41.4 25.6
GSM-hard 14.5 16.8 13.3 18.6 9.6

LLaMA2-13B GSM8K 17.3 29.8 24.9 35.3 24.0
SVAMP 34.5 44.3 40.1 42.7 35.0
Algebra 14.8 23.8 23.8 27.9 21.6
GSM-hard 5.5 7.7 7.2 9.6 6.2

Mixtral 8x7B Instruct GSM8K 62.5 63.9 62.0 65.1 61.8
SVAMP 77.1 75.4 73.6 76.6 64.0
Algebra 64.8 62.2 59.5 63.0 58.1
GSM-hard 30.2 32.0 32.2 32.9 25.4

Table A.1: Accuracy per Bloom’s Stage for each LLM and math task.
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Appendix B

Prompts and Example Outputs for BloomWise

In this section, we provide input and output examples for each level of Bloom’s
taxonomy in Tables B.1-B.5 and for self-evaluation in Table B.6. The instruction prefix
in each prompt, e.g., “Summarize the problem and relevant concepts. Try to solve using
this information” in Table B.2 for the “Understanding” level of the taxonomy, is fixed for
all inputs for a taxonomy level. Note the simplicity and brevity of the instruction prompt
prefix.
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Input: Carefully read the problem. Identify the
type (e.g., algebra, geometry) and key con-
cepts. Recall similar problems. If you
recall the solution, state it.
Problem: James decides to run 3 sprints
3 times a week. He runs 60 meters each
sprint. How many total meters does he
run a week?

Output: Type: Arithmetic
Key concepts: Multiplication, addition
Similar problems: Calculating total dis-
tance traveled in a given time period
Solution: James runs 3 sprints 3 times a
week, so he runs a total of 3 x 3 = 9 sprints
in a week. Each sprint is 60 meters, so the
total distance James runs in a week is 9 x
60 = 540 meters.
The final answer is: 540 meters.

Table B.1: Example of a response corresponding to “Remembering" prompt.

Input: Summarize the problem and relevant con-
cepts. Try to solve using this information.
Problem: 43 children were riding on the
bus. At the bus stop some children got off
the bus. Then there were 21 children left
on the bus. How many children got off the
bus at the bus stop?

Output: The problem involves 43 children initially
on the bus, with some getting off at the
bus stop, leaving 21 children on the bus.
We need to determine how many children
got off the bus at the bus stop.
To solve this problem, we can subtract the
number of children left on the bus from
the initial number of children to find out
how many got off.43 - 21 = 22
Therefore, 22 children got off the bus at
the bus stop.
The final answer is: 22

Table B.2: Example of a response corresponding to “Understanding" prompt.
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Input: Design and apply a step-by-step method-
ology.
Alice runs 1.9 times faster than Bob, who
runs at 4.7 mph. How fast does Alice run,
in mph?

Output: Step 1: Define the variables. Let A be the
speed at which Alice runs in mph. Let B
be the speed at which Bob runs in mph.
Step 2: Translate the given information
into equations. From the problem state-
ment, we know that Alice runs 1.9 times
faster than Bob, so we can write the equa-
tion: A = 1.9B.
Given that Bob runs at 4.7 mph, we can
substitute B = 4.7 into the equation above:
A = 1.9(4.7).
Step 3: Solve for A. A = 1.9(4.7). A = 8.93
mph.
Step 4: Final answer. The final answer is:
Alice runs at a speed of 8.93 mph.

Table B.3: Example of a response corresponding to “Applying" prompt.
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Input: Analyze your thoughts on this problem.
Josh decides to try flipping a house. He
buys a house for $80,000 and then puts
in $50,000 in repairs. This increased the
value of the house by 150%. How much
profit did he make?

Output: To find out how much profit Josh made,
we first need to calculate the new value of
the house after the repairs. The increase
in value of 150% means the new value of
the house is 250% of the original value
(100% original value + 150% increase).
Original value of the house = $80,000
Increase in value = 150% of $80,000 = 1.5
× $80,000 = $120,000
New value of the house = $80,000 +
$120,000 = $200,000
Now, to find out how much profit Josh
made, we subtract the total cost (purchase
price + repairs) from the new value of the
house.
Total cost = $80,000 + $50,000 =
$130,000
Profit = New value of the house - Total cost
= $200,000 - $130,000 = $70,000
Therefore, Josh made a profit of $70,000.
The final answer is: $70,000.

Table B.4: Example of a response corresponding to “Analyzing" prompt.
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Input: Evaluate your solution critically while ex-
pressing it.
Carlos is planting a lemon tree. The tree
will cost $90 to plant. Each year it will
grow 7 lemons, which he can sell for $1.5
each. It costs $3 a year to water and
feed the tree. How many years will it
take before he starts earning money on the
lemon tree?

