ÅÈÍÉÊÏ ÌÅÔÓÏÂÉÏ ÐÏËÕÔÅŒÍÅÉÏ

ÓŒÏËÇ ÇËÅÊÔÑÏËÏÃÙÍ ÌÇŒÁÍÉÊÙÍ ÊÁÉ ÌÇŒÁÍÉÊÙÍ ÕÐÏËÏÃÉÓÔÙÍ ÔÏÌÅÁÓ ÔÅŒÍÏËÏÃÉÁÓ ÐËÇÑÏÖÏÑÉÊÇÓ ÊÁÉ ÕÐÏËÏÃÉÓÔÙÍ

ÐñïóåããéóôéêïSS Áëãüñéèìïé ãéá ôçí ÊÜëõøç Ðïëõãùíéêþí Ðåñéïœþí

ÄÉÄÁÊÔÏÑÉÊÇ ÄÉÁÔÑÉÂÇ ôïõ ÅõñéðSSäç Á. ÌÜñêïõ Ðôõœéïýœïõ Öõóéêïý ÐáíåðéóôçìSSïõ ÉùáííSSíùí (1993)

ÁèÞíá, Éïýíéïò 2003

ÅÈÍÉÊÏ ÌÅÔÓÏÂÉÏ ÐÏËÕÔÅŒÍÅÉÏ ÓŒÏËÇ ÇËÅÊÔÑÏËÏÃÙÍ ÌÇŒÁÍÉÊÙÍ ÊÁÉ ÌÇŒÁÍÉÊÙÍ ÕÐÏËÏÃÉÓÔÙÍ ÔÏÌÅÁÓ ÔÅŒÍÏËÏÃÉÁÓ ÐËÇÑÏÖÏÑÉÊÇÓ ÊÁÉ ÕÐÏËÏÃÉÓÔÙÍ

ÐñïóåããéóôéêïSS Áëãüñéèìïé ãéá ôçí ÊÜëõøç Ðïëõãùíéêþí Ðåñéïœþí

ÄÉÄÁÊÔÏÑÉÊÇ ÄÉÁÔÑÉÂÇ ôïõ ÅõñéðSSäç Á. ÌÜñêïõ

ÓõìâïõëåõôéêÞ ÅðéôñïðÞ: ÅõóôÜèéïò ÆÜœïò Öþôù ÁöñÜôç ÁíôñÝáò ÓôáöõëïðÜôçò

ÅãêñSSèçêå áðü ôçí åðôáìåëÞ åîåôáóôéêÞ åðéôñïðÞ ôçí 12ç ÉïõíSSïõ 2003.

........................................

ÅõóôÜèéïò ÆÜœïò ÊáèçãçôÞò Å.Ì.Ð.

........................................

Öþôù ÁöñÜôç ÊáèçãÞôñéá Å.Ì.Ð.

........................................ ÁíôñÝáò ÓôáöõëïðÜôçò ÊáèçãçôÞò Å.Ì.Ð.

........................................

ÔSSìïò ÓåëëÞò ÊáèçãçôÞò Å.Ì.Ð.

........................................

ÉùÜííçò ÅìSSñçò Áí. ÊáèçãçôÞò ÅÊÐÁ

........................................ ÁëÝîáíäñïò ÐáðáúùÜííïõ ÅðSSê. ÊáèçãçôÞò Å.Ì.Ð.

........................................ Íéêüëáïò Ðáðáóðýñïõ ËÝêôïñáò Å.Ì.Ð.

ÁèÞíá, Éïýíéïò 2003

................................... ÅõñéðSSäçò Á. ÌÜñêïõ ÄéäÜêôùñ Å.Ì.Ð.

© 2003 Åèíéêü Ìåôóüâéï ÐïëõôåœíåSSï. All rights reserved.

ÐåñSSëçøç

Ç áíÜðôõîç ôùí áóýñìáôùí äéêôýùí åðéêïéíùíSSáò (êéíçôÜ ôçëÝöùíá, êëð) Ýœåé äçìéïõñãÞóåé ðïëëÜ ðñïâëÞìáôá Ýñåõíáò: åëáœéóôïðïSSçóç ôïõ áñéèìïý ôùí óôáèìþí, åëáœéóôïðïSSçóç ôùí œñçóéìïðïéïýìåíùí óõœíïôÞôùí, êëð. Äýï óçìåSSá ìðïñïýí íá åðéêïéíùíÞóïõí áí êáëýðôïíôáé (äçëáäÞ åðéêïéíùíïýí) ìå Ýíá óôáèìü. ÅSSíáé ãíùóôü ôï ðñüâëçìá ôçò ôïðïèÝôçóçò åíüò åëÜœéóôïõ áñéèìïý óôáèìþí Ýôóé þóôå üëá ôá óçìåSSá íá êáëýðôïíôáé. Ìéá ðáñáëëáãÞ áõôïý ôïõ ðñïâëÞìáôïò åSSíáé: ðþò ìðïñïýìå íá ôïðïèåôÞóïõìå Ýíá äåäïìÝíï áñéèìü óôáèìþí Ýôóé þóôå íá êáëýðôåôáé Ýíáò ìÝãéóôïò áñéèìüò óçìåSSùí; Ç ôïðïëïãSSá ôçò ðåñéïœÞò êáèïñSSæåé åÜí ç åðéêïéíùíSSá ìåôáîý äýï óçìåSSùí åSSíáé äõíáôÞ Þ üœé. Ôï ìïíôÝëï èá ðñÝðåé íá êñáôÜ ôá œáñáêôçñéóôéêÜ ôçò ðåñéïœÞò. ÃñáöÞìáôá, ôåñáSSí, ðïëýãùíá ìå Þ œùñSSò ôñýðåò, êëð, Ýœïõí œñçóéìïðïéçèåSS óáí ìïíôÝëá.

Åäþ ìåëåôïýìå ìéá óåéñÜ áðü ðñïâëÞìáôá êÜëõøçò ðïëõãþíùí ìå Þ œùñSSò ôñýðåò. Åéäéêüôåñá, åîåôÜæïíôáé ðåñéðôþóåéò óôéò ïðïSSåò ï óôüœïò åSSíáé ç êÜëõøç ìéáò ìÝãéóôçò áîSSáò áðü äåäïìÝíåò ðåñéïœÝò ìå áîSSá ðïõ âñSSóêïíôáé ðÜíù óôçí ðåñSSìåôñï Þ óôï åóùôåñéêü ôïõ ðïëõãþíïõ œñçóéìïðïéþíôáò Ýíáí áñéèìü áðü öýëáêåò ìå äåäïìÝíï áíþôáôï óõíïëéêü êüóôïò. Ïé öýëáêåò (óôáèìïSS) ôïðïèåôïýíôáé ðÜíù óôçí ðåñSSìåôñï ôïõ ðïëõãþíïõ.

Áðïäåéêíýïõìå üôé üëåò áõôÝò ïé ðåñéðôþóåéò åSSíáé NP-hard. Åéäéêüôåñá, ðñïôåSSíïõìå ðñïóåããéóôéêïýò áëãüñéèìïõò ðïëõùíõìéêïý œñüíïõ ìå óôáèåñïýò ðáñÜãïíôåò ðñïóÝããéóçò. Áðïäåéêíýïõìå åðSSóçò üôé üëåò áõôÝò ïé ðåñéðôþóåéò åSSíáé APX-hard êáé óõíåðþò APX-complete: êáôáóêåõÜæïõìå ìéá áíáãùãÞ äéáôÞñçóçò œÜóìáôïò. ÄåSSœíïõìå üôé ìå ëSSãåò ìåôáôñïðÝò ìðïñïýìå íá åöáñìüóïõìå áõôÞí ôçí áíáãùãÞ óå ìéá óåéñÜ ðñïâëçìÜôùí õðïëïãéóôéêÞò ãåùìåôñSSáò.

ÃSSíåôáé åðSSóçò ìåëÝôç êÜðïéùí ðñïâëçìÜôùí óå ãñÜöïõò áðïäåéêíýïíôáò üôé áõôÜ ôá ðñïâëÞìáôá åSSíáé åõêïëüôåñá óå ãñÜöïõò ïñáôüôçôáò áðü üôé óå ãåíéêïýò ãñÜöïõò (ðœ. Maximum Clique Cover).

ÊáôÜ ôç äéÜñêåéá ôçò ìåëÝôçò ôùí ðáñáðÜíù ðñïâëçìÜôùí, åéóÜãáìå ôá åîÞò íÝá óôïéœåSSá: á) âÜñç Þ áîSSåò óå ôìÞìáôá ôçò ðåñéìÝôñïõ ôïõ ðïëõãþíïõ êáé óå ðåñéïœÝò óôï åóùôåñéêü ôïõ ðïëõãþíïõ, â) êüóôïò óå êÜèå õðïøÞöéá èÝóç öýëáêá (óôáèìïý), ã) ôçí œñÞóéìç Ýííïéá ôçò åðSSâëåøçò (watching) åíüò óõíüëïõ óçìåSSùí, ôìçìÜôùí, Þ ðåñéïœþí ôïõ ðïëõãþíïõ êáé ä) Ýíáí ôñüðï êáôáêåñìáôéóìïý ôçò ðåñéìÝôñïõ êáé ôïõ åóùôåñéêïý ôïõ ðïëõãþíïõ ùò ðñïò ôçí ïñáôüôçôá. ÔÝëïò, ïñSSæïõìå ìéá åíäéáöÝñïõóá ðáñáëëáãÞ ôïõ ðñïâëÞìáôïò SET COVER üðïõ ôá óôïéœåSSá ôùí óõíüëùí Ýœïõí äéáóôÜóåéò.

Abstract

The development of wireless communication technology (mobile phones, etc) created a number of research problems: minimization of the number of transmitting antennas, minimization of the number of used frequencies, etc. Two points can communicate if they are covered by (i.e. can communicate with) an antenna. The well known problem is how to place stations so that all points are covered (visible) and the number of stations is minimum. A variation is: a number of stations is given, and we are asked to cover as many points as possible. Whether communication between two points is possible or blocked (direct point to point communication) it depends on the area topology. So the model must keep the properties of the topology. Graphs, terrains, polygons with (or without) holes, etc, have been used as models.

A number of covering (or guarding) problems in a polygon with (or without) holes are investigated here. More speci˛cally, a bunch of cases are examined where the goal is to guard (cover) a maximum weight of given valuable areas on the boundary or in the interior of the polygon using a number of guards (stations) with costs within a given budget. The guards (stations) are placed on the boundary of the polygon.

We prove here that all these cases are NP-hard. Moreover, polynomial - time algorithms are proposed which approximate optimal solutions within constants. We also prove that all these cases are APX-hard and thus APX-complete: A gappreserving reduction (which is a relatively new concept), is presented. Furthermore it is shown that this reduction can be applied in a number of computational geometry problems.

A further investigation and characterization of some graph problems has been done showing that in visibility graphs they are easier than in general graphs (e.g. Maximum Clique Cover).

While investigating the above problems, new concepts that have been introduced are: a) weights or values on pieces of the polygon’s boundary and areas of the polygon’s interior, b) costs on candidate guard (station) positions in the polygon, c) the useful and promising concept of watching a set of points or line segments or areas as opposed to completely overseeing or covering it and d) a way to discretize the boundary and the interior of the polygon with respect to visibility.

Finally, an interesting case of the SET COVER problem has been introduced, where the elements of the universe that must be covered have dimensions and are not merely points.

ÅõœáñéóôSSåò

Ðñþôá áðü üëïõò èÝëù íá åõœáñéóôÞóù ôïí åðéâëÝðïíôá êáèçãçôÞ ÓôÜèç ÆÜœï ãéá ôéò ðïëëÝò óôéãìÝò ðïõ Þôáí äSSðëá ìïõ óáí äÜóêáëïò áëëÜ êáé óáí öSSëïò.

ÁéóèÜíïìáé ðïëý ôõœåñüò ðïõ ìáèÞôåõóá äSSðëá óå Ýíáí Üíèñùðï ðïõ áãáðÜ ôüóï ðïëý íá äéäÜóêåé. Ôï ðÜèïò ôïõ ãéá ôçí Ýñåõíá êáé ïé ðëïýóéåò ãíþóåéò ðïõ ìïõ ìåôÝäéäå Ýðáéîáí êáé ðáSSæïõí áðïöáóéóôéêü ñüëï óôïí êáèïñéóìü êáé ôçí åðSSôåõîç ôùí óôüœùí ìïõ. Ç åðéìïíÞ ôïõ óôçí ìáèçìáôéêÞ êïìøüôçôá êáé óáöÞíåéá óõíÝâáëáí áðïöáóéóôéêÜ óôç äéáìüñöùóç ôçò äéäáêôïñéêÞò äéáôñéâÞò êáé óôçí ðïéüôçôá ôùí áðïôåëåóìÜôùí ôçò. Ç ðïëýôéìç öéëSSá ôïõ êáé ç ðSSóôç ôïõ óå åìÝíá ìïõ Ýäéíáí êïõñÜãéï êáé ìå óôÞñéæáí ôéò äýóêïëåò óôéãìÝò.

ÅõœáñéóôSSåò áíÞêïõí óôïí êáèçãçôÞ ÔSSìï ÓåëëÞ ãéá ôç âïÞèåéá ðïõ ìïõ ðñïóÝöåñå áðëüœåñá üðïôå ôïõ ôï æÞôçóá üëá áõôÜ ôá œñüíéá.

Åõœáñéóôþ ôïí åðSSêïõñï êáèçãçôÞ ôçò ÓÅÌÖÅ ÁëÝîç ÐáðáúùÜííïõ ãéá ôéò ùñáSSåò óõæçôÞóåéò ðïõ åSSœáìå áëëÜ êáé ãéá ôï åíäéáöÝñïí ðïõ ìïõ åíÝðíåõóå ãéá äéÜöïñá èÝìáôá Ýñåõíáò.

Åõœáñéóôþ åðSSóçò ôïí áíáðëçñùôÞ êáèçãçôÞ ôïõ ÅÊÐÁ ÃéÜííç ÅìSSñç ãéá ôç óõìâïëÞ ôïõ éäéáSSôåñá óôï ôåëåõôáSSï óôÜäéï ôçò äéáôñéâÞò êáé ãéá ôá óœüëéá êáé ôéò ðáñáôçñÞóåéò ôïõ.

ÈÝëù áêüìç íá åõœáñéóôÞóù ôçí êáèçãÞôñéá Öþôù ÁöñÜôç, ôïí êáèçãçôÞ ÁíôñÝá ÓôáöõëïðÜôç êáé ôïí ëÝêôïñá ÍSSêï Ðáðáóðýñïõ ãéá ôï åíäéáöÝñïí ôïõò, ôçí åíèÜññõíóÞ ôïõò êáé ôéò œñÞóéìåò ðáñáôçñÞóåéò ôïõò.

ÉäéáSSôåñá ïõóéáóôéêÞ ãéá ôçí åêðüíçóç ôçò äéáôñéâÞò Þôáí ç óõíåœÞò óõíåñãáóSSá ìïõ ìå ôïí õðïøÞöéï äéäÜêôïñá ôïõ Å.Ì.Ð. Œñéóôüäïõëï ÖñáãêïõäÜêç. ŒùñSSò ôç âïÞèåéÜ ôïõ êáé ôç öéëSSá ôïõ üëá èá Þôáí ðïëý ðéï äýóêïëá (áí üœé áäýíáôá) êáé óSSãïõñá ðïëý ðéï Üóœçìá.

ÁðïöáóéóôéêÞò óçìáóSSáò Þôáí åðSSóçò ç óõíåñãáóSSá ðïõ åSSœá ìå ôï Äñá Áñç ÐáãïõñôæÞ, ôïí ŒñÞóôï Íïìéêü, ëÝêôïñá ôïõ ÐáíåðéóôçìSSïõ ÉùáííSSíùí êáé ôçí ÊáôåñSSíá ÐïôSSêá, õðïøÞöéá äéäÜêôïñá ôïõ Å.Ì.Ð..

Åõœáñéóôþ åðSSóçò ôçí Äñá ÿëðç ÔæáöÝóôá ãéá ôéò œñÞóéìåò ðáñáôçñÞóåéò, ôá óœüëéá êáé ôéò åíäéáöÝñïõóåò óõæçôÞóåéò ðïõ åSSœáìå.

ÅêöñÜæù ôéò åõœáñéóôSSåò ìïõ åðSSóçò óôéò/óôïõò ðáñáêÜôù õðïøÞöéåò/õðïøÞöéïõò äéäÜêôïñåò ôïõ Å.Ì.Ð ãéá ôçí âïÞèåéá ðïõ ìïõ ðñïóÝöåñáí üëá áõôÜ ôá œñüíéá: ÐÝôñï Ðåôñüðïõëï, Áíôþíç Êáâáñíü, ĳëãá Ôóéáíôïýëç, ÐÝôñï ÐïôSSêá, ÐÜíï ŒåSSëáñç êáé ÍSSêï ËåïíÜñäï.

Óôá ôåëåõôáSSá óôÜäéá ôçò äéáôñéâÞò ìå âïÞèçóáí ðïëý ç êáôáíüçóç, ç äéåõêüëõíóç êáé ç óõìðáñÜóôáóç ðïõ ìïõ ðñïóÝöåñáí ïé ÄéåõèõíôÝò ôïõ ÅñãáóôçñSSïõ Ðñïóùðéêþí Õðïëïãéóôþí ôçò ÓœïëÞò ÅÌÖÅ óôï ïðïSSï åñãÜæïìáé, áíáðëçñùôÞò êáèçãçôÞò Êþóôáò ÖáñÜêïò êáé åðSSêïõñïò êáèçãçôÞò ÃéÜííçò ÊïëÝôóïò êáé ï ðñüåäñïò ôçò ÓœïëÞò êáèçãçôÞò ÃåñÜóéìïò ÓðáèÞò ôïõò ïðïSSïõò êáé åõœáñéóôþ.

Ðïëý óçìáíôéêü ñüëï Ýðáéîå ç ãíùñéìSSá ìïõ ìå ðïëëïýò öïéôçôÝò êáé öïéôÞôñéåò ôïõ Å.Ì.Ð. áðü ôïõò ïðïSSïõò Ýìáèá ðïëëÜ ðñÜãìáôá ïìïñöáSSíïíôáò üëá áõôÜ ôá œñüíéá êáé ôïõò åõœáñéóôþ éäéáSSôåñá.

Óå ðñïóùðéêü åðSSðåäï èÝëù íá åõœáñéóôÞóù ôïõò ãïíåSSò ìïõ ÈáíÜóç êáé Óðõñéäïýëá êáé ôá áäÝñöéá ìïõ ÊùóôÞ êáé Óðýñï ãéá ôçí óôÞñéîç êáé ôçí áãÜðç ôïõò üëá áõôÜ ôá œñüíéá. ÉäéáSSôåñá åõœáñéóôþ ôçí ãéáãéÜ ìïõ ÄÝóðïéíá ç ïðïSSá ìå ôç æùÞ ôçò ìïõ äSSäáîå ôçí õðïìïíÞ áëëÜ êáé ôçí åðéìïíÞ êáé ðñïóÞëùóç óôïõò óôüœïõò ìïõ. Ôá ëüãéá ôçò êáé ç áíÜìíçóÞ ôçò ìå óõíôñüöåõáí êáé ìå êáèïäçãïýóáí óå üëç ôç äéÜñêåéá áõôÞò ôçò ðñïóðÜèåéáò.

ÁéóèÜíïìáé üôé áõôÞ ç ðïñåSSá äåí èá åSSœå áñœSSóåé êáé åSSìáé óSSãïõñïò üôé äåí èá Ýöôáíå ðïôÝ óôï ôÝëïò ôçò œùñSSò ôç óõíåœÞ ðáñïõóSSá ôçò ãõíáSSêáò ìïõ ÿëóáò. Ôçí åõœáñéóôþ ðïëý ãéá ôçí õðïìïíÞ ôçò êáé ôç óôÞñéîç ðïõ ìïõ ðáñåSSœå, áëëÜ ðéï ðïëý ôçí åõœáñéóôþ ãéá ôçí áãÜðç ôçò ç ïðïSSá Þôáí ç êéíçôÞñéïò äýíáìç ãéá ìÝíá.

ÅõñéðSSäçò ÌÜñêïõ

Éïýíéïò, 2003

óôçí ÿëóá

Ðåñéåœüìåíá

ÅéóáãùãÞ 17 0.1 ÅöáñìïãÝò . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 0.2 ÏñéóìïSS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 0.2.1 Ðïëýãùíá êáé ïñáôüôçôá . . . . . . . . . . . . . . . . . . . 21 0.2.2 ÐñïâëÞìáôá ôïðïèÝôçóçò öõëÜêùí (Þ óôáèìþí) . . . . . . . 22 0.2.3 Aëëá ðñïâëÞìáôá . . . . . . . . . . . . . . . . . . . . . . . . 24 0.3 Ðñïóåããéóéìüôçôá . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 0.3.1 ÐñïóåããéóôéêïSS áëãüñéèìïé . . . . . . . . . . . . . . . . . . 25 0.3.2 ÐñïâëÞìáôá ìå åããýçóç . . . . . . . . . . . . . . . . . . . . 26 0.3.3 ÁíáãùãÝò äéáôÞñçóçò œÜóìáôïò . . . . . . . . . . . . . . . . 29 0.3.4 ÊëÜóåéò ÐñïóÝããéóçò . . . . . . . . . . . . . . . . . . . . . 30 0.4 ÅëáœéóôïðïSSçóç öõëÜêùí - ÃíùóôÜ áðïôåëÝóìáôá . . . . . . . . . . 32 0.5 ÌåãéóôïðïSSçóç êÜëõøçò - ÁðïôåëÝóìáôá . . . . . . . . . . . . . . . 33

1 Êáôáêåñìáôéóìüò ôïõ ðïëõãþíïõ 37 1.1 Ç ðåñSSìåôñïò ôïõ ðïëõãþíïõ . . . . . . . . . . . . . . . . . . . . . 37 1.2 Ôï åóùôåñéêü ôïõ ðïëõãþíïõ . . . . . . . . . . . . . . . . . . . . . 40

2 Ðåñéöñïýñçóç ìÝãéóôïõ ìÞêïõò ìå k öýëáêåò 43 2.1 Öýëáêåò óôéò êïñõöÝò . . . . . . . . . . . . . . . . . . . . . . . . . 43 2.2 Öýëáêåò - ðëåõñÝò . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 2.3 Ðïëýãùíá ìå ôñýðåò . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3 ÊÜëõøç ìÝãéóôçò áîSSáò ìå k öýëáêåò 49 3.1 Öýëáêåò óå êïñõöÝò . . . . . . . . . . . . . . . . . . . . . . . . . . 49 3.2 Öýëáêåò - ðëåõñÝò . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 3.3 Ðïëýãùíá ìå ôñýðåò . . . . . . . . . . . . . . . . . . . . . . . . . . 53 3.4 ÅðSSâëåøç (ìåñéêÞ êÜëõøç) . . . . . . . . . . . . . . . . . . . . . . . 54

4 ÂÝëôéóôç ôïðïèÝôçóç öõëÜêùí êáé Ýñãùí ôÝœíçò 57 4.1 Öýëáêåò óå êïñõöÝò . . . . . . . . . . . . . . . . . . . . . . . . . . 57 4.2 Öýëáêåò - ðëåõñÝò . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 4.3 Ðïëýãùíá ìå ôñýðåò . . . . . . . . . . . . . . . . . . . . . . . . . . 62

14 ÐÅÑÉÅŒÏÌÅÍÁ

5 ÊÜëõøç ìÝãéóôïõ ìÞêïõò ìå üñéï êüóôïõò ðïìðïäåêôþí 63 5.1 ÐïìðïäÝêôåò óå êïñõöÝò . . . . . . . . . . . . . . . . . . . . . . . . 63 5.2 ÐïìðïäÝêôåò - ðëåõñÝò . . . . . . . . . . . . . . . . . . . . . . . . . 67 5.3 Ðïëýãùíá ìå ôñýðåò . . . . . . . . . . . . . . . . . . . . . . . . . . 69

6 ÊÜëõøç ìÝãéóôçò áîSSáò ìå üñéï êüóôïõò ðïìðïäåêôþí 71 6.1 ÐïìðïäÝêôåò óå êïñõöÝò . . . . . . . . . . . . . . . . . . . . . . . . 71 6.2 ÐïìðïäÝêôåò - ðëåõñÝò . . . . . . . . . . . . . . . . . . . . . . . . . 73 6.3 Ðïëýãùíá ìå ôñýðåò . . . . . . . . . . . . . . . . . . . . . . . . . . 73 6.4 ÌåñéêÞ êÜëõøç . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

7 ÐïìðïäÝêôåò êáé áíáìåôáäüôåò 77 7.1 ÐïìðïäÝêôåò óå êïñõöÝò . . . . . . . . . . . . . . . . . . . . . . . . 77 7.2 ÐïìðïäÝêôåò - ðëåõñÝò . . . . . . . . . . . . . . . . . . . . . . . . . 82

8 Ç êÜëõøç ôçò åðéöÜíåéáò ôïõ ðïëõãþíïõ 83 8.1 ÐïìðïäÝêôåò óå êïñõöÝò ôïõ ðïëõãþíïõ . . . . . . . . . . . . . . . 83 8.2 ÐïìðïäÝêôåò - ðëåõñÝò . . . . . . . . . . . . . . . . . . . . . . . . . 84

9 Ìç - ðñïóåããéóéìüôçôá - ÁíáãùãÝò 85 9.1 ÈåùñSSá ìç ðñïóåããéóéìüôçôáò . . . . . . . . . . . . . . . . . . . . . 85 9.2 Maximum Value Vertex Guard (3.1) . . . . . . . . . . . . . . 86 9.2.1 ÊáôáóêåõÞ . . . . . . . . . . . . . . . . . . . . . . . . . . . 87 9.2.2 Ìåôáóœçìáôéóìüò ìéáò åöéêôÞò ëýóçò . . . . . . . . . . . . 90 9.2.3 ÁíÜëõóç ôçò áíáãùãÞò . . . . . . . . . . . . . . . . . . . . . 91

10 Ðåñéóóüôåñá APX-complete ðñïâëÞìáôá 99 10.1 Maximum Value Edge Guard (3.2) . . . . . . . . . . . . . . . . 99 10.2 Maximum Value Guard watching (3.4) . . . . . . . . . . . . . . 99 10.3 Maximum Length Guard (2.1 / 2.2) . . . . . . . . . . . . . . . 101 10.4 Maximum Value Vertex/Edge Guard with Painting Placement (4.1 / 4.2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101 10.5 Ðïëýãùíá ìå ôñýðåò (2.3 / 3.3 / 4.3) . . . . . . . . . . . . . . . . . 101 10.6 ĳñéï óõíïëéêïý êüóôïõò (5 / 6 / 7) . . . . . . . . . . . . . . . . . 103 10.7 APX-completeness . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

11 ÃñáöïèåùñçôéêÜ ðñïâëÞìáôá 105 11.1 ÄéáìÝñéóç ôïõ ðïëõãþíïõ óå k êëSSêåò . . . . . . . . . . . . . . . . 105

12 Êáéíïýñéá ÐñïâëÞìáôá 109 12.1 Ïñáôüôçôá ðïëõãþíùí . . . . . . . . . . . . . . . . . . . . . . . . . 109 12.2 Generalized Set Cover . . . . . . . . . . . . . . . . . . . . . . 110

13 ÓõìðåñÜóìáôá êáé ÁíïéœôÜ ÐñïâëÞìáôá 111

ÂéâëéïãñáöSSá 113

ÐÅÑÉÅŒÏÌÅÍÁ 15 ÃëùóóÜñé 119 Äçìïóéåýóåéò 121

16 ÐÅÑÉÅŒÏÌÅÍÁ

ÅéóáãùãÞ

0.1 ÅöáñìïãÝò

Ôéò ôåëåõôáSSåò äåêáåôSSåò üëïé ïé ôïìåSSò ðïõ áóœïëïýíôáé ìå ôçí ðëçñïöïñSSá ðáñïõóéÜæïõí ñáãäáSSá åîÝëéîç. Áðü ôç ìSSá õðÜñœåé ìéá óõíåœÞò áíÜðôõîç ôçò ôåœíïëïãSSáò êáé áðü ôçí Üëëç ðñïêýðôïõí óõíåœþò êáéíïýñéåò áíÜãêåò ðïõ ðñÝðåé íá éêáíïðïéçèïýí. ÌåñéêÝò áðü áõôÝò åSSíáé: öèçíÞ, áîéüðéóôç êáé ãñÞãïñç ìåôÜäïóç ôçò ðëçñïöïñSSáò, ôáîéíüìçóç êáé áðïèÞêåõóç ìå ôñüðï ôÝôïéï þóôå íá åSSíáé åýêïëç êáé ãñÞãïñç ç áíÜêôçóÞ ôçò, öéëôñÜñéóìá, áîéïëüãçóç êáé åðåîåñãáóSSá, åîáóöÜëéóç ôïõ áðüññçôïõ ôçò åðéêïéíùíSSáò, êëð.

Ç äçìéïõñãSSá åíüò äéêôýïõ åðéêïéíùíSSáò ôï ïðïSSï íá ìðïñåSS íá êáëýðôåé üóï ôï äõíáôüí ìåãáëýôåñï áñéèìü áéôçìÜôùí ãéá åðéêïéíùíSSá ìå öèçíü êáé áîéüðéóôï ôñüðï åSSíáé Ýíá áðü ôá æçôïýìåíá ðïõ ðñïóðáèåSS íá êáëýøåé ç ôåœíïëïãSSá.

Ïé áíÜãêåò ïäÞãçóáí óôçí åîÝëéîç ôùí åíóýñìáôùí äéêôýùí åðéêïéíùíSSáò (ïðôéêÜ äSSêôõá), áëëÜ êáé ôùí áóýñìáôùí (êéíçôÜ ôçëÝöùíá). ÐáñÜãïíôåò üðùò ç áíåîáñôçóSSá, ôï êüóôïò êáé ç áîéïðéóôSSá ðïõ ðñïóöÝñïõí ôá áóýñìáôá äSSêôõá èá åSSíáé êáèïñéóôéêïSS ãéá ôçí âáèìéáSSá êáôÜñãçóç ìåãÜëïõ ìÝñïõò ôùí åíóýñìáôùí äéêôýùí.

Ç ìåãÜëç æÞôçóç ãéá öèçíÞ êáé áîéüðéóôç áóýñìáôç åðéêïéíùíSSá Ýœåé äçìéïõñãÞóåé ðïëëÜ ðñïâëÞìáôá Ýñåõíáò ìå ôá ïðïSSá áóœïëïýíôáé áñêåôïSS åðéóôÞìïíåò. ÐïëëÝò åôáéñåSSåò åðSSóçò äñáóôçñéïðïéïýíôáé óôï œþñï ôùí áóýñìáôùí äéêôýùí åðéêïéíùíSSáò. Ç äçìéïõñãSSá, óõíôÞñçóç, åðÝêôáóç êáé ëåéôïõñãSSá åíüò áóýñìáôïõ äéêôýïõ åðéêïéíùíSSáò Ýœåé ðïëý ìåãÜëá Ýîïäá áëëÜ óõãœñüíùò êáé ðñïóäïêSSåò ãéá ìåãÜëá Ýóïäá. Ç Ýîõðíç äçìéïõñãSSá ôïõ äéêôýïõ, äçëáäÞ ìå ôñüðï ôÝôïéï þóôå íá åëáœéóôïðïéïýíôáé ôá Ýîïäá åSSíáé ìéá êáèïñéóôéêÞ ðáñÜìåôñïò ãéá ôï ìÝëëïí ìéáò åôáéñåSSáò.

ÿíá äSSêôõï áóýñìáôçò åðéêïéíùíSSáò áðïôåëåSSôáé áðü Ýíá óýíïëï óôáèìþí - ðïìðïäåêôþí ïé ïðïSSïé åêðÝìðïõí êáé ëáìâÜíïõí ðëçñïöïñSSåò. Ôá œáñáêôçñéóôéêÜ ôïõ êÜèå óôáèìïý êáé ç ðïéüôçôÜ ôïõ êáèïñSSæïõí êáé ôçí ðïéüôçôá ïëüêëçñïõ ôïõ äéêôýïõ. Ôï êüóôïò êáôáóêåõÞò êáé óõíôÞñçóçò ôïõ äéêôýïõ, åîáñôÜôáé áðü ôï ðëÞèïò ôùí óôáèìþí ôïõ.

Ôá áñœéêÜ åðåíäõôéêÜ êåöÜëáéá óõíÞèùò êáèïñSSæïõí ôçí ðåñéïœÞ ðïõ áñœéêÜ ðñÝðåé íá êáëýðôåé ôï äSSêôõï, ç ïðïSSá óôç óõíÝœåéá äéåõñýíåôáé.

Ïé óôáèìïSS ôïõ äéêôýïõ ìðïñåSS íá âñSSóêïíôáé óå äïñõöüñïõò Þ ìðïñåSS íá åSSíáé åðSSãåéïé. ÅìåSSò èá áóœïëçèïýìå ìå ôïõò åðSSãåéïõò óôáèìïýò.

18 ÅÉÓÁÃÙÃÇ

ÌåñéêïSS áðü ôïõò ðáñÜãïíôåò ðïõ ðñÝðåé íá óõíõðïëïãéóôïýí ðñïêåéìÝíïõ íá êáôáóêåõáóôåSS Ýíáò óôáèìüò åSSíáé:

• ôï êüóôïò ôïõ óôáèìïý,

• ôï êüóôïò ôçò åíïéêSSáóçò ôçò ðåñéïœÞò óôçí ïðïSSá èá ôïðïèåôçèåSS,

• ðáñÜðïíá ôùí êáôïSSêùí ãéá Ýêèåóç óôçí áêôéíïâïëSSá

• ãåùãñáöéêÝò éäéáéôåñüôçôåò

ÿíáò óôüœïò åSSíáé ç êÜëõøç ìéáò ãåùãñáöéêÞò ðåñéïœÞò ôïðïèåôþíôáò ôïí åëÜœéóôï áñéèìü óôáèìþí.

ÅðåéäÞ üìùò ôá œñçìáôéêÜ êåöÜëáéá åSSíáé äåäïìÝíá áëëÜ êáé ãéá Üëëïõò ëüãïõò ðïõ èá åîçãÞóïõìå ðáñáêÜôù, ìéá ñåáëéóôéêüôåñç áíôéìåôþðéóç ôïõ ðñïâëÞìáôïò åSSíáé: ç ôïðïèÝôçóç äåäïìÝíïõ áñéèìïý óôáèìþí Ýôóé þóôå íá êáëýðôåôáé üóï ôï äõíáôüí ìåãáëýôåñï ìÝñïò ôçò ðåñéïœÞò. ÌÜëéóôá ç ðåñéïœÞ ìðïñåSS íá Ýœåé óçìåSSá ìå äéáöïñåôéêÞ ðñïôåñáéüôçôá êÜëõøçò. Ãéá ðáñÜäåéãìá ìðïñåSS óôçí ðåñéïœÞ ðñïò êÜëõøç íá õðÜñœåé ìéá ëSSìíç ôçí ïðïSSá ìáò åíäéáöÝñåé íá êáëýøïõìå áöïý Ýœïõìå êáëýøåé ôçí õðüëïéðç ðåñéïœÞ. ÅðSSóçò ìðïñåSS íá åSSíáé áíÜãêç íá êáëýøïõìå êáôÜ ðñïôåñáéüôçôá ðåñéïœÝò ìå ìåãÜëï ðëçèõóìü (áóôéêÜ êÝíôñá, êïê).

ÌåôÜ ëïéðüí êáé ôéò ðáñáðÜíù ðáñáôçñÞóåéò Ýíá ñåáëéóôéêü ðñüâëçìá åSSíáé ôï åîÞò: ìå äåäïìÝíï Ýíá üñéï êüóôïõò ðïõ äåí ðñÝðåé íá îåðåñáóôåSS íá ôïðïèåôçèïýí óôáèìïSS óå ìéá äåäïìÝíç ðåñéïœÞ ìå ôÝôïéï ôñüðï þóôå íá êáëýðôåôáé Ýíá ìÝãéóôï ìÝñïò ôçò ðåñéïœÞò, ëáìâÜíïíôáò õðüøéí ôéò ðñïôåñáéüôçôåò êÜëõøçò.

ÅðéðëÝïí èá èÝëáìå ç åðÝêôáóç ôïõ äéêôýïõ íá ãSSíåôáé ìå ôÝôïéï ôñüðï þóôå áõôü íá ðáñáìÝíåé âÝëôéóôï. ÄçëáäÞ èá èÝëáìå ç ôïðéêÞ âåëôéóôüôçôá ôïõ äéêôýïõ íá ïäçãåSS óôç óõíïëéêÞ âåëôéóôüôçôá. Ìå Üëëá ëüãéá, èÝëïõìå üôáí áðïöáóSSæåôáé ç åðÝêôáóç ôïõ äéêôýïõ, íá ðáñáìÝíåé âÝëôéóôï œùñSSò íá œñåéÜæåôáé íá êáôáñãçèïýí êÜðïéïé óôáèìïSS.

ÁíÜëïãá ìå ôïí ôñüðï åðéêïéíùíSSáò ìðïñïýìå íá Ýœïõìå äSSêôõá óôá ïðïSSá:

• äýï óçìåSSá ãéá íá åðéêïéíùíÞóïõí ìåôáîý ôïõò ðñÝðåé êÜèå Ýíá áðü áõôÜ íá ìðïñåSS íá åðéêïéíùíÞóåé ìå êÜðïéï óôáèìü ôïõ äéêôýïõ (point to station communication)

• äýï óçìåSSá åðéêïéíùíïýí ìåôáîý ôïõò œùñSSò ôç ìåóïëÜâçóç êÜðïéïõ óôáèìïý (point to point communication)

Óôçí ðñþôç ðåñSSðôùóç, Ýíá ðáñÜäåéãìá åSSíáé ôï äSSêôõï êéíçôÞò ôçëåöùíSSáò. Ç åðéêïéíùíSSá ìåôáîý äýï óçìåSSùí ãSSíåôáé åÜí êÜèå óçìåSSï åðéêïéíùíåSS ìå êÜðïéï óôáèìü.

Óôç äåýôåñç ðåñSSðôùóç, Ýíá ðáñÜäåéãìá åSSíáé ç åðéêïéíùíSSá ìå walkie talkie. Óå áõôÞí ôçí ðåñSSðôùóç ôï äSSêôõï äåí Ýœåé óôáèìïýò.

Êáé óôéò äýï ðåñéðôþóåéò ç åðéêïéíùíSSá ãSSíåôáé óå õøçëÝò óõœíüôçôåò ôçò ôÜîçò ôùí 900 MHz, 1800 MHz êáé 1900 MHz. ÌÜëéóôá õðÜñœåé ç ôÜóç åSSíáé íá áõîçèåSS êáé Üëëï ç óõœíüôçôá åðéêïéíùíSSáò óå GHz.

0.1. ÅÖÁÑÌÏÃÅÓ 19

Óå áõôÝò ôéò óõœíüôçôåò ôá ðñïâëÞìáôá áðþëåéáò åíÝñãåéáò áðü áíÜêëáóç êáé äéÜèëáóç åSSíáé õðïëïãSSóéìá. Ôá ðñïâëÞìáôá áõôÜ åîáöáíSSæïíôáé áí áðáéôÞóïõìå ç åðéêïéíùíSSá ìåôáîý åíüò óçìåSSïõ êáé åíüò óôáèìïý íá åSSíáé äõíáôÞ åÜí ï óôáèìüò åSSíáé ïñáôüò áðü ôï óçìåSSï. ÿôóé ëïéðüí ãéá íá åSSíáé äõíáôÞ ç åðéêïéíùíSSá ìåôáîý äýï óçìåSSùí èá ðñÝðåé: åSSôå êÜèå Ýíá áðü áõôÜ íá âëÝðåé êÜðïéï óôáèìü (point to station) Þ íá âëÝðïíôáé ìåôáîý ôïõò (point to point).

Ôï áí äýï óçìåSSá âëÝðïíôáé åîáñôÜôáé áðü ôçí ôïðïëïãSSá ôçò ãåùãñáöéêÞò ðåñéïœÞò. Ôï ìïíôÝëï ëïéðüí ðïõ èá œñçóéìïðïéÞóïõìå ðñÝðåé íá äéáôçñåSS ôéò éäéüôçôåò ôçò ãåùãñáöéêÞò ðåñéïœÞò ðïõ áöïñïýí ôçí ïñáôüôçôá.

Óáí ãåùìåôñéêü ìïíôÝëï ôçò ðåñéïœÞò œñçóéìïðïéïýìå Ýíá áðëü ðïëýãùíï. Ç ãåùãñáöéêÞ ðåñéïœÞ ðñïò êÜëõøç áíáðáñéóôÜôáé ìå ôï åóùôåñéêü êáé ôçí ðåñSSìåôñï ôïõ ðïëõãþíïõ.

Äýï óçìåSSá ìÝóá óôï ðïëýãùíï Þ ðÜíù óôçí ðåñSSìåôñï ôïõ åSSíáé ïñáôÜ ôï Ýíá óôï Üëëï, áí êáé ìüíï áí õðÜñœåé ìéá åõèåSSá ãñáììÞ ðïõ ôá åíþíåé ç ïðïSSá âñSSóêåôáé ïëüêëçñç ìÝóá óôï ðïëýãùíï.

ÄéÜöïñá ðñïâëÞìáôá êÜëõøçò ðïëõãþíùí Ýœïõí ìåëåôçèåSS ôéò ôåëåõôáSSåò ôñåéò äåêáåôSSåò. Ôï 1976 êáôÜ ôç äéÜñêåéá åíüò óõíåäñSSïõ ï Victor Klee Ýèåóå ôï áêüëïõèï ðñüâëçìá ãíùóôü êáé ùò ðñüâëçìá ôïõ ìïõóåSSïõ (art gallery): ðüóïé öýëáêåò œñåéÜæïíôáé ãéá íá âëÝðïõí êÜèå óçìåSSï óôï åóùôåñéêü ìéáò ãêáëåñSS;

Ôï ìáèçìáôéêü ìïíôÝëï ôïõ ðñïâëÞìáôïò åSSíáé Ýíá ðïëýãùíï ôï ïðïSSï áíôéóôïéœåSS óôï ðÜôùìá ôïõ ìïõóåSSïõ (êÜôïøç). Ôá ðñïâëÞìáôá ðïõ Ýœïõí åñåõíçèåSS ìðïñïýí íá ôáîéíïìçèïýí ìå âÜóç äéÜöïñá êñéôÞñéá üðùò:

• ðïý åðéôñÝðåôáé íá ôïðïèåôçèïýí öýëáêåò (óôéò êïñõöÝò ôïõ ðïëõãþíïõ, óôéò ðëåõñÝò ôïõ ðïëõãþíïõ Þ ïðïõäÞðïôå ìÝóá óôï ðïëýãùíï)

• ôé èÝëïõìå íá öñïõñÞóïõìå (ôçí ðåñSSìåôñï ôïõ ðïëõãþíïõ, ôï åóùôåñéêü ôïõ ðïëõãþíïõ)

• åÜí ôï ðïëýãùíï åSSíáé áðëü, ïñèïãþíéï, êëð

ÿœïõí âñåèåSS ðïëëÜ ðÜíù êáé êÜôù üñéá ãéá ôïí áñéèìü ôùí öõëÜêùí ðïõ åSSíáé áíáãêáSSïé ãéá ôçí öýëáîç ôïõ ðïëõãþíïõ. Ëéãüôåñç äïõëåéÜ Ýœåé ãSSíåé ãéá ôç ìåëÝôç ôçò õðïëïãéóôéêÞò ðïëõðëïêüôçôáò ðïõ Ýœåé ç åýñåóç êáëþí èÝóåùí ãéá ôïõò öýëáêåò. ÔÝëïò åëÜœéóôç äïõëåéÜ Ýœåé ãSSíåé üóïí áöïñÜ ôçí ôïðïèÝôçóç äåäïìÝíïõ áñéèìïý öõëÜêùí Ýôóé þóôå íá öõëÜóóåôáé Ýíá ìÝãéóôï ìÝñïò ôïõ ðïëõãþíïõ. Ðåñéóóüôåñåò ëåðôïìÝñåéåò õðÜñœïõí óôá [41, 46, 48].

Ôá ðñïâëÞìáôá, ëïéðüí ìå ôá ïðïSSá áóœïëïýìáóôå óå áõôÞí ôçí åñãáóSSá åSSíáé ðáñáëëáãÝò ôïõ ðñïâëÞìáôïò ôïõ ìïõóåSSïõ. ÌåñéêÝò áðü áõôÝò ôéò ðáñáëëáãÝò Þôáí Þäç ïñéóìÝíåò, åíþ Üëëåò ïñSSóáìå åìåSSò ìå óêïðü ôçí ðéï ñåáëéóôéêÞ åöáñìïãÞ óå áóýñìáôá äSSêôõá.

Ãéá áõôü ôï ëüãï, óå üëç ôç äéÜñêåéá ôçò åñãáóSSáò ïé üñïé ðïõ œñçóéìïðïéïýìå óôá ðñïâëÞìáôá åSSíáé Üëëïôå äáíåéóìÝíïé áðü ôçí ïñïëïãSSá ôçò ãêáëåñSS (öýëáêåò, Ýñãá ôÝœíçò) êáé Üëëïôå áðü ôá áóýñìáôá äSSêôõá (ðïìðïäÝêôåò-óôáèìïSS, áíáìåôáäüôåò). Ç œñçóéìïðïSSçóç ðüôå ôçò ìéáò êáé ðüôå ôçò Üëëçò ïñïëïãSSáò ãSSíåôáé ãéá ëüãïõò éóôïñéêïýò (áñœéêÜ ôï ðñüâëçìá ôÝèçêå óáí ðñüâëçìá ìïõóåSSïõ üðùò åSSðáìå) áëëÜ êáé ãéá ëüãïõò õðåíèýìéóçò ôùí åöáñìïãþí óôïí áíáãíþóôç.

