
EJNIKO METSOBIO POLUTEQNEIOSQOLH HLEKTROLOGWN MHQANIKWN KAI MHQANIKWNUPOLOGISTWNTOMEAS SHMATWN, ELEGQOU KAI ROMPOTIKHSERGASTHRIO SUSTHMATWN AUTOMATOU ELEGQOUAnadromik  Ekt�mhsh Kat�stash
 Mh Grammik¸nStoqastik¸n Dunamik¸n Susthm�twn: Nèa MhGrammik� F�ltra Kalman, Beltiwmèna F�ltraSwmatid�wn kai Efarmog  se Sust mataSuneqoÔ
 Katagraf 
 th
 Glukìzh

DIDAKTORIKH DIATRIBHtouAlèxandrou Q.Qaralamp�dh

Aj na, Apr�lio
 2011



(this page is left intentionally blanc)

2



EJNIKO METSOBIO POLUTEQNEIOSQOLH HLEKTROLOGWN MHQANIKWN KAI MHQANIKWNUPOLOGISTWNTOMEAS SHMATWN, ELEGQOU KAI ROMPOTIKHSERGASTHRIO SUSTHMATWN AUTOMATOU ELEGQOU
Anadromik  Ekt�mhsh Kat�stash
 Mh Grammik¸nStoqastik¸n Dunamik¸n Susthm�twn: Nèa MhGrammik� F�ltra Kalman, Beltiwmèna F�ltraSwmatid�wn kai Efarmog  se Sust mataSuneqoÔ
 Katagraf 
 th
 Glukìzh
DIDAKTORIKH DIATRIBHtouAlèxandrou Q.Qaralamp�dhSumbouleutik  Epitrop : Ge¸rgio
 P. Papabasilìpoulo
Bas�leio
 Z. Marmarèlh
Pètro
 A. Maragkì
Egkr�jhke apì thn eptamel  exetastik  epitrop  thn 1h April�ou 2011.........................................Ge¸rgio
 P. Papabasilìpoulo
Kajhght 
 EMP ........................................Bas�leio
 Z. Marmarèlh
Kajhght 
 USC

........................................Pètro
 A. Maragkì
Kajhght 
 EMP........................................TrÔfwn G. Kousiour 
Kajhght 
 EMP ........................................Bas�leio
-G. Papanikol�ouKajhght 
 EMP ........................................Kwn. I. Kuriakìpoulo
Kajhght 
 EMP........................................Ge¸rgio
 D. M tsh
Lèktora
 Pan. KÔprouAj na, Apr�lio
 2011. 3



...................................Alèxandro
 Q. Qaralamp�dh
Did�ktwr Hlektrolìgo
 Mhqanikì
 kai Mhqanikì
 Upologist¸n E.M.P.
c© 2011 Ejnikì Metsìbio Poluteqne�o. All rights reserved.4



Per�lhyhTo pr¸to mèro
 th
 diatrib 
 afor� thn anadromik  ekt�mhsh kat�stash
 mh gram-mik¸n stoqastik¸n susthm�twn diakritoÔ qrìnou. Eisagwgik� parousi�zetai o ma-jhmatikì
 formalismì
 kai ta basik� apotelèsmata sthn perioq  me èmfash stoF�ltro Kalman kai ti
 mh grammikè
 parallagè
 tou (EKF,UKF,GHKF), en¸ g�ne-tai sunoptik  parous�ash kai twn Particle Filters. 'Ustera, parousi�zontai k�poie
euretikè
 tropopoi sei
 sta F�ltra Kalman gia mh grammik� sust mata: antistro-f  th
 sun�rthsh
 exìdou, ekt�mhsh sugkekrimènh
 mh grammik 
 sun�rthsh
 th
kat�stash
, enallaktikì sÔnolo s-shme�wn gia to UKF kai qr sh th
 epikratoÔsa
tim 
. AkoloÔjw
 melet¸ntai sust mata pou apoteloÔntai apì grammik� dunamik�sust mata ta opo�a diasundèontai metaxÔ tou
 me mh grammikè
 statikè
 qarakth-ristikè
. Arqik� exet�zetai h per�ptwsh ìpou oi qarakthristikè
 èqoun m�a e�sodo,sthn opo�a e�nai dunatì ìla ta probl mata upologismoÔ anamenìmenwn tim¸n na a-naqjoÔn se probl mata olokl rwsh
 se m�a kai dÔo diast�sei
. Me ton trìpo autìe�nai efiktì na g�noun akribèsteroi upologismo� se sqèsh me ton �meso upologismìpou apaite� olokl rwsh sto q¸ro kat�stash
 o opo�o
 endèqetai na èqei meg�lh di-�stash. Katìpin exet�zetai h per�ptwsh qarakthristik¸n me pollè
 eisìdou
, ìpoukai p�li e�nai dunat  h me�wsh th
 t�xh
 th
 olokl rwsh
. Ep�sh
 apodeiknÔetaiìti oi proteinìmene
 teqnikè
 d�noun apotelèsmata anallo�wta se metasqhmatismoÔ
omoiìthta
 tou q¸rou kat�stash
. Prote�netai mèjodo
 arijmhtik 
 olokl rwsh
gia ton upologismì twn anamenìmenwn tim¸n, enallaktik  th
 Gauss-Hermite, eidik�sqediasmènh gia mh grammik� f�ltra b�sei elaqistopo�hsh
 norm¸n kai apodeiknÔe-tai h sÔgklis  th
. Tèlo
, prote�nontai belti¸sei
 sta Auxiliary Particle Filterkai Unscented Particle Filter. 'Ole
 oi proteinìmene
 teqnikè
 sugkr�nontai se ka-t�llhla parade�gmata me ti
 prìtupe
. Ta apotelèsmata de�qnoun ìti se pollè
peript¸sei
 h belt�wsh e�nai drastik .To deÔtero mèro
 afor� th qr sh f�ltrwn se dedomèna apì SÔsthma SuneqoÔ
Katagraf 
 th
 Glukìzh
 (SSKG). Exhge�tai h shmas�a tou SSKG sth dhmiour-g�a TeqnhtoÔ Pagkrèato
 kai perigr�fontai ta probl mata pou èqoun ta SSKG.Sqedi�zontai f�ltra basismèna sto F�ltro Kalman kai ta Particle Filters k�nonta
qr sh apl¸n montèlwn gia th dunamik  tou sust mato
. Ta f�ltra efarmìzontaise peiramatik� dedomèna apì asjene�
 se MEJ kai ta apotelèsmata de�qnoun ìti hqr sh twn f�ltrwn odhge� se shmantik  me�wsh tou sf�lmato
 ekt�mhsh
 th
 glu-kìzh
.Lèxei
 Kleidi�: Mh Grammik� Sust mata, Stoqastik� Sust mata, Anadromi-k  Ekt�mhsh Kat�stash
, Nìmo
 tou Bayes, F�ltro Kalman, Sust mata Eidik 
Dom 
, F�ltra Swmatid�wn, Auxiliary Particle Filter, Unscented Particle Filter,Arijmhtikè
 Mèjodoi, Mèjodo
 Olokl rwsh
 Gauss-Hermite, Teqnhtì P�gkrea
,Sust mata SuneqoÔ
 Katagraf 
 th
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Abstract

The first part of this thesis deals with the recursive state estimation of discrete
time nonlinear stochastic systems. The formulation of the problem and some ba-
sic results are presented in the introduction, with emphasis on the Kalman Filter
and its nonlinear variants (EKF,UKF,GHKF), while the Particle Filters are also
mentioned. Then, some heuristic modifications of nonlinear Kalman Filters are
presented: inversion of the output function, estimation of a specific state function,
use of an alternative sigma-point set for UKF and use of the mode. In the fol-
lowing, systems that consist of linear dynamical systems interconnected through
static nonlinear characteristics are studied. Initially, the case of single-input non-
linearities is considered and it is proved that in this case it is possible to reduce the
computation of all the expected values involved to one and two-dimensional inte-
gration. This way, more accurate calculations can be made than with the direct
integration on the state space, which may be of high dimension. Then the case
of multi-input characteristics is treated, and it is shown that again it is possible
to reduce the integration order. Furthermore, it is shown that the results of the
proposed techniques are invariant to similarity transformations of the state space.
A quadrature technique, alternative to the Gauss-Hermite quadrature, specially
designed for nonlinear filters using norm minimization concepts is proposed and
its convergence is proved. Finally, improvements for the Auxiliary Particle Filter
and the Unscented Particle Filter are presented. All the proposed techniques are
compared with the standard ones in suitable examples. The results show that in
some cases the improvement is drastic.

The second part deals with the use of filters in data from a Continuous Glucose
Monitoring System (CGMS). The importance of the CGMS in the construction
of an Artificial Pancreas is explained and the problems of CGMSs are described.
Filters based on the Kalman Filter and on the Particle Filter are designed using
simple models of the systems dynamics. The filters are applied to experimental
data from ICU patients, and the results show that the use of filters leads to sig-
nificant reduction of the glucose estimation error.

Keywords: Nonlinear Systems, Stochastic Systems, Recursive State Estimation,
Bayes’ Rule, Kalman Filter, Systems of Special Structure, Particle Filters, Auxil-
iary Particle Filter, Unscented Particle Filter, Numerical Methods, Gauss-Hermite
Quadrature, Artificial Pancreas, Continuous Glucose Monitoring Systems



Euqarist�e
O suggrafèa
 epijume� na ekfr�sei ti
 euqarist�e
 tou ston epiblèponta kaj.Ge¸rgio Papabasilìpoulo gia thn kajod ghsh kai th bo jeia pou tou prosèferekaj¸
 kai gia to gegonì
 ìti tou pare�qe ti
 kat�llhle
 sunj ke
 gia th diexagwg èreuna
. Anamf�bola h parous�a tou k. Papabasilìpoulou ephrèase thn ìlh exèlixhth
 didaktorik 
 èreuna
. Shmantik   tan kai h suneisfor� tou kaj. Bas�leiouMarmarèlh, kajhght  sto University of Southern California, h opo�a afor� topraktikì mèro
 th
 diatrib 
. Sto �dio mèro
 suneisèfere kai o lèktora
 tou Pan.KÔprou Ge¸rgio
 M tsh
. Stou
 dÔo autoÔ
 kajhghtè
 ekfr�zw thn euqarist�a moukai gia to gegonì
 ìti  tan suneq¸
 prìjumoi na bohj soun me k�je trìpo par� thgewgrafik  apìstash pou qwr�zei th q¸ra ma
 apì ti
 dikè
 tou
. Euqarist¸ ep�sh
ton kaj. Pètro Maragkì pou summete�qe sthn trimel  sumbouleutik  epitrop .O kajhght 
 tou tomèa ma
 TrÔfwn Kousiour 
 e�nai ed¸ kai qrìnia èna
 a-pì tou
 anjr¸pou
 pou me èqoun bohj sei polÔ sthn pore�a mou tìso ìtan  mounproptuqiakì
 foitht 
 ìso kai pio prìsfata, kat� ta qrìnia pou  moun upoy fio
did�ktora
. Exairetik  anafor� prèpei na g�nei kai ston kajhght  th
 SEMFE Ba-s�leio Papanikol�ou, o opo�o
 ep�sh
  tan p�nta prìjumo
 na suneisfèrei, all� kaio opo�o
 up rxe o did�skwn sto proptuqiakì m�jhma Pijanot twn kai Statistik 
ìtan to parakoloÔjhsa, epomènw
 apì autìn did�qthka gia pr¸th for� to antike�me-no th
 Jewr�a
 Pijanot twn, pou tìso kentrik  jèsh èqei sth diatrib  aut . Akìmhprèpei na ekfr�sw ti
 euqarist�e
 mou ston kajhght  Kwnstant�no Kuriakìpouloth
 Sqol 
 Mhqanolìgwn Mhqanik¸n gia thn projum�a tou na summet�sqei sthneptamel  epitrop  kr�sh
.Epijum¸ akìmh na euqarist sw ton upoy fio did�ktora tou Ergasthr�ou SAEIw�nnh Kord¸nh, me ton opo�o e�qame pollè
 suzht sei
 gia ereunhtik� jèmata kaisten  sunergas�a sto epikourikì èrgo.Jermè
 euqarist�e
 epijum¸ ep�sh
 na ekfr�sw pro
 ìlou
 tou
 sunerg�te
 ma
sto Nosokome�o {ATTIKON}. 'Htan p�nta qar� mou na èrqomai se epikoinwn�ame ìlou
 tou
. Idia�tera jèlw na euqarist sw ton kajhght  Pajolog�a
 Ge¸r-gio Dhmhtri�dh, ton kaj. Apìstolo Armagan�dh, dieujunt  th
 B' Panepisthmiak 
Mon�da
 Entatik 
 Jerape�a
, kai ton iatrì Kwnstant�no Pont�kh, o opo�o
  tanupeÔjuno
 gia th sugkèntrwsh twn dedomènwn pou parousi�zontai sto praktikìmèro
 th
 diatrib 
.Sqedìn apokleistik  phg  qrhmatodìthsh
 gia thn ekpìnhsh th
 didaktorik 
aut 
 diatrib 
 apotèlese upotrof�a apì ton Eidikì Logariasmì 'Ereuna
 tou I-drÔmato
. 7
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Kef�laio 1Eisagwg H diatrib  aut  apotele�tai apì dÔo mèrh, to jewrhtikì, sto opo�o exet�zetaito prìblhma th
 anadromik 
 ekt�mhsh
 kat�stash
 mh grammik¸n stoqastik¸n su-sthm�twn, kai to praktikì, sto opo�o melet�tai h qr sh f�ltrwn se èna SÔsthmaSuneqoÔ
 Katagraf 
 th
 Glukìzh
 (SSKG).M�lista, h an�gkh gia filtr�risma sta dedomèna tou SSKG apotèlese shma-ntikì k�nhtro kai gia th diexagwg  èreuna
 sth Jewr�a Ekt�mhsh
. Ant�strofa, ankai sto praktikì mèro
 efarmìzontai teqnikè
 twn opo�wn h jewrhtik  b�sh pro-�p rqe, h enasqìlhsh me th sugkekrimènh jewrhtik  perioq  bo jhse sth sqed�ashkalÔterwn f�ltrwn gia to SSKG. 'Etsi, parìlo pou ta dÔo mèrh ja mporoÔsan naup�rqoun kai anex�rthta, sthn pragmatikìthta apoteloÔn proðìn th
 metaxÔ tou
allhlep�drash
.To jewrhtikì mèro
 katalamb�nei th megalÔterh èktash. Sthn enìthta 1.1g�netai m�a anaskìphsh th
 jewr�a
 anadromik 
 ekt�mhsh
 kat�stash
 mh grammik¸nstoqastik¸n susthm�twn diakritoÔ qrìnou. D�netai èmfash sto F�ltro Kalman kaiti
 mh grammikè
 parallagè
 tou. To F�ltro Swmatid�wn parousi�zetai sunoptik�.Sta kef�laia 2�5 parousi�zontai ta apotelèsmata pou proèkuyan.To kef�laio 2 èqei w
 jèma tou k�poie
 tropopoihmène
 ekdoqè
 mh grammik¸nf�ltrwn Kalman. Oi tropopoi sei
 autè
 èqoun kur�w
 euretik  b�sh kai den apo-teloÔn th sunèpeia k�poia
 majhmatik 
 prìtash
. E�nai sqediasmène
 ètsi ¸stena antimetwp�zontai k�poia fainìmena pou emfan�zontai sthn ekt�mhsh kat�stash
orismènwn mh grammik¸n susthm�twn. Sto kef�laio autì anadeiknÔetai mèsw twnparadeigm�twn pou melet¸ntai h duskol�a pou parousi�zei to prìblhma th
 anadro-mik 
 ekt�mhsh
, ìpw
 ep�sh
 kai to gegonì
 ìti oi up�rqouse
 teqnikè
 den arkoÔngia thn epituq  antimet¸pish ìlwn twn problhm�twn filtrar�smato
. AnadeiknÔetaiep�sh
 h shmas�a th
 sqed�ash
 f�ltrwn pou e�nai sqediasmèna eidik� gia to sÔsthmatou opo�ou thn kat�stash jèloume na ektim soume.AkoloÔjw
, h prosoq  esti�zetai se sust mata eidik 
 dom 
. Sugkekrimèna,
Ο ενδιαφερόμενος αναγνώστης μπορεί να επικοινωνήσει με το συγγραφέα στην ηλεκτρο-

νική διεύθυνση alexchar@central.ntua.gr 10



exet�zontai ta sust mata pou apoteloÔntai apì th mh grammik  statik  diasÔndeshgrammik¸n dunamik¸n susthm�twn. To kef�laio 3 perilamb�nei thn per�ptwsh ìpouoi mh grammikè
 statikè
 qarakthristikè
 èqoun m�a e�sodo. To basikì apotèlesmatou kefala�ou e�nai ìti se aut n thn per�ptwsh e�nai dunatì o upologismì
 ìlwntwn emplekìmenwn anamenìmenwn tim¸n na anaqje� se olokl rwsh se m�a kai dÔodiast�sei
, en¸ qwr�
 ti
 teqnikè
 tou kefala�ou autoÔ qrei�zetai olokl rwsh stoq¸ro kat�stash
, pou endèqetai na èqei pollè
 diast�sei
. Me ton trìpo autì e�naidunatì na g�nontai akribe�
 upologismo� qwr�
 meg�lo upologistikì kìsto
.Sto kef�laio 4 genikeÔontai ta apotelèsmata tou prohgoÔmenou kefala�ou, kaiapodeiknÔetai ìti h t�xh th
 olokl rwsh
 mpore� na meiwje� kai sthn per�ptwsh ìpouoi mh grammikè
 statikè
 qarakthristikè
 èqoun perissìtere
 apì m�a eisìdou
. Seaut n thn per�ptwsh endèqetai na mhn arke� olokl rwsh se m�a kai dÔo diast�sei
,ìmw
 p�li h apaitoÔmenh t�xh th
 olokl rwsh
 mpore� na e�nai shmantik� mikrìterhapì th di�stash tou q¸rou. Epiplèon, prote�netai m�a mèjodo
 arijmhtik 
 olo-kl rwsh
 eidik  gia ton upologismì anamenìmenwn tim¸n se mh grammik� f�ltra. Hmèjodo
 bas�zetai sthn elaqistopo�hsh norm¸n kai apodeiknÔetai h sÔgklis  th
.To kef�laio 5 pragmateÔetai ta Particle Filters. Sugkekrimèna, prote�nontaik�poie
 belti¸sei
 sto Auxiliary Particle Filter (APF) kai to Unscented Particle
Filter (UPF). Gia to APF, oi belti¸sei
 aforoÔn ton trìpo me ton opo�o ta bohjhti-k� b�rh lamb�nontai upìyh kat� thn epanadeigmatolhy�a kai ton trìpo me ton opo�ota b�rh epanaprosdior�zontai met� thn epanadeigmatolhy�a. Gia to UPF, aforoÔnton trìpo me ton opo�o oi upologismo� gia to k�je swmat�dio lamb�noun upìyh thnÔparxh twn �llwn swmatid�wn.'Ole
 oi proteinìmene
 teqnikè
 efarmìzontai se kat�llhla parade�gmata, staopo�a kai sugkr�nontai me ti
 up�rqouse
. Diapist¸noume ìti oi proteinìmene
 te-qnikè
 se pollè
 peript¸sei
 odhgoÔn se shmantik  belt�wsh th
 apìdosh
.Sqetik� me to praktikì mèro
, g�netai m�a eisagwg  se autì sthn enìthta 1.2,ìpou exhge�tai h an�gkh gia Teqnhtì P�gkrea
 se ìsou
 p�sqoun apì Diab th kaise asjene�
 sth Mon�da Entatik 
 Jerape�a
. G�netai ep�sh
 anafor� sthn idia�terhshmas�a pou èqei to SÔsthma SuneqoÔ
 Katagraf 
 th
 Glukìzh
 sth dhmiourg�aTeqnhtoÔ Pagkrèato
. To kef�laio 6 perilamb�nei ta ant�stoiqa apotelèsmata,ta opo�a de�qnoun ìti h qr sh eidik� sqediasmènwn f�ltrwn basismènwn sto F�ltro
Kalman kai sta F�ltra Swmatid�wn, ta opo�a efarmìzontai se apl� montèla tousust mato
, mpore� na odhg sei se shmantik  me�wsh tou sf�lmato
 ekt�mhsh
 th
glukìzh
.Apì thn èreuna pou parousi�zetai sth diatrib  aut  èqoun prokÔyei kat� toqrìno th
 suggraf 
 th
 oi dhmosieumène
 ergas�e
 [1℄ (prokatarktik  morf  toukefala�ou 2), [2℄ (antistoiqe� sto perieqìmeno tou kefala�ou 3) kai [3℄ (proka-tarktik  morf  th
 [2℄), en¸ k�poia �lla tm mata èqoun upoblhje�   prìkeitai naupoblhjoÔn gia dhmos�eush. 11



1.1 Mh Grammik� Stoqastik� Sust mataE�nai gnwstì ìti gia poll� sust mata, teqnik�   mh, den up�rqei grammikì mo-ntèlo pou na mpore� na exuphret sei ikanopoihtik� skopoÔ
 ìpw
 h prìbleyh, hekt�mhsh kat�stash
, o èlegqo
   h beltistopo�hsh. Sqetik� parade�gmata up�r-qoun �fjona sthn bibliograf�a, tìso se suggr�mmata Mh Grammik¸n Susthm�twnkai Diaforik¸n Exis¸sewn [4℄�[6℄ ìso kai se bibl�a sugkekrimènwn efarmog¸n, p.q.sta [7℄, [8℄, [9℄ pou pragmateÔontai Hlektrikè
 Mhqanè
, Rompotik  kai Dunamik twn Pt sewn ant�stoiqa.Pèran th
 mh grammikìthta
, se poll� sust mata e�nai shmantikì
 o par�gonta
th
 abebaiìthta
. En�ote e�nai �gnwste
 k�poie
 par�metroi pou all�zoun sqetik�arg�, �lle
 forè
 ìmw
 to sÔsthma upìkeitai diark¸
 se epidr�sei
 �gnwste
 ektwn protèrwn (diataraqè
). Gia thn pr¸th per�ptwsh èqoun anaptuqje� teqnikè
 pousun jw
 kaloÔntai prosarmostikè
 [10℄, [11℄. Anaforik� me th deÔterh per�ptwsh,èqei shmas�a an e�nai gnwst� k�poia statistik� qarakthristik� twn diataraq¸n.Gia par�deigma, kat� to sqediasmì tou elegkt  m�a
 anemogenn tria
 e�nai dunatìna lhfjoÔn upìyh par�gonte
 ìpw
 h katanom    h autosusqètish th
 taqÔthta
tou anèmou [12℄. Sthn per�ptwsh pou e�nai gnwst  h katanom  pijanìthta
 twndiataraq¸n, èqoume thn per�ptwsh th
 stoqastik 
 abebaiìthta
. Ektì
 apì ti
diataraqè
, abebaiìthta se èna sÔsthma eis�getai apì ta sf�lmata twn metr sewn.Kai gia ta sf�lmata aut�, suqn� e�nai gnwstì an e�nai susqetismèna kai poia e�naih katanom  tou
.Stoqastik� montèla èqoun qrhsimopoihje� sthn epist mh tou Hlektrolìgou Mh-qanikoÔ apì polÔ pali�, id�w
 sti
 perioqè
 twn Thlepikoinwni¸n [13℄�[15℄, th
Jewr�a
 Plhrofor�a
 [16℄, [17℄ kai th
 Hlektronik 
 [18℄. Sun jw
 ìmw
 qrh-simopoioÔnto grammik� stoqastik� montèla. Epiplèon, sti
 Thlepikoinwn�e
 kai thnHlektronik  sunant¸ntai kur�w
 montèla suneqoÔ
 qrìnou, me stìqo thn perigra-f  fainomènwn ìpw
 o jermikì
 jìrubo
   o jìrubo
 bol 
, all� kai exait�a
 touìti ìtan xek�nhsan na anaptÔssontai oi perioqè
 autè
 kuriarqoÔsan oi analogikè
diat�xei
.Wstìso, se pollè
 peript¸sei
 lamb�nontai metr sei
 pou aforoÔn èna sÔsthmase diakritè
 qronikè
 stigmè
. Dedomènou kai tou ìti h sÔgqronh teqnolog�a qrh-simopoie� yhfiak� sust mata ikan� na ektelèsoun tou
 apaitoÔmenou
 gia mh gram-mik� sust mata upologismoÔ
, e�nai eÔlogo pw
 èqei up�rxei shmantik  ereunhtik drasthriìthta sthn perioq  twn mh grammik¸n stoqastik¸n susthm�twn diakritoÔqrìnou [19℄, [20℄, [21℄. O anagn¸sth
 pou endiafèretai gia stoqastikè
 diaforikè
exis¸sei
 kai f�ltra sto suneq  qrìno mpore� na sumbouleute� ti
 anaforè
 [22℄,[23℄, [24℄. PolÔ endiafèrousa istorik  anaskìphsh kai suz thsh sqetik� me thnan�gkh gia ekt�mhsh kai th sÔndesh an�mesa se diaforetikè
 teqnikè
 apotele� heisagwg  tou bibl�ou [25℄.To jewrhtikì mèro
 th
 paroÔsa
 ergas�a
 afor� apokleistik� sust mata dia-kritoÔ qrìnou. Autì ofe�letai, pèran twn anwtèrw, kai sto gegonì
 ìti oi metr sei
tou Sust mato
 SuneqoÔ
 Katagraf 
 Glukìzh
 pou qrhsimopoi jhke sto prakti-12



kì mèro
 lamb�nontai se diakrit� qronik� diast mata.Sti
 epìmene
 upoenìthte
 d�netai h majhmatik  perigraf  twn mh grammik¸nstoqastik¸n susthm�twn, exhge�tai h dunatìthta ep�lush
 tou probl mato
 ekt�mh-sh
 anadromik�, analÔontai dÔo shmantikè
 peript¸sei
 ìpou e�nai efikt  h analutik ep�lush kai tèlo
 parousi�zontai oi up�rqouse
 teqnikè
 arijmhtik 
 ep�lush
.1.1.1 Majhmatik  Perigraf  tou Probl mato
H genik  morf  tou probl mato
 mh grammikoÔ filtrar�smato
 gia dunamik�sust mata me prosjetikì jìrubo e�nai h ekt�mhsh th
 kat�stash
 susthm�twn th
morf 

xk+1 = f(xk) + wk, k = 0, 1, 2, . . . (1.1)

yk = h(xk) + vk, k = 1, 2, . . . (1.2)ìpou xk e�nai h kat�stash tou sust mato
 kai yk h metroÔmenh èxodo
 kat� thqronik  stigm  k. wk e�nai h diataraq , h opo�a ja anafèretai kai w
 jìrubo
diergas�a
, en¸ vk e�nai o jìrubo
   sf�lma mètrhsh
. Sthn ergas�a aut , ektì
apì ta shme�a ìpou anafèretai k�ti diaforetikì, oi tuqa�e
 metablhtè
 (t.m.) x0,
wk, k = 0, 1, 2, . . . kai vk, k = 1, 2, . . . jewroÔntai amoiba�a anex�rthte
 kai kanonik�katanemhmène
 me gnwstè
 paramètrou
, en¸ epiplèon oi wk kai vk èqoun mhdenikìmèso. Diajèsime
 metr sei
 up�rqoun apì th stigm  k = 1 kai èpeita.A
 upojèsoume ìti pX0(x0) e�nai h sun�rthsh puknìthta
 pijanìthta
 (s.p.p.,bl. kai [26℄ sel. 59) th
 arqik 
 kat�stash
 x0, pV (vk) e�nai h s.p.p. tou sf�lmato
mètrhsh
 kai pW (wk) e�nai h s.p.p. th
 diataraq 
. Tìte isqÔei pY |X(yk|xk) =
pV (yk − h(xk)) kai pXk+1|Xk

(xk+1|xk) = pW (xk+1 − f(xk)). Sto ex 
 oi de�kte
sti
 sunart sei
 puknìthta
 pijanìthta
 ja parale�pontai gia suntom�a. Or�zoume
y1:k = {y1, y2, · · · , yk}.Tìte, b�sei tou Nìmou tou Bayes ([27℄, bl. kai [26℄, [28℄, [29℄) isqÔoun oi a-kìlouje
 anadromikè
 sqèsei
:

p(xk+1|y1:k) =

∫

p(xk+1|xk)p(xk|y1:k)dxk, (1.3)
p(xk+1|y1:k+1) = p(yk+1|xk+1)p(xk+1|y1:k)/ck, (1.4)ìpou

ck =

∫

p(yk+1|xk+1)p(xk+1|y1:k)dxk+1. (1.5)Wstìso den e�nai dunatì
 o analutikì
 upologismì
 twn parap�nw oloklhrwm�twn.H arijmhtik  olokl rwsh gia arket� puknì plègma sto q¸ro tou xk kai gia k�jeqronik  stigm  èqei polÔ meg�lo upologistikì kìsto
 ektì
 ki an to xk e�nai mikr 
di�stash
, sunep¸
 oi (1.3)�(1.5) èqoun kur�w
 jewrhtikì endiafèron.Sthn epìmenh upoenìthta exet�zontai dÔo peript¸sei
 ìpou to prìblhma lÔnetaianalutik�, kai oi opo�e
 apoteloÔn th b�sh gia pollè
 proseggistikè
 teqnikè
ep�lush
 sti
 peript¸sei
 pou den e�nai efikt  h analutik  ep�lush.13



1.1.2 Peript¸sei
 Analutik 
 Ep�lush
Q¸ro
 Kat�stash
 Peperasmènou Pl jou
'Estw ìti to xk an kei se èna q¸ro kat�stash
 pl jou
 M . 'Estw, qwr�
 bl�bhth
 genikìthta
, X = {1, 2, . . . ,M} o q¸ro
 autì
. A
 upojèsoume ìti gia k�jeqronik  stigm  k isqÔei ìti p(xk+1 = sk+1|xk = sk, . . . , x0 = s0) = p(xk+1 =
sk+1|xk = sk), dhlad  ìti h katanom  tou xk+1 exart�tai mìno apì to xk kai ìqiapì ti
 prohgoÔmene
 katast�sei
 tou sust mato
, ìpw
 isqÔei kai sthn per�ptwshth
 ex. (1.1). H akolouj�a x0, x1, . . . , xk, . . . kale�tai tìte peperasmènh Markobian anèlixh   alus�da (finite Markov chain).'Estw πij = p(xk+1 = j|xk = i) kai Π = (πij). Tìte, an to di�nusma gramm 
p(k) = [p

(k)
1 · · · p

(k)
M ] ekfr�zei thn katanom  th
 tuqa�a
 metablht 
 xk, dhlad 

p(xk = i) = p
(k)
i , isqÔei h anadromik  sqèsh p(k+1) = p(k)Π.Sqìlio 1.1. Endeqomènw
 na fainìtan pio fusikì na oriste� πij = p(xk+1 =

i|xk = j) me to p(k) na e�nai di�nusma st lh ¸ste na isqÔei p(k+1) = Πp(k) kai oianallo�wte
 katanomè
 na e�nai dexi� kai ìqi arister� idiodianÔsmata tou Π, wstìso oiparap�nw orismo� èqoun kuriarq sei sth bibliograf�a twn Markobian¸n alus�dwn.A
 upojèsoume t¸ra ìti lamb�netai m�a mètrhsh yk h katanom  th
 opo�a
 e-xart�tai apì to xk to opo�o ìmw
 den e�nai gnwstì. 'Ena tètoio montèlo kale�taikrummèno Markobianì montèlo (Hidden Markov Model, HMM). Xekin�me me thnper�ptwsh pou to yk lamb�nei èna peperasmèno pl jo
 tim¸n, èstw qwr�
 bl�bh th
genikìthta
 Y = {1, 2, . . . , L}, kai Ôstera ja parousiaste� h per�ptwsh ìpou isqÔeih (1.2).'Estw hij = p(yk = j|xk = i). A
 upojèsoume ìti me b�sh ti
 plhrofor�e
 pouèqoume th qronik  stigm  k, Ik, gnwr�zoume ìti h katanom  tou xk ekfr�zetai apìto p(k). Tìte h ek twn protèrwn w
 pro
 th mètrhsh yk+1 katanom  tou xk+1 e�nai
p(k+1,−) = p(k)Π. Ma
 endiafèrei na broÔme poia e�nai h ek twn ustèrwn katanom tou xk+1 lamb�nonta
 upìyh kai th mètrhsh yk+1. Thn ap�nthsh th d�nei o Nìmo
tou Bayes. An gnwr�zoume ìti yk+1 = j, isqÔei ìti

p
(k+1)
i =

hijp
(k+1,−)
i

∑M
l=1 hljp

(k+1,−)
l

, i = 1, . . . ,M. (1.6)Epomènw
, an gnwr�zoume thn arqik  katanom  pijanìthta
 p(0), mporoÔme naupolog�soume thn p(1,−) = p(0)Π, kai mìli
 lhfje� h mètrhsh y1 mpore� na upolo-giste� h katanom  p(1) b�sei th
 (1.6). AkoloÔjw
, kai me thn y2, upolog�zetai h
p(2) kai oÔtw kajex 
. H dunatìthta anadromik 
 ep�lush
, h opo�a èpetai apì thMarkobian  idiìthta th
 alus�da
, e�nai kajoristik , diìti me autìn ton trìpo oupologismì
 th
 katanom 
 p(n) me b�sh thn p(0) kai to sÔnolo y1:n apaite� arijmìpr�xewn an�logo tou n, en¸ an èprepe na breje� h pijanìthta k�je troqi�
 x0:n jae�qame kìsto
 ekjetikì w
 pro
 n. 14



Sthn per�ptwsh pou ant� gia peperasmèno sÔnolo Y isqÔei h (1.2), kai an t¸ra
X = {Q1, Q2, . . . , QM}, ant� th
 (1.6) isqÔei h akìloujh sqèsh

p
(k+1)
i =

p(yk+1|h(Qi))p
(k+1,−)
i

∑M
l=1 p(yk+1|h(Ql))p

(k+1,−)
l

, i = 1, . . . ,M (1.7)kai w
 ek toÔtou p�li e�nai efikt  h anadromik  ep�lush.Sqìlio 1.2. Dedomènou ìti to prìblhma ekt�mhsh
 kat�stash
 gia krummènaMarkobian� montèla lÔnetai �mesa me qr sh tou Nìmou tou Bayes, den e�nai skìpi-mo na anazhthje� pìte kai poÔ emfan�sthke gia pr¸th for� h parap�nw mèjodo
ep�lush
. Endiafèrousa eisagwg  sta krummèna Markobian� montèla o anagn¸sth
mpore� na brei sthn anafor� [30℄, en¸ ta montèla aut� apì th skopi� th
 Jewr�a
Plhrofor�a
 exet�zontai sti
 ergas�e
 [17℄ kai [31℄.Grammik� Sust mataTo prìblhma th
 ekt�mhsh
 kat�stash
 gia grammik� sust mata arqik� e�qe me-lethje� apì tou
 Wiener kai Kolmogorov sti
 arqè
 th
 dekaet�a
 tou �40, wstìsoanadromikè
 teqnikè
 �rqisan na melet¸ntai kat� th dekaet�a tou �50 (bl. thn eisa-gwg  tou [25℄). S mera h epikrat 
 onomas�a tou f�ltrou pou epilÔei to prìblhmae�nai f�ltro Kalman (Kalman Filter, KF, bl. [11℄, [32℄�[34℄) kai aut  thn onomas�aja qrhsimopoioÔme sto ex 
. Shmei¸netai ìti p�ra pollè
 apì ti
 teqnikè
 gia mhgrammik� sust mata bas�zontai sto f�ltro Kalman (bl. thn epìmenh upoenìthta).A
 upojèsoume ìti èna dunamikì sÔsthma perigr�fetai apì ti
 akìlouje
 exi-s¸sei

xk+1 = Akxk + Bk + wk, (1.8)

yk = Ckxk + Dk + vk, (1.9)ìpou oi t.m. wk kai vk e�nai kanonik� katanemhmène
 me mhdenikì mèso, en¸ oi m tre
sundiakÔmans 
 tou
 e�nai Q kai R ant�stoiqa. Upojètoume ep�sh
 ìti e�nai gnwstìpw
 h t.m. xk akolouje� thn kanonik  katanom  me mèso x̂k kai m tra sundiakÔmansh

Pxk

. Tìte, apì thn (1.8) kai ek twn protèrwn w
 pro
 th mètrhsh yk+1, h t.m. xk+1akolouje� thn kanonik  katanom  me mèso x̂−
k+1 kai m tra sundiakÔmansh
 P−

xk+1
poud�nontai apì ti
 akìlouje
:

x̂−
k+1 = Akx̂k + Bk, (1.10)

P−
xk+1

= AkPxk
AT

k + Q. (1.11)Apì thn (1.9), h tim  prìbleyh
 th
 yk+1 e�nai
ŷ−k+1 = Ck+1x̂

−
k+1 + Dk (1.12)en¸ h m tra sundiakÔmans 
 th


P−
yk+1

= Ck+1P
−
xk+1

CT
k+1 + R, (1.13)15



kai h m tra eterosundiakÔmansh
 th
 xk+1 me thn yk+1 e�nai �sh me
P−

xk+1yk+1
= P−

xk+1
CT

k+1. (1.14)H tim  th
 mètrhsh
 yk+1 ìtan lhfje� mpore� na qrhsimopoihje� gia na diorjwje�h katanom . To kèrdo
 Kalman (Kalman gain) d�netai apì th sqèsh
Kk+1 = P−

xk+1yk+1
P−1

yk+1
, (1.15)kai qrhsimopoie�tai gia ton upologismì twn ek twn ustèrwn tim¸n tou mèsou kai th
m tra
 sundiakÔmansh
 th
 xk+1, sÔmfwna me ti
 sqèsei
:

x̂k+1 = x̂−
k+1 + Kk+1

(

yk+1 − ŷ−k+1

)

, (1.16)
Pxk+1

= P−
xk+1
−Kk+1P

−
yk+1

KT
k+1. (1.17)'Etsi, to b ma prìbleyh
 pragmatopoie�tai b�sei twn (1.10)�(1.11), en¸ to b madiìrjwsh
 b�sei twn (1.16)�(1.17) kai twn orism¸n (1.12)�(1.15). An, epomènw
,e�nai gnwstì ìti h x0 e�nai kanonik� katanemhmènh me mèso x̂0 kai m tra sundia-kÔmansh
 Px0 , oi (1.10)�(1.17) mporoÔn na efarmostoÔn anadromik� gia na d¸sounta statistik� qarakthristik� th
 xn ìtan e�nai gnwstè
 oi metr sei
 y1:n.Sqìlio 1.3. Shmei¸netai ([32℄,[11℄) ìti an afaireje� h upìjesh th
 kanonikìthta
twn katanom¸n, to f�ltro parèqei th grammik  ekt�mhsh th
 kat�stash
 me thnel�qisth diakÔmansh tou sf�lmato
, parìlo pou den e�nai, sth genik  per�ptwsh, tobèltisto f�ltro, to opo�o endèqetai na e�nai mh grammikì.1.1.3 Proseggistikè
 Teqnikè
 gia Mh Grammik�Sust mataAkìma kai sthn per�ptwsh pou oi jìruboi akoloujoÔn thn kanonik  katanom ,ìtan to sÔsthma den e�nai grammikì, h katanom  th
 kat�stash
 den e�nai kanoni-k . Wstìso pollè
 apì ti
 teqnikè
 prosegg�zoun thn katanom  me m�a kanonik ,kai apl� se k�je b ma anane¸noun ti
 paramètrou
 th
 (mèsh tim  kai m tra sun-diakÔmansh
). 'Eqoun anaptuqje� kai �lle
 teqnikè
 sti
 opo�e
 den g�netai aut h prosèggish kai oi opo�e
 mporoÔn na d¸soun akribèstera apotelèsmata, all�me auxhmèno upologistikì kìsto
. Xekin�me me thn pr¸th kathgor�a teqnik¸n kaiakolouje� h parous�ash kai teqnik¸n pou den bas�zontai sthn prosèggish aut .Sqìlio 1.4. 'Ena
 akìmh lìgo
 gia ton opo�o oi proseggistikè
 teqnikè
 pro-spajoÔn na prosegg�soun th mèsh tim  th
 metablht 
 kat�stash
 e�nai ìti apo-tele� thn ektim tria el�qistou tetragwnikoÔ sf�lmato
. Sugkekrimèna, an x e�-nai m�a t.m., E [x] h anamenìmenh tim  th
 kai x̂ m�a ekt�mhsh th
 x, isqÔei ìti

