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Abstract

This thesis explores the evolving field of Non-negative Matrix Factorization (NMF). NMF is a powerful
technique widely employed in fields such as signal processing and image analysis due to its interpretability
and effectiveness in uncovering hidden structures in data. At its core, NMF seeks to approximate a non-
negative data matrix as the product of two lower-rank non-negative matrices, thereby enabling a parts-based,
interpretable representation of the original data. Typically, one of the factorized matrices acts as a dictionary
of basis elements, while the other encodes how these elements are combined to reconstruct the original data.
This factorization not only reduces dimensionality but also reveals latent features that can be crucial for
tasks such as classification, clustering, and source separation. Recent advancements in NMF have introduced
various regularization schemes and deep architectures, further enhancing its performance and adaptability
across diverse domains.

However, traditional NMF algorithms encounter significant challenges, including slow convergence rates and
limited reconstruction accuracy when dealing with complex, high-dimensional datasets. Algorithm Unrolling
is an innovative approach that transforms iterative optimization algorithms into structured deep neural net-
works by mapping each iteration to a corresponding network layer. This framework has recently been applied
to NMF, leading to the development of Deep NMF (DNMF) by unrolling the classical multiplicative update
(MU) algorithm into a trainable, layer-wise architecture. The idea behind this method is introducing train-
ing to these otherwise "blind" optimization algorithms. This approach significantly improves computational
efficiency and maintains interpretability by clearly linking deep architectures to their iterative algorithm
counterparts.

In parallel with unrolled networks, Deep Equilibrium Models (DEQs) have emerged as a complementary
approach in deep learning, offering a fundamentally different perspective on network design. DEQs represent
a recent paradigm shift, where instead of stacking a finite number of layers, the model employs a single implicit
layer that computes its output as the fixed point of a parameterized nonlinear transformation. These models
leverage weight tying, reusing the same set of parameters across all iterations of the transformation, which
enables compact representations and can improve generalization. By directly solving for this equilibrium
point, DEQs connect ideas from classical fixed-point iteration with modern deep learning, and support
efficient gradient-based training via implicit differentiation.

This thesis introduces both a classical DEQ-NMF approach, a novel equilibrium approximation scheme-
based method, and modified versions of these for the supervised NMF framework. The DEQ-NMF models
utilize fixed-point solvers for the forward pass and implicit differentiation for the backward pass, enabling
constant memory usage regardless of the number of forward iterations. The equilibrium approximation scheme
further improves efficiency by estimating the equilibrium in a single step, which allows for explicit gradient
computation and leverages modern optimizers, such as Adam, during training. The results demonstrate
that the proposed algorithms consistently outperform both conventional NMF methods and existing deep
learning approaches within the supervised NMF framework, yielding higher reconstruction accuracy and faster
convergence. These findings highlight the strengths of equilibrium-based modeling in supervised NMF, and
underscore the potential of these approaches for broader applications across scientific and practical domains.

Keywords. Non-negative Matrix Factorization, Algorithm Unrolling, Weight-Tied Networks, Fixed-Point,
Deep Equilibrium Models.






ITepiindm

H napotoa Swatelfn e€epeuvd tov tayéwe e€ehiloaduevo Touéa tne Mn Apvnuxrc Hopayovtonoinone Mntewou
(Non-negative Matrix Factorization, NMF). H NMF anotelel pia toyuph| TV TOL Ypnolomoleiton eupéang
ot med{at Onwe 1 enelepyaoia GHUATOS Xat 1) avEALGT) EXOVAC, YT OTNV EPUNVEVGIUOTNTA TNS X0 OTNV IXAVOTNTY
NG VoL AmOXAAOTTEL XQUUUEVES BopEg 0T dedopéva. Xtov nuprva tne, § NMF otoyebel otnyv npocéyyion evég un
OPYNTIXOU UNTEHOU SESOUEVLV WG TO YIVOUEVO BVO YoUNAOTEENS TAENE YN AEVNTIXDY UNTEMWY, ETLTEENOVTAG ETOL
Lol ovarmoledio Tao T TG oey e TAnpogopiag Bactouévn oe péen, N omola elvon edxola epunveloiun. LuvAdtng, To
€VoL OO TOL TTEOLY OVTOTIOMNUEVOL UNTEMA AELTOVEYEL ¢ «Ae&edy Booix®dy oTolyeltv, eV To dAN0 xwdonolel Tov
TEOTO UE TOV 0Tolo aTE Tat aToLyelot GUVBUELOVTOL YIOL TNV OVIXUTACKELY] TWV opy XV dedouévwy. Tlpbopateg
e€ehieic otnv NMF éyouv eloaydyet Sidpopa oyfuata xavovixomolnone xou fadiéc apyttextovixée, Behtiddvovtag
TEPALTER® TNY ATODOGY| TNE XU TNV TEOCUPUOCTIXOTNTA TNE o€ Towlha edlol EQopUOYHC.

Qotéo0, ol ntopadootaxol ahyoptduol NMF avtpetwnilouv onuoavtixéc mpoxAfoels, 6nng apyolc putuois obyx-
Mong xou meptoptopévr axpifelo avaxataoxeviic dtay e@oppolovion oe TohOThoxa xou UPNAGY dlac Tdoewy Oe-
dopéva. H pédodoc tou Ectuhiypatoc Ahyopiduou (Algorithm Unrolling) arotehel pia xouvotépo pedodohoyio
Tou petaoynuatilel emavoknmuixoic ohyopldpous Bertiotomoinone oe Badd veupwvixd dixtua, avtiototyilovtae
%40 enavdindm oe éva avtictoiyo eninedo (layer) tou dixtbou. To nhaioio autd éxel mpboguta egappootel oTNY
NMF, odnyovtoac oty avéntuén tne Deep NMF (DNMF), péow tou Eetuliypatog Tou xhaoxol olyopidpou
noMomhaclac Tnhc evuépnone (Multiplicative Update, MU) oe wio apyttextoviny| exnoudedoipou duxtbov. H
Baown w0éa tlow and autr) TN u€dodo elvon 1) eloaywyy) exnaldeuong o akyoplduoug Bektiotonoinong mou xatd
Tot dAAa ebvon «tugroly. Auth 1 mpocéyylon BEATLOVEL ONUAVTIXE TNV LTOAOYIo XY on6d0on xou Slotneel T
gpunveucuOTNTY, xad®e 1 dopn Tou Badlol Bixtiou cuoyetileton dueca e Tov avticTolyo alyopLiuo.

IMopdiinho pe to unrolled dixtua, to Movtéha Bahde Isoppornioc (Deep Equilibrium Models, DEQs) éyouv
avadelydel w¢ pla cUUTANPEEUATIXY TEoceyYlon oto medio e Pathdc uddnong, teoopépovtag pla Yepehiwdng
BLAPOPETIXY) OTTIXY) OTO OYEDLACUS TV VELPWVIXADY BTOWY. To DEQs avtinpoownebouv o véo teyvix),
omou avti e otolfadne menepacuévou apluol emmédwy, To ovtélo yenotponotel éva wévo implicit eninedo
mou unohoy(ler v €€086 tou we to Ltadepd Enueio (Fixed-Point) piog nopopetpomomuévng un yeoruxhic
ouvdptnone. Autd to povtéla alonowolv tor Aixtua pe Kowd Bdpn (Weight-Tied Networks), enovayenot-
HOTIOLOVTOC TO (Blo 0OVOAO TopoETPWY GE OAEC TG ETAVOAAYPELS TOU PETATYNUATIOUOV, YEYOVOS TOU EMLTEETEL
cupnayelc avamapao TAoELC xaL UTORel Vo BEATIOOEL T YEVIXEUOT) TWV HoVTEAWY. EmAbovtac yia va Bpouv dueca
autd to Ltadepd Lnueio, Ta DEQs cuvdéouy 1béeg and tov xhaowd fixed-point iteration pe to oOyypovo deep
learning xot unocte(louy anodotixy exnaldevon uéow tou implicit differentiation.

Yto mhaloto awthc g Satpric moapouotdlovton Téco pia xhooixt tpocéyyior DEQ-NMF, 6co xou yio véa
uédodo mpocéyyione tou equilibrium, xaddg xou tpononomnuéves exdoyég autwy yia o supervised NMF frame-
work. Ta DEQ-NMF povtéha yenowonoloty fixed-point solvers yio to forward pass xon implicit differentia-
tion yio To backward pass, emtpénovtag otodepy| yeron uviung avelaptitwe Tou aptipod enavolPewy Tpog
to onueio wopponiog. Tao anoteAéoparto delyvouv 6Tl oL TpoTtewoduevol alydprluol uneptepoly otadepd Téoo
Evavtl TV xAooxoy pedodwv NMF 6co xou twv unapyéviov dixtiwy Badeids uddnone otny emBrendyevn
NMF framework, mpoogépovtac udmidtepn axp(Belo avaxataoxeunc xat ToyUTeERT, cUYXALON.

AéEeig Khedid. Mn Apvnund Iapoayovrtonoinon Mntpdou (Non-negative Matrix Factorization, NMF),
EetOhypa Alyopiduou (Algorithm Unrolling), Aixtua pe Kowd Bden (Weight-Tied Networks), Etodepd
Ynpeio (Fixed-Point), Movtéha Bathde Isoppornioc (Deep Equilibrium Models, DEQs)
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Chapter 1. Extetopévn Ieptindmn ota EAAnvixd

1.1 Oewentixd YTroBadeo
1.1.1 XvpBolicpol

Xenotpomololue évtova xegohalio ypduporto X yior Vo ovomaploToOUe untena xou évtove teld yeduuaTo X Yo
dlavoopata-othieg. XupPBoiiloupe pe ; To 4-00TO oToLKElD TOU BlavioUATog X, UE T4 TO oTolyelo atn Vo
(4,7) wou untpmou X xou Ye X; TN i-001h otiAn Tov X, avtioTolyo, EXTOC and MEPLTTMOELS OTIOL JATNPOVYUE TOV
apy6 cuuPolioud and Tic apyixéc dnuooietoelg xou opilouue entd T onpacia xdde cuyforou. Ta cOyfoia
® XL @ YeNoHLoTololVTAL YLot TO YLVOUEVO avd otolyelo xou tn Salpeon avd otowyelo, avtiotolya. I, elvon 7
povodiodor uhteo JGTACEWY 1 X 1 Xt Ly xm N whAtea GA0V TV povddny dlactdoewy n X m. Téhoc, ||X||r
oniover ) Frobenius véppa tou X.

1.1.2 Ewaywyn otnv NMF
H Mn Apvnu Ilopayovtonoinon Mntpdou (Non-negative Matrix Factorization, NMF) avalntd uio adpolo-

T, Bactlouévn oe pépn Taparyovtonolnom evég un apvnTixol untemou dedopévey Ve RLG™ oe dbo younhic
TéENe Tapdyove: B

Va~WHWeRY", HeRY™, r< min(n,m).

Me v emBorf] Twv un apvntixey teptopiopey W, H > 0, n NMF napdyet yia noporyovtonolnomn énou ol 6THAES
Tou W avtinpocwnrebouy urn apvntixd «douxd otouyeio» xan ol avtiotoiyeg othhec Tou H xwdixomolody un
apVNTLXoUs cLVBLAOTIXOVC cuvteAeoTés. e avtileor pe dhhec teyvixée yoouuxnc Uelwone Slaotdoewy, 6Tng 1
Principal Component Analysis (PCA) [1] A n Singular Value Decomposition (SVD) [2], tou emitpénouy detixée
X0 OPVNTIXES TWEC OTA OTOoLYEld TV Tvexwy mopayoviwy, 1 NME emfBdiier xodapd adpoiotind yoviéro,
OdNYMVTAC GUYVE GE THO EPUNVEUCLUES Xal dpouéc (Sparse) avomapooTdoELS.

AlatOnwon tou IlgoBAjuatog NMF

Tumxd, dedopévou evog un apvntixol untewov V€ RLF™, evéc emduuntod Paduol napayovtonoinong r xou
evoe pétpou andotaone D(-,-) petald untedv, n NMF _ocvchmo'c 800 un apvnuixole tapdyoviee W e RLE™ xou
H e RUY™ dorte: -

min D(V, WH). (1.1.1)

L X Xm
WER;()T, HERTZOT”

Enihoy? touv Baduol IMapayovionoinong r

O Badude mopayovronoinone r mailer xevipixd pého ot NMF, xadde ehéyyet v ixavotnTa Tou Hovtélou va
anotunwvel havidvouoeg dopéc. Emhoyy| moAd uixpol r odnyel oe unomhfipeg povtéro, OTou 1 teploptopévn Bdon
avoryxdlel To povtélo va oupmiéoel noiha potiBa, Tpoxah@dvTag VPNAS cQEAUA AVIXATACHEUNS Kol UTOTEOCAR-
poy? (underfitting). Avtideta, emhoyh nohd peydhov r odnyel ot LTEPTANPES LOVTERO TIOU AVAXATOOXEVELEL
oeddV Téhela Ta BedoPEva, AANG Ot BAPOC TNG HOVABXOTNTAS XL TNE EVpwaoTiag, auEdvovtag Tov xivBuvo un-
epmpocopuoYfic (overfitting) o pewwpévne eppnvevodtnroc. Aev undpyet évag xodohxd Bértiotog Bodude
7 ToL var omod{del xohltepa oe Ao tol cUvVoha dedopévwy 1| epyaoiec. Xtny mpdlr, to r emhéyeton péow Ot-
aBoLOV ETLAOYAC LoVTEAOU, OTw¢ cross-validation, petpdv anddoong TEOCUPUOCUEVWY GTNY EQUPUOYT, 1
domain-specific evpnudtwy mou e€lcopEOTOLY TNV TOLOTNT AVAXATACKEUNE UE THY ATAGTNTA TOU LOVTIEAOU.

Mn-rovadixoTnTo XKoL 7 AVAY XY YLo XAVOVIXOToInoT

To npdPinua Bertiotonoinone mou opileton oto (1.1.1) elvon tavtdyporva un-kupté otic petoPintéc (W, H)
xou €yl dmelpeg hooele. Luyxexpyéva, Yo xdde avtiotpéduyun pitea Q > 0 ue Q1 > 0, To petaoynuotiopévo
Cebyocg

W/:WQ, H/:Q—IH

IXOVOTIOLEL
WH = WQQ 'H = WH.
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1.1. Bewpnuxd TndBadpo

H éugutn auth augionuio teplopiler tnv epunvevodtnta twv Aoewv e NMF, Wiutépwe o unepmifipetc
puduloeig.

I vo avtipetwniotel autd, cuvidoe to nedPfinua tng NMFE eunhoutileton ye emnAéov dpoug xavovixonolnong
1 teploplopole Tou emPBdrhovy emduunty| dour| otoug tapdyovies [3]. Hopadeiyporta:

o ITepropiopol apandtntag oto H, yia v evioyuorn avanapaotdoewy Pacloyéveny o uéon.
e ITepropiopol opBorvwvidtnTag oto W, yio Ty npotyinor mouiiog otn Bdon.

e Kavovixonoinorn Bdoect oparotnTag ) Yedpwy, Yl TN Yovielonolnoy oyéoewy UeTall yopox-
TNEIC TV 1) BELYUATOV.
e ITepropiopol 6yxou 7 simplex, yio v emBoAy| Yewuetpxhc 1 TIAVOTIXAS EPUNVELGULOTNTAG.
Tétolol dpot xavovixonoinong Bondolv oto ondoiwo g cuUPeTeiog Tou YhpEou AVCEWY xaL xaTeVdivouY TN
BehtioTonoinom npoc ouctaoTxéS xou HoVadIXES Tapayoviotooels [4].

1.1.3 AAyéprdpog IToAhanAaciactixwy Avavewocewy yia Tty NMF

IToAhol ahyopriuot éyouv meotadel yia tnv enthuon tou npoPAfuatoc NMF, petald twv onolwv ta Evoh-
Naoobpeva EXdyota Tetpdywva (Alternating Least Squares, ALS) [5], ov Projected Gradient Meth-
ods [6], n Médodoc Katdfoone Buvtetaypévowv (Coordinate Descent) [7] xou n Iepapynd) Evalhacobuevn
Bektiotonoinon [8]. Metad autdv, o odydprduog IlodMamhaciac tixdv Eviuepdoewy (Multiplicative Update,
MU) nou ewofyoryav ot Lee xou Seung [9] etvon Braitepo Snuo@uiic xden otnv amhétnta, Ty euxolio bhorolnong
oL TNV EYYEVH DlATAENOT TNEG UN-AEVNTIXOTNTAC TOV OTOLYEIWY TOVY TopaydvTny. LNy napoloo epyacia e0TLd-
Coupe otov ahyoprduo MU, xadde anotehel tn Bdor yia Tig endpeves enextdoeic mou Yo axoloudricouy.

Aedopévne e avTIXEWEVIXHS cuvdpTnong Tou opletar we Bdon tn Frobenius vépuo:

1
. - _ H 2
w5 |V - WH%,

oL xavévee MU evnuepddvouv enavoinmuixd to otolyeia Twv untedonv W xon H we e€ng:
1. Apywomoinon tov W xow H ye tuyalec pun-opvnmixés Tiéc.

2. Enavédndn éwg 6tou emiteuydel obyxhion:

(WTV)U— .

hi' — h’Z ) v 1

J TWTWH), +¢ 7
VHT)..

Wij < Wij ( )L] Vi,j,

(WHHT)” -|— 67

omou € elvon évog xpds otadepds TapdyovTog Yo aptdunTey otadepdtnTa xou ano@uYY| dlalpeon Ye To Undev.
Kde evnuépwon datneel tn un-apvnuixdtnta Aoyw e TOAATAACIHOTIXAC PUOTNS TWV XAVOVLV.

1.1.4 Egoppoyéc tng NMF

H Mn Apvntued Hopayovtonoinon Mntpwou (NMF) Beloxer nowiies eqappoyéc oe mohholc topelc, LeTall Tov
onolwv:

o EncZecpyacio Ewxdvag — ESaywy? Xapaxtneiotixwy IIpocwdrou. M xhaour eqapuoyn
e NMF elvar n e€ayoyn yopoxtneloTixody Tpoc®dnov, dnwe TewTondpouctdotnxe and touc Lee xou
Seung [10]. Y auth v nepintewon, éyoupe éva untpdo dedopévey X € RLG™ mou avomeplotd Sldvuopa
yxpl-eninedwy edvev avipdmvey tpoownwy. H Tt tou otoiyelou x;; avtiotoiyel otny €viaon Tou
i-0ot0U mi&ek oty j-ooth emxdva. Me v NMF, 1o V napayovronoweitar o wia fdon W e R’ZLET xou
évay mivoxa ouvtedeotdv H € RUJ™. Ta e€aydueva otowyelo tou nivoxa Bdong avitiotolyolv oe tpfuata
TOU TPOCW®TOU, OTWS YTl YElAT, povoTdxio xon LWOTES, XAl AOYW TNC UN-0eVNTIXOTNTAS, Ol exdves Bdorng
adpoilovtar povo mpocdetixd yior Ty avacuvieon tne apyixic exovas. ‘Onwe gaiveton oto Lyhuo 1.1.1:
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Chapter 1. Extetapévn Ieplindn oto EXAnvixd

r
X(.4) = Z W, k) H(k,7) = WH(.j)
E— = S S ey e

jth facial image facial features importance of features approximation

— in jth image of jth image

i - w - -

.—.-._.".-": & L F—-' - -

- o - |

Figure 1.1.1: NMF Facial Feature Extraction. From [11].

o EEb6puin Keipévou — Avdxtnoyn Ocespdtov xaw Tagivounon Evyedowv. H yenon e
NMF vy opadonoinom eyypdpwy xar avdhuon depdtwy etofydn and toug Xu et al. [12]. ES8a, to untedo
X € RLG™ éyel othhec mou avtiotolyolv ot éyypapa xau ypauués ot hé&elg, omov X (4, 5) elvon to mhidog
eu@dviong e j-ootrhg AéENg oTo 00T Eyypago. Adyw Tng un-opvnuxdtnrog, xdde othkn g W
gpunveLETL WS Blavuouatixy avanopdotaot evoc Yéuatog, xou 1 H xadopllel tnv xotavoun twy Yepdtwyv
avd éyypoago. Autéd amewovileton oto LyAua 1.1.2:

-
X(g) = Z Wi k) Hik, ) , with W =z 0and H = 0.

k=1

jth document kth topic

importance of kth topic

in jth document

Figure 1.1.2: NMF for Topic Modeling. From [11].

o Treppoouatinds Alaywpelolnoc — Aviyvevorn Endmembers xow TaZivounon ITiEen. H
NMF rnpotdidnxe yio mpadtn @opd ot Yewpla Tou unepgacpatixod doywelopod and toug Nascimento
xow Dias [13]. Xe pa unepgpaopotixy emxéva, xdde mtiZeh TEPEYEL QUOUUTIXEC UTOYPUPEC TONNATAGDY
PNy xOpatog. Ltdyog elvan 1 ovory vORLOT TLV LOVAdIXGY UToYpapdy xdde uAxoL (endmembers) xou o
umohoylopdc tne atopixic ouuBoifc Toug oe x8e miZeh. To untpdo X napayovronoeitor wc W (otiheg
= endmembers) xou H (abundance matrix), énwe gaiveton oto Lyfua 1.1.3:

r

X5 = E Wi, k) H(k,j)
S’ et e e e’
spectral signature spectral signature abundance of kth endmember
of jth pixel of kth endmember in jth pixel
Road Crass
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Figure 1.1.3: NMF For Spectral Unmixing. From [11].
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1.2. Algorithm Unrolling

o Tatpuxéc E@apporeég — Tovididpata Kapxivou. H NMF éyel onuovtnd epoappoyy otny avdluvon
yovBlwpdtwy xopxivou. Xtnv eufinuotixd yerétn tov Alexandrov et al. [14], egappdotnxe NMF oe
dexddee YLAddEC ahhnhouyiec YOVIBLOUGTWY Yiot TNV e€ayYY SLOXPLTOV KUTOYEUPOY UETIANSEEWVY Xol
v extiunon e éxdeoric Touc. Ed®, to V elvan nivaxac yetprioewy yetahhdéeny, 1 W ol utoypapéc xou
n H ol extéoeic, anoxaidntoviac unyaviopole BAdBne xou emdidpdwone DNA otov xopxivo.

1.2 Algorithm Unrolling

To Algorithm Unrolling etvon pla teyvix| mou yetaoynuatilel emavoknntixois akyoptiuoue oe Bodid vevpwvixd
dixtua, avuiotoryilovtag xdlde emavdindn tou akyopiduou oe éva eninedo (layer) tou dixtdou. Ouctaotind, xdle
Briwo o emavoknmieng Sodixactiog yiveta éva epunvedolto eninedo, Tou OTolOU Ol TUPGUETEOL—TIEOTYOUUEVKS
xadoploueves yewpoxivita ¥ pe atadepolc xavdvec—rttpa Unopoly va podeutody amd to dedopéva. Me
oTo(foln AUtV TV EMTEBWY, 1 TEoXUTTOVGH Portid apyLTEXTOVIXT BLUTNEEL TNV EPUNVEVCILOTNTA TKV TOEUBOCL-
XV ohyoplduwy, Ve amoXTd TNV TEOCUPUOC TIXATNTA XAl To 0QEAN anddoong tne Padide uddnone. H Sour
evog tétolou unrolled dixtdou galveton oto Lynuo 1.2.1.

To nahoubdtepo épyo oto Algorithm Unrolling napovsidotnxe and toue Gregor et al. [15], ye otdyo ) Pertivon
NS UTOAOYLOTXHE AmoBoTOTNTOS ahyoplduny apatfc xwdixomolnone uéow end-to-end exnaldevone. Xto épyo
Toug, &edimhwoay tov Iterative Shrinkage and Thresholding Algorithm (ISTA), o onolog emhiel To TEéBANuUa
e apouic xwdxonoinone [16], xou npdtewvay to avtiotoiyo unrolled dixtuo, apydtepa ovopaldpevo learned
ISTA (LISTA). X1 cuvéyela, avahboude autd To mopdderypa EETUNYoToc hentouepdc, eéetdlovtag Toe xdde
enavdindn tou ISTA avuotowyileton oe eninedo dutbou.