20 ÅÉÓÁÃÙÃÇ

Èá åîåôÜóïõìå:

• ðþò ìðïñïýìå íá ôïðïèåôÞóïõìå öýëáêåò (Þ óôáèìïýò) óå Ýíá ðïëýãùíï Ýôóé þóôå íá êáëýðôïõìå Ýíá ìÝãéóôï ìÞêïò ôçò ðåñéìÝôñïõ ôïõ,

• ðþò ìðïñïýìå íá ôïðïèåôÞóïõìå öýëáêåò (Þ óôáèìïýò) óå Ýíá ðïëýãùíï ôïõ ïðïSSïõ ç ðåñSSìåôñïò Ýœåé áîSSåò Ýôóé þóôå íá êáëýðôïõìå ôç ìÝãéóôç áîSSá,

• ðþò ìðïñïýìå íá êáëýøïõìå Ýíá ìÝãéóôï åìâáäüí ôïõ åóùôåñéêïý ôïõ ðïëõãþíïõ.

ÅéóÜãïõìå ôçí Ýííïéá ôçò åðSSâëåøçò: Ýíá óýíïëï óçìåSSùí A åðéâëÝðåôáé áðü êÜðïéï óçìåSSï p åÜí ôïõëÜœéóôïí Ýíá õðïóýíïëï ôïõ A åSSíáé ïñáôü áðü ôï p. Ç Ýííïéá ôçò åðSSâëåøçò üðùò èá äïýìå Ýœåé åöáñìïãÝò óôçí öñïýñçóç ôçò ãêáëåñSS áí èÝëïõìå íá åãêáôáóôÞóïõìå Ýíá óýóôçìá óõíáãåñìïý.

ÅéóÜãïõìå åðSSóçò ôçí Ýííïéá ôïõ êüóôïõò: êÜèå õðïøÞöéá èÝóç öýëáêá (Þ óôáèìïý) Ýœåé Ýíá êüóôïò. Ç ôïðïèÝôçóç ôùí óôáèìþí èÝëïõìå íá ìçí îåðåñíÜ Ýíá üñéï êüóôïõò.

Ìåëåôïýìå åðSSóçò ðþò ìðïñïýìå íá åãêáôáóôÞóïõìå Ýíá äåäïìÝíï áñéèìü äéêôýùí (point to point communication) Ýôóé þóôå íá êáëýðôåôáé ôï ìåãáëýôåñï ìÝñïò ôïõ ðïëõãþíïõ.

Ãéá üëá ôá ðáñáðÜíù ðñïâëÞìáôá äSSíïõìå ðïëõùíõìéêïý œñüíïõ ðñïóåããéóôéêïýò áëãüñéèìïò ðïõ ðåôõœáSSíïõí óôáèåñïýò ðñïóåããéóôéêïýò ðáñÜãïíôåò. Áðïäåéêíýïõìå åðSSóçò áðïôåëÝóìáôá ìç-ðñïóåããéóéìüôçôáò ãéá áõôÜ ôá ðñïâëÞìáôá.

ÌåñéêÝò áðü ôéò ìåèüäïõò ìáò åöáñìüæïíôáé óå ãíùóôÜ ãñáöïèåùñçôéêÜ ðñïâëÞìáôá ãéá ôá ïðïSSá ðñïêýðôïõí êáéíïýñéá áðïôåëÝóìáôá.

ÔÝëïò, ïñSSæïõìå êáé ìåëåôïýìå Ýíá êáéíïýñéï ðñüâëçìá ðïõ ðñïÝêõøå êáôÜ ôç äéÜñêåéá ôçò ìåëÝôçò ôùí ðñïâëçìÜôùí. Ôï ïíïìÜæïõìå ðñüâëçìá ãåíéêåõìÝíçò êÜëõøçò óõíüëùí êáé öáSSíåôáé áñêåôÜ åíäéáöÝñïí êáé ìå ðïëëÝò åöáñìïãÝò.

Ôá áíïéœôÜ ðñïâëÞìáôá ðïõ ðñïôåSSíïõìå åêôüò áðü èåùñçôéêü åíäéáöÝñïí, Ýœïõí ðïëëÝò åöáñìïãÝò êáé ãé’ áõôü ðéóôåýïõìå üôé ç Ýñåõíá ðÜíù ó’ áõôÜ èá åíôáèåSS ôá åðüìåíá œñüíéá.

Óôéò åðüìåíåò åíüôçôåò áõôïý ôïõ êåöáëáSSïõ äSSíïõìå:

• ïñéóìïýò ðïõ èá œñåéáóôïýìå (åíüôçôá 0.2),

• ìéá åéóáãùãÞ óôç èåùñSSá ôçò ðñïóåããéóéìüôçôáò êáé óôéò Ýííïéåò ðïõ èá œñçóéìïðïéÞóïõìå (åíüôçôá 0.3),

• ãíùóôÜ áðïôåëÝóìáôá óœåôéêÜ ìå åëáœéóôïðïSSçóç áñéèìïý öõëÜêùí (åíüôçôá 0.4) êáé

• ðåñSSëçøç ôùí áðïôåëåóìÜôùí ôçò åñãáóSSáò óœåôéêÜ ìå ìåãéóôïðïSSçóç ôçò êÜëõøçò (åíüôçôá 0.5)

0.2. ÏÑÉÓÌÏÉ 21

0.2 ÏñéóìïSS

0.2.1 Ðïëýãùíá êáé ïñáôüôçôá

Ïñéóìüò 1 Ìéá äéáôåôáãìÝíç áêïëïõèSSá óçìåSSùí p_1, p_2, ..., p_n, n ≥ 3 óôï åðSSðåäï ìáæSS ìå ôéò åõèåSSåò ðïõ åíþíïõí ôï p_i ìå ôï p_{i+1}, i = 1, ..., n − 1, ïíïìÜæåôáé ðïëõãùíéêÞ áëõóSSäá. Ôá p_1, p_2, ..., p_n êáëïýíôáé êïñõöÝò ôçò áëõóSSäáò åíþ ôá (p_i, p_{i+1}) áêìÝò Þ ðëåõñÝò. Ç ðïëõãùíéêÞ áëõóSSäá êáëåSSôáé êëåéóôÞ áí p_1 = p_n êáé áíïéêôÞ áëëéþò.

Ïñéóìüò 2 Ìéá ðïëõãùíéêÞ áëõóSSäá êáëåSSôáé áðëÞ áí ôá ìüíá óçìåSSá ôïìÞò ìåôáîý ôùí áêìþí åSSíáé ôá êïéíÜ Üêñá ôùí äéáäïœéêþí áêìþí. Ìéá áðëÞ êëåéóôÞ ðïëõãùíéêÞ áëõóSSäá T œùñSSæåé ôï åðSSðåäï óå äýï ìÝñç: ôï åóùôåñéêü ôïõ T êáé ôï åîùôåñéêü ôïõ T .

Ïñéóìüò 3 Ôï åóùôåñéêü ìéáò áðëÞò êëåéóôÞò ðïëõãùíéêÞò áëõóSSäáò T , ìáæSS ìå ôï T , ïíïìÜæåôáé áðëü ðïëýãùíï œùñSSò ôñýðåò. Ôï óýíïñï δT ôï ïíïìÜæïõìå ðåñSSìåôñï ôïõ ðïëõãþíïõ.

Ïñéóìüò 4 Ç Ýíùóç åíüò ðåðåñáóìÝíïõ áñéèìïý áðü áðëÜ ðïëýãùíá ïíïìÜæåôáé ðïëýãùíï. ÿíá ðïëýãùíï T ïíïìÜæåôáé óõíäåäåìÝíï áí ãéá êÜèå äýï óçìåSSá ôïõ T õðÜñœåé ìéá ðïëõãùíéêÞ áëõóSSäá ðïõ áíÞêåé óôï T êáé ôá åíþíåé, ÿíá óõíäåäåìÝíï ðïëýãùíï T ïíïìÜæåôáé áðëÜ óõíäåäåìÝíï áí êÜèå ðïëõãùíéêÞ áëõóSSäá ðïõ åíþíåé äýï óçìåSSá ôçò ðåñéìÝôñïõ ôïõ T êáé äåí ðåñíÜ áðü êáíÝíá Üëëï óçìåSSï ôçò ðåñéìÝôñïõ œùñSSæåé ôï T . ÿíá óõíäåäåìÝíï ðïëýãùíï ðïõ äåí åSSíáé áðëÜ óõíäåäåìÝíï, ïíïìÜæåôáé áðëü ðïëýãùíï ìå ôñýðåò.

Ãéá áðëüôçôá èá œñçóéìïðïéïýìå ôïí üñï ðïëýãùíï ãéá Ýíá óõíäåäåìÝíï ðïëýãùíï ìå Þ œùñSSò ôñýðåò.

Ïñéóìüò 5 ÿóôù T Ýíá ðïëýãùíï êáé Ýóôù a, b óçìåSSá ôïõ T . ËÝìå üôé ôá óçìåSSá a, b åSSíáé ïñáôÜ ôï Ýíá óôï Üëëï, áí ç åõèåSSá ãñáììÞ ðïõ ôá åíþíåé âñSSóêåôáé ïëüêëçñç ìÝóá óôï T . ËÝìå åðSSóçò ðùò ôï óçìåSSï a âëÝðåé ôï b, ôï a åSSíáé ïñáôü áðü ôï b Þ ôá óçìåSSá a, b öáSSíïíôáé ìåôáîý ôïõò. ÿíá óýíïëï S áðü óçìåSSá ôïõ T åSSíáé ïñáôü áðü Ýíá óçìåSSï a áí êÜèå óçìåSSï ôïõ S åSSíáé ïñáôü áðü ôï a.

Ïñéóìüò 6 ÿóôù T Ýíá ðïëýãùíï, a, b óçìåSSá ôïõ T , S êáé Q óýíïëá óçìåSSùí ôïõ T . ËÝìå üôé ôï a ðåñéöñïõñåSS Þ âëÝðåé Þ êáëýðôåé ôï S áí êÜèå óçìåSSï ôïõ S öáSSíåôáé áðü ôï a. ËÝìå üôé ôï S ðåñéöñïõñåSS Þ êáëýðôåé ôï Q áí ãéá êÜèå óçìåSSï ôïõ Q õðÜñœåé Ýíá ôïõëÜœéóôïí óçìåSSï ôïõ S ðïõ ôï âëÝðåé.

Ïñéóìüò 7 ËÝìå üôé Ýíá óçìåSSï a åðéâëÝðåé Þ êáëýðôåé ìåñéêþò ôï óýíïëï S áí õðÜñœåé ôïõëÜœéóôïí Ýíá óçìåSSï ôïõ S ðïõ öáSSíåôáé áðü ôï a. ËÝìå üôé ôï S åðéâëÝðåé Þ êáëýðôåé ìåñéêþò ôï Q åÜí õðÜñœåé ôïõëÜœéóôïí Ýíá óçìåSSï ôïõ Q ðïõ öáSSíåôáé áðü ôïõëÜœéóôïí Ýíá óçìåSSï ôïõ S.

22 ÅÉÓÁÃÙÃÇ

Ç Ýííïéá ôçò ðåñéöñïýñçóçò åSSíáé óõììåôñéêÞ ãéá äýï óçìåSSá áëëÜ üœé ãéá óýíïëá óçìåSSùí. ÿíá óýíïëï óçìåSSùí S ìðïñåSS íá âëÝðåé ôï óýíïëï Q áëëÜ ìðïñåSS íá ìçí öáSSíïíôáé üëá ôá óçìåSSá ôïõ S áðü ôï Q.

Ç Ýííïéá ôçò åðSSâëåøçò åSSíáé óõììåôñéêÞ. Áí Ýíá óýíïëï óçìåSSùí S åðéâëÝðåé ôï Q ôüôå êáé ôï S åðéâëÝðåôáé áðü ôï Q.

Ïñéóìüò 8 ÿóôù Ýíá ðïëýãùíï P . Êáëïýìå ãñÜöï ïñáôüôçôáò V_G(P ) ôï ãñÜöçìá ðïõ Ýœåé Ýíáí êüìâï ãéá êÜèå êïñõöÞ ôïõ ðïëõãþíïõ êáé áêìÞ áíÜìåóá óå äýï êüìâïõò, áí êáé ìüíï áí ïé áíôSSóôïéœåò êïñõöÝò ôïõ ðïëõãþíïõ öáSSíïíôáé ìåôáîý ôïõò.

Ôï ðñüâëçìá ôçò áíáãíþñéóçò åíüò ãñÜöïõ ïñáôüôçôáò åSSíáé óôï PSPACE ([19]). Ãéá ëåðôïìÝñåéåò óœåôéêÜ ìå ôçí áíáðáñÜóôáóç ðïëõãþíùí ìå ãñÜöïõò äåò [42].

0.2.2 ÐñïâëÞìáôá ôïðïèÝôçóçò öõëÜêùí (Þ óôáèìþí)

Ïñéóìüò 9 ÿóôù Ýíá ðïëýãùíï P œùñSSò ôñýðåò. Ï óôüœïò ôïõ ðñïâëÞìáôïò Minimum Vertex Guard åSSíáé íá ôïðïèåôÞóïõìå óôéò êïñõöÝò ôïõ ðïëõãþíïõ Ýíáí åëÜœéóôï áñéèìü öõëÜêùí Ýôóé þóôå ôï åóùôåñéêü êáé ç ðåñSSìåôñïò ôïõ ðïëõãþíïõ íá åSSíáé ïñáôÜ áðü ôïõò öýëáêåò.

ÅÜí ç ôïðïèÝôçóç ôùí öõëÜêùí ãSSíåôáé óôéò ðëåõñÝò ôïõ ðïëõãþíïõ (Ýíáò öýëáêáò êáôáëáìâÜíåé ìéá ïëüêëçñç ðëåõñÜ) ôüôå ôï ðñüâëçìá êáëåSSôáé Minimum Edge Guard. ÅÜí ç ôïðïèÝôçóç ôùí öõëÜêùí ãSSíåôáé óôï åóùôåñéêü ôïõ ðïëõãþíïõ, ôüôå ôï ðñüâëçìá êáëåSSôáé Minimum Point Guard.

Ôá ðáñáðÜíù ðñïâëÞìáôá ìðïñïýí íá ïñéóôïýí ìå óêïðü ìüíï ç ðåñSSìåôñïò ôïõ ðïëõãþíïõ íá åSSíáé ïñáôÞ áðü ôïõò öýëáêåò. ÓťáõôÞí ôçí ðåñSSðôùóç ôá ðñïâëÞìáôá ïíïìÜæïíôáé áíôSSóôïéœá Minimum Vertex Guard (Boundary Restricted), Minimum Edge Guard (Boundary Restricted) êáé Minimum Point Guard (Boundary Restricted).

Ïñéóìüò 10 ÄSSíåôáé Ýíá ðïëýãùíï P œùñSSò ôñýðåò êáé Ýíáò áêÝñáéïò k > 0. ÿóôù L(b) ôï åõêëåSSäåéï ìÞêïò åíüò ôìÞìáôïò b. Ï óôüœïò ôïõ ðñïâëÞìáôïò Maximum Length Vertex Guard åSSíáé íá ôïðïèåôÞóïõìå k öýëáêåò (óôáèìïýò), óôéò êïñõöÝò ôïõ ðïëõãþíïõ ìå ôÝôïéï ôñüðï þóôå ôï åõêëåSSäåéï ìÞêïò ôïõ ìÝñïõò ôçò ðåñéìÝôñïõ ôïõ P ðïõ åSSíáé ïñáôü áðü ôïõò öýëáêåò íá åSSíáé ìÝãéóôï.

ÏìïSSùò üðùò êáé ðáñáðÜíù, áí ç ôïðïèÝôçóç ôùí öõëÜêùí ãSSíåôáé óôéò ðëåõñÝò ôï ðñüâëçìá êáëåSSôáé Maximum Length Edge Guard, åíþ áí ãSSíåôáé óôï åóùôåñéêü ôïõ ðïëõãþíïõ êáëåSSôáé Maximum Length Point Guard.

Ïñéóìüò 11 ÿóôù Ýíá ðïëýãùíï P œùñSSò ôñýðåò êáé Ýíáò áêÝñáéïò k > 0. Ï óôüœïò ôïõ ðñïâëÞìáôïò Maximum Area Vertex Guard åSSíáé íá ôïðïèåôÞóïõìå k öýëáêåò óôéò êïñõöÝò ôïõ ðïëõãþíïõ Ýôóé þóôå ôï åóùôåñéêü ôìÞìá ôïõ ðïëõãþíïõ ðïõ åSSíáé ïñáôü áðü ôïõò öýëáêåò íá åSSíáé ìÝãéóôï.

0.2. ÏÑÉÓÌÏÉ 23

ÁíôSSóôïéœá ïñSSæïíôáé ôá ðñïâëÞìáôá Maximum Area Edge Guard êáé Maximum Area Point Guard ãéá ôïðïèÝôçóç öõëÜêùí óå ðëåõñÝò êáé óôï åóùôåñéêü ôïõ ðïëõãþíïõ.

Ïñéóìüò 12 ÿóôù Ýíá ðïëýãùíï P œùñSSò ôñýðåò êáé Ýíáò áêÝñáéïò k > 0. Ç ðåñSSìåôñïò ôïõ ðïëõãþíïõ åSSíáé œùñéóìÝíç óå îÝíá ìåôáîý ôïõò äéáóôÞìáôá óôá ïðïSSá Ýœïõí áðïäïèåSS ìç-áñíçôéêÜ âÜñç. Ï óôüœïò ôïõ ðñïâëÞìáôïò Maximum Value Vertex Guard åSSíáé íá ôïðïèåôçèïýí ôï ðïëý k öýëáêåò (óôáèìïSS) óôéò êïñõöÝò ôïõ ðïëõãþíïõ Ýôóé þóôå ôï óõíïëéêü âÜñïò ôùí ôìçìÜôùí ðïõ öáSSíïíôáé íá åSSíáé ìÝãéóôï.

ÁíôSSóôïéœá ïñSSæïíôáé ôá ðñïâëÞìáôá Maximum Value Edge Guard êáé Maximum Value Point Guard ãéá ôïðïèÝôçóç öõëÜêùí óå ðëåõñÝò êáé óôï åóùôåñéêü ôïõ ðïëõãþíïõ.

Ôá ôñSSá ðáñáðÜíù ðñïâëÞìáôá ìðïñïýí íá ïñéóôïýí êáé ìå ìéá äéáöïñåôéêÞ Ýííïéá ïñáôüôçôáò. ĳôáí ï óôüœïò åSSíáé ïé öýëáêåò íá åðéâëÝðïõí (watch) ôá ôìÞìáôá êáé üœé íá ôá ðåñéöñïõñïýí ôüôå Ýœïõìå áíôSSóôïéœá ôá ðñïâëÞìáôá Maximum Value Vertex Guard (Watching Version), Maximum Value Edge Guard (Watching Version) êáé Maximum Value Point Guard (Watching Version).

Ïñéóìüò 13 ÿóôù Ýíá ðïëýãùíï P œùñSSò ôñýðåò, Ýíáò áêÝñáéïò k > 0 êáé Ýíá óýíïëï D áðü ðSSíáêåò. ÊÜèå ðSSíáêáò d ∈ D Ýœåé Ýíá ìÞêïò l(d) êáé ìéá áîSSá c(d). Ï óêïðüò ôïõ ðñïâëÞìáôïò Maximum Value Vertex Guard with Painting Placement åSSíáé íá ôïðïèåôçèïýí k öýëáêåò óôéò êïñõöÝò ôïõ ðïëõãþíïõ êáé ðSSíáêåò óôéò ðëåõñÝò ôïõ ðïëõãþíïõ (äçëáäÞ óôïõò ôïSSœïõò ôçò ãêáëåñSS) Ýôóé þóôå ç óõíïëéêÞ áîSSá ôùí ðéíÜêùí ðïõ öáSSíïíôáé íá åSSíáé ìÝãéóôç.

ÁíôSSóôïéœá ïñSSæïíôáé ôá ðñïâëÞìáôá Maximum Value Edge Guard with Painting Placement êáé Maximum Value Point Guard with Painting Placement ãéá ôïðïèÝôçóç öõëÜêùí óå ðëåõñÝò êáé óôï åóùôåñéêü ôïõ ðïëõãþíïõ.

Óôá ôñSSá ðáñáðÜíù ðñïâëÞìáôá ç ëÝîç ‘ðSSíáêåò’ óôïõò ïñéóìïýò äåí ðåñéïñSSæåé öõóéêÜ ôéò åöáñìïãÝò áëëÜ ãSSíåôáé ðåñéóóüôåñï ãéá éóôïñéêïýò ëüãïõò (ôá ðñïâëÞìáôá åSSíáé ðáñáëëáãÝò ôïõ ðñïâëÞìáôïò ôïõ ìïõóåSSïõ). ÐïëëÝò öïñÝò, áíôSS ãéá öýëáêåò êáé ðSSíáêåò œñçóéìïðïéïýìå ôéò ëÝîåéò ‘ðïìðïäÝêôåò’ êáé ‘áíáìåôáäüôåò’ áíôSSóôïéœá äáíåéóìÝíåò áðü ôçí ïñïëïãSSá ôùí äéêôýùí.

Óå üëá ôá ðáñáðÜíù ðñïâëÞìáôá ìðïñïýìå íá Ýœïõìå áíôSS ôïõ áêåñáSSïõ k Ýíá äéáèÝóéìï ðïóü B êáé óå êÜèå õðïøÞöéá èÝóç öýëáêá Ýíá êüóôïò ôï ïðïSSï ðñÝðåé íá ðëçñþóïõìå ðñïêåéìÝíïõ íá ôïðïèåôÞóïõìå åêåSS öýëáêá. ÿôóé ëïéðüí ôá áíôSSóôïéœá ðñïâëÞìáôá ðïõ ðñïêýðôïõí åSSíáé ôá åîÞò: Budgeted Maximum Length Vertex Guard, Budgeted Maximum Length Edge Guard, Budgeted Maximum Length Point Guard, Budgeted Maximum Area Vertex Guard, Budgeted Maximum Area Edge Guard, Budgeted Maximum Area Point Guard, Budgeted Maximum Value Vertex Guard, Budgeted Maximum Value Edge Guard, Budgeted Maximum Value Point

24 ÅÉÓÁÃÙÃÇ

Guard, Budgeted Maximum Value Vertex Guard (watching version), Budgeted Maximum Value Edge Guard (watching version), Budgeted Maximum Value Point Guard (watching version), Budgeted Maximum Value Vertex Guard with Painting Placement, Budgeted Maximum Value Edge Guard with Painting Placement, Budgeted Maximum Value Point Guard with Painting Placement.

ÔÝëïò üëá ôá ðáñáðÜíù ðñïâëÞìáôá ìðïñïýí íá ïñéóôïýí óå ðïëýãùíá ìå ôñýðåò.

0.2.3 Aëëá ðñïâëÞìáôá

Ïñéóìüò 14 ÿóôù Ýíá ðïëýãùíï P œùñSSò ôñýðåò. Ï óôüœïò ôïõ ðñïâëÞìáôïò Minimum Convex Decomposition åSSíáé ï êáôáêåñìáôéóìüò ôïõ ðïëõãþíïõ óôïí åëÜœéóôï áñéèìü áðü ìç-åðéêáëõðôüìåíá êõñôÜ ðïëýãùíá.

Ïñéóìüò 15 ÿóôù Ýíá ðïëýãùíï P œùñSSò ôñýðåò. Ï óôüœïò ôïõ ðñïâëÞìáôïò Minimum Convex Cover åSSíáé ï ç êÜëõøç ôïõ ðïëõãþíïõ áðü Ýíáí åëÜœéóôï áñéèìü ðéèáíÜ åðéêáëõðôüìåíùí êõñôþí ðïëõãþíùí ðïõ âñSSóêïíôáé ìÝóá óôï P .

Ïñéóìüò 16 ÿóôù Ýíá ðïëýãùíï P œùñSSò ôñýðåò. Ï óôüœïò ôïõ ðñïâëÞìáôïò Minimum Clique Partition On Visibility Graph åSSíáé ï œùñéóìüò ôïõ ãñÜöïõ ïñáôüôçôáò ôïõ P óå Ýíáí åëÜœéóôï áñéèìü áðü êëSSêåò.

Ïñéóìüò 17 ÿóôù Ýíá ðïëýãùíï P œùñSSò ôñýðåò ìå âÜñç óôéò êïñõöÝò ôïõ. Ï óôüœïò ôïõ ðñïâëÞìáôïò Maximum Weighted Clique On Visibility Graph åSSíáé ç åýñåóç ìéáò êëSSêáò ìÝãéóôïõ âÜñïõò óôïí visibility ãñÜöï ôïõ P .

Ïñéóìüò 18 ÿóôù ðïëýãùíï P œùñSSò ôñýðåò, ìå âÜñç óôéò êïñõöÝò ôïõ êáé Ýíáò áêÝñáéïò k > 0. Ï óêïðüò ôïõ ðñïâëÞìáôïò Maximum Weight In k Cliques åSSíáé íá âñïýìå k êëSSêåò óôï ãñÜöï ïñáôüôçôáò V_G(P ) Ýôóé þóôå ôï âÜñïò ôùí êïñõöþí ðïõ áíÞêïõí óôéò êëSSêåò íá åSSíáé ìÝãéóôï.

Ïñéóìüò 19 ÿóôù U Ýíá óýíïëï ìå óôïéœåSSá êáé C ìéá óõëëïãÞ áðü õðïóýíïëá ôïõ U ôÝôïéá þóôå ∪_{Si∈C} S_i = U. Ï óôüœïò ôïõ ðñïâëÞìáôïò Set Cover åSSíáé íá âñåèåSS ìéá óõëëïãÞ C^′ ⊂ C ìå åëÜœéóôï ðëçèéêü áñéèìü ôÝôïéá þóôå ∪_{Si∈C}′ S_i = U

Ïñéóìüò 20 ÄSSíåôáé Ýíá óýíïëï U ôï ïðïSSï ðåñéÝœåé óôïéœåSSá ìå âÜñç, Ýíáò áêÝñáéïò k > 0 êáé ìéá óõëëïãÞ C áðü õðïóýíïëá ôïõ U. Ï óôüœïò ôïõ ðñïâëÞìáôïò Maximum Coverage åSSíáé íá âñåèïýí k óýíïëá S_i ∈ C Ýôóé þóôå ôï ∪S_i íá Ýœåé ìÝãéóôï óõíïëéêü âÜñïò.

Ïñéóìüò 21 ÄSSíåôáé Ýíá óýíïëï U ôï ïðïSSï ðåñéÝœåé óôïéœåSSá ìå âÜñç, Ýíáò áêÝñáéïò B > 0 êáé ìéá óõëëïãÞ C áðü õðïóýíïëá ôïõ U óå êáèÝíá áðü ôá ïðïSSá Ýœåé áíôéóôïéœçèåSS Ýíá êüóôïò. Ï óôüœïò ôïõ ðñïâëÞìáôïò Budgeted Maximum Coverage åSSíáé íá âñåèåSS ìéá óõëëïãÞ áðü óýíïëá C^′ ⊂ C ôÝôïéá þóôå ôï óõíïëéêü êüóôïò ôùí óõíüëùí ôçò C^′ íá ìçí õðåñâáSSíåé ôïí ðñïûðïëïãéóìü B êáé ôï óõíïëéêü âÜñïò ôùí óôïéœåSSùí ðïõ ðåñéÝœïíôáé óôá óýíïëá ôçò C^′ íá åSSíáé ìÝãéóôï.

0.3. ÐÑÏÓÅÃÃÉÓÉÌÏÔÇÔÁ 25

Ïñéóìüò 22 ÿóôù óáêSSäéï ìå œùñçôéêüôçôá M êáé Ýíá óýíïëï S áðü n áíôéêåSSìåíá. ÊÜèå áíôéêåSSìåíï i Ýœåé Ýíá ìÝãåèïò s(i) êáé ìéá áîSSá p(i). Ï óêïðüò ôïõ ðñïâëÞìáôïò Knapsack åSSíáé ç åýñåóç åíüò óõíüëïõ U ⊂ S ìå ìÝãéóôç áîSSá ôÝôïéï þóôå ôá áíôéêåSSìåíÜ ôïõ íá œùñïýí óôï óáêSSäéï.

Ïñéóìüò 23 ÿóôù Ýíá æåýãïò (B, S), üðïõ B åSSíáé Ýíá óýíïëï áðü m óÜêïõò êáé S Ýíá óýíïëï áðü n áíôéêåSSìåíá. ÊÜèå óÜêïò j ∈ B Ýœåé ìéá œùñçôéêüôçôá w(j) êáé êÜèå áíôéêåSSìåíï i Ýœåé Ýíá ìÝãåèïò s(i) êáé ìéá áîSSá p(i). Ï óêïðüò ôïõ ðñïâëÞìáôïò Multiple Knapsack åSSíáé ç åýñåóç åíüò óõíüëïõ U ⊂ S ìå ìÝãéóôç áîSSá ôÝôïéï þóôå ôá áíôéêåSSìåíÜ ôïõ íá œùñïýí óôïõò óÜêïõò ôïõ B.

Ïñéóìüò 24 ÿóôù U ìéá óõëëïãÞ áíôéêåéìÝíùí ôá ïðïSSá Ýœïõí áîSSá. ÊÜèå áíôéêåSSìåíï åSSíáé Ýíá óýíïëï äïìéêþí óôïéœåSSùí. ÄSSíïíôáé åðSSóçò ìéá óõëëïãÞ C áðü óýíïëá ôá ïðïSSá ðåñéÝœïõí äïìéêÜ óôïéœåSSá êáé Ýíáò áêÝñáéïò k > 0. Ï óêïðüò ôïõ ðñïâëÞìáôïò Generalized Set Cover åSSíáé íá âñåèïýí k óýíïëá S_i ∈ C Ýôóé þóôå ç áîSSá ôùí áíôéêåéìÝíùí ðïõ êáëýðôïíôáé íá åSSíáé ìÝãéóôç. ÿíá áíôéêåSSìåíï êáëýðôåôáé üôáí Ýœïõìå ðÜñåé üëá ôá äïìéêÜ óôïéœåSSá ôïõ.

Ïñéóìüò 25 ÿóôù Φ ìéá ëïãéêÞ Ýêöñáóç óå êáíïíéêÞ óõæåõêôéêÞ ìïñöÞ (CNF). Ôï ðñüâëçìá áðüöáóçò SAT åSSíáé: õðÜñœåé áðïíïìÞ áëÞèåéáò ðïõ íá éêáíïðïéåSS ôçí Φ;

Ïñéóìüò 26 ÿóôù Φ ìéá ëïãéêÞ Ýêöñáóç óå CNF , üðïõ êÜèå ðñüôáóç (clause) áðïôåëåSSôáé áðü ôï ðïëý 3 literals. Ï óêïðüò ôïõ ðñïâëÞìáôïò Max3Sat åSSíáé íá âñåèåSS ìéá áðïíïìÞ áëÞèåéáò óôéò ìåôáâëçôÝò ôçò Φ Ýôóé þóôå ï áñéèìüò ôùí ðñïôÜóåùí ðïõ éêáíïðïéïýíôáé íá åSSíáé ìÝãéóôïò.

Ïñéóìüò 27 ÿóôù G Ýíá ãñÜöçìá. Ï óêïðüò ôïõ ðñïâëÞìáôïò Max Clique åSSíáé ç åýñåóç ìéáò ìÝãéóôçò êëSSêáò ôïõ G.

Ïñéóìüò 28 ÿóôù Φ ìéá ëïãéêÞ Ýêöñáóç óå CNF , üðïõ êÜèå clause áðïôåëåSSôáé áðü ôï ðïëý 3 literals êáé ç êÜèå ìåôáâëçôÞ åìöáíSSæåôáé ôï ðïëý óå 5 clauses. Ï óêïðüò ôïõ ðñïâëÞìáôïò Max-5-Occurence-3-Sat åSSíáé íá âñåèåSS ìéá áðïíïìÞ áëÞèåéáò óôéò ìåôáâëçôÝò ôçò Φ Ýôóé þóôå ï áñéèìüò ôùí clauses ðïõ éêáíïðïéïýíôáé íá åSSíáé ìÝãéóôïò.

0.3 Ðñïóåããéóéìüôçôá

0.3.1 ÐñïóåããéóôéêïSS áëãüñéèìïé

Èá êÜíïõìå ìéá åéóáãùãÞ óôç èåùñSSá ôçò ðñïóåããéóéìüôçôáò ðåñéãñÜöïíôáò Ýííïéåò ðïõ œñçóéìïðïéïýìå óôá åðüìåíá êåöÜëáéá êáé áöïñïýí ôïõò ðñïóåããéóôéêïýò áëãüñéèìïõò, ôéò áíáãùãÝò äéáôÞñçóçò œÜóìáôïò (gap-preserving) êáé ôéò êëÜóåéò ðñïóÝããéóçò. ËåðôïìÝñåéåò ãéá áõôÝò ôéò Ýííïéåò õðÜñœïõí óôá [26, 2].

26 ÅÉÓÁÃÙÃÇ

ÿóôù Π Ýíá ðñüâëçìá âåëôéóôïðïSSçóçò êáé Ýóôù I Ýíá óôéãìéüôõðï ôïõ Π. ÿóôù Σ(I) ôï óýíïëï ôùí åöéêôþí ëýóåùí ôïõ Π(I). ÿóôù OP T (I) ôï ìÝãåèïò ìéáò âÝëôéóôçò ëýóçò ôïõ Π(I). ÅÜí ôï Π åSSíáé ðñüâëçìá ìåãéóôïðïSSçóçò: OP T (I) = max_{SOL∈Σ(I)}|SOL| ÅÜí ôï Π åSSíáé ðñüâëçìá åëáœéóôïðïSSçóçò: OP T (I) = min_{SOL∈Σ(I)}|SOL| Ãéá ðáñÜäåéãìá, åÜí ôï Π åSSíáé ôï ðñüâëçìá Max3Sat, ôüôå Ýíá óôéãìéüôõðï É ôïõ ðñïâëÞìáôïò èá åSSíáé m clauses, ôï êáèÝíá áðü ôá ïðïSSá Ýœåé ôï ðïëý 3 literals. ÅÜí ôï óôéãìéüôõðï Ýœåé n ìåôáâëçôÝò ôüôå ìå êÜèå áðïíïìÞ áëÞèåéáò óôéò n ìåôáâëçôÝò Ýœïõìå Ýíá õðïóýíïëï SOL áðü clauses ðïõ áëçèåýïõí. Ôï óýíïëï ôùí åöéêôþí ëýóåùí Σ(I) åSSíáé ôï óýíïëï áðü üëá ôá äõíáôÜ SOL (êÜèå SOL ðñïêýðôåé áðü ìéá äéáöïñåôéêÞ áðïíïìÞ áëÞèåéáò). ćñá ëïéðüí óå áõôÞ ôçí ðåñSSðôùóç ôï OPT(I) åSSíáé ï ìÝãéóôïò áñéèìüò áðü clauses ðïõ áëçèåýïõí ìå êÜðïéá áðïíïìÞ áëÞèåéáò.

ÿóôù A Ýíáò ðñïóåããéóôéêüò áëãüñéèìïò ðïëõùíõìéêïý œñüíïõ ãéá ôï ðñüâëçìá Π. Ï áëãüñéèìïò A èá ðñÝðåé ãéá êÜèå óôéãìéüôõðï I íá åðéóôñÝöåé ìéá ëýóç SOL(A(I)), ç ïðïSSá öõóéêÜ áíÞêåé óôï Σ(I). ËÝìå üôé ï ðñïóåããéóôéêüò áëãüñéèìïò A ðåôõœáSSíåé ðñïóÝããéóç R_A(I) ãéá ôï ðñüâëçìá Π áí ãéá üëá ôá óôéãìéüôõðá I ôïõ Π éóœýåé: R_{A(I)} ≥ max( OP T (I) |SOL(A(I))| , |SOL(A(I))| OP T (I) ) Ï ðáñÜãïíôáò ðñïóÝããéóçò R_A(I), ïñéóìÝíïò üðùò ðáñáðÜíù, åSSíáé ðÜíôá ≥ 1 áíåîÜñôçôá áðü ôï åÜí ôï Π åSSíáé ðñüâëçìá ìåãéóôïðïSSçóçò Þ åëáœéóôïðïSSçóçò.

ËÝìå üôé Ýíá ðñüâëçìá âåëôéóôïðïSSçóçò Π äåí ìðïñåSS íá ðñïóåããéóôåSS ìå ðáñÜãïíôá ðñïóÝããéóçò R(I) (Þ ìéêñüôåñï), åÜí ãéá êÜèå ðñïóåããéóôéêü áëãüñéèìï ðïëõùíõìéêïý œñüíïõ A ãéá ôï Π, õðÜñœåé êÜðïéï óôéãìéüôõðï I ôïõ Π ôÝôïéï þóôå: R(I) < R_A(I) ÔÝôïéá áðïôåëÝóìáôá ìç - ðñïóåããéóéìüôçôáò ôá áðïäåéêíýïõìå óõíÞèùò èåùñþíôáò üôé P <> NP . ÌåñéêÜ áðïôåëÝóìáôá ìç - ðñïóåããéóéìüôçôáò ãéá íá áðïäåéœèïýí œñåéÜæïíôáé êÜðùò ðéï äõíáôÝò õðïèÝóåéò üðùò NP <> T IME(n^{O(log log n)}) (quasi NP-hardness) ïé ïðïSSåò ðéóôåýåôáé üôé åSSíáé áëÞèåéá.

0.3.2 ÐñïâëÞìáôá ìå åããýçóç

Ôá ðñïâëÞìáôá ìå åããýçóç (promise Þ canonical ðñïâëÞìáôá) óõíäÝïõí ôá ðñïâëÞìáôá âåëôéóôïðïSSçóçò ìå ôá ðñïâëÞìáôá áðüöáóçò. Óå Ýíá ðñüâëçìá ìå åããýçóç, äSSíåôáé Ýíá óýíïëï óôéãìéïôýðùí åíüò ðñïâëÞìáôïò âåëôéóôïðïSSçóçò êáèþò êáé ìéá åããýçóç üôé ç âÝëôéóôç ëýóç OP T (I) åSSíáé ôïõëÜœéóôïí SSóç ìå U(I) Þ ìéêñüôåñç áðü L(I). ÄçëáäÞ ôï OP T (I) äå ìðïñåSS íá åSSíáé áíÜìåóá óôá L(I) êáé U(I).

0.3. ÐÑÏÓÅÃÃÉÓÉÌÏÔÇÔÁ 27

OP T (I) ≥ U(I) (1) Þ OP T (I) < L(I) (2) Ôá U(I) êáé L(I) åîáñôþíôáé áðü ôï óôéãìéüôõðï I êáé ðñïöáíþò L(I) < U(I). Ï óôüœïò ôïõ ðñïâëÞìáôïò ìå åããýçóç åSSíáé íá áðïöáóSSóïõìå ðïéá áðü ôéò äýï ðåñéðôþóåéò éóœýåé.

Ãéá ðáñÜäåéãìá Ýóôù Π åSSíáé ôï ðñüâëçìá Max3Sat. ÿóôù I Ýíá óôéãìéüôõðï ôïõ Max3Sat ìå m clauses. Áí ϵ > 0 åSSíáé ìéá ìéêñÞ óôáèåñÜ êáé U(I) = m êáé L(I) = (1 − ϵ)m, ôüôå ôï ðñüâëçìá ìå åããýçóç Max3Sat åSSíáé íá áðïöáóSSóïõìå áí: OP T (I) ≥ m Þ OP T (I) < (1 − ϵ)m Èåþñçìá 0.1 ([2]) Ôï ðñüâëçìá ìå åããýçóç Max3Sat ìå ðáñáìÝôñïõò U(I) = m êáé L(I) = (1 − ϵ)m ãéá êÜðïéï ϵ > 0, üðïõ m åSSíáé ï áñéèìüò ôùí clauses ôïõ óôéãìéüôõðïõ I, åSSíáé NP-hard íá áðïöáóéóôåSS.

ÔïíSSæïõìå üôé Ýíá ðñüâëçìá ìå åããýçóç ðåñéëáìâÜíåé ìüíï åêåSSíá ôá óôéãìéüôõðá ôïõ áíôSSóôïéœïõ ðñïâëÞìáôïò âåëôéóôïðïSSçóçò, ãéá ôá ïðïSSá éóœýïõí ïé éäéüôçôåò 1 Þ 2. Ãéá ôçí áêñSSâåéá ôá óôéãìéüôõðá ôïõ ðñïâëÞìáôïò ìå åããýçóç ãéá ôá ïðïSSá éóœýåé ç éäéüôçôá 1 åSSíáé ìåôáóœçìáôéóìïSS óôéãìéïôýðùí ôïõ ðñïâëÞìáôïò áðüöáóçò SAT ìå áðÜíôçóç ‘NAI’. Åíþ ôá óôéãìéüôõðá ôïõ ðñïâëÞìáôïò ìå åããýçóç ãéá ôá ïðïSSá éóœýåé ç éäéüôçôá 2 åSSíáé ìåôáóœçìáôéóìïSS óôéãìéïôýðùí ôïõ ðñïâëÞìáôïò áðüöáóçò SAT ìå áðÜíôçóç ‘ÏŒÉ’.

Ãåíéêþò äçëáäÞ ôá ðñïâëÞìáôá ìå åããýçóç åSSíáé ðñïâëÞìáôá ôçò ìïñöÞò ðïõ ðåñéãñÜøáìå ãéá ôá ïðïSSá Ýœåé áðïäåéœèåSS üôé åSSíáé NP-hard íá áðïöáóéóèïýí. ÄçëáäÞ, åêôüò áí P = NP , äåí õðÜñœåé ðïëõùíõìéêüò áëãüñéèìïò ðïõ íá áðïöáóSSæåé áí OP T (I) ≥ U(I) Þ OP T (I) < L(I). Áõôü üìùò óçìáSSíåé üôé äå ìðïñåSS íá õðÜñœåé ðñïóåããéóôéêüò áëãüñéèìïò ðïëõùíõìéêïý œñüíïõ ðïõ íá äSSíåé ðáñÜãïíôá ðñïóÝããéóçò R(I) = U(I) L(I) Áò äïýìå ãéáôSS:

ÿóôù üôé ôï Π åSSíáé ðñüâëçìá ìåãéóôïðïSSçóçò. ÿóôù Á ï ðñïóåããéóôéêüò áëãüñéèìïò ìå R_{A(I)} = R. R_{A(I)} ≥ OP T (I) SOL(A(I)) → OP T (I) ≤ U(I) L(I) SOL Éóœýåé åðSSóçò: OP T (I) ≥ U(I)

28 ÅÉÓÁÃÙÃÇ Þ OP T (I) < L(I) Åöáñìüæïõìå ôïí ðñïóåããéóôéêü áëãüñéèìï Á óôï Π(I). 1. ÿóôù SOL(A(I)) < L(I) → OP T (I) < U(I) → OP T (I) < L(I) 2. ÿóôù SOL(A(I)) ≥ L(I) → OP T (I) ≥ L(I) → OP T (I) ≥ U(I) ÄçëáäÞ áí õðÞñœå ðñïóåããéóôéêüò áëãüñéèìïò ìå ðáñÜãïíôá ðñïóÝããéóçò R(I) = U(I) L(I) , ôï NP-hard ðñüâëçìá ìå åããýçóç Π èá ìðïñïýóå íá áðïöáóéóèåSS. Óõíåðþò

äåí õðÜñœåé ðñïóåããéóôéêüò áëãüñéèìïò ðïëõùíõìéêïý œñüíïõ ìå ðáñÜãïíôá ðñïóÝããéóçò R(I) = U(I) L(I) = 1 1 − ϵ ãéá ôï ðñüâëçìá Max3Sat áöïý áí õðÞñœå áõôüò ï áëãüñéèìïò èá ìðïñïýóå íá œñçóéìïðïéçèåSS ãéá íá áðïöáóéóèåSS ôï ðáñáðÜíù ðñüâëçìá ìå åããýçóç.

Aëëá áðïôåëÝóìáôá ãéá promise ðñïâëÞìáôá åSSíáé:

Èåþñçìá 0.2 ([2]) Ôï ðñüâëçìá ìå åããýçóç Max-5-Occurence-3-Sat ìå ðáñáìÝôñïõò U(I) = m êáé L(I) = (1−ϵ)m ãéá êÜðïéï ϵ > 0, üðïõ m åSSíáé ï áñéèìüò ôùí clauses ôïõ óôéãìéüôõðïõ I, åSSíáé NP-hard íá áðïöáóéóôåSS.

Èåþñçìá 0.3 ([20]) Ôï promise ðñüâëçìá Set Cover ìå ðáñáìÝôñïõò U(I) = k(1 − ϵ) ln n êáé L(I) = k ãéá ïðïéïäÞðïôå ϵ > 0, åSSíáé NP-hard íá áðïöáóéóôåSS.

ÄçëáäÞ äåí õðÜñœåé ðñïóåããéóôéêüò áëãüñéèìïò ðïëõùíõìéêïý œñüíïõ ìå ðáñÜãïíôá ðñïóÝããéóçò R(I) = U(I) L(I) = (1 − ϵ) ln n

ãéá ôï ðñüâëçìá Set Cover áöïý áí õðÞñœå áõôüò ï áëãüñéèìïò èá ìðïñïýóå íá œñçóéìïðïéçèåSS ãéá íá áðïöáóéóèåSS ôï ðáñáðÜíù promise ðñüâëçìá.

Èåþñçìá 0.4 ([23]) Ôï promise ðñüâëçìá Max Clique ìå ðáñáìÝôñïõò U(I) = k êáé L(I) =^k_{n 12 −ϵ} ãéá êÜðïéï ϵ > 0, åSSíáé NP-hard íá áðïöáóéóôåSS.

Áõôü óçìáSSíåé üôé äåí õðÜñœåé ðñïóåããéóôéêüò áëãüñéèìïò ðïëõùíõìéêïý œñüíïõ ìå ðáñÜãïíôá ðñïóÝããéóçò R(I) = U(I) L(I) = n^{12 −ϵ}

ãéá ôï ðñüâëçìá Max Clique áöïý áí õðÞñœå áõôüò ï áëãüñéèìïò èá ìðïñïýóå íá œñçóéìïðïéçèåSS ãéá íá áðïöáóéóèåSS ôï ðáñáðÜíù promise ðñüâëçìá.