E

[

(x− x̂)(x− x̂)T
]

= V [x] + (E [x]− x̂)(E [x]− x̂)T .16



Teqnikè
 me Prosèggish B�sei Kanonik 
 Katanom 
Sti
 teqnikè
 autè
, h diìrjwsh g�netai qrhsimopoi¸nta
 ti
 exis¸sei
 tou f�l-trou Kalman. Wstìso, k�je teqnik  parèqei m�a mèjodo gia na proseggistoÔn oianamenìmene
 timè
 kai oi m tre
 sundiakÔmansh
 (oi opo�e
 ep�sh
 or�zontai w
 ana-menìmene
 timè
) pou anafèrjhkan sthn prohgoÔmenh upoenìthta. Oi anamenìmene
autè
 timè
 e�nai th
 morf 
 E [g(X)] ìpou g e�nai m�a (dianusmatik ) mh grammi-k  sun�rthsh kai X m�a (ep�sh
 dianusmatik ) kanonik� katanemhmènh t.m. (bl, p.q.,[35℄). H mèjodo
 prosèggish
 twn anamenìmenwn tim¸n aut¸n e�nai kai to shme�o poudiaforopoie� ti
 teqnikè
. AkoloujoÔn orismène
 apì ti
 kuriìtere
. Endiafèrousasugkritik  melèth apotele� h anafor� [36℄.
Extended Kalman Filter Sto Epektetamèno F�ltro Kalman (Extended Kal-
man Filter, EKF) [37℄ oi exis¸sei
 (1.1)�(1.2) grammikopoioÔntai qrhsimopoi¸nta
anaptÔgmata Taylor pr¸th
 t�xh
. Pio sugkekrimèna, gia to b ma prìbleyh
, an
x̂k e�nai o ektim¸meno
 mèso
 th
 xk Ôstera apì to b ma diìrjwsh
 th
 qronik 
stigm 
 k, tìte h (1.1) grammikopoie�tai gÔrw apì to x̂k. Gia to b ma diìrjwsh
, h(1.2) grammikopoie�tai gÔrw apì to x̂−

k+1, ìpou x̂−
k+1 e�nai o ektim¸meno
 mèso
 th


xk+1 Ôstera apì to b ma prìbleyh
 th
 qronik 
 stigm 
 k + 1. Profan¸
, g�netaih upìjesh ìti oi Iakwbianè
 m tre
 twn f kai h e�nai diajèsime
.To EKF èqei qrhsimopoihje� ektetamèna. H apìdos  tou e�nai ikanopoihtik ìtan oi mh-grammikìthte
 e�nai  pie
. Se ant�jeth per�ptwsh mpore� na parathrhjoÔnakìmh kai fainìmena ast�jeia
 [19℄.
Sigma Point Kalman Filters Se aut  thn kathgor�a f�ltrwn ta oloklh-r¸mata pou antiproswpeÔoun ti
 anamenìmene
 timè
 prosegg�zontai mèsw enì
 pe-perasmènou stajismènou mèsou ìrou p�nw se èna kat�llhlo sÔnolo shme�wn, taopo�a kaloÔntai σ-shme�a (sigma points, σ-points sto ex 
). H prosèggish poug�netai e�nai E [g(X)] ≈ ∑l

i=1 wig(Xi). Aut  h prosèggish mpore� na basiste� sthdia�sjhsh ìti to sÔnolo {Xi, i = 1, . . . , l} me b�rh {wi, i = 1, . . . , l} prosegg�zeithn kanonik  katanom  th
 t.m. X [38℄,   mpore� na eklhfje� w
 teqnik  arijmhtik 
olokl rwsh
 [35℄ efìson
E [g(X)] =

∫

g(x)
1

(2π)n/2|P |1/2
e−

1
2
(x−µ)T P−1(x−µ)dx (1.18)sthn per�ptwsh pou h t.m. X èqei mèso µ kai m tra sundiakÔmansh
 P . Bl. ep�sh
[36℄ gia m�a diaforetik  ex ghsh th
 �dia
 prosèggish
. Anex�rthta apì th fusik dia�sjhsh pou odhge� sth qr sh th
 prosèggish
 aut 
, h epilog  twn σ-points kaitwn bar¸n tou
 ephre�zei thn akr�beia th
 prosèggish
.M�a lÔsh sto prìblhma parèqetai apì ton unscented transformation [38], [19](h met�frash tou ìrou den kr�netai skìpimh). 'Estw n h di�stash tou upoke�menouq¸rou. Tìte upolog�zontai 2n+1 σ-points . Sth basik  morf  tou algor�jmou [38℄aut� e�nai: X0 = µ, Xi = µ +

√
n + κSi, i = 1, . . . , n kai Xi = µ − √n + κSi, i =17



n + 1, . . . , 2n, ìpou Si e�nai h i-ost  st lh th
 m tra
 S =
√

P (h S upolog�zetaiqrhsimopoi¸nta
 paragontopo�hsh Cholesky kai e�nai tètoia ¸ste P = SST ). Taant�stoiqa b�rh e�nai W (0) = κ/(n + κ), W (i) = 1/{2(n + κ)}, i = 1, . . . , 2n. Methn epilog  κ = 3−n, to sÔnolo twn σ-points prosegg�zei kalÔtera ti
 ropè
 mèqritètarth
 t�xh
 th
 kanonik 
 katanom 
 [19℄.Sthn ergas�a [19℄ parousi�zetai tropopoihmènh morf  tou algor�jmou, h opo�aèqei w
 ex 
: X0 = µ, Xi = µ+γSi, i = 1, . . . , n kai Xi = µk−γSi, i = n+1, . . . , 2n,ìpou γ =
√

nx + λ, λ = α2(nx + κ)− nx, kai ta α kai κ e�nai par�metroi.Analìgw
 me to an upolog�zetai mèsh tim    diakÔmansh qrhsimopoioÔntai dia-foretik� b�rh gia to X0 (sthn (1.19) o de�kth
 m afor� th mèsh tim  kai o de�kth

c th diakÔmansh). Ta b�rh gia ta di�fora shme�a e�nai:

W (0)
m =

λ

nx + λ
,W (0)

c =
λ

nx + λ
+ 1− α2 + β (1.19)

W (i)
m = W (i)

c =
1

2(nx + λ)
, (1.20)ìpou to β apotele� ep�sh
 par�metro.Sto ex 
, oi timè
 twn paramètrwn pou ja qrhsimopoioÔntai e�nai α = 1, β =

2, κ = 3− n. Gia perissìtere
 leptomèreie
 kai krit ria epilog 
 twn paramètrwnbl. [19℄. To σ-point f�ltro pou prokÔptei apì th qr sh tou unscented transformkale�tai Unscented Kalman Filter (UKF). To UKF èqei dokimaste� se efarmogè
,bl. p.q. [39℄�[41℄, me apotelèsmata se pollè
 peript¸sei
 kalÔtera apì aut� tou
EKF.'Allh lÔsh parèqetai apì th mèjodo arijmhtik 
 olokl rwsh
 Gauss-Hermite[42℄, [35℄. Se aut n, qrhsimopoioÔntai ta polu¸numa Hermite gia ton prosdiorismìtwn σ-points kai twn bar¸n tou
. Sth monodi�stath per�ptwsh, h prosèggish g�netaiw
 akoloÔjw
 (bl. kai [35℄): 'Estw m ∈ N

∗, J h tridiag¸nia summetrik  m×m m trame mhdenik  kÔria diag¸nio kai Jr,r+1 =
√

r, r = 1, . . . ,m−1, xi h i-ost  idiotim  th

J kai wi to tetr�gwno th
 pr¸th
 sunist¸sa
 tou i-ostoÔ idiodianÔsmato
 th
 J .Tìte, kai gia thn tupopoihmènh kanonik  katanom  (mhdenikì
 mèso
 kai monadia�adiakÔmansh), h prosèggish d�netai apì thn katwtèrw sqèsh

E [g(X)] ≈
m
∑

i=1

wig(µ +
√

Pxi) (1.21)kai e�nai akrib 
 gia polu¸numa bajmoÔ èw
 2m− 1.Sth n-di�stath per�ptwsh qrhsimopoioÔntai mn shme�a kai h prosèggish e�nai
E [g(X)] ≈

m
∑

i1=1

. . .
m
∑

in=1

wi1 · · ·wing(µ + xi1S1 + . . . + xinSn), (1.22)ìpou Si e�nai h i-ost  st lh th
 S =
√

P ìpw
 prohgoumènw
. H prosèggish e�naiakrib 
 gia sunart sei
 th
 morf 
 xi1
1 · · · xin

n , 0 ≤ ik ≤ m. Ta apotelèsmata,18



sÔmfwna me thn ergas�a [35℄, e�nai kalÔtera apì ta ant�stoiqa tou UKF, wstìso toupologistikì kìsto
 e�nai meg�lo gia sust mata me meg�lh di�stash.Prèpei na shmeiwje� ìti an h dunamik  tou sust mato
 (ant�stoiqa, h ex�swshth
 exìdou) e�nai grammik , tìte gia to b ma prìbleyh
 (ant�stoiqa, gia to b madiìrjwsh
) mporoÔn na efarmostoÔn �mesa oi exis¸sei
 tou KF.Teqnikè
 me Prosèggish B�sei Mh Kanonik 
 Katanom 
Tètoie
 teqnikè
 emfan�sthkan gia pr¸th for� sth bibliograf�a l�ga qroni� met�to f�ltro Kalman. Pio sugkekrimèna, sthn ergas�a [43℄, h s.p.p. th
 kat�stash
prosegg�zetai me thn s.p.p. m�a
 kanonik 
 katanom 
 pollaplasiasmènh me polu¸nu-mo. Sta b mata prìbleyh
 kai diìrjwsh
 anaprosarmìzontai kai oi suntelestè
 toupoluwnÔmou. Exet�zetai h monodi�stath per�ptwsh, wstìso prokÔptoun per�plokoitÔpoi. Epiplèon, oi sunart sei
 pou prokÔptoun endèqetai na mhn apoteloÔn s.p.p.,mh ìnta
 exasfalismèna mh arnhtikè
.Sthn ergas�a [44℄ h sv.p.p. prosegg�zetai apì �jroisma s.p.p. kanonik¸n kata-nom¸n. Oi s.p.p. èqoun se aut n thn per�ptwsh exasfalismèna ti
 idiìthte
 pouprèpei na èqei k�poia sun�rthsh gia na apotele� s.p.p. Parousi�zontai di�fore
parallagè
 th
 teqnik 
 aut 
, kai melet�tai leptomer¸
 h per�ptwsh grammik¸nsusthm�twn me mh kanonik� katanemhmèno jìrubo. Se ìle
 ti
 parallagè
 to f�l-tro leitourge� aitiokratik�.Th dekaet�a tou �90 èkane thn emf�nish tou to f�ltro swmatid�wn (Particle
Filter, PF). H sqetik  bibliograf�a s mera e�nai idia�tera ekten 
, bl. p.q. ti
 a-naskop sei
 [20℄, [21℄. Up�rqoun pollè
 parallagè
, pou suqn� emfan�zontai sthbibliograf�a kai me �lla onìmata, ìpw
 “Condensation Filter”, “Sequential Monte
Carlo Filter”, “Sequential Imputations” k.�.Sto PF h s.p.p. th
 kat�stash
 prosegg�zetai apì èna sÔnolo swmatid�wn pouto kajèna anaparist� m�a sun�rthsh tou Dirac me èna ant�stoiqo b�ro
, dhlad  hprosèggish e�nai

p(xk|y1:k) ≈
N
∑

i=1

W i
kδxi

k
(xk). (1.23)Tìte h mèsh tim  m�a
 sun�rthsh
 g th
 kat�stash
 mpore� na ektimhje� me thnakìloujh ex�swsh.

E[g(xk)] ≈
N
∑

i=1

W i
kg(xi

k) (1.24)E�nai eÔlogh h upìjesh ìti me arkoÔntw
 meg�lo arijmì swmatid�wn h prosèggishja e�nai kal , wstìso h asumptwtik  an�lush tou PF e�nai dÔskolo prìblhma [45℄,[46℄.Up�rqoun pollo� diaforetiko� algìrijmoi (bl. p.q. [20℄, [21℄, [47℄) gia thn a-nanèwsh twn W i
k kai xi

k. O aploÔstero
 tètoio
 algìrijmo
, kai endeqomènw
 opr¸to
 pou emfan�sthke sth bibliograf�a [48℄ èqei w
 ex 
:19



Arqik� lamb�nontai N tuqa�a de�gmata me b�sh thn katanom  th
 arqik 
 ka-t�stash
. To sÔnolo autì qrhsimopoie�tai w
 prosèggish th
 katanom 
 th
 arqi-k 
 kat�stash
. 'Ustera, ìpw
 kai sta prohgoÔmena f�ltra g�netai qwrist� b maprìbleyh
 kai b ma diìrjwsh
.Gia to b ma prìbleyh
, èstw xi
k, i = 1, . . . , N to sÔnolo pou prosegg�zei thnkatanom  th
 xk (ta b�rh se autì to shme�o ja e�nai p�nta �sa, ìpw
 �llwste e�naikai gia k = 0). Gia k�je swmat�dio, lamb�netai èna de�gma diataraq 
 wi

k me b�sh thnkatanom  th
 diataraq 
, kai upolog�zetai to nèo swmat�dio xi,−
k+1. To sÔnolo twnnèwn swmatid�wn apotele� thn prosèggish th
 ek twn protèrwn w
 pro
 th mètrhsh

yk+1 katanom 
 th
 xk+1.Gia to b ma diìrjwsh
 upolog�zetai arqik� h pijanof�neia k�je de�gmato
 lik =

p(yk+1|xi,−
k+1). Kanonikopoi¸nta
 ètsi ¸ste to �jroisma twn bar¸n na e�nai �so me1, èqoume ìti

W i
k+1 =

p(yk+1|xi,−
k+1)

∑N
n=1 p(yk+1|xn,−

k+1)
. (1.25)To sÔnolo twn swmatid�wn xi,−

k+1 me b�rh W i
k+1 apotele� prosèggish th
 ek twnustèrwn katanom 
 th
 xk+1. To b ma diìrjwsh
 oloklhr¸netai me th diadikas�aepanadeigmatolhy�a
, h opo�a èqei skopì thn apofug  tou fainomènou tou {ekfu-lismoÔ twn bar¸n} (weight degenarcy). Pr�gmati, an epanalambanìtan diark¸
 hparap�nw diadikas�a ananèwsh
 me ta b�rh na pollaplasi�zontai diark¸
, Ôsteraapì èna arijmì bhm�twn, ìla ta swmat�dia ektì
 apì èna ja e�qan sqedìn mhdenikìb�ro
 (ex ghsh tou fainomènou autoÔ up�rqei sth sqetik  bibliograf�a).H diadikas�a epanadeigmatolhy�a
 apotele� th l yh N tuqa�wn deigm�twn apìthn katanom  ∑N

i=1 W i
k+1δxi

k+1
(xk+1), dhlad  gia ìla ta nèa swmat�dia xj

k+1, j =

1, . . . , N isqÔei P (xj
k+1 = xi,−

k+1) = W i
k+1. Me autìn ton trìpo, gia ta swmat�diapou e�qan meg�lh pijanof�neia e�nai pijanìtero na up�rqoun pio poll� nèa swmat�dia,kai �ra na d�netai megalÔterh èmfash se perioqè
 tou q¸rou kat�stash
 ìpou e�naipijanìtero na an kei h kat�stash tou sust mato
. Ta nèa swmat�dia, afoÔ èqounepilege� me tuqa�o trìpo, e�nai isobar .E�nai emfanè
 ìti parìlo pou ta sÔgqrona upologistik� sust mata diajètounauxhmènh isqÔ, o algìrijmo
 gia meg�lo arijmì swmatid�wn èqei meg�lo upologistikìkìsto
 kai �ra up�rqei h an�gkh gia beltiwmène
 ekdìsei
 tou algor�jmou pou jaaxiopoioÔn kalÔtera thn upologistik  isqÔ.1.2 Teqnhtì P�gkrea
O Sakqar¸dh
 Diab th
 (Diabetes Mellitus, anaferìmeno
 kai apl¸
 w
 Dia-b th
) e�nai m�a om�da metabolik¸n diataraq¸n pou qarakthr�zontai apì uperglu-kaim�a (auxhmèna ep�peda glukìzh
 sto a�ma) kai dusanex�a sth glukìzh, exait�a
èlleiyh
 insoul�nh
   meiwmènh
 dr�sh
 th
 insoul�nh
   exait�a
 kai twn dÔo aut¸n20



paragìntwn [49℄. Oi trei
 kÔrioi tÔpoi Diab th e�nai o diab th
 tÔpou 1, o diab th
tÔpou 2 kai o diab th
 kÔhsh
. Up�rqoun kai �lloi, eidiko�, tÔpoi diab th.H insoul�nh par�getai apì to p�gkrea
 kai e�nai h kÔria ormình pou rujm�zeithn prìslhyh glukìzh
 apì ta perissìtera kÔttara (exairoÔntai ta kÔttara toukentrikoÔ neurikoÔ sust mato
). O diab th
 tÔpou 1 (  insoulinoexart¸meno
 dia-b th
) e�nai auto�noso nìshma sto opo�o to anosopoihtikì sÔsthma epit�jetai stakÔttara pou par�goun insoul�nh. O diab th
 tÔpou 2 qarakthr�zetai apì ant�sta-sh sthn insoul�nh, dhlad  e�nai meiwmènh h dr�sh th
 insoul�nh
. O Diab th
 èqeiepipt¸sei
 tìso braquprìjesme
 ìso kai makroprìjesme
, kai o diab th
 tÔpou 1e�nai janathfìro
 an den antimetwpiste� me th qor ghsh insoul�nh
. Perissìtere
plhrofor�e
 prèpei na anazhthjoÔn se sqetik  bibliograf�a.Ax�zei, wstìso, na anafèroume ìti sÔmfwna me ektim sei
 [50℄, to 2000 èpasqeapì Diab th to 2,8% tou pagkìsmiou plhjusmoÔ, en¸ h ant�stoiqh ekt�mhsh gia to2030 e�nai 4,4%. Sqetik� me to diab th tÔpou 1, kai mìno gia thn hliak  om�da mèqri14 et¸n, emfan�zontai pagkosm�w
 70000 nèe
 peript¸sei
 k�je qrìno (ekt�mhshgia to 2007, [49℄) en¸ o ant�stoiqo
 arijmì
 gia th q¸ra ma
 mìno e�nai 160 nèe
peript¸sei
.H melèth [51℄ se asjene�
 me insoulinoexart¸meno diab th èdeixe ìti h qor ghshinsoul�nh
 se posìthte
 tètoie
 ¸ste ta ep�peda glukìzh
 na e�nai ìso pio kont�g�netai sta fusiologik�, mei¸nei ti
 makroprìjesme
 sunèpeiè
 tou. H qor ghshaut  mpore� na g�netai me megalÔtero arijmì enèsewn, all� mpore� na g�netai kai meantl�a suneqoÔ
 ègqush
. H rÔjmish twn epipèdwn th
 glukìzh
 mpore� na e�naiakribèsterh an h antl�a suneqoÔ
 ègqush
 sundu�zetai me èna SÔsthma SuneqoÔ
Katagraf 
 th
 Glukìzh
 (SSKG). H di�taxh aut  parèqei anatrofodìthsh, w
 ektoÔtou h Ôparx  th
 d�nei th dunatìthta na efarmoste� èlegqo
 kleistoÔ brìqou.M�a antl�a suneqoÔ
 ègqush
 sunduasmènh me SSKG kai ton kat�llhlo nìmo e-lègqou onom�zetai suqn� Teqnhtì P�gkrea
, an kai to p�gkrea
 epitele� kai �lle
leitourg�e
 ektì
 apì to na rujm�zei ta ep�peda glukìzh
, kai den epitugq�nei autìnton skopì mìno mèsw th
 èkkrish
 insoul�nh
.H kataskeu  ìmw
 enì
 pl rw
 autìnomou TeqnhtoÔ Pagkrèato
 pou ja lei-tourge� ikanopoihtik� sunant� duskol�e
. Sto metabolismì th
 glukìzh
 pa�zounrìlo pollè
 ormìne
 (insoul�nh, glukagình, kortizìlh, kateqolam�ne
 k.�.) kai ìr-gana (p�gkrea
,  par, k.�). Se sqèsh me �lla sust mata, p.q. hlektromhqanik�,sta opo�a qrhsimopoie�tai èlegqo
 kleistoÔ brìqou, e�nai polÔ duskolìtero na mo-ntelopoihje� to sÔsthma autì, dedomènou pw
 oi epidr�sei
 twn paragìntwn pou e-phre�zoun ta ep�peda glukìzh
 e�nai polÔ dÔskolo na posotikopoihjoÔn me akr�beia.Sth bibliograf�a èqoun protaje� poll� montèla (bl. ti
 anaskop sei
 [52℄ kai [53℄).Idia�tera diadedomèno e�nai to legìmeno Minimal Model [54]. Endiafèron parousi-�zei h ergas�a [55℄ sthn opo�a èna sqetik� sÔnjeto montèlo qrhsimopoie�tai gia naexhghjoÔn k�poie
 talant¸sei
 sta ep�peda glukìzh
 kai insoul�nh
.Sqetik� me ton elegkt , èqoun protaje� pollè
 diaforetikè
 teqnikè
 sqed�ash
,pou qrhsimopoioÔn akìma kai prosarmostikì èlegqo [56℄   sjenarì èlegqo [57℄.Pio diadedomène
 teqnikè
 ìmw
 e�nai to Model Predictive Control [58], [59]   o21



PID èlegqo
 [60℄, [59℄. Ax�zei sto shme�o autì na anafèroume ìti (upì orismène
sunj ke
 toul�qiston) kai to p�gkrea
 leitourge� me trìpo ìmoio me autìn enì

PID elegkt  (bl. to di�gramma 1 tou �rjrou [61℄).H kal  leitourg�a tou Sust mato
 SuneqoÔ
 Katagraf 
 th
 Glukìzh
 e�naikajoristik  gia to Teqnhtì P�gkrea
, mia
 kai to upì èlegqo sÔsthma ìpw
 proa-nafèrame parousi�zei abebaiìthta, �ra an h metablht  pou jèloume na rujm�soume(ta ep�peda glukìzh
 sto a�ma) den metr�tai me akr�beia, e�nai adÔnato na g�nei ka-l  rÔjmish. Up�rqoun poll� SSKG diajèsima emporik�. Wstìso ta sf�lmata sti
metr sei
 pou lamb�nontai dusqera�noun thn kataskeu  tou TeqnhtoÔ Pagkrèato
.Epomènw
, o elegkt 
 ja prèpei na enswmat¸nei kai k�poio f�ltro pou na ektim�ta ep�peda glukìzh
 apì ti
 diajèsime
 metr sei
. H ergas�a [62℄ asqole�tai kaime autì to jèma, wstìso ìpw
 katal goun kai oi suggrafe�
 th
, up�rqoun poll�anoikt� probl mata.Uperglukaim�a kai ant�stash sthn insoul�nh parathroÔntai suqn� stou
 asjene�
sth Mon�da Entatik 
 Jerape�a
 (MEJ), akìma kai an prohgoumènw
 den èpasqanapì Diab th [58℄. Shmantikì rìlo sto mhqanismì autì diadramat�zei h kortizìlh.'Opw
 exhge�tai sthn ergas�a [63℄, palaiìtera jewre�to pw
 ta auxhmèna ep�pedaglukìzh
  tan apodekt� kai ìti h uperglukaim�a lìgw tou stre
 gia tou
 asjene�
sth MEJ  tan wfèlimh. Melète
 ìmw
 de�qnoun, [64, 63℄, ìti h rÔjmish twn epi-pèdwn glukìzh
 se fusiologik� ep�peda mei¸nei shmantik� th jnhsimìthta kai thnoshrìthta twn asjen¸n.Prèpei na shmei¸soume ìti sth MEJ oi asjene�
 sit�zontai mèsw antl�a
. Au-tì èqei w
 sunèpeia h paroq  th
 glukìzh
 lìgw th
 s�tish
 ìqi apl� na mhn e�nai�gnwsth all� na apotele� m�a epiplèon e�sodo elègqou. M�lista, an aniqneute� upo-glukaim�a, kat�stash pio epik�ndunh apì thn uperglukaim�a, aux�nonta
 proswrin�to rujmì paroq 
 th
 s�tish
 mporoÔn ta ep�peda glukìzh
 na epanèljoun se fusio-logik� ep�peda. Epiplèon, kai h antl�a insoul�nh
 qorhge� thn insoul�nh endoflèbiaant� gia upodìria opìte h dr�sh p�li e�nai pio �mesh. Epomènw
 an up�rqei akrib 
kai axiìpisth mètrhsh th
 sugkèntrwsh
 th
 glukìzh
 sto a�ma gia tou
 asjene�
sth MEJ, h rÔjmis  th
 sta epijumht� ep�peda parousi�zei ligìtere
 duskol�e
sugkritik� me thn per�ptwsh twn asjen¸n me diab th tÔpou 1.Ta parap�nw, se sunduasmì me to gegonì
 ìti oi asjene�
 sth MEJ parako-loujoÔntai sten� kai up�rqei suneq 
 katagraf  dedomènwn gia autoÔ
, kajist� thMEJ idia�tera prìsforo ped�o gia èreune
 sqetik� me to Teqnhtì P�gkrea
. To Er-gast rio Susthm�twn Autom�tou Elègqou tou EMP sunerg�zetai me th MEJ touPanepisthmiakoÔ GenikoÔ Nosokome�ou {ATTIKON}. Topojet jhke SSKG (kaisugkekrimèna h suskeu  Glucoday S th
 A. Menarini Diagnostics) se 10 asjene�
.'Etsi, èqoun katagrafe� metr sei
 glukìzh
 an� tr�lepto gia 48 ¸re
 per�pou giak�je asjen , en¸ èqoun katagrafe� kai metablhtè
 ìpw
 o rujmì
 paroq 
 insou-l�nh
, o rujmì
 s�tish
, kaj¸
 kai pl jo
 �llwn stoiqe�wn, en¸ ta ep�peda glukìzh
èqoun metrhje� (per�pou 10 metr sei
 gia k�je asjen ) kai me �llou
 trìpou
 ¸stena mpore� na g�netai bajmonìmhsh tou SSKG kai èlegqo
 th
 akr�bei�
 tou.Ta dedomèna pou èdwse to SSKG analÔontai sto Kef. 6. Diapist¸netai ìti22



up�rqei an�gkh gia filtr�risma twn dedomènwn. Autì g�netai me teqnikè
 anadro-mik 
 ekt�mhsh
 kat�stash
. To jèma tou Kef. 6 e�nai akrib¸
 autì, h efarmog teqnik¸n anadromik 
 ekt�mhsh
 ¸ste apì ti
 metr sei
 tou SSKG kai ta upìloipadedomèna na ektim¸ntai ta ep�peda glukìzh
.
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Kef�laio 2SÔgkrish ProtÔpwn kaiTropopoihmènwn Teqnik¸nAnadromik 
 Ekt�mhsh
Kat�stash

2.1 Eisagwg Sto kef�laio autì anaptÔssontai tropopoihmène
 ekdoqè
 twn f�ltrwn ekt�mh-sh
 kat�stash
 kai sugkr�nontai arijmhtik� me ti
 up�rqouse
 teqnikè
, kai piosugkekrimèna me ta EKF, UKF kai PF. Ta sust mata pou melet¸ntai e�nai th
morf 
 (1.1)�(1.2).Gia to UKF, h epilog  twn σ-points e�nai shmantik . Di�fore
 ptuqè
 th
 e-pilog 
 exet�zontai sthn ergas�a [19℄. 'Ena
 nèo
 algìrijmo
 epilog 
 shme�wnparousi�zetai se autì to kef�laio, kai se k�poie
 peript¸sei
 odhge� se shmanti-k� kalÔtera apotelèsmata apì ton algìrijmo tou UKF pou parousi�sthke sthnergas�a [38℄.Ektì
 apì th dunamik  tou sust mato
, mh-grammikìthte
 mpore� na up�rqoun kaisti
 exis¸sei
 exìdou. Upì orismène
 sunj ke
, h antistrof  th
 mh-grammikìthta
exìdou kai h antikat�stash th
 exìdou apì m�a eikonik  grammik  èxodo mpore�na antimetwp�sei mh grammik� fainìmena uperÔywsh
. Aut  h idèa epexhge�tai meèna kat�llhlo par�deigma, kai oi prosomoi¸sei
 de�qnoun ìti to sf�lma tou EKFmpore� na meiwje� drastik� me autìn ton trìpo. H per�ptwsh twn èntonwn mh-grammikot twn sti
 exis¸sei
 exìdou mpore� na antimetwpiste� apotelesmatik� kaime th qr sh f�ltrwn pou bas�zontai sthn epikratoÔsa ant� gia th mèsh tim .Diaforetik� f�ltra endèqetai na ektimoÔn kalÔtera diaforetikè
 metablhtè
 ka-
Τα αποτελέσματα του κεφαλαίου αυτού παρουσιάζονται σε προκαταρκτική μορφή και στην

εργασία [1]. 24



t�stash
 tou sust mato
   sunart sei
 tou dianÔsmato
 kat�stash
. Epiplèon, seorismène
 peript¸sei
 e�nai dunatì na sqediastoÔn f�ltra eidik� gia thn ekt�mhshk�poia
 sugkekrimènh
 sun�rthsh
 th
 exìdou. 'Ena sqetikì par�deigma parousi-�zetai sthn upoenìthta 2.2.2.Sthn enìthta 2.2 parousi�zontai oi proteinìmene
 tropopoi sei
 twn teqnik¸nfiltrar�smato
, sthn enìthta 2.3 perièqontai ta apotelèsmata twn prosomoi¸sewnme ti
 opo�e
 sugkr�netai h apìdosh twn proteinìmenwn teqnik¸n, kai sthn enìthta2.4 ex�gontai ta sumper�smata.2.2 Proteinìmene
 Tropopoi sei
2.2.1 Antistrof  th
 Ex�swsh
 ExìdouA
 upojèsoume ìti to EKF qrhsimopoie�tai sto akìloujo par�deigma. 'Estwìti h dunamik  tou sust mato
 perigr�fetai apì thn (2.1), ìpou η e�nai h diataraq .
ẋ = −αx3 + η (2.1)H aploÔsterh prosèggish sto diakritì qrìno me qronikì b ma δ d�netai apì thnakìloujh ex�swsh, sthn opo�a wk e�nai to apotèlesma th
 diataraq 
.

xk+1 = xk − αδx3
k + wk. (2.2)'Omw
 h sun�rthsh x− αδx3 den e�nai monìtonh sun�rthsh tou x, kai epiplèonto shme�o isorrop�a
 sto 0 tou sust mato
 xk+1 = xk − αhx3

k den e�nai olik�eustajè
, an kai ja èprepe na e�nai ¸ste h dunamik  tou sust mato
 diakritoÔ qrìnouna apotele� kal  prosèggish th
 dunamik 
 th
 (2.1). Efìson h proanaferje�sasun�rthsh èqei mègisto gia
x∞ =

1√
3αδ

, (2.3)h akìloujh prosèggish diajètei perissìtera qarakthristik� th
 dunamik 
 suneqoÔ
qrìnou.
xk+1 = f(xk) + wk, f(x) =















x− αδx3 |x| < x∞,

−2
3x∞ x ≤ −x∞,

2
3x∞ x ≥ x∞.

(2.4)'Estw, ep�sh
, ìti h ex�swsh exìdou e�nai h (2.5).
yk = x3

k + vk (2.5)Tìte to EKF efarmìzetai sto sÔsthma pou perigr�fetai apì ti
 (2.4)�(2.5). H(2.5) èqei th morf  th
 (1.2) me h(x) = x3. A
 upojèsoume ìti gia k�poia qronik stigm  k isqÔei x̂−
k = 1, P−

xk
= 1, xk = 2 kai yk = 8, en¸ h diakÔmansh tou vke�nai �sh me 1. Tìte efìson h′(x) = 3x2, h′(x̂−

k ) = 3 kai to kèrdo
 Kalman ja25



e�nai �so me 3
32+1 . Efìson h problepìmenh èxodo
  tan �sh me 1, to EKF d�nei

x̂k = 1 + 0.3(8 − 1) = 3.1.H ek twn ustèrwn tim  gia thn èxodo e�nai megalÔterh apì thn parathroÔmenh,parìlo pou den up rqe sf�lma mètrhsh
 kai h problepìmenh tim   tan mikrìterhapì thn parathroÔmenh. Autì sumba�nei epeid  h pr¸th
 t�xh prosèggish th
 h pouprokÔptei qrhsimopoi¸nta
 thn par�gwgì th
 e�nai ègkurh mìno topik�. 'Etsi, exai-t�a
 th
 mh-grammikìthta
 th
 sun�rthsh
 exìdou, to f�ltro ant� gia na exomalÔneita parathroÔmena dedomèna, upìkeitai se autì to fainìmeno uperÔywsh
.'Ena
 trìpo
 na antimetwpiste� autì to prìblhma e�nai h antistrof  th
 ex�swsh
exìdou. An den up rqe sf�lma mètrhsh
, ja �sque xk = 3
√

yk, ìpou h kubik  r�zaenì
 arnhtikoÔ arijmoÔ or�zetai katall lw
. T¸ra isqÔei xk = 3
√

yk + vk. Efìsonh vk e�nai t.m., h 3
√

yk + vk e�nai ep�sh
 t.m., kai den e�nai upologistik� dÔskolo naupologiste� h mèsh tim  kai h diakÔmans  th
.Gia to skopì autì, prosdior�zetai èna kat�llhlo sÔnolo {V1, V2, · · · , VN} touopo�ou h katanom  prosegg�zei thn katanom  tou vk. Sugkekrimèna, an F (x) e�nai hsun�rthsh katanom 
 pijanìthta
 (s.k.p., bl. kai [26℄ sel. 52) th
 vk, tìte upolo-g�zetai to sÔnolo X = {Xn = F−1( 1
2N + n−1

N ), n = 1 . . . N}, kai kanonikopoie�taigia na d¸sei to sÔnolo V = {Vn =
√

R
∑N

l=1
X2

l

Xn, n = 1 . . . N}, ìpou R e�nai hdiakÔmansh th
 vk. Tìte, gia k�je b ma, upolog�zetai o mèso
 sk kai h diakÔmansh
lk tou sunìlou { 3

√
yk + V1, · · · , 3

√
yk + VN}.H proteinìmenh teqnik  e�nai h efarmog  tou EKF sto sÔsthma tou opo�ou hdunamik  d�netai apì thn (2.4) kai h ex�swsh exìdou tou e�nai h
sk = xk + rk, (2.6)ìpou h diakÔmansh tou rk e�nai �sh me lk, to opo�o upolog�zetai, maz� me to sk, apìto b ma antistrof 
.H antistrof  th
 exìdou mpore� na efarmoste� kai sto UKF. H apotelesmati-kìtht� th
 fa�netai sto Sq. 2.1, ìpou to ep�jhma -L de�qnei ìti èqei efarmoste� anti-strof  exìdou. To Sq. 2.1 de�qnei ìti h antistrof  exìdou exale�fei to fainìmenouperÔywsh
 sto EKF kai ìti belti¸nei kai ta apotelèsmata tou UKF. H maÔrh ka-mpÔlh tou sq mato
 antistoiqe� sthn anamenìmenh tim  pou prokÔptei diamer�zonta
to q¸ro kat�stash
 me stajerì plègma (bl. enìthta 2.3). Se �llh pragmatopo�hshtou peir�mato
, h opo�a parousi�zetai sto Sq. 2.2, to EKF pagideÔetai sto mhdènen¸ uperÔywsh parousi�zetai sto UKF. Kai se aut n thn per�ptwsh, h antistrof exìdou e�nai apotelesmatik  tìso gia to EKF ìso kai gia to UKF. Arijmhtikè
 timè
gia to sf�lma prìbleyh
 kai gia ìle
 ti
 teqnikè
 filtrar�smato
 parousi�zontaisthn enìthta 2.3.2.2.2 Ekt�mhsh Sun�rthsh
 th
 Kat�stash
Sth genik  per�ptwsh to prìblhma ekt�mhsh
 afor� thn ekt�mhsh m�a
 sun�r-thsh
 th
 kat�stash
, zk = g(xk). H sun�rthsh g mpore� na e�nai h tautotik , h26
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CMSq ma 2.1: Qronoseir� dedomènwn exìdou kai apotelèsmata diafìrwn me-jìdwn ekt�mhsh
 pou de�qnoun to fainìmeno uperÔywsh
 gia to EKF.sun�rthsh exìdou h,   k�poia �llh sun�rthsh. Efìson h zk e�nai t.m., mpore� nae�nai epijumhtì na proseggiste� h ant�stoiqh sun�rthsh puknìthta
 pijanìthta
  mìno k�poia qarakthristik� th
, ìpw
 h anamenìmenh tim    h diakÔmansh.'Opw
 ja fane�, h sun�rthsh g kai ta qarakthristik� pou prèpei na ektimh-joÔn èqoun shmantikì ant�ktupo sth diadikas�a epilog 
 f�ltrou, giat� e�nai dunatìdiaforetik� f�ltra na ektimoÔn kalÔtera diaforetikè
 sunart sei
,   kai na g�neisqediasmì
 f�ltrou eidikoÔ gia th sun�rthsh pou prèpei na ektimhje�. H dunatìthtaaut  anadeiknÔetai me to akìloujo par�deigma.A
 jewr soume to sÔsthma me dunamik  (2.4) kai èxodo

yk = x2
k + vk. (2.7)'Estw ìti wk kai vk e�nai anex�rthte
 kai isìnome
 t.m. me diakum�nsei
 Q kai Rant�stoiqa. H (2.7) èqei th morf  th
 (1.2) me h(x) = x2. 'Estw ep�sh
 ìti e�naignwstì pw
 x0 = 0. Tìte x̂−