Output i i
i i
f 1 1
L J \ ¥
h{-;8) Unrolling Input  ——» W6y — he(-;68) —» -+ — Output
T ; :
I I
I I
Input ! !
————— Interpretable Layers
(a) (b)

Figure 1.2.1: Anewdvion unrolled dixtdou and [17].

Suyxexpyéva, dedopévou evoc Saviopatog ewoédou y € R™ xou evde unepnifpouc Aelixob W € R™ ™ ye
m > n, 7 opolY) XWOXOTOMNOY AVUPERETAL OTNY EVPECT] WING HEULC AVOTAPAOCTIONE TOU Y YENOHLOTOLOVTAS
0o W. Me dha Aoy, emdiwxovpe v Ppoldue évav apond xddixa x € R™ tétoo dote y ~ Wx, evd
“ompdVOUUE” 6G0 TO BUVATOV TEPLOGOTEPOUG CUVTEAEGTEG TOU X 0TO Undév. Mo cuvAdng mpooeyylon elvon 1
enthuon Tou axdrouvdou xuptod Tpofiruatoc Bektiotonoinong:

1
min o fly = Wx|3 + Allxl, (1.2.1)

6mov A > 0 elvor TapdUETEOS XAVOVIXOTIOINONG ToU EAEYYEL TNV dpardTnTa Tne Adone. Luyxexpyéva, o ISTA
Behtidver Ty extiunoct| tou oe xde emavdAndn we egic:

xt+l = SW((I —IWTW) x + iWTy>, t=0,1,... (1.2.2)

onov I € R™*™ n yovadiaio prtpa, 1> 0 o pudude Bruoatoc xou Sp(-) o ototyewddng soft-thresholding teheothc
Sp(x) = sign(x) max{|x| — 6, 0}.

MrnopoUue va gpunvedooupe Tic L enavarideic tou ISTA ¢ enineda dixtiou, oynuatiovtag éva Bodd dixtuo
L-emnédwv 6mne anewxovileton oto Lyfua 3.3.2. Yto unrolled dixtuo AauBdvouue urddn tig mopauétpous Teog
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Chapter 1. Extetopévn Ieptindmn ota EAAnvixd

expdinon:
W, =1- iWTW, W, = iWT.

N I L .
Algorithm: Input x”, Output x W,=1- 1. W W W,
fori=01,..,L-1do ﬁ‘ . - + > § = &
Wo=—W
=&, - Lwrw) A+ Lwry §
i H

end for

(@)

W, W,

(c)

Figure 1.2.2: Eedinhwpa touv ISTA oe LISTA and [17].

To unrolled dixtuo exnoudeleton pe mporydotixd dedouéva yia T BedtioTonolnom tewv mopouétewy Wi, W, xou
A. H exmoideuon tou LISTA yiveton méve oe axoloudia Savuopdtey yi,y?2, ... yYN € R” xau tov aviiotowywy
“ground-truth” onéviwy xwdwdv x*1, x*2 ... x*N. O napduetpol Tou dixtiou Beltiotonolotvton e dnpogieic
gradient-based ped6douc, dnwe to Stochastic Gradient Descent [18]. ewpopatixnd nopatneidnxe 611 o aprdude
TV emnédwy tou LISTA elvon onpavtixd uixpdtepog and tov aptdusd enavarridewy mouv aroutel o ISTA yio tnv

enitevin Twv Blwv anoTeAecUdTOV.

1.3 Movtéia Badide Icopponiag

Ye auth] TNV evOTNTA CUYXEVTPWVOLUE Tig Bacixéc 18éeg mou amoteholy TN Bdorn twv Moviéhwy Bothde Ioop-
potioc (Deep Equilibrium Models, DEQs). Eexwdye avanapio tedviag éva fodd dixtuo og enavdindn otadepold
onuetou (fixed-point iteration), xou otn cuvéyela Selyvouue TOS To EeTOMYUA WG TETOLOG ETAVEANYNE oE pNTd
OPLOPEVOL KETUTEDOY XOU 1) XOLVT| BEGUEVST) TWV Bapdv TOUS OBMYEL OE Lot Loy UEY) ETOVOAUUPBOVOUEVT AEYLTEXTOVIXY.
Bdoer autol, elodyouye tov 6po twyv implicit layers, twv omolwv ol é€odol opilovtar oyt and o tenepacUévn
ahuo(Ba UETAOYNUATIOUWY 0AAE and T enfluoy poc eglowone woppotiag, xou delyvoupe nog 1 ebpeon pllag
xou 1) yerion implicit differentiation cuvdudlovtor yia vo oynpaticouvy ta DEQs.

1.3.1 Implicit Layers

Onwe avapépdnxe mponyoupévee, éva Badd veupwvixd dixtuo amoteieiton and yeydho apldud cuvdedeuévwy
emmédwy. Ltn oUyypovn Podid uddnon, n ouvtptnuxy| TAetognpio auTdY Twv emnédwy elvan pntd (explicit) —
oplouéva dnhadn and wia otadepn oelpd hettoupyloy tou yetaoynuatilouv tny elcodo oe €é€0do. Avtideta, éva
implicit eninedo opilel Tic cuviixeg mou meénel va ixavorolel 1 €€08d¢ Tou, ywelc va Teocdlopilel Tov axplh
unoAoytoud Yo Ty andxtnot) tng. H hoyur evég implicit emnédou xou 1 Slapopd Tou ye éva pNTd optouévo
eninedo mapovaldletar oto Lyfua 1.3.1.
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1.3. Movtéra Badide Ioopponiac

Explicit Layer
Compute
T z2=f(z) [~
-
Implicit Layer
Compute z s.t.

g(z,z) =0

| —

€T —

Figure 1.3.1: Anewdvion Implicit Emnédou [19]

1.3.2 Aixtua pe Kowvd Béen

To dixtuo e xowd Papn (Weight-Tied Networks) anotehodv yior xatnyopia vevpevxndv dixtiny érou to {Blo
cUvoho PBap®yv emavoyenolponolelton oe TOAATAL enineda.  Avtl va padaivouv Eeywplotéc mopauéToous Ylo
x&de eninedo, ta dixtua ue xowvd Bdpn emBaALoLY xoWVY| YenoT TaEUUETEWY, DNANDY| Xdle UeTaoy NUATIONOC Tou
axohovlel otn oepd eqopudlel Ty Bro priTea Popndv. Lynuatixd, yia uo elcodo X, To dixtuo urnohoyilel Tic
XEUPEC XUTATTETE PECL TNS ETAVEANPNG Zi41 = 0 (W 2,4+ U x+b), 61ov oL pfitpec W xan U efvan xowvée o€ Ghat
ta eninedo. H 18éa tng xowvrg yprione embeddings eic680u-e£680u, mou avtixatontellel Ty apyn TwY BixTieY
He xowd Pden, npwtotumxd depehydnxe and touc Press xon Wolf [20] xon €yer yivelr Yepyehiddne otny pov-
tehonolnon axohouthyv. H déoucuon PBapnv elvan Wiaitepa yeriown oe yovtéia yia eneepyacio axohouvthoxv
dedopévwy, 6mwe oto Enavanrnuxd Nevpwvind Aixtua (Recurrent Neural Networks, RNNs), xou hertoupyel
¢ evvolohoyd Briya meog ta DEQs. Ynueidvoupe 6Tt onotodhnote Pordd dixtuo unopel va dopndel ex véou wg
dixtuo pe xowvd Bden e to (Blo Bddog xou pe péyedog wovddag (oo ue to dlpoloua TwV YEYEVMY TWY XPUPKOY
HOVEBWY Tou apy ol dxTVoU—T anddelln avapépeTton oTo TopdpTnua Tou [19].

Avuty| 1) Souiny) Slopopd amexovileton oto Lynua 1.3.2, 6mou to dixtuo ue xouvd Bder emavayenoiponolel Tny (Bla
pritea petaoynuatiopol oe dha ta enineda, oe avtideon pe éva xhaoixd Badl dixtuo, mou padaiver Eeywpetot
uftea avd eninedo.

U

W Wy Wiy Wi

hix)

Jieiais

«(0000]
(00 00)

(D000

1=
Zigl = U(l}l"'?zl +b3)n = l!....k_ 1 Zix1 = (T(H/_Zi + UVI 4+ b). ?' _ 1‘ . k_ . 1
i.’.[i.') = H’k?’ﬂ + bk_ h(i}) - I‘V};Zk 4 bk
(a) Khaowd Bad Aixrtuo (b) Afxtuo pe Kowd Béen

Figure 1.3.2: X0yxpion apyttextovixody xhaoixol Bodiod dixthou xan Sixtoou pe xoivd Bden.

1.3.3 Xtadepd Enupeia

H ¢vvoia Tou otadepol onueiou (fixed point) anotehel Yepehnddec pordnuotins epyaheio nov Yo ypetactodue oOv-
Topo 6tay GLUlNTACOLUE pla eupelar xoTNYopla LOVTEAWY OploUEveY Uéow recurrent 1 equilibrium Siatundoewy.
Eotw f: X = X wa ouvdptnon oplopévn oe obvoro X. Eva onuelo * € X' ovoudleton otadepd onpeio
e foav

fla*) = o,
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Chapter 1. Extetopévn Ieptindmn ota EAAnvixd

Anhadt), av emhéZouye évax € X xan eapudoovye Eavd xau Eavd ) cuvdptnom f, Tehxd Yo xotahhEouyue ot va
onuelo £* —7t0 otadepd onueio 1 onuelo LooppoTiag— moU BeV UETABAIAAETOL TEQULTERW OTAY TOU EQPUPUOCTEL
n f. Tétowa onuela cuyvd avtimpoownebouy xataotdoelc oopponioc ¥ cbyxhione oe duvouxd cUGTHUT
o emavanmTixée Sladcasiec. Mtnv enduevn evotnra, Go e€etdoouye Yovtéha Tou oElOTOLO0Y BLATUTWGCELS
oTadep®y ONUEIWY YL VoL 0plCOUY TN CUUTIERLPORE TOUG.

1.3.4 Ewcaywyr ot Movtéha Badidc Icopponiag

To Movtéha Bathde Ioopponioc (Deep Equilibrium Models, DEQs) eivon povtéda depeiiwdoe factiopéva otny
EVVOoLd TV ETAVOANTTIXGY oTadep®Y onueiwy. Xe mapadootaxd dixtua pe xowvd Bden, n avavéwon xdie emnédou
YedpeTOL OC:

Zgi:-;l] _ fg[i] (z[li:]T : Xl:T) yoi=0,1,2,...,L -1, (1.3.1)

6mou 4 elvan o delxtng Tou emmédou, z[f:]T N xpuen oxoroutia urixoug T' oto eninedo 7, L o cuvolndg aptdudg

z ’ 7 ? 7, 7 7 / 7,
emnEdWY, X1.7 1) oxohouldia €106B0L, xaL fp' AATOLOC N YEOUWXOS UETACYNUATIOUOC Tou cuvAtwe emBdAhel
UTLOTNTAL

Yy mpdln, €xel napatnendel 6T €dv 1 cuvdpTtnon fo Aol oplouévec TEOUTOVESELS XAl EPUPUOC TEL ETOVOAT
TTixd, To dixTuo cUYXAVEL oE éva oruelo WoppoTiag Z3.. AuTh 1) GOYXNOT ATOTURDVETOL KG:

i

.lir&zf:T = Zlggo f0(z[1:T§ X1;T) = f@(z’{:T; X1:T) =z.r. (1.3.2)

Yy npdén €xel deiytel 6Tl xadidg avgdvetan to Bddog evde Bixtbou e xowvd Bder, emtuyydveton BeTiwuévn
anédoor. dotéco, ot cupPater Bahd uddnon, v va npayuatonondel backpropagation ce ohdxinpo to
BixTLO, AMOKUTEITAL O UTOAOYLOHOS TWV TOQUYWOYWY TOU GUVOAOU TV TOpoHETEWY o xdUe eninedo, YEYOVOS
mou mepLopilel to Bddoc 6To omolo UnoPOUUE Vo EXTAULBEVCOUUE Tol HOVTEAA, avdhoyo pe TN Stardéouun wviun.
Toa DEQs, avtideta, ypnowwonolody éva eviofo implicit eninedo, to omolo opiletan éupeco and tnv e&iowon
otadepol onuelov z* = fg(z*,x). Me dhhat Aoyia, avtl va otoidloupe L pntd eninedo, opllovue péow evég
implicit emnédou ) Aoon z* autod tou mpofAfuatog ebpeong pllac. Xtn cuvéyela, aflonolobue tnv implicit
TOEOLY YLOT) %ol EXTEAOUPE €val Uévo Bria avadpouns, avtl vo xdvouue backpropagate oe xdle enavdhndn tou
aptduntieol emhut e€lodoene Tou éyoupe dahélel. AuTéc ol W8éeC avamTUCOOVTAL AETTOUEPMS TUPUXST.

Forward Pass H exnaldeuon twv DEQs nepilopfdver Sagpopetinég Swodixaciec forward xaw backward oe
olUyxplon e To ouuBatixd Podid dixtua. Mto forward pass, o DEQs Peioxouv tnv xatdotaor tooppomiog
Toug emAovTag pLa e€lowor otadepol onuelou, avti vo utohoyilouv Bladoyxd Tig evepyomolfoelc eninedo npog
eninedo. Opllouye:

9o(z1.7:X1.17) = fo(2Z1. 13 %1.1) — 2.1 (1.3.3)

Yt ouvéyew, yenowonowolue apuduntixée texvixée elpeons pllac v v enihuon e Elowone 1.3.3. Ot
uédodol autéc Behticdvouv emavoknmTd plor apyxh ewxaocio €éwg 6Ttou emteuvydel éva otadepd onueio oop-
pomlag. Xtny mpdén, ol cuvniéotepeg pédodol ebdpeang piloc yio emavaAnmtixég dadixacieg oTtadepol onueiou
nepadvouy v emitdyuvon Anderson [21], [22], tn pédodo Broyden [23] xou tn pédodo Newton [24], [25].
To Xyfua 1.3.3 anewxovilel to forward pass evog poviéhov DEQ wg emavainmtiny) Siadixoacio tou cuyxhivel
oto onuelo wopporiog z*, napouctdlovtac TN dlapopd oe oyéon Ue TN cuvndiouévn urtohoyloTixy Sadixacio oe
dlxtua pe xowvd Bden.
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1.3. Movtéra Badide Ioopponiac

Deep Equilibrium Models
s Weight-tied Deep Networks 0 5 21
Output y=ur

/’_' folx)

gqolx)

21 Input

Figure 1.3.3: DEQ vs weight-tied Pohd Sixtuo Movovtag yio to onueio woopporiog otic 2 dwotdoelc. And [19].

9

Backward Pass 'Eva {Atnua nou mpoxintel and 1t yeron evog “black-box” alyoplduou ebpeong pllac elvon
67TL Bev unopolyue AoV va extelécoupe backpropagation yéow twv Aettoupyioy oto forward pass , 6nwe cup-
Batvel oty oupPotixn Borhd uddnon. Avtideta, to backward pass ota DEQs Baoileton 610 Oewpnuo Implicit
Tuvapthceny [26]. Lo yevwixd, to mhaioo twv DEQs enexteivel autd| v npocéyyion epopuélovtog anev-
Yelog to Jedenuo oty e€iowon otadepol onuelov, emtpénovtag end-to-end mopaydylon yweic EeTOMYUA TwY
enavalidewy ebpeong pllagc. "Exel detytel 611 to backward gradient péow tou Suxtbou pe "dnepo" Bddtog urnopel
VoL utohoyLoTel pe éva ubvo moAlamhaclaoud uUnTtedny, o onotoc tepthaufdvel Ty TaxwBiav vtoloyiouévn ato
onuelo wopporiog z3,p. TUyxEXpEVA, N TUpdYWYOS TNG CUVEETNONG ATOAEWS £ WS TPOS Yiol TopdueTpo ()
urohoyiletan énwe oty E&iowon (1.3.4), 6nou to h cupyPolilel onowdAnote napaywyiown Badpnth cuvdptnon
Tou onNUElou LOOPPOTIHAC 2. XL YENOULOTOLE(TOL Yiol VAL EQUPUOCOUNE TOV Xavéva ahua(dag:

oe o [, Ofo(@tpixir) 00 on [ 0 fol(2* s x1.7)
o _ Zipixer) _ OF gle\z.ri Xir) 1.3.4
() oz, (J ) o) oh oz, \ " |, o() (13.4)

Ornoloodinote cuviiing xavévag evnuépwone (m.y. gradient descent ¥ Adam) uropel vo yenowonoundel yio
NV evNu€pwo Twv Tapauétewy 0. o napdderyuo, éva Brua evnuépwone ye Bdon tov akyderduo Mtoyaotixhc
KatdBaone Auvapxol (SGD) Yo eiye tn popet:

ol 4

+_pg _ 9 _ 1
0T =0 a(’%) 9+O‘8z;T(‘]gs)

*
1:T

z

9o (2173 X1:7)
zl.p 00

(1.3.5)

I:l = Memory storage needed at training time
L] -
Zi7 — ET at which
Depth as L —+ oc
S
1:T

Forward
« L layers

21 = f(2l; x)

¥
1 J Backward
{ L0
{ i1
Xy1
) —_—
Time
Typical Deep Neural Network Deep Equilibrium Model

Figure 1.3.4: X0yxpion xenone wvAung xatd tny exnaidevon: éva xhaoixd Badd dixtuo pe T enineda
anonxedel OAec Tig eVOLdETES evepyomoatls, eved éva DEQ povtého diatnpel pévo to onuelo tooppomiog,
emTuYYdvovtoe otadepn yefion pvAune. Amo [19].
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Chapter 1. Extetopévn Ieptindmn ota EAAnvixd

Yuvideg, oe éva xhaoixd Bodl dixtuo, meénel va anodnxedooLUE TIC EVOLUESES TUIE z[l] z[L] HOL VO
m ) , TP n Me Tie MEGEC TWES Zy.py ..., 2.7

xdvouue backpropagation yéow 6hwv Twv eMTEdWY Yo TV EVAREPWON TV TapouéTewy. Exyetalheudyeva to
Oedpenua twv Implicit Yuvapthcewy, to DEQs antodnxebouy uévo to onueio tooppotniog 3., YeNOHOTOLOVTOG
étol otadepr) uviAurn. H dagopd auth ameixoviletow oto Eyfua 1.3.4. Xtnv mpdén, 7 implicit napaydyion
nou anouteiton xatd To backward pass umopel vor uhomoindel amodotixd pe clyyeoves BBrodixes auTOUATNG
Topoyylone 6nwe to PyTorch [27] A to JAX [28], ou omolec unootnpilouv yvdpeva draviopatoc-ToxwmPiovic
o ToeeBravic-Saviopatog ywels pnth xotaoxeuy) ohdxineou tou laxwPBlovol untenou.

1.4 NMF pe Kavovixoroinon ;-

Iponyoupévwe moagouoidoaue to Yepehuwdn ototyelo e NMFE xou oplooue otoug tumxoic xavévee MU nou
EYYLOVTOL TN OOYXALOT] Yiot TO Pn-xovovixononuévo medfBinua. Ilapdtl autéc ol evnuepnoelc amoteholy Tov
%x0ppo6 TOAGY Tpox TV alyopituwy NMF, ot npayyotixd chvola dedouévemv cuyvd wpehodvton and npdoide-
TOUC TEPLoplopoUE 1 priors. Xe authAy TNy evotnTa, Yo EVOOUUTWOOOUUE pNnTOUS 6pOUC TOWVAC GTO TAXCLO TwWV
MU xoavévev. Qo neprypdoupe éva uBednd oyfua pe 6pouc £1 xa Lo xavovixonoinong, e otéyo n NMF va
odnyNoeL o€ TopdyoVTES TOL ElVoL EQUNVEVGIULOL, 0 Toepol Xxan XUA TpocaEUOCUEVOL GE YOopUBDT 1| AVOUOLOYEVY
dedoyuéva. Mo xavovixonomuévn mopodioay) tne NMF, mou egapudlel mowvée £ xou o avd ototyelo otov nivaxa
ouvteheo v H, npotdinxe and tov Nasser et al. oto [29]. Ltnv nopadhay auth odnyoluaste oto axdrovdo
TEoPANua ehaytotonoinong:

. 1 2 )\2 2
H%go{Q |[V-WH|, + M [H[; + 2||H|F}. (1.4.1)

Eunvevoyéveg and tov xhaoixd aryoprdpo MU, npoteivovtar ot e€rc avavedoels:

WV
H:« H 1.4.2
CHY WTWH § M Lyon + W H (142)
VHT
Y 1.4,
W« W o WHHT (1.4.3)

6mou to “@” dnhdver to ava otouyeio (Hadamard) yivépevo xou ol dioupéoeic yivovton enione avd otouyeio.
‘Eyel anodelydel 6tL 1 aviixeeviny) cuvdptnon dev auédveton Utd autég Tig avavedaoels. O 6pog £1 emBdiiel
apondtnTa oe xdde otoiyelo tou H, evdd o bpoc U ewodyet shrinkage nou opyodonoiel ta otolyeia tou mivaxa
CUVTEAEGTOY o cUPPAAAEL oTn otadeponolnon TN olYXALoNG.

1.5 Deep Unrolling tnc Kavovixornowmuéevne MU-NMF

ITponyouuévwe oculnthcaue v évvola touv Algorithm Unrolling xow ¢ pnopolue vo uetocynuaticouvues
évay emavohnnTind "TupAd" odybprduo oe éva exnandedolo dixtuo. XN cuvéyela, Yo detlouue o, oto €pyo
twv Nasser et al. [29], epapudletar auth 1 1déo oTNY xavovixomolnuévn exdoyh tou odyopiduou MU-NMF.

Onwe avagépdnue TEoNyYouuévws, oL XAAOXEC TOMMATAUCIAOTIXES OVOVEWGCELS YL TO XUVOVIXOTOUUEVO
neéPrnua MU-NMF nou mpoteivovtar and toug Nasser et al. [29] €youv 1 popen:

\VARY VH'
H H —_
— ® , W « W 0o WHHT

1.5.1
WTWH + A 1ym + 2 H (15.1)

Erontevdpevn Deep NMF (DNMF). Baoclépevol otov napandvew xavéva MU, neplypdgpouye 8¢ tnv
enontevdpevy Pothd unrolled mopadhoyf tou (DNMF). v npocéyyion auth utodétouvye ot diadétouye v
Tparypotix| uhtea ouvteAeotwy H xon v mparypatuer pritea dedouévewy V. Topa Yo nopousidoouye T dout
ol TLC WOTNTEC TOu emonteudpevou dxtbou DNMEF.

Eotw V € R™™ n ufitea dedopévev xa HY € Rgﬁm oL EXTWUNCELS TWV CLVTEAEST®Y oTo eninedo [. o xdde
1=0,1,...,L — 1 Yewpolue wc mopopéteoug Tou dixTiou Tig e€NC eXTadeloUES UN-0pVNTIXES UATEES:

¢« AU = (W' e rRY",
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1.5. Deep Unrolling tnc Kavovixornomnpévne MU-NMF

l
¢« BO = (Ww)" e rEXP,
o xadc xoL Toug xovolg Yo 6Aa to emtinedo BadunmToic cUVTEAECTES XavoViXoToinong A1 Xt Ag.

