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Abstract

This thesis aimed at the extensive study of modern machine learning methodologies,

and the provision of novel methodologies and groundbreaking regards towards

pattern recognition techniques. A great deal of emphasis was put on Variational

Bayesian inference techniques, which, to the author's mind, comprise the future

of statistical clustering-based approaches, resulting in the provision of a novel

model for robust recognition of high-dimensional patterns. Another key concept

studied was fuzzy clustering. In this latter field can be found the most significant

and seminal contribution of this thesis:we have introduced a novel regard towards

fuzzy clustering, by showing that fuzzy clustering techniques,in the form of FCM

algorithm variants, provide an interesting alternative to the EM algorithm (and

other statistical clustering alternatives) for the treatment of probabilistic generative

models. Furthermore, this work provided a novel hidden Markov model, offering

significant benefits comparing to modern sequential data modeling techniques,

as well as a new speaker verification methodology, based on Gaussian process

classifiers.
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B"I>9)$/ 1

Fuzzy clustering '" %#*+, factor

analysis -)$ -).)(/'0( Student's-t

1.1 !#//:'$/

E42. 8"*)($) )14, 8&(/*#1%8 <.) 5)&.#43%# 173>8&*%) )()F#:? (1(4#$L&-

(2? 7"#4:7+. (fuzzy clustering),173 42. =8D"2(2 34& #& 8A)*3%8.8? (1(4#&-

L$8? )5#0#1=#:. 7"#5)=#"&(%<.8? 5)4).#%<? 7&=).3424)?. '&>&5348"),

8A84/S#1%8 42. 78"$74+(2 fuzzy clustering 173 42. 173=8(2 (1(4#&L&D. 42?

%#"F,? ).)014D. 7)")*3.4+. 5)4).8%2%<.+. 5)4/ Student's-t (Student's-

t factor analyzers). N =8%80$+(2 4#1 7"+4#4:7#1 )14#: )0*#"$=%#1 5)=$-

(4)4)& 8F&54, >&) 42? >&)4:7+(2? (42. 7)"#:() 8"*)($) 4+. )7#4808-

(%)4&5D. 858$.+. 8"*)08$+. 7#1 87&4"<7#1. 42. 8&()*+*, 42? 17#=<(8+?

78"$ 42? 5)4).#%,? 4+. %#.480#7#&#1%<.+. >8>#%<.+. (42. >&)>&5)($)

4#1 fuzzy clustering. E2%8&D.84)& >8, 7+? 7)"34& (42. 7)"#:() 8"*)($) %8-

084/4)& 8&>&5/ 2 78"$74+(2 4#1 %#.4<0#1 Student's-t factor analysis,2 7"#48&-
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.3%8.2 %8=#>#0#*$) *&) 42. >&8A)*+*, 4#1 fuzzy clustering 173 42. a priori

173=8(2 42? 7&=).#4&5,? 5)4).#%,? 4+. 8A)*#%<.+. clusters 8$.)& *8.&5,,

5)& +? 4<4#&), %7#"8$ .) 8F)"%#(48$ 5)& *&) #&)>,7#48 /002 173=8(2 5)-

4).#%,?.

N )./01(2 7)")*3.4+. 8$.)& <.) %#.4<0# 5"1F#: 17#LD"#1 )"584/

>2%#F&0<? (8 8F)"%#*<? 4#7&5#: 78"&#"&(%#: 42? >&/(4)(2? 4#1 LD"#1

7)")4,"2(2?. N 5)4).#%, 8.3? factor analyzer ,=&(4)& .) 0)%C/.84)& +?

5).#.&5, (Gaussian). T(43(#, 2 L",(2 42? %)5"14<"+. /5"+. 5)4).#%,?

Student's-t <L8& 7"3(F)4) )7#>8&L=8$ 34& 87&4"<78& 42. %8*)0:48"2 ).=8-

54&53424) 4+. factor analyzers (8 )417&5/ (=#"1CD>2 , =#"1C#*8.,) >8>#-

%<.) 8. (L<(8& %8 42. Gaussian 5)4).#%,. U4(&, 4) #F<02 )73 42. L",(2

4#1 %#.4<0#1 Student's-t factor analysis (4) 70)$(&) 8.3? 17#>8$*%)4#? fuzzy

clustering 8$.)& 4) )530#1=):!"D4#., 7)"<L8& %&) 5)0/ =8%80&+%<.2 %8=#-

>#0#*$) %8$+(2? 4#1 LD"#1 7)")4,"2(2? *&) )0*#"$=%#1? fuzzy clustering,

7#1 87&4"<78& 42. 4)143L"#.2 >&8.<"*8&) fuzzy clustering, 5)& 8.43? 5/=8

8A)*#%<.#1 cluster, 4#7&5,? %8$+(2? 4#1 LD"#1 7)")4,"2(2?. 98:48"#.,

85%84)008:84)& 4) 708#.854,%)4) 4+. Student's-t 5)4).#%D. ).)F#"&5/

%8 42. ).854&53424) 4#1? (8 )417&5/ >8>#%<.) D(48 .) 7)"<L8& <.) 5)-

0/ =8%80&+%<.#, %2 81"84&53 173>8&*%) *&) 8:"+(4# (8 )417&5/ >8>#%<.)

fuzzy clustering.

N 7)"#1(&)S3%8.2 5)4+4<"+ 8"*)($) <L8& >2%#(&81=8$ 173 4# /"="#

%#1:

Sotirios Chatzis, Theodora Varvarigou, "Factor Analysis Latent Subspace Modeling

and Robust Fuzzy Clustering Using t Distributions,'' IEEE Transactions on Fuzzy

Systems, Accepted for Future Publication, 2008.
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1.2 2$+)A4A*

N )./01(2 (1(4#&L&D. (cluster analysis) 8$.)& %&) %8=#>#0#*$) ).)741L=8$-

() *&) 42. (:002K2 4#7&5D. >#%D. - 7"#4:7+. (8 7#01%84/C024) >8>#-

%<.), >&) 42? 8F)"%#*,? 8.3? 5"&42"$#1 (1.)F8$)? *&) 42. #%)>#7#$2(2

4+. 7#01%84)C0,4+. (2%8$+. - >8>#%<.+.. ;&) (2%).4&5, <5F).(2 42?

)./01(2? 7)")*3.4+. 7#1 C"$(584)& (4# 7"#(5,.&#, %8 )"584, 7#0170#-

53424), 8$.)& # C)=%3? 42? )5)%K$)? (crispness) 4#1 87&=1%24#: >&)%8"&-

(%#: 4+. >8>#%<.+.. H/%74#.4)? )143 4#. C)=%3 )5)%K$)? <>+(8 (4#

7)"80=3. <.) %8*/0# 78>$# <"81.)? (4# LD"# 42? cluster analysis. !#00#$

(1**")F8$? <L#1. 7"#48$.8& 42. )()F, =8D"2(2 (fuzzy setting) +? 42. 8.-

>8&5.13%8.2 0:(2 (4# 7"3C02%). N =8+"$) )()FD. (1.30+. (fuzzy set

theory), 7"#4)=8$()  )73  4#.  Zadeh [1] 4#  1965, 7)"<L8&  %&)  %#"F,  )C8-

C)&3424)? 4#1 ).,58&. %&)? 7)")4,"2(2? (8 %&) (1*585"&%<.2 (1(4#&L$)

>8>#%<.+. (7"3417#), 78"&*")F3%8.2? )73 %&) (1./"42(2 %84#L,? (memb-

ership function). !"D&%8? 8F)"%#*<? 42? =8+"$)? )()FD. (1.30+. (42.

cluster analysis 78"&0)%C/.#1. 4&? 8"*)($8? 4+. Bellman et al. [2], 5)& Ruspini

[3]. ;&) )73 4&? 7&# >2%#F&08$? 48L.&5<? C/(8& 7"#4:7#1 (>20. 85 4+. 7"#-

4<"+. =8D"2(2? 42? %#"F,? 4+. 8A)*#%<.+. clusters) fuzzy clustering 8$.)&

4# fuzzy c-means (FCM) clustering. M FCM )0*3"&=%#?, )7#480D. 87<54)-

(2 4#1 k-means algorithm, 8&(,L=2 *&) 7"D42 F#"/ )73 4#. Dunn [4]. M

Bezdek [5] 7)"8$L8 %&) *8.$581(2 4#1 FCM )0*#"$=%#1, 8&(/*#.4)? 42. <.-

.#&) 4#1 C)=%#: )()F8$)? (degree of fuzziness), 0)%C/.#.4#? 4&%<? 3L& %&-

5"348"8? )73 <.), 5)& 7)"<L#.4)? %&) *8.&5, %8=#>#0#*$) 854&%24&5,? %8

)7#>8>8&*%<.2 (:*50&(2.M& Gustafson and Kessel [6] 7"#<48&.). %&) 4"#7#-

7#$2(2 4#1 FCM )0*#"$=%#1 %8 8F)"%#*, %&)? 7"#()"%#(4&5,? %84"&5,?
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)73(4)(2?, *&) 8.4#7&(%3 clusters %8 >&)F#"84&5/ *8+%84"&5/ (L,%)4).M&

Gath and Geva [7] 3"&(). %&) 85=84&5, %84"&5, )73(4)(2? *&) 4#. FCM )0-

*3"&=%# *&) .) 0/C#1. %&) .<) 7"#(<**&(2 173 4# )()F<? 173>8&*%) (42.

854&%24&5, %8*$(42? 7&=).#F).8$)? (maximum-likelihood estimation) 4+. 78-

78")(%<.+. 178"=<(8+. 5).#.&5D. 5)4).#%D. (Gaussian mixture models,

GMMs) %8 L",(2 4#1 '; )0*#"$=%#1.

!#00#$ 8"81.24<? <L#1. 850/C8& 4#. 4"37# %8 4#. #7#$# # Bezdek 8&-

(,*)*8 4# degree of fuzziness (4#. k-means algorithm *&) .) 0/C8& 4#. FCM

algorithm, +? %&) 48L.24, %8=3>81(2, (48"#:%8.2 &(L1"/? =8+"24&5,? =8-

%80$+(2?. T? %&) 0:(2 (4# 7"3C02%) )143, #& Li and Mukaidono [8] 7"348&-

.). %&) 7)")00)*, 4#1 FCM algorithm 8&(/*#.4)? %&) .<) 7"#(<**&(2 (4#

fuzzy clustering >&) %<(#1 %&)? 48L.&5,? (1%78")(%#: %8*$(42? 8.4"#7$)?

(maximum entropy inference, MEI). M& Miyamoto and Mukaidono [9] ).)>&)-

%3"F+(). 42. MEI 7"#(<**&(2 =8+"D.4)? 4#. 3"# 8.4"#7$)? +? <.) 3"#

(1(42%)4#7#$2(2? (regularization term).I73 )14, 42. =8D"2(2, 2 )(/F8&)

).4&7"#(+78:84)& )73 4#. regularization term,173 42. %#"F, 8.3? 7)"/*#.-

4) 7#00)70)(&)S3%8.#1 (42. (1.8&(F#"/ 4#1 regularization function (4#

5"&4,"&# 4#1 clustering ().4&58&%8.&5, (1./"42(2). M& Ichihashi et al. [10]

7"#<48&.). %&) 78")&4<"+ 7)")00)*, 4#1 FCM %8 (1(42%)4#7#$2(2 %<(+

42? )73(4)(2? Kullback-Leibler (KL) divergence ).4$ 8.4"#7$)?.

M& )0*3"&=%#& clustering 4:7#1 fuzzy c-means (FCM) 8$.)& (48./ (1.>8-

>8%<.#& %8 4) GMMs (4# )0*#"&=%&53 87$78>#. M& Gan et al. [11] <>8&A).

34& 4# GMM %7#"8$ .) 8"%2.81=8$ +? <.) )="#&(4&53 )()F<? (:(42%).M&

Ichihashi et al. [10] <>8&A). 34& # EM )0*3"&=%#? *&) 4# GMM %7#"8$ .)

8A)L=8$ +? 8&>&5, 78"$74+(2 FCM-4:7#1 fuzzy clustering, >&) 42? =8D"2-
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(2? 42? 5).#.&5#7#&2%<.2? %<(+ KL information )()F#:? ).4&58&%8.&5,?

(1./"42(2?, 5)& *&) %&) 5)4/00202 87&0#*, 42? %84"&5,? )73(4)(2?.

!)"/  42.  %8*/02  4#1?  >2%#F&0$), #& FCM-4:7#1  clustering )0*3"&=-

%#& 8$.)& *.+(43 34& 17#F<"#1. )73 <.) (2%).4&53 %8&#.<542%), 5#&.3 (8

308? 4&? GMM-4:7#1 , GMM-(L84&(%<.8? %8=#>#0#*$8? clustering [12, 13]:

2 854&%24&5, 4+. 7)")%<4"+. 4+. clusters >:.)4)& .) 17#(48$ (2%).4&5,

)".24&5, 87&""#, )73 42. 7)"#1($) )417&5D. >8>#%<.+. (4) >8>#%<.)

857)$>81(2?. 6# 7"3C02%) 42? 7"#(4)($)? )73 )417&5/ >8>#%<.) (8 7"#-

C0,%)4) %8 7#01>&/(4)48? 7)")42",(8&? 8$.)& *.+(43 +? 1K20,? >1(5#-

0$)?, )1A).3%8.2? %8 42. >&/(4)(2 4+. >8>#%<.+. [14]. 9&/F#"#& 8"81-

.24<? <L#1. 7"#(7)=,(8& .) 7"#48$.#1. 0:(8&? (4#. 8. 03*+ 7"3C02%).

;84)A: )14D., 2 noise clustering (NC) technique [15], 7#1 78"&0)%C/.8& 42.

8&()*+*, 8.3? 87&70<#. cluster *&) 42. ).)7)"/(4)(2 4+. )417&5D. >8>#-

%<.+. <L8& 5)4)(48$ <.) )73 4) 7&# >2%#F&0, 8"*)08$) *&) 42. >&)L8$"&(2

4+. )417&5D. >8>#%<.+. (outliers) )73 4#1? fuzzy clustering )0*#"$=%#1?

(7.L., [16--18]). V008? %<=#>#& 7"3(F)4) 7"#4)=8$(8? 78"&0)%C/.#1. 42.

8&()*+*, 8.3? 8$>#1? (1./"42(2? )7+08&D. (loss function) (42. )()F, ).-

4&58&%8.&5, (1./"42(2, D(48 .) 87&4"<K8& 4#. 8.4#7&(%3 4+. outliers 5)&

42. 17#C/=%&(2 42? (1.8&(F#"/? 4#1? (42. 854&%24&5, 4#1 %#.4<0#1 (*&)

%&) 8548., ).)>"#%, 4<4#&+. %8=3>+. ).)4"<A848, 7.L., (4# [13]).T(43(#,

2 81"84&5, F:(2 4+. %8=3>+. )14D. 8$.)& <.) %8*/0# 4#1? %8&#.<542%),

5)=D? 2 )73>#(, 4#1? 8A)"4/4)& )73 4# #"=3 7"#(>&#"&(%3 4+. 81"84&-

5D. 4#1? 7)")%<4"+..-.4&=<4+?, )143 7#1 L"8&/S84)& 8$.)& <.) %)=2%)-

4&53 concept 7#1 .) 7)"<L8& %&) *8.&5,? 8F)"%#*,? 5)& )7#>#4&5, 48L.&-

5, 8.4#7&(%#: 5)& 17#C/=%&(2? 4+. outliers (4) 70)$(&) 4+. )0*#"$=%+.
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fuzzy clustering.

M& 7878")(%<.8? 178"=<(8&? 5)4).#%D. Student's-t (Student's-t mixtures

models, SMMs) <L#1. 8(L/4+? ).)>8&L=8$ +? %&) 8.)00)54&5, (4) GMMs

7)"<L#1() 42. ).)*5)$) ).=854&53424) (8 outliers 7#1 08$78& )73 4) GMMs

[19]. N 7#01%84/C0242 5)4).#%, Student's-t 8$.)& %&) 85=84&5, 7)")C#-

0#8&>,? 5)4).#%, %8 %)5":48"8? #1"<? 5)& %&) 87&70<#. 7)"/%84"# (4#1?

)7#5)0#:%8.#1? C)=%#:? 8081=8"$)?) (8 (L<(2 %8 42. Gaussian, 5)& 48$.8&

(42. Gaussian *&) %8*/08? 4&%<? 4+. C)=%D. 8081=8"$)? 42?.6) SMMs <L8&

5)4)>8&L=8$ 34& %7#"#:. .) 7"#(8**$S#1. )78$"+? 5)0/ /*.+(48? 41L)$-

8? 5)4).#%<?, 78"&0)%C).#%<.+. 5)& 7#0150/>+. 5)4).#%D., 8.D, 7)-

"/0020), 7)"<L#1. %&) 8:"+(42 8.)00)54&5, (4) GMMs, 87&4"<7#1() 4#.

8.4#7&(%3 5)& 42. 17#C/=%&(2 4+. outliers 5)4/ 42. 857)$>81(2 4#1 %#-

.4<0#1, %<(+ %&)? 8**8.#:? (4# %#.4<0# >&)>&5)($)?, C)(&(%<.2? (8 <.)

%)=2%)4&5/ (4<"8# (4)4&(4&53 173>8&*%) [12].

N )./01(2 7)")*3.4+. (factor analysis) 8$.)& <.) *")%%&53 (L,%) 5"1-

FD. %84)C024D. 7#1 87$(2? L"2(&%#7#&8$4)& *&) 4#. 8.4#7&(%3 4#7&5D.

>#%D. (8 >8>#%<.).-.4$(4"#F) 3%+? +? 7"#? 42. cluster analysis, 2 factor

analysis 8$.)& 48L.&5, 4#7&5,? %8$+(2? 4#1 LD"#1 7)")4,"2(2?, %#.480#-

7#&#:() (1(L84$(8&? %84)A: 4+. (1.&(4+(D. 7#01%84)C0,4+. >8>#%<.+.

>&) 42? 85F"/(8+? )14D. 4+. (1(L84$(8+. (8 <.) L)%20D. >&)(4/(8+.

17#LD"#, 5)& /"), %8&D.#1() 4+. LD"# 7)")4,"2(2? )73 <.) %8*)0:48-

"# )"&=%3 7)")42",(&%+. %84)C024D. (8 <.) %&5"348"# )"&=%3 )73 %2-

7)")42",(&%8? %84)C024<? 5)0#:%8.8? +? !"#$%&'()*. N factor analysis

%#.480#7#&8$ 5/=8 7)")4,"2(2 >&)%8"$S#.4/? 42. (8 <.) %2-7)")42",(&%#

4%,%), 0)%C).3%8.# +? # *")%%&53? (1.>1)(%3? 4+. ).4&(4#$L+. 42? !"-
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#"%+'(,', 5)& <.) %2-7)")42",(&%# 4%,%) -.$/0"(&*, 4#1 #7#$#1 #& (1-

.&(4D(8? 0)%C/.#.4)& +? )(1(L<4&(48?. ;&) 78")&4<"+ 173=8(2 4#1 %#-

.4<0#1  factor analysis 8$.)&  34&  4)  >&).:(%)4)  4+.  7)")*3.4+.  5)&  4#1

(F/0%)4#? )5#0#1=#:. Gaussian 5)4).#%<?. N factor analysis 8$.)& (48./

(1.>8>8%<.2 %8 42 48L.&5, principal component analysis (PCA) [20]. T(43(#,

#& %<=#>#& )14<? <L#1. %84)A: 4#1? 7#00<? =8+"24&5<? 5)& )0*#"&=%&5<?

>&)F#"<?, %8 42. (7#1>)&348"2 .) 8$.)& 34& #& 7)"/*#.48? (factors) 7#1 >$-

.8& 2 factor analysis >8. #"$S#.4)& %#.#(,%).4), )00/ %3.# %<L"& 4#. 48-

08(4, 78"&(4"#F,?, 8. ).4&=<(8& %8 42. %#.)>&53424) 4+. principal vectors

7#1 7)"<L8& 4# PCA [21].

;&) 7878")(%<.2 17<"=8(2 )73 factor analyzers (mixture of factor analyzers

model, MFA) 7)"<L8& %&) *8.&5,, %2-*")%%&5, 7"#(<**&(2 *&) 42. ).)7)-

"/(4)(2 %&)? 7#01%84/C0242? 7)")4,"2(2? (8 <.) #0&*#>&/(4)4# 17#-

LD"#, 5)& 0)%C/.84)& %8 42. =8D"2(2 8.3? )"&=%#: 178"4&=<%8.+. factor

analysis %#.4<0+. (*")%%&5/ 17#%#.4<0)) *&) 42. ).)7)"/(4)(2 42? 5)-

4).#%,? 4#1 70,"#1? >&).:(%)4#? 7)")4,"2(2? [22]. 6# %#.4<0# MFA 8$-

.)& (42. 7")*%)4&53424) %&) 8&>&5, 78"$74+(2 4#1 GMM %8 78"&#"&(%<.#

)"&=%3 7)")%<4"+., 7#1 87&4"<78& 42. %8$+(2 4+. C)=%D. 8081=8"$)? 4+.

7&./5+. (1.>&)5:%).(2? 4+. (1.&(4+(D. 4# %#.4<0# 5)4).#%D., %8 4)1-

43L"#.2 >&)4,"2(2 42? 87$>#(,? 4#1 GMM (8 8F)"%#*<? ).)*.D"&(2?

7"#4:7+.. U4(&, 4# %#.4<0# MFA 7)"<L8& 42. >1.)43424) 87)"5#:? %#-

.480#7#$2(2? 8A)&"84&5/ 7#01>&)(4/4+. 7)")42",(8+., 8.D 87&4"<78& 7)-

"/0020) 42. >&8A)*+*, clustering 5)&, 8.43? 5/=8 cluster, 4#7&5,? %8$+(2?

>&/(4)(2? (local dimensionality reduction), )7#>$>#.4)? 7#00/ 708#.854,-

%)4) (8 (L<(2 %8 8.) %#.4<0# 37#1 clustering 5)& local dimensionality reduc-
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tion =) *$.#.4). ).8A/"424) 2 %&) )73 42. /002 [22].

;&) 7"D42 local dimensionality reduction 48L.&5, *&) fuzzy clustering )0-

*#"$=%#1? ,4). # fuzzy c-varieties (FCV) )0*3"&=%#? [23]. M FCV clustering

)0*3"&=%#? %7#"8$ .) =8+"2=8$ +? %&) 48L.&5, 4)143L"#.#1 fuzzy clustering

5)& PCA, 37#1 4) 7"3417) 8$.)& 7#01%84/C0248? *")%%&5<? 7#(34248? 7#1

).)7)"$(4).4)& )73 %8"&5/ >&).:(%)4) local principal component.E4# [24],

# KLFCV )0*3"&=%#? <L8& 7"#4)=8$ +? %&) 4"#7#7#$2(2 4#1 FCV %<(+ (1-

(42%)4#7#$2(2? %8 KL information, 78"&0)%C/.+. 4#. FCV )0*3"&=%# +?

%&) 8&>&5, 17#78"$74+(, 4#1.

E42. 7)"#:() 8"*)($), 7"#48$.#1%8 %&) 5)&.#43%# 7"#(<**&(2 (4# fuzzy

clustering, 7#1 8. 4<08& (1.>1/S8& 4) 708#.854,%)4) 4#1 local dimensionality

redu-ction %8 L",(2 factor analysis 5)& 42. 81"+(4$) (8 outliers 4+. 5)4).#-

%D. Student's-t. N )./01(, %)? A85&./8& )73 42. 173=8(2 34& 4) 7"3417)

7#1 )5#0#1=#:. 4) >8>#%<.) 173 %80<42 %7#"#:. .) ).)7)")(4)=#:. %8

L",(2 %&)? 7878")(%<.2? 17<"=8(2? factor analyzers, 5)4).8%2%<.+. 3L&

5)4/ Gauss, +? ,=&(4)&, )00/ 5)4/ Student's-t. -14, 8$.)& %&) 7"3(F)4)

7"#4)=8$() 4"#7#7#$2(2 4#1 %#.4<0#1 MFA model, 7#1 87&4"<78& 42. 85%8-

4/0081(2 4+. 7"#48"2%/4+. ().)F#"&5/ %8 4) outliers) 4+. 5)4).#%D.

Student's-t [25, 26]. '7$ 42 C/(8& 42? 17#=<(8+? )14,?, 7"#48$.#1%8 %&) *8-

.&5, 5)& =8+"24&5/ (4<"8) %<=#># *&) 42. 8&()*+*, 42? =8+"2=8$(2? 702-

"#F#"$)? (L84&5/ %8 4&? 5)4).#%<? 4+. 7"#4:7+. (clusters) 4+. %#.480#-

7#&#1%<.+. >8>#%<.+. (42. >&)>&5)($) 4#1 fuzzy clustering, 42. #7#$) 5)&

8F)"%3S#1%8 173 4# 173>8&*%) 42? 7)")00)*,? 4#1 FCM algorithm %8 42.

L",(2 (1(42%)4#7#$2(2? %<(+ KL information [10].U4(&, (1./*#1%8 <.).

)0*3"&=%# 7#1 4)143L"#.) 854808$ clustering and, 5)& 8.43? 5/=8 cluster,
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local dimensionality reduction %8 L",(2 factor analysis. '7&70<#., 2 )7#4808-

(%)4&5, 8&()*+*, 42? 702"#F#"$)? *&) 42. 5)4).#%, 7#1 )5#0#1=#:. 4)

8A)54<) clusters (42. >&)>&5)($) 4#1 fuzzy clustering ).)%<.84)& .) 7)"<L8&

(2%).4&5, C804$+(2 (42. 87$>#(2 4#1 clustering, 2 #7#$) 87)1A/.84)& 78-

")&4<"+ 03*+ 42? 81"+(4$)? 42? 5)4).#%,? Student's-t (4) outliers, 37+?

78"&8*"/K)%8 7"#2*#1%<.+?.

6# 1730#&7# 4#1 7)"3.4#? 58F)0)$#1 <L8& +? )5#0#:=+?: E42. 8.342-

4) 1.3 =) 7)"<L#1%8 %&) (:.4#%2 ).)(5372(2 4#1 %#.4<0#1 factor analysis

%8 L",(2  Student's-t 5)4).#%D.. N  8.3424)  1.4 A85&./8& %8 42. 8&()*+-

*, 4#1 7"#48&.3%8.#1 %#.4<0#1 fuzzy mixture of Student's-t factor analyzers

(FMSFA), +? %&)? 1C"&>&5,? 7"#(<**&(2? (42. %#.480#7#$2(2 17#LD"#1

%8 L",(2 factor analysis 173 4# 7"$(%) 42? )()F#:? %#.480#7#$2(2?, 5)&

%8 42. =8D"2(2 >8>#%<.+. 5)4).8%2%<.+. 5)4/ Student's-t. !8")&4<"+,

8A/*#%8 <.) FCM-4:7#1 )0*3"&=%# %8 (1(42%)4#7#$2(2 %<(+ KL information

*&) 42. 854&%24&5, 4#1 FMSFA %#.4<0#1 >#=<.4#? 8.3? (1.30#1 857)$>81-

(2?. 6<0#?, (42. 8.3424) 1.5, 87&>8&5.:#1%8 78&")%)4&5/ 42. )73>#(2 4#1

%#.4<0#1 %)?.

1.3 D(>9<+, !)#)A&(.4( -).> Student's-t (Factor

Analysis on Student's-t distributions)

N )./01(2 7)")*3.4+. (factor analysis) 8$.)& 8.) *")%%&53 %#.4<0# 17#-

LD"#1 *&) 42. (:002K2 4#7&5D. 17#7"#4:7+. (8 %#.480#7#&#:%8.) >8>#-

%<.). U(4+ x1,,..., xn <.) p->&/(4)4# 41L)$# >8$*%) %8*<=#1? n. N factor
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EL,%) 1.1: O")F&5, ).)7)"/(4)(2 42? %#.480#7#$2(2? %8 factor analysis

42? 85)4#(4&)$)? %84)C#0,? (4&? 4&%<? ><5) 84)&"8&D. (8 %&) 78"$#># 100

8C>#%/>+..

analysis %#.480#7#&8$ 4&? 7)")42",(&%8? %84)C024<?, xj , +?

xj = µ + Λyj + ej (1.1)

37#1 yj 8$.)& 8.) q->&/(4)4# (q < p) >&/.1(%) )73 %2 7)")42",(&%8?

%84)C024<?, 5)0#:%8.8? +? !"#$%&'()* 7#1 ).4&(4#&L#:. (42. j#(42 7)-

")4,"2(2, µ 8$.)& # 01-&* 4+. 7)")42",(8+. xj , Λ 8$.)& # p × q 7$.)-

5)? 4+. factor loadings (7)"/%84"#& 4#1 %#.4<0#1), 5)& ej 8$.)& 4# -.$/0"

4#1 %#.4<0#1 7#1 ).4&(4#&L8$ (42. j#(42 7)")4,"2(2. B8+"#:%8 34& #&

(x1,y1), (x2,y2), ..., (xn,yn) 8$.)& ).8A/"4248? 5)& &(3.#%8?.

E4# EL. 1, 7)"<L#1%8 %&) *")F&5, ).)7)"/(4)(2 42? %#.480#7#$2(2?

%8 factor analysis.6# =8+"#:%8.# (:.#0# >8>#%<.+. 78"&0)%C/.8& 42. 85)-

4#(4&)$) %84)C#0, (4&? 4&%<? 4+. %84#LD. ><5) 84)&"8&D. (8 %&) 78"$#-

># 100 8C>#%/>+.. U4(&, 4# (:.#0# >8>#%<.+. %)? 78"&0)%C/.8& 100 10-

>&/(4)4) >8>#%<.),37#1 5/=8 >&/(4)(2 ).4&7"#(+78:8& %&) 84)&"8$).-73
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4&? 10 84)&"8$8?,#& 4 7"D48? ).,5#1. (4# L"2%)4#7&(4+4&53 4#%<),#& 873%8-

.8? 3 8$.)& 8%7#"&5<?,5)& #& 480814)$8? 3 8$.)& 1K20,? 48L.#0#*$)?.N 173=8-

(2 0#&73. 34& #& 4&%<? 4+. %84#LD. 4+. 84)&"8&D. 4#1 &>$#1 4#%<) 48$.#1.

.) %84)C/00#.4)& %8 4#. $>&# 4"37# 5)=D? #& #&5#.#%&5<? (1.=,58? 8A8-

0$((#.4)&, %7#"8$ .) =8+"2=8$ +? 0#*&5,.N factor analysis %7#"8$ .) >D(8&

7#(#4&5, <.>8&A2 34& 7"/*%)4& )14, 2 173=8(2 8$.)& (+(4,. !"#58&%<.#1

0#&73. .) 4# 80<*A#1%8 )143, 857)&>8:#1%8 <.) %#.4<0# factor analysis %8

q = 3 factors, 3(#& >20)>, 5)& #& 4#%8$? 37#1 5)4)4/((#.4)& #& %84#L<?,

(4) >&)=<(&%) >8>#%<.), %8 L",(2 4#1 EM )0*#"$=%#1 *&) factor analyzers

+? 8A,L=2 (4# [22], 5)& 7)"<L#1%8 %&) *")F&5, )78&53.&(2 4# )7#480<(%)-

4#?, 7#1 %7#"8$ .) C"8$48 (4# EL. 1.;&) 85/(42 4+. 10 %84#LD. 7)"&(4/.8-

4)& (4# >&/*")%%) )143 %8 <.) >&/.1(%), 2 5)48:=1.(2 5)& 4# %,5#? 4#1

#7#$#1 >8$L.8& 7D? 2 4&%, 42? %84#L,? 8A)"4/4)& )73 4#1? 3 factors.'7$ 7)-

")>8$*%)4&, #& 4 7"D48? %84#L<?, 7#1 ).,5#1. (4# L"2%)4#7&(4+4&53 4#-

%<), <L#1. =84&5/ factor loadings *&) 4#. 7"D4# factor, 7#1 ).4&(4#&L8$ (4#.

financial sector,5)& )(,%).4) loadings *&) 4#1? /00#1? >1# factors.-143 <L8&

(). )7#4<08(%) 4) >&).:(%)4) 7#1 ).4&(4#&L#:. (4&? 4 7"D48? %84#L<? .)

8$.)& 7"#().)4#0&(%<.) (L8>3. 7)"/0020) (4#. /A#.) 4#1 financial sector

(4# 7"#5:74#. >&/*")%%).H)=8%$) )73 4&? 100 7)")42",(8&? 7)"&(4/.8-

4)& )73 <.) (2%8$# (4# >&/*")%%/ %)?, 5)& #& =<(8&? 4#1? +? 7"#? 4#1?

/A#.8? 5)4)>8&5.:#1. 42. C)=%#0#*$) 4#1? +? 7"#? 4#. 5)=<.) )73 4#1?

4"8&? factors, ,4#& 4&? 4&%<? 4+. ).4&(4#$L+. factor vectors.

E1%C)4&5/ (42. factor analysis, 4) >&).:(%)4) 4+. 7)")*3.4+. (factor

vectors) 5)& 4#1 (F/0%)4#? (error vectors) =8+"8$4)& 34& )5#0#1=#:. 7#-

01%84/C0248? Gaussian 5)4).#%<?. T(43(#, #& 5)4).#%<? Student's-t 7"#-
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(F<"#1. %&) 8.>&)F<"#1() 8.)00)54&5, (4&? Gaussians, 8A)(F)0$S#1()

&(L1", ).=854&53424) (8 outliers. !"#58&%<.#1 .) 85%84)0081=#:%8 )14/

4) 708#.854,%)4) [25,26], 8.)00)54&5/ 4# Student's-t factor analysis %#.4<0#

%7#"8$ .) =8+"2=8$, 37#1 #& factor vectors yj =8+"#:.4)& 5)4).8%2%<.#&

5)4/ Student's-t +?

yj ∼ t(0, Iq, ν) (1.2)

).8A/"424) )73 4) (F/0%)4) ej , 7#1 87$(2? =8+"#:.4)& 5)4).8%2%<.)

5)4/ Student's-t +?

ej ∼ t(0,Ψ, ν) (1.3)

37#1Ψ 8$.)& <.)? >&)*D.&#? 7$.)5)?, Ψ = diag(σ2
1, ..,σ

2
p), Iq 8$.)& # q×q %#-

.)>&)$#? 7$.)5)?, 5)& ν 8$.)& #& C)=%#$ 8081=8"$)? 42? 5)4).#%,? Student's-

t.6) σ2
i 5)0#:.4)& %#.)>&534248? (uniquenesses).N (1./"42(2 715.3424)?

7&=).3424)? ((.7.7.) 42? Student's-t 5)4).#%,?, t(µ,Σ, ν), %8 %<(# µ, 7$.)-

5) (1.>&)5:%).(2? Σ, 5)& ν C)=%#:? 8081=8"$)? >$.84)& )73

t(xj; µ,Σ, ν) =
Γ

(
ν+p
2

)
|Σ|−1/2

(πν)p/2Γ (ν/2){1 + δ(xj,µ;Σ)/ν} ν+p
2

(1.4)

37#1Γ (s) 8$.)& 2 (1./"42(2 Gamma 5)& δ(xj,µ;Σ)2 484")*+.&5, Mahalanobis

distance %84)A: xj,µ %8 (1.>&)5:%).(2 Σ

δ(xj,µ;Σ) = (xj − µ)TΣ−1(xj − µ) (1.5)

6348, )73 4#. #"&(%3 4#1 %#.4<0#1 factor analysis (1) 5)& 4&? 5)4).#%<?

4+. factor vectors 5)& 4+. error vectors, (1./*84)& 34& 173 42. (1.=,52 4+.

).4&(4#$L+. 4#1? factors yj , #& 7)")42",(8&? xj 8$.)& ).8A/"424) 5)4).8-
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%2%<.8? +? t(µ + Λyj,Ψ, ν):

xj|yj ∼ t(µ + Λyj,Ψ, ν) (1.6)

M0#502"D.#.4)? +? 7"#? yj , 2 (6) >$.8& 34&, /.81 (1.=,52?, #& 7)")42-

",(8&? xj 8$.)& ).8A/"4248? 5)& &(3.#%8? 5)4/ %&) 5)4).#%, Student's-t %8

%<(# µ, 5)& 7$.)5) (1.>&)5:%).(2? $(# %8 ΛΛT + Ψ, ,4#&

xj ∼ t(µ,Σ, ν) (1.7)

37#1 4# Σ >$.84)& )73

Σ = ΛΛT + Ψ (1.8)

U.)? 8.)00)54&53? #"&(%3? 42? 5)4).#%,? 4+. factor vectors 5)& 4+.

error vectors %7#"8$ .) 8A)L=8$ L"2(&%#7#&D.4)? %&) 8.>&)F<"#1() &>&342-

4) 42? 5)4).#%,? Student's-t.-5#0#1=D.4)? 4# [27], 2 Student's-t 5)4).#%,

%7#"8$ .) ).)7)")(4)=8$ +? %&) /78&"2 17<"=8(2 )73 Gaussians 4#1 &>$#1

%<(#1 5)& %8 >&)C)=%&(%<.8? )5"$C8&8? ().4$(4"#F#& 4+. 7&./5+. (1.>&)-

5:%).(2?), >$.#.4)?

t(x; µ,Σ, ν) =

∫ ∞

0

N (x; µ,Σ/u)G(u; ν/2, ν/2)du (1.9)

37#1 N (µ,Σ) 8$.)& 2 5).#.&5, 5)4).#%,, 5)& 2 41L)$) %84)C024, u > 0

)5#0#1=8$ 5)4).#%, Gamma 8A)"4D%8.2 %3.# )73 4#1? C)=%#:? 8081=8-

"$)?, ν, 42? =8+"2=8$(2? 5)4).#%,? Student's-t, ,4#&

u ∼ G(ν/2, ν/2) (1.10)
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37#1 2 (.7.7. 42? Gamma distribution, G(u; α,β), >$.84)& )73

G(u; α,β) = uα−1βαe−βu

Γ (a)
(1.11)

@/(8& 42? (9), #& 5)4).#%<? 4+. factor vectors 5)& 4+. error vectors, (2), (3),

8.)00)54&5/ >$.#1.

yj|uj ∼ N (0, Iq/uj) (1.12)

ej|uj ∼ N (0,Ψ/uj) (1.13)

).4&(4#$L+?, 37#1

uj ∼ G(ν/2, ν/2) (1.14)

U4(&, 2 78"&=D"&) 5)4).#%, 4+. 7)")42",(8+., >&>3%8.2 )73 42. (7),

%7#"8$ .) A).)*")F8$ +?

xj|uj ∼ N (µ,Σ/uj) (1.15)

37#1 Σ >$.84)& )73 42. (8), 8.D #& 5)4).#%, 4+. 7)")42",(8+. 173 42.

(1.=,52 4+. ).4&(4#$L+. 4#1? factors, >&>3%8.2 )73 42. (6), %7#"8$ .) A)-

.)*")F8$ +?

xj|yj, uj ∼ N (µ + Λyj,Ψ/uj) (1.16)
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1.4 8/ 5#/."$(&'"(/ FMSFA model

1.4.1 E$).354+, 1/(.@9/<

U(4+ %&) c-(1.&(4+(D. 5)4).#%D. 17<"=8(2 )73 Student's-t factor analyze-

rs, %8 01-&2* µi, 7$.)58? factor loadings Λi, 5)& >&)*D.&#1? 7$.)58? -2'-

34"560"'-7* -.$/0"(&* Ψi, (8 !&-&-($ 2!1#8)-7* (C/"2) πi, i = 1, ..., c.

UL#1%8 >20)>,

xj = µi + Λiyij + eij with probability πi (1.17)

37#1 yij 8$.)& # factor vector # ).4&(4#&LD. (42. j#(42 7)")4,"2(2 >#=<.-

4#? 34& 7"#,0=8 )73 4#. i#(4# (1.&(4D.4) analyzer

yij ∼ t(0, Iq, νi) (1.18)

5)& eij 8$.)& 4# (F/0%) (error) 2 ).4&(4#&L#:() (42. j#(42 7)")4,"2(2

>#=<.4#? 34& 7"#,0=8 )73 4#. i#(4# (1.&(4D.4) analyzer

eij ∼ t(0,Ψi, νi) (1.19)

'7&7"#(=<4+?, C/(8& 4+. (12)-(14), <L#1%8

yij|uij ∼ N (0, Iq/uij) (1.20)

5)&

eij|uij ∼ N (0,Ψi/uij) (1.21)
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).4&(4#$L+?, 37#1

uij ∼ G(νi/2, νi/2) (1.22)

6) C/"2 42? 17<"=8(2?, πi, 8$.)& %2 )".24&5/ 5)& )="#$S#.4)& (42. %#-

./>).

H)=8$?  4+.  (1.&(4D.4+.  42.  =8+"2=8$()  17<"=8(2  Student's-t factor

analyzers %7#"8$ .) =8)=8$ +? #"$S+./).4&7"#(+78:+. <.) cluster (4# LD"#

X 4+. 7)")42",(8+.. -? A85&.,(#1%8 42. )./01(, %)? )73 42. 7&=)-

.3424) p(i|xj), 2 #7#$) 8$.)& 2 a posteriori 7&=).3424) 42? 7)")4,"2(2? xj

.) ).,58& (4# cluster 7#1 ).4&7"#(+78:84)& )73 4#. i#(43 factor analyzer.

UL#1%8 4348

0 ≤ p(i|xj) ≤ 1,
c∑

i=1

p(i|xj) = 1 (1.23)

(i = 1, ..., c, j = 1, ..., n).-5#0#1=D.4)? 4) )7#480<(%)4) 4#1 Ruspini [3], 2

(23) 17#>20D.8& 34& 4) clusters )14/ %7#"#:. 87$(2? .) =8+"2=#:. +? )()-

F, (:.#0) (fuzzy sets), 173 4#. #"&(%3 4#1 Zadeh [1], )00/ 5)& %&) &(L1",

7&=).#=8+"24&5, ).4$02K2.

@/(8& )14D., %7#"#:%8 .) =8+",(#1%8 34& 4# 17#4&=<. %#.4<0# 17<"-

=8(2? factor analyzers, (17), #"$S8& %&) )()F, (fuzzy) c->&)%<"&(2 4#1 LD"#1

X 4+. 7)")42",(8+.. B) (1%C#0$S#1%8 )14, 42. fuzzy >&)%<"&(2 as

R = {rij} (1.24)

37#1 rij (i = 1, ..., c, j = 1, ..., n) 8$.)& # C)=%3? 7#1 2 7)")4,"2(2 xj

).,58& (4# cluster 7#1 ).4&7"#(+78:84)& )73 4#. i#(4# factor analyzer. N

(1./"42(2 rij =) 5)08$4)& (1./"42(2 )()F#:? %84#L,? (fuzzy membership
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function), 5)& <L8& 4&? )530#1=8? &>&34248?:

0 ≤ rij ≤ 1,
c∑

i=1

rij = 1, 0 <
n∑

j=1

rij < n (1.25)

U.) (:.2=8? clustering 5"&4,"&# *&) 4#1? )0*#"$=%#1? fuzzy clustering

FCM-4:7#1 [6] 8$.)& 2 ``)73(4)(2/>&)F#"/'' %84)A: 8.3? >8>#%<.#1 (7)-

")4,"2(2?) 5)& 4#1 7"#4:7#1 ().4&7"#(+7814&53 >&/.1(%)) 4#1 cluster,

7#1 85F"/S84)& >&) %<(#1 42?-2'$#(7-7* "'&0&4+(7("* (dissimilarity func-

tion), dij . E4#. standard FCM )0*3"&=%# [5], 2 "-".9* "'(45)40)'459 -2'$#-

(7-7 (fuzzy objective function) 173 C804&(4#7#$2(2, 7)$".8&, 4348, 42. %#"F,

Jφ !
c∑

i=1

n∑

j=1

rφ
ijdij (1.26)

37#1 φ ≥ 1 8$.)& <.) 85=84&53 C/"#? (8 5/=8 fuzzy membership function

rij , 7#1 80<*L8& 4#. :"80+ "-$.)4"* (degree of fuzziness) 4#1 )0*#"$=%#1,

5)& 5)08$4)& # fuzzifier 4#1 clustering )0*#"$=%#1. H)=D? 2 8&()*+*, 4#1

fuzzifier φ (4) 70)$(&) 4#1 k-means algorithm, 2 #7#$) 5)& )7#>$>8& 42. FCM

fuzzy objective function (26), <L8& =8+"2=8$ (48"#1%<.2 (48"<)? =8+"24&-

5,? 8"%2.8$)?, %&) >&)F#"84&5, 7"#(<**&(2 (4# FCM-4:7#1 fuzzy clustering

<L8& 7"#4)=8$ )73 4#1? Miyamoto 5)& Mukaidono [9], 37#1 2 )()F#7#$2(2

(fuzzification) 87&41*L/.84)& %<(+ %&)? 48L.&5,? (1(42%)4#7#$2(2? (regula-

rization technique) 37#1 <.)? 3"#? 8.4"#7$)? 8&(/*84)& (42. fuzzy objective

function. 6#&#14#4"37+?, 2 fuzzy objective function 7)$".8& 42. %#"F,

Jen
λ !

c∑

i=1

n∑

j=1

rijdij + λ
c∑

i=1

n∑

j=1

rijlogrij (1.27)
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37#1 # 3"#? 8.4"#7$)? 08&4#1"*8$ +? # fuzzifier 5)& 2 7)"/%84"#? λ 8$.)&

4# degree of fuzziness 4#1 %#.4<0#1. M& Ichihashi et al. [10] <L#1. *8.&58:-

(8& 42. 5).#.&5#7#&2%<.2 >&) 8.4"#7$)? FCM-4:7#1 fuzzy objective function

(4) 70)$(&) 4+. 0&'(1/,' !)!)#"-01',' 2!)#81-),' 5"("'&0;' (finite

mixture models), 8&(/*#.4)? %&) 48L.&5, regularization %<(+ Kullback-Leibler

information ).4$ 8.4"#7$)?. I73 )14, 42. =8D"2(2

Jλ !
c∑

i=1

n∑

j=1

rijdij + λ
c∑

i=1

n∑

j=1

rijlog

(
rij

πi

)
(1.28)

37#1 4) πi 8$.)& 4) C/"2 4+. 178"4&=<%8.+. 5)4).#%D..M& Ichihashi et al.

[10] <L#1. >8$A8& 34& %8 %&) 5"($//7/7 )!4/&%9 42? dissimilarity function, dij ,

# regularized %<(+ KL information FCM-4:7#1 fuzzy clustering )0*3"&=%#?,

%8 ).4&58&%8.&5, (1./"42(2 (28), %7#"8$ .) =8+"2=8$ +? %&) )()F#7#$2(2

(fuzzification) 4#1 EM )0*#"$=%#1 *&) GMMs, 5)& )./*84)& (8 )143. *&)

(1*585"&%<.2 87&0#*, 42? 4&%,? 4#1 λ.

E42. 8"*)($) )14,, 8&(/*#1%8 %&) .<) 7"#(<**&(2 (4# FCM-4:7#1 fuzzy

clustering.N %80<42 %)? A85&./8& 173 42. 173=8(2 42? ).)7)"/(4)(2? 8.3?

>#=<.4#? (1.30#1 >8>#%<.+. )73 %&) 7878")(%<.2 17<"=8(2 )73 factor

analyzers (finite mixture of factor analyzers, MFA). '. (1.8L8$), 7"#58&%<.#1

.) 85%84)0081=#:%8 42. 81"+(4$) 42? Student's-t 5)4).#%,? (8 )417&5/

>8>#%<.), 17#=<4#1%8 34& 5)=<.)? )73 4#1? =8+"2=<.48? factor analyzers

)5#0#1=8$ %&) Student's-t 5)4).#%,, 37+? 8A2*,()%8 (4# 1.3. 680&5/, =8+-

"#:.48? 4# 8&()L=<. MFA %#.4<0# +? #"$S+. %&) )()F, >&)%<"&(2 (fuzzy

partition) 4#1 LD"#1 7)")4,"2(2?, 37+? 8A2*,()%8 7"#2*#1%<.+?, )7)&-

4#:%8 42. 8&()*+*, )14#: 4#1 %#.4<0#1 (4) 70)$(&) 8.3? fuzzy clustering
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)0*#"$=%#1. -143 %7#"8$ .) *$.8& 8F&543 L"2(&%#7#&D.4)? 42. regularized

%<(+ KL information 7)")00)*, 4#1 FCM )0*#"$=%#1, 2 #7#$) 7)"<L8&

<.) 5)4/0020# 70)$(&# *&) 42. )()F#7#$2(2 (fuzzification) 4+. finite mixture

models, 5)& >&) 42? 8&()*+*,? %&)? 5)4/00202? dissimilarity function, # #"&-

(%3? 42? #7#$)? .) C)($S84)& 5)& .) )7#""<8& 5)4/0020) )73 42. =8+"2-

=8$() ).)7)"/(4)(2 4+. %#.480#7#&#1%<.+. >8>#%<.+. %8 L",(2 %&)?

7878")(%<.2? 17<"=8(2? Student's-t factor analyzers.6# 7"#5:74#. 173 42.

=8D"2(2 )14,, 0&'(1/& "-".&6* 2!)#81-),* 5"($ Student's-t "'"/2(;'

!"#"%+'(,' (fuzzy mixture of Student's-t factor analyzers model, FMSFA) 8$.)&

<.) fuzzy clustering %#.4<0# 7)"<L#. )1A2%<.2 ).=854&53424) (8 )417&5/

>8>#%<.), 5)& 4)14#L"3.+? 87&4"<7#. 42. 5)0:48"2 %#.480#7#$2(2 8A)&-

"84&5D? 7#01>&)(4/4+. >8>#%<.+. 173 4# 173>8&*%) 4+. fuzzy clustering

)0*#"$=%+., %<(+ 42? L",(2? factor analysis.

O&) .) 8A/*#1%8, 0#&73., 42. fuzzy objective function 4#1 FMSFA model,

7"<78& .) #"$(#1%8 %&) 5)4/00202 dissimilarity function, dij , 7#1 .) 85F"/S8&

42. ).#%#&3424) 4#1 j#(4#1 >8>#%<.#1, xj , +? 7"#? 4# i#(4# cluster ((1.&-

(4D() 5)4).#%, 42? =8+"#1%<.2? 17<"=8(2?), 87$ 42. C/(8& 4#1 7&=).#4&-

5#: #"&(%#: 4#1 FMSFA model. -5#0#1=D.4)? 4#. Hathaway [28], %&) 5)-

4/00202 (1./"42(2 7#1 &5).#7#&8$ )14<? 4&? )7)&4,(8&?, 5)& (1.87D?, 7)-

"<L#1() %&) 5)4/00202 854$%2(2 42? ).#%#&3424)? 8.3? >8>#%<.#1, <(4+

xj , 5)& %&)? =8+"#1%<.2?, <(4+ 42? i#(4,?, (1.&(4D()? 5)4).#%,? 4#1 %#-

.4<0#1 (factor analyzer), 8$.)& 2 )".24&5, 0#*)"&=%#-7&=).#F/.8&) (negative

log-likelihood) 42? i#(42? (1.&(4D()? 5)4).#%,? +? 7"#? 4# >8>#%<.# xj ,

,4#&, # )".24&53? 0#*/"&=%#? 42? (.7.7. p(xj;Θi).-14, 2 87&0#*, 42? dissi-

milarity function <L8& L"2(&%#7#&2=8$ )73 7#00#:? 8"81.24<?, +? 4# 8"*)-
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08$# *&) 42. 87&41L, 8&()*+*, 42? "24,? 702"#F#"$)? (L84&5/ %8 42. 5)-

4).#%,  4+.  8A)54<+.  clusters (42.  >&)>&5)($)  4#1  fuzzy clustering (>8?,

7.L., [16, 24, 29]).

-? )"L$(#%8 42. )./01(, %)? %8 42. (.7.7.%&)? 17<"=8(2? )73 Student's-

t factor analyzers.-73 42. (17) 5)& 4#1? #"&(%#:? 4+. factor vectors, yij , 5)&

4+. error vectors, eij (i = 1, ..., c, j = 1, ..., n), 7#1 >$>#.4)& )73 4&? (18) 5)&

(19), ).4&(4#$L+?, <L#1%8 34& 2 78"&=D"&) 5)4).#%, 5/=8 7)")4,"2(2?,

xj , 7#1 %#.480#7#&8$4)& )73 %&) c-(1.&(4+(D. 17<"=8(2 Student's-t factor

analyzers, >$.84)& )73

p(xj;Θ) =
c∑

i=1

πip(xj;Θi) (1.29)

37#1

p(xj;Θi) = t(xj; µi,Σi, νi) (1.30)

Σi = ΛiΛ
T
i + Ψi (1.31)

Θi = {µi,Λi,Ψi, νi}, 5)&Θ = {πi,Θi}c
i=1.T? 7)")42"#:%8, 2 p(xj;Θi) >8.

8A)"4/4)& %8 /%8(# 4"37# )73 4&? Λi and Ψi, )00/, ).4&=<4+?, )73 4#1?

7$.)58? (1.>&)5:%).(2?Σi, 7#1 )7#480#:. (1./"42(2 4+.Λi 5)&Ψi (i =

1, .., c). E1.87D?, 2 L",(2 %&)? /002?, C#0&5348"2? %#"F,? 42? 5)4).#%,?

4#1 %#.4<0#1 =) ,4). 87&=1%24,.

;&) 5)4)0020348"2 <5F")(2 *&) 42. )./741A2 4#1 FMSFA %#.4<0#1

%7#"8$ .) 8A)L=8$ =8+"D.4)? 42. 173 (1.=,52 5)4).#%, 4#1 xj 87$ 4#1
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5"1F#: 17#LD"#1 Y . UL#1%8

p(xj|{yij}c
i=1;Θ) =

c∑

i=1

πip(xj|yij;Θi) (1.32)

37#1

p(xj|yij;Θi) = t(xj; µi + Λiyij,Ψi, νi) (1.33)

5)& 4) yij 8$.)& 5)4).8%2%<.) 37+? (42. (18). T(43(#, %&) 508&(4#: 4:-

7#1 0:(2 *&) C804&(4#7#$2(2 42? log-likelihood %&)? Student's-t 5)4).#%,?

>8. 1F$(4)4)& [27]. E4) 70)$(&) 4#1 EM )0*#"$=%#1 5)& 4+. 7)")00)*D.

4#1, )143 4# 7"3C02%) <L8& ).4&%84+7&(48$ %8 L",(2 42? (9), >20., L"2-

(&%#7#&D.4)? 42. <5F")(2 42? Student's-t 5)4).#%,? +? %&)? Gaussian %8

>&)C)=%&(%<.2 )5"$C8&), 37#1 2 C)=%$>) 8$.)& %&) 5)4/ Gamma 5)4).8-

%2%<.2 %84)C024,. I73 42. =8D"2(2 )14,, # '; )0*3"&=%#? (1.$(4)4)&

(42. C804&(4#7#$2(2 4#1 4#&#14#4"37+? 0)%C).#%<.#1 87)1A2%<.#1 %#-

.4<0#1, %8 L",(2 42? 2!+ (7' -2'8957 (,' 3)3&01',' !#&-3&57(9* (4-

09* (7* /&%"#480&-!48"'&."')<"* (,' !/9#,' ()!"2=701',') 3)3&01','

(conditional on the data expectation of the complete-data log-likelihood) [27].

;8 )14/ 173K&., 5)& 173 4&? (6) 5)& (16), 2 173 (1.=,52 5)4).#%, 42?