Ôá ðáñáðÜíù èåùñÞìáôá áðïäåSSœèçêáí œñçóéìïðïéþíôáò ôï PCP èåþñçìá. Ãéá ðåñéóóüôåñåò ëåðôïìÝñåéåò äåò [1, 2].

0.3. ÐÑÏÓÅÃÃÉÓÉÌÏÔÇÔÁ 29

0.3.3 ÁíáãùãÝò äéáôÞñçóçò œÜóìáôïò

Ç áíáãùãÞ äéáôÞñçóçò œÜóìáôïò (gap - preserving reduction) ðñïôÜèçêå óôï [2] êáé œñçóéìïðïéåSSôáé ãéá ôçí áðüäåéîç áðïôåëåóìÜôùí ìç - ðñïóÝããéóçò.

ÿóôù Π êáé Π^′ äýï ðñïâëÞìáôá âåëôéóôïðïSSçóçò. Ìéá áíáãùãÞ äéáôÞñçóçò œÜóìáôïò åSSíáé Ýíáò áëãüñéèìïò ðïëõùíõìéêïý œñüíïõ ï ïðïSSïò ìåôáóœçìáôSSæåé Ýíá óôéãìéüôõðï I ôïõ ðñïâëÞìáôïò ìå åããýçóç Π ìå ðÜíù üñéï U(I) êáé êÜôù üñéï L(I) óå Ýíá óôéãìéüôõðï I^′ ôïõ ðñïâëÞìáôïò Π^′ ìå ðÜíù üñéï U^′(I^′) êáé êÜôù üñéï L^′(I^′). Ç áíáãùãÞ ãSSíåôáé ìå ôÝôïéï ôñüðï þóôå íá éóœýåé: OP T (I) ≥ U(I) → OP T (I^′) ≥ U^′(I^′) (3) OP T (I) < L(I) → OP T (I^′) < L^′(I^′) (4) ÿôóé áí ôï promise ðñüâëçìá Π åSSíáé NP-hard íá áðïöáóéóèåSS ôüôå êáé ôï Π^′ åSSíáé NP-hard íá áðïöáóéóèåSS. Áò äïýìå ãéáôSS:

Áò õðïèÝóïõìå üôé õðÜñœåé Ýíáò áëãüñéèìïò ðïëõùíõìéêïý œñüíïõ ðïõ áðïöáóSSæåé ôï Π^′ ìå ðáñáìÝôñïõò U^′(I^′) êáé L^′(I^′). Áò õðïèÝóïõìå œùñSSò âëÜâç ôçò ãåíéêüôçôáò üôé ï áëãüñéèìïò áðïöáóSSæåé üôé éóœýåé OP T (I^′) ≥ U^′(I^′). Óõíåðþò ôï OP T (I^′) < L^′(I^′) åSSíáé øåõäÝò êáé Üñá ìå áíôéèåôïáíôéóôñïöÞ ôï OP T (I) < L(I) åSSíáé øåõäÝò, óõíåðþò OP T (I) ≥ U(I), äçëáäÞ ìðïñïýìå íá áðïöáóSSóïõìå ãéá ôï Π. Ç óõíÝðåéá ôçò áíáãùãÞò äéáôÞñçóçò œÜóìáôïò åSSíáé üôé äå ìðïñåSS íá õðÜñœåé ðïëõùíõìéêïý œñüíïõ ðñïóåããéóôéêüò áëãüñéèìïò ðïõ íá ðåôõœáSSíåé ðñïóÝããéóç

R^′(I^′) =

U^′(I^′) L^′(I^′)

ãéá ôï ðñüâëçìá Π^′. ÐáñáôçñÞóåéò:

• ĳðùò óôéò ðåñéóóüôåñåò ãíùóôÝò áíáãùãÝò, Ýôóé êáé óôçí áíáãùãÞ äéáôÞñçóçò œÜóìáôïò õðÜñœåé áíôéóôïSSœçóç óôéò ëýóåéò. ÄçëáäÞ ìéá ëýóç ôïõ I^′ ìåãÝèïõò ôïõëÜœéóôïí c^′ ìðïñåSS íá ìåôáóœçìáôéóèåSS óå ðïëõùíõìéêü œñüíï óå ìéá ëýóç ôïõ I ìåãÝèïõò ôïõëÜœéóôïí c.

• Ôá ðñïâëÞìáôá Π êáé Π^′ ìðïñåSS íá åSSíáé ðñïâëÞìáôá ìåãéóôïðïSSçóçò Þ åëáœéóôïðïSSçóçò ìå ïðïéïäÞðïôå óõíäõáóìü.

• Ç éäéüôçôåò 3 êáé 4 éóœýïõí ãéá Ýíá õðïóýíïëï ôùí äõíáôþí óôéãìéïôýðùí ôïõ ðñïâëÞìáôïò Π. Óõíåðþò ç gap-preserving áíáãùãÞ ãéá ôá óôéãìéüôõðá I ôïõ Π ãéá ôá ïðïSSá éóœýåé L(I) ≤ OP T (I) < U(I) ìðïñåSS íá óõìðåñéöÝñåôáé ìå ïðïéïäÞðïôå ôñüðï. Ãéá áõôü ôï ëüãï, Ýíáò ðñïóåããéóôéêüò áëãüñéèìïò ãéá ôï Π^′ êáé ìéá gap-preserving áíáãùãÞ áðü ôï Π óôï Π^′ äåí óçìáôïäïôïýí ôçí ýðáñîç ðñïóåããéóôéêïý áëãüñéèìïõ ãéá ôï Π. Ìå áõôÞ ôçí Ýííïéá ç gappreserving áíáãùãÞ åSSíáé ðéï áäýíáôç áðü ôçí L - áíáãùãÞ ([43]) ç ïðïSSá ïñSSæåôáé ãéá üëá ôá óôéãìéüôõðá ôïõ Π. ÄçëáäÞ ìéá L - áíáãùãÞ áðü ôï Π óôï Π^′ óå óõíäõáóìü ìå Ýíáí ðñïóåããéóôéêü áëãüñéèìï ôïõ Π^′ ìáò åîáóöáëSSæåé Ýíáí ðñïóåããéóôéêü áëãüñéèìï ãéá ôï Π. Ç gap-preserving áíáãùãÞ ëïéðüí

30 ÅÉÓÁÃÙÃÇ

åSSíáé óõíÞèùò ðéï åýêïëç áðü ôçí L-áíáãùãÞ êáé œñçóéìïðïéåSSôáé ãéá íá äåSSœíïõìå áñíçôéêÜ áðïôåëÝóìáôá ðñïóåããéóéìüôçôáò. Ìéá L-áíáãùãÞ åSSíáé êáé gap - preserving, ôï áíôSSèåôï üìùò äåí éóœýåé. Ãéá ìéá ðåñéãñáöÞ ôçò L - áíáãùãÞò äåò [43].

• Ç áíáãùãÞ äéáôÞñçóçò œÜóìáôïò ìðïñåSS íá ðáñÜãåé Ýíá ìéêñüôåñï Þ ìåãáëýôåñï œÜóìá óôï Π^′ áðü üôé ôï œÜóìá ôïõ Π. ÄçëáäÞ äåí äéáôçñåSS áíáãêáóôéêÜ ôï ìÝãåèïò ôïõ œÜóìáôïò, äéáôçñåSS üìùò œÜóìá.

0.3.4 ÊëÜóåéò ÐñïóÝããéóçò

Ôá õðïëïãéóôéêÜ ðñïâëÞìáôá ôáîéíïìïýíôáé óå êëÜóåéò áíÜëïãá ìå ôï œñüíï ðïõ œñåéÜæåôáé êÜðïéïò áëãüñéèìïò ãéá íá ôá åðéëýóåé.

Óôéò êëÜóåéò ðñïóÝããéóçò, ôáîéíïìïýìå ðñïâëÞìáôá âåëôéóôïðïSSçóçò ôùí ïðïSSùí ôá ðñïâëÞìáôá áðüöáóçò åSSíáé NP-hard íá åðéëõèïýí. Ç ôáîéíüìçóç ãSSíåôáé ìå êñéôÞñéï ôïí ðáñÜãïíôá ðñïóÝããéóçò ðïõ Ýœåé êÜðïéïò ðïëõùíõìéêüò áëãüñéèìïò ðïõ ôá ðñïóåããSSæåé. Ç éåñáñœSSá áõôÞ åSSíáé óœåôéêÜ êáéíïýñéá êáé åSSíáé áðïôÝëåóìá ðåñéóóüôåñï ôùí áðïäåéêôéêþí ìåèüäùí ðïõ Ýœïõìå óôç äéÜèåóÞ ìáò êáé áíôáíáêëÜ ëéãüôåñï SSóùò ôçí ðñáãìáôéêüôçôá. Ç éåñáñœSSá ðïõ Ýœåé ðñïêýøåé ùò ôþñá öáSSíåôáé óôï óœÞìá 1.

ÿíá ðñüâëçìá áíÞêåé óôçí êëÜóç n^ϵ áí õðÜñœåé ϵ > 0 Ýôóé þóôå ôï ðñüâëçìá íá ìðïñåSS íá ðñïóåããéóôåSS áðü Ýíáí áëãüñéèìï ðïëõùíõìéêïý œñüíïõ ìå ðáñÜãïíôá ðñïóÝããéóçò O(n^ϵ), üðïõ n åSSíáé ôï ìÝãåèïò ôïõ óôéãìéüôõðïõ ôïõ ðñïâëÞìáôïò. ËÝìå üôé Ýíá ðñüâëçìá âåëôéóôïðïSSçóçò åSSíáé n^ϵ-hard, áí õðÜñœåé ϵ > 0 ãéá ôï ïðïSSï äåí õðÜñœåé ðïëõùíõìéêïý œñüíïõ ðñïóåããéóôéêüò áëãüñéèìïò ìå ðñïóÝããéóç R(I) ∈ Θ(n^ϵ). ËÝìå üôé ôï ðñüâëçìá âåëôéóôïðïSSçóçò åSSíáé n^ϵ - complete áí áíÞêåé óôçí êëÜóç n^ϵ êáé åSSíáé n^ϵ - hard. ÿíá ôÝôïéï ðñüâëçìá åSSíáé ôï Max Clique.

Ç êëÜóç log n åSSíáé õðïêëÜóç ôçò n^ϵ êáé ðåñéëáìâÜíåé åêåSSíá ôá ðñïâëÞìáôá ãéá ôá ïðïSSá õðÜñœåé áëãüñéèìïò ðïëõùíõìéêïý œñüíïõ ðïõ ðåôõœáSSíåé ðñïóÝããéóç ìå ðáñÜãïíôá O(log n).

ËÝìå üôé Ýíá ðñüâëçìá âåëôéóôïðïSSçóçò åSSíáé log n - hard áí äåí õðÜñœåé ðïëõùíõìéêïý œñüíïõ ðñïóåããéóôéêüò áëãüñéèìïò ðïõ íá ðåôõœáSSíåé ðáñÜãïíôá ðñïóÝããéóçò R(I) ∈ Θ(log n). ÿíá ðñüâëçìá âåëôéóôïðïSSçóçò åSSíáé log n - complete áí áíÞêåé óôçí êëÜóç log n êáé åSSíáé log n - hard. ÿíá ôÝôïéï ðñüâëçìá åSSíáé ôï Set Cover.

ÿíá ðñüâëçìá áíÞêåé óôçí êëÜóç APX (ç ïðïSSá åSSíáé õðïêëÜóç ôçò log n) áí õðÜñœåé ðïëõùíõìéêïý œñüíïõ ðñïóåããéóôéêüò áëãüñéèìïò ðïõ ðåôõœáSSíåé ðáñÜãïíôá 1+ϵ ãéá êÜðïéï ϵ > 0. ËÝìå üôé Ýíá ðñüâëçìá åSSíáé APX-hard áí õðÜñœåé ϵ > 0 ôÝôïéï þóôå êáíÝíáò ðïëõùíõìéêïý œñüíïõ ðñïóåããéóôéêüò áëãüñéèìïò äåí ìðïñåSS íá ðåôýœåé ðáñÜãïíôá ðñïóÝããéóçò 1 + ϵ. ÿíá ðñüâëçìá ðïõ áíÞêåé óôçí êëÜóç APX êáé åSSíáé APX-hard, ïíïìÜæåôáé APX-complete. ÿíá ôÝôïéï ðñüâëçìá åSSíáé ôï Max3Sat.

Ç êëÜóç PTAS åSSíáé õðïêëÜóç ôçò APX êáé ðåñéÝœåé åêåSSíá ôá ðñïâëÞìáôá ãéá ôá ïðïSSá õðÜñœåé ðïëõùíõìéêü óœÞìá. ÄçëáäÞ ∀ϵ > 0 õðÜñœåé ðïëõùíõìéêïý œñüíïõ ðñïóåããéóôéêüò áëãüñéèìïò ðïõ ðåôõœáSSíåé ðáñÜãïíôá ðñïóÝããéóçò 1 + ϵ.

0.3. ÐÑÏÓÅÃÃÉÓÉÌÏÔÇÔÁ 31

ÓœÞìá 1: Ôáîéíüìçóç ðñïâëçìÜôùí óå êëÜóåéò ðñïóÝããéóçò. ÓõìâïëSSæïõìå ìå: \n^ϵ" ôçí êëÜóç ôùí ðñïâëçìÜôùí ìå O(n^ϵ) ðáñÜãïíôá ðñïóÝããéóçò, \log n" ôçí êëÜóç ôùí ðñïâëçìÜôùí ìå O(log n) ðáñÜãïíôá ðñïóÝããéóçò, APX ôçí êëÜóç ôùí ðñïâëçìÜôùí ìå óôáèåñü ðáñÜãïíôá ðñïóÝããéóçò êáé PTAS êáé FPTAS ôéò êëÜóåéò ôùí ðñïâëçìÜôùí ìå ðáñÜãïíôá ðñïóÝããéóçò ïóïäÞðïôå êïíôÜ óôï 1.

Ç œñïíéêÞ ðïëõðëïêüôçôá ôïõ áëãïñSSèìïõ åîáñôÜôáé åêèåôéêÜ áðü ôï^1_ϵ . ÅÜí ç œñïíéêÞ ðïëõðëïêüôçôá ôïõ áëãïñSSèìïõ åîáñôÜôáé ðïëõùíõìéêÜ áðü ôï^1_ϵ ôüôå ôï ïíïìÜæïõìå FPTAS. ÿíá ðñüâëçìá ðïõ áíÞêåé óôçí êëÜóç PTAS êáé äåí áíÞêåé óôçí êëÜóç FPTAS åSSíáé ôï Multiple Knapsack åíþ ôï Knapsack áíÞêåé óôçí êëÜóç FPTAS.

ÿœïõí ðñïôáèåSS êáé Üëëåò êëÜóåéò, üðùò ãéá ðáñÜäåéãìá ç êëÜóç 2^{log1−γ n} ç ïðïSSá åSSíáé áíÜìåóá óôçí êëÜóç log n êáé óôçí êëÜóç n^ϵ ([2]). ÅðSSóçò óôï [2] ïé êëÜóåéò ðñïôåSSíïíôáé ëSSãï äéáöïñåôéêÜ. Ãéá ðáñÜäåéãìá óáí êëÜóç I ïñSSæåôáé ç êëÜóç ôùí ðñïâëçìÜôùí ðïõ åSSíáé APX-hard. ĳðùò åSSðáìå êáé ðáñáðÜíù, ïé êëÜóåéò ðïõ Ýœïõí ðñïêýøåé ùò ôþñá åSSíáé ðåñéóóüôåñï áðïôÝëåóìá ôùí áðïäåéêôéêþí ìåèüäùí.

ÁöÞóáìå ãéá ôï ôÝëïò ôçí ðåñéãñáöÞ ôçò êëÜóçò MAXSNP. Ç êëÜóç MAXSNP ðñïôÜèçêå óôï [43] êáé ðåñéëáìâÜíåé ôá ðñïâëÞìáôá ðïõ áíÞêïõí óôçí êëÜóç APX. ÿíá ðñüâëçìá åSSíáé complete óôçí êëÜóç MAXSNP áí üëá ôá ðñïâëÞìáôá ôçò êëÜóçò áíÜãïíôáé ìå L-áíáãùãÝò ó’ áõôü.

Ç êëÜóç MAXSNP êáé ôï ðñüâëçìá Max3Sat, ôï ïðïSSï Þôáí éóôïñéêÜ ôï ðñþôï complete ðñüâëçìá ôçò êëÜóçò Ýðáéîáí ñüëï óôçí áíáêÜëõøç ôïõ PCP èåùñÞìáôïò ([1]). Ç áðüäåéîç ôïõ PCP èåùñÞìáôïò Ýêáíå äõíáôÞ ôçí êáôáóêåõÞ ôùí

32 ÅÉÓÁÃÙÃÇ

ðñïâëçìÜôùí ìå åããýçóç.

Ãéá íá äåSSîïõìå üôé Ýíá ðñüâëçìá äåí Ýœåé ðñïóåããéóôéêü ðáñÜãïíôá R, áñêåSS íá êáôáóêåõÜóïõìå ìéá áíáãùãÞ äéáôÞñçóçò œÜóìáôïò áðü Ýíá ðñüâëçìá åããýçóçò óôï ðñüâëçìÜ ìáò êáé Ýðåéôá íá ‘ìåôñÞóïõìå’ ôï œÜóìá.

Ïé êëÜóåéò ðñïóÝããéóçò êáé ôá áðïôåëÝóìáôá ìç - ðñïóåããéóéìüôçôáò åSSíáé áðáñáSSôçôá ãéá íá êñSSíïõìå áí Ýíáò ðñïóåããéóôéêüò áëãüñéèìïò ðåôõœáSSíåé ôçí êáëýôåñç äõíáôÞ ðñïóÝããéóç ãéá êÜðïéï ðñüâëçìá.

0.4 ÅëáœéóôïðïSSçóç öõëÜêùí - ÃíùóôÜ áðïôåëÝóìáôá

ÿíá áðü ôá ðéï ãíùóôÜ áðïôåëÝóìáôá ðïõ Ýœïõí óœÝóç ìå ôç öýëáîç ðïëõãþíùí åSSíáé ôï Art Gallery Theorem ôï ïðïSSï ëÝåé üôé ⌊^n_3 ⌋ öýëáêåò áñêïýí ðÜíôá (êÜðïéåò öïñÝò ìðïñåSS íá åSSíáé êáé áíáãêáSSïé) Ýôóé þóôå íá ðåñéöñïõñåSSôáé Ýíá ðïëýãùíï ìå n êïñõöÝò [9].

Ôï ðñüâëçìá ðåñéöñïýñçóçò åíüò ðïëõãþíïõ œñçóéìïðïéþíôáò ôïí åëÜœéóôï áñéèìü öõëÜêùí åSSíáé NP-hard. ÄçëáäÞ áíåîÜñôçôá áðü ôï åÜí ïé öýëáêåò åðéôñÝðåôáé íá ôïðïèåôçèïýí óôéò êïñõöÝò óôéò ðëåõñÝò Þ óôï åóùôåñéêü êáé áíåîÜñôçôá áðü ôï áí óôüœïò åSSíáé ç öñïýñçóç ôïõ åóùôåñéêïý Þ ôçò ðåñéìÝôñïõ ôïõ ðïëõãþíïõ ìå Þ œùñSSò ôñýðåò, ôï ðñüâëçìá åSSíáé NP-hard [32].

ÐñïóåããéóôéêïSS áëãüñéèìïé åSSíáé ãíùóôïSS [22] ãéá ôá ðñïâëÞìáôá Minimum Vertex Guard êáé Minimum Edge Guard ãéá ðïëýãùíá (åóùôåñéêü Þ ðåñSSìåôñï) ìå Þ œùñSSò ôñýðåò ìå ðñïóåããéóôéêïýò ðáñÜãïíôåò ôçò ôÜîçò O(log n). Ôá ðñïâëÞìáôá Minimum Vertex Guard (Boundary Restricted), Minimum Edge Guard (Boundary Restricted) êáé Minimum Point Guard (Boundary Restricted) ãéá ðïëýãùíá œùñSSò ôñýðåò åSSíáé APX-hard [32, 15, 16, 18].

Ôá ðñïâëÞìáôá Minimum Vertex Guard (Boundary Restricted), Minimum Edge Guard (Boundary Restricted) êáé Minimum Point Guard (Boundary Restricted) ãéá ðïëýãùíá ìå ôñýðåò åSSíáé log n-hard ([18]). ÌÜëéóôá, ï êáëýôåñïò ãíùóôüò ðñïóåããéóôéêüò áëãüñéèìïò ãéá ôï ðñüâëçìá Minimum Point Guard (Boundary Restricted) ãéá ðïëýãùíá ìå Þ œùñSSò ôñýðåò ðåôõœáSSíåé ðñïóåããéóôéêü ðáñÜãïíôá Θ(n).

Óôï [12] ðñïôÜèçêå ôï åîÞò ðñüâëçìá: Ýóôù Ýíáò áñéèìüò áðü óçìåéáêïýò èçóáõñïýò óå Ýíá ðïëýãùíï P. Ðïéïò åSSíáé ï åëÜœéóôïò áñéèìüò öõëÜêùí ðïõ áðáéôïýíôáé þóôå üëïé ïé èçóáõñïSS íá öõëÜóóïíôáé. Óôï [12] áðïäåSSœèçêå üôé ôï ðñüâëçìá åSSíáé NP-hard êáé ðñïôÜèçêáí êÜðïéïé åõñéóôéêïSS áëãüñéèìïé.

Óôï [5] áíáèÝôïíôáé âÜñç óôïõò èçóáõñïýò êáé ìåëåôïýí ôçí ðåñSSðôùóç ôçò ôïðïèÝôçóçò åíüò öýëáêá Ýôóé þóôå ôï Üèñïéóìá ôùí âáñþí ôùí èçóáõñþí ðïõ öõëÜóóïíôáé íá åSSíáé ìÝãéóôï. Survey [32, 41, 46, 48, 15, 22].

Óôï [31] åîåôÜæåôáé ç ðåñéöñïýñçóç ôùí ðëåõñþí ôïõ ðïëõãþíïõ. Ôï ðñüâëçìá Minimum Convex Cover åSSíáé NP-hard ([11]). ÌðïñåSS íá ðñïóåããéóôåSS ìå ðáñÜãïíôá log n ([15]) åíþ Ýœåé áðïäåéœèåSS üôé åSSíáé APX-hard.

Ôï ðñüâëçìá êáôáêåñìáôéóìïý åíüò ðïëõãþíïõ œùñSSò ôñýðåò óå Ýíá åëÜœéóôï áñéèìü áðü ìç-åðéêáëõðôüìåíá êõñôÜ ðïëýãùíá (Minimum Convex Decomposi-

0.5. ÌÅÃÉÓÔÏÐÏÉÇÓÇ ÊÁËÕØÇÓ - ÁÐÏÔÅËÅÓÌÁÔÁ 33

tion) åSSíáé óôï P ([6]). Ôï ðñüâëçìá ãSSíåôáé NP-hard ìüíï áí ôï ðïëýãùíï Ýœåé ôñýðåò ([33]).

Ôï ðñüâëçìá Maximum Weighted Clique On Visibility Graph áíÞêåé óôï P áí ôï ðïëýãùíï äåí Ýœåé ôñýðåò ([3, 13, 14, 17]). ÅÜí ôï ðïëýãùíï Ýœåé ôñýðåò ôüôå ôï ðñüâëçìá äåí ðñïóåããSSæåôáé ìå ðáñÜãïíôá^{n 16 −γ}_4 ãéá ïðïéïäÞðïôå γ > 0, åêôüò áí P=NP ([17]).

Ôï ðñüâëçìá Minimum Clique Partition On Visibility Graph óå ðïëýãùíá œùñSSò ôñýðåò Ýœåé áðïäåéœèåSS üôé åSSíáé APX-hard, åíþ Ýœåé âñåèåSS ðñïóåããéóôéêüò áëãüñéèìïò ìå ðáñÜãïíôá O(log n) ([17]). Óå ðïëýãùíá ìå ôñýðåò Ýœåé âñåèåSS üôé ôï ðñüâëçìá äå ìðïñåSS íá ðñïóåããéóôåSS ìå ðáñÜãïíôá êáëýôåñï áðü O(n^ϵ) ãéá êÜðïéï ϵ > 0 ([17]).

Ç ôåœíéêÞ greedy ðïõ œñçóéìïðïéïýìå ãéá ôçí åýñåóç ðñïóåããéóôéêþí áëãïñSSèìùí ãéá ôá ðñïâëÞìáôá Maximum Length Guard êáé Maximum Value Guard Ýœåé œñçóéìïðïéçèåSS ãéá ôçí åýñåóç ðñïóåããéóôéêïý áëãïñSSèìïõ ãéá ôï ðñüâëçìá Maximum Coverage ([40, 10, 49, 26]). Ç ôåœíéêÞ greedy ðïõ œñçóéìïðïéïýìå ãéá ôçí ðñïóÝããéóç ôùí ðñïâëçìÜôùí Budgeted Maximum Length Vertex Guard êáé Budgeted Maximum Value Vertex Guard Ýœåé œñçóéìïðïéçèåSS óôçí ðñïóÝããéóç ôïõ ðñïâëÞìáôïò Budgeted Maximum Coverage ([30]).

ÔÝëïò, ôï ðñüâëçìá Max-5-Occurence-3-Sat Ýœåé áðïäåéœèåSS üôé åSSíáé APXcomplete ([43]).

0.5 ÌåãéóôïðïSSçóç êÜëõøçò - ÁðïôåëÝóìáôá

Ç äéáôñéâÞ åìðSSðôåé óôçí ðåñéïœÞ ôçò ÈåùñçôéêÞò ÐëçñïöïñéêÞò êáé åéäéêüôåñá óôçí ðåñéïœÞ ôùí ðñïóåããéóôéêþí áëãïñSSèìùí ãéá ðñïâëÞìáôá õðïëïãéóôéêÞò ãåùìåôñSSáò.

Óôï ðñþôï êåöÜëáéï ðåñéãñÜöïõìå ìéá äéáäéêáóSSá êáôáêåñìáôéóìïý ôïõ ðïëõãþíïõ. Åéäéêüôåñá óôçí åíüôçôá 1 ôïõ êåöáëáSSïõ äSSíïõìå Ýíá ôñüðï êáôáêåñìáôéóìïý ôçò ðåñéìÝôñïõ ôïõ ðïëõãþíïõ ùò ðñïò ôçí ïñáôüôçôá. ÁõôÞ ôç äéáäéêáóSSá (Finest Visibility Segmentation) èá êáëïýìå óõœíÜ óôïõò áëãïñSSèìïõò ôùí åðüìåíùí êåöáëáSSùí. Óôç äåýôåñç åíüôçôá ðåñéãñÜöïõìå ìéá äéáäéêáóSSá êáôáêåñìáôéóìïý ôïõ åóùôåñéêïý ôïõ ðïëõãþíïõ ùò ðñïò ôçí ïñáôüôçôá ôçí ïðïSSá èá œñçóéìïðïéÞóïõìå óôï êåöÜëáéï 5. Ôá áðïôåëÝóìáôá ôçò åíüôçôáò 1 ôïõ êåöáëáSSïõ Ýœïõí äçìïóéåõèåSS óôï [35].

Óôï äåýôåñï êåöÜëáéï áóœïëïýìáóôå ìå ôï ðñüâëçìá ôçò ðåñéöñïýñçóçò ìÝãéóôïõ ìÞêïõò ôçò ðåñéìÝôñïõ åíüò ðïëõãþíïõ ìå k öýëáêåò (Maximum Length Guard). Áðïäåéêíýïõìå üôé ôï ðñüâëçìá åSSíáé NP-hard êáé äSSíïõìå áëãïñSSèìïõò ðïëõùíõìéêïý œñüíïõ ðïõ ðåôõœáSSíïõí óôáèåñÞ ðñïóÝããéóç ùò ðñïò ôéò âÝëôéóôåò ëýóåéò ãéá ôéò ðåñéðôþóåéò ôïðïèÝôçóçò ôùí öõëÜêùí óå êïñõöÝò, Þ ðëåõñÝò êáèþò êáé ãéá ôçí ðåñSSðôùóç ðïëõãþíùí ìå ôñýðåò.

Óôï êåöÜëáéï 3 ìåëåôïýìå ôï ðñüâëçìá ôçò êÜëõøçò ìÝãéóôçò áîSSáò ôçò ðåñéìÝôñïõ (Maximum Value Guard). Áðïäåéêíýïõìå üôé ôï ðñüâëçìá åSSíáé NP-hard êáé äSSíïõìå áëãüñéèìïõò ðïëõùíõìéêïý œñüíïõ ãéá ôéò ðåñéðôþóåéò ôïðïèÝôçóçò öõëÜêùí óå êïñõöÝò Þ ðëåõñÝò êáé ãéá ôçí ðåñSSðôùóç ðïëýãùíùí ìå ôñýðåò. ĳëïé

34 ÅÉÓÁÃÙÃÇ

ïé áëãüñéèìïé ðïõ äSSíïõìå ðåôõœáSSíïõí óôáèåñü ðñïóåããéóôéêü ðáñÜãïíôá. Óôï SSäéï êåöÜëáéï ìåëåôïýìå ôï ðñüâëçìá ôçò åðSSâëåøçò Þ ìåñéêÞò êÜëõøçò ìÝãéóôçò áîSSáò. Áðïäåéêíýïõìå üôé ôï ðñüâëçìá ðáñáìÝíåé NP-hard êáé äSSíïõìå ðñïóåããéóôéêïýò áëãïñSSèìïõò ãéá ôéò ðåñéðôþóåéò öõëÜêùí - êïñõöþí, öõëÜêùí - ðëåõñþí êáé ðïëõãþíùí ìå ôñýðåò. Áðïäåéêíýïõìå åðSSóçò ðùò ôá ðñïâëÞìáôá áõôïý ôïõ êåöáëáSSïõ äå ìðïñåSS íá Ýœïõí ðñïóåããéóôéêÜ óœÞìáôá ðïëõùíõìéêïý œñüíïõ. ÄçëáäÞ ôá ðñïâëÞìáôá áõôÜ äå ìðïñåSS íá áíÞêïõí óôçí êëÜóç FPTAS. Ôá áðïôåëÝóìáôá ôùí êåöáëáSSùí 2 êáé 3 Ýœïõí äçìïóéåõèåSS óôï [35].

Óôï êåöÜëáéï 4 ìåëåôïýìå ôï ðñüâëçìá ðåñéöñïýñçóçò ìÝãéóôçò áîSSáò ìå ðáñÜìåôñï ôçí ôïðïèÝôçóç ôùí Ýñãùí ôÝœíçò (Maximum Value Guard with Painting Placement). ÄçëáäÞ åêôüò áðü ôçí ôïðïèÝôçóç ôùí öõëÜêùí æçôÜìå åðSSóçò íá ôïðïèåôÞóïõìå ôá äåäïìÝíá Ýñãá ôÝœíçò ðÜíù óôçí ðåñSSìåôñï Ýôóé þóôå íá Ýœïõìå ðåñéöñïýñçóç ìÝãéóôçò áîSSáò. ÄSSíïõìå ðñïóåããéóôéêïýò áëãüñéèìïõò ðïõ œñçóéìïðïéïýí Ýíá ðïëõùíõìéêü óœÞìá ãéá ôï ðñüâëçìá Multiple Knapsack. Áðïäåéêíýïõìå üôé ðåôõœáSSíïõí óôáèåñïýò ðáñÜãïíôåò ðñïóÝããéóçò ãéá ôéò ðåñéðôþóåéò öõëÜêùí - êïñõöþí, öõëÜêùí - ðëåõñþí êáé ðïëõãþíùí ìå ôñýðåò.

Óôï êåöÜëáéï 5 ïñSSæïõìå ôï ðñüâëçìá ôçò êÜëõøçò ìÝãéóôïõ ìÞêïõò ôçò ðåñéìÝôñïõ ìå üñéï êüóôïõò ðïìðïäåêôþí (Budgeted Maximum Length Vertex Guard). Ôï ðñüâëçìá ôïõ êåöáëáSSïõ 2 (Maximum Length Vertex Guard) åSSíáé åéäéêÞ ðåñSSðôùóç ôïõ ðñïâëÞìáôïò áõôïý êáé Ýôóé ôï ðñüâëçìá Budgeted Maximum Length Vertex Guard åSSíáé NP-hard. Ï áëãüñéèìïò üìùò ôïõ ðñïâëÞìáôïò Maximum Length Vertex Guard äåí ïäçãåSS áíáãêáóôéêÜ óå ðñïóåããéóôéêÞ ëýóç ôïõ ðñïâëÞìáôïò Budgeted Maximum Length Vertex Guard. ÄSSíïõìå Ýíáí êáéíïýñéï áëãüñéèìï êáé áðïäåéêíýïõìå üôé ðåôõœáSSíåé óôáèåñü ðñïóåããéóôéêü ðáñÜãïíôá ãéá ôéò ðåñéðôþóåéò ôïðïèÝôçóçò ðïìðïäåêôþí óå êïñõöÝò êáé ðëåõñÝò, üðùò åðSSóçò êáé ãéá ôçí ðåñSSðôùóç ðïëõãþíùí ìå ôñýðåò.

ÏìïSSùò, ôï ðñüâëçìá ôïõ êåöáëáSSïõ 6, äçëáäÞ ç êÜëõøç ìÝãéóôçò áîSSáò ìå Üíù üñéï êüóôïõò ðïìðïäåêôþí (Budgeted Maximum Value Vertex Guard) åSSíáé ðéï ãåíéêü áðü ôï ðñüâëçìá Maximum Value Vertex Guard ôïõ êåöáëáSSïõ 3. ÄSSíïõìå êáé ãéá áõôü ôï ðñüâëçìá ðïëõùíõìéêïý œñüíïõ ðñïóåããéóôéêïýò áëãüñéèìïõò.

Óôï êåöÜëáéï 7 åêôüò áðü ôçí ôïðïèÝôçóç ôùí ðïìðïäåêôþí, êÜíïõìå êáé âÝëôéóôç ôïðïèÝôçóç áíáìåôáäïôþí (Budgeted Maximum Value Vertex Guard with Painting Placement). Ôï ðñüâëçìá åSSíáé ãåíSSêåõóç ôïõ ðñïâëÞìáôïò Maximum Value Guard with Painting Placement ôïõ êåöáëáSSïõ 4.

Ìå ôï êåöÜëáéï 8 êëåSSíåé ç åíüôçôá ôçò ðáñïõóSSáóçò ðñïóåããéóôéêþí áëãïñSSèìùí ãéá ðñïâëÞìáôá óå ðïëýãùíá, ìåëåôþíôáò ðùò ìðïñïýìå íá êáëýøïõìå Ýíá ìÝãéóôï åìâáäüí áðü ôï åóùôåñéêü ôïõ ðïëõãþíïõ (Maximum Area Vertex Guard).

Óôï êåöÜëáéï 9 îåêéíÜ ìéá íÝá åíüôçôá, áõôÞ ôùí áðïôåëåóìÜôùí ìç - ðñïóåããéóéìüôçôáò. ÕðåíèõìSSæïõìå êÜðïéá óôïéœåSSá áðü ôç èåùñSSá ðñïóåããéóéìüôçôáò êáé Ýðåéôá ðåñéãñÜöïõìå ìéá áíáãùãÞ äéáôÞñçóçò œÜóìáôïò (gap preserving reduction) áðü ôï ðñüâëçìá Max-5-Occurence-3-Sat óôï ðñüâëçìá Maximum Value Vertex Guard, áðïäåéêíýïíôáò üôé ôï ðñüâëçìá Maximum Value Vertex Guard åSSíáé APX-hard.

0.5. ÐÅÑÉËÇØÇ ÁÐÏÔÅËÅÓÌÁÔÙÍ ÄÉÁÔÑÉÂÇÓ 35

Óôç óõíÝœåéá, êÜíïíôáò ôéò êáôÜëëçëåò ôñïðïðïéÞóåéò óôçí ðñïçãïýìåíç áíáãùãÞ áðïäåéêíýïõìå óôï êåöÜëáéï 10 üôé ôá ðñïâëÞìáôá ôùí êåöáëáSSùí 2 - 8 åSSíáé APX-complete. ÅSSíáé ãíùóôü ([43]) üôé ôï ðñüâëçìá Max-5-Occurence-3-Sat åSSíáé APX-complete. Ïé áíáãùãÝò áõôÝò œñçóéìïðïéïýí óôï êáôáóêåõáóôéêü ìÝñïò êÜðïéåò éäÝåò ðïõ œñçóéìïðïéÞèçêáí óôá [32, 16] ãéá ôéò áðïäåSSîåéò NP-hardness êáé APX-hardness áíôSSóôïéœá ôïõ ðñïâëÞìáôïò Minimum Vertex Guard. Ìå ôï êåöÜëáéï 10 êëåSSíåé ç åíüôçôá ôùí áðïôåëåóìÜôùí ìç - ðñïóåããéóéìüôçôáò. Ôá áðïôåëÝóìáôá ôùí êåöáëáSSùí 9 êáé 10 Ýœïõí äçìïóéåõèåSS óôï [36].

Óôï êåöÜëáéï 11 áóœïëïýìáóôå ìå ðñïâëÞìáôá óå ãñáöÞìáôá. ÓõãêåêñéìÝíá, ìåëåôïýìå ôï ðñüâëçìá Maximum Weight In k Cliques óå ãñÜöïõò ïñáôüôçôáò. Œñçóéìïðïéïýìå ôç ìÝèïäï ôïõ êåöáëáSSïõ 2 êáé ðåñéãñÜöïõìå Ýíáí ðñïóåããéóôéêü áëãüñéèìï ìå óôáèåñü ðáñÜãïíôá ðñïóÝããéóçò. Ôá áðïôåëÝóìáôá ôïõ êåöáëáSSïõ 11 Ýœïõí äçìïóéåõèåSS óôï [35].

Óôï êåöÜëáéï 12 ïñSSæïõìå Ýíá åíäéáöÝñïí ðñüâëçìá ìå åöáñìïãÝò óå ðïëëÝò ðåñéïœÝò. Ôï ðñüâëçìá áõôü ïíïìÜæåôáé Generalized Set Cover.

Ôá áðïôåëÝóìáôá ôùí êåöáëáSSùí 4, 5, 6, 7, 8 Ýœïõí óôáëåSS ãéá äçìïóSSåõóç óôá [37, 38, 39].

ÔÝëïò óôï êåöÜëáéï 13 êÜíïõìå ìéá áíáêåöáëáSSùóç ôùí áðïôåëåóìÜôùí ôçò äéáôñéâÞò êáé ðñïôåSSíïõìå ìéá óåéñÜ áðü ðñïâëÞìáôá ãéá ðáñáðÝñá Ýñåõíá.

36 ÅÉÓÁÃÙÃÇ

ÊåöÜëáéï 1

Êáôáêåñìáôéóìüò ôïõ ðïëõãþíïõ

Èá ðåñéãñÜøïõìå åäþ ìéá ìÝèïäï ìå ôçí ïðïSSá ìðïñïýìå íá êáôáêåñìáôSSóïõìå ôçí ðåñSSìåôñï ôïõ ðïëõãþíïõ ùò ðñïò ôçí ïñáôüôçôá. Óôç óõíÝœåéá èá äåSSîïõìå ðùò ìðïñïýìå íá ãåíéêåýóïõìå áõôÞ ôç ìÝèïäï ãéá ôïí êáôáêåñìáôéóìü ôïõ åóùôåñéêïý ôïõ ðïëõãþíïõ ùò ðñïò ôçí ïñáôüôçôá. Ôç ìÝèïäï áõôÞ èá œñçóéìïðïéÞóïõìå óôá åðüìåíá êåöÜëáéá.

1.1 Ç ðåñSSìåôñïò ôïõ ðïëõãþíïõ

ÿóôù Ýíá ðïëýãùíï P ìå n êïñõöÝò. Ãéá áõôü ôï ðïëýãùíï ìðïñïýìå íá êáôáóêåõÜóïõìå Ýíá ãñÜöçìá G(V, E) üðïõ ôï óýíïëï V åSSíáé ôï óýíïëï ôùí êïñõöþí ôïõ ðïëõãþíïõ êáé (v, u) ∈ E áí êáé ìüíï áí ç êïñõöÞ v ôïõ ðïëõãþíïõ âëÝðåé ôçí êïñõöÞ u. Áõôüò ï ãñÜöïò ïíïìÜæåôáé ãñÜöïò ïñáôüôçôáò (visibility graph).

Ãéá êÜèå áêìÞ (v, u) ∈ E, ðñïåêôåSSíïõìå ôï åõèýãñáììï ôìÞìá (v, u) üóï ç ðñïÝêôáóç ðáñáìÝíåé óôï åóùôåñéêü ôïõ ðïëõãþíïõ êáé Ýùò üôïõ áõôÞ ôìÞóåé ôçí ðåñSSìåôñï ôïõ ðïëõãþíïõ. Ôï óýíïëï ôùí óçìåSSùí ôïìÞò ôï ïíïìÜæïõìå FVS. Ôï óýíïëï áõôü ðåñéÝœåé êáé üëåò ôéò êïñõöÝò ôïõ ðïëõãþíïõ (óœÞìá 1.1).

Ðñüôáóç 1.1 ÿóôù v ∈ V (P ) ìéá ôõœáSSá êïñõöÞ ôïõ ðïëõãþíïõ. ÿóôù a, b äýï äéáäïœéêÜ (ðÜíù óôçí ðåñSSìåôñï ôïõ ðïëõãþíïõ) óçìåSSá ðïõ áíÞêïõí óôï óýíïëï FVS. Ôï ôìÞìá ôçò ðåñéìÝôñïõ (a, b) åSSíáé ïñáôü áðü ôçí êïñõöÞ v áí êáé ìüíï áí åðéâëÝðåôáé áðü ôçí êïñõöÞ v.

Áðüäåéîç. ÅÜí Ýíá ôìÞìá åSSíáé ïñáôü áðü êÜðïéá êïñõöÞ ôüôå ðñïöáíþò åðéâëÝðåôáé.

Áò õðïèÝóïõìå üôé Ýíá ôìÞìá FVS (a, b) åðéâëÝðåôáé áðü ìéá êïñõöÞ v áëëÜ äåí åSSíáé ïñáôü ïëüêëçñï. ÿóôù üôé ôï óýíïëï ôùí óçìåSSùí ôïõ (a, b) ðïõ öáSSíïíôáé áðü ôçí êïñõöÞ v åSSíáé (c, d), üðùò óôï óœÞìá 1.2. Ôï óýíïëï (c, d) õðÜñœåé áöïý ôï (a, b) åðéâëÝðåôáé áðü ôçí êïñõöÞ v. Åöüóïí ôï v äåí âëÝðåé áñéóôåñÜ ôïõ c, óçìáSSíåé üôé õðÜñœåé êïñõöÞ u_1, ðïõ åìðïäSSæåé ôçí ïñáôüôçôá ôïõ v. Ãéá ôïí SSäéï ëüãï õðÜñœåé êïñõöÞ u_2 ðïõ åìðïäSSæåé ôçí ïñáôüôçôá ôïõ v äåîéÜ ôïõ d. ĳìùò ôüôå

38 ÊÅÖÁËÁÉÏ 1. ÊÁÔÁÊÅÑÌÁÔÉÓÌÏÓ ÔÏÕ ÐÏËÕÃÙÍÏÕ

ÓœÞìá 1.1: ŒùñSSæïíôáò ôçí ðåñSSìåôñï ôïõ ðïëõãþíïõ óå ôìÞìáôá ìå Üêñá óôï óýíïëï F V S

áðü ôçí êáôáóêåõÞ ôïõ êáôáêåñìáôéóìïý, ôá c, d èá Ýðñåðå íá áíÞêïõí óôï óýíïëï FVS êáé óõíåðþò ôá a, b äåí èá Þôáí äéáäïœéêÜ ðÜíù óôçí ðåñSSìåôñï. ÁÔÏÐÏ. □ Ïé óõíÝðåéåò ôçò ðáñáðÜíù ðñüôáóçò åSSíáé:

• ÏðïéïäÞðïôå FVS ôìÞìá ôçò ðåñéìÝôñïõ ôïõ ðïëõãþíïõ åSSôå èá åSSíáé ïñáôü êáé èá åðéâëÝðåôáé áðü êÜðïéá êïñõöÞ åSSôå üœé.

• ÿíá ïðïéïäÞðïôå ôìÞìá ôçò ðåñéìÝôñïõ ôïõ ðïëõãþíïõ ðïõ ïñSSæåôáé áðü äéáäïœéêÜ (ðÜíù óôçí ðåñSSìåôñï) óçìåSSá ôïõ óõíüëïõ FVS êáé åSSíáé ïñáôü áðü ìéá êïñõöÞ v, äåí ìðïñåSS íá ðåñéÝœåé ãíÞóéï õðïôìÞìá ïñáôü áðü êÜðïéá Üëëç êïñõöÞ.

ÅÜí ôï ðïëýãùíï Ýœåé n êïñõöÝò, ï áñéèìüò ôùí áêìþí ôïõ ãñÜöïõ ïñáôüôçôáò åSSíáé O(n^2). Óõíåðþò ï áñéèìüò ôùí óçìåSSùí ôïìÞò ôùí O(n^2) áêìþí ìå ôéò O(n) ðëåõñÝò ôïõ ðïëõãþíïõ åSSíáé O(n^2), áöïý ïé ðñïåêôÜóåéò ìéáò áêìÞò ôïõ ãñÜöïõ ïñáôüôçôáò Ýœïõí ôï ðïëý 2 óçìåSSá ôïìÞò ìå ôçí ðåñSSìåôñï ôïõ ðïëõãþíïõ. Ôçí êáôáóêåõÞ áõôÞ ôçí ïíïìÜæïõìå Finest Visibility Segmentation.

Ðñüôáóç 1.2 ÿóôù e ìéá ðëåõñÜ ôïõ ðïëõãþíïõ. Ôá ôìÞìáôá FVS ðïõ åðéâëÝðïíôáé áðü ôçí ðëåõñÜ e åSSíáé áêñéâþò áõôÜ ðïõ öáSSíïíôáé áðü ôçí ðëåõñÜ e.

Áðüäåéîç. Áí Ýíá ôìÞìá FVS öáSSíåôáé áðü ìéá ðëåõñÜ e, ôüôå ðñïöáíþò åðéâëÝðåôáé.