H poviehonoinon auth ayvoel ty eZdptnon petall tov dpwv W' xu WTW, avietonilovidc toug wc
avedptnTeg TopoéTeoug Tou dixtbou. T vo anewovicoupe Ty avavéwaon ava eninedo tou cuviatd to forward
pass Tou enontevépevou DNMF, elvan yprowo va eotidooupe o pla uévo othln delypatog v € RY ) xou otny
avtiotolyn othikn ouvteheotdv hW € RE . e xdde eninedo [, to forward pass epopuélel Thv ovd oTAAY
cuvdpTnoT evepyomoinong f: -

AOy

D — f(h® v) = pO® :
F(,v) © BORO + A1, + A hO

(1.5.2)

H dopn evéc povo emnédou tou enontevdyevou DNME qofveton oto Xyfua 1.5.1. Agol oplooupe 1 cuunep-
wpopd ulac otpdone, ouvitétoupe mAnpec unrolled dixtuo cuvdéovtae ¢ otpwoec. H eloodoc xdde otpdong (
elvon o Sdvuoua v xan 1 é€080¢ TN TEONYOVUEVNS OTRMOTC h(=1. To ThYeec unrolled dixtuo ye £ otphoelg
amexoviletan oto Uyfua 1.5.2.

B et
hi : :_\Lf.j: hit1

A

Figure 1.5.1: 'Eva eninedo DNMF nou Aettovpyel oTic h® ou v.

B[] ._/(—1\1 B1 r’f—\\ .
ho ) hi '\_fj ha —+ - —3| lu
Ap Ay
v

Figure 1.5.2: Unrolled 8ixtuvo DNMF pe ¢ otpdioeic.

Enedy o nopandve moAamAactaotinds xavovas epappoleton avedptnta oe xdde otiin h, Spa uod we pia
eviada Aettoupyio mdvew oe ohdxhnen ) puftea cuvteieotwv H, evnuepdivovtag 6heg Tic oTHAES TopdhAnhas

AOV
BOHO + X\ 1,0, + A2HO'

HTY = HO o (1.5.3)

Apyomololpe o ototyeia Tou nivaxa ouvieheotdy HO) o pia detved otadepd (1. dhec ol xataywpiosic
(oec pe 1) xouw emPdihouype 0 pn-opwvnmdtna tov AD o BY uéow npoBokfc otov pn-apvntind xdvo uetd
and xdde Briua avavéwong Toug.
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Chapter 1. Extetopévn Ieptindmn ota EAAnvixd

Exnaidcvorn tou Emontevépuevou DNMF. T vo e&nyfiooupe tn Swobixacia exmoidevone tou
DNMF, do yenowonoiooupe Eovd mpooeyylon wiag uovo otiing. Kotd v exnaideuon, otoyeboupe ot
Behtiotonoinom g axdhoudng cuvAETNONG HEGOU TETEOYWVIXOU GQPIALITOG:
£=[[n" -1,

6mou L eivon 0 apdude twv emmédwy oto dixtub pac, h) n é€odoc tou tehixdéu emmédou xau h' 1 mporypotnd
OTAAN CUVTEAECTWY. Y& Tep(nTwon mou YEAOUVUE VO EXTIUNACOUKE ONOXANEN TN UNTEO CUVTEAEG TV, TO HOV-
Tého yoc unopel vo exmoudeutel yia va tpoAédel dhec tic m othhec tawtdypova. Ievixebouye T cuvdptnon
opdipatoc otr Frobenius vépuo tetpory@dvou:

L=|B® "’ ZZ (hF —ny)* = oe[(HD —H)T(HD - H)]. (1.5.4)

=1 j=1

IooBOvopa, tpdxeiton yio ddpolopa TwV GTHAN-TEOC-OTAAY TWV AMWAELWY Lo

£=>"|n" . (1.5.5)
i=1

H Swtdnwon auth emttpénel 0to dixtuo vo uddel amd xotvol GAOUC TOUS YBPTEC CUVTEAEGTWY, DLATNRMVTIC (Lo
ATAT| TETPAYWVIXY TOLVH.

Agol unohoyiooupe T cuvdETNoN CEINUATOS, AUUPBEVOUUE TIC TUPAYWYOUS YL TNV EVNUEPWOT TV EX-
TUSEVOUOY TAPUUETPWY TOU dxTOoU
{AO BO ), )\2}5:’01

péow backpropagation ye tov Bektiotonomty ADAM.

Egboov ol A1 xou Ay nepthapBdvovtol we exnoudedoles YetafBintéc, to dixtuo «uodoivey autépata tov Béhtioto
Bardud xavovixomoinone and ta dedouévo—elahelpovtag v avdyxn yio e€wtepixd Pedyo avalAtnong unep-
nopapétewy. Kéde Prua tou gradient evnuepdver 600 touc yeuuwxolc teheotéc {AE BO} 600 o ta
Béen xavovixomoinong A1, A2, ToEdYOVTIC XOVOVES AVAVEWONE TEOCRUOCHEVOUS oTa Bedouéva, oL omolol GuY-
dudlouv moTtoéTNTA avaxatooxeviic (Léow MSE) xou exuddnon tewv cuvteeotédv xavovixonoinong oe ulo eviofa
end-to-end dlodixacto.

1.6 Ilepiypopr Acdouevwy

Xty napoloo evéTnTa 6X0TedOVYE Vo Teplypdpouue TN OO Twv dedouévwy ota onola Bo diegdyouue apydTeQa
ToL TELRAPATE Lo, XpnoWoTo|CoUE TPOCOUOLWIEVE GUVOAD DESOUEV(WY HETAMAGEEWY, OTOL 1) UATEA SEBOUEVELV
V npoxintel and T Spdom 0plOUEVLY UETOAAOXTIXMY UNYAVIOU®Y TwV OTolwy oL utoypapés divovial and to
he&ixd W xou ol exdéoeic and ) uhtpa cuvtereotayv H. To va xatavorficoupe ) dour| autedv TwV GUVORWY
dedouEvev, TEENEL TEMTA VoL VEGOUUE TIC Loptaxés BAoelc Twv dedouévwy HeTaAGEEwY. Luyxexpiuéva, apyilovue
pe avaoxétnon e doudc tne dumhic éhxac tou DNA [30] o tng apyiic tne cupminpwpotixfc (evine Pdocwy,
mou pall e€nyolv THC TEOXITTOUY AMAEC UTOXOTACTACELS BACEWY Xal TS XATUYREPOVTAL Ylal TN Slopoppeao
ToL Tvoxd paC.

Suvpnineowpotixy Zevin Bdoswy To DNA elvon éva Simhoxhwmvo tohupepés 6mou xdile vouxheotidio oe
plor chuoida cuvdéeton Ye UBPOYOVIXG BeoUS PE TO SUUTAMiPLUE Tou oTny avtidetn ahuoido. Autd anewovileton
oto Tyfua 1.6.1. Trdpyouv téooepic vouxheotdinéc Bdoeic ouvolxd: adevivny (A), youavivn (G), xutooivn
(C) xou Bupivn (T). H odevivn Leuvyopddver ye t Jupivn xan 1 yovavivn ye v xutooivn, Snhodr ot povodinég
duvartée (edieic elvon

A+—T xu G+—C.

Ou petalhdEelc pmopel va tpoxdouy pécw dapdpwy pnyaviopov—aniéc utoxatactdoelc Béone (SBS), uxpéc
eloaywyES N uixpée dlarypapéc—uxadévag and toug onoloug UeToBdAReL SlapopeTind Ty ahkniouyia tou DNA.
E8¢ Va eotidooupe otic SBS, 6mou wia vouxheotdunr) Bdon avtixodiotaton omd war SR ywelc vo ahhdel to
SLYOAXS phxoc e olucidoc. ‘Otav cupfaiver o anhf urtoxatdotaon Bdone (t.y. A—G) oty «eunpdbodhos
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1.6. Ileptypopr Aedoyévwyv

oahuoiBa, ol unyoviopol avtypaghc 1 emdépdwone Ya napdyouv tehxd v cuumAnpwuott cdayy (T—C)
otnv avtidetn alvolda. Aedopévou dti autd ta 800 yeyovota elvar Bloloyixd 1oodivaua, cuvidwg expedlovye
ohec g petooréc mou agopolv movpivee (A—X i G—=X) we Tic avtioTolyes ouUUTANPOUOTIXES dANoYES OE
nupdivee (T—=Y A C=Y, énou Y eivon to cupmifpwpo tou X).

} DNA double helix

DNA base pairs
Figure 1.6.1: AwhA éhixat DNA xou anewxdvion deopdv vouxheotdionyv. And [31].

‘Erneita, unopolye v xotaypdouue xdde omhy unoxotdotacn Bdong, @tdvovtag oe 12 Slaxpitéc yetoBolég:

A—-C, A—-G, A-T, (1.6.1)
C—A C—-G C-—T, (1.6.2)
G—A, G—=C, G-—=T, (1.6.3)
T—-A T—C, T-—G. (1.6.4)

‘Onwe e€nyfooue, 1 yvoon e Bdong oe yio advoida tou DNA xadopilel povadixd ) cupmhipnwon g otny
avtidetn ahuolda, agol xdde Bdor Leuyopndvel udvo pe 1o cuyxexplwévo cuumifpowud tne. Emouéves, xatd v
XOUTNYOPLOTOINON TWV UTOXATACTACEWY, XATUAYOUUE 0TS oxOAouldeg €L xovovixéc HETANNGEELS:

{C—=A,C>G,C—>T, T—»A T—C, TG} (1.6.5)
Katactdoeic Tepivouxieotidiny o vo anotundooupe tomxés emdpdoelc tne ahhnhouylac Bdoewy,

xoTaypdgouue Ti¢ Bdoelg mou mpornyoLvTal xou axoloudolv auéows TN peoaio SBS, dnwe mpotdinxe and Toug
Nik-Zainal et al. [31]. Me téooepic duvatéc Bdoelc npty xou Téooeple PETd, UTEpYOUY

4x4=16
dratetaypéva Levyn mhawoiwv (lank-pairs). Xuvdudlovtde ta pe Tic €€ xevtpixéc SBS mpoxintouv
6 x 16 = 96
BloxplTég xaTaoTdoel TpivouxheoTdiny. Tapddetypo SBS vy AauBdvouue urddiv to mhduoio:
A[C—T]IG,
omou 1 ohhayr) C—T ouyPaiver ye A mowv xou G petd.
Mrtpa Acdopevey V. H uftpa 6edopévwy Tou YenotlotolelTon 0T TEWSUATE UUS —XAl O TPOYEVECTEPES

perétec— amotehelton and m OSelyyota, To xoévo AvATUpIoTOUEVO omd éva Tpogih xatouetpRoewy Twv 96
METOANGEEWV:

V11 Vi2  ° Uim
V21 V22 - U2m

V = ] ] ' ] c R96><m’
Vg1 Vge2 " V9em
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Chapter 1. Extetopévn Ieptindmn ota EAAnvixd

6oL vy elvan 0 apLipoS epavicewy TNS i-oTNe HETAAAAENS 6To delyua j xou m 0 GUVOAXOS aptdpoS SeLyUdTwY.

Mrteec Troyvpapny xou 'ExOsong Xty emonteuduevn exdoyn tov DNMF, to neipdpora die€hiydinooay
oe npocouolwpéves uhteeg W oxon H. Autég ol uritpeg mopaydvieg xau o Badudg napayovtonoinong p eiginoay
wéow NMF ot uehétn tov Alexandrov et al. [14]. ‘Etol, éyoupe v xhoouxt| Topoyovtononon:

V =~ WH,

ue
W e RY?, HeRL™

H yAtpo Bdoewv W ovoudleton oe auth) TNy e@appoy uijtpa vroypagdy (signature matrix). Opilouye wa
METAAAAXTIXY UTOYROPT] WC SLoxplty xotavopur mdavédtntas ndve otig 96 mdoavéc yetorhdielc. O Bodude p mou
TpogxuE amd TIC TPOCOUOUDTELS AVTIOTOLYEL GTOV GUVOAXOG dpldud UTOYEUPWY EE0YOUEVWY amd To BESOUEVA
pag. H Soury tne prtpac unoyeapany W ypdpeton o¢:

w11 w12 Wip
W21 Wz W2p

W= | S .| € R
Woe1 Woe2 -  Woep

Kdde unoypogpy| unopel vo dewpniel we dlaxpitd) xotavour) miavotntag oTic 96 xaTaoTIoES TELVOUXAEOTIBIWY,
on6te 10 otouyelo w;; avtiotolyel oty mlavotnTa N j-00TH uToypapy Vo tephopBdvel TV i-6TH HETEANAET.
Koatd cuvéneia, yio xdde othln j mpémel:

96

Zwi]‘ =1

i=1

H uhtpa exdéoewr H xwdxomolel v éxdeon (exposure) xdde vnoypagric oe xdde delyua, dnhadh tov apidud
() T0 T0606T6) TV UETOMGEEWY ovd LTTOYPAPY. Luyxexpuuéva:

hit hiz - hip
hor hae -+ hom

=1 . . . € RP*™,
hot hpz o hpm

Y uitea exdéceny, xdie xoataydpelon hi; Snhovel Tov apldud yetahhdiewy oo delyyo j mou anodldovion oTny
1-00TY) UTOYEPT.

1.7 IlpoTewvdueveg MeJodol
1.7.1 DEQ-NMF

Yy napodoo utoevoTnTa ToEouctdloupe T LAoToinan evog poviéhou DEQ yio tny NMF, o onolo ovoudle-
Tt DEQ-NMF. Ye auté to mhaloto, dwtumdvouye T whitea ouvteheotdv H wg 1o otodepd onueio evig un
YEOULXOU YEpTN avavEWwoTg UE EXTABEVOLUES TORAUETEOVS. XENOWOTOUOVTAS TOV XAUCIXO TOANATAACLIGC TN
xavova avavewone yio Ty H xan Swatnpodvtag Tic nopoapgéteoug dxtbou tou tpotdidnxayv oto DNMEF, opillouue
Vv e&lowor woppoTiac:

AV

H* = f(H*) = H* :
JEH) © (B4 X I) H* + )\

Forward Pass. ‘Onee unodewviet 1 opyh twv DEQSs, yenowwonolobue évay aptiuntixd emhuth Yo vo evioni-
oovpe to otadepd onuelo H* tou wavoroel f(H*) = H*. Suyxexpyéva, dedopévne tne eoédouv V xou tov
TEEYOLOWY TUPUPETEWY, 1) U Tea WooppoTiac H* unohoyileton pe enavaAnmtixny epapuoyn Tou ydetn f:

HED = ¢ (H(t)) ,
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Eexuvidvtag and apyiomoinon HO. H enavéndn extedeitor yio otadepd mhidoc Prpdrov (t.y. T = 50) 4 éoe
6Tou wavorolioly xeitrpla cUYXAMONS, OOTE Vo TPooceYYLoTel To oTadepd onuceio:

H ~HD.

H emoy? tou emduty| oto forward pass dev ennpedlel v moapoydylon xou to backpropagation oto mhaiolo
twv DEQ.

Backward Pass. Aol anoxtiooupe to H* oto forward pass, vhomololye évav mpocoploouévo UTOAOYIGUS
Twv Topaydywy i to DEQ layer. Avti va ypeialdpaote Tic mopoydyous yio Oheg Tig emavolfpels edpeong
Tou otadepol onuelou étol dhote va xdvouue backpropagate, aflonotolue to Oedpnuo Implicit Yuvapthioewv
Yo vor utoloyloouue Tig mopaydyoug anevdelag oto onuelo toopponiog.

AcBopévne e ouvdptnone anmiews L, 1 TopdY®OYOoS WS TPOS TS TUPopETPOUC Tou poviéhou 6 (m.y.
A B, A\, \2) unoloyileton péow tou xavove ahucidoc:

dc _ 9L dH*
9~ oH* df

6mov H* wavornotel v eZlowon otadepol onueiov f(H*; 6) = H*.
Egapuélovtag to Oetdpnua Implicit Yuvoptricewy xatalryouue oTo:

dH* _ [I af ‘H*}*l af

do  OH %‘H*'

Avti vo avtiotpégpoupe ameudeiog authv Ty (mdavde peydhn) ToxwPiovy, opilovue v evbidueon petapAnti
u ¢ TN AJOT TOU ETAVOANTTIXOD CUCTAULATOS

oL of

u:aH*+u 87H|H*’

exteNdVTaC Mya Brinatoa otadepod onuetou (tumxd 10). Autd wooduvopel pe v enthuon tne yeauwxic e€lowong

{ 8fr oL

- 26 "~ om

Yl TV U, TNV onola TN CUVEYELN YENOWOTOLOVUE YLOL TOV UTOAOYLOUS TWV TORoyOY®Y TwV UETOBANTOV Tou
duxthou:

A _goor

o 00 'H*

Y1ov x®Bxd pag, 1 dduocio outr ulomoleiton amodotxd e TRy avtopaty mopaydylon tou JAX xan ) Aet-
Tovpyla custom_vjp, emtpénovide uag vo xadoploovpe Ty mopandve implicit hoyw| backpropagation. Ta
ywvépeva Sidvuopatoc—Toxwplavic urtohoyilovian ywplc onty xataoxeun Twv Yeydhwy ToxwBlovdv, enttuyydvov-
TOC HALOXAOOIUY X0l ATOBOTIXY| O YVAEY EXTOLBEVOT).

DEQ-NMF pe Kowvr Mrtpa Bdong xou ITapapétpoug Kavovixonoinong. Onwc avapépinxe
nponyouuévee, to dixtuo DNMF ayvoel tnv edptnon petelld tov dpov W xau W T W, avipetonilovtic
Toug we aveddptnreg exnoudedoles napopétoouc A xou B. Xto npofhnua NMFE: V = W H, emdidxovye va
Beotpe Tic mpaypoatixég uitees W xow H. Qotdco, xatd to nelpduotd pog domiotwoaue 6Tt 1660 1o DNMEF 600
xalL 1) TEOTEWVOUEVY U€V0BOC oG AmETUY Y Vo EXTIUHoOLY Ue oxpifeio T urtea Bdong W, Snhadh tnv Topduetpo
wovtéhou AT, Yuvende, mopdTL To BIXTU UTE TOPELYOY LXAVOTOLNTINEC EXTUIACELS TN WATEOC GUVTEAEGTOV
H, 10 cuvolund QAL AVOXATATHEVTG

||Vtrue - ATHpred || ?

nopéueve UPMAS. Puoixd avapwtnifxoue tola Yo o 1 GUUTERLPORE TOU LOVTENOU UOS EGV YENOLLOTO0VCOUE
povo uio extoudedown whtea. 'V autd, elodyovye wa amhomomuévn nopaihayt, ovopatt DEQ-NMF-A, érou o
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¥%etng evnuépwone NMF mopapetponoielton amoxkeiotind and wla uriteo Bdong A xan Toug Poduwtole cuvte-
heatég xavovomoinong Ai, As. Xe auth tn dedenon, n e&lowon otadepol onueiov ariomoleltal oe:
AV
(AAT) H* + o H* + )\ ’

H " =H" &

O Buaduxaoleg exnaidevong xou mopay®ylong elval TAREWS AVAAOYEC HE TIC TEQPLYPUPEICESC TUPAMAVE, UE TN
povadh dlapopd 6Tt N B déveton we ATA xou pévo or A, Ap xon Ao exmondedovion.  Auth 1 mopohhoy
HELDVEL TOV apldud ToV Topauétemy Xt eTBdihet xhaowxn dou ) NMF, evéy e€oxoloudel va emitpénel end-to-end
exmaldevon e implicit napaydyion péow tou otadepol onueiov. Tehwd, to mewpduatd pog emBeBaiwoay 6T
auTH M oTEATNYIXY XOWAC YPNoNe TopaUETewY odnynoe oe udhnidteen axplBeia t6c0 oty extiunon e Hirue
0G0 XAl GTNY AVOXATACKEVT TNE Virye, OE GOYXELON UE TNV UN-TEQLOPLOUEVY) TTROGEY YLON.

1.7.2 EyAupota Ilpoceyyiong touv Ynueiov Icopponiag

Yy umoevétnia ouTh ewodyovue Tplot povtéha mpocEyylone tou omnuelov  toopporioac  (equilibrium-
approximation), Baciopéva otn DEQ dedpnon e enonteudpevne NMFE. Kéde éva ond 1o mpotevdpeve povtéha
avTixaho Td TNy TUTLXY enavohnmTixy] ToAu-entinedr) Sladixaoio ye pla wévo xhewotic éxgpaone ReLU extiunon
Tou onuelov oopporiag, emTEénovtag eNTH mupay®yion oto backward pass. Xtn cuvéyela Blapopomololue
T apolhayée avdhoya Pe To eEElBIXEUUEVA DIXTUN TOROHETEWY oL TI TPOCUPUOCHUEVES GUVOPTACELS XOC-
Toug. ‘Oheg o mopadhay€g UELOVOLY TN YeNion UVAUNG xaL Tapéyouy onuavTixés BEATIOOELS TNV UTOAOYLOTIXY
anodotixdtnTa xou TNV axplfela extiunong oe clyxplon pe Tic xhaowég pedédouc deep unrolling xou MU-based
NMEF.

Eexwvdpe pe 1o A-DEQ-NMF [32], éva yovtého mou Satnpel Tic apyixéc eXTadeloUes TapoUéTpous dxTOou
tou DNMF, xou napovcidlouye hentopepe tn daduacio exnoideuons nou otoyedel otny expdinoen tewv mpay-
potixdV Hippe xot Wipye.

Forward Pass. Xto forward pass embdiwxoupe va Aooouue tnv eéiowon yia to onueio wooppomiac tou Po-
Hol dixtbou. Ilponyouvpévwe oploaue tn Sodixacio ye v onola T DEQ Beloxouv to otadepd onuelo tne
oLVEETNOTE f, TPOCOUOLOVOVTAS €va BixTuo Ue dmelpa enineda, Yo aprdunTixol emAuTH. NNy Teplntwon pag,
YENOWOTOWOVTAG TNV TPOGEYYIoN OTHANG, N cLuVAETNOT evepyomnoinong mou epopudletal oe xde eninedo elvau:

Av
Bh + M1 + X h'

f;v)=h ® (1.7.1)

Béoel tov Bedv twv DEQs, avixatotodye ot (1.7.1) to onuelo woopporiac h* xou mpootadolpe va to
oplooupe pnTog:

Av
Bh* + M1 + M h*'

f(h*)=h* — h*=h* © (1.7.2)

Adyo e @bong tne NMF, éyoupe %81 unodéoel 6t dha tar otouyeion tne h* elvon un-apvnuxd. Avotuyae, Sev
UTOPOUUE VoL TROYWENHoOUPE oty e€aywyn XAELOTAC ExPpaone Yo To onuelo looppoTiag ywpls vor deyTodue Ot
10 otadepd onpelo h* Sev mepiéyel undevind otoyeia. Enopévng, utodetdvtag authy tnyv unddeon, n EE. (1.7.2)
unopel var ypapel ex vEou w¢:

Bh*+ X 14+ Xh*=Av, h">0, (1.7.3)

1} LoodUvopa

B+ MI)h*=Av—)\1, h*>0 (1.7.4)

Aoyo twv Yetinddv meplopioucdv h* > 0, dev eivan e@uetéd vo amoxthcouue avahutxy) éxgeaon tng Abong. T
VO TUEUXGUPOUUE TNV oVEYXT) ETOVAANTTIXWY SLUBEOUDY YOl VA BLATNEHCOUUE TN UN-apvNTixdTNTd, EQUoUOLOVUE
ReLU oo téhog tou forward pass xou npotelvouye tnv axdiouvdn xhetot extiunon tonov ReLU, nou npoxintel
Speoa and v (1.7.4):

h* = max| (B + A2 L) (Av = A1), 0], (1.7.5)
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1 o€ pop@1 unTeoC:
H' = max| (B + 2o T,) (A V = X 1), 0], (1.7.6)

6mou To péyloto hauPdveton avd otolyelo. LNUElOOTE OTL AUTY 1) TEOCEYYLOT ADVEL TO YRouuixd cLOTNUA OE €val
povo Prua, oe avtideon ue nponovueve forward pass, 6mou o apLiuds Twy tedeny eEuptdton and Tov aptiuod
EMTEdWY TOL dxTOOoU.