7)")4,"2(2? xj 87$ 4#1 5"1F#: 17#LD"#1 Y *"/F84)& &(#>1./%+?

p(xj|{yij, uij}c
i=1;Θ) =

c∑

i=1

πip(xj|yij, uij;Θi) (1.34)

37#1

p(xj|yij, uij;Θi) = N (xj; µi + Λiyij,Ψi/uij) (1.35)
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2 5)4).#%, 4+. C)=%$>+. (scalars) uij >$.84)& )73 42. (22), 5)& 2 173 (1.-

=,52 5)4).#%, yij|uij >$.84)& )73 42. (20). 6348, 2 <5F")(2 42? 7&=).#-

F).8$)? 4#1 i#(4#: (1.&(4D.4) factor analyzer +? 7"#? 42. j#(4, 7)")4,-

"2(2, xj , 4#. ).4$(4#&L# factor vector, yij , 5)& 4# ).4$(4#&L# precision scalar,

uij , >$.8&

L(Θi; xj,yij, uij) ! p(xj,yij, uij;Θi) =

N (xj; µi + Λiyij,Ψi/uij)N (yij;0, Iq/uij)G(uij; νi/2, νi/2)
(1.36)

-73 4) 7)")7/.+, (1./*84)& 34& 2 likelihood function L(Θi; xj,yij, uij)

7)"<L8& %&) 5)4/00202 854$%2(2 ).#%#&3424)? *&) 4# FMSFA model 5)&

4)14#L"3.+? 8A)(F)0$S8& %&) 17#0#*&(4&5/ )7#>#4&5, >&)>&5)($) 854&%2-

4&5,?. T(43(#, 2 %#"F, 42? (36) 17#>20D.8& 87$(2? 34& *&) 42. 854&%24&5,

4#1 FMSFA )7)&48$4)& 5)& # 17#0#*&(%3? 854&%24"&D. *&) 4) 5"1F/ >8-

>#%<.), >20. 4) factor vectors, yij , 5)& 4) precision scalars, uij , 2 #7#$), 8.

4#:4#&?, =) 7"<78& .) *$.84)& 0)%C).#%<.2? 173K&. 42? 702"#F#"$)? (L8-

4&5/ %8 4&? posterior 5)4).#%<? 4+. %84)C024D. )14D., 37+? (1%C)$.8& 5)&

(4#. EM algorithm *&) mixtures of Student's-t factor analyzers [25].

I73 )14/ 4) >8>#%<.), 8A/*#1%8 42. <5F")(2 42? regularized %<(+ KL

information FCM-4:7#1 fuzzy objective function, Jλ, *&) 4# FMSFA model #"$-

S#.4)? 42. dissimilarity function,dij ,+? (7' 2!+ (7' -2'8957 (,' 3)3&01','

!#&-3&57(9 (409 (7* "#'7(459* /&%"#480&-!48"'&."')<"* (negative log-

likelihood) (&2 i&-(&6 factor analyzer ,* !#&* (7' j&-(7 !"#"(9#7-7 5"4 ("

"'(<-(&4>" factor vector 5"4 precision scalar,−logL(Θi; xj,yij, uij), 3&8)<-7*

(7* (#)>&6-7* )5(407(#<"* (&2 0&'(1/&2, Θ̂.;8 /00) 03*&), #"$S#1%8 42.
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dissimilarity function +?

dij(Θi; Θ̂) ! −EΘ̂

(
logL(Θi; xj,yij, uij)|xj

)
(1.37)

6348, )73 4&? (28) 5)& (37), <L#%8 34& #& fuzzy objective functions 4#1 FMSFA

model )7#480#:. %&) /78&"2 #&5#*<.8&) %8

Jλ (Θ, R) !−
c∑

i=1

n∑

j=1

rijEΘ̂

(
logL(Θi; xj,yij, uij)|xj

)

+ λ
c∑

i=1

n∑

j=1

rijlog

(
rij

πi

) (1.38)

37#1 rij 8$.)& 4) fuzzy membership functions 5)& λ 4# degree of fuzziness 4#1

FMSFA model.

E1*5"$.#.4)? 42. <5F")(2 42? Jλ (Θ, R) %8 42. ).4&58&%8.&5, (1./"42-

(2 4#1 EM)0*#"$=%#1 *&) mixtures of Student's-t factor analyzers,7#1 >$>84)&

)73 [25]

JEM (Θ) =−
c∑

i=1

n∑

j=1

p(i|xj)EΘ̂

(
logL(Θi; xj,yij, uij)|xj

)

−
c∑

i=1

n∑

j=1

p(i|xj)logπi

8$.)& 7"#F).<? 34& )14, 2 87&0#*, 42? dissimilarity function,dij , *&) 4# FMSFA

model )7#>$>8& %&) #&5#*<.8&) fuzzy objective functions 7#1 %7#"#:. .) =8-

+"2=#:. +? %&) FCM-4:7#1 8.)00)54&5, 4#1 EM )0*#"$=%#1 *&) mixtures

of Student's-t factor analyzers [25], 7)"<L#1() %&) .<) =8D"2(2 42? L"2(&-

%3424)? 4#1 fuzzy clustering (5)=D? ).)>8&5.:84)& +? %&) 708#.854#:()
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8.)00)54&5, 4#1 '; )0*#"$=%#1 *&) 42. 857)$>81(2 finite mixture models).

1.4.2 2-.$',.$-* ./< FMSFA Model

N FCM-4:7#1 854&%24&5, 4+. 7)")%<4"+. 4#1 FMSFA model >#=8$(2? %&)?

(100#*,? 857)$>81(2? 8$.)& 8F&54, %<(+ 42? 80)L&(4#7#$2(2? 42? ).4&58&-

%8.&5,? (1./"42(2? (fuzzy objective function) Jλ (Θ, R), >&>#%<.2? )73 42.

(38), +? 7"#? 4) Θ 5)& R, 173 <.) coordinate descent 173>8&*%). U(4+ 2

(k+1)&-(7 87)./02K2 4#1 )0*#"$=%#1. B8+"#:%8 >20)>, #4& 2 4"<L#1()

4&%, 42? 854&%24"$)? 4#1 %#.4<0#1 Θ̂, 8$.)& 2 17#0#*&(%<.2 (42. k#(4, 87)-

./02K2 4#1 )0*#"$=%#1, Θ(k), ,4#&, Θ̂ = Θ(k).-"L&5/, 7"<78& .) 8A/*#1%8

42. <5F")(2 42? 173 (1.=,52 7"#(>#524,? 4&%,? 4+. 0#*)"&=%#-7&=).#-

F).8&D. 4+. (1.&(4+(D. 4# %#.4<0# 5)4).#%D.. 6348, )73 42. (36) <L#1-

%8

logL(Θi; xj,yij, uij) = logL1j(ξi) + logL2j(νi) (1.39)

37#1 ξi = {µi,Λi,Ψi}, 5)& 8$.)&

logL1j(ξi) ! logL(ξi; xj,yij, uij) ⇒

logL1j(ξi) = −p

2
log(2π)− 1

2
log|Ψi|+

p

2
loguij

− uij

2
(xj − µi −Λiyij)

TΨ−1
i (xj − µi −Λiyij)

− q

2
log(2π) +

q

2
loguij −

uij

2
yT

ijyij

(1.40)

logL2j(νi) ! logL(νi; uij) =− logΓ
(νi

2

)
+

νi

2
log

(νi

2

)

+
νi

2
(loguij − uij)− loguij

(1.41)
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E1.87D?, 2 <5F")(2 42? dissimilarity function, 854&%D%8.2? (42. (k+1)#(42

87)./02K2

dij(Θi;Θ
(k)) ! −EΘ(k)

(
logL(Θi; xj,yij, uij)|xj

)
(1.42)

>$.84)& )73

dij(Θi;Θ
(k)) = −Q1j(ξi;Θ

(k))−Q2j(νi;Θ
(k)) (1.43)

37#1

Q1j(ξi;Θ
(k)) = −1

2
log|Ψi|+

p + q

2
EΘ(k) (loguij|xj)

− p + q

2
log(2π) + (xj − µi)

TΨ−1
i ΛiEΘ(k)

(
uijyij|xj

)

− 1

2
trace

[
ΛT

i Ψ−1
i Λi × EΘ(k)

(
uijyijy

T
ij|xj

)]

− 1

2
EΘ(k) (uij|xj) (xj − µi)

TΨ−1
i (xj − µi)

− 1

2
trace

[
EΘ(k)

(
uijyijy

T
ij|xj

)]

(1.44)

Q2j(νi;Θ
(k)) = −logΓ

(νi

2

)
+

νi

2
log

(νi

2

)
+

+
νi

2
EΘ(k) (loguij − uij|xj)− EΘ(k) (loguij|xj)

(1.45)

)73 37#1 <L#1%8 34& # 17#0#*&(%3? 42? dissimilarity function, dij(Θi;Θ
(k)),

)7)&48$ 42. 8A)*+*, 4+. posterior 7"#(>#524D. 4&%D. 4+. precision scalars

uij , EΘ(k) (uij|xj), 5)& 4+. 0#*)"$=%+. )14D., EΘ(k) (loguij|xj), +? 5)& 4+.

7"#(>#524D. 4&%D.EΘ(k)

(
uijyijy

T
ij|xj

)
5)&EΘ(k)

(
uijyij|xj

)
.;7#"8$ .) >8&-

L=8$ (>8? !)"/"42%) A), 34& # 17#0#*&(%3? )14D. 4+. 7"#(>#524D. 4&%D.
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)./*84)&, 8. 4<08&, (4#. 17#0#*&(%3 4+. 7#(#4,4+.

u(k)
ij ! EΘ(k)(uij|xj) =

ν(k)
i + p

ν(k)
i + δ(xj,µ

(k)
i ;Σ(k)

i )
(1.46)

γ(k)
i = (Λ(k)

i Λ(k)T

i + Ψ(k)
i )−1Λ(k)

i (1.47)

ω(k)
i = Iq − γ(k)T

i Λ(k)
i (1.48)

37#1 4) Σ(k)
i >$.#.4)& )73 42. (31).

;7#"#:%8, 70<#., .) 7"#L+",(#1%8 (42. 854&%24&5, 4+. fuzzy member-

ship functions rij , 5)& 4+. 7)")%<4"+. πi, µi, Λi, Ψi, 5)& νi 4#1 %#.4<0#1.W8-

5&./%8 %8 4) fuzzy membership functions,rij .N 80)L&(4#7#$2(2 42? Jλ (Θ, R)

87$ 4+. rij 173 4#. 78"&#"&(%3
∑c

i=1 rij = 1, ∀j = 1, ..., n, >$>8& (>8? !)-

"/"42%) B)

r(k)
ij =

π(k)
i exp

(
− 1

λd(k)
ij

)

∑c
h=1 π(k)

h exp
(
− 1

λd(k)
hj

) (1.49)

'>D, d(k)
ij 8$.)& 2 4&%, 42? dissimilarity function 4#1 FMSFA model, (42), *&)

Θi = Θ(k)
i

d(k)
ij ! dij(Θ

(k)
i ;Θ(k)) (1.50)

!8")&4<"+, 2 80)L&(4#7#$2(2 42? Jλ (Θ, R) +? 7"#? 4) πi, i = 1, ..., c, 173

42. (1.=,52
∑c

i=1 πi = 1, >$>8& (>8? !)"/"42%) B)

π(k+1)
i =

n∑

j=1

r(k)
ij /n (1.51)
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;8 7)"3%#&# 4"37# (>8? !)"/"42%) B) 7)$".#1%8

µ(k+1)
i =

n∑

j=1

r(k)
ij u(k)

ij

(
xj −Λ(k)

i y(k)
ij

)
/

n∑

j=1

r(k)
ij u(k)

ij (1.52)

37#1 y(k)
ij 8$.)& 2 4"<L#1() 4&%, 42? posterior 7"#(>#524,? 4&%,? 4#1 factors

vector 7#1 ).4&(4#&L8$ (4# xj ,+? 7"#? 4#. i#(4# (1.&(4D.4) factor analyzer,

y(k)
ij ! EΘ(k)

(
yij|xj

)
, 5)& >$>84)& )73 (see Appendix A)

y(k)
ij ! EΘ(k)

(
yij|xj

)
= γ(k)T

i (xj − µ(k)
i ) (1.53)

'7&70<#., 0)%C/.#%8

Λ(k+1)
i = V (k)

i γ(k)
i

(
γ(k)T

i V (k)
i γ(k)

i + ω(k)
i

)−1
(1.54)

37#1

V (k)
i =

∑n
j=1 r(k)

ij u(k)
ij (xj − µ(k)

i )(xj − µ(k)
i )T

∑n
j=1 r(k)

ij

(1.55)

5)&

Ψ(k+1)
i = diag{V (k)

i − V (k)
i γ(k)

i Λ(k)T

i } (1.56)

6<0#?, #& 854&%,4"&8? ν(k+1)
i , i = 1, ..., c >$.#.4)& )73

− ψ
(νi

2

)
+ log

(νi

2

)
+ ψ

(
ν(k)

i + p

2

)
− log

(
ν(k)

i + p

2

)
+

+ 1 +
1

∑n
j=1 r(k)

ij

n∑

j=1

r(k)
ij

(
logu(k)

ij − u(k)
ij

)
= 0 (1.57)

37#1 ψ(s) 8$.)& 2 digamma function, ψ(s) = ∂logΓ (s)/∂s.
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N 0:(2 42? (57) >8. 17/"L8& (8 508&(4, %#"F,. !)"' 30) )14/, 7)")-

42"#:%8 34& 2 <5F")(, 42? 8$.)& $>&) %8 )14, 42? 854&%24"$)? 4+. C)=%D.

8081=8"$)? 8.3? SMM 8). ).4&5)4)(4,(#1%8 4&? a posteriori probabilities

4+. (1.&(4+(D.  5)4).#%D. 4#1  SMM %8 4)  fuzzy membership functions

4#1 %#.4<0#1 %)?. X%+?, *&) 42. 78"$74+(2 4+. SMM, %&) 7"#(8**&(4&-

5, 0:(2 508&(4#: 4:7#1 *&) 42. (57) <L8& >#=8$ )73 4#. Shoham [30]. I73

)143 4# 7"$(%), 7"#48$.#1%8 %&) 7"#()"%#*, 4#1 4:7#1 4#1 Shoham (4#

FMSFA model ).4&5)=&(4D.4)? 4&? a posteriori probabilities 4+. (1.&(4+(D.

5)4).#%D. 4#1 SMM %8 4) fuzzy membership functions 4#1 %#.4<0#1 %)?,

0)%C/.#.4)? [30]

ν(k+1) =0.0416

(
1 + erf

(
0.6594log

(
2.1971

τ + logτ − 1

)))

+
2

τ + logτ − 1

(1.58)

37#1 νε = νζ = ν ∀ζ (= ε = 1, .., c, 5)& 4# τ >$.84)& )73

τ !− 1

n

c∑

i=1

n∑

j=1

r(k)
ij

[
ψ

(
ν(k) + p

2

)
+

+ log

(
2

ν(k) + δ(xj,µ
(k)
i ;Σ(k)

i )

)
− u(k)

ij

] (1.59)

N 7#&3424) )14,? 42? 7"#(<**&(2? =) 87)02=81=8$ (42. 78&")%)4&5, 8.342-

4) )14#: 4#1 58F)0)$#1.

X7+? <L#1%8 ,>2 (1S24,(8&, # FCM-4:7#1 )0*3"&=%#? 857)$>81(2?

4#1 FMSFA model 8$.)& 5)4' #1($). %&) fuzzy clustering 8.)00)54&5, 4#1

expectation-maximization (EM) )0*#"$=%#1 *&) mixtures of Student's-t factor
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analyzers, 37#1, 5)=D? (1./*84)& )73 4&? (46)-(59), (8 5/=8 C,%), 4# E-

step 78"&0)%C/.8& 4#. 17#0#*&(%3 4+. fuzzy membership functions, rij , 4+.

precision scalars, uij , 5)& 4+. 7#(#4,4+. γi 5)& ωi, 8.D 4# M-step 78"&0)%-

C/.8& 42. 854&%24&5, 4+. 7)")%<4"+., πi, µi, Λi, Ψi and νi.'7&70<#., 7)")-

42"#:%8 34& (8 5/=8 87)./02K2 4#1 )0*#"$=%#1 5/=8 %&) )73 4&? 854&%,-

4"&8? 4+. µi, Λi 5)& Ψi 17#0#*$S#.4)& =8+"D.4)? 4&? /008? >1# (4)=8"<?

5)& $(8? %8 42. 854&%,4"&/ 4#1? 7#1 80,F=2 (42. 7"#2*#:%8.2 87)./02K2

4#1 )0*#"$=%#1. @/(8& )14D., 5)& 7"#58&%<.#1 .) 87&4)L1.=8$ 2 (:*50&-

(2 4#1 )0*#"$=%#1 857)$>81(2? 4#1 FMSFA model, 7"#L+"/%8 (8 %&) 78-

")&4<"+ 7"#()"%#*, 4#1 7"#48&.#%<.#1 FCM-4:7#1 )0*#"$=%#1 173 4#

173>8&*%) 4#1 expectation-conditional maximization (ECM) )0*#"$=%#1 [31].

U4(&, # )0*3"&=%#? 857)$>81(2? 4#1 FMSFA model >&)%#"FD.84)& +? 8A,?

1. I7#03*&(8 4) u(k)
ij , γ(k)

i , ω(k)
i , r(k)

ij (i = 1, ..., c, j = 1, ..., n) )73 4&? (46)-

(49) ).4$(4#&L).

2. I7#03*&(8 4&? 854&%,4"&8? π(k+1)
i , µ(k+1)

i ,ν(k+1)
i )73 4&? (51), (52) 5)&

(54), ).4$(4#&L).

3. I7#03*&(8 85 .<#1 4&? 7)")%<4"#1? uij , rij , 7)$".#.4)? 4&? .<8? 4&%<?

u(k+1/2)
ij , r(k+1/2)

ij , %8 L",(2 4+. (46) 5)& (49), 5)& 4+. 8.2%8"+%<.+.

854&%24"&D. π(k+1)
i , µ(k+1)

i , ν(k+1)
i 7#1 C"<=25). (4# C,%) 2.I7#03*&-

(8 87$(2? 42. 7#(3424)

V (k+1/2)
i =

Pn
j=1 r(k+1/2)

ij u(k+1/2)
ij (xj−µ(k+1)

i )(xj−µ(k+1)
i )T

Pn
j=1 r(k+1/2)

ij

4. I7#03*&(8 4&? 854&%,4"&8? Λ(k+1)
i )73 42. (57), %8 L",(2 4+. V (k+1/2)

i

).4$ 4+. V (k)
i . I7#03*&(8 87$(2? 4&? 854&%,4"&8? Ψ(k+1)

i )73 42. (59),

%8 L",(2 4+. Λ(k+1)
i 5)& V (k+1/2)

i ).4$ 4+. Λ(k)
i 5)& V (k)

i , ).4$(4#&L).
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5. E8 78"$74+(2 (:*50&(2?,>20.
∣∣∣Jλ

(
Θ(k+1), R(k+1)

)
− Jλ

(
Θ(k), R(k)

)∣∣∣ <

Tc 37#1, Tc 4# 5)4DF0& (:*50&(2?, <A80=8.-00&D?, k := k +1 5)& 87$-

(4"8K8 (4# 1.

1.4.3 1"C/=/9/A:"; J@9.$+.,; 25$9/A*; 1/(.@9/<

6# 7"3C02%) 42? 87&0#*,? %#.4<0#1 (8 8F)"%#*<? probabilistic clustering

>8. <L8& 70,"+? 01=8$. E42. 7")*%)4&53424), >&)F#"84&5<? %<=#>#& 87&0#-

*,? %#.4<0#1, )73 %&) %8*/02 *5/%) 7#1 <L8& 7"#4)=8$ (42. >&8=., C&C0&#-

*")F$), <L#1. 5)4)>8&L=8$ #4& >#108:#1. 5)0/ *&) >&)F#"84&5<? 8F)"%#-

*<? 5)& >8>#%<.) 173 %80<42 [13].

-?  )"L$(#1%8  %8  4#  7"3C02%)  4#1  7"#(>&#"&(%#:  4#1  )"&=%#:  4+.

178"4&=8%<.+. (1.&(4+(D. (clusters), c, 5)& 4#1 )"&=%#: 4+. factors, q, *&)

4# FMSFA model. M& 7"#48&.3%8.8? 8.)00)54&5<? %<=#>#& 78"&0)%C/.#1.:

(i) 48L.&5<? cross-validation [32] 5)& (ii) 7"#(>&#"&(%3 C/(8& 87$>#(2? [33].M&

cross-validation 48L.&5<? 78"&0)%C/.#1., C)(&5/, 42. k-fold cross-validation,

42. leave-one-out cross-validation,5)& 42. leave-v-out 48L.&5,.E42. k-fold cross-

validation, 4# >8$*%) 857)$>81(2? >&)&"8$4)& (8 k 17#(:.#0) (78"$7#1) &>$-

#1 %8*<=#1?. '. (1.8L8$), <.) FMSFA model (%8 (1*585"&%<.2 87&0#*, *&)

4&? c 5)& q 7)")%<4"#1?) 857)&>8:84)& k F#"<?, 5/=8 F#"/ 7)")08$7#.4)?

<.) )73 4) 17#(:.#0) )73 42. 857)$>81(2, 4# #7#$# 3%+? L"2(&%#7#&8$-

4)& *&) 4#. 17#0#*&(%3 42? K81>#-7&=).#-F).8$)? 4#1 %#.4<0#1 (FMSFA

model fuzzy objective function, Jλ) 2 #7#$) 5)& )7#4808$ 4# 5"&4,"&# 87&0#-

*,? %#.4<0#1 173 42. 8. 03*+ 48L.&5,. -. 4# k &(#:4)& %8 4# %<*8=#? 4#1

>8$*%)4#?, 4348 <L#%8 leave-one-out cross-validation.N leave-v-out 48L.&5, 8$-

.)& 7&# 7#0:70#52 5)& 78"&0)%C/.8& 7)"/08&K2 4+. 17#(1.30+. 7#1 ).-
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4&(4#&L#:. (8 v 78"&74D(8&? %80<42?. '.)00)54&5/, 7"#(>&#"&(%3? C/(8&

87$>#(2? %7#"8$ 87$(2? .) 8F)"%#(48$. -143? (1.$(4)4)& (42. )./=8(2

5/7#&)? 8"*)($)? ).)*.D"&(2? 7"#4:7+. (8 FMSFA %#.4<0) %8 >&)F#"8-

4&5<? 4&%<? *&) 4&? c 5)& q 7)")%<4"#1? 5)& 4#. 7"#(>&#"&(%3 4#1 (1.>1)-

(%#: 4&%D. 4#1? 7#1 C804&(4#7#&8$ 42. 87$>#(2 4#1 %#.4<0#1 +? 7"#? 42.

).)48=8$() 8"*)($).

6<0#?, (L84&5/ %8 42. 87&0#*, 4#1 degree of fuzziness 4#1 %#.4<0#1, 8$-

.)& *.+(43 34& <.) (4<"8# =8+"24&53 173C)="# (L84&5/ %8 42. 87&0#*,

4#1 degree of fuzziness 4#1 FCM algorithm 5)& 4+. 7)")00)*D. 4#1 >8. <L8&

)53%) 7"#4)=8$.N =8%80$+(2 %&)? 4<4#&)? =8+"$)? 7"#F).D? 8$.)& 8543?

4+. (43L+. )14,? 42? 8"*)($)?. '7&70<#., cross-validation 48L.&5<? >8. 8$-

.)& 8F)"%3(&%8? (8 )14, 42. 78"$74+(2, 5)=D? 8$.)& %/00#. L+"$? .32-

%) .) (1*5"$.#1%8 4&? 4&%<? 42? fuzzy objective function 4#1 %#.4<0#1 *&)

>&)F#"84&5<? 4&%<? 4#1 degree of fuzziness. E1.87D?, 7"#? 4# 7)"3. 2 %3.2

#")4, 0:(2 8$.)& 2 81"84&5, 87&0#*, 4#1 degree of fuzziness, λ, 4#1 FMSFA

model, >&) 42? 8F)"%#*,? 8.3? 5"&42"$#1 7"#(>&#"&(%#: C/(8& 87$>#(2?.

1.5 !"$#)').$-* DH$/9&A,+,

E42. 8.3424) )14, )A&#0#*#:%8 4# 7"#48&.3%8.# %#.4<0# (8 clustering (1.-

=84&5D. =#"1C+>D. >8>#%<.+.,).)*.D"&(2 L8&"#*"/F+. K2F$+., (2%)-

(&#0#*&5, ).)*.D"&(2 ).4&58&%<.+. (8 5)4)4%2%<.8? 8&53.8?, 5)& spam e-

mail 8.4#7&(%3.!<"). 4#1 FMSFA model, 7"#58&%<.#1 .) (1*5"$.#1%8 42.

%<=#>3 %)? %8 17/"L#1(8? fuzzy 5)& %2-fuzzy clustering 48L.&5<?, (4) 78&-

"/%)4/ %)? )A&#0#*#:%8 87&70<#. 4&? %8=3>#1? finite mixtures of Student's-t
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factor analyzers (tMFA) [25], KLFCV [24], 5)& MFA [22].

E4# 7"D4# 78$")%), <.) 3-(1.&(4+(D. %#.4<0# )73 5/=8 4:7# (FMSFA,

tMFA, KLFCV 5)& MFA) 857)&>8:84)& %8 >8>#%<.) )73 %&) 3-(1.&(4+(D.

17<"=8(2 >&%84/C024+. Gaussian 5)4).#%D., (4) #7#$) 7"#(4$=84)& )"&=-

%3? )73 outliers. 6) 857)&>81%<.) %#.4<0) )A&#0#*#:.4)& 87$ 42? #%#&342-

4)? 4+. 8A)*#%<.+. clusters %8 4) 7")*%)4&5/. E4) 1730#&7) 3 78&"/%)4),

#& )A&#0#*#:%8.8? 48L.&5<? L"2(&%#7#&#:.4)& (8 8F)"%#*<? 4)A&.3%2(2?

7"#4:7+., 87$ 42 C/(8& 4#1 7"#5:74#.4#? "1=%#: (F/0%)4#?. N 78&")-

%)4&5, >&)>&5)($) 7#1 )5#0#1=8$4)& 8$.)& 2 8A,?: U(4+ 2 48L.&5, T 173

)A&#03*2(2. J"2(&%#7#&D.4)? 42. 48L.&5, T , 857)&>8:#%8 <.) %#.4<0#

*&) 5/=8 50/(2 (4# =8+"2=<. (:.#0# >8>#%<.+. 857)$>81(2?. E42. (1-

.<L8&), *&) .) 854&%,(#1%8 42. 87$>#(2 42? %8=3>#1 T , 8F)"%3S#1%8 %&)

>&)>&5)($) >1# (4)>$+.: -"L&5/ *&) 5/=8 >8>#%<.# 4#1 (1.30#1 )A&#-

03*2(2? 17#0#*$S84)& 2 posterior probability 4#1 +? 7"#? 5)=<.) )73 4)

%#.4<0) (50/(8&?) 4) 857)&>81%<.) %8 42. %<=#># T . -143 87&41*L/.84)&

(173 42 173=8(2 &(34&%+. prior probabilities *&) 308? 4&? 50/(8&?) %8 17#0#-

*&(%3 42? 7&=).#F).8$)? 4+. %#.4<0+. +? 7"#? 4&? 50/(8&?. !8")&4<"+,

5/=8 >8>#%<.# ).4&(4#&L$S84)& (42. 50/(2 7#1 %8*&(4#7#&8$ 42. 7&=).#-

F/.8&/ 4#1.U4(&, 17#0#*$S84)& *&) 5/=8 %<=#># # "1=%3? (F/0%)4#? (>#-

=<.4+. 4+. 7")*%)4&5D. ).4&(4#&L$(8+. (8 50/(8&? 4+. >8>#%<.+. )A&#-

03*2(2?).

6<0#?, ).)F#"&5/ %8 42. 87&0#*, 4#1 )"&=%#: 4+. subclusters ((1.&(4+-

(D. 4) %#.4<0) factor analyzers), c, 5)& 4#1 )"&=%#: 4+. factors, q, (4) 48-

0814)$) 78&"/%)4), 8$.)& *.+(43 (>8? 7.L., [12, 13]) 34& #& cross-validation

48L.&5<?, >8. 8**1D.4)& 7/.4) 42. )A&37&(42 854$%2(, 4#1?, 5)&, /"), %7#-
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"8$ .) 872"8/(#1. )".24&5/ 42. 87$>#(2 4+. 857)&>81#%<.+. %#.4<0+..

O&) 4#. 03*# )143, 5)& 7"#58&%<.#1 .) 8A)(F)0$(#1%8 42. >$5)&2 (:*5"&-

(2 4+. )A&#0#*#:%8.+. %8=3>+., L"2(&%#7#&#:%8 7"#(>&#"&(%3 4+. 8.

03*+ 7)")%<4"+. C/(8& 87$>#(2?. ;8 /00) 03*&), 87).)0)%C/.#1%8 4)

78&"/%)4/ %)? *&) >&/F#"8? 4&%<? 4+. c 5)& q 5)& 87&0<*#1%8 4&? 4&%<? 4#1?

7#1 C804&(4#7#&#:. 42. 87$>#(, 4#1?.

1.5.1 Clustering K/#<L4=0( ?<(C".$-0( E"=/'@(4(

W85&./%8 %8 <.) 78$")%) clustering =#"1C+>D. (1.=84&5D. >8>#%<.+..!)-

"<L#1%8, >8, %&) *")F&5, )78&53.&(2 4+. clusters 7"#58&%<.#1 .) (1*5"$-

.#1%8 42. 87$>#(2 4+. )A&#0#*#:%8.+. )0*#"$=%+..

B8+"#:%8 %&) 3-(1.&(4+(D. 17<"=8(2 >&%84/C024+. Gaussian 5)4)-

.#%D. %8 7)")%<4"#1?

µ1 = (−6, 1.5), µ2 = (0, 0)T , µ3 = (6, 1.5)T ,

Σ1 =



 5 4

4 5



, Σ2 =



 5 −4

−4 5



,

Σ3 =



 1.56 0

0 1.56





5)& π1 = π2 = π3 = 1
3 . '5)43 7)")42",(8&? 8A/*#.4)& )73 5/=8 5)4).#%,

(4# %#.4<0# 5)& (8 )14<? 7"#(4$=8.4)& 25% outliers.6) outliers 7"#<"L#.4)&

)73 %&) #%#&3%#"F2 5)4).#%, (4# >&/(42%) [−10, 10] (8 5/=8 %84)C024,.

;8 )14/ 4) >8>#%<.) 857)&>8:#1%8 8.) FMSFA, 8.) tMFA, 8.) KLFCV,

5)& 8.) MFA model %8 c = 3 5)& q = 1. N 87&0#*, 4#1 degree of fuzziness λ

(4) FMSFA 5)& KLFCV %#.4<0) <*&.8 %8 5"&4,"&# 42. C804&(4#7#$2(2 42?

87$>#(,? 4#1?.
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!$.)5)? 1.1: Clustering B#"1C+>D. E1.=84&5D. 98>#%<.+.: '54&%,4"&8?
4+. 5<.4"+. 4+. clusters

Model µ1 µ2 µ3

FMSFA (λ = 0.9) (−5.9083, 1.4285)T (5.9020, 1.4347)T (0.4191,−0.6677)T

tMFA (−6.6430, 0.6449)T (5.7948, 1.1307)T (−1.0158, 0.6960)T

KLFCV (λ = 0.7) (−3.9985, 1.7237)T (6.1850, 1.4079)T (2.1290,−2.3696)T

MFA (−8.1029,−0.8453)T (3.5751, 0.3388)T (−4.1815, 2.4472)T

E4#. !$.)5) 1, >$.#1%8 4&? 854&%,4"&8? 4+. 5<.4"+. 4+. clusters, 37+?

C"<=25). )7# 4&? >&/F#"8? %8=3>#1?. E4# EL. 2, >$.#1%8 4) 78"&*"/%%)-

4) 4+. 7")*%)4&5D. clusters 5)& 4+. 17#0#*&(%<.+. )7# 4&? >&/F#"8? %8-

=3>#1?. '$.)& F).8"3 7+? 4) C)(&(%<.) (8 Student's-t %#.4<0) >$.#1. %8-

*/02 ).=854&53424) (4) outliers, *8*#.3? 7#1 (8 (1.>1)(%3 %8 42. 21A2-

%<.2 8180&A$) 4+. 48L.&5D. fuzzy clustering #>2*8$ (42. 7"#F)., ).+48-

"3424) 4#1 FMSFA model (8 (L<(2 %8 4#1? ).4)*+.&(4<? 4#1, 37+? F)$.8-

4)& (4# EL. 2 5)& 4#. !$.)5) 1.

1.5.2 A()A(0#$+, X"$#/A#>I4( M,I:4(

'>D 8F)"%3S#1%8 4# %#.4<0# %)? (42. ).)*.D"&(2 L8&"#*"/F+. K2F$-

+., L"2(&%#7#&D.4)? 42. Optical Recognition of Handwritten Digits database

4#1 UCI Repo-sitory of machine learning databases [34]. O&) 42. >2%&#1"*$)

42?, 32×32 bitmaps L8&"#*"/F+. K2F$+. >&)&"<=25). (8 %2-87&5)01743%8.)

blocks 4×4 5)& # )"&=%3? 4+. pixels %84",=258 (8 5/=8 block.U4(& <.) 64-

>&/(4)4# feature vector 7)",L=2 )./ >8$*%). 6# (:.#0# 857)$>81(2? 78"&-

0)%C/.8& 3823 >8$*%)4), 5)& 4# (:.#0# )A&#03*2(2? 1797 >8$*%)4).

E4#. !$.)5) 2 >$.#1%8 4# "1=%3 (F/0%)4#? )./ K2F$# *&) 5/=8 %<=#-

>#, 5)& *&) C<04&(48? c, q, 5)& λ 4&%<?.6) )7#480<(%)4) )14/ 8$.)& %<(#& 87$
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(i) Original clusters (ii) FMSFA

(iii) tMFA (iv) KLFCV

(v) MFA

EL,%) 1.2: Clustering B#"1C+>D. E1.=84&5D. 98>#%<.+.:!8"&*"/%%)4)
4+. 0)%C).#%<.+. clusters
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!$.)5)? 1.2: A.)*.D"&(2 X8&"#*"/F+. G2F$+.: Q1=%#$ (F/0%)4#? *&)
C<04&(42 87&0#*, 4+. 857)&>81#%<.+. %#.4<0+..

Model c q λ M<(#? Q1=%3? EF/0%)4#?

FMSFA 9 8 4.7 0.67

tMFA 9 8 - 1.32

KLFCV 12 9 18.6 1.20

MFA 12 9 - 2.10

30 85480<(8+. 4+. )0*#"$=%+. 857)$>81(2? )73 >&)F#"84&5<? 855&.,(8&?.

9&)7&(4D.#1%8 34& 4) C)(&(%<.) (8 Student's-t %#.4<0) <L#1. 5)0:48"2

87$>#(2 *&) %&5"348"# %<*8=#? %#.4<0#1, (8 (L<(2 %8 4) GMM-C)(&(%<.)

%#.4<0). '&>&5348"), 4# 7"#48&.3%8.# %#.4<0# FMSFA <L8& 68.10% 5)0:-

48"2 87$>#(2 )73 4# MFA 5)& 44.17% 5)0:48"2 87$>#(2 )73 4# KLFCV.

6<0#?, 37+? 7)")42"#:%8, 2 %8*/02 8180&A$) 4#1 FMSFA model, 03*+ 42?

fuzzy F:(2? 4#1, #>2*8$ (8 %&) %8*/02 C804$+(2 (8 (L<(2 %8 4# %2-fuzzy ).-

4$(4#&L3 4#1, tMFA %#.4<0#, C804&D.#.4)? 42. 87$>#(, 4#1 5)4/ 49.24%.

1.5.3 ?,')+$/9/A$-* D()A(0#$+, D(.$-"$'@(4( +" B).)-

.','@("; 2$-&(";

'>D 8F)"%3S#1%8 4# %#.4<0# %)? (42. (2%)(&#0#*&5, ).)*.D"&(2 ).4&-

58&%<.+. (8 5)4)4%2%<.8? 8&53.8?, L"2(&%#7#&D.4)? 4) Image Segmentation

data 4#1 UCI Repository of machine learning databases [34]. M& =8+"#:%8.8?

(2%)(&#0#*&5<? 50/(8&? 8$.)& brickface, sky, foliage, cement, window, path, 5)&

grass. 6) >8>#%<.) %)? ).4&(4#&L#:. (8 3×3 78"&#L<?, 5)& 78"&0)%C/.#1.

19 attributes (L84&5/ %8 L"+%)4&5/ 5)& L+"&5/ L)")542"&(4&5/ 4+. ).4&58&-
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!$.)5)? 1.3: E2%)(&#0#*&5, -.)*.D"&(2 -.4&58&%<.+. (8 H)4)4%2%<.8?
'&53.8?: Q1=%#$ (F/0%)4#? *&) C<04&(42 87&0#*, 4+. 857)&>81#%<.+. %#-

.4<0+..

Model c q λ M<(#? Q1=%3? EF/0%)4#?

FMSFA 7 10 28.2 6.46

tMFA 7 10 - 9.72

KLFCV 7 12 14.4 11.57

MFA 7 12 - 16.73

%<.+.. 6# (:.#0# 857)$>81(2? 78"&0)%C/.8& 150 >8$*%)4), 5)& 4# (:.#0#

)A&#03*2(2? 1500 >8$*%)4).

E4#. !$.)5) 3 >$.#1%8 4# "1=%3 (F/0%)4#? )./ 50/(2 *&) 5/=8 %<=#-

>#, 5)& *&) C<04&(48? c, q, 5)& λ 4&%<?. 6) )7#480<(%)4) )14/ 8$.)& %<(#&

87$ 30 85480<(8+. 4+. )0*#"$=%+. 857)$>81(2? )73 >&)F#"84&5<? 855&-

.,(8&?. 9&)7&(4D.#1%8  5)&  8>D  34&  4)  C)(&(%<.)  (8  Student's-t %#.4<0)

<L#1. 5)0:48"2 87$>#(2 *&) %&5"348"# %<*8=#? %#.4<0#1, (8 (L<(2 %8 4)

GMM-C)(&(%<.) %#.4<0). '&>&5348"), 4# 7"#48&.3%8.# %#.4<0# FMSFA

<L8& 61.39% 5)0:48"2 87$>#(2 )73 4# MFA 5)& 44.17% 5)0:48"2 87$>#(2

)73 4# KLFCV. 6<0#?, 37+? 7)")42"#:%8, 2 %8*/02 8180&A$) 4#1 FMSFA

model, 03*+ 42? fuzzy F:(2? 4#1, #>2*8$ (8 %&) (2%).4&5, C804&D(2 (8

(L<(2 %8 4# %2-fuzzy ).4$(4#&L3 4#1, tMFA %#.4<0#, C804&D.#.4)? 42. 87$-

>#(, 4#1 5)4/ 33.54%.

1.5.4 2(./5$+'&; Spam E-Mail

E42. 480814)$) )14, 8F)"%#*,, 8F)"%3S#1%8 4# FMSFA 5)& 4#1? ).4)-

*+.&(4<? 4#1 (4#. 8.4#7&(%3 spam e-mail. E42. )70, )14, 8F)"%#*, %)?
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!$.)5)? 1.4:'.4#7&(%3? Spam E-Mail:Q1=%#$ (F/0%)4#? *&) C<04&(42 87&-
0#*, 4+. 857)&>81#%<.+. %#.4<0+..

Model c q λ False-Positives (%) False-Negatives (%)

FMSFA 10 23 32.1 12.67 7.24

tMFA 10 23 - 13.70 11.29

KLFCV 12 38 13.2 12.57 12.73

MFA 12 38 - 13.88 17.22

8.>&)F<"8& 2 80)L&(4#7#$2(2 4+. false-negatives, %8 >&)4,"2(2 4+. false-

positives 5/4+ )73 15%.@/(8& )14D. <*&.8 # C<04&(4#? 7"#(>&#"&(%3? 4+.

4&%D. 4+. c, q, 5)& λ 7)")%<4"+. *&) 4) >&/F#") %#.4<0).

O&) 4# 78$")%/ %)? L"2(&%#7#&#:%8 42. Spam E-mail Database 4#1 UCI

Repository of machine learning databases [34]. !8"&0)%C/.8& 4601 >8$*%)4),

%8 4# spam .) )7#4808$ 4# 39.4%.I7/"L#1. 57 attributes *&) 5/=8 >8>#%<.#,

7#1 7"#<51K8 )73 42. *0+((#0#*&5, )./01(2 8.3? (spam , non-spam) e-

mail. 6# (:.#0# 857)$>81(2? 78"&0)%C/.8& 4# 30% 4+. >8>#%<.+., 5)& 4#

(:.#0# )A&#03*2(2? 4# 1730#&7# 70%.

E4#. !$.)5) 4, 7)"<L#1%8 42. 87$>#(2 4#1 5/=8 %#.4<0#1. 6) )7#48-

0<(%)4) )14/ 8$.)& %<(#& 87$ 30 85480<(8+. 4+. )0*#"$=%+. 857)$>81(2?

)73 >&)F#"84&5<? 855&.,(8&?. 9&)7&(4D.#1%8 34& 4) fuzzy %#.4<0) <L#1.

5)0:48"2 87&>#(2 )73 4) %2-fuzzy 5)& 4) Student's-t %#.4<0) <L#1. 5)0:-

48"2 87&>#(2 )73 4) Gaussian.
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1.5.5 DH$/9&A,+, ./< !#/+"AA$+.$-/3 835/< N5/9/A$+'/3

.4( J)C'0( 29"<C"#:);

6<0#?,)A&#0#*#:%8 4#. 7"#(8**&(4&53 4:7# 17#0#*&(%#: 4+. C)=%D. 8081-

=8"$)?, νi, 4+. (1.&(4D.4+. analyzers 4# FMSFA model. O&) 4#. (5#73 )1-

43 85480#:%8 4) 7"#2*#:%8.) 78&"/%)4) >1# F#"<?, %&) %8 L",(2 42? (57)

173 4#. 78"&#"&(%3 νε = νζ = ν ∀ζ (= ε = 1, .., c, )73 42. #7#$) 5)& 7)$"-

.#1%8 4&? )5"&C8$? 4&%<? 4#1 ν, 5)& %&) %8 L",(2 42? (58), )73 42. #7#$)

5)& 7)$".#1%8 4&? 7"#(8**&(4&5<? 4&%<? ν∗. E1*5"$.#.4)? 4) )7#480<(%)4)

7)")42"#:%8 34& 2 7"#(<**&(, %)? 8$.)& 7#0: )5"&C,?, 5)=D? 7)$".#1%8

|ν∗−ν| < 10−3, 8.D 2 87$>#(2 ).)*.D"&(2? 7"#4:7+. 4#1 )0*#"$=%#1 >8.

)00/S8& %8 42. )00)*, %84)A: 4+. (57) 5)& (58). E1.87D?, 2 7"#(<**&(2

(58) 8.>8$5.14)& *&) L",(2, )"58$ # 78"&#"&(%3? νε = νζ = ν ∀ζ (= ε = 1, .., c

.) 8$.)& ).8543? (42. 173 8A<4)(2 8F)"%#*,.

!)#>#.,') A. N5/9/A$+'&; !#/+=/-,.0( 8$'0(

-"L&5/ 8A/*#1%8 42. posterior 5)4).#%, 4+. factor vectors, yj|xj, uj . -73

4#. #"&(%3 4#1 Student's-t factor analysis model, 7"#5:748&

p







 xj

yj



 |uj



 = N







 µ

0



 ,
1

uj



 ΛΛT + Ψ Λ

ΛT Iq







 (1.60)

-73 42. (60), 7"#5:748& )781=8$)? 34& 2 173 (1.=,52 5)4).#%, yj|xj, uj

>$>84)& )7#

yj|xj, uj ∼ N (γT (xj − µ),ω/uj) (1.61)
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37#1

γ = (ΛΛT + Ψ)−1Λ

ω = Iq − γTΛ

uj ∼ G
(ν

2
,
ν

2

)

-73 42. (61), (1./*84)& 34& *&) <.) mixture of Student's-t factor analyzers 42?

%#"F,? (17), &(L:8&

yij|xj, uij ∼ N (γT
i (xj − µi),ωi/uij) (1.62)

37#1

γi = (ΛiΛ
T
i + Ψi)

−1Λi

ωi = Iq − γT
i Λi

uij ∼ G
(νi

2
,
νi

2

)

6348, )73 42. (62), <L#1%8

EΘ(k)(uijyij|xj) = EΘ(k)(uij|xj)EΘ(k)(yij|xj, uij) =

= u(k)
ij γ(k)T

i

(
xj − µ(k)

i

) (1.63)

EΘ(k)(uijyijy
T
ij|xj) = EΘ(k)(yijy

T
ij|xj, uij)EΘ(k)(uij|xj)

= ω(k)
i + u(k)

ij γ(k)T

i

(
xj − µ(k)

i

)(
xj − µ(k)

i

)T
γ(k)

i

(1.64)

'7&70<#. L"8&)S3%)(48 42. 5)4).#%, uij|xj .N posterior 5)4).#%, 4+.

scalars uij , %8 prior 5)4).#%, 5)4/ Gamma, 37+? 78"&*"/F84)& )73 42. (22),

>#=<.4+. 4+. 5)4/ Student's-t >8>#%<.+. xj , %8 78"&=D"&) (.7.7. 7#1 >$.8-
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4)& )7# 4&? (29) 5)& (30), <L8& 8A)L=8$ (4# [19], 37#1 )7#>8&5.:84)& 34&

uij|xj ∼ G(αi,βij)

37#1

αi =
νi + p

2

βij =
νi + δ(xj,µ

(k)
i ;Σ(k)

i )

2

5)& 4# Σ(k)
i >$.84)& )73 42. (31). 6348, 7)$".#%8 [19]

u(k)
ij ! EΘ(k)(uij|xj) =

ν(k)
i + p

ν(k)
i + δ(xj,µ

(k)
i ;Σ(k)

i )

EΘ(k)(loguij|xj) = logu(k)
ij − log

(
ν(k)

i + p

2

)
+

+ ψ

(
ν(k)

i + p

2

)

!)#>#.,') B. 2-.$',.$-* !)#)'@.#4(

N 854&%24&5, 4+. fuzzy membership functions *$.84)& %8 80)L&(4#7#$2(2 42?

).4&58&%8.&5,? (1./"42(2? Jλ (Θ, R) 87$ 4+. rij 173 42. (1.=,52
∑c

i=1 rij =

1 ∀j = 1, ..., n. '&(/*#.4)? <.) 7#00)70)(&)(4, Lagrange ηj *&) 5/=8 >8-

>#%<.# D(48 .) 87&C/00#1%8 42. (1.=,52, <L#1%8

∂

∂rij

[
Jλ −

n∑

j=1

ηj

(
c∑

h=1

rhj − 1

)]
= 0
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7#1 >&.8& 42. (49).

M%#$+?, 80)L&(4#7#&D.4)? 42. Jλ (Θ, R) +? 7"#? πi 173 42. (1.=,52
∑c

i=1 πi = 1, ,4#&, 8&(/*#.4)? <.) 7#00)70)(&)(4, Lagrange κ D(48 .) 87&-

C/00#1%8 42. (1.=,52, <L#1%8

∂

∂πi

[
Jλ − κ

(
c∑

h=1

πh − 1

)]
= 0

7#1 >&.8& 42. (51).

O&) 4#. 17#0#*&(%3 4+. µi <L#1%8 34& 2 <5F")(2 4#1 Jλ (Θ, R) (1.)"-

4,(8& %3.# 4#1 µi >$.8&

Jλ(Θ, R) = −1

2

c∑

i=1

n∑

j=1

riju
(k)
ij

[
−2xT

j Ψ−1
i µi +

+2µT
i Ψ−1

i Λiy
(k)
ij + µT

i Ψ−1
i µi

]

H)=D? 0#&73.
∂µT

i Ψ−1
i µi

∂µi

= 2Ψ−1
i µi

∂xT
j Ψ−1

i µi

∂µi

= Ψ−1
i xj

∂µT
i Ψ−1

i Λiy
(k)
ij

∂µi

= Ψ−1
i Λiy

(k)
ij

8:5#0) (1./*84)& 34& 2 ∂Jλ(Θ, R)/∂µi = 0 >$.8& 42. (52).
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M%#$+? *&) 4# Λi <L#1%8

∂(xj − µi)
TΨ−1

i ΛiEΘ(k)

(
uijyij|xj

)

∂Λi
=

Ψ−1
i (xj − µi)EΘ(k)

(
uijyij|xj

)T

(1.65)

∂trace
[
ΛT

i Ψ−1
i ΛiEΘ(k)

(
uijyijy

T
ij|xj

)]

∂Λi
=

2Ψ−1
i ΛiEΘ(k)

(
uijyijy

T
ij|xj

)
(1.66)

)73 37#1 2 ∂Jλ(Θ, R)/∂Λi = 0 >$>8&

Λ(k+1)
i =

[
n∑

j=1

r(k)
ij (xj − µ(k)

i )EΘ(k)

(
uijyij|xj

)T

]

×
[

n∑

j=1

r(k)
ij EΘ(k)

(
uijyijy

T
ij|xj

)
]−1 (1.67)

-.4&5)=&(4D.4)?  (42.  (67) 4&?  85F"/(8&?  4+. EΘ(k)

(
uijyij|xj

)
, )73  42.

(63), 5)& EΘ(k)

(
uijyijy

T
ij|xj

)
, )73 42. (64), )%<(+? 7"#5:748& 2 (57).

'. (1.8L8$), *&) 4#Ψi <L#1%8

∂log|Ψi|
∂Ψ−1

i

= −Ψi (1.68)

∂(xj − µi)
TΨ−1

i (xj − µi)

∂Ψ−1
i

=

∂trace
[
Ψ−1

i (xj − µi)(xj − µi)
T
]

∂Ψ−1
i

= (xj − µi)(xj − µi)
T

(1.69)
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∂(xj − µi)
TΨ−1

i ΛiEΘ(k)

(
uijyij|xj

)

∂Ψ−1
i

=

(xj − µi)EΘ(k)

(
uijyij|xj

)T
ΛT

i

(1.70)

∂trace
(
ΛT

i Ψ−1
i ΛiEΘ(k)

(
uijyijy

T
ij|xj

))

∂Ψ−1
i

=

ΛiEΘ(k)

(
uijyijy

T
ij|xj

)
ΛT

i

(1.71)

)73 37#1, %8 L",(2 4+. (63) - (64) , (1./*84)& 34& 2 ∂Jλ(Θ, R)/∂Ψ−1
i = 0

<L8& 0:(2 42. (59).

M%#$+? 0)%C/.#.4)& 5)& #& 854&%,4"&8? 4+. ν(k)
i .
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B"I>9)$/ 2

1$) 23#4+., 15"67$)(* 8"%($-*

1/(."9/5/:,+,; !/9<=$>+.).4(

?,'>.4(

2.1 !#//:'$/

E4# 7"#2*#:%8.# 58F/0)&# %8084,()%8 42. L",(2 42? factor analysis 173

4# 173>8&*%) 4#1 fuzzy clustering.!"#48$.#.4)? %&) 5)&.#43%) 7"#(<**&(2

(42. >&)4:7+(2 4#1 fuzzy clustering )0*#"$=%#1, 7#1 87&4"<78& 42. 8&()*+-

*, (42 >&)>&5)($) 4#1 fuzzy clustering 4+. 17#=<(8+. *&) 42. 7&=).#4&5,

5)4).#%, 4+. 8A)54<+. clusters, (1./*)%8 <.) 7"+43417# fuzzy clustering

)0*3"&=%# 7#1 (42. #1($) )7#4808$ %&) fuzzy clustering %8=#>#0#*$) 857)$-

>81(2?, 8.)00)54&5, 4#1 '; )0*#"$=%#1, *&) finite mixtures of Student’s-t

factor analyzers (# #7#$#?, 480&5/, )7#4808$ %&) statistical clustering %8=#>#-

0#*$) 857)$>81(2?).
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E42.  8"*)($)  )14,  (1.8L$S#1%8  42.  8.)(L302(,  %)?  %8  4&?  7878")-

(%<.8?  178"=<(8&?  5)4/  Student’s-t 5)4).8%2%<.+.  ).)014D.  7)")*3.-

4+., 173 <.) >&)F#"84&53 3%+? 7"$(%). E1*585"&%<.), 7"#48$.#1%8 %&)

5)&.#43%# ;78YS&)., (Bayesian) %8=#>#0#*$) 854&%24&5,? 4#1 %#.4<0#1

)14#:.N (1*585"&%<.2 %8=#>#0#*$) (42"$S84)& (42. >&)4:7+(2 8.3? 17#-

0#*&(4&5/ )7#>#4&5#: variational inference )0*#"$=%#1 *&) 4# 173 %80<42

%#.4<0#, 7#1 *$.84)& 8F&54, >&) 42? >&)4:7+(2? 4+. 5)4/ Student’s-t 5)-

4).8%2%<.+. factor analyzers +? %&)? 78"&=+"&#7#$2(2? (marginalization) 87$

7"#(=<4+. 5"1FD. %84)C024D.. N 5)&.#43%#? 7"#(<**&(, %)? 8$.)& 7&#

8:"+(42 )73 4#. EM )0*3"&=%#, 87&0:8& 4) singularity 5)& overfitting 7"#-

C0,%)4/ 4#1, 5)& 5)=&(4/ 8:5#02 4#. )143%)4# 7"#(>&#"&(%3 4#1 5)4)0-

0,0#1 %8*<=#1? *&) 4# %#.4<0#.

6) )7#480<(%)4) 42? 8"*)($)? )14,? <L#1. >2%#(&81=8$ 173 4# /"="#

%#1:

Sotirios Chatzis, Dimitrios Kosmopoulos, Theodora Varvarigou, “Signal Modeling

and Classification Using a Robust Latent Space Model Based on t Distributions,”

IEEE Transactions on Signal Processing, vol. 56, no. 3, pp. 949-963, March 2008.

2.2 2$+)A4A*

6# %#.4<0# finite mixture of Student’s-t factor analyzers 5)& 4) 708#.854,%)-

4) 4#1 <L8& ,>2 7)"#1(&)(48$ (4# H8F. 1. E42. 8"*)($) )14,, 7)"<L#1-

%8 <.). 7"+43417# )0*3"&=%# statistical-clustering 4:7#1 854&%24&5,? 4#1

finite mixture of Student’s-t factor analyzers model 173 4# Bayesian 173>8&*-

%) %8 L",(2 %&)? variational !#&-1%%4-7*, 4#&#14#4"37+? 0)%C/.#.48? 4#
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Variational Bayes Mixture of Student's-t Factor Analyzers (VB-MSFA) model.

E8 (L<(2 %8 4&? %8=3>#1? 854&%24&5,? 173 4# 173>8&*%) %8*$(42? 7&=).#-

F).8$)?, %8 L",(2 4#1 EM )0*#"$=%#1 , 7)")00)*D. 4#1 (>8?, 7.L., [1]),

)A$S8& .) (2%8&+=8$ 34&, 03*+ 42? ).87&=:%242? &>&3424)? 42? 854&%24&5,?

%8*$(42? 7&=).#F).8$)? (5)& /") 4#1 '; )0*#"$=%#1) .) C804&(4#7#&8$

%&) %2-F")*%<.2 ).4&58&%8.&5, (1./"42(2, 5)=D? 2 (1./"42(2 7&=).#-

F).8$)? (likelihood function) 8$.)& %2 F")*%<.2 [2--4] <L8& 7#0: (2%).4&5<?