1 = 0 kai ètsi h′(x̂−
1 ) = 0, �ra to kèrdo
 Kalman e�naimhdèn kai telik� x̂1 = 0. Anadromik� prokÔptei ìti x̂k = 0, anex�rthta apì thnakolouj�a exìdou.MporoÔme na parathr soume ìti gia k�je k h s.p.p. th
 kat�stash
 e�nai �rtia.Pr�gmati, an h akolouj�a exìdou e�nai {y1, y2, · · · , yk}, tìte gia k�je zeÔgo
 ako-louji¸n {x1, x2, · · · , xk} kai {v1, v2, · · · , vk} sunep¸n me thn {y1, y2, · · · , yk}, tozeÔgo
 {−x1,−x2, · · · ,−xk} kai {v1, v2, · · · , vk} e�nai ep�sh
 sunepè
 me thn ako-louj�a exìdou kai ex�sou pijanì. Lamb�nonta
 thn perij¸ria katanom  w
 pro
 ta27
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CMSq ma 2.2: Qronoseir� dedomènwn exìdou kai apotelèsmata diafìrwn me-jìdwn ekt�mhsh
 pou de�qnoun to fainìmeno uperÔywsh
 gia to UKF kai toendeqìmeno to EKF na pagideute� sto mhdèn.pijan� {x1, x2, · · · , xk−1} kai {v1, · · · , vk} diapist¸noume ìti p(xk) = p(−xk). Epo-mènw
 h anamenìmenh tim  th
 xk pr�gmati e�nai 0, akrib¸
 ìpw
 ja thn upolog�zamekai me to EKF   to UKF.Wstìso, h s.p.p., h opo�a gia k = 0, 1, 2, 5, 10, 50, 100 (to 0 antistoiqe� sths.p.p. th
 arqik 
 kat�stash
) kai se m�a tuqa�a pragmatopo�hsh parousi�zetai stoSq. 2.3, den mpore� na proseggiste� kal� apì th s.p.p. m�a
 kanonik 
 katanom 
oÔte gia k = 1. W
 ek toÔtou, an den e�nai h anamenìmenh tim  tou xk pou prèpei naektimhje� all� k�poia �llh posìthta, ìpw
 h anamenìmenh tim  tou x2

k, ta EKF kai
UKF èqoun kak  apìdosh. Shmei¸netai ìti kai gia x0 6= 0, efìson gia k�poio k htim  tou xk ja e�nai kont� sto 0, ja prokÔyei to �dio prìblhma.Akolouje� èna
 enallaktikì
 trìpo
 gia thn ekt�mhsh tou x2

k. Jètoume zk = x2
k.Tìte an |zk| < 1

3αδ isqÔei
zk+1 = (xk − αδx3

k + wk)
2 = x2

k − 2αδx4
k + α2δ2x6

k + w2
k + 2(xk − αδx3

k)wk =

= zk − 2αδz2
k + α2δ2z3

k + w2
k + 2(xk − αδx3

k)wk, (2.8)en¸ se diaforetik  per�ptwsh isqÔei
zk+1 = x2

∞ − 2αδx4
∞ + α2δ2x6

∞ + w2
k ± 2(x∞ − αδx3

∞)wk, (2.9)ìpou to x∞ or�zetai sthn (2.3). H anamenìmenh tim  gia ton �gnwsto ìro e�nai
E[w2

k +2(xk−αδx3
k)wk] = Q. H diakÔmans  tou exart�tai apì to |xk|. E�nai dunatì28
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Sq ma 2.3: Sun�rthsh puknìthta
 pijanìthta
 th
 kat�stash
 gia di�fora
k se m�a tuqa�a pragmatopo�hsh.na dhmiourghje� ektì
 gramm 
 èna
 p�naka
 anafor�
 pou na perièqei th diakÔmanshtou agn¸stou ìrou gia di�fore
 timè
 tou xk kai na qrhsimopoie�tai gia thn eÔreshth
 diakÔmansh
 se k�je qronikì b ma. 'Etsi, prokÔptei m�a ekt�mhsh tou x2

k mèswth
 ekt�mhsh
 th
 kat�stash
 tou sust mato
 pou or�zetai apì ti
 (2.10)�(2.11),
zk+1 = zk − 2αδz2

k + α2δ2z3
k + Q + nk (2.10)

yk = zk + vk (2.11)ìpou h t.m. nk èqei mhdenikì mèso all� h katanom  kai h diakÔmans  th
 exart¸ntaiapì to zk.Gia arijmhtik� apotelèsmata kai sÔgkrish twn diafìrwn teqnik¸n filtrar�sma-to
 sto sugkekrimèno prìblhma bl. thn upoenìthta 2.3.2.2.2.3 Nèo SÔnolo σ-Shme�wnMonodi�stath Per�ptwshO algìrijmo
 UKF th
 upoenìthta
 1.1.3 prosegg�zei thn kanonik  katano-m  me mèso M kai diakÔmansh P qrhsimopoi¸nta
 tr�a σ-points, sti
 jèsei
 M ,
M − γ

√
P kai M + γ

√
P ìpou h par�metro
 γ kai ta ant�stoiqa b�rh exhgoÔntaisthn upoenìthta 1.1.3. 29



Me perissìtera shme�a mpore� na prokÔyei kalÔterh prosèggish. 'Estw N oepijumhtì
 arijmì
 σ-points. O akìloujo
 algìrijmo
 parèqei èna trìpo gia thnprosèggish th
 kanonik 
 katanom 
 mèsou M kai diakÔmansh
 P qrhsimopoi¸nta

N shme�a. 'Estw {pi = 1

2N + i−1
N , i = 1 . . . N}. Tìte an F (x) = 1√

2π

∫ x
−∞ e−u2/2due�nai h s.k.p. th
 prìtuph
 kanonik 
 katanom 
, èstw {yi = F−1(pi), i = 1 . . . N}.Tìte to sÔnolo {yi, i = 1 . . . N} èqei mhdenikì mèso all� ìqi apara�thta diakÔmansh

1. 'Ena sÔnolo me monadia�a diakÔmansh prokÔptei an jèsoume
{xi =

√

√

√

√

N
∑N

i=j y2
j

yi, i = 1 . . . N}. (2.12)To proteinìmeno sÔnolo apì σ-points or�zetai apì thn katwtèrw sqèsh
{σi = M +

√
Pxi, i = 1 . . . N}, (2.13)kai h mèsh tim  tou kai h diakÔmansh isoÔntai me M kai P ant�stoiqa. Shmei¸netaiìti tìso sth monodi�stath ìso kai sthn poludi�stath per�ptwsh ta proteinìmenashme�a e�nai isobar .Poludi�stath Per�ptwsh'Estw M o dianusmatikì
 mèso
 kai P h m tra sundiakÔmansh
 m�a
 n-di�stath
kanonik 
 katanom 
. Efìson h P e�nai summetrik , e�nai dunatì na brejoÔn n or-jokanonik� idiodianÔsmata {vi, i = 1 . . . n} me ant�stoiqe
 idiotimè
 {λi, i = 1 . . . n}.H P e�nai jetik� orismènh epomènw
 ìle
 oi idiotimè
 e�nai jetikè
. 'Estw {zi, i =

1 . . . n} anex�rthte
 kai isìnome
 t.m. pou akoloujoÔn thn tupopoihmènh kanonik katanom . Tìte to tuqa�o di�nusma M +
∑n

i=1

√
λizivi akolouje� thn (polumeta-blht ) kanonik  katanom  me mèso M kai m tra sundiakÔmansh
 P .Efìson h tupopoihmènh kanonik  katanom  prosegg�zetai apì to sÔnolo pouor�zetai sthn (2.12), to akìloujo sÔnolo, pou apotele�tai apì Nn stoiqe�a, mpore�na jewrhje� w
 m�a prosèggish th
 n-di�stath
 kanonik 
 katanom 
 me mèso M kaim tra sundiakÔmansh
 P .

{σj1,j2,...,jn = M +
n
∑

i=1

xji

√

λivi, ji = 1 . . . N, i = 1 . . . n} (2.14)H mèsh tim  kai h m tra sundiakÔmans 
 tou e�nai pr�gmati M kai P ant�stoiqa.Gia meg�lo n o plhj�rijmo
 tou sunìlou autoÔ, Nn, ja e�nai polÔ megalÔtero
apì 2n + 1 akìmh kai gia N = 2. Pèran autoÔ, o parap�nw algìrijmo
 sumpe-rilamb�nei upologismì twn idiotim¸n th
 P , en¸ gia to sÔnolo pou perigr�fthkesthn upoenìthta 1.1.3 qrei�zetai mìno o upologismì
 th
 tetragwnik 
 r�za
 m�a
jetik� orismènh
 summetrik 
 m tra
, pou èqei upologistik  poluplokìthta O(n3)qrhsimopoi¸nta
 aposÔnjesh Cholesky. Wstìso, oi arijmhtikè
 dokimè
 me to te-tradi�stato par�deigma th
 upoenìthta
 2.3.4 de�qnoun ìti, gia eke�nh thn per�ptw-sh, to epiplèon upologistikì kìsto
 pou sundèetai me to proteinìmeno sÔnolo apì
σ-points den e�nai apagoreutikì. 30



To akìloujo par�deigma de�qnei ìti h qr sh ìlwn twn sunduasm¸n ji sto
∑n

i=1 xji

√
λivi mpore� na sumb�lei ston akribèstero upologismì th
 diakÔmansh
m�a
 sun�rthsh
 th
 kat�stash
, sugkritik� me to sÔnolo apì σ-points th
 u-poenìthta
 1.1.3. 'Estw ìti h t.m. (x1, x2)

T e�nai kanonik� katanemhmènh me mh-denikì mèso kai monadia�a m tra sundiakÔmansh
, kai ìti jèloume na upolog�sou-me to mèso kai th diakÔmansh th
 f(x1, x2) = x1x2. O tupopoihmèno
 algìrij-mo
 qrhsimopoie� pènte shme�a, ta {(0, 0), (0, 1), (0,−1), (1, 0), (−1, 0)}. 'Ola au-t� apeikon�zontai apì thn f sto 0 kai ètsi h diakÔmansh th
 f ektim�tai �sh meto 0. O proteinìmeno
 algìrijmo
 gia N = 2 qrhsimopoie� tèssera shme�a, ta
{(−1, 1), (1, 1), (1,−1), (−1,−1)}. DÔo ex aut¸n apeikon�zontai sto 1 kai dÔo sto
−1, opìte h diakÔmansh ektim�tai �sh me 1, pou e�nai kai h akrib 
 tim . Kai oi dÔoalgìrijmoi ektimoÔn, swst�, to mèso �so me 0.Arijmhtik� apotelèsmata apì th qr sh tou proteinìmenou sunìlou σ-point seprobl mata anadromik 
 ekt�mhsh
 kat�stash
 parousi�zontai sthn epìmenh enìth-ta.2.2.4 Qr sh th
 EpikratoÔsa
 w
 Ekt�mhsh th
Mèsh
 Tim 
Ta mh grammik� f�ltra pou bas�zontai sto f�ltro Kalman prosegg�zoun th mèshtim  metad�donta
 kai diorj¸nonta
 ti
 timè
 th
 mèsh
 tim 
 kai th
 m tra
 sundia-kÔmansh
. Ektì
 apì to ìti autè
 oi posìthte
 den mporoÔn na upologistoÔn akri-b¸
, h diìrjwsh me to kèrdo
 Kalman den e�nai bèltisth gia mh grammik� sust mata.H epikratoÔsa tim  th
 ek twn ustèrwn katanom 
 wstìso e�nai sqetik� eÔkolo naupologiste�. Parìlou pou h katanom  den e�nai kanonik , �ra h epikratoÔsa densump�ptei apara�thta me th mèsh tim , endèqetai na parèqei m�a kal  prosèggish. Oiupologismo� g�nontai ìpw
 exhge�tai akoloÔjw
.A
 upojèsoume ìti met� to b ma prìbleyh
 tou qronikoÔ b mato
 k, h mèsh tim kai h m tra sundiakÔmansh
 e�nai x̂−

k+1 = M kai P−
xk+1

= P ant�stoiqa. An h tim th
 exìdou th qronik  stigm  k + 1 e�nai yk+1 = y kai h m tra sundiakÔmansh
 tousf�lmato
 e�nai R, tìte h s.p.p. th
 xk+1 e�nai �sh me
1

I

1

(2π)n/2|P |1/2
e−

1
2
(x−M)T P−1(x−M) 1

(2π)n/2|R|1/2
e−

1
2
(y−h(x))T R−1(y−h(x)) (2.15)ìpou

I =

∫

1

(2π)n/2|P |1/2
e−

1
2
(x−M)T P−1(x−M) 1

(2π)n/2|R|1/2
e−

1
2
(y−h(x))T R−1(y−h(x))dx.(2.16)Epomènw
 megistopoie�tai gia thn tim  tou x pou elaqistopoie� thn

1

2

[

(x−M)T P−1(x−M) + (y − h(x))T R−1(y − h(x))
]

. (2.17)31



H par�gwgo
 th
 anwtèrw par�stash
 isoÔtai me
P−1(x−M) +

(

∂h(x)

∂x

)T

R−1(h(x) − y). (2.18)Parìlo pou h diadikas�a megistopo�hsh
 pou perigr�fthke parap�nw mpore� naqrhsimopoihje� gia thn eÔresh m�a
 ekt�mhsh
 th
 mèsh
 tim 
, den parèqei ekt�mhshgia th diakÔmansh th
 kat�stash
. Epomènw
 gia to epìmeno b ma prèpei na qrh-simopoihje� h tim  th
 diakÔmansh
 ìpw
 upolog�zetai apì k�poio f�ltro basismènosto KF. O peiramatismì
 èdeixe ìti kalÔtera apotelèsmata prokÔptoun qrhsimo-poi¸nta
 gia to epìmeno b ma kai thn tim  tou mèsou pou d�nei to basismèno sto
KF f�ltro. 'Etsi, tìso h tim  tou mèsou ìso kai th
 diakÔmansh
 pou upolog�zetaiapì to basismèno se KF f�ltro metad�detai apì qronikì b ma se qronikì b ma, en¸h parap�nw diadikas�a ektele�tai k�je qronik  stigm  qwrist� gia na prokÔyei hekt�mhsh th
 epikratoÔsa
 tim 
.2.3 Prosomoi¸sei
Se aut  thn enìthta oi proteinìmene
 teqnikè
 filtrar�smato
 efarmìzontai setèssera parade�gmata. Pr¸ta parousi�zontai dÔo monodi�stata parade�gmata, Ôste-ra èna didi�stato par�deigma kai telik� èna tetradi�stato par�deigma me ènan kinh-t ra suneqoÔ
 reÔmato
.Se k�je par�deigma efarmìzontai di�fore
 parallagè
 tou f�ltrou Kalman,ìpw
 exhge�tai leptomerèstera se k�je upoenìthta. Gia lìgou
 sÔgkrish
 efar-mìzetai kai to f�ltro swmatid�wn. Qrhsimopoie�tai h parallag  pou parousi�sthkesthn upoenìthta 1.1.3 (Sampling Importance Resampling, SIR), ulopoi¸nta
 tob ma epanadeigmatolhy�a
 me ton algìrijmo th
 anafor�
 [65℄ (stratified resam-
pling).Gia ta monodi�stata parade�gmata, ektì
 apì ti
 parap�nw teqnikè
, efarmìze-tai kai h diamèrish tou q¸rou kat�stash
 me stajerì plègma kai h prosèggish tousust mato
 apì m�a peperasmènh alus�da Markov (bl. kai thn upoenìthta 1.1.2).Qrhsimopoi¸nta
 aut n thn prosèggish, gia k�je qronikì b ma e�nai gnwst  h pija-nìthta tou endeqomènou na an kei h kat�stash se k�poio di�sthma tou plègmato
.H dunamik  tou sust mato
 perigr�fetai apì m�a Markobian  m tra, h opo�a e�naistajer  kai den qrei�zetai na upolog�zetai se k�je qronikì b ma   se k�je ektèlesh.Gia to b ma diìrjwsh
, w
 pijanof�neia enì
 diast mato
 qrhsimopoie�tai h pijano-f�neia tou kèntrou tou. An o arijmì
 twn diasthm�twn e�nai arket� meg�lo
, e�naidunatì na breje� m�a polÔ kal  prosèggish th
 mèsh
 tim 
 ìqi mìno th
 kat�stash
all� kai th
 exìdou   k�poia
 �llh
 sun�rthsh
 th
 kat�stash
. To plègma epi-lègetai leptìtero se perioqè
 ìpou h kat�stash tou sust mato
 pern� perissìteroqrìno. Gia ta parade�gmata pou akoloujoÔn, to plègma epilègetai leptìtero kont�sto 0. 32



Sqìlio 2.1. Se probl mata perissìterwn diast�sewn, akìma kai sto didi�statopar�deigma, aut  h prosèggish ja e�qe ter�stio upologistikì kìsto
, giat� an qrh-simopoie�to plègma puknì se ìle
 ti
 diast�sei
, o arijmì
 twn perioq¸n ja  tanpolÔ meg�lo
.E�nai skìpimo na sugkrijoÔn ta apotelèsmata twn f�ltrwn me to Cramer-Raok�twtato fr�gma (Cramer-Rao lower bound, CRLB) [66℄, [67℄. Epeid  h ektim¸me-nh posìshta (dhl. h kat�stash tou sust mato
) e�nai ep�sh
 t.m., qrhsimopoie�tai hekdoq  van Trees   ek twn ustèrwn ekdoq  tou CRLB. Sthn ergas�a [68℄ upodei-knÔetai èna
 trìpo
 gia ton anadromikì upologismì tou ek twn uster¸n CRLB giato prìblhma tou mh grammikoÔ filtrar�smato
 diakritoÔ qrìnou. Pio sugkekrimèna,exet�zetai to prìblhma ekt�mhsh
 th
 kat�stash
 tou sust mato
 ìpw
 perigr�fetaiapì ti
 (1.1)�(1.2) me diataraq  kai sf�lma mètrhsh
 pou akoloujoÔn thn kanoni-k  katanom , mhdenikoÔ mèsou kai me m tra sundiakÔmansh
 Q kai R ant�stoiqa.ApodeiknÔetai ìti isqÔei
E[(x̂k − xk)(x̂k − xk)

T ] ≥ J−1
k (2.19)ìpou h Jk d�netai apì ti
 akìlouje
 anadromikè
 sqèsei


J0 = P−1
0 , (2.20)

Jk+1 = D22
k −D21

k (Jk + D11
k )−1D12

k , (2.21)
D11

k = E{[∇xk
fT (xk)]Q

−1[∇xk
fT (xk)]

T }, (2.22)
D12

k = −E{[∇xk
fT (xk)]Q

−1},D21
k = [D12

k ]T , (2.23)
D22

k = Q−1 + E{[∇xk+1
hT (xk+1)]R

−1[∇xk+1
hT (xk+1)]

T }, (2.24)ìpou P0 e�nai h ek twn protèrwn m tra sundiakÔmansh
 th
 arqik 
 kat�stash
. Oianwtèrw exis¸sei
 isqÔoun gia mh idi�zouse
 Q kai R. Gia thn per�ptwsh idi�zousa

Q   R bl. thn proanaferje�sa ergas�a.Oi anamenìmene
 timè
 sti
 (2.22)�(2.24) mporoÔn na proseggistoÔn upolog�-zonta
 ti
 ant�stoiqe
 parast�sei
 gia èna meg�lo arijmì tuqa�wn ektelèsewn kailamb�nonta
 th mèsh tim . Gia ta parade�gmata aut 
 th
 enìthta
, 10000 ektelèsei
èginan gia thn prosèggish.Sqìlio 2.2. Gia ta grammik� sust mata to CRLB e�nai p�nta {sfiqtì}, dhl. e�naidunatì na up�rxei ekt�mhsh me sf�lma ìso kai to CRLB (eÔkola �llwste fa�netaiìti ektel¸nta
 ti
 parap�nw exis¸sei
 gia grammik� sust mata h J−1

k ja e�nai hm tra sundiakÔmansh
 tou f�ltrou Kalman), en¸ gia mh grammik� sust mata hapìklish metaxÔ tou fr�gmato
 kai th
 bèltisth
 ekt�mhsh
 mpore� kat� per�ptwshna e�nai   na mhn e�nai shmantik , ìpw
 ja fane� kai sta akìlouja parade�gmata.2.3.1 Monodi�stato Par�deigma me AntistrèyimhEx�swsh ExìdouSe aut  thn upoenìthta parousi�zontai ta apotelèsmata gia to prìblhma th
ekt�mhsh
 th
 kat�stash
 tou sust mato
 me dunamik  pou perigr�fetai apì thn33



P�naka
 2.1: P�naka
 twn rms tim¸n tou sf�lmato
 ekt�mhsh
 kai tou upolo-gistikoÔ qrìnou gia to par�deigma th
 upoenìthta
 2.3.1, a� per�ptwsh.
Τεχνική Μέσο Σφάλμα Μέγιστο Σφάλμα Υπολ. Χρόνος

x y x y (ms)

EKF 0.8345 18.53 3.2019 4148 0.15

UKF 0.3891 1.2593 0.6110 40.58 0.35

MUKF(P) 0.3890 1.2455 0.6050 39.22 0.60

MUKF 0.3868 1.4356 0.6577 52.40 0.75

UKF-Mode 0.4117 0.7430 0.6807 1.055 0.54

MUKF-Mode 0.4117 0.7449 0.6744 1.061 0.94

MUKF(15)-Mode 0.4110 0.7437 0.6762 1.060 1.25

EKF-L 0.4227 0.7785 0.7237 1.263 0.71

UKF-L 0.4219 0.7775 0.7218 1.263 0.84

PF/SIR(50) 0.3872 0.8251/0.8464 0.6499 3.524/3.521 0.24

PF/SIR(1000) 0.3759 0.7212/0.7459 0.5876 1.351/1.349 1.68

CM(50) 0.3764 0.8561/0.8784 0.5882 4.434/4.438 0.07

CM(1000) 0.3753 0.7156/0.7404 0.5882 1.023/1.058 2.39(2.4) kai èxodo pou d�netai apì thn (2.5).To sÔsthma prosomoi¸jhke upì ti
 akìlouje
 sunj ke
. Oi par�metroi e�nai�se
 me α = 0.1, δ = 0.1. H arqik  kat�stash x0 e�nai kanonik� katanemhmènh memèso 0.1 kai diakÔmansh 1, kai anex�rthth twn akolouji¸n t.m. wk kai vk pou ep�sh
jewroÔntai kanonikè
 kai metaxÔ tou
 anex�rthte
, en¸ epiplèon e�nai akolouj�e
isìnomwn t.m. me mhdenikì mèso. H diakÔmansh th
 vk e�nai �sh me 1, en¸ gia thnpr¸th per�ptwsh pou melet�tai h diakÔmansh th
 wk isoÔtai me δ. To sÔsthmaprosomoi¸netai mèqri th stigm  t = 10 (k = 100).Prokeimènou na sugkrijoÔn oi diaforetikè
 mèjodoi ekt�mhsh
, to pe�rama èqeiekteleste� 1000 forè
. Oi prosomoiwmène
 mèse
 timè
 gia ta x2 kai y2 e�nai 1.47kai 23.32 ant�stoiqa. Ston P�naka 2.1 parousi�zetai h mèsh kai h mègisth (apìti
 1000) rms tim  gia to sf�lma ekt�mhsh
 twn x kai y, ìpw
 ep�sh
 kai o mèso
qrìno
 upologismoÔ an� b ma se msec. Oi upologistiko� qrìnoi èqoun katagrafe�se ènan H/U twn 64-bit me rolìi 2.9 GHz pou ekteloÔse MATLAB 7.2 gia Linux,ìpw
 kai oi upologistiko� qrìnoi pou emfan�zontai sta upìloipa kef�laia. Ton�zetaiìti se aut n thn enìthta, me ton ìro {ekt�mhsh y} ennoe�tai h ekt�mhsh tou h(x).Ant�stoiqa gia ton ìro {sf�lma y}. Ton�zetai ep�sh
 ìti, ìpou den anafèretai k�tidiaforetikì, h ektim¸menh tim  tou h(x) e�nai h h(x̂).Ston P�naka 2.1, EKF kai UKF e�nai ta Extended kai Unscented Kalman Filterant�stoiqa qwr�
 k�poia tropopo�hsh. To MUKF (Modified UKF) e�nai to tropo-34



poihmèno UKF sto opo�o èqei qrhsimopoihje� to σ-point sÔnolo pou prot�jhke sthnupoenìthta 2.2.3. H tim  tou N e�nai �sh me 9. Gia to MUKF(P) to proteinìmeno
σ-point sÔnolo qrhsimopoi jhke mìno gia to b ma prìbleyh
. Gia ta epìmena tr�af�ltra to ep�jhma ‘-Mode’ de�qnei ìti h ekt�mhsh th
 kat�stash
 prokÔptei apì thdiadikas�a megistopo�hsh
 pou perigr�fthke sthn upoenìthta 2.2.4. Gia thn elaqi-stopo�hsh th
 (2.17) sto par�deigma autì arqik� upolog�zetai h tim  th
 p�nw seplègma me b ma �so me 0.3, Ôstera epilègetai to shme�o pou d�nei th mikrìterh tim ,kai Ôstera h diadikas�a epanalamb�netai me èna topikì plègma b mato
 0.001. Opeiramatismì
 èdeixe ìti o trìpo
 autì
 e�nai taqÔtero
 se sqèsh me ti
 anadromikè
mejìdou
. To MUKF(15) e�nai MUKF me N = 15. Ta EKF-L kai UKF-L e�nai
EKF kai UKF me antestrammènh thn ex�swsh exìdou, dhl. me ex�swsh exìdou (2.6)ant� gia (2.5).Gia to PF/SIR (Particle Filter with Sampling Importance Resampling), o a-rijmì
 se parènjesh e�nai o arijmì
 twn swmatid�wn. Dedomènou ìti to PF parèqeim�a prosèggish kai th
 katanom 
, h mèsh tim  tou y mpore� na ektimhje� qrhsi-mopoi¸nta
 thn (1.24). O arijmì
 arister� th
 kajètou (/) to sf�lma me b�shthn ekt�mhsh th
 E[h(xk)] apì thn (1.24), en¸ o arijmì
 dexi� th
 kajètou e�naito sf�lma me b�sh thn prosèggish h(E[(xk)]). 'Opw
 e�nai anamenìmeno, h pr¸thek twn dÔo aut¸n tim¸n e�nai mikrìterh. Tèlo
, èqei g�nei diamèrish tou q¸rou mestajerì plègma (CM), ìpw
 perigr�fthke kai sthn arq  aut 
 th
 enìthta
. O a-rijmì
 se parènjesh e�nai o arijmì
 twn diasthm�twn tou plègmato
, en¸ oi arijmo�arister� kai dexi� th
 kajètou èqoun thn �dia ènnoia ìpw
 kai sto PF. Kai se aut nthn per�ptwsh, to gegonì
 ìti e�nai gnwst  h katanom  th
 kat�stash
 epitrèpeiakribèsterh ekt�mhsh th
 exìdou.Ta apotelèsmata de�qnoun ìti to EKF den parèqei ikanopoihtik  ekt�mhsh oÔtegia to x oÔte gia to y, lìgw tou mh grammikoÔ fainomènou pou perigr�fthke sthnupoenìthta 2.2.1. To UKF ep�sh
 ephre�zetai apì to �dio fainìmeno, kai to sf�lmagia to y e�nai uyhlì, parìlo pou to x ektim�tai kal�. Ta MUKF kai MUKF(P) e�naielafr¸
 kalÔtera apì to UKF, all� kai aut� e�nai mh ikanopoihtik� gia to y, id�w
to MUKF pou d�nei qeirìtera apotelèsmata apì to UKF. H epikratoÔsa tim  mpore�na sumb�lei ston upologismì polÔ sjenaroÔ
 ekt�mhsh
 gia to y, ìpw
 fa�netai apìto polÔ qamhlì mèso sf�lma gia to y kai akìma kalÔtero mègisto sf�lma gia to y,sugkr�sima mìno me aut� tou CM(1000). H antistrof  th
 ex�swsh
 exìdou mei¸neiousiwd¸
 to sf�lma ekt�mhsh
 tou y tìso gia to EKF ìso kai gia to UKF, all�aux�nei to sf�lma sthn ekt�mhsh tou x. Ta PF kai CM, me poll� swmat�dia kaidiast mata ant�stoiqa, apod�doun kalÔtera apì to UKF-L, all� to gegonì
 ìti tosf�lma gia to y sthn per�ptwsh twn EKF-L kai UKF-L e�nai mikrìtero apì autìtwn PF(50) kai CM(50) de�qnei ìti h antistrof  th
 exìdou mpore� na leitourg seipolÔ apotelesmatik�. E�nai endiafèron ìti an kai to CM(50) d�nei sf�lma gia to xsugkr�simo me autì tou PF(1000), to sf�lma gia to y e�nai megalÔtero apì ìti giato PF(50).To Sq ma 2.4 parousi�zei thn rms tim  tou sf�lmato
 sthn ekt�mhsh tou x giak�je qronikì b ma, kaj¸
 kai to ant�stoiqo Cramer-Rao kat¸tato fr�gma. Oi ka-35
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Sq ma 2.4: Metabatik  apìkrish diafìrwn f�ltrwn kai CRLB gia to pa-r�deigma th
 upoenìthta
 2.3.1, a� per�ptwsh.
mpÔle
 gia ta ‘Mode’ kai ‘CM’ antistoiqoÔn sta ‘MUKF(15)-Mode’ kai ‘CM(1000)’tou P�naka 2.1. Ektì
 apì to EKF , ìle
 oi �lle
 mèjodoi sugkl�noun gr gora sthmìnimh kat�stas  tou
. E�nai ep�sh
 axioshme�wto ìti to CRLB e�nai shmantik�qamhlìtero apì ìti to sf�lma tou ‘CM(1000)’ (h rms tim  tou e�nai 0.1391). Autìsumba�nei epeid  h mh-grammikìthta e�nai èntonh.To Sq. 2.5 parousi�zei thn katanom  tou rms sf�lmato
 ekt�mhsh
 tou x giati
 1000 ektelèsei
 tou peir�mato
 kai gia ta �dia f�ltra pou emfan�zontai sto Sq.2.4. H anapotelesmatikìthta tou EKF e�nai emfan 
.To sÔsthma melet jhke kai gia diakÔmansh tou wk �sh me 0.1δ. Se aut n thnper�ptwsh oi prosomoiwmène
 mèse
 timè
 twn x2 kai y2 e�nai 0.58 kai 2.51 ant�stoiqa.Ta apotelèsmata parousi�zontai ston P�naka 2.2. Kai sthn per�ptwsh aut , to EKFden apod�dei kal�, kai to UKF ektim� to x kal� all� to sf�lma tou gia to y dene�nai ikanopoihtikì. H qr sh th
 epikratoÔsa
 tim 
 odhge� se exairetik  ekt�mhshtou y, en¸ d�nei kai m�a kal  ekt�mhsh tou x. H antistrof  th
 ex�swsh
 exìdouepitrèpei thn kal  ekt�mhsh tou y, all� qeirotereÔei thn ekt�mhsh tou x. Tèlo
,parathroÔme ìti gia aut n thn per�ptwsh to CM ektim� to y kalÔtera apì to PF.H rms tim  tou CRLB se aut n thn per�ptwsh e�nai �sh me 0.1852.36
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Sq ma 2.5: Katanom  twn tim¸n tou rms sf�lmato
 gia to par�deigma th
upoenìthta
 2.3.1, a� per�ptwsh.2.3.2 Monodi�stato Par�deigma me Mh Antistrèyi-mh Ex�swsh ExìdouSe aut  thn upoenìthta melet�tai to sÔsthma me dunamik  pou d�netai apì thn(2.4) kai èxodo pou d�netai apì thn (2.7). Gia thn pr¸th per�ptwsh pou exet�zetaioi par�metroi kai h katanom  tou x0 e�nai autè
 tou prohgoÔmenou parade�gmato
.Oi katanomè
 twn wk kai vk e�nai autè
 th
 pr¸th
 per�ptwsh
 tou parade�gmato
eke�nou. To sÔsthma prosomoi¸netai mèqri th stigm  t = 10 kai ekteloÔntai 1000pragmatopoi sei
 tou peir�mato
, ìpw
 kai sto prohgoÔmeno par�deigma.Oi prosomoiwmène
 timè
 gia ta x2 kai y2 e�nai 1.46 kai 5.82 ant�stoiqa. Taapotelèsmata parousi�zontai ston P�naka 2.3. Mìno to sf�lma ekt�mhsh
 gia to yd�netai, gia tou
 lìgou
 pou exhg jhkan sthn enìthta 2.3.2. Oi timè
 sth deÔterhmèqri kai thn tètarth st lh prokÔptoun apì thn efarmog  twn mejìdwn filtra-r�smato
 sti
 (2.10)�(2.11) (pragmatikì sÔsthma), en¸ eke�ne
 sthn pèmpth mèqrikai sthn èbdomh st lh prokÔptoun apì thn efarmog  twn mejìdwn filtrar�smato
sti
 (2.4) kai (2.7) (eikonikì sÔsthma). Kat� thn ekt�mhsh th
 kat�stash
 tou ei-konikoÔ sust mato
, gia aplopo�hsh, upojètoume ìti to nk katanèmetai kanonik�.Oi upologistiko� qrìnoi e�nai an� b ma kai se ms.AfoÔ to eikonikì sÔsthma èqei grammik  ex�swsh exìdou, h antistrof  th
 e-xìdou den e�nai efarmìsimh. H grammikìthta th
 ex�swsh
 exìdou ep�sh
 sune-p�getai ìti h mèsh kai h epikratoÔsa tim  sump�ptoun, dedomènou ìti h katanom 37



P�naka
 2.2: P�naka
 twn rms tim¸n tou sf�lmato
 ekt�mhsh
 kai tou upolo-gistikoÔ qrìnou gia to par�deigma th
 upoenìthta
 2.3.1, b� per�ptwsh.
Τεχνική Μέσο Σφάλμα Μέγιστο Σφάλμα Υπολ. Χρόνος

x y x y (ms)

EKF 0.4899 1.4082 1.3000 116 0.15

UKF 0.3357 0.7314 0.7976 73.88 0.36

MUKF(P) 0.3357 0.7178 0.7950 71.50 0.61

MUKF 0.3336 0.8337 0.8042 92.05 0.77

UKF-Mode 0.3379 0.3806 0.8273 0.864 0.55

MUKF-Mode 0.3371 0.3868 0.8365 0.825 0.96

MUKF(15)-Mode 0.3367 0.3843 0.8306 0.792 1.28

EKF-L 0.3916 0.4219 0.7965 0.865 0.72

UKF-L 0.3907 0.4199 0.7936 0.864 0.85

PF/SIR(50) 0.3413 0.3928/0.3969 0.8401 2.341/2.344 0.25

PF/SIR(1000) 0.3276 0.3594/0.3656 0.8037 1.273/1.272 1.80

CM(50) 0.3272 0.3607/0.3672 0.8112 1.007/1.017 0.08

CM(1000) 0.3271 0.3576/0.3641 0.8112 0.799/0.849 3.62

P�naka
 2.3: P�naka
 twn rms tim¸n tou sf�lmato
 ekt�mhsh
 kai tou upolo-gistikoÔ qrìnou gia to par�deigma th
 upoenìthta
 2.3.2, a� per�ptwsh.
Τεχνική (2.4), (2.7) (2.10)–(2.11)

Σφάλμα Υπολ. Χρόνος Σφάλμα Υπολ. Χρόνος

Μέσο Μέγιστο (ms) Μέσο Μέγιστο (ms)

EKF 0.6879 2.1890 0.15 0.6524 0.9558 0.29

UKF 1.6435 3.8932 0.36 0.6525 0.9577 0.52

MUKF 1.1867 2.9310 0.29 0.6475 0.9655 0.46

PF/SIR(100) 0.6237 1.0864 0.28 0.6665 1.4922 0.42

PF/SIR(1000) 0.6136 0.9033 1.34 0.6566 1.2394 1.48

CM(30) 0.6331 1.4777 0.05 0.6370 0.9280 4.27

CM(100) 0.6137 0.9222 0.06 0.6368 0.9284 11.7038



P�naka
 2.4: P�naka
 twn rms tim¸n tou sf�lmato
 ekt�mhsh
 kai tou upolo-gistikoÔ qrìnou gia to par�deigma th
 upoenìthta
 2.3.2, b� per�ptwsh.
Τεχνική (2.4), (2.7) (2.10)–(2.11)

Σφάλμα Υπολ. Χρόνος Σφάλμα Υπολ. Χρόνος

Μέσο Μέγιστο (ms) Μέσο Μέγιστο (ms)

EKF 2.0468 4.8162 0.15 0.6518 0.9227 0.29

UKF 2.0468 4.8162 0.36 0.6519 0.9255 0.51

MUKF 1.9572 3.8193 0.29 0.6470 0.9321 0.45

PF/SIR(100) 0.6239 0.9027 0.28 0.6640 1.0056 0.42

PF/SIR(1000) 0.6150 0.8753 1.34 0.6550 0.9417 1.49

CM(30) 0.6324 1.2925 0.05 0.6365 0.8894 4.29

CM(100) 0.6147 0.8994 0.07 0.6363 0.8889 11.80th
 kat�stash
 met� to b ma prìbleyh
 prosegg�zetai apì m�a kanonik  katano-m . Epomènw
 mìno oi upìloipe
 teqnikè
 filtrar�smato
 efarmìsthkan se autì tosÔsthma. Prèpei ep�sh
 na shmei¸soume ìti gia to MUKF to tropopoihmèno σ-pointsÔnolo efarmìzetai mìno sto b ma prìbleyh
, diìti h ex�swsh exìdou tou eikonikoÔsust mato
 e�nai grammik  kai ètsi to b ma diìrjwsh
 g�netai me b�sh th
 exis¸sei
tou f�ltrou Kalman.To EKF sumperifèretai kal� kai gia ta dÔo sust mata, en¸ to UKF mìno giato eikonikì. To MUKF parousi�zei shmantik� mikrìtero sf�lma se sqèsh me to
UKF mìno gia to pragmatikì sÔsthma. To gegonì
 ìti to sf�lma ekt�mhsh
 qrhsi-mopoi¸nta
 EKF, UKF   MUKF gia to eikonikì sÔsthma e�nai parapl sio me autìtou CM   tou PF gia to pragmatikì sÔsthma anadeiknÔei thn apotelesmatikìthtath
 proteinìmenh
 teqnik 
. Epiplèon, to gegonì
 ìti to CM(100) gia to eikonikìsÔsthma d�nei apotelèsmata sugkr�sima me aut� tou CM(100) gia to pragmatikìsÔsthma de�qnei ìti h aplopo�hsh pou g�netai, dhl. ìti h t.m. nk e�nai kanonik� ka-tanemhmènh, den eis�gei shmantikì sf�lma. Autì to gegonì
, se sunduasmì me thnapodotikìthta twn EKF , UKF kai MUKF gia sust mata me  pie
 mh-grammikìthte
ìpw
 to eikonikì sÔsthma, e�nai pou odhge� sthn kal  apìdosh twn proanaferjèntwnf�ltrwn ìtan efarmìzontai sto eikonikì sÔsthma.Prèpei na shmeiwje� ìti o upologistikì
 qrìno
 gia to CM sthn per�ptwshtou eikonikoÔ sust mato
 e�nai uyhlì
 epeid  h stoqastik  m tra exart�tai apì thdiakÔmansh th
 diataraq 
, kai epomènw
 prèpei na upolog�zetai se k�je qronikìb ma. Autì
 e�nai kai o lìgo
 pou h teqnik  CM(1000) den dokim�sthke se autì tosÔsthma.H deÔterh per�ptwsh pou melet�tai diafèrei apì thn pr¸th w
 pro
 th mèshtim  th
 katanom 
 th
 arqik 
 kat�stash
, h opo�a e�nai 0 ant� gia 0.1. Oi pro-somoiwmène
 mèse
 timè
 gia ta x2 kai y2 se aut n thn per�ptwsh e�nai 1.46 kai39



P�naka
 2.5: P�naka
 twn rms tim¸n tou sf�lmato
 ekt�mhsh
 kai tou upolo-gistikoÔ qrìnou gia to par�deigma th
 upoenìthta
 2.3.3, a� per�ptwsh
Τεχνική Μέσο Σφάλμα Μέγιστο Σφάλμα Υπολ. Χρόνος

x1 x2 x1 x2 (ms)