Backward Pass. ponyoupévee e€nyfoaue to backward pass ota xhaoixd DEQ 8ixtua. Ouuilouvue ott,
enedr 1o onuelo wooppomiag mpoxintel Yéow “black-box” emiuth pWlwy, dev dardétouue avoluTixy Exppac
TOU Xou TEETEL Vo yenotponololue implicit teyvixée napaydyione. 201600, 0TV TEOGEYYLOT LoC XATOAREAUE
oe xheloT Exppaon yia To h* xau emoyévee unopolue Vo eQooUb6coLUE TUTIXEC HEEBoUEC ENTAS TOEYWYLOTC.
Yto backward step ypnowonotolpe xhaocowxd backpropagation ye ADAM yio v eviuépmwon twv TopopéTpny
A, B, A\, Ay, Blatneddvtag T cuvdptnor andieiag tov oplotnxe oto DNME:

S (- 1),
=1

L =MSE(h*, i) =

SRS

omou h' elvar otidn e mpoypatinic whtpac cuviedeotdv. H andlewn pnopel enione va ypogel oe popet
UNTEOWVY.

Yy mpdéy, Poowlouacte o Pertiotonomuéves PiBhodixec Python yia tov umoloylopd twv mopoy®dywy
X0 TIC AVOVEWOELS TV Topopétewy. Ilop’ dhot autd, Tapéyouue OVUAUTIXEC EXPEACELS YIXl TIC OVUVEWOELS
TUPUUETPWY YENOLIOTOLOVTIC TS pNTES Tapay®dYous tne Along tooppomioc. Ilapaxdtew divouue Tic avovew-
OElC TWV TopupéTewY Ue Bdorn Tov ahyoprduo xatdfacng duvouxol o ouunoyy| untewd poper. H Briuo-Bruc
anddelln and Ty mpocéyyion wag wovo othing napéyeton oto Hapdptnua (Appendix).

AT =A-2a {M*l (H* — Htmc)) VT (1.7.7)

T

BT —B.i2a [M*l(H* - Htme)> (M~1Y) (1.7.8)
A=A+ 2a tr[(H*  Hpwe)T(M71, 1;)} (1.7.9)
A=A+ 20 tr[(H*  Hiyue) M2 Y} (1.7.10)

6Tou

M=B+X\I, € RP*? Y=AV+X1,1] € RP*™

Kotd to mewpduotd poc vionotiooue auth 0 wédodo xou v ouyxpivope de dhha wovtéla. AucTuyde, Ot-
A TOCOPE OTL 1) XeYomn Tou ahyopliduou tne xatdfaong duvauixod dev apxel ylol avTaywvloTixy anddoar, oe
oUyxplon Ue To tponypévoug Behtictotomntég omwg o ADAM.

Yty mpoomdleld yog vo evowuat®doouue Ty Wwéa evég implicit emnédou and ta DEQs oto dixtuo DNMF,
xatohnEaue oe Uit xhelo Ty Exppacn tou TpooeyYlel T Ao woopporiag. ‘Onwg pnopel vo magatneroet xovelg,
To povtého enontevdpevne NMFE nou nopouscidoaye dev elvon mopd wiar emovaAnmtixy] Stodixaocto, mtou a&lomotel
ouwe tov optimizer ADAM avtl twv xhaoixwv MU evnueptoewy yio tny W. Tlap’ 6l autd, 1 uédodog auth
EMLTUY Y EVEL ONUOVTIXT PEOT GTOV dpldud TeV Tapauétpwy ot oyéon pe to apyixd DNME xou, 6nwe delyvouv
ToL TELRdPaTd Hog, Tpoopépel PnhdTepr axpifeto cuyxpltid pe To DNME xou tov xhooixd ahydprdpo MU.
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A-DEQ-NMF pe povo 17 nopdpeteo A.  Axolouddvtag tnv Bla W3éa mou 0d¥ynoe otnyv vhomoinon
tou DEQ-NMF-A, nopoucidloupe wa tpomonoinuévn éxdoon, ovouatt A-DEQ-NMF-A, émou Yewpolpe ty A
WS HOVOBIXT) EXTIUDEDCLUT UATEO TORUUETOWY.

Forward Pass Y.to forward pass, 1 pévn odhoy# elvan 671 umohroyiloupe 10 W T W péow tne A. Suyxexpévar

H* = max| (AAT + A L,) AV — Ay Lyuom), 0] (1.7.11)

Backward Pass. Avtictouya, oto Backward Pass dev unohoyiloupe mhéov Tic mapayoyous we tpog tnv B,
oA ypetalouaoTe TNV Véao o ToAUTAoxy apdywyo tne H* we mpog v A.

TN GUVEYELD, EVIUERWVOUUE TIC TORUUETEOUS A, A, Ao e TNV (Blor Bladixaolar Tou TEpLYPAPNXE TUPAUTAVE. LT
newpdpatd poc petpioope to NSE petold) twv mpoypatindy xot twv TpoBAENOUEVRY UNTEOMY CUVTIEAECTMY,
emBefouidvovtag ) Betiwon tne axpifelac Twv povtéAny yag 6tay dev napafiénouye tny egdptnon yetald A
xon B.

A-DEQ-NMF-A pe 6po anwAciag avaxataoxeLic. o va tpwpioovye anevdeiog opdipata otny
AVOXATAOXEVT) TNE V, eNMexTE(VOUPE TO TEONYOVUEVO UOVTEAD HE VOV ENTO 6RO OMWAELNG UVAUXATAOXEUNS, XO
ovoudloupe v mopohhayfy A-DEQ-NMF-A1. Tho ocuvyxexpwéva, pall pe tv andiewa extiunone tooppomig,
ELOGYOUPE T1) CUVEQTNOT AMWAELDV:

£rec = ||Vtrue - AT I:I* 2Fv

xoil BEATIOTOTOLOUUE TN CUVBLACTIXY| AVTIXEWEVIXY] CUVEETNON:
A 2
*
L= ||H - HtrueHF + a Lyee,

6mou o mapdyovtac a > 0 160pEoTEL TOUC POV ATWAELNS CUVTEAEGTOV Xol VOXATACHEVTC.

Forward Pass. 'Onwe nptv, utohoyilouye:
o = max{(AAT F L) N AV = A L), o},

XOL OTT) GUVEYELQL
V=ATH"

Backward Pass ka1 Avavedoes Iapapérpov. H ouvelo@opd mapaydywyv wg teog ) H* mpoxdntel and 600
opouc:

Vu- |H" - Htrue”? = Q(H* - Htrue)a

o@dAua UATEAC CUVTEAECTOV

Vi |[V-ATH'||2 = —2A (V- ATH").

GPENUOL AVOUXATAOKEVAG

Enouévee 1 cuvohun topdywyog etvo:

Vi £=2[(H" — Hyue) — oA (V- ATH)].
Yt neipduatd pac, auth 1 uBELBIXH cUVEETNOT andhelc 0dHYNoE Ot axbun YaunAbTEpo cpdhua |V — ATH*||%
xou Bedtiooe Ty oxpifela tne expddnone tne AT (uhteoc Bdone).
1.8 A&woAoynon Anoddoorng Ttwv Ilpoteivopevoyv Alyoplduwy
Ye ouTth TV eVOTNTA ToEOUCLACOUUE Lo OELRE TEWRUUETWY TOU TEAYUATOTOUNXAY TOC0 GE TEOGOUOLWUEVL

dedopéva peETOMEEEWY 600 xau oe cuvieTxd dedouéva ye VopufBo, mpoxewévou va emdelfouvue T Behtiwuévn
An6B00T TWV TPOTELVOUEVKY LOVTEAWY Uoc. Ltdyoc pog elvar vo del€oupe 6Tt dyt uévo extipoly Ye YeyollTepn
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1.8. AZwohdynon Anddoorng twv IHpotewvduevoy Alyoplduwmy

axpeifeta ) uitea ouvteAes TV Hipye, 0AAG 01 EMLTUYYEVOUY TIOAD YUUNAG GPAAUO avaXATAOEUNS OTN Virye.
H petpid| mou yenowonolotye eivar to kavovikomoinuévo tetpaywviké opdApa (NSE) oe dB, oplopévo e

|Xtrue - Xpred H%T‘
”Xtrue ||%

NSE(Xtruea Xpred) = ].0 loglo | (1.8.1)

‘Ol o metpdparta axohovdoly npwtoxohho cross-validation ye 5 folds xou pe avohoyio exmaldevonc—doxiunc
(train-test) 80:20 oc xd&de fold. Tao anoteréopata Tou ToPOLCLALOUKE 0TOUC TVOXES XL TLC EXOVES elval oL
péoec Twég amd ta 5 folds. Exmoudetouue xdde poviého yia 800 emoyée pe pudud udldnong 0.01. T Sixoun
oOYxplon Pe Tov enavohnruxd odydprduo MU, axoloudolpe 1 Aoy nov npobndpyet oto [29]: exteholpe
800 avavewaoelg yia ) Wiy xenolpomoiwvtog tov npayuotixd nivoxo Hipye xan ev cuveyeia 10 avavedoelg yio
0 Hymu pe ) «podnuévny Wiy, Apywonololue enlong Tig TopaléTpoug xavovixonoinong Ar, Az 6ieg oto 1.
Ytoug nivaxec mou oaxoAoudolv YENOLOTOLOVUE EVTOVY YRAPN Yiol TO UXPOTEPO GQANLOL X0l UTOYEAUULOY YLot
70 delTEPO UnpPdTEPO OTIOL AmOLTELTAL.

IMewpdpata pe Ilpocopoiwpéva Acdopéva MeTahldZewv. Apyixd, de€dyovue mepdyato oe 12
TPOCOUOIWUEVA GUVONa HeTaMEEewy amd To [14], ta omola neptypdope mponyouuévme. Suyxpivoupe g pedd-
Boug pac e Tov xhaoxd enavainmtind ohyoptduo MU xa to DNMF, petpdvtag t6c0 v oxp{Belo extiunone
¢ Hipye 600 %01 TO GQPIAYOL OVOXATAGKEVAC TS Virue 0TA cUVORA exmaldevone xat doxiunc. Onwe golveton
otov Ilivaxa 1.1, to A-DEQ-NMF unepéyel copoe t6c0 évavtt tou MU 6060 xou tou DNMF, emtuyydvov-
Tac 1o youniotepo NSE oe xdlde split exnoldeuong, amodewviovtac TNy XaveTnTa Tou Vo uddel tn Soun twv
OEBOUEVLV.

Acdouyéva , MU DNMF DEQ-NMF DEQ-NMF-A A-DEQ-NMF A-DEQ-NMF-A A-DEQ-NMF-A1

1 -0.38  -21.40 -2.08 -5.15 -32.98 -1.46 -1.56
2 -1.16  -21.53 -7.36 -6.80 -25.10 -3.21 -3.60
3 -0.20 -22.26 -8.08 -9.30 -28.54 -2.02 -1.11
4 -0.94 -25.21 -3.01 -4.37 -25.28 -11.57 -11.91
5 -0.26  -21.28 -7.80 -6.00 -31.69 -2.43 -1.61
6 -0.49  -22.13 -4.07 -5.52 -28.87 -3.07 -3.51
7 -0.23  -26.82 -16.11 -9.63 -51.87 -1.92 -1.01
8 -0.24  -32.63 -32.27 -17.17 -50.17 -1.97 -2.13
9 -1.15 -28.02 -13.57 -12.28 -35.75 -14.65 -13.63
10 -0.81  -29.08 -10.13 -12.11 -35.84 -14.54 -15.78
11 -1.15  -28.53 -24.31 -19.69 -30.92 -18.64 -23.03
12 -1.14 -32.74 -23.66 -19.54 -41.84 -21.77 -24.14

Table 1.1: Méco NSE(Hyue, Hpred) otat oOvola exnaidevone — Ilpocopoinuéva Aedouéva MetahdEewy.

Agotl dmotdoape 6t to A-DEQ-NMF emtuyydvel to younidtepo NSE ota ohvola exnaideuorng, a&tohoyolyue
0TI GUVEYELL TNV LXAVOTNTA TOU Vol YEVIXEVEL GTol GUVOAX Boxipng. Xe xde emoyy) utohoyilovue Ty extiunom
Hp eqa oto 8eBouéva doxiung o Topouctdloupe o anoTeAéoUaTa HETE TNV TeAeutaio emoyt) otov Ilivoxa 1.2.
Ko néht, to A-DEQ-NMF unepéyel 1660 tou MU 600 xau tou DNMF oe xdde olvoro, anodexvbovtac
ONHAVTIXY TOU IXAvOTNTA YEViXEUOTC.

Acdopéva . MU DNMF DEQ-NMF DEQ-NMF-A A-DEQ-NMF A-DEQ-NMF-A A-DEQ-NMF-A1

1 -0.39  -20.28 -2.38 -5.13 -31.46 -1.49 -1.53
2 -1.16  -20.56 =717 -6.60 -24.79 -3.12 -3.56
3 -0.42  -10.85 0.13 -2.60 -20.57 -1.71 -1.22
4 -0.96  -20.28 -2.20 -3.20 -21.84 -8.87 -9.17
5 -0.25  -20.70 -7.73 -5.51 -29.73 -2.38 -1.49
6 -0.50  -21.18 -3.83 -5.58 -28.55 -3.09 -3.67
7 -0.23  -26.72 -16.59 -9.95 -51.74 -1.91 -1.00
8 -0.24  -32.22 -32.23 -17.32 -50.09 -1.99 -2.28
9 -1.15  -26.03 -10.61 -11.08 -34.40 -13.62 -13.49
10 -0.83 -23.71 -8.84 -11.50 -30.24 -12.89 -14.41
11 -1.17 - -27.10 -22.43 -18.10 -30.49 -17.27 -22.02
12 -1.15 -29.95 -22.60 -15.97 -39.89 -20.62 -23.09

Table 1.2: Méoo NSE(Hy,ye, Hpred) otat o0vola doxuic — Ipocopounpévo Acdopévo MetodhdZewy.
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Y ouvéyelo aElohOYOUUE TO GPIAUA oVIXUTUOXEVAC UETAE) NG TROPBAeNOUEVNS UHTEOG BEBOUEVKDY Yol TNG
mpaypatxic. T tov MU opiCoupge Vipreda = Wiy Huu, eved Yl Tor undhoimor ovtélo YenoLLOTOlO0UE TNV
exTinuévn mopdueteo A (avtiotoel o W) xou unoroyilouue 10 Vpred = AT Hppea. Hapouoidlovye To
anoteAéopata oTa oLvola exnaidevong otov Ilivaxa 1.3 xou napatneolue 6Tt to A-DEQ-NMF-A1 emtuyydvel
TO YOUNAOTERO GPANUA OVAXATAOXEVNIC OE OYEDOY xdde chvolo, emPBefoucivoviag TNy Wéa Tng Tpoodrxng 6pou
OQPAALATOG OVAXUTAOXEVNC GTNV ouVdpTnon antietag. To debtepo xohbtepo poviého, A-DEQ-NMF-A, unept-
gpel ONUAVTING TV EValhaXTXGY, utoypopuilovTag 6Tt 1) prrrapdBiedm tne e&dptnone uetofd W' xouo WTW
odnyel o o oxEIBY) avaXATAGKHELY] TNG PUATEAS BEBOUEVWY.

Acdopéva . MU DNMF DEQ-NMF DEQ-NMF-A A-DEQ-NMF A-DEQ-NMF-A A-DEQ-NMF-A1l

1 -1.64 35.88 34.32 -0.92 36.08 -6.13 -8.44
2 -2.04 34.48 25.70 -3.38 35.45 -9.25 -11.95
3 -1.85 37.44 36.18 -1.83 36.73 -8.52 -9.37
4 -2.17 28.39 25.92 -3.34 29.08 -17.98 -20.61
5 -1.04 37.32 33.32 -0.90 37.22 -8.16 -9.48
6 -1.85 37.22 29.93 -1.46 37.69 -11.91 -12.22
7 -0.33 39.23 34.74 -0.17 39.30 -8.27 -9.77
8 -0.32 38.33 33.40 -0.30 38.40 -8.03 -6.61
9 -3.00 24.04 20.37 -9.79 24.85 -15.81 -24.47
10 -4.76 24.86 20.09 -8.46 25.59 -15.45 -31.39
11 -2.98 25.54 21.17 -6.27 25.33 -12.64 -27.35
12 -2.88 23.95 16.92 -4.90 24.30 -8.99 -37.13

Table 1.3: Méoo NSE(Virue; Vpred) 6T cUvoha exnoideuone — Ipocopounspévo Aedopévo MetodhdZewy.

Me mogdypoto tpémo napouctdlovye to anoteléopato ota obvola doxihc otov Iivaxa 1.4. ‘Onwe puropolyue
vo topatneioouye, To A-DEQ-NMF-A1 cuvey(lel va unepéyel onuovtind dAonv tov Aoy uedodwy ot xdde
olvoro, pe to A-DEQ-NMF-A vo éneton w¢ dedtepo xohitepo povtéro.

Acdopévae . MU DNMF DEQ-NMF DEQ-NMF-A A-DEQ-NMF A-DEQ-NMF-A A-DEQ-NMF-A1l

1 -1.64 35.85 34.46 -0.93 36.07 -6.23 -8.51
2 -2.04 34.47 25.79 -3.46 35.46 -9.32 -11.88
3 -2.10 33.19 32.39 -0.91 34.80 -6.98 -7.92
4 -2.20 28.91 23.74 -4.91 30.06 -16.81 -19.67
5 -1.06 37.53 33.57 -0.79 37.41 -8.65 -9.54
6 -1.85 37.20 29.75 -1.47 37.68 -11.92 -12.11
7 -0.33 39.23 34.76 -0.17 39.30 -8.27 -9.75
8 -0.32 38.33 33.35 -0.31 38.40 -7.89 -6.34
9 -2.97 24.62 20.47 -9.45 25.02 -15.78 -22.98
10 -4.72 25.42 20.00 -7.88 26.05 -14.93 -29.34
11 -2.97 26.19 22.64 -6.06 25.94 -12.48 -26.14
12 -2.88 24.56 17.02 -4.84 24.76 -8.92 -36.04

Table 1.4: Méoo NSE(Virue, Vpred) ota oOvoha Soxuic — Ipocopoiwuéva Aedopéva MetodhdEemy.

Emmiéov, oto tpéyov mhaicio melpoaudtonv mapatneolpe 6t to A-DEQ-NMF Sev emituyydvel uévo 1o youn-
Aotepo NSE yio Ti¢ UATPEC OLVTEAEC TV, 0hAd eloépyeTon ot xadeotmg Tayelog uelwong Tou opdipatoc ToAD
voplc xatd v exnaidevon. Autd avadewxvietar oty Ew. 1.8.1, émov mapgousidloupe 1o NSE oe xdde enoyn
Yot To HETAAAOXTIXG ahvolo 8.

IMewpdpata e Xuvdetind Acdopeva. o vo avadellouye nepattépwy TNV OTOTEAECUATIXOTNTA TGV
povTéhwy poc, dleEdyoupe melpduata ot cuvdeTtind dedopéve. Kotaoxeudloupe tic phtpec Wipye € R100%10 5o
Hipue € RI0X1000 e tuyaiec Twée and opotbpopyn xotavopn oto didotnuae [0, 1]. Ttn cuvéyele, Topdyoupe To
cuvleTind dedouéva H€cw Tou wovTEAOU:

Vtrue = Wtrue Htrue + E,
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1.8. AZwohdynon Anddoorng twv IHpotewvduevoy Alyoplduwmy

H-Train Error H-Test Error

NSE(H) (dB)
NSE(H) (dB)

—~304

0 100 200 300 400 500 600 700 800 [ 100 200 300 400 500 600 700 800
Epoch Epoch

(a) Lpdhua exnaidevone (b) Sepdhpo doxiuic

Figure 1.8.1: Kavovixonowuévo Tetpaywvixd Zediua (NSE) tne H ot Béddoc enoydv yia 1o 8o
ITpocopoiwpévo XOvolo Aedoyévumy.

6mou to otoryelo e E npoépyovtan eniong and opolbpopen xatavopr; oto [0, c], dote vo emtuyydveTon N
emduunth avehoyio ohpatoc tpog BépuBo (SNR). Ttov Iivaxo 1.5 cuvodileton n anddoorn xdde poviélou
yio Sudpopee twée SNR. Hapatnpolue 6Tl Ohot Tol HOVTERX TPOGEYYLOTNC LOOPEOTING ETUTUY YEVOUV TTOAD YouNho
NSE ota oOvola exnaldevong yia wixpéc téc SNR, eved n axpifeia twv A-DEQ-NMF-A xaw A-DEQ-NMF-A1
Behtidveton nepautépw o uPnhotepa SNR.

SNR (dB) , MU DNMF DEQ-NMF DEQ-NMF-A A-DEQ-NMF A-DEQ-NMF-A A-DEQ-NMF-A1l

0 -7.24 -6.39 -0.71 -5.46 -8.29 -8.36 -6.19
5 -7.57 -6.49 -1.40 -6.45 -9.67 -10.22 -9.22
10 -8.07 -6.58 -2.17 -9.07 -11.80 -13.56 -12.95
15 -8.49 -6.64 -2.92 -13.09 -14.23 -18.01 -17.53
20 -8.82 -6.78 -3.38 -14.91 -15.88 -22.17 -21.96

Table 1.5: Méoo NSE(Hyue, Hpred) 0tat oUvola exnaibevone — Xuvietind AcSouévo.

Yrov Hivaxa 1.6 nopovoidletar 1 cuUnERLPORd TwV LOVTEAWY 0T cUvola Boxipnc. ‘Okec ot uédodot Sotnpolv
TAEOUOLES EMBOOELS, EMPBESAUDVOVTUC TNV IXAVOTNTA TOUS VO YEVIXEUOLY GE VEX, QyVLOoTo BEBOUEVA.

SNR (dB) , MU DNMF DEQ-NMF DEQ-NMF-A A-DEQ-NMF A-DEQ-NMF-A A-DEQ-NMF-A1l

0 -7.00 -6.36 -0.64 -5.43 -7.55 -7.26 -6.45
5 -7.44 -6.48 -1.46 -6.31 -9.16 -9.12 -9.15
10 -8.02 -6.57 -2.16 -8.92 -11.52 -12.52 -12.81
15 -8.47 -6.62 -2.94 -12.90 -14.04 -16.90 -17.40
20 -8.81 -6.76 -3.39 -14.84 -15.75 -21.20 -21.85

Table 1.6: Méoo NSE(Hy,ye, Hpred) 010t cOvoha doxyuiic — Zuvdetxd Aedopéva.

‘Onwe xaw ye to benchmarks ogdipatog avoxataoxevic tou AdBoue oTo TPOCOUOLWHUEVA GOVOAN BEBOUEVLV,
napatneolue Eavd otoug Ilivoxeg 1.7 xou 1.8 611 to A-DEQ-NMF-AT embeucviel avidtepy anddoot), ETiTuy yavov-
Tag TOAD YounAdTECO odua and to undioiro Barthd dixtua.