7)"8.<"*8&8?. H)4' )"L,., # EM )0*3"&=%#? 8:5#0) %7#"8$ .) 7)*&>8148$

(8 4#7&5/ %<*&(4), 5)& (1L./ 7#00<? >#5&%<? 5)& 8F)"%#*, 4+. 17#0#*&-

(4&5/ )7)&424&5D. 48L.&5D. cross-validation )7)&4#:.4)& 7"#58&%<.#1 .)

C"8=8$ <.) 5)03 %<*&(4#. ;&) 78")&4<"+ >1(5#0$) )F#"/ 4) infinities 7#1

``01%)$.#.4)&'' 42. likelihood function, 4) #7#$) <L#1. .) 5/.#1. %8 42. 5)-

4/""81(2 4+. 7)")C#0#8&>D.-85=84&5D. (1.&(4+(D. 4# %#.4<0# 5)4).#-

%D. (8 %8%#.+%<.) (2%8$) (>8>#%<.)) 857)$>81(2?, 5)& 4) #7#$) 5)4/ (1-

.<78&) #>2*#:. (8 singular , (L8>3. singular 7$.)58? (1.>&)5:%).(2? [4].

6<0#?, <.) 8A$(#1 (2%).4&53 =<%) 8$.)& 2 )143%)42 87&0#*, 4#1 70,=#1?

4+. (1.&(4+(D. 5)4).#%D.: #& %<=#>#& %8*$(42? 7&=).#F).8$)? )7#41*-

L/.#1. (8 )143 4#. 4#%<), 5)=D? 2 %2-F")*%<.2 %#"F, 42? 0#*)"&=%#-

7&=).#F).8$)? 4#1? 5)=&(4/ 87&""878$? (42. 8:.#&) %#.4<0+. %8 )1A2-

%<.2 7#0170#53424), 5)& (1.87D?, %8 (2%).4&5/ 7"#C0,%)4) overfitting.

E42. 8"*)($) )14, 7)"<L#1%8 %&) Bayesian )!</2-7 *&) 4# mixture of

Student's-t factor analyzers %#.4<0#, 7#1 178"C)$.#1. 4) +? /.+ 7"#C0,%)-

4) %8 5#%K3 4"37#, %<(+ 42? 78"&=+"&#7#$2(2? (marginalization) 87$ 4+.

7)")%<4"+. 4#1 %#.4<0#1 +? 7"#? 5)4/00208? prior 5)4).#%<?, 5)& %8*&-

(4#7#$2(2? 42? 7"#5:74#1()? 78"&=D"&)? 7&=).#F).8$)? (marginal likeli-
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hood) 4#1 %#.4<0#1 (8 (L<(2 %8 4#. )"&=%3 4+. (1.&(4+(D. 4#1 5)4).#-

%D., *&) 17#0#*&(%3 4#1 C804$(4#1 %8*<=#1? 4#1 %#.4<0#1.N 7"#(<**&(,

%)? C)($S84)& (8 %&) %<=#># variational !#&-1%%4-7* [5], #& #7#$8? <L#1.

7"3(F)4) ).)>8&L=8$ +? %&) deterministic 8.)00)54&5, 4+. Markov chain

Monte-Carlo (MCMC))0*#"$=%+. Bayesian 854&%24&5,? [6,7], %8 7#0: 5)0:-

48"8? 87&>3(8&? (8 34& )F#"/ 4) 17#0#*&(4&5/ 4#1? 53(42 [8].N Variational

Bayesian inference <L8& 7"#2*#1%<.+? 8F)"%#(48$ (4) GMMs (e.g. [9]), )1-

4#7)0&.>"#%&5/ %#.4<0) [10,11], 5)& 7878")(%<.8? 178"=<(8&? 5)4).#%D.

Student's-t (SMMs) [12, 13], 7)"<L#.4)? %&) )7#>#4&5, 5)& 87&41L2%<.2 0:-

(2 (4) singularity 5)& overfitting 7"#C0,%)4) 4#1 '; )0*#"$=%#1.

T# 1730#&7# 4#1 7)"3.4#? 58F)0)$#1 <L8& #"*).+=8$ +? 8A,?: E42.

8.3424) 2.3,)F#: 7)"<L#1%8 %&) (:.4#%2 ).)(5372(2 4+. 8A&(D(8+. 4#1

7)"#1(&)(=<.4#? (4# 7"#2*#:%8.# 58F/0)&# mixture of Student’s-t factor

analyzers (MSFA) %#.4<0#1, *&) 42. >&815301.(2 4#1 ).)*.D(42, 8&(/*#1-

%8 42. >&)%3"F+(2 4#1 MSFA model 173 4# Bayesian 173>8&*%).E42. 8.342-

4) 2.4, 8A/*#1%8 42. Bayesian 854&%24&5, 4#1 MSFA model %8 L",(2 %&)?

7"#(<**&(2? variational infe-rence, 4#&#14#4"37+? 0)%C/.#.48? 4# 7"#48&-

.3%8.# (42. 8"*)($) )14, Variational Bayes-MSFA (VB-MSFA) model. E42.

8.3424) 2.5, 4# 7"#48&.3%8.# %#.4<0# )A&#0#*8$48 78&")%)4&5/ (8 <.) 70,-

=#? 8F)"%#*D. %#.480#7#$2(2? (,%)4#? )73 >&)F#"84&5/ 78>$) 8F)"%#-

*D..
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2.3 E$).354+, !#/L9*')./;

2.3.1 Mixtures of Student's-t Factor Analyzers

!)")5/4+ 7)"<L#1%8 %&) (:.4#%2 ).)(5372(2 4+. 8A&(D(8+. 4#1 MSFA

%#.4<0#1 *&) >&815301.(2 4#1 ).)*.D(42 5)& (:.>8(2 %8 4# 1730#&7# 58-

F/0)&#. U(4+ x1,,..., xn 41L)$# >8$*%) %8*<=#1? n )73 <.) P ->&/(4)4#

LD"#X.N factor analysis %#.480#7#&8$ 4&? 7)")42",(8&? xj, j = 1, ..., n, +?

xj = µ + Λyj + ej (2.1)

37#1 yj 8$.)& 4#Q->&/(4)4# (Q < P ) >&/.1(%) 4+. factors, µ 8$.)& # %<(#?

4+. 7)")42",(8+. xj , Λ 8$.)& # P ×Q 7$.)5)? 4+. factor loadings, 5)& ej

4# (F/0%). E42. Student's-t factor analysis [1], &(L:8&

yj ∼ t(0, IQ, ν) (2.2)

*&) 4) factor vectors, 5)&

ej ∼ t(0,Ψ, ν) (2.3)

37#1Ψ 8$.)& <.)? >&)*D.&#? 7$.)5)?, Ψ = diag(σ2
1, ..,σ

2
P ), 5)& ν #& C)=%#$

8081=8"$)? 42? t 5)4).#%,?.

N (.7.7. 42? t 5)4).#%,? t(µ,Σ, ν) %8 %<(# µ, 7$.)5) (1.>&)5:%).(2?

Σ, 5)& ν C)=%#:? 8081=8"$)? >$.84)& )73

t(xj|µ,Σ, ν) =
Γ

(
ν+P

2

)
|Σ|−1/2

(πν)P/2Γ (ν/2){1 + d(xj,µ|Σ)/ν}(ν+P )/2
(2.4)
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37#1 Γ (s) 2 Gamma function 5)& d(xj,µ|Σ)

d(xj,µ|Σ) = (xj − µ)TΣ−1(xj − µ) (2.5)

'7&70<#. [15], &(L:8&

t(x|µ,Σ, ν) =

∫ ∞

0

N (x|µ,Σ/u)G(u|ν/2, ν/2)du (2.6)

37#1

u ∼ G(ν/2, ν/2) (2.7)

5)&

G(u|α,β) = uα−1βαe−βu

Γ (a)
(2.8)

U4(&, L"2(&%#7#&D.4)? 42. (6) 7)$".#1%8

yj|uj ∼ N (0, IQ/uj) (2.9)

5)&

ej|uj ∼ N (0,Ψ/uj) (2.10)

37#1 uj ∼ G(ν/2, ν/2), )73 4&? #7#$8? 5)& (1./*84)& 34& 2 5)4).#%, 4+.

7)")42",(8+. >#=<.4+. 4+. factor vectors >$.84)& )73

xj|yj ∼ t(µ + Λyj,Ψ, ν) (2.11)

,, 8.)00)54&5/

xj|yj, uj ∼ N (µ + Λyj,Ψ/uj) (2.12)
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M0#502"D.#.4)? +? 7"#? yj , 0)%C/.84)& 2 78"&=D"&) 5)4).#%, 4+. 7)-

")42",(8+., 7#1 >$.84)& )73

xj ∼ t(µ,Σ, ν) (2.13)

,, 8.)00)54&5/

xj|uj ∼ N (µ,Σ/uj) (2.14)

37#1 4#Σ >$.84)& )73

Σ = ΛΛT + Ψ (2.15)

H)=' )143 4#. 4"37#, ). =8+",(#1%8 %&) g-(1.&(4+(D. 17<"=8(2 )73

Student's-t factor analyzers, %8 %<(#1? µi, factor loading 7$.)58? Λi, (1.>&)-

51%/.(8&? (F/0%)4#?Ψi, 5)& C/"2 πi, i = 1, ..., g, 7)$".#1%8

xj = µi + Λiyij + eij with probability πi (2.16)

37#1 yij 8$.)& # factor vector 7#1 ).4&(4#&L8$ (42. j#(42 7)")4,"2(2 +?

7"#? 4#. i#(4# analyzer

yij ∼ t(0, IQ, νi) (2.17)

5)& eij 8$.)& 4# (F/0%) 7#1 ).4&(4#&L8$ (42. j#(42 7)")4,"2(2 +? 7"#?

4#. i#(4# analyzer

eij ∼ t(0,Ψi, νi) (2.18)

U4(&, (1./*84)& 34&

p(xj|{πi,µi,Σi, νi}g
i=1) =

g∑

i=1

πit(xj|µi,Σi, νi) (2.19)
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,, 8.)00)54&5/

p(xj|uj; {πi,µi,Σi}g
i=1) =

g∑

i=1

πiN (xj|µi,Σi/uij) (2.20)

37#1

Σi = ΛiΛ
T
i + Ψi (2.21)

uij ∼ G(νi/2, νi/2) (2.22)

5)& uj = (uij). '>D, uij 8$.)& 4# 5)4/ Gamma 5)4).8%2%<.# scalar 42?

j#(42? 7)")4,"2(2 +? 7"#? 4#. i#(4# analyzer. 6<0#?, 173 42. (1.=,52

4+. factor vectors yij 0)%C/.84)&

p(xj|Y j; {πi,µi,Λi,Ψi, νi}g
i=1) =

g∑

i=1

πit(xj|µi + Λiyij,Ψi, νi) (2.23)

p(xj|Y j,uj; {πi,µi,Λi,Ψi}g
i=1) =

g∑

i=1

πiN (xj|µi + Λiyij,Ψi/uij) (2.24)

37#1 Y j 8$.)& # 7$.)5)? 4+. factors, Y j = (y1j...ygj).

2.3.2 8/ Variational Bayes Mixture of Student's-t Factor Analyzers

U(4+ <.) (:.#0# 7)")42",(8+.X = {xj}n
j=1 8&02%%<.+. )73 <.) mixture

of Student's-t factor analyzers (MSFA model) %8 5)4).#%, 7#1 >$.84)& )73

42. (19). -73 4&? (19) , (23) 8$.)& F).8"3 34& 8.) MSFA model <L8& (42.

#1($) 42. %#"F, 8.3? SMM. X7+? <L8& (1S242=8$ 5)& 7"#2*#:%8.) [4], >8.

17/"L8& 508&(4#: 4:7#1 %8*&(4#7#$2(2 42? likelihood 8.3? SMM (8 )14,

42. %#"F,.T(43(#, )143 %7#"8$ .) *$.8& 8F&543 *&) 8.) Student's-t mixture,
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5)&, /"), *&) 4# MSFA model, %8 )A&#7#$2(2 42? (6) [13], ,4#& %8 L",(2 4+.

85F"/(8+. (20) 5)& (24) *&) 42. 5)4).#%, 4#1 MSFA model, 5)&, (1.87D?,

=<4#.4)? 4&? scaling %84)C024<? uij +? 5"1F<? %84)C024<? 4#1 %#.4<0#1

37#1 %&) Gamma prior <L8& 87&C02=8$.

!"#58&%<.#1 .) 8A/*#1%8 %&) 5#%K, variational %<=#># 854&%24&5,? 4#1

%#.4<0#1 MSFA, =) L"2(&%#7#&,(#1%8 42. 173 (1.=,52 4+. factor vectors,

yij , 5)& 4+. scale vectors, uj , <5F")(2 42? 5)4).#%,? 4#1 MSFA model, 7#1

>$.84)& )73 42. (24), 5)& =) 42. 87).85F"/(#1%8 +? %&) 78"&=+"&#7#$2-

(2 (marginalization) +? 7"#? 8.) (:.#0# )73 87&7"3(=848? >1)>&5<? %84)-

C024<? >20D.#1(8? )73 7#&3. (1.&(4D.4) 4# %#.4<0# factor analyzer <L8&

7"#<0=8& (7)",L=2) 5)=8%$) )73 4&? 7)")42",(8&? xj, j = 1, ..., n. U(4+

Z = {zj}n
j=1 4+.  >&).1(%/4+.  8.>8&54D.  7"#<081(2?, zj = (zij), 4.+.

zij ∈ {0, 1} 5)& zij = 1 ). 4# xj =8+"8$4)& 34& 7)",L=2 )73 4#. i#(4# (1-

.&(4D.4) analyzer, zij = 0 8&>/00+?. E1%C#0$S#1%8 )53%) +? U = {uj}n
j=1

4# (:.#0# 4+. scale vectors, 5)& +? Y = {Y j}n
j=1 4# (:.#0# 4+. 7&./5+.

4+. factors. H)4/ (1.<78&), *&) 5/=8 7)")4,"2(2, xj, j = 1, ..., n, #& ).-

4$(4#&L8? 5"1F<? %84)C024<? 78"&0)%C/.#1. 4#1? 7$.)58? 4+. factors Y j ,

4# scale vector uj , 5)& 4# >&/.1(%) 8.>8&54D. 7"#<081(2? zj . 6348, )73 42.

(24) 5)& 4&? (17), (22), 7"#5:748& 34& *&) <.) >8>#%<.# 70,=#? )73 (1.&-

(4D.48? analyzers, g, 2 5"1FD. %84)C024D. >&)%3"F+(2 4#1 MSFA model

>&)417D.84)& +? 8A,?:

p(zj|π) =
g∏

i=1

π
zij

i (2.25)

p(uj|zj,ν) =
g∏

i=1

G(uij|νi/2, νi/2)zij (2.26)
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p(Y j|uj,zj) =
g∏

i=1

N (yij|0, IQ/uij)
zij (2.27)

p(xj|Y j,uj,zj; {µi,Λi,Ψi}g
i=1) =

g∏

i=1

N (xj|µi + Λiyij,Ψi/uij)
zij (2.28)

37#1 π = (πi), ν = (νi). !0<#. 4#:4+., 2 Bayesian >&)4:7+(2 4#1 MSFA

model %7#"8$ .) #0#502"+=8$ 87&C/00#.4)? 5)4/00208? prior 5)4).#%<?

(4&? 7)")%<4"#1? 4#1 %#.4<0#1. '$.)& C#0&53 5)& >35&%# .) 87&0<A#1%8

conjugate priors +? 7"#? 4#1? 3"#1? (25)-(28) [5]. I73 )143 4# 7"$(%), 4#

>&/.1(%) 4+. C)"D. )./%8&A2? 87&0<*84)& .) )5#0#1=8$ 5)4).#%, Dirichlet

(>20. conjugate (42. 7#01+.1%&5, 5)4).#%, p(zj|π), 7#1 >$.84)& )73 42.

(25))

p(π|a) = D(π|a) =
Γ (a0)∏g
i=1 Γ (ai)

g∏

i=1

πai−1
i (2.29)

37#1 a0 =
∑

i ai. EL84&5/ %8 4) factor loading matrices, Λi, 87&0<*#1%8 %&)

4)#"#>459 conjugate prior 5)4).#%,, D(48 .) 87&4"<K#1%8 42. >&8.<"*8&)

automatic relevance determination (ARD) [16].O&) 4#. 03*# )143, (8 5/=8 (4,-

02 5/=8 factor loading matrix 87&C/0084)& %&) Gaussian prior %8 %2>8.&53 %<(#

5)& %&) >&)F#"84&5, 178"7)"/%84"# )5"&C8$)? (precision, ).4$(4"#F2 42?

(1.>&)5:%).(2?), ,4#&

p(Λi|φi) =
Q∏

k=1

N (λik|0, IP /φik) (2.30)

37#1λik 8$.)& 2 k#(42 (4,02 4#1Λi 5)& φik 2 precision 7)"/%84"#? *&) 5/=8

(4#&L8$# 42? ).4&(4#$L#1 (4,02?. 'F3(#. # )"&=%3? 4+. 178"7)")%<4"+.

7#1 78"&0)%C/.#.4)& (4# precision vector, φi = (φik), 8.3? factor loading
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matrix )1A/.84)& %8 4#. )"&=%3 4+. factors, Q, 87&0<*#1%8 .) 87&C/00#1%8

(4&? 178"7)")%<4"#1? φik %&) Gamma 178"-prior.;8 /00) 03*&), 87&0<*#1-

%8

p(φi|γ0,ω0) =
Q∏

k=1

G(φik|γ0,ω0) (2.31)

37#1 γ0 5)& ω0 8$.)& #& 178"-178"7)"/%84"#& 42? Gamma prior 7#1 87&C/0-

084)& (8 5/=8 precision vector φi. -? (2%8&+=8$ 34&, 5)=3(#. 2 (F)&"&5,

Gaussian prior (30) is 8$.)& >&)%8"$(&%2 (4&? P >&)(4/(8&? 42?, %7#"8$ &(#>:-

.)%) .) ).)01=8$ +? 7"#? 4&? *")%%<? 42? 0)%C/.#.4)?

p(Λi|φi) =
P∏

l=1

N (λil|0, diag(φi)
−1) (2.32)

37#1 λil 8$.)& 2 l#(42 *")%%, 42? Λi. E2%8&D.84)& 87$(2? 34& 78"&=+"&#-

7#&D.4)? 4&? Λi 87$ 4+. φi, %8 L",(2 4+. (30) 5)& (31), 7"#5:748& 34& 2 78-

"&=D"&8? priors 4+. factor loading matrices, Λi, 8$.)& 87$(2? 5)4).8%2%<.8?

5)4/ Student's-t. E42. 8.3424) 2.4.4 =) >8$A#1%8 7+? 2 ARD %<=#>#? [16],

7#1 (1.$(4)4)& )5"&CD? (42. 87&C#0, 42? prior (30) 87$ 4+. factor loading

matrices, %8 178"7)")%<4"#1? 5)4).8%2%<.8? 5)4/ 42. (31), 7)"<L8& %&)

17#0#*&(4&5/ )7#>#4&5, %<=#># *&) 42. )143%)42 8:"8(2 4#1 5)4)00,-

0#1 )"&=%#: factors *&) 5/=8 factor analyzer. 6<0#?, #& conjugate priors *&)

4#1? %<(#1? 4+. factor analyzers 87&0<*#.4)& +?

p(µi|m0, s0) = N (µi|m0, diag(s0)
−1) (2.33)

I7#*")%%$S#1%8 34& (42. ).+4<"+ )./01(2 >8. 87&C/00)%8 prior (4#.

)"&=%3 4+. (1.&(4+(D. analyzers, g, # #7#$#? =8+",=258 +? >8>#%<.#?.
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N 7)"/%84"#? )14, =) 8A)L=8$ %<(+ %8*&(4#7#$2(2? 4#1 variational 5/4+

F"/*%)4#? 42? marginal likelihood 4#1 MSFA model, 37+? =) (1S242=8$ (42.

8.3424)  2.4.4. M%#$+?  >8.  87&C/00)%8  prior (4#.  )"&=%3  4+.  factors, Q,

5/=8 factor analyzer, )F#:, 37+? 8A2*,()%8, )143? =) 80<*L84)& %<(+ 42?

ARD %8=3>#1. O&) 815#0$) >8. 87&C/00#1%8 prior (4#1? 7$.)58? (1.>&)5:-

%).(2? 4+. (F)0%/4+.Ψi.6<0#?, >8. 1F$(4)4)& conjugate prior *&) 4) >&)-

.:(%)4) C)=%D. 8081=8"$)?, ν. M& 480814)$8? >1# 7)"/%84"#& 4#1 MSFA

model =) C804&(4#7#&#:.4)& +? 178"7)"/%84"#& 4#1 %#.4<0#1, 37+? =)

8A2*2=8$ (42. (1.<L8&).

2.4 Variational Bayesian Inference

UL#.4)? 8&(/*8& 5)& prior 5)4).#%<? 87$ 4+. 7)")%<4"+. 4#1 MSFA model,

2 >&)4:7+(2 4#1 Variational Bayes-MSFA (VB-MSFA) model <L8& #0#502"+-

=8$. E1.87D?, %7#"#:%8 .) 7"#L+",(#1%8 (42. 8:"8(2 42? <5F")(2? 42?

marginal likelihood 4#1 %#.4<0#1.N )5"&C,? <5F")(2 42? marginal likelihood

4#1 %#.4<0#1 %)? 8$.)& 17#0#*&(4&5/ )7)*#"814&5,. T(43(#, 2 87&0#*,

conjugate exponential prior 5)4).#%D. *&) 4&? 7)")%<4"#1? 4#1 %#.4<0#1

%)? 87&4"<78& 42. >&)4:7+(2 8.3? 5#%K#: variational 17#>8$*%)4#? 87$01-

(2?.

U(4+ θS = (π,µ1, ....,µg,Λ1, ....,Λg,φ1, ....,φg) 4# (:.#0# 4+. 7)")-

%<4"+. 4#1 %#.4<0#1, 5)& θ 4# (:.#0# 30+. 4+. (4#L)(4&5D. %84)C024D.

7#1 (L84$S#.4)& %8 4# VB-MSFA model, ,4#& θ = (θs, Y, U, Z). N variational

Bayesian 87$01(2 4#1 VB-MSFA model %7#"8$, 0#&73., .) *$.8& %8 42. 8&()-

*+*, %&)? )1=)$"842? 5)4).#%,? q(θ) = q(Y, U, Z,θS) 5)& 42. =8D"2(2
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42? *.+(4,? &>&3424)? 42? log marginal likelihood (log evidence), logp(X) [8]

logp(X) = L(q) + KL(q||p) (2.34)

37#1

L(q) =

∫
q(θ)log

p(X,θ)

q(θ)
dθ (2.35)

E42. (34), KL(q||p) 8$.)& 2 Kullback-Leibler (KL) divergence %84)A: 42? )1-

=)$"842? 5)4).#%,? q(θ), 2 #7#$) 5)& )7#4808$ 42. variational (7"#(8**&(4&-

5,) posterior 87$ 4+. 7)")%<4"+. 4#1 %#.4<0#1, 5)& 42? p(θ|X) 7#1 8$.)& 2

7")*%)4&5, posteri-or 87$ 4+. 7)")%<4"+. 4#1 %#.4<0#1. Z(L:8&

KL(q||p) = −
∫

q(θ)log
p(θ|X)

q(θ)
dθ (2.36)

H)=3(#. 2 KL divergence 8$.)& %2 )".24&5, 7#(3424), 85 42? (36) (1./*8-

4)& 34& 2 L(q) )7#4808$ <.) 5/4+ F"/*%) 42? log evidence, i.e.

logp(X) ≥ L(q) (2.37)

E1.87D?, %8*&(4#7#&D.4)? )143 4# 5/4+ F"/*%) 42? log evidence, L(q),

D(48 .) *$.8& 4# >1.)43. 7&# (F&543,,4#&, 80)L&(4#7#&D.4)? 42. KL diverge-

nce %84)A: 42? 7")*%)4&5,? 5)& 42? variational posterior,%&) 5)0, variational

7"#(<**&(2 (4# VB-MSFA model %7#"8$ .) 8A)L=8$.

!"#58&%<.#1 .) >&)%#"FD(#1%8 %&) 17#0#*&(4&5/ )7#>#4&5, <5F")-

(2 *&) 4# 5/4+ F"/*%) 42? log evidence 4#1 VB-MSFA model, 17#=<4#1%8

34& 2 )73 5#&.#: variational posterior 5)4).#%, 4+. (4#L)(4&5D. %84)C02-

4D. 4#1 VB-MSFA model, q(θ) = q(Y, U, Z,θS), 7)")*#.4#7#&8$4)& 87$ 4+.
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5"1FD. %84)C024D. 5)& 4+. 7)")%<4"+. 4#1 %#.4<0#1, ,4#&

q(θ) = q(Y, U, Z,θS) ≈ q(Y, U, Z)q(θS) (2.38)

'7&70<#. >8L3%)(48 34&

q(θS) ≈ q(π)
g∏

i=1

q(µi)q(φi)q(Λi) (2.39)

#7348, 480&5/, 2 173=8(2 %)? >&)%#"FD.84)& +?

q(θ) = q(Y, U, Z,θS) ≈ q(Y, U, Z)q(π)
g∏

i=1

q(µi)q(φi)q(Λi) (2.40)

N 7)")*#.4#7#$2(2 4#1 q(θ) (42. %#"F, (40) 8$.)& %&) 5#&.34172 7"#(<*-

*&(2 (4# LD"# 4#1 variational Bayesian inference, 5)& %7#"8$ .) >8&L=8$ 34&

8$.)& (+(4,, +? )7#""<#1() )73 42. 7"#2*#:%8.2 =8D"2(2 %)? *&) 42.

%#"F, 42? )73 5#&.#: conjugate prior 5)4).#%,? (7#1 87$(2? <L8& (42. #1-

($) 7)")*#.4&(=8$ #%#$+? %8 42. (40)) [12].

UL#.4)? 87&0<A8& %&) #&5#*<.8&) 7"#(8**&(4&5D. (variational) posterior

5)4).#%D., %7#"#:%8 .) ).)S24,(#%8 4# C<04&(4# %<0#? )14,? 42? #&-

5#*8.8$)? >&) 42? %8*&(4#7#$2(2? 4#1 5/4+ F"/*%)4#? 42? log marginal

likelihood (variational lower bound), L(q). 6# 1730#&7# 42? 7)"#:()? 8.342-

4)? <L8& +? )5#0#:=+?: E42. 873%8.2 8.3424), =) >D(#1%8 42. 70,"2 <5-

F")(2 4#1 variational lower bound *&) 4# VB-MSFA model, L(q). E42. 8.342-

4) 2.4.2, #& 85F"/(8&? 4+. variatio-nal posteriors 4+. (4#L)(4&5D. %84)C02-

4D. 4#1 %#.4<0#1 model (7)"/%84"#& 5)& 5"1F<? %84)C024<?) =) 8A)L=#:.

>&) 42? %8*&(4#7#$2(2? 4#1 variational lower bound. E42. 8.3424) 2.4.3, =)
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(1S242=8$ 4# 7"3C02%) 42? 87&0#*,? 4&%D. *&) 4&? 178"7)")%<4"#1? 4#1

%#.4<0#1. E42.  8.3424)  2.4.4, =)  78"&*")F8$ 2  >&)>&5)($) 87&0#*,? %8-

*<=#1? %#.4<0#1, 5)& 2 08&4#1"*$) 4#1 ARD %2L).&(%#: *&) 4#. 7"#(>&#-

"&(%3 4#1 )"&=%#: 4+. factors. 6<0#?, (42. 8.3424) 2.4.5, =) 8A)L=8$ 2 <5-

F")(2 42? 5)4).#%,? 7"#C0<K8+. *&) 4# VB-MSFA model.

2.4.1 Variational Lower Bound

'5 42? (35) 5)& 173 42. 173=8(2 (40) 0)%C/.#1%8

L(q) =

∫
dπq(π)log

p(π|a)

q(π)
+

g∑

i=1

{∫
dφiq(φi)

[
log

p(φi|γ0,ω0)

q(φi)

+

∫
dΛiq(Λi)log

p(Λi|φi)

q(Λi)

]
+

∫
dµiq(µi)log

p(µi|m0, s0)

q(µi)

}

+
g∑

i=1

n∑

j=1

q(zij = 1)

{∫
dπq(π)log

p(zij = 1|π)

q(zij = 1)

+

∫
duijq(uij|zij = 1)

[
log

p(uij|zij = 1)

q(uij|zij = 1)

+

∫
dyijq(yij|uij, zij = 1)

(
log

p(yij|uij)

q(yij|uij, zij = 1)

+

∫
dΛiq(Λi)

∫
dµiq(µi)logp(xj|Λi,µi,Ψi, νi,yij, uij, zij = 1)

)]}

(2.41)

H ).)014&5, <5F")(2 *&) 4) #0#502"D%)4) (posterior 7"#(>#524<? 4&%<?)

7#1 78"&<L#.4)& (42. +? /.+ <5F")(2 4#1 variational lower boundL(q) %7#-

"8$ .) C"8=8$ (4# !)"/"42%).

'5 42? (35) *$.84)& F).8"3 34& 4# variational lower bound 42? log evidence,

L(q), 8$.)& %&) %2-convex (1./"42(2 42? variational posterior 5)4).#%,? q(θ)

79



[17]. E1.87D?, =) 17/"L#1., 8. *<.8&, 7#00)70/ 4#7&5/ %<*&(4) 42? L(q),

5)& (1.87D?,2 0:(2 7#1 C"$(584)& )73 42. >&)>&5)($) 4#1 variational inference

=) 8A)"4/4)& )73 42. )"L&5#7#$2(2. !)"' 30) )14/, 4# *8*#.3? )143 >8.

8$.)& 7"3C02%), 5)=D?, 173 4# variational Bayesian 173>8&*%),)"58$ 2 854<08-

(2 42? variational inference procedure )73 >&)F#"84&5<? 41L)$8? 855&.,(8&?

5)& 2 0,K2 858$.2? 4+. 7"#5174#1(D. 0:(8+. 7#1 )7#>$>8& 42. %8*)0:-

48"2 4&%, *&) 4# variational bound,L(q).I7#*")%%$S#1%8 34& 4# %8*/0# 708-

#.<542%) 42? 7"#48&.#%<.2? variational Bayesian 7"#(8**$(8+? (8 (L<(2 %8

4#. '; )0*3"&=%# 8$.)& 34& )14, 2 >&)>&5)($) >8. )7)&48$ 42. L",(2 4#1

17#0#*&(4&5/ 5#(4#C3"#1 cross-validation, 5)=D? 2 /.+ F")*%<.2 F:(2

42? 8>D C804&(4#7#&#:%8.2? (1./"42(2? (variational bound) >8. )7)&48$ 42.

L",(2 4<4#&+. %8=3>+., )00/ )"58$ 2 L",(2 30#1 4#1 (1.30#1 857)$>81-

(2? (8 <.) %3.# 7<")(%) [13].

2.4.2 Variational Posteriors

M& 85F"/(8&? 4+. variational posteriors *&) 4# VB-MSFA model (1./*#.4)&,

+? 8$7)%8, >&) 42? %8*&(4#7#$2(2? 4#1 L(q) +? 7"#? 5)=<.) )73 4#1? 7)-

"/*#.48? 42? q(θ), >&)42"D.4)? 5/=8 F#"/ 4#1? 17#0#$7#1? (4)=8"#:?,

173 %&) 87).)0274&5, >&)>&5)($) [18]. E4# 4<0#? 5/=8 87)./02K2?, 2 4&%,

4#1 variational lower bound, L(q), 17#0#*$S84)& 5)& L"2(&%#7#&8$4)& *&) 42.

8F)"%#*, 8.3? 5"&42"$#1 (:*50&(2? 4#1 variational inference. E2%8&D.84)&

34&, +? (1.<78&) 42? conjugate exponential >#%,? 4#1 %#.4<0#1 %)?, #& (1-

.)*D%8.#& C<04&(4#& 7)"/*#.48? 42? variational posterior 5)4).#%,?, q(θ),

=) <L#1. 42. $>&) %#"F, %8 4&? ).4$(4#&L8? prior 5)4).#%<? 4&? )7#480#:-

(8? 42. p(X,θ) [17]. '7&70<#., 85 5)4)(581,?, 4# variational lower bound
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>8. %7#"8$ .) %8&+=8$ %84/ )73 %&) 8.2%<"+(2 4#1 q(θ).-.4&=<4+?, 2 >&)-

>#L&5,, 87).)0274&5, >&)>&5)($) 8.2%<"+(2? 4+. 87$ %<"#1? variational

posterior 5)4).#%D. 7#1 (1.&(4#:. 42. q(θ) 8**1/4)& 42. %#.#4#.&5, ):-

A2(2 4#1 lower bound L(q) [14].

U(4+ < χ >ξ 2 7"#(>#524, 4&%, 42? <5F")(2? χ +? 7"#? 42. 5)4).#-

%, ξ. M& ).)014&5<? 85F"/(8&? 4+. 7)")5/4+ L"2(&%#7#&#1%<.+. 7"#(-

>#524D. 4&%D., %7#"#:. .) C"8=#:. (4# !)"/"42%). -73 42. <5F")(2

4#1 5/4+ F"/*%)4#? 42? log evidence 4#1 MSFA model, 7#1 >$.84)& )73 42.

(41), <L#1%8

q(yij|uij, zij = 1) = N (yij|ȳij,Σ
y
i /uij) (2.42)

37#1

Σy
i =

(
IQ +

〈
ΛT

i Ψ−1
i Λi

〉
q(Λi)

)−1
(2.43)

ȳij = Σy
i 〈Λi〉Tq(Λi)

Ψ−1
i

(
xj − 〈µi〉q(µi)

)
(2.44)

;8 L",(2 5)& 42? (42), (1./*84)&

q(uij|zij = 1) = G(uij|αij,βij) (2.45)

37#1

αij =
νi + P

2
(2.46)

βij =
1

2

{
νi +

〈
yij

〉T

q(yij |uij ,zij=1)

〈
yij

〉
q(yij |uij ,zij=1)

− 2
(
xj − 〈µi〉q(µi)

)T

×Ψ−1
i 〈Λi〉q(Λi)

〈
yij

〉
q(yij |uij ,zij=1)

+
〈
(xj − µi)

T Ψ−1
i (xj − µi)

〉

q(µi)

+tr
[
Ψ−1

i tr
(〈

yij

〉
q(yij |uij ,zij=1)

〈
yij

〉T

q(yij |uij ,zij=1)

〈
ΛT

i Λi

〉
q(Λi)

)]}

(2.47)
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5)& tr 8$.)& 4# $L.#? 8.3? 7$.)5).J"2(&%#7#&D.4)? 5)& 42. (45), 0)%C/.#1-

%8 *&) 4) >&).:(%)4) 8.>8&54D. Z = {zj}n
j=1 34&

q(zij = 1) = exp

{
−

〈uij

2
tr

[
Ψ−1

i

(
xj − µi −Λiyij

) (
xj − µi −Λiyij

)T
]〉

q(θ)

− 1

2
log|Ψi|+ logΓ (αij)− logΓ

(νi

2

)
+

νi

2
log

(νi

2

)
− αijlog(βij)

−
(
αij −

νi

2

)
〈loguij〉q(uij |zij=1) +

(
βij −

νi

2

)
〈uij〉q(uij |zij=1)

+
1

2
log|Σy

i |+
P −Q

2
〈loguij〉q(uij |zij=1) + 〈logπ〉q(π)

}
exp(const.)

(2.48)

T(43(#, 7"<78& .) 02F=8$ 87&70<#. 173K&. 34& 2 5)4).#%, q(zj) 7"<78& .)

8$.)& 5).#.&5#7#&2%<.2 *&) 5/=8 xj D(48 .) &(L:8&
∑g

i=1 q(zij = 1) = 1.

I73 )143 4# 7"$(%) 2 <5F")(2 42? variational posterior q(zij = 1) 480&5/

*$.84)&

q(zij = 1) =
rij∑g
i=1 rij

(2.49)

37#1

rij ! exp

{
−

〈uij

2
tr

[
Ψ−1

i

(
xj − µi −Λiyij

) (
xj − µi −Λiyij

)T
]〉

q(θ)

− 1

2
log|Ψi|+ logΓ (αij)− logΓ

(νi

2

)
+

νi

2
log

(νi

2

)
− αijlog(βij)

−
(
αij −

νi

2

)
〈loguij〉q(uij |zij=1) +

(
βij −

νi

2

)
〈uij〉q(uij |zij=1)

+
1

2
log|Σy

i |+
P −Q

2
〈loguij〉q(uij |zij=1) + 〈logπ〉q(π)

}

(2.50)
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-.)F#"&5/, 4D"), %8 4) C/"2 17<"=8(2? π, )73 42. (41) 0)%C/.#1%8

q(π) = D(π|â) (2.51)

37#1

âi = ai +
n∑

j=1

q(zij = 1) (2.52)

O&) 4&? variational posteriors 87$ 4+. precision parameters 4+. factor loading

7&./5+., q(φik), (1./*84)&

q(φik) = G(φik|γik,ωik) (2.53)

37#1

γik = γ0 +
P

2
(2.54)

ωik = ω0 +

〈
λT

ikλik

〉
q(λik)

2
(2.55)

'7&(2%)$.#1%8 34& # +? /.+ 17#0#*&(%3? 4+. variational posteriors q(φik)

)7#4808$ 4# C)(&53 (1(4)4&53 4#1 ARD %2L).&(%#: 7#1 87&C/00)%8 87$

4+. (420D. 4+. 7&./5+. factor loadings.

EL84&5/ %8 42. variational posterior 4+. 7&./5+. factor loadings, q(Λi),

#"$S#.4)? +? (M)m,n 4# (m,n) (4#&L8$# 4#1 7$.)5)M , 5& +? (v)l 4# l#(4#

(4#&L8$# 4#1 >&).:(%)4#? v, 2 8A. (41) >$>8&

q(Λi) =
P∏

l=1

q(λil) (2.56)
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5)&

q(λil) = N (λil|m∗
il,S

∗
il) (2.57)

37#1

S∗
il =

[
(
Ψ−1

i

)
ll

n∑

j=1

q(zij = 1) 〈uij〉q(uij)

〈
yijy

T
ij

〉
q(yij |uij ,zij=1)

+ 〈diag(φi)〉q(φi)

]−1

(2.58)

m∗
il = S∗

il

(
Ψ−1

i

)
ll

n∑

j=1

q(zij = 1) 〈uij〉q(uij)

[
(xj)l − (〈µi〉q(µ))l

] 〈
yij

〉
q(yij |uij ,zij=1)

(2.59)

5)& λil 8$.)& 2 l#(42 *")%%, 4#1 i#(4#1 7$.)5) factor loadings, Λi. 6<0#?,

*&) 42. <5F")(2 4+. q(µi) <L#1%8

q(µi) = N (µi|mi,Si) (2.60)

37#1,

Si =

[
diag(s0) + Ψ−1

i

n∑

j=1

q(zij = 1) 〈uij〉q(uij |zij=1)

]−1

(2.61)

mi = Si

[
diag(s0)m0 + Ψ−1

i

n∑

j=1

q(zij = 1) 〈uij〉q(uij |zij=1)

×
(
xj − 〈Λi〉q(Λi)

〈
yij

〉
q(yij |uij ,zij=1)

)] (2.62)

2.4.3 25$9/A* N5"#5)#)'@.#4(

UL#.4)? 70<#. C"8& 4&? 85F"/(8&? 4+. variational posterior 5)4).#%D. *&)

4&? %84)C024<? (7)")%<4"#1? 37#1 87&C/00)%8 prior 5)4).#%<? 5)& 5"1F<?

%84)C024<?) 4#1 MSFA model, 7"<78& 4D") .) 7"#L+",(#1%8 (42. 5)4/0-
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0202 87&0#*, 4+. 4&%D. 4+. 178"7)")%<4"+. 4#1 %#.4<0#1, 7#1 78"&0)%-

C/.#1. 4&? {a, γ0,ω0,m0, s0, {Ψi}g
i=1,ν}.

-? A85&.,(#1%8 %8 42. 8:"8(2 42? 4&%,? 4+. 7)")%<4"+. Ψi 4#1 %#-

.4<0#1, 7#1, *&) 815#0$),>8. 78"&80,F=2(). (42. variational inference proce-

dure 7#1 78"&8*"/K)%8 7"#2*#1%<.+?, )00/ 42. L8&"&S3%)(48 +? 178"7)-

"/%84"# 4#1 %#.4<0#1.!)$".#.4)? 7)")*D*#1? 42?L(q) with +? 7"#?Ψ−1
i

(1./*84)&

Ψ−1
i =diag

{
1∑n

j=1 q(zij = 1)

n∑

j=1

q(zij = 1)

×
〈
uij

(
xj − µi −Λiyij

) (
xj − µi −Λiyij

)T
〉

q(θ)

} (2.63)

37#1 diag 8$.)& # 4808(4,? 7#1 >&)42"8$ %3.# 4) >&)*D.&) (4#&L8$) 8.3?

484")*+.&5#: 7$.)5), =<4#.4)? 4) 0#&7/ (8 %2><..H)=' 3%#&#. 4"37# *&)

4#1? C)=%#:? 8081=8"$)? νi 0)%C/.#1%8

log
νi

2
+ 1− ψ

(νi

2

)
+

1∑n
j=1 q(zij = 1)

n∑

j=1

q(zij = 1)

×
(
〈loguij〉q(uij |zij=1) − 〈uij〉q(uij |zij=1)

)
= 0

(2.64)

O&) 4&? 0#&7<? 4+. 178"7)")%<4"+. 4#1 VB-MSFA model,).4$ 42? C804&-

(4#7#$2(,? 4#1? +? 7"#? 4# variational lower bound 4#1 %#.4<0#1, 87&0<*#1-

%8 5/7#&8? ad hoc 4&%<?. -143 8$.)& 7"#4&%348"# 5)=D? 4# 3F80#? )73 42.

8:"8(2 4+. 4&%D. 4#1? >&) C804&(4#7#$2(2? 4#1 variational lower bound >8.

5"$.84)& (2%).4&53, 34). %&) 5)0, ad hoc 87&0#*, 4&%,? 8$.)& >1.)4,.-.4&-

=<4+?, # 17#0#*&(4&53? F3"4#? 7#1 87/*8& 2 C804&(4#7#$2(2 4#1 variational
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lower bound +? 7"#? 4&? 178"7)")%<4"#1? )14<? 8$.)& 7#0: (2%).4&53?,

5)=D? )7)&48$ 42. 87$01(2 8A&(D(8+. ).#&L4#: 4:7#1 (>8?, 7.L., [13, 14]).

O&) 4#1? 03*#1? )14#:?, ).)F#"&5/ %8 4&? 178"7)")%<4"#1? 4+. µi,

87&0<*#1%8 m0 = 0, s0 = 10−3IP , D(48 .) 7/"#1%8 81"8$8? 5)4).#%<?.

M%#$+? *&) factor loading matrix precision parameters,φik, 87&0<*#1%8 81"8$8?

5)4).#%<?, =<4#.4)? γ0 = ω0 = 10−3. 6<0#?, *&) 4&? 178"7)")%<4"#1? a

4+. C)"D. 17<"=8(2?, 1&#=84#:%8 42. (1.,=2 87&0#*, 7)$".#.4)? ai =

10−3 ∀i [13].

2.4.4 25$9/A* 1/(.@9/< -)$ G#*+, .,; ARD1"C&=/<

-? )"L$(#1%8 %8 4# 7"3C02%) 87&0#*,? )"&=%#: (1.&(4+(D. factor analyzers

g.X7+? 8$7)%8, )143 %7#"8$ .) *$.8& >&) 42? %8*&(4#7#$2(2? 4#1 variational

lower bound 4#1 VB-MSFA model. '&>&5348"), 2 1&#=<42(2 42? 7"#48&.#-

%<.2? Bayesian 7"#(<**&(2? 87&4"<78& 42. 8:"8(2 4#1 C804$(4#1 )"&=%#:

4+. (1.&(4+(D. 5)4).#%D., g, %8 42. )70, 87)./02K2 42? variational infere-

nce procedure *&) >&)F#"84&5<? 4&%<? 42? 7)")%<4"#1 g 5)& 42. 0,K2 858$.2?

4+. 4&%D. 7#1 %8*&(4#7#&8$ 4# variational bound, L(q). E2%8&D.84)& 34&, 8.

).4&=<(8& %8 4) 42? 7"#48&.#%<.2? %8=3>#1, #& %<=#>#& C)(&(%<.8? (4# ';

)0*3"&=%#, 8A )&4$)? 42? %2 F")*%<.2? %#"F,? 42? ).4&58&%8.&5,? 4#1? (1-

./"42(2?, )7)&4#:. L",(2 cross-validation )7<.).4& (8 ).8A/"424) (:.#0)

>8>#%<.+. D(48 .) *$.8& >1.)43? # 5)4/0020#? 7"#(>&#"&(%3? 4#1 )"&=-

%#: 4+. (1.&(4+(D. 5)4).#%D., %&) %<=#>#? 7#1 8$.)& *.+(43 34& <L8&

%8*/02 17#0#*&(4&5, 7#0170#53424) 5)& 8$.)& 87&""87,? (8 7"#C0,%)4)

over-fitting [4].

EL84&5/ %8 4#. )"&=%3 4+. factors, +? ).)0:=258 7"#2*#1%<.+?, *&)
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4#. 7"#(>&#"&(%3 4#1 L"2(&%#7#&#:%8 automatic relevance determination (ARD)

[16]. N &><) 42? %8=3>#1 ARD 8$.)& .) >2%&#1"*#:%8 (1.<L8&) 87&70<#.

(4#&L8$) 80<*L#.4)? 7)"/0020) 7348 <.) (4#&L8$# )"L$S8& .) 178"857)&-

>8:84)&. N 178"857)$>81(2 85>20D.84)& +? %&) posterior 5"("'&09 2!)#-

!"#"01(#&2 "5#4:)<"* (precision) 7#1 48$.8& (4# /78&"#, >8&5.:#1() 34& 4#

(4#&L8$# )143 ).4&(4#&L8$ (8 %&) %3.# 7)")4,"2(2 857)$>81(2?.@/(8& )1-

4D., 42. 78"$74+(2 4#1 VB-MSFA model, # ARD %2L).&(%3? 10#7#&,=258

87&C/00#.4)? %&) prior 87$ 4+. 7&./5+. factor loadings,D(48 .) )7#4"<K#1-

%8 %8*/0) factor loadings, %8 4# 8:"#? 5/=8 prior .) 80<*L84)& )73 %&) 5)4/

Gamma 5"("')0701'7 2!)#!"#$0)(#& "5#4:)<"* (precision), φik, +? F)$.8-

4)& (4&? 8A. (30), (31). -. 5/7#&) )73 )14<? 4&? )5"$C8&8? 48$.8& (4# /78&"#,

7.L. φik → ∞, 4348 4) 8A8"L3%8.) C/"2 ((4,08? λik) 4#1 k#(4#1 factor 4#1

i#(4#1 analyzer =) 7"<78& .) 8$.)& 7#0: 5#.4/ (4# %2><., D(48 .) >&)42-

"2=8$ 1K20, 2 likelihood, 5)& (1.87D?, )143? # factor (42. 7")*%)4&53424)

)14#-)51"D.84)&.

E1%78")(%)4&5/, # 7"#(>&#"&(%3? 4#1 )"&=%#: 4+. factors *&) 4# VB-

MSFA model, 173 42. 8F)"%#*, 42? ARD 48L.&5,?, (1.$(4)4)& (42. )"L&5,

854<08(2 42? 854&%24&5,? 4#1 %#.4<0#1 =<4#.4)? 4#Q (42. %8*$(42 >1.)4,

4&%, 4#1, Q = P − 1, 5)& 42. 78")&4<"+ )7)0#&F, 858$.+. 4+. factors %8

%8*/0# %<(# (48$.#.4) (4# /78&"#) *&) 42. variational posterior 42. 178"7)-

")%<4"#1 )5"&C8$)? 4#1?. E2%8&+4<#. 34&, 8F3(#. #& 78"&44#$ factors (42.

7")*%)4&53424) >8. %#.480#7#&#:. >8>#%<.), 2 )7)0#&F, 4#1? =) 7"<78&

.) )7#>D(8& %&) ):A2(2 (4# log evidence 4#1 %#.4<0#1.
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2.4.5 2-.:',+, .,; B).)(/'*; !#&L9"O,;

U(4+ <.) 857)&>81%<.# VB-MSFA model. !"#58&%<.#1 .) 5/.#1%8 854$-

%2(2 42? 7&=).3424)? , 4)A&.3%2(2 8.3? >8$*%)4#? X ′ = {x′
j}n′

j=1 +? 7"#?

4# %#.4<0# )143, L"8&/S84)& .) 17#0#*$(#1%8 42. 5)4).#%, 7"3C08K2?

p(X ′|X) =
p(X ′, X)

p(X)
=

∫
dθp(θ|X)p(X ′|θ) (2.65)

37#1X 4) >8>#%<.) 857)$>81(2?.J"2(&%#7#&D.4)? 42. variational posterior

).4$ 42? 7")*%)4&5,?, (1./*84)&

p(X ′|X) ≈
∫

dθq(θ)p(X ′|θ) (2.66)

6348, )73 42. (40) 5)& =<4#.4)?Λ = {Λi}g
i=1 5)& µ = {µi}

g
i=1, 0)%C/.#1%8

logp(X ′|X) ≈ log
∫

dπq(π)
∫

dΛq(Λ)
∫

dµq(µ)

×
[∏n′

j=1

∑g
i=1 p(zij = 1|π)p(x

′
j|Λi,µi,Ψi, νi, zij = 1)

]

≥
∑n′

j=1

∫
dπq(π)

∫
dΛq(Λ)

∫
dµq(µ)

×
[
log

∑g
i=1 p(zij = 1|π)p(x

′
j|Λi,µi,Ψi, νi, zij = 1)

]

=
∑n′

j=1

∫
dπq(π)

∫
dΛq(Λ)

∫
dµq(µ)

×
[

log
∑g

i=1 q(zij = 1)
p(zij=1|π)p(x

′
j |Λi,µi,Ψi,νi,zij=1)

q(zij=1)

]

≥
∑n′

j=1

∫
dπq(π)

∫
dΛq(Λ)

∫
dµq(µ)

∑g
i=1 q(zij = 1)

×log
p(zij=1|π)p(x

′
j |Λi,µi,Ψi,νi,zij=1)

q(zij=1)
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⇒ logp(X ′|X) ≥
n′∑

j=1

g∑

i=1

q(zij = 1)

{∫
dπq(π)log

p(zij = 1|π)

q(zij = 1)

+

∫
duijq(uij|zij = 1)

[
log

p(uij|zij = 1)

q(uij|zij = 1)
+

∫
dyijq(yij|uij, zij = 1)

×
(∫

dΛiq(Λi)

∫
dµiq(µi)logp(x

′

j|Λi,µi,Ψi, νi,yij, uij, zij = 1)

+log
p(yij|uij)

q(yij|uij, zij = 1)

)]}

(2.67)

X7+? 7)")42"#:%8 )73 42. ).+4<"+ )./01(2, 2 5)4).#%, 7"3C08K2? 8$-

.)& 5/4+ F")*%<.2 )73 %&) 7#(3424) 7#1 #%#&/S8& )"584/ (4# variational

lower bound (). )F)&"<(#1%8 4#1? 3"#1? 7#1 ).)F<"#.4)& (4&? 5)4).#%<?

4+. 7)")%<4"+. 4#1 %#.4<0#1). E1.87D?, *&) 42. 854$%2(2 42? 5)4).#%,?

7"3C08K2? 5)& 42. L",(2 42? (8 8F)"%#*<? 4)A&.3%2(2? 7"#4:7+., )"58$

# 17#0#*&(%3? 4#1 +? /.+ 5/4+ F"/*%)4#?.M& ).)014&5<? 85F"/(8&? 4+.

#0#502"+%/4+. (7"#(>#524D. 4&%D.) (42. <5F")(, 4#1 %7#"#:. .) C"8-

=#:. (4# !)"/"42%).

2.5 2I)#'/A@;

!)"<L#1%8  7)")5/4+  42.  87$>#(2  4#1  7"#48&.#%<.#1  %#.4<0#1  (8  %&)

(1.=84&5, 5)& >1# 7")*%)4&5<? 8F)"%#*<?.N 87$>#(, 4#1 (1*5"$.84)& %8

42. 87$>#(2 42? %8=3>#1 VB-MFA [14], %&)? 7"#(<**&(2? %8*$(42? 7&=)-

.#F).8$)? (4# MSFA model (ML-MSFA) [1], %&)? 7"#(<**&(2? %8*$(42? 7&-

=).#F).8$)? (4# MFA model (ML-MFA) [19], 5)& 4&? %8=3>#1? MPPCA [20]

5)& tPPCA [21].I7#*")%%$S#1%8 34& (8 30) 4) +? /.+ 78&"/%)4),#& L"3.#&

857)$>81(2? 5)& )A&#03*2(2? 4+. +? /.+ %8=3>+. ,(). 42? &>$)? 4/A2?
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%8*<=#1?, ). >8. 8F)"%3(#1%8 cross validation ((1L./ )7)")$4242 *&) 4&?

48L.&5<? %8*$(42? 7&=).#F).8$)?).!&# 0874#%8",? )A&#03*2(2 5"$=258 %8

8F&54,, 5)=D? 8$.)& ()F<? 34& #& >&)F#"84&5<? 87&0#*<? 10#7#$2(2? =) 8$-

L). 87$>")(2 (4) )7#480<(%)4). T(43(#, 5)=D? 2 >&5, %)? %<=#>#? >8.

)7)&48$ cross validation, %7#"#:%8 .) &(L1"&(4#:%8 34& (8 )143 4# 78>$#

178"48"8$ 4+. ).4&(4#$L+. %8=3>+. %8*$(42? 7&=).#F).8$)?.

2.5.1 23#4+., 25$9/A* 1"A@C/<; 1/(.@9/<

E4# 78$")%) )143 87&>8&5.:#1%8 42. >&)>&5)($) 87&0#*,? %8*<=#1? %#-

.4<0#1 %8 <.) (1.=84&53 78$")%). B8+"#:%8 %&) 3-(1.&(4+(D. 17<"=8(2

>&%84)C0,4+. Gaussian 5)4).#%D. %8 π1 = π2 = π3 = 1
3 , µ1 = (0, 3)T ,µ2 =

(3, 0)T ,µ3 = (−3, 0)T , 5)&

Σ1 =



 2 0.5

0.5 0.5



 ,Σ2 =



 1 0

0 0.1



 ,Σ3 =



 2 −0.5

−0.5 0.5





-73 5/=8 %&) )73 4&? (1.&(4D(8? )14<? 5)4).#%<? 4")C/%8 800 >8>#%<.),

0)%C/.#.4)? <4(& (1.#0&5/ 2400 8A#%#&+%<.) (2%8$). '7&70<#., *&) .)

)A&#0#*,(#1%8 42. ).=854&53424) 4+. =8+"#1%<.+. %#.4<0+. (8 =3"1-

C# 5)& outliers, (4# +? /.+ >8$*%) 7"#(=<4#1%8 5)& 600 =#"1C#*8., (2%8$)

(outliers) 02F=<.4) )73 %&) #%#&3%#"F2 5)4).#%, (4# >&/(42%) [−δ, δ] (8

5/=8 >&/(4)(2. ;8 L",(2 4+. +? /.+ >8>#%<.+., 857)&>8:#1%8 <.) %#-

.4<0# )73 5)=<.) )73 4#1? =8+"#:%8.#1? 4:7#1?, 87&0<*#.4)? Q = 1.