EKF 7.9181 3.5974 10.3128 3.9498 0.11

UKF 7.5795 3.5907 10.3435 3.9177 0.25

MUKF 6.6326 3.5734 7.9090 3.8778 0.295.83 ant�stoiqa. Ta apotelèsmata parousi�zontai ston P�naka 2.4 kai e�nai ìmoiame aut� th
 pr¸th
 per�ptwsh
 ektì
 apì thn apìdosh twn EKF, UKF kai MUKFgia to pragmatikì sÔsthma. 'Opw
 exhge�tai sthn upoenìthta 2.3.2, aut� ta tr�af�ltra ektimoÔn thn kat�stash na e�nai 0 ìle
 ti
 qronikè
 stigmè
 ìtan h arqik tou
 ekt�mhsh e�nai 0. Wstìso, arijmhtik� l�jh ston upologismì twn σ-points giato MUKF odhgoÔn se apìklish apì to 0. H isqur  ex�rthsh apì ti
 arqikè
 sun-j ke
 sta apotelèsmata twn EKF, UKF kai MUKF de�qnei ìti e�nai kalÔtero naefarmìzontai sto eikonikì sÔsthma.2.3.3 Didi�stato Digrammikì SÔsthmaTo sÔsthma pou melet�tai se aut n thn upoenìthta perigr�fetai apì ti
 akìlou-je
 exis¸sei
.
xk+1 =





0.5 0

0 0.5



xk + x1,kx2,k





0.25

0



+ wk,

yk =
[

1 0
]

xk + vk.Sti
 anwtèrw exis¸sei
, wk kai vk e�nai anex�rthte
 kai isìnome
 akolouj�e
 kanoni-k� katanemhmènwn tuqa�wn metablht¸n, anex�rthte
 metaxÔ tou
 kai apì thn arqik kat�stash pou e�nai ep�sh
 kanonik  t.m.Efìson h ex�swsh exìdou e�nai grammik , h antistrof  th
 exìdou den èqeiefarmog , kai h ekt�mhsh b�sei th
 epikratoÔsa
 tim 
 taut�zetai me ton ektim¸menomèso. Epiplèon, to PF/SIR apèdide �sqhma akìmh kai gia 10000 swmat�dia, gia taopo�a o upologistikì
 qrìno
  tan polÔ meg�lo
. Gia autì to lìgo parousi�zontaiapotelèsmata mìno gia ta EKF, UKF kai MUKF. Gia to MUKF, to N epelègh�so me 2. Ta tr�a efarmozìmena f�ltra diafèroun se autì to par�deigma mìno stob ma prìbleyh
, dedomènou ìti h ex�swsh exìdou e�nai grammik  kai �ra to b madiìrjwsh
 g�netai me ti
 exis¸sei
 tou f�ltrou Kalman.Gia thn pr¸th per�ptwsh pou exet�zetai, to wk èqei mèsh tim  0 kai h m tra sun-diakÔmans 
 tou e�nai �sh me 10I2, en¸ to vk èqei mhdenik  mèsh tim  kai diakÔmansh40



P�naka
 2.6: P�naka
 twn rms tim¸n tou sf�lmato
 ekt�mhsh
 kai tou upolo-gistikoÔ qrìnou gia to par�deigma th
 upoenìthta
 2.3.3, b� per�ptwsh
Τεχνική Μέσο Σφάλμα Μέγιστο Σφάλμα Υπολ. Χρόνος

x1 x2 x1 x2 (ms)

EKF 33.2416 3.7100 69.4051 4.4110 0.11

UKF 29.0547 3.6893 73.0664 4.4738 0.25

MUKF 15.1896 3.6279 21.3721 3.9544 0.29�sh me 100. H arqik  kat�stash x0 ep�sh
 èqei mhdenik  mèsh tim  kai h m tra sun-diakÔmans 
 th
 e�nai �sh me 100I2. To sÔsthma prosomoi¸netai mèqri gia k = 1000.PragmatopoioÔntai 1000 ektelèsei
. Oi rms timè
 gia ta x1 kai x2 e�nai 40427 kai3.6578 ant�stoiqa. Ta apotelèsmata twn teqnik¸n filtrar�smato
 parousi�zontaiston P�naka 2.5, en¸ oi ant�stoiqe
 timè
 gia to CRLB e�nai 3.1966 kai 3.1624. To
MUKF apod�dei kalÔtera apì to UKF, to opo�o me th seir� tou apod�dei kalÔteraapì to EKF. H diafor� e�nai megalÔterh gia to mègisto rms sf�lma. H deÔterhper�ptwsh diafèrei w
 pro
 th diakÔmansh tou vk pou t¸ra e�nai �sh me 1000. 1000ektelèsei
 g�nontai kai se aut n thn per�ptwsh, kai gia autè
 oi rms timè
 gia ta x1kai x2 e�nai 10311 kai 3.6518. O P�naka
 2.6 parousi�zei ta ant�stoiqa apotelèsma-ta. T¸ra h diafor� metaxÔ MUKF kai UKF e�nai polÔ megalÔterh, id�w
 w
 pro
th sumperifor� sth qeirìterh per�ptwsh. Oi timè
 tou CRLB e�nai t¸ra 3.3661 kai3.1624.Ta apotelèsmata aut 
 th
 upoenìthta
 de�qnoun ìti, upì orismène
 sunj ke
,to proteinìmeno σ-point sÔnolo mpore� na belti¸sei shmantik� thn apìdosh qwr�
aÔxhsh sto upologistikì kìsto
.
2.3.4 Tetradi�stato Par�deigma Kinht ra Sune-qoÔ
 ReÔmato
To teleuta�o par�deigma pou melet�tai afor� ènan kinht ra S.R. tou opo�ou hjèsh metr�tai me ènan kwdikopoiht  sin/cos (sin/cos encoder). To reÔma th
 di-ègersh
 jewre�tai stajerì kai oi magnhtikè
 mh-grammikìthte
 ameloÔntai. θ e�naih gwniak  jèsh, ω h gwniak  taqÔthta kai i to reÔma tump�nou. e e�nai h t�shpou efarmìzetai sto tÔmpano kai se autì to par�deigma jewre�tai stajer . Upo-jètoume ìti o suntelest 
 apìsbesh
 b(t) metab�lletai periodik�. H dunamik  tou41



sust mato
 d�netai apì ti
 (2.25)�(2.29).
θ̇ = ω (2.25)

Jω̇ = −b(t)ω + Ki (2.26)
Li̇ = e−Kω −Ri (2.27)
φ̇b = ωb0 (2.28)

b(t) = b0 + b1cos(φb) (2.29)Metr�tai mìno h gwniak  jèsh, qrhsimopoi¸nta
 ìpw
 proanafèrjhke ènan si-
n/cos encoder. Upojètoume ìti metr sei
 lamb�nontai k�je δ = 0.01sec sÔmfwname ti
 (2.30)�(2.31)

y1,k = sin(θk) + v1,k, (2.30)
y2,k = cos(θk) + v2,k, (2.31)ìpou v1,k kai v2,k e�nai anex�rthte
 kai isìnome
 kanonikè
 t.m. me mhdenikì mèso kaidiakÔmansh Rv.Sto diakritì qrìno kai me b ma �so me δ, kai lamb�nonta
 upìyh ìti to sÔsthmaupìkeitai se diataraqè
, h dunamik  prosegg�zetai apì ti
 akìlouje
 exis¸sei
.

θk+1 = θk + δωk + w1,k (2.32)
ωk+1 = ωk + δ(−bkωk + Kik)/J + w2,k (2.33)
ik+1 = ik + δ(e−Kωk −Rik)/L + w3,k (2.34)

φb,k+1 = φb,k + δωb0 + w4,k (2.35)
bk = b0 + b1cos(φb,k) (2.36)Epomènw
 to prìblhma e�nai na ektimhje� h kat�stash tou sust mato
 me exi-s¸sei
 kat�stash
 (2.32)�(2.35) ìpou to bk or�zetai apì thn (2.36), kai exis¸sei
exìdou (2.30)�(2.31).'Opw
 sthn upoenìthta 2.2.1, oi (2.30)�(2.31) mporoÔn na antistrafoÔn gia nad¸soun m�a eikonik  mètrhsh tou θ, all� se aut n thn per�ptwsh h antistrof den g�netai �mesa. IsqÔei θ = arctan(y1 − v1, y2 − v2), ìpou arctan(y, x) e�naih gwn�a th
 opo�a
 to hm�tono kai to sunhm�tono e�nai �sa me y√

x2+y2
kai x√

x2+y2ant�stoiqa. 'Estw R =
√

y2
1 + y2

2, φ = arctan(y1, y2) ¸ste na isqÔei y1 = Rsinφkai y2 = Rcosφ.Tìte or�zoume ti
 t.m. n = cosφv1−sinφv2 kai r = −sinφv1−cosφv2. E�nai (apìkoinoÔ) kanonik� katanemhmène
 kai mpore� na exakribwje� mèsw apl¸n upologism¸nìti èqoun diakÔmansh �sh me Rv, ìpw
 kai ìti e�nai asusqètiste
 �ra anex�rthte
.A
 or�soume thn t.m.
q = − n

r + R
. (2.37)42



Tìte
θ = arctan(Rsinφ + rsinφ− ncosφ,Rcosφ + rcosφ + nsinφ)

= arctan
(

(R + r)sinφ− ncosφ, (R + r)cosφ + nsinφ
)

= arctan(sinφ + qcosφ, cosφ− qsinφ). (2.38)Qrhsimopoi¸nta
 thn trigwnometrik  tautìthta
tan(a + b) =

tan(a) + tan(b)

1− tan(a)tan(b)
(2.39)mpore� na elegqje� ìti

θ = arctan(sinφ + qcosφ, cosφ− qsinφ) = φ + arctan(q). (2.40)Efìson h arctan e�nai peritt  sun�rthsh kai h s.p.p. th
 n e�nai ep�sh
 peritt èpetai ìti E[arctan(q)] = 0 kai �ra E[θ] = φ. H diakÔmansh th
 arctan(q) exart�taiapì to R.Shmei¸noume ìti h φ e�nai kai h ektim tria meg�sth
 pijanof�neia
 tou θ. Pr�g-mati, h pijanof�neia e�nai �sh me
1√

2πRv
e−

(y1−sinφ)2

2Rv
1√

2πRv
e−

(y2−cosφ)2

2Rv . (2.41)'Ara megistopoie�tai ìtan h par�stash (y1− sinφ)2 + (y2− cosφ)2 elaqistopoie�tai.'Omw
 isqÔei ìti
(y1 − sinφ)2 + (y2 − cosφ)2 =

= y2
1 + y2

2 + sin2φ + cos2φ− 2(y1sinφ + y2cosφ) =

= y2
1 + y2

2 + 1− 2(y1sinφ + y2cosφ). (2.42)EÔkola diapist¸netai ìti h par�stash (y1sinφ + y2cosφ) megistopoie�tai gia φ =
arctan(y1, y2) kai oloklhr¸netai h apìdeixh tou isqurismoÔ.Sqìlio 2.3. H antistrof  d�nei thn tim  θ mod 2π. Prokeimènou na apofeuqjoÔn�lmata kat� 2π, se k�je qronikì b ma prost�jetai sto arctan(y1, y2) to akèraiopollapl�sio tou 2π pou to k�nei ìso plhsièstero g�netai sthn prohgoÔmenh ekt�mhshtou θ.Oi par�metroi tou sust mato
 gia ti
 prosomoi¸sei
  tan oi akìlouje
: (se mo-n�de
 tou SI). K = 0.035, L = 0.5, R = 2, J = 0.03, b0 = 0.01, b1 = 0.003, ωb0 =
10, e = 20. To sÔsthma prosomoi¸netai mèqri th stigm  t = 20.Gia thn pr¸th per�ptwsh pou exet�zetai, h diakÔmansh tou wk e�nai �sh me 10−4I4,en¸ h diakÔmansh tou v1,k kai tou v2,k e�nai �sh me 10−4. H arqik  kat�stash èqeim tra sundiakÔmansh
 0.01I4. 'Ole
 oi anaferje�se
 t.m. e�nai kanonik� katanemh-mène
, anex�rthte
 metaxÔ tou
 kai me mhdenikì mèso.43



P�naka
 2.7: P�naka
 twn rms tim¸n tou sf�lmato
 ekt�mhsh
 kai tou upolo-gistikoÔ qrìnou gia to par�deigma th
 upoenìthta
 2.3.4, a� per�ptwsh
Τεχνική Μέσο Σφάλμα Μέγιστο Σφάλμα Χρόνος

θ ω i φb θ ω i φb (ms)

EKF 0.0079 0.0968 0.0363 0.1942 0.0083 0.1384 0.0485 0.4230 0.16

UKF 0.0079 0.0967 0.0363 0.1942 0.0083 0.1384 0.0485 0.4235 0.57

MUKF 0.0079 0.0967 0.0363 0.1942 0.0083 0.1384 0.0485 0.4233 1.14

EKF-L 0.0079 0.0968 0.0363 0.1942 0.0084 0.1384 0.0485 0.4228 0.13

UKF-L 0.0079 0.0967 0.0363 0.1942 0.0084 0.1384 0.0485 0.4233 0.57

PF/SIR(1000) 0.0079 0.1077 0.0368 0.2492 0.0084 0.1793 0.0484 0.7624 1.59
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CRLBSq ma 2.6: Metabatik  apìkrish diafìrwn f�ltrwn gia thn ekt�mhsh tou ωkai ant�stoiqo CRLB, a� per�ptwsh.Ta apotelèsmata apì 1000 ektelèsei
 parousi�zontai ston P�naka 2.7. Oi timè
gia ta sf�lmata ekt�mhsh
 pou emfan�zontai e�nai rms timè
, en¸ oi rms timè
 gia ti
tèsseri
 metablhtè
 e�nai �se
 me 298.6, 29.1, 9.4 kai 115.5. Oi ant�stoiqe
 timè
 tou

CRLB e�nai 0.0079, 0.0909, 0.0364 kai 0.1283.Gia to MUKF, to N epelègh �so me 2. Ta apotelèsmata me qr sh th
 epikra-toÔsa
 tim 
 sqedìn taut�zontan me aut� pou prokÔptoun apì th qr sh tou mèsou,44
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Sq ma 2.7: Metabatik  apìkrish diafìrwn f�ltrwn gia thn ekt�mhsh tou ikai ant�stoiqo CRLB, a� per�ptwsh.kai gia autì den perilamb�nontai ston p�naka. Shmei¸noume, ep�sh
, ìti gia aplopo�-hsh h diakÔmansh tou q pou or�zetai sthn (2.37), h opo�a exart�tai apì to R, èqeijewrhje� stajer  me tim  aut n pou èqei gia R = 1.Ektì
 apì to PF, pou den ektim� ta ω kai φb me tìsh akr�beia ìsh oi �lle
mèjodoi, den parathroÔntai diaforè
 an�mesa sti
 diaforetikè
 teqnikè
. Autì sum-ba�nei epeid  h apìdosh twn f�ltrwn e�nai kont� sto Cramer-Rao kat¸tato fr�gma,opìte den up�rqei perij¸rio belt�wsh
. Autì epibebai¸netai sta Sq. 2.6 kai 2.7.Sto Sq. 2.6 parousi�zontai oi kumatomorfè
 th
 rms tim 
 tou sf�lmato
 ekt�mhsh
gia th gwniak  taqÔthta kaj¸
 kai to ant�stoiqo Cramer-Rao fr�gma. H apìdoshtwn basismènwn sto f�ltro Kalman mejìdwn e�nai pr�gmati polÔ kont� sto CRLB.To Sq. 2.7 parousi�zei ti
 ant�stoiqe
 kumatomorfè
 gia to reÔma tou kinht ra kaimpore� na parathrhje� ìti oi timè
 tou rms sf�lmato
 kai tou CRLB praktik� tau-t�zontai. ParathroÔme ep�sh
 ìti oi rms timè
 akoloujoÔn to k�tw fr�gma kai kat�th di�rkeia tou metabatikoÔ fainomènou. To �dio isqÔei kai gia ti
 rms timè
 twnsfalm�twn sthn ekt�mhsh tou θ (to ant�stoiqo di�gramma parale�petai gia lìgou
oikonom�a
 q¸rou). Prèpei ep�sh
 na anaferje� ìti ta sf�lmata gia to φb den e�naitìso kont� sto CRLB (bl. kai to Sq. 2.8).To sÔsthma melet jhke kai me diaforetikè
 timè
 gia ti
 m tre
 sundiakÔmansh
twn jorÔbwn kai th
 arqik 
 kat�stash
. Sugkekrimèna, gia th deÔterh per�ptwsh,h arqik  kat�stash kai h diataraq  èqoun m tra sundiakÔmansh
 �sh me 10−1I4,en¸ h diakÔmansh twn v1,k kai v2,k e�nai �sh me 10−2. Ta apotelèsmata apì 100045



P�naka
 2.8: P�naka
 twn rms tim¸n tou sf�lmato
 ekt�mhsh
 kai tou upolo-gistikoÔ qrìnou gia to par�deigma th
 upoenìthta
 2.3.4, b� per�ptwsh
Τεχνική Μέσο Σφάλμα Μέγιστο Σφάλμα Χρόνος

θ ω i φb θ ω i φb (ms)

EKF 0.1027 2.8636 1.1186 11.174 0.1084 4.2943 1.4269 39.3164 0.16

UKF 0.1017 2.7161 1.1184 9.2123 0.1066 4.1888 1.4208 32.3189 0.56

MUKF 0.1021 2.7176 1.1183 9.2943 0.1076 4.1978 1.4206 33.3555 1.12

EKF-L 0.1004 2.8578 1.1185 11.136 0.1050 4.2194 1.4279 48.5524 0.13

UKF-L 0.1004 2.7161 1.1184 9.2126 0.1050 4.1877 1.4207 32.3655 0.57

PF/SIR(1000) 0.0965 3.1289 1.1603 12.020 0.1012 4.9182 1.4557 47.6644 1.35
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Sq ma 2.8: Metabatik  apìkrish diafìrwn f�ltrwn gia thn ekt�mhsh tou φbkai ant�stoiqo CRLB, b� per�ptwsh.ektelèsei
 me autè
 ti
 sunj ke
 parousi�zontai ston P�naka 2.8. Oi rms timè
gia ti
 tèsseri
 metablhtè
 e�nai �se
 me 300.8, 29.4, 9.5 kai 115.6. T¸ra up�rqounshmantikìtere
 diaforè
 metaxÔ twn diaforetik¸n algor�jmwn filtrar�smato
. P.q.,en¸ to PF(1000) d�nei thn kalÔterh ekt�mhsh gia to θ, den ektim� polÔ kal� to ω.H antistrof  th
 exìdou mei¸nei to sf�lma ekt�mhsh
 gia to θ kaj¸
 kai to sf�lmasthn ekt�mhsh tou ω apì to EKF. To UKF ant�jeta, pou antimetwp�zei kalÔtera ti
46



P�naka
 2.9: Sugkritik� apotelèsmata ektim sewn b�sei th
 mèsh
 kai th
epikratoÔsa
 tim 
 gia to par�deigma th
 upoenìthta
 2.3.4, b� per�ptwsh
Τεχνική Μέσο Σφάλμα Μέγιστο Σφάλμα Χρόνος

θ ω i φb θ ω i φb (ms)

MUKF 0.1021 2.7131 1.1261 9.3882 0.1060 3.5359 1.3459 24.1602 1.14

MUKF-Mode 0.0960 2.7130 1.1261 9.3882 0.0991 3.5342 1.3459 24.1601 9.44mh-grammikìthte
 apì mìno tou, den wfele�tai apì thn antistrof  gia thn ekt�mhshtou ω.'Opw
 kai prin, to CRLB praktik� taut�zetai me to sf�lma th
 kalÔterh
 teqni-k 
 gia ta i kai θ, en¸ h apìklish e�nai mikr  gia to ω. Ta diagr�mmata parale�pontaigia suntom�a. To ant�stoiqo di�gramma gia to φb, gia to opo�o h apìklish metaxÔ
CRLB kai twn sfalm�twn ekt�mhsh
 e�nai meg�lh, e�nai to Sq. 2.8. Oi rms timè
 tou
CRLB gia ti
 tèsseri
 metablhtè
 kat�stash
 e�nai �se
 me 0.0957, 2.6901, 1.1248kai 2.2860. Oi upologistiko� qrìnoi d�nontai se msec. To MUKF e�nai pio apai-thtikì upologistik� apì to UKF, all� oi qrìnoi e�nai th
 �dia
 t�xh
 megèjou
.Autì de�qnei ìti to MUKF mpore� na qrhsimopoihje� akìmh kai se tetradi�statasust mata, toul�qiston gia N = 2.Me ta qarakthristik� twn jorÔbwn th
 deÔterh
 per�ptwsh
, h epikratoÔsa dentaut�zetai pl rw
 me th mèsh tim . Epeid  h diadikas�a megistopo�hsh
 pou ako-louj jhke (anadromik  mèjodo
 basismènh sti
 mejìdou
 pou perigr�fontai sti
[69, 70℄ kai h opo�a parèqetai apì th sun�rthsh ‘fminunc’ tou MATLAB) e�nai qro-nobìra, èginan mìno 100 ektelèsei
. Ta apotelèsmata parousi�zontai ston P�naka2.9. H epikratoÔsa tim  parèqei kalÔterh ekt�mhsh gia to θ apì to opo�o exart�tai�mesa h èxodo
. Aut  h parat rhsh e�nai se sumfwn�a kai me ta apotelèsmata twnprohgoÔmenwn paradeigm�twn.2.4 Sumper�smataTa apotelèsmata autoÔ tou kefala�ou de�qnoun ìti h antistrof  th
 ex�swsh
exìdou gia to sqhmatismì m�a
 eikonik 
 grammik 
 exìdou mpore� na antimetwp�sei mhgrammik� fainìmena kai na mei¸sei to sf�lma ekt�mhsh
 th
 exìdou. Diapist¸jhkeìti se orismène
 peript¸sei
 h èxodo
 mpore� na ektimhje� polÔ kal� qrhsimopoi¸nta
teqnikè
 basismène
 sthn epikratoÔsa tim . H dunatìthta axiopo�hsh
 th
 dunamik 
m�a
 sugkekrimènh
 sun�rthsh
 th
 kat�stash
 gia thn ekt�mhs  th
 anade�qthkemèsw enì
 parade�gmato
, sto opo�o me autìn ton trìpo belti¸netai h sumperifor�twn EKF kai UKF. Tèlo
, prote�netai èna nèo σ-point sÔnolo gia to UKF, to opo�ose èna par�deigma apod�dei shmantik� kalÔtera apì to diadedomèno sÔnolo.Anade�qjhke ìti to Cramer-Rao k�tw fr�gma se orismène
 peript¸sei
 mpore� na47



qrhsimopoihje� gia na apodeiqje� ìti den up�rqei perij¸rio belt�wsh
, en¸ se �lle
peript¸sei
 h tim  tou mpore� na e�nai polÔ qamhlìterh apì thn kat¸terh efikt tim . Epiplèon, k�je m�a apì ti
 proteinìmene
 tropopoi sei
 bohj� sth me�wsh tousf�lmato
 ekt�mhsh
 k�tw apì sugkekrimène
 sunj ke
. Se k�poio bajmì, to an jaup�rqei me�wsh   ìqi e�nai anamenìmeno me b�sh th fÔsh tou probl mato
. K�poie
pleurè
 autoÔ tou jèmato
 anafèrjhkan.Peraitèrw melèth ja mporoÔse na afor� th genik  per�ptwsh th
 antistrof 
th
 exìdou kai th
 ekt�mhsh
 m�a
 sugkekrimènh
 sun�rthsh
 th
 kat�stash
. De-domènou ìti o plhj�rijmo
 tou proteinìmenou σ-point sunìlou aux�netai ekjetik� meth di�stash tou q¸rou kat�stash
, ja  tan endiafèron na melethjoÔn peript¸sei
ìpou h Iakwbian  th
 f sthn (1.1)   th
 h sthn (1.2) e�nai arai  prokeimènou to nèosÔnolo na e�nai efarmìsimo se sust mata megalÔterh
 t�xh
.
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Kef�laio 3Ekt�mhsh Kat�stash
 MhGrammik¸n Susthm�twnEidik 
 Dom 

3.1 Eisagwg 'Opw
 anafèrjhke sthn eisagwg  kai f�nhke sto prohgoÔmeno kef�laio, giata sust mata meg�lh
 di�stash
 e�nai upologistik� apaithtikì na g�nontai akribe�
upologismo�. Gia par�deigma, to GHKF, ìpw
 exhg jhke sthn upoenìthta 1.1.3,qrhsimopoie� mn shme�a (bl. thn ex. 1.22), arijmì ekjetikì w
 pro
 th di�stash touq¸rou.Ta f�ltra th
 bibliograf�a
 èqoun sqediaste� gia èna genikì mh grammikì sÔsth-ma. Wstìso, an e�nai gnwstì ìti to sÔsthma e�nai eidik 
 dom 
 aut  h plhrofor�ampore� na axiopoihje� gia na g�netai akribèstera to b ma prìbleyh
   diìrjwsh
.Se autì to kef�laio melet�tai m�a sugkekrimènh kl�sh mh grammik¸n susthm�twn.Sugkekrimèna, gia thn ex�swsh exìdou, k�je èxodo
 e�nai m�a mh grammik  sun�rthshm�a
 metablht 
, me e�sodo èna grammikì sunduasmì twn metablht¸n kat�stash
.Gia th dunamik  tou sust mato
, ektì
 apì to grammikì ìro, epitrèpontai kai mhgrammikè
 sunart sei
 m�a
 metablht 
 me e�sodo, kai se aut n thn per�ptwsh, ènagrammikì sunduasmì twn metablht¸n kat�stash
. Axiopoi¸nta
 aut  th dom , holokl rwsh se n diast�sei
 mpore� na antikatastaje� apì thn ep�lush grammik¸nsusthm�twn sti
 n diast�sei
 kai olokl rwsh se m�a kai dÔo diast�sei
. ApofeÔgo-nta
 th n-di�stath olokl rwsh e�nai efiktì na g�nontai akribe�
 upologismo� qwr�
meg�lo upologistikì kìsto
. H apotelesmatikìthta th
 proteinìmenh
 teqnik 
anadeiknÔetai kai se tr�a parade�gmata.Sthn enìthta 3.2 or�zetai h kl�sh mh grammik¸n susthm�twn pou melet�tai
Τα αποτελέσματα του κεφαλαίου αυτού παρουσιάζονται και στην εργασία [2], της οποίας

προκαταρκτική έκδοση αποτελεί η [3]. 49



se autì to kef�laio, kai parousi�zetai leptomer¸
 h proteinìmenh teqnik . Sthnenìthta 3.3 parousi�zetai o trìpo
 me ton opo�o oi exis¸sei
 pènte shmantik¸n u-pokl�sewn th
 genik 
 kl�sh
 mporoÔn na grafoÔn sth morf  th
 genik 
 kl�sh
.Sthn enìthta 3.4 h proteinìmenh teqnik  dokim�zetai se tr�a parade�gmata. H enìth-ta 3.5 perièqei ta sumper�smata.3.2 An�lush th
 Kl�sh
 Upì Melèth3.2.1 Orismì
 th
 Kl�sh
H kl�sh pou exet�zetai apotele�tai apì ta sust mata me dunamik  th
 morf 

xk+1 = Axk +

Nc
∑

i=1

Bigi(D
T
i xk) + wk (3.1)kai ex�swsh exìdou th
 morf 


yk,i = hi(C
T
i xk) + vk,i, i = 1, . . . , No, (3.2)ìpou oi gi kai hi e�nai mh grammikè
 sunart sei
 m�a
 metablht 
, Nc, No ∈ N, en¸ta Ci kai Di e�nai dianÔsmata-st lh ston R

n.Sthn epìmenh upoenìthta analÔetai to prìblhma anadromik 
 ekt�mhsh
 ka-t�stash
 gia sust mata th
 morf 
 (3.1)�(3.2) kai parousi�zetai h proteinìmenhteqnik . Sthn upoenìthta 3.2.3 apodeiknÔetai ìti grammiko� metasqhmatismo� touq¸rou kat�stash
 den ephre�zoun ta apotelèsmata.3.2.2 O Proteinìmeno
 Algìrijmo
H akìloujh prìtash e�nai to kÔrio ergale�o pou qrhsimopoie�tai gia na meiwje�h di�stash th
 olokl rwsh
.Prìtash 3.1. A
 upojèsoume ìti x e�nai m�a kanonik� katanemhmènh tuqa�a me-tablht  me timè
 ston R
n, mèso M kai m tra sundiakÔmansh
 P > 0, C e�nai ènamh mhdenikì di�nusma-st lh ston R

n kai g : R
n → R e�nai m�a Borel-metr simhsun�rthsh tètoia ¸ste h t.m. g(CT x) na èqei peperasmènh diakÔmansh. A
 upo-jèsoume ep�sh
 ìti {vi, i = 1, . . . , n−1} e�nai n−1 grammik� anex�rthta dianÔsmatatètoia ¸ste vT

i PC = 0. 'Estw S = E[xg(CT x)]. Tìte to S e�nai h monadik  lÔshtou grammikoÔ sust mato




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
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



CT

vT
1...

vT
n−1


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





S =

















E[CT xg(CT x)]

vT
1 ME[g(CT x)]...

vT
n−1ME[g(CT x)]

















. (3.3)
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Apìdeixh. Kat� arq�
, ta dianÔsmata {v1, . . . , vn−1, C} e�nai grammik� anex�rthta.Autì apodeiknÔetai w
 akoloÔjw
. 'Estw ìti
λ1v1 + . . . + λn−1vn−1 + λnC = 0. (3.4)Anastrèfonta
 ta dÔo mèlh th
 ex�swsh
 aut 
 kai pollaplasi�zont�
 ta ek dexi¸nme PC prokÔptei ìti

λ1v
T
1 PC + . . . + λn−1v

T
n−1PC + λnCTPC = 0⇒ λnCTPC = 0⇒ λn = 0. (3.5)'Omw
 tìte

λ1v1 + . . . + λn−1vn−1 = 0 (3.6)kai efìson ta {vi, i = 1, . . . , n− 1} e�nai grammik� anex�rthta, èpetai ìti λ1 = . . . =
λn−1 = 0 kai oloklhr¸netai o isqurismì
. Epomènw
 o p�naka
 twn suntelest¸ntou grammikoÔ sust mato
 e�nai mh idi�zwn kai �ra to sÔsthma dèqetai monadik lÔsh.Gia na apodeiqte� ìti h lÔsh aut  e�nai to S, qrhsimopoie�tai to gegonì
 ìtioi t.m. CTx kai vT

i x e�nai asusqètiste
 kai kanonik� katanemhmène
 (apì koinoÔ),epomènw
 e�nai anex�rthte
. Pr�gmati, Cov
(

CT x, vT
i x
)

= CT Pvi = 0 �ra vT
i S =

E[vT
i xg(CT x)] = E[vT

i x]E[g(CT x)] = vT
i ME[g(CT x)]. H ex�swsh CTS = E[CTxg(CT x)]èpetai apì ton orismì tou S.Sqìlio 3.1. Efìson h m tra P e�nai jetik� orismènh kai to C e�nai mh mhdenikì,p�nta up�rqoun tètoia {vi, i = 1, . . . , n− 1}.Sqìlio 3.2. O upologismì
 tou S apeuje�a
 apì ton orismì tou, S = E[xg(CT x)],e�nai èna prìblhma olokl rwsh
 sti
 n diast�sei
. Me thn parap�nw prìtash, èqeianaqje� sto n-di�stato grammikì sÔsthma (3.3) kai se dÔo monodi�stata probl mataolokl rwsh
, thn prosèggish tou E[xCg(xC)] kai tou E[g(xC)], ìpou xC = CT xe�nai t.m. me pragmatikè
 timè
.Se autì to kef�laio, tìso gia to b ma prìbleyh
 ìso kai gia to b ma diìr-jwsh
, h arijmhtik  prosèggish twn oloklhrwm�twn ja g�netai me b�sh th mèjodoproseggistik 
 olokl rwsh
 Gauss-Hermite, dhlad  me b�sh ti
 (1.21) kai (1.22).Wstìso, o proteinìmeno
 algìrijmo
 mpore� na sunduaste� me opoiad pote mèjo-do proseggistik 
 olokl rwsh
. 'Opw
 ja fane� sto upìloipo mèro
 aut 
 th
enìthta
, mìno mèqri didi�stath olokl rwsh qrei�zetai, epeid  o proteinìmeno
 al-gìrijmo
 qrhsimopoie� thn Prìtash 3.1 gia na mei¸sei th di�stash th
 olokl rwsh
.'Etsi h prosèggish mpore� na e�nai akrib 
 qwr�
 na e�nai upologistik� apaithtik .Ton�zetai to leptì shme�o ìti h Prìtash 3.1 isqÔei gia kanonikè
 tuqa�e
 me-tablhtè
, en¸ h pragmatik  katanom  th
 kat�stash
 den e�nai kanonik . 'Omw
,akìmh kai qwr�
 thn Prìtash 3.1, gia par�deigma sto GHKF, oi anamenìmene
 timè
upolog�zontai gia kanonik  katanom . W
 ek toÔtou, an h prosèggish e�nai akrib 
,h qr sh th
 prìtash
 den ephre�zei ta apotelèsmata, en¸ mei¸nei ton upologistikìqrìno.Kai gia ta dÔo b mata, ìloi oi upologismo� analÔontai pr¸ta leptomer¸
 kaiÔstera o algìrijmo
 parousi�zetai se sÔntomh morf .51



B ma Prìbleyh
'Estw ìti h xk èqei mèso x̂k kai m tra sundiakÔmansh
 Pxk
. Tìte apì thn (3.1)prokÔptei ìti

E[xk+1] = Ax̂k +
Nc
∑

i=1

BiE[gi(D
T
i xk)]. (3.7)Efìson, gia k�je i = 1 . . . Nc , h DT

i xk e�nai kanonik  t.m. me pragmatikè
 timè
, mèso
DT

i x̂k kai diakÔmansh DT
i Pxk

Di, h E[gi(D
T
i xk)] prosegg�zetai qrhsimopoi¸nta
 thn(1.21) me g = gi, µ = DT

i x̂k kai P = DT
i Pxk

Di. 'Estw ḡi h tim  pou prokÔptei.Tìte h prìbleyh gia to mèso e�nai h akìloujh:
x̂−

k+1 = Ax̂k +
Nc
∑

i=1

Biḡi. (3.8)Sqìlio 3.3. Oi anamenìmene
 timè
 se aut  thn par�grafo e�nai desmeumène
 w
pro
 x̂k kai Pxk
. Oi sunj ke
 autè
 parale�pontai prokeimènou na aplopoihje� o sum-bolismì
. Gia par�deigma, gr�foume E[xk+1] ant� gia E[xk+1|x̂k, Pxk

] kai V [xk+1]ant� gia V [xk+1|x̂k, Pxk
].To b ma prìbleyh
 perilamb�nei ton upologismì th
 ek twn protèrwn diakÔman-sh
 th
 xk+1. IsqÔei

P−
xk+1

= V [xk+1] = V

[

Axk +
Nc
∑

i=1

Bigi(D
T
i xk) + wk

]

=

= V [Axk] + V

[

Nc
∑

i=1

Bigi(D
T
i xk)

]

+ Cov

(

Axk,
Nc
∑

i=1

Bigi(D
T
i xk)

)

+

+ Cov

(

Nc
∑

i=1

Bigi(D
T
i xk), Axk

)

+ V [wk] . (3.9)E�nai gnwstì ìti V [wk] = Q kai V [Axk] = APxk
AT .A
 jewr soume ton deÔtero ìro th
 (3.9).
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]

BT
j −

Nc
∑

i=1

Nc
∑

j=1

BiE

[

gi(D
T
i xk)

]

E

[

gj(D
T
j xk)

]

BT
j .(3.10)52



Gia i = j, h E

[

gi(D
T
i xk)gj(D

T
j xk)

] prosegg�zetai qrhsimopoi¸nta
 thn (1.21)me g = g2
i , µ = DT

i x̂k kai P = DT
i Pxk

Di. Gia i 6= j, h E

[

gi(D
T
i xk)gj(D

T
j xk)

] prose-gg�zetai qrhsimopoi¸nta
 thn (1.22) me g(x1, x2) = gi(x1)gj(x2), µ = (DT
i x̂k,D

T
j x̂k)

Tkai P �sh me




DT
i Pxk

Di DT
i Pxk

Dj

DT
j Pxk

Di DT
j Pxk

Dj



 . (3.11)Kai sti
 dÔo peript¸sei
, èstw ḡij h prosèggish pou prokÔptei gia thn E

[

gi(D
T
i xk)gj(D

T
j xk)

].Tìte h prosèggish gia ton deÔtero ìro th
 (3.9) e�nai
V

[

Nc
∑

i=1

Bigi(D
T
i xk)

]

≈
Nc
∑

i=1

Nc
∑

j=1

BiḡijB
T
j −

Nc
∑

i=1

Nc
∑

j=1

BiḡiḡjB
T
j . (3.12)O tètarto
 ìro
 th
 (3.9) e�nai o an�strofo
 tou tr�tou ìrou, opìte arke� naproseggiste� mìno o tr�to
 ìro
. IsqÔei:

Cov

(

Axk,
Nc
∑

i=1

Bigi(D
T
i xk)

)

= E



Axk

(

Nc
∑

i=1

Bigi(D
T
i xk)

)T


−E [Axk] E

[

Nc
∑

i=1

Bigi(D
T
i xk)

]T

=
Nc
∑

i=1

E

[

Axkgi(D
T
i xk)B

T
i

]

−Ax̂k

(

Nc
∑

i=1

BiE

[

gi(D
T
i xk)

]

)T

= A
Nc
∑

i=1

E

[

xkgi(D
T
i xk)

]

BT
i −Ax̂k

Nc
∑

i=1

E

[

gi(D
T
i xk)

]

BT
i . (3.13)H E

[

xkgi(D
T
i xk)

] prosegg�zetai qrhsimopoi¸nta
 thn (3.3). Oi anamenìmene
 ti-mè
 sto dexiì mèlo
 th
 (3.3) prosegg�zontai apì ta ḡii kai ḡi. Ta dianÔsmata
{v1, . . . , vn−1} exart¸ntai apì to i kai to qronikì b ma k. 'Estw xgi h lÔsh th
(3.3). Tìte h prosèggish gia ton tr�to ìro th
 (3.9) e�nai

Cov

(

Axk,
Nc
∑

i=1

Bigi(D
T
i xk)

)

≈ A
Nc
∑

i=1

xgiB
T
i −Ax̂k

Nc
∑

i=1

ḡiB
T
i . (3.14)Qrhsimopoi¸nta
 ti
 (3.12) kai (3.14) mpore� na upologiste� m�a prosèggish th


P−
xk+1

kai na oloklhrwje� to b ma prìbleyh
. O algìrijmo
 pou perigr�fthkeparap�nw sunoy�zetai sto Sq. 3.1.B ma Diìrjwsh
Gia to b ma diìrjwsh
 prèpei na upologistoÔn ta ŷ−k+1, P−
yk+1

kai P−
xk+1,yk+1

. Oiupologismo� auto� g�nontai me teqnikè
 ant�stoiqe
 me tou b mato
 prìbleyh
.53



1: function PredictionStep(x̂k, Pxk
)

2: for i← 1 : Nc do

3: Calculate ḡi using (1.21)
4: end for

5: for i← 1 : Nc do

6: for j ← 1 : Nc do

7: if i = j Calculate ḡij using (1.21)
8: if i 6= j Calculate ḡij using (1.22)
9: end for