SNR (dB) |, MU DNMF DEQ-NMF DEQ-NMF-A A-DEQ-NMF A-DEQ-NMF-A A-DEQ-NMF-A1l

0 -11.66 -0.84 -0.09 -11.01 -0.19 -11.08 -12.26
5 -14.35 -1.06 -0.14 -12.47 -0.32 -12.39 -15.08
10 -17.37 -1.26 -0.20 -13.31 -0.44 -12.62 -18.64
15 -20.05 -1.33 -0.25 -12.83 -0.58 -13.55 -22.77
20 -21.97 -1.78 -0.27 -10.38 -0.65 -11.35 -27.21

Table 1.7: Méoo NSE(Virue; Vpred) 0Tat 0UVOAa exmoidevone — Zuvdetxd Aedopéva.
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SNR (dB) , MU DNMF DEQ-NMF DEQ-NMF-A A-DEQ-NMF A-DEQ-NMF-A A-DEQ-NMF-A1l

0 -11.62 -0.84 -0.09 -11.00 -0.19 -11.08 -12.01
5 -14.31 -1.06 -0.14 -12.48 -0.32 -12.39 -14.91
10 -17.33 -1.26 -0.20 -13.32 -0.44 -12.62 -18.52
15 -20.02 -1.33 -0.25 -12.82 -0.58 -13.55 -22.65
20 -21.96 -1.78 -0.27 -10.38 -0.65 -11.35 -27.09

Table 1.8: Méoo NSE(Virue; Vpred) 0T cUvoha Soxipfic — Luviletind Acdouévo.

Do tor cuvdeTind Bedopévar €xouue TAHEY YVOOY NG TEAYHATXNS UNTEAUC Wirne XOUL UTOPOUUE VO UETPNOOUNE
10 opdNua PETUED auTAS Xou TN Topouéteou dxtiou AT o xdde poviého. Stny mepintwon tou MU yenot-
ponowolue T Wiy nou mpoxdntel and 800 emavanntixée MU avavewoeic. Xtov Iivaxa 1.9 Swmotdvouue
6t o MU emtuyydver to yaunhotepo NSE oe dhec ti¢ neplntdoels, apol YenoWonolel dUECES ETAVOANTTIXES
avave®oelg, eved 1o A-DEQ-NMF-A1 axoloudel otevd tn younhdtepn Ty o@dhuato yia ehapedde vdmidtepa
SNR.

SNR (dB) MU DNMF DEQ-NMF DEQ-NMF-A A-DEQ-NMF A-DEQ-NMF-A A-DEQ-NMF-A1

0 -1.98 -1.23 -0.14 0.89 -0.38 -0.90 1.74
5 -6.92 -1.23 -0.17 -2.27 -0.53 -4.10 -3.95
10 -11.92 -1.22 -0.19 -5.45 -0.63 -5.76 -10.00
15 -16.99 -1.14 -0.22 -9.17 -0.75 -6.66 -15.71
20 -21.87 -1.41 -0.24 -8.67 -0.80 -6.55 -19.05

Table 1.9: Méoo NSE(Wrue, Wpred) — Zuvietind AcSouévo.

I Moyoue TAnpdtnTae, nopouctdlovue oty Eu. 1.8.2 tic twée NSE oe dB yia ) phitpo cuvtekeotddv xou
ufTeo BEBOPEVWY OTA GUVORA EXTIUBEVOTC %ol BOXUNEC XAUTA TH CUVOAXY BLdpxeld TNE eXTOUBEVONG VLol GhaL Tl
HOVTERA.

NSE H_test @ SNR=10 NSE H_train @ SNR=10

—— DEQ-NMF-A —— DEQ-NMF-A
—— DEQ-NMF —— DEQ-NMF

30 —— ADEQ-NMF-AL 30 —— ADEQ-NMF-AL
—— ADEQ-NMF-A —— ADEQ-NMF-A
—— ADEQ-NMF —— ADEQ-NMF
—— DNMF —— DNMF

20 20

MU N MU

NSE(H) (dB)
NSE(H) (dB)

S
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Epoch Epoch

NSE V_test @ SNR=10 NSE V_train @ SNR=10
40 — DEQ-NMFA 40 —— DEQ-NMF-A
—— DEQ-NMF —— DEQ-NMF
2 — ADEQ-NMF-AL 0 —— ADEQ-NMF-AL
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Figure 1.8.2: Twéc NSE xatd v exnaideuon oe cuvdetind dedopéva (SNR=10dB).
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1.9. Zuyunepdoportoa xou Mehhovtixéc Enextdoelc

1.9 Xvunepdopota xow MeAhoviixég Enextdosig

1.9.1 Xvunepdopato

Yy napodoa daten aviipetonicaue ™y TpdxANnoy g vAomoinong Twv Poaoixdy Wedv twv DEQs ot éva
Bard0 bixtuo mou emAlel to enomteuduevo mpoBinuo NMFE. Ewsaydyope éva povtého Baoiouyévo oe DEQ
v TNy enthuon tou enontevouevou npoPBAfuatoc NMFE, alomowdvtoac teyvixée implicit mapaydylone yia e&-
ouxovounoT uviune. Katémy evioyboope autd 10 LovTELO TROTOTOWWMVTAS T1) BopY| TOV TapoéTewy Tou BixThou,
ETTUY YAVOVTAC XoAOTERT] ETBOON (¢ TEOC XATOLEC PETEIXES.

Y1 ouvéyen mpotelvayue éva oyfua TpocEYYLoNg tooppotiag mou unoloyilel To anueio woppotiag o éva wdvo
Bruo. Onwe xo oto DEQ-NMF, Behtuotonooaue tic embdoelg tne pedoddou npocéyylone loopponiog Ue
AMNAYEC OTIC TUPUUETEOUS XAl OTY CUVEETNOY anwAelag. TENOC, TEaYUATOTOOUUE EXTEVEIC TELOUUATIXEC CUY-
xploelg, 6Tou To TPoTEWOUEV LOVTERN UTIERERNOOY Tig UTdpyouoes uedddoug, epgaviovtas eEalpeTind younid
opdipota NSE 1600 o cuvletind 600 xou o€ Tpocopolwuéva dedouéva.

1.9.2 Meirovtixéc Enextdoseic

Yy tpéyovoa €peuva poc oxomeboude va e€ehifoupe mepantépw té6c0 o poviého DEQ-NMF déco xou to
oo Tpocéyylong tooppotiag yia TNV eNiTeLdn avdtepng amddoonc. Luyxexpluéva, ol ueAhovtxol pog dEoveg
epyooiag efvon ol e€nig:

e DEQ-NMF: Xty tpé€youca vhonolnom yenothonoooue Evay anhod solver avtl yia mo nponypéveg yedo-
douc 6mwe To Anderson acceleration, xuplog Aoyw neplopiopmy ot dadéoes BiBModnxes. Xto uéhhov
TPOYEUUUATICOUUE VoL BLEREUVHCOUUE XAl VUL EVOWUATWOOUYE TRONYHEVOUS SOlVer, MGTE Vo EVIoYUGOUUE TN
oUyxhon xou v axpeifeia tou DEQ-NMF, xodde xou va mepapotiotolue cuoctnuatixd ye fine-tuning
TV TUEUPETEWY TOU dtxTthou ot Tou solver.

o A-DEQ-NMF: Ta anoteréopatd hog uTodetxviouy 6Tt ol TUTXES oot TEXTOVIXES BixTOWY BuoxoielovTal
vo pddouv ue oxpifBeio T unteoda Bdong dtav outh avTiweTwTlETol W TAUpUUETES BixTOOU, EVE oL
TPOTELVOUEVEG TeoToToMoElC BEATiwoay eAappds Ty anddoor. 201600, ato peToAhoxTixd dedouéva 1
extiunon napéuetve un ixavomolntixy. Xxonelouue va dleEdyoupe eig Badoc avdhuon twv outloy autod
TOU TIEPLOPLOKOY Xl VAL AVOTTUEOUUE GTOYEUMEVEC TPOTOTOLATELS Yl TNV dEaT) TOU.

o I'evixevon xow Extetapévn AZwohdéynon: To ta npotewdueva yovtélo Botde iooppomiog xou
TPOGEYYLoNG LWooppoTias, oYeddlovUe Vo avanTOEOUUE EVUANUXTIXEG EXDOOELS TWV UPYLTEXTOVIXMV UOG
TPOCUPUOCUEVES Yiot TNV Tep(nTwon tou prn-emBiendpevou NMF, 6mou Biodétouue wévo ) pritea Oe-
dopévwv. Emmiéoyv, dedopévou 6t oL pédodol pac unepéfnoay otodtepd to baseline, Yo enixvpwoouye Ty
ATOTEAEOUATIXOTNTA TOUG OE EVPVTEPO PACUI CUVOAWY BEBOUEVLV XaL EQPUOUOYMY, (OOTE Vo eEETAOOVUE
elc Badog TN YEVIXEUGWOTNTO XAl TOL TAEOVEXTHUATY TOUG.
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Chapter 2. Introduction

2.1 Motivation

Non-negative Matrix Factorization (NMF) has gained significant attention due to its ability to decompose
complex data into interpretable, additive components under non-negativity constraints. This makes it espe-
cially useful in real-world applications where the data naturally consists of non-negative quantities, such as
pixel intensities, word frequencies, or chemical concentrations. The factorized matrices often reveal mean-
ingful latent structures, making NMF a powerful tool for dimensionality reduction, source separation, and
feature extraction. Its simplicity, interpretability, and wide applicability across domains—ranging from hy-
perspectral imaging and audio processing to mutational signature analysis and document analysis—make it
a compelling subject of study both from theoretical and applied perspectives.

In the recent years, a new technique named Algorithm Unrolling has opened ways to explore how classic
iterative machine learning algorithms can be translated to deep neural networks. In most cases, the classic
algorithms are blind, meaning their parameters are initialized empirically and are kept constant through the
iterations. With algorithm unrolling, if we have knowledge over some dataset, we can train our network and
find the ideal parameters through more advanced algorithms like gradient descent or ADAM. In that way we
can make more practical use of our knowledge of a problem.

Concurrently, driven by the need to reduce both computational and memory demands of traditional deep
architectures, Deep Equilibrium Models (DEQs) recast an arbitrarily deep, weight-tied network as a single-
layer fixed-point problem. By solving for an equilibrium state rather than unrolling multiple layers, DEQs
achieve the expressive power of an “infinite” network while incurring only constant memory cost during both
training and inference.

Recognizing the practical benefits of such an approach, it is natural to aim to integrate DEQ’s core principles
into unrolled networks to enhance both memory efficiency and computational performance. Accordingly, in
this thesis we extend those ideas to the deep network created by unrolling the iterative Multiplicative Update
(MU)-NMF algorithm.

2.2 Contributions

To address the challenge of solving the Supervised NMF problem with minimal memory footprint, we first
provide a DEQ-NMF model that is based on the unrolled version of the iterative Multiplicative Update (MU)
algorithm. In contrast to previous implementations, our method allows increasing the number of iterations in
the forward pass while maintaining constant memory throughout backpropagation in the backward step. This
becomes possible by utilizing implicit differentiation, as proposed in [19]. In this work, we not only present
an analytical derivation of the required gradients for training our model within a gradient descent framework,
but also demonstrate the practical use of advanced optimization algorithms such as ADAM during training.
We then proceed to propose a modified version of DEQ-NMF, where we alter the structure of our network
aiming to increase its effectiveness on existing and other metrics/parameters.

After implementing the aforementioned methods, we introduce a novel one-step equilibrium approximation
scheme designed to encapsulate the core fixed-point computation within a single update. This work has been
accepted for presentation at the 25th International Conference on Digital Signal Processing (DSP 2025), to be
held in Costa Navarino, Messinia, Greece, in June 2025 [32]. We further refine this scheme through targeted
architectural enhancements aimed at improving its overall effectiveness. To the best of our knowledge, this
equilibrium approximation approach constitutes a new contribution that has not been previously explored
in the literature. Empirical evaluations on both synthetic and simulated mutational datasets demonstrate
that our proposed methods not only match, but in several key metrics, surpass the accuracy of classical MU
algorithms and existing deep NMF techniques on the datasets considered.

2.3 Thesis Outline

e Chapter 2 introduces the basic concepts in the fields of non-negative matrix factorization and deep
learning and provides an overview of new techniques employed in those fields the recent years.
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2.4. Notation

e Chapter 3 goes over the regularized NMF framework, that was the base of the unrolled network for
NMF. This chapter aims to establish a solid background for the following developments and methods
later presented in this thesis.

e Chapter 4 introduces a DEQ-inspired deep network for supervised NMF that achieves constant mem-
ory cost, together with a one-step fixed-point approximation approach. These architectures are then
refined through targeted structural enhancements. We evaluate the proposed models by conducting
extensive experiments on both synthetic and simulated mutational datasets, demonstrating superior
performance compared to classical MU algorithms and prior unrolled approaches.

e Chapter 5 serves as the concluding chapter of this thesis, providing a summary of the main findings
and presenting comprehensive conclusions based on the research conducted. It also outlines potential
directions for future work, highlighting opportunities for further advancement in the field.

2.4 Notation

We use bold uppercase letters X to represent matrices and bold lowercase letters x for column vectors. We
denote z; as the ith element of the column vector x, z;; as the ¢jth entry and x; as the ith column of matrix
X, respectively, except in cases where we retain the original notation from referenced works, in which case
the meaning of each symbol is explicitly defined. Symbols ®, @, I,, and 1,x,, are used for elementwise
multiplication and division, the n x n identity matrix, and the n x m all-ones matrix, respectively. Finally
[|X||r denotes the Frobenius norm of X.
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Chapter 3. Theoretical Background

3.1 Non-negative Matrix Factorization

In this chapter we lay the mathematical and algorithmic foundations that our later work will build upon. We
begin by reviewing each key concept in turn so that the reader can follow the development of our proposed
approach in the chapters that follow. By working through these ideas step by step, we aim to clarify how
they interrelate and to prepare the ground for the contributions presented in Chapter 4. Specifically, this
chapter reviews four key pillars of our approach: Nonnegative Matrix Factorization (NMF), core principles
of deep learning, the algorithm-unrolling paradigm, and deep equilibrium models (DEQs). Together, these
concepts form the theoretical toolkit that underpins the novel methods developed later in our thesis.

3.1.1 Introduction to NMF

Nonnegative Matrix Factorization (NMF) seeks an additive, parts-based decomposition of a nonnegative data
matrix V € RZ5™ into two low-rank factors, i.e.,

V =~ WH, WeRL" HeRI™, r < min(n,m).

By enforcing the nonnegativity constraints W, H > 0, NMF produces a decomposition where the columns
of W represent nonnegative “building blocks” and the corresponding columns of H encode nonnegative
combination coefficients. Unlike other linear dimensionality reduction (LDR) techniques such as Principal
Component Analysis (PCA) [1] or the Singular Value Decomposition (SVD) [2], which allow both positive
and negative entries due to their orthogonality properties, NMF enforces a strictly additive model. This lack
of subtraction often results in more interpretable and sparse representations.

NMF Problem Statement

Formally, given a nonnegative data matrix V € RZ§™, a desired factorization rank r, and a distance measure

D(-, ) between matrices, NMF seeks two nonnegative factors W € RZ;" and H € RU™ such that D(V, WH)
is minimized: - B
min D(V, W H). (3.1.1)

VVE]R;%< " HE]R;E""

Choice of Factorization Rank r

The factorization rank r plays a central role in Non-negative Matrix Factorization (NMF), as it controls the
model’s capacity to capture latent structure. Choosing r too small results in an undercomplete representation,
where the limited basis forces the model to compress diverse patterns, often causing large reconstruction
errors and underfitting. In contrast, selecting r too large leads to an overcomplete representation that may
reconstruct the data nearly exactly, but at the cost of uniqueness and robustness, increasing the risk of
overfitting and reduced interpretability. There is no universally optimal rank r that performs best across all
datasets or tasks. In practice, » must be selected through model selection procedures such as cross-validation,
performance metrics tailored to the application, or domain-specific heuristics that balance reconstruction
quality with model simplicity.

Non-Uniqueness and the Need for Regularization

The optimization problem posed in (3.1.1) is jointly non-convez in the variables (W, H), and admits infinitely
many solutions. In particular, for any invertible matrix Q > 0 with Q! > 0, the transformed pair

Wl _ WQ7 H/ _ Q—lH
satisfies
WH =WQQ 'H=WH.
This inherent ambiguity limits the interpretability of NMF solutions, especially in overcomplete settings.

To address this, one often augments the NMF objective with additional regularization terms or constraints
that induce desirable structure in the factors [3]. Examples include:
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e Sparsity constraints on H, to promote part-based representations.

e Orthogonality constraints on W, to encourage diversity in the basis.

e Smoothness or graph-based regularization, to encode relationships between features or samples.
e Volume or simplex constraints, to enforce geometric or probabilistic interpretability.

Such regularizers help break the symmetry of the solution space and guide the optimization toward meaningful
and unique factorizations [4].

3.1.2 Multiplicative Update Algorithm for NMF

Numerous algorithms have been proposed to solve the NMF optimization problem, including alternating
least squares (ALS) [5], projected gradient methods [6], coordinate descent [7], and hierarchical alternating
optimization [8]. Among these, the Multiplicative Update (MU) algorithm introduced by Lee and Seung [9]
is particularly popular due to its simplicity, ease of implementation, and ability to preserve non-negativity
inherently. In this work, we focus on MU as it forms the basis for subsequent developments presented in later
sections. Given the objective function defined by the Frobenius norm:

1
. - _ H 2
w5 |V - WH|%,

the Multiplicative Update rules iteratively update matrices W and H according to the following equations:
1. Initialize W and H with non-negative random values.

2. Iterate until convergence:

(W'V)y -

h” — h”m’ for all 1,7
VH"),;;

Wij < Wij ( ) J for all Z,]

(WHHT);; + ¢

where € is a small constant added for numerical stability to avoid division by zero. Each update preserves
the non-negativity constraints due to the multiplicative nature of the update rules.

3.1.3 NMF Applications

Non-negative Matrix Factorization has diverse applications across many fields, including:

e Image Processing — Facial Feature Extraction. A classic and foundational application of NMF
is facial feature extraction, as first demonstrated by Lee and Seung [10]. In this application, we have a
data matrix X € RZ;™ representing a vectorized gray-level image of a human face. The value of the
element x;; is the intensity of the ith pixel in the corresponding jth face. With NMF, V is factorized
to a basis matrix W € RZ" that consists of basis elements and a matrix H € RU™ that contains the
combination of basis elements that construct each face. A fact that reinforces the interpretability of
NMF, is that the basis elements extracted are parts of the human face such as eyes, lips, mustaches
and noses. Moreover, because of the non-negativity constraints, the basis images can only be summed
up to obtain each original face image. This can be seen in 3.1.1:

e Text Mining — Topic Recovery and Document Classification. The use of NMF in document
clustering and topic modeling was introduced by Xu et al. [12]. NMF was formulated as follows: The
data matrix X € RZ;™ has columns which correspond to a document and rows that correspond to a
certain word. In this way the X(,7) can contain the number of times the jth word appears in the
ith document. Because of the non-negativity, each of the columns of W can be interpreted as a set of
words. Since the number of documents m is usually quite bigger than the number of basis elements
r, the columns of W should be sets of words found in several documents. Therefore we can interpret
the basis elements as topics, to which we assign each document using the matrix H. All in all, NMF
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Figure 3.1.1: NMF Facial Feature Extraction. From [11].

manages to identify topics and classify the documents among those topics at the same time. This is
illustrated in 3.1.2.

X(g) = Wi, k) Hik,j) , with W = 0and H = 0.
S, — S o’
jth document k=1 Jketh topic

importance of kth topic

in jth document

Figure 3.1.2: NMF for Topic Modeling. From [11]

e Hyperspectral Unmixing — Identify Endmembers and Classify Pixels. NMF was first proposed
for hyperspectral unmixing by Nascimento and Dias [13]. In hyperspectral imaging, each pixel holds
information of the reflected light among many wavelengths, consisting the unique spectral signature of
the pixel. Hyperspectral unmixing aims to identify every material’s unique spectral signature, called
endmember, and then proceeds to estimate what combination of spectral signatures each pixel holds.
Typically, this involves the use of the linear mixing model, which assumes that each pixel’s spectral
signature contains a linear combination of endmembers. NMF is formulated as following: The data
matrix X has columns which contain the spectral signatures of pixels. We then factorize it to a basis
matrix W, which has columns that represent the endmembers and an abundance matrix H which
indicates how much each endmember is present in each pixel. In Fig. 3.1.3, we see how a hyperspectral
cube is decomposed in a set of endmembers and their corresponding abundance maps.
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Figure 3.1.3: NMF For Spectral Unmixing. From [11].
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e Medical Applications — Cancer Genomics. NMF has proven especially powerful in cancer ge-
nomics for uncovering mutational processes hidden within tumor genomes. In a landmark study,
Alexandrov et al. [14] applied NMF to tens of thousands of cancer genome and exome sequences,
decomposing complex mutational catalogs into distinct mutational signatures and estimating their
contributions across cancer types. In this setting, the matrix V represents a mutation count matrix
per mutation type per sample, W captures the mutational signatures, and H their exposures. This
decomposition has provided fundamental insights into DNA damage and repair mechanisms in cancer.

3.2 Introduction to Neural Networks and Deep Learning

This section serves to clarify some key concepts of deep learning, offering a brief historical overview of the
field and introducing the main architectures and algorithms behind neural networks. Deep learning is a
concept widely discussed in this thesis and used to enhance traditional NMF algorithms.

3.2.1 Historical Review

Neural networks are a class of machine learning algorithms inspired by the structure and functioning of
biological neural networks found in the human brain. These models comprise interconnected computational
units, often referred to as "neurons", which collaboratively process data, identify patterns, and generate
predictions. A key distinguishing feature of neural networks is their ability to learn from examples and gen-
eralize this knowledge to previously unseen data. This learning process is enabled through backpropagation,
an algorithm that minimizes prediction errors by iteratively updating the model’s internal parameters. Over
time, this iterative refinement enhances the network’s predictive accuracy, making neural networks powerful
tools for a wide range of applications.

The origins of neural networks can be traced back to the 1940s, with foundational work by Walter Pitts
and Warren McCulloch, who first introduced the concept of a "neural network" [33]. A significant milestone
followed in 1957 with Frank Rosenblatt’s development of the perceptron [34], an early model that laid the
groundwork for future advancements. However, the practical realization of neural networks’ full potential
was initially hindered by limited computational resources and the scarcity of large datasets.

A resurgence of interest occurred in the 1980s and intensified in the 2000s, driven by breakthroughs in
computational hardware and the growing availability of extensive datasets. These developments enabled
the training of more sophisticated and deeper network architectures. The emergence of deep neural
networks—mnetworks composed of multiple layers—has since revolutionized the field of artificial intelligence.
Notable innovations such as convolutional neural networks (CNNs) [35], [36] for image processing and
recurrent neural networks (RNNs) [37], [38] for sequential data analysis have profoundly impacted areas
including computer vision, natural language processing (NLP), and speech recognition.

The continued evolution of deep learning has been supported by advances in hardware, particularly the use
of Graphics Processing Units (GPUs) for parallel computation and the development of specialized hardware
such as Tensor Processing Units (TPUs). These technologies have significantly accelerated both the training
and deployment of large-scale neural models, enabling breakthroughs across complex machine learning tasks.
Most recently, the advent of Large Language Models (LLMs) represents a transformative development in
NLP and AI. LLMs demonstrate an exceptional capacity to understand and generate human-like language.
Leveraging vast computational resources and advanced training algorithms, these models excel at tasks
such as translation, summarization, question answering, and text generation. Beyond traditional NLP
applications, LLMs are also influencing domains such as virtual assistants, automated content creation, and
sentiment analysis, marking a significant milestone in the advancement of artificial intelligence.