Output: To evaluate the solution critically, we need
to consider all the costs and revenues
involved in planting the lemon tree.
Costs:
Initial cost of planting the tree: $90
Annual cost of watering and feeding the
tree: $3
Revenues:
Number of lemons grown per year: 7
Price per lemon: $1.5
To calculate the annual profit, we need
to subtract the total cost from the total
revenue:
Total revenue = 7 lemons/year * $1.5/le-
mon = $10.5/year
Total cost = $3/year
Annual profit = Total revenue - Total cost
= $10.5 - $3 = $7.5/year
To determine how many years it will take
before Carlos starts earning money on the
lemon tree, we need to consider the initial
cost of planting the tree. Since the annual
profit is $7.5, it will take $90 / $7.5 = 12
years for Carlos to recoup the initial cost
of planting the tree.
Therefore, the final answer is: It will take
12 years for Carlos to start earning money
on the lemon tree.

Table B.5: Example of a response corresponding to “Evaluating" prompt.
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Input: Carefully read the problem and the solu-
tion. Try to reproduce the solution in your
own words while carefully checking for
errors, as the solution is probably wrong
(as a rationale or calculation). Provide
the numerical result at the end of your
answer.
Problem: Jill gets paid $20 per hour to
teach and $30 to be a cheerleading coach.
If she works 50 weeks a year, 35 hours a
week as a teacher and 15 hours a week as
a coach, what’s her annual salary?
Solution: Type: Algebra. Key concepts:
Rates, hours worked, annual salary. Sim-
ilar problems: Calculating annual salary
based on hourly rates and hours worked.
Teacher’s salary per week = $20/hour * 35
hours/week = $700/week
Coach’s salary per week = $30/hour * 15
hours/week = $450/week
Total weekly salary = $700 + $450 =
$1150/week
Annual salary = $1150/week * 50 week-
s/year = $57,500/year
The final answer is: $57,500.

Output: Revised Solution: To find Jill’s annual
salary, we need to calculate her total earn-
ings from teaching and coaching for the
entire year.
Teacher’s salary per week = $20/hour * 35
hours/week = $700/week
Coach’s salary per week = $30/hour * 15
hours/week = $450/week
Total weekly salary = $700 + $450 =
$1150/week
To find the annual salary, we multiply the
weekly salary by the number of weeks in a
year:
Annual salary = $1150/week * 50 week-
s/year = $57,500/year
Therefore, Jill’s annual salary is $57,500.

Table B.6: Example of a self-evaluation prompt and reply.
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Appendix C

Exploratory Approaches and Unsuccessful At-

tempts

Research often involves venturing into uncharted territory, testing various methods,
and exploring diverse approaches before arriving at a conclusive result. While not all
attempts lead to success, they are valuable steps in the problem-solving process, providing
insights into the complexities of the subject and guiding the refinement of subsequent
strategies. This appendix documents the methods and approaches we explored during
this thesis that ultimately did not yield the desired results.

C.1 Prompt tuning

During our experimentation, we explored a wide range of prompts, ranging from de-
tailed and highly specific instructions to broader, more general queries. Surprisingly, our
findings revealed that simpler prompts outperformed their more complex counterparts.
To illustrate this, we now provide an example of a more detailed prompt used during
our trials, along with the accuracy it achieved. Due to the resource-intensive nature of
these experiments, we focused on one dataset to systematically refine our approach and
conclude on the prompts we would ultimately use. The prompts used in these experiments
can be found in tables C.1 and C.2, while the corresponding accuracies are shown in table
C.3.

C.2 Alternative approach on self-evaluation

The potential of our approach became evident through the strong performance
demonstrated by both the oracle and majority voting methods, which highlighted its
accuracy and robustness. To further enhance accuracy for BLES, we explored an
alternative approach to the self-evaluation module, aiming to address its limitations and
improve its effectiveness. Although this alternative approach did not yield better results
than our initial self-evaluation module (explained in the framework section of this thesis),
we include it here for the sake of completeness: At each stage, the LLM is provided with
the problem, the current solution, a description of the ongoing stage, and an outline
of the subsequent stage. The model evaluates the accuracy and completeness of the
solution at the current stage, considering whether it adequately addresses the problem
with minimal effort. Based on this evaluation, the LLM decides whether to proceed to
the next stage or conclude that the solution is correct and complete (the prompts can
be found in table C.4). We initially decided to experiment with smaller language models
(LLMs), such as Llama2 13b, due to their relatively limited ability to follow instructions
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C.2 Alternative approach on self-evaluation

Bloom’s Stage Description

Remembering Read the problem carefully and identify its type (e.g., algebra, geometry).
List the key concepts and terms involved. Recall any similar problems
you have solved before and describe how they were solved. If you
remember a specific solution or formula, state it clearly and explain
why it is applicable here. Provide the solution based on this recall.

Understanding Summarize the problem in your own words, highlighting the main
concepts and key information. Explain how these concepts connect
and why they are important for solving the problem. Based on this
understanding, solve the problem.