ÿóôù üôé åðéâëÝðåôáé êáé äåí öáSSíåôáé ïëüêëçñï áðü ôçí ðëåõñÜ e. ÄçëáäÞ óçìáSSíåé üôé õðÜñœåé ìéá ðëåõñÜ e^′ ðïõ åìðïäSSæåé ôçí ïñáôüôçôá êÜðïéïõ õðïôìÞìáôïò ôïõ ôìÞìáôïò FVS áðü ôçí ðëåõñÜ e.

ĳìùò ôüôå óçìáSSíåé üðùò öáSSíåôáé óôï óœÞìá 1.3 üôé ôá a, b äåí åSSíáé äéáäïœéêÜ (ðÜíù óôçí ðåñSSìåôñï) FVS óçìåSSá. ÁÔÏÐÏ.

1.1. Ç ÐÅÑÉÌÅÔÑÏÓ ÔÏÕ ÐÏËÕÃÙÍÏÕ 39

ÓœÞìá 1.2: ÿíá ôìÞìá FVS (a, b) öáSSíåôáé áðü ôçí êïñõöÞ v áí êáé ìüíï áí åðéâëÝðåôáé áðü ôçí v

Óõíåðþò åÜí êÜðïéï FVS ôìÞìá ðåñéöñïõñåSSôáé Þ åðéâëÝðåôáé áðü êÜðïéï óçìåSSï ôçò ðëåõñÜò, ôüôå ðñïöáíþò åðéâëÝðåôáé êáé ðåñéöñïõñåSSôáé áðü ôçí ðëåõñÜ. □ Ïé óõíÝðåéåò ôçò ðñïçãïýìåíçò ðñüôáóçò åSSíáé áíÜëïãåò ìå ôéò óõíÝðåéåò ôçò ðñüôáóçò 1.1.

• ÏðïéïäÞðïôå FVS ôìÞìá ôçò ðåñéìÝôñïõ ôïõ ðïëõãþíïõ åSSôå èá åSSíáé ïñáôü êáé èá åðéâëÝðåôáé áðü êÜðïéá ðëåõñÜ åSSôå üœé.

• ÿíá ïðïéïäÞðïôå ôìÞìá ôçò ðåñéìÝôñïõ ôïõ ðïëõãþíïõ ðïõ ïñSSæåôáé áðü äéáäïœéêÜ (ðÜíù óôçí ðåñSSìåôñï) óçìåSSá ôïõ óõíüëïõ FVS êáé åSSíáé ïñáôü áðü ìéá ðëåõñÜ e, äåí ìðïñåSS íá ðåñéÝœåé ãíÞóéï õðïôìÞìá ïñáôü áðü êÜðïéá Üëëç ðëåõñÜ.

Áí èÝëïõìå íá âñïýìå ôá FVS ôìÞìáôá ðïõ åðéâëÝðåé êáé ðåñéöñïõñåSS ìéá ðëåõñÜ e åñãáæüìáóôå ùò åîÞò: ãéá êÜèå Ýíá FVS ôìÞìá ðáSSñíïõìå Ýíá óçìåSSï óôï åóùôåñéêü ôïõ êáé åîåôÜæïõìå áí õðÜñœåé åõèåSSá ðïõ åíþíåé áõôü ôï óçìåSSï ìå Ýíá óçìåSSï óôï åóùôåñéêü ôçò e. ÅÜí íáé, ôüôå ôï ôìÞìá FVS åðéâëÝðåôáé êáé ðåñéöñïõñåSSôáé áðü ôçí e. ÅÜí üœé, ôüôå óçìáSSíåé üôé õðÜñœåé óçìåSSï ôïõ FVS ôìÞìáôïò ðïõ äåí öáSSíåôáé áðü ôçí e. Óõíåðþò ó’ áõôÞ ôçí ðåñSSðôùóç ôï FVS ôìÞìá äåí ðåñéöñïõñåSSôáé ïýôå åðéâëÝðåôáé áðü ôçí e.

Ç ðáñáðÜíù êáôáóêåõÞ ìðïñåSS íá åöáñìïóôåSS œùñSSò êáììSSá áëëáãÞ êáé óå ðïëýãùíá ìå ôñýðåò.

Ç œñïíéêÞ ðïëõðëïêüôçôá ôçò åýñåóçò ôùí ôìçìÜôùí ðïõ åðéâëÝðïíôáé (êáé åSSíáé ïñáôÜ) áðü ìéá ðëåõñÜ åSSíáé O(n^2).

40 ÊÅÖÁËÁÉÏ 1. ÊÁÔÁÊÅÑÌÁÔÉÓÌÏÓ ÔÏÕ ÐÏËÕÃÙÍÏÕ

ÓœÞìá 1.3: ÿíá ôìÞìá FVS (a, b) öáSSíåôáé áðü ôçí ðëåõñÜ e áí êáé ìüíï áí åðéâëÝðåôáé áðü ôçí e

1.2 Ôï åóùôåñéêü ôïõ ðïëõãþíïõ

Èá äïýìå ôþñá ðùò ìðïñïýìå íá êáôáêåñìáôSSóïõìå ìå áíÜëïãï ôñüðï ôï åóùôåñéêü ôïõ ðïëõãþíïõ.

Ìðïñïýìå íá ãåíéêåýóïõìå ôçí êáôáóêåõÞ ôçò ðñïçãïýìåíçò åíüôçôáò ùò åîÞò: ÐáSSñíïõìå ôéò ðñïåêôÜóåéò ôùí áêìþí ôïõ ãñÜöïõ ïñáôüôçôáò, üóï áõôÝò ðáñáìÝíïõí ìÝóá óôï ðïëýãùíï êáé âÜæïõìå óôï óýíïëï FVS üëá ôá óçìåSSá ôïìÞò ìåôáîý áõôþí ôùí ðñïåêôÜóåùí. ÏñSSæïõìå óáí åðéöÜíåéåò FVS óôï åóùôåñéêü ôïõ ðïëõãþíïõ, ôéò åðéöÜíåéåò ðïõ äåí ðåñéÝœïõí êáíÝíá FVS óçìåSSï ìÝóá.

Ï áñéèìüò ôùí åðéöáíåéþí FVS åSSíáé O(n^4). ÅSSíáé ðñïöáíÝò áðü ôçí êáôáóêåõÞ üôé äåí ìðïñåSS íá õðÜñœåé ðñïÝêôáóç áêìÞò ôïõ ãñÜöïõ ïñáôüôçôáò åíôüò ôïõ ðïëõãþíïõ ðïõ íá ôÝìíåé êÜðïéá åðéöÜíåéá FVS.

Ðñüôáóç 1.3 Ìéá åðéöÜíåéá FVS åSSíáé ïñáôÞ áðü ìéá êïñõöÞ ôïõ ðïëõãþíïõ áí êáé ìüíï áí åðéâëÝðåôáé áðü áõôÞí.

Áðüäåéîç. ÅÜí ìéá åðéöÜíåéá FVS åSSíáé ïñáôÞ áðü ìéá êïñõöÞ, ðñïöáíþò åðéâëÝðåôáé áðü áõôÞí.

ÁíôSSóôñïöá, åÜí åðéâëÝðåôáé, áò õðïèÝóïõìå üôé äåí åSSíáé ïñáôÞ. ÄçëáäÞ õðÜñœåé êÜðïéá Üëëç êïñõöÞ b ðïõ åìðïäSSæåé ôçí ïñáôüôçôá ôçò êïñõöÞò a üðùò óôï óœÞìá 1.4

ĳìùò ôüôå ç ðñïÝêôáóç ôïõ ôìÞìáôïò (a, b) ôÝìíåé ôçí åðéöÜíåéá FVS. ÁÔÏÐÏ. □ Ïé óõíÝðåéåò ôçò ðáñáðÜíù ðñüôáóçò åSSíáé:

1.2. ÔÏ ÅÓÙÔÅÑÉÊÏ ÔÏÕ ÐÏËÕÃÙÍÏÕ 41

ÓœÞìá 1.4: Ìéá åðéöÜíåéá FVS åSSíáé ïñáôÞ áðü ôçí êïñõöÞ a áí êáé ìüíï áí åðéâëÝðåôáé áðü ôçí a

• ÏðïéáäÞðïôå åðéöÜíåéá FVS ôïõ ðïëõãþíïõ åSSôå èá åSSíáé ïñáôÞ êáé èá åðéâëÝðåôáé áðü êÜðïéá êïñõöÞ åSSôå üœé.

• Ìéá ïðïéáäÞðïôå åðéöÜíåéá FVS ôïõ ðïëõãþíïõ ðïõ åSSíáé ïñáôÞ áðü ìéá êïñõöÞ v, äåí ìðïñåSS íá ðåñéÝœåé ãíÞóéá õðïðåñéïœÞ ïñáôÞ áðü êÜðïéá Üëëç êïñõöÞ.

Ãéá ðáñüìïéïõò ëüãïõò ìå ôïõò ðáñáðÜíù éóœýåé:

Ðñüôáóç 1.4 Ìéá åðéöÜíåéá FVS åSSíáé ïñáôÞ áðü ìéá ðëåõñÜ ôïõ ðïëõãþíïõ áí êáé ìüíï áí åðéâëÝðåôáé áðü áõôÞí.

Ïé óõíÝðåéåò ôçò ðñüôáóçò åSSíáé:

• ÏðïéáäÞðïôå åðéöÜíåéá FVS ôïõ ðïëõãþíïõ åSSôå èá åSSíáé ïñáôÞ êáé èá åðéâëÝðåôáé áðü êÜðïéá ðëåõñÜ åSSôå üœé.

• Ìéá ïðïéáäÞðïôå åðéöÜíåéá FVS ôïõ ðïëõãþíïõ ðïõ åSSíáé ïñáôÞ áðü ìéá ðëåõñÜ e, äåí ìðïñåSS íá ðåñéÝœåé ãíÞóéá õðïðåñéïœÞ ïñáôÞ áðü êÜðïéá Üëëç ðëåõñÜ.

Ç åýñåóç ôùí åðéöáíåéþí FVS ðïõ ðåñéöñïõñïýíôáé êáé åðéâëÝðïíôáé áðü êÜðïéá ðëåõñÜ ìðïñåSS íá ãSSíåé óå ðïëõùíõìéêü œñüíï ìå ôñüðï áíÜëïãï ôïõ ôñüðïõ åýñåóçò ôùí ðåñéöñïõñïýìåíùí ôìçìÜôùí FVS áðü ìéá ðëåõñÜ.

42 ÊÅÖÁËÁÉÏ 1. ÊÁÔÁÊÅÑÌÁÔÉÓÌÏÓ ÔÏÕ ÐÏËÕÃÙÍÏÕ

ÊåöÜëáéï 2

Ðåñéöñïýñçóç ìÝãéóôïõ ìÞêïõò ìå k öýëáêåò

2.1 Öýëáêåò óôéò êïñõöÝò

ÿóôù Ýíá ðïëýãùíï P œùñSSò ôñýðåò. ÆçôÜìå íá êáëýøïõìå Ýíá ìÝãéóôï ìÝñïò ôçò ðåñéìÝôñïõ ôïõ ðïëõãþíïõ, œñçóéìïðïéþíôáò ôï ðïëý k öýëáêåò (óôáèìïýò). Ïé öýëáêåò åðéôñÝðåôáé íá ôïðïèåôçèïýí ðÜíù óôéò êïñõöÝò ôïõ ðïëõãþíïõ.

Èá áðïäåSSîïõìå üôé ôï Maximum Length Vertex Guard åSSíáé NP-hard, áíÜãïíôáò ôï ðñüâëçìá áðüöáóçò Minimum Vertex Guard (Boundary Restricted) óôï ðñüâëçìá áðüöáóçò Maximum Length Vertex Guard.

Ïñéóìüò 29 Óôï ðñüâëçìá áðüöáóçò Minimum Vertex Guard (Boundary Restricted) äSSíåôáé Ýíá ðïëýãùíï P ìå ìÞêïò ðåñéìÝôñïõ L(P ) êáé Ýíáò áêÝñáéïò k > 0. Ôï æçôïýìåíï åSSíáé: ìðïñïýìå íá ôïðïèåôÞóïõìå ôï ðïëý k öýëáêåò óôéò êïñõöÝò ôïõ ðïëõãþíïõ Ýôóé þóôå ôï ìÞêïò ôçò ðåñéìÝôñïõ ôïõ ðïëõãþíïõ ðïõ öáSSíåôáé áðü ôïõò öýëáêåò íá åSSíáé L(P );

Ïñéóìüò 30 Óôï ðñüâëçìá áðüöáóçò Maximum Length Vertex Guard äSSíåôáé Ýíá ðïëýãùíï P , Ýíáò áêÝñáéïò k > 0 êáé Ýíáò áêÝñáéïò B. Ôï æçôïýìåíï åSSíáé íá ôïðïèåôÞóïõìå óôéò êïñõöÝò ôïõ P , k öýëáêåò Ýôóé þóôå ôï åõêëåSSäåéï ìÞêïò ôçò ðåñéìÝôñïõ ôïõ ðïëõãþíïõ ðïõ öáSSíåôáé áðü ôïõò k öýëáêåò íá åSSíáé ≥ B. Ðñüôáóç 2.1 Ôï ðñüâëçìá Maximum Length Vertex Guard åSSíáé NP-hard.

Áðüäåéîç. ÿóôù Ýíá óôéãìéüôõðï ôïõ ðñïâëÞìáôïò Minimum Vertex Guard (Boundary Restricted): ÄSSíåôáé ðïëýãùíï P , Ýíáò áêÝñáéïò k > 0 êáé æçôÜìå íá âñïýìå áí ìðïñïýìå íá êáëýøïõìå üëç ôçí ðåñSSìåôñï ôïõ ðïëõãþíïõ, ôïðïèåôþíôáò óôéò êïñõöÝò ôïõ ðïëõãþíïõ ≤ k öýëáêåò. ÊáôáóêåõÜæïõìå ôï åîÞò óôéãìéüôõðï ôïõ ðñïâëÞìáôïò áðüöáóçò Maximum Length Vertex Guard: ðáSSñíïõìå ôï SSäéï ðïëýãùíï P , ôïí áêÝñáéï k > 0 êáé Ýíáí áêÝñáéï B ðïõ éóïýôáé ìå ôï

44 ÊÅÖÁËÁÉÏ 2. ÐÅÑÉÖÑÏÕÑÇÓÇ ÌÅÃÉÓÔÏÕ ÌÇÊÏÕÓ

åõêëåSSäåéï ìÞêïò üëçò ôçò ðåñéìÝôñïõ ôïõ ðïëõãþíïõ. Ç åñþôçóç åSSíáé: ìðïñïýìå íá ôïðïèåôÞóïõìå k öýëáêåò óôéò êïñõöÝò ôïõ ðïëõãþíïõ Ýôóé þóôå ôï ìÝñïò ôçò ðåñéìÝôñïõ ôïõ ðïëõãþíïõ ðïõ öáSSíåôáé áðü ôïõò öýëáêåò íá Ýœåé ìÞêïò ≥ B; Áí ç áðÜíôçóç óôï äåýôåñï ðñüâëçìá åSSíáé ‘NAI’ (‘OXI’), ôüôå ç áðÜíôçóç óôï ðñþôï ðñüâëçìá åSSíáé ‘ÍÁÉ’ (‘ÏŒÉ’). □ Èá ðåñéãñÜøïõìå ôþñá Ýíáí áëãüñéèìï ðïëõùíõìéêïý œñüíïõ ï ïðïSSïò ðñïóåããSSæåé ôï ðñüâëçìá Maximum Length Vertex Guard êáôÜ Ýíá óôáèåñü ðñïóåããéóôéêü ðáñÜãïíôá.

ÁñœéêÜ êÜíïõìå ôïí êáôáêåñìáôéóìü ôçò ðåñéìÝôñïõ ôïõ ðïëõãþíïõ üðùò ðåñéãñÜöôçêå óôçí åíüôçôá 1 ôïõ êåöáëáSSïõ 1. Ôá FVS óçìåSSá åSSíáé Üêñá ôìçìÜôùí ìå ôçí áêüëïõèç éäéüôçôá: ãéá êÜèå êïñõöÞ v ∈ V (P ), Ýíá ôìÞìá (a, b) ôï ïðïSSï ïñSSæåôáé áðü äéáäïœéêÜ FVS óçìåSSá a, b åSSíáé ïñáôü áðü ôï v áí êáé ìüíï áí åðéâëÝðåôáé áðü ôï v.

Ï áëãüñéèìïò 1 ëïéðüí âñSSóêåé óå ðïëõùíõìéêü œñüíï ôá O(n^2) FVS óçìåSSá êáé ôìÞìáôá. ÌåôÜ âñSSóêåé ãéá êÜèå êïñõöÞ v ôïõ ðïëõãþíïõ, ôï óýíïëï ôùí FVS ôìçìÜôùí ðïõ öáSSíïíôáé áðü áõôÞ ôï ïðïSSï óýíïëï êáëïýìå E^′(v). Ìå ôïí õðïëïãéóìü ôùí óõíüëùí E^′(v) ôåëåéþíåé ôï ðñïêáôáñêôéêü ìÝñïò ôïõ áëãïñSSèìïõ.

Óôï êõñSSùò ìÝñïò ôïõ áëãïñSSèìïõ 1, óå êÜèå âÞìá ôïðïèåôåSS öýëáêá óôçí êïñõöÞ ðïõ âëÝðåé ôá ôìÞìáôá FVS ìå ôï óõíïëéêü ìåãáëýôåñï ìÞêïò êáé ôá ïðïSSá äåí öáSSíïíôáí ìÝœñé ôþñá.

Algorithm 1 MaxLegthVertexGuards (* greedy *)

compute FVS points for every v ∈ V (P ) do

compute E^′(v) end for SOL ← ∅ for i = 1 to k do

select v ∈ V that maximizes L(SOL ∪ E^′(v)) SOL ← SOL ∪ E^′(v) end for return L(SOL)

Èá áðïäåSSîïõìå üôé ï áëãüñéèìïò 1 ôñÝœåé óå ðïëõùíõìéêü œñüíï êáé ðåôõœáSSíåé óôáèåñü ðáñÜãïíôá ðñïóÝããéóçò. Èá ìáò œñåéáóôïýí äýï ëÞììáôá ôá ïðïSSá áðïäåéêíýïõìå óôç óõíÝœåéá.

ÿóôù OPT ç óõëëïãÞ ôùí óõíüëùí ôùí ôìçìÜôùí FVS ðïõ áíÞêïõí óôç âÝëôéóôç ëýóç êáé SOL ç óõëëïãÞ ðïõ ìáò åðÝóôñåøå ï áëãüñéèìïò 1. ÿóôù L(OP T ) ôï óõíïëéêü ìÞêïò ôùí ôìçìÜôùí FVS ðïõ áíÞêïõí óôç âÝëôéóôç ëýóç êáé L(SOL) ôï óõíïëéêü ìÞêïò ôùí ôìçìÜôùí FVS ðïõ åðéóôñÝöåé ï áëãüñéèìïò 1. ÿóôù S_i ôï i-ïóôü óýíïëï ôùí ôìçìÜôùí ðïõ åðéëÝãåôáé áðü ôïí áëãüñéèìï óôï âÞìá i. Èåùñïýìå üôé

L(S_i) = L(∪^i_{m=1}S_m) − L(∪^{i−1}_{m=1}S_m)

2.1. ÖÕËÁÊÅÓ ÓÔÉÓ ÊÏÑÕÖÅÓ 45 ÄçëáäÞ ôï óýíïëï S_i äåí ðåñéÝœåé FVS ôìÞìáôá ðïõ Ýœïõí Þäç êáëõöèåSS áðü ðñïçãïýìåíá óýíïëá.

ÿóôù üôé ôá S_1, S_2, ..., S_{l−1} åSSíáé óýíïëá ðïõ áíÞêïõí êáé óôç âÝëôéóôç ëýóç êáé ôï S_l åSSíáé ôï ðñþôï óýíïëï ðïõ óõíáíôÜìå ôï ïðïSSï áíÞêåé óôç ëýóç ðïõ ìáò äSSíåé ï áëãüñéèìïò, üœé üìùò êáé óôç âÝëôéóôç. Óõíåðþò: L(OP T ) = L(∪^{l−1}_{i=1}S_i) + L(∪^k_{i=l}S^′_i) üðïõ S^′_i åSSíáé ôá õðüëïéðá óýíïëá ðïõ ðåñéÝœåé ç âÝëôéóôç ëýóç.

ËÞììá 2.1 ÌåôÜ áðü l âÞìáôá ôïõ áëãïñSSèìïõ 1 éóœýåé:

L(∪^l_{i=1}S_i) − L(∪^{l−1}_{i=1}S_i) ≥ L(OP T ) − L(∪^{l−1}_{i=1}S_i) k , l = 1, 2, ..., k Áðüäåéîç. Éóœýåé üôé: L(S_{i−1}) ≥ L(S_i), i = 2, ..., k áöïý Ýôóé êÜíåé ôçí åðéëïãÞ ï áëãüñéèìïò. Ôï S_l ðïõ åðéëÝãåé ï áëãüñéèìïò Ýœåé: L(S_l) ≥ L(S^′_i), i = l, l + 1, ..., k ÄçëáäÞ Ýœåé ôï ìåãáëýôåñï ìÞêïò áðü üëá ôá õðüëïéðá óýíïëá ðïõ Ýœåé ç âÝëôéóôç ëýóç êáé äåí Ýœåé åðéëÝîåé ï áëãüñéèìïò. Óõíåðþò: L(OP T ) ≤ L(∪^{l−1}_{i=1}S_i) + kL(S_l) Éóœýåé åðSSóçò:

L(∪^l_{i=1}S_i) − L(∪^{l−1}_{i=1}S_i) = L(S_l) Áðü ôéò äýï ðáñáðÜíù óœÝóåéò: L(∪^l_{i=1}S_i) − L(∪^{l−1}_{i=1}S_i) ≥ L(OP T ) − L(∪^{l−1}_{i=1}S_i) k □ ËÞììá 2.2 ÌåôÜ áðü l âÞìáôá ôïõ áëãïñSSèìïõ 1 éóœýåé: L(∪^l_{i=1}S_i) ≥ (1 − (1 − 1 k )^l)L(OP T ), l = 1, ..., k Áðüäåéîç.

Èá ôï áðïäåSSîïõìå ìå åðáãùãÞ óôï l.

Áðü ôçí áñœÞ ôïõ ðåñéóôåñþíá, éóœýåé üôé áðü ôá óýíïëá ðïõ Ýœåé ç âÝëôéóôç ëýóç õðÜñœåé ôïõëÜœéóôïí Ýíá ìå ìÞêïò ôïõëÜœéóôïí

46 ÊÅÖÁËÁÉÏ 2. ÐÅÑÉÖÑÏÕÑÇÓÇ ÌÅÃÉÓÔÏÕ ÌÇÊÏÕÓ

L(OP T ) k Ôï ìåãáëýôåñï ìÞêïò ôï Ýœåé ôï ðñþôï óýíïëï ðïõ åðéëÝãåé ï áëãüñéèìïò.

Óõíåðþò:

L(S_1) ≥ L(OP T ) k ÿóôù üôé éóœýåé ãéá l − 1, äçëáäÞ

L(∪^{l−1}_{i=1}S_i) ≥ (1 − (1 − 1 k )^{l−1})L(OP T ) ÿœïõìå:

L(∪^l_{i=1}S_i) = L(∪^{l−1}_{i=1}S_i) + (L(∪^l_{i=1}S_i) − L(∪^{l−1}_{i=1}S_i)) Áðü ôï ðñïçãïýìåíï ëÞììá éóœýåé:

L(∪^l_{i=1}S_i) ≥ L(∪^{l−1}_{i=1}S_i) + L(OP T ) − L(∪^{l−1}_{i=1}S_i) k →

→ L(∪^l_{i=1}S_i) ≥ L(∪^{l−1}_{i=1}S_i)(1 − 1 k ) + L(OP T ) k Áðü ôçí åðáãùãéêÞ õðüèåóç:

L(∪^l_{i=1}S_i) ≥ (1 − (1 − 1 k )^{l−1})L(OP T )(1 − 1 k ) + L(OP T ) k →

L(∪^l_{i=1}S_i) ≥ (1 − (1 − 1 k )^l)L(OP T ) □ Èåþñçìá 2.1 Ï áëãüñéèìïò 1 ôñÝœåé óå ðïëõùíõìéêü œñüíï êáé ðåôõœáSSíåé ðñïóÝããéóç^1_{1− 1e} = 1.58 ôïõ ðñïâëÞìáôïò Maximum Length Vertex Guard.

Áðüäåéîç. Áðü ôï ëÞììá ðñïçãïýìåíï ëÞììá, èÝôïíôáò l = k Ýœïõìå:

L(∪^k_{i=1}S_i) ≥ (1 − (1 − 1 k )^k)L(OP T ) Éóœýåé üôé: lim_{k→∞}(1 − (1 − 1 k )^k) = 1 − 1 e Ï üñïò (1 − (1 −^1_k )^k) öèSSíåé, óõíåðþò:

2.2. ÖÕËÁÊÅÓ - ÐËÅÕÑÅÓ 47

1 − (1 − 1 k )^k ≥ 1 − 1 e > 0, 632 Üñá L(SOL) > (1 − 1 e )L(OP T ) åðïìÝíùò ï áëãüñéèìïò ðåôõœáSSíåé ðñïóåããéóôéêü ðáñÜãïíôá^1_{1− 1e} = 1.58 ôïõ ðñïâëÞìáôïò Maximum Length Vertex Guard. □ 2.2 Öýëáêåò - ðëåõñÝò

Óôçí ðåñSSðôùóç ðïõ Ýœïõìå öýëáêåò ðïõ êáôáëáìâÜíïõí ïëüêëçñåò ðëåõñÝò ôïõ ðïëõãþíïõ ôüôå ôï ðñüâëçìá óõíåœSSæåé íá åSSíáé NP-hard. Ìðïñïýìå íá áíÜãïõìå ôï ðñüâëçìá áðüöáóçò Minimum Edge Guard (Boundary Restricted) óôï Maximum Length Edge Guard üðùò êÜíáìå óôçí ðñüôáóç 2.1.

Ðñüôáóç 2.2 Ôï ðñüâëçìá Maximum Length Edge Guard åSSíáé NP-hard.

ÿíáò öýëáêáò - ðëåõñÜ ìðïñåSS íá áíáðáñéóôÜ Ýíá öýëáêá ðïõ êéíåSSôáé áðü ôï Ýíá Üêñï ôçò ðëåõñÜò óôï Üëëï. Ï áëãüñéèìïò 2 ðïõ ðñïóåããSSæåé áõôü ôï ðñüâëçìá åSSíáé ðáñüìïéïò ìå ôïí áëãüñéèìï 1 ìå ôç äéáöïñÜ üôé õðïëïãSSæåé áñœéêÜ ôï óýíïëï E^′(e) ôï ïðïSSï ðåñéëáìâÜíåé ôá FVS ôìÞìáôá ðïõ öáSSíïíôáé áðü ôçí ðëåõñÜ e.

Ãéá ôïí õðïëïãéóìü êÜèå óõíüëïõ E^′(e) ï áëãüñéèìïò 2 åîåôÜæåé üëá ôá ôìÞìáôá FVS üðùò áõôü ðåñéãñÜöåôáé óôçí åíüôçôá 1 ôïõ êåöáëáSSïõ 1.

Algorithm 2 MaxLegthEdgeGuards (* greedy *)

compute FVS points for every e ∈ E(P ) do

compute E^′(e) end for SOL ← ∅ for i = 1 to k do

select e ∈ E that maximizes L(SOL ∪ E^′(e)) SOL ← SOL ∪ E^′(e) end for return L(SOL)

Èåþñçìá 2.2 Ï áëãüñéèìïò 2 ôñÝœåé óå ðïëõùíõìéêü œñüíï êáé ðåôõœáSSíåé ðñïóÝããéóç^1_{1− 1e} = 1.58 ôïõ ðñïâëÞìáôïò Maximum Length Edge Guard.

Áðüäåéîç. ÂëÝðå èåþñçìá 2.1. □

48 ÊÅÖÁËÁÉÏ 2. ÐÅÑÉÖÑÏÕÑÇÓÇ ÌÅÃÉÓÔÏÕ ÌÇÊÏÕÓ

2.3 Ðïëýãùíá ìå ôñýðåò

Ôá áðïôåëÝóìáôá ôùí ðáñáãñÜöùí 2.1 êáé 2.2 éóœýïõí êáé óôçí ðåñSSðôùóç ðïõ ôï äåäïìÝíï ðïëýãùíï Ýœåé ôñýðåò. Óå áõôÞí ôçí ðåñSSðôùóç ôï óýíïëï ôùí êïñõöþí ôïõ ðïëõãþíïõ ðåñéëáìâÜíåé êáé ôéò êïñõöÝò áðü ôéò ôñýðåò, ôï óýíïëï ôùí ðëåõñþí ôïõ ðïëõãþíïõ ðåñéëáìâÜíåé êáé ôéò ðëåõñÝò áðü ôéò ôñýðåò êáé ç ðåñSSìåôñïò ôïõ ðïëõãþíïõ ðåñéëáìâÜíåé êáé ôéò ðåñéìÝôñïõò áðü ôéò ôñýðåò.

Ôá ðñïâëÞìáôá Maximum Length Vertex Guard êáé Maximum Length Edge Guard óôçí ðåñSSðôùóç ðïëõãþíïõ ìå ôñýðåò åSSíáé NP-hard êáèþò ç ëýóç ôïõò èá ïäçãïýóå óå ëýóç ôùí ðñïâëçìÜôùí Minimum Vertex Guard (Boundary Restricted) êáé Minimum Edge Guard (Boundary Restricted) áíôSSóôïéœá óå ðïëýãùíá ìå ôñýðåò. Ïé áðïäåSSîåéò åSSíáé üìïéåò ìå áõôÝò ôùí ðñïôÜóåùí 2.1 êáé 2.2.

Ðñüôáóç 2.3 Ôï ðñüâëçìá Maximum Length Vertex Guard óå ðïëýãùíá ìå ôñýðåò åSSíáé NP-hard.

Ðñüôáóç 2.4 Ôï ðñüâëçìá Maximum Length Edge Guard óå ðïëýãùíá ìå ôñýðåò åSSíáé NP-hard.

Ïé áëãüñéèìïé 1 êáé 2 ìðïñïýí íá œñçóéìïðïéçèïýí óôá ðñïâëÞìáôá Maximum Length Vertex Guard êáé Maximum Length Edge Guard áíôSSóôïéœá ãéá ðïëýãùíá ìå ôñýðåò ðåôõœáSSíïíôáò ðñïóåããéóôéêü ðáñÜãïíôá 1.58 ùò ðñïò ôéò áíôSSóôïéœåò âÝëôéóôåò ëýóåéò.

Ç ðåñSSðôùóç ôùí ðïëõãþíùí ìå ôñýðåò åSSíáé åíäéáöÝñïõóá êáé áñêåôÜ ñåáëéóôéêÞ. Ïé ôñýðåò ìðïñïýí íá áíáðáñéóôïýí åìðüäéá ôá ïðïSSá ðåñéïñSSæïõí ôçí ïñáôüôçôá óçìåSSùí ôïõ ðïëõãþíïõ. ÅðSSóçò ìáò äSSíïõí ôçí åõêáéñSSá ôïðïèÝôçóçò öõëÜêùí óôï åóùôåñéêü ôïõ ðïëõãþíïõ óå ðñïêáèïñéóìÝíá óçìåSSá (óôéò êïñõöÝò Þ ðëåõñÝò ôùí ôñõðþí). Óçìåéþíïõìå åðSSóçò ðùò ôá ðñïâëÞìáôá óå ðïëýãùíá ìå ôñýðåò åSSíáé áñêåôÜ ðéï ãåíéêÜ. Åíäåéêôéêü ôïõ ôåëåõôáSSïõ åSSíáé ðùò ôï ðñüâëçìá Minimum Vertex Guard óå ðïëýãùíá ìå ôñýðåò åSSíáé log n -hard ([18]). ÄçëáäÞ äåí õðÜñœåé áëãüñéèìïò ðïëõùíõìéêïý œñüíïõ ðïõ íá ðåôõœáSSíåé óôáèåñÞ ðñïóÝããéóç ãéá áõôü ôï ðñüâëçìá.

ÊåöÜëáéï 3

ÊÜëõøç ìÝãéóôçò áîSSáò ìå k öýëáêåò

ÿóôù Ýíá ðïëýãùíï P . Ç ðåñSSìåôñïò ôïõ åSSíáé œùñéóìÝíç óå îÝíá ìåôáîý ôïõò äéáóôÞìáôá óôá ïðïSSá Ýœïõí áðïäïèåSS âÜñç (óœÞìá 3.1). Ï óôüœïò åSSíáé íá êáëýøïõìå ôï ìÝãéóôï äõíáôü âÜñïò ôïðïèåôþíôáò ôï ðïëý k óôáèìïýò.

3.1 Öýëáêåò óå êïñõöÝò

Óå áõôÞ ôçí ðáñÜãñáöï åîåôÜæïõìå ôï ðñüâëçìá óå ðïëýãùíá œùñSSò ôñýðåò. ÿœïõìå åðSSóçò ôç äõíáôüôçôá íá ôïðïèåôïýìå öýëáêåò ìüíï óôéò êïñõöÝò ôïõ ðïëõãþíïõ.

èá áðïäåSSîïõìå üôé ôï ðñüâëçìá Maximum Value Vertex Guard åSSíáé NPhard áíÜãïíôáò ôï ðñüâëçìá áðüöáóçò Minimum Vertex Guard (Boundary Restricted) óôï ðñüâëçìá áðüöáóçò Maximum Value Vertex Guard.

Ðñüôáóç 3.1 Ôï ðñüâëçìá Maximum Value Vertex Guard åSSíáé NP-hard.

Áðüäåéîç. ÿóôù Ýíá ðïëýãùíï P êáé Ýíáò áñéèìüò k > 0. Áõôü åSSíáé Ýíá óôéãìéüôõðï ôïõ ðñïâëÞìáôïò áðüöáóçò Minimum Vertex Guard ðïõ ïëïêëçñþíåôáé ìå ôçí åñþôçóç: ÌðïñåSS íá êáëõöèåSS üëç ç ðåñSSìåôñïò œñçóéìïðïéþíôáò ôï ðïëý k öýëáêåò;

Ãéá íá êáôáóêåõÜóïõìå ôï óôéãìéüôõðï ôïõ ðñïâëÞìáôïò áðüöáóçò Maximum Value Vertex Guard, œñçóéìïðïéïýìå ôï SSäéï ðïëýãùíï P . ŒùñSSæïõìå ôçí ðåñSSìåôñï ôïõ ðïëõãþíïõ óå äéáóôÞìáôá œñçóéìïðïéþíôáò ôçí FVS êáôáóêåõÞ. ÊÜèå ðëåõñÜ ôïõ ðïëõãþíïõ œùñSSæåôáé Ýôóé óå ìç-åðéêáëõðôüìåíá äéáóôÞìáôá. ÊÜèå ôÝôïéï äéÜóôçìá åðéâëÝðåôáé áí êáé ìüíï áí åSSíáé ïñáôü áðü ìéá êïñõöÞ. ÁíáèÝôïõìå âÜñïò 1 óå êÜèå ôÝôïéï äéÜóôçìá. ÿóôù T ôï óõíïëéêü âÜñïò. ËáìâÜíïíôáò õðüøéí üôé êÜèå êïììÜôé ôçò ðåñéìÝôñïõ åSSíáé ïñáôü áðü êÜðïéá êïñõöÞ Ýœïõìå: ç ðåñSSìåôñïò ôïõ ðïëõãþíïõ ìðïñåSS íá êáëõöèåSS ìå k öýëáêåò áí êáé ìüíï áí óôï íÝï ðïëýãùíï ìå âÜñç ìðïñïýìå íá ôïðïèåôÞóïõìå k öýëáêåò ðïõ âëÝðïõí âÜñïò T . □

50 ÊÅÖÁËÁÉÏ 3. ÊÁËÕØÇ ÌÅÃÉÓÔÇÓ ÁÎÉÁÓ

ÓœÞìá 3.1: ÿíá ðïëýãùíï ìå âÜñç óå ôìÞìáôá ôùí ðëåõñþí

Óôç óõíÝœåéá äSSíïõìå Ýíáí áëãüñéèìï ðïëõùíõìéêïý œñüíïõ ï ïðïSSïò ðåôõœáSSíåé óôáèåñü ðáñÜãïíôá ðñïóÝããéóçò ãéá ôï ðñüâëçìá Maximum Value Vertex Guard.

ÁñœéêÜ ï áëãüñéèìïò 3 õðïëïãSSæåé ãéá êÜèå êïñõöÞ v ∈ V (P ) ôï óýíïëï S(v) ôùí äéáóôçìÜôùí ðïõ öáSSíïíôáé áðü ôçí êïñõöÞ v. Áõôü ìðïñåSS íá ãSSíåé ðïëý åýêïëá êáèþò Ýíá ôìÞìá öáSSíåôáé ïëüêëçñï áðü ìéá êïñõöÞ áí êáé ìüíï áí êáé ôá äýï Üêñá ôïõ öáSSíïíôáé áðü ôçí êïñõöÞ. Óõíåðþò ãéá êÜèå êïñõöÞ áñêåSS íá åîåôáóôåSS ìéá öïñÜ ç ðåñSSìåôñïò ôïõ ðïëõãþíïõ. ÿðåéôá áðü ôïí õðïëïãéóìü ôùí óõíüëùí S(v) ï áëãüñéèìïò 3 åðéëÝãåé óå êÜèå âÞìá íá ôïðïèåôÞóåé öýëáêá óôçí êïñõöÞ ðïõ ðñïêáëåSS ôç ìåãáëýôåñç áýîçóç âÜñïõò óôç ëýóç.

Algorithm 3 MaxValueVertexGuards (* greedy *)

for every v ∈ V (P ) do

compute S(v) end for SOL ← ∅ for i = 1 to k do

select v ∈ V that maximizes Weight(SOL ∪ S(v)) SOL ← SOL ∪ S(v) end for return Weight(SOL)

Èåþñçìá 3.1 Ï áëãüñéèìïò 3 ôñÝœåé óå ðïëõùíõìéêü œñüíï êáé ðñïóåããSSæåé ôç âÝëôéóôç ëýóç ôïõ ðñïâëÞìáôïò Maximum Value Vertex Guard ìå ðáñÜãïíôá ðñïóÝããéóçò^1_{1− 1e} = 1.58.

3.1. ÖÕËÁÊÅÓ ÓÅ ÊÏÑÕÖÅÓ 51

Áðüäåéîç. ÂëÝðå èåþñçìá 2.1 áëëÜæïíôáò ôï L ìå Weight. □ ÔïíSSæïõìå üôé óôï ðñüâëçìá ðïõ åîåôÜóáìå èÝëïõìå ãéá êÜèå äéÜóôçìá ðïõ áíÞêåé óôç ëýóç íá õðÜñœåé ôïõëÜœéóôïí Ýíáò öýëáêáò ðïõ ôï âëÝðåé ïëüêëçñï. Ôï S(v) ðåñéÝœåé ôá ôìÞìáôá ðïõ öáSSíïíôáé ïëüêëçñá áðü ôçí êïñõöÞ v. Óôï êåöÜëáéï 12 èá äïýìå ìéá ðáñáëëáãÞ ôïõ ðñïâëÞìáôïò áõôïý óôçí ïðïSSá äå ìáò åíäéáöÝñåé êÜèå äéÜóôçìá ðïõ áíÞêåé óôç ëýóç íá öáSSíåôáé ïëüêëçñï áðü êÜðïéï öýëáêá. Ãéá ðáñÜäåéãìá óôï óœÞìá 3.2 ôï ôìÞìá (a, b) äåí öáSSíåôáé áðü ôçí êïñõöÞ 1 ïëüêëçñï. ÅÜí üìùò õðÜñœïõí öýëáêåò óôéò êïñõöÝò 1 êáé 2 ôüôå ïëüêëçñï ôï (a, b) öáSSíåôáé.

ÐáñáêÜôù áðïäåéêíýïõìå Ýíá áñíçôéêü áðïôÝëåóìá ãéá ôï ðñüâëçìá Maximum Value Vertex Guard.

Èåþñçìá 3.2 Ôï ðñüâëçìá Maximum Value Vertex Guard äåí åðéäÝœåôáé FPTAS åêôüò áí P=NP.

Áðüäåéîç. ÿóôù üôé õðÜñœåé FPTAS ãéá áõôü ôï ðñüâëçìá. Èá áðïäåSSîïõìå üôé œñçóéìïðïéþíôáò áõôü ôï FPTAS ìðïñïýìå íá ëýóïõìå óå ðïëõùíõìéêü œñüíï ôï ðñüâëçìá áðüöáóçò Minimum Vertex Guard (Boundary Restricted).

Áò õðïèÝóïõìå ëïéðüí üôé õðÜñœåé Ýíáò áëãüñéèìïò ï ïðïSSïò ðåôõœáSSíåé ðñïóÝããéóç 1 − ϵ, ∀ϵ > 0 óå ðïëõùíõìéêü œñüíï ùò ðñïò ôçí åSSóïäï êáé ôï^1_ϵ (âë. ðáñ. 0.3.4). ÄçëáäÞ ç ëýóç ðïõ ìáò äSSíåé åSSíáé: SOL > (1 − ϵ)OP T Áò èõìçèïýìå åðSSóçò ôï ðñüâëçìá áðüöáóçò Minimum Vertex Guard (Boundary Restricted): Ìáò äSSíåôáé Ýíá ðïëýãùíï P êáé Ýíáò áêÝñáéïò k > 0. ÈÝëïõìå íá áðïöáóSSóïõìå áí ìðïñïýìå íá ôïðïèåôÞóïõìå ôï ðïëý k öýëáêåò óôéò êïñõöÝò ôïõ ðïëõãþíïõ êáé íá âëÝðïõìå üëç ôçí ðåñSSìåôñü ôïõ.

ÌåôáóœçìáôSSæïõìå áõôü ôï óôéãìéüôõðï ôïõ ðñïâëÞìáôïò Minimum Vertex Guard óå óôéãìéüôõðï ôïõ ðñïâëÞìáôïò Maximum Value Vertex Guard ùò åîÞò:

ÐáSSñíïõìå ôï SSäéï ðïëýãùíï P êáé œùñSSæïõìå ôçí ðåñSSìåôñü ôïõ óå O(n^2) ôìÞìáôá ìå ôçí FVS êáôáóêåõÞ. ÂÜæïõìå âÜñïò 1 óå êÜèå ôìÞìá. ÑùôÜìå: ìå k öýëáêåò ôïðïèåôçìÝíïõò óå êïñõöÝò ôïõ ðïëõãþíïõ ðïéá åSSíáé ç ìÝãéóôç áîSSá ôçò ðåñéìÝôñïõ ðïõ ìðïñïýìå íá êáëýøïõìå; Åöáñìüæïõìå ôï FPTAS ìå ϵ =^1_{|F V S|} .

ÿóôù SOL åSSíáé ç ëýóç ðïõ ìáò åðéóôñÝöåé ôï FPTAS êáé OPT ìéá âÝëôéóôç ëýóç.

• Áí SOL = |F V S| ôüôå OP T = |F V S|, äçëáäÞ ìå k öýëáêåò ìðïñïýìå íá âëÝðïõìå üëç ôçí ðåñSSìåôñï, óõíåðþò ç áðÜíôçóç óôï ðñüâëçìá áðüöáóçò Minimum Vertex Guard åSSíáé ‘ÍÁÉ’.

• Áí SOL ≤ |F V S| − 1 ôüôå: áðü ôçí ýðáñîç ôïõ FPTAS éóœýåé: SOL > (1 − ϵ)OP T → (1 − 1 |F V S| )OP T < SOL

52 ÊÅÖÁËÁÉÏ 3. ÊÁËÕØÇ ÌÅÃÉÓÔÇÓ ÁÎÉÁÓ

ÓœÞìá 3.2: Ôï ôìÞìá (a, b) äåí öáSSíåôáé ïëüêëçñï áðü ôçí êïñõöÞ a ïýôå áðü ôçí êïñõöÞ b

êáé áðü ôçí ðáñáðÜíù óœÝóç:

(1 − 1 |F V S| )OP T < |F V S| − 1 → OP T < |F V S| äçëáäÞ ìå k öýëáêåò äåí ìðïñåSS íá êáëõöèåSS üëç ç ðåñSSìåôñïò, óõíåðþò ç áðÜíôçóç óôï ðñüâëçìá áðüöáóçò Minimum Vertex Guard åSSíáé ‘ÏŒÉ’.

ÄçëáäÞ âëÝðïõìå üôé œñçóéìïðïéþíôáò ôï FPTAS ìðïñïýìå óå œñüíï P oly(n + ϵ) = P oly(n) íá ëýóïõìå Ýíá NP-hard ðñüâëçìá áðüöáóçò. Óõíåðþò, åêôüò áí P = NP , äå ìðïñåSS íá õðÜñœåé FPTAS ãéá ôï ðñüâëçìá Maximum Value Vertex Guard. □ 3.2 Öýëáêåò - ðëåõñÝò

ÅîåôÜæïõìå ôþñá ôçí ðåñSSðôùóç óôçí ïðïSSá ïé öýëáêåò êáôáëáìâÜíïõí ïëüêëçñåò ðëåõñÝò.

Ðñüôáóç 3.2 Ôï Maximum Value Edge Guard åSSíáé NP-hard.