O&) 42. 7"#48&.3%8.2 %<=#># VB-MSFA, 5)& 42. %<=#># VB-MFA, 2 87&0#-

*, %8*<=#1? %#.4<0#1 *$.84)& 37+? 78"&8*"/F2 (42. 8.3424) 2.4.4. O&) 4&?

%8=3>#1? ML-MSFA, ML-MFA, MPPCA, 5)& tPPCA, L"2(&%#7#&,()%8 %&)?
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!$.)5)? 2.1: ':"+(42 '7&0#*, ;8*<=#1? ;#.4<0#1: 6&%<? *&) >&/F#")
8:"2 =#":C#1

;#.4<0# ;<*8=#? ;#.4<0#1 (g)

δ = 0 δ = 5 δ = 10 δ = 20

VB-MSFA 3 3 3 3

VB-MFA 3 3 5 5

ML-MSFA 3 3 3 4

ML-MFA 3 3 5 7

tPPCA 3 3 3 5

MPPCA 3 3 5 7

cross-validation 48L.&5, [4]. 6) 02F=<.4) )7#480<(%)4) *&) 4&%<? 42? 7)")-

%<4"#1 δ $(8? %8 $δ = 0 (i.e. no outliers), 5, 10, 20 >$>#.4)& (4#. !$.)5) 1.

!)")42"#:%8 34& 4) Gaussian %#.4<0) >#108:#1. 5)0/ )7#1($) =#":C#1.

H)=D?, 3%+?, 4# 8:"#? 4#1 =#":C#1, δ, )1A/.8&, 2 87$>#(2 4+. Gaussian

%#.4<0+. 8%F).$S8& %8$+(2. -.4$=84), 4) 5)4/ Student's-t 5)4).8%2%<.)

%#.4<0) )7#>8&5.:#.4)& 8A)&"84&5/ 8:"+(4).

2.5.2 8)H$(&',+, +,'>.4( ,9"-.#/"A-"I)9/A#)I*')./;

N 4)A&.3%2(2 (2%/4+. 20854"#8*58F)0#*")F,%)4#? (N'O) <L8& 81"<+?

L"2(&%#7#&2=8$ (8 >&)7"#(+78$8? ).="D7#1-%2L).,? (Brain-Computer Inter-

faces) [22].T(43(#, 4) N'O (1.$(4).4)& )73 42. 17<"=8(2 7#00D. 4)14#-

L"3.+? 8.8"*D. (2%/4+. %8 (2%).4&5/ 7#(#(4/ =#":C#1, # #7#$#? >:-

.)4)& .) <L8& (2%).4&5, )".24&5, 87$>")(2 (42. 87$>#(2 %#.4<0+. 857)&-

>81#%<.+. *&) 42. 4)A&.3%2(2 )14D. 4+. (2%/4+. [22]. 6# *8*#.3? )143

(8 (1.>1)(%3 %8 42. 1K20, >&/(4)(2 4#1 LD"#1 7)")4,"2(2? 5)=&(4#:.
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42. (1*585"&%<.2 8F)"%#*, 5)4/00202 *&) 42. )A&#03*2(2 4#1 7"#48&.#-

%<.#1 %#.4<0#1.

6) L"2(&%#7#&#:%8.) N'O >8>#%<.) )7#480#:. 4%,%) 42? (100#*,?

7#1 7)"#1(&/(=258 (4# [23]. !8"&0)%C/.8& N'O (,%)4) )73 4 17#58$%8-

.) 85480#:.4) 2 7.81%)4&5<? >&8"*)($8?, (4&? #7#$8? 8$L). (a) .) 2"8%,-

(#1. %2 (58743%8.) 4$7#4) (1*585"&%<.# (%<4"2(2 C/(2?) (b) .) 87&0:-

(#1. %2 484"&%%<.) 7"#C0,%)4) 7#00)70)(&)(%#: %8 4# %1)03 4#1?. 6)

8. 03*+ N'O (,%)4) 78"&0)%C/.#1. 6 5)./0&), 5)& 5)48*"/F2(). *&) 10

sec. 5/=8 F#"/, %8 %&) (1L.3424) >8&*%)4#02K$)? 250 Hz.

E4# 78$")%/ %)?, 5/=8 N'O (,%) >&)&"8$4)& (8 7)"/=1") 1/4 sec. 87&-

5)0174D%8.) 5)4/ 1/8 sec 5)&, 8. (1.8L8$), *&) 5/=8 5)./0& 17#0#*$S#1%8

<.) C)=%#:-6 )14#7)0&.>"#%&53 (AR) %#.4<0# %8 L",(2 42? Yule-Walker

approach [24]. U4(& 0)%C/.84)& <.) 36×1 feature vector )73 5/=8 7)"/=1-

"#.-73 4) >8>#%<.) )14/, 4# 30%, ,4#& 200 >8$*%)4) )./ 50/(2, L"2(&%#-

7#&#:.4)& *&) 857)$>81(2 4+. %#.4<0+., 5)& 4) 1730#&7) *&) >#5&%<?.E4#.

!$.)5) 2 7)"<L#1%8 4#1? 7"#5:74#.48? "1=%#:? (F/0%)4#? *&) 4) )A&#-

0#*#:%8.) %#.4<0), 5)& *&) C<04&(42 87&0#*, %8*<=#1?. 6) )7#480<(%)4)

4+. EM-4:7#1 %8=3>+. 8$.)& %<(#& 87$ 30 85480<(8+. 4#1 EM )0*#"$=-

%#1. '7&70<#., 7)")=<4#1%8 5)& 4) )7#480<(%)4) )73 42. 8"*)($) 4+.

Anderson et al. in [25].
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!$.)5)? 2.2: 6)A&.3%2(2 HEO (2%/4+.: Q1=%#$ (F/0%)4#? *&) C<04&(42
87&0#*, %#.4<0#1

Model g Q @)(&5, ;<4"2(2 !#00/%3? ;<(#?

VB-MSFA 3 22 1.428% 8.575% 5.001%

VB-MFA 4 29 2.860% 11.420% 7.140%

ML-MSFA 3 18 4.57% 25.64% 15.10%

ML-MFA 4 18 9.15% 32.32% 20.74%

tPPCA 3 18 5.14% 25.68% 15.86%

MPPCA 4 18 8.88% 36.54% 22.71%

Anderson et al. [25] - - - - 18.7%

2.6 ?<'5"#>+').)

E4# 58F/0)&# )143 7"#48$.)%8 %&) .<) =8D"2(2 (4) %#.4<0) 7878")(%<.+.

178"=<(8+. factor analyzers, 5)4).8%2%<.+. 5)4) Student's-t, 8&(/*#.4)?

%&) 5)&.#43%# 7"#(<**&(, 4#1? 173 4# 173>8&*%) 42? Bayesian 854&%24&5,?

%8 L",(2 %&)? variational 48L.&5,?. T# 7"#5:74#., VB-MSFA model, 7)"<L8&

(2%).4&5/ 708#.854,%)4) 8. (L<(8& %8 8.)00)54&5<? %8*$(42? 7&=).#F)-

.8$)? 7"#(8**$(8&? (7.L. [1]): 4) 7"#C0,%)4) C804$(4#1 7"#(>&#"&(%#: 4#1

)"&=%#:  4+.  (1.&(4+(D.  5)4).#%D.  (factor analyzers) 5)&  4#1  70,=#1?

4+. factors %7#"8$ .) 01=8$ %8 <.). 8:5#0#, )A&37&(4#, 5)& 17#0#*&(4&5/

)7#>#4&53 4"37#, 4# 7"3C02%) 4+. singularities 7#1 (1.><84)& %8 42. F:-

(2 42? %8*$(42? 7&=).#F).8$)? >8. 1F$(4)4)&, 8.D 41L3. 87&70<#. (1.&-

(4D(8? 5)4).#%<? 78"&02F=8$(8? (4# 857)&>81%<.# %#.4<0# 8. 4<08& =)

<L#1. C/"2 17<"=8(2? πi %8 178"7)")%<4"#1? 4+. variational posterior 5)-

4).#%D. 4#1? (1%7$74#1(8? %8 4&? 178"7)")%<4"#1? 4+. prior 5)4).#%D.

4#1?, âi = ai (7.L. âi = 10−3 ), 5)& /") >8. 7)$S#1. 5).<.) "30# (42. 17#-

0#*&(%3 4+. 5)4).#%D. 7"3C08K2? [13]. '7&(2%)$.#1%8 )53%2 34& 2 7"#-
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4)=8$() variational 7"#(<**&(2 87/*8& 17#0#*&(4&5/ 53(42 (1*5"$(&%) %8

)14/ 4+. 48L.&5D. %8*$(42? 7&=).#F).8$)? (8F3(#. >8. L"2(&%#7#&8$4)&

)73 4&? 480814)$8? 5)& cross-validation) 5)=D?, (8 5/=8 78"$74+(2, 4) C)-

(&5/ 17#0#*&(4&5/ 53(42 #F8$0#.4)& (42. 854&%24&5, 5)& 42. ).4&(4"#F,

8%78&"&5D. 7&./5+. (1.>&)5:%).(2?. E4# 78&")%)4&53 %<"#? 42? 8"*)($-

)? )14,? 5)4)>8$L=25). 5)& %8 )743 4"37# 4) 708#.854,%)4) 42? 7"#4)-

=8$(2? %8=3>#1.X7+? >8$A)%8, 4# VB-MSFA model 8$L8 5)0:48"2 87$>#(2

(42. ).)*.D"&(2 7"#4:7+., *&) %&5"348") %8*<=2 %#.4<0#1 (8 (L<(2 %8

4#1? ).4)*+.&(4<? 4#1, 7)"#1(&/S#.4)? 1K20, ).=854&53424) (4#. =3"1-

C#.

!)#>#.,')

-? A85&.,(#1%8 %8 42. 8:"8(2 4+. variational posteriors 4#1 VB-MSFA model.

-73 42. (41), <L#1%8 *&) 4) factor vectors yij 34&

∂L(q)

∂q(yij|uij, zij = 1)
= 0 ⇒

q(zij = 1)

∫
duijq(uij|zij = 1)

{
logp(yij|uij)− logq(yij|uij, zij = 1)

+

∫
dΛiq(Λi)

∫
dµiq(µi)logp(xj|Λi,µi,Ψi,νi,yij, uij, zij = 1)

}
+ const. = 0 ⇒

0 = logp(yij|uij)− logq(yij|uij, zij = 1) +

∫
dΛiq(Λi)

∫
dµiq(µi)

× logp(xj|Λi,µi,Ψi, νi,yij, uij, zij = 1)
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⇒logq(yij|uij, zij = 1) ∝

− uij

2

{
yT

ijyij +
〈(

xj − µi −Λiyij

)T
Ψ−1

i

(
xj − µi −Λiyij

)〉

q(µi),q(Λi)

}

∝ −uij

2

{
yT

ij

(
IQ +

〈
ΛT

i Ψ−1
i Λi

〉
q(Λi)

)
yij − 2yT

ij

〈
ΛT

i Ψ−1
i (xj − µi)

〉
q(µi),q(Λi)

}

(2.68)

85 42? #7#$)? )781=8$)? )7#""<8& 2 (42). EL84&5/ %8 42. variational posterior

4+. scaling variables, )73 42. (41) 0)%C/.#1%8

∫
dΛiq(Λi)

∫
dµiq(µi)

∫
dyijq(yij|uij, zij = 1)logp(xj|Λi,µi,Ψi, νi,yij, uij, zij = 1)

+

∫
dyijq(yij|uij, zij = 1)

[
logp(yij|uij)− logq(yij|uij, zij = 1)

]

+ logp(uij|zij = 1)− logq(uij|zij = 1) + const. = 0

(2.69)

J"2(&%#7#&D.4)? 42. 4)143424)

〈uij

2

(
yij − ȳij

)T
(Σy

i )
−1

(
yij − ȳij

)〉

q(yij |uij ,zij=1)
=

uij

2
tr

[
(Σy

i )
−1Σy

i /uij

]
=

Q

2
(2.70)
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2 (69) >$.8&

logq(uij|zij = 1) ∝− uij

2
tr

[
Ψ−1

i tr
(〈

yij

〉
q(yij |uij ,zij=1)

〈
yij

〉T

q(yij |uij ,zij=1)

〈
ΛT

i Λi

〉
q(Λi)

)]

+ uij

(
xj − 〈µi〉q(µi)

)T
Ψ−1

i 〈Λi〉q(Λi)

〈
yij

〉
q(yij |uij ,zij=1)

− uij

2

〈
(xj − µi)

T Ψ−1
i (xj − µi)

〉

q(µi)

− uij

2

〈
yij

〉T

q(yij |uij ,zij=1)

〈
yij

〉
q(yij |uij ,zij=1)

+
P

2
loguij +

(νi

2
− 1

)
loguij −

νi

2
uij

(2.71)

85 42? #7#$)? )781=8$)? (1./*84)& 2 (45). H)=' 3%#&#. 4"37#, *&) 4&? zij

0)%C/.#1%8

∫
dπq(π)logp(zij = 1|π)− logq(zij = 1) +

∫
duijq(uij|zij = 1)

[
logp(uij|zij = 1)

− logq(uij|zij = 1) +

∫
dΛiq(Λi)

∫
dµiq(µi)

∫
dyijq(yij|uij, zij = 1)

× logp(xj|Λi,µi,Ψi, νi,yij, uij, zij = 1)

−
∫

dyijq(yij|uij, zij = 1)logq(yij|uij, zij = 1)

]

+ const. = 0

(2.72)

7#1, L"2(&%#7#&D.4)? 42. (70), >$.8& 42. (48). O&) 4&? posteriors 4#1 mixing

proportions vector π, 2 (41) >$.8&

∂L(q)

∂q(π)
= logp(π|a)+

g∑

i=1

n∑

j=1

q(zij = 1)logp(zij = 1|π)−logq(π)+const. = 0 ⇒
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logq(π) ∝
g∑

i=1

[
(ai − 1) +

n∑

j=1

q(zij = 1)

]
logπi (2.73)

85 42? #7#$)? )%<(+? (1./*84)& 2 (51).O&) 4&? q(φik), )73 42. (41) 5)& C/(8&

42? (30) <L#1%8

∂L(q)

∂q(φik)
= logp(φik|γ0,ω0) +

∫
dλikq(λik)logp(λik|φik)− logq(φik) + const.

= 0 ⇒

logq(φik) ∝ (γ0 − 1)logφik − ωoφik +
1

2

[
P logφik − φik

〈
λT

ikλik

〉
q(λik)

]

85  42?  #7#$)?  )7#""<8&  34&  5)4/  Gamma 5)4).8%2%<.8?  )14<?  178"7)-

"/%84"#& <L#1. 42. variational posterior 7#1 >$>84)& )73 42. (53). -.)F#-

"&5/. 4D"), %8 4) factor loading matrices, q(Λi), 2 (41) >$>8&

∂L(q)

∂q(Λi)
=

n∑

j=1

q(zij = 1)

∫
duijq(uij|zij = 1)

∫
dµiq(µi)

∫
dyijq(yij|uij, zij = 1)

× logp(xj|Λi,µi,Ψi, νi,yij, uij, zij = 1) +

∫
dφiq(φi)logp(Λi|φi)

− logq(Λi) + const. = 0

(2.74)

J"2(&%#7#&D.4)? 42. (32) 5)& #"$S#.4)? +? (M)m,n 4# (m,n) (4#&L8$# 4#1

7$.)5)M ,+? (v)l 4# l#(4# (4#&L8$# 4# >&).:(%)4#? v, 5)& +? λil 42. l#(42

*")%%, 4#1 i#(4#1 7$.)5) factor loading, 2 (74) *"/F84)&
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logq(Λi) ∝
P∑

l=1

{
−1

2
λT

il

(
(
Ψ−1

i

)
ll

n∑

j=1

q(zij = 1) 〈uij〉q(uij)

〈
yijy

T
ij

〉
q(yij |uij ,zij=1)

)
λil

− 1

2
λT

il 〈diag(φi)〉q(φi)
λil + λT

il

(
Ψ−1

i

)
ll

n∑

j=1

q(zij = 1) 〈uij〉q(uij)

×
[
(xj)l − (〈µi〉q(µ))l

] 〈
yij

〉
q(yij |uij ,zij=1)

}

(2.75)

85 42? #7#$)? 81=<+? (1./*84)& 2 %#"F, 42? variational posteriorq(Λi), 37+?

>$>84)& )73 4&? (56)-(57). 6<0#?, (L84&5/ %8 42. <5F")(2 4+. variational

posterior 87$ 4+. %<(+. 4+. factor analyzers, 85 42? (41) <L#1%8

∂L(q)

∂q(µi)
=

n∑

j=1

q(zij = 1)

∫
duijq(uij|zij = 1)

∫
dΛiq(Λi)

∫
dyijq(yij|uij, zij = 1)

× logp(xj|Λi,µi,Ψi, νi,yij, uij, zij = 1)+logp(µi|m0, s0)

− logq(µi) + const. = 0 ⇒

logq(µi) ∝−
1

2
µT

i

[
diag(s0) + Ψ−1

i

n∑

j=1

q(zij = 1) 〈uij〉q(uij |zij=1)

]
µi

+ µT
i

[
diag(s0)m0 + Ψ−1

i

n∑

j=1

q(zij = 1) 〈uij〉q(uij |zij=1)

×
(
xj − 〈Λi〉q(Λi)

〈
yij

〉
q(yij |uij ,zij=1)

)]

(2.76)

)73 42. #7#$) )7#""<8& 2 (60).

@/(8& )14D., 2 ).)014&5, <5F")(2 4#1 variational lower bound 7)$".8&
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42. %#"F,

L(q) = 〈logp(π|a)〉q(π) − 〈logq(π)〉q(π) +
g∑

i=1

{
〈logp(φi|γ0,ω0)〉q(φi)

− 〈logq(φi)〉q(φi)

+ 〈logp(Λi|φi)〉q(Λi),q(φi)
− 〈logq(Λi)〉q(Λi)

+ 〈logp(µi|m0, s0)〉q(µi)

− 〈logq(µi)〉q(µi)
+

n∑

j=1

q(zij = 1)
[
〈logp(zij = 1|π)〉q(π) − logq(zij = 1)

+
〈
logp(xj|Λi,µi,Ψi, νi,yij, uij, zij = 1)

〉
q(θ)

+ 〈logp(uij|zij = 1)〉q(uij |zij=1)

− 〈logq(uij|zij = 1)〉q(uij |zij=1) +
〈
logp(yij|uij)

〉
q(yij |uij ,zij=1),q(uij |zij=1)

−
〈
logq(yij|uij, zij = 1)

〉
q(yij |uij ,zij=1),q(uij |zij=1)

]}

(2.77)

37#1,

〈logp(π|a)〉q(π) = logΓ (
g∑

i=1

ai) +
g∑

i=1

[(ai − 1) 〈logπi〉q(π) − logΓ (ai)] (2.78)

〈logq(π)〉q(π) = logΓ (
g∑

i=1

âi) +
g∑

i=1

[(âi − 1) 〈logπi〉q(π) − logΓ (âi)] (2.79)

〈logπi〉q(π) = ψ(âi)− ψ(
g∑

i=1

âi) (2.80)

〈logp(φi|γ0,ω0)〉q(φi)
=

Q∑

k=1

[
(γ0 − 1) 〈logφik〉q(φi)

+ γ0logω0 − ωo 〈φik〉q(φi)
− logΓ (γ0)

]

(2.81)

〈logq(φi)〉q(φi)
=

Q∑

k=1

[
(γik − 1) 〈logφik〉q(φi)

+ γiklogωik − ωik 〈φik〉q(φi)
− logΓ (γik)

]

(2.82)
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〈φik〉 =
γik

ωik
(2.83)

〈logφik〉q(φi)
= ψ(γik)− logωik (2.84)

〈logp(Λi|φi)〉q(Λi),q(φi)
=

P∑

l=1

{
− 1

2

〈
λT

ildiag(φi)λil

〉
q(Λi),q(φi)

− Q

2
log2π

+
1

2
〈log|diag(φi)|〉q(φi)

}

(2.85)

〈logq(Λi)〉q(Λi)
=

P∑

l=1

{
− 1

2

〈
(λil −m∗

il)
T (S∗

il)
−1 (λil −m∗

il)
〉

q(Λi)
− Q

2
log2π

−1

2
log|S∗

il|
}

(2.86)

〈logp(µi|m0, s0)〉q(µi)
= −1

2

〈
(µi −m0)

T
diag(s0) (µi −m0)

〉

q(µi)
− P

2
log2π

+
1

2
log|diag(s0)|

(2.87)

〈logq(µi)〉q(µi)
= −1

2

〈
(µi −mi)

T S−1
i (µi −mi)

〉

q(µi)
− P

2
log2π − 1

2
log|Si|

(2.88)

〈logp(zij = 1|π)〉q(π) = 〈logπi〉q(π) (2.89)

〈logp(uij|zij = 1)〉q(uij |zij=1) =
νi

2
log

νi

2
− logΓ

(νi

2

)
+

(νi

2
− 1

)
〈loguij〉q(uij |zij=1)

−νi

2
〈uij〉q(uij |zij=1)

(2.90)

〈logq(uij|zij = 1)〉q(uij |zij=1) = (αij − 1) 〈loguij〉q(uij |zij=1) + αijlogβij

−βij 〈uij〉q(uij |zij=1) − logΓ (αij)
(2.91)

〈uij〉 =
αij

βij
(2.92)

〈loguij〉q(uij |zij=1) = ψ(αij)− logβij (2.93)
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〈
logp(yij|uij)

〉
q(yij |uij ,zij=1),q(uij |zij=1)

=−
〈uij〉q(uij |zij=1)

2

〈
yT

ijyij

〉
q(yij |uij ,zij=1),q(uij |zij=1)

− Q

2
log2π +

Q

2
〈loguij〉q(uij |zij=1)

(2.94)

〈
logq(yij|uij, zij = 1)

〉
q(yij |uij ,zij=1),q(uij |zij=1)

=− Q

2
− Q

2
log2π +

Q

2
〈loguij〉q(uij |zij=1)

− 1

2
log|Σy

i |

(2.95)

〈
logp(xj|Λi,µi,Ψi, νi,yij, uij, zij = 1)

〉
q(θ)

= −P

2
log2π +

P

2
〈loguij〉q(uij |zij=1) −

1

2
log|Ψi|

−
〈uij〉q(uij |zij=1)

2
tr

[
Ψ−1

i

〈(
xj − µi −Λiyij

) (
xj − µi −Λiyij

)T
〉

q(µi),q(Λi),q(yij |uij ,zij=1)

]

(2.96)

5)& ψ() 8$.)& 2 digamma function.

6<0#?, (L84&5/ %8 42. 5)4).#%, 7"3C08K2? logp(X ′|X), )73 42. (67)

8$.)&

logp(X ′|X) ≥ pred(X ′) (2.97)
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37#1

pred(X ′) =
n′∑

j=1

g∑

i=1

q(zij = 1)

[
〈logp(zij = 1|π)〉q(π) − logq(zij = 1)

−
〈
logq(yij|uij, zij = 1)

〉
q(yij |uij ,zij=1)),q(uij |zij=1)

− 〈logq(uij|zij = 1)〉q(uij |zij=1) + 〈logp(uij|zij = 1)〉q(uij |zij=1)

+
〈
logp(yij|uij)

〉
q(yij |uij ,zij=1)),q(uij |zij=1)

+
〈

logp(x
′

j|Λi,µi,Ψi, νi,yij, uij, zij = 1)
〉

q(θ)

]

(2.98)
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B"I>9)$/ 3

1$) Fuzzy Clustering 835/<

!#/+@AA$+, +.) Hidden Markov

Random Field Models

3.1 !#//:'$/

6) %#.4<0) Hidden Markov random field (HMRF) <L#1. 81"<+? L"2(&%#7#&-

2=8$ (8 8F)"%#*<? 5)4/4%2(2? 8&53.+., 5)=D? )7#480#:. %&) &>).&5, %8-

=3>81(2 (8 7"#C0,%)4) 37#1 4# S24#:%8.# 8$.)& <.) L+"&5/-8A)"4D%8.#

(L,%) clustering, 0)%C/.#. 173K&. 4&? )%#&C)$8? )002087&>"/(8&? *8&4#-

.&5D. =<(8+.. 6# Fuzzy c-means (FCM) clustering <L8& 87$(2? 8F)"%#(=8$

%8 87&41L$) (8 8F)"%#*<? 5)4/4%2(2? 8&53.+.. E42. 7)"#:() 8"*)($),

(1.>1/S#1%8 4) 708#.854,%)4) 4+. >1# )14D. 7"#(8**$(8+., 7"#48$.#.-

4)? %&) 5)&.#43%# =8D"2(2 4+. %#.4<0+. HMRF, 87$ 42 C/(8& %&)? fuzzy

clustering =8/(8+?. H)4' )14,., 7"#(8**$S#1%8 4# 7"3C02%) 857)$>81(2?
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4#1 %#.4<0#1 HMRF +? <.) FCM-4:7#1 clusteri-ng 7"3C02%), 7#1 %7#"8$

.) 87&01=8$ >&) 42? 8&()*+*,? 4+. 17#=<(8+. 4#1 HMRF %#.4<0#1 (42.

>&)>&5)($) 4#1 fuzzy clustering.N 7"#(<**&(, %)? )A&#7#&8$ 42. regularized

%<(+ Kullback-Leibler (KL) divergence information fuzzy objective function,5)&

*$.84)& 8F&54, L"2(&%#7#&D.4)? 42. 7"#(<**&(2 %<(#1-78>$#1 (mean-field

approximation) 42? Markov random field prior 5)4).#%,?. N 8F)"%#*, 4#1

7"#48&.#%<.#1 %#.4<0#1 (8 5)4/4%2(2 8&53.+. 5)4)>8&5.:8& 42. ).+48-

"3424/ 4#1 87$ 4+. ).4)*+.&(4D. 4#1.

N 8"*)($) %#1 )14, <L8& >2%#(&81=8$ 173 4# /"="# %#1:

Sotirios Chatzis, Theodora Varvarigou, "A Fuzzy Clustering Approach Towards

Hidden Markov Random Field Models for Enhanced Spatially-Constrained Image

Segmentation,'' IEEE Transactions on Fuzzy Systems, Accepted for Future Publica-

tion, 2008.

3.2 2$+)A4A*

6) %#.4<0) Markov random field (MRF) <L#1. 81"<+? L"2(&%#7#&2=8$ %8

87&41L$) (8 <.) 70,=#? 8F)"%#*D. 878A8"*)($)? 8&53.)?.;84)A: 4+. (2-

%).4&5#4<"+. )14D., ).)F<"#1%8 42. 5)4/4%2(2 8&53.+., ).)(581, 8&-

53.+., 8.4#7&(%3 )5%D., 5)& edge preserving smoothing (*&) %&) 8548., ).)-

(5372(2 4<4#&+. 8F)"%#*D. ).)4"<A848, 7.L., (4# [1]). U.)? &>&)$48"#?

4:7#? MRF%#.4<0+., 8%7.81(%<.#? )73 42. C&C0&#*")F$) 4+. hidden Markov

%#.4<0+., 8$.)& 4# hidden Markov random field (HMRF)model [2].U.) HMRF

model 8$.)& (42. 7")*%)4&53424) %&) (4#L)(4&5, >&)>&5)($) 7)")L=8$()

)73 <.) MRF %#.4<0#, 2 )5#0#1=$) 5)4)(4/(8+. 42? #7#$)? 8$.)& %2 7)-
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")42",(&%2 5)& %7#"8$ %3.# .) (1%78")(48$ )73 <.) 41L)$# 78>$# (random

field) 7)")42",(8+.. 6) HMRF models <L#1. ).)>8&L=8$ (8 <.) 7#0:4&-

%# 8"*)08$# 5)4/4%2(2? 8&53.+., 5)=D? 7)"<L#1. <.) &(L1"3 5)& )1(42-

"3 4"37# 8&()*+*,? 42? 702"#F#"$)? (L84&5/ %8 4&? )%#&C)$8? )002087&-

>"/(8&? 4+. *8&4#.&5D. pixels (42. >&)>&5)($) 42? 5)4/4%2(2? [3, 4]. -1-

43 *$.84)& 8F&543 5+>&5#7#&D.4)? 42. L+"&5, 702"#F#"$) (8 %&) 8&53.)

>&) 42? 87&C#0,? L+"&5D. 78"&#"&(%D. (42. 5)4).#%, 4+. 84&584D. ().-

4&(4#&L#:.4) 4%,%)4) 8&53.)?) 4+. pixels, 7#1 L)")542"$S#.4)& )73 MRF

5)4).#%<?.

T(43(#, )14<? #& L+"&5<? 8A)"4,(8&?, 7#1 )7#480#:. 5)& 4# 708#.<542-

%) 4#1 HMRF model ).)F#"&5/ %8 42. 87$>#(2 4+. 8F)"%#*D. 5)4/4%2-

(2? 8&53.+., 8$.)& 87$(2? 178:=1.8? *&) <.). C)": 17#0#*&(4&53 F3"4#

87)*3%8.# 87$ 42? >&)>&5)($)? 854&%24&5,? 4#1 %#.4<0#1.;&) )70, 5)& >2-

%#F&0,? 0:(2 (8 )143 4# 7"3C02%) )7#4808$ 2 pseudo-likelihood approxima-

tion 42? 5)4).#%,? 4#1 Markov random field [5].'7$ 42 C/(8& )14,? 42? 7"#-

(8**$(8+?, 7#&5$08? %<=#>#& 854&%24&5,? 4#1 HMRF model <L#1. 7"#4)=8$.

;&)  5#&.34172  7"#(<**&(2  78"&0)%C/.8&  42.  854<08(2  8.3?  expectation-

maximization (EM)-4:7#1 )0*#"$=%#1,37#1, (4# E-step,%&) (4#L)(4&5, )./542-

(2 42? /*.+(42? 5)4/4%2(2? 42? 8&53.)? ).)54/4)&, >&) 8F)"%#*,? 8.3?

Bayesian 5"&42"$#1 C804&(4#7#$2(2?, 8.D, (4# M-step, #& 7)"/%84"#& 4#1

HMRF %#.4<0#1 854&%#:.4)& C/(8& 4+. 7)")42",(8+. 5)& 4+. ).)542-

=<.4+. >8>#%<.+. [6]. U.) C)(&53 L)")542"&(4&53 )14,? 42? 7"#(<**&-

(2? 8$.)& 34& (4# M-step 4#1 EM-4:7#1 )0*#"$=%#1 #& 84&5<48? 4+. image

pixel (,4#&, 4) 4%,%)4) 42? 8&53.)? 37#1 ).,5#1.) =8+"#:.4)& *.+(4<?

7#(34248?. -.)F#"&5/ %8 4# C,%) (4#L)(4&5,? )./542(2? 4+. 84&584D.,
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7#00<? 8.)00)54&5<? %<=#>#& =)  %7#"#:(). .)  L"2(&%#7#&2=#:., 78"&-

0)%C).#%<.+. 4+. ICM [3, 4], 5)& marginal posterior modes (MPM) [7]. !)-

"34& 2 8. 03*+ 7"#(<**&(2 (1.,=+? >$>8& 5)0/ )7#480<(%)4), 8$.)& *.+-

(43 34& 7)"/*8& %8"#0274&5<? 854&%,4"&8? [6], 03*+ 42? 854<08(2? 4#1 M-

step 4#1 )0*#"$=%#1 =8+"D.4)? 4&? 84&5<48? 4+. pixels +? *.+(4<? 7#(342-

48?. O&) 42. 87$01(2 )14D. 4+. 7"#C02%/4+., %&) >2%#F&0,? 0:(2 C)($-

S84)& (42. L",(2 Gibbsian sampling 5)& Monte-Carlo 48L.&5D. *&) 4#. 17#-

0#*&(%3 42? posterior 5)4).#%,? 4#1 Markov random field [32], 5)& 42. L",-

(2 4+. 7#(#4,4+. )14D. (4# M-step 4#1 )0*#"$=%#1. '.)00)54&5/, %&)

mean-field 7"#(<**&(2 4#1 Markov random field <L8& 7"#(F/4+? 7"#4)=8$

[8, 9], 7"#(F<"#.4)? 5)0:48"2 17#0#*&(4&5, 7#0170#53424) (8 (L<(2 %8

4&? sampling 48L.&5<?.

-73 42. /002 7081"/, %8=#>#0#*$8? fuzzy clustering, 5)&, &>$+?, # fuzzy

c-means (FCM) )0*3"&=%#? [11], 4#. #7#$# 7)"#1(&/()%8 >&8A#>&5/ (4#

H8F. 1, <L#1.  87$(2? 81"<+?  L"2(&%#7#&2=8$ (8 8F)"%#*<?  5)4/4%2(2?

8&53.+. [12]. N 87&41L$) 4#1? F)$.84)& 34& #F8$084)& (4# 34& 2 fuzzy F:-

(2 4#1?, 87&4"<78& (42. >&)>&5)($) 4#1 clustering .) ).)54,(8& 5)0:48")

4) L+"&5/ 8A)"42%<.) 7"3417) (8 (L<(2 %8 4&? %2 fuzzy clustering 48L.&-

5<? [13, 14]. T(43(#, 7)"34& # FCM )0*3"&=%#? (1.,=+? >#108:8& 5)0/

%8 808:=8"8? =#":C#1 8&53.8?, 2 87$>#(, 4#1 %7#"8$ .) *$.8& )"584/ F4+-

L, (42. 78"$74+(2 8&53.+. 17#C)=%&(%<.2? 7#&3424)? 8A)&4$)? =#":C#1,

)417&5D. >8>#%<.+., , /00+. 7)")%#"FD(8+., 7#1 3%+? )7#480#:. 4#.

5).3.) (8 8&53.8? 4#1 7")*%)4&5#: 53(%#1 (>20., %2 (1.=84&5<?) [13].-1-

4, 2 ).87&=:%242 (1%78"&F#"/ )7#>$>84)& 51"$+? (42. (1.,=2 L",(2 42?

%2-8:"+(42? '1508$>8&)? dissimilarity function, 5)& (42. %2 )A&#7#$2(2 42?
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702"#F#"$)? (L84&5/ %8 4&? )%#&C)$8? )002087&>"/(8&? %84)A: 4+. *8&-

4#.&5D. =<(8+. (sites), >20. 4+. pixels 42? 8&53.)?. !#00<? 7"#(7/=8&8?

<L#1. 5)4)C02=8$ D(48 .) 87&01=#:. )14<? #& )>1.)%$8? 4#1 FCM )0*#-

"$=%#1. '7$ 7)")>8$*%)4&, (4&? 8"*)($8? [13, 15--22], >&/F#"8? 7&# 8:"+-

(48? 87&0#*<? *&) 4# dissimilarity function 4#1 FCM algorithm <L#1. 7"#4)-

=8$. T(43(#, <.) %8$S#. %8&#.<542%) )14D. 4+. %8=3>+., (8 (L<(2 %8 4#

7"3C02%) 4#1 173 L+"&5, (1.=,52 clustering (37+? 8$.)& 4# 7"3C02%) 42?

5)4/4%2(2? 8&53.+.), 8$.)& 34& #& %<=#>#& )14<? >8. 0)%C/.#1. 173K&.

4&? L+"&5<? 8A)"4,(8&? %84)A: 4+. >8>#%<.+.. E4&? 8"*)($8? [23--26], 7#&-

5$0) FCM-4:7#1 clustering (L,%)4), 0)%C/.#.4) 173K&. )14<? 4&? L+"&5<?

8A)"4,(8&? (42. >&)4:7+(2 42? fuzzy objective function, <L#1. 7"#4)=8$.

T(43(#, (4) %8&#.854,%)4) )14D. 4+. %8=3>+. (1*5)4)0<*#.4)& 5)4/

78"$74+(2 2 )7#41L$) .) 8A/*#1. clusters )1=)&"<4+. (L2%/4+., %2 81-

"+(4$) (8 )417&5/ >8>#%<.), 5)& %8*/02 17#0#*&(4&5, 7#0170#53424).

!"#58&%<.#1 .) 87&0:(#1%8 )14/ 4) 7"#C0,%)4), (42. 8"*)($) )1-

4, 7"#48$.#1%8 %&) 5)&.#43%# fuzzy =8D"2(2 (4# HMRF model. '&(/*#.-

4)? 4) )7#4808(%)4&5/ %<() *&) 42. 87&41L, 8&()*+*, 4+. 17#=<(8+. 4#1

HMRF model (42. >&)>&5)($) 4#1 fuzzy clustering, 7)"<L#1%8 %&) )7#>#-

4&5, %8=#>#0#*$) 854&%24&5,? 4#1 HMRF %#.4<0#1 173 4# fuzzy clustering

173>8&*%). N 7"#48&.3%8.2 7"#(<**&(2 >&)%#"FD.84)& 87$ 42 C/(8& 4#1

regularized %<(+  Kullback-Leibler (KL) divergence information, FCM-4:7#1

)0*#"$=%#1 (>8? H8F. 1), 5)& *$.84)& 8F&54, L"2(&%#7#&D.4)? 42. mean-

field 7"#(<**&(2 42? Markov random field (prior) 5)4).#%,?.M 4#&#14#4"37+?

0)%C).3%8.#?, HMRF-FCM )0*3"&=%#?, 7"#(F<"8& %&) FCM-4:7#1 854&-

%24&5, 4#1 HMRF %#.4<0#1, (1.>1/S#.4)? 4) 708#.854,%)4) *&) 4#. )0-
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*3"&=%# 5)4/4%2(2? 8&53.+. 7#1 )7#""<#1. )73 4&? 8A)&"84&5<? >1.)-

434248? %#.480#7#$2(2? L+"&5,? >#%&53424)? 7#1 7)"<L8& 4# HMRF model,

5)& 42. 8180&A$) 4+. fuzzy clustering )0*#"$=%+..N 87$>8&A2 4+. 7"#48"2-

%/4+. 42? 7"#48&.3%8.2? 7"#(8**$(8+? (8 (L<(2 %8 ).4)*+.&(4&5<? %8=#-

>#0#*$8? 5)4/4%2(2? 8&53.+. 5)4)>8&5.:84)& (42. 78&")%)4&5, 8.3424)

)14#: 4#1 58F)0)$#1. 6# 1730#&7# 4#1 4"<L#.4#? 58F)0)$#1 8$.)& >#%2-

%<.# +? 8A,?: E42. 8.3424) 3.3, 7)"<L84)& %&) 8&()*+*, (4) HMRF models.

E42. 8.3424) 3.4, >&)417D.84)& # 7"#48&.3%8.#? HMRF-FCM )0*3"&=%#?.

E42. 8.3424) 3.5, >&8A/*84)& 2 78&")%)4&5, )A&#03*2(2 4#1 >&)417+%<.#1

)0*#"$=%#1 (8 8F)"%#*<? 5)4/4%2(2? 8&53.+..

3.3 Hidden Markov Random Field Models

U(4+ <.) )0F/C24# Q = {1, ..., q}. U(4+ S <.) 7878")(%<.# (:.#0# >8&-

54D., S = {1, ..., s}, 4# #7#$# =) 5)0#:%8 +? 4# (:.#0# 4+. =<(8+. (sites).

U(4+ 34& *&) 5/=8 site j ∈ S #"$S84)& <.)? 7878")(%<.#? LD"#? 5)4)-

(4/(8+., Xj , 4<4#&#? D(48

Xj = {xj : xj ∈ Q}

M LD"#?

X =
s∏

j=1

Xj = Qs

=) 5)08$4)& # LD"#? 4+. >&)%#"FD(8+. 4+. 4&%D. 4+. 5)4)(4/(8+. 4#1

=8+"2=<.4#? (1.30#1 sites, x = (xj)j∈S . ;&) )1(42"/ =84&5, 5)4).#%,

112



7&=).3424)?, p(x), x ∈ X , 87$ 4#1 LD"#1 X , ,4#&

p(x) > 0 ∀x ∈ X (3.1)

5)08$4)& +? 41L)$# 78>$#, , random field [27].;&) >&)%3"F+(2 4&%D. x 4#1

random field (1L./ ).)F<"84)& 5)& +? %&) 10#7#$2(2 4#1 random field.

U(4+ ∂ <.) (:(42%) *8&4.$)(2? (4# S, >20. %&) (100#*, ∂ = {∂j : j ∈

S} (1.30+., 4<4#&) D(48 j /∈ ∂j 5)& l ∈ ∂j ). 5)& %3.# ). j ∈ ∂l ∀l, j ∈ S.

6348, 4# 7"#2*#1%<.+? =8+"2=<. random field, p(x), =) 8$.)& <.) Markov

random field +? 7"#? 4# (:(42%) *8&4.$)(2? ∂ 8F3(#. [4]

p(xj|xS−{j}) = p(xj|x∂j) ∀j ∈ S (3.2)

UL8& )7#>8&L=8$ (=8D"2%) Hammersley-Clifford) 34& <.) >#(%<.# random

field 8$.)& <.) Markov random field ). 5)& %3.# ). 2 ()73 5#&.#:) 5)4).#%,

7&=).3424/? 4#1, p(x), 8$.)& %&) Gibbs 5)4).#%,, ,4#& [28]

p(x|β) ! 1

W (β)
exp(−U(x|β)) (3.3)

37#1W (β) 8$.)& %&) (4)=8"/ 5).#.&5#7#$2(2? (2 (1./"42(2 >&)%<"&(2?),

4<4#&) D(48

W (β) =
∑

x∈X

exp(−U(x|β)) (3.4)

U(x|β) 8$.)& 2 (1./"42(2 8.8"*8$)?, %8 <5F")(2

U(x|β) =
∑

c∈C

Vc(x|β) (3.5)
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C 8$.)& %&) 50/(2 )73 17#(:.#0) 4+. sites, 4&? 50$58?, 37#1 5/=8 50$5)

c ∈ C 78"&0)%C/.8& sites 7#1 8$.)& 30) *8$4#.8? %84)A: 4#1?, Vc 8$.)& %&)

(1./"42(2 >1.)%&5#: 50&5D. (1(L84&(%<.2 %8 42. 50$5) c, 5)& β 8$.)& %&)

7)"/%84"#? 4+. >1.)%&5D. 50&5D. 5)0#1%<.2 +? ).4$(4"#F2 178"5"&4&-

5, =8"%#5")($).

U(4+ 4D") <.) >8:48"# random field, p(y), # LD"#? 5)4)(4/(8+. Y

4#1 #7#$#1 87$(2? #"$S84)& 87$ 4#1 17#4&=<.4#? (1.30#1 sites S 5)& >$.84)&

)73 42.

Y =
s∏

j=1

Yj

Yj = {yj : yj ∈ Rw}

B) (1%C#0$S#1%8 +? y %&) 10#7#$2(2 )14#: 4#1 field, 5)& =) &(L:8& 7"#-

F).D? y = (yT
1 , ...,yT

s )T .6# S8:*#? 4#1 ).+4<"+ random field, p(y), 5)& 4#1

17#4&=<.4#? Markov random field, p(x), 4<4#&# D(48

p(y,x) = p(y|x)p(x) (3.6)

5)08$4)& +? hidden Markov random field model [29]. E1.,=+? 17#4$=84)& 34&

2 5)4).#%, p(y|x) 7)")*#.4#7#&8$4)& 87$ 4+. sites, >20.

p(y|x) =
s∏

j=1

p(yj|xj) (3.7)

173=8(2 7#1 1&#=84#:%8 5)& 8>D, 5)=D? 7)"<L8& %&) C#0&5, <5F")(2 4#1

poste-rior field p(x|y) L+"$? .) 872"8/S8& 42. ;)"5#C&)., 4#1 F:(2, 7)-

"34& 7&# 7#0:70#58? 17#=<(8&? =) %7#"#:(). 87$(2? .) 1&#=842=#:. [29].
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6# 78>$# p(y) 5)08$4)& 4# 7)")42",(&%# (, 8578%73%8.#) random field 4+.

7)")42",(8+. 7#1 (1(L84$S#.4)& %8 4) sites j ∈ S, 4# Y 5)08$4)& # LD"#?

4+. 7)")42",(8+., 5)& 4# field p(x) 5)08$4)& 4# Markov random field 4+.

5"1FD. %84)C024D. 5)4/(4)(2? 7#1 (1(L84$S#.4)& %8 4) sites j ∈ S [5].

E1.,=+?, #& 5)4).#%<? 4+. 7)")42",(8+. 173 42 (1.=,52 4+. 5)4)(4/(8-

+. 4#1 HMRF %#.4<0#1 )73 4&? #7#$8? 7"#<"L#.4)&, p(yj|xj), 0)%C/.#.4)&

+? <L#1(8? %&) Gaussian %#"F, [30]. ;8 /00) 03*&)

p(y|x; θ) =
s∏

j=1

p(yj|xj; θxj) =
s∏

j=1

N (yj|µxj
,Σxj) (3.8)

37#1µxj
5)&Σxj 8$.)& # %<(#? 5)& # 7$.)5)? (1.>&)5:%).(2? 42? (Gaussian)

5)4).#%,? 857#%7,? 42? xj#(42? 5"1F,? 5)4/(4)(2? 4#1 HMRF model,

).4$(4#&L), 4# θxj 78"&0)%C/.8& 4) µxj
5)& Σxj , 5)& θ = (θT

1 , ...,θT
q )T .

M 17#0#*&(%3? 4#1 3"#1 W (β), 7#1 #"$S84)& (42. (4), 78"&0)%C/.8&

308? 4&? 7&=).<? 10#7#&,(8&? x 4#1 (hidden) Markov random field, 5)& (1.8-

7D?, 8$.)& 8. *<.8& %2 8F&543? 03*+ 178"C#0&5#: 17#0#*&(4&5#: 53(4#1?.

6# *8*#.3? )143 8$.)& )"584/ 78"&#"&(4&53 5)=D? 5)=&(4/ )7)*#"814&-

5#:? 7#00#:? 17#0#*&(%#:? 37#1 8%70<584)& 2 8:"8(2 42? )73 5#&.#: (prior)

5)4).#%,? 4#1 Markov field,p(x|β).;&) )70, 5)& 87&41L,? 0:(2 (4# 7"3C02-

%) )143 7)"<L84)& )73 42. pseudo-likelihood 7"#(<**&(2 42? prior 5)4).#-

%,? 4#1 Markov field [5]. I73 42. 7"#(<**&(2 )14,, 0)%C/.#1%8

p(x|β) =
s∏

j=1

p(xj|x∂j ; β) (3.9)
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37#1 #& 3"#& p(xj|x∂j ; β) >$.#.4)& )73 [5]

p(xj|x∂j ; β) =
exp(−

∑
c&j Vc(x|β))

∑q
xj=1 exp(−

∑
c&j Vc(x|β))

(3.10)

X7+? <L8& >8&L=8$ (42. (L84&5, C&C0&#*")F$) (>8?,7.L., [31]), 2 C804&(4#7#$-

2(2 42? Markov field prior 173 42. pseudo-likelihood approximation (9) >$>8&

(1.878$? 854&%,4"&8? 173 ,7&8? (1.=,58?.

U.) /00# (2%).4&53 S,42%) (L84&5/ %8 4# HMRF model )F#"/ (4#.

17#0#*&(%3 (5)& 3L& )70/ 42. C804&(4#7#$2(2) 4+. posterior 5)4).#%D.

p(xj|y)5)& p(x|y).E1.,=+?,)14<? #& 7#(34248? 17#0#*$S#.4)& %<(+ Bayesian

sampling, 7.L., L"2(&%#7#&D.4)? %8=3>#1? Markov chain Monte Carlo [32].

T(43(#, 4<4#&8? %<=#>#& )7)&4#:.,+? *.+(43., %8*/0) 17#0#*&(4&5/ F#"-

4$).;&) 8.)00)54&5, 4+. %8=3>+. )14D., 8$.)& 2 7"#(<**&(2 %<(#1-78>$#1

(mean-field approximation) [9,33].N mean-field approximation )"L&5/ ).)74:-

L=258 +? %&) %<=#>#? *&) 4#. 7"#(8**&(4&53 17#0#*&(%3 4#1 %<(#1 8.3?

Markov random field. !"#<"L84)& )73 4#. LD"# 42? (4)4&(4&5,? %2L).&5,?

(7.L. [34]), 37#1 L"2(&%#7#&8$4)& +? <.) 8"*)08$# *&) 42. %80<42 F)&.#-

%<.+. %84/74+(2? F/(2?. N 8F)"%#*, 42? (42. 7"#(<**&(2 5)4).#%D.

Markov random fields C)($S84)& (42. &><) 42? 7)"/08&K2? 4+. >&)51%/.(8-

+. 4+. *8&4#.&5D. sites 7#1 )002087&>"#:. %8 <.) =8+"#:%8.# site. U4(&,

4# 7"#5:74#. (:(42%) (1%78"&F<"84)& +? 8.) )7#480#:%8.# )73 ).8A/"-

4248? %84)C024<? *&) 4# #7#$# #& 17#0#*&(%#$ *$.#.4)& )7#>#4&5#$.

U4(& 0#&73., >#=8$(2? %&)? 854&%24"$)? x̂ 4#1 )*.D(4#1 >&).:(%)4#?

84&584D. (5)4)(4/(8+.) 4+. sites, x, 17#0#*&(%<.#1, 7.L., %8 L",(2 4+.

ICM, MPM, , 5/7#&#1 /00#1 5)4)00,0#1 5"&42"$#1 (>8?, 7.L., [4, 9, 35]),
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5/.#1%8 42. 173=8(2 [6, 9]

p(x|β) =
s∏

j=1

p(xj|x̂∂j ; β) (3.11)

T? <L8& >8&L=8$, 2 mean-field approximation (11) 4#1 MRF 7)"<L8& %&) 8.>&)-

F<"#1() 8.)00)54&5, 4+. %8=3>+. Bayesian sampling, 7)"<L#1() 8A$(#1

5)0<? 854&%,4"&8? 4+. Markov posteriors *&) 5)4/ 4/A8&? %8*<=#1? 5)0:48-

") 17#0#*&(4&5/ 53(42 [9, 33, 35].

3.4 !#/."$(&'"(, !#/+@AA$+,

3.4.1 1$) FCM-.35/< C"0#,+, ./< HMRF model

U(4+ 8.) q-5)4)(4/(8+. hidden Markov random field model,78"&0)%C/.+.

8.) 7)")42",(&%# random field 8578%7#%<.+. >8>#%<.+., p(y), 5)& <.)

Markov random field 5"1FD. %84)C024D. 5)4)(4/(8+., p(x), #"&(%<.# +?

78"&8*"/F2 (42. 8.3424) 3.3.I7#=<4#1%8 34& 2 173 (1.=,52 5)4).#%, 85-

7#%7,? 4#1 =8+"2=<.4#? HMRF model, p(y|x), <L8& Gaussian %#"F,, +? >$-

>84)& )73 42. (8).E42. )./01(, %)?,1&#=84#:%8 42. mean-field approximation

(11) 4#1 MRF, 173 42. #7#$) 0)%C/.#.4)& #& pointwise posteriors [33]

p(xj = i|yj) ! p(xj = i|yj, x̂∂j) (3.12)

;&) 85/(42 4+. 5)4)(4/(8+. 4#1 17#4&=<.4#? HMRF model %7#"8$ .)

=8+"2=8$ +? #"$S#1() <.) cluster 87$ 4#1 LD"#1 Y 4+. 7)")42",(8+..

U(4+ 2 5)4).#%, p(xj = i|yj), #"&(%<.2 )73 42. (12), 7#1 )7#4808$ 42.
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posterior 7&=).3424) 2 7)")4,"2(2 yj , 2 #7#$) (1(L84$S84)& %8 42. j#(42

5)4/(4)(2, .) 7"#<"L84)& )73 4# cluster 7#1 ).4&(4#&L8$ (42. i#(42 5)-

4/(4)(2 4#1 %#.4<0#1. UL#1%8 4348

0 ≤ p(xj = i|yj) ≤ 1,
q∑

i=1

p(xj = i|yj) = 1 (3.13)

(i = 1, ..., q, j = 1, ..., s). -5#0#1=D.4)? 4) )7#480<(%)4) 4#1 Ruspini [38],

2 (13) 17#.#8$ 34& 4) clusters )14/ %7#"#:. 87$(2? .) =8+"2=#:. +? 5)-

4/ Zadeh [10] )()F, (:.#0) (fuzzy sets), %8 %&) &(L1", 7&=).#4&5, 8"%2-

.8$).@/(8& )14,? 42? 7)")4,"2(2?, %7#"#:%8 .) =8+",(#1%8 4# 17#4&=<.

HMRF model +? #"$S#. %&) )()F, (fuzzy) q->&)%<"&(2 4#1 LD"#1 7)")4,-

"2(2? Y . E1%C#0$S#1%8 )14, 42. >&)%<"&(2 +?

R = {rij} (3.14)

37#1 rij (i = 1, ..., q, j = 1, ..., s) 8$.)& # C)=%3? 7#1 2 7)")4,"2(2 yj

).,58& (4# cluster 7#1 ).)7)"$(4)4)& )73 42. i#(42 5)4/(4)(2 4#1 HMRF

model, ,4#& 4# fuzzy membership function 4#1 %#.4<0#1, %8 &>&34248? (>8? 5)&

H8F. 1):

0 ≤ rij ≤ 1,
q∑

i=1

rij = 1, 0 <
s∑

j=1

rij < s (3.15)

I73 42. =8D"2(2 )14,, ).)S24#:%8 %&) fuzzy clustering-4:7#1 %<=#-

># 854&%24&5,? 4#1 =8+"2=<.4#? HMRF model, (4) 70)$(&) 8.3? FCM-type

algorithm, 5)& %8 L",(2 42? mean-field approximation (11) 42? 5)4).#%,? 4#1

MRF. '7$ 42 C/(8& 3(+. (1S24,()%8 (4# H8F. 1 *&) 4#. FCM )0*3"&=%#,

8$.)& 8:5#0) ).4&02743 34& 2 ).)S24#:%8.2 fuzzy clustering-4:7#1 7"#(<*-

118



*&(2 (4#1 HMRF model %7#"8$ .) =8%80&+=8$ 87$ 42 C/(8& 42? regularized

%<(+ KL information fuzzy objective function, 8&(/*#.4)? %&) HMRF-4:7#1

7)")00)*, 42?, 173 4# 7"$(%) 42? 1&#=84#:%8.2? mean-field approximation,

C/(8& 42? #7#$)? (1./*84)& 2 ).4&58&%8.&5, (1./"42(2

Qλ !
q∑

i=1

s∑

j=1

rijdij + λ
q∑

i=1

s∑

j=1

rijlog

(
rij

πij

)
(3.16)

37#1, πij 8$.)& #& (2%8&)5<? (pointwise) prior 7&=).34248? 4+. 5)4)(4/(8-

+. 4#1 HMRF model, (1.)*3%8.8? )73 42. mean-field approximation (11 4#1

MRF +?

πij ! p(xj = i|x̂∂j ; β) =
exp(−

∑
c&j Vc(x̃ij|β))

∑q
h=1 exp(−

∑
c&j Vc(x̃hj|β))

(3.17)

5)& x̃ij ! (xj = i, x̂∂j), 5)& #"$S#.4)? 42. dissimilarity function,dij , 4#1 )0*#-

"$=%#1 +? 42. )".24&5, 0#*)"&=%#-7&=).#F/.8&) 42? i#(42? 5)4/(4)(2?