Applying Design a detailed step-by-step methodology to solve the problem. Apply
this methodology systematically, detailing each step clearly and logi-
cally. Ensure that every step is explained thoroughly and contributes
towards finding the solution.

Analyzing Analyze the problem deeply and break it down into its fundamental
parts. Examine the relationships and patterns among these parts.
Identify any assumptions or potential errors. Use this analysis to
construct a solution, detailing each part of your thought process and
how it contributes to the overall solution.

Evaluating Critically evaluate the problem and potential solutions. Consider mul-
tiple approaches and compare their effectiveness. Assess the accuracy
and efficiency of each method. Choose the best solution based on this
evaluation, providing a detailed explanation of why this approach is
superior and how it effectively solves the problem.

Table C.1: Prompts’ version 1

Bloom’s Stage Description

Remembering Carefully read the problem. Identify the type of problem (e.g., algebra,
geometry) and key concepts involved. Recall any similar problems
you have encountered before. If you recall the solution or a similar
approach, state it clearly.

Understanding Summarize the problem, highlighting the main concepts and relevant
information. Explain how these concepts relate to each other within the
context of the problem. Based on this understanding, attempt to solve
the problem and provide a clear explanation of your approach.

Applying Design a step-by-step methodology to solve the problem. Apply this
methodology systematically, detailing each step clearly. Ensure that
each step logically follows from the previous one and contributes
towards solving the problem.

Analyzing Analyze the solution and thought process. Break down the problem
into its component parts and examine the relationships and patterns
among these parts. Provide a detailed analysis of your approach and
how each part contributes to the overall solution.

Evaluating Critically evaluate the solution while expressing it. Assess its accuracy
and efficiency. Consider alternative methods and compare them to your
approach. Discuss the strengths and weaknesses of your solution, and
suggest any improvements or refinements that could be made.

Table C.2: Prompts’ version 2
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Appendix C: Exploratory Approaches and Unsuccessful Attempts

Prompts’ version 1 Prompts’ Version 2 Final Prompts’ Version

81.1 81.3 82.6

Table C.3: Comparison of BLM’s Accuracy Across Different Prompt Versions on the GSM8K
Dataset (1,319 Samples) using GPT-3.5-turbo

compared to larger and more sophisticated models. The rationale behind this decision
was that if smaller LLMs are capable of adhering to the designed prompts and achieving
satisfactory accuracy, it is highly likely that larger and more advanced models would
also be capable of doing so, often with even better results. By starting with smaller
models, we aimed to reach a decision on the viability of the approach without expending
significant computational resources, before conducting full-scale experiments with the
chosen approach. The accuracy achieved during these experiments can be found in
Table C.5. Although the difference in accuracy between Approaches 1 and 2 is not
significant, Llama2 13b struggles to follow the instructions and format specified in the
prompt of Approach 1, even after prompt tuning was performed. As a result, Approach 2
appears to be more suitable for smaller LLMs, as it aligns better with their capabilities and
limitations. Based on these observations, we chose Approach 2 for further experiments
and evaluations, as it demonstrates greater suitability and practicality for models like
Llama2 13b while maintaining reasonable accuracy.

Prompt:

You are an experienced mathematician. Please review the following math problem
and evaluate the solution.
Problem: problem
I current_stage_desc and reached the following solution, which is probably incor-
rect: model_output_text
Consider if the solution addresses the problem correctly and completely, with the
objective of achieving a correct solution with the minimum number of efforts.
Evaluate the solution:
If the solution is incorrect or incomplete, and further attempts are necessary, grade
it as ’0’. This grade indicates that I should next_stage_desc.
If the solution is correct and meets all requirements of the problem, grade it as ’1’.
This grade indicates that no further efforts are needed and the solution is correct.
Provide your grade at the end of your response, ensuring to stick to the format:
Grade: X.

Table C.4: Prompts for the alternative approach of self-evaluation

Approach Accuracy

Self-Evaluation Approach 1 20.10
Self-Evaluation Approach 2 (chosen) 23.87

Table C.5: Accuracy Comparison of Self-Evaluation Approaches on Llama2 13b for the
Algebra Dataset (222 Samples)
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Abbreviations - Acronyms

ϐλ. ϐλέπε
κ.λπ. και λοιπά
δηλ. δηλαδή
ΜΓM Mεγάλα Γλωσσικά Mοντέλα
AI Artificial Intelligence
ANN Artificial Neural Networks
BLES BloomWise Early Stopping
BLM BloomWise Majority Voting
BLO BloomWise Oracle
CoT Chain of Thought
CNN Convolutional Neural Network
DL Deep Learning
EoT Equations of Thought
FFN Feedforward Neural Network
LLM Large Language Models
LSTM Long short-term memory
ML Machine Learning
NLP Natural Language Processing
PoT Program of Thought
RNN Recurrent Neural Network
XoT X of Thought
ToT Tree of Thought
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