Áðüäåéîç. Ç áðüäåéîç åSSíáé üìïéá ìå åêåSSíç ôçò ðñüôáóçò 3.1 ìå ôç äéáöïñÜ üôé ç áíáãùãÞ ãSSíåôáé áðü ôï ðñüâëçìá Minimum Edge Guard (Boundary Restricted). ÊÜèå ðëåõñÜ ôïõ ðïëõãþíïõ œùñSSæåôáé óå ìç-åðéêáëõðôüìåíá äéáóôÞìáôá œñçóéìïðïéþíôáò ôçí FVS êáôáóêåõÞ. ÊÜèå ôÝôïéï äéÜóôçìá åðéâëÝðåôáé áí

3.3. ÐÏËÕÃÙÍÁ ÌÅ ÔÑÕÐÅÓ 53

êáé ìüíï áí åSSíáé ïñáôü áðü ìéá ðëåõñÜ. Ôá õðüëïéðá åSSíáé ðáñüìïéá üðùò óôçí ðñüôáóç 3.1. □ Ï áëãüñéèìïò 4 åSSíáé ðáñüìïéïò ìå ôïí áëãüñéèìï 2. Ï áëãüñéèìïò 4 áñœéêÜ õðïëïãSSæåé ãéá êÜèå ðëåõñÜ e ôï óýíïëï S(e) ôùí äéáóôçìÜôùí ðïõ öáSSíïíôáé áðü ôçí e. ÿíáò ôñüðïò ãéá íá ãSSíåé áõôü åSSíáé ìÝóù ôïõ õðïëïãéóìïý ôùí FVS óçìåSSùí. ÿíá áðü ôá äåäïìÝíá äéáóôÞìáôá öáSSíåôáé ïëüêëçñï áðü ìéá ðëåõñÜ, áí êáé ìüíï áí üëá ôá FVS äéáóôÞìáôá ðïõ áíÞêïõí óôï äåäïìÝíï äéÜóôçìá åðéâëÝðïíôáé áðü ôçí ðëåõñÜ.

Algorithm 4 MaxValueEdgeGuards (* greedy *)

compute FVS points for every e ∈ E(P ) do

compute E^′(e) end for SOL ← ∅ for i = 1 to k do

select e ∈ E that maximizes Weight(SOL ∪ E^′(e)) SOL ← SOL ∪ E^′(e) end for return Weight(SOL)

Èåþñçìá 3.3 Ï áëãüñéèìïò 4 ôñÝœåé óå ðïëõùíõìéêü œñüíï êáé ðñïóåããSSæåé ôç âÝëôéóôç ëýóç ôïõ ðñïâëÞìáôïò Maximum Value Edge Guard ìå ðáñÜãïíôá ðñïóÝããéóçò^1_{1− 1e} = 1.58.

Áðüäåéîç. ÂëÝðå èåþñçìá 2.2 áëëÜæïíôáò ôï L ìå Weight. □

Èåþñçìá 3.4 Ôï ðñüâëçìá Maximum Value Edge Guard äåí åðéäÝœåôáé FP- TAS åêôüò áí P=NP.

Áðüäåéîç. Ç áðüäåéîç åSSíáé üìïéá ìå ôçí áðüäåéîç ôïõ èåùñÞìáôïò 3.2. Áðïäåéêíýïõìå üôé äåäïìÝíïõ åíüò FPTAS ãéá ôï ðñüâëçìá Maximum Value Edge Guard, ëýíïõìå óå ðïëõùíõìéêü œñüíï ôï ðñüâëçìá Minimum Edge Guard (Boundary Restricted). □

3.3 Ðïëýãùíá ìå ôñýðåò

Ôá áðïôåëÝóìáôá ôùí ðáñáãñÜöùí 3.1 êáé 3.2 éóœýïõí êáé óå ðïëýãùíá ìå ôñýðåò. Ç ìüíç äéáöïñÜ åSSíáé üôé óôçí ðåñSSðôùóç ôçò ôïðïèÝôçóçò öõëÜêùí óå êïñõöÝò, ï ôñüðïò õðïëïãéóìïý ôùí óõíüëùí S(v) ãSSíåôáé ìÝóù ôçò FVS êáôáóêåõÞò. ÄçëáäÞ ìéá êïñõöÞ âëÝðåé ïëüêëçñï êÜðïéï áðü ôá äåäïìÝíá äéáóôÞìáôá áí êáé ìüíï áí âëÝðåé üëá ôá FVS äéáóôÞìáôá ðïõ áíÞêïõí óå áõôü. Óõíåðþò:

54 ÊÅÖÁËÁÉÏ 3. ÊÁËÕØÇ ÌÅÃÉÓÔÇÓ ÁÎÉÁÓ

Ðñüôáóç 3.3 Ôï ðñüâëçìá Maximum Value Vertex Guard óå ðïëýãùíá ìå ôñýðåò åSSíáé NP-hard

Áðüäåéîç. ÂëÝðå ðñüôáóç 3.1. □

Ðñüôáóç 3.4 Ôï ðñüâëçìá Maximum Value Edge Guard óå ðïëýãùíá ìå ôñýðåò åSSíáé NP-hard

Áðüäåéîç. ÂëÝðå ðñüôáóç 3.2 □ Ïé áëãüñéèìïé 3 êáé 4 ìðïñïýí íá œñçóéìïðïéçèïýí êáé óôçí ðåñSSðôùóç ðïõ ôá ðïëýãùíá Ýœïõí ôñýðåò ðåôõœáSSíïíôáò ôïí SSäéï ðñïóåããéóôéêü ðáñÜãïíôá.

3.4 ÅðSSâëåøç (ìåñéêÞ êÜëõøç)

Ìéá åíäéáöÝñïõóá ðáñáëëáãÞ ôùí ðñïâëçìÜôùí ôùí ðáñáãñÜöùí 3.1 - 3.3 åSSíáé ç åîÞò: ìáò åíäéáöÝñåé ìüíï ç åðSSâëåøç ôùí äéáóôçìÜôùí áðü öýëáêåò êáé üœé ç ðëÞñçò êÜëõøÞ ôïõò. ÈõìSSæïõìå üôé Ýíá ôìÞìá åðéâëÝðåôáé áðü Ýíá óçìåSSï, áí Ýíá õðïôìÞìá ôïõ öáSSíåôáé áðü ôï óçìåSSï. Ç Ýííïéá ôçò åðSSâëåøçò, åêôüò áðü œñÞóéìç óôçí ðåñéãñáöÞ ôçò éäéüôçôáò ôùí FVS ôìçìÜôùí, åSSíáé åíäéáöÝñïõóá êáèþò íÝåò ñåáëéóôéêÝò åöáñìïãÝò ðñïêýðôïõí.

Óå ðïëýãùíá ìå Þ œùñSSò ôñýðåò ëïéðüí, éóœýïõí:

Ðñüôáóç 3.5 Ôï Maximum Value Vertex Guard (watching version) åSSíáé NP-hard.

Áðüäåéîç. ÂëÝðå ðñüôáóç 3.1 □

Ðñüôáóç 3.6 Ôï Maximum Value Edge Guard (watching version) åSSíáé NPhard.

Áðüäåéîç. ÂëÝðå ðñüôáóç 3.2 □

Algorithm 5 MaxValueVertexGuards (watching) (* greedy *) compute FVS points for every v ∈ V (P ) do

compute R(v) end for SOL ← ∅ for i = 1 to k do

select v ∈ V that maximizes Weight(SOL ∪ R(v)) SOL ← SOL ∪ R(v) end for return Weight(SOL)

3.4. ÅÐÉÂËÅØÇ (ÌÅÑÉÊÇ ÊÁËÕØÇ) 55

Algorithm 6 MaxValueEdgeGuards (watching) (* greedy *) compute FVS points for every e ∈ E(P ) do

compute R(e) end for SOL ← ∅ for i = 1 to k do

select e ∈ E that maximizes Weight(SOL ∪ R(e)) SOL ← SOL ∪ R(e) end for return Weight(SOL)

Ïé áëãüñéèìïé 5 êáé 6 åSSíáé ðáñüìïéïé ìå ôïõò 3 êáé 4, ìå ôç äéáöïñÜ üôé ãéá ôïí õðïëïãéóìü ôùí óõíüëùí R(v) êáé R(e) êÜíïõìå ôá åîÞò:

Œñçóéìïðïéïýìå ôçí FVS êáôáóêåõÞ. ÿíá äåäïìÝíï äéÜóôçìá (a, b) åðéâëÝðåôáé áðü ìéá êïñõöÞ, áí êáé ìüíï áí ôïõëÜœéóôïí Ýíá áðü ôá FVS äéáóôÞìáôá ðïõ áíÞêåé óôï (a, b) åðéâëÝðåôáé áðü ôçí êïñõöÞ. ÅðSSóçò ôï (a, b) åðéâëÝðåôáé áðü ìéá ðëåõñÜ e áí Ýóôù Ýíá áðü ôá FVS äéáóôÞìáôá ðïõ áíÞêïõí óôçí (a, b) åðéâëÝðåôáé áðü ôçí e. Ìå âÜóç ôá ðáñáðÜíù ï õðïëïãéóìüò ôùí óõíüëùí R(v) êáé R(e) åîåôÜæåé ôçí ðåñSSìåôñï ãéá êÜèå v êáé e áíôSSóôïéœá.

Èåþñçìá 3.5 Ï áëãüñéèìïò 5 ôñÝœåé óå ðïëõùíõìéêü œñüíï êáé ðñïóåããSSæåé ôç âÝëôéóôç ëýóç ôïõ ðñïâëÞìáôïò Maximum Value Vertex Guard (watching version) ìå ðáñÜãïíôá ðñïóÝããéóçò^1_{1− 1e} = 1.58.

Áðüäåéîç. ÂëÝðå èåþñçìá 3.1 □

Èåþñçìá 3.6 Ï áëãüñéèìïò 6 ôñÝœåé óå ðïëõùíõìéêü œñüíï êáé ðñïóåããSSæåé ôç âÝëôéóôç ëýóç ôïõ ðñïâëÞìáôïò Maximum Value Edge Guard (watching version) ìå ðáñÜãïíôá ðñïóÝããéóçò^1_{1− 1e} = 1.58.

Áðüäåéîç. ÂëÝðå èåþñçìá 3.3 □ Ëüãù ôçò éäéüôçôáò ðïõ Ýœïõí ôá FVS ôìÞìáôá íá ðåñéöñïõñïýíôáé áí êáé ìüíï áí åðéâëÝðïíôáé, ìðïñïýìå íá áðïäåSSîïõìå üôé ìå ôïí SSäéï ôñüðï ðïõ áðïäåSSîáìå ôï èåþñçìá 3.2 áðïäåéêíýåôáé:

Èåþñçìá 3.7 Ôï ðñüâëçìá Maximum Value Vertex/Edge Guard (watching version) äåí åðéäÝœåôáé FPTAS åêôüò áí P=NP.

56 ÊÅÖÁËÁÉÏ 3. ÊÁËÕØÇ ÌÅÃÉÓÔÇÓ ÁÎÉÁÓ

ÊåöÜëáéï 4

ÂÝëôéóôç ôïðïèÝôçóç öõëÜêùí êáé Ýñãùí ôÝœíçò

ÅîåôÜæïõìå ôþñá ìéá íÝá ðáñáëëáãÞ ôïõ ðñïâëÞìáôïò ôïõ êåöáëáSSïõ 3. ÄSSíåôáé ôï ðïëýãùíï P êáé Ýíá óýíïëï äéáóôçìÜôùí ìå ìÞêç êáé âÜñç. ÄçëáäÞ ç ðåñSSìåôñïò ôïõ P äåí åSSíáé êáôáêåñìáôéóìÝíç. Ìå Üëëá ëüãéá ôá äéáóôÞìáôá äåí åSSíáé ôïðïèåôçìÝíá óôçí ðåñSSìåôñï. ÿíáò åðéðëÝïí óôüœïò åêåSSíùí ôçò ðáñáãñÜöïõ 3.1 åSSíáé êáé ï êáôáêåñìáôéóìüò ôçò ðåñéìÝôñïõ Þ áëëéþò ç ôïðïèÝôçóç ôùí äéáóôçìÜôùí óôçí ðåñSSìåôñï.

4.1 Öýëáêåò óå êïñõöÝò

Óáí óõíÝðåéá ôçò ðñüôáóçò 3.1 ôïõ êåöáëáSSïõ 3 éóœýåé:

Ðñüôáóç 4.1 Ôï Maximum Value Vertex Guard with Painting Placement åSSíáé NP-hard.

ÐáñáêÜôù öáSSíåôáé ï áëãüñéèìïò 7 ðïõ ðñïóåããSSæåé ôï ðñüâëçìá Maximum Value Vertex Guard with Painting Placement.

Óôïí áëãüñéèìï 7 œñçóéìïðïéïýìå ôï ðñüâëçìá Multiple Knapsack ðïõ îÝñïõìå üôé åSSíáé NP-hard.

ÅSSíáé ãíùóôü üôé õðÜñœåé ðïëõùíõìéêïý œñüíïõ áëãüñéèìïò ðïõ ðñïóåããSSæåé ôï ðñüâëçìá Multiple Knapsack ìå ðáñÜãïíôá ðñïóÝããéóçò 2 ([47]). ÌÜëéóôá Ýœåé áðïäåéœèåSS ôï åðüìåíï èåþñçìá:

Èåþñçìá 4.1 [8] ÕðÜñœåé PTAS ãéá ôï ðñüâëçìá Multiple Knapsack.

Ï áëãüñéèìïò 7 äïõëåýåé ùò åîÞò: áñœéêÜ õðïëïãSSæåé ôá FVS óçìåSSá ôïõ ðïëõãþíïõ ìÝóù ôçò FVS êáôáóêåõÞò. Áðü áõôÜ õðïëïãSSæåé ãéá êÜèå êïñõöÞ v ∈ V (P ) ôï óýíïëï E^′(v) ôùí ôìçìÜôùí FVS ðïõ åSSíáé ïñáôÜ áðü ôçí êïñõöÞ v. Óôï êõñSSùò ìÝñïò ôïõ, êáôáóêåõÜæåé ãéá êÜèå êïñõöÞ óôçí ïðïSSá äåí Ýœåé ôïðïèåôçèåSS áêüìç öýëáêáò, Ýíá óýíïëï áðü ôìÞìáôá E^′(v) − SOL ∩ E^′(v). Ôá ôìÞìáôá áõôÜ

58 ÊÅÖÁËÁÉÏ 4. ÖÕËÁÊÅÓ ÊÁÉ ÅÑÃÁ ÔÅŒÍÇÓ

Algorithm 7 MaxValueVertexGuardWithPaintingPlacement (* greedy *) compute FVS points for every v ∈ V (P ) do

compute E^′(v) end for SOL ← ∅ for i = 1 to k do

select v ∈ V that maximizes W (multknap(E^′(v) − SOL ∩ E^′(v), D))

updateD

end for return W (SOL)

åSSíáé ôá ôìÞìáôá ðïõ öáSSíïíôáé áðü ôçí êïñõöÞ v ìåSSïí ôá ôìÞìáôá åêåSSíá óôá ïðïSSá Ýœïõí Þäç ôïðïèåôçèåSS ðSSíáêåò. Êáôüðéí ðáSSñíåé áõôü ôï óýíïëï ôìçìÜôùí ìå ôá ìÞêç ôïõò ìáæSS ìå ôï óýíïëï ôùí ðéíÜêùí D ðïõ äåí Ýœïõí áêüìá ôïðïèåôçèåSS êáé ëýíåé ôï ðñüâëçìá Multiple Knapsack. ÄçëáäÞ èåùñåSS ôï óýíïëï E^′(v) − SOL ∩ E^′(v) Ýíá óýíïëï óÜêùí ìå œùñçôéêüôçôåò ôá ìÞêç ôïõò êáé ôïðïèåôåSS ó’ áõôïýò üóï ìåãáëýôåñï óõíïëéêü âÜñïò áðü ðSSíáêåò ìðïñåSS. Áðü üëåò ôéò êïñõöÝò åðéëÝãåé åêåSSíç ãéá ôçí ïðïSSá ôïðïèåôïýíôáé óôçí ðåñSSìåôñï ïé ðSSíáêåò ìå ôï ìåãáëýôåñï óõíïëéêü âÜñïò. Ðáñáôçñïýìå üôé ç ôïðïèÝôçóç öýëáêá ìå áõôüí ôïí ôñüðï ðñïêáëåSS ìéá áýîçóç óôç óõíïëéêÞ ëýóç êáôÜ Ýíáí ðáñÜãïíôá 1 − ϵ ôçò ìÝãéóôçò äõíáôÞò áýîçóçò, ëüãù ôïõ PTAS ôïõ Multiple Knapsack. Ç ëýóç SOL, äçëáäÞ ôï óýíïëï ôùí ôìçìÜôùí ìå ôïõò Þäç ôïðïèåôçìÝíïõò ðSSíáêåò, áõîÜíåé ìå ôçí ôïðïèÝôçóç ôùí íÝùí ðéíÜêùí üðùò áõôü ãSSíåôáé áðü ôç ëýóç ôïõ ðñïâëÞìáôïò Multiple Knapsack.

ÔïíSSæïõìå üôé óôï óýíïëï SOL äåí ðñïóôSSèåíôáé ôá ôìÞìáôá E^′(v) ðïõ âëÝðåé ç êïñõöÞ v áëëÜ ðñïóôSSèåíôáé ìüíï ôá õðïôìÞìáôá ôùí E^′(v) ðïõ êáôáëáìâÜíïõí ïé ðSSíáêåò ðïõ ôïðïèåôåSS ôï Multiple Knapsack. Ï ëüãïò ãéá ôïí ïðïSSï ç áýîçóç ôïõ óõíüëïõ SOL ãSSíåôáé ìå áõôüí ôïí ôñüðï, öáSSíåôáé óôï óœÞìá 4.1.

Áò õðïèÝóïõìå üôé óôçí êïñõöÞ 1 Ýœåé Þäç ôïðïèåôçèåSS öýëáêáò áðü ôïí áëãüñéèìï 7 óå ðñïçãïýìåíï âÞìá. ÿóôù üôé Ýíáò ðSSíáêáò ðïõ åSSœå ôïðïèåôçèåSS óå åêåSSíï ôï âÞìá Þôáí áõôüò ðïõ öáSSíåôáé íá êáëýðôåé ôï FVS ôìÞìá (a, b) êáé ëSSãï áðü ôï ôìÞìá (b, c). ÅÜí ôüôå åSSœå ðñïóôåèåSS óôç ëýóç ïëüêëçñï ôï ôìÞìá (b, c), ôüôå áðü ôçí êïñõöÞ 2 äåí èá ìðïñïýóå íá öáSSíåôáé ôïðïèåôçìÝíïò ï ðSSíáêáò ðïõ êáëýðôåé ôï ôìÞìá (c, d) êáé ëSSãï áðü ôï (b, c). Ìå Üëëá ëüãéá, ôá íÝá ôìÞìáôá ðïõ öáSSíïíôáé áðü ôçí êïñõöÞ 2 èá õðïëïãSSæïíôáí ëéãüôåñá, œùñSSò ëüãï.

ÔÝëïò ï áëãüñéèìïò åíçìåñþíåé ôï óýíïëï ôùí ðéíÜêùí D, äçëáäÞ áöáéñåSS åêåSSíïõò ôïõò ðSSíáêåò ðïõ ôïðïèåôÞèçêáí.

Èá áðïäåSSîïõìå ôþñá üôé ï áëãüñéèìïò 7 ðñïóåããSSæåé ôï ðñüâëçìá Maximum Value Vertex Guard with Painting Placement êáôÜ Ýíá óôáèåñü ðñïóåããéóôéêü ðáñÜãïíôá.

ÿóôù OPT ç óõëëïãÞ ôùí óõíüëùí ôùí ðéíÜêùí óå ìéá âÝëôéóôç ëýóç êáé SOL ç óõëëïãÞ ôùí ðéíÜêùí ðïõ ìáò åðÝóôñåøå ï áëãüñéèìïò. ÿóôù W (OP T )

4.1. ÖÕËÁÊÅÓ ÓÅ ÊÏÑÕÖÅÓ 59

ÓœÞìá 4.1:

êáé W (SOL) ïé áîSSåò ôùí ðéíÜêùí ôçò âÝëôéóôçò ëýóçò êáé ôçò ëýóçò ôïõ áëãüñéèìïõ áíôSSóôïéœá. ÿóôù P_i ôï i-ïóôü óýíïëï ôùí ðéíÜêùí ðïõ åðéëÝãåôáé áðü ôïí áëãüñéèìï óôï âÞìá i. Èåùñïýìå üôé

W (P_i) = W (∪^i_{m=1}P_m) − W (∪^{i−1}_{m=1}P_m)

ÄçëáäÞ üôé ôï óýíïëï P_i äåí ðåñéÝœåé ðSSíáêåò ðïõ Ýœïõí Þäç êáëõöèåSS óå ðñïçãïýìåíá âÞìáôá.

Áí P^′_i åSSíáé ôï óýíïëï ìå ôç ìÝãéóôç áîSSá óôï âÞìá i, éóœýåé üôé:

W (P_i) ≥ αW (P^′_i )

ÄçëáäÞ óôï âÞìá i, ï êüìâïò i ðïõ åðéëÝãåôáé áðü ôïí áëãüñéèìï ìðïñåSS íá ìçí âëÝðåé ôç ìÝãéóôç äõíáôÞ áîSSá áðü ôïõò ðSSíáêåò ðïõ Ýœïõí áðïìåSSíåé, âëÝðåé üìùò óSSãïõñá Ýíá êëÜóìá áõôÞò ðïõ åîáñôÜôáé áðü ôçí ðñïóÝããéóç ôïõ Multiple Knapsack(^1_α ).

ËÞììá 4.1 ÌåôÜ áðü l âÞìáôá ôïõ áëãïñSSèìïõ 7 éóœýåé:

W (∪^l_{i=1}P_i) − W (∪^{l−1}_{i=1}P_i) ≥ α k (W (OP T ) − W (∪^{l−1}_{i=1}P_i)), l = 1, 2, ..., k

60 ÊÅÖÁËÁÉÏ 4. ÖÕËÁÊÅÓ ÊÁÉ ÅÑÃÁ ÔÅŒÍÇÓ Áðüäåéîç. Ç áîSSá ôùí ðéíÜêùí ðïõ äåí Ýœïõí êáëõöèåSS áðü ôá l − 1 óýíïëá ôïõ áëãüñéèìïõ, êáëýðôåôáé áðü ôá k óýíïëá ôïõ OP T . Óõíåðþò óýìöùíá ìå ôçí áñœÞ ôïõ ðåñéóôåñþíá, êÜðïéï áðü ôá óýíïëá ôïõ OP T (äéáöïñåôéêü áðü ôá P_i, i = 1, ..., l − 1), èá ðñÝðåé íá êáëýðôåé áîSSá ôïõëÜœéóôïí: W (OP T ) − W (∪^{l−1}_{i=1}P_i) k Ôï W (P^′_l ) ðïõ åSSíáé ôï åðüìåíï óôçí áêïëïõèSSá ôçò ëýóçò ôïõ áëãüñéèìïõ, êáëýðôåé ôç ìåãáëýôåñç äõíáôÞ áîSSá áðü ôïõò ðSSíáêåò ðïõ Ýœïõí áðïìåSSíåé, óõíåðþò: W (P^′_l ) ≥ W (OP T ) − W (∪^{l−1}_{i=1}P_i) k Éóœýåé åðSSóçò:

W (∪^l_{i=1}P_i) − W (∪^{l−1}_{i=1}P_i) = W (P_l) ≥ αW (P^′_l ) Óõíåðþò:

W (∪^l_{i=1}P_i) − W (∪^{l−1}_{i=1}P_i) ≥ α k (W (OP T ) − W (∪^{l−1}_{i=1}P_i)) □ ËÞììá 4.2 ÌåôÜ áðü l âÞìáôá ôïõ áëãïñSSèìïõ 7 éóœýåé: W (∪^l_{i=1}P_i) ≥ (1 − (1 − α k )^l)W (OP T ), l = 1, ..., k Áðüäåéîç.

Èá ôï áðïäåSSîïõìå ìå åðáãùãÞ óôï l.

Ôï ðñþôï óýíïëï ðïõ åðéëÝãåé ï áëãüñéèìïò Ýœåé áîSSá W (P_1). Éóœýåé: W (P_1) ≥ αW (P^′_1) Ôï W (P^′_1) Ýœåé ôç ìÝãéóôç äõíáôÞ áîSSá áðü ôá óýíïëá ðïõ åðéëÝãåé ï OPT.

Óõíåðþò áðü ôçí áñœÞ ôïõ ðåñéóôåñþíá: W (P^′_1) ≥ W (OP T ) k → W (P_1) ≥ α k W (OP T ) ÿóôù üôé éóœýåé ãéá l − 1, äçëáäÞ W (∪^{l−1}_{i=1}P_i) ≥ (1 − (1 − α k )^{l−1})W (OP T ) ÿœïõìå:

W (∪^l_{i=1}P_i) = W (∪^{l−1}_{i=1}P_i) + (W (∪^l_{i=1}P_i) − W (∪^{l−1}_{i=1}P_i)) Áðü ôï ðñïçãïýìåíï ëÞììá éóœýåé:

4.2. ÖÕËÁÊÅÓ - ÐËÅÕÑÅÓ 61

W (∪^l_{i=1}P_i) ≥ W (∪^{l−1}_{i=1}P_i) + α k (W (OP T ) − W (∪^{l−1}_{i=1}P_i)) →

W (∪^l_{i=1}P_i) ≥ W (∪^{l−1}_{i=1}P_i)(1 − α k ) + α k W (OP T ) Áðü ôçí åðáãùãéêÞ õðüèåóç:

W (∪^l_{i=1}P_i) ≥ (1 − (1 − α k )^{l−1})W (OP T )(1 − α k ) + α k W (OP T ) →

W (∪^l_{i=1}P_i) ≥ (1 − (1 − α k )^l)W (OP T ) □ Èåþñçìá 4.2 Ï áëãüñéèìïò 7 ôñÝœåé óå ðïëõùíõìéêü œñüíï êáé ðåôõœáSSíåé ðñïóÝããéóç^1_{1− 1eα} ãéá ôï ðñüâëçìá Maximum Value Vertex Guard with Painting Placement, üðïõ^1_α ï ðñïóåããéóôéêüò ðáñÜãïíôáò ôïõ Multiple Knapsack.

Áðüäåéîç. Áðü ôï ðñïçãïýìåíï ëÞììá, èÝôïíôáò l = k Ýœïõìå:

W (∪^k_{i=1}P_i) ≥ (1 − (1 − α k )^k)W (OP T )

Éóœýåé üôé: lim_{k→∞}(1 − (1 − α k )^k) = 1 − 1 e^α Ï üñïò (1 − (1 −^α_k )^k) öèSSíåé, óõíåðþò:

1 − (1 − α k )^k ≥ 1 − 1 e^α Üñá W (SOL) > (1 − 1 e^α )W (OP T ) ÄçëáäÞ ï áëãüñéèìïò ðñïóåããSSæåé ôï ðñüâëçìá ìå ðáñÜãïíôá^1_{1− 1eα} . Ëüãù ôçò ýðáñîçò PTAS ãéá ôï ðñüâëçìá Multiple Knapsack, ôï α → 1 êáé óõíåðþò 1 1−^1_{eα} → 1.58. □

Algorithm 8 MaxValueEdgeGuardWithPaintingPlacement (* greedy *) compute FVS points for every e ∈ E(P ) do

compute E^′(e) end for SOL ← ∅ for i = 1 to k do

select e ∈ E that maximizes W (multknap(E^′(e) − SOL ∩ E^′(e), D))

updateD

end for return W (SOL)

4.2 Öýëáêåò - ðëåõñÝò

Óáí óõíÝðåéá ôçò ðñüôáóçò 3.2 ôïõ êåöáëáSSïõ 3 éóœýåé:

Ðñüôáóç 4.2 Ôï Maximum Value Edge Guard with Painting Placement åSSíáé NP-hard.

ÐáñáêÜôù öáSSíåôáé ï áëãüñéèìïò 8 ï ïðïSSïò ðñïóåããSSæåé ôï ðñüâëçìá Maximum Value Edge Guard with Painting Placement.

Ðáñüìïéá ëïéðüí ìå ôï èåþñçìá 4.2 éóœýåé:

Èåþñçìá 4.3 Ï áëãüñéèìïò 8 ôñÝœåé óå ðïëõùíõìéêü œñüíï êáé ðåôõœáSSíåé ðñïóÝããéóç 1.58 ãéá ôï ðñüâëçìá Maximum Value Edge Guard with Painting Placement.

4.3 Ðïëýãùíá ìå ôñýðåò

Ðáñüìïéá áðïôåëÝóìáôá éóœýïõí êáé óôçí ðåñSSðôùóç ðïëõãþíùí ìå ôñýðåò. Ïé áëãüñéèìïé 7 êáé 8 ìðïñïýí íá åöáñìïóôïýí êáé óå ðïëýãùíá ìå ôñýðåò ðåôõœáSSíïíôáò ôçí SSäéá ðñïóÝããéóç.

ÊåöÜëáéï 5

ÊÜëõøç ìÝãéóôïõ ìÞêïõò ìå üñéï êüóôïõò ðïìðïäåêôþí

5.1 ÐïìðïäÝêôåò óå êïñõöÝò

ÿóôù Ýíá ðïëýãùíï P œùñSSò ôñýðåò êáé Ýíáò áñéèìüò B > 0. ÊÜèå êïñõöÞ v_i ôïõ P Ýœåé Ýíá êüóôïò c_i. ÈÝëïõìå íá ôïðïèåôÞóïõìå öýëáêåò óôéò êïñõöÝò ôïõ ðïëõãþíïõ Ýôóé þóôå: • ∑ c_i ôùí êïñõöþí ðïõ Ýœïõí öýëáêá íá åSSíáé ≤ B

• Ôï ìÞêïò ôçò ðåñéìÝôñïõ ôïõ ðïëõãþíïõ ðïõ öáSSíåôáé áðü ôïõò öýëáêåò íá åSSíáé ìÝãéóôï.

ÁõôÞ ç ðåñSSðôùóç åSSíáé ãåíSSêåõóç ôçò ðåñSSðôùóçò üðïõ êÜèå êüìâïò Ýœåé êüóôïò 1 ôçí ïðïSSá åîåôÜóáìå óôï êåöÜëáéï 2.

Ðñüôáóç 5.1 Ôï ðñüâëçìá Budgeted Maximum Length Vertex Guard åSSíáé NP-hard.

Áðüäåéîç. ÅSSíáé ãåíSSêåõóç ôïõ ðñïâëÞìáôïò Maximum Length Vertex Guard ôï ïðïSSï åSSíáé NP-hard (âë. êåö 2 ðñüôáóç 2.1). □ Ï áëãüñéèìïò 1 ðïõ äþóáìå óôï êåö. 2 ãéá ôï ðñüâëçìá Maximum Length Vertex Guard üðùò öáSSíåôáé åýêïëá äåí ïäçãåSS áíáãêáóôéêÜ óå åýñåóç ðñïóåããéóôéêÞò ëýóçò ìå óôáèåñü ðáñÜãïíôá. ÄSSíïõìå ëïéðüí åäþ Ýíá íÝï áëãüñéèìï ðïõ ðåôõœáSSíåé óôáèåñü ðñïóåããéóôéêü ðáñÜãïíôá ãéá ôï ðñüâëçìá Budgeted Maximum Length Vertex Guard.

Ïé ðñïêáôáñêôéêïSS õðïëïãéóìïSS åSSíáé SSäéïé üðùò êáé óôïí áëãüñéèìï 1 ôïõ êåö. 2. ÄçëáäÞ êáôáêåñìáôSSæïõìå ôçí ðåñSSìåôñï ôïõ ðïëõãþíïõ œñçóéìïðïéþíôáò ôçí FVS êáôáóêåõÞ êáé õðïëïãSSæïõìå ôá óýíïëá E^′(v) ãéá êÜèå v ∈ V (P ). Ï íÝïò áõôüò greedy áëãüñéèìïò óå êÜèå âÞìá åðéëÝãåé ìéá êïñõöÞ óáí õðïøÞöéá ãéá ôçí ôïðïèÝôçóç öýëáêá. Ôï êñéôÞñéï ìå ôï ïðïSSï åðéëÝãåé ôçí êïñõöÞ åSSíáé ç ìåãéóôïðïSSçóç ôïõ ëüãïõ ôïõ ìÞêïõò ôïõ êáéíïýñéïõ ìÝñïõò ôçò ðåñéìÝôñïõ ðïõ öáSSíåôáé áðü áõôÞí ôçí êïñõöÞ ðñïò ôï êüóôïò ôçò êïñõöÞò. ÅÜí áõôü ôï êüóôïò ìðïñåSS íá êáëõöèåSS áðü ôïí äåäïìÝíï ðñïûðïëïãéóìü, ôüôå ï áëãüñéèìïò ôïðïèåôåSS öýëáêá óôçí êïñõöÞ. Óå áíôSSèåôç ðåñSSðôùóç ç êïñõöÞ áðïññSSðôåôáé. Ìå áõôüí ôïí ôñüðï åîåôÜæïíôáé ìSSá - ìSSá üëåò ïé êïñõöÝò ôïõ ðïëõãþíïõ.

ÔÝëïò ï áëãüñéèìïò 9 óõãêñSSíåé ôï óõíïëéêü ìÞêïò ðïõ öáSSíåôáé ìå âÜóç ôéò åðéëïãÝò ðïõ Ýœåé êÜíåé ìå ôï ìÝãéóôï ìÞêïò ðïõ ìðïñåSS íá öáSSíåôáé áðü ìéá êïñõöÞ êáé åðéóôñÝöåé óáí ëýóç ôï ìåãáëýôåñï áðü áõôÜ ôá äýï.

Algorithm 9 BudgetedMaxLegthVertexGuards (* greedy *) compute FVS points for every v ∈ V (P ) do

compute E^′(v) end for SOL ← ∅ G ← ∅ C_{T OT} ← 0 M ← V repeat

select v_i ∈ V that maximizes^{L(G∪E′(vi ))}_{ci} if C_{T OT} + c_i ≤ B then G ← G ∪ E^′(v_i) C_{T OT} ← C_{T OT} + c_i end if M ← M − {v_i} until M = ∅ select v_t ∈ V that maximizes L(E^′(v_t)) if L(G) ≥ L(E^′(v_t)) then SOL ← G else SOL ← E^′(v_t) end if return L(SOL)

ÐáñáêÜôù áðïäåéêíýïõìå üôé ï áëãüñéèìïò 9 ôñÝœåé óå ðïëõùíõìéêü œñüíï êáé ðåôõœáSSíåé óôáèåñü ðñïóåããéóôéêü ðáñÜãïíôá ãéá ôï ðñüâëçìá Budgeted Maximum Length Vertex Guard.

ÿóôù OPT ç óõëëïãÞ ôùí óõíüëùí ôùí ôìçìÜôùí FVS ðïõ áíÞêïõí óôç âÝëôéóôç ëýóç êáé SOL ç óõëëïãÞ ðïõ ìáò åðÝóôñåøå ï áëãüñéèìïò 9. ÿóôù r ï áñéèìüò ôùí åðáíáëÞøåùí ðïõ åêôåëÝóôçêáí óôïí áëãüñéèìï ìÝœñé ðïõ ôï ðñþôï óýíïëï S_{l+1} áðü ôç óõëëïãÞ OPT åìöáíSSóôçêå áëëÜ äåí ðñïóôÝèçêå óôç SOL ãéáôSS ç ðñüóèåóÞ ôïõ èá ïäçãïýóå óå êüóôïò ìåãáëýôåñï ôïõ B. Èåùñïýìå:

L(S_k) = L(∪^k_{i=1}S_i) − L(∪^{k−1}_{i=1} S_i)

5.1. ÐÏÌÐÏÄÅÊÔÅÓ ÓÅ ÊÏÑÕÖÅÓ 65

ÄçëáäÞ ôï óýíïëï S_k äåí ðåñéÝœåé ôõœüí ôìÞìáôá ðïõ Ýœïõìå Þäç êáëýøåé. ÌåñéêÝò öïñÝò ãéá åõêïëSSá êáëïýìå êüóôïò åíüò óõíüëïõ ìå ôìÞìáôá ôï êüóôïò ôçò êïñõöÞò ðïõ ôá âëÝðåé.

ËÞììá 5.1 ÌåôÜ áðü l âÞìáôá ôïõ áëãïñSSèìïõ 9 éóœýåé:

L(∪^l_{i=1}S_i) − L(∪^{l−1}_{i=1}S_i) ≥ c_l B (L(OP T ) − L(∪^{l−1}_{i=1}S_i))

Áðüäåéîç. Ãéá êÜèå óýíïëï S_k ∈ OP T − ∪^{l−1}_{i=1}S_i éóœýåé üôé L(S_k) c_k ≤ L(S_l) c_l ôï óõíïëéêü êüóôïò ôùí óõíüëùí óôï OP T −∪^{l−1}_{i=1}S_i åSSíáé ôï ðïëý B. Ôï óõíïëéêü ìÞêïò ôùí ôìçìÜôùí ðïõ áíÞêïõí óôá óýíïëá OP T − ∪^{l−1}_{i=1}S_i åSSíáé: L(∪^k_{i=m}S^′_i) üðïõ S^′_i åSSíáé ôá óýíïëá ðïõ áíÞêïõí óôç âÝëôéóôç ëýóç. Áöïý ëïéðüí L(S^′_m) c_m ≤ L(S_l) c_l éóœýåé: L(∪^k_{i=m}S^′_i) ≤ c_m L(S_l) c_l + c_{m+1} L(S_l) c_l + ... + c_{m+k} L(S_l) c_l ≤ B L(S_l) c_l óõíåðþò L(OP T ) − L(∪^{l−1}_{i=1}S_i) ≤ B L(S_l) c_l éóœýåé åðSSóçò L(∪^l_{i=1}S_i) − L(∪^{l−1}_{i=1}S_i) = L(S_l) åðïìÝíùò:

L(∪^l_{i=1}S_i) − L(∪^{l−1}_{i=1}S_i) ≥ c_l B (L(OP T ) − L(∪^{l−1}_{i=1}S_i)) □ ËÞììá 5.2 ÌåôÜ áðü l âÞìáôá ôïõ áëãïñSSèìïõ 9 éóœýåé:

L(∪^l_{i=1}S_i) ≥ (1 − l∏ k=1 (1 − c_k B ))L(OP T )

66 ÊÅÖÁËÁÉÏ 5. ÊÁËÕØÇ ÌÅÃÉÓÔÏÕ ÌÇÊÏÕÓ

Áðüäåéîç. Èá ôï áðïäåSSîïõìå ìå åðáãùãÞ óôï l. ÁñœéêÜ áðïäåéêíýïõìå üôé õðÜñœåé ôïõëÜœéóôïí Ýíá óýíïëï ôïõ ïðïSSïõ ï ëüãïò ôïõ ìÞêïõò ôùí ôìçìÜôùí ôïõ ðñïò ôï êüóôïò ôïõ åSSíáé ôïõëÜœéóôïí^{L(OP T )}_B .

Ôï ðáñáðÜíù éóœýåé, äéüôé áí õðïèÝóïõìå ðùò äåí éóœýåé, ôüôå ôï óõíïëéêü ìÞêïò ôùí ôìçìÜôùí ðïõ áíÞêïõí óôç âÝëôéóôç ëýóç åSSíáé:

L(∪^t_{i=1}S_i) ≤ L(S_1) + ... + L(S_t) =

c_1

L(S_1)

c_1 + ... + c_t L(S_t) c_t êáé ëüãù ôçò õðüèåóçò ðïõ êÜíáìå:

c_1

L(S_1)

c_1 + ... + c_t L(S_t) c_t < c_1 L(OP T ) B + ... + c_t L(OP T ) B ≤ B L(OP T ) B = L(OP T ) äçëáäÞ L(∪^t_{i=1}S_i) < L(OP T ) ÁÔÏÐÏ. Óõíåðþò õðÜñœåé ôïõëÜœéóôïí Ýíá óýíïëï ìå ëüãï ìÞêïõò ðñïò êüóôïò ôïõëÜœéóôïí^{L(OP T )}_B . Ôï ðñþôï óýíïëï ðïõ åðéëÝãåé ï áëãüñéèìïò Ýœåé ôï ìÝãéóôï ëüãï ìÞêïõò ðñïò êüóôïò, óõíåðþò:

L(S_1) ≥ c_1 B L(OP T ) Ýóôù üôé éóœýåé ãéá l − 1, äçëáäÞ:

L(∪^{l−1}_{i=1}S_i) ≥ (1 − l−1∏ k=1 (1 − c_k B ))L(OP T ) Ýœïõìå:

L(∪^l_{i=1}S_i) = L(∪^{l−1}_{i=1}S_i) + (L(∪^l_{i=1}S_i) − L(∪^{l−1}_{i=1}S_i)) áðü ôï ðñïçãïýìåíï ëÞììá:

L(∪^l_{i=1}S_i) ≥ L(∪^{l−1}_{i=1}S_i) + c_l B (L(OP T ) − L(∪^{l−1}_{i=1}S_i)) → L(∪^l_{i=1}S_i) ≥ L(∪^{l−1}_{i=1}S_i)(1 − c_l B ) + c_l B L(OP T ) áðü ôçí åðáãùãéêÞ õðüèåóç:

L(∪^l_{i=1}S_i) ≥ (1 − l−1∏ k=1 (1 − c_k B ))L(OP T )(1 − c_l B ) + c_l B L(OP T ) →

L(∪^l_{i=1}S_i) ≥ (1 − l∏ k=1 (1 − c_k B ))L(OP T ) □

5.2. ÐÏÌÐÏÄÅÊÔÅÓ - ÐËÅÕÑÅÓ 67

Èåþñçìá 5.1 Ï áëãüñéèìïò 9 ôñÝœåé óå ðïëõùíõìéêü œñüíï êáé ðåôõœáSSíåé ðñïóÝããéóç^2_{1− 1e} = 3.16 ãéá ôï ðñüâëçìá Budgeted Maximum Length Vertex Guard.

Áðüäåéîç. Áðü ôï ðñïçãïýìåíï ëÞììá éóœýåé:

L(∪^{l+1}_{i=1}S_i) ≥ (1 − l+1∏ k=1 (1 − c_k B ))L(OP T )

≥ (1 − l+1∏ k=1 (1 − c_k ∑_{l+1} i=1 c_i ))L(OP T ), αϕo l+1∑ i=1 c_i > B Ç óõíÜñôçóç

(1 − n∏ i=1 (1 − a_i A )) üðïõ ∑_n i=1 a_i = A Ýœåé minimum üôáí a_1 = a_2 = ... = a_n =^A_n . Óõíåðþò

L(∪^{l+1}_{i=1}S_i) ≥ (1 − (1 − 1 l + 1

)^{l+1})L(OP T ) ≥ (1 − 1 e )L(OP T ) éóœýåé L(S_{l+1}) ≤ L(S_t), áöïý ôï L(S_t) åSSíáé ôï ìÝãéóôï ìÞêïò ðïõ ìðïñåSS íá äåé ìéá êïñõöÞ Üñá

L(∪^l_{i=1}S_i) + L(S_t) ≥ L(∪^l_{i=1}S_i) + L(S_{l+1}) ≥ (1 − 1 e )L(OP T ) óõíåðþò ìéá áðü ôéò äýï ðïóüôçôåò L(∪^l_{i=1}S_i) Þ L(S_t) åSSíáé ìåãáëýôåñç Þ SSóç ôïõ 1 2 (1 − 1 e )L(OP T ) ÅðïìÝíùò ï áëãüñéèìïò ðñïóåããSSæåé ôï ðñüâëçìá ðåôõœáSSíïíôáò ðáñÜãïíôá 2 1−^1_e = 3.16. □ 5.2 ÐïìðïäÝêôåò - ðëåõñÝò

Ç ðåñSSðôùóç ôïðïèÝôçóçò öõëÜêùí óå áêìÝò åSSíáé ãåíSSêåõóç ôïõ ðñïâëÞìáôïò Maximum Length Edge Guard ðïõ åîåôÜóáìå óôçí ðáñÜãñáöï 2.2 ôïõ êåö. 2.

Ðñüôáóç 5.2 Ôï ðñüâëçìá Budgeted Maximum Length Edge Guard åSSíáé NP-hard.

Áðüäåéîç. Ç ðåñSSðôùóç üðïõ êÜèå êïñõöÞ Ýœåé êüóôïò 1 åSSíáé NP-hard (âë. êåö. 2 ðñüôáóç 2.2). □ Ï áëãüñéèìïò 10 ðïõ ðñïóåããSSæåé ôï ðñüâëçìá Budgeted Maximum Length Edge Guard áñœéêÜ õðïëïãSSæåé ôá óýíïëá E^′(e) ãéá êÜèå e üðùò áêñéâþò óôçí ðáñÜãñáöï 2.2 ôïõ êåö. 2. Ôï êõñSSùò ìÝñïò ôïõ åSSíáé ðáñüìïéï ìå åêåSSíï ôïõ áëãïñSSèìïõ 9 ìå ôç äéáöïñÜ üôé ôþñá ïé öýëáêåò ôïðïèåôïýíôáé óå ðëåõñÝò.

Algorithm 10 BudgetedMaxLegthEdgeGuards (* greedy *) compute FVS points for every e ∈ E(P ) do

compute E^′(e) end for SOL ← ∅ G ← ∅ C_{T OT} ← 0 M ← E repeat

select e_i ∈ E that maximizes^{L(G∪E′(ei))}_{ci} if C_{T OT} + c_i ≤ B then G ← G ∪ E^′(e_i) C_{T OT} ← C_{T OT} + c_i end if M ← M − {e_i} until M = ∅ select e_t ∈ E that maximizes L(e_t) if L(G) ≥ L(e_t) then SOL ← G else SOL ← {e_t} end if return L(SOL)

5.3. ÐÏËÕÃÙÍÁ ÌÅ ÔÑÕÐÅÓ 69

Èåþñçìá 5.2 Ï áëãüñéèìïò 10 ôñÝœåé óå ðïëõùíõìéêü œñüíï êáé ðåôõœáSSíåé ðñïóÝããéóç^2_{1− 1e} = 3.16 ãéá ôï ðñüâëçìá Budgeted Maximum Length Edge Guard.

5.3 Ðïëýãùíá ìå ôñýðåò

Ôá áðïôåëÝóìáôá ôùí ðáñáãñÜöùí 5.1 êáé 5.2 éóœýïõí êáé óôçí ðåñSSðôùóç ðïëõãþíùí ìå ôñýðåò.

Ðñüôáóç 5.3 Ôï ðñüâëçìá Budgeted Maximum Length Vertex Guard óå ðïëýãùíá ìå ôñýðåò åSSíáé NP-hard.

Ðñüôáóç 5.4 Ôï ðñüâëçìá Budgeted Maximum Length Edge Guard åSSíáé NP-hard.