In recent years, neural networks and deep learning have been increasingly incorporated into model-based
approaches for NMF, enhancing their expressiveness and adaptability. This thesis builds upon one such idea,
drawing inspiration from these developments and further exploring its implications and extensions within a
broader deep learning framework.
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3.2.2 Basic Structure of Neural Networks

Within the field of artificial intelligence (AI), the neuron serves as the fundamental unit of artificial neural
networks, modeled after the biological neurons found in the human brain. In artificial systems, a neuron
is a basic computational element responsible for processing and transmitting information throughout the
network. Similar to its biological analogue, an artificial neuron takes input signals, applies a mathematical
transformation, and generates an output. These neurons are interconnected via weighted connections, often
referred to as "synapses," allowing them to collectively analyze and interpret data, as illustrated in Fig. 3.2.1.
Their behavior is governed by a combination of weighted summation and activation functions, enabling the
network to model complex patterns and dependencies within the data. The primary components of a neural
network include:
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Figure 3.2.1: Structure of a classic neural network. From [39].

e Input Layer: Provides the initial feature set or input vector x = [x1, 3, ..., Z,] to the neuron, where
each x; represents a distinct input feature.

e Weights: The parameters w = [wy,ws,...,w,]| represent the strength of the connections between
input features and the neuron, influencing the neuron’s response.

e Summation Function: Calculates the weighted sum z of inputs and weights, with an added bias
term b: z =Y . (z; - w;) +b.

e Activation Function: Applies a non-linear transformation to z, enabling the neuron to model complex
patterns.

e Output: The neuron’s output y, produced after activation, serves as its response for tasks such as
classification or prediction.

Activation functions are essential components of artificial neurons, introducing non-linearity that allows
neural networks to model complex patterns in data. Without them, the network would be limited to linear
transformations, reducing its expressive power. By enabling varied responses to inputs, activation functions
enhance a network’s ability to learn intricate relationships, which is crucial in domains like image recognition
and natural language processing. They also support function approximation, helping networks generalize and
extract meaningful features.

3.2.3 Training a Neural Network

In this subsection, we present some key concepts of training a neural network. To make accurate predictions,
neural networks require a training procedure that adjusts their internal parameters. Depending on the
architecture and application, the number of these parameters can range from thousands to billions. The
objective of training is to align the network’s predictions with known targets by minimizing a predefined loss
function using gradient-based optimization techniques.

Backpropagation is the central algorithm used to update the network’s weights [40]. It consists of two
main phases:
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e Forward Pass: In this phase, the input data is passed through the network layer by layer. Each layer
applies transformations and activation functions, and the final layer produces the output. The forward
pass is responsible for generating predictions based on the current state of the network.

e Backward Pass: Also known as backpropagation, this phase follows the forward pass. It calculates the
error between the predicted output and the actual target values, then propagates this error backward
through the network. Gradients of the loss with respect to each parameter are computed and used to
update the weights, typically via gradient descent. This iterative process enables the network to refine
its parameters and improve prediction accuracy over time.

Once the per-parameter gradients have been computed by backpropagation, they must be used to acquire
our new weight parameters. In this work we consider two such first-order update rules: Gradient Descent
and the Adam optimizer (Algorithm 1).

Gradient Descent is an iterative optimization algorithm commonly used to minimize a differentiable loss
function [41]. At each step, the algorithm updates the parameters in the direction of the negative gradient of
the loss, which corresponds to the steepest descent. Formally, the update rule from step k to k + 1 is given
by:

Wit1 = Wi — NV L(wy)

Here, wy, represents the parameters at step k, L(w) is the loss function, VL(wy) is its gradient, and 7 is
the learning rate (or step size), which controls how large each update is. A smaller learning rate may slow
convergence or get stuck in local minima, while a larger one may overshoot and destabilize training. Choosing
an appropriate learning rate is crucial for effective and stable training [42].

While standard gradient descent provides a foundational method for optimizing differentiable objectives, it
can struggle with issues such as slow convergence, noisy gradients, or poorly scaled parameters. To address
these limitations, a variety of adaptive optimization algorithms have been proposed. One widely used and
effective method is Adam (Adaptive Moment Estimation), which combines ideas from both momentum based
methods [43], [44] and RMSProp [45]. Adam maintains exponentially decaying averages of past gradients (first
moment) and squared gradients (second moment) to adaptively adjust the learning rate for each parameter.
This makes it particularly well-suited for problems with sparse gradients or non-stationary objectives. The
algorithm has become a default choice for training deep learning models due to its robustness, efficiency, and
minimal need for manual tuning. Below, we present the pseudocode for the Adam optimizer as introduced
in [41]. We provide this formal description to clarify its internal mechanism, as the algorithm will be used in
our own experiments and model training processes later in this work.

Algorithm 1. Adam [4]]
Require: «: Stepsize
Require: (1, 33 € [0,1]: Decay rates
Require: f(6): Stochastic objective
Require: 60j: Initial parameters
mg < 0 (Initialize 1°* moment vector) wvg < 0 (Initialize 2"¢ moment vector) ¢ < 0 (Initialize time step)
while not converged do
t+t+1 g + Vof(0i—1) (Get gradients w.r.t. stochastic objective at timestep t) m; < Simi—1 +
(1 — B1)g: (Update biased first moment estimate) v; < Bavyi_1 + (1 — B2)g? (Update biased second
my Ut
— Bt 1—p4

(Compute bias-corrected second raw moment estimate) 60y <— 6;,_1 — « (Update parameters)

(Compute bias-corrected first moment estimate) o <

raw moment estimate) 1, < .

my
Vo + €

return 0; (Resulting parameters)

Overfitting and Underfitting: Two important concepts in neural network training are overfit-
ting/underfitting, which describe how well a model generalizes to new data and regularization. Understanding
and addressing these phenomena is essential for developing models that perform reliably on both training
and unseen data. Overfitting occurs when a model captures noise or irrelevant patterns in the training data,
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performing well on the training set but failing to generalize to new, unseen data. This typically results from
excessive model complexity or overly long training. In contrast, underfitting happens when a model is too
simple or insufficiently trained, failing to capture the underlying structure of the data. It performs poorly on
both training and test sets. Achieving a good balance between overfitting and underfitting involves select-
ing appropriate model complexity and employing techniques like regularization, cross-validation, and careful
tuning of hyperparameters. An illustration of these concepts in a binary classification task is shown in Fig.
3.2.2.

X
w X X
X X
X x X X
X O % X X X
X X )4
X
XX X X X ¢ X X o XX
Xx X Xx X X X
Overfitting Appropriate fitting Underfitting
(a) Overfitting (b) Appropriate fitting (¢) Underfitting

Figure 3.2.2: Model fitting scenarios in binary classification. From [46].

Regularization: Regularization introduces a penalty term to the loss function to discourage overly complex
models and reduce overfitting. Two common types are ¢; (Lasso) and {3 (Ridge) regularization. Lasso
promotes sparsity by driving some weights to zero, while ridge penalizes large weights, keeping them small.
In neural networks, ridge regularization is often used to stabilize weight updates and improve generalization.
Mathematically, these penalties are expressed as:

Ly(w) = %Z wil, (3.2.1)

Lay(w) = %wa. (3.2.2)

These regularization techniques are employed later in this thesis to improve model generalization and prevent
overfitting during training.

3.3 Algorithm Unrolling

Algorithm unrolling, also known as unfolding, is an emerging technique that maps each iteration of a classical
signal-processing algorithm onto a layer of a deep neural network with trainable parameters. By doing
so, it forges a direct, systematic link between well-understood optimization routines and modern learning
architectures, effectively imbuing networks with the interpretability, convergence behavior, and efficiency of
their algorithmic counterparts. Originally introduced to accelerate sparse-coding solvers, unrolled models
have since gained widespread attention, finding applications across imaging, vision, and speech processing.
Their popularity stems from the ability to leverage domain knowledge to build high-performance models that
require far less data and offer clearer theoretical insights than conventional “black-box” deep networks.

3.3.1 Deep Neural Networks and Interpretability

Deep neural networks (DNNs) have revolutionized many fields, especially signal and image processing, by de-
livering unprecedented performance improvements. However, their widespread adoption in practical scenarios
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is significantly impeded by their opaque, "black-box" nature. Due to their complex, multilayered structures
involving millions of learned parameters, it is notoriously difficult to interpret how and why specific decisions
are made within the network. Consequently, this lack of interpretability complicates validation, debugging,
and trust-building, making it challenging to gain insights into what information or domain-specific knowledge
has been implicitly captured by the model.

3.3.2 Traditional Iterative Algorithms

On the other hand, traditional iterative algorithms offer high interpretability by explicitly modeling physical
processes and embedding prior domain knowledge directly into their structure. However, these methods suffer
from the critical drawback of relying on empirically chosen parameters, which are typically fixed without
systematic optimization based on available real-world datasets. This manual selection limits the algorithm’s
adaptability, potentially causing suboptimal performance, especially when comprehensive datasets exist that
could otherwise inform and refine these parameters. Thus, iterative algorithms often cannot fully leverage the
extensive knowledge present in modern datasets, restricting their capacity to achieve optimal, data-informed
solutions.

3.3.3 Algorithm Unrolling Emerges

Algorithm unrolling (or unfolding) is a technique that transforms iterative algorithms into deep neural net-
works by mapping each iteration of the algorithm into one layer of the network. Essentially, each step of
an iterative procedure, becomes an interpretable layer whose parameters, previously determined manually or
through fixed rules, become learnable from data. By stacking these layers, the resulting deep architecture
retains the interpretability of traditional algorithms while gaining the adaptivity and performance benefits
of deep learning. The structure of such an unrolled network can be seen in Fig. 3.3.1.

The earliest work in algorithm unrolling was presented by Gregor et al. [15], aiming to improve the com-
putational efficiency of sparse coding algorithms through end-to-end training. In their work, they unfolded
the Iterative Shrinkage and Thresholding Algorithm (ISTA), an algorithm used to solve the sparse coding
problem [16] and proposed its unrolled counterpart, later called learned ISTA (LISTA). In what follows,
we analyze this unfolding example in detail, examining how each ISTA iteration maps to a corresponding
network layer.
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Figure 3.3.1: Unrolled Network illustration from [17].

Concretely, given an input vector y € R™ and an overcomplete dictionary W € R™*™ with m > n, sparse
coding refers to finding a sparse representation of y using W. In other words, we aim to find a sparse code
X € R™ such that y &~ Wx while "pushing" as many coefficients as possible in x to be zero. A common
approach to determine x is to solve the following convex optimization problem:

1
min Sy — Wx|3 + A, (3:3.1)
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where A > 0 is a regularization parameter that controls the sparsity of the solution. Specifically, ISTA refines
its estimate at each iteration as follows:

Xt — SW(( —IWTW) x + iWTy), t=0,1,... (3.3.2)

where I € R™*™ is the identity matrix, u > 0 is a step-size parameter, and Sy(-) is the element-wise
soft-thresholding operator defined as Sp(x) = sign(x) - max{|x| — 6, 0}.

We can interpret L of ISTA as cascading L layers together, which essentially form a L-layer deep network as
illustrated in Fig. 3.3.2. In the unrolled network, we now consider the learnable parameters:

lwW'w, W,=1wT'.
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Figure 3.3.2: Unfolding of ISTA to LISTA from [17].

The unrolled network is trained using real datasets to optimize the parameters W;, W., and A. The
training of LISTA is performed through a sequence of vectors y',y2,...,y"¥ € R” and their corresponding
ground-truth sparse codes x*!,x*2, ... x*N. The network’s parameters are then optimized using popular
gradient-based learning techniques, such as stochastic gradient descent [18]. After conducting experiments,
it was observed that the number of layers in LISTA is quite smaller than the number of iterations that ISTA

would need to achieve the same results.

3.4 Deep Equilibrium Models

In this section, we’ll assemble the key ideas that consist the base of Deep Equilibrium Models (DEQs). We be-
gin by casting a deep network as a fixed-point iteration, then show how unrolling such an iteration into explicit
“layers” and tying the same weights across them produces a powerful, recurrent-style architecture. Building
on that, we introduce implicit layers, whose outputs are defined not by a finite chain of transformations but
by the solution of an equilibrium equation, and demonstrate how root-finding and implicit differentiation
come together to form the Deep Equilibrium Model. These concepts—fixed-point views, algorithm unrolling,
weight tying, and implicit layers—will underpin our entire treatment of DEQs.

3.4.1 Implicit Layers

As we discussed previously, a deep neural network is comprised of a large number of connected layers. In
modern deep learning, the vast majority of these layers are explicit—that is, defined by a fixed sequence of
operations that transform the input into the output. In contrast, an implicit layer defines the conditions
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that the layer’s output must satisfy, rather than specifying the exact computation to obtain it. A prominent
early example of this idea is OptNet [47], which proposed defining a layer’s output as the solution to a
quadratic program (QP), effectively making it a constrained optimization-based implicit layer. The principal
advantage of implicit layers lies in the clear separation between the definition of the layer (e.g., the QP
in OptNet) and the algorithm used to solve it. By decoupling these two components, implicit layers gain
significant modularity, allowing practitioners to leverage specialized, highly efficient solvers tailored to their
application. The logic behind an implicit layer and the distinction with a traditional explicit layer is shown
in Fig. 3.4.1.

Explicit Layer
Compute
T= 2=f(=) 7
-
Implicit Layer
Compute z s.t.

g(z,z) =0

| —

Figure 3.4.1: Tllustration of an Implicit Layer [19]

3.4.2 Weight-Tied Neural Networks

Weight-tied networks are a class of neural networks in which the same set of weights is reused across multiple
layers. Rather than learning a separate set of parameters for each layer, a weight-tied network enforces
parameter sharing, meaning each transformation in the sequence applies the same weight matrix. Formally,
given an input x, the network computes hidden states using the recurrence z;11 = 0(Wz; + Ux + b), where
W and U are shared across all layers. The idea of tying input and output embeddings, which reflects the
weight-tied principle, was first formalized by Press and Wolf [20], and has since become foundational in
sequence modeling. Weight tying is particularly useful in models designed to process sequential data, such as
Recurrent Neural Networks (RNNs), and serves as a conceptual stepping stone to Deep Equilibrium Models
(DEQs). It is worth noting that any deep network can be restructured as a weight-tied network with the
same depth and with a unit size equal to the sum of the individual hidden unit sizes in the original network.
The proof of this can be found in the appendix of [19].

This structural difference is visually illustrated in Figure 3.4.2b, where the weight-tied network reuses the
same transformation matrix across layers, in contrast to the classic deep network, shown in Fig. 3.4.2a, that
learns a distinct matrix per layer.
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Figure 3.4.2: Comparison of classic deep network and weight-tied network architectures.
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3.4.3 Fixed Points

The concept of a fixed point is a fundamental mathematical tool that we will need shortly when discussing a
broad class of models defined through iterative or equilibrium-based formulations. Formally, let f : X — X
be a function defined on a set X'. A point z* € X is called a fixed point of f if

fla™) =a*.

That is, if we pick a point x € A and we apply f an infinite amount of times, we will eventually get to a
point z* called fixed point or equilibrium point, that will no longer change when f is applied to it. Such
points often represent equilibrium or convergence states in dynamical systems and iterative processes. In the
subsequent section, we will explore models that leverage fixed-point formulations to define their behavior.

3.4.4 Introduction to Deep Equilibrium Models

Deep Equilibrium Models (DEQs) are models fundamentally built upon the mathematical concept of fixed-
point iterations. In standard weight-tied models the update of each layer can be written as:

Zgi:—;l] = fam (Z[li:]T;XlzT) fori=0,1,2,...,L -1, (34.1)

where i is the layer index; z[li:]T is the hidden sequence of length T at layer ¢; L is the number of layers; x;.7

is the input sequence and fg] is some nonlinear transformation which typically enforces causality. In practice
it has been observed that if fy meets certain conditions and we apply it repeatedly, the network reaches an
equilibrium point z7,,.. This convergence can be expressed formally as:

Jim 2l = Tim fy (%) = fo (s xir) = 2 (3.4.2)

It has been shown that as the depth of a weight-tied deep network increases, we achieve improved perfomance.
However, in traditional deep learning, in order to backpropagate through the whole network, we have to
compute the gradients for each layer’s parameters. Thus our models cannot be trained beyond a certain
depth that depends on the available memory. DEQs, however, use a single implicit layer, which is defined
implicitly by the fixed-point equation z* = fg (z*, x). In other words, instead of stacking L explicit layers, the
layer is defined to be the solution z* of this root-finding problem. We can then leverage implicit differentiation
and do a single backwards step, rather than backpropagating through all the solver iterations. We present
these ideas in detail below.

3.4.5 Forward Pass

Training DEQs involves distinct forward and backward computational processes compared to standard deep
networks. In the forward pass, DEQs find their equilibrium state by solving a fixed-point equation rather
than sequentially computing layer-by-layer activations. We define:

90(21.r;x1:1) = fo(21.miX1r) — 217 (3.4.3)

Then numerical root-finding techniques are used to find the solution of Eq. 3.4.3. These methods iteratively
refine an initial guess until a stable equilibrium point is reached. In practice, the most common root-
finding methods for fixed-point iterations include Anderson acceleration [21], [22], Broyden’s method [23],
and Newton’s method [24], [25]. Fig. 3.4.3 visualizes the forward pass of a DEQ model as an iterative
process converging to the equilibrium point z* illustrating the contrast with conventional weight-tied layer-
wise computation.

3.4.6 Backward Pass

An issue that arises from the use of a black-box root-finding algorithm, is that we can no longer backpropagate
through the operations of the forward-pass, like we do in traditional deep learning. Instead, the backward pass
in DEQs is based on the Implicit Function Theorem [26]. More generally, the DEQ framework extends this
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Deep Equilibrium Models
s Weight-tied Deep Networks 0 5 21
Output y=ur
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Figure 3.4.3: DEQ vs weight-tied DN solving for the equilibrium point in 2 dimensions. From [19].

approach by applying the implicit function theorem directly to the fixed-point equation, enabling end-to-end
differentiation without unrolling. It is shown that the backward gradient through the “infinite” depth network
can be computed with a single matrix multiplication that involves the Jacobian evaluated at equilibrium point
z}.p. In other words, one can directly compute the gradient of a network parameter (-) w.r.t a loss function
¢ as shown in Eq. 3.4.4, where h denotes any differentiable scalar function of the equilibrium point z7.,- used
to apply the chain rule:

o o
a() 9zip \

Any standard update rule (e.g., gradient descent, Adam) can be used to update the network parameters 6.
For example, an SGD update step to update the model’s parameters would be:

Ofo(zipixur) 0L Oh (4
a(-) Oh Ozt \ 7o

9fo(2}.7; X1.7)
. > 50) . (3.4.4)

*

z Zy.r

ol ot
+_ph_n. = = 1
0 0—« 7 0+« 2 (Jge

9 fo(21,7; X1:1)
B )137(;. (3.4.5)

I:l I:l = Memory storage needed at training time

2l =3y at which
Dopth as L —+ oo falx;...)=x
*
z[IL]T Zy.m
Forward I"urwanl] J
L layers }77777777 T
[ . o {Equilibrium Solver for]
z = fa(Z 1X) }L‘ = fa(z*;x)
t TR
1 1 Backward
[0]
Z.r
Xur i
[
Time
Typical Deep Neural Network Deep Equilibrium Model

Figure 3.4.4: Training memory comparison: a standard DN with T layers stores all intermediate layer
activations, whereas a DEQ model only retains the equilibrium state, yielding constant memory usage.
From [19].
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Normally, in a classic deep network, we would need to store the intermediate values zl ., ...,zr,. that are

computed between each layer and backpropagate through our network to update its parameters. Taking
advantage of the Implicit Function Theorem, DEQs only store the equilibrium point z},,, thus requiring
constant memory. This distinction is illustrated in Figure 3.4.4. In practice, the implicit differentiation
required by the backward pass can be efficiently implemented using modern automatic differentiation libraries
such as PyTorch [27] or JAX [28], which support vector-Jacobian and Jacobian-vector products without
explicitly constructing the full Jacobian matrix.
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Chapter 4. Regularized and Unfolded NMF Algorithms

4.1 Regularized NMF

In the previous chapter, we introduced the fundamentals of NMF and derived the standard MU rules that
guarantee convergence for the unregularized problem. While these updates form the backbone of many
practical NMF algorithms, real-world datasets often benefit from additional constraints or priors. Indeed,
we briefly remarked on how regularization is used in neural networks to prevent overfitting and promote a
desirable solution structure. In this chapter, we carry that idea into the NMF setting by incorporating explicit
penalty terms into the MU framework. First, we present an ¢;-penalized NMF, which enforces sparsity in the
factor matrices. Next, we introduce an ¢5 ;-norm penalty to promote group-sparsity and enhance robustness
against noise. Finally, we outline a hybrid ¢;/¢5 1 scheme that leverages both individual-entry and group-level
regularization, yielding factors that are interpretable, stable, and well-suited to noisy or heterogeneous data.

NMF with Sparseness Constraints. Sparse coding [48], is a scheme in which each data vector is ex-
pressed using only a small subset of an (often overcomplete) basis—ensuring that most basis functions remain
inactive for any given input—thereby yielding efficient, robust, and easily interpretable representations. In
effect, this implies that the most entries of a sparse vector take values close to zero while only few take signif-
icantly non-zero values. It has been observed that many datasets found in nature tend to follow some degree
of sparsity. This natural tendency toward sparse structure aligns perfectly with NMF’s inherent parts-based
factorization, motivating the incorporation of explicit sparsity constraints into the NMF framework to extract
even more localized, meaningful, and interpretable components.

Hoyer [49] was among the first to introduce sparsity directly in NMF by using a sparseness term in an iterative
algorithm to update W and H. He proposes the following sparsity measure of a vector x:

i Il

[x]l2
vn—1 "
where n is the dimensionality of the vector x. This definition of sparseness makes it so that S(x) = 1 if x has

exactly one nonzero entry (maximally sparse) and S(x) = 0 if all entries of x are equal (maximally dense).
This definition of sparsity leverages a combination of ¢; and /5 regularization.

S(x) = (4.1.1)

The formal statement of the NMF problem with sparseness constraints can be shown in Eq. 4.1.2:

Given a non-negative data matrix V € RZ;™, find non-negative matrices W € RZ” and H € RZ{™ such
that - B -

E(W,H) = |[V-WH|, (4.1.2)
is minimized, under the optional constraints
sparseness(w;) = Sy, Vi, sparseness(h;) = Sy, Vi,
where w; denotes the ith column of W and h; denotes the ith row of H. Here p is the number of components,
and S, Sp, are the user-specified sparseness levels for W and H, respectively.

To optimize the objective in (4.1.2) while enforcing the sparseness levels S,, and Sy, Hoyer proposes an
iterative projected-gradient scheme. Starting from random non-negative initializations of W and H, each
iteration alternates between:

1. a small gradient step on the reconstruction error,

2. a projection that (i) zeroes out negative entries, (ii) rescales each vector to unit ¢ norm, and (iii)
adjusts the £; norm so that the normalized sparseness of each column of W and each row of H exactly
matches S, and S}, respectively.

The complete procedure is summarized in Algorithm 2.

The parameters Sy, Sy, € [0, 1] directly control the fraction of zero (or near-zero) entries in each column of W
and row of H. Values close to 1 enforce extreme sparsity (one nonzero entry), whereas values near 0 produce
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Algorithm 2. NMF with Sparseness Constraints

Initialize W € RY*M and H € RY*T to random positive matrices.
If sparseness constraints on W apply:
Set W+ W — py (WH — V)HT
Project each column of W to be non-negative, keep its || - ||2 unchanged, set its || - ||; to achieve the
desired S, .
Else:
Set W+« W & (VHT) o (WHHT).
If sparseness constraints on H apply:
Set H+ H — uy WT (WH - V)
Project each row of H to be non-negative, set its || - || = 1, and its || - ||1 to achieve the desired Sj.
10: Else:
11: SetH+«H o (WI'V) o (WIWH).
12: Repeat the above steps until convergence.

nearly dense factors. In practice, one selects (S, Sp) by cross—validation on held-out reconstruction error,
by monitoring Hoyer’s own sparseness measure on a validation set, or by leveraging domain knowledge (e.g.
expected number of active sources per signal).

Robust NMF- /;; via Split-Row Updates In their work Wang et al. [50], proposed a framework where
NMEF is regularized using the 5 ; norm, that has been previously used as a variant of ¢; norm in principal
component analysis (PCA) for robust subspace factorization [51]. The £2; norm of a matrix M € R"*™ is
defined as follows:

n

Mll2y = > (4.1.3)
i=1
where m; denotes the ¢th column of M.
The NMF-¢5 ; optimization problem is formulated as:
min [V - WH|,, + A[H],, (4.1.4)

W, H>0

where X is a scalar that controls the degree of regularization. In this scheme, the regularization term is
designed to diminish the impact of noise or outliers contained in the original data.