4#1 %#.4<0#1 +? 7"#? 42. j#(42 7)")4,"2(2. ;8 /00) 03*&), <L#1%8

dij(θi) ! −logp(yj|xj = i; θi) (3.18)

85 42? #7#$)? 2 ).4&58&%8.&5, (1./"42(2 4#1 HMRF-FCM)0*#"$=%#1 7)$"-

.8& 480&5/ 42. %#"F,

Qλ (Ψ) =−
q∑

i=1

s∑

j=1

rijlogp(yj|xj = i; θi)

+ λ
q∑

i=1

s∑

j=1

rijlog

(
rij

πij

) (3.19)
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37#1, Ψ = {R,θ,β}, 5)& 2 p(yj|xj = i; θi) >$>84)& )73 42. (8).

3.4.2 2-.$',.$-* .4( 5)#)'@.#4( ./< HMRF model '" %#*-

+, ./< HMRF-FCM )9A/#:C'/<

O&) .) 8A/*#1%8 4&? 85F"/(8&? 4+. 854&%24"&D. 4#1 HMRF model, >#=<.4#?

8.3? (1.30#1 857)$>81(2?, 173 42 =8D"2(2 4#1 HMRF-FCM )0*#"$=%#1,

7"<78& .) 80)L&(4#7#&,(#1%8 %8 87).)0274&53 4"37# 42. fuzzy objective

fun-ction Qλ (Ψ), 7#1 >$>84)& )73 42. (19), +? 7"#? 4) R, θ, 5)& β, 173 4#

coordinate descent 173>8&*%).U(4+ V (k) 2 854&%,4"&) 42? 7#(3424)? V 7#1

80,F=2 (42. k#(42 87)./02K2 4#1 )0*#"$=%#1. U(4+ 2 (k+1)#(42 87)-

./02K2 4#1 )0*#"$=%#1. UL#1%8 >20)>, 34& 2 4&%, 42? Ψ̂ 8$.)& 2 02F=8$-

() )73 42. k#(42 87)./02K2 4#1 )0*#"$=%#1, Ψ(k), ,4#& Ψ̂ = Ψ(k). O&) .)

78")&D(#1%8 42. (k + 1)#(42 87)./02K2 4#1 )0*#"$=%#1, )"L&5/ 7"<78&

.) C"#:%8 4&? 854&%,4"&8? 4+. (2%8&)5D. (pointwise) Markov field priors,

π(k)
ij . -143 %7#"8$ .) *$.8& 7"#(8**&(4&5/, L"2(&%#7#&D.4)? 42. mean-field

approximation 42? Markov field prior, p(x). -73 42. (11) 0)%C/.#1%8 [6, 9]

p(x|β(k)) =
s∏

j=1

p(xj|x(k)
∂j

; β(k)) (3.20)

37#1 [6, 9]

π(k)
ij ! p(xj = i|x(k)

∂j
; β(k)) =

exp(−
∑

c&j Vc(x̃
(k)
ij |β(k)))

∑q
h=1 exp(−

∑
c&j Vc(x̃

(k)
hj |β(k)))

(3.21)
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x̃(k)
ij ! (xj = i,x(k)

∂j
), 5)& x(k)

∂j
8$.)& 2 4"<L#1() 854&%,4"&) (02F=8$() )73

42. k#(42 87)./02K2 4#1 )0*#"$=%#1) 42? *8&4#.$)? 4#1 j#(4#1 site. E4#.

7"#48&.3%8.# HMRF-FCM )0*3"&=%#, 2 854&%,4"&) x(k) 4+. 84&584D. 4+.

pixels (42. k#(42 87)./02K2 4#1 )0*#"$=%#1 0)%C/.84)& %8 L",(2 %&)?

7"#F).#:? %8=#>#0#*$)? 173 4# 7"#48&.3%8.# fuzzy context, 2 #7#$) 78"&-

0)%C/.8& 42. )7#)()F#7#$2(2 (defuzzification) 4+. 17#0#*&(%<.+. fuzzy

memberships r(k)
ij , >&) 42? ).4&(4#&L$(8+? 5/=8 site (42. MRF 5)4/(4)(2

7#1 C804&(4#7#&8$ 42. fuzzy membership function 4#1 8. 03*+ site. ;8 /00)

03*&), 0)%C/.#1%8

x(k)
j = argmax

q
i=1r

(k)
ij (3.22)

-.)F#"&5/ %8 42. <5F")(2 4+. 854&%24"&D. 4+. fuzzy membership functions,

r(k+1)
ij , )73 42. (19), <L#1%8

r(k+1)
ij =

π(k)
ij exp

(
− 1

λd(k)
ij

)

∑q
h=1 π(k)

hj exp
(
− 1

λd(k)
hj

) (3.23)

37#1

d(k)
ij ! dij(θ

(k)
i ) = −logp(yj|xj = i; θ(k)

i ) (3.24)

7#1, C/(8& 42? (8), >$>8&

d(k)
ij =

w

2
log(2π) +

1

2
log|Σ(k)

i |+ 1

2
(yj − µ(k)

i )TΣ(k)−1

i (yj − µ(k)
i ) (3.25)

EL84&5/ %8 4&? 854&%,4"&8? 4+. µi, )73 42. (19) <L#1%8

µ(k+1)
i =

s∑

j=1

r(k)
ij yj/

s∑

j=1

r(k)
ij (3.26)
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H)=' 3%#&#. 4"37#, *&) 4#1? 7$.)58? (1.>&)5:%).(2? Σi 0)%C/.#1%8

Σ(k+1)
i =

∑s
j=1 r(k)

ij (yj − µ(k)
i )(yj − µ(k)

i )T

∑s
j=1 r(k)

ij

(3.27)

8.D, *&) 42. 7)"/%84"# =8"%#5")($)? β &(L:8&

β(k+1) = argmaxβ

q∑

i=1

s∑

j=1

r(k)
ij logp(xj = i|x(k)

∂j
; β) (3.28)

E2%8&D.84)& 34& 2 )5"&C,? <5F")(2 42? 854&%24"$)? β(k+1) 8A)"4/4)& )73

42. (1*585"&%<.2 87&0#*, 42? (1./"42(2? 8.8"*8$)? 42? Markov random

field prior. -14, 2 87&0#*, 17#C/0084)& )73 42. 85/(4#48 8F)"%#*, 5)&

8A)"4/4)& )73 4# 87$78># 7#0170#53424)? 4#1 %#.4<0#1 7#1 5/=8 F#"/

8$.)& 87&=1%243 [1].

E1.#74&5/, # 7"#48&.3%8.#? HMRF-FCM )0*3"&=%#? *&) 42. fuzzy 87$-

01(2 4#1 HMRF model, 87$ 42 C/(8& 42? mean-field 7"#(<**&(2? 42? MRF

prior, 78"&0)%C/.8& 4) )530#1=) C,%)4):

1. @"8? %&) 854&%,4"&) 4#1 x(k) %8 L",(2 4#1 5).3.) (22).

2. J"2(&%#7#&D.4)? 42. 854&%,4"&) x(k), 5)& 87$ 42 C/(8& 42? mean-field

approximation (20) 42? MRF 5)4).#%,?, C"8? 4&? (2%8&)5<? prior 7&=)-

.34248? 4#1 Markov random field, π(k)
ij , 7#1 >$>#.4)& )73 42. (21).

3. I7#03*&(8 4&? fuzzy membership functions,r(k+1)
ij , L"2(&%#7#&D.4)? 42.

(23).

4. I7#03*&(8 4&? 854&%,4"&8? µ(k+1)
i 5)& Σ(k+1)

i )73 4&? (26) 5)& (27), ).-

4&(4#$L+?.
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5. I7#03*&(8 42. β(k+1) )73 42. (28).

6. E8 78"$74+(2 (:*50&(2?,,4#&
∣∣∣Qλ

(
Ψ(k+1)

)
−Qλ

(
Ψ(k)

)∣∣∣ /Qλ

(
Ψ(k)

)
<

Tc 37#1, Tc 4# 5)4DF0& (:*50&(2?, <A80=8.-00&D?, k := k +1 5)& 87$-

(4"8K8 (4# 1.

E1*5"$.#.4)? 42. <5F")(2 4#1 Qλ (Ψ) *&) 4#. HMRF-FCM )0*3"&=%# %8

42. ).4&58&%8.&5, (1./"42(2, Q (Ψ), 4#1 EM )0*#"$=%#1 *&) 4# HMRF %#-

.4<0#, 4#1 87$(2? >&)%#"F+%<.#1 87$ 42 C/(8& 42? mean-field approximation

42? 5)4).#%,? 4#1 MRF, 37+? <L8& 87$ 7)")>8$*%)4& L"2(&%#7#&2=8$ (4&?

%8=3>#1? PPL-EM [6], simulated field (SF), 5)& mean field (MF) [9], %8

Q (Ψ) =−
q∑

i=1

s∑

j=1

p(xj = i|yj)logp(yj|xj = i; θi)

−
q∑

i=1

s∑

j=1

p(xj = i|yj)logπij

%7#"#:%8 8:5#0) .) 7)")42",(#1%8 34& # HMRF-FCM )0*3"&=%#? )7#-

>$>8& %&) #&5#*<.8&) ).4&58&%8.&5D. (1.)"4,(8+. #& #7#$8?, 5)4' #1($).,

)7#480#:. %&) FCM-4:7#1 8.)00)54&5, 4#1 EM )0*#"$=%#1 *&) 4# HMRF

model, C)(&(%<.2 (42. mean-field approximation (11) 42? Markov random field

prior 5)4).#%,?. E2%8&D.84)& 4<0#? 34& *&) %#.)>&)$# degree of fuzziness,

λ = 1, # HMRF-FCM )0*3"&=%#? )./*84)& (4#. C)(&(%<.# (42. mean-field

approximation (11) EM )0*3"&=%# *&) 4# HMRF model, 5)=D?

r(k+1)
ij =

π(k)
ij p(yj|xj = i; θ(k)

i )
∑q

h=1 π(k)
hj p(yj|xj = h; θ(k)

h )

7#1, 5)4' #1($)., )7#4808$ 42. <5F")(2 4+. (2%8&)5D. posterior 5)4).#-
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%D. 4#1 Markov random field, p(xj = i|yj,x
(k)
∂j

;Ψ(k)), 4+. 0)%C).#%<.+. 87$

42 C/(8& 42? mean-field approximation (11) 4#1 MRF [6].

6<0#?, (L84&5/ %8 4) 17#0#*&(4&5/ 53(42 4#1 7"#48&.#%<.#1 )0*#"$=-

%#1, 87&(2%)$.#1%8 7+? )14/ 8$.)& (1*5"$(&%) %8 4) 17#0#*&(4&5/ 53(42

EM-4:7#1 7"#(8**$(8+. (4# HMRF model, 7#1 C)($S#.4)& 87$(2? (42. mean-

field approxima-tion 42? MRF prior 5)4).#%,?, 5)=D? 4) C)(&5/ 17#0#*&-

(4&5/ 53(42 (8 30#1? )14#:? 4#1? )0*#"$=%#1? #F8$0#.4)& (42. 854$%2(2

5)& ).4&(4"#F, 8%78&"&5D. 7&./5+. (1.>&)5:%).(2?.'7&70<#., 87&(2%)$-

.84)& 34& # )0*3"&=%3? %)? 8$.)& 4/A8&? %8*<=#1? 7&# )7#>#4&53? (8 (L<(2

%8 Bayesian sampling %8=3>#1? 854&%24&5,? 4#1 HMRF model.

3.5 !"$#)').$-* 1"9@.,

O )0*3"&=%#? HMRF-FCM 7)"<L8& %&) 5)&.#43%# FCM-4:7#1 %8=#>#0#-

*$) 8&>&5/ 5)4/00202 *&) clustering L+"&5D? 8A2"42%<.+. >8>#%<.+., 7.L.,

(8 8F)"%#*<? 878A8"*)($)? 8&53.)? [7]. E42. 7)"#:() 8"*)($), 7"#58&-

%<.#1 .) )A&#0#*,(#1%8 78&")%)4&5/ 42. %<=#>3 %)?, )(L#0#:%8=) %8 4#

7"3C02%) 42? 5)4/4%2(2? 8&53.+.. '5480#:%8 42. >&)>&5)($) 5)4/4%2-

(2? 8&53.+. 87&C/00#.4)? 4# (hidden) Markov random field (4&? 84&5<48? 4+.

pixels 42? 8&53.)? (,4#& 4) 4%,%)4) 42? 8&53.)? 37#1 ).4&(4#&L$S#.4)& 4)

>&/F#") pixels). E4) 78&"/%)4/ %)?, 1&#=84#:%8 <.) 4/A2?-2 (8-*8$4#.8?)

(:(42%) *8&4.$)(2? [4], %8 (1./"42(2 8.<"*8&)? >&>3%8.2 )73 42. <5F")-

(2

U(x|β) = −β
∑

j∈S

∑

l∈∂j

δ(xj − xl) (3.29)
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4#&#14#4"37+? 0)%C/.#.48?

π(k)
ij =

exp(β(k)
∑

l∈∂j
δ(i− x(k)

l ))
∑q

h=1 exp(β(k)
∑

l∈∂j
δ(h− x(k)

l ))
(3.30)

*&) 4&? (2%8&)5<? MRF prior 5)4).#%<?,37#1 δ(.) 8$.)& 2 (1./"42(2 Kronecker's

delta, #"&S3%8.2 +?

δ(xj − xl) =

{ 1, if xj = xl

0, otherwise

-143? # 4:7#? (1(4,%)4#? *8&4.$)(2? 5)& (1./"42(2? 8.8"*8$)? L"2(&%#-

7#&8$4)& (42. )A&#03*2(2 43(# 4#1 HMRF-FCM )0*#"$=%#1 3(# 5)& 4+.

=8+"#1%<.+. HMRF-4:7#1 ).4)*+.&(4D. 4#1. '7&(2%)$.#1%8 87$(2? 34&

(4) )530#1=) 78&"/%)4) 30#& #& )A&#0#*#:%8.#& )0*3"&=%#& )"L&5#7#&#:.-

4)& 5)=' 3%#&#. 4"37#, %<(+ )70,? 87&C#0,? 8.3? 5)4+F0$#1 (thresholding)

(4&? 173 %80<42 8&53.8?.6<0#?, (2%8&D.#1%8 34& # C)=%3? )()F8$)? (degree

of fuzziness) 4#1 HMRF-FCM)0*#"$=%#1 5)& 4+. =8+"#1%<.+. FCM-4:7#1

).4)*+.&(4D. 4#1 7"#(>&#"$S84)& 81"84&5/, >&) C804&(4#7#$2(2? 42? 87$-

>#(,? 4#1?.

3.5.1 B).>.',+, C/#<L4=0( "$-&(4(

E4# 7"D4# )143 78$")%), >8$L.#1%8 42. 81"+(4$) 4#1 7"#48&.#%<.#1 )0-

*#"$=%#1 (4#. =3"1C#. O&) 4#. (5#73 )143, =8+"#:%8 %&) 8F)"%#*, 4#1

HMRF-FCM )0*#"$=%#1 (42. 5)4/4%2(2 %&)? >&)C"+%<.2? >&) =#":C#1

8&53.)?. O&) (:*5"&(2, 8543? 42? %8=3>#1 %)?, 7)")=<4#1%8 87$(2? 42.

87$>#(2 4+. )0*#"$=%+. FCM [12], KL-FCM [37], ICM [3], MF [9], SF [9],
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5)& CA-SVFMM [39]. M& )0*3"&=%#& MF 5)& SF 8$.)& EM-4:7#1 7"#(8**$-

(8&? (4# HMRF C)(&(%<.8? (42. mean-field approximation (11) 42? MRF 5)-

4).#%,?, 5)& L"2(&%#7#&#:. >&)F#"84&5<? %8=#>#0#*$8? 54,(2? 4+. 854&-

%24"&D. x̂. M CA-SVFMM )0*3"&=%#? 8$.)& C)(&(%<.#? (8 %&) %8=#>#-

0#*$) MAP 854&%24&5,? 8.3? Gaussian mixture model %8 L+"&5#:? 78"&#"&-

(%<.#1?, #"&S#%<.#1? >&) 42? 87&C#0,? 8.3? )70#7#&2%<.#1 Gauss–Markov

random field.

N =8+"#:%8.2 8&53.), 87&>8&5.13%8.2 (4# EL. 1(ii), 80,F=2 7"#(=<4#.-

4)? L+"&5/ (1(L84&(%<.# =3"1C# (42. 4-L"+%/4+. 8&53.) (5)5&<")? 7#1

>$>84)& (4# EL. 1(i). O&) .) 7)"/*#1%8 )143. 4#. =3"1C#, >8&*%)4#02F=,-

=258 %&) >&)%3"F+(2 >1)>&5D. 8.>8&54D. )73 <.) Potts-model MRF [4], %8

L",(2 42? 48L.&5,? Gibbs sampling.-. # 85/(4#48 0)%C).3%8.#? 8.>8$542?

*&) 5/7#&# pixel ,4). %#.)>&)$#?, 7"#(=<4)%8 =3"1C# )5#0#1=#:.4) 42.

417#7#&2%<.2 Gaussian 5)4).#%,, )00&D? >8. 7"#(=<()%8 5).<.) =3"1-

C#. '$.)& A85/=)"# 34& 5)4/ )143 4#. 4"37# 0)%C/.84)& <.) L+"&5/ (1-

(L84&(%<.# 8$>#? =#":C#1, 7"#(F<"#.4)? %&) 7#0: )7)&424&5, 78"$74+(2

78&")%)4&5,? )A&#03*2(2?.

6) 0)%C).3%8.) )7#480<(%)4) >$>#.4)& (4) EL. 1(iii)-(ix). !)")42-

"#:%8 34& # 7"#48&.3%8.#? )0*3"&=%#? 7)"<L8& )A&#(2%8$+42 81"+(4$) 173

4&? =8+"2=8$(8? (1.=,58? C)"<#? =#":C#1.U4(&, 7)"<L8& %&) 8A)&"84&5D?

).D48"2, (8 (L<(2 %8 4#. ).4)*+.&(%3, 87$>#(2, 7"#(F<"#.4)? %&) 8A)&-

"84&5/ )5"&C, 5)4/4%2(2 42? =8+"2=8$(2? 8&53.)?, 8. ).4&=<(8& %8 42.

F4+L, 87$>#(2 4+. ).4)*+.&(4D. 4#1.
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(i) (ii) (iii)

(iv) (v) (vi)

(vii) (viii) (ix)

EL,%) 3.1: (i) -"L&5, 4-L"+%/4+. 8&53.) (5)5&<")?. (ii) 9&)C"+%<.2 >&)
=#":C#1 8&53.). (iii) H)4/4%2(2 42? 8&53.)? >&) 4#1 )0*#"$=%#1 FCM.

(iv) H)4/4%2(2 42? 8&53.)? >&) 4#1 )0*#"$=%#1 KL-FCM. (v) H)4/4%2(2
42? 8&53.)? >&) 4#1 )0*#"$=%#1 ICM. (vi) H)4/4%2(2 42? 8&53.)? >&) 4#1
)0*#"$=%#1 SF. (vii) H)4/4%2(2 42? 8&53.)? >&) 4#1 )0*#"$=%#1 MF. (viii)

H)4/4%2(2 42? 8&53.)? >&) 4#1 )0*#"$=%#1 CA-SVFMM. (ix) H)4/4%2(2
42? 8&53.)? >&) 4#1 )0*#"$=%#1 HMRF-FCM.
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3.5.2 B).>.',+, I<+$-0; 9,IC"$+0( "$-&(4(

E8 F1(&5D? 02F=8$(8? 8&53.8?, <.) 70,=#? >&)F#"84&5D. 85F/.(8+. 4#1

7"#C0,%)4#? 5)4/4%2(2? 8&53.+. <"L#.4)& (4# 7"#(5,.&#, 37+? =3"1-

C#?, 7)")%#"FD(8&?, >&)4)")L<? F+4&(%#:, 5.#.5. E1.87D?, 2 5)4/4%2(2

F1(&5D. 8&53.+. 8$.)& 8.) )A&30#*# benchmark *&) 42. )A&#03*2(2 4+. )0-

*#"$=%+. 5)4/4%2(2?. E4# 78$")%) )143, =8+"#:%8 >1# F1(&5D? 02F=8$-

(8? 8&53.8?, 7"#4)=8$(8? (4&? 8"*)($8? [35, 40]. N 7"D42, )78&5#.&S3%8.2

(4# EL. 2(i), 8$.)& %&) 100×100)8"#F+4#*")F$) 8.3? (2%).4,") (buoy) 87&-

70<#.4#? (8 C)=: %708 .8"3, 8.D 2 >8:48"2, )78&5#.&S3%8.2 (4# 3(i), 8$.)&

%&) 128×128 )78&53.&(2 7#S&4"#.&#*"/F#1 (PET) 4#1 7.8:%#.) 8.3? (51-

0&#:.M& 5)4)4%,(8&? 4+. 8&53.+. )14D. >&) 4+. %8=3>+. FCM, KL-FCM,

ICM, SF, MF, CA-SVFMM, 5)& HMRF-FCM, =<4#.4)? q = 3, >$.#.4)& (4)

EL. 2(ii)-(viii) 5)& 3(ii)-(viii), ).4&(4#$L+?. !)")42"#:%8 34& # 7"#48&.3%8-

.#? )0*3"&=%#? >$.8& 7&# #%#*8.8$? 78"&#L<?, 5)& /"), 7"#(F<"8& 5)0:48"2

87$>#(2 (8 (L<(2 %8 4#. ).4)*+.&(%3.

3.5.3 DH$/9&A,+, '" ./ Berkeley image segmentation benchmark

E4# 78$")%) )143, )A&#0#*#:%8 42. 87$>#(2 4#1 )0*#"$=%#1 HMRF-FCM,

L"2(&%#7#&D.4)? <.) 17#(:.#0# 4#1 Berkeley image segmentation data set

and bench-mark [41], 4# #7#$# 78"&0)%C/.8& 8.) (:.#0# 8*L"D%+. F1(&5D?

02F=8&(D. 8&53.+. 5)=D? 5)& 4&? ground truth 5)4)4%,(8&? 4#1? )73 >&)-

F#"84&5/ /4#%) (8&>&5#:?). 9#=<.4+. 4+. 7#00)70D. 5)4)4%,(8+. *&)

5/=8 8&53.), *&) .) 0/C#1%8 %&) ).4&58&%8.&5, 854$%2(2 42? 87$>#(2? 4#1

5/=8 )0*#"$=%#1, L"2(&%#7#&#:%8 4# probabilistic rand (PR) index [42, 43].
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(i) (ii) (iii)

(iv) (v)

(vi) (vii) (viii)

EL,%) 3.2: (i) '&53.) (2%).4,") (buoy). (ii) H)4/4%2(2 42? 8&53.)? >&)
4#1 )0*#"$=%#1 FCM. (iii) H)4/4%2(2 42? 8&53.)? >&) 4#1 )0*#"$=%#1 KL-

FCM. (iv) H)4/4%2(2 42? 8&53.)? >&) 4#1 )0*#"$=%#1 ICM. (v) H)4/4%2-

(2 42? 8&53.)? >&) 4#1 )0*#"$=%#1 SF. (vi) H)4/4%2(2 42? 8&53.)? >&)
4#1 )0*#"$=%#1 MF. (vii) H)4/4%2(2 42? 8&53.)? >&) 4#1 )0*#"$=%#1 CA-

SVFMM. (viii) H)4/4%2(2 42? 8&53.)? >&) 4#1 )0*#"$=%#1 HMRF-FCM.
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(i) (ii) (iii)

(iv) (v)

(vi) (vii) (viii)

EL,%) 3.3: (i) PET )78&53.&(2 4#1 7.8:%#.) 8.3? (510&#:. (ii) H)4/4%2-

(2 42? 8&53.)? >&) 4#1 )0*#"$=%#1 FCM. (iii) H)4/4%2(2 42? 8&53.)? >&)
4#1 )0*#"$=%#1 KL-FCM. (iv)H)4/4%2(2 42? 8&53.)? >&) 4#1 )0*#"$=%#1
ICM. (v) H)4/4%2(2 42? 8&53.)? >&) 4#1 )0*#"$=%#1 SF. (vi) H)4/4%2(2
42? 8&53.)? >&) 4#1 )0*#"$=%#1 MF. (vii) H)4/4%2(2 42? 8&53.)? >&) 4#1
)0*#"$=%#1 CA-SVFMM. (viii) H)4/4%2(2 42? 8&53.)? >&) 4#1 )0*#"$=%#1
HMRF-FCM.
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6# PR index %84"/8& 4# 7#(#(43 4+. S81*D. pixels #& 84&5<48? 4+. #7#$+.

8$.)& #& $>&8? %84)A: %&)? 17#0#*&S3%8.2? 5)4/4%2(2? 5)& %&)? >#=8$(2?

ground truth 5)4/4%2(2?, )="#$S#.4)? 87$ 7#00)70D. ground truth 5)4)-

4%,(8+. D(48 .) 0/C8& 173K&. 4&? >&)F#"84&5<? 854&%,(8&? 7#1 =) %7#-

"#:(). .) 7"#5:K#1. 173 42. ).="D7&.2 ).4$02K2. M"$S#.4)? +? G =

{G1, G2,...GM} <.) (:.#0# ground truth 8&53.+., 5)& +? Geval %&) 8A )0*#-

"$=%#1 8&02%%<.2 5)4/4%2(2 173 )A&#03*2(2, &(L:8&

PR(Geval, G) =
2

s(s− 1)

∑

i

∑

j>i

[cijpij + (1− cij)(1− pij)] (3.31)

37#1 cij = 1 ). 4) pixels i 5)& j ).,5#1. (4# $>&# segment (42. 5)4/4%2(2

Geval, cij = 0 8&>/00+?, s 8$.)& # )"&=%3? 4+. pixels (42. 8&53.), 5)& pij

8$.)& 2 7&=).3424) C/(8& 4#1 ground truth 4) pixels i 5)& j .) ).,5#1. (4#

$>&# segment, 17#0#*&S3%8.2 +? 4# 50/(%) 4+. >&)=8($%+. ground truths

37#1 4) pixels i 5)& j <L#1. ).4&(4#&L2=8$ (4# $>&# segment. 6# PR index

7)$".8& 4&%<? %84)A: 0 5)& 1, %8 4&? 4&%<? 7#1 C"$(5#.4)& 5#.4/ (4# 0 .)

(2%)4#>#4#:. <.) 5)53 )7#4<08(%) (,4#& %&) F4+L, 5)4/4%2(2), 5)& 4&?

4&%<? 7#1 C"$(5#.4)& 5#.4/ (4# 1 .) (2%)4#>#4#:. <.) 5)03 )7#4<08(%)

O&) 03*#1? (:*5"&(2?, 70<#. 42? >&5,? %)? %8=3>#1, )A&#0#*#:%8 42.

87$>#(2 5)& 4+. %8=3>+. FCM, KL-FCM, SF, MF, 5)& CA-SVFMM. E4#.

7$.)5) 1, >$.#1%8 4&? 4&%<? 4#1 PR >8$542 4&? 02F=8$(8? *&) 5)=8%$) )73

4&? =8+"#:%8.8? 8&53.8?, )73 5)=<.) 4+. )A&#0#*#1%<.+. )0*#"$=%+.,

=<4#.4)? 5/=8 F#"/ 4#. )"&=%3 4+. 8A)54<+. segments, q, %8 4#. $>&# 4"37#

37+? (42. 8"*)($) [39]. E4# EL. 4, >$.#1%8 %8"&5<? )73 4&? 8&53.8? 4#1 L"2-

(&%#7#&#1%<.#1 (1.30#1 >8>#%<.+.. E4# EL. 5, 7)"<L#1%8 4&? ).4$(4#&L8?
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!$.)5)? 3.1: Berkeley Image Data Set: P2F=<.48? PR 98$548? *&) 4&? B8+-

"2=8$(8? '&53.8?
'&53.) # q FCM KL-FCM SF MF CA-SVFMM HMRF-FCM

102061 15 0.69 0.69 0.76 0.75 0.73 0.78

80099 2 0.51 0.77 0.85 0.87 0.81 0.91

108073 4 0.51 0.54 0.58 0.58 0.49 0.62

118035 3 0.80 0.76 0.85 0.84 0.65 0.89

134008 2 0.47 0.47 0.52 0.50 0.63 0.58

135069 2 0.58 0.95 0.98 0.98 0.87 0.98

207056 5 0.55 0.64 0.67 0.67 0.64 0.71

232038 10 0.81 0.82 0.86 0.85 0.62 0.91

310007 7 0.65 0.69 0.74 0.74 0.7 0.78

323016 10 0.80 0.81 0.83 0.84 0.67 0.88

238011 3 0.77 0.86 0.89 0.91 0.84 0.95

299091 5 0.58 0.56 0.67 0.69 0.58 0.75

314016 4 0.47 0.48 0.50 0.50 0.52 0.55

368016 6 0.77 0.77 0.80 0.80 0.77 0.86

271031 5 0.62 0.55 0.71 0.69 0.63 0.74

253036 4 0.63 0.63 0.67 0.68 0.72 0.74

247085 7 0.69 0.68 0.76 0.76 0.64 0.80

28075 6 0.49 0.64 0.69 0.69 0.63 0.75

113044 5 0.67 0.61 0.76 0.78 0.62 0.78

12003 3 0.50 0.48 0.64 0.63 0.46 0.72

106024 4 0.65 0.65 0.68 0.68 0.68 0.70

183055 3 0.59 0.51 0.73 0.75 0.51 0.79

118020 12 0.77 0.77 0.84 0.84 0.7 0.84

90076 5 0.61 0.55 0.72 0.73 0.52 0.76

42044 5 0.65 0.68 0.73 0.71 0.74 0.76

163014 5 0.67 0.70 0.75 0.77 0.6 0.79

42049 7 0.69 0.69 0.70 0.71 0.62 0.73

112082 4 0.66 0.68 0.73 0.73 0.62 0.76

124084 3 0.52 0.45 0.72 0.73 0.56 0.77

;<(#? - 0.63 0.66 0.74 0.74 0.64 0.78

617. -7350. - 0.11 0.13 0.1 0.11 0.09 0.1

9&/%8(#? - 0.65 0.68 0.73 0.73 0.65 0.77
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(i) 12003 (ii) 80099 (iii) 368016 (iv) 90076 (v) 108073

(vi) 112082 (vii) 118020 (viii) 42044 (ix) 124084 (x) 135069

(xi) 183055 (xii) 207056 (xiii) 232038 (xiv) 247085 (xv) 310007

(xvi) 323016 (xvii) 253036 (xviii) 238011

EL,%) 3.4: Berkeley image segmentation data set and benchmark: -"L&5<? '&-
53.8?

133



(i) 12003 (ii) 80099 (iii) 368016 (iv) 90076

(v) 108073 (vi) 112082 (vii) 118020 (viii) 42044

(ix) 124084 (x) 135069 (xi) 183055 (xii) 207056

(xiii) 232038 (xiv) 247085 (xv) 310007 (xvi) 323016

(xvii) 253036 (xviii) 238011

EL,%) 3.5: Berkeley image segmentation data set and benchmark:H)4)4%,(8&?
P2F=8$(8? )73 4#. HMRF-FCM -0*3"&=%#.
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5)4)4%,(8&? 4&? 02F=8$(8? %8 L",(2 4#1 HMRF-FCM )0*#"$=%#1. X7+?

7)")42"#:%8, # 7"#48&.3%8.#? )0*3"&=%#? >$.8& )A&#(2%8$+4) 5)0:48")

)7#480<(%)4) 8. (1*5"$(8& %8 4#1? HMRF-4:7#1 5)& FCM-4:7#1 ).4)*+-

.&(4<? 4#1.

3.5.4 B).>.',+, 5/9<=$)+.>.4( "$-&(4(

6<0#?, )A&#0#*#:%8 4#. 7"#48&.3%8.# )0*3"&=%# (42. 5)4/4%2(2 7#01-

>&/(4)4+. 8&53.+.. -143? # 4:7#? 8&53.+. %7#"8$ .) 02F=8$ 8$48 >&) 42?

8A)*+*,? (2%).4&5D. features L)")542"&S3.4+. 4# 78"&8L3%8.# 42? 8&53.)?

(7.L. 702"#F#"$) 1F,? - textural features), , )781=8$)? %<(+ )&(=24,"+.,

37+? (1%C)$.8& %8 >#"1F#"&5<? , RGB <*L"+%8? 8&53.8? )73 4208#"/(8&?.

'>D, )(L#0#:%)(48 %8 <.) 7)"/>8&*%) )73 42. >8:48"2 78"$74+(2, =8+-

"#:.48? 42. RGB 8&53.) 7#1 >$.84)& (4# EL. 6(i). N 8&53.) )14, 78"&0)%-

C/.8& 5)4/ C/(2 3 L"+%)4&5/ segments: 4# (5#:"# #1").3, 4#. 8"1="3

4"#:0#, 5)& 4#. 08153 4#$L# 42? 85502($)?.'7&70<#., 17/"L#1. )53%2 %8-

"&5/ 80/((#.) segments 51"$+? (4) 7)"/=1").

M& 5)4)4%,(8&? 42? 8. 03*+ 8&53.)? %8 L",(2 4#1 HMRF-FCM)0*#"$=-

%#1 5)=D? 5)& 4#. FCM, KL-FCM, SF, MF, 5)& CA-SVFMM )0*#"$=%+., %8

q = 3 clusters (HMRF 5)4)(4/(8&?), >$>#.4)& (4# EL. 6(ii)-(vii).!)")42"#:-

%8 34& 2 7"#48&.3%8.2 %<=#>#? 5)4)4%8$ 5)0:48") 4# 8"1="3 component

>&)42"D.4)? 42. 0874, )5%, %84)A: 4#1 4"#:0#1 5)& 4#1 #1").#:, 5)=D?

5)& 42. 0874, )5%, %84)A: 4#1 4"#:0#1 5)& 4#1 0815#: 4#$L#1 42? 85502($-

)? '$.)& )A&#(2%8$+4# 34& # )0*3"&=%#? HMRF-FCM 8$.)& 7#0: 8:"+(4#?

(4&? ).)50/(8&? (42. %<(2 4#1 4"#:0#1, (8 ).4$=8(2 %8 4#1? ).4)*+.&(4<?

4#1. '7&70<#., >&)7&(4D.#1%8 34& #& 0874<? (5&<? (4#. 4#$L# 5/4+ )73 42.
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C/(2 4#1 4"#:0#1 8$.)& 5)0:48") >&)42"2%<.#& )73 42. >&5, %)? %<=#>#.

!8")&4<"+, 87).)0)%C/.#1%8 4# 7"#2*#:%8.# 78$")%) L"2(&%#7#&D.-

4)? %&) =#"1C&5, 85>#L, 42? =8+"2=8$(2? RGB 8&53.)?, 7#1 80,F=2 7"#-

(=<4#.4)? (8 5)=8%$) 4+. R, G, 5)& BL"+%)4&5D. (1.&(4+(D. 08153 =3"1-

C# Gauss >&)F#"84&5D. 417&5D. )7#50$(8+., 5)=8A,? 0)%C/.#.4)? (2%)-

4#=#"1C&5#:? 03*#1? (SNRs) $(#1? %8 2, 4, 5)& 3 dB, ).4&(4#$L+?.N 4#&#1-

4#4"37+? 7)")L=8$() 8&53.) >$>84)& (4# EL. 7(i). M& 5)4)4%,(8&? 42? 8.

03*+ 8&53.)? %8 L",(2 4+. %8=3>+. FCM, KL-FCM, SF, MF, CA-SVFMM,

5)& HMRF-FCM >$>#.4)& (4# EL. 7(ii)-(vii). T? 7)")42"#:%8, #& clustering

)0*3"&=%#& #& %2 0)%C/.#.48? 173K&. 4&? L+"&5<? )0020#8A)"4,(8&? 4+.

*8&4#.&5D. pixels >$.#1. 8.) F4+L3 )7#4<08(%), 8. ).4&=<(8& %8 4&? HMRF-

4:7#1 %8=3>#1?.6<0#?, 7)")42"#:%8 )53%2 34& # HMRF-FCM)0*3"&=%#?

A)./ )7#>$>8& 5)0:48"2 >&)4,"2(2 4+. )5%D. 4#1 4"#:0#1, 70,"+? )*.#-

D. 4&? 87' )14#: ).)50/(8&?.
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(i) (ii) (iii) (iv)

(v) (vi) (vii)

EL,%) 3.6:H)4/4%2(2 RGB 8&53.)?: (i) -"L&5, 8&53.). (ii) H)4/4%2(2 42?
8&53.)? >&) 4#1 )0*#"$=%#1 FCM. (iii) H)4/4%2(2 42? 8&53.)? >&) 4#1 )0-

*#"$=%#1 KL-FCM. (iv) H)4/4%2(2 42? 8&53.)? >&) 4#1 )0*#"$=%#1 SF. (v)

H)4/4%2(2 42? 8&53.)? >&) 4#1 )0*#"$=%#1 MF. (vi) H)4/4%2(2 42? 8&-
53.)? >&) 4#1 )0*#"$=%#1 CA-SVFMM. (vii) H)4/4%2(2 42? 8&53.)? >&)
4#1 )0*#"$=%#1 HMRF-FCM.
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(i) (ii) (iii) (iv)

(v) (vi) (vii)

EL,%) 3.7: H)4/4%2(2 =#"1CD>#1? RGB 8&53.)?: (i) -"L&5, 8&53.). (ii)

H)4/4%2(2 42? 8&53.)? >&) 4#1 )0*#"$=%#1 FCM. (iii) H)4/4%2(2 42? 8&-
53.)? >&) 4#1 )0*#"$=%#1 KL-FCM. (iv) H)4/4%2(2 42? 8&53.)? >&) 4#1
)0*#"$=%#1 SF. (v) H)4/4%2(2 42? 8&53.)? >&) 4#1 )0*#"$=%#1 MF. (vi)

H)4/4%2(2 42? 8&53.)? >&) 4#1 )0*#"$=%#1 CA-SVFMM. (vii) H)4/4%2(2
42? 8&53.)? >&) 4#1 )0*#"$=%#1 HMRF-FCM.
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23#4+.,; 1/(."9/5/:,+,;
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H"174#-;)"5#C&)./ %#.4<0) (Hidden Markov models,HMM) L"2(&%#7#&#:.-

4) 7878")(%<.8? 178"=<(8&? 5).#.&5D. 5)4).#%D. (Gaussian mixture models,

GMM)+? 4&? 5)4).#%<? 4+. 5"1FD. 5)4)(4/(8D. 4#1?, <L#1. %8 87&41L$)

L"2(&%#7#&2=8$ (8 ).)"$=%248? 8F)"%#*<? %#.480#7#$2(2? 5)& 4)A&.3%2-

(2? )5#0#1=&)5D. >8>#%<.+.. T(43(#, 4) GMM 8$.)& *.+(43 34& 8$.)&

8A)&"84&5/ 817)=, 5)& >1().854&5/ (42. 7)"#1($) )417&5D. >8>#%<.+.

(outliers) 8.43? 4+.  >8&*%/4+. 857)$>81(,? 4#1?. X7+? <L#1%8  ,>2  (1-

S24,(8&, #& 7878")(%<.8? 178"=<(8&? 5)4).#%D. Student's-t (SMM) <L#1.

8(L/4+? 7"#4)=8$ +? %&) 7&# 8:"+(42 8.)00)54&5, (4) GMM, 178"C)$-

.#1() )14<? 4&? 817/=8&8?.!"#58&%<.#1 .) 85%84)0081=#:%8 )14/ 4) 708-

#.854,%)4) 4+. SMM, 8&(/*#1%8 (42. 7)"#:() 8"*)($) <.) 7"+43417#
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N;; 37#1 #& 5)4).#%<? 4+. 5"1FD. 5)4)(4/(8D. 4#1 %#.480#7#&#:.-

4)& %8 L",(2 SMM. 'A/*#1%8 >8 <.). )0*3"&=%# *&) 42. 854&%24&5, 4+.

7)")%<4"+. 4#1 %#.4<0#1 173 4# 173>8&*%) 42? %8*$(42? 7&=).#F).8$)?,

%8 L",(2 4#1 expectation-maximization (EM) )0*#"$=%#1.

N 8"*)($) %#1 )14, <L8& >2%#(&81=8$ 173 4# /"="# %#1:

Sotirios Chatzis, Dimitrios Kosmopoulos, Theodora Varvarigou, " Robust Sequential

Data Modeling Using an Outlier Tolerant Hidden Markov Model,''IEEE Transactions

on Pattern Analysis and Machine Intelligence, Accepted for Future Publication,

2008.

4.1 2$+)A4A*

6) N;; %#.4<0) L"2(&%#7#&#:.4)& (,%8") 81"<+? (8 7"#C0,%)4) ).)-

*.D"&(2? 7"#4:7+., 5)=D? 7)"<L#1. %$) 8A)&"84&5/ 87&41L2%<.2 %<=#-

># %#.480#7#$2(2? 7)")42",(8+. 7#1 8%F).$S#.4)& %8 <.) )5#0#1=&)53

4"37# 5)& 48$.#1. .) 4)A&.#%#:.4)& , .) 8.)00/((#.4)& %84)A: >&)F#"8-

4&5D. 7&=).D. 17#702=1(%D.. '&>&5348"), N;; %8 (1.8L8$? 5)4).#%<?

7)")42",(8+. <L#1. L"2(&%#7#&2=8$ %8 87&41L$) (8 708$(48? 8F)"%#*<?

(42. #&5#0#*$), 5"174#*")F$), 5)4).32(2 8&53.+. 5)& C$.48#, ).)*.D"&-

(2 #%&0$)? 5)& #%&024, [1].

M& 5"1F<? 5)4).#%<? 857#%7,? 7)")42",(8+. #& (L84&S3%8.8? %8 4&?

5)4)(4/(8&? 8.3? N;; (1.8LD. 5)4).#%D. 7"<78& .) >:.).4)& .) 7"#-

(8**$S#1. 41L)$8?,)1=)$"84) 7#0:70#58? 5)4).#%<? 7&=).3424)?.6) GMM

)7#480#:. %&) 5#&., 87&0#*, *&) 4&? 5)4).#%<? 4+. 5"1FD. 5)4)(4/(8+.

4+. N;; %#.4<0+.,)7#>$>#1() 4) (1L./ )7#5)0#:%8.), Gaussian HMM
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(GHMM) %#.4<0) [2]. N %8*/02 >2%#F&0$) 4+. GHMM )7#""<8& )73 42.

*.+(4, >1.)43424) 4+. GMM .) 7"#(8**$S#1. %8 87&41L$) /*.+(48? )78$-

"+? 7#0:70#58? 5)4).#%<? 7&=).3424)?, 7"#(F<"#.4)? 7)")00,0+? <.)

)703 5)& 17#0#*&(4&5/ )7#>#4&53 70)$(&# 854&%24&5,? 4+. 7)")%<4"+.

4#1? 173 4# 173>8&*%) 42? %8*$(42? 7&=).#F).8$)?, %8 L",(2 4#1 '; )0-

*#"$=%#1 [3]. T(43(#, 4) GMM 8$.)& *.+(43 34& 17#F<"#1. )73 <.) 5"$-

(&%# %8&#.<542%) ).)F#"&5/ %8 42. 854&%24&5, 4+. 7)")%<4"+. 4#1?, 2

)7#>#4&53424) 42? #7#$)? 8$.)& *.+(43 34& %7#"8$ .) 87&>8&.+=8$ ).87)-

.3"=+4) )73 42. 7)"#1($) )417&5D. >8>#%<.+. (4) L"2(&%#7#&#:%8.)

>8$*%)4) 857)$>81(2?.

6# 7"3C02%) 42? 7"#(4)($)? )73 )417&5/ 7#01>&/(4)4) >8>#%<.) 8$-

.)& %8*/02? >1(5#0$)? 7"3C02%), )1A).3%8.2? %8 42. >&/(4)(2 4+. >8-

>#%<.+.. !#00#$ 8"81.24<? <L#1. 7"#(7)=,(8& .) >D(#1. >&)F#"84&5<?

0:(8&? (4# 7"3C02%) 4&? 8:"+(42? 854&%24&5,? *&) %#.4<0) 7878")(%<.+.

178"=<(8+. 5)4).#%D. [4, 5]. E42. 8"*)($) [6] 7"#4/=25). #& 7878")-

(%<.8? 178"=<(8&? 5)4).#%D. Student's-t (SMM) +? %&) 8A)&"84&5/ 8:"+-

(42 (8 )417&5/ >8>#%<.) 8.)00)54&5, (4) GMM. X7+? <L#1%8 ,>2 (1-

S24,(8& (>8? H8F. 1), 2 5)4).#%, Student's-t 8$.)& 85=84&5, 5)4).#%, %8

%8*)0:48"8? #1"<? )73 34& 2 5)4).#%, Gauss.U4(&, 4) SMM 7"#(F<"#1.

%&) 7#0: 7&# 8:"+(42 8.)00)54&5, (8 (L<(2 %8 4) GMM, 5)=D? #& %)-

5":48"8? #1"<? 4+. (1.&(4+(D. 4#1? 5)4).#%D. <L#1. (). )7#4<08(%)

7)")42",(8&? 857)$>81(2? )417&5<? %&)? (1.&(4D()? 5)4).#%,? .) 7)$"-

.#1. %&5"348"# C/"#? (42. 854&%24&5, 4+. 7)")%<4"+. 42?, 173 %&) 8.>#-

*8., (4# %#.4<0#, 5)0/ =8%80&+%<.2, (4)4&(4&5, >&)>&5)($).N (2%).4&5,

).=854&53424) 4+. SMM (8 )417&5/ >8>#%<.) 857)$>81(2? <L8& 78&")%)-
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4&5/ 87&>8&L=8$ (8 7#00/ 7"3(F)4) /"=") (7.L. [6, 7]), 37#1 <L8& 5)4)>8&-

L=8$ 34& >:.).4)& .) %#.480#7#&#:. 5"1F/ 7"3417) 4# $>&# 5)0/ )53%)

5)& 173 42. 7)"#1($) (2%).4&5D. 7#(#(4D. )417&5D. >8>#%<.+., 78"&-

74D(8&? 37#1 4) GMM 8$48 )7#41*L/.#1. 70,"+? 8$48 )7)&4#:. 42. 85-

7)$>81(2 7#0: %8*/0+. %#.4<0+. (*&) .) 7&/.#1. 4&? #1"<? 42? 7"#(8**&-

S#%<.2? 5)4).#%,?), #>2*D.4)? (8 (2%).4&5, %8$+(2 42? 17#0#*&(4&5,?

4#1? )7#>#4&53424)?.

[1(&5, (1.878$) 42? >1().8A$)? 4+. GMM (8 )417&5/ >8>#%<.) 8$.)&

2 )./0#*2 817/=8&) .) 8%F).$S84)& 5)& (4) GNMM%#.4<0).E42. (:*L"#-

.2 C&C0&#*")F$) 4+. N;; 7#00<? 7"#(7/=8&8? <L#1. *$.8& *&) 42. 87$01(2

)14D. 4+. 7"#C02%/4+. 4+. GNMM . '7$ 7)")>8$*%)4&, (4# [8], 7"#48$.8-

4)& %&) %<=#>#? 87&0854&5,? 857)$>81(2?.E4# [9], <.) /.+- 7"#? -5/4+ F$0-

4"# 87&0854&5,? <%F)(2? 8F)"%3S84)& (42. 857)$>81(2 4+. GNMM173 4#

173>8&*%) 42? %8*$(42? 7&&=).#F).8$)?, %8 8F)"%#*, (42. 8:"+(42 ).)-

*.D"&(2 #%&0$)?. E4# [10], <.) GNMM %8*$(42? 8%7&(4#(:.2? 7"#48$.84)&

*&) 42. 8:"+(42 ).)*.D"&(2 >&(>&/(4)4+. 7"#4:7+..T(43(#, #& %<=#>#&

)14<? <L#1. 7#&5$0) (2%).4&5/ %8&#.854,%)4), %84)A: 4+. #7#$+. 78"&-

0)%C/.#.4)& 2 81"84&5, F:(2 42? 708&#.3424/? 4#1?, 5)=D? 5)& 2 78"&#-

"&(%<.2 (8 (1*585"&%<.8? 8F)"%#*<? >&)4:7+(, 4#1?.-.4&=<4+?, )143 4#

#7#$# L"8&)S3%)(48 (,%8") 8$.)& %&) %)=2%)4&5D? (4<"8) =8D"2(2 =8%8-

0&D.#1() <.) *8.&53 %#.4<0# *&) 42. 8:"+(42 (8 )417&5/ >8>#%<.) %#.48-

0#7#$2(2 )5#0#1=&)5D. >8>#%<.+. %8 L",(2 N;; %#.4<0+.. H)4/ 42.

*.D(2 %)? 87$ 42? (2%8"&.,? C&C0&#*")F$)?, %&) 4<4#&) %<=#>#? )53%) 08$-

78& )73 4#. LD"# 42? ).)*.D"&(2? 7"#4:7+..

6# 5$.24"# 42? 8"*)($)? )14,? (1.$(4)4)& (4&? +? /.+ 7)")42",(8&?:
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E,%8"), 4) N;; (1.8LD. 5)4).#%D. 4) 7"#4)=<.4) *&) 8F)"%#*<? ).)-

*.D"&(2? 7"#4:7+. >8. 7)"<L#1. %&) (1(42%)4&5, 5)& *8.&5, %8=#>#0#-

*$) 8:"+(42? (8 )417&5/ >8>#%<.) 854&%24&5,? 7)")%<4"+.. E42. 8"*)-

($) )14, 7"#(7)=#:%8 .) 87&0:(#1%8 )14/ 4) S24,%)4) 7"#48$.#.4)? <.)

5)&.#43%# N;; 37#1 #& 5)4).#%<? 4+. 5"1FD. 5)4)(4/(8D. 4#1 8$.)&

SMM . 6# 5)=8A,? 7"#5:74#., Student's-t hidden Markov model (SHMM) .<#

)143 %#.4<0#, 87&4"<78& 42. 85%84/0081(2 42? 81"+(4$)? 4+. SMM (4)

70)$(&) 4+. 48L.&5D. %#.480#7#$2(2? )5#0#1=&)5D. >8>#%<.+. %8 L",-

(2 N;;, 7)"<L#.4)? <4(& <.) 8A)&"84&5D. 87&>3(8+. N;; %#.4<0# *&)

42. 8:"+(42 (8 )417&5/ >8>#%<.) ).)7)"/(4)(2 5)& 4)A&.3%2(2 )5#-

0#1=&)5D. >8>#%<.+..

4.2 E$).354+, 1/(.@9/<

4.2.1 1/(.@9) !"5"#)+'@(4( N5"#C@+"4( B).)(/'0( Student's-

t (SMM)

-? A85&.,(#1%8 %8 %&) (:.4#%2 ).)(5372(2 4+. %#.4<0+. 7878")(%<.+.

178"=<(8+. 5)4).#%D. Student's-t (SMM). N 1&#=<42(2 42? 7#01%84/C02-

42? 5)4).#%,? Student's-t 7)"<L8& %&) %<=#># >&8:"1.(2? 42? H).#.&5,?

5)4).#%,? *&) 7&=)./ )417&5/ >8>#%<.).N (1./"42(2 715.3424)? 7&=)-

.3424)? ((.7.7.) 42? 5)4).#%,? Student's-t %8 %<(2 4&%, µ, 7878")(%<.)

=84&53 7$.)5) 8(+48"&5#: *&.#%<.#1 (7#00)70/(&# 4#1 7$.)5) (1.>&)5:-
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%).(2?) Σ, 5)& ν C)=%#:? 8081=8"$)? >$.84)& )73 [11]

t(yt; µ,Σ, ν) =
Γ

(
ν+p
2

)
|Σ|−1/2(πν)−p/2

Γ (ν/2){1 + d(yt,µ;Σ)/ν}(ν+p)/2
(4.1)

37#1 p 8$.)& 2 >&/(4)(2 4+. 7)")42",(8+. yt, d(yt,µ;Σ) 8$.)& 2 484")-

*+.&5, )73(4)(2 Mahalanobis %84)A: 4+. yt,µ %8 (1.>&)5:%).(2 Σ,

5)& Γ (s) 8$.)& 2 (1./"42(2 O/%%), Γ (s) =
∫∞
0 e−tzs−1dz. '7&70<#., &(L:-

8& 34& [11] 2 5)4).#%, %&)? 41L)$)? %84)C024,? yt 5)4).8%2%<.2? 5)4/

Student's-t %8 %<(#µ, 7$.)5) 8(+48"&5#: *&.#%<.#1Σ, 5)& ν C)=%#:? 8081-

=8"$)?

yt ∼ t(µ,Σ, ν) (4.2)

&(#>:.)%) %7#"8$ .) *")F8$ +?

yt|ut ∼ N (µ,Σ/ut) (4.3)

37#1 2 C)=%$>) (1.>&)5:%).(2? ut, 8$.)& 5)4).8%2%<.2 5)4/

ut ∼ G
(ν

2
,
ν

2

)
(4.4)

N (µ,Σ) 8$.)& 2 H).#.&5, 5)4).#%, %8 %<(# µ 5)& 7$.)5) (1.>&)5:%).-

(2? Σ, 5)& G(α,β) 8$.)& 2 5)4).#%, O/%%).

N (.7.7. 8.3? S;; %8 J-4# 70,=#? (1.&(4D(8? 5)4).#%<? 5)& C/"2

(1.&(4+(D. 5)4).#%D. (7"348"8? (prior) 7&=).34248?) c1, ..., cJ , >$.84)&,
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5)4/ (1.<78&), )73 42. [6]

p(yt;Θ) =
J∑

j=1

cjt(yt; µj,Σj, νj) (4.5)

37#1 4# >&/.1(%) 7)")%<4"+. 42? 5)4).#%,?Θ 78"&0)%C/.8& 4) (4#&L8$)

4+. µj 5)& Σj , 5)=D? 5)& 4#1? C)=%#:? 8081=8"$)? νj 5)& 4&? 7"348"8?

7&=).34248? cj , j = 1, ..., J . E4# 58$%8.# )143 L"2(&%#7#&#:%8 4#. *8.&53

(1%C#0&(%3 p(.) *&) .) )7#>D(#1%8 %&) (1./"42(2 7&=).3424)?.

4.2.2 8/ Student's-t hidden Markov model (SHMM)

M #"&(%3? 4#1 7"#48&.#%<.#1 Student's-t hidden Markov model (SHMM) 8A/*8-

4)& >&) 42? =8+",(8+? 8.3? 7878")(%<.#1 LD"#1 5)4)(4/(8+. %#.4<0#1

5"174#-;)"5#C&).,? )01($>)? 5)& 42? 7)")>#L,? 34& #& 5)4).#%<? 85-

7#%7,? 7)")42",(8+. 4+. 5"1FD. 4#1 5)4)(4/(8+. %#.480#7#&#:.4)&

%8 L",(2 SMM 5)& /") %8 (.7.7. 5)4/ 42. (5).

U(4+ 0#&73. <.) SHMM 78"&0)%C/.#. I 5)4)(4/(8&?. U(4+ 34&

y1, ..,yT 8$.)& %&) )5#0#1=$) )73 >8>#%<.) %#.480#7#&#:%8.) %8 L",(2

4#1 =8+"2=<.4#? SHMM . M"$S#1%8 +? st = (s1t, ..., sIt), t = 1, ..., T , 4)

>&).:(%)4) 8.>8&54D. 5)4)(4/(8+?, 37#1 sit 8$.)& <.) , %2><., )./0#-

*) %8 4# ). 2 7)")4,"2(2 yt =8+"8$4)& 8578%F=8$() , %2 )73 42. i-#(42

5)4/(4)(2 4#1 %#.4<0#1 (i = 1, .., I). 98L3%)(48 *&) 815#0$), 5)& L+"$?