Ïé áëãüñéèìïé 9 êáé 10 ìðïñïýí íá œñçóéìïðïéçèïýí óôá ðñïâëÞìáôá ðïõ áöïñïýí ðïëýãùíá ìå ôñýðåò ðåôõœáSSíïíôáò ðáñÜãïíôá^2_{1− 1e} = 3.16.

Ãéá ìéá óõæÞôçóç óœåôéêÜ ìå ôï åíäéáöÝñïí ðïõ Ýœïõí ôá ðïëýãùíá ìå ôñýðåò óôá óõãêåêñéìÝíá ðñïâëÞìáôá âë. êåö 2 ðáñ. 2.3.

70 ÊÅÖÁËÁÉÏ 5. ÊÁËÕØÇ ÌÅÃÉÓÔÏÕ ÌÇÊÏÕÓ

ÊåöÜëáéï 6

ÊÜëõøç ìÝãéóôçò áîSSáò ìå üñéï êüóôïõò ðïìðïäåêôþí

6.1 ÐïìðïäÝêôåò óå êïñõöÝò

ÿóôù Ýíá ðïëýãùíï P êáé Ýíáò áñéèìüò B > 0. Ç ðåñSSìåôñïò ôïõ P åSSíáé œùñéóìÝíç óå îÝíá ìåôáîý ôïõò äéáóôÞìáôá óôá ïðïSSá Ýœïõí áðïäïèåSS âÜñç. ÊÜèå êïñõöÞ v_i ôïõ P Ýœåé Ýíá êüóôïò c_i. ÈÝëïõìå íá ôïðïèåôÞóïõìå öýëáêåò óôéò êïñõöÝò ôïõ ðïëõãþíïõ Ýôóé þóôå: • ∑ c_i ôùí êïñõöþí ðïõ Ýœïõí öýëáêá íá åSSíáé ≤ B

• Ôï óõíïëéêü âÜñïò ôùí äéáóôçìÜôùí ðïõ öáSSíïíôáé áðü ôïõò öýëáêåò íá åSSíáé ìÝãéóôï.

Áõôü ôï ðñüâëçìá åSSíáé ãåíSSêåõóç ôïõ ðñïâëÞìáôïò Maximum Value Vertex Guard ðïõ åîåôÜóáìå óôï êåöÜëáéï 3.

Ðñüôáóç 6.1 Ôï ðñüâëçìá Budgeted Maximum Value Vertex Guard åSSíáé NP-hard.

Áðüäåéîç. ÅSSíáé ãåíSSêåõóç ôïõ ðñïâëÞìáôïò Maximum Value Vertex Guard ôï ïðïSSï åSSíáé NP-hard (âë. êåö. 3, ðñüôáóç 3.1) □ Ï áëãüñéèìïò 3 ðïõ äþóáìå ãéá ôï ðñüâëçìá Maximum Value Vertex Guard óôï êåöÜëáéï 3, öáSSíåôáé åýêïëá ðùò äåí ïäçãåSS áíáãêáóôéêÜ óå åýñåóç ðñïóåããéóôéêÞò ëýóçò ìå óôáèåñü ðáñÜãïíôá ôïõ ðñïâëÞìáôïò Budgeted Maximum Value Vertex Guard.

Ï íÝïò áëãüñéèìïò ðïõ äSSíïõìå åäþ ãéá ôï ðñüâëçìá Budgeted Maximum Value Vertex Guard Ýœåé ôïõò SSäéïõò ðñïêáôáñêôéêïýò õðïëïãéóìïýò ìå ôïí áëãüñéèìï 3 ôïõ êåö. 3 (õðïëïãéóìü ôùí óõíüëùí S(v)). Óôï õðüëïéðï ìÝñïò ôïõ åSSíáé ðáñüìïéïò ìå ôïí áëãüñéèìï 9 ôïõ êåö. 5 ìå ôç äéáöïñÜ üôé áíôSS ãéá L ôþñá Ýœïõìå Weight.

Algorithm 11 BudgetedMaxValueVertexGuards (* greedy *) for every v ∈ V (P ) do

compute S(v) end for SOL ← ∅ G ← ∅ C_{T OT} ← 0 M ← V repeat

select v_i ∈ V that maximizes^{W (G∪S(vi))}_{ci} if C_{T OT} + c_i ≤ B then G ← G ∪ S(v_i) C_{T OT} ← C_{T OT} + c_i end if M ← M − {v_i} until M = ∅ select v_t ∈ V that maximizes W (S(v_t)) if W (G) ≥ W (S(v_t)) then SOL ← G else SOL ← S(v_t) end if return W (SOL)

6.2. ÐÏÌÐÏÄÅÊÔÅÓ - ÐËÅÕÑÅÓ 73

ÈõìSSæïõìå üôé óôï óýíïëï S(v) áíÞêïõí åêåSSíá ôá äåäïìÝíá äéáóôÞìáôá, ôá ïðïSSá öáSSíïíôáé ïëüêëçñá áðü ôçí êïñõöÞ v. Ãéá ìéá ðåñéãñáöÞ ôïõ áëãïñSSèìïõ 11 äåò áëãüñéèìï 9 ôïõ êåö. 5 âÜæïíôáò áíôSS ãéá ìÞêïò ôï âÜñïò.

Èåþñçìá 6.1 Ï áëãüñéèìïò 11 ôñÝœåé óå ðïëõùíõìéêü œñüíï êáé ðåôõœáSSíåé ðñïóÝããéóç^2_{1− 1e} = 3.16 ãéá ôï ðñüâëçìá Budgeted Maximum Value Vertex Guard.

Áðüäåéîç. ÂëÝðå áðüäåéîç èåùñÞìáôïò 5.1, áëëÜæïíôáò ôï Length ìå Weight. □

6.2 ÐïìðïäÝêôåò - ðëåõñÝò

Ôï ðñüâëçìá Budgeted Maximum Value Edge Guard åSSíáé ãåíSSêåõóç ôïõ ðñïâëÞìáôïò Maximum Value Edge Guard ôïõ êåö. 3.

Ðñüôáóç 6.2 Ôï ðñüâëçìá Budgeted Maximum Value Edge Guard åSSíáé NP-hard.

Áðüäåéîç. Ç ðåñSSðôùóç üðïõ êÜèå ðëåõñÜ Ýœåé êüóôïò 1 åSSíáé NP-hard (âë. êåö. 3 ðñüôáóç 3.2). □ Ï áëãüñéèìïò 12 ðïõ ðåôõœáSSíåé ðáñÜãïíôá ðñïóÝããéóçò^2_{1− 1e} = 3.16 åSSíáé ðáñüìïéïò ìå ôïí ðñïçãïýìåíï.

6.3 Ðïëýãùíá ìå ôñýðåò

Ðáñüìïéá áðïôåëÝóìáôá éóœýïõí óå ðïëýãùíá ìå ôñýðåò óôá ïðïSSá ìðïñïýí íá åöáñìïóôïýí ïé SSäéïé áëãüñéèìïé. Ðñïöáíþò ôï ðñüâëçìá Budgeted Maximum Value Vertex/Edge Guard äåí åðéäÝœåôáé FPTAS ëüãù ôïõ èåùñÞìáôïò 3.2 ôïõ êåö. 3.

6.4 ÌåñéêÞ êÜëõøç

ÁíÜëïãá áðïôåëÝóìáôá Ýœïõìå êáé óôçí ðåñSSðôùóç ðïõ ï óêïðüò åSSíáé ç åðSSâëåøç áíôSS ôçò êÜëõøçò ôùí äéáóôçìÜôùí.

Ðñüôáóç 6.3 Ôï Budgeted Maximum Value Vertex/Edge Guard (watching version) åSSíáé NP-hard.

Áðüäåéîç. ÂëÝðå êåö. 3 ðñüôáóç 3.1 êáé ðñüôáóç 3.2. □ Ïé ðñïóåããéóôéêïSS áëãüñéèìïé 13 êáé 14 åSSíáé ðáñüìïéïé ìå ôïõò ðñïçãïýìåíïõò œñçóéìïðïéþíôáò ôïõò ðñïêáôáñêôéêïýò õðïëïãéóìïýò ôùí áëãïñSSèìùí 5 êáé 6 ôïõ êåö. 3.

Ôá áðïôåëÝóìáôá áõôÜ éóœýïõí êáé óå ðïëýãùíá ìå ôñýðåò. Ëüãù ôïõ èåùñÞìáôïò 3.2ôïõ êåö. 3, ôá ðñïâëÞìáôá Budgeted Maximum Value Vertex/Edge Guard (watching version) äåí åðéäÝœïíôáé FPTAS.

Algorithm 12 BudgetedMaxValueEdgeGuards (* greedy *) compute FVS points for every e ∈ E(P ) do

compute S(e) end for SOL ← ∅ G ← ∅ C_{T OT} ← 0 M ← E) repeat

select e_i ∈ E that maximizes^{W (G∪S(ei))}_{ci} if C_{T OT} + c_i ≤ B then G ← G ∪ S(e_i) C_{T OT} ← C_{T OT} + c_i end if M ← M − {e_i} until M = ∅ select e_t ∈ E that maximizes W (S(e_t)) if W (G) ≥ W (S(e_t)) then SOL ← G else SOL ← S(e_t) end if return W (SOL)

6.4. ÌÅÑÉÊÇ ÊÁËÕØÇ 75

Algorithm 13 BudgetedMaxValueVertexGuards (watching) (* greedy *) compute FVS points for every v ∈ V (P ) do

compute R(v) end for SOL ← ∅ G ← ∅ C_{T OT} ← 0 M ← V repeat

select v_i ∈ V that maximizes^{W (G∪R(vi))}_{ci} if C_{T OT} + c_i ≤ B then G ← G ∪ R(v_i) C_{T OT} ← C_{T OT} + c_i end if M ← M − {v_i} until M = ∅ select e_t ∈ E that maximizes W (R(v_t)) if W (G) ≥ W (R(v_t)) then SOL ← G else SOL ← R(v_t) end if return W (SOL)

Algorithm 14 BudgetedMaxValueEdgeGuards (watching) (* greedy *) compute FVS points for every e ∈ E(P ) do

compute R(e) end for SOL ← ∅ G ← ∅ C_{T OT} ← 0 M ← E repeat

select e_i ∈ E that maximizes^{W (G∪R(ei))}_{ci} if C_{T OT} + c_i ≤ B then G ← G ∪ R(e_i) C_{T OT} ← C_{T OT} + c_i end if M ← M − {e_i} until M = ∅ select e_t ∈ E that maximizes W (R(e_t)) if W (G) ≥ W (R(e_t)) then SOL ← G else SOL ← R(e_t) end if return W (SOL)

ÊåöÜëáéï 7

ÐïìðïäÝêôåò êáé áíáìåôáäüôåò

7.1 ÐïìðïäÝêôåò óå êïñõöÝò

Óå áõôü ôï êåöÜëáéï åîåôÜæïõìå ôç ãåíSSêåõóç ôïõ ðñïâëÞìáôïò ôïõ êåö. 4. Ôþñá êÜèå êïñõöÞ Ýœåé Ýíá êüóôïò êáé æçôÜìå íá ôïðïèåôÞóïõìå öýëáêåò óôéò êïñõöÝò œùñSSò íá îåðåñÜóïõìå Ýíáí äåäïìÝíï ðñïûðïëïãéóìü B.

Ôï ðñüâëçìá åSSíáé NP-hard óáí óõíÝðåéá ôçò ðñüôáóçò 7.1 ôïõ êåö. 4.

Ðñüôáóç 7.1 Ôï ðñüâëçìá Budgeted Maximum Value Vertex Guard with Painting Placement åSSíáé NP-hard.

Ï áëãüñéèìïò ðïõ ðñïóåããSSæåé ôï ðñüâëçìá öáSSíåôáé ðáñáêÜôù. Ï áëãüñéèìïò 15 œñçóéìïðïéåSS ôç ìÝèïäï ôïõ ðñïçãïýìåíïõ êåöáëáSSïõ, åöáñìüæïíôáò óå êÜèå âÞìá ôïí áëãüñéèìï ðïõ ðñïóåããSSæåé ôï ðñüâëçìá Multiple Knapsack, üðùò óôï êåöÜëáéï 4. ÐáñáêÜôù áðïäåéêíýïõìå ôçí ðñïóÝããéóç ðïõ ðåôõœáSSíåé ï áëãüñéèìïò.

ÿóôù OPT ç óõëëïãÞ ôùí óõíüëùí ôùí ðéíÜêùí ðïõ áíÞêïõí óôç âÝëôéóôç ëýóç êáé SOL ç óõëëïãÞ ôùí ðéíÜêùí ðïõ ìáò åðÝóôñåøå ï áëãüñéèìïò 15. ÿóôù r ï áñéèìüò ôùí åðáíáëÞøåùí ðïõ åêôåëÝóôçêáí óôïí áëãüñéèìï ìÝœñé ðïõ ôï ðñþôï óýíïëï P_{l+1} áðü ôç óõëëïãÞ OPT åìöáíSSóôçêå áëëÜ äåí ðñïóôÝèçêå óôç SOL ãéáôSS ç ðñüóèåóÞ ôïõ èá ïäçãïýóå óå êüóôïò ìåãáëýôåñï ôïõ B. Èåùñïýìå:

W (P_k) = W (∪^k_{i=1}P_i) − W (∪^{k−1}_{i=1} P_i)

ÄçëáäÞ ôï óýíïëï P_k äåí ðåñéÝœåé ôõœüí ðSSíáêåò ðïõ Ýœïõìå Þäç êáëýøåé. Éóœýåé üôé:

W (P_i) ≥ αW (P^′_i )

üðïõ P^′_i åSSíáé ôï óýíïëï ìå ôç ìÝãéóôç äõíáôÞ áîSSá óôï âÞìá i. ÄçëáäÞ óôï âÞìá i, ï êüìâïò i ðïõ åðéëÝãåôáé áðü ôïí áëãüñéèìï ìðïñåSS íá ìçí âëÝðåé ôç ìÝãéóôç äõíáôÞ áîSSá áðü ôïõò ðSSíáêåò ðïõ Ýœïõí áðïìåSSíåé, âëÝðåé üìùò óSSãïõñá Ýíá êëÜóìá áõôÞò ðïõ åîáñôÜôáé áðü ôçí ðñïóÝããéóç ôïõ Multiple Knapsack(^1_α ).

Algorithm 15 BudgetedMaxValueVertexGuardWithPaintingPlacement (* greedy *)

compute FVS points for every v ∈ V (P ) do

compute E^′(v) end for SOL ← ∅ G ← ∅ C_{T OT} ← 0 M ← V repeat

select v_i ∈ V that maximizes^{W (multknap(E′(vi)−G∩E′(vi),D))} c_i if C_{T OT} + c_i ≤ B then

G ← G ∪ L(P_i) {P_i is the set of the new overseen paintings} D ← D − P_i C_{T OT} ← C_{T OT} + c_i end if M ← M − {v_i} until M = ∅ select v_t ∈ V that maximizes W (multknap(E^′(v_t), D)) if W (G) ≥ W (multknap(E^′(v_t), D)) then SOL ← G else

SOL ← multknap(E^′(v_t), D) end if return W (SOL)

7.1. ÐÏÌÐÏÄÅÊÔÅÓ ÓÅ ÊÏÑÕÖÅÓ 79

ËÞììá 7.1 ÌåôÜ áðü l âÞìáôá ôïõ áëãüñéèìïõ 15 éóœýåé: W (∪^l_{i=1}P_i) − W (∪^{l−1}_{i=1}P_i) ≥ c_la B (w(OP T ) − W (∪^{l−1}_{i=1}P_i)) Áðüäåéîç. Ãéá êÜèå óýíïëï P_k ∈ OP T − ∪^{l−1}_{i=1}P_i éóœýåé üôé W (P_k) c_k ≤ W (P_l) c_l ôï óõíïëéêü êüóôïò ôùí óõíüëùí óôï OP T − ∪^{l−1}_{i=1}P_i åSSíáé ôï ðïëý B.

Ôï óõíïëéêü âÜñïò ôùí ðéíÜêùí ðïõ áíÞêïõí óôá óýíïëá OP T − ∪^{l−1}_{i=1}P_i åSSíáé: B W (∪^l_{i=1}P_i) c_l Üñá W (OP T ) − W (∪^{l−1}_{i=1}P_i) ≤ B W (P_l) c_l W (∪^l_{i=1}P_i) − W (∪^{l−1}_{i=1}P_i) ≥ aW (P_l) óõíåðþò W (∪^l_{i=1}P_i) − W (∪^{l−1}_{i=1}P_i) ≥ c_la B (W (OP T ) − W (∪^{l−1}_{i=1}P_i)) □ ËÞììá 7.2 ÌåôÜ áðü l âÞìáôá ôïõ áëãïñSSèìïõ 15 éóœýåé:

W (∪^l_{i=1}P_i) ≥ (1 − l∏ k=1 (1 − ac_k B ))W (OP T )

Áðüäåéîç. Èá ôï áðïäåSSîïõìå ìå åðáãùãÞ óôï l. Éóœýåé W (P_1) ≥ ac_1 B W (OP T ) ÿóôù üôé éóœýåé ãéá l − 1, äçëáäÞ:

W (∪^{l−1}_{i=1}P_i) ≥ (1 − l−1∏ k=1 (1 − ac_k B ))W (OP T ) Ýœïõìå:

W (∪^l_{i=1}P_i) = W (∪^{l−1}_{i=1}P_i) + (W (∪^l_{i=1}P_i) − W (∪^{l−1}_{i=1}P_i)) áðü ôï ðñïçãïýìåíï ëÞììá:

W (∪^l_{i=1}P_i) ≥ W (∪^{l−1}_{i=1}P_i) + ac_l B (W (OP T ) − W (∪^{l−1}_{i=1}P_i)) →

80 ÊÅÖÁËÁÉÏ 7. ÐÏÌÐÏÄÅÊÔÅÓ ÊÁÉ ÁÍÁÌÅÔÁÄÏÔÅÓ

W (∪^l_{i=1}P_i) ≥ W (∪^{l−1}_{i=1}P_i)(1 − ac_l B ) + ac_l B W (OP T ) áðü ôçí åðáãùãéêÞ õðüèåóç:

W (∪^l_{i=1}P_i) ≥ (1 − l−1∏ k=1 (1 − ac_k B ))W (OP T )(1 − ac_l B ) + ac_l B W (OP T ) →

W (∪^l_{i=1}P_i) ≥ (1 − l∏ k=1 (1 − ac_k B ))W (OP T ) □ Èåþñçìá 7.1 Ï áëãüñéèìïò 15 ôñÝœåé óå ðïëõùíõìéêü œñüíï êáé ðåôõœáSSíåé ðñïóÝããéóç^2_{1− 1ea} →^2_{1− 1e} = 3.16 ãéá ôï ðñüâëçìá Budgeted Maximum Value Vertex Guard with Painting Placement.

Áðüäåéîç. Áðü ôï ðñïçãïýìåíï ëÞììá éóœýåé:

W (∪^{l+1}_{i=1}P_i) ≥ (1 − l+1∏ k=1 (1 − ac_k B ))W (OP T )

≥ (1 − l+1∏ k=1 (1 − ac_k ∑_{l+1} i=1 c_i ))W (OP T ), αϕo l+1∑ i=1 c_i > B ç óõíÜñôçóç

(1 − n∏ i=1 (1 − a_i A )) üðïõ ∑_n i=1 a_i = A Ýœåé minimum üôáí a_1 = a_2 = ... = a_n =^A_n . Óõíåðþò

W (∪^{l+1}_{i=1}P_i) ≥ (1 − (1 − a l + 1

)^{l+1})W (OP T ) ≥ (1 − 1 e^a )W (OP T ) éóœýåé W (P_{l+1}) ≤ W (P_t), Üñá

W (∪^l_{i=1}P_i) + W (P_t) ≥ W (∪^l_{i=1}W_i) + W (P_{l+1}) ≥ (1 − 1 e^a )W (OP T ) óõíåðþò ìéá áðü ôéò äýï ðïóüôçôåò W (∪^l_{i=1}P_i) Þ W (P_t) åSSíáé ìåãáëýôåñç Þ SSóç ôïõ 1 2 (1 − 1 e^a )W (OP T ) ÄçëáäÞ ï áëãüñéèìïò ðåôõœáSSíåé ðáñÜãïíôá ðñïóÝããéóçò^2_{1− 1ea} →^2_{1− 1e} = 3.16 ãéá ôï ðñüâëçìá Budgeted Maximum Value Vertex Guard with Painting Placement. □

7.2. ÐÏÌÐÏÄÅÊÔÅÓ - ÐËÅÕÑÅÓ 81

Algorithm 16 BudgetedMaxValueEdgeGuardWithPaintingPlacement (* greedy *)

compute FVS points for every e ∈ E(P ) do

compute E^′(e) end for SOL ← ∅ G ← ∅ C_{T OT} ← 0 M ← E repeat

select e_i ∈ E that maximizes^{W (multknap(E′(ei)−G∩E′(ei),D))} c_i if C_{T OT} + c_i ≤ B then

G ← G ∪ L(P_i) {P_i is the set of the new overseen paintings} D ← D − P_i C_{T OT} ← C_{T OT} + c_i end if M ← M − {e_i} until M = ∅ select e_t ∈ E that maximizes W (multknap(E^′(e_t), D)) if W (G) ≥ W (multknap(E^′(e_t), D)) then SOL ← G else

SOL ← multknap(E^′(e_t), D) end if return W (SOL)

82 ÊÅÖÁËÁÉÏ 7. ÐÏÌÐÏÄÅÊÔÅÓ ÊÁÉ ÁÍÁÌÅÔÁÄÏÔÅÓ

7.2 ÐïìðïäÝêôåò - ðëåõñÝò

Ðáñüìïéá áðïôåëÝóìáôá ìå áõôÜ ôçò ðñïçãïýìåíçò ðáñáãñÜöïõ, Ýœïõìå êáé óôçí ðåñSSðôùóç ôçò ôïðïèÝôçóçò öõëÜêùí óôéò ðëåõñÝò. Ï ðñïóåããéóôéêüò áëãüñéèìïò 16 äSSíåôáé ðáñáêÜôù.

ÅðSSóçò üðùò êáé óôéò ðñïçãïýìåíåò ðåñéðôþóåéò ïé áëãüñéèìïé áõôïSS ìðïñïýí íá åöáñìïóôïýí êáé óå ðïëýãùíá ìå ôñýðåò ðåôõœáSSíïíôáò ôçí SSäéá ðñïóÝããéóç.

ÊåöÜëáéï 8

Ç êÜëõøç ôçò åðéöÜíåéáò ôïõ ðïëõãþíïõ

8.1 ÐïìðïäÝêôåò óå êïñõöÝò ôïõ ðïëõãþíïõ

Èá åîåôÜóïõìå ôþñá ôï ðñüâëçìá Maximum Area Vertex Guard. ÿóôù Ýíá ðïëýãùíï P êáé Ýíáò áñéèìüò k > 0. Ï óêïðüò åSSíáé íá ôïðïèåôÞóïõìå k ðïìðïäÝêôåò óôéò êïñõöÝò ôïõ ðïëõãþíïõ Ýôóé þóôå íá êáëýðôåôáé ôï ìåãáëýôåñï ìÝñïò ôïõ åóùôåñéêïý ôïõ.

ÊÜíïõìå Ýíáí êáôáêåñìáôéóìü ôïõ åóùôåñéêïý ôïõ ðïëõãþíïõ üðùò óôï êåöÜëáéï 1 åíüôçôá 2.

ÏðïéáäÞðïôå FVS ðåñéïœÞ a ðïõ ïñSSæåôáé áðü ôéò ôåìíüìåíåò ðñïåêôÜóåéò ôùí áêìþí ôïõ V_G(P ) åSSíáé ïñáôÞ áðü êÜðïéá êïñõöÞ v ∈ V (P ) áí êáé ìüíï áí åðéâëÝðåôáé áðü ôç v.

ÿôóé ëïéðüí áí óôïí áëãüñéèìï 1 áíôéêáôáóôÞóïõìå, üðïõ E^′(v_i) ôï A^′(v_i), ôï ïðïSSï èá ðåñéÝœåé ôéò åðéöÜíåéåò ðïõ öáSSíïíôáé áðü ôï v_i êáé üðïõ L ìå S ôï ïðïSSï õðïëïãSSæåé ôï åìâáäüí, ôüôå Ýœïõìå Ýíáí ðñïóåããéóôéêü áëãüñéèìï ìå ôçí SSäéá ðñïóÝããéóç üðùò êáé ðñéí. Ï áëãüñéèìïò 17 öáSSíåôáé ðáñáêÜôù.

Algorithm 17 MaxAreaVertexGuards (* greedy *) compute FVS points for every v ∈ V (P ) do

compute A^′(v) end for SOL ← ∅ for i = 1 to k do

select v ∈ V that maximizes S(SOL ∪ A^′(v)) SOL ← SOL ∪ A^′(v) end for return A(SOL)

84 ÊÅÖÁËÁÉÏ 8. Ç ÊÁËÕØÇ ÔÇÓ ÅÐÉÖÁÍÅÉÁÓ

Ðáñüìïéïò áëãüñéèìïò ìå ôïí áëãüñéèìï 9 ìðïñåSS íá åöáñìïóôåSS óôçí ðåñSSðôùóç ôïõ ðñïâëÞìáôïò Budgeted Maximum Area Vertex Guard.

8.2 ÐïìðïäÝêôåò - ðëåõñÝò

ÎÝñïõìå áðü ôçí åíüôçôá 2 ôïõ êåö. 1 üôé: ìéá ïðïéáäÞðïôå FVS ðåñéïœÞ ðåñéöñïõñåSSôáé áí êáé ìüíï áí åðéâëÝðåôáé áðü êÜðïéá ðëåõñÜ. Óõíåðþò ôá áðïôåëÝóìáôá ôçò åíüôçôáò 2 ôïõ êåöáëáSSïõ 2 åöáñìüæïíôáé ìå ëSSãåò áëëáãÝò êáé åäþ.

Ï áëãüñéèìïò 18 ðñïóåããSSæåé ôï ðñüâëçìá Maximum Area Edge Guard ìå ðáñÜãïíôá ðñïóÝããéóçò 1.58.

Algorithm 18 MaxAreaEdgeGuards (* greedy *)

compute FVS points for every e ∈ E(P ) do

compute A^′(e) end for SOL ← ∅ for i = 1 to k do

select e ∈ E that maximizes S(SOL ∪ A^′(e)) SOL ← SOL ∪ A^′(e) end for return A(SOL)

Ðáñüìïéïò áëãüñéèìïò ìå ôïí áëãüñéèìï 10 ìðïñåSS íá åöáñìïóôåSS óôçí ðåñSSðôùóç ôïõ ðñïâëÞìáôïò Budgeted Maximum Area Edge Guard.

ÊåöÜëáéï 9

Ìç - ðñïóåããéóéìüôçôá - ÁíáãùãÝò

9.1 ÈåùñSSá ìç ðñïóåããéóéìüôçôáò

ÐñïêåéìÝíïõ íá áîéïëïãÞóïõìå ôçí ðïéüôçôá ôùí ðñïóåããéóôéêþí áëãïñSSèìùí ðïõ äþóáìå óôá ðñïçãïýìåíá êåöÜëáéá ìáò œñåéÜæïíôáé êÜðïéá áðïôåëÝóìáôá ìç - ðñïóåããéóéìüôçôáò ãéá ôá ðñïâëÞìáôá ðïõ åîåôÜóáìå.

ÿíáò ðñïóåããéóôéêüò áëãüñéèìïò óå óõíäõáóìü ìå Ýíá áðïôÝëåóìá ìç - ðñïóåããéóéìüôçôáò åSSíáé äõíáôüí íá œáñáêôçñSSæåé Ýíá ðñüâëçìá complete óå êÜðïéá êëÜóç ðñïóÝããéóçò. Óå áõôÞí ôçí ðåñSSðôùóç ï ðñïóåããéóôéêüò áëãüñéèìïò èåùñåSSôáé êáëüò Þ óöéœôüò Þ âÝëôéóôïò ùò ðñïò ôçí ðñïóåããéóéìüôçôá. Ôï äå áðïôÝëåóìá ìç - ðñïóåããéóéìüôçôáò èåùñåSSôáé åðSSóçò óöéœôü Þ âÝëôéóôï.

Óå ìåñéêÜ âáóéêÜ êáé óçìáíôéêÜ ðñïâëÞìáôá ç Ýñåõíá óõíåœSSæåôáé ìåñéêÝò öïñÝò êáé ìåôÜ ôçí ôáîéíüìçóÞ ôïõò óå êëÜóåéò. ÄçëáäÞ ðÝñá áðü ôï ôáSSñéáóìá ôçò ôÜîçò ôïõ ðñïóåããéóôéêïý ðáñÜãïíôá (óôáèåñüò, ëïãáñéèìéêüò, êëð), ìåñéêÝò öïñÝò ðñïóðáèïýìå íá ôáéñéÜîïõìå üñïõò œáìçëÞò ôÜîçò. Ãéá ðáñÜäåéãìá ôï ðñüâëçìá Max Clique äåí åSSíáé ðñïóåããSSóéìï ìå ðáñÜãïíôá n^{1−ϵ}, ∀ϵ > 0 ([23]), åíþ ðñïóåããSSæåôáé (ìå Ýíá ðñïöáíÞ áëãüñéèìï) ìå ðáñÜãïíôá n.

Óå áõôÝò ôéò ðåñéðôþóåéò ç âåëôéóôüôçôá ôïõ áëãïñSSèìïõ êáé ôïõ áðïôåëÝóìáôïò ìç - ðñïóåããéóéìüôçôáò åSSíáé ðéï éóœõñÞ. Ãéá ôá APX-complete ðñïâëÞìáôá, éóœõñÞ âåëôéóôüôçôá (strong optimality) óçìáSSíåé ç åýñåóç ìéáò óôáèåñÜò ϵ > 0, Ýôóé þóôå ï ðñïóåããéóôéêüò áëãüñéèìïò íá ðåôõœáSSíåé ðáñÜãïíôá ðñïóÝããéóçò 1 + ϵ êáé áðü ôçí Üëëç ðëåõñÜ ç áðüäåéîç üôé äåí ìðïñåSS íá õðÜñœåé ðïëõùíõìéêïý œñüíïõ ðñïóåããéóôéêüò áëãüñéèìïò ðïõ íá ðåôõœáSSíåé ðáñÜãïíôá 1 + ϵ − γ, ∀γ > 0.

ÿíá ðáñÜäåéãìá ôÝôïéïõ ðñïâëÞìáôïò ãéá ôï ïðïSSï õðÜñœïõí áðïôåëÝóìáôá éóœõñÞò âåëôéóôüôçôáò åSSíáé ôï MaxExact3SAT ([24]) ôï ïðïSSï ïñSSæåôáé üðùò ôï Max3Sat ìå ôç äéáöïñÜ üôé êÜèå clause ðåñéÝœåé áêñéâþò 3 literals.

Óå áõôü ôï êåöÜëáéï èá äïýìå Ýíá áðïôÝëåóìá ìç-ðñïóåããéóéìüôçôáò ãéá ôï ðñüâëçìá Maximum Value Vertex Guard.

86 ÊÅÖÁËÁÉÏ 9. ÌÇ - ÐÑÏÓÅÃÃÉÓÉÌÏÔÇÔÁ - ÁÍÁÃÙÃÅÓ

ÓœÞìá 9.1: Ýíá ðïëýãùíï ìå âÜñç

9.2 Maximum Value Vertex Guard (3.1)

ÿóôù Ýíá ðïëýãùíï œùñSSò ôñýðåò üðùò óôï óœÞìá 9.1. Ç ðåñSSìåôñüò ôïõ åSSíáé œùñéóìÝíç óå äéáóôÞìáôá ìå âÜñç. Èåùñïýìå üôé ôá äéáóôÞìáôá áõôÜ äåí ðåñéÝœïõí ôá Üêñá (áíïéœôÜ äéáóôÞìáôá). Ôï ðïëýãùíï ìðïñåSS íá áíáðáñéóôÜ ôï ðåñSSãñáììá ôùí ôïSSœùí ìéáò ãêáëåñSS (êÜôïøç). Ôá äéáóôÞìáôá ìå ôá âÜñç áíáðáñéóôïýí Ýñãá ôÝœíçò êñåìáóìÝíá óôïõò ôïSSœïõò ôçò ãêáëåñSS. Ôá âÜñç áíáðáñéóôïýí ôéò áîSSåò ôùí Ýñãùí ôÝœíçò. Ï óêïðüò åSSíáé íá ôïðïèåôÞóïõìå ôï ðïëý k öýëáêåò ðÜíù óôïõò êüìâïõò ôïõ ðïëõãþíïõ, Ýôóé þóôå ôï óõíïëéêü âÜñïò ôïõ ôìÞìáôïò ôçò ðåñéìÝôñïõ ðïõ åSSíáé ïñáôü áðü ôïõò öýëáêåò íá åSSíáé ôï ìÝãéóôï äõíáôü.

Ìéá Üëëç åöáñìïãÞ ôïõ ðñïâëÞìáôïò åSSíáé óôá áóýñìáôá äSSêôõá åðéêïéíùíSSáò. Ôá äéáóôÞìáôá ìå ôá âÜñç áíáðáñéóôïýí êáôïéêçìÝíåò ðåñéïœÝò ìå ôïõò ðëçèõóìïýò ôïõò, åíþ ôï ðïëýãùíï ìïíôåëïðïéåSS ôï ãåùãñáöéêü œþñï ðïõ âñSSóêïíôáé ïé ðåñéïœÝò. ÈÝëïõìå íá ôïðïèåôÞóïõìå k óôáèìïýò óôéò ðåñéïœÝò, Ýôóé þóôå ï ðåñéóóüôåñïò äõíáôüò ðëçèõóìüò íá ìðïñåSS íá åðéêïéíùíÞóåé. Ôï ãåãïíüò üôé ôïðïèåôïýìå ôïõò óôáèìïýò óôï ðåñSSãñáììá êáé üœé ìÝóá óôï ðïëýãùíï ìðïñåSS íá õðáãïñåýåôáé ð.œ. áðü ôï ãåãïíüò üôé ïé ðåñéïœÝò âñSSóêïíôáé óôéò ðáñõöÝò êÜðïéáò ëSSìíçò, êáé ôåœíéêþò ìáò óõìöÝñåé íá êáôáóêåõÜóïõìå ôïõò óôáèìïýò óôçí îçñÜ. ÅðSSóçò ìðïñåSS íá ðñïêýðôåé áðü ôï üôé ïé ðåñéïœÝò âñSSóêïíôáé åíäåœïìÝíùò óêáñöáëùìÝíåò óå ðëáãéÝò âïõíþí êáé êÜðïéïò óôáèìüò ôïðïèåôçìÝíïò óôï åóùôåñéêü ôçò ðåñéïœÞò èá åSSœå ìåéùìÝíç åìâÝëåéá ëüãù œáìçëïý ýøïõò.

Èá áðïäåSSîïõìå üôé ôï ðñüâëçìá ôçò ôïðïèÝôçóçò öõëÜêùí óå ðïëýãùíï œùñSSò ôñýðåò åSSíáé APX-hard. Èá êÜíïõìå ìéá áíáãùãÞ áðü ôï ðñüâëçìá Max-5- Occurence-3-Sat êáé èá áðïäåSSîïõìå üôé ç áíáãùãÞ áõôÞ åSSíáé áíáãùãÞ äéáôÞñçóçò œÜóìáôïò.

9.2. MAXIMUM VALUE VERTEX GUARD (3.1) 87

ÓœÞìá 9.2: Ýíá ðåñSSãñáììá literal

9.2.1 ÊáôáóêåõÞ

Ç êáôáóêåõÞ ðïõ êÜíïõìå ìïéÜæåé ìå áõôÞ ðïõ œñçóéìïðïéÞèçêå óôï [32] ãéá ôçí áðüäåéîç üôé ôï ðñüâëçìá ôïðïèÝôçóçò åëÜœéóôïõ áñéèìïý öõëÜêùí óå ðïëýãùíï (Minimum Vertex Guard) åSSíáé NP-hard. ÅðSSóçò œñçóéìïðïéÞèçêå óôï [8] ãéá íá áðïäåSSîåé üôé ôï Minimum Vertex Guard åSSíáé APX-hard. Ïé äéáöïñÝò ôïõ ðñïâëÞìáôïò ðïõ åîåôÜæïõìå åäþ åSSíáé üôé Ýœåé âÜñç êáé üôé ðñïóðáèïýìå íá öñïõñÞóïõìå ìÝñïò ôçò ðåñéìÝôñïõ ôïõ ðïëõãþíïõ. ÁõôÝò ïé äéáöïñÝò ôïõ Ýœïõí óõíÝðåéá äéáöïñÝò:

• óôçí êáôáóêåõÞ (ôïðïèÝôçóç êáôÜëëçëùí âáñþí),

• óôçí ìåôáôñïðÞ ìéáò åöéêôÞò ëýóçò ôïõ ðñïâëÞìáôïò Maximum Value Vertex Guard óå åöéêôÞ ëýóç ôïõ ðñïâëÞìáôïò Max-5-Occurence-3- Sat (ìåôáêéíïýìå ôïõò öýëáêåò Ýôóé þóôå íá âëÝðïõí ôïõëÜœéóôïí ôüóï óõíïëéêü âÜñïò, üóï Ýâëåðáí êáé ðñéí êáé Ýôóé þóôå íá ìáò ïäçãïýí óå ìéá åöéêôÞ ëýóç ãéá ôï ðñüâëçìá éêáíïðïéçóéìüôçôáò),

• óôç äéáäéêáóSSá ôçò áíÜëõóçò (ðñïêåéìÝíïõ íá áðïäåSSîïõìå üôé ìåôÜ ôç ìåôáêSSíçóç ôùí öõëÜêùí ôï óõíïëéêü âÜñïò ôùí ôìçìÜôùí ôçò ðåñéìÝôñïõ ðïõ öáSSíïíôáé åSSíáé ôïõëÜœéóôïí üóï êáé ðñéí) êáé

• óôç äéáäéêáóSSá áðüäåéîçò üôé R ≥ 1 + ϵ^′

Ãéá êÜèå literal ðïõ õðÜñœåé óôï óôéãìéüôõðï ôïõ ðñïâëÞìáôïò Max-5-Occurence- 3-Sat êáôáóêåõÜæïõìå Ýíá ðåñSSãñáììá óáí áõôü ðïõ öáSSíåôáé óôï óœÞìá 9.2. Ôï ðåñSSãñáììá áõôü ôï êáôáóêåõÜæïõìå Ýôóé þóôå ãéá íá åSSíáé ïëüêëçñï ïñáôü áðü Ýíáí ìüíï öýëáêá ôïðïèåôçìÝíï óå êïñõöÞ, áõôüò èá ðñÝðåé íá âñSSóêåôáé åSSôå óôçí êïñõöÞ F_{lit} åSSôå óôçí êïñõöÞ T_{lit}. ÏíïìÜæïõìå áõôü ôï ðåñSSãñáììá áõôSS Þ ðåñSSãñáììá literal.

88 ÊÅÖÁËÁÉÏ 9. ÌÇ - ÐÑÏÓÅÃÃÉÓÉÌÏÔÇÔÁ - ÁÍÁÃÙÃÅÓ

ÓœÞìá 9.3: Ýíá ðåñSSãñáììá clause

ÓœÞìá 9.4: Ýíá ðåñSSãñáììá clause ìå ôñSSá literal ðåñéãñÜììáôá

Ãéá êÜèå clause ðïõ õðÜñœåé óôï óôéãìéüôõðï ôïõ ðñïâëÞìáôïò Max-5-Occurence- 3-Sat êáôáóêåõÜæïõìå Ýíá ðåñSSãñáììá óáí áõôü ðïõ öáSSíåôáé óôï óœÞìá 9.3. Ôï ðåñSSãñáììá áõôü ôï êáôáóêåõÜæïõìå Ýôóé þóôå ãéá íá åSSíáé ïëüêëçñï ïñáôü áðü Ýíáí öýëáêá, áõôüò èá ðñÝðåé íá âñSSóêåôáé ìÝóá óôçí ðåñéïœÞ ðïõ öáSSíåôáé óôï óœÞìá 9.3. ÏíïìÜæïõìå áõôü ôï ðåñSSãñáììá, ðåñSSãñáììá clause.

Ôï ðåñSSãñáììá clause ìå ôñSSá áõôéÜ ðïõ Ýœåé ðñïêýøåé áðü Ýíá clause ìå ôñSSá literals öáSSíåôáé óôï óœÞìá 9.4.

Ãéá êÜèå variable ðïõ õðÜñœåé óôï óôéãìéüôõðï ôïõ ðñïâëÞìáôïò éêáíïðïéçóéìüôçôáò, êáôáóêåõÜæïõìå ôï ðåñSSãñáììá ðïõ öáSSíåôáé óôï óœÞìá 9.5. ÏíïìÜæïõìå ôï ðåñSSãñáììá áõôü, variable ðåñSSãñáììá, ôçí áñéóôåñÞ åóïœÞ ïõñÜ êáé ôá äýï êÜôù ìÝñç ðüäéá.

Èá ðñïóèÝóïõìå åðSSóçò óôá variable ðåñéãñÜììáôá êÜðïéá ðåñéãñÜììáôá áêSSäåò ôá ïðïSSá ðåñéãñÜöïíôáé ðáñáêÜôù.

ÔÝëïò ðñïóèÝôïõìå Ýíá áõôSS óôçí ðÜíù áñéóôåñÞ ãùíSSá ôïõ ðïëõãþíïõ êáé ç êáôáóêåõÞ Ýœåé ïëïêëçñùèåSS. Ï ðñïóáíáôïëéóìüò ôùí ðïäéþí ôùí variable ðåñéãñáììÜôùí åSSíáé ôÝôïéïò, Ýôóé þóôå íá öáSSíïíôáé áðü Ýíá öýëáêá ôïðïèåôçìÝíï óôçí êïñõöÞ W . ÿíá ðïëýãùíï ðïõ Ýœåé êáôáóêåõáóôåSS üðùò ðåñéãñÜöôçêå ðáñáðÜíù êáé Ýœåé ðñïêýøåé áðü Ýíá óôéãìéüôõðï ôïõ ðñïâëÞìáôïò Max-5-Occurence-3- Sat öáSSíåôáé óôï óœÞìá 9.6.

Èá ðåñéãñÜøïõìå ôþñá ôçí êáôáóêåõÞ ôùí ðåñéãñáììÜôùí áêSSäùí. Ãéá êÜèå åìöÜíéóç åíüò literal óôçí ëïãéêÞ Ýêöñáóç, äçëáäÞ ãéá êÜèå literal ðåñSSãñáììá ðïõ Ýœïõìå ðñïóèÝóåé óôï ðïëýãùíï, ðñïóèÝôïõìå äýï ðåñéãñÜììáôá áêSSäåò óôï áíôSSóôïéœï ðåñSSãñáììá variable ùò åîÞò: ÅÜí ôï ðåñSSãñáììá literal áíôéóôïéœåSS óå

9.2. MAXIMUM VALUE VERTEX GUARD (3.1) 89

ÓœÞìá 9.5: Ýíá ðåñSSãñáììá variable

èåôéêü (áñíçôéêü) literal óôç ëïãéêÞ Ýêöñáóç ðñïóèÝôïõìå ôá äýï ðåñéãñÜììáôá áêSSäåò Ýôóé üðùò öáSSíåôáé óôï óœÞìá 9.7 (9.8). Ôï ðåñSSãñáììá áêSSäá ôï ïðïSSï öáSSíåôáé áðü ôçí êïñõöÞ F_{lit}(T_{lit}) ïíïìÜæåôáé FALSE (TRUE) áêSSäá. ÐáñáôçñÞóôå óôá óœÞìáôá 9.7 êáé 9.8 üôé ôá ðåñéãñÜììáôá áêSSäåò åSSíáé êáôáóêåõáóìÝíá Ýôóé þóôå ç âÜóç ôïõ FALSE ðåñéãñÜììáôïò áêSSäáò åSSíáé ôï ôìÞìá (a, F_{lit}), åíþ ç âÜóç ôïõ TRUE ðåñéãñÜììáôïò áêSSäáò åSSíáé ôï ôìÞìá (T_{lit}, b) êáé üœé (T_{lit}, c). Ï óêïðüò ðïõ êáôáóêåõÜóôçêáí Ýôóé åSSíáé ãéá íá ìçí õðÜñœåé êïñõöÞ óôï clause ðåñSSãñáììá (äåò óœÞìá 9.6) áðü ôçí ïðïSSá íá öáSSíïíôáé ðåñéóóüôåñá áðü Ýíá ðåñéãñÜììáôá áêSSäåò.

Áðü ôïí ôñüðï êáôáóêåõÞò ôïõ ðïëõãþíïõ ðñïêýðôïõí ôá åîÞò: Ôñåéò öýëáêåò åSSíáé áíáãêáSSïé êáé áñêïýí ãéá íá öõëÜîïõí Ýíá ðåñSSãñáììá áõôSS, ôï áíôSSóôïéœï variable ðåñSSãñáììá (äýï ðüäéá êáé ìéá ïõñÜ) êáé ôá áíôSSóôïéœá ðåñéãñÜììáôá áêSSäåò:

Ï Ýíáò áðü áõôïýò ôïõò öýëáêåò ðñÝðåé íá ôïðïèåôçèåSS óôçí êïñõöÞ W êáé áðü åêåSS âëÝðåé ôá ðüäéá ôïõ variable ðåñéãñÜììáôïò.

Ïé õðüëïéðïé äýï ôïðïèåôïýíôáé óôéò êïñõöÝò ùò åîÞò:

• {F_{var} , F_{lit}}, Þ {T_{var} , T_{lit}} åÜí ðñüêåéôáé ãéá áêSSäåò ðïõ áíôéóôïéœïýí óå èåôéêÜ literals êáé

• {F_{var} , T_{lit}}, Þ {T_{var} , F_{lit}} åÜí ðñüêåéôáé ãéá áêSSäåò ðïõ áíôéóôïéœïýí óå áñíçôéêÜ literals

Ç êáôáóêåõÞ ïëïêëçñþíåôáé ìå ôçí áíÜèåóç ôùí âáñþí. ÁíáèÝôïõìå âÜñïò 8 óå êÜèå áêìÞ ôïõ ðïëõãþíïõ ðïõ êáôáóêåõÜóáìå, åêôüò áðü ôéò ’öèçíÝò’ áêìÝò ôùí clause ðåñéãñáììÜôùí ðïõ åSSíáé ôïíéóìÝíåò óôï óœÞìá 9.4, óôéò ïðïSSåò áíáèÝôïõìå âÜñïò 1.