10: end for

11: for i← 1 : Nc do

12: Calculate xgi solving (3.3)
13: end for

14: V ← ∑Nc

i=1

∑Nc

j=1 BiḡijB
T
j −

∑Nc

i=1

∑Nc

j=1 BiḡiḡjB
T
j

15: COV ← A
∑Nc

i=1 xgiB
T
i − Ax̂k

∑Nc

i=1 ḡiB
T
i

16: x̂−
k+1 ← Ax̂k +

∑Nc

i=1 Biḡi ⊲ Prediction Mean
17: P−

xk+1
← APxk

AT + V + COV + COV T + Q

18: ⊲ Prediction Covariance
19: end functionSq ma 3.1: Algìrijmo
 B mato
 Prìbleyh
Xekin�me apì to ŷ−k+1. Apì thn (3.2) èpetai ìti gia i = 1 . . . Ni

ŷ−k+1,i = E

[

hi(C
T
i xk+1)

]

. (3.15)Sqìlio 3.4. Oi anamenìmene
 timè
 se aut  thn par�grafo e�nai desmeumène
 w
pro
 x̂−
k+1 kai P−

xk+1
. Oi sunj ke
 autè
 parale�pontai prokeimènou na aplopoihje� osumbolismì
. Gia par�deigma, gr�foumeE

[

hi(C
T
i xk+1)

] ant� gia E

[

hi(C
T
i xk+1)|x̂−

k+1, P
−
xk+1

].H E

[

hi(C
T
i xk+1)

] prosegg�zetai qrhsimopoi¸nta
 thn (1.21) me g = hi, µ =

CT
i x̂−

k+1 kai P = CT
i P−

xk+1
Ci. 'Estw h̄i h tim  pou prokÔptei.Gia thn Pyk+1

, apì thn (3.2) prokÔptei
(Pyk+1

)−i,j =

= E[(hi(C
T
i xk+1)+vk+1,i)(hj(C

T
j xk+1)+vk+1,j)]−E[hi(C

T
i xk+1)+vk+1,i]E[hj(C

T
j xk+1)+vk+1,j]

= E[hi(C
T
i xk+1)hj(C

T
j xk+1)] + Ri,j − E[hi(C

T
i xk+1)]E[hj(C

T
j xk+1)]. (3.16)H E[hi(C

T
i xk+1)hj(C

T
j xk+1)] mpore� na proseggiste� ìpw
 h E[gi(D

T
i xk)gj(D

T
j xk)]sto b ma prìbleyh
. 'Estw h̄ij h proseggistik  tim  pou prokÔptei. Tìte h pro-54



1: function CorrectionStep(x̂−
k+1, P

−
xk+1

, yk+1)
2: for i← 1 : No do

3: Calculate h̄i using (1.21)
4: end for

5: for i← 1 : No do

6: for j ← 1 : No do

7: if i = j Calculate h̄ij using (1.21)
8: if i 6= j Calculate h̄ij using (1.22)
9: end for

10: end for

11: for i← 1 : No do

12: Calculate xhi solving (3.3)
13: end for

14: ŷ− ← (h̄i)
15: P−

y ← (h̄ij − h̄ih̄j) + R

16: P−
x,y ← (xhj − x̂−

k+1h̄j)
17: K ← P−

x,yP
−1
y

18: x̂k+1 ← x̂−
k+1 + K (yk+1 − ŷ−) ⊲ Updated Mean

19: Pxk+1
← P−

xk+1
−KP−

y KT ⊲ Updated Covariance
20: end functionSq ma 3.2: Algìrijmo
 B mato
 Diìrjwsh
sèggish gia to (Pyk+1

)−i,j e�nai
(Pyk+1

)−i,j ≈ h̄ij − h̄ih̄j + Rij . (3.17)Tèlo
, h j-ost  st lh th
 P−
xk+1,yk+1

, (Pxk+1,yk+1
)−j e�nai �sh me

(Pxk+1,yk+1
)−j = E[xk+1hj(C

T
j xk+1)]− E[xk+1]E[hj(C

T
j xk+1)]. (3.18)H E[xk+1hj(C

T
j xk+1)] upolog�zetai ant�stoiqa me thn E[xkgi(D

T
i xk)] sto b ma prìble-yh
. An h proseggistik  tim  sumbol�zetai me xhj, h prosèggish gia th st lh

(Pxk+1,yk+1
)−j e�nai

(Pxk+1,yk+1
)−j ≈ xhj − x̂−

k+1h̄j . (3.19)Met� ton upologismì twn ŷ−k+1, P−
yk+1

kai P−
xk+1,yk+1

, to b ma diìrjwsh
 olo-klhr¸netai qrhsimopoi¸nta
 ti
 (1.15)�(1.17) ìpw
 sto KF kai ti
 mh grammikè
parallagè
 tou. O algìrijmo
 tou b mato
 diìrjwsh
 sunoy�zetai sto Sq. 3.2.55



3.2.3 Idiìthta Analloi¸tou se GrammikoÔ
 Meta-sqhmatismoÔ
Oi metasqhmatismo� suntetagmènwn qrhsimopoioÔntai suqn� sth jewr�a tìsotwn grammik¸n [71℄ ìso kai twn mh grammik¸n [4℄ susthm�twn. To F�ltro Kalmanden ephre�zetai apì grammikoÔ
 metasqhmatismoÔ
, dhlad  an h kat�stash tou su-st mato
 metasqhmatiste� mèsw tou x′ = Tx, tìte isqÔei x̂′
k = T x̂k gia k�je k. Seaut n thn upoenìthta apodeiknÔetai ìti gia thn kl�sh upì melèth, kai h proteinìmenhtropopoihmènh teqnik  èqei aut n thn idiìthta. To gegonì
 autì èqei th shmanti-k  sunèpeia ìti h epilog  pragmatopo�hsh
 sto q¸ro kat�stash
 m�a
 sun�rthsh
metafor�
 e�nai adi�forh ìtan shmas�a èqoun mìno oi e�sodoi kai oi èxodoi. Aut  hsunèpeia qrhsimopoie�tai sthn enìthta 3.4.'Estw epomènw
 T m�a mh idi�zousa n × n m tra. Me aploÔ
 upologismoÔ
prokÔptei ìti sti
 suntetagmène
 pou or�zontai apì th sqèsh x′ = Tx, to sÔsthmaperigr�fetai apì ti
 akìlouje
:

x′
k+1 = A′x′

k +
Nc
∑

i=1

B′
igi(D

′T
i x′

k) + w′
k, (3.20)

yk,i = hi(C
′T
i x′

k) + vk,i, i = 1, . . . , No, (3.21)ìpou
A′ = TAT−1, (3.22)
B′

i = TBi, (3.23)
D′

i = (T T )−1Di, (3.24)
C ′

i = (T T )−1Ci, (3.25)en¸ epiplèon èqoume ìti
w′

k ∼ N (0, TQT T ), (3.26)
x′

0 ∼ N (T x̂0, TPx0T
T ). (3.27)To apotèlesma aut 
 th
 upoenìthta
 diatup¸netai sthn akìloujh prìtash.Prìtash 3.2. A
 jewr soume to sÔsthma pou perigr�fetai apì ti
 (3.1)�(3.2)kai to metasqhmatismì suntetagmènwn x′ = Tx. An x̂k kai Pxk

e�nai oi ektim sei
tou proteinìmenou f�ltrou gia ti
 arqikè
 suntetagmène
, en¸ x̂′
k kai Px′

k
e�nai oiektim sei
 gia ti
 metasqhmatismène
 suntetagmène
, tìte gia k�je k ∈ N isqÔei

x̂′
k = T x̂k, Px′

k
= TPxk

T T . (3.28)Apìdeixh. Gia k = 0 h (3.28) e�nai stoiqei¸de
 apotèlesma th
 Jewr�a
 Pijano-t twn, diatupwmèno kai sthn (3.27). 'Estw ìti h (3.28) isqÔei gia th qronik  stigm 
k. Ja apode�xoume ìti isqÔei kai gia k + 1.56



Gia k�je i = 1 . . . Nc, apì thn (3.24) èpetai ìti D′T
i x̂′

k = DT
i T−1T x̂k = DT

i x̂k kai
D′T

i Px′

k
D′

i = DT
i T−1TPxk

T T (T T )−1Di = DT
i Pxk

Di. Opìte ta σ-points gia th mhgrammik  sun�rthsh gi den ephre�zontai apì to metasqhmatismì. Autì sunep�getaiìti ḡ′i = ḡi kai ḡ′ij = ḡij .To dexiì mèlo
 th
 (3.3) epomènw
 den all�zei. H m tra twn suntelest¸n pol-laplasi�zetai ek dexi¸n me T−1, giat� autì isqÔei gia thn pr¸th gramm  lìgw th
(3.24), kai h epilog  v′i = viT
−1 e�nai ègkurh gia ti
 upìloipe
 grammè
. Epomènw


xg′i = Txgi e�nai h lÔsh tou ant�stoiqou sust mato
 (3.3).Qrhsimopoi¸nta
 ti
 isìthte
 ḡ′i = ḡi, ḡ′ij = ḡij kai xg′i = Txgi kaj¸
 kaiti
 (3.20), (3.22)�(3.23) kai (3.26), mpore� na exakribwje� ìti x̂−
k+1

′ = T x̂−
k+1 kai

P−
xk+1

′ = TP−
xk+1

T T .Gia to b ma diìrjwsh
, ìmoia me to b ma prìbleyh
, isqÔei ìti C ′T
i x̂−

k+1
′ =

CT
i T−1T x̂−

k+1 = CT
i x̂−

k+1 kai C ′T
i P−

xk+1

′C ′
i = CT

i T−1TP−
xk+1

T T (T T )−1Ci = CT
i P−

xk+1
Ci,�ra p�li o metasqhmatismì
 den ephre�zei ta σ-points gia ti
 mh grammikè
 su-nart sei
. Opìte h̄′

j = h̄j , h̄′
ij = h̄ij kai xh

′
j = Txhj. Qrhsimopoi¸nta
 autè
ti
 isìthte
 maz� me ti
 x̂−

k+1
′ = T x̂−

k+1 kai P−
xk+1

′ = TP−
xk+1

T T eÔkola diapi-st¸noume ìti o algìrijmo
 b mato
 diìrjwsh
 tou Sq. 3.2 d�nei x̂′
k+1 = T x̂k+1kai P ′

xk+1
= TPxk+1

T T .Sqìlio 3.5. Qrhsimopoi¸nta
 ìmoia epiqeir mata apodeiknÔetai eÔkola ìti oÔteto UKF ephre�zetai apì grammikoÔ
 metasqhmatismoÔ
.3.3 Shmantikè
 Upokl�sei
3.3.1 Sust mata me Grammik  Dunamik  kai MhGrammik  'ExodoE�nai profanè
 ìti h grammik  dunamik  e�nai th
 morf 
 (3.1) me Nc = 0. E-pomènw
, èna tètoio sÔsthma an kei sthn upì melèth kl�sh me thn pro�pìjeshk�je èxodo
 tou sust mato
 na e�nai sth morf  th
 (3.2). Aut  h upokl�sh e�naiuposÔnolo th
 upokl�sh
 pou perigr�fetai sthn upoenìthta 3.3.4.3.3.2 SISO Grammik� Sust mata me Mh Grammik AnatrofodìthshAn èna SISO (single input-single outpout) grammikì sÔsthma perigr�fetai apìthn
xk+1 = Axk + buk + wk, yk = cxk, (3.29)dhlad  den up�rqei sf�lma mètrhsh
, kai efarmìzetai anatrofodìthsh exìdou th
morf 
 uk = g(yk), tìte h dunamik  tou sust mato
 e�nai th
 morf 
 (3.1) me Nc = 1,

B1 = b, C1 = c kai g1 = g. H èxodo
 e�nai grammik , kai epomènw
 gia to b ma57



diìrjwsh
 oi (1.12)�(1.17) mporoÔn na efarmostoÔn apeuje�a
, me R = 0 sthn(1.13).3.3.3 MIMO Grammik� Sust mata me Mh Grammik Aposuzeugmènh Anatrofodìthsh'Estw ìti èna MIMO sÔsthma perigr�fetai apì thn
xk+1 = Axk + Buk + wk, yk = Cxk, (3.30)ìpou B e�nai m�a n×m m tra, en¸ C e�nai m�a m×n m tra. 'Estw ep�sh
 Bi h i-ost st lh tou B kai Ci h i-ost  gramm  tou C. An efarmoste� anatrofodìthsh th
morf 
 (uk)i = gi((yk)i), tìte ìpw
 prohgoumènw
 h dunamik  tou sust mato
 e�naith
 morf 
 (3.1) me Nc = m, kai gia to b ma diìrjwsh
 oi (1.12)�(1.17) mporoÔnna efarmostoÔn apeuje�a
 me R = 0 sthn (1.13). Shmei¸noume ìti h (3.30) meanatrofodìthsh (uk)i = gi((yk)i) kai qwr�
 diataraq  e�nai h morf  th
 upìjesh
tou Jewr mato
 Popov (bl. [4℄   [72℄, kai [73℄ gia thn per�ptwsh tou diakritoÔqrìnou).3.3.4 En Seir� SÔndesh Grammik¸n Susthm�twnme Mh Grammikè
 Qarakthristikè
A
 upojèsoume ìti h èxodo
 enì
 grammikoÔ sust mato
 sundèetai sthn e�sodom�a
 mh grammik 
 sun�rthsh
 m�a
 metablht 
, th
 opo�a
 h èxodo
 sundèetai sthne�sodo enì
 �llou grammikoÔ sust mato
 kai oÔtw kajex 
. H èxodo
 tou suno-likoÔ sust mato
 e�nai h èxodo
 th
 teleuta�a
 mh grammik 
 qarakthristik 
. Anup�rqoun ns grammik� sust mata kai ns mh grammikè
 sunart sei
, h majhmatik perigraf  tou sust mato
 e�nai w
 akoloÔjw
.Ta grammik� sust mata perigr�fontai apì ti

x

(m)
k+1 = A(m)x

(m)
k + bmu

(m)
k + w

(m)
k , (3.31)

y
(m)
k = cmx

(m)
k , 1 ≤ m ≤ ns − 1 (3.32)

x
(ns)
k+1 = A(ns)x

(ns)
k + bnsu

(ns)
k + w

(ns)
k , (3.33)

y
(ns)
k = gns(cnsx

(ns)
k ) + v

(ns)
k , (3.34)en¸ h diasÔndes  tou
 apì ti


u
(m)
k = g(m−1,m)(y

(m−1)
k ),m = 2, . . . , ns. (3.35)H kat�stash tou sunolikoÔ sust mato
 e�nai

x =
[

x(1)T x(2)T · · · x(ns)T
]T

. (3.36)58



Tìte to sunolikì sÔsthma e�nai th
 morf 
 (3.1) me Nc = ns − 1, No = 1,
A = diag(A1, A2, . . . , Ans) =

















A1 O · · · O

O A2 · · · O... ... . . . ...
O · · · · · · Ans

















, (3.37)
B1 =

[

O bT
2 · · · O

]T
, . . . , Bns−1 =

[

O O · · · bT
ns

]T
, (3.38)

gi = g(i,i+1), i = 1, . . . , ns − 1, (3.39)
D1 =

[

c1 O O · · · O
]

, . . . ,Dns−1 =
[

O · · · O cns−1

]

, (3.40)
Q = diag(Q1, Q2, . . . , Qns), (3.41)

h1 = g(ns), (3.42)
C1 =

[

O · · · O cns

]

, (3.43)
R = diag(O, . . . , Rns). (3.44)3.3.5 Auja�reta D�ktua Grammik¸n Susthm�twnDiasundedemènwn me Mh Grammikè
 Qara-kthristikè
H per�ptwsh grammik¸n susthm�twn diasundedemènwn se topolog�a pio sÔnjethapì thn en seir� sÔndesh th
 prohgoÔmenh
 upoenìthta
 mpore� ep�sh
 na antimetw-piste� me thn teqnik  pou parousi�sthke se aut n thn enìthta.'Estw ìti up�rqoun ns grammik� sust mata pou perigr�fontai apì ti
 (3.31)�(3.33), kai diasundèontai mèsw twn mh grammik¸n qarakthristik¸n gi, i = 1 . . . Nc,ìpou h e�sodo
 th
 qarakthristik 
 gi e�nai h èxodo
 yri

, en¸ h èxodo
 th
 gi odhge�-tai sthn e�sodo uti . E�nai dunatì dÔo mh grammikè
 qarakthristikè
 na odhgoÔntaisthn e�sodo tou �diou grammikoÔ sust mato
, dhl. na isqÔei ti = tj gia i 6= j,pou shma�nei ìti h e�sodo
 tou grammikoÔ sust mato
 e�nai to �jroisma ìlwn twnant�stoiqwn mh grammik¸n qarakthristik¸n. 'Etsi k�je topolog�a diasÔndesh
 pe-rilamb�netai sthn upokl�sh. 'Opw
 kai sthn prohgoÔmenh par�grafo, h èxodo
 tousunolikoÔ sust mato
 e�nai h èxodo
 tou sust mato
 me de�kth ns.Tìte to sunolikì sÔsthma e�nai th
 morf 
 (3.1) ìpou oi (3.37) kai (3.41)�(3.44)isqÔoun apar�llakte
, en¸ gia i = 1 . . . Nc ta dianÔsmata Bi kai Di d�nontai apì ti

Bi =

[

O · · · bT
ti · · · O

]T
, Di =

[

O · · · cri
· · · 0

]

. (3.45)59



P�naka
 3.1: P�naka
 twn rms tim¸n tou sf�lmato
 ekt�mhsh
 kai tou upolo-gistikoÔ qrìnou gia to par�deigma th
 upoenìthta
 3.4.1
Τεχνική Μέση Τιμή Τυπ. Απόκλιση Μέγιστη Τιμή Χρόνος

EKF 0.9519 0.1743 1.6149 0.09

UKF 0.2976 0.0430 0.5403 0.28

AGHKF(3) 0.2840 0.0433 0.5456 1.11

AGHKF(5) 0.2858 0.0378 0.3941 1.16

GHKF(3) 0.2840 0.0433 0.5456 0.86

GHKF(5) 0.2858 0.0378 0.3941 3.743.4 Parade�gmata3.4.1 Grammikì SÔsthma me Mh-Grammikìthta Ai-sjht ra (A)'Estw ìti èna grammikì sÔsthma tou opo�ou h sun�rthsh metafor�
 e�nai
Gsys(z) =

0.093258

(z − 0.9)(z2 − 1.559z + 0.81)
(3.46)odhge�tai apì leukì jìrubo kanonik 
 katanom 
 me mhdenikì mèso kai diakÔmansh�sh me 1, kai ìti h èxodo
 tou grammikoÔ sust mato
 metr�tai all� o aisjht ra
upìkeitai se mh-grammikìthta kai jìrubo, ¸ste an s(k) e�nai h èxodo
 tou grammikoÔsust mato
 kai y(k) e�nai h diajèsimh mètrhsh th qronik  stigm  k, na isqÔei

y(k) = s(k)3 + v(k) (3.47)ìpou v(k) e�nai leukì
 jìrubo
 kanonik 
 katanom 
 me mhdenikì mèso kai tupik apìklish �sh me 0.3. O stìqo
 e�nai na ektimhje� h èxodo
 tou grammikoÔ sust mato
.Oi akìlouje
 m tre
 parèqoun m�a el�qisth pragmatopo�hsh se q¸ro kat�stash
tou sust mato
.
A =











0.9 1 0

0 0.7794 1

0 −0.2025 0.7794











, b =











0

0

0.25











, c =
[

0.3730 0 0
] (3.48)Shmei¸netai ìti an kai h pragmatopo�hsh den e�nai monadik , ìpw
 de�xame sthnupoenìthta 3.2.3 k�je �llh isodÔnamh pragmatopo�hsh ja èdine ta �dia apotelèsmata.Sto prìblhma autì efarmìsthkan gia lìgou
 sÔgkrish
 ta EKF, UKF, GHKFkaj¸
 kai h proteinìmenh teqnik  epit�qunsh
 twn upologism¸n sunduasmènh meolokl rwsh Gauss-Hermite (accelerated GHKF, AGHKF) ìpw
 parousi�sthke se60



P�naka
 3.2: P�naka
 twn rms tim¸n tou sf�lmato
 ekt�mhsh
 kai tou upolo-gistikoÔ qrìnou gia to par�deigma th
 upoenìthta
 3.4.2
Τεχνική Μέση Τιμή Τυπ. Απόκλιση Μέγιστη Τιμή Χρόνος

EKF 0.9502 0.1733 1.6416 0.10

UKF 0.3289 0.0841 1.3668 0.28

AGHKF(7) 0.3099 0.1028 3.2055 1.22

AGHKF(11) 0.3010 0.0342 0.4271 1.32

GHKF(4) 0.3208 0.0961 1.7011 1.94

GHKF(7) 0.3108 0.1170 3.6893 10.10autì to kef�laio. 'Eginan 1000 ektelèsei
, gia qrìno k = 1 . . . 100. H arqik kat�stash x0 upojètoume pw
 akolouje� thn kanonik  katanom  me mhdenikì mèsoìro kai m tra sundiakÔmansh
 0.01I3. O P�naka
 3.1 parousi�zei ta statistik�qarakthristik� th
 rms tim 
 tou sf�lmato
 ekt�mhsh
 th
 exìdou tou grammikoÔsust mato
 gia ti
 1000 ektelèsei
 pou èginan, kaj¸
 kai ton upologistikì qrìnok�je mejìdou. Ta GHKF kai AGHKF èqoun efarmoste� me dÔo timè
 gia thnpar�metro m twn (1.21) kai (1.22). Oi timè
 autè
 d�nontai entì
 parenjèsew
 stonP�naka 3.1.To EKF den apod�dei kal�. Se autì to par�deigma ta GHKF kai AGHKF èqounthn �dia apìdosh gia �dio m. Gia m = 3 to GHKF e�nai taqÔtero, epeid  gia to
AGHKF apaite�tai epiplèon upologistikì
 qrìno
 gia ti
 pr�xei
 pou perigr�fthkansthn upoenìthta 3.2.2. Wstìso, h aÔxhsh tou m sthn tim  5 mei¸nei shmantik� tomègisto sf�lma, kai h me�wsh aut  g�netai sqedìn qwr�
 kìsto
 gia to AGHKF,en¸ gia to GHKF h aÔxhsh tou qrìnou e�nai shmantik . Shmei¸noume ìti h Gsysepilègetai ètsi ¸ste h rms tim  th
 exìdou tou sust mato
 na e�nai �sh me 1.3.4.2 Grammikì SÔsthma me Mh-Grammikìthta Ai-sjht ra (B)'Estw ìti t¸ra isqÔei gia ton aisjht ra y(k) = s(k)3

(

1+0.25 cos(20s(k))
)

+v(k)ant� gia thn (3.47) kai ìti ìle
 oi �lle
 par�metroi e�nai �die
 me to prohgoÔmenopar�deigma. Ta apotelèsmata parousi�zontai ston P�naka 3.2. To EKF p�li denapod�dei kal�. H diafor� an�mesa sta di�fora σ-point f�ltra t¸ra e�nai megalÔterhapì ìti sthn prohgoÔmenh per�ptwsh. Autì apod�detai sto gegonì
 ìti t¸ra hex�swsh exìdou èqei pio per�plokh morf , kai epomènw
 m�a akribèsterh mèjodo
olokl rwsh
 èqei megalÔterh shmas�a. To AGHKF epitrèpei tim  tou m �sh me 11qwr�
 shmantikì upologistikì kìsto
.Shmei¸noume ep�sh
 ìti se aut n thn per�ptwsh, sthn opo�a h mèjodo
 olo-kl rwsh
 Gauss-Hermite d�nei proseggistikè
 timè
 gia ti
 anamenìmene
 timè
 sthn61



P�naka
 3.3: P�naka
 twn rms tim¸n tou sf�lmato
 ekt�mhsh
 kai tou upolo-gistikoÔ qrìnou gia to par�deigma th
 upoenìthta
 3.4.3
Τεχνική Μέση Τιμή Τυπ. Απόκλιση Μέγιστη Τιμή Χρόνος

EKF 0.9458 0.1729 1.6848 0.18

UKF 0.4752 0.0447 0.6197 0.73

AGHKF(4) 0.4652 0.0427 0.5960 1.20

AGHKF(21) 0.4652 0.0427 0.5960 1.57

GHKF(3) 0.4649 0.0460 0.6095 5.79

GHKF(4) 0.4652 0.0427 0.5960 18.02(3.3), ta apotelèsmata gia ta GHKF(7) kai AGHKF(7) den taut�zontai.3.4.3 Grammikì SÔsthma me Mh-Grammikìthta kaiDunamik  Aisjht raSe aut n thn upoenìthta upojètoume ìti o aisjht ra
, ektì
 apì mh grammi-kì
, e�nai èna dunamikì sÔsthma. H majhmatik  perigraf  tou sunolikoÔ sust ma-to
 e�nai h ex 
: H èxodo
 tou grammikoÔ sust mato
 pou perigr�fetai apì thn(3.46) sundèetai sthn e�sodo m�a
 statik 
 mh grammik 
 qarakthristik 
 me ex�sw-sh y = x3. Sthn èxodo th
 statik 
 mh-grammikìthta
 prost�jetai leukì
 jìrubo
kanonik 
 katanom 
 me diakÔmansh �sh me 0.2, kai to �jroisma sundèetai sthn e�-sodo enì
 grammikoÔ sust mato
 pou perigr�fetai apì exis¸sei
 kat�stash
 th
morf 
 (3.29), me m tre
 �se
 me A = 0.1, b = 1, c = 0.995. H ant�stoiqh sun�rthshmetafor�
 e�nai
Gsen(z) =

0.99499

z − 0.1
. (3.49)H èxodo
 aut 
 th
 sun�rthsh
 metafor�
 metr�tai, all� h mètrhsh upìkeitai seprosjetikì leukì jìrubo kanonik 
 katanom 
 me tupik  apìklish 0.3. Tìte toprìblhma e�nai th
 morf 
 pou perigr�fthke sthn upoenìthta 3.3.4. H arqik  ka-t�stash x0 akolouje� thn kanonik  katanom  me mhdenikì mèso kai m tra sundia-kÔmansh
 0.01I4. Ta apotelèsmata parousi�zontai ston P�naka 3.3. H diafor� stonupologistikì qrìno metaxÔ GHKF kai AGHKF e�nai polÔ megalÔterh apì ìti sti
dÔo prohgoÔmene
 peript¸sei
 epeid  to sÔsthma t¸ra e�nai tetradi�stato.3.5 Sumper�smataSto kef�laio autì apode�xame ìti, sthn per�ptwsh th
 melet¸menh
 kl�sh
, mpo-re� na doje� lÔsh sto prìblhma tou mh grammikoÔ filtrar�smato
 sti
 n diast�sei
lÔnonta
 ènan arijmì grammik¸n susthm�twn sti
 n diast�sei
 kai problhm�twn62



proseggistik 
 olokl rwsh
 sti
 m�a kai dÔo diast�sei
. H mèjodo
 aut  epitrèpeiakribèsterou
 upologismoÔ
 apì thn �mesh proseggistik  olokl rwsh sti
 n dia-st�sei
. Tr�a parade�gmata de�qnoun ìti pr�gmati h proteinìmenh teqnik  odhge� seme�wsh tou upologistikoÔ qrìnou, pou e�nai megalÔterh gia megalÔterh di�stash tousust mato
. Ta apotelèsmata, ep�sh
, epibebai¸noun to gegonì
 ìti to EKF sumpe-rifèretai qeirìtera apì ta σ-point f�ltra ìtan up�rqoun isqurè
 mh-grammikìthte
ìpw
 m�a kubik  mh grammik  qarakthristik .Peraitèrw melèth ja mporoÔse na epikentrwje� sthn eÔresh genikìterwn   �llwnkl�sewn susthm�twn twn opo�wn h eidik  dom  mpore� na qrhsimopoihje� gia tosqediasmì eidik¸n f�ltrwn.

63



Kef�laio 4Sust mata Eidik 
 Dom 
 meStatikè
 Qarakthristikè
Poll¸n Eisìdwn kai NèaMèjodo
 Olokl rwsh
 giaF�ltra Kanonik¸n Katanom¸n
4.1 Eisagwg Sto prohgoÔmeno kef�laio de�xame ìti gia m�a kl�sh mh grammik¸n susthm�twne�nai dunatì na apofeuqje� h qr sh olokl rwsh
 sti
 n-diast�sei
 kai ant� giaaut  na lujoÔn k�poia grammik� sust mata sti
 n-diast�sei
 kai na upologistoÔnoloklhr¸mata se m�a kai dÔo diast�sei
. H kl�sh aut  e�qe perigrafe� me ti
 exi-s¸sei
 (3.1)�(3.2) kai antistoiqoÔse ìpw
 e�dame sta sust mata pou apoteloÔntaiapì grammik� sust mata pou diasundèontai metaxÔ tou
 me mh grammikè
 statikè
qarakthristikè
 m�a
 eisìdou.Se autì to kef�laio ja de�xoume ìti me an�loge
 teqnikè
 h di�stash th
 o-lokl rwsh
 mpore� na meiwje� kai gia eurÔterh kl�sh susthm�twn. Sugkekrimèna,ja de�xoume ìti me ant�stoiqo trìpo h t�xh th
 olokl rwsh
 mpore� na meiwje� kaisthn per�ptwsh pou up�rqoun statikè
 qarakthristikè
 me perissìtere
 apì m�aeisìdou
, apl� tìte endèqetai na mhn arke� olokl rwsh se mìno dÔo diast�sei
.Epiplèon, parousi�zetai m�a mèjodo
 arijmhtik 
 olokl rwsh
 gia ton upologismìanamenìmenwn tim¸n enallaktik  th
 mejìdou Gauss-Hermite, h opo�a e�nai sqe-diasmènh gia to prìblhma anadromik 
 ekt�mhsh
. Oi dÔo proteinìmene
 teqnikè
mporoÔn na efarmìzontai xeqwrist�   sunduasmèna.Sthn enìthta 4.2 or�zetai h upì melèth kl�sh kai exhge�tai p¸
 mpore� na meiwje�h di�stash th
 olokl rwsh
. Sthn enìthta 4.3 parousi�zetai h nèa mèjodo
 olo-64



kl rwsh
, en¸ sthn enìthta 4.4 parousi�zetai èna arijmhtikì par�deigma sto opo�osugkr�netai h apìdosh twn proteinìmenwn teqnik¸n me ti
 up�rqouse
. H enìthta4.5 perièqei ta sumper�smata.4.2 An�lush gia thn Kl�sh upì Melèth4.2.1 Perigraf  th
 Kl�sh
A
 jewr soume èna sÔnolo Ns grammik¸n dunamik¸n susthm�twn pou peri-gr�fontai apì ti
 sqèsei
 S(i) : x
(i)
k+1 = A(i)x

(i)
k + B(i)u

(i)
k , y

(i)
k = C(i)x

(i)
k gia

i = 1, . . . , Ns. Upojètoume ìti aut� ta sust mata diasundèontai kai grammik� all�kai mèsw mh grammik¸n sunart sewn.Pio sugkekrimèna, èstw ìti h grammik  diasÔndesh perigr�fetai apì th m tra
Λ ìpou λij e�nai to kèrdo
 apì thn èxodo tou S(j) sthn e�sodo tou S(i) (h e�sodo
k�je sust mato
 e�nai grammikì
 sunduasmì
 twn exìdwn ìlwn twn susthm�twnkaj¸
 kai twn mh grammik¸n sunart sewn, ìpw
 exhge�tai akoloÔjw
). H mh gram-mik  diasÔndesh g�netai mèsw twn mh grammik¸n sunart sewn gi, i = 1, . . . , Nc. Hsun�rthsh gi lamb�nei w
 e�sodo to di�nusma Dix, dhlad  epitrèpontai grammiko�sunduasmo� katast�sewn kai diaforetik¸n susthm�twn. H m tra Di èqei li grammè
kai qwr�
 bl�bh th
 genikìthta
 upojètoume pw
 èqei pl rh bajmì gramm¸n. K�jeèxodo
 mh grammik 
 sun�rthsh
 odhge�tai sti
 eisìdou
 ìlwn twn grammik¸n su-sthm�twn sÔmfwna me ta stoiqe�a th
 m tra
 M , kai to kèrdo
 apì thn èxodo th

gj sthn e�sodo tou S(i) e�nai �so me µij. Epomènw
 to u

(i)
k d�netai apì thn

u
(i)
k =

Ns
∑

j=1

λijy
(j)
k +

Nc
∑

j=1

µijgj(Djxk). (4.1)Tìte isqÔei h akìloujh prìtash.Prìtash 4.1. JewroÔme ta Ns grammik� dunamik� sust mata pou perigr�fth-kan anwtèrw, kai twn opo�wn h diasÔndesh perigr�fetai apì ti
 M , Λ kai gi,Digia i = 1, . . . , Nc. Upojètoume epiplèon ìti to sunolikì sÔsthma S me kat�stash
x = [x(1)T · · · x(Ns)T ]T upìkeitai se prosjetik  diataraq  wk. Or�zoume diag(A(i))na e�nai h block-diag¸nia m tra me diag¸nia stoiqe�a A(1), . . . , A(Ns) kai omo�w
 o-r�zoume ti
 diag(B(i)) kai diag(C(i)). Tìte h dunamik  th
 kat�stash
 tou sunolikoÔsust mato
 S perigr�fetai apì thn akìloujh ex�swsh:

xk+1 = Axk +
Nc
∑

i=1

Bigi(Dixk) + wk, (4.2)ìpou Bi e�nai h i-ost  st lh th
 m tra
 B = diag(B(i))M kai A = diag(A(i)) +
diag(B(i))Λdiag(C(i)). 65



Apìdeixh. Antikajist¸nta
 thn (4.1) kai th sqèsh y
(i)
k = C(i)x

(i)
k sthn x

(i)
k+1 =

A(i)x
(i)
k + B(i)u

(i)
k prokÔptei ìti x

(i)
k+1 = A(i)x

(i)
k + B(i)∑Ns

j=1 λijC
(j)x

(j)
k +

+B(i)∑Ns

j=1 µijgj(Djxk). EÔkola diapist¸noume ìti to sÔnolo twn teleuta�wn au-t¸n sqèsewn gia i = 1 . . . Ns isoduname� me thn (4.2), h opo�a lamb�nei upìyh kaiton prosjetikì jìrubo wk.H metroÔmenh èxodo
 tou sunolikoÔ sust mato
 S mpore� na perièqei kai gram-mikì kai mh grammikì mèro
. Perigr�fetai apì thn
yk =





yL
k

yN
k



 =





CLxk

(hi(C
N
i xk))



+ vk. (4.3)To (hi(C
N
i xk)) e�nai èna di�nusma st lh pou perièqei ti
 No mh grammikè
 exìdou
.H Ci èqei ri grammè
 kai, ìpw
 h Di, upojètoume pw
 èqei pl rh bajmì gramm¸n.An up�rqoun mìno grammikè
 èxodoi, tìte No = 0 kai yk = yL

k . An up�rqoun mìnomh grammikè
 èxodoi, tìte h CL e�nai h ken  m tra kai yk = yN
k .H kl�sh pou perigr�fthke parap�nw e�nai gnhs�w
 eurÔterh th
 kl�sh
 touprohgoÔmenou kefala�ou, epeid  se eke�nh thn kl�sh oi Di kai CN

i (DT
i kai CT

ime tou
 sumbolismoÔ
 tou prohgoÔmenou kefala�ou)  tan dianÔsmata gramm 
, en¸t¸ra mpore� na èqoun perissìtere
 grammè
. IsodÔnama, t¸ra oi mh grammikè
 qara-kthristikè
 mpore� na èqoun perissìtere
 apì m�a eisìdou
 pragmatik 
 metablht 
,en¸ sto prohgoÔmeno kef�laio e�qan mìno m�a e�sodo pragmatik 
 metablht 
.Sqìlio 4.1. Dedomènou pw
 ìlh h parak�tw an�lush ja g�nei xeqwrist� gia k�jeqronikì b ma ta apotelèsmata isqÔoun kai gia qronometablht� grammik� dunamik�sust mata, all� gia aplopo�hsh tou sumbolismoÔ parale�poume to qronikì de�kthsti
 m tre
 A(i), B(i), C(i), i = 1 . . . NS .4.2.2 Domik� Stoiqe�a tou Algor�jmou'Opw
 ja fane� sthn epìmenh upoenìthta, o algìrijmo
 qrei�zetai na upolog�zeianamenìmene
 timè
 twn tri¸n akìloujwn morf¸n: E [f(Lx)], E [f(L1x,L2x)] kai
E [xf(Lx)], ìpou h t.m. x e�nai n-di�stath kai akolouje� thn kanonik  katanom  memèso x̂ kai m tra sundiakÔmansh
 P , ìpou L,L1 kai L2 e�nai m × n, n1 × n kai
n2×n m tre
 me pl rh bajmì gramm¸n. Parak�tw exhge�tai p¸
 upolog�zetai k�jem�a apì autè
.Upologismì
 th
 anamenìmenh
 tim 
 E [f(Lx)]H t.m. ξ = Lx e�nai m-di�stath kai kanonik� katanemhmènh, me mèsh tim  Lx̂kai m tra sundiakÔmansh
 LPLT , opìte o upologismì
 th
 E [f(Lx)] = E [f(ξ)]e�nai èna prìblhma m-di�stath
 olokl rwsh
, kai opoiad pote mèjodo
 arijmhtik 
olokl rwsh
 mpore� na qrhsimopoihje� gia na d¸sei m�a prosèggish.66



Upologismì
 th
 anamenìmenh
 tim 
 E [f(L1x, L2x)]A
 or�soume th n1 + n2-di�stath t.m. z = [ z1
z2 ] =

[

L1x
L2x

]

=
[

L1
L2

]

x. IsqÔei
ẑ = E [z] =





L1

L2



 x̂, Pz = V [z] =





L1

L2



P
[

LT
1 LT

2

]

, (4.4)epomènw
 h E [f(L1x,L2x)] = E [f(z1, z2)] mpore� na proseggiste� me arijmhtik olokl rwsh sti
 n1 +n2 diast�sei
. Endeqomènw
, ìmw
, rank
[

L1
L2

]

= r < n1 +n2.Se aut n thn per�ptwsh e�nai dunatì na brejoÔn m tre
 C kai R ¸ste rank
[

L1
L2

]

=

CR. Pr�gmati, an h m tra R apotele�tai apì r grammik� anex�rthte
 grammè
 th

[

L1
L2

], tìte k�je gramm  th
 [ L1
L2

] e�nai grammikì
 sunduasmì
 twn gramm¸n th
 R,opìte arke� ta stoiqe�a th
 C na tejoÔn �sa me tou
 ant�stoiqou
 suntelestè
.A
 or�soume t¸ra thn r-di�stath t.m. ζ = Rx. H ζ e�nai kanonik� katanemhmènh,me ζ̂ = E [ζ] = Rx̂ kai Pζ = V [ζ] = RPRT . IsqÔei z = Cζ, opìte E [f(z)] =
E [f(Cζ)]. An oriste� h sun�rthsh fC(ζ) = f(Cζ), sundu�zonta
 ìla ta parap�nwapotelèsmata prokÔptei ìti E [f(L1x,L2x)] = E [fC(ζ)], opìte o upologismì
 th