5)%$) )7D08&) *8.&53424)?, 34& 308? #& 5"1F<? 5)4)(4/(8&? 4#1 %#.4<0#1

<L#1. 5)4).#%<? 7)")42",(8+. %#.480#7#&#:%8.8? )73 SMM %8 4#. <34&

"#480+ (1.&(4+(D. 5)4).#%D., J . 6348, C/(8& 42? &>&3424)? 173 (1.=,52

).8A)"42($)? 42? ;)"5#C&).,? )01($>)? [1, 2] (1./*84)& )%<(+? 34& #&
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7)")42",(8&? yt #& 7"#8"L3%8.8? )73 42. &>$) 5)4/(4)(2 8.3? SHMM

8$.)& %84)A: 4#1? ).8A/"4248? 5)& &(3.#%8?. E1.87D?, 2 (.7.7. 4#1? 173

42. (1.=,52 sit = 1 >$.84)& )73

p(yt;Θi) =
J∑

j=1

cijt(yt; µij,Σij, νij) (4.6)

37#1 cij , µij , Σij 5)& νij 8$.)& ).4$(4#&L) # (1.4808(4,? C/"#1?, # %<(#?, #

7$.)5)? 8(+48"&5#: *&.#%<.#1 5)& #& C)=%#$ 8081=8"$)? 42? j-#(42? (1.&-

(4D()? 42? 5)4).#%,? 42? i-#(42? 5)4)(4/(8+? 4#1 %#.4<0#1 (i = 1, ..., I,

j = 1, ..., J), 5)& 4# >&/.1(%) 7)")%<4"+. 42? 5)4).#%,? 42? i-#(42? 5)-

4)(4/(8+? 4#1 %#.4<0#1, Θi, 78"&0)%C/.8& 4) cij , νij , 5)& 4) (4#&L8$) 4+.

µij 5)& Σij . -73 4&? (2) - (4), 7)$".#1%8 87$(2? 34&, &(#>1./%+?, &(L:8&

p(yt|{uijt}J
j=1;Θi) =

J∑

j=1

cijN (yt; µij,Σij/uijt) (4.7)

37#1 #& C)=%$>8? (1.>&)5:%).(2?, uijt 8$.)& 5)4).8%2%<.8? +?

uijt ∼ G
(νij

2
,
νij

2

)
(4.8)

6<0#?, 85 4+. &>&#4,4+. 42? ;)"5#C&).,? )01($>)? [1], (1./*84)& 34&

2 7&=).#F/.8&) 8.3? SHMM %#.4<0#1 %8 >&/.1(%) 7)")%<4"+. Ψ +?
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7"#? 42. )5#0#1=$) 7)")42",(8+. y1, y2,..., yT >$.84)& )73

L(Ψ) = p(y1, ...,yT ;Ψ) =
I∑

s{1}=1

...
I∑

s{T}=1

πs{1}p(y1;Θs{1})

× πs{1},s{2}p(y2;Θs{2})...πs{T−1},s{T}p(yT ;Θs{T})

(4.9)

37#1, 2 %84)C024, s{t} (1%C#0$S8& 42 5)4/(4)(2 857#%7,? 42? t-#(42? 7)-

")4,"2(2?, yt, πi 8$.)& #& 7&=).34248? )"L&5,? 5)4/(4)(2? 42? ;)"5#C&)-

.,? )01($>)?, πhi 8$.)& #& 7&=).34248? %84/C)(2? 8.3? C,%)4#? 42? ;)"-

5#C&).,? )01($>)?, 5)& 4# Ψ 78"&0)%C/.8& 4&? 7)")%<4"#1? 4+. 5"1FD.

5)4)(4/(8+. Θi, 5)=D? 5)& 4&? 7&=).34248? 42? ;)"5#C&).,? )01($>)?,

πi 5)& πhi.

4.3 25:9<+, 1"A:+.,; !$C)(/I)(":); ./< SHMM

1/(.@9/< '" G#*+, !/99)590( D-/9/<C$0(

N 7#00)70D. )5#0#1=&D. 87$01(2 %8*$(42? 7&=).#F).8$)? 4#1 SHMM

%#.4<0#1 %7#"8$ .) 78")&+=8$ %8 L",(2 4#1 EM )0*#"$=%#1 [3]. E1.$(4)-

4)& (4#. 17#0#*&(%3 42? 854&%,4"&)? %8*$(42? 7&=).#F).8$)? Ψ̂ 4#1 >&).:-

(%)4#? 7)")%<4"+. 4#1 %#.4<0#1, Ψ, >#=<.4#? 8.3? (1.30#1 >8>#%<.+.

857)$>81(2?.M EM)0*3"&=%#? 8$.)& %&) &(L1",, *8.&5, 87).)0274&5, >&)-

>&5)($) *&) 42. 17#0#*&(4&5, 87$01(2 %8*$(42? 7&=).#F).8$)? (4)4&(4&-

5D. %#.4<0+. 5)& <L8& 81"<+? L"2(&%#7#&2=8$ *&) 42. 854&%24&5, %8*$(42?

7&=).#F).8$)? N;; %#.4<0+. (8 708$(48? 8F)"%#*<? [2]. M )0*3"&=%#?

EM C)($S84)& (42. 87).)0274&5,, >&)>#L&5, C804&(4#7#$2(2 %&)? 8.>&)-
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%<(#1 7#(3424#?, 42? 173 (1.=,52 7"#(>#524,? 4&%,? 42? 0#*)"&=%#-7&=)-

.#F).8$)? 70,"+. >8>#%<.+. 4#1 173 854$%2(2 %#.4<0#1, >#=<.4#? 8.3?

(1.30#1 857)$>81(2? [12].

U(4+M ).8A/"4248? )5#0#1=$8? )73 >8>#%<.) 857)$>81(2?.98L3%)-

(48 *&) )703424) 34& 308? #& )5#0#1=$8? <L#1. 4# $>&# %,5#? T , ,4#& 78-

"&0)%C/.#1. )7# T >8>#%<.) 2 5)=8%$), L+"$? C0/C2 42? *8.&53424)?.

U(4+ 34& 2 m-#(42 )5#0#1=$) 8$.)& ym = {ymt}T
t=1, m = 1, ...,M , 37#1

ymt 8$.)& 4# t-#(4# >8>#%<.# 42? m-#(42? )5#0#1=$)?. M"$S#1%8 +? smt

4) >&).:(%)4) 8.>8&54D. 5)4)(4/(8+? 4+. 7)")42",(8+., 37#1 smt =

(s1mt, ..., sgmt) 5)& simt = 1 ). ymt 7"#<"L84)& )73 42. i-#(42 5)4/(4)(2 4#1

%#.4<0#1, 8&>/00+? simt = 0.U(4+ )53%) zi
mt #& 8.>8$548? (1.&(4+(D. 5)-

4).#%D. 4+. 7)")42",(8+., 37#1 zi
mt = (zi

1mt, ..., z
i
nmt), 5)& z

i
jmt = 1 ).,

>#=<.4#? 34& 2 7)")4,"2(2 ymt 7"#,0=8 )73 42. i-#(42 5)4/(4)(2 4#1

%#.4<0#1, <L#1%8 34& 8&>&5348") 7)",L=2 )73 42. j-#(42 (1.&(4D() 42?

5)4).#%,? 42? i-#(42? 5"1F,? 5)4)(4/(8+? 4#1 %#.4<0#1, zi
jmt = 0 >&)-

F#"84&5/. 6348, )73 4&? (6) - (8) (1./*84)& 34&

p(ymt;Θi) =
J∑

j=1

cijt(ymt; µij,Σij, νij) (4.10)

,, &(#>1./%+?

p(ymt|{uijmt}J
j=1;Θi) =

J∑

j=1

cijN (ymt; µij,Σij/uijmt) (4.11)

37#1 uijmt 8$.)& 2 C)=%$>) (1.>&)5:%).(2? 42? 7)")4,"2(2? ymt >#=<.-

4#? 34& 7)",L=2 )73 42. j-#(42 (1.&(4D() 42? 5)4).#%,? 42? i-#(42? 5)-
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EL,%) 4.1: O")F&5, ).)7)"/(4)(2 4#1 =8+"#1%<.#1 SHMM *&) T 7)")-

42",(8&?, {yt}T
t=1.

4)(4/(8+? 4#1 %#.4<0#1

uijmt ∼ G
(νij

2
,
νij

2

)
(4.12)

;&) *")F&5, 7)"/(4)(2 4#1 =8+"#:%8.#1 SHMM >$.84)& (4# EL. 1.

X7+? <L8& (1S242=8$ (4) /"=") [6,11], %&) 508&(4#: 4:7#1 0:(2 *&) 42.

C804&(4#7#$2(2 0#*)"&=%#-7&=).#F).8$)? 42? 5)4).#%,? Student's-t (42.

%#"F, (10) >8. 1F$(4)4)&. T(43(#, 85%84)00813%8.#& 4&? (11) - (12), ,4#&

=8+"#:.48? 42. 8.)00)54&5, <5F")(2 42? 5)4).#%,? Student's-t +? %&)?

H).#.&5,? 5)4).#%,? %8 87&C)=%&(%<.2 (1.>&)5:%).(2, 37#1 2 C)=%$>)

8$.)& %&) 5)4).8%2%<.2 5)4/ O/%%) 5"1F, %84)C024,, <.) 17#0#*&(4&5/

7"#(8**$(&%# 173>8&*%) C804&(4#7#$2(2? %7#"8$ .) 8A)L=8$.I73 )14<? 4&?

7)")42",(8&?, 2 8F)"%#*, 4#1 'M )0*#"$=%#1 *&) 42. 87$01(2 %8*$(42?

7&=).#F).8$)? 4#1 SHMM %#.4<0#1 %8 L",(2 7#00)70D. )5#0#1=&D. 8$-

.)& >1.)4, 173 42. =8D"2(2 4+. 70,"+. >8>#%<.+. 4+. ).4&(4#&L#:.4+.
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(42.m-#(42 )5#0#1=$), ycomp
m , +? 78"&0)%C).3.4+.

1. 4) 7)")42",(&%) >8>#%<.) ymt, t = 1, ..., T , m = 1, ...,M

2. 4) >&).:(%)4) 8.>8&54D. 5)4)(4/(8+., smt

3. 4) >&).:(%)4) 8.>8&54D. (1.&(4+(D. 5)4).#%D., zi
mt

4. 4&? C)=%$>8? (1.>&)5:%).(2?, uijmt.

U(4+ ycomp = {ycomp
m }M

m=1 4) 70,"2 >8>#%<.) *&) )14, 42. 8F)"%#*, 4#1

'; )0*#"$=%#1. 6348, )73 42. (9) 5)& L"2(&%#7#&D.4)? 4&? (11) - (12), (1-

./*84)& 34& 2 0#*)"&=%#-7&=).#F/.8&) 70,"+. >8>#%<.+. 4#1 SN;;

%#.4<0#1 *"/F84)& +?

logLc(Ψ) =
M∑

m=1

I∑

h=1

[
shm1logπh +

I∑

i=1

T−1∑

t=1

shmtsim,t+1logπhi

]

+
M∑

m=1

I∑

i=1

T∑

t=1

simtlogp(ycomp
mt ;Θi)

(4.13)

37#1 ycomp
mt 8$.)& 4) 70,"2 >8>#%<.) 4) ).4&(4#&L#:.4) (42. t-#(42 7)")-

4,"2(2 42?m-#(42? )5#0#1=$)?, ymt, 5)& logp(ycomp
mt ;Θi) 8$.)& 2 0#*)"&=%#-

7&=).#-F/.8&) 70,"+. >8>#%<.+. 42? 5)4).#%,? 857#%7,? 7)")42",(8-

+. (S;;) 42? i-#(42? 5)4)(4/(8+? 4#1 SN;; %#.4<0#1, +? 7"#? 42.

7)")4,"2(2 ymt.-.)F#"&5/ %8 42. 480814)$) )14, 7#(3424), 85 4+. (11)

- (12) <L#1%8

p(ycomp
mt ;Θi) =

J∏

j=1

[cijp(ymt|uijmt;Θi) p(uijmt;Θi)]
zi
jmt
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85 4#1 #7#$#1 (1./*84)& ()*.#D.4)? 4&? (4)=8"<?)

logp(ycomp
mt ;Θi) =

J∑

j=1

zi
jmt

{
−logΓ

(νij

2

)
+

νij

2

[
log

(νij

2

)

+loguijmt − uijmt]−
uijmt

2
d(ymt,µij;Σij)−

1

2
log|Σij|+ logcij

} (4.14)

M '; )0*3"&=%#? 78"&0)%C/.8& <.) '-C,%) 5)& <.) ;-C,%). E4# E-

C,%) 42? (k+1)-#(42? 87).)0,K8+? 4#1 EM )0*#"$=%#1 )7)&48$4)& # 17#-

0#*&(%3? 42? 7#(3424)?

Q(Ψ;Ψ(k)) = EΨ(k)(logLc(Ψ)|y) (4.15)

2 #7#$) 8$.)& 2 173 (1.=,52 7"#(>#524, 4&%, 42? 0#*)"&=%#-7&=).#F/.8&)?

70,"+. >8>#%<.+. 4#1 %#.4<0#1 +? 7"#? 4) 7)")42",(&%) >8>#%<.) y =

{ym}M
m=1, 37#1 Ψ(k) 8$.)& # (#1>&2-" 4&%, 42? 854&%24"$)? (17#0#*&(%<.2

(42. k-#(42 87)./02K2 4#1 EM)0*#"$=%#1) 4#1Ψ.J"2(&%#7#&D.4)? 42.

(13), 2 <5F")(2 (15) 4#1 Q(Ψ;Ψ(k)) >$.8&

Q(Ψ;Ψ(k)) =
M∑

m=1

I∑

h=1

[
γ(k)

hm1logπh +
I∑

i=1

T−1∑

t=1

γ(k)
himtlogπhi

]

+
M∑

m=1

I∑

i=1

T∑

t=1

γ(k)
imtEΨ(k) (logp(ycomp

mt ;Θi)|y)

(4.16)

37#1 γ(k)
imt 8$.)& #& 854&%,4"&8? 4+. 1(4<"+. (posterior) 7&=).#4,4+. 857#%-

7,? 4+. 5)4)(4/(8+. 4#1 %#.4<0#1, +? 17#0#*$S#.4)& (42. k-#(42 87)-
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./02K2 4#1 )0*#"$=%#1, #"&S3%8.8? +?

γimt ! p(simt = 1|y) = p(simt = 1|ym) (4.17)

(t = 1, ..., T ) 5)& γ(k)
himt 8$.)& #& 854&%,4"&8? 4+. 1(4<"+. (posterior) 7&=).#-

4,4+. %84/C)(2? 8.3? C,%)4#? 42? ;)"5#C&).,? )01($>)?, +? 17#0#*$-

S#.4)& (42. k-#(42 87)./02K2 4#1 )0*#"$=%#1, #"&S3%8.8? +?

γhimt ! p(sim,t+1 = 1, shmt = 1|y) (4.18)

(t = 1, ..., T − 1) 5)&m = 1, ...,M , h, i = 1, ..., I.

-? A85&.,(#1%8 %8 4&? 85F"/(8&? 4+. 1(4<"+. 7&=).#4,4+. γimt 5)&

γhimt. M& 8.2%8"D(8&? 4+. 7#(#4,4+. )14D. (42. (k+1)-#(42 87)./02K2

4#1 EM)0*#"$=%#1 17#0#*$S#.4)& %8 L",(2 4#1 <%7"#(=8.-37&(=8. (forward-

backward) )0*#"$=%#1. UL#1%8 [1, 2]

γ(k)
himt =

a(k)
hmtπ

(k)
hi p(ym,t+1;Θ

(k)
i )b(k)

im,t+1∑I
υ=1

∑I
φ=1 a(k)

υmtπ
(k)
υφ p(ym,t+1;Θ

(k)
φ )b(k)

φm,t+1

(4.19)

(t = 1, ..., T − 1) 5)&

γ(k)
imt =

a(k)
imtb

(k)
imt∑I

h=1 a(k)
hmtb

(k)
hmt

(t = 1, ..., T ) (4.20)

37#1

a(k)
im1 = π(k)

i p(ym1;Θ
(k)
i ) (4.21)

a(k)
im,t+1 = p(ym,t+1;Θ

(k)
i )

I∑

h=1

a(k)
hmtπ

(k)
hi (t = 1, .., T − 1) (4.22)
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b(k)
hmT = 1 (4.23)

b(k)
hmt =

I∑

i=1

π(k)
hi p(ym,t+1;Θ

(k)
i )bim,t+1 (t = T − 1, ..., 1) (4.24)

5)& 2 <5F")(2 4#1 p(ymt;Θi) >$.84)& )73 42. (10).

6<0#?, (L84&5/ %8 42. <5F")(2 4#1 3"#1 EΨ(k) (logp(ycomp
mt ;Θi)|y), )73

42. (14) %7#"8$ .) >8&L=8$ (>8? !)"/"42%) A) 34& 2 8A)*+*, )14,? 42? <5-

F")(2? )./*84)& (4#. 17#0#*&(%3 4+. 173 (1.=,52 7&=).#4,4+. 4+. ymt

.) 7)"/*#.4)& )73 42. j-#(42 (1.&(4D() 5)4).#%, 42? i-#(42? 5)4/(4)-

(2? 4#1 SN;; %#.4<0#1, >#=8$(2? 42? 857#%7,? 4#1? )73 42. i-#(42

5)4/(4)(2 4#1 %#.4<0#1

ξ(k)
ijmt ! EΨ(k)(zi

jmt|ymt, simt = 1)

=
c(k)
ij t(ymt; µ

(k)
ij ,Σ(k)

ij , ν(k)
ij )

∑J
h=1 c(k)

ih t(ymt; µ
(k)
ih ,Σ(k)

ih , ν(k)
ih )

(4.25)

5)=D? 5)& 4#. 17#0#*&(%3 4+. 1(4<"+. 7"#(>#524D. 4&%D. 4+. C)=%&-

>D. (1.>&)5:%).(2?, uijmt, 4+. 7)")42",(8+.

u(k)
ijmt ! EΨ(k) (uijmt|ymt)

=
ν(k)

ij + p

ν(k)
ij + d(ymt,µ

(k)
ij ;Σ(k)

ij )

(4.26)

!8")&4<"+, 4# M-C,%) 42? 87$01(2? %8*$(42? 7&=).#F).8$)? 4#1 SHMM

%#.4<0#1 %8 L",(2 7#00)70D. )5#0#1=&D. 173 4#. EM )0*3"&=%#, (1.$-
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(4)4)& (42. 854<08(2 4+. 17#0#*&(%D. (8.2%8"D(8&? 7)")%<4"+.)

π(k+1)
i =

1

M

M∑

m=1

γ(k)
im1 (4.27)

π(k+1)
hi =

∑M
m=1

∑T−1

t=1 γ(k)
himt∑M

m=1

∑T−1
t=1 γ(k)

hmt

(4.28)

c(k+1)
ij =

M∑

m=1

T∑

t=1

r(k)
ijmt/

M∑

m=1

T∑

t=1

γ(k)
imt (4.29)

µ(k+1)
ij =

∑M
m=1

∑T
t=1 r(k)

ijmtu
(k)
ijmtymt

∑M
m=1

∑T
t=1 r(k)

ijmtu
(k)
ijmt

(4.30)

Σ(k+1)
ij =

M∑

m=1

T∑

t=1

r(k)
ijmtu

(k)
ijmt(ymt − µ(k+1)

ij )(ymt − µ(k+1)
ij )T

×
[

M∑

m=1

T∑

t=1

r(k)
ijmt

]−1 (4.31)

8.D, #& C)=%#$ 8081=8"$)?, νij , >$.#.4)& )73 42. )"&=%24&5, 87$01(2 42? %2

*")%%&5,? 8A$(+(2?

1− ψ
(νij

2

)
+ log

(νij

2

)
+ ψ

(
ν(k)

ij + p

2

)
− log

(
ν(k)

ij + p

2

)

+
1

∑M
m=1

∑T
t=1 r(k)

ijmt

M∑

m=1

T∑

t=1

r(k)
ijmt

(
logu(k)

ijmt − u(k)
ijmt

)
= 0

(4.32)

37#1, ψ(s) 8$.)& 2 (1./"42(2 9$*)%%) 5)& r(k)
ijmt 8$.)& 2 :(48"2 7&=).3424)

2 7)")4,"2(2 ymt .) 7)"/*84)& )73 42. i-#(42 5)4/(4)(2 4#1 %#.4<0#1
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!$.)5)? 4.1: EM -0*3"&=%#? *&) 4# SHMM

k := 0

1. '54<08(8 4+. forward-backward algorithm *&) .) C"8&? 4&? 7#(34248?

a(k)
imt and b(k)

imt.

2. '54<08(8 4# E-step 17#0#*$S#.4)? 4&? γ(k)
himt, γ(k)

imt, ξ(k)
ijmt, r(k)

ijmt, 5)& u
(k)
ijmt,

C/(8& 4+. (19), (20), (25), (34), 5)& (26), ).4&(4#$L+?.

3. '54<08(8  4#  M-step 17#0#*$S#.4)?  4&? π(k+1)
i , π(k+1)

hi , c(k+1)
ij , µ(k+1)

ij ,

Σ(k+1)
ij , 5)& ν(k+1)

ij , C/(8& 4+. (27)-(32), ).4&(4#$L+?.

4. -. # EM )0*3"&=%#? (1*50$.8&, @H"9C"; 8&>/00+?, =<(8 (k := k + 1)

5)& 87$(4"8K8 (4# 1.

5)& 8&>&5348") )73 42. j-#(42 (1.&(4D() 5)4).#%, )14,?, ,4#& <L#1%8

rijmt ! p(simt = 1, zi
jmt = 1|y) = γimtξijmt (4.33)

r(k)
ijmt = γ(k)

imtξ
(k)
ijmt (4.34)

(*&) 78")&4<"+ 87$ 4+. ).+4<"+ )7#4808(%/4+., >8? !)"/"42%) A). U.)

78"$*")%%) 4#1 8A)L=<.4#? )0*#"$=%#1 >$.84)& (4#. !$.)5) 1.

-.)F#"&5/ %8 4) 17#0#*&(4&5/ 53(42 4#1 '; )0*#"$=%#1 *&) 4# SHMM,

(2%8&D.#1%8 34&, 5)4' #1($)., >1# 8$.)& #& 87&70<#. 17#0#*&(%#$ 4#1 ';

)0*#"$=%#1 *&) 4# SHMM (8 (L<(2 %8 4#. '; )0*3"&=%# *&) 4# GHMM:

()) 2 8:"8(2 4+. scalars uk
ijmt 5)& (C) 2 854$%2(2 4+. C)=%D. 8081=8"$)?

νk
ij . EL84&5/ %8 42. 854&%24&5, 4+. scalars, 87&(2%)$.#1%8 34& 4# %8*)0:48-

"# 7#(#(43 4+. 17#0#*&(4&5D. 4#1? >)7).D. #F8$084)& (4#. 17#0#*&(%3

4+. Mahalanobis distances, 7#1, 3%+?, 8$.)& *.+(43 34& =) 17#0#*$S#.4).
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#:4+? , /00+? *&) 42. 8:"8(2 42? (.7.7. 4+. SHMM )00/ 5)& 4+. GHMM.

E1.87D?, )143? # 17#0#*&(%3? 87/*8& <.). )%8024<# 17#0#*&(4&53 F3"4#.

-.)F#"&5/ 4<0#? %8 42. 854$%2(2 4+. C)=%D. 8081=8"$)?, %7#"#:%8 .)

17#(42"$A#1%8 34& 2 >&)>&5)($) )14, >8. 87/*8& 5)=#"&(4&5/ 87&C)"1.4&-

53 17#0#*&(4&53 F3"4#. E42. 78&")%)4&5, 8.3424) =) 5)4)>8$A#1%8 42.

)0,=8&) )14#: 4#1 &(L1"&(%#: %<() )73 <.) 70,=#? 8F)"%#*D..

U.) 8A$(#1 (2%).4&53 =<%) )F#"/ (42. 8&()*+*, %&)? 17#0#*&(4&-

5/ )7#>#4&5,? 0:(2? (4# 7"3C02%) 4#1 17#0#*&(%#: 42? 7&=).#F).8$)?

p(y
′
1, ...,y

′
T ; Ψ̂) 8.3? 857)&>81%<.#1 SHMM +? 7"#? 42. )5#0#1=$) >8>#-

%<.+. y
′

= {y′
t}T

t=1, 5)=D? 2 (9) 8$.)& 17#0#*&(4&5/ %2 )7#>#4&5,. U.)

4<4#&# )7#4<08(%), &(L:#. *&)  5/=8 4:7#1  N;;  7878")(%<.#1  LD"#1

5)4)(4/(8+., ).8A)"4,4+? 5)4).#%D. 7)")42",(8+., %7#"8$ .) 17#-

0#*&(=8$ %8 42. L",(2 4#1 <%7"#(=8.-37&(=8. )0*#"$=%#1. E1*585"&%<.),

&(L:8& [1, 2]

p(y
′

1, ...,y
′

T ; Ψ̂) =
I∑

i=1

âiT (4.35)

37#1, 4) âiT 17#0#*$S#.4)& %8 L",(2 4#1 <%7"#(=8.-37&(=8. )0*#"$=%#1

*&) 42. )5#0#1=$)y
′
, %8 L",(2 42? ,>2 8A)L=8$(2? 854&%24"$)? 7)")%<4"+.,

Ψ̂.

6<0#?, <.) (2%).4&53 7"3C02%) 8$.)& 5)& 2 8:"8(2 42? )5#0#1=$)? 5)-

4)(4/(8+. 8.3? SHMM 2 #7#$) 7)",*)*8 %&) 7)")42",(&%2 )5#0#1=$).

'7&(2%)$.#1%8 34& 5)& )143 4# 7"3C02%), 37+? 5)& 4# 7"3C02%) 4#1 17#-

0#*&(%#: 7&=).#F).8$)?, <L8& 0:(2 ()0*3"&=%#? Viterbi) 7#1 >8. 8A)"4/4)&

)73 42. 87&0#*, 42? %#"F,? 42? 5)4).#%,? 857#%7,? 7)")42",(8+. 5)&,

/"), 8F)"%3S84)& 5)& (4# SHMM 5)4/ 4)143(2%# 4"37# 5)& %8 42. $>&)
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17#0#*&(4&5, )7#>#4&53424) 37+? 5)& *&) 4) %#.4<0) GHMM.

4.4 1$) 8"%($-* 1/(."9/5/:,+,; ?<(=$)-3')(-

+,; A$) G"$#)I@.,+, ./< SHMM +.,( !"#:-

5.4+, !/9<=$>+.).4( E"=/'@(4(

;&) (2%).4&5, 7")54&5, 7"3.#&) 5)4/ 42. L",(2 7&=).#4&5D. 7)")*+-

*&5D. %#.4<0+., 37+? 4) %#.4<0) GMM 5)& SMM, +? 4&? 5)4).#%<? 4+.

5"1FD.  5)4)(4/(8+.  N;;  %#.4<0+., )F#"/  (4#.  )"&=%3  4+.  7)")-

%<4"+. 4#1 173 854$%2(2 %#.4<0#1.M )"&=%3? 4+. 7)")%<4"+. 4+. (1.&-

(4+(D. 5)4).#%D. 8.3? 4<4#&#1 %#.4<0#1 >8. 7"<78& .) 8$.)& 8A)&"84&5/

1K203?, D(48 .) 87&4"<78& 42. *",*#"2 5)& 8:"+(42 854&%24&5, 4+. 7)-

")%<4"+. %8 L",(2 4#1 '; )0*#"$=%#1. J",(2 70,"+. 7&./5+. (1.>&)-

5:%).(2? (1.87/*84)& >1.24&5/ >")%)4&5, ):A2(2 4#1 70,=#1? 4+. 7)-

")%<4"+. 4#1 %#.4<0#1, 8&>&5/ (8 78"&74D(8&? 37#1 4) %#.480#7#&#:%8.)

>8>#%<.) 8$.)& 8A)&"84&5/ 7#01>&/(4)4). 6# *8*#.3? )143, (8 (1.>1)(%3

%8 42. )7)$42(2 (1*5"&4&5/ %8*/0+. >8&*%/4+. 857)$>81(2? D(48 .) *$.8&

480&5/ 8F&54, 2 )A&37&(42 854&%24&5, 4#1 N;; %#.4<0#1, 5)=D? )1A/.8&

4# 70,=#? 4+. 7)")%<4"+. 4#1, 17)*#"8:#1. 42. )./741A2 48L.&5D. %8$-

+(2? 4+. 7)")%<4"+. 4+. N;; %#.4<0+., 8&>&5/ (8 78"&74D(8&? 37#1

4) 7)")42",(&%) >8>#%<.) <L#1. %8*/0# )"&=%3 >&)(4/(8+..

O&) 42. 87$01(2 )14#: 4#1 7"#C0,%)4#?, 7#00#$ 8"81.24<? <L#1. 7"#-

48$.8& %8=3>#1? (1.>1)(%#: 7)")%<4"+., ,4#& #& $>&#& 7$.)58? (1.>&)-

5:%).(2? %#&"/S#.4)& )73 4&? (1.&(4D(8? 5)4).#%<? 7#00<? 5)4)(4/(8-
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+. 4#1 %#.4<0#1 [13]. T(43(#, )14, 2 %<=#>#? <L8& 7#00/ %8&#.854,%)-

4), 4# (2%).4&5348"# 85 4+. #7#$+. 8$.)& 2 87&F8"3%8.2 7#0170#53424)

(42. >&)>&5)($) 857)$>81(2? 5)& 2 87&>8A&3424) 7#1 )7)&48$4)& *&) 4#.

(L8>&)(%3 4#1 N;;. ;&) /002 5#&.34172 0:(2 %8 %8*/02 >2%#F&0$) %8-

4)A: 4+. 8"81.24D. 8$.)& 2 L",(2 >&)*+.$+. 7&./5+. (1.>&)5:%).(2?.

M& >&)*D.&#& 7$.)58? (1.>&)5:%).(2? (8 GMM %#.4<0) <L#1. 42. >1.)-

43424) .) 7"#(8**$S#1. 87)"5D? 4&? 7")*%)4&5<? (1.>&)51%/.(8&? 4+.

>&).1(%/4+. 7)")4,"2(2? (7#01%84)C0,4+. >8>#%<.+.). [14].B) ,4).,

+(43(#, %8*/0# 708#.<542%) .) <L#1%8 )(1(L<4&(4) >&).:(%)4) 7)")-

42",(8+. 34). L"2(&%#7#&#:%8 >&)*+.$#1? 7$.)58? (1.>&)5:%).(2? [15].

N )./01(2 C)(&5D. (1.=842%/4+. (Principal component analysis, PCA)

[16] 8$.)& %&) )"584/ 7"#F).,? 0:(2 (8 )143 4# 7"3C02%), 5)& <L8& L"2(&-

%#7#&2=8$ )73 7#00#:? 8"81.24<?, <L8& 3%+? >1# C)(&5/ 7"#C0,%)4): ())

>8. #"$S8& %&) 5)4/00202 (.7.7. 8543? 4#1 17#LD"#1 4+. C)(&5D. (1.=842-

%/4+., (C) #& >&)51%/.(8&? 8543? )14#: 4#1 17#LD"#1 %#.480#7#&#:.4)&

#%#&3%#"F), )53%) 5)& 34). 4) >8>#%<.) >8. 8**1D.4)& 4<4#&) 173=8(2.

E1.87D?, 8.)00)54&5<? 0:(8&? 7"<78& .) ).)S242=#:..X7+? <L#1%8 ).)-

74:A8& 5)& (8 7"#2*#:%8.) 58F/0)&), %&) 5)0/ =8%80&+%<.2 48L.&5,, 87&-

0:#1() 4) 7"#C0,%)4) 4#1 PCA [16] 5)& 7"#(F<"#1() 4&? )7)&4#:%8.8?

08&4#1"*&534248?, +? 78"&8*"/F2(). ).+4<"+, 8$.)& 2 )./01(2 7)")*3.-

4+. (factor analysis) [17]. X7+? <L#1%8 (1S24,(8&, 4# %#.4<0# 17<"=8(2?

).)014D. 7)")*3.4+. (mixture of factor analyzers (MFA) model) 7"#(F<"8&

42. >1.)43424) 87)"5D? 5)0,? %#.480#7#$2(2? 42? 5)4).#%,? 41L)$+.

7#01%84)C0,4+. 7)")42",(8+., >&)42"D.4)? 42. 87$>#(2 ).)*.D"&(2?

7"#4:7+. 4+. GMM %#.4<0+., 8A)(F)0$S#.4)? +(43(# 4)143L"#.) (2-
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%).4&5, %8$+(2 4+. 854&%24<+. 7)")%<4"+. 4#1 %#.4<0#1 [17].

4.4.1 !"5"#)+'@("; N5"#C@+"$; Student's-t D()9<.0( !)-

#)A&(.4(

!)")5/4+ 7)"<L#1%8 %&) (:.4#%2 ).)(5372(2 4+. C)(&5D. 8A&(D(8+.

8.3? J-(1.&(4+(D. mixture of Student's-t factor analyzers (MSFA) model.B8-

+"#:%8 p->&/(4)48? 7)")42",(8&? {yt}T
t=1. U(4+ 34& 4) >&).:(%)4) 4+.

q->&/(4)4+. 7)")*3.4+. 8$.)& 4)xjt, Bj #& 7$.)58? 4+. factor loadings,5)&

Dj #& >&)*D.&#& 7$.)58? (1.>&)5:%).(2? 4+. (F)0%/4+.. 6348, 173 42.

(1.=,52 4+. xjt, 2 5)4).#%, 4#1 yt *"/F84)& [18]

p(yt|{xjt}J
j=1;Θ) =

J∑

j=1

cjt(yt; µj + Bjxjt,Dj, νj) (4.36)

,, 8.)00)54&5/

p(yt|{xjt, ujt}J
j=1;Θ) =

J∑

j=1

cjN (yt; µj + Bjxjt,Dj/ujt) (4.37)

-7)08$F#.4)? >&) #0#502"D(8+? 4# xjt )73 4&? (36) - (37), %7#"8$ .) >8&-

L=8$ [7, 18] 34&, /.81 (1.=25D., 2 5)4).#%, 5/=8 7)")4,"2(2?, yt, 8$.)&

%&) J-4# 70,=#? (1.&(4+(D. 17<"=8(2 Student's-t 5)4).#%D., (8 ).)0#*$-

8? c1, .., cJ , 42? %#"F,?

p(yt;Θ) =
J∑

j=1

cjt(yt; µj,Σj, νj) (4.38)
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,, 8.)00)54&5/

p(yt|{ujt}J
j=1;Θ) =

J∑

j=1

cjN (yt; µj,Σj/ujt) (4.39)

37#1

Σj = BjB
T
j + Dj (4.40)

5)& 4# >&/.1(%) 7)")%<4"+. Θ 78"&0)%C/.8& 4&? (1.&(4D(8? 4+. µj , Bj ,

5)&Dj 5)=D? 5)& 4) νj 5)& cj (j = 1, ..., J).

T? <L8& 78&")%)4&5D? 5)4)>8&L=8$ [7,18], 2 1K20, ).854&53424) 42? 5)-

4).#%,? Student's-t (8 )417&5/ >8>#%<.) <L8& (). )7#4<08(%) 42. 8A3L+?

).D48"2 87$>#(2 4+. 7878")(%<.+. 178"=<(8+. Student's-t ).)014D. 7)-

")*3.4+. (8 8F)"%#*<? ).)*.D"&(2? 7"#4:7+. 8. (1*5"$(8& %8 4# (1%-

C)4&53 (Gaussian) MFA.

4.4.2 B#<I/3 N5/%0#/< 1/(."9/5/:,+, ?<(=$)-3')(+,;

A$) ./ SHMM 1/(.@9/ '" G#*+, D(>9<+,; !)#)-

A&(.4(

-73 42. 7"#2*2=8$() (1S,42(2, 8$.)& 8:5#0) ).4&02743 34& 7"#58&%<.#1

.) 87&4:L#%8 42. L8&")F<42(2 42? 17#0#*&(4&5,? )7#>#4&53424)? 4#1 7"#-

4)=<.4#?, SHMM %#.4<0#1, *&) 42. 78"$74+(2 8A)&"84&5/ 7#01>&)(4/4+.

>8>#%<.+., L+"$? 87$>")(2 87$ 42? >8&.3424)? 4#1 (42. ).)*.D"&(2 7"#-

4:7+., %&) ).)01%<.2 5)4/ 7)"/*#.48? (factor analyzed) %#"F, 4#1 SHMM

=) %7#"#:(8 .) 1&#=842=8$.

M"$S#1%8 +? factor analyzed SHMM <.) N;; %#.4<0# #& 5)4).#%<?
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4+. 5"1FD. 5)4)(4/(8+. 4#1 #7#$#1 %#.480#7#&#:.4)& %8 L",(2 7878-

")(%<.+. 178"=<(8+. Student's-t ).)014D. 7)")*3.4+., 4#&#14#4"37+?

)7#>$>#.4)? <.) SHMM %#.4<0# %8 ).801%<.#1? 5)4/ 7)"/*#.48? (factor

analyzed) 7$.)58? (1.>&)5:%).(2?.

-? =8+",(#1%8 <.) (:.#0# >8>#%<.+. 857)$>81(2?, y, 78"&0)%C/.#.

M ).8A/"4248? )5#0#1=$8?, ym, 5)& )? 17#=<(#1%8 34& 308? #& )5#0#1=$8?

<L#1. 4# $>&# %,5#? T , >20. y = {ym}M
m=1, ym = {ymt}T

t=1. 6348, )73 42.

(38), (1./*84)& 34& 2 <5F")(2 42? 7&=).3424)? 42? 7)")4,"2(2? ymt 173

42. (1.=,52 sit = 1 8$.)& 4)143(2%2 %8 42. ).4$(4#&L2 <5F")(2 *&) 4#

"!/+ SHMM %#.4<0#, ,4#&, >$.84)& )73 42. (10):

p(ymt;Θi) =
J∑

j=1

cijt(ymt; µij,Σij, νij) (4.41)

,, 8.)00)54&5/, C/(8& 42? (39), <L#1%8

p(ymt|{uijmt}J
j=1;Θi) =

J∑

j=1

cijN (ymt; µij,Σij/uijmt) (4.42)

37#1, 4D"), #& ).801%<.#& 5)4/ 7)"/*#.48? 7$.)58? 8(+48"&5#: *&.#%<.#1

>$.#.4)& )73

Σij = BijB
T
ij + Dij (4.43)

8.D 2 5)4).#%, 4+. C)=%&>D. (1.>&)5:%).(2? uijmt >$.84)& )73 42. (12).

'>D, 4)Θi 78"&<L#1. 4) cij , 5)& νij , 5)=D? 5)& 4) (4#&L8$) 4+.µij , Bij 5)&

Dij . '7&70<#., 173 42. (1.=,52 4+. >&).1(%/4+. 7)")*3.4+., xijmt, 2

(36) >$.8&
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p(ymt|{xijmt}J
j=1;Θi) =

J∑

j=1

cijt(ymt; µij + Bijxijmt,Dij, νij) (4.44)

,, 8.)00)54&5/

p(ymt|{xijmt, uijmt}J
j=1;Θi) =

J∑

j=1

cijN (ymt; µij + Bijxijmt,Dij/uijmt)

(4.45)

37#1 4# xijmt 8$.)& 4# >&/.1(%) 7)")*3.4+. 4# ).4&(4#&L3. (42. 7)")-

4,"2(2 ymt >#=<.4#? 34& 7"#<"L84)& )73 42. j-#(42 (1.&(4D() 5)4).#%,

42? i-#(42? 5)4)(4/(8+? 4#1 %#.4<0#1, 5)& &(L:8&

xijmt ∼ t(0, Iq, νij) (4.46)

5)&

xijmt|uijmt ∼ N (0, Iq/uijmt) (4.47)

;&) *")F&5, ).)7)"/(4)(2 4#1 factor analyzed SHMM >$.84)& (4# EL. 2.

!"#58&%<.#1 .) 8A/*#1%8 %&) 7#00)70D. )5#0#1=&D. 87$01(2 4#1 factor

analyzed SHMM, 87&(4")48:#1%8 4#. alternating expectation-conditional maximiza-

tion algorithm (AECM) [12]. H/=8 87)./02K2 4#1 AECM )0*#"$=%#1 >&)&-

"8$4)& (8 >1# 5:50#1?, 5)& (8 5/=8 5:50# =8+"8$4)& %&) >&)F#"84&5, >&)-

4:7+(2 4+. 70,"+. >8>#%<.+. 4#1 %#.4<0#1, 87&4"<7#1() %&) (2%).4&5,

8.$(L1(2 42? 17#0#*&(4&5,? )7#>#4&53424)? 4#1 )0*#"$=%#1 854&%24&5,?

%8*$(42? 7&=).#F).8$)? (8 (L<(2 %8 4#. 484"&%%<.# EM )0*3"&=%#.
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EL,%) 4.2: O")F&5, ).)7)"/(4)(2 4#1 factor analyzed SHMM *&) %&) )5#-

0#1=$) T 7)")42",(8+., {yt}T
t=1.

!#0./; B3-9/;

E4#. 7"D4# 5:50# 4#1 )0*#"$=%#1, 8A/*#1%8 4&? 854&%,4"&8? 4+. 7&=).#-

4,4+. 42? ;)"5#C&).,? )01($>)?, πi 5)& πhi, +? 5)& 4&? 854&%,4"&8? 4+.

C)"D. 17<"=8(2?, cij , 4+. %<(+., µij , 5)& 4+. C)=%D. 8081=8"$)?, νij , 4#1

%#.4<0#1. O&) 4#. (5#73 )143, >8L3%)(48 34& 4) 70,"2 >8>#%<.) 78"&0)%-

C/.#1.

1. 4) 7)")42",(&%) >8>#%<.) ymt, t = 1, ..., T , m = 1, ...,M

2. 4) >&).:(%)4) 8.>8&54D. 5)4)(4/(8+., smt

3. 4) >&).:(%)4) 8.>8&54D. (1.&(4+(D. 5)4).#%D., zi
mt

4. 4&? C)=%$>8? (1.>&)5:%).(2?, uijmt.
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U4(&, 2 )7#""<#1() <5F")(2 42? 0#*)"&=%#-7&=).#F).8$)? 70,"+. >8-

>#%<.+. 4#1 factor analyzed SHMM8$.)& 4)143(2%2 %8 42. )./0#*2 <5F")-

(2 *&) 4# "!/+ SHMM, 5)& >$.84)& )73 4&? (13) 5)& (14). E1.87D?, 4)143(2-

%) %8 4#. EM )0*3"&=%# *&) 4# "!/+ SHMM, 4# E-C,%) 4#1 7"D4#1 5:-

50#1 4#1 AECM )0*#"$=%#1 *&) 4# factor analyzed SHMM (1.$(4)4)& )70/

(42. 8F)"%#*, 4+. (19)-(26), 7"#58&%<.#1 .) 17#0#*&(=#:. #& :(48"8? 7&-

=).34248? 42? ;)"5#C&).,? )01($>)? γimt 5)& γhimt, #& 173 42. (1.=,52

4+. 8578%7#1(D. 5)4)(4/(8+. :(48"8? 7&=).34248? 4+. (1.&(4+(D. 5)-

4).#%D., ξijmt, 5)& #& :(48"8? 7"#(>#524<? 4&%<? 4+. C)=%&>D. (1.>&)5:-

%).(2? uijmt, 8.D, 4# M-C,%) 78")&D.84)& %8 854<08(2 4+. 17#0#*&(%D.

7#1 17)*#"8:#.4)& )7# 4&? (27)-(30) 5)& (32).

E"3."#/; B3-9/;

E4# >8:48"# 5:50#, 8A/*#.4)& #& 854&%,4"&8? 4+. 7)")%<4"+.Bij 5)&Dij

4#1 %#.4<0#1. O&) 4#. (5#73 )143, 5)& C/(8& 4+. (44)-(47), %&) C#0&5, 87&-

0#*, 4+. 70,"+. >8>#%<.+. 8$.)& 2 78"&0)%C/.#1()

1. 4) 7)")42",(&%) >8>#%<.) ymt, t = 1, ..., T , m = 1, ...,M

2. 4) >&).:(%)4) 8.>8&54D. 5)4)(4/(8+., smt

3. 4) >&).:(%)4) 8.>8$54D. (1.&(4+(D. 5)4).#%D., zi
mt

4. 4&? C)=%$>8? (1.>&)5:%).(2?, uijmt.

5. 4) >&).:(%)4) 7)")*3.4+., xijmt.
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6348, )73 42. (9) (1./*84)& 34&, 0#*)"&=%#-7&=).#F/.8&) 70,"+. >8>#-

%<.+. 4#1 factor analyzed SHMM >$.84)& )73 42.

logLc(Ψ) =
M∑

m=1

I∑

h=1

[
shm1logπh +

I∑

i=1

T−1∑

t=1

shmtsim,t+1logπhi

]

+
M∑

m=1

I∑

i=1

T∑

t=1

simtlogp(ycomp
mt ;Θi)

(4.48)

37#1 4# ycomp
mt (1%C#0$S8& 4) 70,"2 >8>#%<.) 4) ).4&(4#&L#:.4) (42. 7)-

")4,"2(2 ymt, 8.D, ).)F#"&5/ %8 42. 0#*)"&=%#-7&=).#F/.8&) 70,"+.

>8>#%<.+. 42? 5"1F,? 5)4).#%,? 857#%7,? 42? i-#(42? 5)4/(4)(2? 4#1

%#.4<0#1 8. (L<(2 %8 42. 7)")4,"2(2 ymt, logp(ycomp
mt ;Θi), )73 4&? (45),

(47), 5)& (12), 5)& )*.#D.4)? (4)=8"<?, 7"#5:748&

p(ycomp
mt ;Θi) !

J∏

j=1

[cijp(ymt|xijmt, uijmt;Θi)p(xijmt|uijmt)p(uijmt;Θi)]
zi
jmt

⇒ logp(ycomp
mt ;Θi) =

J∑

j=1

zi
jmt

[
−logΓ

(νij

2

)
+

νij

2
log

(νij

2

)
+

νij

2
(loguijmt − uijmt)

− uijmt

2
(ymt − µij −Bijxijmt)

TD−1
ij (ymt − µij −Bijxijmt)

−1

2
log|Dij|+ logcij

]

(4.49)
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U4(&, C/(8& 42? (48), 2 (15) >$.8&

Q(Ψ;Ψ(k)) =
M∑

m=1

I∑

h=1

[
γ(k)

hm1logπh +
I∑

i=1

T−1∑

t=1

γ(k)
himtlogπhi

]

+
M∑

m=1

I∑

i=1

T∑

t=1

γ(k)
imtEΨ(k) (logp(ycomp

mt ;Θi)|y)

(4.50)

-? A85&.,(#1%8 %8 4# E-C,%) )14#: 4#1 5:50#1 4#1 )0*#"$=%#1.-.)-

F#"&5/ %8 4&? :(48"8? 7&=).34248? 42? ;)"5#C&).,? )01($>)?, γimt 5)&

γhimt, 2 854&%24&5, 4#1? %7#"8$ 8:5#0) .) 78")&+=8$ %8 L",(2 4#1 forward-

backward )0*#"$=%#1 [1], C/(8& 4+. (19) - (24).'7&70<#., 2 (50) 17#.#8$ 34&

7"#58&%<.#1 .) #0#502"+=8$ 4# E-C,%) 4#1 >814<"#1 5:50#1 4#1 AECM

)0*#"$=%#1 7"<78& 87$(2? .) 17#0#*&(=8$ # 3"#? EΨ(k) (logp(ycomp
mt ;Θi)|y).

-73 42. (49), %7#"8$ .) )7#>8&L=8$ (>8? !)"/"42%) B) 34& )143 )./*8-

4)& (4#. 17#0#*&(%3 4+. 173 42. (1.=,52 4+. 5)4)(4/(8+. 857#%7,?

1(4<"+. 7&=).#4,4+. 4+. (1.&(4+(D. 5)4).#%D.

ξ(k)
ijmt =

c(k)
ij t(ymt; µ

(k)
ij ,Σ(k)

ij , ν(k)
ij )

p(ymt;Θ
(k)
i )

(4.51)

4+. 1(4<"+. 7"#(>#524D. 4&%D. 4+. C)=%&>D. (1.>&)5:%).(2? uijmt

u(k)
ijmt =

ν(k)
ij + p

ν(k)
ij + d(ymt,µ

(k)
ij ;Σ(k)

ij )
(4.52)

5)=D? 5)& 4+. 85 42? )./01(2? 7)")*3.4+. )7#""8#1(D. 7#(#4,4+.

υ(k)
ij = (B(k)

ij B(k)T

ij + D(k)
ij )−1B(k)

ij (4.53)
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ω(k)
ij = Iq − υ(k)T

ij B(k)
ij (4.54)

37#1, 4# Σ(k)
ij >$.84)& )73 42. (43), 5)& 4# p(ymt;Θ

(k)
i ) )73 42. (41).

@/(8& )14D. 4+. )7#4808(%/4+., 2 %8*&(4#7#$2(2 42? (50) 87$ 4+.Bij

5)& Dij , 37#1 5)& (1.$(4)4)& 4# M-C,%) 4#1 >814<"#1 5:50#1 4#1 )0*#-

"$=%#1, >$.8& (>8? !)"/"42%) B)

B(k+1)
ij = V (k)

ij υ(k)
ij

(
υ(k)T

ij V (k)
ij υ(k)

ij + ω(k)
ij

)−1
(4.55)

D(k+1)
ij = diag{V (k)

ij − V (k)
ij υ(k)

ij B(k+1)T

ij } (4.56)

37#1, 4# rijmt >$.84)& )73 42. (33), 5)&

V (k)
ij =

∑M
m=1

∑T
t=1 r(k)

ijmtu
(k)
ijmt(ymt − µ(k+1)

ij )(ymt − µ(k+1)
ij )T

∑M
m=1

∑T

t=1r
(k)
ijmt

(4.57)

U.) 78"$*")%%) 4#1 7"#48&.#%<.#1 )0*#"$=%#1 >$.84)& (4#. !$.)5) 2.

4.5 2I)#'/A@;

E4# 58F/0)&# )143, 7)"<L#1%8 %&) 8548., 78&")%)4&5, )A&#03*2(2 4+.

%#.4<0+. SHMM 5)& factor analyzed SHMM, (8 %&) (8&"/ 8F)"%#*D. %#-

.480#7#$2(2? )5#0#1=&)5D. >8>#%<.+. )73 >&)F#"84&5<? 78"&#L<?. O&)

03*#1? (:*5"&(2?, 70<#. 4+. 7"#48&.#%<.+. %8=3>+., )A&#0#*#:%8 87$-

(2? 4&? %8=3>#1? 8:"+(42? %#.480#7#$2(2?, ST-HMM [8], 5)& large margin

CHMM (LM-HMM) [19], 5)=D? 5)& 4# baseline GHMM. N 10#7#$2(2 4+. =8-

+"#1%<.+. %8=3>+. <*&.8 (8 Matlab R2008a,5)& 8A8480<(=2 (8 %&) Macintosh

70)4F3"%) %8 %&) Intel Core 2 Duo 2 GHz CPU, 5)& 2 GB RAM, 7#1 <4"8L8
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!$.)5)? 4.2: AECM )0*3"&=%#? *&) 4# factor analyzed SHMM

k := 0

• !#0./; B3-9/;

1. '54<08(8 4+. forward-backward algorithm *&) .) C"8&? 4&? 7#(34248?

a(k)
imt and b(k)

imt.

2. '54<08(8 4# E-step 17#0#*$S#.4)? 4&? γ(k)
himt, γ(k)

imt, ξ(k)
ijmt, r(k)

ijmt, 5)& u
(k)
ijmt,

C/(8& 4+. (19), (20), (25), (34), 5)& (26), ).4&(4#$L+?.

3. '54<08(8 4# M-step 17#0#*$S#.4)? 4&? π(k+1)
i , π(k+1)

hi , c(k+1)
ij , µ(k+1)

ij , 5)&

ν(k+1)
ij , C/(8& 4+. (27)-(30) 5)& (32), ).4&(4#$L+?.

• E"3."#/; B3-9/;

1. '54<08(8 4+. forward-backward algorithm *&) .) C"8&? 4&? 7#(34248?

a(k)
imt and b(k)

imt.

2. I7#03*&(8 4&? 7#(34248? γ(k)
himt, γ

(k)
imt, ξ

(k)
ijmt, r

(k)
ijmt, and u(k)

ijmt, )73 4&? (19),

(20), (25), (34), 5)& (26), ).4&(4#$L+?. M0#50,"+(8 4# E-step 4#1 >81-

4<"#1 5:50#1 42? 4"<L#1()? 87)./02K2? 4#1 )0*#"$=%#1 17#0#*$-

S#.4)? 4&? 7#(34248? υ(k)
ij and ω(k)

ij , )73 4&? (53) 5)& (54), ).4&(4#$L+?.

3. '54<08(8 4# M-step 17#0#*$S#.4)? 4&? 7#(34248? B(k+1)
ij 5)& D(k+1)

ij ,

)73 4&? (55) 5)& (56), ).4&(4#$L+?.

4. -. # AECM )0*3"&=%#? (1*50$.8&, @H"9C"; )00&D? =<(8 (k := k + 1)

5)& 87$(4"8K8 (4#?#;(& @65/&-1.
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4# 08&4#1"*&53 Mac OS X 10.5.2 (Leopard).

4.5.1 23#4+., 8)H$(&',+, D-/9/<C$0( '" G#*+, ./< SHMM

-"L$S#1%8 %8 %&) )A&#03*2(2 42? 87$>#(2? 4#1 SHMM (42. 4)A&.3%2(2

)5#0#1=&)5D. >8>#%<.+.. 6# 7"D4# )73 4) =8+"#:%8.) 7"#C0,%)4) (1-

.$(4)4)& (42. ).)*.D"&(2 )%F&><A&+. L8&"#.#%&D. 42? American Sign Lan-

guage *&) 4&? 0<A8&?: against, aim, balloon, bandit, cake, chair, computer, concentrate,

cross, deaf, explore, hunt, knife, relay, reverse, 5)& role.

N L"2(&%#7#&#:%8.2 (100#*, >8>#%<.+. <L8& 1&#=842=8$ )73 42. 8"-

*)($) [20], 5)& 854,=2 )73 4 7"3(+7) 7#1 8A84<08(). %&) 85/(42 4+. 8.

03*+ %8=3>+.. !8"&0)%C/.8& <.) (:.#0# 857)$>81(2?, 78"&0)%C/.#. 30

videos %84)C024,? >&)"58$)? )./ L8&"#.#%$), 5)& <.) (:.#0# >#5&%,? 78-

"&0)%C/.#. 10 videos %84)C024,? >&)"58$)? )./ L8&"#.#%$) 1. -73 4) >8-

>#%<.) )14/ 8A,*)*)%8 <.) (:.#0# )73 features ).4&(4#&L#:.4) (42. (L8-

4&5, =<(2 7"#(D7#1-L8&"D., 5)=D? 5)& 4# (L,%) 5)4)00,0+. 78"&#LD.

><"%)4#? 4#1 7"#(D7#1, )7#>&>#%<.+. %8 L",(2 "#7D. Zernike [21], +?