ÐáSSñíïõìå óáí áñéèìü äéáèÝóéìùí öõëÜêùí k = l +n+1, üðïõ l åSSíáé ï áñéèìüò ôùí åìöáíSSóåùí ôùí literals êáé n åSSíáé ï áñéèìüò ôùí ìåôáâëçôþí ôçò ëïãéêÞò Ýêöñáóçò.

90 ÊÅÖÁËÁÉÏ 9. ÌÇ - ÐÑÏÓÅÃÃÉÓÉÌÏÔÇÔÁ - ÁÍÁÃÙÃÅÓ

ÿôóé Ýœïõìå êáôáóêåõÜóåé Ýíá óôéãìéüôõðï ôïõ ðñïâëÞìáôïò Maximum Value Vertex Guard.

9.2.2 Ìåôáóœçìáôéóìüò ìéáò åöéêôÞò ëýóçò

ÿóôù ìéá áðïíïìÞ áëÞèåéáò ôçò ëïãéêÞò Ýêöñáóçò. Èá ðåñéãñÜøïõìå ìéá ôïðïèÝôçóç öõëÜêùí ðïõ áíôéóôïéœåSS óôç äåäïìÝíç áðïíïìÞ áëÞèåéáò. Ôïðïèåôïýìå k = l + n + 1 öýëáêåò óôéò êïñõöÝò ôïõ ðïëõãþíïõ ðïõ êáôáóêåõÜóáìå óôçí ðñïçãïýìåíç åíüôçôá ùò åîÞò:

• ôïðïèåôïýìå Ýíá öýëáêá óå êÜèå ðåñSSãñáììá variable óôçí êïñõöÞ F_{var}(T_{var} ), åÜí ç ôéìÞ áëÞèåéáò ôçò áíôSSóôïéœçò ìåôáâëçôÞò åSSíáé FALSE (TRUE),

• ôïðïèåôïýìå Ýíá öýëáêá óå êÜèå literal ðåñSSãñáììá óôçí êïñõöÞ F_{lit}(T_{lit}) åÜí ç áðïôSSìçóç ôïõ áíôSSóôïéœïõ literal óôç ëïãéêÞ Ýêöñáóç åSSíáé FALSE (TRUE),

• ôÝëïò ôïðïèåôïýìå Ýíá öýëáêá óôï ðñüóèåôï ðåñSSãñáììá áõôSS óôçí êïñõöÞ W . Ìå áõôü ôïí ôñüðï ôïðïèÝôçóçò ôùí öõëÜêùí åSSíáé åýêïëï íá äåé êáíåSSò üôé êÜèå ðåñSSãñáììá literal öáSSíåôáé áðü êÜðïéïí öýëáêá. ÅðSSóçò êÜèå ðåñSSãñáììá variable öáSSíåôáé áðü êÜðïéïí öýëáêá. ÏìïSSùò öáSSíïíôáé üëá ôá ðåñéãñÜììáôá áêSSäåò. ÅðSSóçò ôá ðüäéá áðü ôá variable ðåñéãñÜììáôá öáSSíïíôáé áðü ôïí öýëáêá ðïõ Ýœåé ôïðïèåôçèåSS óôçí êïñõöÞ W . Ïé ìüíåò áêìÝò ðïõ äåí èá öáSSíïíôáé åSSíáé ïé áêìÝò áðü ôá clause ðåñéãñÜììáôá ôá ïðïSSá áíôéóôïéœïýí óå clauses ðïõ äåí éêáíïðïéïýíôáé áðü ôç äåäïìÝíç áðïíïìÞ áëÞèåéáò.

ÁíôSSóôñïöá, äåäïìÝíçò ìéáò ôïðïèÝôçóçò áðü k = l + n + 1 öýëáêåò óôï êáôáóêåõáóìÝíï ðïëýãùíï ôçò ðñïçãïýìåíçò åíüôçôáò, ôï ïðïSSï áðïôåëåSS óôéãìéüôõðï ôïõ Maximum Value Vertex Guard ðñïâëÞìáôïò, èá ðåñéãñÜøïõìå ìéá áðïíïìÞ áëÞèåéáò ãéá ôï áñœéêü óôéãìéüôõðï ôïõ Max-5-Occurence-3-Sat ðñïâëÞìáôïò. ÁñœéêÜ áëëÜæïõìå ôçí ôïðïèÝôçóç ôùí öõëÜêùí ùò åîÞò:

• ôïðïèåôïýìå áêñéâþò Ýíá öýëáêá óå êÜèå variable ðåñSSãñáììá óå êÜðïéá áðü ôéò êïñõöÝò F_{var} Þ T_{var},

• ôïðïèåôïýìå áêñéâþò Ýíá öýëáêá óå êÜèå literal ðåñSSãñáììá óôçí êïñõöÞ F_{lit}(T_{lit}) åÜí ôï áíôSSóôïéœï TRUE (FALSE) ðåñSSãñáììá áêSSäá öáSSíåôáé áðü ôïí öýëáêá ðïõ Ýœåé ôïðïèåôçèåSS óôï ðåñSSãñáììá variable,

• ôïðïèåôïýìå Ýíáí öýëáêá óôçí êïñõöÞ W ôïõ ðñüóèåôïõ áõôéïý.

ÁêïëïõèåSS ç ðåñéãñáöÞ ìå ðåñéóóüôåñåò ëåðôïìÝñåéåò: ÄåäïìÝíçò ìéáò ôïðïèÝôçóçò áðü k = l + n + 1 öýëáêåò, Ýóôù üôé ç óõíïëéêÞ áîSSá ôùí ôìçìÜôùí ðïõ öáSSíïíôáé åSSíáé B. Èá áëëÜîïõìå ôçí ôïðïèÝôçóç ôùí öõëÜêùí Ýôóé þóôå ç áîSSá ôùí ôìçìÜôùí ðïõ öáSSíïíôáé íá åSSíáé ôïõëÜœéóôïí B, êáé Ýôóé þóôå ìå ôçí åîáSSñåóç êÜðïéùí ‘öôçíþí’ áêìþí ìå âÜñç 1, ç íÝá ôïðïèÝôçóç öõëÜêùí ðåôõœáSSíåé:

9.2. MAXIMUM VALUE VERTEX GUARD (3.1) 91

á) íá âëÝðåé ôéò áêìÝò ôïõ ðïëõãþíïõ êáé â) ‘óõíåðÞ’ ôïðïèÝôçóç öõëÜêùí óå äýï êïñõöÝò áðü ôéò 4 F_{lit}, T_{lit}, F_{var} , T_{var} , ãéá êÜèå literal ðåñSSãñáììá. ÁêïëïõèåSS ç íÝá ôïðïèÝôçóç ôùí öõëÜêùí:

• âÞìá 1: ôïðïèåôïýìå Ýíá öýëáêá óôçí êïñõöÞ w ôïõ ðñüóèåôïõ ðåñéãñÜììáôïò áõôéïý,

• âÞìá 2: ãéá êÜèå ðåñSSãñáììá ìåôáâëçôÞò:

{ i) åÜí õðÜñœåé ìüíï Ýíáò öýëáêáò óôï ðåñSSãñáììá, ôïðïèåôçìÝíïò óå êïñõöÞ áðü ôçí ïðïSSá öáSSíåôáé êÜðïéï ðåñSSãñáììá áêSSäáò, ôïí ôïðïèåôïýìå óôçí êïñõöÞ F_{var} (T_{var} ) áí áðü ôçí êïñõöÞ F_{var} (T_{var}) öáSSíåôáé ç SSäéá áêSSäá { ii) óå üëåò ôéò Üëëåò ðåñéðôþóåéò (äåí õðÜñœïõí ôïðïèåôçìÝíïé öýëáêåò óôï ðåñSSãñáììá, õðÜñœåé Ýíáò öýëáêáò ðïõ äåí âëÝðåé êáíÝíá ðåñSSãñáììá áêSSäá, õðÜñœïõí ðåñéóóüôåñïé áðü Ýíáò öýëáêåò), ôïðïèåôïýìå Ýíá öýëáêá óôçí êïñõöÞ F_{var} (T_{var} ) åÜí áðü ôçí êïñõöÞ F_{var}(T_{var} ) ï öýëáêáò ìðïñåSS íá äåé ðåñéóóüôåñá FALSE ðåñéãñÜììáôá áêSSäåò áðü üôé áðü ôçí êïñõöÞ T_{var}(F_{var} )

• âÞìá 3: ãéá êÜèå literal ðåñSSãñáììá, ôïðïèåôïýìå Ýíá öýëáêá óôçí êïñõöÞ F_{lit}(T_{lit}) åÜí ôï áíôSSóôïéœï FALSE (TRUE) ðåñSSãñáììá áêSSäáò äåí öáSSíåôáé áðü ôïí öýëáêá ï ïðïSSïò Ýœåé ôïðïèåôçèåSS óôï variable ðåñSSãñáììá.

ÄçëáäÞ ç ðéèáíÞ ìåôáêSSíçóç ôùí öõëÜêùí óôá ðåñéãñÜììáôá variable Ýœåé ïäçãÞóåé óå ìåôáêSSíçóç ôùí öõëÜêùí ðïõ åSSœáí ôïðïèåôçèåSS óôá literal ðåñéãñÜììáôá.

Èá áðïäåSSîïõìå óôçí åðüìåíç åíüôçôá (âë. ËÞììá 10.2) üôé ôï óõíïëéêü âÜñïò ôùí áêìþí ðïõ öáSSíïíôáé áðü ôïõò öýëáêåò ìåôÜ ôç íÝá ôïðïèÝôçóç åSSíáé ôïõëÜœéóôïí B.

Ôþñá ìðïñïýìå íá ðåñéãñÜøïõìå ìéá áðïíïìÞ áëÞèåéáò ùò åîÞò: áíÜèåóå ôéìÞ TRUE (FALSE) óå ìéá variable ôçò ëïãéêÞò Ýêöñáóçò åÜí ôï áíôSSóôïéœï variable ðåñSSãñáììá Ýœåé öýëáêá ôïðïèåôçìÝíï óôçí êïñõöÞ T_{var}(F_{var} ).

9.2.3 ÁíÜëõóç ôçò áíáãùãÞò

ÿóôù I Ýíá óôéãìéüôõðï ôïõ ðñïâëÞìáôïò Max-5-Occurence-3-Sat ìå n variables, l åìöáíSSóåéò áðü literals êáé m clauses (l ≤ 3m). ÿóôù I^′ Ýíá óôéãìéüôõðï ôïõ ðñïâëÞìáôïò Maximum Value Vertex Guard (ôï ïðïSSï êáôáóêåõÜóôçêå üðùò óôçí åíüôçôá 1.1) ìå k = l + n + 1. ÿóôù M ôï óõíïëéêü âÜñïò üëùí ôùí áêìþí ôïõ ðïëõãþíïõ.

ËÞììá 9.1 Áí OP T (I) = m ôüôå OP T (I^′) = M

Áðüäåéîç. ÿóôù ëïéðüí üôé õðÜñœåé ìéá áðïíïìÞ áëÞèåéáò ðïõ éêáíïðïéåSS êáé ôá m clauses. ÅÜí ôïðïèåôÞóïõìå l + n + 1 öýëáêåò óôï ðïëýãùíï üðùò óôçí åíüôçôá 10.1.2, ôüôå åSSíáé åýêïëï íá äïýìå üôé ôï óýíïëï ôïõ ðåñéãñÜììáôïò ôïõ ðïëõãþíïõ öáSSíåôáé áðü ôïõò öýëáêåò. ÿôóé ôï óõíïëéêü âÜñïò ôùí áêìþí ðïõ öáSSíïíôáé åSSíáé M. □

92 ÊÅÖÁËÁÉÏ 9. ÌÇ - ÐÑÏÓÅÃÃÉÓÉÌÏÔÇÔÁ - ÁÍÁÃÙÃÅÓ

ËÞììá 9.2 Áí OP T (I^′) ≥ M − 8ϵm ôüôå OP T (I) ≥ m(1 − ϵ)

Áðüäåéîç. ÿóôù ϵ > 0 êáé ìéá ôïðïèÝôçóç áðü l + n + 1 öýëáêåò óôï óôéãìéüôõðï I^′ Ýôóé þóôå ôï óõíïëéêü âÜñïò ôùí ôìçìÜôùí ôïõ ðåñéãñÜììáôïò ôïõ ðïëõãþíïõ ðïõ öáSSíïíôáé áðü ôïõò öýëáêåò åSSíáé ôïõëÜœéóôïí M − 8ϵm. Áí ìåôáêéíÞóïõìå ôïõò öýëáêåò üðùò ðåñéãñÜöôçêå óôçí åíüôçôá 10.1.2, ôüôå ïé k = l+n+1 öýëáêåò âëÝðïõí ôï ðåñSSãñáììá ïëüêëçñï, åêôüò áðü êÜðïéåò ’öèçíÝò’ áêìÝò. Èá áðïäåSSîïõìå üôé ôï óõíïëéêü âÜñïò ôùí áêìþí ôïõ ðåñéãñÜììáôïò ðïõ öáSSíïíôáé ìåôÜ ôç ìåôáêSSíçóç ôùí öõëÜêùí åSSíáé ôïõëÜœéóôïí üóï êáé ðñéí. ÄçëáäÞ ôïõëÜœéóôïí M − 8ϵm. Ðáñáôçñïýìå üôé áí ôïðïèåôÞóïõìå Ýíá öýëáêá óôçí êïñõöÞ F_{lit} Þ T_{lit} áðü Ýíá literal ðåñSSãñáììá ôï ïðïSSï ðñéí äåí öõëáóóüôáí ôüôå óSSãïõñá áõîÜíïõìå ôï óõíïëéêü âÜñïò êáôÜ 16 ôïõëÜœéóôïí áöïý ïé áêìÝò (F_{lit}, d) êáé (d, e) äå ìðïñåSS íá öáSSíïíôáé áðü öýëáêá åêôüò ôïõ literal ðåñéãñÜììáôïò.

ÏìïSSùò, Ýíáò öýëáêáò ôïðïèåôçìÝíïò óôçí êïñõöÞ F_{var} Þ T_{var} åíüò variable ðåñéãñÜììáôïò ôï ïðïSSï ðñéí äåí åSSœå öýëáêåò, áóöáëþò áõîÜíåé ôï óõíïëéêü âÜñïò ôùí áêìþí ðïõ öáSSíïíôáé êáôÜ ôïõëÜœéóôïí 16 (åSSíáé ôï âÜñïò ôùí äýï áêìþí ôçò ïõñÜò ôïõ variable ðåñéãñÜììáôïò).

Èá óõæçôÞóïõìå ôþñá äýï ðåñéðôþóåéò ðïõ áöïñïýí ôïðïèÝôçóç öõëÜêùí óôá áõôéÜ ôùí literal ðåñéãñáììÜôùí.

• ÿóôù üôé êáôÜ ôçí áñœéêÞ ôïðïèÝôçóç õðÞñœáí äýï öýëáêåò óôéò êïñõöÝò T_{lit} êáé F_{lit} åíüò áõôéïý êáé ìåôÜ ôç ìåôáêSSíçóç, ï ìïíáäéêüò öýëáêáò ôïðïèåôÞèçêå óôçí êïñõöÞ F_{lit}. Ôï óõíïëéêü âÜñïò ìðïñåSS íá Ýœåé ìåéùèåSS êáôÜ ôï ðïëý 8 (äéüôé ôþñá ìðïñåSS íá ìç öáSSíïíôáé ïé öèçíÝò áêìÝò ðïõ öáSSíïíôáí áðü ôï T_{lit}), üìùò áõîÞèçêå óSSãïõñá êáôÜ 16 (äéüôé ï öýëáêáò ðïõ Ýöõãå ôïðïèåôÞèçêå óå ìéá ìÝœñé ôþñá áöýëáêôç ðåñéïœÞ).

• ÿóôù üôé êáôÜ ôçí áñœéêÞ ôïðïèÝôçóç õðÞñœå Ýíáò öýëáêáò óôçí êïñõöÞ T_{lit} åíüò áõôéïý (êáé äåí õðÞñœå Üëëïò óôï áõôSS) êáé ìåôÜ ôç ìåôáêSSíçóç ï öýëáêáò áõôüò âñSSóêåôáé óôçí êïñõöÞ F_{lit} ôïõ áõôéïý:

{ ÅÜí ôï áíôSSóôïéœï FALSE ðåñSSãñáììá áêSSäá äåí öáéíüôáí êáôÜ ôçí áñœéêÞ ôïðïèÝôçóç ôùí öõëÜêùí (áðü Ýíá öýëáêá äçëáäÞ óôï variable ðåñSSãñáììá), ôï óõíïëéêü âÜñïò ìåôÜ ôç ìåôáêSSíçóç ìðïñåSS íá Ýœåé ìåéùèåSS êáôÜ ôï ðïëý 8 (áöïý ôþñá ìðïñåSS íá ìçí öáSSíïíôáé ïé öèçíÝò ðëåõñÝò) áëëÜ Ýœåé áõîçèåSS êáôÜ ôïõëÜœéóôïí 16 (áöïý ôï FALSE ðåñSSãñáììá áêSSäá ôþñá öáSSíåôáé áðü ôïí öýëáêá óôçí êïñõöÞ F_{lit}).

{ ÅÜí ôï áíôSSóôïéœï FALSE ðåñSSãñáììá áêSSäá, öáéíüôáí êáôÜ ôçí áñœéêÞ ôïðïèÝôçóç ôùí öõëÜêùí (áðü Ýíá öýëáêá g óôï variable ðåñSSãñáììá) ôüôå óýìöùíá ìå ôï âÞìá 3 óôçí ìåôáêSSíçóç ôçò åíüôçôáò 10.1.2, óôï ðåñSSãñáììá variable äåí ìðïñåSS íá õðÞñœå ìüíï Ýíáò öýëáêáò, áöïý áí Þôáí Ýôóé èá Ýâëåðå áõôüò ôï FALSE ðåñSSãñáììá áêSSäáò êáé ìå âÜóç ôï âÞìá 3 èá Ýðñåðå íá ôïðïèåôÞóïõìå öýëáêá óôï T_{lit} êáé üœé óôï F_{lit}. űñá ðñüêåéôáé ãéá ôçí ðåñSSðôùóç óôçí ïðïSSá êáôÜ ôçí áñœéêÞ ôïðïèÝôçóç, õðÜñœïõí ôïõëÜœéóôïí 2 öýëáêåò óôï variable ðåñSSãñáììá, êáé

9.2. MAXIMUM VALUE VERTEX GUARD (3.1) 93

ìåôÜ ôç ìåôáêSSíçóç ï öýëáêáò g Ýœåé ìåôáêéíçèåSS êáé ôïðïèåôçèåSS óå Üëëï ðåñSSãñáììá ãéáôSS óýìöùíá ìå ôï âÞìá 2)ii) ôçò åíüôçôáò 10.1.2 õðÞñœå Üëëïò öýëáêáò ðïõ Ýâëåðå ôá ðåñéóóüôåñá FALSE ðåñéãñÜììáôá áêSSäåò óôï ðåñSSãñáììá variable. Áõôü óçìáSSíåé üôé ï öýëáêáò g Ýâëåðå ôï ðïëý 2 FALSE ðåñéãñÜììáôá áêSSäåò, äéüôé Ýíá ðåñSSãñáììá variable ìðïñåSS íá Ýœåé ôï ðïëý 5 FALSE ðåñéãñÜììáôá áêSSäåò (ìéá ìåôáâëçôÞ åìöáíSSæåôáé ôï ðïëý óå 5 literals). ÿôóé ëïéðüí ãéá êÜèå variable ðåñSSãñáììá, öýëáêåò Ýœïõí ìåôáêéíçèåSS áðü ôçí êïñõöÞ T_{lit} óôçí F_{lit} óå ôï ðïëý 2 literal ðåñéãñÜììáôá. Añá ôï óõíïëéêü âÜñïò Ýœåé ìåéùèåSS êáôÜ ôï ðïëý 16 (äéüôé ìðïñåSS ìåôÜ ôç ìåôáêSSíçóç íá ìçí öáSSíïíôáé ïé öèçíÝò ðëåõñÝò áðü 2 clause ðåñéãñÜììáôá) áëëÜ Ýœåé áõîçèåSS êáôÜ ôïõëÜœéóôïí 16 (áöïý ôïõëÜœéóôïí Ýíáò öýëáêáò Ýœåé ôþñá ôïðïèåôçèåSS óå Ýíá áöýëáêôï ùò ôþñá ðåñSSãñáììá).

ÕðåíèõìSSæïõìå, üôé ìåôÜ ôç ìåôáêSSíçóç ìüíï ‘öèçíÝò’ áêìÝò ìðïñåSS íá ìçí öáSSíïíôáé. Äåí õðÜñœåé ðåñSSðôùóç äçëáäÞ ìåôÜ ôç ìåôáêSSíçóç ðïõ Ýãéíå üðùò óôçí åíüôçôá 10.1.2 íá ìçí öáSSíåôáé êÜðïéï ðåñSSãñáììá áêSSäá, êëð. ÌåôÜ ëïéðüí ôç ìåôáêSSíçóç Ýœïõìå ðåôýœåé íá âëÝðïõìå üëï ôï ðåñSSãñáììá ôïõ ðïëõãþíïõ åêôüò SSóùò áðü ϵm clause ðåñéãñÜììáôá. Áõôü óçìáSSíåé üôé áí êáôáóêåõÜóïõìå ìéá áðïíïìÞ áëÞèåéáò ãéá ôï óôéãìéüôõðï I üðùò óôçí åíüôçôá 10.1.2, áõôÞ ç áðïíïìÞ áëÞèåéáò èá áöÞíåé ìç-éêáíïðïéÞóéìá, áêñéâþò áõôÜ ôá ϵm clauses ðïõ áíôéóôïéœïýí óôá ϵm clause ðåñéãñÜììáôá ðïõ äåí êáëýðôïíôáé áðü öýëáêåò óôï I^′. □ Áðü ôï ëÞììá 10.1 êáé ôçí áíôéèåôïáíôéóôñïöÞ ôïõ ëÞììáôïò 10.2 ðñïêýðôåé ôï ðáñáêÜôù èåþñçìá.

Èåþñçìá 9.1 ÿóôù I Ýíá óôéãìéüôõðï ôïõ ðñïâëÞìáôïò Max-5-Occurence- 3-Sat ìå n variables, m clauses êáé l ≤ 3m åìöáíSSóåéò áðü literals. ÿóôù I^′ ôï óôéãìéüôõðï ôïõ ðñïâëÞìáôïò Maximum Value Vertex Guard (ôï ïðïSSï êáôáóêåõÜóôçêå üðùò óôçí åíüôçôá 10.1.1) ìå k = l+n+1. ÿóôù M ôï óõíïëéêü âÜñïò üëùí ôùí áêìþí ôïõ ðïëõãþíïõ. Ôüôå: OP T (I) = m → OP T (I^′) = M OP T (I) ≤ m(1 − ϵ) → OP T (I^′) ≤ M − 8ϵm ÄçëáäÞ ç áíáãùãÞ áõôÞ åSSíáé áíáãùãÞ äéáôÞñçóçò œÜóìáôïò. Óôï [1] êáé [2] Ýœåé áðïäåéœèåSS üôé ôï ðñüâëçìá Max-5-Occurence-3-Sat ìå ðáñáìÝôñïõò m êáé (1 − ϵ)m ãéá êÜðïéï ϵ > 0, üðïõ m åSSíáé ï áñéèìüò ôùí clauses óôï óôéãìéüôõðï I, åSSíáé NP-hard íá áðïöáóéóèåSS.

Añá ìÝóù ôçò gap-preserving áíáãùãÞò ðïõ ðåñéãñÜöôçêå ðáñáðÜíù, éóœýåé üôé åêôüò áí P = NP , äå ìðïñåSS íá õðÜñœåé ðñïóåããéóôéêüò áëãüñéèìïò ðïëõùíõìéêïý œñüíïõ ãéá ôï ðñüâëçìá Maximum Value Vertex Guard, ï ïðïSSïò íá ðåôõœáSSíåé ðñïóåããéóôéêü ðáñÜãïíôá M M − 8ϵm . ÅÜí óõìâïëSSóïõìå:

94 ÊÅÖÁËÁÉÏ 9. ÌÇ - ÐÑÏÓÅÃÃÉÓÉÌÏÔÇÔÁ - ÁÍÁÃÙÃÅÓ

• ìå V ôï óõíïëéêü âÜñïò åíüò variable ðåñéãñÜììáôïò (ðüäéá, ïõñÜ, áêìÝò óôá ðüäéá áíÜìåóá óå áêSSäåò, óõí ìéá ðëåõñÜ ç ïðïSSá åíþíåé ôï ðåñSSãñáììá variable ìå ôï åðüìåíï ðåñSSãñáììá variable ðñïò ôá äåîéÜ), Ýœïõìå 104 ≤ V ≤ 168

• ìå L ôï óõíïëéêü âÜñïò åíüò literal ðåñéãñÜììáôïò, L = 40

• ìå S ôï óõíïëéêü âÜñïò åíüò ðåñéãñÜììáôïò áêSSäá, S = 16

• ìå C ôï óõíïëéêü âÜñïò åíüò clause ðåñéãñÜììáôïò œùñSSò ôá áõôéÜ, óõí ìéá ðëåõñÜ ðïõ óõíäÝåé ôï ðåñSSãñáììá clause ìå ôï åðüìåíï ðåñSSãñáììá clause ðñïò ôá äåîéÜ, ôüôå 16 ≤ C ≤ 32

• ìå E ôï óõíïëéêü âÜñïò ôïõ ðñüóèåôïõ ðåñéãñÜììáôïò áõôéïý óõí ôéò õðüëïéðåò ðëåõñÝò ôïõ ðåñéãñÜììáôïò ôïõ ðïëõãþíïõ, E = 80

ÿœïõìå: M ≤ 3mV + 3mL + 6mS + mC + E ≤ m(3V + 3L + 6S + C + E) ≤ mϵ^′ ÌåôÜ áðü ìåñéêïýò õðïëïãéóìïýò Ýœïõìå: M M − 8ϵm = 1 1 −^{8ϵm}_M ≥ 1 1 −^{8ϵ} 3V +3L+6S+C+E ≥ 1 1 −^{8ϵ}_{ϵ′} ≥ 1 + 8ϵ ϵ^′ 1 −^{8ϵ}_{ϵ′} ≥ 1 + 8ϵ ϵ^′ ≥ 1 + ϵ^{′′} Èåþñçìá 9.2 Ôï ðñüâëçìá Maximum Value Vertex Guard ãéá ðïëýãùíá œùñSSò ôñýðåò åSSíáé APX-hard.

ÓœÞìá 9.6: ðñïêýðôïí ðïëýãùíï

ÓœÞìá 9.7: äýï ðåñéãñÜììáôá áêSSäåò ðïõ áíôéóôïéœïýí óôçí åìöÜíéóç åíüò èåôéêïý literal óå Ýíá clause. Ôá äýï ðåñéãñÜììáôá áêSSäåò êáé ôï áõôSS öáSSíïíôáé áðü äýï öýëáêåò ôïðïèåôçìÝíïõò ð.œ. óôï óçìåSSï F_{var} (âëÝðåé ôï áñéóôåñü ðåñSSãñáììá áêSSäá êáé ôçí ïõñÜ) êáé óôï óçìåSSï F_{lit} (âëÝðåé ôï äåîéü ðåñSSãñáììá áêSSäá êáé ôï áõôSS).

ÓœÞìá 9.8: äýï ðåñéãñÜììáôá áêSSäåò ðïõ áíôéóôïéœïýí óôçí åìöÜíéóç åíüò áñíçôéêïý literal óå Ýíá clause. Ôá äýï ðåñéãñÜììáôá áêSSäåò êáé ôï áõôSS öáSSíïíôáé áðü äýï öýëáêåò ôïðïèåôçìÝíïõò ð.œ. óôï óçìåSSï T_{var} (âëÝðåé ôï äåîéü ðåñSSãñáììá áêSSäá êáé ôçí ïõñÜ) êáé óôï óçìåSSï F_{lit} (âëÝðåé ôï áñéóôåñü ðåñSSãñáììá áêSSäá êáé ôï áõôSS).

98 ÊÅÖÁËÁÉÏ 9. ÌÇ - ÐÑÏÓÅÃÃÉÓÉÌÏÔÇÔÁ - ÁÍÁÃÙÃÅÓ

ÊåöÜëáéï 10

Ðåñéóóüôåñá APX-complete ðñïâëÞìáôá

Óå áõôü ôï êåöÜëáéï èá äïýìå ðùò ìðïñïýìå íá åöáñìüóïõìå ôçí áíáãùãÞ ôïõ ðñïçãïýìåíïõ êåöáëáSSïõ ãéá íá áðïäåSSîïõìå áñíçôéêÜ áðïôåëÝóìáôá ðñïóåããéóéìüôçôáò ãéá ôá ðñïâëÞìáôá ôùí êåöáëáSSùí 2-7.

10.1 Maximum Value Edge Guard (3.2)

Áò åîåôÜóïõìå ôçí ðåñSSðôùóç óôçí ïðïSSá ïé öýëáêåò åðéôñÝðåôáé íá ôïðïèåôïýíôáé ìüíï óå ðëåõñÝò (Ýíáò öýëáêáò êáôáëáìâÜíåé ìéá ïëüêëçñç ðëåõñÜ).

Ðñüôáóç 10.1 Ôï ðñüâëçìá Maximum Value Edge Guard åSSíáé APX-hard.

Áðüäåéîç. Èá œñçóéìïðïéÞóïõìå ôçí áíáãùãÞ ôïõ ðñïçãïýìåíïõ êåöáëáSSïõ êÜíïíôáò ôéò åîÞò áëëáãÝò: ôï literal pattern ôïõ ðïëõãþíïõ åSSíáé áõôü ðïõ öáSSíåôáé óôï óœÞìá 10.1. Ôï variable pattern åSSíáé áõôü ðïõ öáSSíåôáé óôï óœÞìá 10.2. Ôï èåþñçìá 9.1 éóœýåé êáé åäþ ìå ôç ìüíç äéáöïñÜ üôé ïé öýëáêåò ôþñá êáôáëáìâÜíïõí ðëåõñÝò êáé üœé êüìâïõò. □

10.2 Maximum Value Guard watching (3.4)

Áò äïýìå ôé ãSSíåôáé óôçí ðåñSSðôùóç ðïõ ï óêïðüò ìáò åSSíáé íá ôïðïèåôÞóïõìå öýëáêåò ðïõ íá åðéâëÝðïõí ôç ìÝãéóôç áîSSá êáé üœé íá ôçí êáëýðôïõí. ÄçëáäÞ ï öýëáêáò åSSíáé áíÜãêç íá âëÝðåé ôïõëÜœéóôïí Ýíá êïììÜôé ôïõ ðSSíáêá êáé üœé áíáãêáóôéêÜ ïëüêëçñï.

Ðñüôáóç 10.2 Ôï ðñüâëçìá Maximum Value Vertex Guard (watching version) åSSíáé APX-hard.

100 ÊÅÖÁËÁÉÏ 10. APX-COMPLETE ÐÑÏÂËÇÌÁÔÁ

ÓœÞìá 10.1: ÿíá literal pattern ãéá öýëáêåò - ðëåõñÝò

ÓœÞìá 10.2: ÿíá variable pattern ãéá öýëáêåò - ðëåõñÝò

Áðüäåéîç. Èá ðåñéãñÜøïõìå ìéá áíáãùãÞ áðü ôï ðñüâëçìá Max-5-Occurence- 3-Sat óôï ðñüâëçìá Maximum Value Vertex Guard (watching version). ÁñœéêÜ êáôáóêåõÜæïõìå ôï ðïëýãùíï üðùò óôçí åíüôçôá 10.1.1.

ÊÜèå ðëåõñÜ ìÝóá óå Ýíá clause pattern Ýœåé äéáéñåèåSS óå O(n) FVS ôìÞìáôá áöïý ìðïñåSS íá åðéâëÝðåôáé ìüíï áðü óçìåSSá óôá variable patterns. ÿóôù δ > 0 Ýíáò áêÝñáéïò ôÝôïéïò þóôå ï áñéèìüò ôùí ôìçìÜôùí óå ïðïéáäÞðïôå (ðñïçãïýìåíç) öèçíÞ ðëåõñÜ åSSíáé ôï ðïëý δn. ÈÝôïõìå áîSSá 1 óå êÜèå ôìÞìá ôï ïðïSSï áíÞêåé óå ìéá (ðñïçãïýìåíá) öèçíÞ ðëåõñÜ ôïõ clause pattern. ÈÝôïõìå áîSSá 8δn óå ïðïéïäÞðïôå Üëëï ôìÞìá. Ôþñá ìðïñïýìå íá åðáëçèåýóïõìå üôé ôï èåþñçìá 9.1 éóœýåé. □

Ðñüôáóç 10.3 Ôï ðñüâëçìá Maximum Value Edge Guard (watching version) åSSíáé APX-hard.

Áðüäåéîç. ÏìïSSùò áíÜãïõìå ôï ðñüâëçìá Max-5-Occurence-3-Sat óôï Maximum Value Edge Guard üðùò êáé óôçí ðñïçãïýìåíç ðñüôáóç ìå ôç äéáöïñÜ üôé óôçí áñœéêÞ êáôáóêåõÞ ôïõ ðïëõãþíïõ œñçóéìïðïéïýìå óáí literal êáé variable pattern åêåSSíá ôùí óœçìÜôùí 10.1 êáé 10.2. □

10.3. MAXIMUM LENGTH GUARD (2.1 / 2.2) 101

10.3 Maximum Length Guard (2.1 / 2.2)

Ðñüôáóç 10.4 Ôá ðñïâëÞìáôá Maximum Length Vertex Guard êáé Maximum Length Edge Guard åSSíáé APX-hard.

Áðüäåéîç. ÁíÜãïõìå ðÜëé üðùò êáé ðñéí ôï ðñüâëçìá Max-5-Occurence-3-Sat óôá Maximum Length Vertex Guard êáé Maximum Length Edge Guard. Œñçóéìïðïéïýìå óôçí êáôáóêåõÞ ôá áíôSSóôïéœá literal êáé variable patterns üðùò êáé ðñéí. ÁõôÞ ôç öïñÜ êáôáóêåõÜæïõìå ôï ðïëýãùíï Ýôóé þóôå êÜèå (ðñïçãïýìåíá) öèçíÞ ðëåõñÜ åíüò clause pattern íá åSSíáé 8 öïñÝò ìéêñüôåñç óå ìÞêïò áðü êÜèå Üëëç ðëåõñÜ ôïõ ðïëõãþíïõ. Ôï èåþñçìá 9.1 éóœýåé êáé åäþ. □

10.4 Maximum Value Vertex/Edge Guard with Painting Placement (4.1 / 4.2)

Áò äïýìå ôþñá ôçí ðåñSSðôùóç óôçí ïðïSSá ïé ðSSíáêåò ðïõ ðñÝðåé íá öñïõñÞóïõìå äåí Ýœïõí áêüìç ôïðïèåôçèåSS óôïõò ôïSSœïõò ôïõ ìïõóåSSïõ (äçëáäÞ óôçí ðåñSSìåôñï ôïõ ðïëõãþíïõ). ÄçëáäÞ ìáò äSSíïíôáé ïé äéáóôÜóåéò ôùí ðéíÜêùí ìå áîSSá êáé ìáò æçôïýí íá ôïðïèåôÞóïõìå êáé ôïõò ðSSíáêåò êáé ôïõò öýëáêåò Ýôóé þóôå ç ìÝãéóôç äõíáôÞ áîSSá íá öõëÜóóåôáé.

Ðñüôáóç 10.5 Ôá ðñïâëÞìáôá Maximum Value Vertex Guard with Painting Placement êáé Maximum Value Edge Guard with Painting Placement åSSíáé APX-hard.

Áðüäåéîç. ÄåäïìÝíïõ åíüò óôéãìéüôõðïõ ôïõ ðñïâëÞìáôïò Max-5-Occurence- 3-Sat ìðïñïýìå íá êáôáóêåõÜóïõìå Ýíá óôéãìéüôõðï ôïõ ðñïâëÞìáôïò Maximum Value Vertex Guard with Painting Placement Þ Maximum Value Edge Guard with Painting Placement ùò åîÞò: êáôáóêåõÜæïõìå ôï êáôÜëëçëï ðïëýãùíï ãéá ôçí ðåñSSðôùóç ôïðïèÝôçóçò öõëÜêùí óå êïñõöÝò Þ ðëåõñÝò. ÊáôáóêåõÜæïõìå ôéò (ðñïçãïýìåíá) öèçíÝò áêìÝò ôùí clause patterns ëSSãï ìéêñüôåñåò óå ìÞêïò áðü ïðïéáäÞðïôå Üëëç ðëåõñÜ. Ãéá êÜèå ðëåõñÜ e âÜæïõìå óôï óýíïëï ôùí ðéíÜêùí Ýíá ðSSíáêá ìå ìÞêïò SSäéï ìå ôçò e. ÔÝëïò âÜæïõìå áîSSá 8 óå êÜèå ðSSíáêá åêôüò áðü åêåSSíïõò ôïõò ðSSíáêåò ðïõ ôïõò öôéÜîáìå ãéá íá ôáéñéÜæïõí óôéò ìéêñüôåñåò ðëåõñÝò (ðñþçí öèçíÝò) ôùí clause patterns. Óå áõôïýò ôïõò ôåëåõôáSSïõò ðSSíáêåò âÜæïõìå áîSSá 1. Ôï èåþñçìá 9.1 éóœýåé. □

10.5 Ðïëýãùíá ìå ôñýðåò (2.3 / 3.3 / 4.3)

ĳëá áõôÜ ôá ðñïâëÞìáôá ìðïñïýìå íá ôá ïñSSóïõìå óå ðïëýãùíá ìå ôñýðåò. Ôá ðïëýãùíá ìå ôñýðåò åSSíáé œñÞóéìá ãéáôSS ìáò äSSíïõí ôçí åõêáéñSSá íá ìïíôåëïðïéÞóïõìå ôçí ðñáãìáôéêüôçôá ðéï ðéóôÜ. Ãéá ðáñÜäåéãìá ïé ôñýðåò ìðïñïýí íá áíáðáñéóôïýí öõóéêÜ åìðüäéá. ÅðSSóçò œÜñç óôéò ôñýðåò ìðïñïýìå íá ôïðïèåôÞóïõìå öýëáêåò óôï

102 ÊÅÖÁËÁÉÏ 10. APX-COMPLETE ÐÑÏÂËÇÌÁÔÁ

ÓœÞìá 10.3: Ôï áñéóôåñü ìÝñïò ôïõ ðïëõãþíïõ ìå ôçí ôñýðá

åóùôåñéêü ôïõ ðïëõãþíïõ ðÜíù óôïõò êüìâïõò êáé ôéò ðëåõñÝò ôùí ôñõðþí (äçëáäÞ óå ðñïêáèïñéóìÝíåò ðåñéïœÝò).

ÈõìSSæïõìå óôïí áíáãíþóôç üôé ôá ðñïâëÞìáôá Minimum Vertex Guard êáé Minimum Edge Guard óå ðïëýãùíá ìå ôñýðåò åSSíáé log n-hard. Ðéï óõãêåêñéìÝíá, äåí õðÜñœåé ðñïóåããéóôéêüò áëãüñéèìïò ðïëõùíõìéêïý œñüíïõ ï ïðïSSïò íá ìðïñåSS íá åããõçèåSS ðñïóåããéóôéêü ðáñÜãïíôá^{1−ϵ}_{12} ln n ãéá ïðïéïäÞðïôå ϵ > 0, åêôüò áí NP ⊆ T IME(n^{O(log log n)}) ([18, 15]).

Ðñüôáóç 10.6 Ôá ðñïâëÞìáôá: Maximum Value Vertex Guard, Maximum Value Edge Guard, Maximum Value Vertex Guard watching version, Maximum Value Edge Guard watching version, Maximum Length Vertex Guard, Maximum Length Edge Guard, Maximum Value Vertex Guard with Painting Placement êáé Maximum Value Edge Guard with Painting Placement óå ðïëýãùíá ìå ôñýðåò åSSíáé APX-hard.

Áðüäåéîç. ÁíÜãïõìå ôï Max-5-Occurence-3-Sat óå êáèÝíá áðü ôá ðáñáðÜíù ðñïâëÞìáôá. Óôï êáôáóêåõáóôéêü ìÝñïò ôçò êÜèå áíáãùãÞò ðñïóèÝôïõìå ìéá ôñýðá êáé Ýíá \áõôSS" óôçí áñéóôåñÞ êÜôù ãùíSSá ôïõ ðïëõãþíïõ, üðùò öáSSíåôáé óôï óœÞìá 10.3. Ôï èåþñçìá 9.1 éóœýåé ãéá êÜèå áíáãùãÞ. □

10.6. ÏÑÉÏ ÓÕÍÏËÉÊÏÕ ÊÏÓÔÏÕÓ (5 / 6 / 7) 103

10.6 ĳñéï óõíïëéêïý êüóôïõò (5 / 6 / 7)

Ôá ðñïâëÞìáôá ôùí êåöáëáSSùí 2, 3, 4 áðïôåëïýí åéäéêÝò ðåñéðôþóåéò ôùí ðñïâëçìÜôùí ìå üñéï óõíïëéêïý êüóôïõò ðïõ åîåôÜóáìå óôá êåöÜëáéá 5, 6, 7. üðïõ êÜèå õðïøÞöéá èÝóç öýëáêá Ýœåé êüóôïò 1.

Ðñüôáóç 10.7 Ôá ðñïâëÞìáôá: Budgeted Maximum Value Vertex Guard, Budgeted Maximum Value Edge Guard, Budgeted Maximum Value Vertex Guard watching version, Budgeted Maximum Value Edge Guard watching version, Budgeted Maximum Length Vertex Guard, Budgeted Maximum Length Edge Guard, Budgeted Maximum Value Vertex Guard with Painting Placement êáé Budgeted Maximum Value Edge Guard with Painting Placement óå ðïëýãùíá ìå Þ œùñSSò ôñýðåò åSSíáé APX-hard.

10.7 APX-completeness

Áðü ôá áðïôåëÝóìáôá ôïõ êåöáëáSSïõ áõôïý êáé ôùí êåöáëáSSùí 2, 3, 4, 5, 6, 7 ðñïêýðôïõí üôé:

Èåþñçìá 10.1 Ôá ðñïâëÞìáôá: Maximum Value Vertex Guard, Maximum Value Edge Guard, Maximum Value Vertex Guard watching version, Maximum Value Edge Guard watching version, Maximum Length Vertex Guard, Maximum Length Edge Guard, Maximum Value Vertex Guard with Painting Placement êáé Maximum Value Edge Guard with Painting Placement óå ðïëýãùíá ìå Þ œùñSSò ôñýðåò åSSíáé APX-complete.

Èåþñçìá 10.2 Ôá ðñïâëÞìáôá: Budgeted Maximum Value Vertex Guard, Budgeted Maximum Value Edge Guard, Budgeted Maximum Value Vertex Guard watching version, Budgeted Maximum Value Edge Guard watching version, Budgeted Maximum Length Vertex Guard, Budgeted Maximum Length Edge Guard, Budgeted Maximum Value Vertex Guard with Painting Placement êáé Budgeted Maximum Value Edge Guard with Painting Placement óå ðïëýãùíá ìå Þ œùñSSò ôñýðåò åSSíáé APX-complete.

104 ÊÅÖÁËÁÉÏ 10. APX-COMPLETE ÐÑÏÂËÇÌÁÔÁ

ÊåöÜëáéï 11

ÃñáöïèåùñçôéêÜ ðñïâëÞìáôá

11.1 ÄéáìÝñéóç ôïõ ðïëõãþíïõ óå k êëSSêåò

Óå áõôü ôï êåöÜëáéï èá åîåôÜóïõìå Ýíá ðñüâëçìá óå ðïëýãùíá œùñSSò ôñýðåò. Ôï ðñüâëçìá áõôü üðùò èá äïýìå ìðïñïýìå íá ôï äéáôõðþóïõìå óå ãñáöÞìáôá. Èá åöáñìüóïõìå ôç ìÝèïäï ôùí ðñïçãïýìåíùí êåöáëáSSùí.

ÿóôù Ýíá ðïëýãùíï P œùñSSò ôñýðåò, ìå âÜñç óôéò êïñõöÝò ôïõ êáé Ýíáò áêÝñáéïò k > 0. ÆçôÜìå k êõñôÜ õðïðïëýãùíá C_i ôïõ P (ðéèáíþò åðéêáëõðôüìåíá) ìå V (C_i) ⊆ V (P ) Ýôóé þóôå ôï âÜñïò ôùí êïñõöþí ôùí õðïðïëõãþíùí íá åSSíáé ìÝãéóôï.

Áõôü ôï ðñüâëçìá, åêôüò áðü èåùñçôéêü åíäéáöÝñïí, Ýœåé åöáñìïãÝò óå áóýñìáôá äSSêôõá åðéêïéíùíSSáò:

ÿóôù Ýíáò áñéèìüò áðü ðüëåéò ìáæSS ìå ôïõò ðëçèõóìïýò ôïõò. ÁõôÝò ïé ðüëåéò ìðïñïýí íá ìïíôåëïðïéçèïýí óáí êïñõöÝò ìå âÜñç åíüò áðëïý ðïëõãþíïõ œùñSSò ôñýðåò. ÆçôÜìå íá óœåäéÜóïõìå ôï ðïëý k áóýñìáôá äSSêôõá, Ýôóé þóôå íá ìðïñåSS íá åðéêïéíùíåSS Ýíáò ìÝãéóôïò áñéèìüò áíèñþðùí êáé üëåò ïé ðüëåéò ðïõ âñSSóêïíôáé óôï SSäéï äSSêôõï íá ìðïñïýí íá åðéêïéíùíïýí áð’ åõèåSSáò êáé üœé ìÝóù êÜðïéïõ óôáèìïý.