4.2 Combined /; — ¢, Regularized NMF

A regularized variant of NMF implementing entry-wise ¢; and {2 penalties on the coefficient matrix H was
devised by Nasser et al. in [29]. In this formulation we are leaded to the following minimization objective:

. 1 2 )\2 2
H{I\kl;go{QHV_WHHF + A [[H: + 2|HF}. (4.2.1)

Drawing inspiration from the classical Multiplicative Update algorithm, Nasser et al. devise the following
multiplicative updates which correspond to the objective in Eq. 4.2.1:

WV
H+ H 4.2.2
© WIWH 1 Mlpxm + M H (4.2.2)
VHT
_— 4.2.
W « W © WHHT (4.2.3)
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Chapter 4. Regularized and Unfolded NMF Algorithms

where “®” denotes the Hadamard (element-wise) product, and divisions are taken element-wise.

It is proven that the minimization objective is non-increasing under these updates. The ¢; term enforces
fine-grained sparsity on each entry of H, while the Ao term adds a shrinkage that smooths the coefficients
and helps stabilize convergence.

4.3 Deep Unfolding of Regularized MU-NMF

In the previous chapter, we discussed the concept of Algorithm Unrolling and how we can "transform" an
iterative blind algorithm into a trainable feedforward network by mapping each iteration to one layer and
replacing certain fixed operations with learnable parameters. In this section, we will show how in their work
[29], Nasser et al. apply this idea to the regularized version of the MU-NMF algorithm for both a supervised
and an unsupervised framework.

As previously noted, the classical multiplicative updates for the regularized MU-NMF problem proposed by
Nasser et al. in [29], take the form

wWTV vVHT
We Wo v
WTWH - Mlyom - WH C WO wHET

H+ H o (4.3.1)

Supervised Deep NMF (DNMF). Building on the previously defined MU rule, we now describe its
supervised deep-unfolded variant. In this approach, we consider to have knowledge of the ground truth
coefficient matrix H and the ground truth data matrix V. We will now present the structure and the
properties of the supervised DNMF network.

Let V € R™ ™ be the data matrix and H® ¢ RZY™ the coefficient estimates at layer {. For each layer
l=0,...,L —1, we consider the following trainable, nonnegative matrices as network parameters:

o A =WOT ¢ RET",

O]
e B = (W'W)" ¢ R’;}p,
e We also consider the global trainable scalar regularization parameters Aj, Ao.

This formulation ignores the depedency between the W' and WTW terms, treating them as independent
network parameters. To illustrate the layer-wise update that consists the forward pass of the supervised
DNMF network, it is helpful to focus on a single sample column v € R, and the corresponding coeflicient
column h®) ¢ RY,. At each layer [, the forward step in our network consists of applying the column-wise
activation function f:

AWy

h+D) — £ (p® — h® :
f(h.v) © BOK® + X1, + Aoh®

(4.3.2)

The structure of a single layer of the supervised DNMF can be visualised in Fig 4.3.1. Having defined the
properties of a single layer, we can now form a full unrolled network, by connecting ¢ layers. The input of
each layer ¢ is the data v and the output of the previous layer h(~1). The full unrolled network with ¢ layers
can be seen in Fig 4.3.2.

Because this multiplicative rule applies independently to every column h, it admits a completely natural
transition to a single, batched operation over the full data matrix—updating all columns of H in parallel, so
we can express the update in the following matrix form:

AOV
BOHOD + A\ 1,0, + AaHO'

HTY =HY ¢ (4.3.3)

We initialize H(®) with a positive constant (e.g. all ones) and enforce nonnegativity of AW, B® by projection
on the nonnegative orthant after each gradient step.
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Figure 4.3.1: A single layer acting on hY) and v.
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Figure 4.3.2: Unrolled network with ¢ layers.

Training the Supervised DNMF. To explain the training process of DNMF, we will once again use a
single column approach. In training, we aim to optimize the following mean squared error loss:

£ = [n" - wl,,

where L is the number of layers in our network, h(%) is the output of the final layer and h’ is the ground-truth
coefficient column. In the case where we want to estimate the whole coefficient matrix, our model can be
trained to predict all m coefficient columns at once. We generalize the loss to the squared Frobenius norm:

L= -"| ZZ (nF —ny)* = w[@D —H)THD - H)]. (4.3.4)
i=1 j=1

Equivalently, this is the sum of the column-wise /5 losses:
i 2
£=>"|n" —nif;. (4.3.5)

This formulation allows the network to learn all coefficient maps jointly while maintaining a simple quadratic
penalty.

After we compute the loss, we can obtain the gradients needed to update our network’s trainable parameters:
{ A(é), ]3(6)7 A, AQ}KLz_Ol

using backpropagation provided by the ADAM optimizer.

Because A1 and A5 are included as trainable variables, our network automatically “learns” the optimal reg-
ularization strength from data—eliminating the need for an outer loop of hyperparameter-grid search. In
effect, every gradient step updates not only the forward/backward linear operators { A, B(Z)} but also the
regularization weights A1, A\s. This yields data-adapted update rules that encode both reconstruction fidelity
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Chapter 4. Regularized and Unfolded NMF Algorithms

(via the MSE term) and learned regularization, all in a single end-to-end training procedure. The steps of
training the supervised DNMF network are summarized in Algorithm 3.

Algorithm 3. Supervised DNMF (Single Epoch)

Require: Hi,ue, Virue, depth £, regularizers A1, Ao

Initialize A1 <1, Ao+1

for {=0,...,L —1do

AW 1,.,, BOe1,,,

end for

Forward:

H«HO

for {=0,...,L —1do

HY o HO o

end for
Hpred — H(L)
Compute loss:
L= % HHpred - HtrueHiw
Backward:
Compute VA(e)E, VB(E)E, %, %
Update A, B®) X}, \; via Adam Optimizer
Enforce nonnegativity:

¢« A <—maX(A(£), O)

) B“N—max(B“%O)

* )\ <—max(/\1,0)

e )y <—max(/\270)

AV
BOHO + ) HO + )\ 1+¢

Unsupervised DNMF. We will now go on and describe the unsupervised version of DNMF in which
neither W nor H is given, we only know the data matrix V. The goal is to jointly estimate both the basis
matrix W and H using a deep-unfolded framework. We outline the main steps below:

The forward process of the unsupervised DNMF model is similar to the supervised version, that is, we go
through / layers feeding a sample column v € R™ and obtain a coefficient estimate h(%). Stacking these yields
the entire coefficient matrix:

e~ L L

H = [b”, n{", ... nl)] e RZS™
The main difference between these aforementioned approaches lies in the backward step. In contrast to the
supervised variant, we do not know the ground-truth matrix H, thus we can no longer use it in the loss
function to update our network parameters via backpropagation. Therefore, we now implement a different
loss function, i.e.,

1 — . ~
£ =3IV - WH[ + A8, + 3|H];. (4.3.6)

As someone can notice, the loss function uses \/7\\/', which is a prediction of the basis matrix. In each epoch
of the training process, once H is obtained from the forward pass, we solve the following nonnegative least-
squares problem to estimate W:

W = arg‘glgnoHV - WﬁHi (4.3.7)

Since H is fixed in this step, (4.3.7) decomposes into independent NNLS subproblems (one per row of W).
The NNLS subproblems are solved by either the classic Lawson-Hanson active-set method [52] or by the
faster algorithm of Bro and de Jong [53].
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4.4. Data Description

Once we compute \/7\\7, we can train our model based on the reconstruction error, having knowledge over only
the data matrix V. This structure of the unsupervised DNMF network can be depicted for better clarity in
Fig. 4.3.3. We also provide the steps to train this network for a single epoch in Algorithm 4.

SINGLE LAYER

By TN Av
/ I b _ 0"t
u I'\_f./ il f=he Bihi + A1 + Aahy
A
"
By — By

ho ——( f;\ hy (1 y——ha | hy

70N
| NNLS |—>

Ao Ay \ /

- ]

Figure 4.3.3: An illustration of the unrolled deep network for the unsupervised DNMF version. From [29].

Algorithm 4. Unsupervised DNMF
Require: V, 0, k, n, A1, Ao, T

Initialize:

For each ¢ = 0,...,L — 1, set A + 1ixs, BO «— 1,4 Set HO « 144, Initialize Adam on
parameters {A) B® X\ Ay} with rate  for epochst=1,...,T do
Forward:

H+«H® for¢=0,...,.L—1do

AV
L © BOHO + MHO + M1 + ¢
Heq + HE)

. = . 2
Estimate W (NNLS): Solve W = arg ‘;VHIZHO || Virue — WHpredHF

Compute loss:
L= 5 IV = W Hpall} + A B, + 52 [ Eeal
2 pred || g 1 pred || 9 pred || g
Backward:
Compute gradients V) L, Vg L, g—)ﬁ, g—é Update each AW, B® X, Ay via Adam and then
project to nonnegative:
A(€)<—max(A(€) 0)7 B(Z)emaX(BgQw, 0), A1 <—max()\1’mw7 0), Ao <—max()\2’new, 0).

new?’

return HPed \/7\\7, {A®)] B(Z)}ZL;(}, A1, A2

4.4 Data Description

In this subsection we aim to explain the nature of the data we will be conducting our experiments later
on. We used simulated mutation data sets, in which the data matrix V is assumed to be the result of the
activity of certain mutational processes whose signatures are given by the dictionary W and whose exposures
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Chapter 4. Regularized and Unfolded NMF Algorithms

are given by the coefficient matrix H. To understand the structure of our datasets we must first establish
the molecular foundation underlying the mutation data. In particular, we begin by reviewing the structure
of the DNA double helix [30] and the principle of complementary base pairing, which together explain how
single-base substitutions arise and how they are catalogued in order to form out data.

Complementary Base-Pairing. DNA is a double-stranded polymer in which each nucleotide base on one
strand is hydrogen-bonded to its complement on the opposite strand. This is visualized in Fig. 4.4.1. There
are 4 nucleotide bases in total, adenine (A), guanine (G), cytosine (C), and thymine (T). Adenine bonds with
thymine and guanine bonds with cytosine meaning we can only have connections of the form:

A+—T and G<+— C.

Mutations can arise through several different mechanisms—single-base substitutions (SBS), small insertions,
or small deletions—each of which alters the DNA sequence in a distinct way. For now, we will focus on
SBS, in which one nucleotide is replaced by another without changing the overall length of the DNA strand.
When a single-base substitution occurs (for example A—G) on the “forward” strand, replication or repair
will eventually produce the complementary change (T—C) on the opposite strand. Because these two events
are biologically equivalent, we conventionally re-express all purine-centered changes (A—X or G—X) as their
pyrimidine-centered reverse complements (T—Y or C—Y, where Y is the complement of X).

} DNA double helix

DNA base pairs

Figure 4.4.1: DNA double helix and nucleotide bonds illustration. From [31].

Next, we can write down each single substitution mutation and count 12 distinct base-substitutions in total:

A—=-C, A—=G, A>T, ( )
C—A C—G,C—T, ( )
G—A G—=C,G—=T, (4.4.3)
TAT—-C T—G ( )

As we explained earlier, knowing the base on one strand of the DNA double helix uniquely determines its
partner on the opposite strand, since each base pairs only with its specific complement. Therefore, when
classifying substitution mutations, we conclude on the following six canonical mutations:

{C—A,C—G,C—-T, T—»A, T-C, T—G}. (4.4.5)

Trinucleotide Contexts. To capture local sequence effects, we record the identity of the bases immediately
preceding and following the central substitution as proposed by [31]. With four possible preceding bases and
four possible following bases, there are

4x4 =16
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ordered flank-pairs. Combining these with the six central substitutions yields
6x16 = 96

distinct trinucleotide contexts. An example substitution within context would be A[C—T|G, where the C—T
change occurs with an A immediately before and a G immediately after.

Data Matrix V. The data matrix used in our experiments—and in prior studies—comprises m samples,
each represented by a 96-entry mutation-count profile.

V11 Vi2  ** Uim

V21 V22 - Um 965,
V= . . ) . e R .

Vg1 V962 " V9em

where v;; is the number of times that mutation ¢ was observed in sample j and m is the number of samples.

Signature and Exposure Matrices. In the supervised version of DNMF, experiments were conducted
on simulated W and H matrices. Those factor-matrices and the factorization rank p were obtained using
NMF, in the work of Alexandrov et al. [14]. Hence, we have a classic factorization scheme:

V ~ WH,

with
96 X X
W ERZO P HERgom.

The basis matrix W is also called the signature matrix in this application. We define a mutational signature
as a combination of some of the 96 mutations. Notice that the rank p that was obtained through simulations,
resembles the total number of signatures extracted from our data. Below we can see the structure of the
signature matrix W:

w11 w2 o Wip
w21 W22 o W2p

W= . o .| € R
W91 W9e2 - Woep

Each signature can be viewed as a discrete probability distribution over the 96 possible mutation contexts,
so the element where w;; can be viewed as the probability of the jth signature containing the ith mutation.
Following this model, its natural that the sum of the elements of each column to be equal to one. So we have:

The exposure matrix H encodes the exposures (or activities) of each signature in each sample or in other
words, how many mutations (or what fraction of all mutations) are attributed to each signature. Therefore
we have:

hit hi2 - hip
hor hoo -+ hom

H=| . . . € RP*™,
hot hpz o hpm

In the exposure matrix, each entry h;; denotes the number of mutations in sample j that were associated
with the ith signature.
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Chapter 5. Trainable DEQ-NMF Algorithms

5.1 Deep Equilibrium Algorithms

In this chapter, we present a unified framework for supervised NMF built on DEQ principles. We introduce
two DEQ models: a baseline equilibrium solver with implicit differentiation, and a modified variant that
extends the first by altering its parameterization. We then propose three equilibrium-approximation schemes,
each replacing iterative layers with a single closed-form ReLLU estimate of the fixed point and incorporating
specific modifications to their parameter networks and loss functions. For all five models, we detail the
forward pass, the backward pass and the training process. Finally, we present extensive experiments on both
simulated cancer mutational data and noisy synthetic data with various SNRs, to validate the performance
of the proposed algorithms, demonstrating their advantages in both estimation accuracy and computational
efficiency, as compared to previous related schemes.

5.1.1 Deep Equilibrium NMF

In this subsection, we present the implementation of a DEQ model for NMF named DEQ-NMF. In this
framework, we formulate the NMF coefficient matrix H as the fixed point of a nonlinear update map with
trainable parameters. Using the classic multiplicative update for H and retaining the network parameters
proposed in DNMF we define the equilibrium equation:

AV

H* = f(H*) = H" © .
J(H) (B + \DH* + \;

Forward Pass. As the DEQ principle indicates, we use a numerical solver to find the fixed point H* satisfying
f(H*) = H*. Concretely, given the input matrix V and current parameters, the equilibrium coefficient matrix
H* is found by iteratively applying the update map f:

HE+D — f(H(t))

starting from an initialization H(®). The iteration proceeds for a fixed number of steps (e.g., 7' = 50) or until
convergence criteria are met, approximating the fixed point:

H* ~ HT),
The choice of the forward solver does not affect the backward differentiation in the DEQ setting.

Backward Pass. After obtaining the equilibrium H* in the forward pass, we implement a custom backward
(gradient) computation for the DEQ layer. Rather than differentiating through all the fixed-point iterations,
we leverage the implicit function theorem to compute gradients directly at the equilibrium. Considering the

fixed point solution:
H" = f(H*, V).

Our goal will be to compute the vector-Jacobian product

oH*\
a0 ) ¥
for some vector y, where 6 here is a stand-in for any quantity we want to differentiate the fixed point with
respect to. Since this vector-Jacobian product is the key aspect to integrating these DEQ layers within back-

propagation, such a routine allows us to integrate the DEQ layer within standard automatic differentiation
tools.

By differentiating both sides of the fixed point solution w.r.t €, we have
oH*  Of(H*,V) n of(H*, V) oH*
00 00 OH* 90’

where 6 represents any network parameter with respect to which we differentiate the equilibrium point. Then,
rearranging terms, we get an explicit expression for the Jacobian:

OH" _ (. 0f(H".V) “Larm@*, V)
00 oH* a0
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Finally, to compute the vector-Jacobian product, we have that:

<6H*>Ty _ (af(H*,V))T <1 8f(H*,V)>_Ty

00 00 OH*

Here, y is an arbitrary vector of the same dimension as the equilibrium variable H*; in the context of

oL
OH*

Let’s consider how we compute this quantity in practice. The key term of interest here is the solution g of

the linear system:
Of (H*, V)\ ™'
= I _—
& ( oH* Y

backpropagation, it is typically taken as the gradient of the loss with respect to H*, i.e., y =

By solving for g either by direct inversion or some iterative solver we can finally compute the final Jacobian

vector product as:
_(ormE V)T

In our code, this is efficiently implemented using JAX’s automatic differentiation and custom_vjp function-
ality, which allows us to specify this implicit backward logic. The vector—Jacobian products are computed
without explicitly forming large Jacobian matrices, enabling scalable and memory-efficient training.

Training. The DEQ-NMF layer is trained end-to-end by embedding the equilibrium solver as a differentiable
implicit layer within a standard optimizer loop. All parameters are projected to the nonnegative orthant via
a ReLU transformation at each iteration. The whole training process is summarized in Algorithm 5.

Algorithm 5. End-to-End Training of DEQ-NMF with Learnable A, B, A1, Ao

Require: Training data (V,Hyye), unconstrained parameters 6 = (Ayaw, Braw, A1 raw, A2 raw ), learning rate
n
1: Initialize Adam optimizer state
2: for epoch =1,2,..., Nepochs do

3: Positivity transform: ensure all parameters are nonnegative
4: A+ max(A,0)
5: B <+ max(B,0)
6: A1 — max()\l, 0)
7 A1+ max()\g, 0)
8: Equilibrium solve (forward pass)
9:  Initialize H® (e.g., all entries 0.1)
10 fort=0,1,...,7—1do
11: HED  f(H®; A B, A, )\, V)
12: if converged then break
13:  end for
14:  H* « HOHD Fixed point
15:  # Compute loss (e.g., MSE)
16: £+ MSE(H*, Hy,ye)
17:  # Implicit backward pass (custom VJP)
18:  Solve for u (adjoint variable) in:
T
19 1= Ghly] w=Vne
20: (Use K fixed-point iterations; e.g., u**1) « [B—IJHH*]TUU’“) + Vi f)

21:  Compute gradients:

22: VAE, VBE, V,\lf, V,\Qf using u

23:  # Adam optimizer update

24:  Update unconstrained parameters (Ayaw, Braw, A1 raw, A2,raw) using Adam and learning rate 7
25: end for
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This approach enables memory-efficient, scalable, and fully end-to-end training of NMF within the DEQ
paradigm.

DEQ-NMF with Shared Basis Matrix and Regularization Parameters. As mentioned previously,
the DNMF network chooses to ignore the dependency of the WT and WTW terms, treating them as
independent trainable parameters A and B. In the NMF problem: V ~ WH, we aim to find both the
ground-truth matrices W and H. During our experiments however, we found out that both DNMF and
our proposed approach failed to estimate the basis matrix W accurately, i.e., the model parameter AT.
Therefore, even though those networks manage to provide accurate estimations of the coefficient matrix H,
the overall reconstruction error ||Vipye — ATHpredH% remained high. We naturally wondered, what would
be the behavior of our model if we use only one learnable matrix parameter. Hence, we also consider a
streamlined variant called DEQ-NMF-A where the NMF update map is parameterized by a single trainable
basis matrix A and scalar regularization parameters A\; and As. In this setting, the fixed-point equation

reduces to:
AV

H* — H*
O AATH 1 NH T 0

where all operations are elementwise. The training and differentiation procedures are fully analogous to those
described above, with the only difference being that B is tied to AT A and only A, A, and A, are learned.
This variant reduces the parameter count and enforces a classical NMF structure while still enabling end-
to-end training with implicit differentiation through the fixed point. Ultimately, our experiments confirmed
that this parameter sharing strategy resulted in increased accuracy for both Hi,u estimation and Vipue
reconstruction compared to the unconstrained approach.

5.1.2 Equilibrium Approximation Schemes

In this subsection, we introduce three equilibrium-approximation models that build on our DEQ reformulation
of supervised NMF'. Each of the proposed models replaces the usual multi-layer iteration with a single closed-
form ReLU estimate of the equilibrium and enables explicit differentiation in the backward pass. We then
differentiate the variants by their specialized parameter networks and tailored loss functions, all of which
reduce memory usage and deliver significant improvements in both computational efficiency and estimation
accuracy over standard deep unrolling and MU-based NMF approaches.

We begin by introducing A-DEQ-NMF [32], a model that preserves the original trainable parameters of
DNMF and show in detail the training process that aims to learn the ground truth matrices Hy e and
Wtrue~

Forward Pass.

In our forward step, we aim to solve for the equilibrium point of our deep network. We previously defined
how DEQs try to find the equilibrium point of a function f, simulating an infinite layer deep network, using
a numerical solver. In our case, using the column wise approach, the activation function that is applied in
each layer is:

Av

hv)—ho— 2V
fiv) =h© g

(5.1.1)

Using ideas inspired by DEQs, we substitute the equilibrium point h* in Eq. (5.1.1) and try to define it
explicitly:

Av
Bh* + M1+ \h*'

f(h*)=h" — h* =h"0© (5.1.2)

Due to the nature of NMF we have already assumed that the elements of h* are nonnegative. Unfortunately,
we can’t continue solving for a closed expression of the equilibrium point without assuming that the fixed
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point h* has no zero elements. Therefore, adopting this assumption, Eq. (5.1.2) can be rewritten as:

Bh* + A1+ Ah" = Av, h* >0, (5.1.3)
or equivalently:

(B+ A2I,)h* = Av— M1, h* > 0. (5.1.4)

Due to the positivity constraints h* > 0, obtaining an analytical expression for the equilibrium from (5.1.4) is
not feasible. To circumvent the need for an iterative scheme while maintaining the nonnegativity constraints
of classical NMF, we enforce nonnegativity at the end of our forward step by applying a ReLLU and propose
the following closed-form ReLU-type approximation of the equilibrium, which can be readily derived from
(5.1.4):

h* = max [(B + AoL,) H(AV — Ai1,51),0] (5.1.5)
or in matrix form
H* = max [(B + A\2L,) " (AV — A11,x,n,0] , (5.1.6)

where the maximum is taken elementwise. Notice that this approximation involves solving this linear system
in a single step, in contrast to classic forward steps, in which the number of operations performed heavily
depend on the chosen number of layers of each network.

Backward Pass. In Chapter 3, we explained the backward process of classic DEQ networks. Recall that since
the equilibrium point is obtained through a black box root finder, we do not have an analytical expression
for it. Therefore, we are not able to differentiate it explicitly and we must leverage implicit differentiation
techniques. However, in our approach, we concluded to a closed expression for the equilibrium point h* and
we can use standard explicit differentiation methods. In our backward step, we choose to deploy standard
ADAM-based backpropagation to update our network parameters A, B, A1, Ao, retaining the original loss
function used in DNMF, that is:

L =MSE(h*,h') =

3\’—‘

-

where ' is a column of the ground-truth coefficient matrix. The loss can be naturally expressed in matrix
form.

In practice, we rely on existing optimized Python libraries for gradient computations and updates. However
we provide analytical expressions for the parameter updates using the explicit derivatives of the equilibrium
point. Below we present the gradient descent updates of our network parameters in a compact matrix form.
The step to step derivation of those updates from a single column approach can be found in the Appendix.