78"&*"/F84)& (4# [20]. 6#&#14#4"37+?, <.) 12->&/(4)4# feature vector 7)-

",L=2 *&) 5/=8 )5#0#1=$). O&) 4#1? (5#7#:? 42? 8F)"%#*,? 4)A&.3%2(2?,

L"2(&%#7#&#:%8 3 5)4)(4/(8+. %#.4<0). E8 5/=8 78"$74+(2, >#5&%/S#1-

%8 >&/F#"8? 4&%<? 4#1 70,=#1? (1.&(4+(D. 5)4).#%D. )./ 5)4/(4)(2,

J , 5)& 7"#(>&#"$S#1%8 42. 4&%, 858$.2 7#1 )7#>$>8& 42. 5)0:48"2 87$>#(2

*&) 4# 5/=8 %#.4<0#. M& 7"#5:74#.48? "1=%#$ (F/0%)4#? >$.#.4)& (4#.

!$.)5) 3. 6) )7#480<(%)4) 4+. %8=3>+. GHMM, SHMM, 5)& ST-HMM

1T)  8.  03*+  >8>#%<.)  %7#"#:.  .)  ).)542=#:.  >+"8/.  )73  42.  &(4#=<(2:

http://www.iit.demokritos.gr/∼dkosmo/downloads/gesture/help_gestureDB.htm
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!$.)5)? 4.3: -.)*.D"&(2 J8&"#.#%&D.: Q1=%#$ (F/0%)4#? (%) *&) C<04&-
(48? 4&%<? J .

Gesture SHMM GHMM ST-HMM LM-HMM

(J = 7) (J = 9) (J = 9) (J = 9)

against 0.19 0.97 0.51 0.28

aim 0.25 0.69 0.50 0.31

balloon 4.47 7.02 5.33 4.61

bandit 0.14 0.83 0.71 0.20

chair 11.33 23.64 16.06 13.18

cake 11.08 18.25 14.82 11.95

computer 6.4 6.88 5.50 4.13

concentrate 10.03 16.21 12.85 10.76

cross 15.04 28.13 19.54 16.88

deaf 0.42 4.37 2.19 1.62

explore 4.41 6.62 5.53 4.97

hunt 15.26 28.56 20.83 16.64

knife 11.65 24.12 18.13 13.47

relay 0.42 6.43 3.69 3.36

reverse 3.82 8.50 6.21 5.10

role 0.48 1.84 1.84 1.10

;<(#? 5.96 11.44 8.39 6.79

8$.)& %<(#& 87$ 30 85480<(8+. 4#1 )0*#"$=%#1 857)$>81(2? )73 >&)F#"8-

4&5<? 855&.,(8&? !)")42"#:%8 34& 4# SHMM >$.8& 5)0:48"2 87$>#(2 )73

4#1? ).4)*+.&(4<? 4#1 *&) %&5"348"# %<*8=#? %#.4<0#1 (5)&, /"), 5)0:-

48"2 17#0#*&(4&5, )7#>#4&53424)).

'. (1.8L8$),)(L#0#:%)(48 %8 %&) 8F)"%#*, C/(8& 58&%<.#1 ).)*.D"&-

(2? #%&024,, L"2(&%#7#&D.4)? 42. (100#*, Japanese Vowels Data Set [22]

)73 4# UCI machine learning repository [23]. E42. (100#*, )14,, 2 0<A2 508&-

>$ 7#1 L"2(&%#7#8$4)& *&) ).)*.D"&(2 #%&024, 78"&0)%C/.8& >1# Z)7+-

.&5/ (:%F+.), /ae/, 7"#F8"3%8.) >&)>#L&5/ )73 9 /.>"8? #%&024<?. O&)
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5/=8 )5#0#1=$), %&) C)=%#:-12 LPC )./01(2 8F2"%3(=2 5)& 4) ).4$(4#&-

L) cepstrum coefficients 80,F=2().,)7#>$>#.4)? 4) L"2(&%#7#&#:%8.) feature

vectors. O )"&=%3? 4+. >&)=8($%+. L"#.#(8&"D. 8$.)& 640 (4# (:.#0#.-73

)14<?, L"2(&%#7#&#:%8 4&? 270 *&) 857)$>81(2 5)& 4&? 1730#&78? 370 *&)

)A&#03*2(2 4+. 857)&>81%<.+. %#.4<0+.. J"2(&%#7#&#:%8 CHMMs %8 2

5)4)(4/(8&? (I = 2), ).4&(4#&L#:(8? (4) 2 7"#F8"3%8.) F+.,8.4), 5)& %8

>&/F#") 70,=2 (1.&(4+(D. 5)4).#%D., J . M& 7"#5:74#.48? "1=%#$ ).)-

*.D"&(2? >$.#.4)& (4# !$.)5) 4. 6) )7#480<(%)4) 4+. %8=3>+. GHMM,

SHMM, 5)& ST-HMM 8$.)& %<(#& 87$ 30 85480<(8+. 4#1 )0*#"$=%#1 857)$-

>81(2? )73 >&)F#"84&5<? 85&..,(8&?, (1.#>813%8.#& 5)& )73 4&? ).4$(4#&-

L8? 417&5<? )7#50$(8&?.!)")42"#:%8 *&) /002 %&) F#"/ 34& 34& 4# SHMM

>$.8& 5)0:48"2 87$>#(2 )73 4#1? ).4)*+.&(4<? 4#1 *&) %&5"348"# %<*8=#?

%#.4<0#1 (5)&, /"), 5)0:48"2 17#0#*&(4&5, )7#>#4&53424)). 6<0#?, (4)

EL. 3 5)& EL. 4 7)"<L#1%8 4#1? "1=%#:? (:*50&(2? 4#1 '; )0*#"$=%#1

*&) 4&? %8=3>#1? GHMM 5)& SHM;, %8 J = 3, 5)& J = 5 (1.&(4D(8? 5)4)-

.#%<?. 6) )7#480<(%)4) )14/ 8$.)& %<(#& 87$ 4+. 30 85480<(8+. 4#1 ';

)0*#"$=%#1 5)& 87$ 4+. 9 #%&024D.. !)")42"#:%8 34& # '; )0*3"&=%#?

(1*5$.8& *",*#") *&) )%F348") 4) %#.4<0), %8 4#. "1=%3 (:*50&(2? *&)

4# SHMM .) 8$.)& 80)F"D? 5)0:48"#? (8 (L<(2 %8 4# GHMM, *&) 308? 4&?

4&%<? 4#1 J .

4.5.2 23#4+., B).>.',+, D-/9/<C$0(

E4# 78$")%) )143 )(L#0#:%)(48 %8 5)4/4%2(2 )5#0#=&D.. '&>&5348"),

85480#:%8 8.) 78$")%) ).)*.D"&(2? F=3**+., 5/.#.4)? L",(2 4#1 TIMIT
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(i) GHMM with J = 3

(ii) GHMM with J = 5

EL,%) 4.3: @/(8& H8&%<.#1 -.)*.D"&(2 M%&024,: Q1=%#$ (:*50&(2? 42?
%8=3>#1 GHMM *&) J = 3 5)& J = 5.
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(i) SHMM with J = 3

(ii) SHMM with J = 5

EL,%) 4.4: @/(8& H8&%<.#1 -.)*.D"&(2 M%&024,: Q1=%#$ (:*50&(2? 42?
%8=3>#1 SHMM *&) J = 3 5)& J = 5.
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!$.)5)? 4.4: @/(8& H8&%<.#1 -.)*.D"&(2 M%&024,: Q1=%#$ (F/0%)4#?
(%) 4+. >&)F3"+. %8=3>+. *&) C<04&(42 87&0#*, 4#1 J .

Model J = 2 J = 3 J = 4 J = 5

SHMM 1.29± 0.17 1.21± 0.12 1.25± 0.15 1.27± 0.14
GHMM 2.07± 0.24 2.06± 0.25 1.97± 0.21 2.06± 0.22

ST-HMM 1.82± 0.21 1.78± 0.16 1.73± 0.18 1.77± 0.15
LM-HMM 1.46 1.41 1.38 1.39

!$.)5)? 4.5: H)4/4%2(2  -5#0#1=&D.  TIMIT:  Q1=%#$  (F/0%)4#?  ).)-

*.D"&(2? F=3**+. (%) *&) >&/F#"8? 4&%<? 4#1 )"&=%#: (1.&(4+(D., J .

;#.4<0# J = 1 J = 2 J = 4 J = 8

>&)*D.&# SHMM 44.6 41.7 38.3 36.1

>&)*D.&# GHMM 45.1 43.5 42.7 41.3

ST-HMM 44.9 43.8 42.3 39.4

LM-HMM 44.6 43.3 40.9 37.7

!$.)5)? 4.6:H)4/4%2(2 -5#0#1=&D. TIMIT: J"3.#& 854<08(2? 4+. )0*#-

"$=%+. 857)$>81(2? 4+. )A&#0#*#1%<.+. %#.4<0+..

;#.4<0# >&)*. SHMM >&)*. GHMM ST-HMM LM-HMM

J"3.#? 854<08(2? (sec) 1.65 1.23 1.33 904.71
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speech corpus2 [24,25].N (100#*, )14, >8>#%<.+. 78"&0)%C/.8& 39->&/(4)4)

)5#1(4&5/ feature vectors 7#1 78"&0)%C/.#1. 13 mel-frequency cepstral coeffi-

cients 5)& 4&? 7"D42? 5)& >8:48"2? 4/A2? 7)")*D*#1? 4#1?. E4# 78$")%/

%)? 857)&>8:#1%8 8.) CHMM %8 L",(2 5)=8%$)? 4+. %8=3>+. SHMM,

GHMM, ST-HMM, and LM-HMM. E8 5/=8 78"$74+(2, 4) >&)=<(&%) 39->&/(4)4)

)5#1(4&5/ feature vectors 8$.)& (2%)(%<.) C/(8& 48 F+.24&5D. 50/(8+.,

5)=8%$) 85 4+. #7#&D. ).)7)"$(4)4)& %8 %&) CHMM 5)4/(4)(2. O&) 5/=8

%<=#>#, (1*5"$.#1%8 42. )5#0#1=$) F+.24&5D. 5)4)(4/(8+. 7#1 >$>8& #

Viterbi )0*3"&=%#? %8 4# “ground-truth” 42? F=#**#0#*&5,? )./01(2? 7#1

7)"<L8& 4# TIMIT corpus. O&) .) 0/C#1%8 "1=%#:? (F/0%)4#?, ).4&(4#&-

L#:%8  4#1?  48 F=3**#1?  (8  39 81":48"8?  5)42*#"$8?, L"2(&%#7#&D.4)?

42. $>&) 5#&.34172 (:%C)(2 37+? (4# [19].U4(&, <.)? 5)4/0020#? "1=%3?

(F/0%)4#? %7#"8$ .) 02F=8$ 81=1*")%%$S#.4)? 4&? Viterbi 5)& ground truth

)5#0#1=$8?, %8 L",(2 >1.)%&5#: 7"#*")%%)4&(%#: [25], 5)& )="#$S#.4)?

4) (F/0%)4) ).4&5)4/(4)(2?,7"#(=,52? 5)& 7)"/08&K2?.6) 0)%C).3%8-

.) )7#480<(%)4) >$>#.4)& (4#. !$.)5) 5. E2%8&D.84)& 34& 4# SHMM >#1-

08:8& 5)0:48") )73 4#. ).4)*+.&(%3, &>$+? *&) %8*)0:48") 70,=2 (1.&-

(4+(D. 5)4).#%D.. E4#. !$.)5) 6, 7)"<L#1%8 4#1? L"3.#1? 854<08(2?

4#1 )0*#"$=%#1 857)$>81(2? *&) 4&? >&/F#"8? %8=3>#1?, %8 J = 1. !)-

")42"#:%8 34& #& %<=#>#& SHMM, GHMM, 5)& ST-HMM <L#1. (1*5"$(&%)

17#0#*&(4&5/ 53(42 (8 (L<(2 %8 42. %<=#># LM-HMM, 7#1 <L8& %8*/08?

17#0#*&(4&5<? )7)&4,(8&?.

2T)  8.  03*+  >8>#%<.)  %7#"#:.  .)  ).)542=#:.  >+"8/.  )73  42.  &(4#=<(2
http://www.cs.berkeley.edu/~feisha/codes/lm_cdhmm/ 37#1 7)"<L#.4)& *&) 42. )A&#03*2(2
42? %8=3>#1 LM-HMM [19].
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4.5.3 23#4+., 8)H$(&',+, !/9<=$>+.).4( D-/9/<C$0( '"

G#*+, ./< Factor Analyzed SHMM

6<0#?, 8A84/S#1%8 %&) 78"$74+(2 8A)&"84&5/ 7#01>&/(4)42? )5#0#1=$)?

*&) .) 87&>8$A#1%8 4) 708#.854,%)4) 42? %8=3>#1 factor analyzed SHMM

(8 (L<(2 %8 42. >&)*D.&) 87&0#*,. O&) 4#. (5#73 )143 )(L#0#:%)(48 %8

4# 7"3C02%) 42? 8:"8(2? 42? .#24&5,? 5)4/(4)(2? )43%+., %8 L",(2 )5#-

0#1=&D. )73 8*58F)0&5<? fMRI )78&5#.$(8&? [26]. M (43L#? (8 )14, 42.

8F)"%#*, 8$.)& .) %7#"<(#1%8 .) 8.4#7$(#1%8 4&? %84)C)4&5<? .#24&5<?

5)4)(4/(8&? %8 L",(2 fMRI )78&5#.$(8+? 8*58F/0#1, >&) 42? 857)&>8:-

(8+? 5)4)00,0+. HMM 4)A&.#%24D.. -143 4# 7"3C02%) 8$.)& 7#0: 8.-

>&)F<"#. )73 7081"/? %2L).&5,? %/=2(2?, 5)=D? 4) >8>#%<.) 8&(3>#1

4#1 7"#C0,%)4#? 8$.)& 8A)&"84&5/ 7#01>&/(4)4), )")&/ (,4#&, %3.# 78"&#-

"&(%<.) >8>#%<.) 857)$>81(2? 8$.)& >&)=<(&%)), 5)& )"584/ =#"1CD>2.

O&) 03*#1? (:*5"&(2?, (4# 78$")%) )143, 70<#. 4#1 factor analyzed SHMM,

)A&#0#*#:.4)& 87$(2? 4# diagonal SHMM 5)& 4# diagonal GHMM.

6) >8>#%<.) 7#1 L"2(&%#7#&#:%8 *&) )143 %)? 4# 78$")%)3 8$.)& >&)&-

"8%<.)  (8 >#5&%<?. E8 5)7#&8? )73  )14<?, 4#  17#58$%8.#  )70/  2"8%#:-

(8 5#&4/S#.4)? )F2"2%<.) (8 8.) 7"#5)=#"&(%<.# (2%8$# (8 %&) #=3.2.

E4&? 1730#&78?, 7)"#1(&)S34). (4# 17#58$%8.# %&) 7"34)(2 5)& %&) 8&-

53.) (>&)>#L&5/) 5)& S248$4# )73 4# 17#58$%8.# .) 7)4,(8& <.) 5)4/0020#

5#1%7$ ). 2 8&53.) (1..F+.#:(8 %8 42. 7"34)(2 , 3L&. 6# 70,=#? )14D.

4+. >#5&%D. ,4). 40 ).) 17#58$%8.#. 6) >8>#%<.) 854,=2(). 5)4/ 4&?

>#5&%<? )14<? +? 8A,?: ;&) )78&53.&(2 fMRI 80)%C/.84# 5/=8 500msec.

3T)  8.  03*+  >8>#%<.)  %7#"#:.  .)  ).)542=#:.  >+"8/.  )73  42.  &(4#=<(2:

http://www.cs.cmu.edu/afs/cs.cmu.edu/project/theo-81/www/
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!$.)5)? 4.7: -.)*.D"&(2 R#24&5,? H)4/(4)(2? %8 J",(2 -78&53.&(2?
'*58F/0#1: ;<(#& "1=%#$ (F/0%)4#? 5)& 2 417&5, 4#1? )7350&(2 (%) 87$
30 85480<(8+. 4+. )0*#"$=%+. 857)$>81(2?.

;#.4<0# factor analyzed SHMM >&)*. SHMM >&)*. GHMM

p 70 70 70

q 9 - -

Q1=%3? EF/0%)4#? 23.44 ± 2.22 29.87 ± 3.17 38.25 ± 4.79

!$.)5)? 4.8: -.)*.D"&(2 R#24&5,? H)4/(4)(2? %8 J",(2 -78&53.&(2?
'*58F/0#1: ;<(#&  L"3.#&  854<08(2? 4+.  )0*#"$=%+.  857)$>81(2? 4+.
)A&#0#*#1%<.+. %#.4<0+..

Model factor analyzed SHMM >&)*. SHMM >&)*. GHMM

J"3.#? '54<08(2? (sec) 3.36 3.33 2.48

;3.# <.) 4%,%) 4#1 8*58F/0#1 )78&5#.$S84# 5/=8 F#"/. 6) >8>#%<.)

%)"5/"#.4). (8 25-30 ).)4#%&5<? 78"&#L<? 4#1 8*58F/0#1, 4&? !8"&#L<?

'.>&)F<"#.4#? ("Regions of Interest", ROIs). M L"#.&(%3? (8 5/=8 >#5&%,

,4). # )530#1=#?: 6# 7"D4# 8"<=&(%) (8&53.) , 7"34)(2) 8%F).&S34).

(42. )"L, 42? >#5&%,? (8&53.)=1). 6<((8") >8148"30874) )"*348") (8&-

53.)=9), 4# 8"<=&(%) )F)&"8$4# ).4&5)=&(4#:%8.# %8 %&) %):"2 #=3.2.

6<((8") %84<78&4) >8148"30874) (8&53.)=17) 4# >8:48"# 8"<=&(%) (7"34)-

(2 , 8&53.)) 8%F).&S34). (42. #=3.2 5)& 7)"<%8.8 858& 4<((8(8") >8148-

"30874) , %<L"& 4# 17#58$%8.# .) 7)4,(8& 4# 5#1%7$.6<0#? %&) 78"$>#? L)-

0/"+(2? 15 >8148"#0<74+. (30 8&53.8?) 7"#(84$=84# (4# 4<0#? 5/=8 >#5&-

5%,?. U4(& 5/=8 >#5&%, >&)"5#:(8 78"$7#1 27 >8148"30874) (54 8&53.8?).

E42. 8F)"%#*, %)?, 857)&>8:#1%8 CHMMs D(48 .) >&)5"$.#1%8 ).

4) 17#58$%8.) C0<7#1. %&) 8&53.) , %&) 7"34)(2 %8 L",(2 4+. >#=<.-

4+. )5#0#1=&D. fMRI sequences. O&) 4# (5#73 )143, 857)&>8:#1%8 >1#

4× 4 CHMMs (<.) *&) 4) 8"8=$(%)4) 7"#4/(8+. 5)& <.) *&) 4) 8"8=$(%)-
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(i) (ii)

(iii)

EL,%) 4.5:-.)*.D"&(2 R#24&5,? H)4/(4)(2? %8 J",(2 -78&53.&(2? '*-

58F/0#1: Q1=%#$ (:*50&(2? 4#1 )0*#"$=%#1 857)$>81(2? *&) 4) %#.4<0)
(i)factor analyzed SHMM, (ii) >&)*D.&# SHMM, 5)& (iii) >&)*D.&# GHM;.
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4) 8&53.+.), %8 L",(2 5)=8%$)? 4+. )A&#0#*#:%8.+. %8=3>+. '&>&5348"),

>&)&"#:%8 4) >8>#%<.) (8 )5#0#1=$8? 7"#4/(8+. 5)& 8&53.+., 5)& 857)&-

>8:#1%8 4) %#.4<0) L"2(&%#7#&D.4)? %3.# 4) features 7#1 ).4&(4#&L#:.

(4) p 7&# 8.8"*/ F+48&./ (2%8$) (voxels) )73 4) 8A,? Regions of Interest

(ROI's): {'CALC' 'LIPL' 'LT' 'LTRIA' 'LOPER' 'LIPS' 'LDLPFC'}.

H)4' )"L/?, 7)")42"#:%8 34& *&) 4&%<? p > 70, 2 857)$>81(2 4+. %#-

.4<0+. (1L./ <L8& 7"#C0,%)4) 5)=D? 5)4)0,*#1%8 (8 singular , (L8>3.

singular 7$.)58? (1.>&)5:%).(2?. O&) )143, =<4#1%8 p = 70. EL84&5/ %8

4#. 7"#(>&#"&(%3 4#1 C804$(4#1 70,=#1? factors, q, *&) 4# factor analyzed

SHMM, 2 L",(2 4#1 >2%#F&0#:? BIC 5"&42"$#1 <>+(8 q = 9. E2%8&D.84)&

34& 2 8F)"%#(&%3424) 4#1 5"&42"$#1 )14#: (4# 7"#(>&#"&(%3 4+. factors

(8 mixtures of factor analyzers <L8& =8+"24&5/ )7#>8&L=8$, >#=<.4#? 34& #

)"&=%3? 4+. factors 8$.)& *.+(43? [27]. E4#. !$.)5) 7 >$.#.4)& #& "1=-

%#$ (F/0%)4#? 4+. =8+"#1%<.+. %8=3>+. 5)& #& ).4$(4#&L8? 417&5<? )7#-

50$(8&? 87$ 30 85480<(8+. 4#1 '; )0*#"$=%#1. '$.)& F).8"3 34& 4# factor

analyzed SHMM <L8& 5)4)F).D? 5)0:48"2 87$>#(2 )73 4# >&)*D.&# ).-

4$(4#&L3 4#1 *&) 80/L&(4# 78"&((348"# L"3.# 854<08(2?. 6<0#?, (4# EL. 5

>$.#.4)& #& "1=%#$ (:*50&(2? 4+. >&)F3"+. %8=3>+.. 6) %8*<=2 )14/ 8$-

.)& %<(#& 87$ 4+. 30 85480<(8+. 4#1 '; )0*#"$=%#1 5)& 4+. >1# 857)&-

>81%<.+. %#.4<0+. (*&) 4&? >1# .#24&5<? 5)4)(4/(8&?).!)")42"#:%8 5)&

8>D (1*5"$(&%#1? "1=%#:? (:*50&(2? *&) 4) 7#&5$0) %#.4<0).
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4.6 ?<'5"#>+').)

E4# 58F/0)&# )143 7"#48$.)%8 42. L",(2 4+. 7878")(%<.+. 178"=<(8-

+. 42? 5)4).#%,? Student's-t +? 4+. 5)4).#%D. 857#%7,? 4+. 5"1FD.

5)4)(4/(8+. 4+. N;; %#.4<0+., )7#C0<7#.48? (42. 8&()*+*, %&)? 7&#

8:"+(42? (8 )417&5/ >8>#%<.) %8=#>#0#*$)? %#.480#7#$2(2? )5#0#1=&)-

5D. >8>#%<.+. 8. (1*5"$(8& %8 4&? 484"&%%<.8? N;;-C)(&(%<.8? 0:(8&? #&

#7#$8? C)($S#.4)& (8 L",(2 H).#.&5D. 5)4).#%D..!)"8$L)%8 >8 %&) 7#0-

0)70D. )5#0#1=&D. 87$01(2 4#1 %#.4<0#1 %8 L",(2 4#1 EM )0*#"$=%#1,

43(# *&) 42. "!/9 78"$74+(2 42? L",(2? 70,"+. , >&)*+.$+. 7&./5+.

(1.>&)5:%).(2?, 3(# 5)& *&) 42. 78"$74+(2 ).)01%<.+. 5)4/ 7)"/*#.-

48? 7&./5+. (1.>&)5:%).(2?. 6) 78&")%)4&5/ %)? )7#480<(%)4) 5)4<>8&-

A). 42. )7#4808(%)4&53424) 4+. 7"#48&.#%<.+. %8=3>+..

!)#>#.,') A. 25:9<+, ./< SHMM

-? A85&.,(#1%8 %8 4# E-C,%) 4#1 )0*#"$=%#1. -73 42. (13), <L#1%8

Q(Ψ;Ψ(k)) =
M∑

m=1

I∑

i=1

EΨ(k)(sim1|y)logπi+

+
M∑

m=1

I∑

h=1

I∑

i=1

T−1∑

t=1

EΨ(k)(shmtsim,t+1|y)logπhi+

+
M∑

m=1

I∑

i=1

T∑

t=1

EΨ(k)(simt|y)EΨ(k) (logp(ycomp
mt ;Θi)|y)

(4.58)
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85 42? #7#$)? (1./*84)& 2 (16).!8")&4<"+, )73 42. (14) 5)& )*.#D.4)? 4&?

(4)=8"<? <L#1%8

EΨ(k) (logp(ycomp
mt ;Θi)|y) =

J∑

j=1

ξ(k)
ijmt

[
logcij + Q1mt(νij;Ψ

(k)) + Q2mt(µij,Σij;Ψ
(k))

]

(4.59)

37#1

Q1mt(νij;Ψ
(k)) =

νij

2
EΨ(k)(loguijmt − uijmt|ymt)− logΓ

(νij

2

)
+

νij

2
log

(νij

2

)

(4.60)

Q2mt(µij,Σij;Ψ
(k)) = −1

2
log|Σij|−

1

2
EΨ(k)(uijmt|ymt)(ymt−µij)

TΣ−1
ij (ymt−µij)

(4.61)

-.4&5)=&(4D.4)? 4&? (60)-(62) (42. (59) 7)$".#1%8

M∑

m=1

I∑

i=1

T∑

t=1

γ(k)
imtEΨ(k) (logp(ycomp

mt ;Θi)|y)

=
I∑

i=1

J∑

j=1

M∑

m=1

T∑

t=1

r(k)
ijmt

[
logcij + Q1mt(νij;Ψ

(k))

+Q2mt(µij,Σij;Ψ
(k))

]

(4.62)

E1.87D?, *&) 42. 78")$+(2 4#1 E-C,%)4#? 42? 87$01(2? 4#1 SHMM,

L"8&/S84)& .) 17#0#*&(=#:. #& 7#(34248? γ(k)
imt, γ

(k)
himt, ξ

(k)
ijmt, u

(k)
ijmt, 5)=D? 5)&

EΨ(k) (loguijmt|ymt).M& 85F"/(8&? 4+. 7&=).#4,4+. 42? ;)"5#C&).,? )01-

($>)?, γ(k)
imt 5)& γ

(k)
himt >$.#.4)& )73 4#. <%7"#(=8.-37&(=8. )0*3"&=%# [1], 8A.

(19) - (24).N <5F")(2 4+. ξ(k)
ijmt %7#"8$ .) C"8=8$ )70/ %8 L",(2 4#1 .3%#1

4#1 Bayes,5)& >$.84)& )73 42. (25).6<0#?, #& >1# 480814)$8? 7#(34248? %7#-

"#:. .) C"8=#:. )781=8$)? %8 *8.$581(2 4+. ).4&(4#$L+. )7#4808(%/4+.
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)73 42 SMM C&C0&#*")F$) [6], >$.#.4)? 42. (26) 5)&

EΨ(k) (loguijmt|ymt) = logu(k)
ijmt − log

(
ν(k)

ij + p

2

)
+ ψ

(
ν(k)

ij + p

2

)
(4.63)

)73 37#1 (1./*84)& 34& # 17#0#*&(%3? 4#1 EΨ(k) (loguijmt|ymt) )./*84)&

(4#. 17#0#*&(%3 4+. u(k)
ijmt, %8 4#. #7#$# 5)& #0#502"D.84)& 4# '-C,%) 4#1

)0*#"$=%#1.

EL84&5/ %8 4# M-C,%), A85&./%8 )73 4&? 7&=).34248? 42? ;)"5#C&).,?

)01($>)?. -73 42. <5F")(2 (16), 7)")42"#:%8 8:5#0) 34& #& 7&=).342-

48? )14<? >8. 8A)"4D.4)& )73 4&? 17#=<(8&? 4#1 %#.4<0#1 (L84&5/ %8 42.

%#"F, 4+. 5)4).#%D. 4+. 7)")42",(8+.. U4(&, )5#0#1=D.4)? 42. #&-

58$) C&C0&#*")F$) (7.L. [1,2]) 7)$".#1%8 4&? (27), (28).M& 854&%,4"&8? c(k+1)
ij

17#0#*$S#.4)& %8 %8*&(4#7#$2(2 42? Q(Ψ;Ψ(k)) 87$ )14D., 173 4#. 78"&#-

"&(%3
∑J

j=1 cij = 1. J"2(&%#7#&D.4)? 4&? (16) 5)& (63), 5)& 8&(/*#.4)? <.)

Lagrange 7#00)70)(&)(4, *&) 87&C#0, 4#1 78"&#"&(%#:, 7)$".#%8 42. (29).

M& 854&%,4"&8? µ(k+1)
ij , 17#0#*$S#.4)& %8 %8*&(4#7#$2(2 42? Q(Ψ;Ψ(k)) 87$

)14D.. UL#1%8

Q∗(µij;Ψ
(k)) = −1

2

I∑

i=1

J∑

j=1

M∑

m=1

T∑

t=1

r(k)
ijmtu

(k)
ijmt

[
−2yT

mtΣ
−1
ij µij + µT

ijΣ
−1
ij µij

]

(4.64)

H)=D?
∂µT

ijΣ
−1
ij µij

∂µij

= 2Σ−1
ij µij (4.65)

∂yT
mtΣ

−1
ij µij

∂µij

= Σ−1
ij ymt (4.66)
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8:5#0) >8$L.84)& 34& 2 8A$(+(2
∂Q∗(µij ;Ψ

(k))

∂µij
= 0 >$.8& 42. (30). H)=' 3%#&#.

4"37#, #& 854&%,4"&8? 4+.Σij 17#0#*$S#.4)& %8 %8*&(4#7#$2(2 42?Q(Ψ;Ψ(k))

87$ )14D.. UL#1%8
∂log|Σij|

∂Σ−1
ij

= −Σij (4.67)

∂(ymt − µij)
TΣ−1

ij (ymt − µij)

∂Σ−1
ij

= (ymt − µij)(ymt − µij)
T (4.68)

)73 37#1 5)& 7"#5:748& 2 (31). 6<0#?, ).)03*+? ν(k+1)
ij 2 %8*&(4#7#$2(&?

42? Q(Ψ;Ψ(k)) 87$ 4+. νij , >$.8& 42. (32).

!)#>#.,') B. 25:9<+, ./< Factor Analyzed SHMM

-.)F#"&5/ %8 4# 3"# EΨ(k) (logp(ycomp
mt ;Θi)|y) (4# >8:48"# 5:50# 4#1 )0-

*#"$=%#1, )73 42. (50) <L#1%8

EΨ(k) (logp(ycomp
mt ;Θi)|y) =

J∑

j=1

ξ(k)
ijmt

[
logcij + Q1mt(νij;Ψ

(k)) + Q2mt(µij,Bij,Dij;Ψ
(k))

]

(4.69)

37#1

Q1mt(νij;Ψ
(k)) = −logΓ

(νij

2

)
+

νij

2
log

(νij

2

)
+

νij

2
EΨ(k)(loguijmt−uijmt|ymt)

(4.70)

Q2mt(µij,Bij,Dij;Ψ
(k)) =−

1

2
log|Dij|−

1

2
EΨ(k) (uijmt|ymt) (ymt − µij)

TD−1
ij (ymt − µij)

+ (ymt − µij)
TD−1

ij BijEΨ(k) (uijmtxijmt|ymt)

− 1

2
tr

(
BT

ijD
−1
ij BijEΨ(k)

(
uijmtxijmtx

T
ijmt|ymt

))

(4.71)
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-.4&5)=&(4D.4)? 4&? (70)-(72) (42. (51), 7)$".#1%8

I∑

i=1

M∑

m=1

T∑

t=1

γ(k)
imtEΨ(k) (logp(ycomp

mt ;Θi)|y)

=
I∑

i=1

J∑

j=1

M∑

m=1

T∑

t=1

r(k)
ijmt

[
logcij + Q1mt(νij;Ψ

(k)) + Q2mt(µij,Bij,Dij;Ψ
(k))

]

(4.72)

E1.87D?, *&) 42. 78")$+(2 4#1 E-C,%)4#? (4#. >8:48"# 5:50# 4#1 )0-

*#"$=%#1, 8543? 4+. γ(k)
imt, γ(k)

himt, ξ(k)
ijmt, 5)& u

(k)
ijmt, L"8&/S84)& 87$(2? 2 854&%2-

4&5, 4+.

EΨ(k) (uijmtxijmt|ymt) = u(k)
ijmtEΨ(k) (xijmt|uijmt,ymt) (4.73)

5)&

EΨ(k)

(
uijmtxijmtx

T
ijmt|ymt

)
= u(k)

ijmtEΨ(k)

(
xijmtx

T
ijmt|uijmt,ymt

)
(4.74)

2 #7#$) 81=<+? )./*84)& (42. 854&%24&5, 4+. 1(4<"+. 7"#(>#524D. 4&-

%D. 4+. >&).1(%/4+. 7)")*3.4+.xijmt >#=<.4+. 4+. 7)")42",(8+.ymt

5)& 4+ ).4&(4#$L+. C)=%&>D. (1.>&)5:%).(2?, uijmt, ,4#&, xijmt|ymt, uijmt.

6) )7#480<(%)4) )14/ <L#1. 8A)L=8$ (4# [18] *&) 42. 78"$74+(2 %&)? )70,?

7878")(%<.2? 17<"=8(2? 5)4).#%D. Student's-t 5)& %7#"#:. 8:5#0) .) *8-

.&581=#:. *&) 4# factor analyzed SHMM. @/(8& 4#1 [18], <L#1%8

xijmt|ymt, uijmt ∼ N (υT
ij(ymt − µij),ωij/uijmt) (4.75)
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)73 37#1 7"#5:748&

EΨ(k) (xijmt|ymt, uijmt) = υ(k)T

ij

(
ymt − µ(k)

ij

)
(4.76)

EΨ(k)

(
uijmtxijmtx

T
ijmt|ymt

)
= ω(k)

ij +

+ u(k)
ijmtυ

(k)T

ij

(
ymt − µ(k)

ij

)(
ymt − µ(k)

ij

)T
υ(k)

ij

(4.77)

37#1

υ(k)
ij = (B(k)

ij B(k)T

ij + D(k)
ij )−1B(k)

ij (4.78)

ω(k)
ij = Iq − υ(k)T

ij B(k)
ij (4.79)

5)& (1.87D? 2 854&%24&5, 4+. (74) - (75) )./*84)& (4#. 17#0#*&(%3 4+.

υ(k)
ij 5)& ω(k)

ij .

-.)F#"&5/ %8 42. 854&%,4"&) 4+.Bij , %8*&(4#7#&D.4)? 42.Q(Ψ;Ψ(k))

87$ )14D. <L#1%8 17#0#*&(%3 4+. 7)")*D*+.

∂(ymt − µij)
TD−1

ij BijEΨ(k) (uijmtxijmt|ymt)

∂Bij
= D−1

ij (ymt−µij)EΨ(k) (uijmtxijmt|ymt)
T

(4.80)

∂tr
(
BT

ijD
−1
ij BijEΨ(k)

(
uijmtxijmtxT

ijmt|ymt

))

∂Bij
= 2D−1

ij BijEΨ(k)

(
uijmtxijmtx

T
ijmt|ymt

)

(4.81)

@/(8& 4+. (81) - (82) 5)& (77) - (78),8:5#0) (1./*84)& 34& 2 ∂Q(Ψ;Ψ(k))/∂Bij =

0 >$.8& 42. (59).
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6<0#?, ).)F#"&5/ %8 42. 854&%,4"&) 4+.Dij , <L#1%8

∂log|Dij|
∂D−1

ij

= −Dij (4.82)

∂(ymt − µij)
TD−1

ij (ymt − µij)

∂D−1
ij

= (ymt − µij)(ymt − µij)
T (4.83)

∂(ymt − µij)
TD−1

ij BijEΨ(k) (uijmtxijmt|ymt)

∂D−1
ij

= (ymt−µij)EΨ(k) (uijmtxijmt|ymt)
T BT

i

(4.84)

∂tr
(
BT

ijD
−1
ij BijEΨ(k)

(
uijmtxijmtxT

ijmt|ymt

))

∂D−1
ij

= BijEΨ(k)

(
uijmtxijmtx

T
ijmt|ymt

)
BT

ij

(4.85)

)73 37#1 (1./*84)& 34& 2 8A$(+(2 ∂Q(Ψ;Ψ(k))/∂D−1
ij = 0 >$.8& 42. (59).
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B"I>9)$/ 5

8)<./5/:,+, F'$9,.* '" G#*+,

Gaussian Process 8)H$(/',.0(

5.1 !#//:'$/

M& (2%8"&.<? 51"&)"L#:(8? 8. 42 C&C0&#*")F$) 5)& 7")54&5, %8=#>#0#-

*$8?  C)($S#.4)&  (8  7&=).#4&5/  7)")*+*&5/  %#.4<0)  #%&024D., 37+?  4)

Gaussian mixture models (GMMs) 5)& 4) hidden Markov models (HMMs).U.)?

(2%).4&53? 78"&#"&(%3? )14D. 4+. %#.4<0+. 8$.)& 2 >8&*%)4&5,, frame-

level F:(2 4#1?, 5)=D? 7)"<L#1. 42. >1.)43424) >&/5"&(2? %84)A: 70,-

"+. (2%/4+. 85F"/(8+. ()5#0#1=&)5/ (,%)4)) %8 <.). <%%8(# 4"37#,

>&) 4#1 L8&"&(%#: 4#1? +? )0020#1L&D. %8%#.+%<.+. >8&*%/4+. (frames).

!"#58&%<.#1 .) 87&0:(#1%8 )143 4# %8&#.<542%), (4# 480814)$# )143 58-

F/0)&# 4#1 7)"3.4#? 7#.,%)4#?, 7)"#1(&/S#1%8 %&) 5)&.#43%#, >&)5"&-

4&5, 70,"+. )5#0#1=&D. %8=#>#0#*$) 4)14#7#$2(2? #%&024,, C)(&(%<.2

(8 %&) 7"+434172 %#"F, Gaussian process 4)A&.#%24D., 5)4/00202 *&) 42.
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>&/5"&(2 70,"+. )5#0#1=&D. +? 8.&)$+. 8.#4,4+. %8 )0020#1L&5<? &>&342-

48?. M& (4#L)(4&5<? >&)>&5)($8? Gauss (Gaussian processes, GPs) 8$.)& %&)

(2%).4&5, Bayesian %8=#>#0#*$) %2L).&5,? %/=2(2?, *.+(4, *&) 42. 7#-

0: 5)0, 42? 87$>#(2 (8 7#&5$0) 7"#C0,%)4) 4)A&.3%2(2? 5)& 7)0&.>"3%2-

(2? (8 7#01>&/(4)4) >8>#%<.). '$.)& >8 (L8>&)(%<.8? *&) >&/5"&(2 7#-

01>&/(4)4+. >8>#%<.+.. N >&)L8$"&(2 )5#0#1=&)5D. >8>#%<.+. %8 L",-

(2 GPs 8$.)& 8:5#0) 8F&54,, L"2(&%#7#&D.4)? 4#1? 08*3%8.#1? score-space

kernels +? 4&? (1.)"4,(8&? (1.>&)5:%).(2? 4+. GP %#.4<0+., >&)%#"F#:-

%8.#1? 87$ 42 C/(8& 17#=8%80&+.D.4+. 7)")*+*&5D. %#.4<0+..'&>&5348-

"), 7"#48$.#1%8 42. L",(2 71",.+. 0#*)"&=%#-7&=).#F).8$)? (log likeliho-

od-ratio kernels) C)(&(%<.+. (8 GMM %#.4<0) *&) 42. 78"$74+(2 42? ).8-

A/"4242? )73 4# 58$%8.# 4)14#7#$2(2? #%&024,,5)& 42. L",(2 log likelihood-

ratio kernels C)(&(%<.+. (8 NMM %#.4<0) *&) 42. 78"$74+(2 42? C/(8& 58&-

%<.#1 4)14#7#$2(2? #%&024,. N 8A).4024&5, )A&#03*2(2 42? 7"#48&.3%8-

.2? %8=3>#1, %8 L",(2 >2%#($+? >&)=8($%+. >8>#%<.+., 5)4)>8&5.:8& 4)

708#.854,%)4) 42? 7"#48&.3%8.2? %8=3>#1 (8 (L<(2 %8 %8"&5<? )73 4&? 7&#

>2%#F&08$? (,%8") 48L.&5<?.

N 8"*)($) %#1 )14, <L8& *$.8& >854, *&) >2%#($81(2 173 4# /"="# %#1:

Sotirios Chatzis, Theodora Varvarigou, “Speaker Verification Using Sequence Dis-

criminant Gaussian Process Classifiers,” IEEE Transactions on Audio,Speech, and

Language Processing, Accepted for Future Publication, 2008.
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5.2 2$+)A4A*

6) 7&=).#4&5/ 7)")*+*&5/ %#.4<0) )7#480#:. 42. C/(2 4+. (1*L"3.+.

%8=#>#0#*&D. 4)14#7#$2(2? #%&024, [1]. E1.,=+?, Gaussian mixture models

(GMMs) L"2(&%#7#&#:.4)& *&) %&) ).8A/"4242 58&%<.#1 4)14#7#$2(2, [2],

8.D hidden Markov models (HMMs) L"2(&%#7#&#:.4)& *&) %&) 4)14#7#$2-

(2 C/(8& 58&%<.#1 [3]. E42. 7&# )7#4808(%)4&5, 4#1? %#"F,, 4<4#&) %#-

.4<0) 08&4#1"*#:. (42. C/(2 8.3? 17#>8$*%)4#? >&)5"&4&5,? 4)A&.3%2(2?,

%8 L",(2 %&)? (1./"42(2? C)=%#: (score function) 8F)"%#S3%8.2? 87$ 4+.

4&%D. 7&=).#F).8$)? >1# ).4)*+.&(4&5D. %#.4<0+. +? 7"#? <.) >#(%<.#

(,%) <5F")(2?. ;&) C)(&5, &>&3424) )14D. 4+. 7"#(8**$(8+. 8$.)& 34&

7)"<L#1. >&/5"&(2 %84)A: 70,"+. 85F"/(8+.-)5#0#1=&D. %8 <.). <%-

%8(# 4"37#. -143 #F8$084)& (42. >8&*%)4&5#: 87&7<>#1 (frame level) 08&-

4#1"*$) 4#1?, 5)=D? #& 4&%<? 42? 7&=).#F).8$)? +? 7"#? %&) )5#0#1=$) %8

L",(2 4<4#&+. %#.4<0+. 8A/*#.4)& 8$48 +? # %<(#? 4+. 7&=).#F).8&D. +?

7"#? 4) (1.&(4D.4) 42 >8$*%)4),, %8 L",(2 8.3? HMM. E1.87D?, >&/5"&(2

%8 L",(2 )14D. 4+. 7"#(8**$(8+. *$.84)& L"2(&%#7#&D.4)? 4&? )5#0#1=$-

8? 8&(3>#1 +? (:.#0) ).8A)"4,4+. >8&*%/4+., , >8&*%/4+. 7#1 (1(L8-

4$S#.4)& 173 4&? (1.,=+? 78"&#"&(4&5<? 7"#>&)*")F<? 42? ;)"5#C&).,?

)01($>)?, (8 ).4$=8(2 %8 42. 7")*%)4&5, F:(2 4#1 7"#C0,%)4#? 4)14#-

7#$2(2? #%&024, 7#1 <L8& .) 5/.8& %8 42. >&/5"&(2 70,"+. )5#0#1=&D. +?

8.3? 30#1. 6# *8*#.3? )143 <L8& 480&5/ +? ).4$5417# 42. )7D08&) (L84&-

5,? 702"#F#"$)? 5)&, (1.87D?, 42. 17#C/=%&(2 42? 87$>#(2? 4#1 480&5#:

%#.4<0#1.

!"#58&%<.#1 .) 87&0:(#1%8 )14/ 4) 7"#C0,%)4), (42. 8"*)($) )1-

4, 7)"<L#1%8 %&) 7"+434172 %8=#>#0#*$) 4)14#7#$2(2? #%&024,, C)(&-
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(%<.2 (8 %&) 8.&)$+? >&)5"$.#1() 70,"8&? )5#0#1=$8? %#"F, >1)>&5D. 4)-

A&.#%24D. Gaussian process (Gaussian process binary classifiers). M& Gaussian

processes (GPs) 8$.)& C)(&(%<.8? (8 %&) 8A)&"84&5/ )7#>#4&5, %<=#># 4#-

7#=<42(2? %&)? prior 5)4).#%,? 87$ 4#1 LD"#1 4+. >1.)4D. (1.)"4,(8+.

4)A&.3%2(2? , 7)0&.>"3%2(2?.UL#1. <.) %&5"3 )"&=%3 "1=%&(4D. 7)")-

%<4"+., %7#"#:. .) 854&%2=#:. %8 L",(2 8.3? (L84&5/ %&5"#: (1.30#1

857)$>81(2?, >&)=<4#1. (2%).4&5, 81"+(4$) (8 outliers 5)& 42. &5).342-

4) .) 4)A&.#%#:. )")&/ >8>#%<.) L+"$? .) "<7#1. 7"#? 178"857)$>81(2

(5)=D? (42. 7")*%)4&53424) >8. <L#1%8 >&)>&5)($) 857)$>81(2? 173 42.

)1(42", 4#1 3"#1 <..#&)) [4]. E1*5"&4&5/ %8 %&) /002 81"<+? >2%#F&0,

%#"F, >&)5"&4&5D. 4)A&.#%24D. 71",.) (discriminative kernel classifiers),

4# support vector machine (SVM) [5], 4) GPs >&)=<4#1. 7#00/ 708#.854,%)-

4), 4# (2%).4&5348"# 4+. #7#$+. 8$.)& 34& # 4)A&.#%24,? GP 7)"/*8& %&)

<A#># %8 5)=)", 7&=).#4&5, 8"%2.8$), 7)"<L#.4)? <.) %<4"# )C8C)&342-

4)? *&) 4&? 0)%C).3%8.8? 7"#C0<K8&?, (8 ).4$=8(2 %8 4) SVMs 7#1 78"&#"$-

S#.4)& (42. 7)"#L, 4+. 5)=)143 7"#C0<K8+. 4)A&.3%2(2? 5)& %3.#. T?

8(1S24,=2 (4# [6],)14, 2 8051(4&5, &>&34&? 4+. GPs #>2*8$ *8.&5/ (8 5)0:-

48"8? 5)%7:08? (F/0%)4#?, >&) 42? 0,K2? 173K&. 42? 87$>")(2? 42? 0)%-

C).3%8.2? )C8C)&3424#? (*&) %&) 8548., 7)"/=8(2 4+. 708#.8542%/4+.

5)& 4+. >&)F#"D. 4+. >1)>&5D. 4)A&.#%24D. GP (8 (L<(2 %8 4) SVMs,

).)4"<A848 (4# [4]).

E42. C)(&5, 4#1? >&)4:7+(2, 4) GPs =8+"#:. >&).1(%)4&5<? 8&(3>#1?

(4)=8",? >&/(4)(2?. T(43(#, %&) >&)5"&4&5, )5#0#1=&D. %#"F, Gaussian

processes, 5)4/00202 *&) 42. )7#>#4&5, >&8A)*+*, 42? 4)14#7#$2(2? #%&-

024,, %7#"8$ 8:5#0) .) 02F=8$ L"2(&%#7#&D.4)? <.) score-space kernel +?
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42 (1./"42(2 (1.>&)5:%).(2? 4#1 GP %#.4<0#1.M& score-space kernels [7],

78"&0)%C/.#.48? 4#. >2%#F&0, Fisher kernel [8] +? %&) 8&>&5, 78"$74+(2

4#1?, 87&4"<7#1. 42. 4)A&.3%2(2 )5#0#1=&D. %8 L",(2 >&)5"&4&5D. 4)-

A&.#%24D. 37+? Gaussian processes 5)& SVMs. -143 *$.84)& 8F&543 )A&#-

7#&D.4)? <.) (:.#0# )73 17#=8%80&D.#.4) 7&=).#4&5/ 7)")*+*&5/ %#-

.4<0) *&) 42. >2%&#1"*$) %&)? ).4&(4#&L$)? 4+. %84)C024#: %,5#1? )5#-

0#1=&D. (8 7#01>&/(4)4) (2%8$) (8 <.) (4)=8",? >&/(4)(2? LD"#, 7#1

=) 5)08$4)& +? LD"#? C)=%#: (score-space). E42. 8"*)($) )14,, #& L"2(&-

%#7#&#:%8.#& score-space kernels 8$.)& log likelihood-ratio kernels,C)(&(%<.#&

(8 GMMs *&) 42. 78"$74+(2 42? ).8A/"4242? 58&%<.#1 4)14#7#$2(2?, 5)&

C)(&(%<.#& (8 NMMs *&) 42. 78"$74+(2 42? C/(8& 58&%<.#1 4)14#7#$2(2?.

6# 1730#&7# 4#1 8.=/>8 58F)0)$#1 <L8& +? 8A,?: N 8.34&? 5.3 7)"<L8&

%&) (:.#K2 4+. >2%#F&0<(48"+. (,%8") 48L.&5D. 4)14#7#$2(2? #%&02-

4,, 87$ 42 C/(8& 7&=).#4&5D. 7)")*+*&5D. %#.4<0+. #%&024,. E42. 8.342-

4) 5.4, 7)"<L#1%8 %&) 8&()*+*, (4) Gaussian process binary classifiers. E42.

8.3424) 5.5,)"L&5/ 8&(/*#1%8 4#1? >&)5"&4&5#:? )5#0#1=&D. GP classifiers.

'. (1.8L8$), 7)"<L#1%8 42. 7"#48&.3%8.2 %8=#>#0#*$) 4)14#7#$2(2? #%&-

024,, 87$ 42 C/(8& >&)5"&4&5D. )5#0#1=&D. 4)A&.#%24D. GP >&)%#"F#:%8-

.+. %8 L",(2 5)4)00,0+. log likelihood-ratio kernels. 6<0#?, (42. 8.3424)

5.6, 2 78&")%)4&5, )A&#03*2(2 42? 7"#48&.3%8.2? %8=3>#1 >&8A/*84)& %8

L",(2 4+. (100#*D. PolyVar database [9], 5)& YOHO database [10].
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5.3 B<#:)#%"; 8"%($-@; 8)<./5/:,+,; F'$9,.*

5.3.1 D("H>#.,., B"$'@(/< 8)<./5/:,+, '" G#*+, GMM

U.) g-(1.&(4+(D. GMM H %8 8&(3>#1? )73 <.) d->&/(4)4# LD"# 7)")-

4,"2(2? X <L8& 42. %#"F,

p(x|H,θH) !
g∑

j=1

wjN (x|µj, Σj) (5.1)

37#1N (x|µj, Σj) 8$.)& %&) 7#01%84/C0242 Gaussian %8 %<(#µj 5)& (1.>&)-

5:%).(2 Σj

N (x|µj, Σj) ! (2π)−d/2|Σj|−1/2

× exp

(
−1

2
(x− µj)

TΣ−1
j (x− µj)

) (5.2)

θH = {µj, Σj, wj|j = 1, ..., g} 8$.)& #& 7)"/%84"#& 4#1 %#.4<0#1,5)& p(x|H,θH)

2 7&=).#F/.8&) 4#1 %#.4<0#1 H *&) 8$(#># x ∈ X . 6) Gaussian mixture

models )7#480#:. 4) >2%#F&0<(48") 7)")*+*&5/ %#.4<0) #%&024, 7#1 L"2-

(&%#7#&#:.4)& (42. ).8A/"4242 58&%<.#1 4)14#7#$2(2 #%&024,, 0)%C/.#.-

4) 1K20#:? "1=%#:? ).)*.D"&(2? *&) L)%20<? 17#0#*&(4&5<? 7#0170#-

534248? [1]. -. 5)& 2 *8.&5, %#"F, 4#1 %#.4<0#1, +? >$>84)& )73 42. (1),

17#(42"$S8& 70,"8&? 7$.)58? (1.>&)5:%).(2?, ,=&(4)& >&)*D.&#& 7$.)58?

(1.>&)5:%).(2? .) 7"#4&%#:.4)& (8 8F)"%#*<? ).8A/"4242? 58&%<.#1 4)1-

4#7#$2(2? #%&024,, 5)=D? 7"#(F<"#1. 5)0:48"2 17#0#*&(4&5, )7#>#4&-

53424) 857)$>81(2?, 8F3(#. (1.8L8$? ).4&(4"#F<? 7&./5+. d×d >8. 8$.)&

).)*5)$8?.
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N 7&# 87&41L2%<.2 GMM-C)(&(%<.2 %8=#>#0#*$) ).8A/"4242? 58&%<.#1

4)14#7#$2(2? #%&024, 8$.)& 2 %<=#>#? Gaussian mixture model -- universal

background model (GMM-UBM) [2]. I73 )14,., 2 4)14#7#$2(2 #%&024, *&)

<.). #%&024,-780/42 *$.84)& %8 L",(2 >1# >&)F#"84&5D. GMMs: ()) 8.3?

&45&20)'45&6 %#.4<0#1 Ω, ).)7)"&(4D.4#? 4&? 5#&.<? &>&34248? 4+. (2-

%/4+. #%&0$)? %84)A: 30+. 4+. #%&024D., 5)& %8 854&%24&5, 4+. 7)")-

%<4"+. 4#1 )73 <.) %8*/0# )"&=%3 #%&024D. %8 L",(2 4#1 EM algorithm

[12], 5)& (C) 8.3? %#.4<0#1 !)/$(7M , 17#0#*&S#%<.#1 %8 7"#()"%#*, 4#1

#&5#1%8.&5#: %#.4<0#1Ω%8 L",(2 42? #%&0$)? 4#1 780/42 5)& %&)? Bayesian

7"#()"%#(4&5,? 48L.&5,? (maximum a posteriori (MAP) estimation) [13].

6348, >#=<.4#? 4#1 )5#0#1=&)5#: (,%)4#? x = {x1, ...,xT}, %&) :"8-

0&/&%<" 34$5#4-7* (utterance score)S(x) 0)%C/.84)& 7)$".#.4)? 4# log like-

lihood-ratio 4#1 %#.4<0#1 780/42, M , 5)& 4#1 #&5#1%8.&5#: %#.4<0#1, Ω, *&)

5)=<.) )73 4) frames xt 4) (1.&(4D.4) 42. )5#0#1=$) x, 5)& )5#0#:=+?

)="#$S#.4)? 5)4/ %,5#? 42? )5#0#1=$)?, ,4#&

S(x) ! 1

T

T∑

t=1

log
p(xt|M,θM)

p(xt|Ω,θΩ)

=
1

T

T∑

t=1

logp(xt|M,θM)− 1

T

T∑

t=1

logp(xt|Ω,θΩ)

=
1

T
logp(x|M,θM)− 1

T
logp(x|Ω,θΩ)

(5.3)

-143 4# utterance score S(x) )7#4808$ 5)& 4# 5"&4,"&# 0,K2? )73F)(2? 173

42. GMM-UBM 7"#(<**&(2, >&) 42? (1*5"$(8+? 42? 4&%,? 4#1 %8 <.) 5)-

4DF0& 5)4/0020) 87&08*%<.# D(48 .) )7#>$>8& %&) 87&=1%24, &(#""#7$)

%84)A: 4+. >&)F#"84&5D. 4:7+. (F)0%/4+. (i.e. false positives 5)& false
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negatives).