E [f(L1x,L2x)] e�nai prìblhma arijmhtik 
 olokl rwsh
 sti
 r diast�sei
.Upologismì
 th
 anamenìmenh
 tim 
 E [xf(Lx)]O upologismì
 th
 E [xf(Lx)] an�getai sti
 m diast�sei
 qrhsimopoi¸nta
 thnakìloujh prìtash:Prìtash 4.2. 'Estw ìti h x e�nai t.m. pou akolouje� thn kanonik  katanom  metimè
 ston R

n, mèsh tim  M kai m tra sundiakÔmansh
 P > 0, h L e�nai m × nm tra pl rou
 bajmoÔ gramm¸n kai h f : R
n → R e�nai Borel-metr simh sun�rthshtètoia ¸ste h f(Lx) na èqei peperasmènh diakÔmansh. A
 upojèsoume ep�sh
 ìti

L⊥ e�nai m�a (n−m)×n m tra pl rou
 bajmoÔ gramm¸n tètoia ¸ste L⊥PLT = 0.'Estw S = E[xf(Lx)]. Tìte h S e�nai h monadik  lÔsh tou grammikoÔ sust mato





L

L⊥



S =





E[Lxf(Lx)]

L⊥ME[f(Lx)]



 . (4.5)Apìdeixh. E�nai eÔkolo na deiqte� ìti rank
[

L
L⊥

]

= n. Pr�gmati, an den isqÔei h te-leuta�a ex�swsh tìte up�rqei mh mhdenikì di�nusma λ = [λ1 λ2], λ1 ∈ R
m, λ2 ∈ R

n−m¸ste λ
[

L
L⊥

]

= 0 ⇔ λ1L + λ2L
⊥ = 0. Pollaplasi�zonta
 thn teleuta�a ex�swshapì dexi� me PLT prokÔptei h sqèsh λ1LPLT + λ2L

⊥PLT = 0 ⇒ λ1LPLT = 0.'Omw
 afoÔ P > 0 kai rankL = m, LPLT > 0, �ra λ1 = 0. Autì sunep�getai ìti
λ2L

⊥ = 0. Efìson rankL⊥ = n − m, èpetai ìti λ2 = 0. 'Etsi oloklhr¸netai oisqurismì
 kai apodeiknÔetai ìti to (4.5) èqei monadik  lÔsh.A
 de�xoume t¸ra ìti h S ikanopoie� to sÔsthma (4.5). Profan¸
LS = LE[xf(Lx)] =
E[Lxf(Lx)]. Gia na deiqje� h deÔterh dianusmatik  ex�swsh, axiopoie�tai to gegonì
67



ìti oi t.m. Lx kai L⊥x e�nai anex�rthte
. Pr�gmati, Cov
(

L⊥x,Lx
)

= L⊥PLT = 0,kai efìson h t.m. x akolouje� thn kanonik  katanom , autì sunep�getai ìti oi Lxkai L⊥x e�nai anex�rthte
. Tìte oi f(Lx) kai L⊥x e�nai anex�rthte
, epomènw

E[L⊥xf(Lx)] = E[L⊥x]E[f(Lx)] = L⊥ME[f(Lx)], kai oloklhr¸netai h apìdei-xh.Sqìlio 4.2. P�nta up�rqei tètoia m tra L⊥, epeid  h P e�nai jetik� orismènh kaih L e�nai pl rou
 bajmoÔ gramm¸n. Pr�gmati, an o Rn efodiaste� me to eswterikìginìmeno 〈v1, v2〉 = vT

1 Pv2, tìte Row(L⊥) = (RowL)⊥.Sqìlio 4.3. H Prìtash 4.2 isqÔei gia kanonikè
 tuqa�e
 metablhtè
, en¸ h prag-matik  katanom  th
 kat�stash
 den e�nai kanonik . 'Omw
, sta mh grammik� F�ltra
Kalman oi anamenìmene
 timè
 upolog�zontai gia kanonik  katanom  akìma kai qwr�
th qr sh th
 Prìtash
 4.2. Opìte, an h arijmhtik  olokl rwsh e�nai akrib 
, hqr sh th
 prìtash
 den ephre�zei ta apotelèsmata.Sqìlio 4.4. H Prìtash 3.1 tou prohgoÔmenou kefala�ou e�nai eidik  per�ptwshth
 parap�nw prìtash
 kai kalÔptei thn per�ptwsh ìpou h L èqei mìno m�a gramm .H arijmhtik  prosèggish twn oloklhrwm�twn mpore� na g�nei me opoiad potemèjodo arijmhtik 
 olokl rwsh
, ìpw
 gia par�deigma me thn olokl rwsh Gauss-
Hermite  me thn teqnik  pou parousi�zetai sthn enìthta 4.3.4.2.3 O Proteinìmeno
 Algìrijmo
 Filtrar�sma-to
H an�lush e�nai ìmoia me aut  tou prohgoÔmenou kefala�ou, id�w
 gia to b maprìbleyh
. H kentrik  idèa e�nai ìti ìle
 oi anamenìmene
 timè
 pou qrei�zetai naupologistoÔn èqoun m�a apì ti
 trei
 proanaferje�se
 morfè
.B ma Prìbleyh
'Estw ìti h xk èqei mèso x̂k kai m tra sundiakÔmansh
 Pxk

. Tìte apì thn (4.2)prokÔptei ìti
E[xk+1] = Ax̂k +

Nc
∑

i=1

BiE[gi(Dixk)]. (4.6)H E[gi(Dixk)] br�sketai sthn pr¸th morf  th
 prohgoÔmenh
 upoenìthta
. 'Estw
ḡi h proseggistik  th
 tim . Tìte h problepìmenh mèsh tim  e�nai:

x̂−
k+1 = Ax̂k +

Nc
∑

i=1

Biḡi. (4.7)Sqìlio 4.5. 'Ole
 oi anamenìmene
 timè
 se aut n thn par�grafo e�nai desmeu-mène
 w
 pro
 x̂k kai Pxk
, all� oi sunj ke
 parale�pontai gia suntom�a. Gia par�deig-ma, gr�foume E[xk+1] ant� gia E[xk+1|x̂k, Pxk

] kai V [xk+1] ant� gia V [xk+1|x̂k, Pxk
].68



To b ma prìbleyh
 perilamb�nei kai upologismì th
 ek twn protèrwn m tra
sundiakÔmansh
 th
 xk+1. IsqÔei ìti
P−

xk+1
= V [xk+1] = V

[

Axk +
Nc
∑

i=1

Bigi(Dixk) + wk

]

=

= V [Axk] + V

[

Nc
∑

i=1

Bigi(Dixk)

]

+ Cov

(

Axk,
Nc
∑

i=1

Bigi(Dixk)

)

+

+ Cov

(

Nc
∑

i=1

Bigi(Dixk), Axk

)

+ V [wk] . (4.8)E�nai gnwstì ìti V [wk] = Q kai V [Axk] = APxk
AT .O deÔtero
 ìro
 th
 (4.8) e�nai �so
 me

E





Nc
∑

i=1

Bigi(Dixk)

(

Nc
∑

i=1

Bigi(Dixk)

)T


−E

[

Nc
∑

i=1

Bigi(Dixk)

]

E

[

Nc
∑

i=1

Bigi(Dixk)

]T

=

=
Nc
∑

i=1

Nc
∑

j=1

BiE [gi(Dixk)gj(Djxk)]B
T
j −

Nc
∑

i=1

Nc
∑

j=1

BiE [gi(Dixk)] E [gj(Djxk)] B
T
j .(4.9)Gia i = j, h E [gi(Dixk)gj(Djxk)] = E

[

g2
i (Dixk)

] èqei thn pr¸th morf  th
 pro-hgoÔmenh
 upoenìthta
, en¸ gia i 6= j èqei th deÔterh morf . Kai sti
 dÔo peri-pt¸sei
, a
 sumbol�soume me ḡij thn ant�stoiqh proseggistik  tim . Tìte h qrhsi-mopoioÔmenh prosèggish e�nai
V

[

Nc
∑

i=1

Bigi(Dixk)

]

≈
Nc
∑

i=1

Nc
∑

j=1

BiḡijB
T
j −

Nc
∑

i=1

Nc
∑

j=1

BiḡiḡjB
T
j . (4.10)O tètarto
 ìro
 th
 (4.8) e�nai o an�strofo
 tou tr�tou ìrou, opìte arke� naproseggiste� o tr�to
 ìro
. IsqÔei:

Cov

(

Axk,
Nc
∑

i=1

Bigi(Dixk)

)

= E



Axk

(

Nc
∑

i=1

Bigi(Dixk)

)T


−E [Axk] E

[

Nc
∑

i=1

Bigi(Dixk)

]T

=

= A
Nc
∑

i=1

E [xkgi(Dixk)]B
T
i −Ax̂k

Nc
∑

i=1

E [gi(Dixk)] B
T
i . (4.11)H E [xkgi(Dixk)] èqei thn tr�th morf  th
 prohgoÔmenh
 upoenìthta
. An h pro-seggistik  tim  sumbol�zetai me xgi, h prosèggish gia ton tr�to ìro th
 (4.8) e�nai

Cov

(

Axk,
Nc
∑

i=1

Bigi(Dixk)

)

≈ A
Nc
∑

i=1

xgiB
T
i −Ax̂k

Nc
∑

i=1

ḡiB
T
i . (4.12)69



1: function PredictionStep(x̂k, Pxk
)

2: Calculate ḡi, ḡij, xgi

3: V ← ∑Nc

i=1

∑Nc

j=1 BiḡijB
T
j −

∑Nc

i=1

∑Nc

j=1 BiḡiḡjB
T
j

4: COV ← A
∑Nc

i=1 xgiB
T
i − Ax̂k

∑Nc

i=1 ḡiB
T
i

5: x̂−
k+1 ← Ax̂k +

∑Nc

i=1 Biḡi ⊲ Prediction Mean
6: P−

xk+1
← APxk

AT + V + COV + COV T + Q ⊲ Prediction Covariance
7: end functionSq ma 4.1: Algìrijmo
 B mato
 Prìbleyh
Antikajist¸nta
 ti
 (4.10) kai (4.12) sthn (4.8) prokÔptei m�a prosèggish th


P−
xk+1

. O parap�nw algìrijmo
 sunoy�zetai sto Sq. 4.1.B ma Diìrjwsh
Kai gia to b ma diìrjwsh
, oi anamenìmene
 timè
 pou sunant¸ntai èqoun m�aapì ti
 trei
 morfè
 th
 prohgoÔmenh
 upoenìthta
. Oi timè
 pou qrei�zetai naupologistoÔn e�nai oi ŷ−k+1, P−
yk+1

kai P−
xk+1,yk+1

.Gia thn ŷ−k+1, apì thn (4.3) èpetai ìti
ŷ−k+1,i =





CLx̂−
k+1

(

E

[

hi(C
N
i xk+1)

]

)



 . (4.13)Sqìlio 4.6. 'Ole
 oi anamenìmene
 timè
 th
 paragr�fou aut 
 e�nai desmeumène
w
 pro
 x̂−
k+1 kai P−

xk+1
, all� oi sunj ke
 parale�pontai gia suntom�a. Gia par�deig-ma, gr�foume E

[

hi(C
N
i xk+1)

] ant� gia E

[

hi(C
N
i xk+1)|x̂−

k+1, P
−
xk+1

].H proseggistik  tim  th
 E

[

hi(C
N
i xk+1)

] ja sumbol�zetai me h̄i.H P−
xk+1,yk+1

d�netai apì thn
P−

xk+1,yk+1
=





P−
xk+1

(CL)T
(

E

[

xk+1hi(C
N
i xk+1)

])

− x̂−
k+1

(

E

[

hi(C
N
i xk+1)

])



 , (4.14)ìpou (E [xk+1hi(C
N
i xk+1)

]) e�nai h n×No m tra th
 opo�a
 h i-ost  st lh e�nai �shme E

[

xk+1hi(C
N
i xk+1)

] kai ant�stoiqa to (E [hi(C
N
i xk+1)

]) e�nai di�nusma gramm 
.'Estw ìti sumbol�zoume thn proseggistik  tim  th
 E

[

xk+1hi(C
N
i xk+1)

] me xhi.70



1: function CorrectionStep(x̂−
k+1, P

−
xk+1

, yk+1)

2: Calculate h̄i, h̄ij, xhi

3: ŷ− ←




CLx̂−
k+1

(h̄i)





4: P−
y ←





CLP−
xk+1

(CL)T CL(xhi − x̂−
k+1h̄i)

⋆ (h̄ij − h̄ih̄j)



+ R

5: P−
x,y ←





P−
xk+1

(CL)T

(xhi)− x̂−
k+1(h̄i)





6: K ← P−
x,yP

−1
y

7: x̂k+1 ← x̂−
k+1 + K (yk+1 − ŷ−) ⊲ Updated Mean

8: Pxk+1
← P−

xk+1
−KP−

y KT ⊲ Updated Covariance
9: end functionSq ma 4.2: Algìrijmo
 B mato
 Diìrjwsh
H P−

yk+1
d�netai apì thn akìloujh ex�swsh.

P−
yk+1

=





CLP−
xk+1

(CL)T CL
(

E

[

xk+1hi(C
N
i xk+1)

]

− x̂−
k+1E

[

hi(C
N
i xk+1)

])

⋆ E

[

hi(C
N
i xk+1)hj(C

N
j xk+1)

]

− E

[

hi(C
N
i xk+1)

]

E

[

hj(C
N
j xk+1)

]



+

+ R, (4.15)ìpou ⋆ e�nai h an�strofh m tra tou p�naka pou br�sketai sth summetrik  jèsh. Hproseggistik  tim  th
 E

[

hi(C
N
i xk+1)hj(C

N
j xk+1)

] ja sumbol�zetai me h̄ij .Met� ton upologismì twn ŷ−k+1, P−
yk+1

kai P−
xk+1,yk+1

, to b ma diìrjwsh
 oloklh-r¸netai qrhsimopoi¸nta
 ti
 sqèsei
 (1.15)�(1.17). To b ma diìrjwsh
 sunoy�zetaisto Sq. 4.2. Tèlo
, diatup¸noume qwr�
 leptomer  apìdeixh thn akìloujh prìtash,pou e�nai an�logh me thn Prìtash 3.2 tou prohgoÔmenou kefala�ou.Prìtash 4.3. JewroÔme to sÔsthma pou perigr�fetai apì ti
 (4.2)�(4.3) kaito metasqhmatismì suntetagmènwn x′ = Tx. An x̂k kai Pxk
e�nai oi ektim trie
tou proteinìmenou f�ltrou gia ti
 arqikè
 suntetagmène
 en¸ x̂′

k kai Px′

k
e�nai oiektim trie
 gia ti
 metasqhmatismène
 suntetagmène
, tìte gia k�je k ∈ N isqÔeiìti

x̂′
k = T x̂k, Px′

k
= TPxk

T T . (4.16)Apìdeixh. H apìdeixh e�nai an�logh me thn apìdeixh th
 Prìtash
 3.2 tou prohgoÔ-menou kefala�ou. H kentrik  idèa e�nai ìti oi anamenìmene
 timè
 twn mh grammik¸nsunart sewn den all�zoun me to metasqhmatismì, dhlad  ḡ′i = ḡi, klp.71



4.3 Nèa Mèjodo
 ArijmhtikoÔ Upologi-smoÔ twn Anamenìmenwn Tim¸n'Opw
 kai sthn ergas�a [35℄, h monodi�stath arijmhtik  olokl rwsh qrhsimo-poie�tai w
 b�sh gia thn poludi�stath olokl rwsh. Autì g�netai w
 akoloÔjw
.Upojètoume ìti∑m
i=1 wiγ(xi) e�nai h prosèggish th
 E [γ(χ)] ìtan h χ akolouje�thn prìtuph kanonik  katanom  (dhlad  èqei mèso ìro mhdèn kai monadia�a diakÔman-sh). A
 jewr soume t¸ra thn prosèggish th
 E [g(X)] ìtan h X e�nai n-di�stathkanonik  katanom  me mèso µ kai m tra sundiakÔmansh
 P . 'Estw Si h i-ost  st lhth
 S =

√
P , ìpou S e�nai m tra tètoia ¸ste P = SST . H S upolog�zetai meparagontopo�hsh Cholesky. Tìte an vi, i = 1 . . . ni, e�nai n anex�rthte
 t.m. pouakoloujoÔn thn prìtuph kanonik  katanom , tìte h µ +

∑

Sivi e�nai isìnomh me th
X. Epomènw
 e�nai eÔlogh h akìloujh prosèggish.

E [g(X)] ≈
m
∑

i1=1

. . .
m
∑

in=1

wi1 · · ·wing(µ + xi1S1 + . . . + xinSn) (4.17)'Omw
, sto prìblhma tou mh grammikoÔ filtrar�smato
 oi par�metroi th
 ka-tanom 
 th
 kat�stash
 den e�nai gnwstè
 akrib¸
. Epomènw
 e�nai skìpimo naqrhsimopoihje� k�poia prosèggish pou e�nai sjenar  w
 pro
 ti
 apokl�sei
 sti
paramètrou
. H euaisjhs�a th
 prosèggish
 w
 pro
 to mèso µ e�nai èna �jroismath
 morf 
 ∑M
i=1 Wi

∂g
∂x(Xi), ìpou M = mn e�nai o sunolikì
 arijmì
 twn shme�wn,twn opo�wn oi jèsei
 d�nontai apì ta Xi kai ta b�rh apì ta Wi. To �jroisma au-tì e�nai to eswterikì ginìmeno (W1, . . . ,WM ) · ( ∂g

∂x(X1), . . . ,
∂g
∂x(XM )). Efìson to

( ∂g
∂x(X1), . . . ,

∂g
∂x(XM )) den e�nai gnwstì ek twn protèrwn (�llwste akìma kai h ge�nai �gnwsth afoÔ o algìrijmo
 den exart�tai apì aut n), e�nai logikì na elaqi-stopoihje� h nìrma tou (W1, . . . ,WM ), mia
 kai b�sei th
 anisìthta
 Hölder èqoumeìti

|
M
∑

i=1

Wi
∂g

∂x
(Xi)| ≤ ‖(W1, . . . ,WM )‖p‖(

∂g

∂x
(X1), . . . ,

∂g

∂x
(XM ))‖q , (4.18)gia opoiad pote 1 ≤ p, q ≤ ∞ pou e�nai tètoia ¸ste 1

p + 1
q = 1.H nìrma ‖(W1, . . . ,WM )‖p, 1 < p ≤ ∞, elaqistopoie�tai ìtan ìla ta b�rhe�nai �sa me 1

M (to �jroisma tou
 prèpei na e�nai �so me 1). Aut  h epilog  jaelaqistopoioÔse kai th diakÔmansh tou eswterikoÔ ginomènou an oi ∂g
∂x(Xi)  tananex�rthte
 kai isìnome
 tuqa�e
 metablhtè
, mia
 kai h diakÔmansh aut  ja  tanan�logh tou ‖(W1, . . . ,WM )‖22. Ta b�rh Wi, i = 1 . . . M, e�nai ìla �sa an kai mìnoan ta b�rh wi, i = 1 . . . m, e�nai ìla �sa. Gia ton proteinìmeno algìrijmo, epomènw
,epilègetai wi = 1

m gia th monodi�stath per�ptwsh, prokeimènou na prokÔyei sjenar ektim tria.Epomènw
, h proseggistik  tim  th
 E [γ(χ)] e�nai h tim  ∑m
i=1

1
mγ(xi) h opo�ae�nai �sh me thn anamenìmenh tim  E [γ(χ)] ìtan h χ akolouje� diakrit  katanom ,72



me pijanè
 timè
 isop�jane
 kai �se
 me xi, i = 1 . . . m. E�nai eÔlogo, epomènw
,na epilegoÔn ta xi, i = 1 . . . m ¸ste h ant�stoiqh katanom  na e�nai ìso pio kont�g�netai sthn kanonik  katanom . Oi timè
 twn xi, i = 1 . . . m, epilègontai me qr shth
 akìloujh
 prìtash
.Prìtash 4.4. 'Estw F (x) = 1√
2π

∫ x
−∞ e−u2/2du h sun�rthsh katanom 
 pijanìth-ta
 (s.k.p.) th
 prìtuph
 kanonik 
 katanom 
. An G(x) e�nai h s.k.p. tou sunìloushme�wn {xi, i = 1 . . . m}, tìte gia k�je 1 ≤ p ≤ ∞, to krit rio Cp = ‖F − G‖pelaqistopoie�tai gia to sÔnolo shme�wn

{ln = F−1(pn), pn =
1

2m
+

n− 1

m
, n = 1 . . . m}. (4.19)Apìdeixh. JewroÔme pr¸ta thn per�ptwsh ìpou 1 ≤ p <∞. Tìte, gia opoiad poteepilog  twn x1 ≤ . . . ≤ xk ≤ . . . ≤ xm, èstw h(x1, . . . , xm) h ant�stoiqh tim  toukrithr�ou Cp = ‖F −G‖p. IsqÔei

h(x1, . . . , xm) =

∫ x1

−∞
|F (x)|pdx+

∫ x2

x1

|F (x)− 1

m
|pdx+. . .+

∫ xk+1

xk

|F (x)− k

m
|pdx+

+ . . . +

∫ ∞

xm

|F (x)− 1|pdx. (4.20)Tìte
∂h

∂xk
= |F (xk)− k − 1

m
|p − |F (xk)−

k

m
|p. (4.21)Opìte ∂h

∂xk
> 0 gia F (xk) > 1

2(k−1
m + k

m) en¸ ∂h
∂xk

< 0 gia F (xk) < 1
2(k−1

m + k
m).Shmei¸noume ìti 1

2(k−1
m + k

m) = 1
2m + k−1

m = pk = F (lk). Efìson h F e�nai gnhs�w
aÔxousa, èpetai ìti ∂h
∂xk

> 0 gia xk > lk kai ∂h
∂xk

< 0 gia xk < lk.Qrhsimopoi¸nta
 thn teleuta�a prìtash e�nai eÔkolo na deiqte� ìti gia opoia-d pote y1 ≤ . . . ≤ yk ≤ . . . ≤ ym isqÔei h(l1, . . . , lm) ≤ h(y1, . . . , ym). Pr�gma-ti, an ym ≤ lm jètoume y
(1)
k = yk gia k < m kai y

(1)
m = lm, en¸ an ym > lm,èstw r o el�qisto
 de�kth
 ¸ste yr > lm kai jètoume y

(1)
k = yk gia k < r kai

y
(1)
k = lm gia k ≥ r. Tìte, se k�je per�ptwsh, h(y

(1)
1 , . . . , y

(1)
m ) ≤ h(y1, . . . , ym)kai y

(1)
m = lm. Omo�w
, mpore� na breje� m�a m-�da y

(2)
1 ≤ . . . ≤ y

(2)
k ≤ . . . ≤ y

(2)
m¸ste h(y

(2)
1 , . . . , y

(2)
m ) ≤ h(y

(1)
1 , . . . , y

(1)
m ) kai y

(2)
m−1 = lm−1, y

(2)
m = lm. Met� apì mb mata, sqhmat�zetai m�a m-�da y

(m)
1 ≤ . . . ≤ y

(m)
k ≤ . . . ≤ y

(m)
m me ti
 idiìthte


h(y
(m)
1 , . . . , y

(m)
m ) ≤ h(y

(m−1)
1 , . . . , y

(m−1)
m ) kai y

(m)
k = lk, k = 1 . . . m. Sundu-�zonta
 ìle
 ti
 anisìthte
 pou proèkuyan se aut� ta b mata sumpera�noume ìti

h(l1, . . . , lm) ≤ h(y1, . . . , ym).A
 jewr soume t¸ra thn per�ptwsh p = ∞. E�nai eÔkolo na elegqje� ìtigia ta proteinìmena shme�a h tim  tou krithr�ou e�nai C∞ = 1
2m . Gia opoiad po-te m-�da x1 ≤ . . . ≤ xk ≤ . . . ≤ xm, e�nai dunatì na oristoÔn ta akìlouja 2mdiast mata: Il = [0, F (x1)), Ir = [F (xm), 1], I

(l)
k = [F (xk),

F (xk)+F (xk+1)
2 ) kai73



I
(r)
k = [

F (xk)+F (xk+1)
2 , F (xk+1)) gia k = 1 . . . m − 1. Efìson h ènws  tou
 e�naito monadia�o di�sthma, toul�qiston èna apì aut� èqei m ko
 megalÔtero   �so me

1
2m . All� an G(x) e�nai h s.k.p. pou antistoiqe� sth m-�da x1 ≤ . . . ≤ xk ≤
. . . ≤ xm, h tim  tou C∞ = ‖F −G‖∞ e�nai megalÔterh   �sh me to mègisto m ko
twn diasthm�twn aut¸n. Pr�gmati, limx→x−

1
(F (x)−G(x)) = F (x1) = λ(Il) kai

limx→x+
m

(G(x) − F (x)) = 1 − F (xm) = λ(Ir). Epiplèon, gia k = 1 . . . m − 1, h
G e�nai stajer  sto [xk, xk+1). 'Estw Gk h tim  th
 sto di�sthma autì (g�netai hupìjesh ìti xk < xk+1, alli¸
 oÔte to I

(l)
k oÔte to I

(r)
k e�nai to di�sthma me to mègi-sto m ko
). Tìte profan¸
 max{|Gk−F (xk)|, |Gk−F (xk+1)|} ≥ F (xk+1)−F (xk)

2 =

λ(I
(l)
k ) = λ(I

(r)
k ). Me thn parat rhsh ìti limx→x+

k

(G(x)− F (x)) = Gk−F (xk) kai
limx→x−

k+1
(G(x)− F (x)) = Gk − F (xk+1) oloklhr¸netai h apìdeixh.Sqìlio 4.7. E�nai eÔkolo na diapistwje� ìti oi anwtèrw sullogismo� apodeiknÔounkai ìti h epilog  twn bèltistwn xi, i = 1 . . . m e�nai monadik .Sqìlio 4.8. H apìdeixh isqÔei qwr�
 allagè
 gia opoiad pote suneq  kai gnhs�w
aÔxousa F . Gia p < ∞ qrei�zetai kai h upìjesh ìti h tim  tou krithr�ou Cp e�naipeperasmènh. EÔkola epalhjeÔetai ìti an E [|X|] < ∞ ìpou X t.m. me s.k.p. F ,tìte Cp <∞ ∀p ∈ [1,∞).E�nai endiafèron na melethje� an h proteinìmenh prosèggish sugkl�nei sthn a-krib  tim  th
 anamenìmenh
 tim 
 kaj¸
 m → ∞. H idiìthta aut  uf�statai giam�a arket� meg�lh kathgor�a sunart sewn:Prìtash 4.5. 'Estw ìti h γ e�nai suneq 
 sun�rthsh ekjetik 
 t�xh
, dhlad up�rqoun M,a > 0 ¸ste |γ(x)| ≤Mea|x|. Tìte

lim
m→∞

1

m

m
∑

n=1

γ(ln) = E[γ(x)]. (4.22)Apìdeixh. 'Estw auja�reto ε > 0. Prèpei na de�xoume ìti up�rqei m0 tètoio ¸ste giak�je m > m0, |E[γ(x)]− 1
m

∑m
n=1 γ(ln)| < ε. AfoÔ 1√

2π

∫∞
−∞ Mea|x|e−x2/2dx <∞,e�nai dunatì na breje� T1 > 0 ¸ste 1√

2π

(

∫ −T1
−∞ Mea|x|e−x2/2dx +

∫∞
T1

Mea|x|e−x2/2dx
)

<

ε/3. Omo�w
, e�nai dunatì na breje� T2 > 0 ¸ste 1√
2π

M
∫∞
T2

e−x2/4dx < ε/12.Jètoume T = max{T1, T2, 4a} kai or�zoume γT = γ · χ[−T,T ], ìpou χ[−T,T ] e�nai hqarakthristik  sun�rthsh tou sunìlou [−T, T ], kai γc
T = γ − γT = γ · χ[|x|>T ].Tìte to |E[γ(x)] − 1

m

∑m
n=1 γ(ln)| e�nai �so me

|E[γ(x)]− E[γT (x)] + E[γT (x)]− 1

m

m
∑

n=1

γT (ln) +
1

m

m
∑

n=1

γT (ln)− 1

m

m
∑

n=1

γ(ln)| ≤

≤ |E
[

γC
T (x)

]

|+ |E[γT (x)]− 1

m

m
∑

n=1

γT (ln)|+ | 1
m

m
∑

n=1

γc
T (ln)|. (4.23)74



Gia ton pr¸to ìro tou dexioÔ mèlou
 th
 (4.23) èqoume ìti
|E
[

γC
T (x)

]

| ≤ E

[

|γC
T (x)|

]

=
1√
2π

(

∫ −T

−∞
|γ(x)|e−x2/2dx +

∫ ∞

T
|γ(x)|e−x2/2dx

)

≤

≤ 1√
2π

(

∫ −T1

−∞
Mea|x|e−x2/2dx +

∫ ∞

T1

Mea|x|e−x2/2dx

)

< ε/3. (4.24)O tr�to
 ìro
 tou dexioÔ mèlou
 th
 (4.23) e�nai ep�sh
 fragmèno
 apì to ε/3. AutìapodeiknÔetai me ton akìloujo trìpo. A
 sumbol�soume me nT ton el�qisto akèraio
n gia ton opo�o isqÔei ln > T . Tìte
| 1
m

m
∑

n=1

γc
T (ln)| ≤ 1

m

m
∑

n=1

|γc
T (ln)| ≤ 1

m

∑

n:|ln|>T

|γ(ln)| ≤M
1

m

∑

n:|ln|>T

ea|ln| = 2M
1

m

∑

n:ln>T

ealn

= 2M
1

m

m
∑

n=nT

ealn = 2M
m−1
∑

n=nT

1

m
ealn + 4M

ealm

2m
≤ 4M

(

m−1
∑

n=nT

1

m
ealn +

ealm

2m

)

.(4.25)Apì ton orismì tou ln, gia n = nT . . . m − 1 isqÔei ìti 1
m = 1√

2π

∫ ln+1

ln
e−x2/2dx.Opìte

1

m
ealn =

1√
2π

∫ ln+1

ln
e−x2/2ealndx =

1√
2π

∫ ln+1

ln
e−x2/4e−x2/4ealndx ≤

≤ 1√
2π

∫ ln+1

ln
e−x2/4e−l2n/4ealndx ≤ 1√

2π

∫ ln+1

ln
e−x2/4dx (4.26)epeid  gia n ≥ nT isqÔei ln > T ≥ 4a kai epomènw
 l2n/4 ≥ aln. Epiplèon, 1

2m =
1√
2π

∫∞
lm

e−x2/2dx. Epomènw

ealm

2m
=

1√
2π

∫ ∞

lm
e−x2/2ealmdx =

1√
2π

∫ ∞

lm
e−x2/4e−x2/4ealmdx ≤

≤ 1√
2π

∫ ∞

lm
e−x2/4e−l2m/4ealmdx ≤ 1√

2π

∫ ∞

lm
e−x2/4dx. (4.27)Apì ta parap�nw prokÔptei ìti

| 1
m

m
∑

n=1

γc
T (ln)| ≤ 4M

(

m−1
∑

n=nT

1√
2π

∫ ln+1

ln
e−x2/4dx +

1√
2π

∫ ∞

lm
e−x2/4dx

)

=

= 4M
1√
2π

∫ ∞

lnT

e−x2/4dx ≤ 4M
1√
2π

∫ ∞

T2

e−x2/4dx < 4ε/12 = ε/3. (4.28)O deÔtero
 ìro
 sto dex� mèlo
 th
 (4.23), |E[γT (x)] − 1
m

∑m
n=1 γT (ln)|, mpo-re� na grafe� w
 |∫ γT dµ − ∫ γT dµm| ìpou µ h prìtuph kanonik  katanom  en¸75



µm e�nai h katanom  tou sunìlou {l1, . . . , lm}. H γ e�nai suneq 
 sto sumpagè
di�sthma [−T, T ], �ra o periorismì
 th
 se autì e�nai fragmèno
. AfoÔ h γT tau-t�zetai me th γ sto [−T, T ] kai e�nai mh mhdenik  èxw apì autì, e�nai fragmènh.Epiplèon, èqei sÔnolo shme�wn asunèqeia
 mhdenikoÔ mètrou µ (ta mìna pijan�shme�a e�nai to −T kai to T ). Sunep¸
 (bl. thn apìdeixh tou Jewr mato
 25.8tou [28℄) limm→∞
∫

γT dµm =
∫

γT dµ an deiqje� ìti h µm sugkl�nei asjen¸
 sth
µ. Efìson h F e�nai pantoÔ suneq 
, arke� gia to skopì autì na deiqte� ìti
∀x ∈ R limm→∞ Fm(x) = F (x), ìpou Fm e�nai h s.k.p. tou {l1, . . . , lm}. An oplhj�rijmo
 tou sunìlou A sumbol�zetai me |A|, tìte Fm(x) = 1

m |{n : ln ≤ x}| =
1
m |{n : F (ln) ≤ F (x)}| = 1

m |{n : 1
2m + n−1

m ≤ F (x)}| = 1
m |{n ≤ mF (x) + 1/2}|.All� |{n ≤ mF (x) + 1/2}| = mF (x) + ∆m, ìpou |∆m| ≤ 1/2, �ra èpetai ìti

Fm(x)→ F (x) kaj¸
 m→∞.E�nai epomènw
 dunatì na epilege� akèraio
 m0 ¸ste gia k�je m > m0 na isqÔei
|E[γT (x)] − 1

m

∑m
n=1 γT (ln)| < ε/3. Tìte, apì thn (4.23) èpetai ìti |E[γ(x)] −

1
m

∑m
n=1 γ(ln)| < ε gia k�je m > m0.Sqìlio 4.9. To gegonì
 ìti sthn parap�nw apìdeixh arke� h γT na e�nai frag-mènh kai na èqei peperasmèno pl jo
 shme�wn asunèqeia
 apodeiknÔei ìti h mèjodo
sugkl�nei gia sunart sei
 ekjetik 
 t�xh
 me peperasmèno pl jo
 shme�wn asu-nèqeia
. Pr�gmati, qrhsimopoi¸nta
 to gegonì
 ìti h γ e�nai ekjetik 
 t�xh
 p�liprokÔptei ìti h γT e�nai fragmènh. Dedomènou pw
 h γT ja èqei peperasmèno pl jo
shme�wn asunèqeia
 (to polÔ dÔo perissìtera apì th γ), h parap�nw apìdeixh isqÔei.Sqìlio 4.10. H apa�thsh h γ na èqei sÔnolo shme�wn asunèqeia
 mhdenikoÔmètrou e�nai ousi¸dh
, akìma kai gia sunart sei
 sti
 opo�e
 fainomenik� den u-p�rqei prìblhma. Endiafèron par�deigma apotele� h qarakthristik  sun�rthsh tousunìlou ⋃N

m=1{ln, n = 1 . . . m} (ta ln exart¸ntai apì to m), dhlad  tou sunìlou
{F−1(pn), pn = 1

2m + n−1
m , 1 ≤ n ≤ m, n,m ∈ N}. To sÔnolo autì e�nai profan¸
arijm simo, �ra èqei mètro mhdèn kai epomènw
 h anamenìmenh tim  th
 qarakth-ristik 
 tou sun�rthsh
 e�nai �sh me 0. 'Omw
 ìle
 oi prosegg�sei
 e�nai �se
 me 1,�ra sugkl�noun sto 1. To par�doxo autì sumba�nei epeid  to sÔnolo autì, an kaimètrou 0, e�nai puknì sto R kai h qarakthristik  tou den e�nai poujen� suneq 
.4.4 Arijmhtikì Par�deigmaTo upì melèth sÔsthma apotele�tai apì tr�a mh grammik¸
 diasundedemèna gram-mik� sust mata. To pr¸to èqei ènan pragmatikì pìlo sto 0.9 kai èna zeÔgo
 miga-dik¸n pìlwn sti
 jèsei
 0.9(cos π

6 ± i sin π
6 ). To deÔtero èqei ènan pragmatikì pìlosto 0.9 kai èna zeÔgo
 migadik¸n pìlwn sti
 jèsei
 0.9(cos π

8 ± i sin π
8 ). To tr�toèqei ènan pragmatikì pìlo sto 0.9. Ta tr�a aut� sust mata den èqoun mhdenik� kaièqoun kèrdo
 tètoio ¸ste ìtan odhgoÔntai apì Gkaoussianì leukì jìrubo (Gaus-

sian White Noise, GWN) me monadia�a diakÔmansh, h diakÔmansh th
 exìdou tou
na e�nai kai aut  �sh me 1. 76



Ta parap�nw sust mata perigr�fontai sto q¸ro kat�stash
 apì ti
 akìlouje
(stroggulopoihmène
) m tre
:
A(1) =











0.9 1 0

0 0.7794 1

0 −0.2025 0.7794











, A(2) =











0.9 1 0

0 0.8315 1

0 −0.1186 0.8315











, B(1) = B(2) =











0

0

0.25











,

C(1) =
[

0.373 0 0
]

, C(2) =
[

0.2277 0 0
]

, A(3) = 0.9, B(3) = 0.5, C(3) = 0.8718.(4.29)Ta grammik� sust mata diasundèontai mìno mèsw mh grammik¸n qarakthristik¸n,dhlad  Λ = 03×3. Up�rqoun dÔo mh grammikè
 qarakthristikè
, h g1 kai h g2. H g1perigr�fetai apì th sqèsh g1(D1x) = (yS
1 +0.2(yS

1 )2)(π+arctan(5yS
3 )) kai h g2 apìthn g2(D2x) = (yS

2 +0.2(yS
2 )2)(π+arctan(5yS

3 )), ìpou yS
i e�nai h èxodo
 tou i-ostoÔgrammikoÔ sust mato
. Oi èxodoi twn g1 kai g2 odhgoÔntai sthn e�sodo tou tr�tousust mato
, dhlad  M =

[

0 0
0 0
1 1

]. Ta dÔo pr¸ta grammik� sust mata odhgoÔntai apì
GWN me diakÔmansh �sh me 10. Upojètoume pw
 h arqik  kat�stash èqei mhdenikìmèso kai m tra sundiakÔmansh
 �sh me I7×7.H èxodo
 tou sust mato
 èqei kai grammikì kai mh grammikì mèro
. To grammikìmèro
 apotele�tai apì thn yS

3 . Oi mh grammikè
 metablhtè
 exìdou e�nai �se
 me ti
exìdou
 twn dÔo mh grammik¸n qarakthristik¸n, dhlad  hi = gi, CN
i = Di, i = 1, 2.Kai sti
 trei
 akolouj�e
 exìdou prost�jetai GWN me diakÔmansh �sh me 10,  isodÔnama R = 10I3×3. To sÔsthma parousi�zetai se morf  mplok diagr�mmato
sto Sq. 4.3.'Estw ìti o stìqo
 ma
 e�nai na ektim soume to sunduasmì twn metablht¸n ka-t�stash
 pou d�nei to grammikì mèro
 th
 exìdou, dhlad  to yS

3 . Autì to prìblhmaekt�mhsh
 mpore� na antimetwpiste� apotelesmatik� me ti
 proteinìmene
 teqnikè
.Pr�gmati, h sunolik  t�xh tou sust mato
 e�nai 7, epomènw
 gia na upologistoÔn�mesa oi apaitoÔmene
 anamenìmene
 timè
 qrei�zetai olokl rwsh 7h
 t�xh
. Qrhsi-mopoi¸nta
 ìmw
 ton proteinìmeno algìrijmo, kai afoÔ rank
[

D1
D2

]