AT = A - 20 [M ' (H —Hy)) V'] (5.1.7)
B" =B + 20 [M '(H" — Hywe) (M1Y) '] (5.1.8)
AT =M+ 20 tr[(H — Hywe) ' (M11,1,))] (5.1.9)

Ay =X + 2a tr[(H — Hywe) ' M72Y] (5.1.10)

where M =B + M\ I, e RPXP Y = AV + )\ 1,1 € RPX™,

During our experiments we implemented this method, benchmarked it against other models, and summarized
the steps in our code in Algorithm 6. Unfortunately, we found that relying solely on plain gradient descent
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was insufficient to achieve competitive performance, especially compared to more advanced optimizers such
as ADAM.

Algorithm 6. Proposed Training Procedure Using Gradient Descent

Require: Input data matrix V € R"*™, ground-truth coefficients Hy,ye € RP*™
Initialize A<=1pxn, B 1,4, A1, A1

Forward Step:
Compute M+~ B+ XL, Y+~ AV — )\ 1, 1;
Compute equilibrium approximation: H* <+ max [M_l Y, 0]

Backward Step:
A+~ A —-2aM~ (H*—Htme)VT

1
B « B + 2aM~'(H* — Hyye) (M71Y) '
A M+ 20t [M‘l(H* — Hipe) (M1, 1;)}
Ao — Ay + 20 tr {(H* —Htme)M—QY}

While attempting to integrate the idea of a single implicit layer from DEQs into the DNMF network, we
ultimately derived a closed-form expression that approximates the equilibrium solution. As someone may
notice, this model for supervised NMF that we just presented, is nothing more than an iterative algorithm
itself, utilizing the power of ADAM optimizer instead of doing the classic MU updates for W. However, this
method yields a substantial reduction in parameters relative to the original DNMF, and later shows superior
accuracy in the conducted experiments, compared to DNMF and the classic MU algorithm.

A-DEQ-NMF using only parameter A. Following the same idea that led us to implement DEQ-NMF-
A, we present a modified version of DEQ-NMF named A-DEQ-NMF-A, where we consider only A as a matrix
network parameter for our model.

Forward Pass.

Throughout the forward pass, the only thing that differs is that we now compute the term W' W using A
as shown in Eq. (5.1.11):

H* = max [(AAT + X\L,) ' (AV = M\ 1,5,),0], (5.1.11)

Backward Pass. In a similar manner to the forward pass, this network modification causes very little change to
the backward pass. Essentially, now we do not compute the gradient of the approximation of the equilibrium
point w.r.t to B, but we need to compute the more complex gradient of H* w.r.t to A.

The next step after computing this new gradient is updating our network parameters A, A1, Ao using the
same training procedure as we did previously. In our experiments, we measured the the NSE between the
ground-truth matrices and the matrices predicted by our models, verifying our intuition about improved
accuracy when we choose to not ignore the dependency between the parameters A and B in the original MU
equation for H.

A-DEQ-NMF-A incorporating the reconstruction loss. To directly penalize errors in the data matrix
reconstruction, we augment the previous model with an explicit reconstruction loss term and introduce a
variant named A-DEQ-NMF-A1. Concretely, alongside the loss regarding the equilibrium-based estimation,
we introduce the reconstruction loss:

Lrec = HVtrue — A" I:I* |i~

and optimize the joint objective
A * 2
L= HH - HtrueHF + aﬁrecy

where the scalar o« > 0 balances coeflicient and reconstruction-error terms.
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Forward Pass.

Like before, we compute the equilibrium estimate H* via
H* = max[(AAT +AL) " HAV — A1), 0]. (5.1.12)

We then form the reconstruction

~

V=ATH"

Backward Pass and Parameter Updates. Backpropagation now must account for two gradient contributions
w.r.t. H*, namely

VH* H - HtrueHi = 2(H* - Htrue)7

coefficient-error

Va- |[V-ATH*|L = 2A (V- ATHY).

reconstruction-error

Hence the total gradient is

Va- £ =2[(H" —Hyw) — aA(V-ATHY)].

In our experiments, this hybrid loss yielded even lower reconstruction error |[V — ATH*||% and improved the
accuracy of the learned network parameter AT which corresponds to the basis matrix.

5.2 Performance Evaluation of the Proposed Algorithms

In this section, we present a series of experiments conducted on both simulated mutational and synthetic
noisy data to demonstrate the enhanced performance of our proposed models. Our goal is to show that they
not only learn the coefficient matrix Hy,,. more accurately, but also achieve very low reconstruction error on
Vtrue-

The metric used in our experiments is the normalized squared error (NSE) in dB, defined as:

HXtrue - Xpred ||%
”Xtruc ||%

NSE(Xrue, Xpred) = 101ogyq (5.2.1)

All experiments employ a 5-fold cross-validation protocol with an 80:20 train—test split in each fold; the
results shown in the tables and figures we present are the mean performance over the five splits. We train
each model for 800 epochs setting the learning rate to 0.01. In order to do a fair comparison with the iterative
MU algorithm, we adopt the logic of [29] and do 800 updates for Wiy, using the ground-truth matrix Hy,ye
followed by 10 updates for H,,, with the "learned" basis matrix Wy,,. We also set the initial value of the
regularization parameters A1, A2 to 1 in all cases. In the tables below, we use bold notation for the smallest
error between the models and underline the second lowest error in specific cases. For clarity, Table 5.1 lists
the models and their descriptions, and indicates how each model name will appear in the experimental results
tables.

Table 5.1: Summary of models and their descriptions.

Model Name Description

DEQ-NMF Deep Equilibrium NMF Model
DEQ-NMF-A Deep Equilibrium NMF Model, only A as learnable matrix parameter
A-DEQ-NMF Approximation scheme

A-DEQ-NMF-A  Approximation scheme, only A as learnable matrix parameter
A-DEQ-NMF-A1 Approximation scheme, only A as learnable matrix parameter + reconstruction term in loss
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Experiments with Simulated Mutational Data. First, we conduct experiments over 12 simulated
mutational datasets provided in [14], which we previously described in Chapter 4. We benchmark our
methods against the classic iterative MU update algorithm and DNMF, measuring accuracy in estimating
H;,. and reconstructing Vi, on both the training and test splits. As shown in Table 5.2, A-DEQ-NMF
consistently outperforms both MU and DNMF by a wide margin, achieving the lowest NSE on every training
split, demonstrating its superior ability to learn the underlying structure of the training data.

Dataset , MU DNMF DEQ-NMF DEQ-NMF-A A-DEQ-NMF A-DEQ-NMF-A A-DEQ-NMF-A1

1 -0.38  -21.40 -2.08 -5.15 -32.98 -1.46 -1.56
2 -1.16  -21.53 -7.36 -6.80 -25.10 -3.21 -3.60
3 -0.20  -22.26 -8.08 -9.30 -28.54 -2.02 -1.11
4 -0.94  -25.21 -3.01 -4.37 -25.28 -11.57 -11.91
5 -0.26  -21.28 -7.80 -6.00 -31.69 -2.43 -1.61
6 -0.49  -22.13 -4.07 -5.52 -28.87 -3.07 -3.51
7 -0.23  -26.82 -16.11 -9.63 -51.87 -1.92 -1.01
8 -0.24  -32.63 -32.27 -17.17 -50.17 -1.97 -2.13
9 -1.15  -28.02 -13.57 -12.28 -35.75 -14.65 -13.63
10 -0.81  -29.08 -10.13 -12.11 -35.84 -14.54 -15.78
11 -1.15 -28.53 -24.31 -19.69 -30.92 -18.64 -23.03
12 -1.14  -32.74 -23.66 -19.54 -41.84 -21.77 -24.14

Table 5.2: Mean NSE(Hyye, Hpreda) over the train splits - Simulated Mutational Data.

Having established that A-DEQ-NMF delivers the lowest training NSE, we next evaluate its ability to gen-
eralize to the test sets. In each epoch, we do an evaluation of Hy,.q on the test data and present the results
after the last epoch in Table 5.3. Once again, we can see that A-DEQ-NMF outperforms both MU and
DNMF on every dataset, demonstrating its strong generalization capabilities.

Dataset , MU DNMF DEQ-NMF DEQ-NMF-A A-DEQ-NMF A-DEQ-NMF-A A-DEQ-NMF-A1

1 -0.39  -20.28 -2.38 -5.13 -31.46 -1.49 -1.53
2 -1.16  -20.56 -7.17 -6.60 -24.79 -3.12 -3.56
3 -0.42  -10.85 0.13 -2.60 -20.57 -1.71 -1.22
4 -0.96  -20.28 -2.20 -3.20 -21.84 -8.87 -9.17
5 -0.25  -20.70 -7.73 -5.51 -29.73 -2.38 -1.49
6 -0.50  -21.18 -3.83 -5.58 -28.55 -3.09 -3.67
7 -0.23  -26.72 -16.59 -9.95 -51.74 -1.91 -1.00
8 -0.24  -32.22 -32.23 -17.32 -50.09 -1.99 -2.28
9 -1.15  -26.03 -10.61 -11.08 -34.40 -13.62 -13.49
10 -0.83  -23.71 -8.84 -11.50 -30.24 -12.89 -14.41
11 -1.17 - -27.10 -22.43 -18.10 -30.49 -17.27 -22.02
12 -1.15 -29.95 -22.60 -15.97 -39.89 -20.62 -23.09

Table 5.3: Mean NSE(Hgye, Hpred) over the test splits - Simulated Mutational Data.

Next, we evaluate the reconstruction error between the predicted data matrix and the ground-truth one.
For MU, we have Ve = Wy Hpyy, while for the other models we use the learned parameter A, which
corresponds to WT and compute Vpreq = ATHpred. We present the results for the train splits in Table
5.4 and observe that A-DEQ-NMF-A1 achieves the lowest reconstruction error in almost every dataset,
verifying our idea of using a reconstruction error term in the loss. The second-best model, A-DEQ-NMF-A,
substantially outperforms the alternatives, underscoring that not ignoring the dependency between W' and
W W leads to more accurate reconstruction of the data matrix.
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Dataset , MU DNMF DEQ-NMF DEQ-NMF-A A-DEQ-NMF A-DEQ-NMF-A A-DEQ-NMF-A1l
1 -1.64 35.88 34.32 -0.92 36.08 -6.13 -8.44
2 -2.04 34.48 25.70 -3.38 35.45 -9.25 -11.95
3 -1.85 37.44 36.18 -1.83 36.73 -8.52 -9.37
4 -2.17 28.39 25.92 -3.34 29.08 -17.98 -20.61
5 -1.04 37.32 33.32 -0.90 37.22 -8.16 -9.48
6 -1.85 37.22 29.93 -1.46 37.69 -11.91 -12.22
7 -0.33 39.23 34.74 -0.17 39.30 -8.27 -9.77
8 -0.32 38.33 33.40 -0.30 38.40 -8.03 -6.61
9 -3.00 24.04 20.37 -9.79 24.85 -15.81 -24.47
10 -4.76 24.86 20.09 -8.46 25.59 -15.45 -31.39
11 -2.98 25.54 21.17 -6.27 25.33 -12.64 -27.35
12 -2.88 23.95 16.92 -4.90 24.30 -8.99 -37.13

Table 5.4: Mean NSE(Viyye, Vpred) over the train splits - Simulated Mutational Data.

In a similar manner, we present the results over the test splits in Table 5.5. As observed on the test splits,
A-DEQ-NMF-A1 continues to substantially outperform all other methods across every dataset, with A-DEQ-
NMF-A trailing as the second-best model.

Dataset , MU DNMF DEQ-NMF DEQ-NMF-A A-DEQ-NMF A-DEQ-NMF-A A-DEQ-NMF-A1l
1 -1.64 35.85 34.46 -0.93 36.07 -6.23 -8.51
2 -2.04 34.47 25.79 -3.46 35.46 -9.32 -11.88
3 -2.10 33.19 32.39 -0.91 34.80 -6.98 -7.92
4 -2.20 28.91 23.74 -4.91 30.06 -16.81 -19.67
5 -1.06 37.53 33.57 -0.79 37.41 -8.65 -9.54
6 -1.85 37.20 29.75 -1.47 37.68 -11.92 -12.11
7 -0.33 39.23 34.76 -0.17 39.30 -8.27 -9.75
8 -0.32 38.33 33.35 -0.31 38.40 -7.89 -6.34
9 -2.97 24.62 20.47 -9.45 25.02 -15.78 -22.98
10 -4.72 25.42 20.00 -7.88 26.05 -14.93 -29.34
11 -2.97 26.19 22.64 -6.06 25.94 -12.48 -26.14
12 -2.88 24.56 17.02 -4.84 24.76 -8.92 -36.04

Table 5.5: Mean NSE(Virye, Vpred) Over the test splits - Simulated Mutational Data.

We also note, that in the current experiment framework, A-DEQ-NMF not only achieves the lowest NSE
error for the coefficient matrices, but also manages to enter a rapid-descent regime quite early in training.
This is highlighted in Fig. 5.2.1, where we show the NSE throughout epochs for dataset 8.
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Figure 5.2.1: NSE of H over epochs for mutational dataset 8.

Experiments with Synthetic Data. To further illustrate the efficacy of our models we also conduct

experiments on synthetic data. We construct the matrices Wipye € R0 H .\ €

R10x1000 " whose entries
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are drawn independently from a uniform distribution over the interval [0, 1]. Then we generate our synthetic
data using the following model:

Vtrue = Wtruthrue +E. (522)

To ensure the nonnegativity of the noisy data matrix Vie, the entries of the noise matrix E are also drawn
from a uniform distribution over the interval [0, ¢], where ¢ is chosen to attain a desired signal-to-noise ratio
(SNR). The performance of each model over various SNR ratios is summarized in Table 5.6. We observe that
all equilibrium approximation models achieve almost the same very low NSE for small SNR values and the
accuracy of A-DEQ-NMF-A and A-DEQ-NMF-A1 improves even more when the noisy data matrix is closer
to the ground-truth matrix in higher SNR scenarios.

SNR (dB) , MU DNMF DEQ-NMF DEQ-NMF-A A-DEQ-NMF A-DEQ-NMF-A A-DEQ-NMF-A1l

0 -7.24 -6.39 -0.71 -5.46 -8.29 -8.36 -6.19
5 -7.57 -6.49 -1.40 -6.45 -9.67 -10.22 -9.22
10 -8.07 -6.58 -2.17 -9.07 -11.80 -13.56 -12.95
15 -8.49 -6.64 -2.92 -13.09 -14.23 -18.01 -17.53
20 -8.82 -6.78 -3.38 -14.91 -15.88 -22.17 -21.96

Table 5.6: Mean NSE(Hyyye, Hpreda) over the train splits - Synthetic Data.

We notice in Table 5.7, that the models exhibit consistent behavior on the test sets, confirming their ability
to generalize effectively to unseen data.

SNR (dB) , MU DNMF DEQ-NMF DEQ-NMF-A A-DEQ-NMF A-DEQ-NMF-A A-DEQ-NMF-A1

0 -7.00 -6.36 -0.64 -5.43 -7.55 -7.26 -6.45
5 -7.44 -6.48 -1.46 -6.31 -9.16 -9.12 -9.15
10 -8.02 -6.57 -2.16 -8.92 -11.52 -12.52 -12.81
15 -8.47 -6.62 -2.94 -12.90 -14.04 -16.90 -17.40
20 -8.81 -6.76 -3.39 -14.84 -15.75 -21.20 -21.85

Table 5.7: Mean NSE(Hgyye, Hpred) over the test splits - Synthetic Data.

In a similar fashion to the reconstruction error benchmarks we got on the simulated mutational datasets, we
once again observe in Tables 5.8 and 5.9 that A-DEQ-NMF-A1 shows superior performance, achieving far
lower error than its deep network peers.

SNR (dB) , MU DNMF DEQ-NMF DEQ-NMF-A A-DEQ-NMF A-DEQ-NMF-A A-DEQ-NMF-A1l

0 -11.66 -0.84 -0.09 -11.01 -0.19 -11.08 -12.26
5 -14.35 -1.06 -0.14 -12.47 -0.32 -12.39 -15.08
10 -17.37 -1.26 -0.20 -13.31 -0.44 -12.62 -18.64
15 -20.05 -1.33 -0.25 -12.83 -0.58 -13.55 -22.77
20 -21.97 -1.78 -0.27 -10.38 -0.65 -11.35 -27.21

Table 5.8: Mean NSE(Viyye, Vpred) Over the train splits - Synthetic Data.

SNR (dB) |, MU DNMF DEQ-NMF DEQ-NMF-A A-DEQ-NMF A-DEQ-NMF-A A-DEQ-NMF-A1l

0 -11.62 -0.84 -0.09 -11.00 -0.19 -11.08 -12.01
5 -14.31 -1.06 -0.14 -12.48 -0.32 -12.39 -14.91
10 -17.33 -1.26 -0.20 -13.32 -0.44 -12.62 -18.52
15 -20.02 -1.33 -0.25 -12.82 -0.58 -13.55 -22.65
20 -21.96 -1.78 -0.27 -10.38 -0.65 -11.35 -27.09

Table 5.9: Mean NSE(Virye, Vpred) Over the test splits - Synthetic Data.

For the synthetic data, we have full knowledge over the ground truth matrix Wi,,e, and we are able to
measure the error between it and the network parameter AT for each network. In the case of MU, we use
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W, that is learned by doing 800 multiplicative updates. We can see in Table 5.10 that MU achieves the
lowest NSE in all cases, since it uses direct iterative updates to learn it. However, we also observe that
A-DEQ-NMF-AT1 closel trails the lowest error for slightly higher SNR values.

SNR (dB) MU DNMF DEQ-NMF DEQ-NMF-A A-DEQ-NMF A-DEQ-NMF-A A-DEQ-NMF-A1
0 -1.98 -1.23 -0.14 0.89 -0.38 -0.90 1.74
5 -6.92 -1.23 -0.17 -2.27 -0.53 -4.10 -3.95
10 -11.92 -1.22 -0.19 -5.45 -0.63 -5.76 -10.00
15 -16.99 -1.14 -0.22 -9.17 -0.75 -6.66 -15.71
20 -21.87 -1.41 -0.24 -8.67 -0.80 -6.55 -19.05

For the sake of completeness, we present in Fig. 5.2.2 the NSE in dB for the coefficient matrix

Table 5.10: Mean NSE(Wirye, Wpred) - Synthetic Data.

matrix on train and test splits throughout the whole training process for all models.
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6.1 Conclusions

In this thesis, we tackled the challenge of implementing the key ideas of DEQs on a deep network that
solves the supervised NMF problem. In Chapter 3 we provided a sufficient theoretical background of existing
methods in NMF and deep learning, in order to eventually introduce our proposed models and algorithms.
Next, in Chapter 4, we first presented the foundational concepts that pave the way for our models and
methods, and then gave a detailed description of the simulated data used to evaluate them.

In Chapter 5, we presented a DEQ-based model for solving the supervised NMF problem, that leverages
implicit differentiation techniques to maintain memory efficiency. Subsequently, we enhanced this model
by altering the structure of our network parameters. We then introduced an approximation scheme, that
approximates the equilibrium point in a single step. In a similar manner to the DEQ-NMF model, we
enhanced the performance of our equilibrium approximation algorithm by applying some structural changes
to its learnable parameters and loss function. Finally, we conducted extensive experiments, in which our
proposed models outperform existing approaches showcasing exceptionally low MSE results in both synthetic
and simulated data.

6.2 Future Work

In our ongoing research, we aim to further advance both the DEQ-NMF model and the equilibrium approx-
imation scheme to achieve superior performance. Specifically, our future work will focus on the following
directions:

¢ DEQ-NMF: In our current implementation, we utilized a basic solver in place of more sophisticated
approaches such as Anderson acceleration, primarily due to the practical limitations of available li-
braries. In the future, we intend to explore and integrate advanced solvers to potentially enhance the
convergence and accuracy of the DEQ-NMF framework and we also plan to systematically experiment
with fine-tuning both the network and solver parameters.

e A-DEQ-NMF: Our results indicate that standard network architectures struggle to accurately learn
the basis matrix when treated as a trainable parameter, whereas our proposed modifications offered
improvements. However, on mutational datasets, even these modifications did not achieve fully sat-
isfactory estimation. We plan to conduct a thorough investigation into the underlying causes of this
limitation and develop targeted modifications to address them.

e Generalization and Extended Evaluation: Regarding both the proposed deep equilibrium and
equilibrium approximation models, we also aim to develop alternative versions of our architectures
tailored for unsupervised NMF, where only the data matrix is available. Moreover, since our proposed
methods consistently outperformed existing baselines in our experiments, we plan to validate their
effectiveness on a broader range of datasets and applications. This extended evaluation will provide
deeper insights into the generalizability and strengths of our approaches.
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Chapter 7. Appendix

7.1 Single-column Updates for A-DEQ-NMF': Step-by-Step Deriva-
tion
Let h* € RP be the predicted vector for a single input v € R™:
h* — M—ly

M =B+ X1,
y = Av -\ 1p><1
where I, is the p x p identity, 1,1 is the p-dimensional vector of ones, A € RP*" B € RP*P. Let hyyye € RP
be the ground truth vector. The loss is £ = ||h* — hyuel 2.

7.1.1 Update for a;;

First, compute:
dy ' oh*
8ajk

— -1 .
=M Vi€,

where e; is the jth standard basis vector. Gradient of the loss:

oL
8ajk

= 2(h* — hye) T (0 M te;)

Gradient-descent update:
oL

+
al, = Qjp — Q7
Ik J aajk

7.1.2 Update for b,

M =B+ X\, so gb% = Eji, where Ej;, is the matrix with 1 at (4, k). Use:

8;\/1%: M 'E M-
So
g;;; = folEjkaly
Gradient:
aabfk = —2(h* — hyue) (MT'E;M™ty)
Update:

bl = bjk +20(h* — hyye) T (M7IE;, M 1y)

7.1.3 Update for \;

dy oh* 4
—=-1 =-M""1
an LT N px1
So 5
L N _
87)\1 = 2(h - htrue)T(_M 11p><1)
Update:

A =M+ 2a(h* — hyge) T (MT1,00)
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7.2. Multi-column (Summation) Updates: Step-by-Step

7.1.4 Update for )\,

oM )Y
— =1 _ _M—2
8)\2 P 8/\2
Thus,
oh*
. — M2
E) Y
So,
oL
= =2(h* — hyye) ' (-M™2
S = 20"~ hu) (M)
Update:

A = o+ 2a(h* — hie) ' (M 2y)

7.2 Multi-column (Summation) Updates: Step-by-Step

Suppose we have m columns: H* = [hi---h! ], Hyue = [Birue1 - - Dirue,m], with corresponding v, and
Yi=Av; — Ml

The total loss is:
m
L= Ih; — hue,”
i=1
By linearity of differentiation, the parameter updates are:
m
CLj+k' = Qjk — QQZ(hj - htrue,i)—r(vk,iM_lej)
i=1

b =bix +2a > (] = hyues) (MT'E;:M ™ y;)
1=1

m

)\1’_ =M +2a Z(h: - htrue,i)T(M_11P><1)

i=1
A =X +20) (b = hyes) (M %y,)
i=1
Transition to Compact Matrix Form:

We can rewrite these summations more compactly using matrix multiplication. Let

V= [vi e vl ERVL Y = [yy oy, € R

The key observations are:
e The sum over ¢ of terms like (h — hgyye i) vk, becomes the matrix product (H* — Hiw)VT.
e The sum of (h} — hiyye,i) over all ¢ is (H* — Hyue)1mx1, Where 1,51 is a column vector of ones.

e The sum of (hf — hye) (M ™2y;) over all i is tr((H* — Hye) 'M™2Y) by standard trace/cyclic
properties.

Compact Matrix Updates:
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Chapter 7. Appendix

At =A—2aM (H* - Hyue) V'
]3+ = B + QCY M_l(H* - Htrue) (M_IY)T
A =M+ 20115, MTHHY — Hige) Linxa

A= Ao + 20 tr [(H* — Hypge) ' M72Y]

where 11, is a row vector of ones and 1,,1 is a column vector of ones.
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