5.3.2 J>+"$ B"$'@(/< 8)<./5/:,+, '" G#*+, PMM

E4&? C/(8& 58&%<.#1 8F)"%#*<?, 37#1 4# 78"&8L3%8.# 42? #%&0$)? 8$.)& )73

7"&. *.+(43, 87&70<#. L"#.&5, 702"#F#"$) %7#"8$ .) 78"&02F=8$ (42. >&)-

>&5)($) 42? 4)14#7#&,(8+? #%&024, >&) 42? L",(2? hidden Markov models

+? 42? C/(2? 4+. (1.)"4,(8+. 7&=).#F).8$)?,).4$ 4+. GMMs.X7+? <L8&

5)4)>8&L=8$ (8 7#00<? 7"3(F)48? %80<48? (>8?, 7.L., [1]), ). 5)& 4) HMMs

>8. F)$.84)& .) 7"#(F<"#1. )A&30#*) #F<02 (42. ).8A/"4242 58&%<.#1

4)14#7#$2(2 #%&024,, 8%F).$S#.4)& 7"/*%)4& .) .) 7"#(F<"#1. 1K20348-

"#1? "1=%#:? ).)*.D"&(2? (8 (L<(2 %8 4) GMMs 34). <L#1%8 .) 5/.#1%8

%8 C/(8& 58&%<.#1 4)14#7#$2(2. -143 #F8$084)& 7"#F).D? (42. &5).342-

4) 4+. HMMs .) (100)%C/.#1. 5)0:48") 4&? L"#.&5<? &>&34248? %&)? 85

4+. 7"#4<"+. *.+(4,? F"/(2?-508&>&#: 4)14#7#$2(2?, 702"#F#"$) 7#1

8$.)& 5)4)>&5)(%<.2 (42. )7D08&) 34). L"2(&%#7#&#:%8 GMMs.

-? (1%C#0$(#1%8 <.) υ-5)4)(4/(8+. HMM H %8 4# (:.#0# 7)")%<4"+.

θH = {πh, ahξ, bh(xt)|h, ξ = 1, ..., υ}, 37#1 πh 8$.)& 2 5)4).#%, 4+. )"L&5D.

5)4)(4/(8+., ahξ #& 7&=).34248? %84/C)(2? 8.3? C,%)4#?, 5)& bh(xt) 2 7&-

=).34&? 857#%7,? 42? 7)")4,"2(2? xt )73 42. h#(4, 5)4/(4)(2, %#.48-

0#7#&#:%8.2 +? <.) GMM [14]. 6:7#&?, )"&(48"/-7"#?->8A&/ HMMs L+-

"$? 178"C/(8&? 5)4)(4/(8+., 5)& %8 >&)*D.&#1? 7$.)58? (1.>&)5:%).(2?

7"#4&%#:.4)&, 5)=D? <L8& 5)4)>8&L=8$ 34& 8$.)& 5)4/0020) *&) L",(2 %8 8$-

(#># C)(&(%<.2 (8 mel frequency cepstral coefficients (MFCC), 7#1 ,=&(4)&

.) L"2(&%#7#&#:.4)& *&) ).)7)"/(4)(2 4+. (2%/4+. #%&0$)? [15].;8 /0-
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0) 03*&), <L#1%8 π1 = 1, πh'=1 = 0, ahξ = 0 ∀ξ > h + 1 ∧ ξ < h, 5)&

bh(xt) =
g∑

j=1

whjN (xt|µhj, Σhj) (5.4)

37#1 g 8$.)& # )"&=%3? 4+. (1.&(4+(D. 5)4).#%D. )./ 5)4/(4)(2, 5)&

Σhj = diag(Σ1
hj, ...,Σ

d
hj). E1.,=+?, 7"#58&%<.#1 .) 85480<(#1%8 42. C/(8&

58&%<.#1 4)14#7#$2(2 8.3? 780/42 #%&024,, >1# >&)F#"84&5/ %#.4<0) L"2-

(&%#7#&#:.4)&, <.) &45&20)'45+ %#.4<0#, Ω, ).)7)"&(43. 4&? 5#&.<? &>&342-

48? 4+. (2%/4+. #%&0$)? >&)F#"84&5D. #%&024D., 857)&>813%8.# %8 L",-

(2 4#1 Baum-Welch )0*#"$=%#1 [14], 5)& <.) HMM %#.4<0# !)/$(7, M ,

).)7)"&(43. 42. (1./"42(2 7&=).#F).8$)? 4#1 #%&024,, 0)%C).3%8.# %8

L",(2 %&)? 48L.&5,? MAP 7"#()"%#*,? 4#1 #&5#1%8.&5#: %#.4<0#1 Ω (4)

>8>#%<.) #%&0$)? 4#1 780/42,7)"#%#$+? %8 42. 78"$74+(2 4#1 GMM-UBM

)0*#"$=%#1 [3].6348, >#=8$(2? %&)? )5#0#1=$)? (<5F")(2?) x = {x1, ...,xT},

<.) >&)5"&4&53 score S(x)%7#"8$ .) 17#0#*&(=8$ 0)%C/.#.4)? 4# log likelihood-

ratio 4#1 %#.4<0#1 780/42, M , 7"#? 4# #&5#1%8.&53 %#.4<0#, Ω, *&) 42. 70,-

"2 )5#0#1=$) x, ,4#&

S(x) ! log
p(x|M,θM)

p(x|Ω,θΩ)
= logp(x|M,θM)− logp(x|Ω,θΩ) (5.5)

6# score S(x) L"2(&%#7#&8$4)& *&) 42. 0,K2 )73F)(2? +? 7"#? 42. 8"-

*)($) 42? C/(8& 58&%<.#1 4)14#7#$2(2? #%&024,, >&) 42? (1*5"$(8+? %8

5/7#&# 5)4/0020) 7"#5)=#"&(%<.# 5)4DF0&.6<0#?, ).)F#"&5/ %8 42. log

likelihood logp(x|H,θH), )14, %7#"8$ 8:5#0) .) 17#0#*&(=8$ %8 L",(2 4#1

4#&? 7/(& *.+(4#: forward-backward algorithm (>8?, 7.L., [14]). E4# 1730#&-

7# 4#1 7)"3.4#? 58F)0)$#1, =) ).)F8"3%8=) (8 )14, 42. C/(8& 58&%<.#1
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%8=#>#0#*$) 4)14#7#$2(2? #%&024, +? 2 HMM-UBM %<=#>#?.

5.4 E<)=$-* 8)H$(&',+, '" G#*+, Gaussian Processes

U(4+ <.)? LD"#? 7)")4,"2(2?X .;&) (4#L)(4&5, >&)>&5)($) Gauss (Gaussian

process) f(x), x ∈ X , #"$S84)& +? %&) -2//&%9 (2>"<,' 0)(":/7(;', &4&-

39!&() (2>"<& !/98&* (,' &!&<,' 1>)4 04" "!+ 5&4'&6 5"("'&09 Gauss [4].

;&) Gaussian process #"$S84)& 70,"+? >&) 42? (1./"42(2? %<(2? 4&%,? 42?

5)& 42? (1./"42(2? (1.>&)5:%).(,? 42?. M"$S#1%8 42. %<(2 4&%, m(x)

5)& 42. (1./"42(2 (1.>&)5:%).(2? k(x,x′) %&)? 7")*%)4&5,? >&)>&5)($-

)? f(x) +?

m(x) =E[f(x)]

k(x,x′) =E[(f(x)−m(x))(f(x′)−m(x′))]
(5.6)

5)& *"/F#1%8

f(x) ∼ N (m(x), k(x,x)) (5.7)

E1.,=+?, *&) )703424), 5)& L+"$? )7D08&) *8.&53424)?, # %<(#? 42? >&)>&-

5)($)? 0)%C/.84)& +? %2>8.&53?, m(x) = 0, 7)"34& )143 >8. 8$.)& )7)")$-

424#.-.)F#"&5/ %8 42. 87&0#*, 42? (1./"42(2? (1.>&)5:%).(2?, %&) %8-

*/02 *5/%) )73 kernel functions k(x,x′) =) %7#"#:(8 .) =8+"2=8$, )./0#-

*) %8 42. 85/(4#48 8F)"%#*, [4].

-? =8+",(#%8 <.) 7"3C02%) >1)>&5,? 4)A&.3%2(2? 87$ 4#1 LD"#1 7)-

")4,"2(2? X . E42. (1.<L8&), =) L"2(&%#7#&#:%8 4&? 84&5<48? y = +1 5)&

y = −1 *&) .) >&)5"$.#1%8 4&? >1# 50/(8&?.;&) 5#%K, 0:(2 (4# 7"3C02%)

)143 %7#"8$ .) 02F=8$ %8 L",(2 4+. Gaussian processes [4]. N C)(&5, &><)

(42. L",(2 4+. Gaussian processes *&) >&8.<"*8&) >1)>&5,? 4)A&.3%2(2? 8$-
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.)& )"584/ )70, -- 87&C/00#1%8 %&) GP prior 5)4).#%, 87$ 42? 5"1F,? (1-

./"42(2? f = f(x) 42. #7#$) 5)& 4"#F#>#4#:%8 (42. a (&*%#8&>, (1./"-

42(2 7&=).#F).8$)? σ(f(x)) *&) .) 0/C#1%8 %&) prior 87$ 42? 7&=).3424)?

π(x) ! p(y = +1|x) = σ(f(x)). E2%8&D(848 34& 2 π 8$.)& .4848"%&.&(4&5,

(1./"42(2 42? f , 5)& 5)=D? 2 f 8$.)& (4#L)(4&5,, 4# $>&# =) &(L:8& 5)&

*&) 42. π. U(4+, 4D"), D = {(xi, yi)|i = 1, ..., n} <.) (:.#0# >8>#%<.+.,

37#1 xi 8$.)& 4) 7)")42",(&%) >8>#%<.) 5)& yi #& ).4$(4#&L8? %84)C02-

4<? 50/(8+? (84&5<48?). M"$S#1%8 87$(2? 4&? 7#(34248? X = [x1...xn] 5)&

y = [y1...yn]T. N 4)A&.3%2(2 %8 L",(2 Gaussian processes 78"&0)%C/.8& >1#

(4/>&): ()) 17#0#*&(%3 42? (posterior) 5)4).#%,? 42? 5"1F,? %84)C024,?

f∗ 42? ).4&(4#&L#:()? (42. 78"$74+(2 >#5&%,? x∗, >#=<.4#? 4#1 (1.30#1

>8>#%<.+. 857)$>81(2? D

p(f∗|X,y,x∗) =

∫
p(f∗|X,x∗,f)p(f |X,y)df (5.8)

37#1 p(f |X,y) = p(y|f)p(f |X)/p(y|X) 8$.)& 2 posterior 87$ 4+. 5"1FD.

%84)C024D. 4+. ).4&(4#&L#1(D. (4) >8>#%<.) 857)$>81(2?, 5)&, (C) 42.

8. (1.8L8$) L",(2 42? posterior 5)4).#%,? 87$ 42? 5"1F,? %84)C024,? f∗

t 7"#58&%<.#1 .) 0/C#1%8 %&) 7"3C08K2 4)A&.3%2(2?, >&) %<(#1 42? (1-

./"42(2? 5)4).#%,? 7"3C08K2? π∗, ,4&? #"$S84)& +?

π∗ ! p(y∗ = +1|f∗) = σ(f∗) (5.9)

'$.)& 7"#F).<? 34& 4# #0#50,"+%) (42. (8) 8$.)& %2 17#0#*$(&%# ).)-

014&5/. E1.87D?, 7"#58&%<.#1 .) 78")&D(#1%8 4# 7"3C02%) >1)>&5,? 4)-

A&.3%2(2? %8 L",(2 4#1 17#4&=<.4#? GP model, 7"<78& .) L"2(&%#7#&,(#1-
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%8 8$48 ).)014&5<? 7"#(8**$(8&? #0#502"+%/4+., 8$48 0:(8&? C)(&(%<.8?

(8 48L.&5<? Monte Carlo [4]. E42. 8"*)($) )14,, 1&#=84#:%81 42. >2%#F&-

0, Laplace approximation [17], ,78" L"2(&%#7#&8$ %&) Gaussian 7"#(<**&(2

q(f |X,y) (42. posterior p(f |X,y) (4# #0#50,"+%) (8), 87$ 42? C/(8& %&)?

>814<")? 4/A8+? )./741A2? 5)4/ Taylor 42? logp(f |X,y) *:"+ )73 4# %<*&-

(4# 42? posterior.U(4+ k∗ 4# >&/.1(%) 4+. (1.>&)51%/.(8+. %84)A: 4#1

(2%8$#1 >#5&%,? x∗ 5)& n (2%8$+. 857)$>81(2? 78"&0)%C).3.4+. 4# X

k∗ ! [k(x1,x∗)...k(xn,x∗)]
T (5.10)

5)& K # 7$.)A 4+. (1.>&)51%/.(8+. %84)A: n >8>#%<.+. 857)$>81(2?,

,4#&

K !





k(x1,x1) k(x1,x2)... k(x1,xn)

k(x2,x1) k(x2,x2)... k(x2,xn)

.

.

.

.

.

.

.

.

.

k(xn,x1) k(xn,x2)... k(xn,xn)





(5.11)

6348, 173 42. Laplace 7"#(<**&(2, 2 7"#(8**&(4&5, posterior 5)4).#%, 42?

1!"#4&%#:%8 4&? ).)014&5<? 7"#(8**$(8&? )73 4&? Monte Carlo 48L.&5<? 03*+ 4#1 7#0:
5)0:48"#1 17#0#*&(4&5#: 4#1? 53(4#1?. ;84)A: 4+. >2%#F&0<(48"+. ).)01(4&5D. 48-
L.&5D., 7#1 8$.)& 2 7"#(<**&(2? Laplace 5)& expectation-propagation (EP) [16] )0*3"&=%#?,
7"#4&%#:%8 42. 7"D42 %<=#>#, 03*+ 42? )70#1(4<")? %#"F,? 4#1 7"#5:74#.4#? )0*#-

"$=%#1, (8 (1.>1)(%3 %8 4# 34& )7)&4#:. 17#0#*&(4&5/ 42? &>$)? 4/A2? %8*<=#1?, 5& <L#1.
C"8=8$ (8 <.) )"L&53 (:.#0# 78&")%/4+. %)? .) >$.#1. 42. $>&) )73>#(2 ).).D"&(2?
#%&024,.
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5"1F,? (1./"42(2? f∗ 4#1 >1)>&5#: 4)A&.#%24, GP 0)%C/.8& [17]

q(f∗|X,y,x∗) = N (f∗|Eq[f∗|X,y,x∗], Vq[f∗|X,y,x∗]) (5.12)

37#1

Eq[f∗|X,y,x∗] = kT
∗K

−1f̂ = kT
∗∇logp(y|f̂) (5.13)

Vq[f∗|X,y,x∗] = k(x∗,x∗)− kT
∗(K + W−1)−1k∗ (5.14)

W ! −∇2logp(y|f) (5.15)

5)& 2 f̂ 0)%C/.84)& %8 8F)"%#*, 42? %8=3>#1 Newton's %8 87)./02K2 #"&-

S3%8.2 )73 42.

fnew = (K−1 + W )−1(Wf +∇logp(y|f)) (5.16)

P)%C/.#.48? 42. posterior 5)4).#%, 42? 5"1F,? (1./"42(2? f∗ 4#1

>1)>&5#: 4)A&.#%24, GP, q(f∗|X,y,x∗), %7#"#:%8 70<#. .) 5/.#1%8 7"#-

C0<K8&? *&) 42. /*.+(42 84&5<4) 50/(8+? y∗. -14<? #& 7"#C0<K8&? 8$.)&

)703 .) *$.#1. %8 L",(2 8.3?MAP 5"'+'" !#+:/)A7*, 3? C)($S84)& (8 %&)

854&%,4"&) 42? 7"#C0874&5,? 7&=).3424)?, 02F=8$(2? %8 L",(2 42? posterior

7"#(>#524,? 4&%,? 42? f∗, >&>3%8.2? )73 42.

π̂∗ = σ (Eq[f∗|X,y,x∗]) (5.17)

-. π̂∗ > P , 37#1 P = 1/2, =8+"8$4)& 34& y∗ = +1, 8&>/00+? y∗ = −1. ;&)

8.)00)54&5, 7"#(<**&(2, 0)%C/.#1() <.) 4)143(2%# )7#4<08(%) >1)>&-

5,? 4)A&.3%2(2? [18], )00/ 7)"<L#1() 4)14#L"3.+? %&) 854$%2(2 8%7&-
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(4#(:.2? *&) 42. 85/(4#48 7"3C08K2, 78"&0)%C/.8& 42. ).4&5)4/(4)(2

42? MAP 854&%24"$)? π̂∗ %8 42. 7"#(>#524, 4&%, 42? π∗, 2 #7#$) ).)F<"8-

4)& (1.,=+? +? 2 01-7 !#&:/)!(459 !48"'+(7(", 5)& #"$S84)& +?

π̄∗ ! p(y∗ = +1|X,y,x∗) =

∫
σ(f∗)p(f∗|X,y,x∗)df∗ (5.18)

9#=<.4#? 4#1 7"#(8**&(4&5#: (173 42. 7"#(<**&(2 Laplace) posterior %<(#1

5)& (1.>&)5:%).(2? 42? f∗, 2 <5F")(2? 42? %<(2? 7"#C0874&5,? 5)4).#-

%,? π̄∗ 0)%C/.8&

π̄∗ ≈ Eq[π∗|X,y,x∗] =

∫
σ(f∗)q(f∗|X,y,x∗)df∗ (5.19)

U4(&, %8 42. L",(2 42? %<(2? 7"#C0874&5,? 7&=).3424)?, #& 4)A&.#%24<?

GP 7)"<L#1. (2%).4&5/ 708#.854,%)4) (8 (L<(2 %8 4#1? SVM 4)A&.#-

%24<?, #& #7#$#& 78"&#"$S#.4)& (42. 7)"#L, 7"#C0<K8+. *&) 4) 173 %8-

0<42 >8>#%<.), L+"$? .) 7)"<L#1. 5)& %&) 854$%2(2 8%7&(4#(:.2? (42.

7"3C08K2 [5]. E42. 7)"#:() 8"*)($), 85%84)00813%8=) 4) 708#.854,%)-

4) )14/ 4+. >1)>&5D. 4)A&.#%24D. GP, L"2(&%#7#&D.4)? 42. %<(2 7"#-

C0874&5, 7&=).3424) π̄∗ *&) 4&? 7"#C0<K8&?, 0)%C/.#.48? <.) 5)0:48"# (:-

.#"# )73F)(2? *&) 42. >&)>&5)($) 42? 4)14#7#$2(2?, (8 (L<(2 %8 42. MAP

854&%24&5,, %8 5)4/00202 87&0#*, 4#1 5)4+F0$#1 )73F)(2?. E2%8&D.#1-

%8 34& %&) 7)"3%#&) 7"#(<**&(2 <L8& 87$(2? 1&#=842=8$ 5)& (4# [3], 37#1 #&

7"#(>#524<? 4&%<? 4+. 7&=).#4,4+. 8A3>#1 8.3? HMM L"2(&%#7#&#:.4)&

(42. >&)>&5)($) 42? 4)14#7#$2(2? #%&024,, ).4$ 4+. 5)=)143 7&=).#4,-

4+., 4#&#14#4"37+? C804&D.#.4)? 4) (:.#") )73F)(2?, ,4#& 4#1? "1=-

%#:? 87&41L$)? 4#1 4)14#7#&24, #%&024,.
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6<0#?, (L84&5/ %8 42. (1./"42(2 7&=).#F).8$)? p(y|f) 4#1 >1)>&5#:

4)A&.#%24, GP, 17/"L#1. 7#00<? (1.)"42(&)5<? %#"F<? 4#1, )7#>$>#1-

(8? 42. 7&=).3424) 42? 5/=8 50/(2? (43L#1 +? (1./"42(2 42? %84)C02-

4,? f . '>D, 1&#=84#:%8 42. "8#&4-(459 Gaussian (probit) (1./"42(2 Φ(.),

0)%C/.#.48?

p(y|f) = Φ(yf) (5.20)

5)&, (1.87D?

σ(f) = Φ(f) (5.21)

,4&? 87&4"<78& 42. 0,K2 %&)? ).)014&5/ 17#0#*$(&%2? <5F")(2? 42? %<(2?

7"#C0874&5,? 7&=).3424)?, π̄∗, >$.#.4)? [4]

π̄∗ = Φ(z∗) (5.22)

37#1

z∗ =
Eq[f∗|X,y,x∗]√

1 + Vq[f∗|X,y,x∗]
(5.23)

M& 85F"/(8&? 4+. ∇logp(y|f) 5)& ∇2logp(y|f) *&) )14, 42. 87&0#*, 7&=)-

.#F).8$)? >$.#.4)& (4# !)"/"42%).

5.5 8)<./5/:,+, F'$9,.* '" G#*+, E$)-#$(/<-

+0( D-/9/<C:"; Gaussian Processes

;<L"& (4&*%,? <L#1%8 17#=<(8& 34& 2 8$(#>#? x (8 <.) 4)A&.#%24, Gaussian

process 8$.)& <.) )703 >&/.1(%), %8 4&? 4&%<? 8.3? 70,=#1? %84",(&%+. L)-

")542"&(4&5D.. T(43(#, (8 7#00/ 7"#C0,%)4) %/=2(2?, #& 8$(#>#& 8.3?
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4)A&.#%24, >8. 8$.)& )70/ >&).:(%)4), )00/ >#%2%<.) ).4&58$%8.) 37+?

)5#0#1=$8? , )53%) 5)& *"/F#&. -14, 8$.)& 2 78"$74+(2 5)& (42. 4)14#-

7#$2(2 #%&024,, 37#1 #& 8$(#>#& 8$.)& )5#0#1=&)5<? 85F"/(8&?, 78"&0)%-

C/.#1(8? <.) %2 (4)=8"3 )"&=%3 7#01>&/(4)4+. >8>#%<.+., x = {xt}T
t=1,

37+? 8A2*,()%8 5)& 7"#2*#:%8.). E1.87D?, *&) .) 78")&D(#1%8 42. 4)1-

4#7#$2(2 #%&024, %8 L",(2 4)A&.#%24D. Gaussian process, L"8&/S84)& .)

8&(/*#1%8 %&) %8=#>#0#*$) )78&53.&(2? 4+. %84)C024#: %,5#1? )5#0#1-

=&D. (8 (2%8$) <.) (4)=8",? >&/(4)(2? LD"#1, 87$ 4#1 #7#$#1 5)& =) L4$-

(#1%8 4#. 4)A&.#%24, Gaussian process.

;&) 5#%K, 0:(2 (4# 7"3C02%) )143 %7#"8$ .) 02F=8$ L"2(&%#7#&D.-

4)? <.) score-space kernel +? 42 (1./"42(2 (1.>&)5:%).(2? 4#1 GP 4)-

A&.#%24,. M& score-space kernels [7, 19], 8A)*3%8.#& +? %&) *8.$581(2 4#1

Fisher kernel [8], 87&4"<7#1. >&)5"&4&5#$ 4)A&.#%24<? 37+? GPs 5)& SVMs

.) 4)A&.#%#:. 70,"8&? )5#0#1=$8?, %8 )A&#7#$2(2 8.3? (1.30#1 7)")%8-

4"&5D.  7)")*+*&5D.  %#.4<0+.  7"#58&%<.#1  .)  0/C#1.  %&)  )78&53.&(2

4+. %84)C024#: %,5#1? )5#0#1=&D. (8 %8%#.+%<.) (2%8$) (8 <.) (4)-

=8"/? >&/(4)(2? LD"#, 4#. )7#5)0#:%8.# score-space.N )78&53.&(2 )14,

0)%C/.84)& 8F)"%3S#.4)? <.) 5)4/0020# 4808(4, (8 %&) (1./"42(2 C)=-

%#0#*$)? 7&=).#F).8$)? (likelihood score) 42. #"&S3%8.2 87$ 8.3? (1.30#1

7)")*+*&5D. %#.4<0+.. U(4+ <.) (:.#0# )73 R 7)")*+*&5/ %#.4<0)

%8 (1.)"4,(8&? 715.3424)? 7&=).3424)? p(x|Mr,θr), r = 1, ..., R, 37#1

θr 8$.)& 4# (:.#0# 7)")%<4"+. 4#1 %#.4<0#1 Mr. N *8.&5, <5F")(2 42?

).4&(4#$L2(2? 42? )5#0#1=$)? x = {x1, ...,xT} 8&? <.) score-space >$>84)&

)73

φĜ,L(x) = Ĝ [L({p(x|Mr,θr)|r ∈ R})] (5.24)
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37#1 φĜ,L(x) 8$.)& 4# score-vector 37#1 ).4&(4#&L$S84)& 2 >#(%<.2 )5#0#1-

=$) x, L({p(x|Mr,θr)|r ∈ R}) 8$.)& 2 score function 2 8F)"%#S3%8.2 87$

4+. 7&=).#F).8&D.  4#1 =8+"2=<.4#? (1.30#1 7)")*+*&5D. %#.4<0+.,

5)0#1%<.2 +? 4# score-argument, 5)& Ĝ 8$.)& # score-operator 7#1 )78&5#.$-

S8& 4# C)=%+43 score-argument (4# score-space, 0)%C/.#.4)? 4# score-vector

42? )5#0#1=$)? x.

T? (1.8S24,=2 (4# [4], (L8>3. 5/=8 (1./"42(2 =) %7#"#:(8 .) L"2-

(&%#7#&2=8$ (42. (24) +? 4# score-argument, L(.), 5)& )14, 2 87&0#*, 8A)"-

4/4)& %3.# )73 42. 85/(4#48 8F)"%#*,. '>D, 87$ 42 C/(8& 4+. 7"#2*#1-

%<.+? 7)"#1(&)(=<.4+. )7#4808(%/4+. (L84&5/ %8 4&? 51"$)"L8? (,%8")

48L.&5<? C/(8& 58&%<.#1 5)& ).8A)"4,4+? 58&%<.#1 4)14#7#$2(2? #%&024,,

L"2(&%#7#&#:%8 4# log likelihood-ratio >1# ).4)*+.&(4&5D. %#.4<0+., >20.

8.3? %#.4<0#1 !)/$(7, M , 5)& 8.3? &45&20)'45&6 %#.4<0#1, Ω, +? 7"#?

%&) >#(%<.2 )5#0#1=$). -.)F#"&5/ %8 4) =8+"#:%8.) 7)")*+*&5/ %#-

.4<0), L"2(&%#7#&#:%8 GMMs %4" (7' "')=$#(7(7 5)401'&2 ("2(&!&<7-7,

5)& HMMs *&) 42. C/(8& 58&%<.#1 4)14#7#$2(2. 6<0#?, (L84&5/ %8 42. 87&-

0#*, 4#1 score-operator, Ĝ, 5)4/00208? 8.)00)54&5<? 78"&0)%C/.#1. 4#.

4808(4, 7"D42? 7)")*D*#1, Ĝ = ∇θ, 5)& 4#. 4808(4, 7"D42? 7)")*D*#1

5)& #"$(%)4#?, Ĝ = [∇θ, 1]T, 37#1 θ = {θM ,θΩ} [20]. -%F348"8? )14<? #&

8.)00)54&5<? =) )A&#0#*2=#:. (4# 78&")%)4&53 %<"#? 4#1 8.=/>8 58F)-

0)$#1.

U.) (2%).4&53 S,42%) (L84&5/ %8 42. score-space )78&53.&(2 (24) ).)-

F<"84)& (42. *8.&5/ %2 '1508$>8&) F:(2 4#1 7"#5:74#.4#? LD"#1 )78&-

53.&(2? +? <L8&, 7.L., )7#>8&L=8$ (4&? 8"*)($8? [20] 5)& [21]. '$.)& 7"#F)-

.<? 34& 4# *8*#.3? )143 87&C/008& 42. 8F)"%#*, %&)? >&)>&5)($)? 5).#-
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.&5#7#$2(2? (whitening) D(48 .) 0/C#1%8 8. 4<08& <.). '1508$>8&# LD"#.

Euclidean one. '&>&5348"), =8+"#:%8 4#. %84)(L2%)4&(%3 [22]

ψĜ,L(x) = Λ−1φĜ,L(x) (5.25)

37#1

Λ = E
{(

φĜ,L(x)− E
[
φĜ,L(x)

])(
φĜ,L(x)− E

[
φĜ,L(x)

])T
}

(5.26)

I73 4#. %84)(L2%)4&(%3 )143, #& (1.&(4D(8? 4+. score-vectors 5).#.&5#-

7#&#:.4)& (8 %2>8.&53 %<(# 5)& %#.)>&)$) >&)5:%).(2 (,4#&, 4) >&).:-

(%)4) C/(2? 4#1 score-space )78&5#.$S#.4)& (8 <.) #"=#5).#.&53 LD"#).

T(43(#, 8$.)& F).8"3 34& # %84)(L2%)4&(%3? (26) 78"&0)%C/.8& 42. ).4&-

(4"#F, 8.3? 7$.)5) Λ 5)& /") %7#"8$ .) 87/*8& ).87&=1%,4+? (2%).4&5/

17#0#*&(4&5/ 53(42. E8 4<4#&8? 78"&74D(8&?, 5).8$? %7#"8$ .) 5)4)F:*8&

(8 %&) >&)*D.&) , %70#5 >&)*D.&) 7"#(<**&(2 4#1 Λ (>8?, 7.L., [23]).

J"2(&%#7#&D.4)? 4#1? 02F=<.48? score-vectors ψĜ,L(x) 4+. 7)")42"#:-

%8.+. 7#01>&)(4/4+. )5#0#1=&D., <.)? 5#&.3417#? score-space kernel %7#-

"8$ .) 8A)L=8$ %8 L",(2 %&)? =8D"2(2? 8(+48"&5#: *&.#%<.#1, +? [20]

kdot(x,x′) = ψT

Ĝ,L(x)ψĜ,L(x′) (5.27)

T(43(#, 5)& /008? %#"F<? score-space kernels =) %7#"#:(). 87$(2? .) =8-

+"2=#:. (>8?, 7.L., [4]). O&) 03*#1? 87$>8&A2?, 8%8$? =) =8+",(#1%8 5)&

42. 4:7#1 .81"+.&5#: >&54:#1 kernel function, 2 #7#$) )7#>8&5.:84)& 34&

0)%C/.84)& )73 <.) .81"+.&53 8.3? 5"1F#: 87&7<>#1, (4# 3"&# 5)=D? 4#
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70,=#? 5"1FD. 53%C+. 48$.8& (4# /78&"# [24--26]. I(L:8&

kNN(ψĜ,L(x),ψĜ,L(x′)) =
2

π
sin−1



 2ψ̃Ĝ,L(x)TΞψ̃Ĝ,L(x′)
√

(1 + 2ψ̃Ĝ,L(x)TΞψ̃Ĝ,L(x))(2ψ̃Ĝ,L(x′)TΞψ̃Ĝ,L(x′))





(5.28)

37#1 Ξ = diag(ρ2
0, ρ

2, ..., ρ2), 5)& ψ̃Ĝ,L(x) ! [1,ψĜ,L(x)T]T. -%F348"8? #& 8.

03*+ 8.)00)54&5<?, kdot 5)& kNN, =) )A&#0#*2=#:. (4# 78&")%)4&53 %<"#?

)14#: 4#1 58F)0)$#1.

E42. (1.<L8&) >$.#1%8 4&? ).)014&5<? 85F"/(8&? 4+. score-arguments,

L(p(x|M,θM), p(x|Ω,θΩ)), 5)& 4+. 7"# 42. 5).#.&5#7#$2(2 score-vectors,

φĜ,L(x), *&) 4&? 7#&5$08? %#"F<? 4#1 score-operator, Ĝ, *&) )%F348") 4) 7"#-

C0,%)4) 42? C/(8& 58&%<.#1 5)& 42? ).8A/"4242? 58&%<.#1 4)14#7#$2(2?.

5.5.1 D("H>#.,., B"$'@(/< 8)<./5/:,+,

X7+? ,>2 ).874:A)%8, *&) 4#1? (5#7#:? 42? ).8A/"4242? 58&%<.#1 4)1-

4#7#$2(2? #%&024, %8 L",(2 4#1 >&)5"&4&5#: )5#0#1=&D. Gaussian process

4)A&.#%24,, L"2(&%#7#&#:%8 >1# ).4)*+.&(4&5/ >&)*D.&) GMMs, <.) %#-

.4<0# 780/42, M , 5)& <.) #&5#1%8.&53 %#.4<0#, Ω, 857)&>813%8.) +? 78-

"&*"/F84)& (42. '.3424) 5.3.1 *&) 0,K2 4+. score-vectors. U4(&, >#=8$(2?

42? )5#0#1=$)? (<5F")(2?) x = {x1, ...,xT}, 17#0#*$S#1%8 42. ).4$(4#&L2

C)=%#0#*$) )5#0#1=$)? (utterance score) S(x), #"&S3%8.2 (42. (3), 5)& 4#
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L"2(&%#7#&#:%8 +? 4# score-argument 4#1 4)A&.#%24, %)?. UL#1%8

L({p(x|Mr,θr)|r ∈ {M,Ω}})

=
1

T

T∑

t=1

logp(xt|M,θM)− 1

T

T∑

t=1

logp(xt|Ω,θΩ)

=
1

T
logp(x|M,θM)− 1

T
logp(x|Ω,θΩ)

(5.29)

U4(&, =<4#.4)? 4#. 4808(4, 7"D42? 7)")*D*#1 +? 4#. L"2(&%#7#&#:%8.#

score-operator, Ĝ = ∇θ, 0)%C/.#1%8 4# score-vector

φ(x) = ∇θ

(
1

T
logp(x|M,θM)− 1

T
logp(x|Ω,θΩ)

)

=




1
T

∑T
t=1∇θM logp(xt|M,θM)

− 1
T

∑T
t=1∇θΩlogp(xt|Ω,θΩ)




(5.30)

8.D, =8+"D.4)? 4#. 4808(4, 7"D42? 7)")*D*#1 5)& #"$(%)4#?, Ĝ = [∇θ, 1]T,

<L#1%8

φ+(x) =



 φ(x)

1
T logp(x|M,θM)− 1

T logp(x|Ω,θΩ)



 (5.31)

N <5F")(2 4#1 ∇θH logp(xt|H,θH) *&) <.) g-(1.&(4+(D. >&)*D.&# GMM

H %8 8&(3>#1? )73 <.) d->&/(4)4# LD"# 7)")4,"2(2? X , 5)& %8 (:.#0#

7)")%<4"+. θH = {wj, µl
j, Σ

l
j|j = 1, ..., g, l = 1, ..., d}, 37#1 µj = [µl

j]l 5)&

Σj = diag(Σ1
j , ...,Σ

d
j ), >$.#.4)& (4# !)"/"42%).
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5.5.2 J>+"$ B"$'@(/< 8)<./5/:,+,

-5#0#1=D.4)? 42. (1S,42(2 42? 8.3424)? 5.3.2, *&) 42. >&8A)*+*, 42?

C/(8& 58&%<.#1 4)14#7#$2(2? %8 L",(2 4+. >&)5"&4&5D. )5#0#1=&D. Gauss-

ian process >1)>&5D. 4)A&.#%24D., 4) score-vectors 81"$(5#.4)& %8 L",(2

8.3? 7)")*+*&5#: %#.4<0#1 780/42 #%&024,, M , 5)& 8.3? #&5#1%8.&5#:

%#.4<0#1 #%&024,, Ω, 7#1 4D") 87&0<*#.4)& .) 8$.)& )"&(48"/-7"#?->8A&/

hidden Markov models L+"$? 178"C/(8&? 5)4)(4/(8+. %8 >&)*D.&#1? 7$-

.)58? (1.>&)5:%).(2? (8A. (4)). E1.87D?, >#=8$(2? %&)? )5#0#1=$)? x =

{x1, ...,xT}, 4# ).4$(4#&L# score S(x), 17#0#*$S84)& )73 42. (5), 5)& L"2(&-

%#7#&8$4)& +? 4# score-argument 4#1 4)A&.#%24, %)?. ;8 /00) 03*&)

L({p(x|Mr,θr)|r ∈ {M,Ω}}) = logp(x|M,θM)− logp(x|Ω,θΩ) (5.32)

-73 42. (32), <L#1%8 34& =<4#.4)? 4#. 4808(4, 7"D42? 7)")*D*#1 +? 4#

score-operator 4#1 4)A&.#%24, GP, Ĝ = ∇θ, 0)%C/.#1%8 4# score-vector

φ(x) =



 ∇θM logp(x|M,θM)

−∇θΩlogp(x|Ω,θΩ)



 (5.33)

8.D, =8+"D.4)? 4#. 4808(4, 7"D42? 7)")*D*#1 5)& #"$(%)4#?, Ĝ = [∇θ, 1]T,

<L#1%8

φ+(x) =



 φ(x)

logp(x|M,θM)− logp(x|Ω,θΩ)



 (5.34)

N <5F")(2 4#1∇θH logp(x|H,θH) *&) <.) υ-5)4)(4/(8+., )"&(48"/-7"#?-

>8A&/ HMM H /.81 178"C/(8+. 5)4)(4/(8+. 5)& %8 L",(2 >&)*D.&+.,

g-(1.&(4+(D., GMMs #"&S3%8.+. 87$ 8.3? d->&/(4)4#1 LD"#1, %8 θH =
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{ahξ, whj, µl
hj, Σ

l
hj|h,= 1, .., υ, h ≤ ξ ≤ h + 1, j = 1, ..., g, l = 1, ..., d}, 37#1

µj = [µl
j]l 5)& Σj = diag(Σ1

j , ...,Σ
d
j ), >$.#.4)& (4# !)"/"42%).

5.6 !"$#>').)

5.6.1 D("H>#.,., B"$'@(/< 8)<./5/:,+,

N 7"#48&.3%8.2 %8=#>#0#*$) ).8A/"4242? 58&%<.#1 4)14#7#$2(2? #%&02-

4, )A&#0#*8$4)& %8 L",(2 42? (100#*,? PolyVar [9].N PolyVar 78"&0)%C/.8&

38 #%&024<? 780/48?, 24 /.>"8? 5)& 14 *1.)$58?, 5)4)*8*")%%<.#1? %<(+

8.3? 4208F+.&5#: >&54:#1. 85 )5#0#1=$8? 5)48*"/F2(). )73 5)=<.) (8

5 (1.3>#1?, %8 17 )5#0#1=$8? )./ (:.#>#. I7/"L#1. 87$(2? 952 A<.8?

)5#0#1=$8? )73 56 /*.+(4#1? #%&024<?, 5)=8$? (1.8&(F<"+. 17 )5#0#1-

=$8? )./ (:.#>#. M& 0,K8&? <*&.). %<(+ 4208FD.#1, /"), 4) >8>#%<.)

78"&<L#1. 8.>#*8.D? =3"1C#.M& 7"#F8"3%8.8? F"/(8&? 78"&0)%C/.#1. 5

87).)0,K8&? 17 #1(&)(4&5D. 5)& 5)=2%8"&.D. 85F"/(8+. O)00&5,?, %8 3

+? 12 F=3**#1?.N PolyVar 7)"<L8& <.) )1(42"3 7"+435#00# 5)=#"&(%#:

4+. )5#0#1=&D. 7#1 =) 78"&0)%C/.#.4)& (8 5)=<.) 4+. (1.30+. 857)$-

>81(2? 5)& )A&#03*2(2? 42? 85/(4#48 8F)"%#S3%8.2? %8=#>#0#*$)?.

E4)  78&"/%)4/  %)?, 4)  (,%)4)  #%&0$)?  ).)7)"$(4).4)&  %8  42.  L",-

(2 4+. (1.4808(4D. 12#1-C)=%#: perceptual linear prediction (PLP) cepstral

coefficients, #& #7#$#& 17#0#*$S#.4)& %8 L",(2 8.3? 32-ms 7)")=:"#1 %8 10-

ms #0$(=2(2. '7&70<#., 2 8.<"*8&) 4#1 (,%)4#?, 5)=D? 5)& #& 7"D42? 5)&

>8:48"2? 4/A2? 7)"/*+*#& 17#0#*$S#.4)&, )7#>$>#.4)? feature vectors %8

(1.#0&5/ 39 (1.&(4D(8?. !8")&4<"+, cepstral mean subtraction L"2(&%#7#&-

,=258 *&) .) )F)&"8=8$ 2 87$>")(2 4#1 >&):0#1 87&5#&.+.$)?. '543? 4#1

218



!$.)5)? 5.1: -.8A/"4242 H8&%<.#1 6)14#7#$2(2
;#.4<0# % EER % min HTER

GMM-UBM 6.12 5.53

GMM-UBM/SVM 5.94 5.37

SVM / first derivative kdot kernel 5.55 5.13

SVM / first derivative plus argument kdot kernel 5.55 5.03

GP / first derivative kdot kernel 3.32 2.95

GP / first derivative kNN kernel 3.66 3.15

GP / first derivative plus argument kdot kernel 3.32 2.95

GP / first derivative plus argument kNN kernel 3.64 3.15

7"#48&.#%<.#1 %#.4<0#1, )A&#0#*#:%8 87$(2? 4) (1(4,%)4) GMM-UBM

(3), <.) 1C"&>&53 GMM-UBM/SVM 37#1 # 03*#? 7&=).#F).8&D. 7)")%8-

4"#7#&8$4)& %8 L",(2 8.3? SVM *&) 854&%24&5, 4+. 7)")%<4"+. [27], 5)&

4# C)(&(%<.# (8 GMM >&)5"&4&53 )5#0#1=&D. SVM [23].6# C<04&(4# %<*8-

=#? 4+. GMMs (,4#&, # )"&=%3? 4+. (1.&(4+(D. 4#1? 5)4).#%D.) 21"<=2

%8 L",(2 cross-validation, 37+? 5)& (4) [27] 5)& [23], 0)%C/.#.4)? <.) #&-

5#1%8.&53 %#.4<0# %8 1000 (1.&(4D(8? 5)4).#%<?, 5)& %#.4<0) 780)4D.

%8 200 (1.&(4D(8? 5)4).#%<?, )5"&CD? 37+? 80,F=2 5)& (4) [27] 5)& [23].

M& SVM- 5)& GP-C)(&(%<.8? %8=#>#0#*$8? )A&#0#*,=25). %8 L",(2 )%F#-

4<"+. 4+. score-operators 7"D42? 7)")*D*#1 5)& 7"D42? 7)")*D*#1 5)&

#"$(%)4#?. 6) L"2(&%#7#&#:%8.) SVMs ,4). *")%%&5/ 37+? 5)& (4# [23].

N 7"#48&.3%8.2 %<=#>#? )A&#0#*,=258 %8 L",(2 )%F#4<"+. 4+. 71",.+.

kdot 5)& kNN.M& 178"7)"/%84"#& 4# 71",.) kNN 21"<=2(). %8 C804&(4#7#$-

2(2 4#1 log marginal likelihood 4#1 %#.4<0#1 [4].

E4#. !$.)5) 1, 7)"<L#1%8 4#. "1=%3 (F/0%)4#? &(3424)? (equal error

rate, EER), 5)& 4# 80/L&(4# ,%&(1 (1.#0&5#: "1=%#: (F/0%)4#? (minimum

half total error rate, min HTER) *&) 4) =8+"2=<.4) %#.4<0). '7&(2%)$.8-
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EL,%) 5.1: -.8A/"4242 H8&%<.#1 6)14#7#$2(2: P2F=,(8? DET 5)%7:08?

4)& 34& 4) )7#480<(%)4) )14/ 80,F=2(). L"2(&%#7#&D.4)? <.) (4)=8"3

5)4DF0& )73F)(2? *&) 30#1? 4#1? #%&024<?. !)")42"#:%8 34& 4) 7"#48&-

.3%8.) %#.4<0) >$.#1. HTER %<L"& 5)& 46.65% 5)0:48"# )73 4# GMM-

UBM model, 5)& %<L"& 5)& 42.5% 5)0:48"# )73 4) SVM-4:7#1 %#.4<0).

!)")42"#:%8 87$(2? 34& # 71",.)? kNN 8$L8 L8&"348"2 87$>#(2 )73 4#.

71",.) 8(+48"&5#: *&.#%<.#1, 43(# (8 (L<(2 %8 4# EER 3(# 5)& %8 4# min

HTER. 6<0#?, (4# EL. 1, >$>#.4)& #& 02F=,(8? DET 5)%7:08? 4+. >&)F3"+.

%#.4<0+. (=8+"D.4)? score-operators 7"D42? 7)")*D*#1).
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5.6.2 J>+"$ B"$'@(/< 8)<./5/:,+,

O&) .) 7)"<L#1%8 %&) )A&#03*2(2 42? 7"#48&.3%8.2? C/(8& 58&%<.#1 %8-

=#>#0#*$)?  4)14#7#$2(2?  #%&024,, L"2(&%#7#&#:%8  42.  (100#*,  YOHO

[10]. N YOHO 78"&0)%C/.8& <.) 08A&03*&# )7#480#:%8.# )73 >&K,F&#1?

)"&=%#:? (1.8LD? 7"#F8"3%8.#1? (8 (:.#0) 4+. 4"&D. (7.L., “62-31-53” ,

“sixty-two thirty-one fifty-three”).9&)&"8$4)& (8 4%,%)4) 857)$>81(2? (enrollm-

ent) 5)& )A&#03*2(2? %#.4<0#1 (verification). H/=8 4%,%) 78"&0)%C/.8& >8-

>#%<.) )73 138 #%&024<? (108 /.>"8? 5)& 30 *1.)$58?).I7/"L#1. 4 enrollme-

nt (:.#>#& )./ #%&024, 5)& 5/=8 (:.#>#? 78"&0)%C/.8& 24 )5#0#1=$8?, 8.D

17/"L#1. 5)& 10 verification (:.#>#& )./ #%&024, 5)& 5/=8 (:.#>#? 78"&-

0)%C/.8& 4 )5#0#1=$8?. -73 4#1? 138 #%&024<?, (4# 78$")%/ %)?, #& 41 8A

)14D. L"2(&%#7#&#:.4)& +? A<.#& - /*.+(4#&, 5)& #& 0#&7#$ +? *.+(4#$ - 78-

0/48?. 6) (,%)4) #%&0$)? %#.480#7#&#:.4)& %8 39->&/(4)4) >&).:(%)4),

37+? 5)& (4# 7"#2*#:%8.# 78$")%).

N 87$>#(2 4#1 %#.4<0#1 %)? (1*5"$.84)& %8 4# HMM-UBM (:(42%)

(5), 5)& 4# HMM-C)(&(%<.# >&)5"&4&53 )5#0#1=&D. SVM 7#1 7"#84/=2

(4# [7]. H/=8 >&K,F&#? )"&=%3? 4#1 >&)=8($%#1 08A&5#: >&)&"8$4)& (8 >1#

0<A8&?: %&) >85/>) (“30,” “40,” “50,” “60,” “70,” “80” , “90”) 5)& %&) %#./>)

(“1,” “2,” “3,” “4,” “5,” “6,” “7,” “8,” , “9”). H)4/ (1.<78&), <L#1%8 (1.#0&-

5/ 16 0<A8&?. E4# 78$")%/ %)?, 5/=8 0<A2 ).)7)"$(4)4)& %8 <.) )"&(48"/-

7"#?->8A&/ HMM, L+"$? 178"C/(8&? 5)4)(4/(8+., %8 8 5)4)(4/(8&? 5)&

%&) )70, Gaussian 5)4).#%, 857#%7,? )./ 5)4/(4)(2,%8 >&)*D.&# 7$.)5)

(1.>&)5:%).(2?. 6) HMM %#.4<0) 780)4D. (16 )./ #%&024,) 854&%#:.4)&

%8 L",(2 96 )5#0#1=&D. (4 enrollment sessions and 24 utterances per session),

8.D 4) 16 #&5#1%8.&5/ HMMs (<.) )./ 0<A2) 857)&>8:#.4)& %8 L",(2 3936
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!$.)5)? 5.2: @/(8& H8&%<.#1 6)14#7#$2(2
;#.4<0# EER % min HTER

HMM-UBM 1.44 1.35

SVM / first derivative kdot kernel 0.96 0.88

SVM / first derivative plus argument kdot kernel 0.96 0.86

GP / first derivative kdot kernel 0.60 0.55

GP / first derivative kNN kernel 0.60 0.55

GP / first derivative plus argument kdot kernel 0.60 0.55

GP / first derivative plus argument kNN kernel 0.60 0.55

)5#0#1=&D. (41 #%&024<? 5)& 96 )5#0#1=$8? 857)$>81(2? )./ #%&024,).

M& SVM- 5)& GP-C)(&(%<.8? %8=#>#0#*$8? )A&#0#*,=25). %8 L",(2 )%-

F#4<"+. 4+. score-operators 7"D42? 7)")*D*#1 5)& 7"D42? 7)")*D*#1

5)& #"$(%)4#?. 6) L"2(&%#7#&#:%8.) SVMs ,4). *")%%&5/ 37+? 5)& (4#

[23].N 7"#48&.3%8.2 %<=#>#? )A&#0#*,=258 %8 L",(2 )%F#4<"+. 4+. 71-

",.+. kdot 5)& kNN.M& 178"7)"/%84"#& 4# 71",.) kNN 21"<=2(). %8 C804&-

(4#7#$2(2 4#1 log marginal likelihood 4#1 %#.4<0#1 [4], 37+? 5)& (4# 7"#2-

*#:%8.# 78$")%). E4# !$.)5) 2, >$>#1%8 4&? %84"&5<? EER 5)& min HTER

*&) 4) 7#&5$0) %#.4<0).'7&(2%)$.84)& 34& 4) )7#480<(%)4) )14/ 80,F=2-

(). L"2(&%#7#&D.4)? <.) (4)=8"3 5)4DF0& )73F)(2? *&) 30#1? 4#1? #%&-

024<?. !)")42"#:%8 34& 4) 7"#48&.3%8.) %#.4<0) >$.#1. HTER %<L"& 5)&

59.26% 5)0:48"# )73 4# NMM-UBM model, 5)& %<L"& 5)& 37.5% 5)0:48"#

)73 4) SVM-4:7#1 %#.4<0). !)")42"#:%8 87$(2? 34& 2 87$>#(2 4#1 7"#-

48&.3%8.#1 %#.4<0#1 >8. /00)S8 )00/S#.4)? 4#. kernel , 4# score-operator.

6<0#?, (4# EL. 2, >$>#.4)& #& 02F=,(8? DET 5)%7:08? 4+. >&)F3"+. %#-

.4<0+. (=8+"D.4)? score-operators 7"D42? 7)")*D*#1).

EL84&5/ %8 4&? 85F"/(8&? 4+. ∇logp(y|f) 5)& ∇2logp(y|f) *&) 42. 87&-
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EL,%) 5.2: @/(8& H8&%<.#1 6)14#7#$2(2: P2F=,(8? DET 5)%7:08?
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08L=8$() (&*%#8&>, 7&=).#F/.8&), <L#1%8

∇logp(y|f) =

[
∂

∂f1
logp(y1|f1)...

∂

∂fn
logp(yn|fn)

]T

(35)

37#1
∂

∂fi
logp(yi|fi) =

yiN (fi)

Φ(yifi)
(36)

N (fi) 8$.)& 2 (.7.7. 42? 417#7#&2%<.2? Gaussian 5)4).#%,?, 5)&

∇2logp(y|f) =





∂2

∂f2
1

logp(y1|f1) 0 . . . 0

0 ∂2

∂f2
2

logp(y2|f2) . . . 0

.

.

.

.

.

.

.

.

.

.

.

.

0 0 . . . ∂2

∂f2
n

logp(yn|fn)





(37)

37#1
∂2

∂f2
i

logp(yi|fi) = − N (fi)2

Φ(yifi)2
− yifiN (fi)

Φ(yifi)
(38)

EL84&5/ %8 42. <5F")(2 42?∇θH logp(xt|H,θH) *&) >&)*D.&) GMMs, %8

L",(2 42? (1) <L#1%8

∇θH logp(xt|H,θH) =

[
∂

∂wj∗
, ...,

∂

∂µl∗
j∗

, ...,
∂

∂Σl∗
j∗

]T

× logp(xt|H,θH)

(39)

37#1
∂

∂wj∗
logp(xt|H,θH) =

N (t, j∗)∑g
j=1 wjN (t, j)

(40)
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∂

∂µl∗
j∗

logp(xt|H,θH) =
wj∗N (t, j∗)∑g
j=1 wjN (t, j)

xl∗
t − µl∗

j∗

Σl∗
j∗

(41)

∂

∂Σl∗
j∗

logp(xt|H,θH)

=
wj∗N (t, j∗)

2
∑g

j=1 wjN (t, j)






(
xl∗

t − µl∗
j∗

Σl∗
j∗

)2

− 1

Σl∗
j∗






(42)

5)& N (t, j) 8$.)& 2 7&=).#F/.8&) 42? j#(42? (1.&(4D()? 5)4).#%,? 4#1

%#.4<0#1 H +? 7"#? 4# >8>#%<.) xt, ,4#&

N (t, j) ! N (xt|µj, Σj) (43)

6<0#?, (L84&5/ %8 42. <5F")(2 42? ∇θH logp(x|H,θH) *&) 4) 4#1 =8+-

"2=<.4#? 4:7#1 HMMs, )*.#D.4)? 4&? priors ah,h+1 >&) 42? &>&3424)?

ah,h+1 = 1− ahh

<L#1%8 [20]

∇θH logp(x|H,θH) =

[
∂

∂ah∗h∗
, ...,

∂

∂wh∗j∗
, ...,

∂

∂µl∗
h∗j∗

, ...,
∂

∂Σl∗
h∗j∗

]T

× logp(x|H,θH)

(44)

37#1

∂

∂ah∗h∗
logp(x|H,θH) =

T∑

t=1

{
γh∗(t)

ah∗h∗
− 1

Tah∗h∗(1− ah∗h∗)

}
(45)
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∂

∂wh∗j∗
logp(x|H,θH) =

T∑

t=1

γh∗j∗(t)

{
1

wh∗j∗
− γh1(t)

wh∗1γh∗j∗(t)

}
(46)

∂

∂µl∗
h∗j∗

logp(x|H,θH) =
T∑

t=1

γh∗j∗(t)
xl∗

t − µl∗
h∗j∗

Σl∗
h∗j∗

(47)

∂

∂Σl∗
h∗j∗

logp(x|H,θH) =
T∑

t=1

1

2
γh∗j∗(t)






(
xl∗

t − µl∗
h∗j∗

Σl∗
h∗j∗

)2

− 1

Σl∗
h∗j∗




 (48)

γh∗j∗(t) = γ̃h∗(t)
wh∗j∗N (xt|µh∗j∗ , Σh∗j∗)∑g
j=1 wh∗jN (xt|µh∗j, Σh∗j)

(49)

γ̃h(t) 8$.)& 2 5).#.&5#7#&2%<.2 posterior 7&=).3424) "$K2? 42? 7)")4,"2-

(2? xt )73 42. h#(42 5)4/(4)(2 4#1 %#.4<0#1

γ̃h(t) =
γh(t)∑T

τ=1 γh(τ)
(50)

5)& 2 <5F")(2 4+. γh(t) %7#"8$ .) C"8=8$ (4# H8F. 4. E2%8&D.84)& 34& 2 8.

03*+ 5).#.&5#7#$2(2, 2 )7#>$>#1() 4&? 7#(34248? γ̃h(t) <.).4& 4+. γh(t),

<*&.8 17#5&.#:%8.2 )73 8.=)""1.4&5/ )7#480<(%)4) )73 42. (L84&5, C&-

C0&#*")F$) 878A8"*)($)? (,%)4#? (>8?, 7.L., [7]).
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