= 3, qrei�zetaimìno olokl rwsh 3h
 t�xh
.Tìso gia thn olokl rwsh Gauss-Hermite ìso kai gia th nèa mèjodo olokl rw-sh
 pou prote�netai se autì to kef�laio, h par�metro
 m th
 (4.17) èqei teje� �shme 5. Gia lìgou
 sÔgkrish
, èqei efarmoste� sto prìblhma kai to UKF. H �mesholokl rwsh  tan polÔ arg  akìma kai gia m = 3 (per�pou 100 forè
 pio arg ), en¸ta apotelèsmat� th
  tan polÔ kont� se aut� th
 olokl rwsh
 meiwmènh
 t�xh
.Ta apotelèsmata apì 100 epanal yei
 tou peir�mato
 parousi�zontai ston P�na-ka 4.1. To Gauss-Hermite F�ltro Kalman me meiwmènh t�xh olokl rwsh
 (Gauss-
Hermite Kalman Filter-Reduced Integration Order, GHKF-RO) d�nei shmantik�kalÔtera apotelèsmata, id�w
 sth qeirìterh per�ptwsh. H me�wsh th
 t�xh
 o-lokl rwsh
 d�nei th dunatìthta belt�wsh
 twn apotelesm�twn se eÔlogo qronikìdi�sthma. Qr sh th
 nèa
 mejìdou arijmhtik 
 olokl rwsh
 (novel quadrature,
NQKF-RO) odhge� se peraitèrw belt�wsh twn apotelesm�twn, kai aut  h belt�wsh77



w1

w2

S(1)

S(2)

g1

g2

S(3)+

Sq ma 4.3: Mplok di�gramma tou upì melèth sust mato
.P�naka
 4.1: P�naka
 twn rms tim¸n tou sf�lmato
 ekt�mhsh
Teqnik  Mèsh Tim  Mègisth Tim  Qrìno
 (ms)

UKF 4.30 8.68 2.42

GHKF-RO 3.60 6.18 13.03

NQKF-RO 3.16 4.94 13.05g�netai qwr�
 epiplèon kìsto
 se sqèsh me to GHKF-RO. Oi upologistikè
 apai-t sei
 pou parousi�zontai e�nai an� b ma kai èqoun katagrafe� se èna PC twn 64 bitme suqnìthta rologioÔ �sh me 2.9 GHz pou trèqei MATLAB 7.2 gia Linux. Shmei-¸netai ìti oi timè
 twn ln sthn (4.19) upolog�zontai ektì
 gramm 
, afoÔ e�nai �die
se k�je b ma. Gia m = 5 ìpw
 sto par�deigm� ma
, oi timè
 autè
 e�nai (katìpinstroggulopo�hsh
) -1.28155, -0.52440, 0, 0.52440 kai 1.28155.4.5 Sumper�smataSe autì to kef�laio genikeÔthkan ta apotelèsmata tou prohgoÔmenou kefala�oude�qnonta
 pw
 me�wsh th
 t�xh
 th
 olokl rwsh
 e�nai efikt  me ant�stoiqo trìpokai sthn per�ptwsh pou oi mh grammikè
 qarakthristikè
 èqoun perissìtere
 apì m�aeisìdou
. Epiplèon, parousi�sthke m�a nèa mèjodo
 arijmhtikoÔ upologismoÔ twnanamenìmenwn tim¸n pou emplèkontai sta mh grammik� f�ltra h opo�a sqedi�sthke meb�sh thn elaqistopo�hsh norm¸n. Oi proteinìmene
 teqnikè
 dokim�sthkan se èna78



eptadi�stato par�deigma sto opo�o epitrèpoun akribèsterou
 upologismoÔ
 qwr�
meg�lh upologistik  epib�runsh. Ta apotelèsmat� tou
 e�nai kalÔtera apì aut� tou
UKF. Sto par�deigma autì blèpoume ep�sh
 ìti h proteinìmenh mèjodo
 arijmhtikoÔupologismoÔ odhge� se kalÔterh apìdosh apì th mèjodo Gauss-Hermite.
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Kef�laio 5Beltiwmèna F�ltraSwmatid�wn
5.1 Eisagwg 'Opw
 anafèrjhke kai sthn eisagwg , h aÔxhsh th
 upologistik 
 isqÔo
 epi-trèpei th qr sh teqnik¸n pou den perior�zontai sthn prosèggish th
 katanom 
 apìm�a kanonik  katanom , all� prosegg�zoun thn katanom  th
 kat�stash
 apì ènankurtì sunduasmì sunart sewn Dirac   kanonik¸n katanom¸n, èqoun de protaje�sth bibliograf�a pollè
 parallagè
 twn teqnik¸n aut¸n.To zhtoÔmeno e�nai h prosèggish na e�nai akrib 
 qwr�
 ìmw
 na e�nai uperbolik�apaithtik  se upologistikoÔ
 pìrou
. Epomènw
 ja prèpei na mh qrhsimopoie�taipolÔ meg�lo
 arijmì
 sunart sewn, oÔte kai na qrei�zontai se k�je b ma idia�terasÔnjetoi upologismo� gia thn ananèwsh twn paramètrwn k�je sun�rthsh
. Sti
 e-pìmene
 dÔo enìthte
 autoÔ tou kefala�ou prote�nontai tropopoi sei
 gia ta Particle
Filters (prosèggish me sunart sei
 Dirac).Pio sugkekrimèna, sthn enìthta 5.2 prote�nontai k�poie
 tropopoi sei
 sto Au-
xiliary Particle Filter [74, 20, 21℄. To Auxiliary Particle Filter sqedi�sthke ¸ste naantimetwp�zei to gegonì
 ìti apì ta swmat�dia pou prokÔptoun apì to b ma prìble-yh
 mpore� poll� na l�boun polÔ mikrì b�ro
 apì to b ma diìrjwsh
 (epeid  hpijanof�neia th
 nèa
 mètrhsh
 ja e�nai polÔ mikr ). Gia ton skopì autì, pr¸taupolog�zetai m�a ekt�mhsh twn bar¸n aut¸n, kai dhmiourgoÔntai perissìtera nèa sw-mat�dia apì ta swmat�dia pou ektim�tai ìti ja odhg soun se megalÔtera b�rh. Autìe�nai k�ti pou lamb�netai upìyh apì to f�ltro kat� ton upologismì twn bar¸n met�thn epanadeigmatolhy�a. Oi proteinìmene
 tropopoi sei
 aforoÔn afenì
 to pìsoperissìtero prèpei na protimhjoÔn ta swmat�dia me megalÔtero ektim¸meno b�ro
,afetèrou to p¸
 antistajm�zetai to gegonì
 ìti apì ta swmat�dia pou proèkuyanapì to prohgoÔmeno qronikì b ma k�poia lamb�nontai perissìtero upìyh (pèran th
megalÔterh
 pijanof�neia
 sthn opo�a endeqomènw
 odhgoÔn).H enìthta 5.3 afor� sto Unscented Particle Filter [47℄. To f�ltro autì èqei80



qarakthristik� kai f�ltrou swmatid�wn kai f�ltrou ajro�smato
 kanonik¸n katano-m¸n. Se k�je swmat�dio antistoiqe� m�a kanonik  katanom , h mèsh tim  kai h m trasundiakÔmansh
 th
 opo�a
 upolog�zontai me ti
 exis¸sei
 tou Unscented Kalman
Filter. Wstìso, apì thn katanom  pou prokÔptei apì to b ma diìrjwsh
 lamb�netaituqa�a èna de�gma kai to b�ro
 tou swmatid�ou upolog�zetai ìpw
 sta Particle Fil-
ters. Se autì to kef�laio prote�netai diìrjwsh sqetik� me th m tra sundiakÔmansh
,¸ste na lamb�netai upìyh to gegonì
 ìti ta swmat�dia den e�nai anex�rthta all�to k�je èna apotele� mèro
 tou sunolikoÔ f�ltrou, �ra oi exis¸sei
 tou Unscented
Kalman Filter den e�nai oi plèon kat�llhle
.Sthn teleuta�a enìthta melet�tai èna par�deigma mh grammikoÔ sust mato
 pouèqei qrhsimopoihje� ekten¸
 sth sqetik  bibliograf�a. Sugkr�nontai oi tropopoih-mène
 teqnikè
 me ti
 up�rqouse
 tìso apì pleur�
 apìdosh
 ìso kai apì pleur�
upologistikoÔ kìstou
. ProkÔptei ìti oi proteinìmene
 allagè
 belti¸noun thnapìdosh twn f�ltrwn, me periorismènh   kai qwr�
 upologistik  epib�runsh.5.2 Tropopoihmèno Auxiliary Particle FilterH enìthta aut  xekin� me leptomerèsterh parous�ash tou Auxiliary Particle
Filter kai akoloujoÔn oi proteinìmene
 tropopoi sei
. Upojètoume ìti to sÔsthmatou opo�ou thn kat�stash jèloume na ektim soume d�netai apì ti
 (1.1)-(1.2).'Estw xi

k−1,W
i
k−1, i = 1 . . . Np ta swmat�dia pou proèkuyan apì to b ma k−1 meta ant�stoiqa b�rh kai yk h tim  th
 exìdou gia to qronikì b ma k. Sti
 aploÔstere
ekdoqè
 tou Particle Filter, se autì to shme�o apì k�je swmat�dio ja lambanìtanèna nèo swmat�dio me b�sh th (stoqastik ) dunamik  tou sust mato
, kai aut  hdiadikas�a ja sunistoÔse to b ma prìbleyh
. Wstìso sto Auxiliary Particle Filterse autì to shme�o g�netai m�a ekt�mhsh tou pìso shmantik  ja e�nai h suneisfor�twn swmatid�wn pou ja prokÔyoun. To swmat�dio pou ja prokÔyei apì to xi

k−1e�nai t.m. �sh me f(xi
k−1) + wi

k−1 (to wi
k−1 den prèpei na sugqèetai me to W i

k−1).Antiproswpeutik  tim  th
 t.m. aut 
 mpore� na jewre� h mèsh tim , h epikratoÔsatim  th
 (sump�ptoun gia kanonik  katanom )   m�a tuqa�a pragmatopo�hsh.'Estw µi
k h antiproswpeutik  aut  tim . Tìte e�nai logikì na jewrhje�, id�w
an h diakÔmansh th
 diataraq 
 e�nai sqetik� mikr , ìti to i-ostì swmat�dio ja èqeipijanof�neia per�pou p(yk|µi

k). Gia to lìgo autì antistoiq�zetai sto i-ostì swma-t�dio to b�ro
 W i
k−1p(yk|µi

k). Me b�sh aut� ta b�rh g�netai epanadeigmatolhy�a twn
xi

k−1, i = 1 . . . Np, kai prokÔptoun ta swmat�dia me de�kte
 ji, , i = 1 . . . Np. Oi de�-kte
 swmatid�wn me meg�la b�rh, anamènetai na emfanistoÔn perissìtere
 forè
, en¸oi de�kte
 swmatid�wn me mikr� b�rh èqoun shmantik  pijanìthta na mhn emfanistoÔnkam�a.Apì ta swmat�dia pou d�nei h epanadeigmatolhy�a, xji

k−1, prokÔptoun nèa swma-t�dia xi
k = f(xji

k−1) + wi
k−1, i = 1 . . . Np. H mètrhsh yk èqei pijanof�neia p(yk|xi

k).Epeid  ìmw
 prèpei na lhfje� upìyh to gegonì
 ìti to swmat�dio xji

k−1, apì to opo�opro lje to xi
k, e�qe l�bei w
 par�gonta sto b�ro
 tou to p(yk|µi

k), to b�ro
 tou81



i-ostoÔ swmatid�ou sto b ma k e�nai W i
k =

p(yk|xi
k
)

p(yk|µji

k
)
. O algìrijmo
 mpore� na breje�se morf  diagr�mmato
 sti
 anaforè
 [20, 21℄.H pr¸th proteinìmenh allag  afor� to teleuta�o shme�o, dhlad  to b�ro
 poud�netai sto xi

k. O parap�nw algìrijmo
 antistajm�zei ton par�gonta p(yk|µji

k ) lìgwtou ektim¸menou b�rou
 me to na diairèsei me ton par�gonta autì. 'Omw
, autìèqei to meionèkthma ìti den lamb�netai upìyh o arijmì
 twn swmatid�wn pou telik�pro ljan apì to swmat�dio xji

k−1. 'Etsi, an apì autì to swmat�dio mèsw th
 epa-nadeigmatolhy�a
 prokÔyoun sji nèa swmat�dia, to kajèna ja èqei b�ro
 (prin tob ma diìrjwsh
) 1

p(yk|µji

k
)
, �ra to sunolikì tou
 b�ro
 ja e�nai sji · 1

p(yk|µji

k
)
. Tob�ro
 autì e�nai t.m. w
 pro
 thn epanadeigmatolhy�a, afoÔ o arijmì
 sji den e�naiprokajorismèno
. To qarakthristikì autì, parìlo pou h mèsh tim  tou b�rou
 e�naian�logh tou

W ji

k−1p(yk|µji

k )

p(yk|µji

k )
= W ji

k−1 (5.1)den e�nai epijumhtì, diìti h diakÔmansh pou parousi�zei h t.m. sji eis�gei jìrubo(èstw kai mikr  posìthta) sto f�ltro.Sqìlio 5.1. Ta parap�nw b�rh den e�nai kanonikopoihmèna. Shmas�a ìmw
 èqeito gegonì
 ìti gia dÔo diaforetik� swmat�dia, xji1

k−1 kai xji2

k−1, oi anamenìmene
 timè
twn bar¸n twn swmatid�wn pou prokÔptoun apì ta dÔo aut� swmat�dio, èqoun lìgo�so me W ji1

k−1/W
ji2

k−1. OÔtw
   �llw
, met� th diadikas�a pou melet�me akolouje�kanonikopo�hsh twn bar¸n. Antisto�qw
 kai gia thn parak�tw per�ptwsh.H proteinìmenh tropopo�hsh e�nai to b�ro
 pou ja èqei to swmat�dio xi
k met�thn epanadeigmatolhy�a na e�nai �so me W

ji
k−1

sji
. Tìte to sunolikì b�ro
 twn swmati-d�wn pou pro ljan apì to xji

k−1 ja e�nai s�goura sji W
ji
k−1

sji
= W ji

k−1. Na anat�jetaih proanaferje�sa tim  tou b�rou
 e�nai efiktì diìti oi timè
 anat�jentai met� thnepanadeigmatolhy�a, �ra h tim  tou sji èqei kajoriste�. To mìno pou apaite�tai e�naio algìrijmo
 epanadeigmatolhy�a
 na katametr� pìsa ant�grafa prokÔptoun apìk�je èna apì ta arqik� swmat�dia, k�ti pou den sunep�getai shmantikì kìsto
.H skopimìthta th
 proteinìmenh
 tropopo�hsh
 mpore� na anadeiqje� apì to a-kìloujo par�deigma. 'Estw ìti dÔo diaforetik� swmat�dia, xi1
k−1 kai xi2

k−1 èqoun�sa b�rh prin thn epanadeigmatolhy�a (gia aplopo�hsh upojètoume kai ìti èqoun �sab�rh apì to prohgoÔmeno b ma), kai aut� e�nai tètoia ¸ste b�sei tou sunolikoÔ arij-moÔ swmatid�wn na antistoiqoÔn 1.5 swmat�dia se k�je èna apì aut� ta dÔo, dhlad 
W i1

k−1 = W i2
k−1,W

i1
k−1p(yk|µi1

k ) = W i2
k−1p(yk|µi2

k ) = 1.5
Np

∑Np

i=1 W i
k−1p(yk|µi

k). Endèqe-tai apì to pr¸to swmat�dio na prokÔyei èna nèa swmat�dio, en¸ apì to deÔtero naprokÔyoun dÔo, dhlad  na isqÔei si1 = 1, si2 = 2. O algìrijmo
 th
 bibliograf�a
ja d¸sei sta tr�a nèa swmat�dia �sa b�rh, �ra èmmesa ja d¸sei sto swmat�dio xi2
k−1dipl�sio b�ro
 apì ìti sto xi1

k−1. Ant�jeta, o proteinìmeno
 algìrijmo
 ja d¸sei82



sta swmat�dia pou proèrqontai apì to xi2
k−1 to misì b�ro
, opìte sunolik� ta b�rhja e�nai �sa.H deÔterh proteinìmenh tropopo�hsh afor� to pìso ja ephre�zetai h epanadei-gmatolhy�a apì ta bohjhtik� b�rh p(yk|µi
k). Oi up�rqonte
 algìrijmoi dhmiourgoÔnarijmì swmatid�wn an�logo tou bohjhtikoÔ b�rou
 p(yk|µi

k). Wstìso autì den e�naiapara�thta bèltisto. 'Estw ìti apì to prohgoÔmeno b ma èqoun prokÔyei swmat�diase dÔo diaforetikè
 perioqè
 tou q¸rou kat�stash
, kai ìti me th nèa mètrhsh tabohjhtik� b�rh e�nai diaforetik�. Se k�je per�ptwsh e�nai logikì na dhmiourghjoÔnperissìtera swmat�dia sthn perioq  pou up�rqei megalÔtero b�ro
. Gia na breje�pìso perissìtera prèpei na dhmiourghjoÔn sthn perioq  me to megalÔtero b�rou
,qrei�zetai na gnwr�zoume pìso kal  e�nai h prosèggish th
 katanom 
 se m�a perioq an�loga me ton arijmì twn swmatid�wn eke�.Sth bibliograf�a suqn�, jewre�tai ìti h apìklish e�nai antistrìfw
 an�logh touarijmoÔ twn swmatid�wn. Autì g�netai giat� up�rqoun fr�gmata th
 mèsh
 tetragw-nik 
 apìklish
 th
 ekt�mhsh
 th
 mèsh
 tim 
 m�a
 sun�rthsh
 apì thn akrib  tim pou e�nai antistrìfw
 an�loga tou arijmoÔ twn swmatid�wn, ta opo�a isqÔoun me ti
kat�llhle
 upojèsei
 [45℄. Epomènw
 h rms tim  th
 apìklish
 e�nai antistrìfw
an�logh th
 tetragwnik 
 r�za
 tou arijmoÔ twn swmatid�wn.'Ara an èqoume m�a perioq  me pijanìthta p1 kai m�a �llh me pijanìthta p2, kaian èqoume n1 swmat�dia sthn pr¸th kai n2 sth deÔterh, mporoÔme na jewr soumeìti h apìklish ja e�nai an�logh tou p1

n1
+ p2

n2
  tou p1√

n1
+ p2√

n2
. An n e�nai o sunolikì
arijmì
 swmatid�wn pou ja diatejoÔn gia thn prosèggish sti
 dÔo autè
 perioqè
,tìte gia thn pr¸th per�ptwsh jèloume na elaqistopoi soume thn par�stash p1

n1
+

p2

n−n1
. Me parag¸gish prokÔptei

d

dn

(

p1

n1
+

p2

n− n1

)

= − p1

n2
1

+
p2

(n− n1)2
= − p1

n2
1

+
p2

n2
2

. (5.2)Autì de�qnei ìti èqoume el�qisto gia n1/n2 =
√

p1/p2. Epomènw
 diapist¸noumepw
 e�nai skìpimo ta bohjhtik� b�rh na e�nai an�loga tou √p(yk|µi
k).Sqìlio 5.2. Sto parap�nw prìblhma elaqistopo�hsh
 endèqetai h tim  pou pro-kÔptei apì th diadikas�a me thn par�gwgo na mhn antistoiqe� se akèraia n1, n2. Tìteto el�qisto ja e�nai gia m�a apì ti
 akèraie
 timè
 pou e�nai ekatèrwjen tou mh a-kera�ou elaq�stou. Epeid  ìmw
 o algìrijmo
 apl¸
 anajètei k�poia b�rh gia thnepanadeigmatolhy�a ta opo�a den e�nai apara�thta akèraia, den up�rqei prìblhma nae�nai ta bohjhtik� b�rh �sa me√p(yk|µi

k). Ant�stoiqa kai gia th deÔterh per�ptwsh.An elaqistopoi soume thn posìthta p1√
n1

+ p2√
n2
, h parag¸gish d�nei

d

dn

(

p1√
n1

+
p2√

n− n1

)

=
1

2

(

− p1

n1
3/2

+
p2

(n− n1)3/2

)

=
1

2

(

− p1

n
3/2
1

+
p2

n
3/2
2

)

.(5.3)H je¸rhsh aut  epomènw
 ma
 odhge� sto na qrhsimopoi soume bohjhtik� b�rhan�loga tou 3

√

p(yk|µi
k)

2. 83



Sqìlio 5.3. Dedomènou pw
 e�nai pio logikì na jewrhjoÔn anex�rthta ta sf�lmataapì diaforetikè
 perioqè
, kai tìte prost�jentai oi mèse
 tetragwnikè
 timè
 kai ìqioi rms timè
 twn sfalm�twn, h teleuta�a je¸rhsh �sw
 den fa�netai tìso fusik ìso h ant�stoiqh me ti
 mèse
 tetragwnikè
 timè
. Epeid  ìmw
 oÔtw
   �llw
prìkeitai gia fr�gmata ta opo�a qrhsimopoioÔntai gia na bohj soun thn anaz thshth
 sun�rthsh
 me thn opo�a lamb�nontai upìyh oi pijanof�neie
, e�nai skìpimo naexetaste� kai aut  h prosèggish.Oi tropopoi sei
 pou prote�nontai se aut n thn enìthta dokim�zontai se ènaarijmhtikì par�deigma sthn enìthta 5.4.5.3 Tropopoihmèno Unscented Particle Fil-

terTo Unscented Particle Filter [47℄ e�nai m�a teqnik  pou èqei k�poia koin� qara-kthristik� me ti
 teqnikè
 ajro�smato
 kanonik¸n katanom¸n. Se k�je swmat�dioantistoiqe� m�a kanonik  katanom . Gia to b ma prìbleyh
, oi par�metro� th
 ana-ne¸nontai ìpw
 sto Unscented Kalman Filter, xeqwrist� gia k�je swmat�dio. Tob ma diìrjwsh
 xekin� p�li me to b ma diìrjwsh
 tou Unscented Kalman Filter, giak�je swmat�dio xeqwrist�. Wstìso Ôstera apì aut  th diadikas�a, apì k�je m�a ka-tanom  pou prokÔptei lamb�netai èna swmat�dio tuqa�a kai to b�ro
 tou swmatid�ouupolog�zetai ìpw
 sta Particle Filters.Dhlad , an to i-ostì swmat�dio gia to qronikì b ma k − 1  tan to xi−1
k , kai hnèa katanom  èqei mèsh tim  x̂i

k kai m tra sundiakÔmansh
 P i
k, ja lhfje� tuqa�a to

x̃i
k ∼ N (x̂i

k, P
i
k) kai to b�ro
 pou tou analoge� e�nai

W i
k =

p(yk|x̃i
k)p(x̃i

k|xi−1
k )

p(x̃i
k|x̂i

k, P
i
k)

, (5.4)ìpou h tim  p(x̃i
k|x̂i

k, P
i
k) e�nai h tim  th
 s.p.p. th
 N (x̂i

k, P
i
k) sto x̃i

k.H prosèggish th
 ek twn ustèrwn katanom 
 gia to b ma k d�netai apì ta x̃i
k,W

i
k.Prin thn epan�lhyh th
 diadikas�a
 gia to b ma k+1 g�netai epanadeigmatolhy�a apìthn opo�a prokÔptoun ta xi

k = x̃ji

k . Sto xi
k o algìrijmo
 tou Unscented Particle

Filter antistoiq�zei th m tra sundiakÔmansh
 P ji

k , h opo�a ja qrhsimopoihje� sti
exis¸sei
 tou Unscented Kalman Filter sto epìmeno b ma.H logik  tou parap�nw algor�jmou e�nai ìti oi kanonikè
 katanomè
N (x̂i
k, P

i
k), i =

1, . . . , Np apoteloÔn m�a sqetik� kal  prosèggish th
 ek twn ustèrwn katanom 
,�ra e�nai kalì ta swmat�dia na lamb�nontai apì autè
, mia
 kai e�nai bèltisto na lam-b�nontai apì thn ek twn ustèrwn katanom . Asfal¸
, thn ek twn ustèrwn katanom mpore� na prosegg�sei to �jroisma
Np
∑

i=1

1

Np
N (x̂i

k, P
i
k) (5.5)84



kai ìqi k�je m�a katanom  xeqwrist�. Wstìso, oi exis¸sei
 tou Unscented Kal-
man Filter èqoun qrhsimopoihje� gia k�je swmat�dio xeqwrist�, opìte oi m tre
sundiakÔmansh
 pou antistoiq�zontai sta swmat�dia e�nai pio kont� sth m tra sun-diakÔmansh
 th
 sunolik 
 katanom 
, kai ìqi sth m tra sundiakÔmansh
 pou prèpeina èqei k�je swmat�dio ¸ste to �jroisma (5.5) na apotele� kal  prosèggish th
 ektwn ustèrwn katanom 
.H akìloujh je¸rhsh parèqei èna trìpo epilog 
 twn mhtr¸n sundiakÔmansh
¸ste h sunolik  katanom  na prosegg�zei thn ek twn ustèrwn katanom . 'Estwìti oi jèsei
 twn swmatid�wn e�nai anex�rthte
 kai akoloujoÔn thn ek twn ustèrwnkatanom , h opo�a èqei mèsh tim  x̄ kai m tra sundiakÔmansh
 P . Autì e�nai toepijumhtì, an kai sthn pr�xh den isqÔei apìluta. An se k�je swmat�dio xi anti-stoiqe� m�a t.m. vi me mèsh tim  xi kai m tra sundiakÔmansh
 Pi, tìte h prosèggishth
 ek twn ustèrwn katanom 
 e�nai h t.m. v =

∑Np

i=1 Iivi, ìpou k�je m�a apì ti

Ii, i = 1, . . . , Np lamb�nei thn tim  1 me pijanìthta 1

Np
, alli¸
 lamb�nei thn tim 0, en¸ p�nta akrib¸
 m�a apì autè
 èqei thn tim  1, dhlad  apoteloÔn ti
 de�ktrie
sunart sei
 twn endeqomènwn [v = vi].Tìte, gia dedomèna xi, i = 1, . . . , Np, h m tra sundiakÔmansh
 th
 sunolik 
katanom 
 e�nai

V [v] = V





Np
∑

i=1

Iivi



 = E











Np
∑
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Iivi −
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Np

Np
∑

i=1

xi









Np
∑

i=1

Iivi −
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Np
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xi
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T
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
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)
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

Np
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(

Iivi −
xi

Np

)





T



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
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Iivi −
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

 (5.6)Gia i = j isqÔei ìti
E





(

Iivi −
xi

Np

)(

Iivi −
xi

Np

)T


 = E

[

I2
i viv

T
i − Ii

1

Np
vix

T
i − Ii

1

Np
xiv

T
i +

1

N2
p

xix
T
i

]

=

=
E

[

viv
T
i

]

Np
− 1

N2
p

xix
T
i =

Pi + xix
T
i

Np
− 1

N2
p

xix
T
i , (5.7)en¸ gia i 6= j èqoume
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
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Epomènw
 h V [v] exart�tai apì ti
 timè
 twn xi. IsqÔei ìti E

[

xix
T
i

]

= P + x̄x̄T ,en¸ gia i 6= j isqÔei E

[

xix
T
j

]

= x̄x̄T . 'Ara prokÔptei ìti
V [v] =

∑Np

i=1 Pi

Np
+ Np(

1

Np
− 1

N2
p

)(P + x̄x̄T )− N2
p −Np

N2
p

x̄x̄T =

=

∑Np

i=1 Pi

Np
+ (1− 1

Np
)P. (5.9)Diapist¸noume sunep¸
 ìti V [v] = P ⇔ ∑Np

i=1 Pi = P , gia thn per�ptwsh m�listapou ta Pi, i = 1, . . . , Np, e�nai metaxÔ tou
 �sa, h sunj kh e�nai Pi = 1
Np

P .H parap�nw an�lush de�qnei ìti to na e�nai h k�je m�a apì ti
 m tre
 Pi per�pou�sh me P , den e�nai bèltisto, ant�jeta prèpei na e�nai per�pou �se
 me 1
Np

P . Dedo-mènou ìti oi exis¸sei
 tou Unscented Kalman Filter aut n thn tim  prospajoÔn naprosegg�soun, e�nai logikì met� apì thn epanadeigmatolhy�a, oi m tre
 P i
k na pol-laplasi�zontai me α

Np
. O par�gonta
 α mpa�nei epeid  h sÔgklish den g�netai se ènab ma, epomènw
 xekin¸nta
 apì m�a m tra th
 t�xh
 tou P

Np
, met� to epìmeno b mah m tra ja e�nai th
 t�xh
 tou 1

αP . H tim  tou α mpore� na breje� me peiramatismì.P�ntw
 kai h epilog  α = 1 anamènetai na d¸sei arket� kal� apotelèsmata, id�w
an h sÔgklish e�nai arket� gr gorh.Up�rqei ep�sh
 h dunatìthta oi m tre
 P i
k na t�jentai �se
 me 0, k�ti pou anti-stoiqe� se α = 0. H epilog  aut  èqei to pleonèkthma ìti se aut n thn per�ptwsh,to b ma prìbleyh
 tou Unscented Kalman Filter g�netai qwr�
 upologistikì kìsto
,me thn ek twn protèrwn mèsh tim  �sh me f(xi

k−1) kai thn ek twn protèrwn m trasundiakÔmansh
 �sh me th m tra sundiakÔmansh
 th
 diataraq 
. H exoikonìmhsh u-pologistikoÔ kìstou
 d�nei th dunatìthta gia megalÔtero arijmì swmatid�wn, opìtekai o ìro
 P
Np

ja e�nai akìma pio kont� sto 0.Oi proteinìmene
 tropopoi sei
 dokim�zontai se èna arijmhtikì par�deigma sthnenìthta pou akolouje�.5.4 Arijmhtikì Par�deigma kai Sqoliasmì
To sÔsthma sto opo�o ja dokimastoÔn oi di�fore
 parallagè
 tou Particle Filterperigr�fetai apì ti
 sqèsei

xk+1 =

xk

2
+ 25

xk

1 + x2
k

+ 8cos(1.2k) + wk, (5.10)
yk =

x2
k

20
+ vk (5.11)kai gia pr¸th for� emfan�sthke sthn ergas�a [75℄. Apì tìte èqei melethje� ekte-tamèna sth bibliograf�a [48, 20, 65, 21℄. Ta x0, wk kai vk e�nai anex�rthte
 t.m.86



P�naka
 5.1: P�naka
 twn rms tim¸n tou sf�lmato
 ekt�mhsh
 gia ti
 di�fore
parallagè
 twn F�ltrou Swmatid�wn
Φίλτρο Μέση Τιμή Τυπική Απόκλιση Μέγιστη Τιμή Υπολ. Χρόνος1 (ms)

PF-SIR 5.41541 1.34547 11.63975 0.18850 (3.56)

APF 5.37662 1.18517 9.68630 0.24240

APF-
√

5.31901 1.13784 9.32619 0.24800

APF- 3

√ 2 5.33066 1.13710 9.33985 0.31380

APF-MR 5.33339 1.16558 9.42745 0.28180

APF-MR-
√

5.18590 1.11002 9.24750 0.28530

APF-MR- 3

√ 2 5.19944 1.13456 9.58607 0.35500

UPF 5.90033 1.78609 13.34652 20.90770

UPF - α = 0.1 5.08705 1.37431 13.44550 20.91310

UPF - α = 0.2 5.03754 1.27727 12.69427 20.90010

UPF - α = 1 5.12051 1.27182 12.59017 20.90210

UPF - α = 0 5.02658 1.20974 12.95750 12.98660pou akoloujoÔn thn kanonik  katanom  kai èqoun mèso ìro 0. To x0 èqei diakÔman-sh 0.001, en¸ ìpw
 sti
 ergas�e
 [48, 21, 20℄ gia ti
 diakum�nsei
 twn wk kai vkupojètoume ìti V [wk] = 10, V [vk] = 1. To sÔsthma ektele�tai mèqri gia k = 100.'Eginan 1000 dokimè
 kai ta apotelèsmata parousi�zontai ston P�naka 5.1. PF-
SIR e�nai to Sampling Importance Resampling Filter th
 bibliograf�a
 [20℄. APFe�nai to Auxiliary Particle Filter, gia ìle
 ti
 parallagè
 tou opo�ou ta bohjhtik�b�rh upolog�zontai gia m�a tuqa�a pragmatopo�hsh th
 t.m. f(xi

k−1)+wi
k−1, ìpw
 kaisthn ergas�a [20℄. Me √ kai 3

√ 2 shmei¸noume ti
 proteinìmene
 sthn enìthta 5.2tropopoi sei
 ston trìpo me ton opo�o lamb�netai upìyh to bohjhtikì b�ro
, en¸me MR (Modified Reweighting) shmei¸noume thn proteinìmenh tropopo�hsh stontrìpo epanaprosdiorismoÔ twn bar¸n met� thn epanadeigmatolhy�a. UPF e�nai to
Unscented Particle Filter, kai α h par�metro
 pou anafèretai sthn enìthta 5.3. Hepanadeigmatolhy�a g�netai me ton algìrijmo pou prot�jhke sthn ergas�a [65℄, en¸ìpw
 kai sto logismikì [76℄ sti
 pijanof�neie
 prost�jetai m�a p�ra polÔ mikr  tim ¸ste na apokleiste� to endeqìmeno lìgw stroggulopo�hsh
 na e�nai ìle
 0. Se ìle
ti
 parallagè
 qrhsimopoi jhkan 50 swmat�dia.Diapist¸noume ìti oi proteinìmene
 tropopoi sei
 sto APF belti¸noun th su-mperifor�, tìso an efarmostoÔn memonwmèna, ìso kai an efarmostoÔn se sundua-smì, sthn opo�a per�ptwsh prokÔptoun kai ta kalÔtera apotelèsmata. Sqetik�me thn proteinìmenh tropopo�hsh sto UPF, apì ti
 timè
 th
 paramètrou α poudokim�sthkan ta kalÔtera apotelèsmata proèkuyan gia α = 0, epilog  pou ìpw
1Βλ. την προτελευταία παράγραφο της ενότητας.87



proanafèrjhke èqei kai upologistikì pleonèkthma. Endiafèron parousi�zei to ge-gonì
 ìti en¸ to UPF mpore� me swst  rÔjmish na d¸sei mikrì sf�lma sth mèshper�ptwsh, sth qeirìterh per�ptwsh d�nei megalÔtero sf�lma kai apì to PF-SIR.Ta upologistik� kìsth twn proteinìmenwn teqnik¸n diafèroun, ìmw
 gia to PFkai ti
 di�fore
 parallagè
 tou APF oi diaforè
 den e�nai polÔ meg�le
, ìpw
 kai giati
 di�fore
 parallagè
 tou UPF metaxÔ tou
. Wstìso h ulopo�hsh se MATLABpou ègine odhge� se meg�lo kìsto
 gia to UPF, giat� oi upologismo� se aut n thnper�ptwsh den g�nontai {dianusmatopoihmèna} (“vectorized”). Autì g�netai epeid  se
MATLAB e�nai eÔkolo na upologistoÔn, gia par�deigma, ìla ta b�rh twn swmatid�wnmaz�,   na dhmiourghjoÔn me m�a kl sh ìla ta nèa swmat�dia, en¸ oi exis¸sei
 tou
Unscented Kalman Filter kaloÔntan gia k�je swmat�dio qwrist� sthn ulopo�hshpou ègine. An oi upologismo� twn swmatid�wn gia to PF-SIR g�noun kai auto� mhdianusmatopoihmèna, to kìsto
 e�nai autì pou emfan�zetai se parènjesh ston P�naka5.1.To sumpèrasma apì ta arijmhtik� apotelèsmata e�nai ìti oi proteinìmene
 tropo-poi sei
 mporoÔn na bohj soun sth me�wsh tou sf�lmato
 ekt�mhsh
, kai h epilog th
 parallag 
 pou ja qrhsimopoihje� mpore� na g�nei lamb�nonta
 upìyh thn a-pìdosh twn diafìrwn parallag¸n sto ek�stote prìblhma all� kai ti
 teqnikè
leptomèreie
 th
 ulopo�hsh
 pou ja g�nei.
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Kef�laio 6Efarmog  Teqnik¸nEkt�mhsh
 Kat�stash
 stoSÔsthmaInsoul�nh
-Sakq�rou
6.1 Eisagwg O bioaisjht ra
 tou org�nou (dhlad  tou Sust mato
 SuneqoÔ
 Katagraf 
th
 Glukìzh
) pou qrhsimopoi jhke metatrèpei ta ep�peda glukìzh
 se reÔma, kai meb�sh thn tim  tou reÔmato
 mpore� na upologiste� h tim  th
 glukìzh
. To ìrganokatagr�fei kai �lle
 plhrofor�e
 (gia par�deigma thn t�sh trofodos�a
, h opo�ag�netai me mpatar�a, dedomènou pw
 to ìrgano e�nai forhtì), an�mesa sti
 opo�e
perilamb�netai kai m�a bohjhtik  metablht  (p�esh), h opo�a ìpw
 ja doÔme mpore�na bohj sei sthn ekt�mhsh th
 tim 
 th
 glukìzh
.Sto Sq. 6.1 blèpoume thn kumatomorf  reÔmato
 kai ti
 timè
 glukìzh
 (pouèdwse o analut 
 aer�wn a�mato
) gia ton pr¸to asjen . Diapist¸noume ìti emfa-n�zontai k�poie
 aiqmè
 pou upoqwroÔn �llote sÔntoma kai �llote se perissìteroqrìno. Parathr¸nta
 prosektik� ti
 timè
 sto 7o, sto 8o kai sto 12o de�gma diapi-st¸noume ìti oi aiqmè
 autè
 ja prèpei na kìbontai apì to f�ltro alli¸
 to sf�lmaja e�nai meg�lo. Epiplèon parathroÔme ìti qrei�zetai kai taktik  bajmonìmhsh giana e�nai mikrì to sf�lma, mia
 kai me to pèrasma tou qrìnou o lìgo
 reÔma/glukìzhauxomei¸netai.To Sq. 6.2 apeikon�zei se koinì di�gramma ti
 kumatomorfè
 reÔmato
 kai p�esh
.Diapist¸noume apì to di�gramma autì ìti oi aiqmè
 reÔmato
 sun jw
 sump�ptounme aiqmè
 p�esh
, gegonì
 pou mpore� na axiopoihje� sto sqediasmì tou f�ltroureÔmato
.Sto Sq. 6.3 blèpoume ti
 kumatomorfè
 reÔmato
 kai p�esh
 kaj¸
 ep�sh
 kaiti
 katagegrammène
 timè
 glukìzh
 gia ton tr�to asjen . Se aut n thn per�ptwsh89



0 500 1000 1500 2000 2500 3000

5

10

15

20

C
ur

re
nt

/n
A

Time/min
0 500 1000 1500 2000 2500 3000

120

140

160

180

G
lu

co
se

/(
m

g/
dL

)

Sq ma 6.1: Kumatomorf  reÔmato
 kai timè
 glukìzh
 gia ton asjen  1.
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Sq ma 6.2: Kumatomorfè
 reÔmato
 kai p�esh
 gia ton asjen  1.
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Sq ma 6.3: Kumatomorf  reÔmato
, timè
 glukìzh
 kai kumatorf  p�esh
 giaton asjen  3.
blèpoume ìti th qronik  stigm  1850 per�pou parousi�zetai èna fainìmeno pou xekin�me apìtomh pt¸sh twn epipèdwn p�esh
 ta opo�a telik� stajeropoioÔntai me exa�re-sh èna sÔntomo qronikì di�sthma, en¸ epiplèon kat� to fainìmeno autì to reÔmaarqik� aux�netai drastik� kai Ôstera mei¸netai kai stajeropoie�tai (opìte kai paÔeina perièqei opoiad pote plhrofor�a). E�nai emfanè
 ìti oi timè
 tou reÔmato
 met�thn ènarxh tou fainomènou den mporoÔn na qrhsimopoihjoÔn gia na ektimhjoÔn taep�peda glukìzh
, en¸ apìklish parousi�zetai ep�sh
 sto di�sthma 400-500. Up r-xan kai dÔo peript¸sei
 asjen¸n stou
 opo�ou
 olìklhrh h katagraf  den mpìresena qrhsimopoihje�.Ta parap�nw diagr�mmata de�qnoun ìti ta dedomèna e�nai tètoia pou apaitoÔn thqr sh f�ltrou kai bajmonìmhsh
. Sthn enìthta 6.2 parousi�zetai m�a pr¸th teqnik basismènh sto F�ltro Kalman se èna polÔ aplì montèlo kai ta ant�stoiqa arijmhti-k� apotelèsmata. H enìthta 6.3 afor� th qr sh pio sÔnjetwn montèlwn kai f�ltrwnswmatid�wn. Tèlo
, sthn enìthta 6.4 g�netai sqoliasmì
 twn apotelesm�twn, exe-t�zetai h autìmath an�qneush twn peript¸sewn pou parousi�zoun probl mata kaiex�gontai ta sumper�smata tou kefala�ou.91