ÁíôSS ãéá êõñôÜ õðïðïëýãùíá åSSíáé éóïäýíáìï íá øÜœíïõìå ãéá êëSSêåò óôï ãñÜöï ïñáôüôçôáò ôïõ ðïëõãþíïõ.

ÿíá êõñôü õðïðïëýãùíï C åíüò ðïëõãþíïõ P Ýœåé ãñÜöï ïñáôüôçôáò ðïõ åSSíáé õðïãñÜöçìá ôïõ ãñÜöïõ ïñáôüôçôáò ôïõ P .ÌÜëéóôá áõôü ôï õðïãñÜöçìá åSSíáé êëSSêá.

ÌÝóù ôïõ ãñÜöïõ ïñáôüôçôáò ëïéðüí, ìðïñïýìå íá ðåñÜóïõìå áðü ðñïâëÞìáôá õðïëïãéóôéêÞò ãåùìåôñSSáò óå ðñïâëÞìáôá ãñáöçìÜôùí. Ìðïñïýìå åðSSóçò íá áíôéìåôùðSSóïõìå äéÜöïñá ðñïâëÞìáôá ãñáöçìÜôùí ìå ðïëýãùíá. Äõóôõœþò ôï ìüíï ðïõ îÝñïõìå ãéá ôï ðñüâëçìá ôçò áíáãíþñéóçò åíüò ãñÜöïõ ïñáôüôçôáò, åSSíáé üôé âñSSóêåôáé óôï PSPACE [19]. ÄçëáäÞ äåí åSSíáé ãíùóôüò Ýíáò ãñÞãïñïò áëãüñéèìïò ðïõ íá áðïöáóSSæåé áí Ýíáò äåäïìÝíïò ãñÜöïò åSSíáé ãñÜöïò ïñáôüôçôáò ãéá êÜðïéï ðïëýãùíï Þ üœé.

Óõíåðþò ãéá íá ìðïñÝóïõìå íá áíôéìåôùðSSóïõìå Ýíá ðñüâëçìá ãñáöçìÜôùí œñçóéìïðïéþíôáò ðïëýãùíá èá ðñÝðåé íá îÝñïõìå üôé ôï ãñÜöçìá åSSíáé ãñÜöïò ïñáôüôçôáò êÜðïéïõ ðïëõãþíïõ. ÓõíÞèùò ìáò äSSíïõí ôï áíôSSóôïéœï ðïëýãùíï.

106 ÊÅÖÁËÁÉÏ 11. ÃÑÁÖÏÈÅÙÑÇÔÉÊÁ ÐÑÏÂËÇÌÁÔÁ

Ãéá ðáñÜäåéãìá ôï ðñüâëçìá ôçò åýñåóçò ìéáò ìÝãéóôçò êëSSêáò óå Ýíá ãñÜöï åSSíáé NP-hard, åíþ äåí ðñïóåããSSæåôáé ïýôå êáí ìå ëïãáñéèìéêü ðáñÜãïíôá. Áí üìùò ï ãñÜöïò åSSíáé ãñÜöïò ïñáôüôçôáò, ôüôå ôï ðñüâëçìá áíÞêåé óôï P . ÄçëáäÞ ìðïñïýìå íá âñïýìå Ýíá ìÝãéóôï êõñôü õðïðïëýãùíï ôïõ áñœéêïý êõñôïý ðïëõãþíïõ óå ðïëõùíõìéêü œñüíï.

Ðáñüìïéá ðñïâëÞìáôá ìå áõôü ðïõ ìåëåôïýìå åäþ åSSíáé:

Ôï ðñüâëçìá ôïõ êáôáêåñìáôéóìïý ôïõ ðïëõãþíïõ óå Ýíá åëÜœéóôï áñéèìü áðü êõñôÜ ðïëýãùíá ðïõ âñSSóêïíôáé ìÝóá óôï ðïëýãùíï. ÅÜí èÝëïõìå ôá êõñôÜ ðïëýãùíá íá ìçí åðéêáëýðôïíôáé, ôüôå ôï ðñüâëçìá ðïõ ïíïìÜæåôáé Minimum Convex Decomposition ìðïñåSS íá ëõèåSS óå ðïëõùíõìéêü œñüíï ([6, 7]). ÅÜí ôá êõñôÜ ðïëýãùíá åðéôñÝðåôáé íá åðéêáëýðôïíôáé, ôüôå ôï ðñüâëçìá ïíïìÜæåôáé Minimum Convex Cover êáé åSSíáé APX-hard, åíþ åSSíáé ãíùóôüò ìüíï ëïãáñéèìéêÞò ðñïóÝããéóçò áëãüñéèìïò ([15]).

Ôï ðñüâëçìá Maximum Weight In k Cliques åSSíáé NP-hard, êáèþò ôï áíôSSóôïéœï ðñüâëçìá áðüöáóçò åSSíáé NP-hard.

Ðñüôáóç 11.1 Ôï ðñüâëçìá Maximum Weight In k Cliques åSSíáé NP-hard.

Áðüäåéîç. Èá áíÜãïõìå ôï ðñüâëçìá áðüöáóçò Minimum Clique Partition On Visibility Graph óôï ðñüâëçìá áðüöáóçò Maximum Weight In k Cliques. ÿóôù ëïéðüí üôé ìáò äSSíåôáé Ýíáò ãñÜöïò ïñáôüôçôáò êáé Ýíáò áêÝñáéïò k êáé ìáò ñùôïýí áí ìðïñåSS ï ãñÜöïò íá œùñéóôåSS óå ôï ðïëý k êëSSêåò. Áõôü åSSíáé Ýíá óôéãìéüôõðï ôïõ ðñïâëÞìáôïò áðüöáóçò Minimum Clique Partition On Visibility Graph.

ÐáSSñíïõìå ôïí SSäéï ãñÜöï êáé âÜæïõìå âÜñïò 1 óå êÜèå ôïõ êïñõöÞ. ÑùôÜìå: ìå ôï ðïëý k êëSSêåò ìðïñïýìå íá êáëýøïõìå âÜñïò ≥ n; (üðïõ n ï áñéèìüò ôùí êïñõöþí). Áõôü åSSíáé Ýíá óôéãìéüôõðï ôïõ ðñïâëÞìáôïò áðüöáóçò Maximum Weight In k Cliques.

Áí ç áðÜíôçóç ôïõ ðñïâëÞìáôïò áðüöáóçò Maximum Weight In k Cliques åSSíáé ‘ÍÁÉ’, ôüôå óçìáSSíåé üôé ï ãñÜöïò ìðïñåSS íá œùñéóôåSS óå k êëSSêåò, äçëáäÞ ç áðÜíôçóç ôïõ ðñïâëÞìáôïò áðüöáóçò Minimum Clique Partition On Visibility Graph åSSíáé ‘ÍÁÉ’.

Áí ç áðÜíôçóç ôïõ ðñïâëÞìáôïò áðüöáóçò Maximum Weight In k Cliques åSSíáé ‘ÏŒÉ’, ôüôå êáé ç áðÜíôçóç ôïõ ðñïâëÞìáôïò áðüöáóçò Minimum Clique Partition On Visibility Graph åSSíáé ‘ÏŒÉ’.

ÎÝñïõìå üôé ôï Minimum Clique Partition On Visibility Graph åSSíáé NP-hard, óõíåðþò ôï ðñüâëçìá Maximum Weight In k Cliques åSSíáé NP-hard. □ Èá ðåñéãñÜøïõìå ôþñá Ýíáí áëãüñéèìï ðïëõùíõìéêïý œñüíïõ ï ïðïSSïò ðñïóåããSSæåé êáôÜ Ýíá óôáèåñü ðáñÜãïíôá ôï ðñüâëçìá Maximum Weight In k Cliques. Ï áëãüñéèìïò áõôüò åSSíáé Ýíáò greedy åðáíáëçðôéêüò áëãüñéèìïò ï ïðïSSïò óå êÜèå âÞìá âñSSóêåé ìéá êëSSêá ìÝãéóôïõ âÜñïõò óôï ãñÜöï ïñáôüôçôáò.

Ôï ðñüâëçìá ôçò åýñåóçò ìéáò êëSSêáò ìÝãéóôïõ âÜñïõò óå Ýíá ãåíéêü ãñÜöï åSSíáé NP-hard. Óå Ýíá ãñÜöï ïñáôüôçôáò üìùò, ôï ðñüâëçìá Maximum Weighted Clique On Visibility Graph áíÞêåé óôï P ([3, 13, 14]).

11.1. ÄÉÁÌÅÑÉÓÇ ÔÏÕ ÐÏËÕÃÙÍÏÕ ÓÅ K ÊËÉÊÅÓ 107

ÁêïëïõèåSS ï ðñïóåããéóôéêüò áëãüñéèìïò ðïõ ðñïóåããSSæåé ôï ðñüâëçìá Maximum Weight In k Cliques.

Algorithm 19 MaximumWeightinkCliques (* greedy *) SOL ← ∅; for i = 1 to k do

S_i ← MaxWeightedClique(V_G) SOL ← SOL ∪ V (S_i) W (V (S_i)) ← 0 end for return W (SOL)

Ï greedy áëãüñéèìïò 19 äïõëåýåé ùò åîÞò: óå êÜèå âÞìá âñSSóêåé ìéá êëSSêá ìåãSSóôïõ âÜñïõò œñçóéìïðïéþíôáò êÜðïéïí áðü ôïõò ãíùóôïýò áëãüñéèìïõò. ÂÜæåé ôéò êïñõöÝò ôçò êëSSêáò óôï óýíïëï ôçò ëýóçò êáé ìçäåíSSæåé ôá âÜñç ôïõò. Ï áëãüñéèìïò 19 ëïéðüí óå êÜèå âÞìá ðñïêáëåSS ìéá ìÝãéóôç áýîçóç óôç óõíïëéêÞ ëýóç, üðùò áêñéâþò êáé óôï ðñüâëçìá Maximum Value Vertex Guard.

Èåþñçìá 11.1 Ï áëãüñéèìïò 19 ôñÝœåé óå ðïëõùíõìéêü œñüíï êáé ðåôõœáSSíåé ðñïóÝããéóç 1.58 ôçò âÝëôéóôçò ëýóçò ôïõ ðñïâëÞìáôïò Maximum Weight In k Cliques.

Èåþñçìá 11.2 Ôï ðñüâëçìá Maximum Weight In k Cliques äåí åðéäÝœåôáé FPTAS, åêôüò áí P = NP .

Áðüäåéîç. ÿóôù üôé õðÜñœåé FPTAS ãéá áõôü ôï ðñüâëçìá. Èá áðïäåSSîïõìå üôé œñçóéìïðïéþíôáò áõôü ôï FPTAS ìðïñïýìå íá ëýóïõìå óå ðïëõùíõìéêü œñüíï ôï ðñüâëçìá áðüöáóçò Minimum Clique Partition On Visibility Graph.

Áò õðïèÝóïõìå ëïéðüí üôé õðÜñœåé Ýíáò áëãüñéèìïò ï ïðïSSïò ðåôõœáSSíåé ðñïóÝããéóç 1 − ϵ, ∀ϵ > 0 óå ðïëõùíõìéêü œñüíï ùò ðñïò ôçí åSSóïäï êáé ôï^1_ϵ .

Áò èõìçèïýìå åðSSóçò ôï ðñüâëçìá áðüöáóçò Minimum Clique Partition On Visibility Graph: ÿœïõìå Ýíá ãñÜöï ïñáôüôçôáò ìå n êüìâïõò êáé Ýíáí áêÝñáéï k > 0. ÈÝëïõìå íá áðïöáóSSóïõìå áí ï ãñÜöïò ìðïñåSS íá œùñéóôåSS óå k êëSSêåò.

ÌåôáóœçìáôSSæïõìå áõôü ôï óôéãìéüôõðï ôïõ ðñïâëÞìáôïò Minimum Clique Partition On Visibility Graph óå óôéãìéüôõðï ôïõ ðñïâëÞìáôïò Maximum Weight In k Cliques ùò åîÞò:

ÐáSSñíïõìå ôïí SSäéï ãñÜöï ïñáôüôçôáò êáé âÜæïõìå âÜñïò 1 óå êÜèå êüìâï. ÑùôÜìå: ìå k êëSSêåò ðïéï åSSíáé ôï ìÝãéóôï âÜñïò êüìâùí ðïõ ìðïñïýìå íá êáëýøïõìå; Åöáñìüæïõìå ôï FPTAS ìå ϵ =^1_n .

ÿóôù SOL åSSíáé ç ëýóç ðïõ ìáò åðéóôñÝöåé ôï FPTAS êáé OPT ìéá âÝëôéóôç ëýóç.

• Áí SOL = n ôüôå OP T = n, äçëáäÞ ìå k êëSSêåò ìðïñïýí íá êáëõöèïýí üëïé ïé êüìâïé, óõíåðþò ç áðÜíôçóç óôï ðñüâëçìá áðüöáóçò Minimum Clique Partition On Visibility Graph åSSíáé ‘ÍÁÉ’.

108 ÊÅÖÁËÁÉÏ 11. ÃÑÁÖÏÈÅÙÑÇÔÉÊÁ ÐÑÏÂËÇÌÁÔÁ • Áí SOL ≤ n − 1 ôüôå: áðü ôçí ýðáñîç ôïõ FPTAS éóœýåé: SOL > (1 − ϵ)OP T → (1 − 1 n )OP T < SOL êáé áðü ôçí ðáñáðÜíù óœÝóç: (1 − 1 n )OP T < n − 1 → OP T < n äçëáäÞ ìå k êëSSêåò äåí ìðïñïýí íá êáëõöèïýí üëïé ïé êüìâïé, óõíåðþò ç áðÜíôçóç óôï ðñüâëçìá áðüöáóçò Minimum Clique Partition On Visibility Graph åSSíáé ‘ÏŒÉ’.

ÄçëáäÞ âëÝðïõìå üôé œñçóéìïðïéþíôáò ôï FPTAS ìðïñïýìå óå œñüíï P oly(n + ϵ) = P oly(n) íá ëýóïõìå Ýíá NP-hard ðñüâëçìá áðüöáóçò. Óõíåðþò, åêôüò áí P = NP , äå ìðïñåSS íá õðÜñœåé FPTAS ãéá ôï ðñüâëçìá Maximum Weight In k Cliques. □

ÊåöÜëáéï 12

Êáéíïýñéá ÐñïâëÞìáôá

12.1 Ïñáôüôçôá ðïëõãþíùí

Óôçí ðåñSSðôùóç ôïõ ðñïâëÞìáôïò ðåñéöñïýñçóçò ìÝãéóôçò áîSSáò ôçò ðåñéìÝôñïõ åíüò ðïëõãþíïõ áðü äåäïìÝíï áñéèìü öõëÜêùí (Maximum Value Vertex Guard), åSSœáìå èÝóåé ôïí ðåñéïñéóìü êÜèå ôìÞìá (ðSSíáêáò) ðïõ áíÞêåé óôï óýíïëï ôùí ëýóåùí íá öáSSíåôáé ïëüêëçñï áðü ôïõëÜœéóôïí Ýíá öýëáêá.

Ôé ãSSíåôáé üìùò óôçí ðåñSSðôùóç ðïõ Üñïõìå áõôüí ôïí ðåñéïñéóìü; Ìå Üëëá ëüãéá óôï óýíïëï ëýóçò ìðïñïýìå íá Ýœïõìå ôìÞìáôá ôá ïðïSSá äåí öáSSíïíôáé ïëüêëçñá áðü Ýíá öýëáêá áëëÜ áðü ðåñéóóüôåñïõò.

Ãéá ðáñÜäåéãìá óôï óœÞìá 3.2 ôïõ êåöáëáSSïõ 3 ôï ôìÞìá (a, b) äå öáéíüôáí ïëüêëçñï áðü ôçí êïñõöÞ 1 Þ 2. Óõíåðþò óå áõôü ôï êïììÜôé ôïõ ðïëõãþíïõ, åÜí ï áëãüñéèìïò 3 ðïõ äþóáìå óôçí åíüôçôá 3.1 åðÝëåãå íá ôïðïèåôÞóåé öýëáêåò óôéò êïñõöÝò 1 êáé 2 (óôï óœÞìá 3.2 öáSSíåôáé Ýíá êïììÜôé ôïõ ðïëõãþíïõ) ôüôå ôï ôìÞìá (a, b) äåí èá ôï ðåñéöñïõñïýóå ïëüêëçñï Ýíáò öýëáêáò. ÅÜí ëïéðüí ôþñá ìáò åíäéáöÝñåé áðëÜ ôï ôìÞìá (a, b) íá ðåñéöñïõñåSSôáé, ôüôå áêüìç êáé áí õðÞñœáí öýëáêåò ìüíï óôéò êïñõöÝò 1 êáé 2, ôï (a, b) ðåñéöñïõñåSSôáé.

Áò äïýìå ðñþôá ôçí ðåñSSðôùóç óôçí ïðïSSá åíäéáöåñüìáóôå ãéá ôïí åëÜœéóôï áñéèìü öõëÜêùí ðïõ œñåéÜæïíôáé ãéá íá öñïõñïýí Ýíáí áñéèìü äåäïìÝíùí ôìçìÜôùí óôçí ðåñSSìåôñï åíüò ðïëõãþíïõ (äçëáäÞ üœé áíáãêáóôéêÜ üëç ôçí ðåñSSìåôñï).

Áí êÜíïõìå ôçí FVS êáôáóêåõÞ, œùñSSæïõìå ôçí ðåñSSìåôñï ôïõ ðïëõãþíïõ óå O(n^2) ôìÞìáôá ìå ôéò ãíùóôÝò éäéüôçôåò. Áí åîáéñÝóïõìå åêåSSíá ôá FVS ôìÞìáôá ôá ïðïSSá äåí Ýœïõí óçìåSSá ôïìÞò (åêôüò SSóùò ôùí Üêñùí ôïõò) ìå ôá äåäïìÝíá ôìÞìáôá (ðSSíáêåò), ôüôå ôï ðñüâëçìá ôçò öýëáîçò üëùí ôùí äåäïìÝíùí ôìçìÜôùí åSSíáé éóïäýíáìï ìå ôï ðñüâëçìá ôçò öýëáîçò üëùí ôùí FVS ôìçìÜôùí. ÄçëáäÞ üôáí åíäéáöåñüìáóôå ãéá ôçí áêñéâÞ ëýóç, üëá ôá äåäïìÝíá ôìÞìáôá öõëÜóóïíôáé áí êáé ìüíï áí öõëÜóóïíôáé üëá ôá FVS ôìÞìáôá.

Óõíåðþò ôï ðñüâëçìá êáé ó’ áõôÞí ôçí ðåñSSðôùóç åSSíáé NP-hard. ÕðïóôçñSSæïõìå üôé ôï ðñüâëçìá åSSíáé åðSSóçò APX-hard, åíþ áí åöáñìüóïõìå ôïí áëãüñéèìï ðïõ äéáëÝãåé êÜèå öïñÜ íá ôïðïèåôÞóåé öýëáêá óôïí êüìâï åêåSSíï áðü ôïí ïðïSSï öáSSíïíôáé ôá ðåñéóóüôåñá FVS ôìÞìáôá, ðåôõœáSSíïõìå log n ðñïóÝããéóç.

Áò äïýìå ôþñá ôé ãSSíåôáé óôçí ðåñSSðôùóç ðïõ ìáò äSSíåôáé Ýíáò áñéèìüò ôìç-

110 ÊÅÖÁËÁÉÏ 12. ÊÁÉÍÏÕÑÉÁ ÐÑÏÂËÇÌÁÔÁ

ìÜôùí ìå áîSSá êáé èÝëïõìå, œñçóéìïðïéþíôáò Ýíáí äïóìÝíï áñéèìü k öõëÜêùí, íá öñïõñïýìå ôç ìÝãéóôç áîSSá.

Ï áëãüñéèìïò ðïõ äþóáìå óôï êåöÜëáéï 3 èá Ýêáíå óðáôÜëç öõëÜêùí üðùò åSSäáìå êáé ðñïçãïõìÝíùò. ÌÜëéóôá, óå áõôÞ ôçí ðåñSSðôùóç äåí öáSSíåôáé íá äïõëåýåé êÜðïéïò greedy áëãüñéèìïò, áöïý ç áîSSá ðïõ ðåñéöñïõñåSSôáé óå êÜðïéï âÞìá ìå ôçí ôïðïèÝôçóç åíüò åðéðëÝïí öýëáêá ìðïñåSS íá åSSíáé ðïëý ìåãáëýôåñç áðü ôçí áîSSá ðïõ èá ðåñéöñïõñïýóå ï öýëáêáò áí åSSœå ðñïóôåèåSS óå Üëëï âÞìá.

Ôï ðñüâëçìá âÝâáéá ðáñáìÝíåé APX-hard.

12.2 Generalized Set Cover

Áðü ôç ìåëÝôç ôïõ ðñïçãïýìåíïõ ðñïâëÞìáôïò ïäçãçèÞêáìå óôïí ïñéóìü åíüò ãåíéêüôåñïõ ðñïâëÞìáôïò óå óýíïëá:

ÿóôù U ìéá óõëëïãÞ áíôéêåéìÝíùí ôá ïðïSSá Ýœïõí áîSSá. ÊÜèå áíôéêåSSìåíï åSSíáé Ýíá óýíïëï äïìéêþí óôïéœåSSùí. ÄSSíïíôáé åðSSóçò ìéá óõëëïãÞ C áðü óýíïëá ôá ïðïSSá ðåñéÝœïõí äïìéêÜ óôïéœåSSá êáé Ýíáò áêÝñáéïò k > 0. Ï óêïðüò ôïõ ðñïâëÞìáôïò Generalized Set Cover åSSíáé íá âñåèïýí k óýíïëá S_i ∈ C Ýôóé þóôå ç áîSSá ôùí áíôéêåéìÝíùí ðïõ êáëýðôïíôáé íá åSSíáé ìÝãéóôç. ÿíá áíôéêåSSìåíï êáëýðôåôáé üôáí Ýœïõìå ðÜñåé üëá ôá äïìéêÜ óôïéœåSSá ôïõ.

Ç äéáöïñÜ áðü ôï êëáóóéêü ðñüâëçìá êÜëõøçò óõíüëùí Set Cover åSSíáé üôé ôþñá Ýíá óýíïëï ìðïñåSS íá êáëýðôåé ìÝñïò áðü êÜðïéï áíôéêåSSìåíï êáé üœé ïëüêëçñï.

Ðñþôç ðåñSSðôùóç: ÆçôÜìå íá âñïýìå ôïí åëÜœéóôï áñéèìü óõíüëùí Ýôóé þóôå íá êáëýðôïõìå üëç ôç óõëëïãÞ.

Äåýôåñç ðåñSSðôùóç: ÆçôÜìå íá âñïýìå ôç ìÝãéóôç áîSSá áðü áíôéêåSSìåíá ðïõ ìðïñïýìå íá êáëýøïõìå ðáSSñíïíôáò Ýíá äåäïìÝíï áñéèìü óõíüëùí.

Óôçí ðñþôç ðåñSSðôùóç, åÜí åðéëÝãïõìå êÜèå öïñÜ ôï óýíïëï ðïõ êáëýðôåé ôá ðåñéóóüôåñá äïìéêÜ óôïéœåSSá ïäçãïýìáóôå óå log n ðñïóÝããéóç ãéá ôïí áñéèìü ôùí öõëÜêùí.

Óôçí äåýôåñç ðåñSSðôùóç, åÜí ðáSSñíïõìå êÜèå öïñÜ åêåSSíï ôï óýíïëï ðïõ ìåãéóôïðïéåSS ôá äïìéêÜ óôïéœåSSá, äåí öôÜíïõìå áíáãêáóôéêÜ óå êÜðïéá óôáèåñÞ ðñïóÝããéóç ôïõ áñéèìïý Þ ôçò áîSSáò ôùí áíôéêåéìÝíùí.

ÊåöÜëáéï 13

ÓõìðåñÜóìáôá êáé ÁíïéœôÜ ÐñïâëÞìáôá

Óå áõôÞ ôçí åñãáóSSá ðåñéãñÜøáìå ìåèüäïõò êáôáêåñìáôéóìïý åíüò ðïëõãþíïõ, äþóáìå ðñïóåããéóôéêïýò áëãüñéèìïõò ðïëõùíõìéêïý œñüíïõ ãéá äéÜöïñá ðñïâëÞìáôá ìåãéóôïðïSSçóçò ôçò êÜëõøçò óå ðïëõãùíéêÝò ðåñéïœÝò, áðïäåSSîáìå üôé áõôÜ ôá ðñïâëÞìáôá åSSíáé APX-hard êáé ôÝëïò åöáñìüóáìå ðáñüìïéåò greedy ìåèüäïõò ðñïóÝããéóçò óå ðñïâëÞìáôá ãñáöçìÜôùí.

ÁñœéêÜ ðåñéãñÜøáìå ôñüðïõò êáôáêåñìáôéóìïý ôçò ðåñéìÝôñïõ êáé ôïõ åóùôåñéêïý ôïõ ðïëõãþíïõ ùò ðñïò ôçí ïñáôüôçôá.

Óôç óõíÝœåéá ïñSSóáìå ôï ðñüâëçìá ôçò ðåñéöñïýñçóçò ìÝãéóôïõ ìÞêïõò ôçò ðåñéìÝôñïõ åíüò ðïëõãþíïõ ìå k öýëáêåò (Maximum Length Vertex Guard). ÁðïäåSSîáìå üôé ôï ðñüâëçìá åSSíáé NP-hard êáé äþóáìå áëãüñéèìïõò ðïëõùíõìéêïý œñüíïõ ðïõ ðåôõœáSSíïõí óôáèåñÞ ðñïóÝããéóç ùò ðñïò ôéò âÝëôéóôåò ëýóåéò ãéá ôéò ðåñéðôþóåéò ôïðïèÝôçóçò ôùí öõëÜêùí óå êïñõöÝò, Þ ðëåõñÝò êáèþò êáé ãéá ôçí ðåñSSðôùóç ðïëýãùíùí ìå ôñýðåò.

ÿðåéôá ïñSSóáìå êáé ìåëåôÞóáìå ôï ðñüâëçìá ôçò êÜëõøçò ìÝãéóôçò áîSSáò ôçò ðåñéìÝôñïõ (Maximum Value Vertex Guard). ÁðïäåSSîáìå üôé ôï ðñüâëçìá åSSíáé NP-hard êáé äþóáìå áëãüñéèìïõò ðïëõùíõìéêïý œñüíïõ ãéá ôéò ðåñéðôþóåéò ôïðïèÝôçóçò öõëÜêùí óå êïñõöÝò Þ ðëåõñÝò êáé ãéá ôçí ðåñSSðôùóç ðïëýãùíùí ìå ôñýðåò. ĳëïé ïé áëãüñéèìïé ðïõ äþóáìå ðåôõœáSSíïõí óôáèåñü ðñïóåããéóôéêü ðáñÜãïíôá. ÏñSSóáìå åðSSóçò ôçí Ýííïéá ôçò åðSSâëåøçò Ýñãùí ôÝœíçò êáé ìåëåôÞóáìå ôï ðñüâëçìá ôçò åðSSâëåøçò Þ ìåñéêÞò êÜëõøçò ìÝãéóôçò áîSSáò. ÁðïäåSSîáìå üôé ôï ðñüâëçìá ðáñáìÝíåé NP-hard êáé äþóáìå ðñïóåããéóôéêïýò áëãïñSSèìïõò ãéá ôéò ðåñéðôþóåéò öõëÜêùí - êïñõöþí, öõëÜêùí - ðëåõñþí êáé ðïëõãþíùí ìå ôñýðåò. ÁðïäåSSîáìå åðSSóçò ðùò ôá ðñïâëÞìáôá áõôÜ äåí Ýœïõí ðñïóåããéóôéêÜ óœÞìáôá ðïëõùíõìéêïý œñüíïõ. ÄçëáäÞ ôá ðñïâëÞìáôá áõôÜ äåí áíÞêïõí óôçí êëÜóç FPTAS (áëëÜ ïýôå êáé óôçí êëÜóç PTAS üðùò äåSSîáìå óôá êåöÜëáéá 9 êáé 10).

Óôç óõíÝœåéá ìåëåôÞóáìå ôï ðñüâëçìá ðåñéöñïýñçóçò ìÝãéóôçò áîSSáò ìå ðáñÜìåôñï ôçí ôïðïèÝôçóç ôùí Ýñãùí ôÝœíçò (Maximum Value Vertex Guard with Painting Placement). Äþóáìå ðñïóåããéóôéêïýò áëãüñéèìïõò ðïõ œñçóéìïðïéïýí Ýíá ðïëõùíõìéêü óœÞìá ãéá ôï ðñüâëçìá (Multiple Knapsack). Áðï-

112 ÊÅÖÁËÁÉÏ 13. ÓÕÌÐÅÑÁÓÌÁÔÁ

äåSSîáìå üôé ðåôõœáSSíïõí óôáèåñïýò ðáñÜãïíôåò ðñïóÝããéóçò ãéá ôéò ðåñéðôþóåéò öõëÜêùí - êïñõöþí, öõëÜêùí - ðëåõñþí êáé ðïëõãþíùí ìå ôñýðåò.

ÏñSSóáìå åðSSóçò ôï ðñüâëçìá ôçò êÜëõøçò ìÝãéóôïõ ìÞêïõò ôçò ðåñéìÝôñïõ ìå üñéï êüóôïõò ðïìðïäåêôþí (Budgeted Maximum Length Vertex Guard). Äþóáìå Ýíáí ðñïóåããéóôéêü áëãüñéèìï êáé áðïäåSSîáìå üôé ðåôõœáSSíåé óôáèåñü ðñïóåããéóôéêü ðáñÜãïíôá ãéá ôéò ðåñéðôþóåéò ôïðïèÝôçóçò ðïìðïäåêôþí óå êïñõöÝò êáé ðëåõñÝò, üðùò åðSSóçò êáé ãéá ôçí ðåñSSðôùóç ðïëõãþíùí ìå ôñýðåò.

ÌåôÜ ïñSSóáìå ôï ðñüâëçìá ôçò êÜëõøçò ìÝãéóôçò áîSSáò ìå Üíù üñéï êüóôïõò ðïìðïäåêôþí (Budgeted Maximum Value Vertex Guard). Äþóáìå êáé ãéá áõôü ôï ðñüâëçìá ðïëõùíõìéêïý œñüíïõ ðñïóåããéóôéêïýò áëãüñéèìïõò.

ÊÜíáìå åðSSóçò åêôüò áðü ôçí ôïðïèÝôçóç ôùí ðïìðïäåêôþí, êáé âÝëôéóôç ôïðïèÝôçóç áíáìåôáäïôþí (Budgeted Maximum Value Vertex Guard with Painting Placement).

ÅðåêôåSSíáìå ìåñéêÜ áðü ôá áðïôåëÝóìáôÜ ìáò ìåëåôþíôáò ðùò ìðïñïýìå íá êáëýøïõìå Ýíá ìÝãéóôï åìâáäüí áðü ôï åóùôåñéêü ôïõ ðïëõãþíïõ (Maximum Area Edge Guard).

Óôç óõíÝœåéá ðåñéãñÜøáìå ìéá áíáãùãÞ äéáôÞñçóçò œÜóìáôïò (gap preserving reduction) áðü ôï ðñüâëçìá Max-5-Occurence-3-Sat óôï ðñüâëçìá Maximum Value Vertex Guard, áðïäåéêíýïíôáò üôé ôï ðñüâëçìá Maximum Value Vertex Guard åSSíáé APX-hard.

ÊÜíïíôáò ôéò êáôÜëëçëåò ôñïðïðïéÞóåéò óôçí ðñïçãïýìåíç áíáãùãÞ áðïäåSSîáìå üôé üëá ôá ðñïâëÞìáôá ðïõ ìåëåôÞóáìå åSSíáé APX-complete.

ÔÝëïò åîåôÜóáìå Ýíá ðñüâëçìá óå ãñáöÞìáôá (Maximum Weight In k Cliques) ãéá ôï ïðïSSï äþóáìå ðñïóåããéóôéêïýò áëãïñSSèìïõò êáé ïñSSóáìå Ýíá ðïëý åíäéáöÝñïí ðñüâëçìá ìå óýíïëá (Generalized Set Cover).

Óýìöùíá ìå ôá áðïôåëÝóìáôá áõôÞò ôçò åñãáóSSáò, ç ôáîéíüìçóç ôùí ðñïâëçìÜôùí êÜëõøçò ðïëõãþíùí óõìðëçñþíåôáé üðùò öáSSíåôáé óôï óœÞìá 13.1.

Ôá ðñïâëÞìáôá åëáœéóôïðïSSçóçò óå ðïëýãùíá ìå ôñýðåò (óõìâïëSSæïõìå MIN (holes) óôï óœÞìá 13.1) åSSíáé ãíùóôü üôé åSSíáé log n-hard êáé ðñïóåããSSæïíôáé ìå ðáñÜãïíôá log n (Üñá log n-complete).

Ôá ðñïâëÞìáôá åëáœéóôïðïSSçóçò óå ðïëýãùíá œùñSSò ôñýðåò (óõìâïëSSæïõìå MIN (without holes) óôï óœÞìá 13.1) åSSíáé ãíùóôü üôé åSSíáé APX-hard êáé ðñïóåããSSæïíôáé ìå ðáñÜãïíôá log n. ÄçëáäÞ äåí åSSíáé ãíùóôü áí åSSíáé APX-complete Þ log n-complete. Ãé’ áõôü óôï óœÞìá 13.1 åSSíáé æùãñáöéóìÝíá ðÜíù óôï üñéï ôçò êëÜóçò APX êáé log n.

Óå áõôÞ ôçí åñãáóSSá áðïäåSSîáìå üôé ôá ðñïâëÞìáôá ìåãéóôïðïSSçóçò óå ðïëýãùíá ìå Þ œùñSSò ôñýðåò (óõìâïëSSæïõìå MAX óôï óœÞìá 13.1) Ýœïõí ðñïóåããéóôéêïýò áëãüñéèìïõò ìå óôáèåñïýò ðáñÜãïíôåò ðñïóÝããéóçò êáé åSSíáé APX-hard. Óõíåðþò åSSíáé APX-complete.

Ôá áíïéœôÜ ðñïâëÞìáôá ðïõ ðñïêýðôïõí åSSíáé:

• ÿœïõìå åðéôýœåé ôéò âÝëôéóôåò ðñïóåããéóéìüôçôåò ãéá ôá ðñïâëÞìáôá ðïõ ìåëåôÞóáìå;

• Ðùò ìåôáâÜëëåôáé ç ðñïóåããéóéìüôçôá áí ïé ðéèáíÝò èÝóåéò ôùí öõëÜêùí åSSíáé óå óçìåSSá óôéò ðëåõñÝò Þ óôï åóùôåñéêü ôïõ ðïëõãþíïõ;

ÓœÞìá 13.1: Ôáîéíüìçóç ôùí Art Gallery ðñïâëçìÜôùí óå êëÜóåéò ðñïóÝããéóçò. ÓõìâïëSSæïõìå ìå: \n^ϵ" ôçí êëÜóç ôùí ðñïâëçìÜôùí ìå O(n^ϵ) ðáñÜãïíôá ðñïóÝããéóçò, \log n" ôçí êëÜóç ôùí ðñïâëçìÜôùí ìå O(log n) ðáñÜãïíôá ðñïóÝããéóçò, APX ôçí êëÜóç ôùí ðñïâëçìÜôùí ìå óôáèåñü ðáñÜãïíôá ðñïóÝããéóçò êáé PTAS ôçí êëÜóç ôùí ðñïâëçìÜôùí ìå ðáñÜãïíôá ðñïóÝããéóçò ïóïäÞðïôå êïíôÜ óôï 1.

• Ðùò ìðïñïýìå íá ôïðïèåôÞóïõìå âÝëôéóôá åêôüò áðü ôïõò ðïìðïäÝêôåò, ôïõò áíáìåôáäüôåò óôï åóùôåñéêü ôïõ ðïëõãþíïõ;

• ÁðïôÝëåóìá ìç-ðñïóåããéóéìüôçôáò ãéá ôï ðñüâëçìá Maximum Weight In k Cliques.

• ÌåëÝôç ôïõ êáéíïýñéïõ ðñïâëÞìáôïò Generalized Set Cover.

114 ÂéâëéïãñáöSSá

ÂéâëéïãñáöSSá

[1] Arora, S., Probabilistic Checking of Proofs and the Hardness of Approximation Problems, PhD thesis, Berkeley, 1994.

[2] Arora, S., Lund, C., Hardness of Approximations; in: Approximation Algorithms for NP-Hard Problems (Dorit Hochbaum ed.), pp. 399-446, PWS Publishing Company, 1996.

[3] Avis, D., Rappaport, D., Computing the largest empty convex subset of a set of points, Proc. 1st Ann. ACM Symposium Computational Geometry, pp. 161-167, 1985.

[4] Baker, B. S., Approximation algorithms for NP-complete problems on planar graphs, J. ACM 41, 153-180, 1994.

[5] Carlsson S., Jonsson H., Guarding a Treasury, Proc. 5th Canadian Conf.

Computational Geometry, pp. 85-90, 1993.

[6] Chazelle, B., Dobkin, D., Decomposing a polygon into its convex parts, Proc.

11th Annual ACM Symp. Theory Comput., pp 38-48, 1979.

[7] Chazelle, B., Dobkin, D., Optimal convex decompositions, Computational Geometry, North-Holland, Netherlands, 1985.

[8] Chekuri, C., Khanna, S., A PTAS for the Multiple Knapsack problem, Proc.

11th ACM Symp on Discrete Algorithms, 213-222, 2000.

[9] Chvatal, V., A combinatorial theorem in plane geometry, J. Combinatorial Theory Ser. B, 13(2):395-398, 1975.

[10] Conforti, M., Cornuejols, G., Submodular functions, matroids and the greedy algorithm: tight worst case bounds and some generalizations of the Rado- Edmonds theorem, Discrete Applied Mathematics 7:257-275, 1984.

[11] Culberson, J., and Reckhow,. R., Covering Polygons is hard, Proc. 29th Symposium on Foundations of Computer Science, pp. 601 - 611, 1988.

[12] Deneen L. L., Joshi S., Treasures in an art gallery, Proc. 4th Canadian Conf.

Computational Geometry, pp. 17-22, 1992.

116 ÂÉÂËÉÏÃÑÁÖÉÁ

[13] Dobkin, D., Edelsbrunner, H., Overmars, H., Searching for Empty Convex Polygons, Algorithmica 5, pp. 561-571, 1990.

[14] Edelsbrunner, H., Guibas, L., Topologically sweeping an arrangement, J.

Comput. System Sci. 38, pp. 165-194, 1989.

[15] Eidenbenz, S., (In-)Approximability of Visibility Problems on Polygons and Terrains, PhD Thesis, ETH Zurich, 2000.

[16] Eidenbenz, S., Inapproximability Results for Guarding Polygons without Holes, Lecture notes in Computer Science, Vol. 1533 (ISAAC’98), p. 427-436, 1998.

[17] Eidenbenz, S. and Stamm, C., Maximum Clique and Minimum Clique Partition in Visibility Graphs, LNCS, 2000.

[18] Eidenbenz, S., Stamm, C., Widmayer, P., Inapproximability of some Art Gallery Problems, Proc. 10th Canadian Conf. Computational Geometry (CCCG’98), pp. 64-65, 1998.

[19] Everett, H., Visibility graph recognition, Report 231/90, Dept. Comput. Sci., Univ. Toronto, Toronto, ON, 1990, Ph.D. Thesis.

[20] Feige, U., A threshold of ln n for Approximating Set Cover; Journal of the ACM, Vol. 45 No. 4, pp. 634 - 652, 1998.

[21] Fisk, S., A short proof of Chv«atal’s watchman theorem, J. Combin. Theory Ser. B 24, 374, 1978.

[22] Ghosh, S., Approximation algorithms for Art Gallery Problems, Proc. of the Canadian Information Processing Society Congress, pp. 429-434, 1987.

[23] Hastad, J., Clique is hard to approximate within n^{1−ϵ}, Proc. of the 37th Symposium on Foundations of Computer Science, IEEE, pp. 627 - 637, 1996.

[24] Hastad, J., Some optimal inapproximability results, Proc. of the 29th Annual ACM Symposium on Theory of Computing 1 - 10, 1997.

[25] Hochbaum, D., Approximation Algorithms for NP-Hard Problems, PWS, 1996.

[26] Hochbaum, D., Approximating Covering and Packing Problems in: Approximation Algorithms for NP-Hard Problems (Dorit Hochbaum ed.), pp. 94-143, PWS Publishing Company, 1996.

[27] Hunt III, H. B., Marathe, M. V., Radhakrishnan, V., Ravi, S. S., Rosenkrantz, D. J., and Stearns, R. E., Nc-approximation schemes for NP- and PSPACEhard problems for geometric graphs, J. Algorithms 26, 238-274, 1998.

[28] Johnson, D. S., Approximation algorithms for combinatorial problems, J.

Comput. System Sci. 9, 256-278, 1974.

ÂÉÂËÉÏÃÑÁÖÉÁ 117

[29] Keil, M., Snoeyink J., On the time bound for convex decompositions of simple polygons, 10th Canadian Conference on Computational Geometry, 1998.

[30] Khuller, S., Moss, A., Naor, J., The Budgeted Maximum Coverage Problem, Information Processing Letters 70(1): 39-45 (1999).

[31] Laurentini A., Guarding the walls of an art gallery, The Visual Computer Journal, (1999) 15:265-278.

[32] Lee, D., Lin, A., Computational complexity of art gallery problems, IEEE Trans. Inform. Theory 32, 276-282, 1986.

[33] Lingas, A., The Power of Non-Rectilinear Holes, Proc. 9th Colloquium on Automata, Languages and Programming, pp. 445 - 454, 1999.

[34] Lund, C., Yannakakis, M., On the hardness of approximating minimization problems, Proc. 25th ACM Symp. on the Theory of Computing, 286-295, 1993.

[35] Markou, E., Fragoudakis, C., Zachos, S., Approximating Visibility Problems within a constant, 3rd Workshop on Approximation and Randomization Algorithms in Communication Networks, Rome pp. 91-103, 2002.

[36] Markou, E., C., Zachos, S., Fragoudakis, C., Maximizing the Guarded Boundary of an Art Gallery is APX-complete, 5th Italian Conference on Algorithms and Complexity, Rome, pp. 2003.

[37] Markou, E., C., Zachos, S., Fragoudakis, C., Budgeted Coverage of a Maximum Part of a Polygonal Area, 2003 (submitted).

[38] Markou, E., C., Zachos, S., Fragoudakis, C., Optimal placement of tranceivers and broadcasters in a polygon, 2003 (submitted).

[39] Markou, E., C., Zachos, S., Fragoudakis, C., Maximizing the Guarded Interior of a polygonal area, 2003 (submitted).

[40] Nemhauser, G., Wolsey, L., Maximizing submodular set functions: formulations and analysis of algorithms. In Studies of Graphs and Discrete Programming North-Holland, Amsterdam, 279-301, 1972.

[41] O’Rourke, J., Art Gallery Theorems and Algorithms, Oxford Univ. Press, New York, 1987.

[42] O’Rourke, J., Streinu, I., The Vertex-Edge Visibility Graph of a Polygon, 1997.

[43] Papadimitriou, C. H., and Yannakakis, M., Optimization, approximation, and complexity classes, J. Comput. System Sci. 43, 425-440, 1991.

[44] Paz, A., Moran, S., Non Deterministic polynomial optimization problems and their approximations, Theoretical Comput. Sci. 15, 251-277, 1981.

118 ÂÉÂËÉÏÃÑÁÖÉÁ [45] Raz, R., and Safra, S., A sub-constant error-probability low-degree test, and sub-constant error-probability PCP characterization of NP, Proc. 29th Ann. ACM Symp. on Theory of Comp., ACM, 475-484,1997.

[46] Shermer, T., Recent results in Art Galleries, Proc. of the IEEE, 1992. [47] Shmoys, D., Tardos, E., An approximation algorithm for the generalized assignment problem, Mathematical Programming A, 62:461-74, 1993.

[48] Urrutia, J., Art gallery and Illumination Problems, Handbook on Comput.

Geometry, 1998.

[49] Vohra, R., Hall, N., A probabilistic analysis of the maximal covering location problem, Discrete Applied Mathematics 43:175-183, 1993.

ÃëùóóÜñé

ãñÜöïò ïñáôüôçôáò ðñïâëÞìáôá ìå åããýçóç áíáãùãÞ äéáôÞñçóçò œÜóìáôïò ðåñéöñïýñçóç åðSSâëåøç ˛nest visibility segmentation ðïìðïäÝêôçò (tranceiver) áíáìåôáäüôçò (broadcaster) áóýñìáôá äSSêôõá åðéêïéíùíSSáò point to point communication point to station communication art gallery êÜëõøç ìåñéêÞ êÜëõøç öýëáêáò óå êïñõöÞ öýëáêáò-ðëåõñÜ

120 ÃëùóóÜñé

Äçìïóéåýóåéò

Coloring Paths In A Tree Nomikos, C., Zachos, S., Markou, E., 6th Panhellenic Conference in Computer Science, Athens, pp. 578 - 588, 1997.

Approximating Visibility Problems within a constant Markou, E., Fragoudakis, C., Zachos, S., 3rd Workshop on Approximation and Randomization Algorithms in Communication Networks, Rome pp. 91-103, 2002.

Maximizing the Guarded Boundary of an Art Gallery is APX-complete Markou, E., Zachos, S., Fragoudakis, C., 5th Italian Conference on Algorithms and Complexity, Rome, pp. 24 - 35, 2003.

Budgeted Coverage of a Maximum Part of a Polygonal Area Markou, E., Zachos, S., Fragoudakis, C., 1st Balkan Conference on Informatics, Thessaloniki, 2003 (accepted).

Optimal placement of tranceivers and broadcasters in a polygon Markou, E., Fragoudakis, C., Zachos, S., 2003 (submitted).

Maximizing the Guarded Interior of a polygonal area Markou, E., Fragoudakis, C., Zachos, S., 2003 (submitted).