6.2 Qr sh F�ltrou Kalman kai Bajmonìmh-sh tou Org�nou6.2.1 Filtr�risma th
 Kumatomorf 
 ReÔmato
To f�ltro pou qrhsimopoie�tai e�nai basismèno sto F�ltro Kalman, wstìso osqediasmì
 tou perilamb�nei aplopoi sei
 kai paradoqè
 pou proèkuyan apì thnepiskìphsh tou sunìlou twn dedomènwn kai katìpin peiramatismoÔ.H kentrik  idèa e�nai h qr sh m�a
 metablht 
 xk pou antiproswpeÔei thn fil-trarismènh tim  tou reÔmato
, dhlad  thn tim  reÔmato
 pou ja metriìtan an denup rqe jìrubo
. H xk me th metroÔmenh tim  reÔmato
 Ik sundèetai me th sqèsh
Ik = xk + vk, dhlad  h Ik antimetwp�zetai w
 m�a mètrhsh th
 xk sthn opo�a up�rqeijìrubo
. 'Opw
 ja doÔme, h diakÔmansh tou jorÔbou upojètoume ìti exart�taiapì thn kumatomorf  th
 p�esh
, mia
 kai e�dame pw
 ìtan h p�esh èqei anwmal�e
,up�rqoun meg�la sf�lmata sto reÔma.Sqetik� me th dunamik  tou xk, èstw wk = xk+1−xk, ¸ste xk+1 = xk +wk. An
wk  tan akolouj�a t.m. me gnwst� qarakthristik� ja mporoÔsan na efarmostoÔnoi exis¸sei
 tou F�ltrou Kalman. Ta wk den e�nai anex�rthta. Dedomènou ìti denèqoume epark  plhrofor�a gia autè
 ti
 t.m., mporoÔme na upolog�soume to kèrdo

Kalman pou ja antistoiqoÔse sthn per�ptwsh twn anex�rthtwnwk kai na k�noume tob ma diìrjwsh
 me autì. Autì
 e�nai kai o qrhsimopoioÔmeno
 algìrijmo
. H tupik apìklish twn wk, σw, e�nai par�metro
 tou algor�jmou. Apomènei na exhg soume tonalgìrijmo me ton opo�o apì thn kumatomorf  p�esh
 upolog�zetai h tupik  apìklishtou vk, σvk

.Dedomènou ìti h p�esh kuma�netai ìpw
 e�dame se k�poia basik� ep�peda ta opo�akanonik� all�zoun arg�, kai apì ta opo�a apokl�nei apìtoma ti
 stigmè
 pou e�naimeg�lo to sf�lma, to pr¸to st�dio tou algor�jmou èqei w
 stìqo na entop�sei poiae�nai ta ep�peda aut�. Sugkekrimèna, k�je qronik  stigm  arqik� apomon¸nontaita 100 teleuta�a de�gmata (mèqri th stigm  100 qrhsimopoie�tai to tm ma apì thnarq  w
 thn trèqousa qronik  stigm ). Katìpin, prokeimènou na upologiste� m�apr¸th ekt�mhsh tou basikoÔ epipèdou th
 p�esh
, ta de�gmata aut� taxinomoÔntaikai epilègetai h tim  tou dek�tou ekatosthmor�ou. 'Egkura jewroÔntai ta de�gmatame p�esh pou den uperba�nei kat� perissìtero apì 20% to ep�pedo autì. Apì taègkura de�gmata ex�getai h tim  diamèsou, kai aut  h tim , èstw p
(n)
k , e�nai h tim pou qrhsimopoie�tai gia na upologiste� h tim  tou σvk

w
 ex 
:'Estw pk h tim  th
 p�esh
 th stigm  k. Upolog�zoume to rk =
pk−p

(n)
k

p
(n)
k

. AnisqÔoun oi sqèsei
 rk−1 ≤ H, −0.1 ≤ rk ≤ H (to H e�nai par�metro
), tìte isqÔei
σvk

= σv ìpou σv e�nai h tim  tou sf�lmato
 ìtan den up�rqei apìtomh metabol (autì ekfr�zoun oi proanaferje�se
 sqèsei
) kai ep�sh
 apotele� par�metro. Seant�jeth per�ptwsh isqÔei σvk
=
√

5|pk − p
(n)
k |σv.Sto ex 
 oi timè
 twn paramètrwn pou ja qrhsimopoioÔntai e�nai sw = 0.25, sv =

0.1,H = 0.06. H arqik  ekt�mhsh kat�stash
 pou qrhsimopoie�tai e�nai h tim  tou92
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Sq ma 6.4: Efarmog  tou f�ltrou Kalman ston asjen  1.tr�tou de�gmato
 (autì èqei w
 mình sunèpeia to na mhn mpore� na qrhsimopoihje� oalgìrijmo
 gia èxi lept� met� th l yh th
 pr¸th
 tim 
 reÔmato
), en¸ h arqik diakÔmansh t�jetai �sh me 3. Sto Sq. 6.4 parousi�zetai h kumatomorf  reÔmato
maz� me thn ekt�mhsh pou prokÔptei (me pr�sino qr¸ma apeikon�zetai h ekt�mhsh).Diapist¸noume ìti to f�ltro leitourge�, kìbonta
 to megalÔtero mèro
 twn aiqm¸n.6.2.2 BajmonìmhshEfarmìzonta
 th diadikas�a filtrar�smato
 th
 prohgoÔmenh
 enìthta
 se ìlou
tou
 asjene�
 (exairoÔntai oi dÔo peript¸sei
 asjen¸n ìpou h katagraf  den  tanikanopoihtik  kai to �kuro tm ma ston asjen  3), prokÔptoun ta zeÔgh tim¸n reÔ-mato
 kai glukìzh
 pou apeikon�zontai sto Sq. 6.5.Dedomènou ìti o lìgo
 reÔma/glukìzh all�zei me to pèrasma tou qrìnou, ìpotelamb�netai nèa mètrhsh (me ton analut  aer�wn a�mato
   �llh mèjodo) th
 glukìzh
,e�nai skìpimo na g�netai epanabajmonìmhsh. O algìrijmo
 pou qrhsimopoie�tai e�naio ex 
: 'Otan lhfje� h pr¸th mètrhsh, upolog�zetai o suntelest 
 c1 = g1/xk1 ,ìpou g1 e�nai h tim  glukìzh
 apì thn pr¸th mètrhsh, en¸ xk1 e�nai h tim  toufiltrarismènou reÔmato
 th stigm  pou ègine h pr¸th mètrhsh (th sumbol�zoume me
k1). Gia ti
 epìmene
 metr sei
 th
 glukìzh
 efarmìzoume th sqèsh

cn = 0.4cn−1 + 0.6gn/xkn
(6.1)93
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Sq ma 6.5: ZeÔgh tim¸n reÔmato
 kai glukìzh
 me diaforetikì qr¸ma giak�je asjen .gia na upolog�soume to nèo suntelest .'Eqonta
 upolog�sei to suntelest  autì, oi timè
 (filtrarismènou) reÔmato
metatrèpontai se timè
 glukìzh
 me th sqèsh g = c ·x. Asfal¸
, ìtan upolog�zetaito sf�lma th stigm  kn prokeimènou na axiolog soume to ìrgano kai ti
 mejìdou
filtrar�smato
 kai bajmonìmhsh
, qrhsimopoioÔme to suntelest  cn−1, dhlad  tosf�lma ekt�mhsh
 e�nai en = gn − cn−1 · xkn
.6.2.3 Arijmhtik� ApotelèsmataH apìdosh twn proteinìmenwn teqnik¸n axiologe�tai sugkr�nonta
 ti
 rms ti-mè
 tou sqetikoÔ sf�lmato
 ekt�mhsh
 me ti
 ant�stoiqe
 timè
 tou sf�lmato
 sthnper�ptwsh pou den efarmìzontan autè
 oi teqnikè
. Sqetik� me to f�ltro, enal-laktik� ja mporoÔsan na qrhsimopoioÔntai oi timè
 reÔmato
 qwr�
 na per�sounapì k�poio f�ltro. Sqetik� me th bajmonìmhsh, ja mporoÔse h teleuta�a tim  toulìgou glukìzh/reÔma na qrhsimopoie�tai gia th metatrop  apì timè
 reÔmato
 setimè
 glukìzh
, dhlad  na isqÔei

cn = gn/xkn
. (6.2)Epomènw
 èqoume tèsseri
 diaforetikè
 peript¸sei
.Epiplèon, èqei endiafèron na melethje� h ep�ptwsh th
 suqnìthta
 epanabaj-monìmhsh
 sto mègejo
 tou sf�lmato
 ekt�mhsh
. O P�naka
 6.1 parousi�zei thn94



P�naka
 6.1: Timè
 tou rms sqetikoÔ sf�lmato
 ekt�mhsh
 an�loga me to anqrhsimopoie�tai f�ltro sto reÔma, an h mèjodo
 bajmonìmhsh
 qrhsimopoie�mìno to teleuta�o de�gma kai an�loga me ton arijmì bajmonom sewn.
Αριθμός Με φίλτρο, Με φίλτρο, Χωρίς φίλτρο, Χωρίς φίλτρο,

Βαθμονομήσεων με την (6.1) με την (6.2) με την (6.1) με την (6.2)

1 0.217 0.217 0.227 0.227

2 0.197 0.190 0.211 0.208

4 0.164 0.169 0.183 0.195

6 0.141 0.154 0.170 0.192

Σε κάθε δείγμα 0.137 0.145 0.157 0.170

rms tim  tou sf�lmato
 gia ti
 tèsseri
 peript¸sei
 pou anafèrjhkan sthn proh-goÔmenh par�grafo an�loga me ton arijmì twn bajmonom sewn. Oi peript¸sei
 poudiakr�noume e�nai o arijmì
 autì
 na e�nai 1,2,4,6 kai tèlo
 na e�nai �so
 me ton arijmìtwn deigm�twn a�mato
 pou èqoun lhfje� gia ton k�je asjen  (teleuta�a gramm  toup�naka). Ston p�naka sumperilamb�nontai oi 7 katagrafè
 sti
 opo�e
 den up rqanprobl mata kai to komm�ti apì thn katagraf  tou diagr�mmato
 6.3 (asjen 
 3)mèqri kai to 10o de�gma. Ep�sh
, se ìse
 peript¸sei
 to pr¸to de�gma e�qe lhfje�polÔ nwr�
, den lamb�netai upìyh.Ta apotelèsmata de�qnoun ìti sqedìn se ìle
 ti
 peript¸sei
 h efarmog  twnproteinìmenwn teqnik¸n odhge� se me�wsh tou sf�lmato
 h opo�a pollè
 forè
 e�naishmantik . Pio sugkekrimèna, h qr sh tou f�ltrou p�nta mei¸nei to sf�lma anex�r-thta apì th mèjodo th
 bajmonìmhsh
 kai ton arijmì bajmonom sewn. H qr sh piosÔnjeth
 teqnik 
 bajmonìmhsh
 èqei, ìpw
 e�nai anamenìmeno, shmantik  ep�ptwshmìno ìtan e�nai meg�lo
 o arijmì
 twn bajmonom sewn, kai sthn per�ptwsh aut odhge� se me�wsh tou sf�lmato
. Ant�jeta, ìtan g�netai mìno m�a bajmonìmhsh, kaisti
 dÔo peript¸sei
 qrhsimopoie�tai o arqikì
 suntelest 
 mèqri to tèlo
 opìte taapotelèsmata taut�zontai.H apì koinoÔ qr sh f�ltrou kai pio sÔnjeth
 bajmonìmhsh
 se sqèsh me thnaploÔsterh dunat  ekt�mhsh odhge� p�nta se me�wsh tou sf�lmato
, akìma kai giam�a bajmonìmhsh, en¸ gia suqnìtere
 bajmonom sei
 h me�wsh ft�nei kai to 27%.O P�naka
 6.2 de�qnei ta apotelèsmata an exaireje� olìklhrh h katagraf  touasjen  3. Diapist¸noume ìti kai se aut n thn per�ptwsh mpore� na prokÔyei shma-ntik  me�wsh, mèqri 25%. Epiplèon diapist¸noume ìti t¸ra ta sf�lmata e�nai arket�mikrìtera, epomènw
 h suneisfor� twn peript¸sewn pou parousi�zoun probl matasto mèso sf�lma e�nai shmantik . An sumperilhfjoÔn kai oi �lloi dÔo asjene�
to sf�lma ekt�mhsh
 g�netai polÔ meg�lo e�te me e�te qwr�
 f�ltra, kai e�nai efikt mìno mikr  me�wsh katìpin prosektik 
 epilog 
 twn paramètrwn.95



P�naka
 6.2: Timè
 tou rms sqetikoÔ sf�lmato
 ekt�mhsh
 gia thn per�ptwshpou den sumperilhfje� h katagraf  tou diagr�mmato
 6.3.
Αριθμός Με φίλτρο, Με φίλτρο, Χωρίς φίλτρο, Χωρίς φίλτρο,

Βαθμονομήσεων με την (6.1) με την (6.2) με την (6.1) με την (6.2)

1 0.155 0.155 0.167 0.167

2 0.142 0.142 0.164 0.170

4 0.141 0.152 0.160 0.170

6 0.126 0.134 0.148 0.168

Σε κάθε δείγμα 0.122 0.135 0.136 0.1526.3 Ekt�mhsh me pio SÔnjeta Montèla6.3.1 Montèlo DeÔterh
 T�xh
Me to montèlo pou qrhsimopoi jhke sthn prohgoÔmenh enìthta lamb�netai u-pìyh gia thn prìbleyh mìno h trèqousa tim  tou ektim¸menou reÔmato
, dhlad jewre�tai pw
 den èqoume kam�a plhrofor�a gia to an h tim  aut  ja auxhje�   jameiwje� kai pìso. Wstìso, h upìjesh aut  apotele� uperaploÔsteush, mia
 kai toqronikì b ma e�nai mikrì, epomènw
 o rujmì
 metabol 
 tou reÔmato
 den perimènoumena all�zei shmantik� mèsa se èna b ma.Sunep¸
 t¸ra ja jewr soume gia to reÔma ìqi mìno thn {jèsh} tou, dhlad  thntim  tou, all� kai thn {taqÔtht�} tou, dhlad  to rujmì metabol 
 tou, w
 meta-blht  kat�stash
. Gia to rujmì metabol 
 ja jewr soume ìti sth mèsh per�ptwshmei¸netai se k�je b ma kat� èna stajerì posostì. Epiplèon, jewroÔme pw
 oi me-tabolè
 e�nai pollaplasiastikè
, me to skeptikì ìti ìso megalÔtere
 e�nai oi timè
th
 glukìzh
, tìso pijanìtero e�nai na èqoume megalÔtere
 se apìluto mègejo
metabolè
. Epomènw
 to montèlo pou jewroÔme e�nai:
xk+1 =





1 1

0 1− r



xk +





xk,1wk,1

wk,2



 , (6.3)
yk =

[

1 0
]

xk + vk. (6.4)Oi t.m. vk, wk,1 kai wk,2 jewroÔntai anex�rthte
. Met� apì peiramatismì epelèghsangia ti
 tupikè
 apokl�sei
 oi timè
 sw,1 ≈ 0.018 kai sw,2 = 0.005. H tim  tou sw,1èqei epilege� ¸ste h wria�a sqetik  metabol  na èqei tupik  apìklish �sh me 0.08,mèsw th
 sqèsh
1 V [wk1 ] = 20
√

1 + 0.082 − 1. Gia thn tim  th
 paramètrou r h tim pou qrhsimopoi jhke  tan r = 0.18, h opo�a antistoiqe� se {qrìno hmizw 
} gia thntaqÔthta per�pou �so me 3 log 0.5
log 0.82 ≈ 10.5 lept�.1Είναι εύκολο να δειχθεί ότι αν z1, z2, . . . , zN είναι ανεξάρτητες και ισόνομες τ.μ. με96
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Sq ma 6.6: Efarmog  tou f�ltrou deÔterh
 t�xh
 ston asjen  1.Sqetik� me to jìrubo metr sewn epilègoume sv = 0.085, en¸ akolouje�tai ant�-stoiqh diadikas�a sqetik� me thn kumatomorf  p�esh
. Epiplèon, gia ti
 peript¸sei
pou èqoume ìti |yk − x̂−
k | > 2, 35

√

P−
k,11, dhlad  pou h mètrhsh apèqei perissìteroapì 2.35 tupikè
 apokl�sei
 apì thn anamenìmenh tim , h mètrhsh den lamb�netaikajìlou upìyh, me to skeptikì ìti eke�nh th qronik  stigm  èqei g�nei �lma. W
sunèpeia tou gegonìto
 ìti ta �lmata t¸ra aniqneÔontai kai me autìn ton trìpo,aux�noume thn tim  th
 paramètrou H sthn tim  0.1. H arqikopo�hsh g�netai b�seitwn pènte pr¸twn deigm�twn reÔmato
, en¸ sthn epìmenh upoenìthta qrhsimopoie�taih pr¸th tim  apì ton analut  aer�wn a�mato
 kai ta pènte de�gmata reÔmato
 prinapì aut .Sto Sq. 6.6 emfan�zetai h ekt�mhsh pou prokÔptei apì thn efarmog  tou para-p�nw f�ltrou sthn kumatomorf  reÔmato
 tou asjen  1. Se sqèsh me to pr¸th
t�xh
 f�ltro, oi aiqmè
 kìbontai perissìtero. H kumatomorf  maÔrou qr¸mato
 èqeithn tim  1 ìtan h tim  tou reÔmato
 jewre�tai mh problèyimh kai 0 ìtan jewre�taiproblèyimh. Diapist¸noume pw
 pr�gmati mh problèyima jewroÔntai ta de�gmatamet� apì �lma, kai to tm ma me mh problèyime
 timè
 èqei megalÔterh di�rkeia ìtanto �lma e�nai meg�lo   h tim  tou reÔmato
 den epistrèfei sta pro �lmato
 ep�peda.Ta arijmhtik� apotelèsmata apì thn efarmog  tou f�ltrou autoÔ parousi�zontaisthn upoenìthta 6.3.3.

μηδενικό μέσο και διακύμανση Q, τότε ισχύει V [(1 + r1)(1 + r2) · · · (1 + rN )] = (1+Q)N−1
⇔ Q = N

√
V +1− 1. 97



6.3.2 F�ltra Swmatid�wnSe aut n thn upoenìthta d�nontai oi leptomèreie
 th
 efarmog 
 f�ltrwn swma-tid�wn. K�nhtro gia th qr sh f�ltrwn swmatid�wn apotele� to gegonì
 ìti d�noun thdunatìthta enia�a
 antimet¸pish
 gia filtr�risma kai bajmonìmhsh, en¸ mèqri t¸rata probl mata aut� antimetwp�zontan qwrist�.Pr�gmati, sth mèqri stigm 
 je¸rhsh kat� to di�sthma an�mesa se dÔo l yei
de�gmato
 a�mato
 ìle
 oi metabolè
 sto reÔma antimetwp�zontai w
 metabolè
 sthglukìzh, kai o suntelest 
 apì glukìzh se reÔma anaprosarmìzetai mìno ìtanlhfje� nèo de�gma. Sthn pragmatikìthta ìmw
, o suntelest 
 all�zei sunèqeia.Epomènw
, anex�rthta apì th dunamik  tou sust mato
 glukìzh
, e�nai skìpimo najewre�tai w
 m�a epiplèon metablht  kat�stash
 o suntelest 
 autì
. Dieukrin�ze-tai ìti se aut n thn per�ptwsh h dunamik  th
 glukìzh
 mpore� na melethje� �mesakai ìqi èmmesa w
 dunamik  tou reÔmato
.Gia to b ma diìrjwsh
, se k�je b ma up�rqei m�a mètrhsh tou reÔmato
, to opo�ae�nai to ginìmeno tou suntelest  me th glukìzh. H Ôparxh autoÔ tou ginomènou e�naipou eis�gei mh grammikìthta sto sÔsthma kai kajist� anagka�a th qr sh f�ltrwnswmatid�wn. 'Otan lamb�netai kai mètrhsh apì ton analut  aer�wn a�mato
, sto b madiìrjwsh
 ta swmat�dia lamb�noun b�ro
 an�logo me thn pijanof�neia th
 mètrhsh
aut 
, epomènw
 eunooÔntai ta swmat�dia me tim  glukìzh
 kont� sth mètrhsh.O peiramatismì
 èdeixe ìti den prokÔptei pleonèkthma apì th qr sh montèlout�xh
 megalÔterh
 tou èna gia th dunamik  th
 glukìzh
. Epomènw
 w
 metablh-tè
 kat�stash
 jewroÔntai ta ep�peda glukìzh
 kai o suntelest 
 metatrop 
 apìglukìzh se reÔma. Epomènw
 to montèlo e�nai:
xk+1,1 = xk,1(1 + wk,G) (6.5)
xk+1,2 = xk,2(1 + wk,c) (6.6)

yk,C = xk,1xk,2 + vk,C (6.7)
yk,G =

N
∑

n=1

δk,kn
(xk,1 + vk,G) (6.8)

kn, n = 1 . . . , N e�nai ìpw
 kai sthn upoenìthta 6.2.2 oi stigmè
 sti
 opo�e
 lamb�ne-tai de�gma a�mato
 kai δ to dèlta tou Kronecker. vk,G e�nai to sf�lma tou analut aer�ou a�mato
. Jewr jhke pw
 h tupik  apìklis  tou e�nai �sh me 10mg/dL (ìle
 oitimè
 twn paramètrwn proèkuyan me b�sh th diajèsimh gn¸sh gia to sÔsthma all�kai katìpin peiramatismoÔ).Sqetik� me ti
 V [wk,G] kai V [wk,c] prèpei na isqÔei V [wk,G] > V [wk,c], giat� toant�jeto ja s maine ìti o suntelest 
 all�zei pio gr gora apì ìso all�zei h glu-kìzh kai �ra h apìdosh tou org�nou ja e�nai polÔ qamhl . Oi wria�e
 diakum�nsei
pou jewr jhkan  tan 10% kai 2%. Oi timè
 autè
 odhgoÔn me ton trìpo pou exh-g jhke sthn prohgoÔmenh uposhme�wsh se V [wk,G] ≈ 0.0005 kai V [wk,c] ≈ 0.00002.Epiplèon, ìpote sumbe� �lma jewroÔme pw
 o suntelest 
 mpore� na all�xeiapìtoma. Gia to lìgo autì, ìtan aniqneute� �lma, gia to b ma prìbleyh
 se k�je98
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Time/minSq ma 6.7: Efarmog  tou f�ltrou swmatid�wn ston asjen  1.swmat�dio h deÔterh sunist¸sa pollaplasi�zetai epiplèon me ènan suntelest  mèsh
tim 
 1 kai me diakÔmansh V [wk,G]. 'Alma jewre�tai pw
 èqei sumbe� ìtan isqÔei hsunj kh |yk − x̂−
k,1| > 2

√

P−
k,11 en¸ sto prohgoÔmeno b ma den �sque.Sto Sq. 6.7 blèpoume ta ektim¸mena ep�peda glukìzh
 gia ton asjen  1, u-pojètonta
 ìti èqoun lhfje� mìno ta tèssera de�gmata pou shmei¸nontai me diplìkÔklo. H apìdosh e�nai polÔ kal , k�ti pou fa�netai kai apì to gegonì
 ìti sem�a apì ti
 trei
 epanabajmonom sei
 den fa�netai �lma sthn ekt�mhsh, en¸ kai sti
�lle
 dÔo e�nai polÔ mikrì. Ta �lmata aut� e�nai fusiologikì na emfan�zontai gia-t� ìtan lhfje� nèo de�gma prèpei na g�netai anaprosarmog  th
 ekt�mhsh
. Sthnarqik  bajmonìmhsh up�rqei �lma epeid  h arqikopo�hsh ègine me b�sh ti
 afil-tr�riste
 timè
, ìmw
 epeid  to de�gma a�mato
 el fjh kat� th di�rkeia aiqm 
, oifiltrarismène
 timè
 diafèroun shmantik�. Me maÔro qr¸ma blèpoume kai p�li taaprìblepta de�gmata, me thn kumatomorf  t¸ra na èqei ti
 timè
 10   0, prokeimènouna e�nai eudi�krith.Sthn epìmenh upoenìthta ta arijmhtik� apotelèsmata th
 mejìdou aut 
 su-gkr�nontai me ti
 prohgoÔmene
.6.3.3 Arijmhtik� ApotelèsmataSthn per�ptwsh pou sumperilhfje� kai h katagraf  tou diagr�mmato
 6.3 tomontèlo deÔterh
 t�xh
 (6.3)�(6.4) me to rujmì metabol 
 th
 glukìzh
 w
 deÔte-99



P�naka
 6.3: Timè
 tou rms sqetikoÔ sf�lmato
 ekt�mhsh
 gia to F�ltro
Kalman pr¸th
 t�xh
 kai to Particle Filter.

Αριθμός Φίλτρο Kalman Particle Filter

Βαθμονομήσεων πρώτης τάξης

1 0.217 0.217

2 0.197 0.177

4 0.164 0.144

6 0.141 0.125

Σε κάθε δείγμα 0.137 0.125P�naka
 6.4: Timè
 tou rms sqetikoÔ sf�lmato
 ekt�mhsh
 gia ta F�ltra
Kalman kai to Particle Filter, gia thn per�ptwsh pou den sumperilhfje� hkatagraf  tou diagr�mmato
 6.3.

Αριθμός Φίλτρο Kalman Φίλτρο Kalman Particle Filter

Βαθμονομήσεων πρώτης τάξης δεύτερης τάξης

1 0.155 0.138 0.133

2 0.142 0.130 0.121

4 0.141 0.134 0.120

6 0.126 0.119 0.108

Σε κάθε δείγμα 0.122 0.120 0.111rh metablht  kat�stash
 den sumperifèretai tìso kal�. Autì mpore� na apodoje�sto gegonì
 ìti h aÔxhsh th
 poluplokìthta
 odhge� se me�wsh th
 sjenarìthta
.Ant�jeta, ta apotelèsmata de�qnoun ìti to montèlo (6.5)�(6.8) se sunduasmì me thqr sh f�ltrou swmatid�wn d�nei polÔ kal� apotelèsmata, wstìso sthn per�ptwshaut  den g�netai h aÔxhsh th
 V [wk,c] ìtan sumbe� �lma, k�ti pou ep�sh
 mpore� naapodoje� sto ìti h aÔxhsh th
 poluplokìthta
 odhge� se me�wsh th
 sjenarìthta
.Ston P�naka 6.3 blèpoume ti
 timè
 tou rms sf�lmato
. Se ìle
 ti
 peript¸sei
to pio sÔnjeto montèlo d�nei kalÔtera apotelèsmata. To f�ltro swmatid�wn pouqrhsimopoi jhke e�nai PF/SIR me 100000 swmat�dia. Se aut n thn per�ptwsh qrei-�zontai l�ga dèkata tou deuterolèptou gia k�je b ma, qrìno
 pou se pollè
 �lle
efarmogè
 ja  tan apagoreutikì
, ìmw
 sth sugkekrimènh to b ma e�nai �so me 3lept� opìte o algìrijmo
 e�nai praktik� efarmìsimo
, apl� den e�nai eÔkolo nabrejoÔn me peiramatismì oi bèltiste
 timè
 twn paramètrwn.O P�naka
 6.4 parousi�zei ta ant�stoiqa apotelèsmata gia thn per�ptwsh pouden sumperilhfje� h katagraf  tou diagr�mmato
 6.3. Tìte to F�ltro KalmandeÔterh
 t�xh
 odhge� se me�wsh tou sf�lmato
 se sqèsh me to pr¸th
 t�xh
. Kai100



se aut n thn per�ptwsh ìmw
, ta kalÔtera apotelèsmata d�nontai apì th qr shf�ltrou swmatid�wn sto montèlo (6.5)�(6.8). E�nai axioshme�wto to gegonì
 ìti meto montèlo autì ta apotelèsmata e�nai kalÔtera akìmh kai gia m�a bajmonìmhsh,en¸ fainomenik� to pleonèkthma tou montèlou e�nai ìti sundu�zei bajmonìmhsh kaifiltr�risma. O lìgo
 gia ton opo�o mporoÔn ta apotelèsmata na e�nai kalÔtera e�naiìti to pollaplasiastikì montèlo mpore� na exhg sei ti
 metabolè
 tou reÔmato
 kaime metabol  sto suntelest , epomènw
 mpore� na g�nei akribèsterh ekt�mhsh th
katanom 
 pijanìthta
 th
 glukìzh
.6.4 Sqoliasmì
 kai Sumper�smataSe autì to kef�laio melet jhkan f�ltra me stìqo na ektim�tai kat� to du-natìn akribèstera h tim  th
 glukìzh
. Diapist¸jhke ìti sthn pleioyhf�a twnpeript¸sewn e�nai dunatì h qr sh f�ltrou   kai kat�llhlh
 mejìdou bajmonìmhsh
na odhg sei se shmantik  me�wsh tou sf�lmato
.Ep�sh
 melet jhke h ep�drash th
 suqnìthta
 twn bajmonom sewn sto sf�lma,kai to sumpèrasma e�nai ìti, an�loga kai me th mèjodo, up�rqei arket  belt�wsh mèqriton arijmì twn 4-6 bajmonom sewn (sunolik� kat� th di�rkeia th
 katagraf 
, poue�nai per�pou �sh me 48 ¸re
).To kÔrio shme�o pou anade�qjhke e�nai ìti èqei meg�lh shmas�a na aniqneÔontai oiqronikè
 per�odoi kat� ti
 opo�e
 h mètrhsh tou aisjht ra apokl�nei shmantik� apìthn pragmatik  tim . Kat� ton upìloipo qrìno to sf�lma den e�nai meg�lo, kai tìteshmas�a èqei h swst  bajmonìmhsh tou org�nou. H qr sh pio sÔnjetou montèlougia th dunamik  th
 glukìzh
 epomènw
 mpore� na bohj sei mìno ìtan emfan�zontaiaiqmè
.Gia thn an�qneush twn aiqm¸n ìpw
 e�dame mpore� na bohj sei kai h kumatomorf th
 p�esh
. 'Opw
 anafèrjhke, se trei
 (id�w
 se dÔo) apì ti
 dèka peript¸sei
h kumatomorf  e�qe arket� probl mata ¸ste na mh mpore� na qrhsimopoihje�. Anprìkeitai oi algìrijmoi ekt�mhsh
 pou parousi�sthkan na enswmatwjoÔn se k�poiosÔsthma elègqou kleistoÔ brìqou, ja prèpei oi peript¸sei
 sti
 opo�e
 den e�naidunat  h ekt�mhsh na anagnwr�zontai autìmata.Sto Sq. 6.8 parousi�zontai ta apotelèsmata apì th qr sh tou f�ltrou th
upoenìthta
 6.3.1 sta dedomèna th
 tètarth
 katagraf 
. E�nai emfanè
 tìso togegonì
 ìti h katagraf  den mpore� na qrhsimopoihje�, ìso ìmw
 kai ìti to f�ltro{antilamb�netai} to gegonì
 autì me to na katat�ssei to megalÔtero mèro
 twndeigm�twn w
 aprìblepta. H diafor� tou Sq. 6.8 apì to Sq. 6.6 w
 pro
 to posostìtou pl jou
 twn aprìbleptwn deigm�twn e�nai katafan 
. Epomènw
 to posostìautì ja mporoÔse na qrhsimopoihje� w
 èna krit rio gia thn autìmath anagn¸rishtwn katagraf¸n me probl mata.Shmei¸noume ìti to f�ltro swmatid�wn leitourge� akìmh kalÔtera, kaj¸
 meexa�resh to arqikì tm ma ìla ta upìloipa de�gmata me el�qiste
 exairèsei
 anagnw-r�zontai w
 aprìblepta. 101
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Sq ma 6.8: Efarmog  tou f�ltrou Kalman deÔterh
 t�xh
 ston asjen  4.H an�lush autoÔ tou kefala�ou de�qnei ìti b�sei twn 10 katagraf¸n pou èginanodhgoÔmaste sto sumpèrasma pw
 o aisjht ra
 parèqei dedomèna ta opo�a me qr shkat�llhlwn teqnik¸n anadromik 
 ekt�mhsh
 kat�stash
 mporoÔn na qrhsimopoih-joÔn gia na breje� ikanopoihtik  ekt�mhsh twn epipèdwn glukìzh
, apl� ìqi se ìle
ti
 peript¸sei
 kai ìqi kaj� ìlh th di�rkeia th
 katagraf 
. Wstìso oi peript¸sei
kai ta tm mata pou ta dedomèna den e�nai ègkura e�nai efiktì na anagnwr�zontaiautìmata.Prokeimènou na epibebaiwje� ìti ta parap�nw sumper�smata e�nai swst�, qrei-�zetai na g�noun perissìtere
 katagrafè
. Id�w
 sqetik� me thn anagn¸rish twnproblhm�twn, den e�nai dunatì na diapistwje� me bebaiìthta ìti mpore� na g�netai au-tìmata. An gia par�deigma qrhsimopoie�tai w
 krit rio to posostì twn aprìbleptwndeigm�twn, an èqoume upìyh mìno dÔo   trei
 peript¸sei
 mporoÔme na jèsoume tokat¸fli se kat�llhlo shme�o ¸ste na anagnwr�zontai autìmata oi peript¸sei
 poujèloume, ìmw
 autì den eggu�tai ìti me to kat¸fli autì ja anagnwristoÔn swst�kai nèe
 katagrafè
.Epomènw
 apaite�tai peraitèrw diereÔnhsh. E�nai profanè
 ìti se polÔ meg�lobajmì ta apotelèsmata, id�w
 ìsa èqoun sqèsh me thn anagn¸rish aiqm¸n kai pro-blhmatik¸n katagraf¸n, aforoÔn apokleistik� to sugkekrimèno ìrgano. S�gouraìmw
 an h sqed�ash kat�llhlou sust mato
 ekt�mhsh
 d�nei th dunatìthta na efar-moste� èlegqo
 glukìzh
 kleistoÔ brìqou, ax�zei na afierwje� o ant�stoiqo
 qrìno
lìgw th
 meg�lh
 shmas�a
 pou èqei to prìblhma.102



Ep�logo
H diatrib  aut  anadeiknÔei to gegonì
 ìti oi up�rqouse
 teqnikè
 ekt�mhsh
 ka-t�stash
 gia mh grammik� stoqastik� sust mata den e�nai eparke�
, ìmw
 se pollè
endiafèrouse
 peript¸sei
 e�nai dunatì na efarmostoÔn eidikè
 teqnikè
 pou d�nounpolÔ kalÔtera apotelèsmata. Autì g�netai emfanè
 tìso sti
 upoenìthte
 2.2.1 kai2.2.2 tou kefala�ou 2, ìso kai sta kef�laia 3�4.Epiplèon f�nhke to gegonì
 ìti oi up�rqouse
 teqnikè
 e�nai epidektikè
 belti-¸sewn kai gia th genik  per�ptwsh. Prot�jhkan belti¸sei
 kai gia ta mh grammik�f�ltra Kalman me èmfash sthn epilog  th
 mejìdou arijmhtik 
 olokl rwsh
, al-l� kai gia ta f�ltra swmatid�wn, me proteinìmene
 belti¸sei
 sto Auxiliary Particle
Filter kai to Unscented Particle Filter. 'Opw
 kai gia ta sust mata eidik 
 dom 
,se arketè
 apì ti
 peript¸sei
 h belt�wsh e�nai drastik .Anamf�bola prokÔptoun kai nèa erwt mata. 'Ena apì aut� e�nai kat� pìson oi te-qnikè
 twn enot twn 2.2.1 kai 2.2.2 e�nai dunatì na genikeutoÔn, all� kai kat� pìsonmporoÔn na uposthriqjoÔn kai me k�poia majhmatik  prìtash, dedomènou pw
 t¸raprokÔptoun diaisjhtik�. Ped�o melèth
 s�goura apotele� kai h anaz thsh eurÔterwn  �llwn kl�sewn susthm�twn twn opo�wn h eidik  dom  na e�nai ekmetalleÔsimh.Autì ja mporoÔse na afor� kl�sei
 pou prokÔptoun apì th majhmatik  dom  tousust mato
, all� kai peript¸sei
 ìpou eidik� probl mata odhgoÔn se probl matafiltrar�smato
 eidik 
 morf 
, ìpw
 gia par�deigma to prìblhma th
 anagn¸rish
susthm�twn, ìpou mpore� to sÔsthma pro
 anagn¸rish na mhn èqei eidik  dom , ìmw
to gegonì
 ìti oi par�metroi all�zoun polÔ arg� eis�gei dom  sto prìblhma th
apì koinoÔ ekt�mhsh
 twn paramètrwn kai twn metablht¸n kat�stash
.Shmantikì e�nai p�nta to er¸thma th
 eust�jeia
. 'Ola ta mh grammik� f�l-tra pou melet¸ntai sth diatrib  aut , tìso ta prìtupa ìso kai ta proteinìmena,prospajoÔn na elaqistopoi soun to sf�lma qwr�
 na parèqoun k�poia eggÔhsheust�jeia
. F�ltra ta opo�a sqedi�zontai ¸ste na elaqistopoie�tai to sf�lma al-l� me ton periorismì na èqoun sugkekrimène
 idiìthte
 eust�jeia
 ja e�qan meg�lhpraktik  qrhsimìthta.Sqetik� me to praktikì mèro
, ta f�ltra pou èqoun protaje� mporoÔn na apo-telèsoun shmantikìtath sunist¸sa enì
 oloklhrwmènou sust mato
 elègqou glu-kìzh
 kleistoÔ brìqou. Epiplèon, mporoÔn na apotelèsoun th b�sh gia th sqed�ashpio exeligmènwn f�ltrwn pou ja qeir�zontai kalÔtera ti
 aiqmè
 kai ti
 peript¸sei
me probl mata. Wstìso, ìpw
 exhg jhke kai sto ant�stoiqo kef�laio, h sqed�ash103



den ja e�nai metafèrsimh se diaforetikoÔ
 aisjht re
.E�nai s�gouro pw
 an h qr sh teqnik¸n anadromik 
 ekt�mhsh
 ekt�mhsh
 d¸seith dunatìthta gia thn kataskeu  apotelesmatikoÔ TeqnhtoÔ Pagkrèato
, to ge-gonì
 autì ja apotelèsei èna polÔ shmantikì ep�teugma gia thn episthmonik  aut perioq  all� kai gia ta Sust mata Autom�tou Elègqou genikìtera, kai m�lista ènaep�teugma pou ja de�xei pìso shmantikì rìlo kale�tai na pa�xei h sÔgqronh teqno-log�a sth belt�wsh kai par�tash th
 zw 
 poll¸n sunanjr¸pwn ma
.
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